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CHUONG3 NGUYEN HAM - TiCH PHAN VA UNG
DUNG

sal 1. NGUYEN HAM

@ KIEN THUC TRONG TAM

€) NGUYEN HAM VA TiNH CHAT

1.1 Nguyén ham

Pinh nghia 1. Cho ham sb f(x) xac dinh trén .# . Ham s F(x) dugc goi 1a nguyén ham ctia ham sb f(x)
trén & néu F'(x) = f(x) v6i moi x € & .

Pinh li 1. Néu F(x) la mét nguyén ham ciia ham sé f(x) trén K thi véi méi hdng sé C, ham s6 G(x) =

F(x)+ C ciing la mét nguyén ham ciia ham sé f(x) trén K .

Dinh li 2. Néu F(x) la mot nguyén ham ciia ham sé f(x) trén K thi moi nguyén ham ciia ham sé f(x) trén
K déu co dang F(x)+C, vdi C la mot hang so.

Pinh li 3. Moi ham s6 f(x) lién tuc trén K déu cé nguyén ham trén X .

1.2 Tinh chét

Tinh chét 1.
ff’(x)dx =fx)+C
Tinh chét 2.
f Ef(x)dx=Fk f f(x)dx (% 1a mot hiang sb khac 0).
Tinh chét 3.

f[f(x)ig(x)]dx:ff(x)dxifg(x)dx

€)> PHUONG PHAP TINH NGUYEN HAM
2.1 Phuong phap tinh nguyén ham déi bién sé

Pinh li 4. Néu ff(u)du =F(u)+C va u = u(x) la ham s6 co dao ham lién tuc thi

ff(u(x))u/(x)dx =F(u(x))+C.

2.2 Phuong phap tinh nguyén ham tirng phan

Dinh li 5. Néu hai ham 56 u = u(x) va v = v(x) c¢6 dao ham lién tuc trén K thi

fu(x)'v'(x)dx:u(x)v(x)—fu’(x)v(x)dx.

Nhén xét. Vi v'(x)dx = dv,u'(x)dx = du nén ddng thiic trén con dugc viét & dang fu dv=uv- f vdu.

D& tinh nguyén ham f f (x)dx bang ting phan ta lam nhu sau:

Bude 1: Chon u,v sao cho f(x) dx = udv (chi y dv = v’ (x) dx). Sau d6 tinh v = f dvvadu=u'dx.

1
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Budc 2: Thay vao cong thiic (x) va tinh f vdu. Chi y. Can phai Iua chon u va dv hop li sao cho ta d& dang tim

dugc v va tich phan f vdu dé tinh hon f u dv. Ta thudng gip cdc dang sau

sinx

@ Dang1: I = fP()

(@ Dang2: [ = fP (x)e“x+b dx, trong d6 P (x) 1a da thiic. VGi dang nay, ta dat {

@ Dang 3: 1= fP (x)In(mx + n) dx, trong d6 P (x) la da thiic. VGi dang nay, ta dét {

sinx
CosXx

(@ Dangd4: = f

2.3 Bang nguyén ham co ban

dx. V6i dang nay, ta dat

e*dx. V6i dang nay ta dat

u=P(x)

_ [sinx
~ |cosx

dx

u=P(x)

dv = e®*+0 dy.

u=In(mx+n)

dv =P (x) dx.
sinx
u=
cosx
dx=e*dx

Nguyén ham ctia ham so cip

Nguyén ham cia ham hop v = u(x)

@dex:

@deu:

@fldx:x+C

@fldu:u+C

a+1

x
a —
@fx dJC_oc+1

+C

a+1

u
a —
@fu du_a+1

+C

1
@f— dx =In|x|+C
X

1
@f— du=Inlu|+C
u

@fex dx=ee*+C

@fe” du=e“+C

Cc

X
@faxdx: T 4
Ina

C

@fa”duz T 4
Ina

@fcosx dx =sinx+C

@fcosu du =sinu+C

fsinx dx=—-cosx+C

fsinu du =—-cosu+C

1
@f G dx =tanx+C
cos

1
@f 7, du =tanu+C
cos

x=-cotx+C

fsmx

=—cotu+C

fsmu

@/—dx VE+C

@f—du Vi +C

2.4 Bang nguyén ham mé rong

ag 1(a3c+b)”‘+1 B
@f(ax+b) —— T +Caz-D

1 1
f dx = ~Inlax+b|+C
ax+b a

@feax+bdx:_eax+b+c
a

@f cos(ax +b)dx = l sinlax+b)+C
a

1
@fsin(ax+b)dx:——cos(ax+b)+C
a

1 1
@fmdx—atan(ax+b)+0
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1 1 1
f ————dx=——cotlax+b)+C @ftan(ax +b)dx = —=In[cos(ax + )|+ C
sin“(ax + b) a a
@fcot( +b)d 1lnls'n( +b)|+C f da 1arctan +C
ax x = —In|sin(ax —_——
a a?+x2 a a
a+x x
ln| |+C f—:ln(x+\/x2+a2)+c
@fcﬂ—xz a—x @ ~/x2+a
X x 1
—— =arcsin— =C f ——arccos| |+C
@f\/a2—x2 (] ‘ x.Vx? a
b xvVa?-x2 a? x
fln(ax+b)dx = (x+ —)ln(ax+b)—x+C @f Va?—-x?dx=————+—arcsin—+C
a 2 2 a
e**(acosbx)+bsinbx e™(asinbx)—bcosbx
e cosbxdx = +C feax sinbxdx = +C
© f a?+b? a?+b?
€) CAC DANG TOAN VA BAI TAP
3.1 Tinh nguyén ham bing bang nguyén ham
Phuong phdp giai
(@ Tich ctia da thiic hoic liy thita khai trién.
(2) Tich cac ham mii i khai trién theo cong thiic mil.
(3) Chia cin S — chuyén vé lily thira.
(@) Tich lugng gidc bac mot clia sin va cosin S S St dung cong thiic tich thanh tong.

e gsinacosb = % [sin(a + b) + sin(a — b)]
e sinasinb = % [cos(a — b) —cos(a + b)]

e cosacosb = % [cos(a + b) + cos(a — b)]

2

s .. . . 1 11
(® Béc chin ciia sin va cosin = Ha bac: sin®x = 575 cos2a, cos“x = 3 + 3 cos2a.

. P(x
(6) Nguyén ham ctia ham s6 hitu ty I = f % dx, véi P(x), Q(x) 1a cic da thiic.
x

e Néu bac cia i s6 P(x) = bac ctia miu sd Q(x)

» Néu bac cta ti s6 P(x) < bac ctia mau s6 Q(x)

PP

Chia da thuc.
PP

1oi st dung ddng nhét thic dua vé dang tdng ctia cic phan sb (PP che).

1 A Bx+C
= ,v6i A = b% - 4dac.
(x—m)ax2+bx+c) x—m+ax2+bx+c Vol ac
1 A N B . C . D
(x-a2(x-b2 x-a (x—-a)2® x-b (x-b)2

Nhén xét. Néu mdu khong phan tich duoc thanh tich sé tim hiéu & phdn doi bién.

Phan tich mau s6 @(x) thanh tich s,

3.1.1 Bai tap van dung

Vi du 1. Tinh nguyén ham ctia ham s
1
f(x)=3x%+ gx =
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2
})S:x3+%+C

I 1 2
Lai giai: TaCéF(x)=f(3x2+§x) dx:x3+%+C.

Bai 1. Tim nguyén ham F(x) ctia ham sb f(x) (gia st diéu kién dudc xac dinh), biét

D) F) =203 =B — A+ T =

# L gidi.
1 5
TacéF(x):f(2x3—5x2—4x+7) dx:§x4—§x3—2x2+7x+0. O
Q) F) =652 — 1203 +02 =8 =
1
bS: x6—3x4+§x3—8x+C

# Lui giai.

1

TacéF(x)=f(6x5—12x3+x2—8) dx:x6—3x4+§x3—8x+C. O
@ f(x):(x2—3x)(x+1) .......................................................................

2 3
PS: Fx)=-x*-—=x3-=x2+C

4 3 2

# Loi giai.
. 2 3 2 14 23 35

Taco F(x)= | (x*—3x)(x+1)dx = | (x°—2x —3x)dx=:1x —gx —éx +C. O

@ F) = (= D2 4 2) ettt et e
bS: F(x)= ix4—%x3+x2—2x+c
# Loi giai.
Ta co F(x):f(x—1)(x2+2)dx:f(x3—x2+2x—2)dx: ix4—%x3+xz—2x+C. |

B F) =l + 10

@ Loi giai.

pd®+1) 1
2 86

(8) F) = (B =X)

PS: F(x) = —;11(3 —x)4+C

Ta cé F(x) = f x(x? +1)%dx = f «2+1) Z+13+C. a

# Loi giai.
Ta c6 F(x) = f(3—x)3dx = —f(3—x)3d(3—x) = —4—11(3—x)4 +C. O
(D) F) = (2 4+ 1)
PS: F(x) = 1—12(2x +1)8+C
# Loi giai.
L1y d@2x+1) 1

=—@2x+1D+C. O

. _ 5. _ -
TacoF(x)—f(2x+1) dx—f(2x 5 B

Th.s Nguyén Chin Em 4 https://emncischool.wixsite.com/geogebra
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Flr) = (2x— 1002008
1
PS: F(x) = m(2x -10)2019 4 C
# Loi giai.

1 1
Ta ¢c6 F(x) = f (2x — 10)2918gx = 5 f (2x — 10)?°184(2x — 10) = m(2x -1029 4 . O

(@ F) =(B—4x)2000
1
DS: F(x) = —m(S — 4x)2020 +C
# Lui gidi.

1 1
" _ _a20199, _ 1 42019309 4y — _ 412020
Tacod F(x)= f(3 4x) dx 1 f(3 4x) d(3 —4x) 3080 (3—4x) +C. O

F) =202 =12
4 4
bS: F(x) = 5x5 - §x3 +x+C
2 Loi gidi.

1 3
PS: F(x) = §x7+ gx5 +x3+x+C
% Lo gidi.

1 3
Tac()F(x):f(x2+1)3dx:f(x6+3x4+3x2+1)dx:§x7+gx5+x3+x+C. a

Vi du 2. Tim mét nguyén ham F(x) ctia ham sb f(x) = 4x® —4x+5 théaman F(1)=3 ...........
PS: F(x)=x*—2x2+5x—1

Loi giﬁi:TaCéF(x):ff(x)dx:f(4x3—4x+5)dx:x4—2x2+5x+C.

ViF(1)=31-2+5+C=3oC=-1.

Suy ra F(x) = x* — 242+ 5x — 1.

Bai 2. Tim mot nguyén ham F(x) cia ham s6 f(x) thda min diéu kién F(x,) = &.

(@ Tim mdt nguyén ham F(x) ctia ham s6 f(x) = &% +3x% —2x théaman F(1)=0 ..................

4
1
PS: F(x) = —xz rad—ai

% L gidi.
4

TacéF(x)=ff(x)dx=f(—x3+3x2—2x) dx:—xz+x3—x2+C.
. 1 S |
VlF(l):OnenC:L—I.SuyraF(x):—Z+x -x +Z. d

Tim mot nguyén ham F(x) ciia ham sb f(x) =3x3 —2x2+1thdaman F(-2)=3...................
guy

3x* 248 37
PS: F(x)= o 2% -2t

4 3 3
# Loi gidi.
3x* 243
TacéF(x)=ff(x)dx=f(3x3—2x2+1) dx:%—%+x+C.
37 3xt 243 37
ViF(-2)=3nén C= - Suyra F(x)= — 2% 2L O
3 4 3 3
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(3 Goi F(x) 1a mot nguyén ham ctia ham sb f(x) = —5x* + 442 — 6 théa man F(3)= 1. Tinh F(-3) .....

PS: F(-3) =451
# Loi giai.
5 4 2 5, 40
Taco F(x)= | f(x)dx = | (—5x* +4a*—6)dx=—x +?—6x+C.
4 3
Vi F(3) = 1 nén C = 226. Suy ra F(x) = —x5 + % — 6x +226.
Do d6 F(—3) =451. 0
(@ Ham sb f(x) = x® + 3x2 + 2 c6 mdt nguyén ham F(x) thda F(2)=14. Tinh F(—=2) ..................
PS: F(-2)=-10
#) Loi giai.
4
Ta c6 F(x):ff(x)dx:f(x3+3x2+2) dx = xz+x3+2x+C.
4
ViF(2)=14nén C=-2. Suyra F(x) = xz+x3+2x—2.
Do d6 F(-2) = -10. 0
(® Tim mot nguyén ham F(x) ctia ham s6 f(x) =(1-x)? théa 10F(2)=9.........ccieeiiieaiinn..
(l_x)lo
PS: F(x)=- 1
(x) 10
# Loi giai.
1— 10
Ta c6 F(x)=ff(x)dx=f((1—x)9) de = - 13) +C.
. (1-x)t
VilOF(2)=9nén C=1.Suyra F(x) =— 10 +1. |
N A 3 .z A A~ N N > 1 " 3
(& Ham s0 f(x) = (2x + 1)° c6 mot nguyén ham la F(x) thoa F 3= 4. Tinh F = REXRERIRERERTIRERES
3
PS: F|=|=34
)
# Loi giai.
2x +1)*
Ta c6 F(x) = ff(x)dx = f (x+1)?) dx = % +C.
1 2x +1)*
VlF(é) =4nén C=2. SuyraF(x):(x%+2.
pods (%) - -
N 5 oo N \ 1\ 2
(@ Ham s6 f(x) = (1—-2x)° ¢c6 mot nguyén ham la F(x) théa F —5]=3 TinhF(1)..................
ps F(§) -1
2] 12
# Loi giai.
1-2x)8
Ta c6 F(x) :ff(x)dx =f((1—2x)5) dx = —% +C.
1) 2 1-2x)8
VlF(——) =—-nén C=6.Suyra F(x)= —(—x)+6.
2] 3 12
Do d F(§) - 0
2] 12

Th.s Nguyén Chin Em 6 https://emncischool.wixsite.com/geogebra
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) . 1 . o
Goi F(x) 12 mot nguyén ham ctia ham s f(x) = (2x — 3) thda F(0) = 3 Tinh gid tri cua biéu thic
P =109 [8F (1) = 2F (2)] < oottt e e e e e e

PS: P =log,[3F(1)— 2F(2)] =2

# Li gidi.

_a\3
TacéF(x):ff(x)dx:f((2x—3)2)dx:(szB)+C.
o3
Vi F(0) = % nén C = %. Suy ra F(x) = % + % - F(1) = 1?3;1?(2)= 5.
Do d6 P = log, [3F(1) — 2F(2)] = 2. O

(@ Goi F1(x) 1a mdt nguyén ham ctia ham s6 f1(x) = x(x+2)? théa F1(0) = 1 va Fa(x) 1a mot nguyén ham
ctia ham sb fo(x) = &% + 4x2 + 5 thda F2(0) = —2. Tim nghiém ctia phuong trinh F1(x) = Fa(x). ... ...

3
bS: {1;-
{3}
# Loi giai.
2 3 2 xt 4x 2
TacéFl(x)=ff1(x)dx:fx(x+2) dx:f(x +4x +4x)dxzz+?+2x +C.
xt 48
ViFi(0)=1nén C=1.Suyra Fi(x)= Y + 3 +2x2+1 (1).
3 9 x4
Tuong tqu(x):ffg(x)dx:f(x +4x” +5) dx:2+?+5x+C.
b 4x®
Vi Fy(0) = —2nén C = —-2. Suy ra Fo(x) = Y +?+5x—2 (2).
x=1
Tir (1) va (2), ta c6 F1(x) = Fa(x) © 2x* +1=5x—2 < 222 -5x+3=0 3 O
x=—.
2

Goi F1(x) 1a mot nguyén ham céia ham s6 £1(x) = (x + 1)(x +2) thda F1(0) = 0 va F(x) 1a mot nguyén
ham ctia ham s6 fa(x) = 22 + x — 2 thda F2(0) = 0. Biét phuong trinh F(x) = Fa(x) c6 hai nghiém la
X1, X2, TN 20 A 2

17
bS: —
16
# Loi giai.
2 x3 3x3
Ta c6 Fl(x)=ff1(x)dx:f(x+1)(x+2)dx:f[x +3x+2)dx= §+7—2x+C.
x3 3«8
Vi F1(0)=0nén C =0. Suy ra F1(x) = 3 + - " 2x (1).
2 x2
Tuong tu Fa(x) :ffg(x)dx = f (x* +x%—2) dx = 3 1y —2x+C.
x®  x?
Vi F3(0)=0nén C =0. Suy ra Fa(x) = 3 + 5~ 2x (2).
3x2 x2 x=0
Tir (1) va (2), ta c6 Fi(x) = Fa(x) — 2= E—2x©x2+4x=0©
x=-4.
1
Khid(’)20+2‘4:—7. O
16

, N > N A .2 2, X PN s . 1
Vi du 3. Tim nguyén ham F(x) cia ham s6 f(x) (gia st diéu kién dudc xdc dinh). f(x) = x2—3x+ I =

F(x)= f L) o =

Th.s Nguyén Chin Em 7 https://emncischool.wixsite.com/geogebra
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3

3
3 DS:%—§x2+ln|x|+C
I 1 3
Loi gidi: Ta coF(x)=f(x2—3x+—) dx=%—§x2+ln|x|+0.
X

Bai 3. Tim nguyén ham F(x) ctia ham sb f(x) (gia st diéu kién dudc xac dinh).
1
@ f(x):3x2+;—ZzF(x):ff(x)dx: .......................................................
PS: 2% +1In|x| - 2x+ C
# Loi giai.

1
TacéF(x)=f(3x2+——2)dx=x3+1n|x|—zx+c. O
X

@ f(x):3x2—§—x—12:F(x):ff(x)dx: ......................................................

1
PS: x® —2In|x|+ - +C
X

% Lo giai.

2 1 1
TacéF(x)=f(3x2————2)dx:x3—21n|x|+—+C. O
X X X
~3x+1 —3x+1
@ fly= BT F(x)—fx = e
TP e

ps: % —3x+In|x|+C
# L giai.

2_3x+1 1 2
TacéF(x):f%dx:f(x—3+;) dx=%—3x+ln|x|+C. O

2
bS: %—x—SlnleC

& Loi giai.

2x* —x* — 2
Tacd F(x) = fudx:f(%ﬁ—l—é)dx:%—x 3ln|x|+C. O
X

1

@f(x)—m ...............................................................................
1

bS: §1n|2x—1|+C.

# Lii giai.

1 d2x-1) 1

TacoF(x) fo 1 —Efm—élnIZx—ll+C O
@f(x)—— ...............................................................................

1
bS: —Zlnl3—4x| +C.

% Li gidi.

Th.s Nguyén Chin Em 8 https://emncischool.wixsite.com/geogebra
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1 1 d3-4x) 1
Tac6 F(x)= | ——dx=—~| ———=—-=-1n|3-4 . O
aco F(x) f3_4xdx 1 Yy 1 n|3—4x|+C

5
@ fx)= P T LT L L PP LT PP L PP E T PPRE PP PRE R PPPES

bS: —ln|3x+1|+C

# Loi giai.

1
TacéF(x):f =§fM=§1n|3x+1|+c. 0
3x+1 3 3x+1 3

3
f(x)—m ...............................................................................
PS: —%ln|2—4x| +C.

# Loi giai.

Y S d@2-4x) 3
TacoF(x)—f2_4xdx— 1 9 dx - 41n|2 4x|+C. O
2 2 3

9 f(x)= e S

5—-2x x 2

DS:—ln|5—2x|+2ln|x|—§+C.
# Loi giai.
TacéF(x):f( 2 +g+i)dx:—fM+2f%dx+3fx—12dx:—1n|5—2x|+2ln|x|—

5—-2x x «x2 5—2x
3
—+C. O
2
‘f(X)— ;—; ......................................................................

2
PS: 2In|2x+ 1|+ 5In|x|+—-+C.
X
# Loi giai.

4 5 2 Ad2x+1
TacéF(x):f( ———)dx=2fM 5f Zdx— zf dx = 2In|2x + 1|+ 51n x| +
0 2¢+1 x x2 2x

-+C. O
X

12 2
) f(x)—(x_1)2+2x RRE R R TP P TR ERRP TN

12
PS: ——+1In|2x-3|+C.
x—1
# Loi giai.

d(2x—3) 12

2 _ _ _2 _ _ _
Tacd F(x)= f((x e 2x_g)dx—12f(x 1) “d(x 1)+f or_8 x_1+ln|2x 3|+C.
O

6 9
12 fl)= Gro T BRIL e

2
bS: - —-3In|3x-1|+C.
x—1
# Loi giai.
9 _ d(8x—1) 2
Taco F =2 —1)72 _1_f =_ -31 -
acodF(x)= f((Bx e 3x—1)dx f(3x ) “d(Bx—-1)-3 ] ] 3In|3x
11+ C. O
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4 N - N A .2 9 s X LN ~ . 1 1
Vidu 4. Tim nguyén ham F(x) cda ham so f(x) (gia su dieu kién dugc xac dinh). f(x) = —+ @
x —
2x:F(x):ff(x)dx: ....................................................................
PS:Injx|- —— —x2+C
Loi gidi: Ta c6 F(x) f(1+ ! z)d Infxl- —— —2?+C
. = — — =]n —_ .
8 V)T e )T T e
Bai 4. Tim nguyén ham F(x) ctia ham sb f(x) (gia st diéu kién dugc xdc dinh).
1 2 4
@ f(x):—3——2+—4:»F(x):ff(x)dx: .....................................................
x5 x% X
bS —i+g—i+C

# Li gidi.

cre— [(L_2,4)g,-_1 . 2 4
TacoF(x)—f(x3 x2+x4)dx_ 2x2+x 3x3+C‘ =
@f(x)— 1 = F(x)= ff(x)dx— .........................................................
1
_2(2x—1)2+c

£ L gidi.

1
Tacé F _ 2 Jax=e—— _scC
aco F(x) = f((z —1)3) 20x—12

Bai 5. Tim mot nguyén ham F(x) ciia him s6 f(x) théa min diéu kién F(x,) = k.

. . 1 .
(D Tim mot nguyén ham F(x) ctia ham s6 f(x) = T F thbaman F()=2Inv3 . ...,
x—
1 1
DS:F(x)zélnIZx—5|+§ln3
# Loi giai.
Tacé F(x) = dx =
acod F(x) ff(x) x f12x—5 1 )
ViF(1)=2Inv3nén C = 51113. Suy ra F(x) = 51n|2x—5| + 51n3. a

1
x = §1n|2x—5|+C.

. 5
(2 Tim mdt nguyén ham F(x) cia ham s6 f(x) = 5 thbaman F(2)=3In2......................
x

1 1
DS:F(x)=—§1n|10x—2|+§1n18+31n2
# Loi giai.
1
Taco F(x) = ff(x)dx f2 T0x ——§1n|10x—2|-;C. 1
VlF(2):31n2nenC:§1n18+31n2. SuyraF(x):—§1n|10x—2I+§1n18+31n2. O

vaF(@2)=1.TinhF@).....................
bS: F3)=In2+1

< P 1
(3@ Biét F(x) 1a mdt nguyén ham ctia ham s6 f(x) = ]
x_
# Loi giai.
1
Tacéd F(x):ff(x)dx:f—ldlenlx—1|+C.
x_
ViF(2)=1nénC=1.SuyraF(x)=In|x—1|+1. Do dé F(3)=In2 + 1. O
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