TiCH PHAN
1. Khai niém tich phan
1. Dién tich hinh thang cong .
e Gidi thi€u cho hoc sinh vé cach tinh dién tich cua mét hinh thang cong
e Tird6 suy ra cong thuc : fim S () =S (%) 7 (%)

X—>Xy x —_— xO

2. Dinh nghia tich phan
e Cho ham flién tac trén mot khoang K va a, b 1a hai s6 bat ky thuoc K. Néu F
1a mdt nguyén ham cua f trén K thi hi¢u so : F(b)-F(a) duoc goi 1a tich phan

b
cua fditiradenb, ky higula: [ 7(x)dx
b
e Conghiala: If(x)dsz(b)—F(a)

e Goi F(x) la mét nguyén ham cua f(x) va F(x) b_ F(b)-F(a) thi:
a

jf(x)dx:F(x) z =F(b)-F(a)

e Trong do:

-a:lacantrén, b la can duoi

- f(x) goi 1a ham s6 dudi ddu tich phan

- dx : goi 12 vi phan cua d6i sb

-f(x)dx : Goi 12 biéu thirc duéi dau tich phan
IL. Tinh chit cia tich phéin
Gia st cho hai ham sb fva g lién tyc trén K , a,b,c 1a ba s6 bat ky thuoc K . Khi do ta
co :

1. jf(x)dxz()

b a
2. [ f(x)dx=-]f(x)dx. ( Goila tich chat dbi can )

3. .lif(x)dx = jf(x)dx + Tf(x)dx

4, _[ fx)£g(x)]dx = _[ f (x)dx+_[ g(x)dx . ( Tich phan ci mot tong hodc hi€u hai tich

phan bang tong hoac hi¢u ha1 tich phéan ) .
5. J'qu (x)dx = k._[ f(x)dx. ( Hang s6 k trong dau tich phan , c6 thé dua ra ngoai ddu

tich phan duogc )
Ngoai 5 tinh chét trén , nguoi ta con ching minh duge moét so tinh chat khac nhu :

b
6 . Néu f(x) > 0vx e [a;b] thi: [ f(x)dx > 0Vx €[a:h]

b b
7.Neu: Vxe[a;h]: f(0)>g(x) = j F(x)dx > j g(x)dx . ( Bat ddng thirc trong tich

phan )



8. Néu : Vx e[a;b] va véi hai s6 M,N ta ludn co : M < f(x)<N . Thi:
b
M(b-a)< If(x)dx < N(b-a). ( Tinh chat gia tri trung binh cua tich phéan )

III. CAC PHUONG PHAP TiNH TiCH PHAN
A. PHUONG PHAP PHAN TiCH
1.Trong phwong phip nay , chiing ta cén :
e K§¥ ning : Can biét phan tich f(x) thanh tong , hiéu , tich , thwong cta nhiéu
ham s6 khac , ma ta c6 thé sir dung duoc tryc tiép bang nguyén ham co ban
tim nguyén ham cta chung .
e Kién thic : Nhu da trinh bay trong phan " Nguyén ham " , cAn phai nam tric
cac kién thirc Ve Viphan, cac cong thirc vé phep toan luy thira , phep toan can
béc n cia mot s6 va biéu dién chung dudi dang liiy thira v6i sé mil hitu ty .

2. Vidu ap dung
Vi du 1: Tinh céc tich phan sau
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Vi du 2. Tinh cac tich phan sau
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Vidu 3. Tmh cac tich phan sau
€13 2 2
o | Lumag s b [ a
X 1 2x(x +1)
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I 4+ sin’ 2x d/ J. sin 3x.cosxdx
z sin® 2x 0
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B. PHUONG PHAP DOI BIEN SO
I. Phuwong phap déi bién sé dang 1.
Pé tinh tich phan dang nay , ta can thuc hién theo cic budc sau
1/ Quy tic :
e Buoc 1: Dat x=v(t)
e Budc 2: Tinh vi phan hai vé va ddi can
e Budc 3: Phan tich f(x)dx=f(v(t))v'(t)dt

v(b)
e Budc 4: Tinh I f(x)dx = I g(t)dt = G(t) ( )
v(a)
e Budc 5: Két luan : I=6(5)|""”
v(a)
2/ Nhan dang : ( Xem lai phin nguyén ham )
*Chiy: N 7 7
a. Cac dau hiéu dan td1 viéc lua chon an phu ki€u trén thong thuong 1a :
Dau hiéu Cach chon
a® — x>

x:|a|sint<—>—%£t$£

=|a|cost<—>0£t£7z

o 53]
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a +x x=|a|tant<—>te(—£;£)
2°2

x=|a|cotr > 1 €(0;7)

a+x a—x X=a.cos2t
v
a—x a+x
(x—a)(b—x) x=at(b—a)sin’¢

b. Quan trong nht 13 cac em phai nhan ra dang :
- Vidu : Trong dang phan thuc hiru ty :

T ( 1 e
L a(a<0)=] _a=L]-1a
*ax” +bx+c ’ bV A alu +k
al| x+—| +

( Za) 2a
Voi (u=x+i,k= A =de
a 2a
\e £ dx
* ap dung dé giai bai toan tong quat j — (kez).
(@ +x?)

dx=_ﬁ[ !

* ( 1
;[\/2+2x—x2 “\/(ﬁ)z—(x—l)z

3/ Mot s6 vi du ap dung :

dx . Ttr @6 suy ra cach dit : x—1=+/3sins

Vi du 1: Tinh céc tich phan sau

1
1 N 2
1 1
a/ [V1-x"dx b/ dx ¢/ |———dx
;‘; ‘([ V1-2x° ’!-\/3+2x—x2

Giai
a/ bat x=sint voi : te{—z;z}
22
x=0sint=0->¢=0

e Suyra:dx=costdt va: , 7
x=lsint=1->1=—

e Do d6: f(x)dx= v/1-x*dx = /1-sin’ tcostdt=cos’td = %(1 +cos2t)dt

1 % 1 B
.« Viy: jf(x)dx=_fw=%(t+%sin2t)2=l(£—lj—ﬂ !
0

0 2 0 212 2 4
b/ bat: x = Lsint te{—f;ﬁ}
2 2
1 x=0 <> sint=0 — t=0
e Suyra:dx=——costdt = 1 1

. T
=—=SsInt —>t=—
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1 V4 V4
N7 N 2 2
| ! dx=ji ! dx:ij ! Lcostdt=ijdt=—z
0 V1-2x7 2 V2 R 29 L i i V2 2%
) V2
¢/ Vi: 3+2x—x2=4—(x—1)2. Cho nén :
o Dit: x—1=2sinrte| -2 % | sing=2 1(*)
2°2 2

x=lorsing =100 5720
e Suyra: dx=2 costdt va

2 :te[O;z}—)cosPO
. 2-1 1 V4 6
x=2esint=——=—>t=—
2 2 6
, _ 1 1 1
e Do do: f(x)dx= dx = dx = 2costdt = dt
V3+20-2 fa(x-1) \[4(1-sin’s
2 5 i
e Viy: jf(x)dx:jdt:t 6==
1 0 O 6
Vi du 2: Tinh céc tich phan sau
2 1
a/ j\/le—4x2—5dx b/J. - ! dx
0 X +x+1
P 1 t a—x’
c/ Iz—dx d/j dx
> X —4x+7 o

* Cha y : B¢ tinh tich phan dang co6 chira (\/x2 +a,Na*—x ) ta con st dung phuong
phap dbi bién sé : u(x)=g(x.t)

1
1
Vidu 1 : Tinh tich phan sau dx
'!\/x2+1
Giai :
2_
° Dét:\/x2+l=x—t:>x=t2t1
x=0>t=-lix=1->t=1-+2
dx=—
2t
1 V2 f
o Dovéy:j ! dx—J' 22t t+1 I —=In |t| \/_=—ln(\/5—1)
011x2+1 ot +1 2t
Vi du 2: Tinh tich phan : 1 =J.x2\/l—x2dx

Gidi
e Dait: t=sinx , suy ra dt=cosxdx va khi x=0,t=0 ; Khi x=1 , t




e Do d6 : f(x)dx=ux’+1-x*dx =sin’ 74/1—sin’ fcostdt=sin’s cos’ tdt = %( 1= 02054t j dt

1 % K2
o Viy: IZJ-f(x)dx:%_[ 1-cosdt dt——(t—%sinhj 2 =%§=%
0 0 ()

I1. Ddi bién sb dang 2

1. Quy tdc : ( Ta tinh tich phan bang phuong phéap d6i bién s6 dang 2 theo cic budc
sau : )
e Budc 1: Khéo 1éo chon mot ham s6 u(x) va dit nd bang t : t=u(x) .
e Budc 2: Tinh vi phan hai vé va d6i can : dt=u'(x)dx
e Budc 3: Ta phén tich f(x)dx = g[u(x)]u'(x)dx = g(t)dt .
u(b)
e Budc 4: Tinh j F(x)dx = j g(t)dt = G(t) u(6)
u(a) (a)
o Kétluan: I= G() u(b)
u(a)

2. Nhan dang : ) . ] N .
TICH PHAN HAM PHAN THUC HUU TY

P(x)

A.DANG : I= f Cdr (a0)

= —1n|ax+b| p . Va néu bac cua P(x) cao hon hoic

bang 2 thi ta chia tir cho mau dan den

j Px) dx jQ(x)+ Cdx=

Vidu 1 : Tinh tich phan : I= J

x+3
Giai
3
Tacod: f(x)=—2 1. 3,927 1
2x+3 2 4 8 8 2x+3
Do dé :
3 2 2
J al dx=j(lx2—§x 2—2—7 ! )dx:(l)f—é 2+9)c—2—ln|2 |) :—E—Zln?ﬁ
' 2x+3 27 4 8 8 2x+3 37 8 8 16 1 6 16
¢ x2=5
Vi du 2: Tinh tich phan : I= | dx
5 x+l
Giai
5=x—1—i
x+1
3 2 _ 3 3
Dodé: [= 5dx=[(x—1—i)dx_(lx —x— 4ln|x+l|j 514 41| Y3
% x+l1 %= x+1 2 J5 4




P(x)
ax’+bx+c

B. DANG : j dx

1. Tam thirc : f(x)=ax’ +bx+c co hai nghiém phdn biét

. B
Cong thirc can luu y : I%dx =Inu(x)| P
w u\x o

Ta c6 hai cach. ,
Cach 1: (H¢ s6 bét diph )
Céch 2: ( Nhay tang lau )

1
Vi du 3: Tinh tich phan : I= J';‘x;“dx.
) X +35x+6

o Giai
Cdch 1: ( He so bat dinh )
Ta 6 : f(x)= 24x+11 __Ax+ll 4 B _A(x+3)+B(x+2)
X +5x+6 (x+2)(x+3) x+2 x+3 (x+2)(x+3)
Thay x=-2 vao hai tir s6 : 3=A va thay x=-3 vao hai tir s6 : -1= -B suy ra B=1

Do dé : f(x)= 1

+_
x+2 x+3

A 4x+11 1
Vay . .‘!‘m —I(x+2+mjdx (311'1|X+2|+11’1|X+3|)‘0=211’13—11'12

Cdch 2: ( Nhdy tang lau )

2x+5)+1
Ta c6 - f(x)= 2(2x+5) s 22x+5 . 1 s 22x+5 .
X +5x+6 X*+5x+6 (x+2)(x+3) X +5x+6 x+2 x+3
Do do:
1 1 l
I=jf(x)dx=j(2. RS —— jdx=(21n|x2+5x+6|+lnx+2j =2In3-In2
0 oL X" +5x+6 x+2 x+3 x+3()|0

2. Tam thirc : f(x)=ax’+bx+c co hai nghiém kép
u (x)dx
u(x)

in(u() "

Cong thirc can chu y : j

Thong thirong ta dat (x+b/2a)=t .

X3

Vi du 4 : Tinh tich phan sau : I= j de
x*+2x+

Giai

3 3 3 3
Tacc’):j — dx=j T _dx
o X 20+l {(x+1)

bat : t=x+1 suy ra : dx=dt ; x=t 1 va : khi x=0 thi t=1 ; khi x=3 thi t=4 .

t 1 4
dx J' dt: (t 34+ ——)dt (;t2—3t+ln|t|+%j‘l:2ln2—%

3 3
Do d6 : j

0(x+1) 1

4
1
1
Vi du 5: Tinh tich phén sau : I= j 5
o 4x 4x+1




Giai
4x 4

Taco: — = 5
4dx" —4x+1 (2x—1)

. =0¢t=-1
bat : t=2x-1suyra: dt=2dx—>dx=ldt; o
2 x=1lt=1

. b 4x L4 14 (1+1) 4 N[ 1
Do do : j4x2_4x+1dx=j 2aixzj - —d I( j t:(ln|t|——]_ =-2
0 O(Zx—l) t t 1

-1

3. Tam thirc : f(x)=ax’ +bx+c vo nghié¢m :

U=x+—
A, . _ P(x) P(X) 2a
Ta viéet : f(x)= =
) [ by (doa)] A R |, ¥R
J( ) L
2a 2a
Khi d¢6 : Bat u= ktant
Vi du 6: Tinh tich phan : I= j ;dx
x*+4x+5

Giai

2

2
* Taco: -[x +4x+5dx jx+2

O

e Dit: x+2=tant, suy ra: dx=

x=2<«>tant =4

x=0ctanr=2
dt, =
cos’t

i Stanr—2 dt sin ¢ t
e Dodo: j = [—= j( —2Jdt=(—ln|cost|—2t) *(1)
0 x+2) +1 » 1+ tan® £ cos™ cost 4
tant=2<—>1+tan2t=5<—>coszt=%—>costl=%
T : 1 >
tant =4 <> 1+tan’t =17 <> cos’t =— —> cost, = ——
17 Ji7
AL t2_ B cost,
e Vay: (—1n|c0st|—2t) : ——[(ln|cost2|—2t2)—(ln|costl|—2tl)]——ln cost, +2(1,—1,)
cost 1 1. 5
e & —In 24 2(¢, —t,) = 2(arctand-arctan2 ) — In|—— ~/5| = 2 (arctan4-arctan2 ) — — In—
cost, (r=1)=2( ) V17 ‘ ( ) 2 17
2.3 2
Vi du 7: Tinh tich phan sau : [= jx +2x2 +4x+9dx
0 x +4
Giai
3 2
e TacH: > +2x2 A ioe 5
x"+4 x"+4
2 3 2 2 2 2
e Dodo: J.x +2x2 +4x+9dx:J-(x+2+ 21 )dx:(lx2+2x) +j;]—x:6+J(1)
0 x +4 0 x +4 2 0 9 4

2
Tinh tich phan J= |

0

dx

X+




x=0—>¢t=0

—dt, P ete[O;z} — cost>0
cos’t x=2—>t=z 4

e Dat:x=2tantsuyra:dx =

2

e Khidod:

Y - 1
401+tan tcost 2

T

e Thayvao(1): I=6+§

P(x)

C.DANG : j dx
ax’ +bx* +ex+d
1. Da thirc : f(x)—ax +bx* +ex+d (a#0) c6 mdt nghiém bji ba
. i
Cong thirc can chu y : j 1” de=—1. - 4
° x" I-m x" |
1
Vi du 8: Tinh tich phén : I= I +dx
o (x+1)
Giai

Cach I:
e Dat: x+1=t, suy ra x=t-1 va : khi x=0 thi t=1 ; khi x=1 thi t=2

1 2 2
- 2
¢ Dods: | e [l (e 2P
0(X+1) 1 t 1 t t t 2t

Cach 2:

1 8

(x+1)3 (x+1)3 (x+1)2 (x+1)3

. Dodé-j

‘ 1 111 ‘1 1
. dx—j X =| — 4+ — > = —
0 x+1 0 x+1 x+1) x+1 2(x+1) 0 8

dx .

Vidu 9 : Tinh tich phan : I= _[
—1 X—l)

Giai
e Dat:x-1=t, suyra:x=t+1 va: khi x=-1 thi t=-2 va khi x=0 thi t=-1 .
, Xt t+1
. Dodo:_[ T _x= I( )d Jt +ar +63t A - J'(t+4+§+i2+i3jdt
S(x-1) 5 r t t ot
-1
o @I[t+4+6+4+ 1ja’t (lt +4t+61n|t|———llJ =——-6In2
t 2 -2 8

2. Da thire : f(x)=ax’ +bx’ +cx+d (a#0) co hai nghiém :
C6 hai cach giai : Hé s bat dinh va phuong phap nhay tang lau

-1 33

Vidu 10 : Tinh tich phéan sau : I= j;dx

> (x— 1)(x+1)3

Giai o
Cdch 1. ( Phuong phap hé so bat dinh )




e Tacod: ! A4, B C _A(x 1)+ B(x=1)(x+1)+ C(x-1)
(x—l)(x+1)2 x—1 (x+1) (x+1)2 (X—l)(x+1)2

e Thay hai nghiém méu s6 vao hai tir s6 : {1 =44 = 4 . Khidé (1)

(A+B)x*+(24+C)x+A-B-C 1 1 1
i = A-B-C=1B=A-C-l=-t——1=—
(x—l)(x+1) 4 2 4

L 1 111 1 11
e Dodo: I—zdx:I —. +—. - - |dx
2(x—1)(x+1) p) 4 x—-1 4 (X+1) 2(x+1)

c>]={lln(x—l)(x+l)+l. : }‘3 ~Ling=2mo
4 2 2 4

x+1) 4
Cach 2:
e Dat: t=x+1, suy ra : x=t-1 va khi x=2 thi t=3 'khi x—3 thi t=4 .
: 14t ! 1

o Khido:I= = = dt—|-dt
JA(x l)(x+1) jz(t 2) '[ 2££t(t—2) '_!:t ]
4 4

@1:1(1j(——— j ] ( ln———l |;|j4=§1n2
2( 29\« 3! 4 4

=202 £ =27 £ =2t s £=2t* 4\t ¢

e Dodo:I= J‘( 4t l(f tzj]dt_(ln|t 2t|——(3l |t|——)j‘::%ln2

Hofe: 1 _1 t—(t —4) 1( | t+2) 1( 11 2)
oac : = —— - B D
£ (1=2) 4| (t-2) a\r-2 ¢ a\r=2 t ¢

3t* —4¢ 2
Hoie- L _| ) 1 [ 41— 4)[ 4 3t+2)}:3t 4:_1(3+3)

-2
t

4
——J —1—2 dt —l In|— E :l lnl+l—lnl—g :l ln?)—ln2—l
t-2 t ¢ 4 t)13 40 2 2 3 3) 4 6
3

2
Vi du 11: Tinh tich phan sau : [= J'x—dx
2

~1) (x+2)
Giai
bat : x-1=t, suy ra : x=t+1 dx—dt va : khi x=2 thi t=1 ; x=3 thi t=2 .
t+1 £ +2t+1
Dodo: | —S——dx= =
I(x 1) (x+2) J J £ (t+3)

Cach 1. (Heso batdmh)

4241 _At+B  C _(At+B)(t+3)+Ct°  (A+C)’ +(34+B)t+3B
Taco: = + =
£(t+3) £ 143 *(1+3) £ (1+3)




