HUONG BaN cack SU nuwe shcy

Trude khi dua ra cac hudng s dung sach Céng Pha Todn 2 hiéu qud, ching tdi xin dugc
nhac lai téng thé ndi dung cudn sach. Cudn sach chung toi viét duge chia thanh 3 phan chinh
nhu sau;

o Hé& théng ly thuyét, kién thirc can thiét & mbi chl da.
o Hé thdng tu duy, phudng phap gidi cac dang todn thdng qua c¢ac vi du cu thé.
o Hé thdng céc bai tp rén luyén theo tiing dang bai, tiing chuyén d&.

Cach hoc nhi thé nao cho hiéu gua?

DE sir dung cudn sach hidu qua, cdc em nén co mdt k& hoach cu thé. Khi ¢6 k& hoach
cy thé thi chiing ta mdi do ludng dugc hiéu qua sir dung sach. Ngodi ra, cic em ciing nén
chu&n bi mét bd séch gido khoa Toan bén canh dé tra c(tu khi can thiét. O day, chdng t6i xin
phép dudc chia hoc sinh thanh 3 ddi tugng st dung sach:

Doi tugng 1: MGi bét dau hoc chuang trinh I6p 11 (cac em chudn bj I1én I6p 11)

Trong trudng hgp nay, cach duy nhat ching téi khuyén 1a cac em nén hoc theo trinh tu
dé dudc sap x&p d trong sach, ¢ [an lugt hoc: Dau tién doc ki ly thuyét, phuong phép, ti€p
theo doc vao vi du minh hoa va cudi cling la luyén tap cac bai tp rén luyén. Tuy nhién khi
doc ly thuyét hay phuong phap ma van mg mang, cac em c¢é thé bd qua, doc tiép vao phan
Vi du minh hoa. Trong mgt s& trudng hgp, théng qua I5i gidi va phan tich & phan Vi du minh
hoa s€ gilip cac em hiéu ra va ndm viing phan Iy thuyét, phuong phap hon. Sau khi két thic
mdi chi d&, cac em bam thdi gian 90 phit d&€ hoan thién cac bai kiém tra.

Péi tugng 2: Hoc xong chuang trinh 16p 11 (hodc chuin bj thi THPT quéc gia)

Cac em xem phan nao con yéu, chua chic chdn thi dénh dau lai, xem ki phan vi dy minh
hoa. Sau khi xem xong cac em luyén hét moi bai trong phan Bai tap rén luyén. Trong qua
trinh [am bai tap rén luyén, nhd ddi chidu ngugc trd lai phan 1y thuyét va vi du minh hoa dé
khdc séu kién thirc. Ngoai ra, cac em ciing c6 thé iam ngay phén bai tap rén luyén & cudi mdi
chd dé trudce khi doc ki ngi dung. Viéc ndm bt xem minh dang & miic dd ndo trong cac chl
dé trudc khi doc sé gilip cdc em cd nhiing dinh hudng, diéu chinh téc doc doc sach hgp li
han. Sau khi nghién ngdm that ki cac chii d& va Iam nhun nhuyén 11 bai kiém tra chi dg,

‘nhé luyén ki thém 25 @2 trong "B d& tinh tuy 2018” dé van dung kién thiic trong dé thi thuc
té hiéu qua hon, t6i uu han.
Poi tugng 3: Cac em xudt sac han

Ddi vdi cdc em c6 miic hoc gidi trd 18n thi chi can tap trung 2 viée chinh. Thir nhét, cic
em chi can luu y ddc biét téi cac phan STUDY TIP va hé théng bai tip rén luyén. Nhitng bai
da qué quen thudc rdi thi c6 thé bo qua. Ngoai ra, riéng d6i vdi cac em hoc sinh thubc d6i
tugng 2 va d6i tugng 3, cac em nén tham khao thém cac bai toén I8p 11 trong 25 dé trong
"B dé tinh tuy 2018” d& cling ¢ that chic kién thirc I6p 11, Cac bai tap I6p 11 trong “BS d&
tinh tuy 2018” dugc chon loc rdt ki nén viéc luyén tép trong cudn sdch nay s& giip cac em
cling ¢6 chéc chdn hdn nhitng gi d3 hoc & Cong Pha Toan 2.

Khdng quan trong diém xudt phat clia cac em nhur thé ndo, chi can cic em thuc su tap
trung doc mdt cach nghiém tlc cubn séch nay va cac cudn sach Gido Khoa bd trg cling nifa,
chiing t6i tin tudng chac chén réng, cac em s& pha v& gidi han cla ban than va danh két qua
.cao trong ki thi THPT Qudc gia.
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STUDY TIP i p pig
V6i bdi todn ndy ta c6 thé L3 B . Bt L S
khéng suy dién db thi ma 2y 2y 2 ?
lam theo hudng tir duy sau: ,’ ,' f
- Véi A y=|tanx| khong xac b ' )
1 i I
i ! 1

dinh tai x= ignén khéng
Ta dwoc d6 thi nhw hinh trén. Ta thdy ham s8 y =_|tanx| nghich bién trén (—g ;O]
2°2

thé dbng bién trén [— 4 ;E}.
- ; + i n T R ch s
- T B suy ra C; D sai. va dbng bién trén [0 'E) Nén ta loai AvaD.

VéiBtacd f(~x)= |tan(—x)| =|tanx|= f(x)= ham s8 y =|tanx| 1a ham s& chén.
Véi C ta thdy d6 thji ham s dd cho khéng d6i xting qua gbc toa d6, tir day ta
chon B.
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STUDY TIP
Voi bai todn trén ta chi don
gidn s dung tinh bj chin
don gidn cia ham s6 luong
gidc. Véi keZ tacd

-1<sin®**! I:f(x)] <1
-1 cos™! [f{x)] <1

|sin|: f (x)])
s 1]
0 <sin*[
0 < cos™ |: f

<1
<1
x)]Sl
x)]sl

{
(

S5TUDY TIP
Khi bai todn khéng véu cau
tim min, max trén tip cy the
nic thi ta hifu ring tim
GTLN, GTNN trén tap xac
dinh.

[P TR L, LS A N R

Cong Pha Toan — Ldp 11

B Tim gia tri nhé nhat, gia tri Idn nhat cha ham s6 lugng giac

* Céc kién thitc vé gid tri 16n nhit, gia tri nhé nhit
Cho ham s8 y = f(x) x4c dinh trén mién Dc R,
1. 56 thue M duoce goi la gid tri [6n nhat cha ham s y=f (x) trén D néu
{f(x)sM, vxeD
Ix, € D,f(x0)=M
2. 50 thue N dugc goi 1a gia tri nho nhét ciia ham s6 y=f (x) trén D néu
{f(x)zm,Vxe D
Ix, €D, f(x,)=m
Mot & kién thue ta siz dung trong cac bai toan nay:
1. Tinh bi chan ctia ham s8 lugng giac.
2. biéu kién ¢6 nghiém ctia phuong trinh bic nhét gilta sin va cos.
3. Bang bién thién ctia ham s& lugng giac.

4, K¢ thuat sir dung may tinh cam tay.

Vi du 1: Tim gia tri I6n nhét, gia tri nho nhét cia ham sé:

y=2017cos| 8x + 10m
2017

] +2016.

A. miny =1;maxy =4033. B. miny =—1; maxy =4033.

C. miny =1;maxy =4022. D. miny =-1;maxy =4022.

Pap an B.
Phan tich
Ta c6 cac budc d€ giai quyét bai toan nhu sau:
Bwéc 1: Chira f(x)<M, vxeD.
Buéce 2: Chira x, € D sao cho f(xn) =M.
Id a
Két luin: max f(x) =M.
Tuong ty véi tim gid tri nho nhét cta ham s6.
Loi giai
Cidch 1: Ham s6 xac dinh trén R.

Tacd -1<cos| 8x+ 10m
2017

}SI,V@R.

e 2017 <2017 cos| 8+ 20T
2017

JS 2017, veR.

= —1 <2017 cos| 8x + 2%
2017

J+ 2016 <4033, Ve R

Ta c6 y=-1 khi cos[Sx + 21(;)17;

Véy miny =-1;maxy =4033.

=-1; y=4033 khi cos| 8x+ 10m =1.
2017

Cdch 2: St dung mdy tinh cim tay.
Trong bdn phuong 4n chi ¢6 hai gia tri max l1a 4022;4033.

Chi ¢6 hai gia tri min la 1,-1.
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STUDY TIP

‘I'rong bai todn ta chon thir
hai gi4 tri trén vi 4033 14 gid
tri 1dn hon va -1 la gid tri
nhd hon nén ta thir trude.
Néu phuong trinh khong
¢6 nghiém thi s& 1a trudng
hop con lai.

STUDY TIP
0 dbng thite br bude bién
déi ta s dung cong thikc
lugng giac cfng.

Cha dé 1: Haw 56 lugng gidc va phuong tinh lugng gidc The best or nothing

Lic nay ta str dung chirc ning (LS_HIF [1 OLVE) dé thi gia tri:
Vi duy ta nhap vao man hinh 2017 cos[SX + EOOTT;‘j +2016 =4033 ta thiy phuong
trinh c6 nghiém.

Tuong ty nhip 2017 cos (SX + %) +2016 =—1 thdy phuong trinh 6 nghiém.

2ULYCOS| Hir=pgsh | 2ULVCOS| HR+5515h
%= 0.7834513087 %= 339833.53¢7
L-R= 0l L-R= 0

Trudmg hop thir min la -1

Trudng hop thir max 14 4033

Tt day ta chon B.

Vi du 2: Tim gi4 tri [on nhat, gi4 tri nho nhit cia ham s8:

y =2cos? x—2/3sinxcosx+1.
B. rrﬂnyzl—\/—?:;maxy=3+\/§.
D. mmy=—1+J§;maxy=3+J§.

A. miny =0;maxy =4.
C. miny=—4;maxy=0.

STUDY TIP

Ngoai cich nhé céng thire &
bai todn tdng quat phia bén
phai ta ¢d the nhé theo didu
kién c6 nghiém cta phuong
trinh bAc nhét theo sin va cos
nhue sau:

Tim gia trj 16n nhat gid trj nhd
nhat cha ham s§

y= a.sin[f(x)] + bcos[f(x)]+ c.
a.sin[f(x)]+bcos[f(x)]+c—y:[]
kién <6
@+ b z(c_y)z_

tim dwrgc min, max ciia y.

diéu nghiém

T day ta
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Pap an A. ‘
Loi giai
P& sir dung tinh bi chin ctia ham s8 & trong STUDY TIP ta dua ra & trén, ta sé
dua y=2cos’ x—23sinxcosx+1 vé theo sinu(x) hoac cosu(x).
Tacéd
y=2cos’ x—2f3sinxcosx+1=2cos? x—1—~/3sin2x+2
= cost—\/gsin2x+2 (*)
=2 1c:ost—l/—glsier +2 =2c0s 2x+E +2
2 2 3
Mait khac —1Scos(2x+§]s 1, VxeR < —2£2cos[2x+gjé2,VxeR

<:>0S2cos(2x+g)+2£4,Vxe]R@OSySét,VxER.

Ta c6 bdi todn tong qudt:

Tim gi4 tri 16n nh&t, gid tri nho nhét cita ham 6 y = asinu+beosu trén
R Véi gbeR;a’ -g-bz_> 0.

Loi giai tong quat

siny +
Ja +1? N+ 1

cosu}]a2 +7.

y=asinu+bcosu:>y={

2 2
a b a
Vi + =1l=3JdaeR sac chocoso=——va
[\/a2+b2] [Ja2+sz N

. b
sing = ———
Ja* +b*
= y=va’ +* (sinu.cosa + cosu.sina) = y =a* +b*.sin(u+a)
Vi -l<sin(u+a)<l= N+ <y<a® + P

Ngoai ra ta ¢6 th€ m¢ ring bai toan nhu sau:




STUDY TIP
Néu hadm s8 cd dang
_asinx+bcosx+g
N #, sinx +b,cosx + ¢,

ta

tim mién xac dinh ciia ham
56 rdi quy dbng miu 56, dira
v& dang phuong trinh trong
STUDY TIP & BTTQ phia
trén, va tifp tyuc 101 giai.

Cong Pha Toan - Lép 11

” y=a.sin[f(x)]-l—bcos[f(x):l+c. Tacd —a® +b* +c<y<a® +b +c.

Tt bai toan tdng quat trén ta c6 thé giai quyét nhanh bai toan vi du 2 tir dong
(*) nhusau: Tacd —1+3+2<y<1+3+2=0<y<4

Vi du 3: Tim gid tri nho nhit va gid tri Ién nhat ciia ham s6
_sinx+2cosx+3
2+c08x

A, miny:—%;maxy=2. B. miny=§;maxy=2.

C miny—l'maxy——3 D minyr——l'maxy'f—3
. —2’ WE . - 2, —E-

[F] Hath
el 12 1 ettt N ) S .b'

Z+COE 1K)
ﬁ= _ 1.5?0?9453%

Trueong hop tht max la 2

7 et
Can®t Solwve

EAC] :Cancel
C4JC K]z GOLD

2
Truong hop thir min la 3

STUDY TIP
Nhigu dgc gia khéng luu y
d0i d&u ctia bpt thit hai cia
hé khi nhin cac v& véi -1
dén d&n chon déap an sai.

Bap an B.
Loi giai
Cdch 1: Tacod cosx+2>0, vVxelR.

_ sinx+2cosx+3

<>sinx+2cosx+3=2y+ycosx
2+cosx

c:»sinx+(2-y)cosx+3—2y=0
Ta stz dung diéu kién ¢ STUDY TIP trong bai téng quat trén.
Tacé 12 +(2-y) 2(3-2y) o 4y" 12y +9-y* +4y-4-1<0

<:>3y2—8y+4$0<:>§5y$2.

Cdch 2: Stt dung mdy tinh cim tay
Tuong ty nhu & vi du 1 thi ta ¢6 thé st dung SHIFT SOLVE :

&;kw =2 thi phuong trinh ¢ nghiém. Do 2 la 58 16n nhét trong cac
+C08X

phuong an A; B; C; D nén ta khong can thir truong hop max = g

Lic nay chi con A va B. Thit véi miny = H% thi khéng cé nghiém.

Tir day chon B.

Vi du 4: Tim gi4 tri 16n nhét va gia tri nho nhét cia ham s8 y=Ysinx —v/cosx.
A. miny=-Tmaxy=1. B. miny =0;maxy =1.

C. miny=-1;maxy=0. D. miny =0;maxy khéng ton tai.

Diép an A.

Loi giai
0<4sinx <1 - 0<¥sinxs1
0<Jeosx <1 —1<~Jcosx 20

Cdch 1: Ta cd { e-1<y<L

inx=1
Vay khi { " ex=l+k2mkeZ
cosx=0 2
.. C|sinx=0 .
va miny =-1 khi { o>x=k2mkei
cosx =1

Cdch 2: 51t dung may tinh cim tay
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STUDY TIP
Vi cdc bai toan tim GTLN-
GTNN ciia ham lugng gice
ta ¢60 thé dwa vé dang
y=A*(x)+BzB.
Nhung can luu ¥ xem déu
béng cé xay ra hay khéng.

Chii dé 1: Ham s lugng gidc va phuong trinh lugng gidc The best or nothing

Tuong ti cac vi duy trén.

Vi du 5: Tim gia tri nho nhit cua bidu thike
P=cot*a+cot*b+2tan® a.tan®* b+ 2.

A, miny=2. B. miny =6.
C. miny =4 D. khong ton tai GTN N ctia ham s8.
Pép an B.

Lai giai
P= (cot2 a—cot? b)2 +2cot’ a.cot’ b+ 2tan® a.tan’ b+ 2
= (cot2 a—cot? b)z + 2.(c0t2 a.cot’b+tan’ a.tan’*b— 2) +6
(cot a—cot b) + 2.(cot2 a.cot’ b+ tan® a.tan® b —2.cota.cotb.tan a.tan b) +6
(co’c2 a—cot’b ) +2(cota.cotb— tanatanb)2 +626

y 2g=cot’ tta=1
Dau bang xay ra khi {mt a=cot’h = {CO ?

cota.coth=tanatand cotth=1

“a= b—E+E (keZ)
4

Tiép theo ta c6 vi du 6 1d mét cdu hoi khdc cho vi du 2 nhu sau

Vi du 6:Gia tri 16n nhét, gia tri nhd nhat cia ham s§
y=2cos’ x— 2\/5 sinx.cosx +1trén doan {0,7—;] Tan leot 1a

A.m my 2;maxy =3,
ERNNCY

Cm Y= Omaxy 4.

el

B. mmy Umaxy 2.
s 3

D. miny =0;maxy =3.

: 7R 7x
[t e
[ 12} [0 12]

STUDY TIP

Véi cie bai todn tim min,
max ctia ham s lueng gidc
trén mét doan ta thudng
phai xét nhanh BBT d€ giai
quyét bai todn. O chuong
trinh 11 ta chira hoe dao ham
nén chura giali quyét duogc
bai todn tim GTLN, GINN
cia ham s8 s dung dao
ham. Sau khi hoc xong dao
ham ta s& giai quy&t bai todn
nay nhanh chéng hon.
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Pép an D.
Lo giai

Tl vi dy 2 ta co y=2cos[2x+g)+2. Pat u=2x+~g~.

Tir & bai ta xét xe| 0,2 " (s ue| =38
12 372

Ta 1dp BBT cita ham s8 y =2cosu+2 trén [g’%m}

U

wiwl|a
%)

2cosu+2

Tix BBT ta théy gnin f(u) =0 khi u=n > x=1

37

4

max (u)=3 khi u=g—®x=0.

4
iny =O;m7anxy=3.

;E,,, '—ﬁ

Hay
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STUDY TIP
Ta ¢6 the stt dung tinh chét
cuia tam thire bic hai d€ gial
cac bai toan tim min max
ham lugng giac nhu sau:
Cho ham 58

y=ax +bx+c,(aa¢0).
*Néu a<0 thi

A
ax2+bx+cs~z. Dau
a

: b

dng xay rakhi x=-—.
bing xay ra khi x >
*Né&u a>0 thi

ax2+bx+c2—A. D#u
4a

. . . b
bang xé&y ra khi x= 2"
* Néu ham s6 di cho la ham
béc hai méa diéu kién khéng
phai VxeR thi ta phai lap
BBT d€ tim min, max.

Vi du 7: Tim gi4 nho nhat, gid trj 16n nhat ctia ham s8 y = sin® x —sinx +2.
A rniny=:71-;maxy=4. B. minyz%,maxy:l

C. miny=-1, maxy=1. D. miny=%,maxy=2.

Pap an A.

Loi giai
Pt sinx=u,ue] -1;1].
Xétham s8 y=u" —u+2trén [—1;1].

Ta cod —£=Ee|:-1;1]. Tir déy ta 6 BBT
22 2
: 1
-1 = 1
¢ 2
y | 4

sy A b 7 z
Ta két ludn 1[’1_111}‘11 f (u) =1 = 5 (i)

Hay miny=£ <> sinx =% va maxy =4 <>sinx =-1.

Ngodi cdc phuong phdp gidi bai todn tim GTLN — GTNN cita hiam s6 lugng gidc
ta it ra dwoc tir cdc vf dy trén ta con c6 phuwong phdp st dung bit ding thifc co
ban. Phuong phip ndy dugc coi la m@t phuwong phdp khé vi doi hoi tinh sing
tao va kif thugt trong viée sit dung bit ding thikc.

Mbt s8 bt ding thic ta thudng ding:

1. Bit ding thitc AM - GM

a. Voi2 s

Cho &; b la hai s8 duong, ta co a_42-b >Jab. Ddu bing x4y ra khi va chikhi a=b.

b. Véi i 56:

§ od o _ L XX, X Y
Cho x,;%,;..;%, la cac s8 duong, neN* taco —2— L > afx Xy,
n

Déu bing xay rakhi vachikhi x, =x, =...=x,.
2. B4t ding thire Bunyakovsky

a. B4t déng thitc Bunyakovsky dang thdng thuong
(u2 +.!72)(c2 +d* )z (ac+bd)’

Diau bing xay ra khi - %
¢

b. B4t déng thitc Bunyakovsky cho hai b$ s6

* Véi hai bd 56 (al;az;...;uﬂ) va (bl;bi;...;b“) ta co:

2,2, 2 2N(12 32 32 z 2
(0} +a} +a} + v @ )(b] <12+ +..4B] )2 (ab, +ab, +..+ab,)
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