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TOAN 12 - CHUONG 2 ThS. Trin Thanh Yén

CHUONG 2.

VECTO VA HE TOA PO TRONG KHONG GIAN

BAl 1. VECTO VA CAC PHEP TOAN TRONG KHONG GIAN

A.LY THUYET
1. Vecto trong khong gian

Vecto trong khong gian 13 mot doan thang co hudng.
Chu y:
e Kihiéu 4B chi vecto co diém dau A, diém cubi B.

—

® Néu khong can chi rd diém dau va diém cudi thi vecto con duogc ki hiéu la a, b, u, v, X, y, ...

Trong khong gian, cac khai niém c6 lién quan dén vecto nhu gia cua vecto, do dai caa vecto, hai vecto cing
phuong, cung hudng, nguoc huéng, bang nhau, di nhau; vecto-khong duoc dinh nghia twong tu nhu trong
mit phang.

Nhac lai:
® Gid cia vecto: 1a duong thang di qua diém dau va di€m cudi cta vecto do.
® Dj dai cua vecto: 1a khoang cach gitta diém dau va diém cuoi cua vecto do.

® Hai vecto ciing phwong: gia clia ching song song hodc tring nhau. Nguoc lai, hai vecto c¢6 gia cat nhau
hodc chéo nhau dugc goi 1a hai vecto khong cung phuong.

® Hai vecto cling phuong thi chung co thé cing huéng hoic nguwoc huwéng.

S
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c d

® Hai vecto bang nhau: Néu chung ciing hudng va c6 d6 dai bang nhau.

® Hai vecto doi nhau: Néu ching nguoc hudng va c6 do dai bang nhau.

b
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a4 /
® Vecto-khong 1a vecto c6 diém dau va diém cudi tring nhau. Vecto-khong cé d6 dai bang 0. Vecto-khong
ludén cung phuong, cung huéng véi moi vecto.

Chu y:

Trang 1



* Trong khong gian, cho diém O va vecto @, ton tai duy nhat diém M dé OM =a.

® Cho doan théng MN , talubn co MN =—-NM .

® Ba diém phan biét 4, B, C thing hang khi va chi khi hai vecto 4B va AC cung phuong.
A B C

B A C

2. Tong va hi¢u ciia hai vecto

Tong cia hai vecto

Trong khong gian, cho hai vecto a, b. Lay diém O bét ki va hai diém 4, B sao cho OA=a, AB=b . Ta
goi OB l1a tong ciia hai vecto G va b , ki hiéu G+b.

Phép lay tong cua hai vecto duoc goi 1a phép cong vecto.

b

QU

0

Nhin xét: Phép cong vecto trong khong gian ciing c6 cac tinh chat nhu phép cong vecto trong mit phang.

® Tinh chat giao hoan: d+b=b+a;

o

® Tinh chét két hop: (d+b)+c=a+(b+ );
® V41 moi vecto @, ta ludn co: i+0=0+d=a.
Chii y: Tir tinh chét két hop, ta 6 thé xéc dinh duge tong clia ba vecto @, b, ¢ 1a @+b+¢=(a+b)+c.
Quy téc ba diém, quy tic hinh binh hanh van dung véi cac vecto trong khong gian.
Quy tic ba diém
Véiba diém 4, B, C taco AB+BC=AC.

A
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Quy tiic hinh binh hanh

Néu ABCD1a hinh binh hanh thi ta ¢6 AB+ AD = AC.

A . D

Quy tic hinh hop

—_— —_

Cho hinh hop ABCD.A'B'CD' . Ta cé: AB+ AD+ AA = AC .
B

Hiéu ctia hai vecto
Trong khéng gian, cho hai vecto a, b . Ta goi @+ (—l; ) 1a hiéu ciia hai vecto d va b , ki hiéu a -b.

Phép 14y hiéu cua hai vecto dugc goi 1a phép trir vecto.

/) T

Quy tic hi¢u
Trong khéng gian, v6i ba diém A4, B, C ta co: AB-AC =CB.
A

3. Tich ciia mot so voi mot vecto
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Trong khéng gian, cho s6 thuc k #0 va vecto @ #0.

Tich ctia s6 k véi vecto a la mot vecto, ki hiéu ka , cung hudng véi @ néu k>0, nguoc hudng véi a néu
k<0 vaco do dai bang |k|.|a].
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Phép le”iy tich ctia mot s6 v6i mot vecto duoce goi la phép nhan mét sb v6i mot vecto.
Quy uéc: 0.G=0 va k-0=0.

Nhan xét:

a) V&i hai vecto a va b bét ki, v&i moi s6 & va k, ta co:

-k(a+13)=ka+k13; o (h+k)a=hd+ka;

o h(ka)=(hk)a; e la=a, o(-1).a=-a.
b) ki =0<>d =0 hodc k=0.

¢) Hai vecto @ va b (b khac 0) cung phuong khi va chi khi ¢6 s6 k sao cho @ = kb .
d) Ba diém phan biét 4, B, C thing hang khi va chi khi c6 s6 k khéc 0 dé AB=kAC.

4. Tich vo hudéng ciaa hai vecto

Goc gitra hai vecto trong khong gian

Trong khong gian, cho # va v la hai vecto khac 0. Lay mot diém 4 bat ki, goi B va C 14 hai diém sao

cho 4B =i, AC =v . Khi do, ta goi BAC 1a goc gitra hai vecto u va v, ki hiéu (ﬁ,fz).
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Nhan xét:

0°< (12,\7) <180°;

Néu (24,v)=90° thi ta néi i va ¥ vudng goc véi nhau, ki higu & L v .
Tich vo hwong ciia hai vecto

Trong khéng gian, cho hai vecto @ va ¥ khac 0.
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Tich v6 hudng cta hai vecto i va v 1a mét s6, ki hiéu ii.v , dugc x4c dinh boi cong thirc
i 5 =|ii||v].cos (ii, ) .

Ch ¥

a) Trong truong hop # =0 hodc v =0, ta quy uéc %V =0.

2 — ~

b) @i =i =|i’; @ 20,i* =0 =i =0.

iy
a7

¢) V6i hai vecto # va v khac 0, ta co cos(i,V)=

d) Vi hai vecto u va v khac 0,tacé i Lv<iv=0.
Nhin xét: Tuong ty nhu trong mit phang, tich vo hudng ctia hai vecto trong khong gian ciing c6 céc tinh

chat sau:

Véibavecto a, b, ¢ vasd k,taco:

e ib=ha; o a(b+c)=ab+ac; o(ka)b=k(ab)=a.(kb);

a+5)2=a’2+2a.1§+132; . (5—5)2=52—2a’.1§+132; e a5 =(a-b)(a+b):

—

°ib> 0@(5,5) la goc nhon; e ab < 0@(5,5) la goc tu; ° Gb= 0@(5, ﬂ) la goc vuong.
5. Cac hé thirc quan trong thwong gap
H¢ thite trung diém doan thang

Trong khong gian, cho doan thing 4B va mot diém M tuy y. Khi dé:

Piém / 1a trung diém cua doan thing 4B < IA+IB=0 < MA+MB=2MI.
M

H¢ thirc trong tim tam giac
Trong khong gian, cho tam gidc ABC va mot diém M tiy y.

Piém G 1a trong tdm ctia tam giac ABC < GA+GB+GC=0 < MA+MB+MC=3MG.
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B # # C

Hgé thirc trong tam tir dién

Trong khong gian, cho G 1 trong tim cua tir dién ABCD (G 1a trung diém cua doan thang ndi trung diém

2 canh déi dién) va diém O tuy ¥. Ta c6: GA+GB+GC+GD=0 va O4+O0B+0C +0D =40G.
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6. Sw dong phang ciia ba vecto

Trong khéng gian, cho ba vecto @, b, ¢ (khac 5). Tir mot diém O bat ki ta dyung OA=a , OB=b ,
OC =¢ . Khi dé:

® Néu cic duong thing O4, OB, OC khéng cling nam trong mot mat phing thi ta néi ba vecto a, b, &
khong dong phing.

e Néu cac dudng thing O4, OB, OC cing nam trong mot mit phing thi ta nodi ba vecto d, b, ¢ dong
phing.

Dinh nghia

Ba vecto dugc goi la dong phang néu gia clia ching cling song song v6i mot mit phang.

k\ .

/=7
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Piéu kién dé ba vecto dong phing

Cho ba vecto @, b, ¢ , trong d6 @, b khong cing phuong. Khi do:

@, b, ¢ ddng phang khi va chi khi ton tai duy nhat cac sb m, ne R sao cho ¢ =mid +nb .

Phan tich mdt vecto theo ba vecto khong dong phang

Cho ba vecto @, b, ¢ khong ddng phing va vecto ¥ tuy y. Khi d6 ton tai duy nhét cac s& m, n, p € R sao

cho X =mad +nb + pc .

DANG TOAN: CHUNG MINH PANG THUC VECTO

® Dya vao cac quy tac cong, tru vecto, ..., cac hé thic va tinh chét quan trong;

® Dya vao hinh vé.

Vidy 1.

Vi dy 2.

Vidu 3.

Vidu 4.

Cho hinh hop ABCD.A'B'C'D’ . Ching minh rang:

a) AB+B'C'+DD' = AC'; b) DB'+D'D + BD' = BB';

¢) BD-D'D-BD =BB; d) AC+BA'+DB+C'D=0;

_— —

e) AB+BC'+CD+D'4=0.

Cho hinh binh hanh ABCD. Goi S 1a mét diém khong thuge mit phang chira hinh binh hanh.
Chung minh rang SA+SC=SB+SD.

Cho tt dién ABCD. Goi M, N lan luot 13 trung diém cia cac canh 4D, BC ; G 1a trong tAm
ctia tam giac BCD. Chig minh rang:

a)W:E(E+D—C); b) AB+AC+AD=3A4G.

Cho hinh chop S.ABCD. Goi I la trong tdm cua tam giac ABC va J la trong tdm tam giac
ADC . Chimg minh rang 2@+S—B+2§7+57)=3(§+§).
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Vidu 5.

Cho hinh ling tru tam giac ABC.A'B'C' ¢6 AA' =a, AB=5b, AC =¢. Ching minh ring

BC=c—a—-bva BC'=a-b+c.

DANG TOAN: TINH PQ DAI VECTO

® Dya vao hinh vé.

® Phuong phép vecto:

- Phan tich MN = ma+nb+ pc véi a, b, ¢ khong dong phéng;

- Khi do MN:‘W‘:\MT\/z :\/(m21+n5+p2)2 .

Vi du 6.

Vidu7.

Vi du 8.

Vidu9.

Cho hinh chop S.ABCD c¢6 day ABCD la hinh vuéng tam O, canh 2a\2 ; SA vudng goc voi
(ABCD) , SA=2a.Goi M, N lan luot 14 hinh chiéu cia 4 trén cac canh SB, SD .

a) Tinh do dai vecto ii = AB+ AD;

b) Tinh do dai vecto v =BC—DB;

¢) Tinh d6 dai vecto W= SB+SD+54;

d) Goi E la giao diém ctia SC va mit phang (AW ) Tinh do dai vecto AE .

Cho hinh 14p phuong ABCD.A'B'C'D’ canh 2 cm. Tinh d9 dai cua cic vecto sau:

a) ii= AB+AC+AD; b) ¥=AB+AD+ AA ;
©) a=BD+D4; d) b=AB+AC + AA .

C6 ba luc cung tac ddong vao mdt vat. Hai trong ba luc nay hop voi nhau mét goc 100° va c6 do
16n 1an luot 14 25 N va 12 N. Lyc thir ba vudng gdc voi mit phang tao boi hai lyc da cho va ¢
d6 16n 4 N. Tinh d6 16n ctia hop luc cua ba lyc trén.

Ba lyc c¢6 diém dit tai mot dinh cua hinh 1ap phuong, cung phuong v6i ba canh va cing ¢ cuong
d6 1a 5 N. Tinh cuong d6 cta hop luc.

DANG TOAN: PHAN TiCH VECTO THEO BA VECTO KHONG PONG PHANG

® Dya vao cac quy tac cong, trir vecto, ..., cac hé thirc va tinh chat quan trong;

® Dya vao hinh vé.

Vi du 10. Cho t&r dién ABCD. Goi I, J lan luot 14 trung diém cia 4B va CD.

a) Hay biéu dién vecto IJ theo 3 vecto AB, AC va AD .

b) Goi G la trong tdm tam giac BCD. Hiy biéu dién vecto AG theo 3 vecto AB, AC va 4D .

Vi du 11. Cho hinh hop ABCD.AB'C'D' . Dit AB=d, AD=b, A4 =¢. Hay phan tich cac vecto AC',

Vi du 12. Cho hinh ling tru ABC.A'B'C'. Dit AA'=d, AB=b, AC

BD', BD', DB', BC' va AD' theo 3 vecto @, b , C.

c.

a) Hay phan tich cac vecto B'C , BC' theo 3 vecto a, b , C.
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