CHUONG 4. SO PHUC

BAI 1&2. KHAI NIEM SO PHUC VA CAC PHEP TOAN CUA SO PHUC

A.LY THUYET

I. KHAI NIEM VE SO PHUC

1. S6 phiic
Dinh nghia
Cho s6 phircz c6 dang: z=a+bivéi a,beR, trong d6
a goi la ph?m thuc ciaz,b goi la ph?m docua z, i goila
don vi 4o thoa man i> =—1.
Dic biét:
Tap hop cac sd phirc, ki hidu 1a C.
S6 phirc z 1a s thuc néu 6=0.
S6 phtic z 1a s6 thuan ao néu a=0.
S6 phuc z=0+0i=0 vua la s6 thuc, vira 1a sb a0 (con goi 1a
s6 thuan 40).
S6 phirc lién hop

S phtee lién hop cua sb phirc z, ki hiéu z,1a z=a—bi .

Modun ctia so phire

Mbdun ctia s6 phirc z, ki higu 1a |z|=Va? +5 .

2. Hai s6 phirc bang nhau
Pinh nghia

Hai s6 phttc z, =a,+bi va z,=a,+b,i duogc goi la bang

Bai tdp:
+)z:5—zie(C;
7
+) z=—~2+7ieC;
+) z=ii,w=cos£i,u=—i,... Ia

cac sO thuan ao.

Bii tgp

. 2 .
+) 86 phuc z=5—7z’ co sO phirc
. .z 2.
lién hop la z=5+71;

. 4 .
+) 86 phurc z =§i co s0 phuc lién

- 4
hopla z=——i.
P 3

Nhén xét: Moi s6 thuc cé s6 phirc
lién hop la chinh no.
Bai tdp:

S6 phirc z=5 —%i c6 moédun

, (2 V1229
|Z|= 5+ —7 = 7

Bai tdp:

S6 phirc z=a+bi bang 0 khi va

a=0

chi khi
b=0




a =a,

nhau khi va chi khi .
b =b,

3. Bi¢u dién hinh hoc ciia s6 phirc

Trén mit phang toa d6 Oxy, mdi sé phicc z=a+bi;a,beR

dugc biéu dién boi diém M (a;b). Nguoc lai, mdi diém

M (a;b) biéu dién duy nhat mot s phic 1a z=a +bi .

}"n

o]

M a; &)

==

L )

hay z=0.
Nhén xét:

+) OM =|z

5
+) Néu z,,z, co cdc diém biéu dién
lan  lwot la M, ,M, th

MM, =|Zl —zz|.




S phtrc lién hop cia z

A

SO PO HE THONG HOA

a 1a phan thyc cua so phtc z

b 1a phan 4o cua s6 phtic z

’ . A
’ Pai s6 N

z=a-bi

,’/ 38 phuc y S O PHUC ; Modun s6 Y,
i \ phuc
'\\ lién hop ,' z=a+bi \

\\\ a be R l = //I

ﬁw 1a diém biéu didn cib

sO phuc z

M(a;b)

|z| =va’ +b*

(C latap hop |

———

. sOphtc)

o ‘\\ sO phtc z
I, \\
! \ Y
B \
- Hinh hoc —
1
‘\ [ N M(a;b)
\ / \
N / [l
Mo // '
(0] X

A 4

=~

S~ ="

6{) dai doan OM 1la médlh

.




II. CAC PHEP TOAN SO PHUC

1. Phép cong so phirc
Pinh nghia
Téng cua hai sb phuc z=a+bi,z' = a’+b'i(a,b,a',b' e R)
1as0 phitc z+z' =a+a'+(b+b')i.
Tinh chat
Véimoi z,z',z" e C taco:
Tinh chét két hop: (z+42)+2"=z+('+2");
Tinh chét giao hoan: z+z'=z'+z;
Cong voi0: z+0=0+z=7z;
Z+(—Z) =(—z)+z =0.
2. Phép trir s6 phirc
Hiéu cta hai s6 phitc z=a+bi,z' =a' +b'i(a,b,a',b' e R) :
z—z'=z+(-2")=(a-d")+(b-D")i.
3. Phép nhén s6 phirc
Pinh nghia
Tich cua hai s phic z=a+bi,z' = a'+b'i(a,b,a',b'eR)la
s phttc zz' = aa'—bb' +(ab’ +a'b)i.
Tinh chat
Véimoi z,z',z" e C taco:
« Tinh chat giao hoan: zz' = z'z;
« Tinh chét két hop: (zz')z"=z(2'2");
*Nhanvéi 1: l.z=z1=z;
« Tinh chat phan phéi ctia phép nhan ddi v6i phép cong:
Z(Z' +z")=zz'+ 22",
4. Phép chia cho s6 phirc khac 0
S6 nghich dao cua sb phirc z = 0 ki hiéula z™', 1a sé phuc

1 —
=—=2Z.

5 ~ -1 -
thdaman zz~ =1,, hay z | |2
z

Thuong cta phép chia s6 phic z' cho s6 phitc z khac 0,

Bai tdp:
(5+4i)+(3—-2i)=8+2i.

Bai tdp:

z=5—%i 6 s6 dbi 1a —z=—5+3i.

Bai tap:
(5+4i)—(3-2i)=2+6i.

Bai tdp:
(5+4i)(3—2i)=(15+8)+(12—10)i=23+2i.

Chii y:

« Ta c6 thé thuc hién phép céng va phép nhan
cdc s6 phite theo cdc quy tic nhw phép todn
cong va nhdn cac 56 thue.

° Cdc hang dang thirc ciia cdc sé thuc ciing
diing doi véi cde sé phike.

Bai tgp: 2 +4=2"—(2i) =(z-2i)(z+2i).

Bai tap:

z=3-2i c6 sb phirc nghich dao 1a
l=i.(3+2i)=i+£i.

z 13 13 13

Bai tdp:




’

L 1A . Z
kihiéula —=zz

z

CAC
PHEP TOAN
vOI SO PHUC

-1 _

S5+ (5+4i)(3+2i) _ 74221 7 22,

3-2i (3-2i)(3+2i)

= —.
13 13 13

Phép cong sb phirc
Téng ctia hai s6 phic z = a + bi

vaz'=a'+b'i(a,b,a',b' eR)

klé so phitc z+z' =a+a' +(b+b')i

~

DA

/

-

-

. )
Phép trir so phirc
Hiéu cuia hai s6 phtic z =a + bi
vaz' = a'+b'i(a,b,a',b' e R) 1a sd
hic z—z'=(a—a")+(b-0")i. . R
Kp uezmz (a “ ) (b b )l J Tinh chat phép nhén so6 phire
Véimoi z,z',z" e C tacd
4 \ ': !
Phép nhén so6 phire Z =2z
Tich cta hai s6 phic z=a+bi (ZZ')ZHZZ(Z'Z");
Vélz'=a'+b'i(a,b,a',b'eR)lésé lz=z1=z;
phic z2'=aa’-bb'+(ab'+ab)i. | 2(+2") =2+ 22

Tinh chit phép cong sé phic
Véimoi z,z',z" e C tacod
(z+z')+z”=z+(z'+z”);
z+z'=zZ'+z
z+0=0+z=z;

z+(—z)=(—z)+z=0.

-

! !
a1x Z 4 Z'z
hiéula =—=zz" :—‘.

phtrc théa man zz™' =1 hay z~

Phép chia s6 phirc khac 0

S6 nghich dao cia s6 phiic z#0 ki hiéu 1a z™' 1a sb

1

z

Thuong cua phép chia sé phirc z' cho sé phitc z =0, ki

1
=—z.

~

/




B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1: Thuec hién cic phép toan ciia so phirc, tim phan thyc phéan do

1. Phwong phap giai

Cho hai sO phttc z=a+bi va z'=d'+b'i, Baitap:

trong d6 a,b,a’,b’ € R . Khi d6: Hai s6 phtic z,=3-"7i,z,=4+3i cb
e z+z'=a+a'+(b+b')i z+z,=(344)+(-7+3)i=7-4i;
° z—z':(a—a')+(b—b')i; 21—22=(3—4)+(—7—3)i=—1—10i;
o zZ'=ad'-bb'+(ab' +a'b)i; 2,2, =(3.4-(-7).3)+(3.3+4.(-7))i=33-19;
2 7'z z, (3-7i)(4-3)) 9 37,
o —=— 1= =———-—1I
z | z, (4+30).(4-31)) 25 25
2. Bai tap

Bai tap 1: Tét cd cac s6 phitc z théa man 2z-3(1+i)=iz+7-3i la

A. z:§—ii. B. z=4-2i. C. Z=§+ii. D. z=4+2i.
55 55
Huéng dén gidi
Chon D.
. N . . 10 .
Taco: 2z-3(1+i)=iz+7-3i = (2-i)z=10 z=——< z=4+2i.
—1
Bai t4p 2: Cho s6 phitc z=a+bi(a,beR) théamin z+1+3i—|z[i=0. Gidtricua S=a-3b 1a
7 7

A S=——. B. §=3. C.S=-3. D. §S=
3 3

Huwéng din gidgi
Chon B.
Taco z+1+3i—|z]i=0

a+1=0
<:>a+1+(b+3—\/a2+b2)i:0®
b+3=+a*+b*

a=-1

a=-1
e b=-3 = 4=5=3.
(b+3)" =1+5? 3

Bai tap 3. Tinh C:1+(1+i)+(1+i)2+(1+i)3+...+(1+i)20

Huwéng din giai




Ap dung cong thirc cta cip sé nhan:

Ta co:

2 3 20 1—q21
C:1+(1+i)+(1+i) +(1+i) +...+(1+i) =u,. g
C1-(1i)T (1)

C1-(1+i) A
Ta co:
(1+i) =2i

= (1+1)" =(1+1)"(1+1) = (21) 7 (1+1) =20 (1+1) = 210 - 121

1+210 4210

-1

Do d6:C= :—210+(1+210)i.

Bai tip 4. Tinh tong S =1i+2i% +3i% +...+2012.i%'2,

A. —1006 +1006i B. 1006 +1006i C. -1006 —1006i D. 1006 —1006i
Huéng din giai

Chon D

Cach 1.

Ta c6 iS =i? +2i° +3i* +...+ 2012213

2 3 :2012 2012.i2013

=S5S-i1S=i+i"+i”" +...+1

3

Day s6 i,i%,i°, ...,i%""? 1a mot cap s6 nhan c6 cong bdi q=i va ¢ 2012 s6 hang, suy ra:

-2012
C1-1
2012 - 0
1-1

i+i% i . +i

Do d6: $—iS=-2012i%% = 2012i =S = _201.21 =1006 —1006i

—1

Ciach 2. Diy s6 1,x,%2,...,x*"? 1a mot cap s6 nhan gém 2013 s6 hang va c6 cong bdi bang x.

2. .3 012 1-x2"°
Xét x=1,x#0 taco: 1+x+x"+x7 +...+X =—(1
1
—X

Léy dao ham hai vé cua (1) ta duoc:

2013 2012
14 2% 43x2 4 ...+ 20122011 2012.x77° =2013x"" +1 5

(1-x)

Nhén hai vé cua (2) cho x ta dugc:

o 238 o 4001252012 _ 20127 201357 + x o)

(1-x)




Thay x=1i vao (3) ta dugc:
2012i%%" —2013i%13 +i

(1)

S=i+2i%+3i% +..+2012i%1% =

~ —2012-2012i

21

Vay S =1006 —1006i.

Bai tap 5. Cho a,phai s6 phtrc lién hiép théa man % eR va |a - [3| =24/3. Tinh |a|.
p

A. /3 B. 3 C.2 D. /5
Hwéng din giai

Chgn C

Dit a=x+iy=p=x-iy v6i x,y eR.

Khong giam tinh tong quat, ta coi y >0.

Vi [a-B[=2v3 nén |2iy|=2v3=y=+.

Do «,phai sb phirc lién hop nén aBeR, ma Lo % R do d6 deR Nhung ta co

ﬁZ (O(B)z

o :x3—3xy2+(3x2y—y3)i nén o’ eR khi va chi khi 3x%y —y? :O<:>y(3x2—yz):O:>x2 =1

Vay |of=yx* +y? =41+3=2.

Bai tip 6. Tim c biét a,b va ¢ cac s6 nguyén duong thoa min: c= (a + bi)3 —-107i.

A. 400 B. 312 C. 198 D. 123
Huéng din giai
Chgn C

Ta co c=(a+bi)3—107i=a3—3ab2+i(3a2b—b3—107). Nén ¢ la sé nguyén duong thi
3a%b-b? 107 =0. Hay b(3a2 —b2)=107.

Vi a,beZ" va 107 1a s6 nguyén tb nén xay ra:

* b=107;3a®>-b*=1=a> =@ez (loai).

* b=1;3a>-b* =107 = a® =36 = a=6 (thdéa man). Vay nén c =a° —3ab* =6° —3.6.1* =198.

V4

Bai tap 7. Cho s6 phtic z c6 phan 4o bang 164 va véi s6 nguyén duong n thoa méan =4i. Tim

Z+n

n.




C. 697 D. 789

Huwéng din giai

A.n=14 B. n=149
Chgn C
bat z=x+164i ta co:
- L@z4i¢>x+l64i:—656+4(x+n)i

Z+n Xx+164i+n

X =-656

=>n=697.
x+n=41

Vay gié tri can tim cta n 13 697.

Bai tap 8. Cho s phtic z thda man z=

B. 3

(1-3i)

—1

A A2

Tim mo6 dun cia so phuc z+iz

C.5

D. 7

Huwéng din giai

Chon A

T z ta phai suy ra dugc z va thay vao biéu thirc
;_(1—\/51)_(1—‘/31)(1“)_1+\/§+1—J§i
Co1-i 2 2 2

1-3
==+

2

1+\/§_

2

1-3. .
Suyra: z Tl:n.z

2
Do do: Z+iz=1+i:>|2+iz|=\/§.

Dung MTCT:

1+\/§

z +iz roi tim modun:

i

(] \/5) L= %’lPLK O] Math &
— 1 f—
Buwée 1: Luu ——> A 1-1 -}ﬁ
1-i 1445 145 .
= z 1
CMPLE m Math &

Buwéc 2: Tinh ‘A + iK‘

| f+iCondatal |

2

Loi binh: Nhén thdy ring v6i sé phitc z=a+bi bat ki ta déu c¢6 z+iz=(1+i)(a+b)hay

Z1+ I.Z —a+beR,VzeC. Vé phuong dién hinh hoc thi Zl+ I_Z luén nam trén truc Ox khi biéu dién
+1i +1i
trong mit phang phirc.

i—-m 2-m

Bai tap 9. Tim s6 thyc m biét: z=

1-m(m-2i)

(trong d6 i 1a don vi 40)

va zz =




m=-1 B m=0 m=0 m=2
m=1 “Ilm=-1 “Im=1 “Im=1

Pinh hwéng: Quan sat thiy z cho ¢ dang thwong hai sb phirc. Vi Vay can phai don gian z bang

2-m

cach nhéan lién hién d mau. Tor z= z . Thay z va z vao zz = ta tim dugc m

Huéng din giai

Chgn C
Ta co:
__i-m (i-m)(1-m’ -2mi) -m(1-m’}+2m+i(1-m’ +2m?)
o2 (e (1+m2)
_m(1+m2)+i(1+m2)_ m i _  m ;
- 2 - 2T P P 2

(1+m2) 1+m* 1+m 1+m*° 1+m
Nhu vay:
ZE:Z;m:(::;:ll)z:—%(m—2)<:>1+1mz:—%(m—2)<:>m3—2m2+m:0<:{2:2

Bai tap 10. Tim phan thyc coa sé phic: z=(1+i)n,neN thoa man phuong trinh:
10g4(n—3)+10g4(n+9)=3.
A. 6 B. -8 C.8 D. 9
Huwéng dan giai
Chgn C
Diéu kién: n>3,neN
Phuong trinh log, (n—3)+log, (n+9)=3<>log,(n-3)(n+9)=3
(n—3)(n+9):43<:>n2+6n—9:0<:>n:7(do:n>3)

3

z=(1+i) :(1+i).[(1+1)2} = (1+1).(2i)> =(1+i).(-8i)=8-8i

Vay phén thyc cua sé phirc z 13 8.

Bai tip 11. Cho s6 phirc z = H;Jr_?’l(meR) . Tim m, biét s6 phitc w =z c¢6 mdédun bang 9.
—i
A m=-1 B m=3 C m=3 D m=3
“Im=1 lm=-1 “Im=1 "lm=-3

Huwéng din giai




2
_9J1|W|=9<:> 9m? {mz ‘9j =9
2

<:>% m*+18m? +81=9<m?-9=18 < m?> =9 < m=13

Vay gia tri cdn tim 14 m =43

Bai tap 12. Cho sb phic z= o ,meR. Tim gia tri nhé nhat ciia s6 thuc k sao cho ton

1—m<m—2i)
tai m dé |z—1|2l<

J5+1 J5+2 C k_\/g—l J5-2

A. k= B. k= k= D. k=
2 2 2 2
Huwéng dan giai
Chgn C
Tacd z=—; i-m 2=,_1 :>Z—1—1—m.+1
-i“+mi—-m° 1-m m-1
|1—m+i| m? -2m+2 k=0
|z—1|: — = :|Z—1|2kc> m?-2m+2 _ 5
|m—1| m2+1 2—2k
m-+1
Xét ham 6 f(m) =22+ 2
m-+1
2(m? -m+1
Ta co: f'(m):(m—mz):f'(m):OQm:@.
(m2+1) 2

Lap bang bién thién ta c6 min f( ) [ [] 345

= Yeéu cau bai toan k2> ,f

Vay k=\@_

! 1a gi trj phai tim.

Dang 2. Tim s phirc lién hop, tinh médun sé phirc

1. Phwong phap giai
e S§ phic z=a+bi c6 z=a-bi va Baitip: S phirc lién hop ctia s6 phirc
|Z|:m z=(2-3i)(3+2i) 1a

Chi ¥ Néu z=a+bi thi  A.z=12-5i ——12+5i,

N




z+z=2a;zz=a" +b’. C.z=-12-5i. D. z=12+5i.
Huwong din gidi
Tacd z=(2-3i)(3+2i)=6-5i—6i" =12-5i
— z=12+5i.
Chon D.

2. Bai tip mau
Bai tap 1: Cho s phtic z = a+bi, v6i a,b 1a cac s6 thuc thoa mén

a+bi+2i(a—bi)+4=i, v6i i 1adon vi do. Modun ciia @ =1+z+2" Ia

A. |o|=+/229. B. |0 =+/13. C. |o| =229. D. |o|=13.
Huéng dén gidi
Chon A
a+2b=-4 a=2
Ta co a+bi+2i(a—bi)+4:i<:>{ <:>{ . Suyra z=2-3i.
b+2a=1 b=-3
Dod6é w=1+z+z"=-2-15i. Vay |o|=4/(-2)" +(~15)" =229

1+3i

1—i
A. W =4v2. B. [w]=~2. C. |w=3v2. D. |w]=22.

Huéng dén gidi

Bai tip 2: Cho s phtc z théa min z = . Modun cua s6 phitc w=iz+z1a

Chon C.

Taco: z = 1+30
1-i

=—1+2i.

= z=—1-2i=> w=i(-1+2i)+(-1-2i)=-3-3i.

= W =4/(-3)" +(-3)" =18 =3+2.

Bai tp 3: Cho z,,z, 1a cic s6 phirc thoa méan |zl| = |zz| =1va |z1 —222| =/6.
Gié tri ctia bicu thirc P=2z +z,| 1a

A. P=2. B. P=4/3. C. P=3. D. P=1.
Huéng dén gidi
Chon A.
Diat z, =a, +bisa,,b €R, z, =a, +b,i;a,,b, e R.

Suyra a’ +b) =a; +b; =1va |z1 —2z2|=\/gc>a1.a2 +b,.b, :_Tl'




Taco: 2z, +2z, =2a,+a, +(2b,+b,)i

= [2z,+2,|= \/(2al +a,) +(2b,+b,)" = 2\/(012 +b12)+%.(a22 +5; )+ (a,a, +bb,)

Suyra P =2z +z,|=2.

Dang 3. Bai toan lién quan dén diém biéu dién s6 phirc

\ > 2 x . | D
Bai tip 1: Cho 4,B,C lan luot 1a cac diém biéu dién cua cac so phic 4—3i,(1+2i)i, —. SO phirc
1

¢6 diém biéu didn D sao cho ABCD 1a hinh binh hanh 1a

A. z=—6-4i. B. z=-6+3i. C.z=6-5i. D. z=4-2i.
Huéng dén gidi
Chon C.
Taco

A 14 diém biéu dién cta s6 phitc 4-3i nén A(4;-3).

B 1a diém biéu dién cua sb phirc (1+2i)i=-2+i nén B(-2;1).

.2 2 g.x . 1
C la diém biéu dién cua so phirc —=—i nén C(0;-1).
1

Diéu kién d¢ ABCD 12 hinh binh hanh 1a 4D = BC

X, =X, =X.—X X, =X.+XxX,—X,=06
<:>{D e B@{D coTa T = D(6;,-5)= z=6-5i.
Yp=Vi=Vec~ Vs Yp=Ve+Vy—Yp=-5
Bai tip 2: Cho tam gidc ABC c6 ba dinh 4,B,C lan luot 1a diém biéu dién hinh hoc cua cac sd
phtic z, =2—i,z, =—1+6i,z, =8+i. S6 phirc z, c6 diém biéu dién hinh hoc 14 trong tdm clia tam

gidc ABC . Ménh d& nao sau day ding?

A z,=3-2i B. |z,|=5.
C. (z,) =13+12i. D. z, =3-2i
Huéng dén gidi
Chon D.

Taco: 4(2;-1),B(-1;6),C(8]1).
Goi G la trong tdm tam giac ABC.
= G(32) oz, =3+2i=z,=3-2i

Bai tap 3: Cho cac s6 phiic z,,z, thod min |zl| =3, z, —zz| =5. Goi 4,B lan luot 1a cac

22|=4,

diém biéu dién s phirc z,,z, trén mit phang toa do. Dién tich S cia AOAB (véi O la gbc toa do)

la




A. S=52. B. S=6. C.S=§. D. S=12.

Huwong din gidi

Chon B.

Ta co: |z)|=04=3,

z,|=0B =4,

zl—zz|=AB=5

— AOAB vuédng tai O (vi 04> + OB® = AB*)

1 1
= Siou = 0408 =—34=6.

Dang 4. Tim s6 phirc théa mén diéu kién cho truée

i z—il=|z-1
Bai tap 1: C6 bao nhiéu s0 phtric z thoa méan {| | | |‘7

|Z — 2i| = |Z| '
A. 1. B. 2. C. 3. D. 4.
Huéng dén gidi
Chon A.

bat Z=x+yi,(x,yeR).

2 2 2 2
x+(y-1) =(x-1) +y
Ta c6 h¢ phuong trinh: ( )2 ( ) =>x=y=1.
x +(y—2) =x"+y’
Do d6 z=1+i nén c6 mot s6 phirc thoa man.
Bai tap 2: C6 bao nhiéu sb phirc z théa didu kién \Z.E+ z‘ =2 va |z =2?
A. 2. B. 3. C. 1. D. 4.
Huéng dén gidi
Chon C.
Ta co: ‘z.z+z‘ =2< “z|2 +z‘ =2< |z+4| =2.
Suy ra diém M biéu dién s6 phirc z 1a giao clia hai duong tron (C,):x” +)> =4
va (G):(x+4) +)y* =4
Vi II, =R +R, (1,,], 1a tam cta cac dudng tron (C,),(C,)) nén (C,) va (C,)tiép xtc nhau).
Suy ra: C6 mot sb phirc z théa man yéu cau.
Bai tap 3: C6 bao nhiéu s6 phirc thoa man |z|(z—6—i)+2i =(7-i)z?
A. 2. B. 3. C. 1. D. 4.
Huwong din gidi
Chon B.

Nhan xét: Ttr gid thiét, img véi moi

z| cho ta duy nhat mét s6 phic z.




Dit |z|=a>0,a e R, khi d6 ta c6
|z|(z—6-i)+2i=(7-i)z

oa(z—6-i)+2i=(7-i)z

o (a-T+i)z=6a+ai—2i

< (a-T+i)z=6a+(a—-2)i

& |(a=7+i)||z|=|6a+(a—2)il

&[(a-7) +1]a* =362" +(a-2)

©a' 142" +132" +4a-4=0 < (a—1)(a’ —13a° +4) =0.

Hamsb f(a)=a’-13a’(a=0) c6 bang bién thién:

26
3
0

[23]

a 0

f'(a) -
0

-t
f(a) \ _Bgﬂ /
¥

Dudng thang y =—4 cdt do thi ham s6 f(a) tai hai diém nén phuong trinh @’ —13a’ +4=0 c6
hai nghiém khéc 1 (do f(1)#0). Thay gia tri modun ctia z vao gid thiét ta dugc 3 s phirc thoa
man diéu kién.

Bai tap 4: C6 tit ca bao nhiéu gia tri nguyén ctia m dé c6 ding hai s6 phtic z thoa

man [z—(2m—1)=i| =10 va |z =1+ =[z-2+3{?

A. 40. B. 41. C. 165. D. 164.

Huwong din gidi

Chon B.

Gid sir z=x+yi(x,y € R) va M(x,y) la diém biéu dién sb phtrc z.

Ta c6: |z—(2m~1)~i| =10 & |z—(2m~1)~i =100

e[x—(2m-1)] +(y-1)" =100.

Khi d6 diém bicu dién s6 phitc z ndm trén dudng tron (C) cé tam 7 (2m—1;1), ban kinh R =10.

2 |2

Lai 06 |z = 1+i|=[z =243 & |(x=1)+ (y+1)i] =|(x=2)+(3- )i
& (x-1) +(y+1) =(x-2)" +(3-y) @ 2x+8y-11=0.
Khi d6 diém biéu dién s6 phtc z cling ndm trén duong thing A:2x+8y—11=0

C6 dung hai s6 phirc z thoa man néu duong thing A cit duong tron (C) tai 2 diém phén biét.




2(2m—1)+8-11| 5-20417 5120417
<10 < <m< .
\27 +8 4 4

Viay c6 41 gia tri nguyén cua m d€ c6 dung hai s0 phtic z thoa man yéu cau bai toan.

Titc 1 d(I,A)<10c>|

Bai tap 5: Cho hai s6 phirc z, va z, théa man |Zl| =3, zz| =4,|z, —22| =+/37. Hoi c6 bao nhiéu
A \ Zl .
sO zma z=—=a+bi?
)
A. 1. B. 2. C. 3. D. 4.
Huwong din gidi

Chon B.

bat z, =x+yi,z, =c+di(x,y,c,d e R). Ta co:

|Zl|=3:>xz+y2 =9;

|| =4=c +d* =16;
|zl—22|=x/§:>x2+y2+02+d2—2xc—2yd=37c>xc+yd=—6.
Lai co6:

i:x+yz.=xf+yczl yf_xgl'=—§+bi. Suy ra az—é.
z, c+di c+d° " +d 8 8

L —mzi—\/aﬂbz Sd AP = =D a2—2—7:>b=i£

Ma |4 = = —d’ =
z| |z 4 16 16 64 8

Vay c6 hai s6 phirc z thoa man.
Bai tap 6: Goi S 1a tap hop tit ca cac gia tri thuc cua tham s6 m dé ton tai duy nhét sé phirc z
théa man z.z=1 va \z—ﬁﬂ'\ — m. S phan tir cta S 1a
A. 2. B. 4. C. 1. D. 3.
Huéng dén gidi
Chon A.
D& thay m > 0.
bit z=a+bi;a,b € Rta cd hé phuong trinh.
a’+b’ =1
2
(a—\/g) +(b+l)2 =m’
Phuong trinh a” +b* =11a duong tron tdm O, ban kinh R=1.
2
Phuong trinh (a —\/5) +(b+1)2 =m’ 1a dudng tron tAm I(\/g;—l), ban kinh R=m.
C6 duy nhat s6 phirc thoa méan dé bai
a’+b* =1

(a—x/§)2+(b+1)2 =m

< H¢ phuong trinh s ¢6 nghiém duy nhat




< Hai duong tron nay tiép tic v6i nhau

<:>OI=|mi1|<:)|mJ_r1|=2c>[m=

Vay, co hai s6 thuc thoa man.

Bai tip 7: C6 tit ca bao nhiéu s6 phirc z théa man |Z| =1 va

2 2
@b =——

(thdoa man m > 0).

z ZzZ
=+—=1.

z Zz

1

A. 3. B. 4. C. 6.
Huwong din gidi
Chon D.
bat z=a+bi,(a,beR). Tacéd
2| =Na*+b* =1=a’ +b* =1.
N\ 2
2, ‘ a+bz a bl) ‘
‘ — % |Z|2 =[2a* -2p°|=1.
a2+b2:1 a2+b2=1 a2+b2=
Ta co hé: 5 ) & 1 hodc
2a” —20’| =17 |a?-p? =
23 (a1
& 4 hoic 4.
b2 _l b2 :é
4 4

Suy ra (a;b)e{l

Viay c6 8 cip s6 (a;b) do d6 ¢6 8 s6 phtrc théa man.

LB BB B
P )

Dang 5: Bai toan tip hop diém biéu dién s6 phirc

1. Phwong phap gidi
Str dung céac dinh nghia, tinh cht hinh hoc d3 biét.
Cho truée céc diém b dinh I, F,, F,; F,F, =2c(c >0)

Téap hop cac diém M thoa man MI=R(R>0) la

duong tron tdm [ ban kinh R.

hop cac diém M  thoa  mén

MF, +MF, =2a(a>c)

Tap

14 elip c6 hai tiéu diém 1a F, F,.

Tap hop cac diém M thoa min MF, = MF, 1a duong

Bai tap:
Trén mat phing Oxy tap hop cac diém

biéu dién sb6 phoc z thod man
|z+2-5i=4 1a duong tron tAm
1(-2;5), bankinh R =2.




trung truc cia doan thang FF,.

2. Bai tap
Bai tap 1: Xét céc s phitc z théa mén (z —6)(8+E.i) 1a s6 thuc. Biét Chu y:
Trong mdt phang Oxy,

rang tap hop tat ca cac diém biéu dién ciia z 1a mot dudng tron, cd tim
I(a;b)vabankinh R. Giatri a+b+R bang (x—a) +(y-b) =R*1a
A. 6. B. 4. C. 12. D. 24. phuong trinh dudng tron
co tdm I(a;b)va bén
kinh R>0.
Huwong din gidi

Chon B.

bat z=x+yi(x,y eR).

Vi (2-6)(8+27) =[ (x=6)+yi ][ (y+8)+xi | 1a s6 thyc nén

x(x-6)+y(y+8)=0 (x-3) +(y+4) =25
Tép hop tat c4 cac diém biéu dién clia z 1a dudng tron c6 tim 7(3;-4), ban kinh R=5.
Vay a+b+R=4.

Bai tap 2: Cho s6 phtic z thoa man |z —3| + |z + 3| =10. Tap hop cac diém biéu dién s phirc z 14

A. Mot parabol.
B. M6t duong tron.
C. Mot elip.
D. Mét hypebol.
Huéng dén gidi
Chon C.

Goi z=x+yi(x,y €R) thi [z=3|+|z+3| =10 < |(x=3)+ yi| +|(x +3) + yi| =10(*)
Goi M la diém biéu dién s6 phtc z va céc diém F;(3;0),F, (-3;0). D& thdy FF, =6=2c
Khi do: |z -3|+|z+3|=10 < MF, + MF, =10 =2a.
Vay tap hop cac diém M biéu dién s phiic z1a elip c6 hai tidu diém £, F,, d6 dai tryc 16n 1a
2a=10
Bai tdp 3: Cho s6 phitc z thoa man |z|=10 va w=(6+8i)z+(1-2i)’. Tap hop cac diém biéu
dién s6 phuc w la dudng tron c6 tam la

A. I(-3;-4). B. 1(3;4). C. I(1;-2). D. 1(6:8).

Huéng dén gidi

Chon A.




& w—(-3-4i)| =76 +8' ||

& |w—(-3-4i)[=10.10 < [w—(-3-4i)| =100

Vay tap hop céac diém biéu dién sb phirc wla duong tron (C) c6 thm 1(-3;-4).
Bai tip 4: Trong mit phing toa d6 Oxy, tip hop cac diém biéu bién céc sb phirc z

théa man |z -1+ 2i| = ‘E+ 1+ Zi‘ 1a duong thang c6 phuong trinh

A. x-2y+1=0. B. x+2y=0.
C. x-2y=0. D. x+2y+1=0.
Huéng dén gidi
Chon C.

Pt z=x+yi(x,yeR)=z=x-yi.

Goi M (x;y) la diém biéu dién ctia sb phic z.
Taco: |z —1+2i =|z+1+2j

& |x+ yi—1+2i| = |z - yi+1+2i]
@|(x—1)+(y+2)i|=|(x+1)+(2—y)i|

o J(x=1)+(y+2) =(x+1) +(2-»)’

S x=2x+1+y +4y+d=x"+2x+1+) -4y +4

& x-2y=0.

Vay tap hop cac diém biéu bién cac sd phic z thoa méin yéu cau bai toan 1a duong thang c6 phuong
trinh la x—-2y =0.

Bai tap 5. Gia st M(z) la diém trén mat phang toa do biéu dién sd phtic z. Tap hop nhitng
diém M(z) thoa man diéu |2 + z| = |i - z| la
A.Duong thang 4x+2y+3=0 B. Duong thang 4x -2y +3=0
A.Duong thang x+2y-3=0 D. Duong thang x+9y-3=0
Huwéng dan giai
Chon A
Cach 1. Dit z=x+yi;(x,y €R).1a s6 phtic da cho va M(x;y)la diém biéu dién ctia z trong

mat phang phtec




Ta c6 |z+2] :|i—z|©|(x+2)+yi| :|x+(y—1)i| c>\/(x+2)2 +y? :\/x2 +(y—1)2
& 4x+2y +3=0 . Vay tap hop diém M can tim 1a dwong thang 4x+2y +3=0
Cach 2. |Z +2| = |i—z| = ‘z —(—2)‘ :|i —z| (*)
Dit z=x+ yi;(x,y c R).lé s0 phtic da cho va M(x;y) la diém biéu dién cua z trong mat
phang phtic, Diém A biéu dién s6 -2 titc A(-2;0)va diém B biéu dién s& phtic i tic B(0;1)
Khi d6 (*)<MA=MB. Viy tip hop diém M cin tim la duong trung twc cha AB:
4x+2y+3=0.
Bai tap 6. Tap hop cac diém trén mat phang toa do bidu dién cac s6 phitc z théa man diéu
kién |z+2i|=[z+1-1 I
A.Duong thang x+y+3=0 B. Duong thang x-2y+3=0
A.Duong thang x+2y+3=0 D. Puong thiang x—y-1=0

Huéng dan giai
Chon D

Gia st z=x+yi (x,y €R), diém M(x;y) biéu dién z. Theo bai ra ta co:

x4 (y +2)i] =[x+ 1)~ (y 4 1)i] s <2+ (y + 22 =y (x+1)" +(y +1)°
<S4y +4=2x+2y+2 <> x-y-1=0

Suy ra M thudc duong thang cé phuong trinh x—y-1=0.
Vay tap hop diém biéu dién cac s6 phtic z 1a duong thang cé phuong trinh x—y-1=0.
Bai tap 7. Tap hop cac diém trén mit phang toa do bidu dién cac s6 phitc z théa man dieu
kién 5|(1-i)z+3-2i/=|(1-7i)z+i 1
A. Duong thang B. Brong tron
A. Duong elip D. Duong Parabol
Hudéng dan giai
Chon A
Nhan thdy 5[1+i|=5v2 =[1-7i|

Ta o6 5((1-1)z+3-2i=|(1-7i)z+il




: 3-2i :
<:>‘5(1—1)Hz+5+5i :|1 71Hz+1_ -
3-2i i 1 ‘ 7 1.
S|z + =|z+ Slz+—-— ——+—i
5+ 5i| 1-7i| 10 2 50 50
Vay tap hop M la duong trung trec AB, véi A 11 B 7.1
iy tap hop g trung try , 10518 50750 )

Bai tap 8. Tap hop cac diém trén mit phang toa d6 bidu dién cac s6 phitc z thoa man dieu
kién |z+2+3)=4 Ia

A. Hai dudong thang x :%, X = —% B. Hai duong thang x = —%, X = —%

A. Hai duong thang x :%, X =% D. Hai duong thang x = —%, X :%
Hudéng dan giai

Chon A

bat z= x+yi,(x,y e R)

Luc do:

‘z+;+3‘:4<:>|x+yi+x—yi+3|:4<:>|2x+3|:4<:>4x2+12x+9:16

S A +12x-7 =0 <

Vay tap hop diém M la hai duong thang x=% ;X = —% song song vdi truc tung.

Bai tap 9. Tap hop cac diém trén mit phang toa d6 bidu dién cac s6 phitc z thoa man dieu
kién [z-2+1-i|-2 1a

1+\/§_ :1—\/5

A. Hai duong théng y= L +2\/§;y _1 +2\/§ B. Hai duong théng y= 5 y 5
A. Hai duong thing y= ! +2\/g;y 1 _2\/5 D. Hai duong thang y= ! _2\/5 y = 1 _2\/5

Huwéng dan giai
Chon B
Dat z=x+ yi,(x,y € ]R)

Lic dé:




‘z—;+1—i‘:2<:>|x+yi—x+yi+1—i|:2<:>‘1—(2y—1)i‘:2

o 1+(2y-1) =2 1+4y> —dy +1=d = d4y? —4y-2=0

_1+\/§
y=7,

1-3

y:—

2

<:>2y2—2y—1:0<:>

1+\/§‘ 1-3
'y = 2

5 song song voi truc hoanh.

Vay tap hop diém M la hai duong thang y=
Bai tap 10. Tap hop cac diém trén mat phéng toa d6 biéu dién cac s6 phtic z thoa méan diéu
kién 2]z+1/=|z-2-2| 2
A. Hai duong thing x=0, y=0. B. Hai duong thang x=0, y=-2.
C. Hai duong thang x=0, x=-2. D. Hai duong thang x=2, y=-2.
Hudng dan giai
Chon C
Goi M(x;y) la diém biéu dién s8 phitc z=x+yi, (x,y €R) thoa 2|z+1|= ‘z —z- 2‘
& 2fx+yi+|=|x+yi-(x—yi) -2 2[x+1+yi|=[-2+2yi

x=0
X=-2

& 2\/(x+1)2 +y? :\/(—2)2 +(2y)2 ox?+2x=0=

Vay tap hop cac diém M can tim 1 hai duong thang x=0, x=-2.
Bai tap 11. Tap hop cac diém trén mit phang toa d6 bidu dién cac s6 phtic z thoa man diéu

kién |z—1+i|=2 la

A. DPuong thang x-y-2=0 B. Duong tron (x+ 1)2 +(y+ 1)2 =4
C. Puong thang x+y-2=0 D. Duong tron tdam I(1;-1) va ban kinh
R=2.

Huéng dan giai
Chon D

Xét hé thirc: |Z—1+i|:2 Dit z=x+yi,(x,yeR).

Khi do: (1) & (x=1) +(y +1) =2 (x=1) + (y +1)* =4




Vay, tap hop nhitng diém M(z) thoa man hé thirc (1) la dwong tron tam I1(1;-1) va ban
kinh R=2.
Bai tap 12. Tap hop cac diém trén mit phang toa d6 biéu dién cac s6 phitc z théa man digu

JUN Z
kién

o

7 —

18 9 18 9

A.Duong tron x* +y2—§y—§=0 B. Duong tron x? +y2—?y+§=0
\ \ 18 9 \ . A N 1t ,
C. Puong tron x2+y2+§y+g=0 D. Duong tron tam I(O;%] va ban kinh
R=1.
8

Huéng dan giai
Chon B
Dit z=x+yi, (x,yeZ). Taco

=3<:>|z|=3|z—1|<:>x2+y2—%y+§=0

z

z—
Vay, tap hop nhitng diém M(z) thdéa man hé thic (1) 1a duwong tron tam I[O;ZJ va ban
kinh R =2,

8

Bai tap 13. Tap hop cac diém trén mit phang toa d6 biéu dién cac s6 phitc z théa man digu

kién |z+3-2i|=[2z+1-2i| la

2 4 8 2 4 8
A.Puong tron x> +y? —Ex—=y+-=0 B. Duong tron x2 +y? +=x+—y-—=0
BHON X Fy =3X73¥ 73 BHOM X HY F3X¥3Y 73
2 4 8 2 4 8
C. Puong tron x> +y* —Sx——y-==0 D. x2+v2—Ex+2y-2=0
& y 3 3y 3 y 3 3y 3

Huéng din giai
Chon C
Dit z=x+yi;(x,y eR).
Ta c6: |z+3-2i|=[2z+1-2i
& |(x+3)+(y-2)i|=|(2x+ 1)+ (2y ~2)i| & (x+3)" +(y-2)" =(2x+1)+(2y - 2)°
& 3x% +3y” —2x -4y -8=0




Suy ra: Tap hop cdc diém biéu dién z la phuong trinh duong tron (C):

, ., 2 4 8
X“+y" —=x—-—y-—=0.
Y T3XT3Y 73

Bai tap 14. Tap hop cac diém trén mit phang toa d6 biéu dién cac s6 phitc z théa man digu
kién |z-i|=|(1+i)7] 1a
A. Duong tron x? +(y+l)2 =2 B. Duong tron x? +(y—1)2 =2
C. Duong tron (x—1)2+(y+1)2=2 D. (x+1)2+(y+1)2=2
Huéng dan giai
Chon A

Goi M(xy) la diém biéu dién ctia s6 phttcz = x + yi;(x,y €R).

Suy ra [z—i|=\x2 +(y -1 & |(141)7] =[(11)(x+ vi)| = (x =y ) + (x+¥)’

Neén |z-i|=|(1+i)z] & x* +(y-1) = (x—y)" +(x+y) & x* +(y+1)" =2

Vay tap hop diém M la dudng tron x? +(y +1)° =2.

Bai tap 15. Tap hop cc diém trén mit phing toa dd bidu didn céc s phtic z thoa man didu

kién |z —4i|+|z+4i| =10 la

2 2 2 2
A.Dudngelip —+ =1 B. Duongelip >+ =1
uong elip —-+< uong elip ——+-5

2 2 2 2
C. Duong elip Xz+y? =1 D. Duong elip %+YZ =1

Hudéng dan giai

Chon A
Xét hé thic: |z —4i| +|z +4i| =10
pat 2= XYL (Y ER) [ g6
5 5 2 2
(4)<:>\/x2+(y—4) +\/x2+(y+4) :10@%+¥—6=1

Vay tap hop diém M la duong elip c6 hai tiéu diém la F,(0;4);F,(0;—4) va d¢ dai truc 16n la

16.




Bai tap 16. Tap hop cac diém trén mit phang toa d6 biéu dién cac s6 phtic z théa man digu
kién |z—2|+|z+2| =5 1la
A. Duong tron B. Duong elip
C. Duong parabol D. Duong thang
Hudng dan giai
Chon B
Dit z=x+yi;(x,y eR).

Ta co: |z—2|+|z+2|:5

<:>‘(x—2)+yi‘+‘(x+2)+yi‘:5<:>\/(x—2)2 +y? +\/(x+2)2 +y* =5 (1)
Xét A(2;0);B(-2;0);1(xy)=IA+IB=5

Vay tap hop diém biéu dién sd phitc z chinh 1a tap hop cac diém I thoa man 1A +IB=5, d6

AB

chinh la mot elip co tiéu cu ¢ = = 2;a= IA+IB_5

2 2

Bai tap 17. Tap hop cic diém trén mat phang toa d6 biéu dién cac s& phtic z théa man
diéu kién |2 + z| > |z - 2| l1a
A. Tap hop cac diém 1a nita mat phang & bén phai truc tung
B. Tap hop cac diém 1a nita mat phang & bén trai truc tung
C. Tap hop cac diém la nira mt phang phia trén truc hoanh
D. Tap hop cac diém 1a nira mit phang phia dudi truc hoanh
Hudng dan giai
Chon A
Xét hé thuc: |2 + z| > |z—2| (1) .Dat z=x+yi, (x,y € ]R).
Khi d6: (3) < 8x>0
Tap hop nhiing diém M(z) théa man diéu kién (1) 1a nita mat phang & bén phai truc tung,
ttc cac diém (x,y) ma x>0
Bai tap 18. Tap hop cac diém trén mat phang toa dd bidu dién cac s6 phtic z thoa man
diéu kién 1<|z+1-i/<2 la

A. Tap hop cac diém la hinh tron 6 tdm 1(1;-1) , ban kinh 2




B. Tap hop cac diém la hinh vanh khin ¢6 tam tai A(-I;1) va cac ban kinh 16n va nho Ian
Iwotla 2;1

C. Tap hop cac diém 1a hinh tron c6 tam 1(1;-1) , ban kinh 1

D. Tap hop céc diém la hinh vanh khin c6 tam tai I(;-1) va cac ban kinh 16n va nho Ian
Iwotla 2;1

Hudng dan giai

Chon 18 B

Xéthé thuc: 1<|z+1-i|<2(2) . Dat z=x+yi, (x,yeR).

Khi d6: (2) = 1<(x+1)° +(y-1)° <4

Vay tap hop nhitng diém M(z) thoéa man diéu kién (2) la hinh vanh khan c6 tam tai
A(-1;1) va céc ban kinh 16n va nho lan luot 1a 2;1

e g N e PN P v < 7 . A7 « X ’ A~ . Z+1
Bai tap 19. Tim tat ca cac diém ctia mat phang phtic biéu dién cac s6 phtic z sao cho =——
Z+1

1a sO thue.
A. Tap hop diém gom hai truc toa d6
B. Tap hop diém la truc hoanh
C. Tap hop diém gom hai truc toa d6 bo di diém A(0;1)
D. Tap hop diém la truc tung, bo di A(0;1)

Hudng dan giai
Chon C

bat z :x+yi,(x,y € R).

Z+i:x+(y+1)(1—y)+[x(y+1)—x(1—y)]i

Ta c6: =— 2

z+i x2+(1—y)
25 Jasd thue & x(y+1)-x(1-y) =0 & xy =0,
Z+1

Mit khac: x* +(y - 1)2 #0 < ca mit phang phtic bo di diém (0;1)




0
Tom lai: yebt <> 4|y = . Vay cac diém ctia mit phang phitc can tim gom hai truc toa
(x,y ¢(0;1)

X

do bo di diém A(0;1)

z+2+31

Z—1

Bai tap 14. Tim tap hop cc diém biéu dién s6 phitc z sao cho u = la mét s6 thuan
ao.
A. Duong tron tam 1(-1;-1) ban kinh R=+/5
B. Duodng tron tam I(-1;-1) ban kinh R=+/5 trir di hai diém A(0;1); B(-2;-3).
C. Duong tron tam 1(1;1) ban kinh R=5
D. Duong tron tdm 1(1;1) ban kinh R=5 trir di hai diém A(0;1); B(-2;-3).
Huwéng dan giai
Chon B
Dat z:x+yi,(x,y eR)

Ta co:

24243 [x+2+(y+3)i ][ x-(y-1)i] x®+y?+2x+2y-3+2(2x~y+1)i
z-i X2+ (y-1) o+ (y-1)
X2 +y? +2x+2y-3=0 (x+1)2+(y+1)2:5
ula s8 thulin do {2X_y o o {(X,y) +(0;1)
(o) #(2-3)
Vay tap hop diém z 1a dudng tron tam I(~1,-1) ban kinh R=+/5 trir di hai diém
A(0;1); B(-2;-3).
Bai tap 21. Tim tip hop cac diém biéu dién s6 phiic z=x+yi thda man diéu kién
]y =1 1a
A. Ba canh ctua tam giac
B. Bon canh cua hinh vuéng
C. Bon canh ctia hinh chit nhat
D. Bon canh cua hinh thoi

Hudng dan giai




Chon B
Goi M 1a diém biéu dién s6 phtic z.

x+y=1 khix>0,y>0
x—y=1 khix>0,y<0
—x+y=1 khix<0,y=0
—-x—-y=1 khix<0,y<0

Ta co: |x|+|y| =le

Vay tap hop diém M la 4 canh ctia hinh vuoéng.

Bai tap 22. Trong mit phang toa dd Oxy, tim tap hop diém biéu dién cc s8 phtic z thoa

Z4+1 z4+1 4. o~ )
+Z - la sd thuan ao.

z+1 z+1

man

;oJ ban kinh R =%

N | =

A. Duong tron tam I(—
&

ban kinh R = trir di hai diém (-10).

N | =

B. Buong tron tam I

;oj ban kinh R =i

N | =

C. Duong tron tam I(—

D. Duong tron tam I(— ;O] ban kinh R =i trir di hai diém (0;1).

N | =

Huwéng dan giai
Chon B
Gia st z=x+yi va diém biéu dién s6 phtic z 1a M(x;y).

2|z|2 +z+;+i(z+;)+2i ) 2(x2 +y2)+2x+2(x+1)i

Ta co: Z+i EHZ . \ _ ¥
z+1 z+1 |z| tz4z41 (x+1) +y?
2
.= 2 2 B 1 1
231 271 13 68 thuan 4o < 2(X Ty )+2X_0<:> (XJFE) +Y2:Z
ol (x+1) +y* 20 (xy)=(-10)

2
Vay tap hop diém M 14 duong tron (x +%j ry? :% bo di diém (-1,0).
Bai tap 23. Tim quy tich cac diém trén mat phang phtec biéu dién cho s& phitc w=iz+1,

biét z 1a s6 phtic thoa man:

(Z—Zi+1)3‘=8.

A. Puong tron (C):(x- 3)2 +(y- 1)2 =4




B. Dudng tron (C):(x+3) +(y +1)° =2
C. Pudng tron (C):(x—3)° +(y+1)° =4
D. Duong tron (C):(x-3)° +(y -1)° =4
Huéng dan giai
Chon C

, 3.
Ta ¢ ‘23‘:|z| nén

(E—21+1)‘:2 (*)

(;—2i+1)3‘:23<:>
bat w=x+yi

Talaico w=iz+le z=i-iw=z=-i+iw. (¥) tro thanh:

‘i%—aiﬂ‘:z@\/(yn)z +(x=3) =2 (y+1)° +(x-3)" =4
Vay quy tich cdc diém biéu dién w trén mat phang phtic la duwong tron
(C):(x—3)2 +(y+1)2 =4.
Bai tap 24. Trong mit phing toa d6 Oxy, tim tap hop diém biéu dién s8 phitc w thoa man:
w=z+2+i, biét z 12 s8 phttc thoa |z—1+2i|]=1.
A.Dudng tron tam 1(1;2) ban kinh R=+2
B. Buong tron tam 1(2;1) ban kinh R=2
C. Puong tron tam I(l;l) ban kinh R=1
D. Duong tron tam 1(3;3), ban kinh R=1.
Hudng dan giai
Chon D
Goi w=x+yi (x,yeR)=M(xy) la di€m biéu dién cho s6 w trén hé truc Oxy.

z=w-2-i=x-2+(y-1)imz=x-2+(1-y)i
|z-1+2i[=1 [x~3+(3-y)i[=1e (x-3) +(y-3)" =1

Vay tap hop diém biéu dién s& phirc w 1a mot duong tron tam 1(3;3), ban kinh R=1.

Bai tap 25. Trong mit phing phitc Oxy, tim tap hop cic diém M biéu dién s6 phirc

w=(1-2i)z+3 biét z 1a s8 phitc thoa man: |z+2|=5.




A. Duong tron tam 1(1,2) béan kinh R =+/5
B. Buong tron tam I(Z,l) ban kinh R=5
C. brong tron tam 1(1,4) ban kinh R =545 .
D. Duong tron tim I(l,3), ban kinh R=5.

Huéng dan giai

Chon C

Theo gia thiét: |z+2|=5@M:5©|a—1+(b—4)i|=5|1—2i|
1-2i

(=1 +(b-4) =55 & (a-1)? +(b-4)} =125

Vay tap hop diém M théa man dé bai la duong tron tam 1(1;4) ban kinh R =5+/5.
Bai tap 26. Tim tap hop cac diém biéu dién sd phtic z'= (1 —i\/g)z -2 véi [z+1|<2.
A. Hinh tron tam I(—3,'\/§) , R=
B. Buong tron tam I(—B;\/g) , R=4.
C. Hinh tron tdm 1(1;-4) ban kinh R=5.
D. Duong tron tam 1(1;3), ban kinh R=5.
Hudéng dan giai
Chon A

o , {z:aeri(a,be]R)
Gia str ta co
z'=x+yi (x,ye]R)
Khi do:
Z':(1—ix/§)z—2<:>x+yi:(1—i\/§)(a+bi)—2<:>x+yi:a+b\/§—2+(b—a\/§)
x—y\/§+2
x=a+by3-2 a= 4
< <~
y:b—a\/g b=\/§x+y+2\/§
4

Theo bai ra ta co:




z+1<2e (a+1) b2 <4

2 2
(x—yf+2+1j +[\/§x+i+2\/§J <4

<:>(x—yx/§+6)2 +(\/§x+y+2\/§)2 <64 < 4x% +4y? +24x 83y ~16 <0
ox?+y? +6x-2\By -4<0= (x+3)° +(y—\/§)2 <16
Vay quy tich cdc diém biéu dién s§ phtic z’ 1a hinh tron tam I(—3;\/§ ) , R=4.
Bai tap 27. Tim tap hop cic diém biéu dién trong mat phang phtic w :(1+i\/§ )z+2 biét
rdng s6 phtic z thoa man |z—1|<2.
A. Hinh tron tam I(—B;\/g) , R=
B. Duong tron tam 1(3;3) ban kinh R =4
C. Puong tron tm 1(3;v/3) ban kinh R=4.
D. Hinh tron tam 1(3;\/5) ban kinh R =4.
Hudéng dan giai
Chon D

Dat z=a+bi,(a,be]R) va w=x+yi,(x,yeR)
Ta c6: [z-1/<2o (a-1)° +b <4 (*)
Tee

w=(1+iV3)z+2= x+yi=(1+iV3)(a+bi) +2

@xab\/g+2 x-3=a-1-by/3
\/_a+b y—/3 = f(a 1)+b

(x 3 +(y- _4[ }<16(Do ®)
Vy tap hop céc diém can tim 1a hinh tron tam 1(3;v/3) ban kinh R=4.
Bai tap 28. Tim tap hop cac diém biéu dién s§ phite z'=2z+3-i v6i [3z+ i|2 <7z+9.
A. Hinh tron tam I(—3;\/§) , R=

B. Duong tron tam 1(3;3) ban kinh R=4




C. Pudng tron tam 1(3;4/3) bén kinh R =4.

D. Hinh tron tam 1(3;—2} R =@

Giai
Chon D

z=a+bi (a,beR)

Gia str ta c6 )
z'=x+yi (x,yeR)

X
|
W

x=2a+3

Khi do z':2x+3—i<:>x+yi=(2&1+3)+(2b_1)i<:>{y:219_1<:>

b:

<
N+ N
—

Theo bai ra ta co:

3z +i* <22+9 = 9a2 +(3b+1)" <a? +b? +9 > 4a® +4b% +3b-4<0

3 7V _73
<:>(x—3)2+(y+1)2+E(y+1)—4£0<:>(x—3)2+(y+1) *Te

Vay quy tich cdc diém biéu dién s& phttc 2’ 1 hinh tron tam 1(3;—2) R :@

Bai tap 29. Cho cdc s6 phtic z thda m€m|z| =4. Biét réng tap hop cac diém biéu dién cac s8
phttcw = (3+4i)z+i la mot duong tron. Tinh ban kinh r cia duong tron do.
A.r=4. B.r=5. C.r=20. D.r=22.
Hudng dan giai

Chon C

a+(b-Di _[a+(b-Di](3-4)

Goi w=a+bi ,tacow=a+bi=C+4i)z+i<z= >
3+4i 9-16i

_ 2 _ _ 2
:3a+4b—4+(3b—4a—3)j:|z|:J(3a+4b 4y +(3b—4a-3)
25 25 25

Ma |2| = 4 nén < (B3a+4b—4)’ +(3b—4a—3) =100° < @ +b” —2b =399
Theo gia thiét, tap hop cac diém biéu dién cac s& phic w=(3+4i)z+i 1a mot duwong tron

nén ta cé a’+b> —2b=399 < a’ +(b—1)* =400 = r =~/400 = 20




BAI 3. PHUONG TRINH BAC HAI VOI HE SO THUC
A.Li THUYET

1. Can béc hai ctia mét phirc
Dinh nghia

Cho sb phirc w. Mdi sé phuc z théa man z*> =w dugc goi 1a
mot can bac hai ctia w

Tim cin bic hai ciia s6 phirc w Nhin xét:
+) 86 0 c6 diing mét can bdc hai
la0
+) Mi s6 phirc khdc 0 ¢6 hai cdn

bdc hai la hai s6 d6i nhau (khdc

e wlasb thuc.
+ Néu w<0 thi w c6 hai cin bac hai 1a iv—w va
—i\-w

+ Néu w>0 thi wc6 hai cin bac hai 1a vw va —Jw

0)
e w=a+bi (a,beR), b#0
Néu z=x+iy la can bc hai ciia w thi (x+iy)’ = a+bi
x2 _y2 —a
Do d6 ta c6 hé phuong trinh:
2xy=b
Mbi nghiém ctia hé phwong trinh cho ta mot cin bac hai Chii :

cliaw \ .
Moi phuwong trinh bdc n:

2. Giai phwong trinh béc hai véi hé s thue L
Az"+Az" +..+A4 z+4 =0

Xét phuong trinh az’ +bz+c=0 (a,b,ce R;a+0)
luén co n nghiém phicc (khong

4 _ 12 _ , ,
Taco A=b"—4dac nhét thiét phan biét) véi n nguyén

£ . b
e Neéu A =0 thi phuong trinh c6 nghiém thuc x = . diong.
a

e Néu A>0 thi phuong trinh c¢6 hai nghiém thyc phan
biét:
—b+~/A —b—~/A
xl = —, x2 =
2a 2a
e Néu A<O0 thi phuong trinh c6 hai nghiém thyc phéan
biét:
—b+iyJA| —b—iJ|A|

X, = DX
1 > 2
2a 2a

H¢ thirc Vi-ét ddi véi phuwong trinh béc hai véi hé sé thue

Phuong trinh bac hai ax’ +bx+c=0 (a # 0) c6 hai nghi¢m




phan biét x,, x, (thuc hodc phtrc) thi
S=x+x,=——
a

c
P=xx,=—
a

B. PHAN LOAI VA PHUONG PHAP GIAI BAI TAP

Dang 1: Giai phwong trinh. Tinh toin biéu thirc nghiém

1. Phuwong phap giai Vi du: Xét phuong trinh z* =2z+5=0
Cho phuong trinh: a) Giai phwong trinh trén tip sb phirc
az’ +bz+¢=0 (a,b,ceR;a#0) b) Tinh |z,|+|z,|

e Giai puong trinh bac hai véi hé sé thue  Hudng din gidi
e Ap dung cac phép toan trén tap sd phirc a)Tach: A'=1-5=—4= (21-)2
dé bién doi biéu thic
Lolen Phuong trinh c6 hai nghié¢m la:
z,=242i; z,=2-2i
b) Ta ¢ |z|=|z,|=v22 +2? =242
Suy ra |zl|+|zz| =22+22=42
2.Baita

Bai tap 1. Trong cic sd sau, s6 no la nghiém cta phuong trinh z* +1=z (z € (C) ?

1++/3i 1-/3 1+/3 1++2i

A. B. —— C. D.
2 2 2 2
Huéng dén gidi
Chon A
2 .2
Taco z*+1=z (ze(C)@zz—Zz.lﬁ-l:—z@ z—l _30
2 4 4 2 4
1 3 1+/3i
272 T2
= =
1 —3i 1-/3i
zZ—— = zZ =
2 2 2

Bai tap 2. Phuong trinh z° +az+b=0 (a,b€R) cé nghiém phirc 1a 3+4i. Gid tri ciia a+b béng
A. 31 B.5 C.19 D. 29
Huwong din gidi
Chon C Chit y: Néu z, la




Cich I: Do z =3+4i 1a nghiém cua phuong trinh z> +az+b=0 néntacé: nghiém cua phuong

(3+4i) +a(3+4i)+b =0 (3a+b—T)+(4a+24)i =0 trinh bac hai voi hé
3a+bh-7=0 6 s6 thyc thi z, ciing
a - = a=—
@ by “A 9
{4(1 +24=0 {b =25 la  nghiém cua
Do dé a+b=19 phuong trinh

Cich 2: Vi z,=3+4i la nghiém cta phuong trinh z*+az+bh=0 nén
z, =3—4i cling 1a nghiém cua phuong trinh da cho

. L . . |z +z,=—a
Ap dung h¢ thirc Vi-ét vao phuong trinh trén ta c6 { b 5
Z1 .Z2 =

=a+b=19

@{(3+4i)+(3—4i)=—a©{a=—6

(3+4i)(3—-4i)=b b=25

Bai tap 3. Goi z, la nghiém phurc co phan 4o duong cua phuong trinh z* +6z+34 =0. Gia tri cua

|z, +2-1 1a
A. V17 B. 17 C. 2317 D. 37
Huéng dén gidi
Chgn A

ra co A':—25=(5i)2. Phuong trinh ¢6 hai nghiém 1a z=-3+5i; z=-3-5i
Do d6 z, =—3+5i:|zo+2—i|=|—1+4i|:\/ﬁ

Bai tap 4. Goi z, la nghi¢ém phtrc co phan o0 4m ciia phwong trinh z* -2z +5=0

Toa d6 diém biéu dién sb phirc T4 trén mat phing phirc 1a
Z
A. P(3;2) B. N(1;-2) C. 0(3;-2) D. M (1;2)
Huwong din gidi

Chon A

. z=1+2i
Tacd z7-2z+5=0<

z=1-2i

Theo yéu cau ciia bai toan ta chon z, =1-2i . Khi do:

T4 _T-4i _ (7—4i)(1+2i)

=3+2i
z, 1-2i 1?+22

Vay diém biéu dién cta s6 phic la P(3;2)




Bai tap 5. Goi z,, z, 1a hai nghiém phtc ctia phuong trinh z> —4z+5=0. Gia tri cla biéu thirc

(2, =17 +(z, 1™ biing

A. 21009 B. 21010 C. 0 D. _21010
Huéng dén gidi
Chon D
, . 2 2 7= 241
Xét phuong trinh z° -4z+5=0<(z-2) =-1< '
z,=2—1
Khi d6 ta co: (z, —1)2019 +(z, —1)2019 =(1 +i)2019 +(1—i)2m9
=) ((i)) (i) (aiy)
= (1+4).(20)" +(1-1).(-2i)"™
= (20)" (1+i)—(1-1)) = (20)"" = (&) 20 = 2"
Dang 2: Dinh li Vi-ét va irng dung
1. Phwong phap giai Vi du: Phuong trinh z°-4z+24=0 c6 hai

Dinh li Vi-ét: Cho phuong trinh: nghiém phtrc z,, z, nén

az* +bz+c=0; a,b,ceR; a#0
Z,tz,=——
c6 hai nghiém phuc z,, z, thi

<
2.2, =—
a

2. Bai tap

z,+z,=4; z,.z,=24

" b
Chu y: Hoc sinh hay nham lan: z, +z, =—
a

Bai tap 1: Goi z,, z, la hai nghiém phtic cua phuong trinh z* —2z+5=0. Gi4 tri clia biéu thirc

z} + 22 bang
A. 14 B.-9 C.-6
Huwong din gidi
Chgn C
Goi z,, z, langhiém cta phuong trinh z> —2z+5=0

. L7 s . |zt+z,=2
Theo dinh 1i Vi-ét ta co:
Z,.2, =5

Suyra z, +z; =(Z] +22)2 ~22z,=2"-25=-6

Bai tap 2: Phuong trinh bac hai nao sau day c6 nghiém 1a 1+2i ?

Chiing ta cé thé gidi timg




A 22 =2243=0 B. 22 +2z+5=0 phuong trinh:

C.22-2z+5=0 D. 22 +2z+3=0 +) 22 =2z+43=0
Huéng din gidi - (Z_1)2 —2?
Chogn C
) <:>z—1=iri\/5

Phuong trinh bac hai c6 hai nghiém phuc 1a lién hop ctia nhau nén

=1+i
phuong trinh bac hai c6 nghiém 1+ 2i thi nghi¢ém con lai la 1-2i @ z=1£i2

Khi d6 tong va tich cta hai nghiém lan luot 14 2; 5 ) 2 +2z45=0
Vay sb phirc 1+2i 1a nghiém cta phuong trinh z* —2z+5=0 < (z+ 1)2 =4’
& z+1=220
S z=—-112i

+) 22 =2z+5=0

& (z-1) =4
S z-1=22i
&z=1£20

+) 22 +2z+3=0
<:>(z+1)2=2i2
C>Z+1=ii\/§

C>Z=—1ii\/§

Bai tap 3: Ki hiéu z,, z, 1a nghiém phtic ctia phuong trinh 2z° +4z+3=0. Tinh gi tri biéu thirc

P= |zlz2 —i—i(zl +22)|

A. P=1 B. P=

NN

C.P=3 D. P=

N |

Huéng dén gidi
Chgon D

Tacé z,, z, la hai nghiém cta phuong trinh 2z* +4z+3=0

z,+z,=-2
Theo dinh 1y Vi-ét ta co 3
Z,.Zy = —
2
2
Taco P=|zz,+i(z +2,)|= %+i(—2)‘:‘%—2i = Gj +(=2) :%

Bai tap 4: Goi z, z, 1a hai nghiém phiac cua phuong trinh Cdch khac:

Ta co:




22 —4z+7=0.Giatjcia P=z +z bang 22 —4z+7=0

A.-20 B. 20 o (z-2) =37
C. 147 D. 287 ) _[= o i
Huong dan giai 5,=2+4 J3i
Chgn A
Do do:
. L, |z +z,=4
Theo dinh ly Vi-ét ta co z +z;
2.2, =1
3 3
Suyra z; +z, =(z1 —i—zz)(zl2 -z,z, +222) =(2—\/§l) +(2+\/§Z)
=-20

=(z +22)((Zl +2,) —32122)
=4.(4-3.7)=-20
Bai tdp 5: Goi z, va z, la hai nghiém phuc cua phuong trinh 32> —2z+27=0. Gia trj cia
2\|2,|+ 2, 7| bing

A.2 B. 6 C. 36 D. /6
Huéng dén gidi
Chon A

Ap dung dinh ly Vi-ét, taco z, +z, =§ va 7,2, =9
Ma |Zl|=|zz|=,/|zl||zz| z,/|zl.z2 =J9=3
Do d6z, |22|+Z2 |Zl|zzl.3+zz.3=3(zl+22)=3%=2

Bai tip 6: Cho sb thuc a >2 va goi z,, z, 1a hai nghiém phtc cta phuong trinh z* —2z+a=0.

Ménh dé nao sau day sai?

A. z,+z, 1aso thuc B. z, -z, 1as6 4o
Z Z A z z A
C.L+=21asbao D. L +-% 1a so thyuc
z, z z, z
Huong din gidi
Chgn C

b
Tacod z,+z,=——=2.Dép an A dling

a
Phuong trinh béc hai v6i hé s6 thuc co hai nghiém la sb phtrc lién hop. Goi z, =x+yi; x,yeR la
mot nghiém, nghiém con laila z, =x—yi

Suyra z,—z, = 2yi la s a0. Pap 4n B diing




L

zZ, z;  Z.Z, Z,.2, a

VA

2, 2 2
z_z+zn _(a+z) -25z, _4-2a .

R

Vay C la dap an sai va D dung




Dang 3: Phuwong trinh quy vé phwong trinh bac hai

1. Phwong phap giai Vi du: Gidi phuong trinh: z* —z> —6 =0 trén tip

o Ném ving céch giai phuong trinh bac 6 phirc.
hai véi hé s6 thyc trén tap s phirc Huéng din gidi
e Nim viing cach giai mot sb phuong trinh  Pat z> =¢, ta ¢6 phuong trinh:
t=3
t=-2

quy vé bac hai, hé phuong trinh dai s6
bac cao;... tz_t_6:0<:>{
Véir=3tacod 22 =3=>z=+3

Véi t=-2taco 2> =—2=z=+i\2
Vay phuong trinh d3 cho c6 bén nghiém

z=i\/§; z=ii\/5

2. Bai tipmau

Bai tip 1: Téng médun bdn nghiém phirc cta phuong trinh 2z* =3z -2=0 1a

A. 32 B. 5v2 C. 25 D. 23

Huéng dén gidi
Chon A
s
2 =2 Z:_\/E
Taco: 2:'~37—2=0e| | 1 1 o|,_V2,
z :—Ez—i - 2
V2
z=———I
L 2

Khi d6, tong moédun bbén nghiém phitc cua phuong trinh di cho bang

RGN NI NICE RV

Bai tap 2: Ki hiéu z,, z,, z,, z, l1a bén nghiém phitc ciia phuwong trinh z* +4z° —~5=0. Gia trj cia

2 2 2 2 b;
|2|" +|z| +|zs| +|z| bang

A.2+25 B. 12 C.0 D. 2+/5
Huwong din gidi
Chgn B
z=1
72 = z=-1
Taco: z' +4z° -5=0< =




Phuong trinh ¢6 bdn nghiém lan luot la: z,=1,z,==1, z;=-i\5, z, = i\/g
Do do: [z +|z.f +]z,f 4|z =P+ 12 +(V5) +(+5) =12
Bai tap 3: Goi z,, z,, z;, z, 1a cdc nghiém phirc cua phuong trinh (z2 +z)2 +4(z2 +z)—12 =0.
Gid tri ciia biéu thire S =|z[" +|z,|" +|z[ +|z,[" 1a

A. §=18 B. S=16 C. S=17 D. §=15

Huéng déin gidgi

Chgn C
Taco: (2 +z) +4(z* +2)-12=0

t
Pitt=z"+z,tacd t2+4t—12=0<:>{

t=—6
_zlzl
Z,=-2
+2z-2=0 :
Suy ra: s = :_1“‘/5
2 +z+6=0 3 2
~1-i\/23
Z,=—
L 2
2 2 2 2
st or 4 2] (]

4
Bai tip 4: Goi z,, z, 1a hai nghiém cua phuong trinh @ +2z=-4.Khido |z +z,| bing
z

A. 1 B. 4 C.8 D.2
Huéng dén gidi
Chon A

Piéu kién: z#0

|Z|4 - |Z|2 2 - 2.z g
Tacd: —F+z=-4< | — +z:—4<:>(;J +z=—4

z z z

L VB[ 1 B

Z=——+— Z=————
s — 2 2 2 2
Sz +z+H4=0
_ 1 V15 1 15
zZ=———— z=——+—1I
2 2 2 2
R 1 V15 . 1 415
Vay |z, + 2| == -2 i s+ X2 o ) =
2 2 2

Bai tap 5: Cho s6 thuc a, biét ring phuong trinh z* +az> +1=0 ¢6 bén nghiém Z,, 2y, Z, z, thoa

min (z; +4)(z3 +4)(zi +4)(zi +4)=441. Tima




Huéng dén gidi
Chon B
Nhén xét: 2° +4 =22 —(2i) =(z+2i)(z-2i)

bat f(x)=z"+az’+1, taco:

(22+4)(22 +4)(22 +4) (22 +4) =TT (7, +20).T1(z, ~21) = £ (-24).f (20)

k=1 k=1

= (16" +4ai’ +1)(16/* +4ai’ +1) = (17-4a)’

a=-1
Theo gia thiét, ta c6 (17 —4a)’ = 441 c{ 19
a=—
2
Bai tip 6: Cho s phuc z thoa man 112" +10iz*°"7 +10iz—11=0. Ménh d& nao dudi diy ding?
A 2<|7]<3 B. 0<|z<1 C. 1<|z|<2 D. <l <3

Huwong din gidi
Chgon D

Taco 27 (112 +10i) =11-10iz < 27 =
11z +10i 11z +10i

bat z=a+bi

11-10iz 2017 ‘11—10;‘2
——— = =

11— lOzz| [L1=10i(a+bi)| _ |(10b+11)+100a° _ [100(a’ +5%)+2200+121
U1z +10i| [11(a+bi)+10i| 1214 +(115+10)°  \121(a* +5*)+2205+100
y

100¢” +220b +121
121£% +220b+100

Dit ¢ =|z| (+>0) ta c6 phuong trinh > :\/

Néu>1=VT>1; VP<1
Néu t<1=VTr<l1l;VP>1

Néu t=1=|z| =1

co




BAI 4. CUC TRI SO PHUC
A.Li THUYET TRONG TAM
1. Céc bat déng thirc thwong dung
a. Cho cac s6 phirc z,,z, ta co:
+) |zl|+|zz| 2|Z1 +22| (1).

Péng thirc xdy ra khi va chi khi {Zl =0 .
z,#20,3keR,k>0,z, = kz,
+) |z1 + 22| > ||zl|—|22|| 2).

, z,=0
Dang thirc xay ra khi va chi khi | .
z,#0,3k e R, k<0,z, = kz,

b. Bét dang thirc Cauchy — Schwarz

Cho céc s thuc a,b,x, y tacod: ax+by < \/(a2 +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay =bx .

2. Mt s két qua da biét

a. Cho hai diém 4, B cb dinh. V4i diém M bat ky ludn c6 bat dang thire tam giac:

+) MA+MB > AB, diu “=" xay ra < M nam giita hai diém 4, B.

+) |MA —MB| < AB, diu “=" xay ra < B nam giira hai diém 4, M .

b. Cho hai diém A4, B nim cing phia d6i voi duong thing d va M la diém di dong trén d . Ta co:

+) |MA —MB| < AB, dau “=" xay ra < Badiém 4,M,B thiang hang.

+) Goi A’ 1a diém d6i xtng v6i A qua d , khi d6 ta co

MA+MB=MA'+MB> A'B , dau “=" xdy ra < Badiém A4',M,B thing hang.

¢. Cho hai diém 4, B nam khéc phia d6i v6i duong thang d va M la diém di dong trén d . Ta co:

+) MA+MB > AB, diu “=" xay ra < M nam giita hai diém A4, B.

+) Goi A’ 1a diém d6i ximg v6i A qua d , khi d6 ta co

|MA - MB|=|MA'~ MB|< A'B , ddu “=" xdy ra <> Badiém A4',M,B thing hang.

d. Cho doan thang PQ va diém A khéng thuoc PO, M la diém di dong trén doan thang PQ, khi d6
max AM = max {AP, A Q} . Dé tim gi4 tri nho nhat cia AM ta xét cac trudng hop sau:

+) Néu hinh chiéu vudng goc H cia A trén dudng thing PO nam trén doan PO thi min AM = AH .

+) Néu hinh chiéu vudéng goc H cua A trén duong thang PQ khong nam trén doan PQ thi

min AM =min{4P; AQ}.




e. Cho dudng thang Ava diém A khong nam trén A. Piém M trén A c6 khoang cach dén 4 nho nhét
chinh 13 hinh chiéu vuéng goc clia A trén A.

f. Cho x,y 1a cac toa do cia cac diém thugc mién da giac AA,...A,. Khi do gia tri 16n nhit (nho nhét) ciia
biéu thitc F =ax+by (a,b 1a hai sé thuc di cho khong ddng thoi bang 0) dat dugc tai mot trong cac
dinh ctuia mién da giac.

SO PO HE THONG HOA

Bit dang thirc Cauchy — Schwarz

Vi cac so thuc a,b,x,y tacod

|ax+by| S\/(a2 +b2)(x2 +y2) .

£ , .a b
Dau “=" xdy rakhi —=—.
Xy

Gia tri Ién nhat Cic bit ding thirc
va gia tri nho 2222223 ) .
nhat ctia médun thuong dung

s6 phirc . o

Bit ding thirc tam gidc

|z, +2,|<|z,|+|z,| . Déu “=” xdy ra khi z, = kz, (k 2 0).
|z1 —zz| < |zl| +|zz| . Dau. “=” xdy rakhi z, = kz, (k<0).
|z1 +zz| > ||zl| —|zz|| . Dau. “=” xay rakhi z, = kz, (k<0).

|z, z| |z| || Dau“="xayrakhi z, =kz,(k 20).

B. CAC DANG BAI TAP

Dang 1: Phuong phap hinh hoc

1. Phwong phap giai

Vi du: Cho s6 phtrc z théa min

2(2-2)=i(z+2) . Gi trj nho nhét cua |z +3i

bing
A.3. B. \3.
C. 2\/3. D.2.

Huéng din giai

Buée 1: Chuyén doi ngon ngit bai toan sé phitc  Gia sir z = x + yi(x,yeR) = z=x—yi.Khidé




sang ngon ngit hinh hoc. 2(2 —;) = i(z +E)2 = 2(2yi) =4x’i = y=x".

Goi M (x;y);A(0;-3) lan luot la diém bicu dién
cho s6 phirc z;-3i thi |z + 3i| =MA.

Bude 2: St dung mot s két qua da biét dé giai

bai toan hinh hoc.

Ya

M
YI |
A

Parabol y = x” c6 dinh tai diém 0(0;0), truc ddi

-1

xung la dudng thang x =0 . Hon nira, diém 4

thudc truc dbi xung cua parabol, nén ta c6:

MA>0A=3.Suyra, minMA=3 khi M=0.
Buée 3: Két luan cho bai toan s phirc. Vay min|z+3i/=3, khi z=0. Chgn A.

2. Bai tip miu

Bai tap 1: Cho s6 phirc z théa man |z—3-4i|=1. Modun 16n nhat cia Nhan xét:

Séphﬁ'c Zbéng O[—}"SOM=|Z|SOI+I"
A.7. B. 6.
C.5s. D. 4. Y4 M

Huéng dingii | i
Chon B

Goi M (x;y),1(3;4) 14 cac diém bicu dién 1an lugt cho céc sé phirc

z;3+4i. Tur gia thiét |z -3 - 4i|=1= MI =1.

V=

Tap hop cac diém M biéu dién s phic z thoa méan gia thiét 1a duong

tron tim 1(3;4) ,ban kinh »=1.
Mit khac |z|=OM . Ma OM dat gia tri 16n nhéat bang OI +r, khi

M 14 giao diém cua duong thing OM véi duong tron tam 7(3;4), ban




kinh »=1. Hay M(g,z—:J

Do d6, max|z|=0I +r=5+1=6, khi z:§+%i.

Bai tap 2: Trong cic sb phirc z thoa man |z—2-4i|=|z-2i, sé phitc  Nhén xét: Trong tat ca cac doan

- c6 modun nhé nhat 14 thang ké tor diem O dén duong

thang d, doan vudng goc OM

A.z=2-2i. B.z=1+i. ] )
C.z=2+2i. D.z=1-i. ngan nhat.
Hudéng dan giai ™
Chgn C N4
bat Z=x+yi(x,ye]R). Khi do |Z—2—4i| =|Z—2i| &S x+y-4=0 o
(d). 1 :
Vay tap hop diém M biéu dién s6 phirc z 1a duong thing d . o —— i~
Do do6 |z| = OM nhé nhét khi M 14 hinh chiéu cta O trén d .
Suy ra M (2;2) hayz=2+2i.
Bai tap 3: Cho s6 phitc z thoa min |z +3|+|z—3|=10. Gia tri nho
nhét caa |z| la
A.3. B. 4.
C.5. D. 6.
Hwéng din giai
Chon B
Cach 1:
Goi F;(-3;0),F,(3;0) , co trung diém 1a 0(0;0). Piém M biéu dién
sO phirc z . Vé6i moi s6 thuc a,b ta co bat
. MF?+MF}? FF} >
Theo cong thitc trung tuyén thi |z|" = OM? = = 2 _1%2 : +b
0 cOng Tte e Ty g 2 4 dang thic: a® +b* > M

(MF? + MF?)

Tacoé MF’ + MF,” > =50.

Ding thirc xay ra khi

MF, = MF, M(-4;0) [50 36
= :>m1n|z|: ——— =4,
MF, + MF,=10""| M (4,0) 2 4

Khi z=4i hoac z=-4i .




Cach 2:.

Goi F(-3;0),F,(3;0), M (x;3);(x,yeR) lan luot 1a cac diém biéu
dién céc s6 phuc —3;3;z .

Tacd FEF,=2c=6= c=3.Theo gia thiét ta c6 MF, + MF, =10, tap
hop diém M 1a duong elip c6 truc 16n 2a =10 = a =5 ; truc bé

2b=2a’ —c* =2425-9 =8.

Mit khac OM =|z| nhé nhat bing 4 khi z=4i hofic z=—4i.

Vay gié tri nh6 nhét ciia |z| bang 4.

Bai tap 4: Xét s6 phuc z thoa mén 4|z+i|+3|z—i| =10. Tong gia tri

16n nhat va gia tri nho nhat cua |z| la

A B. 2%
49 49
c. 2 p. 10,
7 7
Huéng din giai
Chon D

Goi A(0;-1),B(0;1), doan thang AB c6 trung diém 0(0;0). biém
M biéu dién sb phirc z .

MA* + MB? ~ AB?

Theo cong thic trung tuyén |Z|2 =0M* =

2 4
o 3 10—4a
Theo gia thiet 4MA+3MB =10. bat MA=a = MB = .
Khi d6
10-74| 4 16
|MA—MB|=TSAB=2:>—6S10—7a£6<:>7Sa£7.
2 2
= 5a—8) +36
Ta ¢ MA2+MBZ:a2+(1O 4“) _(a=8) +36
3 9
Do —%SSa—SS%:OS(Sa—S)ZSﬁnén

Véi moi diém M nam trén elip,
doan OM ngan nhat 1a doan noi
O véi giao di€ém cua truc bé voi

elip.

¥

M
Fi =1 F2 X
T




MA® + MB* > 4 |2[>1

=
MA* + MB’ s%4—690 o <31

Diéng thic|z|=1khi z =i%+%i. Diéng thuc |z| =% khi z =%i :

A A .7 1z A <\ [y . 5 A 5 \ 16
Vay tong gia tri 16n nhat va gia tri nho nhat cua |Z| la ER

Bai tip 5: Cho z 12 56 phitc thay doi thoa man |z —2|+|z+2|=4+/2.
Trong mat phfmg toa do goi M,N la diém biéu dién sd phtc zva z.
Gi4 tri 16n nhit cua dién tich tam giac OMN 1a

A. 1. B. 2.
C. 2. D. 24/2.
Hudéng din giai
Chon D
bat z=x+yi(x,yeR) —z=x-yi.

Goi F,(-2;0),F,(2;0), M (x;),N(x;—) lan luot 1a cac diém bicu

dién cac s phuc -2;2;z;z .

Do M, N la diém biéu dién s6 phitc zva z nén suy ra M, N doi ximg

nhau qua Ox .
Khi d6 S, =] -
Tacd FEF, =2c=4= c=2.Theo gia thiét ta co MF, + MF, =42,

tap hop diém M thoa diéu kién trén 1a elip co truc 1on

2a=42 = a=2V2 ;trucbé 2b=2va’ > =28 -4 =4=bh=2 .

2 2
Nén elip ¢6 phuong trinh (£ ):%+y7 =1.
2 2 2 2
Dodo 1=+ 222 %yf%zswzwgm.

L

, X
Dang thtc xay ra khi {
y

Fi

2y2

-
N




Bai tip 6: Cho s6 phuc z thoéa min |z+z'| = ‘E+2 +i‘ . Gia tri nho nhat

cia P=|(i-1)z+4-2i la

A. 1. B. —.
2
C.3. D.%.

Hudéng din giai
Chgn C
Goi z=x+yi(x,yeR); M(x;y)la diém biéu dién sé phirc z.

Ta c6 |z+i|=‘§+2+i‘ <:>|x+(y+1)i|=|x+2—(y—1)i|

<:>x2+(y+1)2=(x+2)2+(y—1)2 S x-y+1=0 (7).

Taco P=|(i-1)z+4-2i] =|i-1) =V2|z-3-]

Sy dm2
(i-1)

—V2(x=3) +(y—1) =2Md,véi 4=(31).

B-1+1
1?+1°

= P, =N2M4,, =~2d (4,A) =2 3.

Ding thirc xay ra khi M 14 hinh chiéu vudéng goéc cia 4 trén dudng

thang A hay M 3,2 :>z=§+§i.
2°2 2 2

Bai tap 7: Cho hai s6 phtic z,, z, thoa man |z1 +zz| =6 va |z1 —zz| =2.

Goi M,m lan luot 1a gia tri 16n nhat va gia tri nho nhat cta biéu thirc

P= |Z1| +|zz|. Khi ¢6 modun ctia s6 phic M +mi 1a M
/
A. 76 B. 76. A
C. 24/10. D. 2411, o) N

Hudéng din giai
Chon A
Ta goi A,B lan luot 1a cac diém biéu dién cta cac sb phtc z,z,.
Tir gia thiét |z, + 2, = 6 =|04+ OB| =6 < [01| =3 voi I 1a trung
diém ctia doan thang AB .

|7~ 2,|=2=|04-0B|=2 < 4B=2.




AB?

Ta co 04’ +OB* =201" +— = 20.
P=|z|+|z,| =04+ 0B = P* <(I’ +1’)( 04> + OB* ) = 40.
Vay max P=210 =M .

Mt khéc, P =|z|+|z,| =|04| +|0B| >[04+ OB| =

Vay minP=6=m .

Suy ra |M +mi| =/40+36 =76 .

Bai tip 8: Cho s phitc z théa méin |z —2+i|—|z+1-3i|=5. Gid tri

nho nhat cua biéu thirc P = |z +1- 4i| bang

A. 1. B.

(RN

C. D. 2.

Huwéng din giai

1

5

Chon B
Goi M (x;y)la diém biéu dién sb phuc z ; goi A(2;-1),B(-1;3) 1a
diém biéu dién sb phirc 2—i;—1+3i. Tacd AB=5 .

Tur gia thiét |z —2+i[—|z +1-3i| =5

:\/x 2 y+l \/(x+1)2+(y—3)2:5

=>MA-MB=5=>MA-MB=A4AB = MA=MB+ AB .

Suy ra M, 4, B thing hang (B nam giita M va A). Do d6 quy tich

diém M latia Bt nguoc hudng véi tia BA .

—|z+1-di] = (x+1) +(y—4), v6i C(~1:4) = P=MC.

Tac6 AB =(-3;4)phuong trinh dudng thing AB:4x+3y-5=0 .

l4(- 1)+34 5| 3 ;
CH=d(C,AB)=———F——==, CB= 1+1 +(3-4) =1.
Do d6 min P=CH zgkhi H 1a giao diém cua duong thing AB va

duong thang di qua diém C va vudng goc voi AB.




Dang 2: Phuwong phap dai s6

1. Phuwong phap giai

Céc bat dang thire thuong dung:
1. Cho cic s6 phirc z,, z, ta cé:
a. |Zl|+|ZZ|Z|Zl +zz| (1N

Piang thirc xay ra khi va chi khi [zl =0
z,#20,3keR,k>0,z, = kz,
b. |Z1 +Zz| > ||Zl|—|22|| (2)

z,=0

Ding thirc xay ra khi va chi khi
z,#0,3JkeR,k<0,z, = kz,

2. Bit ding thirc Cauchy - Schwarz

Cho cac sb thuc a,b,x,y tacd ax+by < \/(a2 +b2)(x2 +y2)

Ding thirc xay ra khi va chi khi ay =bx .

2. Bai tap
Bai tap 1: Cho s6 phitc z=a+(a-3)i,(aeR). Gid tri ciia a dé Nhén xét: Loi giai c6 su
khoang cach tir diém biéu dién s6 phtic z dén gdc toa do 1a nho nhét dung danh gia
béng x> >0,VxeR

A.a= i B.a= l

2 2
C.a=1. D.a=2.
Huwéng din giai
Chon A
2
2
|z| =\ad’ +(a—3)2 =2 a—3 +2 _i .
2 22

Ding thirc xay ra khi a :%. Hay z :%—%i.

Bai tap 2: Trong céc s phirc z thoa man diéu kién|z —2— 41| =|z - 2i

sé phitc z ¢6 médun nho nhat 14
A, z=1+2i. B. z=-1-i.
C. z=2+2i. D. z=-1+i.

Hwéng din giai




Chgn C
Goi z=a+bi(a,beR).

|z-2-4i|=|z-2i| & |(a-2)+(b-4)i|=|a+(b-2)i| & -a-b+4=0.

= 2= (4=b)+bi = || = \(4=b) +b =\[2(b-2) +8 2242 .
Suy ra min|z| =282 & b=2=a=2=2z=2+2i.

z—1

Bai tip 3: Cho s phic z thoa min =1, biét

dat gia

z—2i

Z+§—5i
2

tri nho nhat. Gia tri cia |z|ba°1ng
A. 2. B. g
5 i

C. —. D
2 2
Huéng dén giai
Chon C.

Goi z=a+bi(z¢2i)(a,beR).

z—1

z—2i

=l |z-1=|z-2i| < 2a-4b+3=0=2a+3=4b

= J(26) +(b=5) =[5(b—1) +20225

=

Z+§—5i
2

Suy ra min

z+§—5i
2

b=

—

1
_2£©{a—532_%+i

J5
Vay |z|=—.
ay || ==
Bai tap 4: Cho hai s6 phic z,,z, théa man z, —z, =3+4i va
|z, +z,|=5. Gié tri 16n nhat ciia biéu thic |z |+|z,| 1

A. 5. B. 5\3.

C. 12V5. D. 5V2.
Huéng dén giai
Chon D.

Tacd 2(|a[ +]z,[ ) =|z + =[] +]a -z =5 +3" +4* =50.

Nhan xét: Loi giai st dung
bat dang thic Cauchy —

Schwarz.




St dung bét ding thirc Cauchy — Schwarz, ta co
2]+ |22 < 2(|5 [ +[2.[) =50 =52
Goi z, =x+yi,z, =a+bia,b,x,yeR

z,—z,=3+4i

q |z1 + zz| =5
Pang thurc xay ra khi va chi khi 5 )
|Zl| +|22| =25

EAREA
x=2 la=+
= 2 va 2 . Hay zlzz+li;zzzl—zi.
1 7 2 2 2 2
y== |b=—1
2 2

Thay z,,z, vao gia thiét thoa man.

Viy, gia tri 16n nhét ctia biéu thirc |zl| + |22| bang 572

Bai tap 5: Cho s6 phitc z théa mén |z|=1. Gi4 trj 16n nhét cua biéu
thic P = |1+ z| +3|1—z| bing

A. 2410, B. 65.
C. 3J15. D. 25.

Huéng din giai
Chon A.

Tacd P< \/(12 +3)(t+ o +1-) = \/20(|1|2 +|2) =210

Ding thirc xay ra khi
|Z|=1 X+ =1 x=—§
|1_Z| <Y, Sx & =>z=——%—1i
|1+z|=T x4y +1+?_0 y:ig

Vay max P =210 .

Bai tip 6: Cho s6 phitc z théa méan |z —1+2i|=2. Gid tri 16n nhat ciia

|z+3—i| bang

A. 6.
C. 8. D. 9.

Nhén xét: Loi giai su dung
bat ding thic Cauchy —

Schwarz.

Nhan xét: Loi giai st dung
bat dang thirc

|zl|+|zz|2|zl+zz|.




Huéng din giai
Chon B.
Ta c6 |z+3—i| =|(z—1+2i)+(4-3i)| <|z -1+ 21 +[4-3]| =7 .

, C|z-1+2i=k(4-3i),k>0
Dbang thirc xay ra khi =z
|z—1+2i|=2 55

13 16,

Vay gia tri 10n nhat cta |z +3 —i| bang 7.

Bai tdp 7: Cho s6 phitc z théa méan diéu kién |z—3+4i|=4. Goi M va

m 1a gié tri 16n nhat va nhé nhat cia modun s6 phtrc z . Gia tri cua

M .m bing

A. 9. B. 10.
C.11. D. 12.
Huéng din giai
Chon A.

Ta c6 |z|=|(z—3+4i)+(3—4i)|<|z—3+4]+]3-4i|=4+5=9=M .

4
, [z-3+4i=k(3-4i),(k>0) |K=3
Dang thirc xay ra khi
|z—3+4i|=4 _27_36,
5 5

Mat khéc
2| =|(z=3+4i)+(3-4i)| 2| z— 3+ 4| -3 4i| = |4 - 5| =1=m.
4
, [z-3+4i=k(3-4i).(k<0) |F=7%
Dang thirc xay ra khi =
|z—3+4i|=4 3

z=2-2;
5 5
Bai tap 8: Cho s phic z théa min ‘zz +4‘ = |z(z + 2i)| . Gia tri nho

nhét ciia |z+i| bing

A. 2. B. 2.
C. 1. D. L
2
Huéng din giai
Chon C.

Ta co ‘22 +4‘ =|Z(z+2i)| = |(Z+2i)(z—2i)| :|Z(Z+2i)|

Nhén xét: Loi giai su dung
bat dang thirc

|Zl|+|z2|2|z1 +Z2| va

||Zl|—|zz||S|zl—zz|.

Cha y: V6i moi sO phuc
Z152, .

22| =[] =]




<:>|z+2i|.|z—2i|=|Z|.|Z+2i|
|Z+2i|=0 z=-2i z==-2i
< |z|=|z—2i|<:> |z|=|z—2i|<:> z=a+i,aeR
|z+i|=|-2i+i|=1
Do d6 injz+1{=1.
0 |z+i|=|(a+i)+i|=\/a2+422:>mm|z |

Bai tap 9: Tim s phtc z théa man (z—l)(2+2i) a 50 thyc va |z| dat

gi4 tri nho nhat.

. zZ= i—gl. B. Z=—i+gi.
5 5 5 5
C.z=———i D. Z—i+gl
5 5 5

Huwéng din giai
Chon D.
Goi z=a+bi;a,beR.

Taco (z-1)(z+2i) =[(a—1)a—b(2-b)|+(2a+b-2)i

Do do6 (z— 1) z+21 lasd thue < 2a+b-2=0=b=2-2a

Khi d@6 |Z|—\/a + 2 2a ‘, a—— i>—

4
a=—
Péng thirc xdy rakhi { >
2
h=2
5
a—i
min|z|=£<:> S.Véy z=i+gi.
5 2 55
p=2
5

Bai tdp 10: Cho s phiic z thoa man didu kién |z—1|=+/2 . Tim gia tri
16n nhat cta biéu thic T =|z+i+|z-2-1] .

A. maxT=8\/§. B. max7 =4.

C. maxT:4x/E. D. maxT =8.
Huéng din giai
Chon B.




bat z=x+yi(x,yeR), taco

|z—1|=\/§c>|x—1+yi|=\/§<:>.[(x—1)2+y2 =2

c:>(x—1)2+y2 =2 xP+y° =2x+1 (*).
Laico

T=|Z+i|+|z—2—i| =|x+(y+l)i|+|x—2+(y—l)i|

:\/x2+y2+2y+l+\/x2+y2—4x—2y+5

Két hop véi (*) ta duoc

T=\2x+2y+2+J6-2x=2y = 2(x+ )+ 2 +/6-2(x+)

Dit T=x+y,khido T = f(t)=v2t+2+6-2¢ véi te[-13] .
Cach 1: St dung phuong phap ham sb

1 1
J2u+2 Je-2t’

Ma f(1)=4,f(-1)=232,1(3)=2v2 . Viy max f(r)= (1) =4.

Tacd f'(¢) f'(t)=0=1t=1.

Ciach 2: Str dung phuong phap dai s6
Ap dung bét dang thirc Cauchy — Schwarz ta c6

T=2t+2+6-2 < [(1+1).8 =4.

Ping thirc xay ra khi r=1 .

Bai tap 11: Cho sb phiic z thoa man |z| =1.Goi M va mlan luot 1a
gid tri 16n nhét va gi4 tri nho nhét cua |z +1+ \zz e 1\ . Khi d6 gié tri

ciia M +m bing

A. 5. B. 6.
C. é D. 2
4 4
Huéng dén giai
Chon B.

Dit z=a+bi(a,beR) va r=|z+1|. Khido

2_

£ =(z+1)(§+1)=|z|2+1+z+2=2+2a:>a=Z

Ta c6




‘ZZ +Z+1‘:‘a2_b2+2abi+a+bi+1‘:

a>+(1-b*)+a+b(2a+1)i

:\/(za2 ra) +b* (2a+1)’ =\/a2(2a+1)2 +(1-a)(2a+1)
=P2a+1|=|7 -1
= lz+|+|22 + 2+ =4[ —1] (véi 0<£<2, do @’ <1),

Xéthamsb f(¢)=t+|¢* 1 véi 1€[0:2] .

Truong hop 1: t€[0;1]= f(t)=1+1-¢ =—t2+t+lﬁf(%j=%
5
max f(t)=—
vaco f(0)=f(1)=1nén ; [ (1) 4
minf(t)zl

[0:1]
Truong hop 2:
te[;2]= f()=t+ 1= +1-1, f'(1) =2t +1> 0,V €[1;2]

[1:2]
min /' (¢t)=f(1)=1

[1:2]

max f ()= f(2)=5
Do d6 ham s6 luon dong bién trén [1; 2] = .

M= s )=

Vay ) =>M+m=6.
m=m121]1f(t)=1

[0:






