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LOI GIOI THIEU

Trong dé thi thir cua céc truong hay trong dé thi THPT Qudc Gia thi cac bai toan vé chu dé
nguyén ham tich phan chiém khoang 7 cau tir d& dén kho, nhdm gitip ban doc phan nao c6
céi nhin toan dién vé cac cau hoi lién quan t6i van dé nay trong cac dé thi ctia ndm vira roi
va dong thoi c6 thém nhiéu kién thiic hay va kho khéc thi trong chuyén dé nay minh da dé
cép t6i rat nhiéu céc van dé kho nhu cac bai toan lién quan t6i phuong trinh vi phan, bat
dang thuc tich phan... D& c6 thé viét nén dugc chuyén dé nay khong thé khong c6 sy tham
khado tir cac ngudn tai liéu cta cac cac group, cac khoa hoc, tai liéu cta cac thy c6 ma tiéu

biéu la

—_

Thay La Duy Tién - Gido vién truong THPT Binh Minh

Group Nhém toan: https:/ /www.facebook.com/ groups/nhomtoan/

Group Hs Vted.vn: https:/ /www .facebook.com/ groups/vted.vn/

Group Nhém Toan va Latex: https:/ /www.facebook.com/ groups/toanvalatex/
Website Toan hoc Bic - Trung - Nam: http:/ / toanhocbactrungnam.vn/
Website Toanmath: https:/ /toanmath.com/

Anh Pham Minh Tuan: https:/ / www.facebook.com/phamminhtuan.2810
Thay Lé Phuc Lit - Cong tac tai phong R&D Cong ty Fsoft thudc tap doan FPT.
Thay Bang Thanh Nam - Giang vién Vted

10. Thay Huynh Bac Khénh

11. Thdy Nguyén Thanh Tung

12. Ban Nguyén Quang Huy - Sinh vién dai hoc bach khoa Ha Noi

Trong bai viét minh c6 suu tdm tir nhiéu ngudn nén c6 thé sé c6 nhitng cau hdi chua hay

0 0 N O LN

hogc chua phtt hop mong ban doc bé qua. Trong qua trinh bién soan khong thé tranh khai
nhimg thiéu s6t, mong ban doc c6 thé gop ¥ truc tiép v6i minh qua dia chi sau:

Nguyén Minh Tuan

Sinh vién K14 - Khoa hoc may tinh - Pai hoc FPT

Facebook: https:/ /www.facebook.com/tuankhmt.fpt

Email: tuangenk@gmail.com

Blog: https:/ /lovetoan.wordpress.com/

Ban pdf dugc phat hanh mién phi trén blog CHINH PHUC OLYMPIC TOAN, moi hoat

dong st dung tai liéu vi muc dich thuong mai déu khong dugc cho phép. Xin chan thanh

cam on ban doc.
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CAC BAI TOAN NGUYEN HAM TIiCH PHAN

VAN DUNG - VAN DUNG CAO

Nguyén Minh Tudn
Nguyén ham tich phan c6 thé dugc coi la mot phan toan tuong ddi hay va khoé ludn xuat
hién trong dé thi THPT Qudc Gia, dé cting mé dau vé chuong nay, minh xin gi6i thiéu va
khai quat doi nét vé lich st ciia cac bai toan nguyén ham va tich phan va so qua vé chuong
trinh ta s& hoc sép toi.
GIOI THIEU POI NET VE LICH SU
Céc y tudng gitp hinh thanh mén vi tich phan phét trién qua mot thoi gian dai. Cac nha
toan hoc Hi Lap la nhiing nguoi da di nhiing budc tién phong. Leucippus, Democritus va
Antiphon da c6 nhiing déng gép vao phuong phap “vét can” ctia Hi Lap, va sau nay duoc
Euxodus, s6ng khoang 370 truéc Cong Nguyén, nang lén thanh 1i luan khoa hoc. So di goi
la phuong phap “vét can” vi ta xem dién tich ciia mot hinh dugc tinh bang vo s& hinh,
cang luc cang lap day hinh d6. Tuy nhién, chi c6 Archimedes (Ac-xi-met), (287-212 B.C),
moi 1a nguoi Hi Lap kiét xuét nh4t. Thanh tuu to 16n dau tién cta ong la tinh dugc dién
tich gi6i han béi tam giac cong parabol bang 4/3 dién tich ctia tam gidc c6 cuing ddy va
dinh va bdng 2/3 dién tich ctia hinh binh hanh ngoai tiép. Dé tim ra két qua nay, Ac-xi-
met dung mot day vo tan cac tam gidc, bdt ddu véi tam gidc c6 dién tich biang A va tiép tuc
ghép thém cac tam gidc méi ndm xen gitta cc tam giac da c6 véi dudng parabol. Hinh
parabol dan dan dugc 1dp day boi cac tam gidc c6 tong dién tich la:

A A A A A A

AA+— A+—+— A+—+—+—....
4 4 16 4 16 64

Dién tich gi6i han boi parabol [a: A| 1+ 1 + l + l +..|= &
4 16 64 3

Ac-xi-met cling ding phuong phap “vét can” dé tinh dién tich hinh tron. Pay 1a mé hinh
ddu tién cda phép tinh tich phan, nho d6 6ng da tim duogc gia tri gan dung cua s6 pi ¢
khoang gitra hai phan s6 3 10/71 va 3 1/7. Trong t4t ca nhiing kham pha ctia minh, Ac-xi-
met tam d4c nhat 1a cong thuc tinh thé tich hinh cdu. “Thé tich hinh cdu thi bang 2/3 thé tich
hinh try ngogi tiép”. Thé theo nguyén vong lac sinh thoi, sau khi 6ng mat, nguoi ta cho
dung mot mo bia co khic hoa v&n mét hinh cAu noi ti€p mot hinh tru. Ngoai toan hoc, Ac-
xi-met cOn ¢6 nhing phat minh vé co hoc, thuy dong hoc. Tat ca hoc sinh déu quen thudc
v6i dinh luat mang tén dng vé stc ddy mot vat thé khi nhing vao mot chat 1ong cung véi
cau thét bat ha “Eureka! Eureka!” (Tim ra rdi! Tim ra réi!) khi 6ng dang tdm. Ong tim ra cac
dinh luat vé don bay cting cau néi néi tiéng “Hay cho t6i mot diém tua, toi sé nhdc bong qud
dat”).
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Du 6ng c6 vé thich toan hoc hon vat 1i, nhung Ac-xi-met van l1a mot ky su thién tai. Trong
nhitng ndm quan xam lugc La Ma huing manh tdn cong dat nude Syracuse qué huong 6ng,
nho 6 nhing khi tai do dng sang ché nhu mdy ban d4, can truc kéo lat tau dich, guong
parabol d6t chdy chién thuyén, da gitp dan thanh Syracuse cam chan quéan dich hon 3
ndm. Cudi cung quan La M3 cting tran dugc vao thanh. Du ¢6 1énh tuéng La Ma la Marcus
khong duoc giét chét 6ng, mot tén linh La Ma tho bao xdng vao phong lam viéc khi 6ng
dang mé mai suy nghi canh mot sa ban mét bai toan hinh dang do. Khi thdy bong ctia n6
d6 1én hinh vé, 6ng quéat lén: ” Dimng qudy ray dén cac duong tron cua ta !I”. Thé1a tén linh
ndi cau, dam chét 6ng. Sau khi 6ng mat, nén toan hoc hau nhu roi vao trong béng t6i cho
dén thé ky tht 17. Ltc nay do nhu cdu k§ that, phép tinh vi tich phan trd lai dé giai quyét
nhitng bai téan vé su bién thién cac dai lugng vat ly. Phép tinh vi tich phan dugc phét trién
nho tim ra cach giai quyét duoc bon bai todn 16n cua thoi dai:

1. Tim tiép tuyén cua mot dudng cong.

2. Tim d¢ dai cia mot duong cong.

3. Tim gié tri 16n nhat, nhé nhat cua mot dai luong ; vi du tim khoang cach gan nhat
va xa nhat gitta mot hanh tinh va mét troi, hodc khoang céch t6i da ma mot dan dao
c6 thé bay t6i theo géc ban di cta né.

4. Tim van t6c va gia toc cia mot vat thé theo thoi gian biét phuong trinh gio cta vat
thé dy.

Vao khdang gitta thé ky 17, nhiing anh tai cda thoi dai, nhu Fermat, Roberval, Descartes,
Cavalieri lao vao gidi cac bai toan nay. T4t cd c§ géng cta ho da dat dén dinh cao khi
Leibniz va Newton hoan thién phép tinh vi tich phan. Leibniz ( 1646-1716) Ong 1a mot nha
bac hoc thién tai, xuat sic trén nhiéu lanh vuc: mot nha luat hoc, than hoc, triét gia, nha
chinh tri. Ong cing gidi vé dia chat hoc, siéu hinh hoc, lich st va ddc biét todn hoc. Leibniz
sinh & Leipzig, Puc. Cha 1a moét gido su triét hoc tai Pai hoc Leipzig, mat khi 6ng vira sau
tu6i. Cau bé sudt ngay vui dau 6 thu vién cta cha, ngdu nghién tat ca cac quyén sach vé
dit moi van dé. Va théi quen nay da theo cau sudt doi. Ngay khi méi 15 tudi, 6ng da duoc
nhan vao hoc luat tai Pai hoc Leipzig, va 20 tubi da dau tién si luat. Sau do, ong hoat dong
trong nganh luat va ngoai giao, lam ¢6 van luat phap cho cac 6ng vua ba chda. Trong
nhimg chuyén di cong can & Paris, Leibnz c6 dip gdp gd nhiéu nha toan hoc néi tiéng, da
giup niém say mé todn hoc ctia 6ng thém gia tdng. Pdc biét, nha vat 1i hoc lung danh
Huygens da day 6ng toan hoc. Vi khong phai la dan toan hoc chuyén nghiép, nén c6 nhiéu
khi 6ng kham pha lai nhitng dinh 1i todn hoc da dugc cac nha toan hoc khac biét trude.
Trong d6 c6 su kién duoc hai phe Anh Ptc tranh céi trong su6t 50 ndm. Anh thi cho chinh
Newton la cha dé caa phép tinh vi tich phan trong khi DPtc thi néi vinh du d6 phai thudc
vé Leibniz. Trong khi hai duong su thi khong c6 y kién gi. Pung ra 1a hai nguoi da tim
dugc chan 1y trén mot cach doc lap: Leibniz tim ra ndm 1685, muoi nam sau Newton,
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nhung cho in ra céng trinh cda minh truéc Newton hai muoi ndm. Leibniz séng doc than
su6t doi va mdc du c6 nhiing déng gop kiét xuat, ong khong nhan dugc nhing vinh quang
nhu Newton. Ong trdi qua nhiing ndm cudi doi trong c6 doc va néi cay ding.
Newton(1642-1727) - Newton sinh ra tai mot ngoi lang Anh Qudc. Cha 6ng mat trude khi
ong ra doi, mot tay me nudi nang va day do trén nong trai nha. Nam 1661, 6ng vao hoc tai
truong dai hoc Trinity & Cambridge mdc dt diém hinh hoc hoi yéu. Tai day 6ng duoc
Barrow, nha toan hoc tai ning cht y. Ong lao vao hoc toan va khoa hoc, nhung tét
ngghiép loai binh thuong. Vi bénh dich hoanh hanh khip chau Au va lan truyén nhanh
chong dén London, dng phai trd lai lang qué va tra ngu tai d6 trong hai ndm 1665, 1666.
Chinh trong thoi gian nay, 6ng da xay dung nhitng nén tang ctia khoa hoc hién dai: kham
phé nguyén tic chuyén dong cac hanh tinh, ctia trong lyc, phat hién ban chat cta anh
sang. Tuy thé ong khong phd bién cac kham pha ctia minh. Ong trd lai Cambridge ndm
1667 dé 14y bang cao hoc. Sau khi t6t nghiép, 6ng day hoc tai Trinity. Ndm 1669, 6ng gir
chtc gido su truong khoa toan, ké nhiém gido su Barrow, moét chac danh vinh dy nhat
trong gido duc. Trong nhimg ndm sau do, 6ng da cong thac hoa cac dinh luat hap dan,
nho d6 giai thich duoc sy chuyén dong ctia cac hanh tinh, mit trang va thay triéu.@ng
ciing ché tao ra kinh vién vong hién dai dau tién. Trong doi 6ng, 6ng it khi chju cho in céc
kham pha vi dai ctia minh, chi phé bién trong pham vi ban bé déng nghiép. Nam 1687,
trudce sy khuyén khich nhiét tinh ctia nha thién van hoc Halley, Newton méi chiu cho xuat
ban cuén Nhitng nguyeén tic toan hoc. TAc pham nay ngay lap tic duge danh gia la mot
trong nhiing tac pham c6 anh hudng 16n lao nhat cua nhan loai. Ciing tuong tu nhu thé,
chi sau khi biét Leibniz da in cong trinh cdia minh, dng méi cong bs tac phdm cda minh vé
phép tinh vi tich phan. Vi dai nhu th&, nhung khi néi vé minh éng luén cho ring sé di ong
c6 doi khi nhin xa hon ké khéc vi dng dung trén vai cua cac vi nhan. Va véi nhiing kham
phé 1én lao ctia minh, 6ng néi: “ Téi thay minh nhu mét dita tré choi dia trén bdi bién, may mdin
gap duwgc nhitng vién soi tron tria, hodc mt v6 so dep hon binh thuong, trong khi trudc mat la mot
dai dwong bao la ciia chin li ma t6i chua dugc biét”.

NOI DUNG CUA CHUYEN PE
1. TICH PHAN TRUY HOI

Trong bai viét nay cht yéu la cac bai toan & dang tu luan, minh sé gi6i thiéu qua dé c6 thé
khong may dé thi thir ca cac truong c6 thé ra thi ta c6 thé xt Iy dugc. O phan nay ta s&
R z . A A p x z A 22 W
cung tim hiéu cac dang tich phan truy hoi dang I = I f(x,n)dx v6i cac cau hoi hay gap
la:

1. Thiét lap cong thuc truy héi I, =g (I, ., )(k = 1,_n) .

2. Chtng minh cong thuc truy hoi cho trude.
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3. Sau khi thiét 1ap dugc cong thac truy hoi yéu cau di tinh I, tng v6i mot vai gia tri

n nao d6 hodc tinh gi6i han ctia ham s6 hodc day s6 c6 lién quan voi I .

Ta cting xét cac vi du sau:

g

Vi dy 1: Xét tich phan T, = [?sin" xdx v6i neN".
. Tim m&i quan hé gitra 1,1

. Tinh LI,

n+2

1
2
3. Tim cong thtc tong quat cua 1, .
4

. Xétday s6 (u,) chobéi u, =(n+1)[ I ,.Tim limu,

n* n+l"*
n—+o0

Loi gidi
1. Tim moéi quan hé gitta 1,1,

K K s
Taco: 1, = _[2 sin™** xdx = jz sin” x(l —cos’x)dx =1, —IZ sin" x.cos” xdx (1)
0 0 0
du = —sin xdx

St dung cong thtc nguyén ham timg phan ta dat ) sin™! x
V= Jsm“ X.cos xdx =

n+1
T sn+l | T
= jz sin,, x.cos? xdx = X xP IZ sin™” xdx = iz (2)
0 n+1 |0 n+1-0 n+1
Thay (2) vao (1) ta duogc: I, =1, LR :n_+21mz

n+1 " n+1
2. Tinh L, 1,.

I =éI3 =§I1 =— O2sinxdx =—
St dung két qua & trén ta duoc: 5 15
5 15 15 g 5 157
I,==1,=—1,=—|2%sin" xdx=——
6 24 24 6

3. Tim cong thtic tong quét cda I, .

Tacé: I, = _[05 sinxdx=1,1, = J.OE sin® xdx :g

Tadacokétqua I = n—_’-ilmz , dén day xét 2 truong hop:
n
X . ) 4 6 2k
+ Truong hop 1: n =2k(k eN ) Ta co: 1, :§I4,I4 :gIé,...,IN(f2 :mlzk .
Nhan theo vé& cac ddng thuc ta dugc:
4.6..2k T 4.6..2k 35..(2k-1) =
2T A o kST T o e ————~
3.5..(2k-1) 4 35..(2k-1) 46.2k 4
\ 12 ) 3 5 2k-1
+ Truong hop 2: Véinlé hay n=2k -1, ta cé: I, =EI3,I3 =ZI5,...,121<_3 = ml

Nhan theo vé& cac déng thuc ta dugc:
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L_24.(2k-2)  24.(2k-2)
T35 (2k-1) T 35..(2k-1)

4. Xétday s6 (u,) chobdi u, =(n+1)I I ,.Tim limu,

n*n+l*
n—-+0

Tac: u, =(n+ 1)L, =(n+1).2F21 1 =(n+2)I,,1,=u.,
n

n*n+l — n+2 n+l n+1* n+2
+1

A T . . T
Vay u,,,=u, =..=u, =2, =—=limu, =lim —=

n—>+o0 n—+o0 2

Vi du 2: Xét tich phan 1, = I:(l —x’ )n dx

1. Tinh I
2. Tinh limIi‘—+1
Loi gidi
1. Tinh I,
n n-1
it u=(1—x2) - duzn(l—xz) (=2x)dx
dv =dx V=X

=1 :x(l—xz)n

:211.[01(1—(1—x2))(1—x2)n_1 dx= 21’1(.|.01(1—x2)n_l dx—J.Ol(l—xz)n dx)=21r1(1nf1 -1,)

: + ZnI: x2 (1 —x? )nf1 dx

2n
Vay I =2n(I_, -1 I = L (*
ay n n( n-1 n)<:> n 2n+1 n—l( )
2n 2n 2n-2 4.6.8..2n

T (%) t 5] =—— =< -~ - 570 (7na1)
II( ) a co n 2n+1 n-1 2n+1 zn_l n-2 579(2n+1) !

1

2 24.68..2n
=—=1 = .
3 3.5.7.9...(2n+1)

3
Mat khéc ta lai c6: 1, = Ll(l -x2 )dx = (x —%J

0

2. Tinh limI“—+1

n—+ow

n _ 2(n+1) L, _2n+2 Ly _ g 2042

n—1:>n+l n —1
2n+1 2(n+1)+1 I, 2n+43 o+ I no2n+3

Taco: I, =

Vi du 3: Xét tich phan I, = J.OZ tan" xdx v6i neN'.
1. Chtmg minhrang I, = 1 I,
n+1

2. Tinh LI,

.....

1. Ta co:
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I.,= E tan""? dx = E((‘cam“2 X+ tan" x)—tamrl x)dx

= E(tan“ x(’can2 X +1)—tan“ x)dx = jog tan;‘ X dx —E tan" xdx
cos” x
= jogtan“ xd(tanx)-1I, = ﬁ—ln

Ta c6 diéu phai ching minh!

2.Ta co:
. I=Iztanxdx=‘f25iﬂdx:—jzmzlln2
todo 0 cosx 0 cosx 2
. 12:I;tanQde:J‘O‘*(CO:ZX—1de=(tanx—x)|§:4;n
Ap dung cong thic truy hoi 1, = % -1, ta dugc:
n+
o 15:1—13:1—[1—11 :11r12—1
4 4 (2 2 4
1 1 (1 13 =
[ ) I :——I = —— ——I = —_
5 * 5 (3 2) 15 4
Vi du 4:
.y . 1e™dx . — s e -1
1. Xét tich phan In2101 ~ v6i neN . Ching minhrang I, = . -I ;.
+e n-—

2. Xéttich phan I, = [*(3-x)" e'dx v6i neN'. Ching minh ring I, =-3" +nl, ,

Loi gidi
1. Ta co:
s e™dx . J’l ex(n—l)dx _ J‘l ex(n—l) (ex + 1)dX ex(n—l) |1 o1

I +1I = _
0l+e* J0 T+e*

n n-1

0 1+e* n—1|0: n-1
Tt d6 suy ra diéu phai ching minh!

2. Xét tich phan I = I03(3 —x)"e*dx véi neN'. Chimg minhrdng I, =-3" +nl_,

n n-1
Dat {u—(B—x) :{du——n(S—x) ClX:>Irl =(3-x)"e* ’ +r1Jl3(3—x)nf1 e'dx=-3"+nl_,
0 0

dv =e*dx v=e"

Tu day c6 diéu phai ching minh!

Vidu5: Cho I, =J.01x“\/1—xdx voi neN'. Biét (u,)la day cho béi u, = IIH .Tim limu,, .

n+1

Loi gidi

n-1
u=vy" du=nx""dx
bat

dv=vTxdx | v=[VT-xdx=-2(JT-x)
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=1 = —%x“ (\/l—x)3 :+§nj:(\/1—x)3 X"dx
- %n(‘[ol V1-x.x""dx —Iol V1 —x.x“dx) = %n(ln1 -1,)

_ 2n I _2n+2
" 2n+3 " 2n+5

[, =limu, :limI“—*lzl

n

Vay 1,=2n(I,,-1,)=1

n-1 n+1
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2. NGUYEN HAM - TiICH PHAN HAM PHAN THUC HOU TY

Nguyén ham phan thac hitu ty 1a mot bai toan kha co ban, nhung cling dugc phat trién ra

rat nhiéu bai toan kho, trong muc nay ta sé tim hiéu cach gidi quyét dang toan nay. Tong

quat v6i ham htu ti, néu bac cta ti 16n hon hodc bﬁng bac ctia mau thi phai chia tach

phan da thuac, con lai ham hiru ti v6i bac ti bé hon mau. Néu bac cta t bé hon bac cta

mau thi phan tich mau ra cac thira s6 bac nhat (x+a) hay (x2 +px +q) bac hai v6 nghiém
A Bx+C

roi dong nhat hé so theo phan tir don gian: = . béng nhat hé s6 ¢ tu thic thi
x+a X +px+q

tinh dugc cac hing s6 A, B, C, ... Két hop véi cac bién déi sai phan, thém bét dic biét dé
phén tich nhanh.

CAC DANG TiCH PHAN PA THUC HUU TY.

b
I|P(x)|dx: Chia mién xét dau P(x),

x(mx+n)” dx: D4t u=mx+n hodc phan tich,
(mx+n)(px2 +qx+r)a dx: Dat u=px® +qx+r,

(x+m)“.(x+m)ﬁdx:Néfu a <P thidit u=x+n.

o
D C— T D C— T D C— T D

CAC DANG TiCH PHAN HAM PHAN THUC

1. Dang j4dx Lap A=q’ —4pr.

S pX~+qx+r
e Néu A= 0:>J.—,d1‘1ng cong thac ctia ham da thaec.
(mx+n
J NeuA<0:>J. ,ddt x=ktant
e Néu A>0:>I , bién d6i L 2:i 1
x*-k* 2k\x-k x+k
2. Dang J‘L-mdx. Lap A=q* —4pr
S PXT+qxX+T

e Néu A>0= Phan tich va dung cong thic.

mx+n A(px2+qx+r)' B
. = +

e NéuA<0= = > >
PX” +qX+r pX +qx+r  (x+a) +K°



