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Chuong 1

PHUONG TRINH BAC NHAT HAI
AN. HE PHUGNG TRINH BAC
NHAT HAI AN

1 PHUONG TRINH BAC NHAT HAI AN

1.1 TOM TAT LY THUYET

1.1.1 Khai niém

Phuong trinh bac nhat hai an z, y 1a hé thic dang
ar+by=c (1)

trong do a, b, ¢ 1a cac s6 da biét (a # 0 hodc b # 0).

Vi du 1. Cac phuong trinh 2z —y =1, 3z + 4y = 0, Ox + 2y = 4, x + Oy = 5 la nhiing phuong
trinh bac nhat hai an.

Trong phuong trinh (1), néu gia tri clia vé trai tai = ¢y vd y = 3o bang vé phai thi cip s6
(x0; Yo) duge goi la mot nghiém ctia phuong trinh (1).

Vi du 2. (3;5) 1a mot nghiém ctia phuong trinh 2z —y =1 (vi2-3—-5=1).

Chi y 1. Trong mat phang toa do Ozy, mdi nghiem ctia phuong trinh (1) dugc biéu dién bdi

mot diém. Nghiem (o; o) duge biéu dién béi diém c6 toa do (xo; o).

1.1.2 Tap nghiém ctia phuong trinh bac nhit hai an

Phuong trinh bac nhat hai an
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luon c6 vo s6 nghiem.
Tap nghiém ctia n6 duge biéu dién trén mat phing toa do Ozy bdi duong théng ax + by = c.
Ki hiéu (d) : ax + by = c.

e Néu a # 0 va b # 0 thi dudng thing (d) chinh 1 do thi ctia ham s6 bac nhat y = —%:C + (E)
a c reR
Khi do, (:B; ——x+ 5) véi x € R hoac a

b Yy=——r+

¢ 8oi la nghiém téng quat ctia phuong
bo b

trinh (1).

e Néu a = 0 va b # 0 thi phuong trinh tré thanh by = ¢ hodic y = (E)’ va dudng thang (d) song

song hodc trung véi truc hoanh.

reR

Khi do, (x; g) v6i x € R hodc ¢ goi la nghiém tong quat ctia phuong trinh (1).
Yy=-
b

e Néu a # 0 va b = 0 thi phuong trinh tré thanh ax = ¢ hodc z = E, v dudng théng (d)
a

song song hodc trung véi truc tung.

c
x=-
Khi do, (E, y) v6i y € R hoac @ goi la nghiem tong quat ctia phuong trinh (1).
a
yelR

Vi du 3. Hay viét cong thitc nghiém tong quat va biéu dién tap nghiém trén mat phang toa do

Ozy cia cac phuong trinh sau
a) 2z —y =1

b) =5z — Oy + 3 = 0.

Loi giai.
a)
2t —y=1y=2z—1. Yy (d)
, reR
Phuong trinh ¢6 nghiém tong quat la .
y=2r-—1 2
Tap nghiém ctia phuong trinh dude biéu dién béi duong thang [
(d) :y=2z—1. i
Chox=0=y=—-1;2=1=y=1 Dudng thingy =22z—1 1 0 1 2 7
di qua hai diém (0; —1) va (1;1). 1
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3
—5$—Oy+320(:):v:5. Yy (d)

r =

ol w

Phuong trinh c6 nghiém tong quét 1a
y€eR 1

Tap nghiém ctia phuong trinh duge biéu dién bdi duong

) 3
thang (d) : x = —. -1 01311 2 7
5 5 5 5
Dudng thang v = = di qua diém <5, O) va song song véi -1
truc tung. 9

1.2 BAI TAP

Bai 1. Trong cac cap s6 (—2;1), (0;2), (—1;0) va (4;—3), cdp s6 nao la nghiém ctia phuong
trinh?

a) br+4y =38

b) 3z + by = —3.
Loi giai.

a) e Cip (—2;1) khong la nghiém cia phuong trinh 5z +4y =8 vi5- (—=2)+4-1 #8.
e Cdp (0;2) 1& nghiém ctia phuong trinh 5z +4y =8 vi5-0+4-2=38.
—1;0) khong 1a nghiém ctia phuong trinh 5z + 4y =8 vi5- (—1) +4-0 # 8.

4; —3) la nghiém ctia phuong trinh 5x + 4y =8 vi5-4+4+4-(-3) =8.

e Cap (4;—3) la nghiém ctia phuong trinh 3z + 5y = -3 vi3-4+5-(-3) = —3.
]

Bai 2. Viét cong thitc nghiém tong quat ciia cac phuong trinh sau va biéu dién hinh hoc ciia

tap nghiém do.
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3 3

d) =2y =_2

)~V =3
Loi gidi.

a)

1 1
Jr—y=-y=3r— .
Toy=gey=3r—3
, reR
Phuong trinh c6 nghiém tong quét 13 1-
=3z — =
2 y ! 2 2
Tap nghiém ctia phuong trinh duge biéu dién bdi duong thang
1
(dl):y:3x—§. v
1 5
Chor=0=y=—2=1=y=—.
’ 1 ’ 1 5)
Dudng thang y = 3z — 3 di qua hai diém (0; —§> va (1; 5)
b)
1 3
reR  l
Phuong trinh c6 nghiém tong quét la 1 3 - 2 1
Yy==x+ = 3
, 2 2 , 12
Tap nghiém ctia phuong trinh duge bieu dién béi dudng thang |
1 3 ‘
(dg):y:§x+§.3 O 1 r
Choa::0:>y:§;x:1:>y:2.
2 2 3
Duong thang y = 2z — 1 di qua hai diém <O; 5) va (1;2).
c)
2 r = _\/5
Phuong trinh c6 nghiém tong quat la .
yelR
Tap nghiém ctia phuong trinh duge biéu dién béi duong 1
” —v?2
thing (ds) : @ = —v/2. v B : -
Duong thing z = —v/2 di qua diém (—\/5; 0) va song song
v6i truc tung.
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/=T

. . o2 . JreR (ds)

Phuong trinh ¢6 nghiém tong quat la . 5
y=2

Tap nghiém cla phuong trinh duge bicéu dién béi 1
duong thang (dy) : y = 2.

2 2 — X
Duong thang y = 2 di qua diém (0; 2) va song song véi Lo !

truc hoanh.
O

Bai 3. Xac dinh he s6 géc va tung do gbe ciia duong thang biéu dién tap ngiém ciia cac phuong

trinh bac nhat sau

a) 3r + 3y = —6

1 1
b) —x — -y = =2
)\/§ 5Y
c) \/5:2x—3y.
Lai gidi.

a)

3r+3y=—-6y=—x—2. Yy
Tap nghiém ctia phuong trinh duge biéu dién béi duong 2
thang (dy) :y = —v — 2. 1
Duong thing y = —x — 2 ¢6 hé s6 goéc la —1, tung do
goc —2. A ¢ b
Chor=0=2y=-2y=0=>2=-2. -1
Duong thang (d;) di qua diém (0; —2) va (—2;0). L
(d1)
b)
1 1
ﬁx—ﬁy:—Q(:)y:\/ix—l—éL ? ~ Z )
Tap nghiém cua phuong trinh duge bieu dién bdi
duong thang (da) : y = V2 + 4. 3
Duong thang y = v/2x +4 ¢6 heé s6 goc 1a /2, tung )
do goc 4.
Chor=0=y=4y=0=z=—-2V2. 1
Duong thang (dy) di qua diém (0;4) va (—2\/5; O). —2V2
-2 -1 O x
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c)

2 1
V3=22-3ysy=—-r— —. Yy
Yy<=y 3 /3 ? w“
Tap nghiém ctia phuong trinh duge bieu dién béi duong ) 8
) 2 1
thang (d3) : y = —x — —. A
, 2 1 ) 2 ) -1 1
Duong thang y = gx — % c6 hé so goc la 3 tung do goc 1 B
1 ’
_\/5'
-3 3
Chox:0=>y:T\/—;y:0:x:\/7—.
3

Duong thang (ds) di qua diéem B (0;

(V3
)V&A(7;0>.

Bai 4. Cho hai phuong trinh  + 2y = 4 vi x —y = 1. Vé hai duong thang biéu dién tap nghiem

w ‘

4

ctia hai phuong trinh dé trén cling mot mat phing toa do. Xac dinh toa do giao diém ctia hai

dudng thing dé bang do thi va cho biét né la nghiém ctia phuong trinh nao?

Loi giai.
—1
° x+2y:4<:)y:7w—l—2.
Tap nghiém ctia phuong trinh  + 2y = 4 14 dudng thing (m) : y = %x + 2.

Chor=0=y=2,y=0=z=4.
Duong thang (m) di qua hai diém (0;2) va (4;0).

er—y=1ly=o—-1
Tap nghiém ctia phuong trinh  — y = 1 1a duong thang (n) : y =z — 1.
Chor=0=y=-1y=0=x=1.
Duong thing (n) di qua hai diém (0; —1) va (1;0).

Hai dudng thing (m) va (n) cit nhau tai diém y (n)
(2;1). Toa do (2; 1) la nghiem ciia cdc phuong trinh (")
r+2y=4vax—y=1

Bai 5. Dinh a dé cac cip sb sau la nghiém ctia phuong trinh 3z —y = —5
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a) (a;—2a)

11
e
) a’ a
1
c) (a\/E; —).
2
Lai giai.
a) Cap (a; —2a) la nghiém ctia phuong trinh 3z —y = =5 = 3a+2a = -5 = a = —1.
Vay v6i a = —1 thi cip s6 trén la nghiém ctia phuong trinh 3z —y = —5.
11
b) Cap <——; —) la nghiém ctia phuong trinh 3z —y = —5
a’ a
1 1 —4 5
=3 |——)]——=-5=>—=-5=a=-.
a a a 4
5 .
Vay v6i a = 1 thi cap so trén la nghiém cta phuong trinh 3z — y = —5.

1
c) Cap <a\/§; 5) la nghiém ctia phuong trinh 3z —y = —5

1 -9 —3v2
:>3~a\/_—§:—5:>3-a\/§:7:>a:T\/_.

Vay v6i a = — thi cap s6 trén 1a nghiém ctia phuong trinh 3z — y = —5.

Bai 6. Tim nghiém nguyén ctia cac phuong trinh sau
a) r+3y =2

b) 4z — 5y = 24

c) br+Ty=09.
Loi giai.
— 2
a) x+3y=2y= $3+ .

. . 3
Dé y nguyén thi —z+2:3 = —x+2=3m (m € Z) hay x = 2 —3m. Khidéy:?m:m.

r=2-—3m

Vay phuong trinh c6 nghiém nguyén la véi m 1a s6 nguyen.
y=m
dr — 24
b) 4z —by =24 & y = :55 :
Dé y nguyén thi 42 — 24:5 = 2 — 6:5 (do 4, 5 1a cic s6 nguyén t6 ciing nhau)

4.5k
:>a:—6:5k(kGZ)hayx:5k+6.Khidéy:T:4k.

r =05k+6 )
Vay phuong trinh ¢6 nghiém nguyén la véi k 1a so nguyén.
y =4k
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9—5x_2 5245
7 7

Dé y nguyen thi 52 +5:7 = 2 +1:7 (do 7, 5 1a cac sd nguyén t6 cling nhau)

-7t
:>:B+1—7t(tEZ)hayx-?t—l.Khidéy—2—¥—2—5t.

c) br+Ty=9<y=

r="Tt—1
Vay phuong trinh ¢6 nghiém nguyén la véi t 13 s6 nguyen.
y=2-—>5¢t

2 HE PHUONG TRINH BAC NHAT HAI AN

2.1 TOM TAT LY THUYET

2.1.1 Khai niém

Hé phuong trinh bac nhat hai an x, y c6 dang
ar +by =c
ar+by="<c.

e Néu hai phuong trinh trong (1) c6 nghiém chung (zo; yo) thi (zo; yo) dugc goi 1a mot nghiem
cia hé (1).

e Néu hai phuong trinh da cho khong c6 nghiém chung thi ta néi he (I) vo nghiem.

e Giai he phuong trinh 1a tim tat ci cac nghiém (tim tap nghiém) clia no.

2.1.2 Hé phuong trinh tuong duong

Hai hé phuong trinh dugc goi la tuong duong vdi nhau néu chiing c¢é cung tap nghiém.

Ta dung ki hiéu “<” dé chi sy tuong duong clia hai hé phuong trinh, chang han ta viét

20 —y=1 2v—y=1
=
r—2y=-—1 =2y —1.

2.1.3 Giai hé phuong trinh bang phuong phap thé

Quy tdc thé dung dé bién doi mot hé phuong trinh thanh hé phuong trinh tuong duong.

Quy tac thé gom hai bude sau

e Budc 1. Dung quy téc thé bién dbi hé phuong trinh da cho dé duge hé phuong trinh mdi,

trong d6 c6 mot phuong trinh mot an.

e Budc 2. Giai phuong trinh mot an vita 6, 16i suy ra nghiém ctia hé da cho.
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r—3y =2
Vi du 4. Giai hé phuong trinh
— 2z + 5y = 1.
Loi giai
x—3y= T =3y +2 x=-—13
Ta co & &
—2r+5y=1 —2By+2)+5y=1 y = —b.
Vay hé phuong trinh c¢6 nghiem duy nhat (—13; —5). O

2.1.4 Giai hé phuong trinh bing phuong phap cong dai sb

Quy tic cong dai s6 ding dé bién doi mot hé phuong trinh thanh hé phuong trinh tuong duong.

Quy tac cong dai s gom ba budc sau

e Budc 1. Nhan hai vé cia mdi phuong trinh v6i mot s6 thich hgp (néu can) sao cho céc hé

s6 clia mot an nao do trong hai phuong trinh ctia hé bing nhau hoic déi nhau.

e Budc 2. Ap dung quy tdc cong dai s6 dé dude he phuong trinh méi, trong d6 ¢6 mot phuong

trinh ma hé s6 ciia mot trong hai an bing 0 (titc 14 phuong trinh mot an).

e Budc 3. Giai phuong trinh mot an vita thu duge, roi suy ra nghiém ciia hé da cho.

r+2y="7
Vi du 5. Giai hé phuong trinh
2x 4 3y = 3.
Lo giai.
3r+2y="7 6r +4y =14 6r +4y =14 6r+4-(—1)=14 =3
Ta c6 & & & <
20 +3y =3 6z +9y =9 Sy =—5 y=—1 y=—1.
Vay hé phuong trinh c¢6 nghiem duy nhat (3; —1). O

2.2 BAI TAP

Bai 7. Giai hé phuong trinh sau

) 0,3z + 1,3y = —1 b) V2r —V3y=1
a
1,80 — 3,2y = 4. 5v2x — 44/3y = 8.
3 Ty
) dr+ (V3 -1y=1 Q) Z+§y:41
C
(V34 1)z —3y =5. 5_‘”3_3_%:11.
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4r — 3 20 — oy — 1 -2
Ty = — L e T
e) 5) f) 11 3
15— 9y Tr+y 2v—2
T+ 3y = . = 31.
14 ) 3
5 5 r+1 y+3
o) (x—2)(y+3) =2y h) -1 y+1
(x+2)* = (y—4)* = (z —y)(z +y). 3242y +2=0.
Loi giai.
a)
0,3+ 1,3y = —1 1,8 4+ 7,8y = —6 11y = —10
& &
1,82 — 3,2y = 4 1,82 — 3,2y = 4 1,87 — 3.2y =4
10 20
Y= —77 r= =
11
Vs (9) 4 o
11 YT
20 10
hé hiem d ht( —)
Vay hé c6 nghiém duy nha 33 11
V2r — 3y =1 5vV2x —5v3y =5 5vV2x —5v3y =5 z=2V2
& & &
5v2z — 43y = 8 5v2x — 43y = 8 V3y =3 y =3
Vay hé c6 nghiém duy nhat <2\/§; \/§>
c)
dr+(V3-1y=1 AWV3+ Do +2y=V3+1 AV3+1Dr+2y=V3+1
& &
(V3+1)z—3y=5 A4(V3 + 1)z — 12y = 20 14y = V3 — 19
3—19 _
o 14
V319 _ V319
VST ST
—245vV3 v3—-19
Vay hé c¢6 nghiém duy nhat i \/_; V3 :
14 14
d)
3z Ty
T tay=4 91 + 28y = 492 2252 4 700y = 12300 2252 + 700y = 12300
& & &
3, 95z — 6y =110 | 2252 — 54y = 990 754y = 11310
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225x + 700 - 15 = 12300 =28
y=15 y = 15.

Vay hé ¢6 nghiem duy nhat (8;15).

e)
4oy — 3

Tty = 5 xr+ 5y = -3 14z + 70y = —42
54 ~
15— 9y
x+ 3y = 7 14z + 51y =15 14z + 51y =15
14z + 70y = —42 14z 4+ 70 (=3) = —42 x =12
= = =
19y = —57 y=-—3 y=—3.

Vay hé c¢6 nghiem duy nhat (12; —3).

f)
20 —by—1 x—2y
=16 17z — 37y = 531 51z — 111y = 1593
11 3 - o
Tr+y 2x—2
R et 31z + 3y = 475 1147z + 111y = 17575
1198z = 19168 z =16 =16
= = =

11472 + 111y = 17575 | 114716 + 111y = 17575 |y = —7.
Vay hé c¢6 nghiem duy nhat (16; —7).

g)

3r—2y =26 122 — 8y =24
=
dor + 8y = 12 dr 4+ 8y = 12

(x—2)(y+3) =ay
(z+2°—(y—4?7=(z—y)(x+vy)

=

S | O e N

9
122 — 8y =24 16x = 36 T = =7
54 54 9 54 3
dor + 8y = 12 4o + 8y = 12 4.Z+8y:12 yzg,
VA 2 . . (9 3
Vay hé ¢6 nghiém duy nhat 1’5 :
r+1 y+3
h) x—1 y+1
3r+2y+2=0.
Diéu kien = # 1, y # —1.
Hé tré thanh
(x+1D(y+1)=(wy+3)(z—1) —20+4+2y=—4

=
3+ 2y = -2 3+ 2y = -2
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or = 2 T =
~ <~ 9
3r + 2y = -2 3.2
5
~ X [N ~ ~ [N S 2
So sanh dieu kién, hé ¢6 nghiém duy nhat (5,
Bai 8. Giai hé phuong trinh sau
2 3 _ 1
-5 y+2 2
R L6 1 b)
r—5 y+2 2
4 N 3 13
VT o o\y 36
V%6 10 d)
—f— =1
ViV
227 — 3y* = —1
e) f)
327 + 2% = 18.
Loi giai.
2 3 1
r—5 y+2 2
2) -1 6 1
r—5 y+2 2
Dicu kien o # 5, y # —2.
1 1
bat a = , b= ——, hé tré thanh
=95 y+2
1
20 +3b=—- 2@—1—3():—1
2 o 2
1
—a—|—6b:§ —2a+12b=1
1 3 10
ST T—90=——
knido{“7° e 3 o
m = 30 y+2=30

2
r=-
<~ 58
2y = =2 = ——
Y ) 5.
_§)
=)
4 5 5
r4+y—1 20—y+3 2
3 1 T
r+y—1 20—y+3 5
10 4 5 _1
V12 —3 iy +1
7 8

+ =1
V12 -3 Ay +1

(z+2)?%+(y—1)>=2
2(x+2)* = 3(y — 1) = —1.

1
264+ 3b=—= a=——
1 e 1
156 = = b= —.
2 30
b
3
y = 28.

So sanh diéu kién, hé c6 nghiém duy nhat (; 28).
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4 B 5 _§
b) t+y—1 20—y+3 2
3 1 7
—~ =
r+y—1 2zx—y+3 5
Dieukien z +y —1+#0, 2z —y+ 3 #0.
1 1
Dat a = , b= , hé tré thanh
r+y—1 20—y +3
5 19 1
4@—5[):— 4a—5b:§ ]_9@:— a = —
72<:> 2 & 2 - e 21
3a+b 5 15a +5b=7 a—>5b 5 b 10
1 1 10
Knido{ " L2 e = = o’
e 2¢ —y+3=-10 20 —y = —13 y=—.
2r —y+3 10 3
. N . . . 10 19
So sanh dieu kién, hé ¢6 nghiém duy nhat —g; 5 )
4 3 13
_+_:_
v ooy 36
99 6 10,
Nl N
Diéu kien z > 0, y>0
1
bat a = — véia > 0,b> 0.
Vi f
Hé tré thanh
13 13 1
4a + 3b = — 12a +9b = — 12a + 20b = 2 a=—
36 o 2 . BN 3%
6a + 106 =1 12a + 206 = 2 19 b 12
11
Jr 36 VvV =36 x = 1296
Khi do6 \{E s &
E—— =12 = 144.
i VY y
So sanh diéu kién, hé c6 nghiem duy nhat (1296; 144).
10 5
+ =
d) V122 —3 Ay +1
7 8
V122 — 3 \/43/—1—1
1
Dieu kie >— > ——.
ieu kien x 4,y 1 1
bDita=—=,b=——+——,v6ia>0,b>0.
) V12x —3 Vidy +1
Hé tré thanh
1
10a +5b=1 70a + 35b =7 70a + 35b =7 a:1—5
<~ <~ <~ 1
Ta+8b=1 70a + 80b = 10 45b = 3 h= —.
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1 1
J12z -3 15 V122 —3 =15 122 — 3 =225 r =19
=

Khi dé & =

1 1
I — Viy+1=15 dy +1 =225 y = 56.
Viy+1 15
Vay hé c6 nghiem duy nhat (19;56).
-x =2
2% — 3% = —1 622 — 9y* = —3 62% — 9y? = —3 =4 r=—2
e) & & & S
322 + 2y =18 622 + 4y* = 36 13y% = 39 > =3 y=13
z=—3.
Vay he ¢6 4 nghiem (2;V/3), (2, —V/3), (=2;V3), (=2, —V3).
(r+2°+(y—1)?=2
2(r +2)2 = 3(y — 1) = —1.
Data = (z+2)%, b= (y—1)?v6ia>0,b>0.
Hé tré thanh
a+b=2 a=2-"» a=1
= =
20— 3b=—1 202—-b)—3b=—1 b=1.
.
r=—1
(r+2)*=1 r=-3
Khi d6 s -
(y—1)7=1 y=0
y = 2.
\ .
Vay hé c6 4 nghiem (—1;0), (=1;2), (=3;0), (=3;2).
O

3 GIAI BATI TOAN BANG CACH LAP HE PHUONG
TRINH

Bai 9. Tim hai s6 tu nhién, biét ring tong ctia chting bang 1006 va néu lay sb 16n chia cho s6
nho thi duge thuong 1a 2 va s6 du 1a 124.

Lot gisi.

Goi hai s6 can tim lan lugt 1a a, b (v6i a,b € N va a > b).

Theo dé bai, ta c6 hé phuong trinh

a + b= 1006 a = 1006 — b a = 1006 — b a="712
= <~ =
a=2b+ 124 1006 — b = 2b+ 124 3b = 882 = 294.

Vay hai s6 can tim 1a 712 va 294. O
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Bai 10. Giai bai toan ¢é sau

Quyt, cam mudi bay qua tuoi
Dem chia cho mot tram nguosi cuing vui.
Chia ba méi qua quyt roi
Con cam moi qua chia mudi vita xinh.
Tram nguoi, tram miéng ngot lanh.

Quyt, cam moi loai tinh ranh l1a bao?
Loi gidi.
Goi s6 qua cam va s6 qua quyt lan lugt 1a z, y (v6i z,y € N).
Theo dé bai, ta c6 hé phuong trinh

r+y=17 r=17—y r=17T—y rx=17
54 ~ 54
102 + 3y = 100 10(17 — y) + 3y = 100 — Ty = =170 y = 10.
Vay c6 7 qua cam va 10 qua quyt. O

Bai 11. Mot 0 to di tir A va dy dinh dén B lic 12 gio trua. Néu xe chay véi van toc 35 km/h
thi sé dén B cham 2 gio so v6i dy dinh. Néu xe chay véi van toc 50 km/h thi sé dén B sém 1 gio
so v6i du dinh. Tinh do dai quang duong AB va thoi diém xuat phat ciia 6 to tai A.

Lo giai.

Goi do dai quang duong AB la z km, thoi gian xe dy dinh di tit A dén B 1a ¢ gio.

Diéu kién z, t > 0.

Thoi gian xe di tit A dén B v6i van tc 35 km/h 1a ¢, = — gid.

35

Thoi gian xe di tit A dén B véi van téc 50 km/h 1a ¢y = % gid.
Suy rat=1t; —2 =1ty + 1. Khi d6 ta ¢c6 phuong trinh

x xT 1 1
35 50 *:”3<35 50) 3 & v =350

. 350
Thoi gian xe du dinh di tt A dén B lat = 35 2 = 8 gid.

Vay do dai quang dusng AB 1a 350 km, thoi diém xuat phat ctia 6 to tai A 14 2 gio sang. O

Bai 12. Cho da thic f(z) = — (n +m) 23 + (3n — 4m)x* — mx +m +n + 1. Biét da thitc f(z)
chia hét cho (z —a) khi va chi khi f(a) = 0. Tim m, n biét f(x) chia hét cho da thiic 2% +4x + 3.
Loi giai.

Tacoz? +4x+3=(z+1)(z +3).

Vi f(z) chia hét cho da thitc 22 + 4z + 3 nén

=

@) @+ ) f-1)=0
f(@) i (@+3) (=3 =0
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—(n+m) (=1 +Bn—4m)(-1)* = (=)m+m+n+1=0

=
—(m+m) (=3 +GBn—4m)(=3)* - (=3ym+m+n+1=0
—m+don=-1
=
—5m+55m = —1
me >
3
< P
n=—.
15
5 2
3 =—van=—. OJ
Vay m 3 an B

Bai 13. Tim mot s6 ¢6 hai chit s6 biét tong hai chit s6 d6 bing 13 va néu dbi chd hai chit s6 dé
cho nhau thi dugc mot s6 16n hon s6 da cho 1a 27 don vi.

Loi giai.

Goi s6 can tim 1a ab v6i a,b € N va a # 0.

Ta ¢6 ba = ab+ 27 < 10b+a = 10a + b+ 27 < 9b — 9a = 27.

Tu day ta c¢6 hé phuong trinh

a+b=13 a=13-1b a=2>5
= =
9b — 9a = 27 9% —9(13 —b) =27 b=S8.

Vay s6 can tim 1 58. O

Bai 14. Tim mot s6 c6 hai chit s6 biét tong clia hai chit s6 d6 1a mot s6 nguyén t6 nhd nhat co
hai chit s6 va chit s hang chuc kém hai lan chit s6 hang don vi 1a 1.

Loi giai.

Goi s6 can tim 1a ab v6i a,b € N va a # 0.

Theo dé bai, ta c6 hé phuong trinh
a+b=11 a=>5
b—a=1 b=6.
Vay s6 can tim 13 56. U

Bai 15. Tim dién tich mot hinh chit nhat biét ring tong ciia nita chu vi véi chiéu rong ctia hinh
chit nhat 1& 39 cm va hiéu ctia chu vi va chiéu rong hinh chit nhat 13 42 cm.
Loi giai.
Goi chiéu dai va chiéu rong ctia hinh chit nhat lan lugt 1a a, b m. Diéu kién a, b > 0.
Chu vi hinh chit nhat 1a 2(a + b) m.
Theo gia thiét dé bai, ta c6 hé phuong trinh
(a+b)+b=39 a+26=39 [a=15

= =
2a+b) —b=42 20+ b = 42 b=12.
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Vay dién tich ctia hinh chi nhat 1a 15 - 12 = 180 m?. OJ

Bai 16. Tim dién tich mot hinh chit nhat biét ring dién tich khong thay déi néu tang chiéu dai
6 m va gidm chiéu rong 3 m ho#c gidm chiéu dai 3 m va tang chiéu rong 2,4 m.
Loi gidi.
Goi chiéu dai va chiéu rong ctia hinh chit nhat lan lugt 1a a, b m. Diéu kién a, b > 0.
Dién tich ban dau ctia hinh chit nhat 1&4 ab m?.
Theo dé bai, ta c6 hé phuong trinh
(a+6)(b—3)=ab —3a+6b =18 a=18

~ ~
(a—3)(b+24) = ab 240 —3b =72 b=12.

Vay dién tich hinh chit nhat 1 18 - 12 = 216 m?. O

Bai 17. Tim dién tich mot hinh chit nhat biét rang néu ting chiéu dai 2 m va gidm chiéu rong
3 m thi dién tich gidm di 30 m? v& néu gidm chiéu dai di 4 m va tang chiéu rong 5 m thi dién
tich tang thém 10 m?2.

Lo giai.

Goi chiéu dai va chiéu rong ctia hinh chit nhat 1an lugt 1a a, b m. Diéu kién a, b > 0.

Dién tich ban dau cia hinh chit nhat 1& ab m?.

Theo dé bai, ta c6 hé phuong trinh

(a+2)(b—3)=ab—30 —3a+2b=-24 a=18
= =
(a—4)(b+5)=ab+ 10 5a — 4b = 30 b =15.
Vay dién tich hinh chi nhat 1a 18 - 15 = 270 m?. ]

Bai 18. Mot ngudi di xe may trén quang dudng dai 90 km. Khi di duge 20 phit thi xe hu nén
phai di tiép bang 6 to trong 50 phit nita thi hét quang duong. Tinh van téc xe may biét rang
van toc xe may kém van toc o to 1a 15 km/gio.

Lot gisi.

Goi van toc xe may va van toc 6 t0 lan lugt 1 z, y km/h. Diéu kien z,y > 0.

Quang duong xe may di dudc trong 20 phut la g km.

5
Quang duong 6 t6 di dugc trong 50 phit la Ey km.
Theo dé bai, ta c6 hé phuong trinh

465

R N K
< 570

r=y—15 sz.

. 46 . 570
Vay van toc xe may la a3 km/h, van toc 6 t6 la - km/h. O
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Bai 19. Tim van tbc clia xe 6 to va quang dudng AB, biét rang néu xe tang van toc them 12
km/gio thi sé dén B sém hon 1 gio, néu xe giam van toc di 12 km/gio thi dén B tré hon 2 gio.
Loi giai.

Goi van toc xe 6 t6 1a v km/h, thoi gian dy dinh di tit A dén B 1a ¢ gio. Diéu kién v, ¢ > 0.
Quang duong AB la vt km.

Theo dé bai, ta c6 hé phuong trinh

(v+12)(t — 1) = vt —v 412t =12 v =36
=4 =4
(0—12)(t+2) =vt |20—12t=24 t= 4.
Vay van toc ctia 0 t0 1a 36 km/h, quang duong AB la 36 - 4 = 144 km. O

Bai 20. Mot chiéc thuyén xudi dong va nguge dong trén mot khic song dai 40 km mat tong
cong 4 gio 30 phit. Cho biét thoi gian thuyén xuoi dong 4 km s& bang thoi gian thuyén ngugc
dong 2 km. Tinh van t6c thuyén va van téc dong nude.

Loi gidi.

Goi van toc thuyén va van tdc dong nude lan lugt 1a x, y km/h. Diéu kien z > y > 0.

Thoi gian thuyén xuo6i dong trén khic song 40 km la n gid.
Ty
Thoi gian thuyén nguge dong trén khic song 40 km 1a gio.
r—y
Thoi gian thuyén xuo6i dong trén khic song dai 4 km 1a mn gid.
rTy
Theo dé bai, ta c6 hé phuong trinh
40 40
+ =45
Tty T—y
4 2
Tty w—y
1 1 s LA o 1s
Dat =a, = b, dieu kién a, b > 0. Khi d6 hé tré thanh
T+y r—y
3 1 _ 3 80 o0
40a + 40b = 4.5 “=30 z+y 80 x+y—§ r =
<~ ~ 4 54
_ 3 1 3 40 20
40 rx—y 40 3 3
. N IRPEN s 20
Vay van toc thuyen la 20 km/h, van toc dong nude 1a 3 km/h. O

Bai 21. Hai voi nuéc ciing chidy vho mot cai bé can thi trong 6 gio 40 phit sé day bé. Néu mé
voi thit nhat chay trong 4 gio va voi thit hai chay trong 5 gio thi day g bé. Hoi mbi voi chay mot
minh thi bao lau méi day bé?

Lot giai.

Goi z, y gio lan lugt 1a thoi gian voi thit nhat va voi thit hai mot minh chdy day bé.

Dieu kién z,y > 0.
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) 1.,
Trong 1 gio, voi thit nhat chay duge — be.
x
1 2
Trong 1 gio, voi thi hai chay duge — be.
1,
Trong 1 gio, ca hai voi chay duge — + — be.
r oy
oo , 20 ..
Doi 6 gio 40 phut = 3 gig.
Theo dé bai, ta c6 hé phuong trinh

1+1 3 1

T y_20 T 12 r=12
4 5 2 Y1 19y
fy222 o |y=15
r Yy 3 y 15

Vay thoi gian voi thit nhat chdy mot minh day bé 1a 12 gis, thoi gian voi thit hai chay mot minh
day bé la 15 gio. O

Bai 22. Hai doi cong nhan ciing stta mot con duong. Néu doi A lam nita con dudng 1oi giao cho
doi B lam phan con dudng con lai thi mét tong cong 8 gio sé xong. Néu hai doi lam chung véi
nhau thi chi sau 3 gio da xong con duong. H6i mdi doi lam riéng thi mat bao lau mdéi lam xong
con dudng?

Loi giai.

Goi z, y (git) lan lugt 1a thoi gian doi A va doi B lam riéng dé hoan thanh con dudng.

Dieu kién z,y > 0.

1
Trong 1 gio, doi A lam duge — (con duong).
T

1
Trong 1 gis, doi B lam dugc — (con dudng).

1 1
Trong 1 gio, cd hai doi lam duge — 4+ — (con dudng).
r Yy

Theo dé bai, ta c6 hé phuong trinh

Yy
§+§:8 x+y =16 r+y=16
1 1 19Yz+y 1%
— 4 —-== == =48
x + y 3 Ty 3 o
X =12
x, y la nghiém ctia phuong trinh X2 — 16X +48 =0 <
X =4.
Vay thai gian hoan thanh con duong ctia méi doi la 12 gio va 4 gio. O

Bai 23. Hai doi A va B cung dao mot con muong. Néu doi A dao trong 8 gio roi doi B mdi vao
cuing dao thi 4 gio nita méi xong con muong. Néu doi A ddo trong 10 gio 30 phit ro6i doi B méi
vao cling dao thi chi mat 3 gio nita dao xong con muong. Héi moéi doi dao rieng trong bao lau sé
dao xong con muong?

Lai gidi.
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Goi z, y (git) lan lugt 1a thoi gian doi A va doi B lam riéng dé hoan thanh con muong.
Diéu kién z,y > 0.

1
Trong 1 gio, doi A lam duge — (con muong).

T
1
Trong 1 gio, doi B lam duge — (con muong).
Y
1 1
Trong 1 giv, ¢ hai doi lam duge — + — (con muong).
r oy
Theo dé bai, ta c6 hé phuong trinh
8 1 1 12 4
() (Zeion (il
T r oy - Ty DX 18 - T =
1 1 1 135 3 1 1
£+3.<_+_>:1 — 4+ —=1 - = — y:12.
T Tz Yy x Y y 12

Vay thoi gian doi A dao xong con muong la 18 gis, thoi gian doi B dao xong con muong la 12
gio0. U
Bai 24. Hai ngudi thg cing lam chung mot cong viéc dyr dinh trong 12 gio sé xong. Ho lam dugce
v6i nhau trong 8 gio thi ngusi the thit nhat ban viéc nén nghi, ngusi tho thit hai tiép tuc lam.
Do tang nang suat gap doi nén cong viec con lai nguoi the thit hai lam trong 3 gio 20 phut thi
xong. Héi néu mdi ngudi thg lam mot minh véi nang suat dy dinh ban dau thi phai mat bao lau
mdi xong cong viéc?

Loi giai.

Goi x, y (gio) lan lugt 1a thoi gian ngudi thg thid nhat va ngudi thg thi hai lam mot minh dé
hoan thanh cong viéc.

Diéu kieén z,y > 0.

. 1
Trong 1 gio, ngusi thg thi nhat lam duge — (cong viéc).
x
1
Trong 1 git, ngudi thg thi hai lam duge — (cong viéc).
1
Trong 1 gio, cd hai ngudi thg lam duge — + — (cong viéc).
r oy
.. . ) 10 .,
Doi 3 gio 20 phut = 3 gig.
Theo dé bai, ta c6 hé phuong trinh

1 1 1 1 1 1

Ty I N EAR RN N Eat

8.<l+1)+9.g:1 §+%:1 l—l y:20.
AT 3 vy x 3y y 20

Vay nguoi tho thit nhat hoan thanh cong viéc trong 30 gio, nguoi tho thit hai hoan thanh cong
viéc trong 20 gio. 0
Bai 25. Theo ké hoach, dé hoan thanh mot 16 hang trong thoi han du dinh, méi ngay xudng san

xuat 50 cai 40. Nhung thuc té, moéi ngay xudng san xuat hon ké hoach 6 cai 40. Do vay, xudng
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vuot trude thoi han 3 ngay va lam vuot s6 luong san pham 1a 120 cai 4o so véi ké hoach. Vay
theo ké hoach phai lam bao nhiéu cai 4o va trong bao nhiéu ngay?

Loi giai.

Goi s6 chiée 40 can lam 1a o (cai), s6 ngay dé hoan thanh theo ké hoach la y (ngay).

Theo dé bai, ta c6 hé phuong trinh

o0y ==z o0y —x =0 x = 2400
= =
56(y — 3) = x + 120 56y — x = 288 y = 48.

Vay theo ké hoach thi xudng can lam 2400 chiéc 4o va lam trong 48 ngay. O



Chuong 2

HAM SO y = az? (a #0) - PHUONG

TRINH BAC HAI MOT AN

1 HAM SO Y = AX?(A #0)

1.1 TOM TAT LY THUYET

a) Ham s6 y = az?.
Tinh chat ctia ham s6 y = ax? (a # 0):
e Néu a > 0 thi ham s6 nghich bién khi z < 0 va dong bién khi 2 > 0.
e Néu a < 0 thi ham s6 dong bién khi x < 0 v nghich bién khi z > 0.
b) D6 thi ham s6 y = az?.
D6 thi ham s6 y = ax? (a # 0) 1a mot dudng cong di qua goc toa do va nhan truc Oy lam
truc déi xing. Duong cong d6 goi 1a mot parabol véi dinh O.
e Néu a > 0 thi do thi nim phia trén truc hoanh, O la diém thap nhat ctia do thi.

e Néu a < 0 thi do thi nim phia duéi truc hoanh, O la diém cao nhat ctia do thi.

1.2 VI DU

Vi du 6. Vé do thi ham s6 y = 22
Loi giai.

25



CHUONG 2. HAM SOY = AX? (A # 0) - PHUONG TRINH BAC HAI MOT AN 26

Bang gia tri: y

D& thi (Hinh 1) |

[
Vidu 7. Vé do thi ham s6 y = —222.
Lot gisi.
Bang gia tri: y
—2-1
v =2 -1]0] 12 A
y=—22] 8| -2]0|-2]-8 YN
o2\
Do thi (Hinh 2) i |
]
1.3 BAI TAP
N . 1
Bai 26. Vé do thi ham s@y:—§$2 va y = —22% trén cing mot hé truc toa do.
Lai giai.
Bang gia tri: Y
—2-1
v =210 1|2 e
1 1 1 I | ! I
= 2 21 —=10!—=-=1 -2 e : :
/ ’ 2 2 A
i \y=—ia?
y=—22%| -8 | 20| -2|-8 | |
:_22 [
Yy T 3
]

Bai 27. Cho ham s6 y = ax? c6 do thi di qua diém A(2;4).

a) Tim a va vé do thi ham s6 do.
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b) Dua vao do thi, tim gia tri nhé nhat va 16n nhat ctia ham s6 d6 véi —2 < z < 1.
Loi giai.

a) Thayr =2vay=4vaohamsdby=ar’=4=4a=a=1.
Khi d6 ta c6 ham s6 y = 22

Bang gia tri: y

b) V6i —2 < x <1 tit hinh vé ta thay

e Gi4 tri nho nhat ctia ham s6 14 0 tai z = 0.

e Gi4 tri 16n nhat ctia ham s6 1a 4 khi v = —2.

l

Bai 28. Trén cing mot hé truc toa do, vé cdc do thi ham s6 sau: y = 22%,y = 2,y = 0 va
y = —2. Parabol y = 222 ciit cdc do thi ham sb con lai tai bao nhiéu diém? Xac dinh toa do céc
giao diem do.

Loi giai.

Bang gia tri: Y

e Parabol y = 222 khong cit duong thing y = —2
e Parabol y = 222 tiép xtc duong thing y = 0 tai 1 diém.
e Parabol y = 222 cit duong thing y = 2 tai 2 diém.

Vay parabol y = 222 c&t cdc dd thi ham s6 con lai tai 3 diem (—1;2), (1;2) va (0;0). O
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1 . . N
Bai 29. Cho parabol (P): y = Z$2 va duong thang d qua 2 diem A, B € (P) c6 hoanh do lan
lugt 1a 2, —4.
a) Vé (P).

b) Tim phuong trinh dudng thing d.

Loi giai.
a) Vé (P).
Bang gia tri: y
x —4]1-2]0]2]|4
Y= }l:ﬁ 4 11 (0]1]4

N 1
b) Thay z = 2 va x = —4 lan lugt vao (P): y = 1172 ta dugc y =1 va y = 4.
Vay toa do giao diém 1a A(2;1) va B(—4;4).
Duong thang AB c6 dang y = ax + b.

1

2a+b=1 a=—=

Thay toa do A(2;1) va B(—4;4) vao y = ax + b ta duge = 2
—4da+b=4 h=2.

) 1
Vay phuong trinh duong thang AB la y = —5117 + 2.

Bai 30.
a) Vé (P):y=x?
b) Biét cac diem A, B € (P) va lan lugt c¢6 hoanh do bing 1 va —; Tinh tung do cia ching.
c¢) Viét phuong trinh duong thang AB.
d) Viét phuong trinh duong thang (D) song song v6i AB cat (P) tai diém c6 hoanh do la —2.
Lai giai.
a) Vé (P): y=2?

Bang gia tri: y
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3 .. 9
b) Thay:nzlvax:—§lanluotvao(P):yz:rztadu’ocyzlvayzz

39
¢) Theo cau b ta c6 A(1;1) va B (—5; Zl)
Phuong trinh duong théng AB ¢6 dang y = ax + b.

1
3 9 a+ b = a = —=
Thay toa do A(1;1) va B <——; —) vao y = ax + b ta dugc 3 9 = 3 2
4 2
) 1 3
Vay phuong trinh duong thang AB la y = —51: + 3

d) Vi dudng thang (D) song song véi AB nén phuong trinh cé dang y = —%x + b v6i (b # ;)
Vi (D) cit (P) tai diém c6 hoanh do 1a —2 nén thay = —2 vio (P): y = 2? ta dude
y =4.
Thay x = —2 vay:4vémoy:—%x—i—btaduceb:&

. 1
Vay phuong trinh dusng thang (D) la y = —5% + 3.

Tz —2

) 1
Bai 31. Cho duong thang (D): y = I va parabol (P): y = —ZxQ va M(0;4).

a) Tim giao diém gitta (P) va (D).
b) Viét phuong trinh dusng thang (d) qua M va tiép xic véi (P).
Loi giai.
a) Phuong trinh hoanh do giao diém ctia (P) va (D)
1 r—9 r=-2=y=-1

—1152— I St+r-2=0&(z+2)(z—-1)=0&

1
x:1:>y:—4—1.

Y 1
Vay toa do giao diem gita (P) va (D) la A(—-2;—-1) va B (1; _Z>

b) Phuong trinh dudng thang (d) c6 dang y = ax + b.
Duong théng (d) qua M(0;4) nén b =4 = (d): y = ax + 4.
Phuong trinh hoanh do giao diem ctia (d) va (P)

1
—ZxQ:ax+4<:>x2+4aaj+16=0-

Vi (d) tiép xtic v6i (P) nén A' =0 & 4a®> — 16 =0 & a = £2.
Vay phuong trinh dudng thing (d) 1a y = +2x + 4.

Bai 32. Cho (P): y = az? va 2 diém A(2;3), B(—1;0).
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a) Tim a biét rang (P) di qua M(1;2). V& (P) v6i a vita tim dugc.
b) Tim phuong trinh dudng thing AB va tim giao diém ctia AB v6i (P).

¢) Goi C la giao diém ctia AB v6i (P) c¢6 hoanh do duong. Viét phuong trinh dusng thang

qua C va c6 v6i (P) mot diem chung duy nhat.
Loi giai.

a) Thay M (1;2) vao (P): y = az® ta dugc a = 2.
Vay ta c6 (P): y = 22°.

Béang gia tri: y

b) Phuong trinh duong thang AB c6 dang y = ax + b.
2a+b=3 a=1
Thay A(2;3) va B(—1;0) vao y = ax + b ta dugc =
—a+b=0 b=1.
Vay phuong trinh duong thing AB lay = —z + 1.
Phuong trinh hoanh do giao diém ctia (P) va (AB)
1 1
r==-=UY==
2’ =—r+1e2+r-1=0 2z -1)(z+1)=0s 2 2
r=—-1=y=2

N ; 11
Vay toa do giao diem gitta (P) va (D) la <§, §> va (—1;2).

. 11
¢) Vi C la giao diem cua AB véi (P) ¢6 hoanh do duong nén C' <§, 5)
Phuong trinh dudng thang (d) qua C c¢6 dang y = ax + b.

11 1 1
ThayC(§;§ VéOy:ax+btacc’)§a+b:§:>a:1—2b.
Suy ra phuong trinh dudng thang (d) c6 dang y = (1 — 2b)z + b.

Phuong trinh hoanh do giao diém ctia (P) va (d)

20 = (1 —=2b)r + b 202 — (1 —2b)z —b=0. (%)
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Duong thang (d) c6 véi (P) mot diem chung duy nhat khi (x) c6 nghiém kép khi

1

A:O(:)(1—2b)2+8b:0<:>4b2+4b+1:0<:>(26+1)2:0<:>b:—§.
) 1

Vay phuong trinh duong thang (d) la y = 2z — 3

[l

N . P 1
Bai 33. Trong cung hé truc toa do, goi (P) va (D) lan lugt 1a do thi cac ham s6 y = ZxQ va

y=—x— 1
a) Vé (P) va (D).
b) Dimng do thi dé gidi phuong trinh 22 + 47 + 4 = 0 va kiém tra lai bang phép toan.

¢) Viét phuong trinh dusng thang (d) song song v6i (D) va cat (P) tai diém c6 hoanh do 1a
4.

Lai gidi.
a) Ve (P) va (D).

Béang gia tri: y

b) Ta co
1
x2+4x+4:0<:x2:—4m—4<:>Zﬁz—x—l.

Day la phuong trinh hoanh do giao diém ctia (P) va (D) nén tit hinh vé cho ta nghiem
T = -2

Béng phép todn ta c6 1?2 +4r+4=0& (z+2)? =0z = —2.

c¢) Phuong trinh dudng thang (d) song song véi (D) c6 dang y = —x + b véi (b # —1).
Duong thing (d) cat (P) tai diém c6 hoanh do 1a 4 nén thay z = 4 vio y = }le ta c6
y =4.
Thay x =4 vay=4vaoy = —x + b ta dugec b = 8.
Vay phuong trinh duong thing (d) 1a y = —a + 8.
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Bai 34. Cho parabol (P): y = ax? va dudng thing (D): y = 2m — z + 1 cit nhau tai diém
A(=1;1).

a) Tim a va m. Vé (P) va (D) trén cing mot hé truc toa do.
b) Tim giao diém con lai ctia (P) va (D) bing phép toan.

c¢) Viét phuong trinh dudng thing song song véi (D) va cit (P) tai diém B c¢6 hoanh do bing
tung do (B khac goc O).

d) Tam gidc OAB la tam giéc gi? Tinh dién tich cta tam giac OAB.

Loi giai.
a) Thay A(—1;1) vao (P): y = ax? ta dugec a = 1.
1
Thay A(—1;1) vao (D): y =2m — x + 1 ta dugc 2m+1—|—1:1(:)m:—§.

Khi d6 ta c6 (P): y =2* va (D): y = —x.
* Vé (P) va (D) trén cing mot hé truc toa do.

Béang gia tri: y

b) Phuong trinh hoanh do giao diém ctia (P) va (D) la

) ) r=0=y=0
rr=—zrer+r=0szr+1)=0&

r=—-1=y=1
Vay giao diém con lai ctia (P) va (D) 1a O(0;0).
c¢) Goi d la dudng thang can tim.
Vi d 1a dudng thang song song v6i (D): y = —x nén phuong trinh duong thang c6 dang

y=—x+b(véib#0).
Vi (d) cit (P) tai diém B c6 hoanh do bang tung do nén B(zp;r5).

b b b
DoBe(d):>w3:—x3+b:>x3:§:>B<§;§).
b
b b\’ b (b 5 =0 b =0 (loai
MatkhécBe(P):y:gg?j_:(_) <:>—-<——1>:0<:>2 - (loai)
’ ’ 2 N2 5:1 b = 2 (nhan).

Vay phuong trinh dudng thang (d): y = —x + 2
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d) Tac6 OA=+V124+12=+/2, OB=+/124+12=+2= 0OA = OB = AOAB can tai O.
1
Ta c6 A(—1;1) va B(1;1) suy ra Saoap = 2 - 5 1-1=1 (dvdt).

Bai 35.
a) Dinh m dé (P): y = ma? di qua diem M(—2;—2). V& (P) v6i m vita tim duge.

b) Chitng minh ring moi dusng thang qua diém A(0; —1) va khong song song véi hai truc déu
cat (P) tai 2 diém phan biét.

L&i giai.

1
a) Thay M(—2;—2) vao (P): y = mz? ta dugc 4m = -2 = m = ~3

1
Khi do (P): y = —51'2.
Béang gia tri: y
—2-1
v =2 -1/0| 1|2 e
Ll o Lo 22 2 Ve 1
=—zz° | 2| —¢ - e ‘ ‘
Y779 2 2 R

b) Goi (d) 14 duong thang qua diém A(0; —1) va khong song song vdi hai truc toa do, suy ra
phuong trinh dudng thing (d) c6 dang y = ax — 1 véi a # 0.

Phuong trinh hoanh do giao diém ciia (P) va (d)
1
—§$2:ax—1<:>x2+2ax—2:0. (%)

Ta c6 A’ = a? 4+ 2 > 0, Va nén (*) luon c6 2 nghiem phan biét véi moi a.

Vay moi duong thang (d) déu cat (P) tai 2 diém phan biét.

O

Bai 36. Cho parabol (P): y = 222 va dudng thang (D): y = (m + 1)z — 2 cit truc hoanh tai

diém c6 hoanh do 1a 3
a) Tim m. Vé (P) va (D) trén cing mot hé truc toa do.
b) Xac dinh vi tri tuong ddi ctia (P) va (D). Tim giao diém cia chiing.

Lai gidi.
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2 . 2 2
a) Duong thang (D): y = (m + 1)z — 2 cat truc hoanh tai diém c6 hoanh do la 3 nén thay
2 2
.r:gVEmy:Ovao (D): y=(m+1)x —2 ta dugc (m+1)-§—220:>m:2.
Khi d6 ta c¢6 (D): y = 3z — 2.

*x Vé (P) va (D) trén cing mot hé truc toa do.

Bang gia tri: y

S Wl Ny

y=3r—2| =2

b) Phuong trinh hoanh do giao diém ctia (P) va (d)
202 =32 -2 20 —3x+2=0 ()
Taco A=9—-4-2-2=—-7<0= (*) vo nghiém.
Vay (D) va (P) khong c6 diém chung.
O
Bai 37. Cho do thi ham s6 (P): y = az? va duong thang (D): y = ma+n déu di qua A(—2; —4)
va (D) cit truc tung tai diém c6 tung do 1a —2.
a) Xac dinh (P) va (D). Vé (P) va (D) trén cing mot hé truc toa do.
b) Tim giao diém B con lai ctia (P) va (D) biang phép toéan.
¢) Tinh khodng cach gitta hai giao diém d6. Tinh dién tich Sapas.
Loi giai.
a) Thay A(—2;—4) vao (P): y = az® ta dudc da = —4 = a = —1= (P): y = —2*.
Thay A(—2;—4) vao (D): y = mz +n ta dugc —2m +n = —4 (1).
(D) cét truc tung tai diém c6 tung do 1a —2 nén thay r = 0 vay = —2 vao (D): y = ma+n

ta dugc n = —2 (2).

m =1
Tu (1) va (2) suy ra = (D):y=z-2.
n=—2

*x Vé (P) va (D) trén cing mot hé truc toa do.
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Bang gia tri:

21

v =2 -1l0| 1|2 A
y=—a2|—4|-1]|0]—-1]|—4 | 9 |
x 0 |2 P R |

y=x—2|-210

b) Phuong trinh hoanh do giao diém ciia (P) va (D)

) ) r=1=y=-1
—rf=r—-22r'+r-2=0&(r—-1)(z+2)=0&
rT=-2=y=—4

Vay toa do giao diem B con lai ctia (P) va (D) 1a B(1; —1).

¢) Taco A(—2;—4) va B(1;—1) = AB = /(1 +2)2 + (-1 + 4)2 = 3/2.
1 1
Dién tich Spoup==-2-24+-=-2-1=3 (dth)

2 2
Bai 38.
a) Cho (P):y = 322, (Dy): y = 3 vd (Dy): y = ma + 1. Dinh m dé (P),(D;) va (D) cit
nhau tai mot diém.

b) Cho (P): y =22 (Dy): y =4a* va (Dy): y = ax +a (a # 0). Dinh a dé (P), (D;) va (Ds)

cit nhau tai mot diém.
Lai giai.

a) Phuong trinh hoanh do giao diém ctia (P) va (D;)
307 =3 &

Suy ra toa do giao diem ctia (P) va (D) 1a A(1;3) va B(—1;3).
Trudng hop 1: (P), (D;) va (D) cit nhau tai mot diém A(1;3).
Thay A(1;3) vao (Dg):y=mez+1=>m+1=3=m=2.
Trudng hgp 2: (P), (D;) va (D) cat nhau tai mot diem B(—1;3).

Thay B(—1;3) vao (Ds):y=maz+1=—-m+1=3=m=—-2.

Vay m = #£2 14 gia tri can tim.
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b) Phuong trinh hoanh do giao diém ctia (P) va (D)

Suy ra toa do giao diém ctia (P) va (D) 1a A(2a;4a?) va B(—2a;4a?).
Trudng hop 1: (P), (D) va (D,) cit nhau tai mot diem A(2a;4a?).

Thay A(2a;4a®) vao (De): y=ar+a=2a*>+a=4a>2d> —a=0%&

Trudng hgp 2: (P), (D)) va (D) cit nhau tai mot diem B(—2a;4a?).

Thay B(—2a;4a?) vao (Dq): y =azx +a = —2a* +a=4a*> & 60> —a=0&

1 R
Vay a =0, a = 5 0= G la gia tri can tim.

3 PHUONG TRINH BAC HAI MOT AN SO

3.1 TOM TAT LY THUYET

36

a) Phuong trinh bac hai mot an (hay phuong trinh bac hai) 1a phuong trinh c¢6 dang

ar? + bx + ¢ = 0; trong d6 x 1a an s6; a, b, ¢ 1a nhing s6 cho trude goi la céc hé s6

va a # 0.

b) Cong thiic nghiém : Tinh A = b* — 4ac
b= VA

T =

% N N . n . n 2a
e Néu A > 0 thi phuong trinh c¢6 2 nghiém phan biét
—b+ VA
Ty = ————.
2a
. b
e Neu A = 0 thi phuong trinh ¢6 nghiém kép x; = x5 = 5
a

e A < 0 thi phuong trinh vé nghiém.

Chu y 2. Néu phuong trinh bac hai ax? + bz + ¢ = 0(a # 0) ¢6 a va ¢ trai dau thi phuong

trinh c6 hai nghiém phan biét.

c¢) Cong thiic nghiém thu gon:
Néu b =2V, dat A’ = b? — ac
=V — VA
= —
a
b VA

a

e Néu A’ > 0 thi phuong trinh c6 2 nghiém phan biét

T2
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) b
e Néu A’ = 0 thi phuong trinh ¢6 nghiém kép 1 = 29 = ——.
a
e A’ < 0 thi phuong trinh vo nghiém.
3.2 BAI TAP
Bai 14. Giai phuong trinh
a) 522+ 3z —1=0. e) 22— (2+V3)z+2v/3=0.
b) 22% — Tz + 6 = 0. f) 22— (V3-V5)z—VIs =0.
¢) z* = Vhr +1=0. g) 522 +5v2x +2,5 = 0.
1
2 _
Lo giai.
a) b2 ++/3z —1=0.
a=5b=+3c=—1.
A=t —dac=(V3) —4.5-(-1)=23>0.
VA E D
l‘l = =
. P . I 2a 10
Phuong trinh ¢6 hai nghiém phan biét
b+ VA —V3+V23
Ty = = :
2 2a 10

b) 22% — Tz + 6 = 0.
a=2,b=-7¢c=6.
A=0—dac= (-7 —-4-2-6=1>0.

—b—+vVA T-1 3
2

J;l — = =
. L1 s A qen 2a 4
Phuong trinh ¢6 hai nghiém phan biét
—-b+VvVA T+1
2a 4
¢) 22 —/bx +1=0.
a=1b=—V5c=1.
A=t —dac=(—v5) —4-1-1=1>0.
—b—vVA V5-1
[L’l = =
. L1 s A qa 2a 2
Phuong trinh ¢6 hai nghiém phan biét
—b+vVA V541
To = = .
2a 2
1
d) V222 + 22+ ——= = 0.
) V2a? 4+ V2 e 1
a=vV2,b=+2c=——

9

2

37
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2 1
A=b—4ac= (V2) —4-vV/2-——==0.
—b
Phuong trinh ¢6 nghiém kép xy = x5 = 2
a
e) % — <2—|—\/§)x+2\/§:o.
a=1,b=—(24++3), c=2V3.
A = b —dac= [—
= 4+4V3+3-
2
- (Vi)
a1
Phuong trinh c6 hai nghiém phan biét
X2

:vz—(\/_—\/g)x—\/l_:O.
azl,b:—(\/_—\/g),c:—\/ﬁ.

A

38

V21
T o2 2

2+V3)P—4-1-2V3

8V3=4—4V3+3

0.

“b—VA _2+V3-(2-+3)
2a 2

—b+ VA 24+V3+2-3

2a 2

V3

2.

b — dac = [—(\/5— \/g)]z —4-1-(=V15)

= 3-2V15+5+4V15=3+2V15+5
2
= (\/§+\/5) > 0.
—b—vVA V3-V5-(3+V5) Vi
T Ty T 2 =ove
Phuong trinh c¢6 hai nghiém phan biét
© b+ VE _VE-VEEVE+VE _ o
e T 2 = V3

522 +5v2x + 2,5 = 0.
a=5b=>5V2 c=25.

2
A = b —dac=(5v2) —4-5-25
= 50—-50=0.
—-b  —5V2 2
Phuong trinh ¢6 nghiém kép xy = 9 = 5. = T\g_ = _g
h) 42? + 122 — 7= 0.
a=4,b=12, c=—-T.
A =b?—ac=6>—4-(-7)=64>0.
bV —VA 664 T
T = = —_
Phuong trinh c¢6 hai nghiém phan biét a 4 2
i ey ' —b +VA —6+64 1
1'2 = — —

a 4 2
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Bai 15. Cho phuong trinh (m — 1)z? —2(m + 1)z +m — 2 = 0.

a) Tim m dé phuong trinh c¢6 2 nghiém phan biét.

b) Giai phuong trinh v6i m = 5.
Lai gidi.

a) Tim m dé phuong trinh c¢6 2 nghiém phan biét.
a=m-—1,b=-2(m+1),c=m—2.

A = b2 —ac=[-(m+ 1] = (m—1)(m—2)
= m*+2m+1—(m?>-2m—-m+2)=5m— 1.
a0 m—14#0 m#1

Phuong trinh c6 2 nghiém phan biét < & &

A'>0 S5m—1>0 m>5.

b) V6i m = 5.
Ta c6 phuong trinh 42?2 — 122 + 3 = 0.
a=4,b=—-12, c=3.

AN=V*—ac=(-6)*—4-3=24>0.
V- VAN  6-v24 3-6
B 2

T =

Phuong trinh ¢6 hai nghiém phan biét

2 a A 2

Bai 16. Tim m dé cac phuong trinh sau c¢6 nghiém kép. Tinh gia tri nghiem kép dé.

a) 22+ 2z +m=0. b) 4z —mx +2m + 9 = 0.
¢c) (m—1)z>+m—2=0. d) (m+2)2® +6mz +4m +1 = 0.
Li giai.

a) ¥+ 2z +m=0.
a=1,b=2 c=m.
AN=b?’—ac=1>-1-m=1—m.
Phuong trinh ¢6 nghiem kép & A'=0<1-m=0<m=1.
Khi d6 nghiém kép 1a 91:1:91;2:—%/:—%:—1.
b) 4x? — mx +2m + 9 = 0.

a=4,b=-m,c=2m+9.

A = b —dac=(—m)®*—4-4-(2m+9)

a 4
VYA 6+v24 3446

39
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= m?—32m — 144
= (m+4)(m — 36).

Phuong trinh ¢6 nghiém kép

& A=0&(m+4)(m—36)=0

-m—|—4:O
=
m—36=0
-m:—4
=
m = 36.
. s . R b m 1
e V6i m = —4. Khi dé nghiem képlaxi =09 =—— = — = —=
2a 8 2
» sl . N b m 9
e VG6i m = 36. Khi d6 nghiem kép la 1 =29 = —— = — = —.
2a 8 2

¢) (m—1)22+m—2=0.
a=m-—1,b=0,c=m— 2.
A = b —dac=0*—4-(m—1) - (m—2)
= —4(m—1)(m —2).

a#0 m—1#£0
Phuong trinh ¢6 nghiém kép < & Sm—2=0&m=2.
A=0 (m—1)(m—2)=0
b 0
Khi d6 nghiem kép la xy =29 = —— = ———— = 0.

2a 2(m —1)
d) (m+2)z* +6mx+4m+1=0.
a=m-+2,b=6m,c=4m+ 1.

A = b?—ac=(3m)? - (m+2)- (4m+1)
= 9m* — (4m* + m +8m + 2)
= 5m?—9m — 2
= (m—2)(bm+1).
a#0 m+2#0 m =2

Phuong trinh ¢6 nghiém kép < & & 1
A'=0 (m—2)(5m+1)=0 m=—.

y 3 6 3
oWﬁszl&hﬁn@@n@pmxp:@:—g:—Eg%:—zz—a
1 y 3 1
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Bai 17. Tim m dé cac phuong trinh sau c¢6 2 nghiém phan biét.
a) 222 —6x+m+7=0. b) ma® —2(m — 1)z +m+1=0.
Loi giai.
a) 222 — 6z +m+7=0.
a=2,b=—-6,c=m+17T.

AN =b>—ac=(-3)?*-2-(m+7)=-5-2m.

5
Phuong trinh c¢6 2 nghiém phan biet & A’ >0 —5—-2m >0 m < —5

b) mz? —2(m— 1)z +m+1=0.
a=m,b=-2(m—1),c=m+ 1.
AN=V—ac=[-(m—-1D-m-(m+1)=m?>—=2m+1—m?>—m=—3m+1.

a#0 m #0 m # 0
Phuong trinh ¢6 2 nghiém phan biét < & & 1
A'>0 —-3m+1>0 m< 3.

Bai 18. Tim m dé cac phuong trinh sau vo nghiém.
a) bz’ —2r +m = 0. b) m*z* + mx +4 = 0.
Loi giai.
a) bz —2x +m = 0.
a=>5b=-2c=m.

AN =b>—ac=(-1)>-5-m=1-5m.

1
Phuong trinh vo nghiem < A’ <0< 1-5tm <0< m > =

b) m?z* + mx + 4 = 0.
a=m?b=m, c=4.

A=V —4ac=m?—4-m-4=m?—16m = m(m — 16).

Truong hop 1: a=0& m =0.
Khi d6 phuong trinh tré thanh 4 = 0 (vo nghiém).
Nhan m = 0.
Truong hop 2: a #0< m? #0< m # 0.
Khi d6 phuong trinh vo nghiém
& A <0
< m(m — 16) < 0.

41
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m <0 m <0

o & (khong thoa).
m—16 >0 m > 16
m >0 m >0

° & <0< m<16.
m—16 <0 m < 16

Bai 19. Tim m dé phuong trinh sau c6 nghiem.
a) 22 +2(m— 1)z +m?+1=0. b) (m? — )z?+2(m+ 1)z +1=0.
Lai giai.
a) 224+ 2(m— 1Dz +m2+1=0.
a=1,b=2(m—1),c=m?*+1.

A=V —ac=(m-12-1-(m*+1)=m?-2m+1-m?—1=—2m.
Phuong trinh ¢6 nghiem < A’ >0< —2m > 0< m < 0.

b) (m? —1)z*> +2(m+ 1)z +1=0.
a=m?>—1,b=2(m+1),c=1.
AN=pV—-a=m+1)?>—m*—1)-1=m?+2m+1-m?>+1=2m+ 2.
m =1
Truong hgp 1: a =0 m? —1=0<
m = —1.
1
e V6i m = 1. Khi d6 phuong trinh tré thanh 4:13‘+1:0<:>37:—Z.
Nhan m = 1.

e V6i m = —1. Khi d6 phuong trinh tré thanh 1 =0 (v6 nghiém).

Loai m = —1.
m # 1
Truong hop 2: a #0 & m? —1#0 <
m # —1.
Khi d6 phuong trinh c6 nghiém

S A >0
S2m+2>0
& m > —1.
m > —1

m # 1.

Két hop 2 truong hop ta duge phuong trinh c6 nghiem < m > —1.

So diéu kién dang xét, ta co
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Bai 20. Ching minh phuong trinh sau luon ¢6 nghiém véi moi gia tri ctia a
a) 22 —2(a+ 1)z +a—4=0. b) (a+1)z? —2(a+3)x +2=0.
Loi giai.
a) 2* —2(a+ 1)z +a—4=0.
Ta co
A = (a+1)*—1-(a—4)
= a*+2a+1—a+4
= a’+a+5h
(a+2) =1
== a — —_ =
2 4

1\? 19
= <a+§> +Z>0,Va.

Vay phuong trinh luon c6 nghiém véi moi a.
b) (a+1)z? —2(a+3)xr+2=0.

e Truong hop l: a+1=0&a=—1.
1
Khi d6 phuong trinh tré thanh -4z 42 =0z = 3

Do d6 a = —1 phuong trinh c6 nghiém.

e Truong hop 2: a+1# 0 < a # —1.

Ta co
A = (a+3)?*—(a+1)-2
= a*+6a+9—2a—2
= a®+4da+7
= (a4+2)7—4+7
= (a+2)°+3>0,va.

V6i a # —1 phuong trinh luén c¢6 nghiém véi moi a.

Vay phuong trinh luén c6 nghiém véi moi a.

43
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4 HE THUC VI-ET VA UNG DUNG

4.1 TOM TAT LY THUYET
4.1.1 Haé thic Vi-ét

Néu phuong trinh ax? 4+ bx + ¢ = 0 (a # 0) c¢6 hai nghiém z1, x5 thi

S:.I'1+ZL'2:——
a

C
szlmg = —.
a

% Ap dung.

e Néu phuong trinh az? +bx +c¢ =0 (a # 0) ¢6 a+ b+ ¢ = 0 thi phuong trinh c6 hai nghiém

. C
1aZL’1:1,J]2:—.
a

e Néu phuong trinh az? + bz +c =0 (a # 0) ¢c6 a — b+ ¢ = 0 thi phuong trinh c6 hai nghiém
c

1a T = —17 T9g — ——.
a

Vi du 8. Giai cdc phuong trinh sau:
2) Vie — (V- VB4 VA) o+ (VE-VE) =0
b) V322 — (vV2+V5—v3)z— (V2++5) =0.
Lai giai.
2) a= v, b=—(VE-VE+V7), c= vVE— 5,

Do a + b+ ¢ = 0 nén phuong trinh da cho ¢6 hai nghiém la

. c V2—-v5 V14-35
rTy=1vaxy=—= = )

a V7 7
b) 0= VA b= (V245 vB),c= V-5

Do a — b+ ¢ = 0 nén phuong trinh da cho c¢6 hai nghiém la

c:\/§+\/5:\/5+\/ﬁ_

T =—1vaxzy=—-—

a V3 3
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4.1.2 Tim hai sé biét téng va tich ctia ching

e Néu hai s6 c6 tong 1a S va tich bang P thi hai s6 d6 1a nghiém ctia phuong trinh

2> —Sr+P=0.

e Diéu kién dé c¢6 hai sb6 d6 1a 52 — 4P > 0.

Vi du 9. Tim hai s6 c6 tong bing 7 va tich bing 2.
Lai giai.
Hai s6 can tim 1a nghiém ctia phuong trinh 22 — 72 + 2 = 0.

Xét A =7?—4-2=41> 0. Khi d6 phuong trinh trén c6 hai nghiem 12

b VA T VAT —b— VA  T—4l
- = .

va To = =
2a

2a 2
7+ v4l 37—\/41
v )
2 2

€

Vay hai s6 can tim 13

4.2 BAI TAP

Bai 21. Cho phuong trinh 22 — 22 — 15 = 0. Khong gidi phuong trinh, hay tinh

1 1
—+ —. b) x? 2 — 9.
O ) %+ a3 ) fo1 — 2
Loi giai.

Hesba=1,b= -2, ¢= —15, khi d6 ac < 0 nén phuong trinh da cho c6 hai nghiém z;, x, thda
dinh ly Vi-ét
b
S:.T1+l’2:——:2
a

P:l’lmg = E = —15
a

2

1 1 T+ X9 S
Tacé — + — = =2 -2
a) o T * i) 1T P 15

b) Ta co

R (a:% + 2z + xg) — 27179
= (21 +22)° — 201y
= 22 —2(—15)
= 34.

c) bat C = |z — x3] v6i C > 0. Ta c6

02 = |ZE1—1’22
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= 2 - 2w2y + 22
= (x% + 2129 + x%) — 4x119
= (r1+ x2)2 — 4x119

= 2% —4(-15)

= C = V64=8.

O

Bai 22. Cho phuong trinh 22 — v3z — 2 4+ v/6 = 0. S6 v/2 ¢6 13 nghiem ctia phuong trinh da
cho khong? Néu c6, tim nghiém con lai.

Loi giai.

Thay = = /2 vao phuong trinh 22 — /32 — 2+ /6 = 0 ta ¢6

(V2)" = v3-v2—2+ /6 =0 (luon diing).

Do d6 = = v/2 1a nghiém ctia phuong trinh da cho.
—V3

Vay phuong trinh da cho ¢6 hai nghiém 1, x5 thoa x; + x5 = - = V3.
Do z; = v2nén x5 = V3 — 11 = V3 — V2.
Vay nghiém con lai ctia phuong trinh da cho 1a V3 =2. O

Bai 23. Dung diéu kién a +b+ ¢ = 0 hodc a — b+ ¢ = 0 dé nham nghiém ctia caAc phuong trinh:

a) 322 — 8z +5 = 0. b) —V7a*+ (VI-2)z+2=0.
1 2 \/g 2
c) %x —i—(T—i-l)x—i-l:O. d)x—<\/_—5)x—\/§+4:0.

¢) (3-2v2) 2%+ (2v2-1)z—2=0. f) (\/5—1)2:52—(2\/5—1):[;—5:0.
Lai giai.

a) Tac6a=3,b=-8, c=5.
Do a + b+ ¢ = 0 nén phuong trinh da cho ¢6 nghiém la

. c 5
rT1=1vaxyg=—-—=—.
a 3

b) Tacba=—V7,b=+7—2 c=2.
Do a + b+ ¢ = 0 nén phuong trinh da cho ¢6 nghiém la

> _ o
/7 7

X c
ry=1vazyg=—
a
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c) Tacéazg,bzg—i—l,c:l.

Do a — b+ ¢ = 0 nén phuong trinh da cho c¢6 nghiém la

N c
xlz—lvam:——:—\/g.
a

d) Tacoa=1, b= —V2+5 c=—V2+4.
Do a — b+ ¢ = 0 nén phuong trinh da cho c¢6 nghiém la

$1:—1Va$2:—224—\/§.
a

e) Tacoa=3—-2v2,b=2y2—1,c= 2.
Do a + b+ ¢ = 0 nén phuong trinh da cho ¢6 nghiém la

c —2 —2(3+2v/2)
1 Va o 0393 93 V2
f) Tacc’)a:<\/5—1>2:6—2\/5,b:—2\/5—|—1,c:—5.
Do a — b+ ¢ = 0 nén phuong trinh da cho ¢6 nghiém la
. 5 56 +2v5) 30+ 105
Ty =—-1vaxys=——= = = .
a 6—2V5 36 — 20 16

U

Bai 24. Cho phuong trinh 222 + 8z + k = 0 ¢6 mot nghiem bang 3. Dinh k va tim nghiém con
lai ctia phuong trinh da cho.

Loi giai.

Thay = = 3 vao phuong trinh 22? + 8z + k = 0 ta c6

2348 3+k=0=k=—42.
Khi k = —42 phuong trinh da cho tré thanh 222 4+ 8z — 42 = 0.
Xét A =8 —4-2(—42) = 400 > 0. Khi d6 phuong trinh da cho c6 hai nghiem la

L b+VA 8420 o —b-VA -8-320
L= Ty T oy T mE T T ey Tl

Vay k = —42 va nghiém con lai ctia phuong trinh da cho 1a —7. U

Bai 25. Xac dinh k dé phuong trinh 22 4 52 + &k = 0 ¢6 hai nghiém ma hi¢u ctia chiing bing 1.
Loi giai.

Hesba=1,b=05,c=k.

Ta c6 A = b* — dac = 5? — 4k = 25 — 4k.

Phuong trinh da cho ¢6 hai nghiem khi A > 0425 -4k >0 k < % (%)
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b
25 S=x+T9=——=-5
Véi k < T phuong trinh ¢6 hai nghiém x;, x5 thoa dinh 1y Vi-ét c a
P= T1Xg = — = k.
a

Gid su T, > To, theo glé thlét Tr1 — Tog = 1 (.Tl — .I’Q)Z =1.

Ta co
(IL‘l — .TQ)Q =1
=4 x%+x§—2x1x2 =1
4 (.%'1 -+ .1'2)2 — 41’11’2 =1
& (=52 —4k=1
& k=6.
So sanh véi (*) nhan k = 6 1a gia tri can tim. O

Bai 26. Xac dinh k dé phuong trinh 22 + 22 + k = 0 ¢6 hai nghiém z;, =, thda:
a) r1 + a9 =0.
b) T1T9 = 1.

Loi giai.
Hesba=1,b=2 c=k Xét A =0b?—4ac = 2? — 4k = 4 — 4k.
Phuong trinh da cho ¢6 hai nghiem khi A >0 4 -4k >0k <1. (%)
b

S:Q31+I2:——I—2

V6i k < 1 phuong trinh ¢6 hai nghiém z;, x5 thoéa dinh 1y Vi-ét . a

P = T1Xg = — = k
a

a) Theo gia thiét z; + x5 = 0 ma theo dinh 1y Vi-ét z; + x5 = 2.
Do d6 khong tim dudgc k théa man dé bai.

So sanh véi (*) nhan k = 1 1a gia tri can tim.

Bai 27. Cho phuong trinh 22 — 4z +m +1 = 0.
a) Dinh m dé phuong trinh da cho c¢6 nghiem.
b) Tim m dé phuong trinh c6 hai nghiém 1, z» thoa x? + 22 = 10.

Loi giai.
Hesba=1,b=—4,c=m+1. Xét A =0? —dac = (—4)> —4(m + 1) = —4m + 12.
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a) Phuong trinh da cho ¢6 hai nghiém khi A > 0< —4m+ 12> 04 m < 3.
Vay khi m < 3, phuong trinh da cho c6 hai nghiem. (%)

b
S:$1+JZ2:——:4
b) V6i m < 3 phuong trinh ¢6 hai nghiém z;, x5 théa dinh Iy Vi-ét c a
P:$1$22—2m+1-
a
Ta c6
v+ 23 =10
& (214 22)° — 2x125 = 10
& 42-2(m+1)=10
& —2m+14 =10
& om=2.

So sanh véi (%) nhan m = 2 1a gia tri can tim.

Bai 28. Tim hai s6 m,n biét tong S, tich P ctia ching la:

7
S:— P:
2) 5=,

1
3

b) S =-23, P=—1.

Loi giai.

PN 7 1
a) Hai s6 can tim la nghiém ctia phuong trinh z? — 7 + 3= 0 622 —To+2=0.
X6t A= (=7)2—4-2.-6=1>0.
Khi d6 phuong trinh trén c6 hai nghiém la

T+l 2 7-1 1
NTOe T3 R Toe T
o4 s . 2
Vayhalsécantlmlam:gvanza

b) Hai s6 can tim la nghiém ctia phuong trinh 22 + 2v/3z — 1 = 0.
2
Xét A= (2v/3) —4(-1) =16 > 0.

Khi d6 phuong trinh trén cé hai nghiém la

. —2v3 —4
9.1 :—\/§+2vam2:T:— 3—2

 —2V3+4

I =

Vayhaisécﬁntimlam:—\/§+2Van:—\/§—2.
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Bai 29. Lap mot phuong trinh bac hai ¢6 hai nghiém la:

a) V3 va /5.
3+2v5 _3-2V5
b) va :
3 3
Loi giai.

a) Ta ¢6 téng S = V3 + /5 va tich P = /3 -5 = V15.
Khi d6 v/3, /5 1a hai nghiém ctia phuong trinh 2% — Sz + P = 0.
Phuong trinh bac hai can tim la 2% — (\/§ + \/3) x+v15=0.

3+2¢5+3—2\/5

b) Ta c6 tong S = 3 5 = 2.
i P — <3+2J5) (3 - NE) _F-evh)? 1
3 3 9 9
Khi do6 3 +32\/5, 3 _32\/3 14 hai nghiém ctia phuong trinh 22 — Sz + P = 0.
Phuong trinh bac hai can tim la 2% — 22 — % =0.

O

Bai 30. Cho phuong trinh 22 +mz+2 =0 (1) c6 cac nghiém 1a z;, z5. Lap mot phuong trinh

bac hai ¢6 cac nghiém y;, yo thoa:
a) Y1 = 211 va Yo = 215.
b) 1a s6 doi cac nghiem ctia phuong trinh (1).

c) x1 1 =0vamzg-yp = 1.

Loi giai.
Phuong trinh (1) c6 A =m? -8 >0 < m? > 8.

T1+To=—mM
Khi d6 phuong trinh (1) ¢6 hai nghiém 1, x5 théa dinh 1y Vi-ét

T1To = 2.

i S=y1+y2=2(x1 +12) = —2m
a) V6i y; = 2z, yo = 2x. Khi d6 ta c6
P:y1y2:41'1{)’]2:4'2:8.

Ta c6 41, ¥ 1a nghiém ctia phuong trinh bac hai y? — Sy + P = 0.
Vay phuong trinh bac hai can tim 14 y? + 2my + 8 = 0.
S:y1+y2:—(a:1+x2):m

b) V6i y; = —x1, y2 = —x2. Khi d6 ta ¢
P =yys = w115 = 2.

Ta ¢6 y1, ¥2 1a nghiém ctia phuong trinh bac hai 4> — Sy + P = 0.
Vay phuong trinh bac hai can tim 1a y? — my +2 = 0.
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1 T+ X9 m
L SNt =t T o T 2
c) V6iy, = —, yo = —. Khi d6 ta c6 v 12
1 T2 1 1
P g y1y2 prmng = —.
T1T2 2
Ta c6 y1, ¥2 1a nghiém ctia phuong trinh bac hai 4> — Sy + P = 0.
N 1
Vay phuong trinh bac hai can tim 1a y* + %y + 5= 0.

Bai 31. Cho phuong trinh 22 —2(m — 1)z —m =0. (1)

a) Chiing minh phuong trinh (1) luén c¢6 hai nghiém phan biét 1, x5 v6i moi m.
b) V6i m = 1, tim mot phuong trinh bac hai ¢6 hai nghiém la z; + x% va T9 + xil
Loi giai.
a) Hesba=1,b=—-2(m—1), c=—m.
Ta c6 A =b*—4dac=4(m—1)? —4(—m) = 4m? —4m+4 = (2m —1)*> +3 > 0, v6i moi m.

Do d6 phuong trinh (1) luon c6 hai nghiém phan biét x1, x5 v6i moi m.

b) V6i m = 1, phuong trinh (1) tr6 thanh 22 —1=0& (z —1)(z+1) =0 &

Hay phuong trinh da cho ¢6 hai nghiém xy =1 va o = —1.
S=y1+y2=0

1 1
Khidéyy =21+ —=0vays; =29+ — =0. Suy ra

2 e P=yy =0

Y1, Y2 1a nghiém ctia phuong trinh bac hai 4> — Sy + P = 0.
Vay phuong trinh bac hai can tim 1a y* = 0.

Bai 32. Cho phuong trinh 22 — 2z +m+2=0. (1)
a) Tim diéu kien ctia m dé phuong trinh (1) c6 nghiem.

b) Tim m sao cho phuong trinh (1) ¢6 hai nghiém z, xs théa:

o 27+ 13 = 10. ¢ LT ii=2
xl 372 . 10
2 w3 o 1yxy — (af +23) = —4.
Lai giai.

a) Hesba=1,b=—-2,c=m+2.
Ta c6 A =b* — 4ac = (—2)* —4(m + 2) = —4m — 4.
Phuong trinh (1) luon ¢6 nghiem khi A>0& —4dm—-4>0&m < —1. (%)
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b) V6i m < —1, phuong trinh (1) ¢6 hai nghiém z;, x5 théa dinh ly Vi-ét

b
S:$1+$2:——:2
a

Cc
P:I1I2:—:m+2.
a

e Taco
o]+ 23 =10
& (214 22)° — 2x120 = 10
s 22-2(m+2) =10
& —2m =10
& m = —5.
So sanh v6i (*) ta nhan gia tri m = —5.
Cha y: Ta st dung 2% + x3 = —2m cho céc cau dudi.
e Ta co
n, @10
Ty T 3
- T3 + a3 _ 10
T1T9 3
& 6m = 10m + 20
& m= -5
So sanh véi (x) ta nhan gid tri m = —5.
e Ta co
(rg9 — 3:1)2 =4
& (rp—x)’ =4
& o] - 2wa0 + a5 =4
& 224 as—2mmy =4
& —2m—2(m+2)=4
& —4dm—-4=4
& m=—2.

So sanh v6i (*) ta nhan gia tri m = —2.

52
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e Ta co
T1Xo — (.T% + .T%) =—4
& m+2—(—2m)=—4
& 3Im=—6
& m= -2
So sanh v6i (*) ta nhan gia tri m = —2.

Bai 33. Cho phuong trinh 22 4+ 2(m — 1)z —2m +5=0. (1)
a) Tim m dé phuong trinh (1) c6 nghiem.
b) Tim m dé phuong trinh (1) ¢6 hai nghiém 1, x5 théa 2z, + 329 = —5.
c¢) Tim m dé phuong trinh (1) ¢6 hai nghiém a1, 25 v A = 12 — 102,25 — (22 + 22) dat gid
tri 16n nhat.
Loi gidi.

a) Hes6a=1,b=2(m—1),c=—2m + 5.
Ta c6 A =b0* —dac=4(m —1)> —4- (—2m +5) = 4m? — 16.
Phuong trinh (1) ¢6 nghiém khi A > 0< 4m? —16 > 0< 4(m —2)(m +2) >0

m—22>0 m—2<40
& hoac < m >2hodacm < —2. (%)
m+22>0 m+2<0

b) V6i dicu kién (x), phuong trinh (1) c¢6 hai nghiem z;, x5 théa dinh ly Vi-ét
b
S=x1+w3=—-=-2m—-1) (2)
a
P =xx9 = S— om+s. (3)
a
Theo gia thiét,
25(]1 + 3562 =-5
= 2(1’1 +$2) + x5 = -5

& —4m—1)4+22="5
& r9=4m—9. (4)

Tu (4) suy ra 2zy = =5 —3(4m —9) = —12m + 22 = 2y = —6m + 11.

Thé 1, T2 vao (3) ta dugc
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13
m=—
(=6m +11)(4m — 9) = —2m + 5 < 24m? — 100m + 104 = 0 < 6
m = 2.

13 .
So sanh v6i () ta nhan cac gia tri m =2, m = r la cac gia tri can tim.
c) Ta co

A = 12— 10z125 — (2] + 23)
= 12-10P — (S* —2P)
= —S5—-8P+12
= —4(m—1)>—8(—2m +5) + 12
= —4(m® —2m+1) 4+ 16m — 40 + 12
= —4m® + 24m — 32
= —(4m®>—2-2m -6+ 36) + 4
= —(2m—6)?+4<4

Dau “=” xdy ra khi 2m — 6 = 0 & m = 3. (thoa (*))
Vay A dat gia tri 16n nhat khi m = 3.

O

Bai 34. Cho phuong trinh 2% — (k — 3)z + 2k + 1 = 0 ¢6 hai nghiém z;, 5. Tim hé thic gita

x1, 9 doc lap véi k.

Loi gidi.

Hesda=1,b=—(k—3),c=2k+1.

b

$1+l’2:——:/{3—3

Phuong trinh da cho ¢6 hai nghiém théa dinh 1y Vi-ét . a
x1x2:—:2k+1.

a

Ta ¢6 2(x1 + x9) — X109 =2k — 6 — 2k — 1 = —T.
Vay hé thtic can tim 1& 2(zy + ) — 1170 = —7. O

Bai 35. Cho phuong trinh 22 — 2(m — 3)z — 2(m — 1) = 0.
a) Ching minh phuong trinh luén ¢6 hai nghiém phan biét.

b) Goi x1, 75 1a cic nghiém ctia phuong trinh da cho. Tim gia tri nhé nhat ctia biéu thiic

A=a?+ a3
¢) Tim heé thic gita 21, z2 khong phu thuoc m.

Lai gidi.
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a) Hesba=1,b=—2(m—3), c=—2(m —1).
Ta co
A =b* — dac
= 4(m—3)® —4[-2(m — 1)]
= 4m?* — 16m + 28
= (4m*—2-2m-4+16)+ 12
=A = (2m—4)>+12 > 0,Ym.

Do d6 phuong trinh da cho c¢6 hai nghiém phan biét v6i moi m.
b) Theo cau trén phuong trinh da cho c6 hai nghiém z;, x5 théa dinh 1y Vi-ét

b
S:xl—l—xg:—a:Q(m—Z’))

P =xx9 = € —2(m —1).
a

A = 22 +23
= (214 22)° — 2z129
= 4(m —3)* - 2[-2(m —1)]
= 4m® —20m + 32
= (4m®>—2-2m-5+25)+7
= 2m—5>2+7>T.
Dau“=" xdy rakhi2m —5=0& m = g
Vay gia tri nhé nhat ctia A bang 7 khi m = g
c) Xét oy + a9+ 2129 =2(m—3) —2(m—1)=2m — 6 —2m + 2 = —4.
Vay x1 + T9 + 2129 = —4 13 hé thic can tim.
0
Bai 36. Cho phuong trinh 22 — 2(m +4)x +m? — 8 = 0. Dinh m dé phuong trinh c6 hai nghiém
x1, T2 sao cho:
a) Ty + Ty — T1wo dat gid tri 16n nhat.

b) x? + 22 — xyx5 dat gia tri nhd nhat.

¢) Tim heé thic gitta 21, 22 khong phu thuoc m.
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Loi giai.

Hesba=1b=—-2(m+4), c=m?-8.

Ta c6 A = b — 4ac = 4(m + 4)* — 4(m? — 8) = 32m + 96.

Phuong trinh da cho ¢6 hai nghiem khi A > 04 32m+96 > 0< m > —3. (%)

V6i m > —3, phuong trinh da cho c¢6 hai nghiém x, x5 thoa dinh 1y Vi-ét

b

c
P=ux1y=—-=m?—-8.
a
a) Dat A = x; + 29 — z129. Ta 6

A = 2m+8—-m*+38
= —m?—2m+ 16
= —(m*+2m+1)+17
= —(m+1)*+17<17,

Dau “=” xdy rakhi m +1=0< m = —1. (thdéa (x))
Vay gié tri 16n nhat ctia A bang 17 khi m = —1.

b) Dat B = 2% + 22 — x129. Ta ¢6

B = (z1+ x2)2 — 2019 — T1To
= 4(m+4)* -3 (m*—38)
= m®+32m + 88
= (m*+2-m-16 + 16%) — 16 + 88.
= (m+ 16)* — 168.

Theo (x) tacom > -3 =m+ 16> 13 = (m+16)> > 132 = B > 1.
Dau “=" xay ra khi m = —3.

Vay gia tri nho nhat ctia B bang 1 khi m = —3.

c) Tacoxy + 22 =2m+8 = x1 + 293 — 8 = 2m.
Khi d6 (z; + 22 — 8)? — w1729 = 4m? — 4(m? — 8) = 32.
Vay (z1 + o — 8)% — 4zy25 = 32 1a hé thitc can tim.

Bai 37. Cho phuong trinh (m — 1)2? — 2mx +m + 1 = 0.

a) Chiing minh phuong trinh da cho luén c¢6 hai nghiém phan biét x;, xo v6i moi m # 1.



CHUONG 2. HAM SOY = AX? (A # 0) - PHUONG TRINH BAC HAI MOT AN 57

b) Xéc dinh m dé x,25 = 5, tit d6 tinh tong x; + 5.

? P 5
¢) Tim m de x1, xo théa méan hé thic o + 2 + = =0.
) I 2
Loi gidi.
Hesba=m—1,b=—2m,c=m + 1.

a) Véim #£ 1, ta c6 A = b* — dac = 4m?* —4(m — 1)(m + 1) = 4m? — 4(m?* — 1) = 4.
Khi d6 A > 0 v6i moi m # 1. Nén phuong trinh da cho ¢6 2 nghiém phan biét.

b) V6i m # 1, phuong trinh da cho ¢6 hai nghiém z;, z5 théa dinh ly Vi-ét

2m
S=r1+T9=—-= ——
a m—1
1
Pegp = ComtL
a m— 1

Ta co

T1X9 =D
m+1
=4 _— =
m—1
& m+1=5(m-—1)
& 4dm =6
o 3
m=—.
2
» 3 ..
lemzﬁth1x1+x2:6.
c) Ta co
1 [ Xy D ri+x3 5
i J— — — +_
) I 2 1T 2

(x1 + x2)2 — 21129 5
+ —
T1T9 2
Am? m—1 n 5
(m—1)2 m+1 2
4m? " 1
m2—1 2
I9m? —1

m2—1"

Theo gia thiét v6i dieu kien m # 1 va m # —1 ta co
1

5 Im? — 1 m=3
CINECUR PO it WPON Lt
Ty T 2 m2—1 m:—l

3

. L NPTV
Vaym:§vam:—§ la cac gia tri can tim.
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U

Bai 38. Cho phuong trinh 22 — 2(m + 1)z + 2m + 10 = 0. Tim m sao cho phuong trinh c¢6 hai

nghiém x, x5 théa man
a) 10xyz9 + 23 + z3 dat gia tri nhd nhat.
b) z1 — 3xe = 4.
¢) 22+ 2(m+ 1)xg = 12.

Loi giai.
Hesba=1b=—-2(m+1), c=2m+ 10.
Ta c6 A = b* — 4ac = 4(m + 1)* — 4(2m + 10) = 4m? — 36.
Phuong trinh c¢6 hai nghiém khi A > 0 < 4(m —3)(m+3) > 0< m >3 hoac m < —3. (%)
Theo dinh ly 1y Vi-ét
S=z1+2x2= —g =2(m+1) (1)

P=aizs=S=2m+10. (2)
a

a) Dat

102129 + 2% + 25 = 100129 + (21 + x2)2 — 27T
= 4(m+1)>+8(2m + 10)
= 4m?* 4+ 24m + 84
= (4m*42-2m -6+ 36) + 48
= (2m+6)* +48 > 48.

Dau “=” xdy ra khi 2m + 6 = 0 & m = —3. (thda (x))
Vay gia tri nho nhat ctia A bang 48 khi m = —3.

b) Tacoéx; —3zy =4 x; =3x2+4. (3)

. 1 1
Thé (3) vao (1) ta duge 3x2+4+x2:2m+2:>4x2:2m—2:>x2:§m—§.
3 )
Tu (3) suyrax1:3x2+4:§m+§.
Thay 1, xo vao (2) ta duge

3 5\ (1 1 ) m=5
-m+—-]l=-m—=<)=2m+10&3m*-6m—-45=0<%&

2" T3\ g 3
So sanh véi (*) nhan m = 5 va m = —3 1a cac gia tri can tim.

c) Ta cod

7 +2(m+ 1)zg = 12
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22 (21 + 29) 19 = 12
T2+ 23 4 111y = 12

4(m+1)* —2m — 10 = 12

(I

A4m? +6m—19=0

m = —3

i

3
m= —.
2

. . 3 s
So sanh v6i (x) loai m = 3 nhan m = —3 la gia tri can tim.

O

5 PHUONG TRINH QUY VE PHUONG TRINH BAC
HAI

5.1 TOM TAT LY THUYET
5.1.1 Phuong trinh trung phuong

Phuong trinh trung phuong la phuong trinh cé dang
az* +bz® +c=0 (a #0)

Dit 22 = t, phuong trinh trén tré thanh: at® + bt 4 ¢ = 0.
Vi du 10. Giai phuong trinh: 22% — 722 — 4 = 0.
Lai giai.
Dat 22 =t (¢ > 0) thi phuong trinh da cho tré thanh:
202 =Tt —4=0
s (t—4)2t+1)=0
t—4=0 t =4 (théa méan)

& & _
20+1=0 tZT(loai).

r=2
Véit=4thiz’ =4 &
T = —2
Vay phuong trinh da cho ¢6 nghiém la z = 2;x = —2. O

5.1.2 Phuong trinh chia an ¢ mau thic

Khi giai phuong trinh chtta an ¢ mau thiec, ta lam nhu sau:
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e Budc 1: Tim diéu kién xac dinh ctia phuong trinh;
e Budc 2: Quy dong mau thiic hai vé roi khit mau thiic;
e Buéce 3: Giai phuong trinh vira nhan dugc;

e Budc 4: So véi didu kien dé nhan hoic loai nghiem.

2 1 x—4
Vi du 11. Giai phuong trinh: - = 0.
tad s x(x—2)+x(x+2)
Loi giai.
2 1 x—4
— =0 DK: +2; 0
2?2 —4 x(x—2)+x(az+2) ( v# 222 70)
2 2 —4)(zr—2
. N 2T B S I
r(x+2)(z—2) z(x—-2)(r+2) xz(x+2)(z-—2)
2x — 2 —4)(x —2
e Ry [
x(x +2)(x — 2)
= 2r—x—-2+2"—6x+8=0
xr =3 (thdéa man)
& ?-5r+6=0¢&
x =2 (loai).
Vay phuong trinh da cho c¢6 nghiém la x = 3. U

5.1.3 Phuong trinh tich

Vi du 12. Giai phuong trinh: (z —2) (2% + 42 — 1) = 0.

Loi giai.
(x—2) (2* +42-1) =0
T =2
r—2=0
& & |lz=-24+V5
2 +4z—1=0
z=-2—1/5.
Vay phuong trinh da cho ¢6 3 nghiem la z = 2;2 = -2+ /52 = —2 — /5. O
5.2 BAI TAP
Bai 39. Giai cac phuong trinh sau:
a) * —5r? + 4 = 0; b) 22* — 322 — 2 = 0;
c) 3zt 4 102% + 3 = 0; d) 92* — 102% + 1 = 0;
e) bt +22% — 16 = 10 — 2% f) 0,32 + 1,822 + 1,5 = 0;

1
g) 2x2—|—1:?—4.
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Lai gidi.
a) t — b2 +4=0
Dat 2 =t (¢t > 0) thi phuong trinh da cho tré thanh:
t? —5t+4=0
e (t—1)({t—4)=0
t—1=0 t =1 (théa man)

= =
t—4=0 t =4 (théa man).

r=1
o VGit=1=

r=—1.

T =2
e Véix=4=

r=-2

Vay phuong trinh da cho ¢6 nghiém x = £1;z = +2.

b) 22t — 322 —-2=0
Dat 2% =t (¢ > 0) thi phuong trinh da cho trd thanh:

2 —3t—2=0
& (t—2)(2t+1)=0

t = 2 (théa méan)
< —1
t= - (loai).
Véit=2=2=4V2

Vay phuong trinh da cho ¢6 nghiem la z = +v/2.

c) 3z* +102* +3=0
Ta c6 32 + 1022 > 0 véi moi x.
= 32 + 1022 + 3 > 3 v6i moi z.

Vay phuong trinh da cho v6 nghiém.

d) 92 — 1022 +1 =0
Dat 2 =t (¢t > 0) thi phuong trinh da cho tré thanh:

92 —10t+1=0
& (t—1)9—-1)=0

t =1 (théa méan)
=
t= g (théa man).
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o Vit=1=2==1.

1 1
Véit=—-=x==_.
o Vi 5= ¢ 3

1
Vay phuong trinh da cho ¢6 nghiém x = +1;2 = i§'

e) brt +22% —16 =10 — 22 & 5zt + 322 — 26 =0
Dat 2% =t (¢t > 0) thi phuong trinh da cho tré thanh:
5t 4+ 3t — 26 = 0
& (t—2)(x+13)=0
t = 2 (thdéa man)

-
-13

Véit=2=1==+V2

Vay phuong trinh da cho ¢6 nghiem z = 4+/2.

f) 0,327 + 1,822+ 1,5 =0
Dat 2% =t (t > 0) thi phuong trinh da cho tré thanh:
0,3t +1,84+1,5=0
& PP+6t+5=0
& (t+1)(t+5)=0
t = —1 (loai)
t = —5 (loai).

Vay phuong trinh da cho vo nghiém.

1

o Xét x =0.
Thay x = 0 vao phuong trinh da cho ta thay z = 0 khong 1a nghiem.
o Xét x # 0.
9 1
x

1
& 22 4+5-— =0
€

& 22' +52° —1=0.
Dat 22 =t (¢t > 0) thi phuong trinh trén tré thanh:

2 4+5t—1 = 0
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-5+ V33
t:% (théa man)
A=5-4-2-(-1) = 33=
- -5 —+/33 )
t = —— (loai).
4
Voit= 2TV L T2 TVES
4 4
-5+ 33
Vay phuong trinh da cho c¢6 nghiém =z = + +T
Bai 40. Giai cac phuong trinh sau:
(x + 3)(x — 3) x(x —7) xr xr—4
2 =2(1 —2); by =Y 1=~ :
2 6 4 —z? — 2
C)x+ 3— : d) _ xr + :
x—5 2—x r+1 (z+1)(x+2)
14 1 2 2 _
o) _q_ : f Tz x+38 .
2 -9 3—z r+1 (z+1)(x+4)
Loi giai.

a)
(x+3)(x—3)
3
& 22 —-946=3x— 322

+2=2z(1—2x) (DK: z € R)

o 422 —3r—-3=0

3 57
r = V5T (théa méan)
o 8
3—VhT
T="—7 (thoéa man).
3 57 3 — /57
Vay phuong trinh da cho c6 nghiém la x = +8\/_; xr = T\/_
b)
x(r—7) 17 x—4 (DK: 7 € R)
———1l==- L
3 2 3
20(x —7) 6  3x  2(r—4)
“ % 66 6
& 207 — 140 —6 =3z — 22 +38
& 207 — 150 —14=0
154+ +/337 ,
T = +T (théa méan)
15 — /337
r = ———— (th6éa méan).

4

15+ V337 15— V337

Vay phuong trinh da cho ¢6 nghiém la x = 1 1
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c)

zf§+3:% (DK: 2 # 5;2 # 2)
(x+2)(z—2) 3(z—5)(zr—2) 6(z —5)
(x=5)(x—=2) (z=5)(z—2) (x—2)(x—0>5)

= 22 —4+4+322—-212+30+62—-30=0

=0

& 42?2 — 150 —4=0

x =4 (théa méan)

z= (théa méan).

-1
Vay phuong trinh da cho ¢6 nghiém la x = 4;x = R

d)

4 —2? —x+2
z+1 (z+1)(z+2)
4 (z-1)(x+2)

(DK: = # —1;2 # —2)

=4 =

r+1 (z+1)(z+2)
- 4 x-—1

r+1 x+1

= 4=12—-1<%< x=>5 (théa man).
Vay phuong trinh da cho ¢6 nghiém la x = 5.

o)
x21i9:1_$ (DK: x # 3;x # —3)
14 _ (x +3)(z —3) (x+3)
(x4+3)(x—3) (x+3)(x—3) (xz—3)(x+3)
= 4=2"-9+z+3

s 224+x—-20=0

x =4 (théa man)

x = —5 (thoéa man).

Vay phuong trinh da cho ¢6 nghiém la z = 4;x = —5.

20 2*—x+8
z+1  (z+1)(z+4)
= 2r(r4+4)=2"—2+8

(DK: o # —1;2 # —4)

& 22+ 8r=a2>—1x+8

& 249x—-8=0
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-9+ 113
p= 21 VDS (théa man)
o 2
—-9—-113 , ,
T= (théa man).
-9+ 113 -9 —+/113
Vay phuong trinh da cho c6 nghiém x = %; T=—
Bai 41. Giai cac phuong trinh:
a) (322 — bx + 1) (2% —4) = 0; b) (222 4z —4)> — (22 — 1)* = 0;

¢) (x—3)*+ (z+4)*=23-3z.
Loi giai.
a)

(32> =Bz +1) (2 —4) =0

(302 —5041=0 [322—52+41=0
= <~
2 —4=0 (x+2)(x—2)=0
5+ 413
:L‘:
6
_5—4/13
& x_T
xr =2
xr = —2.
5++/13

Vay phuong trinh da cho c6 nghiém z = £2; 2z =

b)

e V@2 +r—4)7? = /(20 — 1)

& 20+ —4] =22 — 1

22+ —4=2r—1
p=—
2P+ —4=—-2v+1
22 —x—3=0
p=—
202 +3x—-5=0
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i 3

T ==
2

r=—1

&

r=1

P

" 2

3
Vay phuong trinh da cho c6 nghiém la x = £1;2 = 3T =

c)

(z -3+ (x+4)°*=23-3z

)

& 22 —6x4+9+22+82+16—-23+3x=0

& 22456 42=0
-1

Vay phuong trinh da cho ¢6 nghiém la x = =0 r=—2.

Bai 42. Giai phuong trinh bang cach dua vé phuong trinh tich:

a) (3z% — Tz — 10) [2x2+(1—\/5)93+\/5—3} =0;
b) 23+ 32% — 22 — 6 = 0;
c) (22 —1)(0,6z + 1) = 0,622 + x;
d) (22 +22—5)7 = (@2 —2z+5)".
Loi giai.

a)

(322 — 72 — 10) [22% + (1 = VB)z + V5 — 3] =0

(322 — 72 —10=0
<~
20° + (1-V5)z+V5-3=0
(32 —10)(z +1) =0
=
_2x2+(1—\/5)m+\/5—3:()
- 10
r=—
3
= lz=-1
20° + (1 - VB)a+V5—-3=0.
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r=1

Gidi (*): A= (z —v5)2—4-2- (V5 —3) =30 — 10v/5 = 34 VF

X

2
10 -3 >
Vay phuong trinh da cho ¢6 nghiém la z = —1;2 = E;:c =lx= +\/_

b)

23+ 32> - 22 —6=0
s 22 (z+3)-2-(+3)=0
& (r+3)-(22—2)=0
}+3:O

&
?—2=0
-17:—3
&
=42

Vay phuong trinh da cho ¢6 nghiem 1a z = —3; 2 = +v/2.
c)

(2* —1) (0,60 +1) =0,62" + =
& (22 —1)(0,6z +1) — (0,62 +1) =0
& (0,64 1)(2*—1—2)=0

0,60+1=0
=
??—r—-1=0
r -5
r=—
N 3
1x45
L~ 2
-5 1++/5
Vay phuong trinh da cho c6 nghiém la x = ?;x = 2\/_.

d)

(:U2+2x—5)2:(x2—x+5)2
& \/(952—1—295—5)2: (22 — x4+ 5)

& |22+ 22— 5| = |2? —x + 5|

2 4+2r—5=2>—2+5
=
22 +2—5=—-a2>4+2-5

67



CHUONG 2. HAM SOY = AX? (A # 0) - PHUONG TRINH BAC HAI MOT AN

10
r=—
3z =10 3
& < |lz=0
202 + 2 =0 1
- . < . o -1
Vay phuong trinh da cho co nghlemx:—;x:O,a::?.
Bai 43. Giai phuong trinh bang cach dat an phu:
a) 3224z -2 +2)—1=0;
b) (a2 — 4z +2)* + 22 — 4z — 4 = 0;
¢) x —xr =51 +T;
1
Q) L 0.1 3
r+1 T
Loi giai.
a) 3224z —2@2+2)—1=0
Diat 22 + x = t thi phuong trinh da cho trd thanh
3P —2t—1=0
s (t—-1)Bt+1)=0
t=1
< —1
t=—.
3
_1_\/5
r=——
e Voit=1l=2’+r=12+2-1=0& 2
—1+5
r=——
2
-1
Véi t = —:
e Vii 3

3 3 2 4 12
Phuong trinh nay vo nghiém.

-1 1 1 1 1 2
=>4 r=—o2+r+-=0224+2 2 -+-+—=0< (:c—i——)

—1++5

Vay phuong trinh da cho c¢6 nghiém la x = 5

b) (22 —4x+2)* + 22 —dx —4 =0
Diat 22 — 4z + 2 = t thi phuong trinh da cho trd thanh:

t?+t—6=0
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& (t=2)(t+3)=0

o Véit=2=22—4dr+2=22 -4dr=0&
xr = 4.

e Voit=-3=2>—dz+2=-312—4r+5=0=(z—-27+1=0
Phuong trinh nay vo nghiém.

Vay phuong trinh da cho ¢6 nghiém la x = 0;x = 4.
c)
r—\r=5/1r+7 (DK: z > 0)
& -6y —T7=0.
Dat «/x =t (¢t > 0) thi phuong trinh da cho ¢6 dang:
P —6t—7=0
& (t-7(t+1)=0

t =7 (théa méan)
t = —1 (loai).

=

z = /7 (théa mén)
z = —V/7 (loai).

Vay phuong trinh da cho c¢6 nghiem la z = /7.

Véit=T=1’=7<

d)
T z+1
- 10- =3 DK: —1; 0
x

—10: —3=0
r+1 z+1

Dat :1: N =1t (t #0) thi phuong trinh trén c6 dang
10

t———3=0
t

& 12 —10-3t=0
& (t=5)(t+2)=0

t =5 (théa méan)
=

t = —2 (thoéa man).
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o Voit=5= —— =5=a2=>50+5%a=—. (théa man)
r+1 4
o Véit=—-2= = 2= 12=-21—2& 1z =—. (théa man)
r+1 3
- . ~ . . -3 -2
Vay phuong trinh da cho ¢6 nghiém x = e xr = 3
U
Bai 44. Giai cac phuong trinh sau:
a) z* + 80x* — 81 = 0; b) 2z% — 45222 + 450 = 0;
1
¢) (x+3)*+ (z+5)* = 16; d) 2x4+(1—2x)4:§;
¢) (22 +5z)° — 2 (22 4 5z) — 24 = 0; f) 2—22)°+3(2—22)+2=0;
g) (¥ +x+6) (22 + 2+ 3) = 6; h) (x4 2)(x + 3)(x + 8)(x + 12) = 42
i) (x—=T)(z—=5)(z—4)(x—2) =172 i) a:3+i—|—a:2+i—l—m—l—l—6
7 ) a3 x? r

Lai gidi.

a) 21+ 8022 —81 =0
Dat 2% =t (¢t > 0) thi phuong trinh da cho tré thanh

2 4+80t—81=0
& (t—1)(t+81)=0
t =1 (théa méan)

=
t = —81 (loai).

Véit=1=22=1<2==+l1.

Vay phuong trinh da cho c6 nghiém la x = £1.

b) 241 — 45222 4 450 = 0
Dat 2 =t (¢t > 0) thi phuong trinh da cho tré thanh

2t? — 452t + 450 = 0
& 17— 226t +225 =0
& (t—1)(t—225)=0
t =1 (théa méan)

=
t = 225 (thoa man).

e Vit=1=2’=1<1x=+1.
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o VGit =225 = 22 =225 & 1z = +15.

Vay phuong trinh da cho ¢6 nghiém la z = £1;x = +15.

¢) (x+3)'+ (z+5)*=16
Dat z 4+ 4 =t thi phuong trinh da cho c6 dang

d)

tr ¢ O

i

t-—D'+(t+1)"=16

(=2t + 1)+ (2 +2t+1)* =16

At 1 — AP 27 — Attt AR 1 AP 4217 4t = 16
2t + 82 +2 + 4t = 16

th 612 —T7=0

E+7E-1)=0

42 47 =0 (Vo nghiem)

t*—1=0

t_1-0 [t=1
==
f41=0 |t=—1.

e Vit=1=2+4=12=-3.

o Vit=—-1l=2r+4=—-12=->5

Vay phuong trinh da cho c6 nghiém la x = —3; 2z = —5.

Giai (+):

32t — ' + (1 — 22) =5

3<x4—8—11):x4—(1—2x)4

3<x—%> (x—l—%) <x2+%) = [2* — (1 —22)?] [2* + (1 — 22)*]

) A1 R
<x—%) (SB—I—%) <x2+%> =—(z—1)(3z — 1) [2" + (1 — 22)?]
S(x—l):O(:)x:é
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2
3 T T 1 9
T T S 1—4
& x+9+3+27 (1 —2)(5z”" + x)
2
3 T T 1 9 3 2
ST 1 — 4y — — 4
<:>x+9—|—3—|—27 5x° + x — dx T+ 4x
2622 46 26
& 62° — ———==0
v 5 9 o7
o g B3 2o 13
9 27 81
1 , 10z 13) B
< < 3 ( o t27)70
L, oL
& B <~ ’
10 13 5\% 14

1
Vay phuong trinh da cho c6 nghiém la x = 3

) (22 +52)° —2(22+52) —24 =0
Diat 22 + 5z = t thi phuong trinh da cho c6 dang

2 -2t —-24=0
& (t—6)(t+4) =0

t=6
=
t=—4.
r=1
e V6it=6=14+br=6< (r—1)(z+6)=0%
r=—6
r=-—1
o Viit=-4=2’+5r=-4< (r+1)(z+4)=0&
x=—4

Vay phuong trinh da cho c¢6 nghiém la x = £1;2 = —6; 2 = —4.

f) (2—22)’+32-22)+2=0
Dit 2 — 22 = ¢ thi phuong trinh da cho c6 dang

24+3t+2=0
& (t+1)(t+2) =0

o Voit=-1=2—2=-1or2=31==+/3.

o Viit=-"2=2-1= 21 =4 1=+2
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Vay phuong trinh da cho c¢6 nghiem la z = £v/3; 2 = £2.
g) (2 +z2+6)(2>+2+3)=6

1\* 11
Dat 22 + 1+ 3= (.’B + 5) + i t (t > 0) thi phuong trinh da cho c6 dang

(t+3)-t=6
s P43t —-6=0

L 3+ V33
2

 —=3-33
i

(théa man)

t

(loai).

— 1\ 11 - 1\? 1
vait:%%:»(w—) +—=ﬂ@2<x+—) +—7—\/§:0.

2 4 2
Vay phuong trinh da cho vé6 nghiém.

2 2

h)

(x +2)(z +3)(z + 8)(z + 12) = 42
s [(z+2)(x+12)] - [(z + 3)(z + 8)] = 422
& (2% + 14z +24) - (2 + 1z + 24) = 42°.

Ta thiy x = 0 khong 1a nghiém nén chia 2 vé ctia phuong trinh cho z? ta dugc

24

24
(+144+—) - (z+114+—)=4
xz X

24
bat x + — =t thi phuong trinh trén c6 dang
x

(t+14)(t+11) =4
& P4+ 25t+150=0
& (t+10)(t+15) =0

24
e Voit=—10=a+"—=—-1022+100+24 =0 (z+4)(z+6) =0 &
Xz

=15+ V129
4 24 2 T 2
e Vit=—-15=>2r+—=—-1bz°+10x+24 =0«
x —15 — /129
r=—
2
—154++/129

Vay phuong trinh da cho ¢6 nghiém la z = —4; 0 = —6; 0 = 5
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i)
(z—T)(z—5)(z—4)(z—2) =172
& [(@=7)(z-2)] [(z -5)(z—4)]=T2
& (2% — 97 + 14) (2 — 9z + 20) = 72.
Diat 22 — 9z + 14 = ¢ thi phuong trinh trén c6 dang
t(t+6)="72
& tP+6t—-T72=0
& (t—6)(t+12)=0

t=6
=
t=—12.
rz=1
e V6it=6=>22—9r4+14=6<2>-92+8=0<
r = 8.
" ) ) 9\* 23
e Vit=—-12=2"—-92+14=-122"-92+26=0& x+§ +I

Vay phuong trinh da cho c6 nghiém la z = 1; 2 = 8.

3 1 1 1
x + +x +—+x+—:6

3 3 3 9 1
< x—l——+3x+ —3r—-——+ (2" +24+ 5| -2+ (2x+—-) =6
T T i

1 1\? 1
S |o+ a:—l— +\lz+—-) +{z+-)—-8=0
x x
12 1
& |+ r+—-) —2lz+—-)—-8=0.
x x
Dat (a: + — ) =t thi phuong trinh trén c6 dang
x

B2 —2t—8=0

& (-2t +3t+4)=0

t=2

=
2 4+3t+4=0
=

< 3\* 7
<t + 5) + 1= 0. (vo nghiém)

1
Véit=2=z+-=2&2"-22+1=0&(z—-1)*=0&2=1.
x
Vay phuong trinh da cho c¢6 nghiém la x = 1.
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U

6 GIAIBAITOAN BANG CACH LAP PHUONG TRINH

6.1 VIDU

Vi du 13. Hai doi cong nhan ciing lam chung mot cong viec. Thoi gian dé doi I lam mot minh
xong cong viéc it hon thoi gian dé doi II lam mot minh xong cong viec dé la 4 gis. Tong thoi
gian nay gap 4,5 lan thoi gian hai doi ciing lam chung dé xong cong viec d6. Hoi mdi doi lam
mot minh thi phai bao lau méi xong?

Loi giai.

Goi x 1a s6 gio dé doi I mot minh lam xong cong viéc (x > 0). Khi d6, thoi gian doi 11 lam mot
minh xong viéc la x + 4 gio.

. ~ 1
Néu hai doi lam chung thi moi gic lam duge — +
r

1 .
1 khoi lugng cong viéc. Suy ra, thoi gian
dé hai doi lam chung xong cong viec dé l1a

(1 1 ) x? + dx
1:| =+ = .
r x-+4 2v + 4

Do tong thoi gian ca hai doi lam mot minh xong cong viéc gap 4,5 lan thoi gian ca hai doi lam

chung xong cong viéc nén

r+r+4  2®+4x ) T =4
= < 0,5 20 —16 =0 &
45 o4 T e

Két hop v6i diéu kien ta duge = 4. Nhu vay, néu lam mot minh thi hai doi I va IT 1an lugt méat

4 gi5 va 8 gis dé hoan thanh cong viéc. O

6.2 BAI TAP

Bai 45. Tim hai s6 biét rang s6 16n hon s6 bé 5 don vi va tdng céc binh phuong ctia chiing bing
4153.

Loi giai.

Goi 86 16n 1a x thi s6 bé 1a 2 — 5. Khi d6, theo gia thiét, ta c6

2?2+ (z —5)? = 4153 & 22° — 107 — 4128 = 0 &

Vay hai s6 can tim 1a 48 va 43 hoac —43 va —48. O
Bai 46. Mot truong du tinh phat déu 280 quyén vé cho hoc sinh tien tién. Nhung khi phat cé
3 hoc sinh ving mit. Vi vay mdi hoc sinh nhan duge nhiéu hon 12 quyén vé. Hai s6 hoc sinh duy

tinh lic dau 1a bao nhiéu em?
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Loi giai.
Goi x 1 s6 hoc sinh duy tinh lic ban dau (r € N*). Khi d6, s6 quyén vé mdi hoc sinh nhan dugc
PN 280 280 .
nhu du tinh va thuc té lan lugt 14 — va 5 Theo gia thiet, ta ¢
T T —
280 280
—3 —7:12<:>70x—70(x—3):3x(x—3)
r =10
327 - 97 —210=0<«
x =7
Dua vao diéu kién, s6 hoc sinh can tim 1a 10. L]

Bai 47. Mot manh dat hinh chi nhat c¢6 hiéu hai canh 14 12 m. Tinh chu vi cia manh dat do
biét rang dién tich ctia né 1a 640 m?2.

Lai giai.

Goi chiéu dai ctia manh dat 1a x m (z > 12). Khi d6, chiéu rong va dieén tich manh dat lan lugt

la z — 12 m va z(z — 12) m?. Do d6, ta c6 phuong trinh

z(r —12) =640 & 2> — 122 — 640 = 0 &
x = —20.

Dua vao dieu kién, ta c6 chiéu dai va chiéu rong ctia manh dat lan luot 1a 32 m va 20 m. Suy ra

chu vi manh dat 1a 2(20 + 32) = 104 m. O

Bai 48. Mot tam gidc vuong c6 chu vi 1a 36. Canh huyén 1a 15. Tinh do dai hai canh goc vuong.
Loi giai.
Goi do dai mot canh goc vuong la z (x > 0). Do dai canh géc vuong con lai 36 — 15—z = 21 —z.

Theo dinh li Pythagoras, ta c6
2>+ (21 —2)? =15 & 222 — 422 + 216 = 0 &

Vay do dai hai canh géc vuong lan luct 14 9 va 12. O

Bai 49. Mot thita rudong hinh tam gidc c6 dién tich 14 180 m2. Tinh canh day ctia thita ruong
biét ring néu ting canh day d6 them 4 m va gidm chiéu cao tuong tng di 1 m thi dién tich thita
ruong khong thay doi.
Loi giai.
Goi x m la do dai canh day cua thita ruong (x > 0). Khi do, @ m 13 do dai chiéu cao tuong
ing. Do tang canh day d6 thém 4 m va gidm chiéu cao tuong ﬁfngxdi 1 m thi dién tich thita ruong
khong thay doi nén

%(ac+4) <@—1> =180 < 2° + 47 — 1440 = 0 &

T

Két hop diéu kién, ta duge canh day ctia thita ruong 1a 36 m. d
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Bai 50. Mot khu vuon hinh chit nhat cé dién tich 600 m?. Tinh cac kich thuée ctia khu vusn
biét ring néu gidm bét moi canh di 4 m thi dién tich con lai 14 416 m?.

Loi giai.

Goi z m 1a mot kich thuée cta khu vuon (z > 0). Khi d6, kich thude con lai 1a % Do giam

b6t mdi canh di 4 m thi dién tich con lai 1& 416 m? nén

600 =30
(xr —4) (——4) =0 < 42® — 200z + 2400 = 0 <
z x = 20.
Vay cac kich thuée ctia khu vuon la 30 m va 20 m. U

Bai 51. Mot lam truong du dinh trong 75 ha ring trong mot sd tuan 1&. Do mdi tuan trong
vugt mic 5 ha so véi ké hoach nén da trong dude 80 ha va hoan thanh s6m hon mot tuan so véi
du dinh. Héi lam truong dy dinh mdi tuan trong bao nhiéu ha ring.

Loi giai.

Goi z 1a s6 ha ma lam trudng du dinh trong méi tuan (z > 0). Khi d6, thoi gian dé hoan thanh

™ . L e, s . N < s
theo du tinh 1a — tuan. Tuy nhién, thyc té moi tuan lam truong trong dugc x 4+ 5 ha va thoi
x

gian hoan thanh la 5 sém hon dy tinh 1 tuan. Do d6

x 4+

80 75 =15
+1l=—"22+10z-375=0<
z+5 T r = —25.
Két hop diéu kién, ta duge 15 1a s6 ha ma lam truong dir dinh trong mdi tuan. O

Bai 52. Hai cong nhan lam chung thi hoan thanh mot cong viéc trong 4 ngay. Ngudi thit nhat
lam duge nita cong viéc va sau d6 ngudi thit hai lam hét cong viéc con lai thi toan bo cong viée
lam xong trong 9 ngay. Héi méi nguoi néu lam riéng sé hoan thanh toan bo cong viec dé trong
bao lau?

Loi giai.

Goi o (ngay) la thoi gian dé ngudi thit nhat ty minh hoanh thanh cong viéc (z > 4). Khi d6, mbi
ngay ngudsi nay hoan thanh duge 1 cong viec va mat g ngay dé lam duge mot nita cong viéc.
Do hai ngusi lam chung trong 4xngay thi xong viéc nén moi ngay ngudi tha hai lam duge

1 1 x—-4_ . , . . :
- ——= khoi lugng cong viéc. Kéo theo, mot nita cong viéc con lai, ngusi nay lam trong

T 4y
=2 —— ngay. Tt do, ta ¢c6 phuong trinh
2 4x r—4
1 2 r =12
4 2 _9s? 184+ T2=0
% X = 4 1 ) N . Z N o . © 1A N N <
Néu x = 12 thi - 5’ do d6 nguai thit nhat va ngusi thit hai lan lugt tu minh hoan thanh
x

cong viéc trong 12 ngay va 6 ngay.
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. —4 1 . .
Neéu x = 6 thi x4 =1 do d6 nguoi thit nhat va nguoi thit hai lan lugt ty minh hoan thanh
x
cong viéc trong 6 ngay va 12 ngay. U

Bai 53. Mot ca no xuoi mot khic song dai 50 km roi nguge dong song veé lai vi trf ban dau hét
5 gig. Tinh van toc clia ca no6 biét rang van toc dong nude la 4 km/h.
Loi giai.

Goi 2 km/h 1 van t6c ctia ca no (x > 4). Khi d6, thoi gian dé ca no di xudi dong v ngude dong

. 50 0 , ,
trén khic song do lan lhugt 1a gig va 1 gid. Do tong thoi gian di chuyén la 5 gio nén
l’ J—
50 50
+ —— =5« 522 — 1000 — 80 = 0 & x = 10 + 2v/29.
r+4 x—4
Két hop véi diéu kien, ta duge van toc clia ca no 1a 10 + 2/29 km/h. O

Bai 54. Mot xe di tit A dén B cach nhau 24 km. Khi di tit B vé A, do ngudc gié nén van toc
giam di 4 km/h va thoi gian vé lau hon thoi gian di la 1 gio. Tinh van toc cia xe lac di.
Loi giai.

Goi z km/h 1a van téc clia xe lic di (z > 4). Thoi gian dé xe di tit A dén B va tit B vé A lan
24

24 N
lugt 1a — va 1 Do thoi gian ve 1au hon 1 gic nén
x x

24 24 r =12
—+1= P —4dr—-9%6=0<
X L= r = —8
Vay van toc ctia xe lic di 1a 12 km /h. O

7 MOT SO BAI TOAN THUC TE

Bai 55 (Dé thi HKI — Quan 3 — Nam hoc 2016 — 2017).
Gia dinh 6ng Sau gom 4 ngudi, trong thang 11 nam 2020, sé sit dung 27 m?3 nude. Biét ring dinh

miic tieu thu nude ctia mdi ngudi 1a 4 m? /ngudi/thang va don gia duge tinh theo bang sau:

Khbi lugng st dung (m?) Gia cudc (dong/m?)
Dén 4 m?/ngudi/thang 5 300
Trén 4 dén 6 m?/ngudi/thang 10 200
Trén 6 m*/ngudi/thang 11 400

Biét s6 tien phai tra trong héa don da bao gom 5% thué gia tri gia tang va 10% phi bio vé moi
truong. Hoi thang 11 nam 2020, gia dinh ong Sau phai tra theo héa don 14 bao nhiéu tién?

Loi giai.

Gia dinh 6ng Sau gom 4 ngusi va st dung 27 m?® nuée, do d6 trung binh méi ngudi da st dung

6,75 m? nudc.
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Khi d6 s6 tién nude ctia moéi ngudi la 4 - 5300 + 2 - 10200 + 0, 75 - 11400 = 50150 dong.

Vay s6 tién nude nha ong Sau phai tra tinh luon ca 15% thué la
4-50150 (1 + 15%) = 230690 dong.

O

Bai 56. Hai hang xe taxi A va B dua ra bang gia van chuyén hanh khach ctia hai hang taxi A

va B nhu sau:
e Hang taxi A dua ra gia cude 1a 10 ngan dong/km va phu thu thém 15 ngan dong.
e Hing taxi B dua ra gia cude la 12 ngan dong/km.
a) Viét cong thitc va vé do thi vé gid cude clia hai hang taxi tren.
b) Di quang duong dai bao nhiéu thi gi4 tién ctia hai hang taxi bang nhau?
¢) V6i quang dusng dai 50km thi khach hang nén chon hang taxi nao ¢6 1¢i hon?
Loi giai.
Goi x 14 s6 km khach hang da di taxi va y 1a s6 tien khach hang phéai tra cho taxi.

a)
S6 tien khach hang phéi tra khi di hang taxi A: y4 = 10x4 + 15 (ngan dong).
S6 tien khach hang phéi tra khi di hang taxi B: yp = 1225 (ngan dong).
Khi do6 ta c¢6 do thi:

y (ngan dong)

I —— ‘
|
|
|
|
i
SN
//\9{&?v Q;//\/ i
N4 ® !
|

0 7,15 2 (km)

b) Dya vao do thi ta thay néu di v6i khodng cach = 7,5 km thi gid tién phai trd ctia hai

hang taxi 1a bang nhau.
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c¢) Dua vao do thi, néu di v6i khoang cach > 7,5 km thi s6 tién phai tra clia hing A thap hon
hang B. Do d6 néu di véi khoang cach 50 km thi hang A c¢6 lgi hon.

Bai 57. Cho bang bicu thué liy tién timg phan nhu sau:

Bac Thu nhap tinh thué/thang Thué suat
1 Dén 5 trieu dong 5%
2 Trén 5 trd dén 10 trd 10%
3 Tren 10 trd dén 18 trd 15%
4 Tréen 18 trd dén 32 trd 20%
5 Trén 32 trd dén 52 trd 25%
6 Trén 52 trd dén 80 trd 30%
7 Trén 80 trd 35%

a) Hoi trong thang 1 ong A ¢6 thu nhap tinh thué 1a 70 trieu dong thi ong A phai déng thué

bao nhiéu?
b) Trong thang 2 ong A doéng thué 17 trieu dong. Hoi ong A trong thang 2 ¢6 thu nhap tinh
thué 13 bao nhieu?
Loi giai.
a) Néu thu nhap 70 trieu dong thi sb tién thué ong A phai dong la

5-5%+5-10% + 8 - 15% + 14 - 20% + 20 - 25% + 18 - 30% = 15,15 (triéu dong.)

Néu v6i thu nhap dén 52 trieu dong thi tien thué 1a 9,75 trieu dong.

Néu véi thu nhap dén 80 trieu dong thi tien thué l1a 18,15 trieu dong.

Do d6 vdéi tién thué phai déng 1a 17 trieu dong thi thu nhap ctia 6ng A trong thang 2 1a
trong khodng tir 52 dén 80 triéu dong. Khi d6 thu nhap ctia ong A duge tinh béi

17 —-9,75 N
52 + T%: = 76,17 trieu d@ng.

O

Bai 58. Chi Lan vay ngan hang 400 trieu dong va trd gop trong vong 15 nam véi lai suat 1a

0,42% moi thang. Hoi:

a) Hang thang chi Lan phéi trd n¢ bao nhieu tién?
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b) Mot ngan hang khac dé nghi cho vay 400 trieu dong, trad goép trong 10 nam va mdi thang
chi Lan can tra 4,5 trieu dong. Hoi ngan hang d6 dua ra 1ai suat bao nhieu méi thang (1ai
suat khong thay doi trong thoi gian vay)?

Lai giai.
a) Tong sb tién chi Lan phai tra khi vay trong 15 nam véi 1ai suat 0,42% moi thang 1a

S =400(1 + 15 - 12 - 0,42%) = 702,4 tricu ddng.

702,4

Vay s6 tien hang thang chi Lan phai trd trong 15 nam 1a TR 3,902 trieu dong.

b) Néu moéi thang chi Lan phai tra 4,5 trieu dong thi trong 10 nam so tién chi phai tra Ia
S =10-12-4,5 = 540 triéu dong.

Khi d6 s6 tién lai chi Lan da tra la 540 — 400 = 140 trieu dong.
140

S6 tien lai sudt ma ngan hang d6 da dvaralar = ————
0 tién lai suat ma ngan hang do da dua ra la 7 = 1o7=0—55

-100% = 0,29%.

O

Bai 59. Anh A can 30kg son mau xam dé son tudng va ciia, nhung trong kho chi con lai son
mau den va son mau tring. Anh A nay ra ¥ tudng pha son mau den va son mau trang dé dugc

son mau xam va anh ay tim dugc thanh phan ctia mdi loai son mau nhu sau:
Son mau den = 20% bot mau den + 80% chat phu gia;
Son mau trang = 30% bot mau trang + 70% chat phu gia;

Son mau xdm = 5% bot mau den + 15% bot mau trang + 80% chat phu gia (cidc thanh phan
tinh theo don vi kg).

Hoéi anh A can pha bao nhiéu kg son mau den, son mau tring va chat phu gia dé dap tng yeu
cau?
Loi giai.

Theo thanh phan thi trong 30 kg son mau xam bao gom:
Bot mau den: 5% - 30 = 1,5 kg.
Bot mau trang: 15% - 30 = 4,5 kg.

Phy gia: 30 — 0,5 — 1,5 = 24 kg.
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) . 1,5
Khi doé: De c¢6 duge 1,5 kg bot mau den thi can dung 0% 7,5 kg son mau den.
0

?

30%

Dé c6 dude 4,5 kg bot mau trang thi can ding = 15 kg son mau trang.

Vay dé c¢6 duge 30 kg son mau xam thi can dung:
7.5 kg son mau den + 15 kg son mau trang + 7,5 kg phu gia.

O

Bai 60. Me ctia Hoa di siéu thi mua mot moén hang dang c6 chuong trinh khuyén mai gidm gia
20%. Do c6 thé “khach hang than thiét” clia siéu thi nén me ctia Hoa dugc gidm them 2% trén

gia da gidm, do d6 me ctia Hoa chi phai trd 196.000 dong cho mén hang do.
a) Hoi gia ban dau ctia mén hang dé néu khong khuyén maéi 1a bao nhieu?

b) Néu me ctia Hoa khong c¢6 thé “khach hang than thiét "nhung mén hang d6 duge gidm gia

22%. Hoi 86 tien ma me Hoa dugce gidm c6 bang lac dau khong?
Loi giai.
a) Gia ctia san pham néu khong khuyén mai 2% la:

196000

O 900000 déng.
100% — 2% ong

Gia gbc ctia san pham trude khi khuyén mai 20% la:

200000

Y 950000 déng.
100% — 20% one

b) S6 tien me Hoa phai trd néu mua moén hang khi duge giam gia 22% la:
250000 (100% — 22%) = 195000 dong.
Nhu vay me Hoa dugce gidm nhiéu hon lic dau 1a 1000 dong.

O

Bai 61. Nhan dip 1& 30-4, siéu thi dien may Nguyén Kim da giam gi4 nhiéu mit hang dé kich
cau mua sam. Gia niem yét mot tivi vi mot may gidt co tong sb tien la 25,4 trieu dong, nhung
trong dot nay gid mot tivi giam 40% gia ban va gia mot méy giat giam 25% gia ban nén bac Hai
da mua mot tivi v mot may giit trén véi tong s6 tién 1a 16,77 trieu dong. Hoi gid méi mén do
khi chua gidm gi4 1a bao nhiéu tién?

Lo giai.

Goi z,y lan lugt 1a gia ban dau cla tivi va méy gigt (z,y > 0).

Vi gia niém yét mot tivi va mot may gidt c6 tong so tién 1a 25,4 trieu dong, nén ta cé z+y = 25,4
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triéu.
Mot tivi giam 40% va mot may gidt giam 25% tuong ting véi tong sb tién ban ra la 16,77 trieu
dong, nén ta c6: 60%zx + 75%y = 16,77 trieu.
Khi do, ta ¢6 hé phuong trinh:
r+y=254

60%z + T5%y — 16,77.
Giéi hé phuong trinh trén ta duge x = 15,2 va y = 10,2 (théa méan).

Vay gia tién ban dau cia tivi va ti lanh lan luot 1a 15,2 trieu va 10,2 trieu. O

Bai 62. Dé thyc hién chuong trinh ngay “Black Friday”, mot cita hang dién t& thiyc hién giam
gid 50% tren 1 tivi cho 16 hang tivi gom c6 40 cai véi gia ban 1é trude d6 1a 6500000 dong/cai.
Dén trua ciing ngay thi cita hang da ban dugce 20 cai. Khi d6 cita hang quyét dinh gidm thém

10% ntta thi ban hét s6 tivi con lai.
a) Tinh s6 tién ma cita hang thu duge khi ban hét 16 hang tivi.

b) Biét rang gia von mot tivi 1a 100000000 dong. Hoi ciia hang ¢6 161 hay 16 khi ban hét 1o

hang tivi d6?
Lai giai.
a) So tien ctia hang thu duge khi ban 20 cai tivi dau:
20 - 50% - 6500000 = 65000000 dong.
S6 tién ctta hang thu duge khi ban 20 céi tivi cudi cing:
20 - 60% - 6500000 = 52000000 dong.
Tong s6 tién ctia hang thu duge khi ban hét 40 cai tivi 1a
65000000 + 52000000 = 117000000 dong.
b) Vi s6 tién ban ra 16n hon s6 tién von ban dau do d6 clra hang da 16i khi ban hét 16 hang
tivi do.
[

Bai 63. Ban Binh di nha sich va mang theo mot s6 tién vita dit dé mua 5 quyén tap va 3 cay
viét. Nhung khi mua, gia mot quyén tap ma ban Binh dinh mua da tang léen 800 dong, con gia
tién mot cay viét thi giam di 1000 dong. Héi dé mua 5 quyeén tap va 3 cay viét nhu du dinh ban
dau thi ban Binh con du hay thiéu bao nhiéu tién?

Lai gidi.
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Gia st a va b lan lugt la gia tién ban dau clia mdi quyén tap va cay viét (a > 0,b > 100).

Binh mang theo mot s6 tién vita di dé mua 5 quyén tap va 3 cay viét, nén s6 tien Binh c6 1a
5a +3b (1)
S6 tién Binh phai mua 5 quyén tap va 3 cay viét sau khi da thay doi gia la
5(a +800) + 3(b — 1000) (2)

Lay (1)-(2) ta dugc (5a + 3b) — [5(a + 800) + 3(b — 1000)] = —1000 dong.
Vay Binh thiéu 1000 dong dé mua dugc s6 tap va viét nhu da dinh. OJ

Bai 64. Mot ngudi cAn mua mot cai tii lanh. Anh iy dén mot cita hang dé mua. O d6, c6 hai

loai tu lanh:
Loai A: 3 trieu dong/cai, tieu thu 500 kW /nam.
Loai B: 4 triéu dong/cai, tieu thu 400 kW /nam.

Hoéi dung thoi gian bao lau thi dung ti lanh loai A c6 lgi, dung thoi gian bao lau thi dung tu
lanh loai B ¢6 1¢gi? Biét rang gia tien cho moéi kW dién 1a 2000 dong.
Loi giai.
Goi z 1a s6 nam st dung (z € N*) va y I tong s6 tién phai tra tuong tng véi = (y > 0). Khi do,
s6 tien phai tra ctia hai loai tii lanh dudc tinh theo cong thitc sau:

e Loai A: y4 = x4 + 3 tricu dong.

e Loai B: yp = 0,875 + 4 trieu dong.

Ta c6 do thi sau:

y tricu dong

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
:
O 5 T nam
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Theo do thi ta thay, néu stt dung it hon 5 nim thi Loai A 1ai hon, tuy nhién néu sit dung nhiéu

hon 5 nam thi loai B 1ai hon. O
Bai 65. Theo quyét dinh Bo Cong Thuong ban hanh, gia ban 1é dién sinh hoat sé dao dong
trong khoang tir 1484 dén 2587 dong mdi kWh tiy bac thang. Duéi day la bang so sanh biéu gia

dién trude diéu chinh va gia sau diéu chinh:

Miic st dung trong thang (kWh) Gia md6i Gia hién tai
0—-50 1484 1388
51 — 100 1533 1433
101 - 200 1786 1660
201 — 300 2242 2082
301 — 400 2503 2324
401 trd len 2587 2399

Don vi: Dong/kWh

a) Néu ho A trung binh méi thang tiéu thu 120 kWh thi theo gia mdi s tién phai tra ting

lén bao nhiéu trong mot thang?

b) Ho B trong thang 2 da tra tién st dung dién 1a 194170 dong. Hoi lugng dien ma ho B tieu
thu trong thang 2 la bao nhiéu?

¢) Gid stt ho C trong nita thang dau duge tinh theo gid cfi, trong nita thang sau duge tinh
theo gia méi v6i miic sit dung thuc té (bao gom ca nita thang dau) va lugng dién tieu thu
& modi nita thang 14 bang nhau. S6 tién cudi thang ho C phai tra 1a 116350 dong. Hoi lugng
dién ma ho C tiéu thy trong thang 13 bao nhiéu? Biét ring lugng dién tiéu thu khong vuot
qua 100kWh.

Lai giai.
a) SO tien ho A phéi tra theo gia ci
50 - 1388 + 50 - 1433 + 20 - 1660 = 174250 dong.
S6 tien ho A phai tra theo gia méi
50 - 1484 + 50 - 1533 + 20 - 1786 = 186570 dong.

S6 tién tang len

186570 — 174250 = 12320 dong.
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b) 50 - 1388 + 50 - 1433 = 141050; 50 - 1388 + 50 - 1433 4 100 - 1660 = 307050.
Do 141050 < 194170 < 307050 nén ho B tiéu thu tit 101 dén 200 kWh.
Luogng dién thang 2 ma ho B tiéu thu :

(194170 — 141050) : 16604 — 100 = 132 kWh.

c¢) S6 tien dién ctia ho C khi sit dung 50 kWh dau tien
50 N
~-(1484 + 1388) = 71800 dong,
S6 tien dien ctia ho C duge tinh theo mic 2 (tit 51 dén 100)
116350 — 71800 = 44550 dong.

S6 kWh dién ma ho C da st dung trong thang

2 - 44550
———— = 80 kWh.
0+ 1533 + 1433 50 kW

O

Bai 66. Theo quy dinh vé san béng da cé nhan tao mini 5 nguoi thi: “San hinh chit nhat, trong
moi truong hop, kich thude chiéu doc san phai 16n hon kich thude chiéu ngang san. Chiéu ngang
t61 da 1a 25 m va t6i thiéu la 15 m, chiéu doc t6i da 1a 42 m va t6i thiéu la 25 m”. Thuc hién
ding quy dinh kich thuéc san 5 ngusi la didu quan trong dé quan 1y san bong va viec thi dau
clia cic cau thi. San bong d4 mini ¢6 nhan tao Bén Binh c¢6 chiéu doc dai hon chiéu ngang 22
m, dién tich san 1a 779 m2. Héi kich thuée san nay c6 dat tieu chuan da quy dinh hay khong?
Loi giai.

Goi z (m) la chiéu ngang ctia san (z > 0).

= Chiéu doc ctia san la: z + 22.

Ta ¢6 phuong trinh

- (r+22) =779 & 22+220—-779=0
& 2P +4lr —192 - 779 =0
& (z—-19)(z4+41)=0
r =19

=
r = —41.

Viz > 0nén z = 19 théa man. Suy ra, chiéu doc san 1a 19 + 22 = 41 m.

Vay kich thuéc san nay c6 dat tieu chuan da quy dinh. O
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Bai 67.
C6 hai chiéc coc cao 10 m va 30 m lan luct dat tai hai vi tri A H
va B. Biét khodng cach gitta hai coc bang 24 m. Ngudi ta can
chon mot vi tri M & trén mit dat ndm gita hai chan cot dé
giang day ndi dén hai dinh cot nhu hinh vé. Xac dinh vi trf cia
M sao cho téng do dai hai sgi day ndi 1a ngan nhat.
C
A M B
Loi giai.
Goi C" 1a diém dbi xitng v6i C' qua duong thing AB b
= MC" = MC.
Khi d6 MC +MD = MC"+ MD.
MC + M D ngan nhat khi va chi khi MC"+ M D ngan nhat khi
C', M, D thing hang.
Dat AM =x= MB =24 —x v6i 0 < x < 24. c
Xét AMC'A va AMDB ¢6
C'MA = DMB (déi dinh)
MAC" = MBD = 90° AT 7
= AMC'A~ AMDB (g.g)
= MA = C,A@ ’ :E@szﬂ—x@m:&
MB_ DB 2—z 30 c
Vay de MC'+ M D ngan nhat thi M € AB sao cho MA =8 m. -

Bai 68. Mot cot dén cao 7 m c6 béng trén mat dat dai 4 m. Gan day c6 mot toa nha cao tang
c6 bong trén mat dat 1a 80 m. Em hay cho biét toa nha dé c6 bao nhiéu tang, biét rang moi tang
cao 2 m?

Loi giai.

Goi chiéu cao ciia cot den 1a AC' = 7 m; béng clia cot den '
trén mat dat 1a AB = 4 m; chiéu cao clia toa nha 1a A'C’ va
boéng ctia toa nha la A’B’ = 80 m.

Ta c6 AABC « AAB'C' (g.0)

Suy ra
AB AC 4 7 80 -7

= — = AC' = —— =140 m.
ap a0 Ta - ao TN = 0m
Vay s0 tang ctia toa nha la 140: 2 = 70 tang.
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U

Bai 69. May kéo nong nghiép cé hai banh sau to hon hai banh truée. Khi bom cang, banh xe
sau c¢6 duong kinh 1a 1,672 m va banh xe trudc ¢6 duong kinh la 88 cm. Ho6i khi xe chay trén
doan duong thing, banh xe sau lin duge 10 vong thi xe di chuyén dude bao nhiéu mét va banh
xe trude lan duge may vong?

Loi giai.

Chu vi ctia banh xe sau 1a 1,6727 m.

Chu vi cia banh xe trudc la 887 ¢cm=0,887 m.

Doan duong xe di duge la 1,6727 - 10 = 167,27 m.
167,27
887
Vay khi xe chay trén doan dudng thang, banh xe sau lan duge 10 vong thi xe di chuyén duge

S6 vong banh xe trudc lan duge 1a = 190 vong.

167,2 mét va banh xe truée lan duge 190 vong. U
Bai 70. Dé phuc vu cho mot Hoi nghi qubc té, ban t6 chiic huy dong 30 can bo phiéen dich tiéng
Anh, 25 can bo phién dich tiéng Phap, trong d6 c¢6 12 can bo phién dich dugde ca 2 thit tiéng Anh
va Phap. Hoi

a) Ban t6 chitc da huy dong bao nhiéu can bo phien dich cho Hoi nghi d6?

b) C6 bao nhiéu can bo chi dich duge tiéng Anh, chi dich dugc tiéng Phap?
Lai giai.

a) S6 can bo phién dich cho Hoi nghi 1a 30 + 25 — 12 = 43 can bo.

b) S6 can bo chi dich duge tiéng Anh la 30 — 12 = 18 can bo.
S6 can bo chi dich dugc tiéng Phap 1a 25 — 12 = 13 can bo.

U

Bai 71. Mot cong ty bat dong san c6 60 can ho cho thué. Biét rang néu cho thué méi cin ho
véi gia 2000000 dong/thang thi moi can ho déu c6 ngudi thue va cit ting them 100000 dong/can
ho/thang thi sé ¢6 2 cdn ho bi bd trong (nghia 14 néu cho thué méi can ho véi gia 2100000
dong/thang thi sé c¢6 2 cin ho bi b trong, néu cho thueé méi can ho véi gia 2200000 dong/thang
thi s& ¢6 4 can ho bi bd trong, ...). H6i muén ¢6 thu nhap cao nhat thi cong ty dé phéi cho thue
moi can ho véi gia bao nhiéu mot thang?

Loi giai.

Goi x dong 1a 6 tién tang theém ciia gid cho thué méi cian ho trong mot thang (x > 0).

Khi d6, s6 can ho bi bd trong 1a can ho.
e 100000
S0 tien cong ty thu duge trong mot thang la
% 22 20000002 — 222
T = (2000000 (60 _ ) — 12000000—402+602— — 12000000
( +2) 100000 200150000 100000
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Tonax Khi (=222 + 2000000z), .
Ma —222 + 20000002 = —2 (z — 500000)* + 500000000000 < 500000000000.
500000000000

Do do6, Tiax = 120000000 + 100000 125000000 dong khi x = 500000 dong.

Vay mudn c6 thu nhap cao nhat thi cong ty phai cho thué méi can ho méi thang véi gia
2000000 + 500000 = 2500000 dong.

U

Bai 72. Mot céc nude hinh tru cé chiéu cao 9 cm, dudng kinh 6 cm. Day coéc phang va day 1
cm, thanh cbc day 0,2 cm. D6 vao cbe 120 ml nude, sau do tha vao coc 5 vien bi, mdi vien co
duong kinh 2 cm. Héi mét nude trong coc cach mép coc bao nhiéu em (lam tron két qua dén chit

s6 thap phan thit hai)?

Li giai.

Chiéu cao phan chita nude clia coc 1a 9 — 1 = 8 cm.
N . 6—2-02

Ban kinh phan chita nuéc ctia coc la —y = 2,8

cim.

Theé tich clia céc nuée khong tinh thanh coc va day

coclaV =7-2,82-8 = 62,721 cm?. @ @
4 207

Thé tich 5vien bila V, =5 =7 - 13 = =— cm®.

i 3 3
Da6i 120 ml = 120 cm3. @ @ @

Theé tich phan khong chita nuéc ciia coc la

20
Vo=V —V,—120 = 62,7%-77T — 120 ~ 56,1 cm®.

Mat nude trong coc cich mép cde mot khoang 1a
Vs 56,1
h— ~ 0 298 em.
28 g.ooge ool

O

Bai 73. Tu mot miéng ton hinh ban nguyét c¢6 ban kinh R = 3 m, ngudi ta muén cit ra mot
miéng ton hinh chit nhat. Hoi dién tich 16n nhat ctia miéng ton hinh chit nhat 1a bao nhiéu?
Loi giai.

Goi tam ctia hinh ban nguyét 14 O va miéng ton 1a hinh chit

nhat M N PQ. —

bat OM = x; M@ = y. Khi d6 dién tich hinh chi nhat la

S=2ry<az*+y*=R?*=0. | \y

Vay dién tich 16n nhat ctia miéng ton la 9, dat dugc khi
Y
==
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Bai 74. Tu mot miéng nhom hinh tron c¢6 ban kinh R = 6 m, ngudi ta muén lam mot cai phéu
bang cach cat di mot hinh quat ctia hinh tron nay va gap phan con lai thanh hinh nén. Xac dinh
thé tich 16n nhat ctia hinh noén.

Lai gidi.

Goi z (z > 0) 1a do dai cung tron ctia phan duge xép lam hinh nén.
Nhu vay ban kinh R ctia dudng tron la duong sinh ctia hinh nén va duong tron day ctia hinh nén
sé c6 do dai 1a x.

Ban kinh r ctia day duge xac dinh béi cong thic 2nr =2 = r = —

27
Chiéu cao ctia hinh nén la h =+ R2 —r2 =\/R
1 2
Thé tich ctia khéi nén V = —mr2h = ~ i \/
3 3 2
Ap dung bat dang thitc Cosi, ta c6
3
prodrt 2 2 (e ) i St o) A R AR
9 872 8n? 472) — 9 3 9 27 243

4m2RS 27rR® 2763 7 72 2T
Do d6 Vi = |/ - — T 16my/Bkhi o = R2— —— & 2 = T Rv6 = 471/6.
00 03 o3 oy3 _ lOmViN 1 O g Vo= AnVo
O

Bai 75. Khi cau thi sut bong thi do cao h (m) cta trai bong dat duge trong thoi gian ¢ (giay)
dugc tinh bdi cong thiic h = —t(5t — 30). Hay tinh thai gian qua bong di chuyén tit khi dugc siit
cho dén khi cham dat.

Loi gidi.
Thoi gian qua bong di chuyén tit khi duge sit dén khi cham dat 1a ¢ > 0.
) t =0 (loai)
Khi qua béng cham dat thi h =0 < —t(5t —30) =0 <
t = 6 (nhan).
Khi bit dau st béng thi ¢ = 0 nén thdi gian qua béng di chuyén tit khi duge stt cho dén khi
cham dat 14 6 — 0 = 6 giay. O

Bai 76. Chao mimg ngay thanh lap Doan 26/3, trusng THPT Chuyén Tran Dai Nghia t6 chtic

giai bong da cho cac hoc sinh nam khéi 9. Cac doi thi dau theo thé thiic vong tron mot luot tinh

n(n—1)
2

diém. Tong s6 tran dau dugc cho béi cong thiic T = , trong d6 T la tong s6 tran dau
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va n 1a s6 doi tham gia. Hay tinh xem c6 bao nhiéu doi tham gia, biét ring tong s6 tran dau la
66 tran.
Loi giai.

n(n —1) n =12

Ta co =66en?—n—-132=0<

Vin € Nnénn = 12.
Vay c6 12 doi bong tham gia.
O

Bai 77. Mot dung dich gom c¢6 mudi va nuée. Sau mot thoi gian, 300 gam nude bi bay hoi va vi
vay ty le khoi luong nude trong dung dich gidm tir 98% xudng con 95%. Hoi dung dich ban dau
nang bao nhiéu gam?
Lo giai.
Goi z 1a khéi lugng dung dich ban dau, (don vi gam, z > 300).
Khéi lugng nude ban dau 1a 0,98z g.
Khéi Iugng nude lic sau 1a 0,98z — 300 g.
100(0,982 — 300)

Khéi lugng dung dich lic sau 1a o :

Theo dé ta c6 phuong trinh

__ 100(0,987 — 300)
95

Vay dung dich ban dau nang 500 g. O

= 300 & 95z — 98z + 30000 = 28500 < 3z = 1500 & = = 500.

Bai 78. Mot ngusi mua hai mén hang va phai tra tong cong 2,17 trieu dong, ké ca thué gia tri
gia tang (VAT) v6i miic 10% d6i v6i mon hang thi nhat va 8% dbi v6i mon hang thit hai. Néu
thué VAT 1a 9% d6i v6i ca hai mén hang thi ngudi d6 phai tra tong cong 2,18 trieu dong. Hoéi
néu khong ké thué VAT thi ngudi d6 phai tra bao nhiéu tién cho mdi mén hang?
Loi giai.
Goi z, y lan lugt 1a s6 tién ngudi mua phai tra cho mén hang thi nhat va moén hang thi hai
khong ké thué, (don vi: trieu dong, =,y > 0).

R 1,1z + 1,08y = 2,17 x=0,5
Theo de, ta c6 hé phuong trinh &

1092 41,00y = 2,18 |y =1.5.

Vay néu khong ké thué VAT, s6 tién ngusi mua phai tra cho san pham thi nhat 1a 0,5 trieu

dong; sdn pham thi hai 1a 1,5 triéu dong. O

Bai 79. Ngudi ta tron 8 g chat 16ng nay véi 6 g chat 16ng khac c6 khoi luong rieng 16n hon né
14 0,2 g/cm?® dé dugc hén hgp c6 khéi luong rieng 0,7 g/cm?. Tim khéi lugng rieng ctia moi chat
léng, biét rang cong thic tinh khéi luong rieng ctia vat 1a D = %, trong d6 D la khoéi luong
rieng (don vi: g/cm?), m 1a khéi lugng (don vi: g), V 14 thé tich (don vi: cm?).

Lai gidi.
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Goi khoi lugng rieng ctia chat 16ng thi nhat 1a z g/cm?, (x > 0,2).
Khéi lugng rieng ctia chat 16ng thit hai la z + 0,2 g/cm3.

2 ) £, 19 ) 8
Thé tich ctia chéat 16ng thit nhat 13 — cm?.
T

? Z 6
Thé tich ctia chéat 16ng thi hai 1a cm?.
xz+0,2

. . 8+ 6
Thé tich ctia hén hop la 0+7 cm?.

)

Theo dé, ta c6 phuong trinh

8 6 8+6 )
. + 102 0.7 & 102 — 52— 0,8 =0« 2 ~ 0,63

Vay khéi lugng rieng clia chat 16ng thit nhat 1a 0,63 g/cm?; clia chat 16ng thi hai la
0,63 +0,2 = 0,83 g/cm®.

O

Bai 80. Mot ngudi choi phi tieu da ghi dude tong cong 85 diem vao cac 6 8, 9 va 10 véi 10 lan

ném. Biét ring s6 diém ciia lan ném vao 6 8 diém 16n hon s6 diém vao 6 9 diém 13 21 diém, va

s6 1lan ném hon s6 lan ném vao 6 10 diém la 5 lan. Tinh tong s6 diém vao méi 6.

Loi giai.

Goi r 1a 56 1an ngudi choi phi tieu ném tring 6 8 diém, (0 < x < 10).

S6 diém ngudi choi ghi duge 6 6 8 diém 1a 8z diém.

S6 diém ngudi choi ghi duge 6 6 9 diém 1a 8z — 21 diém.

S6 lan nguoi choi ném vao 6 10 diém la z — 5 lan.

S6 diém ngudi choi ghi duge ¢ 6 10 diém 1a 10(z — 5) diém.

Theo dé ra, ta c6 8x + 8x — 21 + 10(z — 5) = 85 & 26z = 156 < = = 6.

Vay ngudi choi ghi duge 6 6 8 diém 1a 48 diém, ¢ 6 9 diem 1a 27 diém va & 6 10 diém 1a 10 diém.
O

Bai 81. Hoc ki I 16p A ¢6 cac hoc sinh trung binh, kha va giéi. S6 hoc sinh gi6i gap 12 1an s6

hoc sinh khé& va ¢6 1 hoc sinh trung binh. Sang dau hoc ki 17 ¢6 5 hoc sinh chuyén va hoc sinh

trung binh (hoc ki 7) gio da xép hoc luc kha, 5 hoc sinh mdi ¢6 kha 1an gioi, khién s6 hoc sinh

gi6i hien gio gap 8 lan s6 hoc sinh kha. Néu s6 hoc sinh chuyén vao 14 kha hét thi s6 hoc sinh

gidi gap 4 lan s6 hoc sinh kha. Tinh s6 hoc sinh gioi, s6 hoc sinh kha.

Loi giai.

Goi s6 hoc sinh khé& 6 hoc ki I 1a x hoc sinh, (z > 0).

S6 hoc sinh giéi & hoc ki I 1a 12z hoc sinh.

S6 hoc sinh kha méi chuyén vao 1a y hoc sinh, (0 < y < 5).

S6 hoc sinh gidi méi chuyén vao 1a 5 — y hoc sinh.
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Néu s6 hoc sinh chuyén vao la kha hét thi s6 hoc sinh giéi gap 4 lan s6 hoc sinh kha nén
122 =4(z + 1+ 5) & = = 3 (thda diéu kien).

Suy ra s6 hoc sinh giéi 6 hoc ki I 1a 36 hoc sinh va s6 hoc sinh kha 14 3 hoc sinh.
Néu 5 hoc sinh méi chuyén vao c6 kha 1an giéi thi s6 hoc sinh giéi hién gis gap 8 lan s6 hoc sinh
khéa nén
36+5—y=83+1+y) < y=1 (théa dieu kien).
Do d6 ¢6 1 hoc sinh kha va 4 hoc sinh giéi méi chuyén vao.

Vay 16p A ¢6 36 + 4 = 40 hoc sinh gidi va 3+ 1+ 1 = 5 hoc sinh kha. O

Bai 82. Mot cau bé thich suu tam bi va dé chiing ngin nip vao nhing chiéc hop thiée bé xinh.
Néu dé 20 vién bi vao mdi hop thi cau khong c6 di s6 hop chita, con néu mdi hop chita 23 vien
bi thi sé du ra 1 hop. Sau mot hoi tinh nham thi cau bé nhan thay ring: néu cat vao mdi hop
21 vien bi ma di hop dé chita s6 bi thi tong s6 vien bi theo gia thiét ay cong véi tong sb vien bi
thuc té cau c6 1a 500 vien bi. Tinh s6 bi va s6 hop thuc té.

Loi giai.

Goi s bi va s6 hop thuec té lan lugt 1a z va y (v6i z, y € N).

Néu dé 20 vien bi méi hop thi khong du s6 hop chita, titc 1a 2:6—0 > .

Néu dé 23 vien bi moi hop thi sé du ra mot hop, tic 1a 2%) <y-—1.

Néu cat mdi hop 21 vien bi ma di s6 hop dé chita thi tong s6 bi theo gia thiét cong véi tong sb

bi theo thuc té 1a 500, tic 1a

21y + x = 500.
Tu do ta c6 hé
x
2_O>y v 523 500
x
— — — 20 500 — 21y <23y — 23 & — < —.
23§y 1 ©qrx<23(y—1) =20y < y < 23y AT AT
21y + o = 500 z =500 — 21y
Viy € Nnén y =12 suy ra z = 248.
Vay s6 bi thyc té 1a 248 vién bi va s6 hop thuc té 1a 12 hop. OJ

Bai 83. Mot bai kiém tra gom 60 cau trac nghieém. Mdi cau lam ding duge 2 diém, lam sai trit
1 diém con khong lam duge 0 diém. Ban Binh lam bai va dat duge 4 diém. S6 cau ban bé bing
v6i s6 cau ban lam dung. Héi ban 1am ding bao nhiéu cau?

Loi giai.

Goi 86 cau ban Binh lam dung 1a z cau, (0 < z < 60).

Suy ra s6 cau ban Binh bé 13 z cau va s6 cau ban Binh lam sai 1a 60 — 2z cau.
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Mbi cau lam dang duge 2 diém, lam sai trit 1 diém con khong lam duge 0 diém nén
20 — (60 — 22) =4 & = = 16.

Vay ban Binh lam ding 16 cau. U

Bai 84. Mot manh dat hinh chit nhat c6 chiéu dai gap ba chiéu rong. Néu chiéu dai tang thém
i lan va chiéu rong tang % lan thi dién tich lac sau 16n hon dién tich lic dau 96 m?. Tinh dién
tich manh dat lac dau.

Loi giai.

Goi chiéu rong manh dat lac dau la z m, (z > 0).

Chiéu dai manh dat lac dau la 3z m.

. , 1
Chiéu dai manh dat lac sau 1a (1 + E) 3xr = 313—5 m.

R f . 1 6
Chieu rong manh dat lic sau la (1 + 5) xr = g m.

Vi dién tich ldc sau 16n hon dién tich ldc dau 96 m? nén

33z 6 s
1—09” : g = 232 + 96 < 9922 = 7522 + 2400 & 22 = 100 < z = 10 (théa didu kien).
Vay dién tich manh dat lac dau 1a 10 -3 - 10 = 300 m?. ]

8 ON TAP HOC KIi 11
N N , - 2 > ~ X . < £ 3 2 .« Z
Bai 85. Tim cac diéem nam trén do thi ham so y = 59& biét:
a) Hoanh do la —2.
b) Tung do la 6.
¢) Hoanh do bang tung do.
d) Tung do (khac 0) gap doi hoanh do.
Loi giai.

3
a) Véixz—?ﬁyzé-(—Q)Qzﬁ

Vay toa do diém théa yeu cau la (—2;6).

3 T =2
b) Véiy=6=6=—a?=1’=4=
2 r=—2.

Vay toa do diém thdéa yeu cau la (2;6) va (—2;6).
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3 r=0=y=0
Véiz=y=o=-2>=-a2>2—2=0=
2
2 2 r=2oy-l

2 2
Vay toa do diém théa yéu cau la (0;0) va <§ §>

d) V6iy =2z vay #0, ta co:

3 3
2$:§x2:>§x2—2x:0:> 4 3
3773
~ ~ 2 2 ~ N N 8
Vay toa do diém thoa yéu cau la <§, §>
O

—2? va dudng thang (D): y = 2x — 3.

Bai 86. Cho parabol (P):

a) Vé (P) va (D) trén cung mot hé truc toa do

b) Xac dinh vi trf tuong déi ctia (P) va (D). Tim toa do giao diém néu c6

) Viét phuong trinh dudng thang (d) song song véi dudng thang (D) va tiép xtc véi (P)

Lo gidi.
a) e Bang gia tri ctia (P)
x 2| -110|1]|2
y=—22|—-4|-1/0|1]4
e Bang gia tri cia (D)
T 1 |2
y=2r—-3|—-1]|1

e Do thi
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b) Phuong trinh hoanh do giao diém ctia (P) va (D)
—2*=2r -3 +2r-3=0. (1)

Tacéa+b+c=1+2—3=0= phuong trinh (1) c6 hai nghiém phan biét.
. , r=1=y=-1
Do d6 (P) cat (D) tai hai diem phan biét, véi (1) <
r=-3=y=-9.

Vay toa do giao diem 1a (1;—1) va (=3; —9).
a=2
c) Goi (d): y=ax+0b. Vi(d)| (D)= = (d): y =22+ b v6i b# —3.
b# —3
Phuong trinh hoanh do giao diém ctia (P) va (d) 1a —2? =2r+ b 22 +22 +b=0. (2)

Vi (P) tiép xtc véi (d) nén phuong trinh (2) ¢6 nghiém kép, nghia 1a
AN=0&12-1.b=041-b=0%b=1 (nhan).

Vay (d): y =2z + 1.

Bai 87. Cho dudng thang (D): y = 22 — 1 va parabol (P): y = 2°.
a) Vé (P) va (D) trén cing mot hé truc toa do.
b) Chiing t6 (D) tiép xiic véi (P) tai diém A c6 hoanh do bing tung do.

c¢) Goi diém B dbi xting véi diém A qua truc tung. Viét phuong trinh duong thang (d) qua B

va cit truc hoanh tai diém c6 hoanh do 1a 2.
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d) Tim giao diém thit hai C cta (d) va (P).
e) Tinh Sypc.

Li giai.

a) e Bang gia tri cia (P)

e Bang gia tri cua (D)

e Do thi

b) Phuong trinh hoanh do giao diém ctia (P) va (D) la
?=2r-1e2°-20+1=0. (2)

Ta c6 A’ = (—1)2 —1-1 = 0 = phuong trinh (2) c6 nghiém kép, nghia la (P) tiép xtc véi
(D) tai diém c6 hoanh do 1a x = % =l=y=1
Vay (P) tiép xuc v6i (D) tai A(1;1).
c) e Vi A ddi xting v6i B qua truc tung nén B(—1;1).
e Goi(d):y=ax+b. Vi B(—1;1)€(d) = 1=—a+0. (3)
e Vi (d) cat truc hoanh tai diém c6 hoanh do 1a 2 nén giao diém 1a C(2;0).

e Vi(C(2;0) € (d) = 0=2a+b. (4)
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1
a=—=
e Tu (3) va (4) ta tim duge 23
b= .
1 2 ;
Vay (d):y=—-x + =.
ay (d):y=—32+3

d) Phuong trinh hoanh do giao diém ctia (P) va (d) 1a

3 3 3 3

Y 2 4
Vay toa do giao diem tha hai C' (5, §)

e) Goi H 1 hinh chiéu cta C len AB = CH = 1.

Ta c6

1 1

98

O

Bai 88. Cho parabol (P): y = 222 va dudng thang (D): y = mx +3m — 2 (m # 0) cat nhau tai

diem A ¢6 hoanh do la 2.
a) Tim m. Vé (P) va (D) trén cing mot hé truc toa do.
b) Tim giao diém B con lai ctia (P) va (D).

C) Tim SOAB-

d) Viét phuong trinh duong thing (d) qua goc toa do va song song véi dudng thang (D).

e) Tim giao diém thit hai ctia (P) va (d).
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Loi giai.

a) e ViA(2;ya) € (P)=ya=2-(x4)"=2-22=8= A(2;8).
Vi A(2;8) € (D) =8=2m+3m—2< 5m =10 < m = 2 (nhan).
Vay (D): y =2z + 4.

e Bang gia tri cua (P)

e Béng gia tri cia (D)

e Do thi

b) Phuong trinh hoanh do giao diém ctia (P) va (D) la

) ) r=—-1=y=2
2 =2x+4<22° -2z —-4=0&
r=2=y=_8.

Vay toa do B(—1;2).

¢) Goi C(0,8), H(0,4) va E(0,2).
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1
SOAH:§OH-AE: -1-4=2 (dth)

| =

1 1 1 1
SBHo:SOBC—SBCHZEBC'-OC'—ﬁCH-BC':5-8-2—5-4-2:4(dvdt).
Vay SOAB:2+4:6 (dvdt)

a=2
d) Goi (d):y=ax+bVi(d) | (D):y=22x+4= = (d): y =2z +0b.
b#4
ViO(0;0) € (d)=0=2-04+b=b=0 (nhan).

Vay (d): y = 2z.
e) Phuong trinh hoanh do giao diém ctia (P) va (d) 1a

r=0=y=0
=22 —2r=0s
r=1=y=2
Vay toa do giao diém thit hai 1a (1;2).
O

Bai 89. Cho parabol (P): y = 42% va diem A (khac gbc toa do) c6 hoanh do bing tung do nam
trén (P).

a) Tim toa do diem A.
b) Viét phuong trinh dudng thang (D) tiép xtc véi (P) tai A.

c¢) Viét phuong trinh dudng thang (D’) qua A va cit truc tung tai diém c6 tung do 1a 2. Tim
giao diém thtt hai ctia (D') va (P).
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d) Vé (P), (D) va (D') trén cung mot hé truc toa do.
Loi giai.

a) Tacod A(za;ya). Viza =yanén A(za;za).

za=0=ys =0 (loai)
DoAe(P)=as=4-(z4) 4 - (24)°—24=05 1 1

Tp = 4_1 = Yq = Z (nhan).

) 11
o towdotim 4 (1)
Vay toa do diem 11
. (11 11 11
b) Goi (D): y = ax + b. TacoA(Z,4)6(D):4—4a+b:>b—4 1%

Phuong trinh hoanh do giao diém ctia (P) va (D)
4’ =ax+ b4 —ar —b=0. (1)
Yeu cau bai toan, ta c6 phuong trinh (1) c6 nghiem kép, nghia 1a
A=0&(—a)? —4-4-(-b)=0sd>+16b=0. (2)

1 1
Thay b= - — ~a vao (2 :
ay b 17 1¢ vao (2), ta ¢

11 1
a“&@(z—zo—JH#J—M+4—O@Qrﬂf—O@w—2—0@a—2éb——z

1

Vay (D): yZQI_Z'

. N 11

¢) Goi (D'): y =ax+0b. Theo de, taco A (1;_

4> va goi B la giao diém clia truc tung va (D’)
nén B(0;2).

o V6i B(0:2) € (D) =2=0-a+b=b=2.

(11 L1 -
. leA(Z,4)E(D):>4—4a+b:>a— 7.

Vay (D'): y = —7x + 2. Phuong trinh hoanh do6 giao diém ctia (P) va (D)
1 N 1
Tr = — y = -
Ao = T +2&42° +Tr—2=0& 4 4

Vay toa do giao diém thit hai 1a (—2;16).

d) e VIiA(2ya)€(P)=ya=2 (z4)°=2-22=8= A(2;8).
Vi A(2;8) € (D) =8=2m+3m — 2= 5m =10 = m = 2 (nhan).
Vay (D): y = 2z + 4.

e Bang gia tri cua (P)
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DO
N |

e Béng gia tri ctia (D)

171
x —_—— f—
8 | 8
1
—or—=| =210
R N B
e Bang gia tri cua (D’)
0 1
l‘ —
2
3
y=—-7x+2|2| —=
2
e Do thi
(P)
(D)

O

Bai 90. Cho parabol (P): y = 42? va diém M (0;2). Chitng minh ring moi dudng thang (D) c6
dang y = ax + b (a # 0) qua M déu cit (P) tai hai diém phan bigt.
Loi gidi.

o Vi M(0;2) €(D)=2=0-a+b=b=2= (D):y=az+2.

N

e Phuong trinh hoanh do giao diém ciia (P) va (D) la

4 =ax +2 e 42 —ar —2=0. (1)
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Ta co

A=(—-a)’—-4-4-(-2)=a*>+32>32>0Va eR.

Vay phuong trinh (1) luon ¢6 2 nghieém phan bigt, tit d6 ta c6 diéu phai chiing minh.

Bai 91. Giai cac phuong trinh sau:

a) 3z — 2z — 5 = 0. b) —22? + 5x —4 = 0.
1

c) 4% —2v5r +1=0. d) §x2—\/7x+g—0.

2 2 V3
e) V322 — 51 — /12 = 0. f) \/§x—\/6x+7=0.
g) 2 +2(V3+1)z+4v/3=0. h) 22 —2(vV3—-1)z—2/3=0.
) 2+ (VE+2)z+v5=0. i) 202 =2 (VT +v2)z+ V1A =0.
k) 3:62—(\/5—3)1’—1—\/5:0. ) \/§x2—<\/§+\/5)x+\/5:0.
m)2v322 + x4+ 1 =3z +1). n) 22+ 2v2x +4 = 3(x +/2).

Loi giai.
r=—1

a) 312 —2x —5=0.Via—b+c=0= 5

b) =222 +5x—4=0. Vi A=5%2—4.(-2)-(—4) = —7 < 0 nén phuong trinh vo nghiem.
c) 42? — 25 +1=0. Ta c6
2
A= (=v5) —4-1=1>0.

Vay phuong trinh ¢6 hai nghiém phan biét

VE+1 . VE—1
T = hoac x = )
4 4
1, 3 .
d) §x —ﬁx—i-E:O.Taco
2 1 3

Vay phuong trinh c6 hai nghiém phan biét

24T
2

X

-2 7
:2+\/?hoacx:%\/_:—2+\/?.

1
- 9. =
2 2
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e) V322 —5x —+/12=0. Ta co
A=5—4-v3(-VI2) =49 > 0.

Vay phuong trinh ¢6 hai nghiém phan biét

x:ﬂZQ\/ghoacx:L?:_ﬁ'
2.3 2.3 3
f) \/§x2—\/6x+\/7§:(). Ta c6

A= (—VB) -1V o

Vay phuong trinh ¢6 nghiém kép
V2
r=—.
2
g) 2 +2(V3+1)z+4V3 =042 +20+2V3r+4/3=0
&z +2)+2V3(x+2) =0
& (@+2) (z+2v3) =0
-x+2:0
2 +2V3=0

=

Vay S = {-2v3;-2}.
h) 22 —2(v3—-1)z—2V/3=0 Taco
A= (V3-1) —1-(-2v3) =4 >0.
Vay phuong trinh ¢6 hai nghiém phan biet

1— 2 1—v3-2
x_¢_1+\/§hoacx_¢_—3+\/§.

i) a:2+<\/5+2)x+\/520. Ta co
A=(v5+2) —4-1-V5=9>0.

Vay phuong trinh ¢6 hai nghiém phan biét

—V5-2+3 1-V5 —5-2-3 —5-+/5
T = = hoac =z = = .

2-1 2 2-1 2

104
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i) 222 = 2(VT+V2)z + /14 =0. Ta c6
A = (\/?+\/§)2—2-\/1_=9>0.

Vay phuong trinh ¢6 hai nghiém phan biét

VTi+V2+3 VT4++v2-3
x:#hoacx:#.

k) 3z% — <\/_—3)x+\/520. Ta c6
A=(V5-3)"—4.3.V5=14-18V5 <0
Vay phuong trinh v6 nghiém.
1) V2?2 — (\/5 + \/3) z+v5=0.Via+b+c=0néen phuong trinh c6 2 nghiém phan biét

V5 _ VM
V2 2

x =1 hoac z =

m) 2\/§x2+x+1:\/§(x+1)<:>2\/§m2+(1—\/§)J:+1—\/§:O.Tacé
A:(l—\/§)2—4-2¢§-(1—\/§):28—10¢§;»x/Z:5—x/§>0.

Vay phuong trinh c6 hai nghiém phan biét:

_1+V345-V3 V3

T = — hoac x
3

C—1+VB3-5+V3  1-1/3
43 a a '

4/3 2

n) 22 +2v2r+4=3(r+v2) & 2>+ (2v2-3) 2 +4-3v2=0. Taco
A=(2v2-3) —4-1-(4-3V2) =1>0

Vay phuong trinh c¢6 hai nghiém phan biét

—2/2 1 —2/2 —1
0
Bai 92. Giai cac phuong trinh sau:
a) 2zt — 5z —7=0. b) 4z* + 5z +2 = 0.
¢) (22 —22)° — 14 (22 — 22) — 15 = 0. d) (22 —z+1) (22 — 2 + 3) = 15.

1\? 1
e) (622 —7x)> —2(622 — Tz) = 3. f) 2<x—i—;) —9<x+5)+1020.
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g) t—2—2y/x—2=28. h) z2—-9—-2yz—1=0.
_ x 10 — 2x ~ x40 T+ 2
i) 2 : j) = .
r—2 2?-2 3r+1  9z* -1
r—2 x 11 30 13 18z +7
k ——=0. 1 — = )
) x +x—1 6 ) ?2—1 224x+1 3 —1
m)xz® — 622 + 62 — 1 = 0. n) (2$2—5w+1)2—(x2—5x+6)2:0_
Loi giai.

a) 2xt—522—7=0.Dat t = 2% (t > 0). Khi d6 phuong trinh da cho tré thanh 2¢2 —5t+7 = 0.

t = —1 (loai)
Tacoa—b+c=0« 7
tzi(nhfan)
V14
7 7 Ty
Voit=-21’=-&
2 2 x_—\/ﬁ
-
—/14 /14
s = {041

b) 4x* 4+ 522 +2=0. Dat t = 22 (t > 0).
Khi d6 phuong trinh da cho tré thanh 4¢2 + 5t + 2 = 0. (1)
Tac6 A =5>—4-4-2=—T7< 0 neén phuong trinh (1) vo nghieém.
Vay phuong trinh dé cho vo nghiem.

¢) (2% —22)° — 14 (22 — 22) — 15 = 0. Dat t = 22 — 2z.

Khi d6 phuong trinh dé cho tré thanh ¢2 — 14t — 15. Via—b+c=0 =

e Viit=-1lor’*-2r1=-112-22+1=0& (z—-1)2?=0z-1=0z=1.
T =3
e Voit=15c1>-2r=15212-2r-15=0&
T =9D.
Vay S = {-3;1;5}.
d) (22 —2z+1)(2* —x+3)=15.
Ditt =22 -2+ 1=t+2=2%— 2+ 3. Khi d6 phuong trinh dé cho tré thanh

t-t+2)=15t?+2t=15t"+2t-15=0<

e V6it=3er —r+1=3c2—2r-2=0&
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e Voit=-H2>—z+1=-5&22—1+6=0 (vo nghiem).
Vay S = {-1;2}.

e) (622 —7z)” —2(62% — Tz) =3 < (622 — 7z)> — 2 (622 — Tx) — 3 = 0. Dat ¢t = 622 — Tx.

t=—1
Khi d6 phuong trinh dé cho tré thanh t? — 2t —3=0. Via—b+c=0 &
t=3.
r=1
e Viit=-162-Tr=-162>-T2+1=0% 1
ng
3
T ==
e Vit =361 —Tr =356 —Tr—3=0& 2
11 3
Va S:{——;—;l;—}.
w 3762
1) 1
fy2lz+—-) =9(xz+—-)+10=0. (%)
x x
Diéu kién xac dinh: = # 0.
5)
1 t=g
Diit t = 2 + —. Khi d6 phuong trinh (x) < 262 =9t + 10 =0 < 2,
o t=2
1 5 5 r=2
o Viiz+-—-=-1’——r+1=0& 1 (nhan).
r 2 2 r==
2
1
o Voir+—=222-22+1=0% 2 =1 (nhan).
x
- fLa)
ay S =13=;1;2¢.
y 277
g) t—2—2yr—2=28. (%)
Diéu kién xac dinh: 2 —2 >0 < o > 2.
() x—2—2y/r—2-8=0. (1)
batt=+vz—-22>0.
t =4 (nhan)
Khi d6 phuong trinh (1) & t* -2t —8=0<
t=—2(voly).
Véit=4<Vr—2=4<1x—2=16< x =18 (nhan).
Vay S = {18}.
h) 2—9—2yz —1=38. (%)

Diéu kién xac dinh: 2 —1 >0 < x > 1.
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() rx—1—-2yz—-—1-8=0. (1)
t =4 (nhan)
Dat t = v/ — 1 > 0. Khi d6 phuong trinh (1) & ¢* — 2t —8 =0 &
t=—2(voly).
Véit=4<Vr—1=4<12—1=16< x =17 (nhan).
Vay S = {17}.
x 10 — 2z 2 — 10 + 2x
i = = 0. 1
l)x—2 2 z(x —2) 0 (1)
x #0 x#0
Diéu kién xac dinh: # & 4
xr—2#0 x # 2.
r=—1+V11
(1)=224+2r-10=0¢ (nhan).
r=—-1-+11
Vay S = {-1- V1L, -1+ V11}.
) r+05  Tr+2 (x—|—0,5)(3x—1)—7x—2_0 )
Vg1 T ot 1 B+ DBz—-1)
—1
. 3z —1+#0 3z #1 x#?
biéu kién xéac dinh & & 1
3r+1#0 3r # —1 x#g
Khi d6
, 11
(1)= (z+05)Bzx—1)—Tx —2=0< 3z —|—§:c—§—7a:—2:o
13 5
2—— —_ - =
< 3 5T~ 5 0
5)
x = — (nhan)
N 2
= 1(loai)
T = ——
5 oz
5
vay s = {2},
ay 9
x—2 x 11 6(x —2)(z — 1) + 622 — 11lz(z — 1)
) x +x—1 6 < 6x(z —1) (1)
x#0 x#0
Diéu kién xac dinh 7 e 7
r—1#0 x # 1.
r=4
(1)= 622 —18z+ 12+ 622 — 112’ + e =0 2> —Tr+12=0& (nhan).
r=3
Vay S = {3;4}.
y
30 13 18x+7

21 22+x+1 231
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022 +x4+1)—13(x—1)(z+1)— 18z + 7)(x + 1)
(x+D(z—1)(22+2x+1)

=0. (1)

r+1#0 x# -1
=
r—1#0 x # 1.

Diéu kién xac dinh

(1) = 30(z®+z+1)—13(x—1)(z+1)— (B8z+7)(z+1) =0
< 3022430 +30— 1322+ 13— 1822 — 250 —7=0
=

22+ 52 +36=0
r=9

(>

(nhan).
r=—4

Vay S = {—4;9}.

m) 2° —62°+6x—1=0s2°—-1—62%— 62 =0
S (x—-1) (2" +z+1) —6z(z—1)=0
S (@-1)(2+z+1-6z) =0
r—1=0

=
22 —5x+1=0

-le
54421
= | T = 5
5—+/21
|z = 5 )
5—+21 5 21
VayS:{ 5 i1 +2\/—}

n) Ta co

(20 =52 +1)" — (22 52 +6)" =0
& (20 —br+1+2"—52+6) (22° —br+1—a2°+52—6) =0

322 — 102+ 7 =0
p=-—4

7t 5=

_IL‘Zl

7

r=-
N 3

=45

P

109
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U
Bai 93. Giai cac hé phuong trinh sau:
|4z — 2|+ |ly+1] =0 y—2lz|+3=0
a) c)
2r —y = 2. ly| +x —3=0.
2z + 3ly| =13 Q lz+yl=1
3z —y=3. |z| + |y| = 1.
Lo giai.
1
dr —2=10 r=z
a) Co |A(x)| >0Vrnen |4z — 2|+ |ly+ 1| =0 & & 2,
1
Thay vao phuong trinh 2z —y = 2 ta ¢6: 2 - 5 (—=1) = 2 (luon ding).
P 1
Vay hé phuong trinh ¢6 nghiém duy nhat (z;y) = <§, —1).
b) Truong hop 1: y > 0= |y| = v.
R 204+ 3y =13 x =2
Hé phuong trinh ban dau tuong duong véi & (Théa man).
3r—y=3 y=3
Trudng hop 2: y < 0= |y| = —v.
4
. 2r — 3y =13 T="% ,
Hé phuong trinh ban dau tuong duong véi & 33 (Thoéa man).
3r—y=3 y=——
4 33 7
Vay hé phuong trinh da cho c¢é tap nghiém S = {(2; 3), (—?; —7> }
x>0 |z| =«
¢) Truong hgp 1: =
y>0 yl = .
R y—2r+3=0 T =2
Hé phuong trinh ban dau tuong duong véi & (Théa man).
y+r—3=0 y=1
x>0 x| =«
Truong hop 2:
y <0 yl = —v.
R y—2r+3=0 x=0
Hé phuong trinh ban dau tuong duong véi & (Thoa méan).
—y+x—3=0 y=—3
r <0 2| = —x
Truong hop 3:
y=>0 lyl =y

R y+2x+3=0 = —06
Hé phuong trinh ban dau tuong duong véi & (Théa méan).
y+x—3=0 y=29
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r <0 |z] = —x
Truong hop 4:
y <0 lyl = —y.
. y+2x+3=0 r=0
Heé phuong trinh ban dau tuong duong véi & (Khong thoéa méan).

—y+x—3=0 y=—3
Vay hé phuong trinh ¢6 tap nghiem S = {(2;1),(0;-3),(—6,9)}.

d) Colz|+|yl=1=0<]|z|,ly <1l —-1<zy<l.
Theo bat dang thiic chita dau tri tuyet doi |z + y| > |x| + |y].
Theo dé bai |z +y| = |z| + |y| = 1 = 2y > 0.

z>0
Truong hop 1:
y > 0.
R r+y=1 1>x2>0
Hé phuong trinh ban dau tuong duong véi &
r+y=1 y=1—ux.
x <0
Truong hgp 2:
y < 0.
. —(z+y)=1 —1<x<0
Hé phuong trinh ban dau tuong duong véi &

=—-1—-u

—r—y=1 Yy
Vay hé phuong trinh cé tap nghiem S ={(1 >z >0,y =1—-2), (-1 <z <0;y=—-1—x)}.

0
Bai 94. Giai cac hé phuong trinh sau
T—y=21xy 4dr — 3y =0
a)
x4y = bry. b) ¢3y+2z=9
dr + Ty + 5z = 5.
Loi giai.
rT—y=21ay 5 — by = dxy
a) & = br — by =z +y & 4o = 6y.
T+ y = dry. T+ y = dry.
Hé phuong trinh da cho tuong duong véi
3
3 3 3 r=73Y
3 3 Yt 3,71 (1_3)_0<:> y=0 & (x‘y):(l.l)‘
Q?J y—2y ) 29—29 29 Y) = y:l ’ 2’3
3

11
Vay hé phuong trinh da cho c¢6 tap nghiem S = {(0; 0), <§, §> }
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_ 3y 3
dr —3y =0 4r =3y $:Z 1’25
-3 =
b) ¢3y+2:=9 SNFT Y < z:;y@ y=2
-3

. 3
Vay hé phuong trinh da cho c6 nghiém duy nhat (z;y;2) = (5, 2; —3).

O
Bai 95. Biét mdi phuong trinh sau c¢6 mot nghiém 1 z;. Tim nghiém con lai.
1
a) 1222 —8r +1 =0, =g
b) 222 —Tx —39 =0, z; = —3.
c) 2 +x—2+2=0,2, = —2.
d) 22 —=2mx+m —1=0, z; =2 (m 1a tham s0).
Loi giai.
Cac phuong trinh trong bai déu 1a phuong trinh bac hai c6 nghiém, nén 4p dung dinh 1i Vi-ét ta
—b
T+ r = —
co: a
c
L1+ T = —.
a
) 1 N 1 1 N 1
RE R TR T TR TG
39 39 13
b g =—— < =3 Ty=—— STy = —.
) Ty -T2 5 ) 5 T2 5
C) $1+$2:—1<:>—\/§+$2:—1<:>$2:—1+\/§
d) Vi phuong trinh ¢6 nghiegm z; =2nén 22 —2m-2+2—-1=0&m = 1.
Phuong trinh tré thanh 22 — 2z = 0.
T1+ =2 2419=2% 15 =0.
O

Bai 96. Tim hai s6 u, v trong mdi truong hop sau
a) ut+v =12 uv =28 va u > v.
b) u+v =3, uv = 6.

Lai giai.

a) u, v la nghiém cta phuong trinh bac hai 2120 428=0< 1z =6+ 2V2.
Viu>vnénu:6+2\/§,v:6—2\/§.
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b) w, v 1a nghiém ctia phuong trinh bac hai 22 — 3z + 6 = 0.
Phuong trinh v6 nghiem vi A < 0.

O
Bai 97. Tim m dé cac phuong trinh sau c¢6 nghiem kép. Tim nghiem kép dé.
a) 2r2 — (2m+1) +2m? = 0.
b) (m—1)z* +2(m+ 1)z +m = 0.
Loi giai.
Phuong trinh bac hai c¢6 nghiém kép khi va chi khi A = 0.
m= -
a) A=02m+1)2—4-22m*=0& —-12m*+4m+1=0%& 1
m=—-.
1 1 0
Vay véi m = 5 va m = ~5 thi phuong trinh c6 nghiém kép.
b) V6i m = 1, phuong trinh 1a phuong trinh bac nhat nén khong ¢6 nghiem kép.
-1
Véim #£1, A" = (m+1)2—(m—1)m:0<:>3m+1:0<:>m:? (Théa man).
Vay véi m = —3 phuong trinh c6 nghiém kép.
O

Bai 98. Tim m dé cac phuong trinh sau vo nghiém
a) 3r2 —2(m — )z +m? —m = 0.
b) (m—2)z? —2(m+2)z+m—1=0.

Loi giai.
Phuong trinh bac hai vo nghiém khi va chi khi A < 0.
1

m < —z
a) A'=(m—-1=3(m*-—m)<0&e -2m*+m+1<0& 2

1
Vay v6i m > 1 hoac m < —3 thi phuong trinh vo6 nghiém.

nén m = 2 khong la gi tri can

ool —

b) V6i m = 2, phuong trinh tré thanh —8z+1 =0z =
tim.

2
V6i m # 2, A’:(m+2)2—(m—2)(m—1)<0<:>7m+2:0<:>m:—? (théa man).

-2 .
Vay m = - la gia tri can tim.
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Bai 99. Tim m dé cac phuong trinh sau c6 hai nghiem phan biét
a) x> —2(m —2)r +m? — 3m = 0.
b) (m+1)a® —2mz +m —2 = 0.
Lai giai.
Phuong trinh bac hai ¢6 hai nghiém phan biét khi va chi khi A > 0.

a) A'=(m—-22-=m?>-3m)>0& -m+4>0&m< 4

Vay m < 4 1a gia tri can tim.

b) V6i m = —1, phuong trinh tré thanh phuong trinh bac nhat, khong thé c6 hai nghi¢m phan
biét nén loai.
Véim#—-1,AN=m>-(m+1)(m—-2)>05m+2>0&m> -2
Vay véi m > —2 va m # —1 thi phuong trinh ¢6 hai nghiém phan biét.

Bai 100. Tim m dé cac phuong trinh sau c6 nghiém
a) 22— 2m+ 1Lz +m> +m+2=0.
b) maz? —2mz +m —3 =0.

Loi giai.

Phuong trinh bac hai ¢6 nghiém khi va chi khi A > 0.

—3++/21 —3—+21
N S A iy

a) A= (2m+1)2—(m*+m+2) >0 3m*+3m—-1>0&m > G < s

-3+ v21 -3 —-v21
— T o< =

5 < 5 thi phuong trinh c¢6 nghiém.

Vay v6i m >

b) V6i m = 0, phuong trinh tré thanh —3 = 0, vo nghiém nén m = 0 khong théa méan.
V6im#0,AN=m?>-m(m—-3)>0&3m>0&m>0.

Vay véi m > 0 thi phuong trinh cé nghiém.

Bai 101. Chitng t6 phuong trinh sau luén ¢6 nghiém véi moi gia tri ctia m.
a) 22+ (2m+1)x+2m = 0.
b) 22 —2(m —2)z +2m — 5 = 0.

Lai gidi.
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a) Day la phuong trinh bac haic6 a —b+c=1— (2m + 1) + 2m = 0 nén c¢6 nghiéem z = —1

v6i moi gia tri cua m.

b) Day la phuong trinh bac hai c6 a+b+c¢=1—2(m—2)+2m —5 = 0 nén ¢6 nghiém = = 1

v6i moi gia tri cua m.

Bai 102. Giai va bién luan cac phuong trinh

a)

b) ma? —m+1=0.
Loi giai.

a) A=m?—4-2-m?=—-Tm? <0 Vm.
Phuong trinh c6 hai nghiém phan biét khi va chi khi A > 0 < —7m? > 0 < m € (.
Phuong trinh c6 nghiém kép khi va chi khi A =0 —™m? =0< m = 0.
Phuong trinh v6 nghiém khi va chi khi A < 0 < m # 0.
Vay khong c6 m dé phuong trinh c6 hai nghiém phan biét.
m = 0 thi phuong trinh c6 nghiém kép.
m # 0 thi phuong trinh vo6 nghiém.

b) V6i m = 0, phuong trinh tré thanh 1 = 0, v6 nghiém.

222 +max +m? = 0.

V6i m # 0 thi A =m? — 4m = m(m — 4).

m > 4
Phuong trinh c¢6 hai nghiém phan biét khi va chi khi A > 0 <
m < 0.
z=0
Phuong trinh c¢6 nghiém kép khi va chi khi A =0 <
r=4

Phuong trinh v6 nghiém khi va chi khi A <0< 0 <m < 4.

Vay khi m > 4 hodac m < 0 thi phuong trinh c6 hai nghiém phan biét.
m = 0, m = 4 thi phuong trinh c6 nghiém kép.

0 < m < 4 thi phuong trinh v6 nghiém.

Bai 103. Tim nghiém ctia phuong trinh sau (@ — b)a? + (b — ¢)x + ¢ —a = 0.

Lai gidi.

V6i a = b, phuong trinh tré thanh (a — ¢)z +¢—a = 0.

V6i ¢ # a = b, phuong trinh c6 nghiém z = —1.

V6i a = b = ¢, phuong trinh c6 vo s6 nghiém.
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Véia # b, (a—b)a®+ (b—c)z+c—a =0 cé tong cac he sd bing 0 nén c6 nghiem z = 1 va

c—a
= ) O
a—>

Bai 104. Chitng minh rang phuong trinh c¢6 nghiém véi moi a, b, c.

X

a) (r—a)(x—0b)+(x—b)(r—c)+ (r —c)(x —a) =0.
b) a(b— c)z* +b(c — a)z + c(a — b) = 0.
Loi giai.

a) (z—a)(z—b)+(x—b)(x—c)+(r—c)(zr—a)=0& 32> —2(a+b+c)+ (ab+bc+ac) = 0.

Phuong trinh c¢6

A" = (a+b+c)*—3(ab+bc+ac) =a*+b* +c* —ab—bc+ ac
1
= 5((a—b)2+(b—0)2—|—(a—c)2)ZO

Vay phuong trinh luon c6 nghiém véi moi a, b, c.
b) Phuong trinh c6 tong céc he s6 1a a(b — ¢) + b(c — a) + c¢(a — b) = 0 nén c6 nghiem z = 1
v6i moi a, b, c.
O
Bai 105. Cho a, b, ¢ 1a do dai ba canh ctia mot tam gidc khong c6 goc vuong. Chitng minh rang
cac phuong trinh sau c6 nghiém
a) (b*+c* —a®)x? — dbex + (b + ¢ — a®) = 0.
b) a*2? + (a* +b* — ) +b* =0
Loi giai.
a)
A = 4 — (b 4 — a?)?
= (2bc —b* — &+ a®)(2bc + b* + & — a?)
= (@ =(0—=c*)((b+c) —a”)
= (a+b—c)la=b+c)(b+c—a)(b+c+a)

Do a, b, ¢ 1a do dai ba canh ctia mot tam giac khong vuong nén ching déu duong va thoa
a+b—c>0

méan bat déng thitc tam gidc < a — b+ ¢ > 0.

b+c—a>0
Khi d6 A’ > 0 va phuong trinh ¢6 nghiém.
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b)

a® +b* — )? — 4a*V?

(a+0b)*—¢*) ((a—b)?—¢)

(a?

= (a +b? — 62+26Lb) (a2+52—02—2ab)
(
(a+b+c)a+b—c)la—b—c)(a—b+c)

117

Do a, b, ¢ 1a do dai ba canh ctia mot tam giac khong vuong nén ching déu duong va thoa

a+b—c>0
méan bat dang thitc tam gidc ¢ ¢ — b+ ¢ > 0

—b—c+a<0
Khi d6 A < 0 va phuong trinh v6 nghiém.

Bai 106. Cho phuong trinh 322 — 52 — 2 = 0. Tinh

a) i+ 3.

b) 242

T2 T1
c) a3+ 3.
Loi giai.
Phuong trinh nay c¢6 ac < 0 nén c6 hai nghiém phan biét.

$1+I2:—

Khi d6, theo dinh 1 Vi-ét, c6: _32.
1Ty = ?
a) x3 + x5 = (11 + T9)? — 27179 = (§>2—2-_—2 = 3—7
b 3 3 9
37
T xe i+ (21 +12)? — 27170 9 37
T2 I 122 122 4 6
3
c)
vl ay = (21 + o) (7]

— T1x2 + 15)

(
- (Il + x2)(($1 + ZL’Q)2 — 3(1]}%2)

IOEE

25
927
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Bai 107. Cho phuong trinh 22 +2(m+ 1)z +m?> —m +3 =0
a) Tim m dé phuong trinh c6 hai nghiém phan biét 1, 5.
b) Tim m dé 23 + 23 = —28.
¢) Tim m dé x; — 229 = —1.
d) Tim gid tri 16n nhat ctia B = 1 + x5 — 2175.
Loi giai.
a) Phuong trinh ¢6 hai nghiém phan biét
SA>08 (m+1)2—( 2—m+3)>0<:>3m—2>0<:>m>§.

2
Vay véi m > 3 thi phuong trinh c¢6 hai nghiém phan biét.

. 2 . . T+ 1y = —2(m +1)
b) V6i m > —, theo dinh li Vi-ét, ta co:
3 T1-xTe =m? —m+ 3.
a2l = (2 4+ x) (2 — 220 + 22)
= (l’l + Ig)((l‘l + 1’2)2 — 31’1ZL’2)
= —2(m+1) (4(m+1)*> = 3(m* —m + 3))

= —2m> — 24m? — 12m + 10.

i+ a5 =28 & —2m®—24m® — 12m + 10 = —28
& 2m*+13m+19)(m—1)=0

m =1 (Théa man)

<~
—13 £ v93
m=—— (Khong thoéa man)
Vay m = 1 1a gia tri can tim.

—4m — 5

T+ 2y =—-2(m+ 1) 3wy = —2m — 1 T= g

c) Co: & & o 1
r, — 229 = —1 T+ a9 =-=2(m+1) x2:T'

—4Am -5 —2m—1
3 3
o 8m?4 14m+5=9m? —9m + 27

T Ty =m>—m+3 & =m?—m+3

& m?P—23m+22=0
m=1

& (Théa man).
m = 22

Vay m = 1 va m = 22 13 gia tri can tim.

118
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) ) 1\ 19 _-19

d) B=xi+zy—1129 = —2(m+1)—(m*—m+3) = —m*—m—-5=—(m+ 5) "1 < -
Vay max B = —T19 dat dugc tai x = —%.

Bai 108. Cho phuong trinh 2% — 2(m — 2)x + 2m — 3 = 0.

a) Chiing t6 rang phuong trinh luon c6 hai nghiem phan biét véi moi m.

. 1 1 10
b) Ti de -+ =—.
) Tim m ex%ij% 9

¢) Tim gi4 tri nho nhat cia B = 27 + 3.
d) Tim hé thic lién hé gita x1, x5 khong phu thude vao m.
Loi giai.
a) A'=(m—2)>—-(2m—3)=m?>—6m+7.
Phuong trinh khong thé luon c6 hai nghiém phan biét véi moi m.
T+ 29 = 2(m — 2)

b) Theo dinh li Vi-ét, ta co:
Ty Ty =2m — 3.

- 3
Vixl,xg6mauth1’rcnén:v1-x27é0<:>m7é§.
1 1 10 10
x_%—i_x_%:? < x%—l—x%:?xf:vg
2 10 2
<~ (IL‘l + 1'2) — 22119 = 3 . (ZL‘lfL‘Q)
10
& 4(m—2)? —2(2m —3) = §(2m —3)?
& m?+60m—108 =0
—15 4+ 3v37
& m = ——— (Thda man)

2

—15+ 337

5 1 gia tri can tim.

Vay m =
¢)
B = x%—l—x%
= (x1+x2)2—2x1x2
= 4(m—2)*—2(2m —3)
= 4m? —20m + 22
5 2
- 4<m—§> —3>-3VYm

5
Vay min B = —3 dat dugc tai x = 7
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T+ X9 :2(m—2)
d) Theo dinh li Vi-ét, ta co:
Ty Ty =2m — 3.
Lay vé trit vé, ta c6: x1 + 29 — 1272 = —1, khong phu thuoc vao m.

Vay hé thic lién hé 1a x1 + 2o — x120 = —1.

O

Bai 109. Tim hai s6 biét rang s6 16n 16n hon sé bé 3 don vi va tdng cac binh phuong clia hai
s6 do 1a 369.

Li giai.

Goi a,b lan lugt 1a hai s6 can tim (a > b).

Vi 86 16n 16n hon 6 bé 3 don vi nén a — b = 3. (1)
Vi tong cac binh phuong ctia hai s6 d6 1a 369 nén a? + b> = 369. (2)

Tu (1) va (2) ta duge hé phuong trinh

b=-15
a=b+3
a—b=3 a=0b+3 a=—12
= = b=-15 <
a® + b = 369 (b+3)* + b =369 b=12
b=12
a = 15.
Vay hai s6 can tim 1a (a;b) € {(—12; —15), (15;12)}. O

Bai 110. Hai canh ctia mot hinh ch@ nhat hon kém nhau 10 m. Tinh chu vi hinh ch nhat dé
biét dién tich ctia né la 1200 m?.

Loi giai.

Goi a,b (m) lan lugt 1a chiéu dai, chiéu rong ctia hinh chit nhat (a > b > 0).

Vi hai canh ctta mot hinh ch@ nhat hon kém nhau 10 m nén a — b = 10 (1).
Vi dién tich ctia hinh chit nhat 14 1200 m? nén a - b = 1200 (2).
Tu (1) va (2) ta c6 hé phuong trinh

a=0b+10
a—b=10 a=0b+10 b=30
And g b=30 g
a-b=1200 | (b+10)-b=1200 a = 40,
b= —40 (loai)
Vay chu vi ctia hinh chit nhat 1a (40 + 30) - 2 = 140 (m). O

Bai 111. Mot hinh chit nhat c6 chu vi 14 120 cm. Néu gidm chiéu dai di 3 cm va tang chiéu
rong thém 5 cm thi hinh chit nhat c6 dién tich 14 925 cm?. Tim kich thuéc ban dau ctia hinh chit
nhat?

Loi giai.
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Goi a,b (cm) lan lugt 1a chiéu dai, chiéu rong ctia hinh chit nhat (a > b > 0).

Vi hinh ch@ nhat ¢6 chu vi 1a 120 cm nén (a + b) - 2 = 120 (1).
Vi khi gidm chiéu dai di 3 cm va tang chiéu rong théem 5 cm thi hinh chit nhat c6 dién tich 1a
925 cm? nén ta c¢6 (a —3) - (b+5) = 925 (2).
T (1) va (2) ta ¢6 hé phuong trinh

[ (b=32
a=060-0>
(a+b)-2=120 a=060—b a=28
& = b=20 <
(@—3)-(b+5) =925 | (60—b—3)-(b+5) =925 b =20
b=32
a = 40.
Via > bnén a =40 va b = 20.

Vay kich thuéc ban dau ctia hinh chit nhat 14 40 m va 20 m. O

Bai 112. Mot doan xe 6 t6 can chd 30 tan hang theo dur dinh, mdi xe ché nhu nhau. Khi bat
dau khdi hanh thi c6 thém 2 6 t6 dén nita nén mai xe chd it hon 0,5 tan so v6i du dinh. Hoi lac
dau doan xe c6 bao nhiéu 6 to6?

Loi giai.

Goi a (xe) 1a 86 xe 0 t6 lic dau (a € N*).

Goi b (tan) 1a s6 tan hang mdi xe phai chd (b > 0,5).

Vi doan xe 0 t0 can chd 30 tan hang nén a - b = 30 (1).
Vi khi bat dau khéi hanh thi c¢6 thém 2 6t6 dén nita nén méi xe ché it hon 0,5 tan so véi du dinh
nén (a+2)-(b—0,5) =30 (2).
Tu (1) va (2) ta c6 hé phuong trinh

a-b=30
(a+2)-(b—0,5) =30
a-b=30
—0,5a+2b=1
a-b=30

a=4b—2

(4b—2)-b =30
a=4b—2

a=4b—2

T
——~ S/
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Vay doan xe ban dau c6 10 xe. O

Bai 113. Mot phan xudng du dinh dét 3000 tam tham. Trong 8 ngay dau, ho da thuyc hién ding
ké hoach dé ra mdi ngay, nhitng ngay con lai ho dét vugt mic moi ngay 10 tam tham nén hoan
thanh ké hoach trudc 2 ngay. Hoi theo ké hoach, phan xudng phai dét moi ngay bao nhiéu tam
tham?

Loi giai.

Goi a (tdm tham/ngay) 1a nang suat mdi ngay ctia phan xudng (a > 0).

Goi b (ngay) 1 thoi gian dé phan xudng san xuat (b > 0).

Ta c6 bang sau

Téng san pham (tam tham) | Nang suat (tam tham/ngay) | Thai gian (ngay)
Ké hoach 3000 a b
i 8-a a 8
Thue tée
(a+10)- (b — 10) a+ 10 b—8—2=b—10

Ta dugce hé phuong trinh

a-b=3000
(a+10) - (b — 10) = 3000
a-b=3000

=
—a+b=10
a- (10 + a) = 3000

<~
b=10+a

a =50

& a = —60 (loai)
b=10+a
a =50

=
b = 60.

Vay theo ké hoach, phan xudng phai dét mdi ngay 50 tam tham. O

Bai 114. Luc 7 gio 30 phit, mot 6 t6 khéi hanh tit A dén B, 6 t6 nghi 30 phit roi di tiép, dén
C lac 9 gio 30 phat. Biét quang duong AB dai 30 km, quang duong BC dai 50 km va van toc di
tren quang duong AB 16n hon van toc di tren quang duong BC 1a 10 km/gio. Tinh van toc di
trén quang duong AB, BC.
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Loi giai.

Goi a,b (km/h) lan lugt 1a van toc ciia 6 t0 di trén quang truong AB, BC (a > b > 0 va a > 10).
Thoi gian 6 to di tit A dén B 14 9 gio 30 phut — 7 gio 30 phut = 2 gio.

Dai 30 phit = 0,5 gio.

Thoi gian di trén quang duong AB la % gig. Thoi gian di trén quang duosng BC' la % gia.

Vi van toc di trén AB 16n hon van toc di tren BC 1a 10 km/gio nén ta ¢6 a — b = 10 (1).
2 . . 30 50
Vi tong thai gian di tit A dén B hét 2 gio nén ta c6 — + n +0,50=2 (2).
a
T (1) va (2) ta ¢6 hé phuong trinh sau
a—b=10
30 50
—+ —+05=2
a b
a=0b+10
=
50a + 30b = 1,5ab
a=0b+10
=
50(b + 10) + 30b = 1,5(b + 10)b
a=>b+10
=
3b* — 130b — 1000 = 0
a=b+10
& b=50
20
b=—— (loai
5 (loai)
a = 60
=
b = 50.

Vay van toc di trén quang duong AB 14 60 km/h va van toc di trén quang duong BC' 1a 50 km /h.
0

Bai 115. Mot nguoi di xe dap tit tinh A dén tinh B dai 36 km. Litic vé nguoi iy ting van toc
them 3 km/h, do d6 thoi gian vé it hon thoi gian di 1a 36 phat. Tinh van toc ltc di clia ngudi
do.

Loi giai.

Goi a (km/h) 1a van toc lac di clia nguoi di xe dap (a > 0).

Goi b (gio) la thoi gian di ctia ngusi di xe dap (b > 0).

Quang duong di tit A dén B 13 36 km nén a - b = 36 (1).
Do6i 36 phiat = 0,6 gio.

Vi lic vé nguoi ay tang van tdc them 3 km/h, do d6 thoi gian vé it hon thoi gian di 1a 36 phat
nén ta c¢6 (a+3) - (b—0,6) = 36 (2).
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T (1) va (2) ta co

b=3
ab = 36 ab = 36 (5b — 3)b = 36 12 b=3
& & <9 |b=—— (loai) &
(a+3)(b—0,6) = 36 a—5b=—3 a=5b—3 D a=12.
a=>5b—3

Vay van toc luc di clia ngudi dé 1a 12 km/h.

Bai 116. Hai 6 to khéi hanh cing mot lac tai hai diém A, B va di ngudce chiéu nhau. Sau khi
khéi hanh 2 gio thi hai xe gdp nhau tai mot dia diém céch trung diém AB 1a 15 km. Néu van
tdc 6 t6 chay nhanh gidm di mot nita van téc ban dau thi hai xe sé gap nhau sau khi khéi hanh
2 gio 48 phit. Tim van toc moi xe.

Loi giai.

Goi a,b (km/h) lan lugt 1a van t6¢ hai 6 to (a > b > 0).

Quang duong 6 t6 thi 1 di trong 2 gio la 2a km.

Quang duong 6 t6 thi 2 di trong 2 gic la 2b km.

Diém gap nhau céch trung diém AB 1a 15 km nén 2a —2b=2-15<a—b=15 (1).
Quéang dusng AB la 2a + 2b km.

Van téc 0 t6 chay nhanh gidm mot nita van toc thi 2 gis 48 phit hai xe gip nhau.

Dai: 2 gio 48 phit = 2.8 gio.

Quang duong xe thit nhat di duge trong 2,8 gio 1 g - 2,8 = 1,4a km.

Quang duong xe thit hai di dugce trong 2,8 gic 1a 2,80 km.

Vi quang duong AB dai 2a + 2b km nén 1,4a 4+ 2,80 = 2a + 2b < a = %b (2).
T (1) va (2) ta ¢6 hé phuong trinh

H
T3
Vay van toc ctia hai xe lan lugt 1a 60 (km/h), 45 (km/h). O

. 1 . R
Bai 117. Cho 3 binh dung nuéc. Néu rot 3 lugng nuée tu binh thit nhat sang binh thi hai, roi

rot 411 luong nuée hién c6 tit binh thit hai sang binh thi ba va cudi cliing rét 1i() lwgng nuGe hién
c6 tut binh thit ba sang binh thit nhat thi trong moi binh déu c6 9 lit nude. Hobi lic dau moi binh
chita bao nhiéu lit nuéce?

Loi gidi.

Goi a, b, ¢ 1an lugt 1a s6 1it nude ciia binh thit nhat, thi hai va thit ba (a, b, ¢ > 0).

S6 1it nude con lai sau méi lan dé nude 1a
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.

1
a— -a (Binh 1)
e Lan 1: f’
\b—i_ 3¢ (Binh 2).
( 1 1 1
bt —a— - (b+—a) (Binh 2)
N 3 4 3
e Lan 2: 1 1
kc—I—Z (b—}—ga) (Binh 3).
( 1 1 1 1 1 N
i e+ (e 30) gl 1 (04 30)| s
e Lan 3: 1 1 1 1
_Z — - - Binh 1).
‘73" 10 [C+4<b+3“)] (Binh 1)

Vi ltc sau moi binh déu chia 9 1it nude nén ta c6 hé phuong trinh sau

(4 1<b+1 ) 9
3 4 3 3a +9b = 108 a=12

1 1 1 1 1
C+4_l(b+§a> —1—0 {C—Fz(b—{—ga)] =9 9 +27b+108¢c=1080 & ¢ b =38

1 1 1 1 8la 4 30+ 12¢ = 1080 c=T.
R )} _
. 3“+10{C+4<+ “)] =7
Vay s6 it nude ctia mdi binh lan lugt 1a 12;8; 7 (lit). O

Bai 118. Mot xi nghieép da chi 26 500 000 dong thudng cho 11 cong nhan. Gidi thudng gom cac
loai: 1500000 ddng, 2500000 déng, 3500000 ddng, 4000000 déng va 5000000 déng. Héi sb
ngudi duge thudng loai 1500 000 dong, biét rang tat ca cac loai gidi thudng déu duge trao cho it
nhat mot cong nhan?

Loi gidi.

Vi tat ca cac loai gidi thuéng déu dugc trao it nhat mot cong nhan nén c6 5 cong nhan moi ngudi
nhan 1 loal.

Do dé, tong tién clia 5 cong nhan dé 1a
1500 000 + 2500 000 + 3 500 000 + 4 000 000 4 5000 000 = 16 500 000dong.

Suy ra tong so tién ciia 6 ngudi con lai 1a 26 500 000 — 16 500 000 = 10000 000 dong.
Va s6 cong nhan chua duge nhan giai thuéng 14 11 — 5 = 6 nguoi.

Ta xét cac truong hgp sau
e Néu 1 ngudi nhan 5000000 dong thi 5 ngudi con lai nhan sb tién 5000 000 dong (vo 1y).
e Néu 1 ngudi nhan 4 500000 dong thi 5 ngudi con lai nhan sb tién 5500 000 dong (vo 1y).

e Néu 1 ngudi nhan 3500000 dong thi 5 ngudi con lai nhan s6 tién 6500 000 dong (vo 1¥).
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e Néu 1 ngudi nhan 2500000 dong thi 5 ngudi con lai nhan s6 tién 7500000 dong = mdi
nguoi nhan 1500 000 dong.

Vay c¢6 6 nguoi nhan duge giai thudng 1500000 dong. O

Bai 119. Mot van dong vien thi ban sing. Van dong vién da ban hon 11 vién va déu ban vao
cac vong 8,9 va 10 diém. Tong s6 diém ma van dong vien dat duge 1a 100 diém. Hoi van dong
vien d6 da ban bao nhiéu vién va két qua ban vao ting vong ra sao?

Loi giai.

Goi a, b, ¢ lan lugt 1a s6 lan ban ding vao cac vong 8,9 va 10 diém (a, b, c € N*).

Vi van dong vien da ban hon 11 va dat duge 1a 100 diém nén ta c6 he phuong trinh sau

a+b+c>11
8a + 9b + 10c¢ = 100.

Ta thay 8a + 8b + 8¢ < 8a + 90 + 10c = 100 = a + b + ¢ < 12.

Do d6a+b+c=12.

a+b+c=12
Ta xét hé phuong trinh sau Sb+2c=4=0=4-2c.

8a 4 9b 4 10c = 100
V6ib>1=4—-2c>1c<15 Dodéc=1.

Suyrab=4—-2-1=a=12—-b—c=12—-2-1=09.
Vay van dong vién dé da ban 12 vién va s6 lan ban tring vong 8;9; 10 lan lugt 1a 9;2; 1.

O

Bai 120. Tim mot s6 ¢ ba chit sé biét rang tong ctia chit s6 hang chuc va chit s6 hang don vi
16n hon chit s6 hang tram 1a 10 don vi. Tich ctia chit sé hang chuc va chit s6 hang don vi néu bét
di 1 thi bang 10 lan chit s6 hang tram.
Loi giai.
Goi abc 1a s6 can tim (a, b, c € [0;9];a # 0;a,b,c € N).
Vi tong ctia chit s6 hang chuc va chit s6 hang don vi 16n hon chit sé6 hang tram 1a 10 don vi, va
tich ctia chit s6 hang chuc va chit s6 hang don vi néu b6t di 1 thi bang 10 1an chit s6 hang tram
nén ta c6 hé phuong trinh sau

b+c—a=10 a=b+c—10 a=b+c—10 (1)

- =

be—1=10a be—1=10(b+c—10) |be—1=10(b+c—10) (2).
Tu (2) = (b—10) - (¢ —10) = 1. Ma b;c € [0;9]
Suy ra c—10= -1 - b=20

b—10= -1 c=09.
Thay b=9,c=9 vao (1),tac6 a=9+9— 10 = 8.
Vay s6 can tim 13 899. O
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Bai 121. Tim s6 c6 ba chit s6 biét ring tong ctia 3 chit s6 1a 14, chit s6 hang don vi bing % tong
clia hai chit s6 kia va néu cong them 99 vao s6 do ta duge mot s6 c6 3 chit s6 theo thit tir nguge
lai.

Loi giai.

Goi abc 1a s6 can tim (a,b,c € [0;9];a # 0;a,b, c € N).

Vi tong ctlia 3 chit s6 1a 14, chit s6 hang don vi bing Z tong ctia hai chit s6 kia v néu cong them

99 vao s6 do6 ta duge mot so6 c6 3 chit s6 theo thit ty ngude lai nén ta c6 hé phuong trinh sau

a+bt+c=14 at+tb+c=14 at+tb+c=14 a=5
3
C:Z(a_l_b) < 4§ 4c=3a+3b < 493a+3b—4c=0 <= {b=3

abe+ 99 — aba 100a + 10b + ¢ + 99 = 100c + 10b + a 99a — 99¢ = —99 c=6.

Vay s6 can tim 13 536. U

Bai 122. Mot ca no chay xuoi dong 96 km va ngude dong 16 km mat tdng cong 4 gis. Néu ca
no6 dé chay xuoi dong 75 km va nguge dong 30 km thi ciing mat thoi gian bang thoi gian nhu
trén. Héi van téc ca no va van téc dong nuée 1a bao nhicu?

L giai.

Goi van t6c thuc ctia ca no 1a a (km/h), van téc ctia dong nude 1a b (km/h) (a > b > 0).

Van t6c xuoi dong 1a a + b (km/h), van toc ngude dong la: a — b (km/h).

Vi thoi gian xuoi dong 96 km va ngude dong 16 km hét 4 gio nén ta c6 phuong trinh:

96 n 16
a+b a—0»

-4 (1

Vi thoi gian xuoi dong 75 km va ngude dong 30 km hét 4 gio nén ta c6 phuong trinh:

75 30
=1 2).
a+b * a—>b 2
96 16
b e !
Tu (1) va (2) ta c6 hé phuong trinh: a7—g a?,_()
=4.
a+b+a—b
bat X L Y L
at X = Y = :
' a+b’ a—1b
Ta c6 hé phuong trinh:
X 1 1 1
96X + 16Y =4 =0 =20 a+b=30 a=25
& 310 & a—fb 310 & & (thod man)
5X 430V =4 |y - - _ L a—b=20 b=5.
20 a—0b 20

Vay van toc thyc ciia ca no la 25 (km/h), van toc ctia dong nude 1a 5 (km/h). O
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Bai 123. Mot ngudi di xe dap tit tinh A dén tinh B cach nhau 36 km. Lic tut B quay vé A
ngudi ay di bo nén van toc luc vé gidm di 9 km/gio so v6i van toc lae di. Biét van tde lac di 16n
hon van toc trung binh ctia cd chuyén di va vé 1a 7,2 km/gid. Tim van téc trung binh cia ca
chuyén di.

Lot giai.

Goi a, b (gio) lan lugt 1a thai gian lac di va lac vé (a,b > 0).

Van toc lac di ? (km/h). Van toc lac ve % (km/h).

. . . 36 -2 72
Van toc trung kiinh clia céi chuyen di la A+ D = CL—J(b (km/h). /
Vi tit B quay vé A ngudi ay di bo nén van toc lic ve gidm di 9 km/gis so v6i van toc lic di nén
36 36
———=9 1).
i (1)

Vi van t6c ltc di 16n hon van toc trung binh clia ca chuyén di va vé la 7,2 km/gio nén

@_ 72
a a+b

_ 36
5

—75 2).

Tu (1) va (2) ta c6 hé phuong trinh sau

|
|
S N
|
|

=

b=4a
a=3

& a =0 (loai)
b=4a
a=3

=
b=12.

Thoi gian lac di 1a 3 gio. Thoi gian lac vé 1a 12 gio.
= 4,8 (km/gio).

Van téc t binh trén ca d duong 1a:
an toc rung 11n ren Cca doan ng a 3+12



Chuong 3

GOC VA DUGNG TRON

1 GOC 6 TAM, SO PO CUNG

1.1 TOM TAT LY THUYET

1.1.1 Gobc c6 dinh trung véi tam duong tron goi la géc 6 tam.

AOB: gbc 6 tam cua (O)
1.1.2 S6 do ctia cung nhé bang sé do ctia géc & tam chan cung dé6 (A/O\B = sd@).
a) So do ctia cung 16n bang hiéu gitta 360° va s6 do clia cung nho.
b) S6 do ctia nita duong tron bing 180°.
Cha y. Cung nhé c6 s6 do nhé hon 180°, cung 16n ¢6 s6 do 16n hon 180°
1.1.3 Trong moét dudng tron hay hai dudng tron bing nhau:
a) Hai cung dugc goi 1a bang nhau néu ching c¢6 s6 do bang nhau.

b) Trong hai cung, cung nao ¢6 s6 do 16n hon duge goi 1a cung 16n hon.

129
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1.1.4 Néu C la mot diém nam trén cung AB thi:

sd@ = sd@ + sd@

Vi du 14. Cho duong tron (O; R), trén (O) lay cac diém A, B, C sao cho AB = R, BC = Rv/2,
tia BO nam gitta hai tia BA va BC.

a) Tinh s6 do BOC.
b) Tinh s6 do céc cung @, BE’, AC.
¢) Cho diém D la diém nam trén cung 16n AC sao cho sdC'D = 120°. Tinh s6 do cung AD.

L&i giai.

BC? = 2R?
a) Xét ABOC ¢6 = BC? = 0OB?+ OC*.
OB? + 0C? = 2R?

= AOBC vuong tai O = B/O\C’ = 90°.

b) Xét AAOB 6 OA = OB = AB = R = AAOB déu = BOA = 60°.
= sdAB = AOB = 60° (g6c 6 tam bang s6 do cung bi chén).
Ta ¢6 sdBC = BOC = 90° (goc 6 tam bang s6 do cung bi chén).
Ta ¢6 AOB + BOC = AOC = 150°.
— sdAC = A0C = 150° (géc 6 tam bang s6 do cung bi chan).

¢) Vidiém D la diém nim trén cung lén AC nen

sdCA +sdCD + sdDA = 360°
& 150° 4 120° + sdCD = 360°
& sdCD = 90°
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1.2 BAI TAP

Bai 124. Cho AABC can tai A c6 A = 70°. V& duong tron (4; AB), D la diém trén (A) sao
cho sdC'D = 30°. Tinh sé do BAD.

Lai gidi.

Ta c6 CAD = sdC'D = 30° (géc & tam chén cung CD).

e Truong hop 1:

D ndm trong cung BC
= BAD = BAC — CAD = 40°.

e Truong hop 2:

D niam ngoai cung BC
= BAD = BAC + CAD = 100°.

|

D
c
U

Bai 125. Cho diém A nim ngoai dudng tron (O; R), OA = 2R. Vé AB, AC' la cac tiép tuyén
cia duong tron (O). Tinh sdBC, do dai canh BC theo R.
Loi gidi.
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NABO vuong tai B c6 cos BOA = 043 = BOA = 60°.
Tuong tu ta duge @ =60° = B/O\C = 8/071 + A/O\C = 120°.
= sdBC = 120° (@ la g6c & tam chén cung BC).
Goi H la giao diém ciia AO va BC.
OB=0C=R
Ta c6
AB = AC (tinh chat hai tiép tuyén cit nhau)
= OA la duong trung tryc ciia BC.
= OA 1 BC tai H va H la trung diém ctia BC.

. . . =5 BH LTS : V3
Xét AOBH ¢6 sin HOB = OB = BH = 0B -sin HOB = Rsin60° = RT.
Vi H la trung diém ctia BC nén BC = RV3.

O

Bai 126. Cho dudng tron (O; R), AB la day cung (AB # 2R). Trén cung nhé AB lay cac diém
E, F sao cho sdAE = sdEF = sdFB. Ban kinh OF, OF cit AB lan lugt tai C' va D. Chimg
minh rang AC = BD > CD.
Loi giai.

‘

&

Ja

ANAOB ¢6 OA = OB nén ANAOB can tai O = O/fE} = O/B\A
(EO\F — sdBF

Fﬁ = S(IE?1 _— _— —
Tacod — BOF = FOE = AOE.
AOF = sdAFE

\SC’[@ = sdEF =sdF B

Xét AOCA va ANODB c6

(A0C = BOD

§ OA=O0OB(= R) = AAOC = ABOD (g.c.g) = AC = BD.
\Gic — 05D

Xét AODE va ANODB c6

(0D chung

EOD = BOD(cmt) = AODE = AODB (c.g.c) = DE = BD.

|OE = 0B(= R)
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NAOC = ABOD = OC = OD = ADOC can tai O

= OCD < 90° = DCE > 90° = DCE > CDE.

Xét ACDE ¢6 DCE > 90° = CDE < 90° = DCE > CED = DE > CD.

Ma DE = DB = BD > DC.

Vay AC = BD > DC. O

Bai 127. Cho dudng tron (O; R), AB la day cung (AB # 2R). Trén day AB lay hai diém C va
D sao cho AC = CD = DB. Vé ban kinh OF qua C, ban kinh OF qua D. Chitng minh ring

a) AE = BF.
b) AE < EF.
Lai giai.

a) Tam giac can AOB c¢6 OAB = OBA.
Mit khic, AAOC = ABOD (c.g.c) vi c6 OA = OB, OAB = OBA, AC = BD.
Tﬁdésuyra@:@suyra@:@.
b)
Tam giac OC'D la tam giac can (OC = OD do AAOC = ABOD)
nén ODC < 90°, tit d6 suy ra CDF > 90°.
Mat khéc, trong tam giac CDF' c6 CDF > CFD suyra CF > CD

hay CF > CA. A m‘%& E

Xét AAOC va ACOF ¢6 OA = OF, OC chung, nhung C'F > AC
suyra@>z@. Tirdésuyraﬁ>@.

2 LIEN HE GIUA CUNG VA DAY

2.1 TOM TAT LY THUYET
1) V6i hai cung nhé trong mot dudng tron hay hai dudng tron bang nhau:

a) Hai cung bang nhau cing hai day bang nhau.

b) Hai day bang nhau cing hai cung béng nhau.
2) Véi hai cung nhé trong mot dudng tron hay hai duong tron bang nhau:

a) Cung 16n hon cang day 16n hon.

b) Day 16n hon cing cung 16n hon.
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3) Duong kinh di qua diém chinh gitta ctia mot cung thi di qua trung diém clia day cang cung
ay.

4) Duong kinh di qua trung diém ctia mot day khong di qua tam thi di qua diém chinh giita ctia
cung cang day ay.

5) Dudng kinh di qua diém chinh giita cia mot cung thi vuong goc véi day cang cung ay va

ngugc lai.
6) Trong mot dudng tron, hai cung bi chan gitta hai day song song thi bang nhau.

Vi du 15. Cho tam gidc nhon ABC noi tiép duong tron (O; R) (AB < BC). Vé day BD cua
(O) va BD L OA. So sénh AD va BC.

Loi giai.

BD la day cung
Xét (O) co A

OA 1 BD (gt). - D
= A la diém chinh gifta cia BD (quan hé vudng goc gitta
duong kinh va day).
= AD = AB. O
Ma AB < BC (gt) nén AB = BC. B o
Suy ra AD < BC.

O

Vi du 16. Cho (O; R) va A, B thuoc (O) sao cho sdAB = 120°, C la diém thuoc cung AB sao
cho AC' = R. Chiing minh réng OC 1 AB.

Loi giai.

Xét AOAC, ta c6 OC = 0A = AC = R. B C

= AOAC déu = AOC = 60° = sdAC = 60°.

Ma sdAB = 120°, suy ra sdAC = %sd@.

= (' la diém chinh gitta ctia AB.

A
AB la day cung O
Xét (0), ta c6 .
C la diém chinh gitta ctia AB (cmt).
= OC L AB (quan hé vuong goc gitta duong kinh va day).
[

2.2 BAI TAP

Bai 128. Cho AABC can tai A ndi tiép (O; R) ¢6 A = 80°. So sanh cic cung AB, BC, CA.
Loi giai.
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Xét AABC can tal A c6 A
P N 180° — A\ 180° — o 5
B_0_ 80 _ 80° — 80 _50e. 0
2 2
Xét AABC ¢6 A > B (80° > 50°). 0
= BC > AB = BC > AB. B ¢
Ta c6 AB = AC (AABC can tai A).

= AB = AC.

Do d6 BC' > AB = AC (lien hé gitta cung va day). -
Bai 129. Cho AB la day cung cta dudng tron (O; R) (AB # 2R). Ve OH 1L AB tai H. Tia OH
cat duong tron (0) 6 C. Vé day AD ctia (O) va AD || BC. Chitng minh rang AC = BC' = BD.
Loi giai.

Xét (0) c6 AD || BC (gt) va AD, BC' la day cung.

B
—_— —_— C
= AC = BD (dinh ly 2 day cung song song). ‘
= AC = BD (lién hé gitta cung va day) (1). X
Ta ¢6 OC 1a ban kinh, OC L BA tai H (gt). A D
A

= (' la diém chinh giita ciia AB (quan hé vuong goc gita
duong kinh va day).

= AC = BC = AC = BC (lien hé gita cung va day)
(2).

Tu (1) va (2), ta suy ra AC = BC' = BD.
U

Bai 130. Cho ntta dudng tron (O; R). Cac diém M, N thuoc duong kinh BC' sao cho BM =
MN = NC. Céc diém D, E thudc BC sao cho BD = DE = EC. Goi A la giao diém ctia DM
va EN. Ching minh AABC déu.

Loi giai.
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Ta 6 BD = DE = BC = ;5O (at).

= sdBD = sdDE = sdEC = %sdéb.

= BOD = DOE = EOC = 60°.

Xét ADOFE ¢6 OD = OF = R = ADOFE can tai O.
Ma DOE = 60° (cmt) = ADOE déu = OF = ED.
Chiing minh tuong tu, ta ciing ¢c6, OB = BD.

Ma OB =OFE = R (gt) nen OB = BD = DE = OF.

Xét tit gise OBDE ¢6 OB = BD = DE = OF = R (cmt).

= OBDE la hinh thoi (t1 giac ¢6 4 canh bang nhau).
— OB || DE hoac MN || DE.

Ap i\l/l;ff dinélpiy Taleté ta c;’)1 j\gg; ﬁ_jﬁ\;

MapE =3 =37 4 =3

Ma N nam glu’aAvaEnenB]]\\;E IV
LalcoBN—ZNC’(gt):>N—C—2 Do do, "NE = NC-

ANB = ENC (déi dinh)

A NEBN NG (cmt).
= NABN ~ AECN = EC CN—2:>AB—2EC.

Ma CE = R nén AB = 2R.

Chtng minh tuong ty, ta cing c6, AC = 2R.

Xét AABC ¢6 AB = BC = AC = 2R (cmt)

Suy ra AABC déu (tam giac ¢6 3 canh bang nhau).

FAVAY

136

O

Bai 131. Cho nita dudng tron (O; R), dudng kinh AB = 4em. Day CD || AB (D thuge AC).
Cho biét chu vi cia hinh thang ABC'D bang 10cm. Tinh do6 dai cic canh ctia hinh thang ABCD.

Lai gidi.
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Xét niia (0O), ta c6 CD || AB; AB, CD la day cung.
= AD = BC (dinh 1y 2 day cung song song).

= AD = BC = z (lién hé gitta cung va day).
=CD=10—AB —2AD =10—-4—2x =6 — 2.

Dung CH va DK lan lugt vuong goc véi AB tai H, K.
Ta c6 AABD noi tiép dudng tron tam (O) duong kinh AB.

= ANABD vuong tai D.
Ap dung heé thic luong trong AABD vuong tai D ¢6 dudng cao
DK, ta dugc

AD* = AK - AB & 2% =4(x—1)
& 2 —4dr+4=0
s (2-2)2%=0

& =2,

Do d6, AB = 4cm, AD = DC = CB = 2cm.

137
D C
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U

Bai 132. Cho AB la day cung clia duong tron (O; R) (AB # 2R), I 1a trung diém ctia day AB,

tia OI cat (0) 6 C
a) So sanh AC va BC.
b) Vé day MN qua I. So sanh MN va AB.

L&i giai.

a) Xét (O) ta c6 I la trung diém ctia day AB (gt) = OI L AB.

Ma O, I, C thang hang nén OC | AB tai I (cmt).

= (' la diém chinh giita AB (quan hé vuong géc gitta duong

kinh va day).
= AC = BC (lien hé gitta cung va day).

b) Dung OD 1 MN tai D.

Xét AODI vuong tai D, c6 OD < OI (quan hé gitta duong

vuong goc va dudng xién).

= MN > AB (lien he gitta day v khoang cach tit tam dén

day) = MN > AB (lien he gitta cung va day).

c B

oS N
MK
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Bai 133. Cho AABC vuong tai A, noi tiép (O; R). Qua B vé day cung BD || AC. Chitng minh

rang ti gidc ABDC' 13 hinh chit nhat.

Loi giai.

Ta c6 BD || AC (gt). A

Ma AC L AB (AABC vuodng tai A) = BD L AB.

Ta c6 ABCD noi tiép duong tron tam O dudng kinh BC'

= ABCD vuong tai D. - B C
BAC =90° (AABC vuong tai A)

Xét tit gisc ABDC ¢6 { ABD = 90° (BD L AB)

BDC =90° (ABCD vuong tai D). D
= ABDC la hinh chit nhat (tit giac ¢6 3 gbc vuong). -
Bai 134. Cho diém A c6 dinh nam trong duong tron (O; R) (A # O). BC la day cung di dong
qua A. Xéc dinh vi tri ctia day BC dé cung BC nhé nhat.
Loi giai.
Dung OH 1 BC vé6i H € BC.
Xét AOAH vuodng tai H, c6 OH < OA (quan hé gitta dudng
vuong géc va dudng xién). B B C
Ma OA cb dinh nén BC nhé nhat khi va chi khi OH 16n nhat, ‘
nghia la H = A.
Do do6, khi day BC' 1. OA tai A thi BC nh6 nhat, dan dén
BC nho nhét.

3 GOC NOI TIEP

3.1 TOM TAT LY THUYET

Dinh nghia 1. Goc noi tiép 1a géc c¢6 dinh ndm trén duong tron va hai canh chita hai day cung

cua duong tron do.
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>

A
Dinh 1i 1. Trong mot dudng tron, so do clia goéc ndi tiép bang nita s6 do ctia cung bi chan.
—_— 1 —
ABC = §SdAC'
Hé qua. Trong mot dusng tron:
a) Céc goc noi tiép bang nhau chan cic cung bang nhau.
b) Cac goc noi tiép cing chdn mot cung hodc chin céc cung bang nhau thi bang nhau.

c) Goc noi tiép (nhé hon hodc bang 90°) c¢6 s6 do bang nita s6 do clia goc § tam cung chan

mot cung.
d) Goc noi tiép chdn nita dudng tron la géc vuong.

Vi du 17. Cho diém M nam trong dudng tron (O). Qua M vé hai day cung AB,CD. Chiing
minh rang MA-MB = MC - MD.
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Loi giai.
Xét ANAMD va AMCB, ta c¢6
AMD = CMB

MAD = m(Cﬁng chan cung BD)

= ANAMD ~ ACM B(g-g)
AM  MD
= —=—
CM MB
= MA-MB=MC-MD. U

Vi du 18. Cho AABC nai tiép (O), E la diém chinh giita cung BC' khong chita A. Goi D 1a

giao diém ctia AE va BC. Dudng thiang qua D song song véi CE cat BE & M. Chitng minh
AB  BM
AC  EM’

rang
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Loi giai.
Ta c6: F nam gitta cung BC.
—~ BE=CE

= BAE = CAE

— AD 1a phan giac BAC

Xét ANABC, c6 AD la phan giac BAC.
AB BD

~AC ~ DC
Xét ABEC, ta c6: DM || CE.
BD BM

=~ DC _ ME

3.2 BAI TAP

Bai 135. Cho tam gidc ABC noi tiép duong tron (O; R). Goi dudng tron (I;7) 1a dudng tron
noi tiép tam gidc ABC, H la tiép diém ctia AB v6i duong tron (I), D la giao diém ctia Al véi
dudng tron (0), DK la duong kinh clia dudng tron (O). Goi d 1a do dai cia OI. Ching minh

rang:
a) ANAHI ~ AKCD.
b) DI = BD = DC.
¢) IA-ID = R? — &,
d) d* = R* — 2Rr (dinh li Euler).

Lai gidi.
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a) Ching minh AAHI ~ AKCD.
Ta ¢6 BAD = DAC (Vi AD la phan giac cia B/A\C’)
Ma DAC = DKC (goc noi tiép ciing chén cung CD cia (O)).
Suyra@:@.Hayﬁ:ﬁK\C.
Vi DK 1a dudng kinh ciia dudng tron (0) va €' € (0) nén DCEK = 90°.
Xét/A\AH]/V;a\AKCD co
BAD = DKC' (cmt)
AHI = DCK =90°
Suy ra AAHI ~ AKCD (g-g).

b) Chiing minh rang DI = BD = DC.
Ta c6 BID = ABI + BAD (Tinh chat goc ngoai ciia AABI).
Ma ABI = IBC (BI la phan giac cia A/B\C’) va BAD = DAC = DBC (goc noi tiép
cuing chin cung CD).
Nen BID = IBC + DBC = IBD.
Suy ra ABID can tai D = BD = DI (1)
Ta lai 6 BAD = DAC (Vi AD la phan gisc ciia BAC) = BD = DC.  (2).
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Tu (1) va (2) suy ra DI = BD = DC.

¢) Ching minh rang TA-ID = R* — d°.
Kéo dai OI, cat duong tron (O) tai hai diem E va F.
Xét AETA va ADIF c6
AIE = DIF (hai géc dbi dinh)
AEI = IDF (goéc noi tiép cuing chan cung AF).
Suy ra ABIA « ADIF (g-g) = 12 = 1E
uy ra g-g 7= 1D
= [A-ID=1IE-IF. = (OE —OI)(OI + OF) = OE? — OI* = R? — d*.
d) Ching minh ¢ = R?* — 2Rr (dinh Ii Euler).
Ta c¢6 : AAIH «~ AKCD (ching minh & cau a).

IA HI
:>E—C—D:>]A-C'D:KD-H[éIA~ID:20D~HI:2R7‘.
Ma [A-ID = R? — d* (ching minh & cau c).
Suy ra 2Rr = R?> — d*> & d*> = R?> — 2Rr.

]
Bai 136. Qua diém A nim bén ngoai dudng tron (O) vé cat tuyén ABC. Goi E la diém chinh
gitta cung BC, DE 1a duong kinh ctia duong tron, AD cat duong tron tai I, IE cat BC tai K.
Chting minh rang AC - BK = AB - KC.
Loi giai.
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—_— 1 —_ L L

CIE = —sdCFE (gbc noi tiép chan cung CE)
Ta co 2
—_— 1 — :
EIB = §SdBE (g6c noi tiép chian cung BE)

Ma CE = BE (vi E la diém chinh gita cung BC).

Suy ra CIE = EIB = IE la tia phan giac cta CIB. (1)
q IB BK (3)
ra — = ——
W TC T Ko -
Ta ¢6 DE la dudng kinh cta duong tron (O) va I € (O) nén DIE =90° = EI 1 AD.
Hay EI L IA. 2)

Tu (1) va (2) suy ra I A la phan giac ngoai cta CIB (phan giac trong va phan gidc ngoai clia

mot goc thi vudng goc).

IB AB
Suy ra = a0 e (4)
Tu (3) va (4) SuyraK—C—EiAC-BK:AB-KC.

Bai 137. Cho tam giac ABC noi tiép duong tron (O; R).Vé duong kinh AK. Goi H 1a tryc tam,

I 1a tam dudng tron noi tiép tam giac.

a) Chiing minh rdng A7 1 tia phan gidc cta OAH.
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b) Chitng minh rang BHCK 1a hinh binh hanh.
c) Goi M la trung diém BC. Ching minh ring H, M, K thang hang va AH = 20M.
d) Cho BAC = 60°. Chitng minh ring OI = I H.

Lai gidi.

a) Chiing minh réang A[ 1 tia phan gidc cta OAH.
Goi P la giao diém ctia AH vi OB = AP 1 CB.
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Ta c6 AK la duong kinh ctia dudng tron (O).

Ma C € (0).

Suy ra ACK = 90° = ACB + BOK = 90°.

Mat khac BCK = AKB (goc noi tiép cung chin cung BK).

Suy ra ACB + AKB = 90°. (1)
Xét AACP vuong tai P (AP L CB).

= ACP + CAP = 90° (phu nhau).

Hay ACB + CAP = 90°. (2)
Tit (1) va (2) suy ra CAP = BAK. (3)
Ma C'AT = BAT (AI la phan giéc ciia BAC). (4)

Lay (3) — (4) vé theo vé ta duge CAI — CAP = BAI — BAK.
Suy ra PAT = K AL
Vay Al la tia phan giac cua OAH.

b) Chiing minh ring BHCK 1a hinh binh hanh.
Ta c6 AK la duong kinh ctia dudng tron (O).
Ma B € (O).
Suy ra ABK = 90°. Hay AB L BK.
Ma CH 1L AB (H la truc tam ciia AABC).
Suy ra BK || CH.
BH 1 AC (H la truc tam cuia AABC)

CK 1L AC (ACK = 90°).
Suy ra BH || CK.

Ta lai ¢6

BK | CH (cmt)
Xét ti giac BHCK c6
BH || CK (cmt).

Suy ra BHCK 1a hinh binh hanh.

c¢) Ching minh ring H, M, K thang hang va AH = 20M.
BHCK 1a hinh binh hanh (cau b)
Ta c6 ¢ M 1a trung diém ctia CB (gt)
HK, CB la 2 duong chéo ctia hinh binh hanh.
Suy ra M ciing la trung diém cta HK.
Suy ra H, M, K thang hang.
M 1la trung diém ctia HK (cmt)
Xét NAHK c6
O 1a trung diém ctia AK (AK la duong kinh ctia (0)).

1
Suy ra MO la duong trung binh cia AAHK = MO = §AH hay AH = 20M.

d) Ching minh ring O = [H.
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Xét ABOC can tai O ¢6 OM la duong cao (OM L BC).
Suy ra OM ciing la duong phan giéc.
—_— 1/\ — Z z
Suy ra BOM = §BOC = BAC = 60° (gbc 6 tam va goc noi tiép cung chan cung BC).

Khi d6 OA = OB = O%\ = OMO
cos BOM  cos60

Ma AH = 20M (ching minh & cau c).
Suy ra OA = AH = AOAH can tai A.
Ma Al la duong phan giac ctia OAH (I 1a tam duong tron noi tiép AABC).

=20M.

Suy ra Al cung la duong trung trirc cia OH.
Vay IH = 10.

O

Bai 138. Cho tam gidc déu ABC noi tiép duong tron (O; R). Goi M 1a mot diem bat ki thuoc
cung BC.

a) Chiing minh rang MA = MB + MC.

. N . - 2 2 N 2 . > M'D M‘D _
b) Goi D la giao diem cia M A va BC. Ching minh rang B + o 1.

c¢) Tinh tong M A? + M B? + MC? theo R.

Lai gidi.

a) Ching minh MA = MB+ MC.
Lay diém F thuoc doan M A sao cho MB = ME = AMBE can tai M.
Lai c6 BME = BCA = 60° (goc noi tiép ciing chan cung AB)
Suy ra AMBE déu.
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Lai c6 ABC' = MBE = 60°.
Do d6 ABC — EBC = MBE — EBC.
Nen ABE = CBM.
AB = CB (vi AABC déu)
Xét AABE vi ACBM ¢6 { ABE = CBM (cmt)
BE = BM (AMBE déu).
Nen AABE = ACBM (c-g-c).
Do d6 EA = MC.
Suyra MB+ MC =ME+ EA=MA.
Vay MB + MC = MA.

MD MD
Chitng minh VB + — AC = 1.

Xét AMAB va AMCD, ta c¢6
MAB = MCD (cung chén cung BM)
AMB = CMD = 60°.

Suy ra AMAB «~ AMCD (g-g).
MA MB _ MA-MD (MB + MC) - MD

~MC _MD _ MB-MC _  MB.-MC
v MD MDD
Yy T MC T

Tinh tong M A? + M B? + MC? theo R.

Ké OH 1 BC tai H = H la trung diem BC.

BO la tia phan giac cia ABC nén OBH = 30°.
Xét AOBH vuong tai H ¢c6 BH = OB - cos 30° =
Suy ra BC = 2BH = RV/3.

Ké CF 1. BM.

Ta c6 BMC = sdBAC = 120° = CMF = 60°.
Xét ACMF vuong tai F' ¢6 MF = MC' - cos 60° = %MC’.

RV3
o

Lai ¢6
BC* = BF*+CF?=(MB+ MF)*+CF?
= MB?4+2MB-MF+ MF?+CF?=MB?*+2MB-MF + MC?
= MB?+ MB-MC + MC>.
Ta ¢co

P = MA*+ MB*+ MC?=(MB+ MC)*+ MB* + MC?
= 2MB*+2MB-MC + MC? =2 (MB*+ MB-MC + MC?)

— 2BC? =2(RV3) = 6R".

148
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Vay MA? + MB? + MC? = 6RR%.

U

Bai 139. Hai duong tron tam O va O’ ciing ban kinh R cit nhau 6 A va B. Mot dudng théng
d song song v6i OO0’ va cit cac duong tron tren tai C, D, E, F theo thit tu trén d (C, E € (0),
D.F e (0)).

a) Chiing minh rang C'DO’O 1a hinh binh hanh.
b) Tinh do dai CD, biét AB = a.

Lai gidi.

a) Ching minh C'DO’O la hinh binh hanh.

Ta c6 OO’ || d.

Ké OH 1L dtai H, OK 1 dtai K.

Suy ra tu giac OH KO’ 1a hinh chit nhat.

Suy ra OH = O'K.

Xét AOCH vuong tai H va AO'DK vuong tai K, ta ¢6
OH = O'K (cmt)
OC=0'D =R.

Nén AOCH = AO'DK (ch-cgv).

Suy ra OCH = ODK (hai goc tuong tng)

Ma hai g6c nay ¢ vi tri dong vi nén OC' || O'D.

Lai ¢c6 CD || OO’ (gt)

Vay C'DO’O la hinh binh hanh.

b) Tinh do dai C'D.
Vi C'DO’O la hinh binh hanh nén OO’ = CD.
Goi G 1a giao diém ciia OO’ va AB.
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Ta c6 OA=0B =0'A=0B=R= OAO0O’'B la hinh thoi.
Do d6 OO’ 1L AB tai G va G la trung diém ctia AB va O0'.
Xét AOGA vuong tai G ta co

OA? = OG* + AG* (dinh 1i Py-ta-go)
I\ 2 2 12 2
R2:<OO) +<A_B) g 00 +AB

< 2 2 4 4
CD? a2

s R?2= 1 +GZ@CD2:4R2—a2

& CD =+vV4R?2 — g2

O

Bai 140. Cho tam gidc ABC, phan gidac AD. Chiing minh ring AD*> = AB- AC — DB - DC.
Loi giai.

E

Vé duong tron ngoai tiép AABC, tia phan giac AD cit dusng tron tai diém FE.
Xét AABD va AAEC, ta co

BAD = EAC (AD la tia phan giéc)

ABD = AEC (goc noi tiép cing chan cung AC).
Suy ra AABD «~ ANAEC (g-g).

AB  AD
AE = ag = AB-AC = AD - AE.
Xét AABD va ACED c6

{@ —CED (goc noi tiép cing chan cung AC)

Suy ra

ADB = CDE (hai goc do6i dinh).

Suy ra AABD «~ CED (g-g).
AD DB
SuyraD—C—ﬁjAD-DE—DB-DC.
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Ta ¢co

AD-DE = DB - DC
& AD(AE — AD) = DB-DC < AD - AE — AD* = DB - DC
& AD?*=AD-AE—DB-DC < AD?> = AB- AC — DB - DC

O

Bai 141. Cho tam giac ABC (AB < AC) noi tiép dudng tron. Goi D la mot diém trén canh
BC, tia AD cat cung BC tai E. Chiing minh ring

a) Ching minh AEC > AEB.

b) Ching minh AD-CE = AB-CD.

Lai gii.
A
a) Ching minh AEC > AEB.
Do AB < AC nén sdAB < sdAC
= AEB < AEC.
Vay AEC > AEB.
b) Ching minh AD-CE = AB-CD. B D C
Xét AABD va ACED, ta c6
ABD = CED (cuing chan @)
ADB = CDE (hai goc doi dinh).
= AABD «~ ACED (g-g). E
N AB AD
CE  CD’

Vay AD - CE = AB - CD. .

Bai 142. Cho tam giac nhon ABC noi tiép duong tron (O), dudng cao AH cit dudng tron &
D, tia AO cat duong tron ¢ E. Chting minh rang:

a) DE || BC.
b) BCED la hinh thang can.

Lai gidi.
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a) Ta co ADE = 90° (g6c noi tiép chan nita duong tron (O)).
Suy ra AD 1 DFE.
Ta lai c6 AH L BC hay AD 1 BC.
Suy ra BC' || DE (tut vuong goc dén song song).

b) Ta cé BC | DE = BD = CE = BD + DE = CE + DE.
Hay BE = CD = BE = CD (hai cung béng nhau cang hai

day bang nhau).
Ta ¢c6 BC' || DE = BCED la hinh thang.
Vay hinh thang BCED ¢6 BE = C'D nén BCED la hinh thang

can.

O

Bai 143. Cho AABC can § A noi tiép dudng tron (O). Goi D la mot diém trén canh BC, tia
AD cét cung BC 6 E. Chiing minh rang:

a) EA la tia phan gidc ctia goc BEC.

b) AAEB «~ AABD, suy ra AE - AD = AB*.

Loi giai.
A

a) Ta c6 AB = AC (gi4 thiét), suy ra AB = AC = AEB = AEC
(cac gbc noi tiép chan cac cung bing nhau thi bang nhau).
Vay E A la phan giac ctia goc BEC.

b) Ta c6
o @ = A//C:B (cac gbc noi tiép cing chian cung AB); F——_|_~cC
e ABC = ACB (AABC can tai A); E

Suy ra AEB = ABD.

Xét AAEB v AABD, ¢6

e DAB = BAE (géc chung).

e AEB = ABD (cmt).

Do d6 AAEB «~ AABD (g-g).
SuyraA—E—A—B(:)ABQ:AE-AD.

AB  AD
O

Bai 144. Cho AABC noi tiép dudng tron (O), dudng cao AH (H € BC). Goi M la diém chinh

gitta cung BC. Chitng minh rang:

a) OM || AH.
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b) AM la tia phan giac cua OAH.
Loi gidi.

a) Ta co
e M la diém chinh gitta cung BC (gia thiét), suy ra OM L BC.
e AH | BC (gia thiét)
Suy ra AH || OM.

b) Ta c6 OA = OM (ban kinh (O))
= AOAM can tai O = OAM = OMA.
Ta co
e AH || OM, suy ra HAM = OMA (so le trong);
o OAM = OMA (cmt);
Suy ra HAM = OAM hay AM la phan giac cia OAH.

O

Bai 145. Cho hai duong tron (O) va (O') ¢6 ban kinh bang nhau, tiép xtic ngoai tai A. Qua A
ké duong thang cit dusng tron (O) & B cat dudng tron (0') 6 C.

a) Chiing minh rang OB || O'C.

b) Tia BO cat duong tron (O) & B', tia CO’ cat duong tron (0') ¢ C’. Chitng minh rang ba
diém B’; A; C' thang hang.

¢) Tt gidc BB'CC’ 1a hinh gi? Vi sao?
Loi giai.
a)
Ta co
e Do O,A O thang hang, = OAB =

O’'AC (déi dinh);
e OA = OB = AOAB can tai O =

OAB = OBA;
¢ O'A = 0'C = AO'AC can tai O =
O'CA = O'AC:

Suy ra OCA = OBA = OB | O'C (ciap
goc & vi tri so le trong).

b) Ta co
o BAD' = 90° (gbc noi tiép chin nita (0)),
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suy ra B’A | BC.

o CAC" = 90° (gbc noi tiép chin nita (0')),
suy ra C'A 1 BC.

Suy ra ba diém B’, A, C' thang hang.

Ta c6 20B = 20'C' = BB' = CC".
Do OB || O'C = BB' || CC".
Vay tt giac BB'CC' ¢6 BB' = CC’ va BB' || CC'" nén BB'C'C" la hinh binh hanh.

O

Bai 146. Cho AABC noi tiép duong tron (O), tric tam H ndm trong tam gidc. Tia AH cit

duong (O) 6 D. Chiitng minh rang:

a)

b)

BC' la tia phan giac ctia goc HBD.

D va H dbi xting nhau qua BC.

Lai gidi.

a)

Trong AABC ké cac duong cao AA’, BB’ cit nhau tai H.

Ta co

e DBC = DAC (cac gbc noi tiép chan cung C'D);

o A'BH = B'AH (hai géc nhon ¢6 canh tuong ting vuong goc);
Suy ra DBC = A'BH hay BC' la phan giac ctia géc HBD.

Trong ABDH c6 BA' vita la dudng cao (do HD L B(C), vita la dusng phan giac ctia goc
DBH nén ABDH can tai B.

Vi ABDH can tai B nén duong cao BA’ ciing 1a dudng trung tuyén,

suy ra HA' = A’'D.

Vay BC vuong goc v6i HD tai trung diem A’ ctia HD nén H va D doéi xing nhau qua
BC.

O

Bai 147. Cho AABC nai tiép duong tron (O) c6 dudng cao AH, AD 1a duong kinh, M 1a diém
chinh giita cung BC khong chtia diém A. Chiing minh:

a)

BAH = CAD; BAD = CAH.



CHUONG 3. GOC VA DUONG TRON

b)

Tia AM la tia phan giac goc HAD.

Loi giai.

a)

Ké AH cat (O) tai E. Ta c6 AED = 90° (g6c noi tiép chén nita
duong tron (0)), suy ra AE L DE.

Ta lai c6 AH L BC hay AE 1 BC.

Suy ra BC | DE = BE = CD (cc cung bi chan bdi hai day
song song).

Suy ra BAH = CAD (cdc goc noi tiép chan céc cung bang
nhau).

Suy ra@—i—f@:@—kf@hw@:@.

Ta c6

e M la diém chinh gitta cung BC' (gia thiét), suy ra OM L BC.
e AH | BC (gia thiét)

Suy ra AH || OM.

Suy ra HAM = OMA (so le trong).

Ta c6 OAM = OMA (tam giac OAM can tai O);

Suy ra HAM = OAM hay AM la phan giac cua OAH.

B

155

O

Bai 148. Cho AABC can tai A ¢6 goc A nhon, noi tiép duong tron (O; R). Ta ké day AM ct
day BC' 6 N. Chiing minh:

a)

ANABN «~ ANAMB.

b) Tich AM - AN khong phu thudc vi trf diém M va tinh tich d6 theo R va dudng cao h ciia

AABC ké tu A.

Lai gidi.

a)

Ta co

o AMB = ACB (cac goc noi tiép cung chan cung AB);
e ABC = ACB (AABC can tai A);

Suy ra AMB = ABC.

Xét AABN v AAMB, ¢6

e MAB = BAN (géc chung);

e AMB = ABC (cmt);

Do d6 AABN «~ AAMB (g-g).
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b) Ta c6 AABN «~ AAMB (cmt),
AB AN

Suyram— 1B & AB? = AM - AN.

Vi AB khong doi nén AM - AN khong phu thuoc vao vi tri diem M.
Ta c6 OA=0C =R va AH = h,suy ra OH = h — R.

Trong AOHC vuong tai H néen HC? + OH? = OC? (dinh li Py-ta-go).
Suy ra HC? = OC? — OH? = R*> — (h — R)> = 2Rh — h*.

Trong AAHC vuong tai H nén HC? + AH? = AC? (dinh i Py-ta-go).
Suy ra AC? = HC? + AH? = 2Rh — h® + h?> = 2Rh.

Ta c6 AABN «~ AAMB (cmt).

Suy ra jll]\B/[ ﬁg AB? = AM - AN.

Ma AB = AC (gia thiét) nen AM - AN = AB? = 2Rh.

Vay AM - AN = 2Rh.

O

Bai 149. Tt gisac ABCD c6 bén dinh nim trén dudng tron (O; R) ¢6 AOB = 60°; BOC =
90°; COD = 120°.

a) Tinh do dai cac canh cia ti giac theo R.
b) So sanh cac goc C va D cua tit giéc.
c¢) Ching té ti gidc ABCD 1a hinh thang can.
Lo giai.
a)
Trong AOAB can tai O ¢6 AOB = 60° néen AOAB déu, suy A_——_B

ra AB=0A=0B = R.
Trong AOBC vuoéng can tai O nén

BC? = OB? + OC? (dinh li Py-ta-go),

suy ra BC = OB?+ 0C? = VR? + R? = RV2.

Ta c6

o sd AB = AOB = 60° (goc 6 tam chian cung AB);

e sd BC = BOC = 90° (goc 6 tam chan cung BC);

e sd CD =COD = 120° (géc G tam chan cung C'D);

Ma sd AB +sd BC +sd OD + sd 1/37123600, suy ra sd AD = 90°

= AOD = 90° (goc 6 tam chian cung AD).

Trong AOAD vuong can tai O nén AD? = OA% + OD? (dinh li Py-ta-go),
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suy ra AD = VOA? + OA? = \/R? + R? = R\/2.

Ké OH L CD tai H.

Trong AOCD can tai O c6 AH la duong cao nén cing la duong phan giac,
suyraC/’OT{:]TOT):%C/OB:%-120°:6OO.

Trong AOHC vuong tai H, ta c6

HC =O0C -sinCOH = R - sin 60° = %3
Do OH 1 CD tai H, suyraC’D:2CH:2-RT\/§:R\/§.
b) Ta co

e NOAB déu nén @ = @ = 60°.

e ANOBC vuodng can tai O nén @ = O/C’E = 45°.

e AOCD can tai O ¢6 COD = 120° nen OCD = ODC = 30°.
e AOAD vudng can tai O nén OAD = ODA = 45°.

Ta co

e BCD = BCO + OCD = 45° + 30° = T5°.

e ADC = ADO + ODC = 45° + 30° = 75°.

Vay BCD = ADC = 75°. (1)

¢) Ta cé6 ABC = ABO + OBC = 60° + 45° = 105°.
Suy ra ABC + BCD = 105° + 75° = 180°, suy ra AB || CD (vi cap goc trong cung phia
bt nhau)
Suy ra ABCD la hinh thang. (2)
Tu (1) va (2) suy ra ABCD la hinh thang can.

O

Bai 150. Cho diém A ndm bén trong dudng tron dusng kinh BC' (A khong thuoc BC). Ké cac
day BE va CF qua A. Cac duong thing BF va C'E cit nhau & D.

a) Ala diém dic biet gi cia ABCD; D la diém dic biét gi cia AABC?

b) Chitng minh rang khi duong kinh BC' quay xung quanh tam ctia dudng tron thi AD luon

vuong goc véi BC.

Lai gidi.
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D

B

a) Cac diém F, F nam trén duong tron duong kinh BC suy ra

BEC = 90° BE 1 CD
=

BFC = 90° CF 1 BD.

Do d6 BE, C'F la duong cao cua tam giac BC'D, suy ra A la truc tam tam gidc BC'D.
Dé thay BF, CE la cic dudng cao clia tam giac ABC'. Hai dudng cao nay cit nhau tai D

nén D la tryc tam cta tam gidc ABC.

b) Theo ching minh trén, A la tryc tam cia tam gidc BC'D nén AD la dudng cao cta tam
giac ABC', do d6 AD ludn vuong goc véi BC.

O

Bai 151. Cho AABC noi tiép duong tron (O). D la diém chinh giita cung AC khong chita B.
Ké day DE song song v6i canh AB, cat BC' & I. Chiing t6 cac tam giac ICE va IBD can.
Loi giai.

B\/V C
E
D la diém chinh giita cung AC = sdDA = sdDC
= ABD =CBD. (1)
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Ta lai ¢c6 AB | DE = ABD = EDB (So le trong).  (2)
Tu (1) va (2) suy ra CBD = @, do d6 IBD = IDB.
Vay tam giac IBD can tai [I.

Ta 6 BOE = EDB (ciing chin cung BE).  (3)

DEC = CBD (cing chin cung CD).  (4)

Tu (3), (4) Va@:ﬁsuy ra BCE = DEC

hay ICE = IEC.

Vay tam giac IC'E can tai I.

Bai 152. Hai day AB va CD ciia mot duong tron (O; R) cat nhau ¢ M. Chitng minh ring

MA-MB=MC-MD = R?> - OM?.

Loi giai.
Xét hai tam gidc MAC va M DB c6 E
AMC = DMB (déi dinh)
MAC = MDB (ciing chdn cung BO).

Suy ra AMAC ~ AMDB (g.g), do dé6

MA MC
MD MB

& MA-MB=MC-MD. (1)

Qua M dung duong kinh EF'.
Xét hai tam giac MAF va MEB ¢6
AMF = EMDB (déi dinh)
MAF = MEB (cing chin cung BF).

Suy ra AMAF «~ AMEB (g.g), do do6

MA MF

ME MB
& MA-MB = (OFE —OM)(OF +0OM)
& MA-MB=(R—OM)(R+OM)

S MA-MB=ME-MF

& MA-MB=R>—-0OM?* (2)

T (1) va (2) suy ra MA-MB = MC - MD = R* — OM?>. O

Bai 153. Tt giac ABCD ¢6 4 dinh ndm trén duong tron (O; R) (A, C ¢6 dinh), 2 dinh con lai

di chuyén trén hai cung tron nhan A va C lam hai dau miit.
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a) Ching t6 céc tia phan gidc ctia cac goc B va D di qua hai diém c6 dinh E va F.

b) Chiing minh ring duong thang EF 13 dudng trung tric ciia day AC.

¢) V6i vi trf nao ctia hai dinh B va D thi tit gidc ABC'D c6 dién tich 16n nhat. Tinh gia tri

16n nhat cta dién tich d6 khi sdABC = 120°.

Loi giai.

a)

Goi E la giao diém clia tia phan giac goc B va cung @, F la giao diém ctia tia phan
giac goc D va cung ZEE

BE la tia phan giac goc ABC nén ABE = CBE = sdEA = sd/EZ’, do dé F la diém chinh
gitta cuia cung ADC.

DF la tia phan gidc goc ADC nén ADF = CDF = sdFA = sdFC, do d6 F 1a diém chinh
gitta clia cung ABC.

Hai diém A, C' ¢6 dinh nén E, F la cac diém c6 dinh.

E, F la diém chinh gitta cac cung ADC va ABC nén EA = EC va FA = FC, do d6 duong
thing FF 1a duong trung truc cta day AC.

Goi K la giao diém ctia AC va BD, M la trung diém ctia AC; P, @ lan lugt 1a hinh chiéu
vuong goc cta B, D len duong thing AC.
Ta co

1 1 1
Sapep = Sapc + Sapc = §BP -AC + §DQ -AC = §<BP+ DQ)AC. (1)

Dé thay BP < BK, DQ < DK suy ra BP+ DQ < BD. (2)

T (1) va (2) suy ra Sapep < %AC’ -BD < %AC 2R = AC - R.

Déng thtic xay ra khi va chi khi B=F va D = E.

Vay dién tich tit giac ABCD 16n nhat bing AC-Rkhi B=FvaD=EFE.
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Khi sdABC = 120° = AEC = 60°, ma tam gidc ACE can nén tam gidc ACE deu.
Suy ra AOM = 60°. Khi d6 AC = 2AM = 2A0sin 60° = RV3.
Vay khi sd ABC = 120°, dién tich tt& gidac ABCD 16n nhat bing R*/3.

U

Bai 154. Tam giac ABC vuong tai A, c6 AN la trung tuyén. Ta vé duong tron tam O thuoc
canh AC v tiép xtc véi BC' 6 D. Tt B ta ké tiép tuyén BT (khac BC) c6 T la tiép diém, tiép
tuyén nay cat AN & M.

a) Ching minh: 5 diém A, B, D, O, T ciing thuéc mot duong tron.
b) So séanh MA véi MT.

L&i giai.

a) Goi I 1a trung diém ctia BO. Ta c6 BAO = BTO = BDO = 90° nén céc tam giac BAO,
BTO, BDO vuéng suy ra IA = IB = IT = ID = 10, do dé 5 diém A, B, D,O,T cing
thudoc duong tron tam [, ban kinh 7B.

b) Ta co ATB = ADB (cting chan cung @), (1)
OT = OD = OT = OD, do d6 TAC = DAC (cuing chan hai cung biang nhau). (2)
Tam giac ABC vuong tai A c¢6 trung tuyén AN nén tam gidac NAC can tai N, do do
NAC =NCA. (3)
Mat khéc ta lai 6 ADB = NCA + DAC (tinh chat goc ngoai tam giac).  (4)
Tu (1), (2), (3) va (4) suy ra

NAT = NAC + TAC = NCA+ DAC = ADB = ATB.

Do do6 tam giac M AT can tai M suy ra MA = MT.
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Bai 155. Cho tam gidc ABC nai tiép dusng tron (O). Goi D la diém chinh gita cung BC khong
chita A. Qua D ké cac duong song song véi AB va AC, ching cat AC & M va AB & N.

a) Ching minh AD vuong géc v6i M N.

b) AABC phai théa man diéu kién gi dé tit giac AM DN 1a hinh vuong?

Loi giai.
A
@)
Bw// C
D

a) D la diém chinh gitta cung BC nen DB = DC' = BAD = CAD. (1)
MD || AB = BAD = ADM (so le trong). (2)
Tu (1) va (2) suy ra CAD = ADM do d6 tam giac MAD can tai M = MA = MD.
Mat khac ti gidc AMDN c¢6 céc cap canh doéi song song do d6 tit giac AM DN 1a hinh
thoi. Tu d6 suy ra AD 1 MN.

b) Hinh thoi AMDN la hinh vuong khi va chi khi BAC' = 90° hay tam gidc ABC vuong tai
A.

O
Bai 156. Cho duong tron tam O duong kinh AB, day C'D vuong géc véi AB tai H; lay diém
M tuy y trén duong tron. Hai dudng thang CM va AB cét nhau tai F, hai duong thang DM
va AB cit nhau tai F.

a) Ching minh: AEMB «~ AEAD.

EB FB

hi inh: — = —.
b) Chiing min A= FA

Loi giai.
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a)

!

Xét hai tam giac EM B va EAD c6

AED = MEB (déi dinh)
EAD = EMB (ciing chén cung BD).

Suy ra AEMB «~ AEAD (g.g).

Goi K 1a hinh chiéu vuong goc ctia M trén duong thing BE.

, SEMB (MB>2
T ANEMB ~ ANEAD = . 1
a cO = S 1D (1)

SEMmB _ EB-MK @)
SEAD FEA-DH
Tir (1) va (2) suy ra (205 )" - EBME. FB_(MB) DH -,

AD FEA-DH EA AD MK
Xét hai tam giac BMF va CAF ¢6 F chung va MBF = ACF (cting chan cung m), do

MB\?* . .
d6 ABMF «~ ACAF = SpuE = (—) . Dé thay trong tam giac ACD, AH vita la

trung tuyén vita la dudng cao nén tam giac AC'D can tai A, do d6 AC' = AD.

Suy ra SBMF = <MB>2 = <@>2 (4)
ScAF AC AD
Ta lai c6 SeMr _ FB.MK. (5)
M Soar  FA-DH
T (4) va (5) suy ra

Mat khac

(MB)Q_FB~MK©FB_<MB)2 DH ©)
AD/)  FA-DH FA \AD MK’

. . EB FB

TII (3) va (6) Suyraﬂ—m.

O

Bai 157. Cho dudng tron (O) va diém P & ngoai (0). Vé dusng tron (P, PO). Hai dudng tron
(O) va (P) cit nhau tai A va B. Duong thang OP cat duong tron (P) tai diém tht hai C.

a)

Chitng minh C'A 1a tiép tuyén ctia duong tron (O).
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b) Lay diém D thudc cung BA ctia duong tron (P) (cung chita diém C). Chitng minh DO 1a
tia phan giac cua ADB.

c¢) Goi I la giao diém ctia doan thang OD véi dudng tron (O). Chiing minh AT Ia tia phan
giac ngoai cia BAD.
Loi giai.

xT

)

a) CO la dudng kinh ciia duong tron (P) néen CAO = 90°, ma A € (0), do d6 C'A 1a tiép

tuyén ctia duong tron (O).

b) A, B cung thuoc duong tron (O) nén OA = OB, suy ra ODA = ODB (cac goc chan hai
day bang nhau). Do d6 DO la tia phan giac goc ADB.

c¢) Goi Az la tia d6i clia tia AD. Duong thang DO cit (O) tai diém E khac I.
Tam gidc OAFE can tai O nén OAE = OFEA = OAB + BAE = OFA. (1)
OEA = ODA+ EAD (tinh chat géc ngoai clia tam giac).  (2)

Ta lai 6 ODA = OAB (cac goc chin céc day bing nhau).  (3).
Tu (1), (2), (3) suy ra

OAB + BAE = ODA + EAD = BAE = EAD. (4)

ET 1a duong kinh duong tron (O) nen BAE + BAI = EAI = 90°.  (5)
Suy ra EAD + I Az = 180° — EAT = 90°.  (6)
Tu (4), (5) va (6) suy ra BAI = TAz. Do d6 A la tia phan giac ngoai cia BAD.

O

Bai 158. Cho duong tron duong kinh AB. Lay M trén dudng tron (khac A, B) sao cho MA <
MB. Lay M A lam canh vé hinh vuong M ADE (E thuoc doan thang M B). Goi F la giao diém
cua DE va AB.
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a) Ching minh: AADF «~ ABM A.
b) Lay C lam diém chinh gitta cung AB (khong chita M). Ching minh CA = CE = CB.

c¢) Trén doan thang MC lay diém I sao cho C'I = C'A. Chiing minh I la tam dudng tron noi
tiep AAMB.

Lai gidi.

A © B
F
C
a) Ta c6 M thuoc dusng tron duong kinh AB nén AMB = 90°.

Hai tam giac vuong ADF va BM A ¢6 DAF = MBA (hai géc so le trong).
Suy ra AADF «~ ABM A.

b) C la diém chinh gita cung AB néen CA=CB = CA=CB. (1)
MADE la hinh vudng suy ra MAD = ADE = 45°, do d6 ADC = EDC = 135°.
Hai tam giac ADC va EDC' ¢6
AD =FED
ADC = EDC
DC' chung.
Suy ra AADC = AEDC,do d6 CA=CE. (2)
Tu (1) va (2) ta c6 CA=CE = CB.

c) Tu giac MADE la hinh vudng suy ra CMA = CMB = 45°, do d6 M1 la tia phan giac
goc AMB.
Tam giac C'AI can tai C nén CAI = CTA = CAB + BAI = CIA. (3)
CIA = TAM + CMA (tinh chat goc ngoai clia tam gisc).  (4)
Ta lai c6 CMA = CMB = CAB (céc goc chin cic cung bing nhau).  (5).
Tu (3), (4), (5) suy ra

CAB + BAI = TAM + CMA = BAI = TAM.
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Do d6 Al la tia phan giac géc MAB. Vay I la giao ctia hai duong phan giac cua tam giac
AM B nén la tam duong tron noi tiép tam gidc AM B.

4 GOC TAO BOI TIA TIEP TUYEN VA DAY CUNG

4.1 LY THUYET
4.1.1 Dinh nghia

Goc tao bdi tia tiép tuyén va day cung 1a géc c6 dinh ndm trén duong tron va mot canh 1a mot

tia tiép tuyén, con canh kia chita day cung ctia duong tron do.

4.1.2 Dinh li

S6 do clia goc tao bdi tia tiép tuyén va day cung bang nita sd do ctia cung bi chan.

Y A T

2AB va y/A?j’: 1a hai goéc tao bdi tiép tuyén va day cung cia (O).
— 1 —

4.1.3 Heé qua

Trong mot dudng tron, géc tao bdi tia tiép tuyén va day cung va géc noi tiép ciing chan mot
cung thi bang nhau.

Vi du 19. Cho diém M niam ngoai dudng tron (O; R). Vé tiép tuyén M A va cat tuyén M BC.
Chitng minh rang M A? = MB - MC = OM? — R

Loi giai.
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c

e Chitng minh M A? = OM? — R?.
Xét tam giac OAM vuong tai A, ap dung dinh 1y Py-ta-go ta c6

MA*=0M? - 0A* =0M* - R*. (1)

e Chitng minh MA? = MB - MC.
AMB (chung)

Xét AMABva AMCAcsd
MAB = MCA (He qué goc tao bdi tia tiép tuyén va day cung).
Do d6 AMAB « AMCA (gg) = 4 _MB _ ype _ ypovc. (2)
o &8) = e T MA - '
Tt (1) va (2) suy ta MA? = MB- MC = OM? — R?. O

4.2 BAI TAP

Bai 159. Cho hai dudng tron (O) va (O') cit nhau tai A v B. Mot duong théng di qua diém
B vacat (O) 6 M va cat (O') 6 N (M va N khéac B). Cac tiép tuyén tai M va N cia hai dudng

tron cat nhau & P.
a) Tinh MPN cho biét MAN = a.
b) Ching t6 rang: AMN P vuong tai P < OAO" = 90°.

Loi giai.
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a)

Xét (O') ta co:

BNP = BAN = %sdé—]v (goc noi tiép va goc tao bdi tia tiép tuyén va day cung cung chan
BN) hay MNP = BAN. (1)

Xét (O) ta co:

BMP = BAM = %sdgj\? (g6c noi tiép va goc tao bdi tia tiép tuyén va day cung chan
BN) hay NMP = BAM. (2)

T (1) va (2) Suyram+m:m+m:]\m:a.

Xét AMNP ¢6: MPN + MNP + NMP = 180° (tong ba géc clia mot tam gidc) hay
MPN + MAN =180° = MPN = 180° — .

Ta c6: OMP = 90° (vi M P 1a tiép tuyén caa (O)).

O'NP = 90° (vi NP la tiép tuyén cta (0")).

Tt gidac MANP c6 MAN + MPN = 180° (chitng minh tren) = AMP + ANP = 180°.
Khong méat tinh tong quat, gia st AMP la goc tu. Khi dé ANP la gboc nhon
AMP + ANP = 180° = 90° + AMO + 90° — O'NA = 180° = AMO = ONA. (1)
Lai c6: AAOM la tam giac can tai O (vi OA = OM = R) = AMO = MAO. (2)
Tuong ty ta co ANO' = NAO. (3)

Tit (1), (2), (3) = MAO = NAO'.

Khi d6 ta c6 MAN = MAO + OAN = NAO' + OAN = 0AO'.

AMNP la tam giac vuong tai P

& MPN = 90°
& 180° — MAN = 90°
& 180° — OAO = 90°
& O0A0 = 90°.
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Bai 160. Cho AABC nai tiép dudng tron (O). Mot duong thing song song véi tiép tuyén tai
C cat canh AC' & D va canh BC 6 E. Chiing t6 hai tam giac ABC va EDC dong dang va
CA-CD=CB-CEFE.

Loi giai.

Vi ED || Cx nén EDC = zCD (2 goc sole trong).

Lai ¢6: 20D = ABC (goc noi tiép va goc tao bdi tia tiép tuyén va day cung cling chin ;1?7)
— EDC = ABC.

Xét NABC va AEDC c6

ACB chung CA OB
o = AABC «~ AEDC (g.9) = —= = —— (t1 1¢ céc canh tuong ting).
EDC = ABC (cmt) Ce CD

= CA-CD=CB-CE. 0

Bai 161. Cho AABC nai tiép duong tron (O) c6 CH la duong cao; M, N la hinh chiéu ctia

dinh C lan lugt trén cac tiép tuyén § A va B clia duong tron.
a) Ching t6 AACH «~ ABCN va ABCH «~ NACM.
b) So sanh CM + CN véi 2CH.
¢) Tam gidc ABC phai théa man diéu kien gi d&¢ CM + CN = 2CH.

Lai gidi.
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a)

c

Ching t6 AACH «~ ABCN va ABCH «~ AACM.

Ta c6: CAH = CBN (goc nai tiép va goc tao badi tia tiép tuyén ciing chan EE’)
Xét NACH va ABCN c¢6

AHC = BNC = 90°.

CAH = CBN (chitng minh trén).

= ACAH «~ ABCN (g-g).

Ta c6 CBH = CAM (goc noi tiép va goc tao bdi tia tiép tuyén va day cung chin 1/46)
Xét ABCH va NACM c6

CHB = CMA = 90°.

CBH = CAM (chitng minh trén).

= ABCH «~ ANACM (g-g).

So sanh CM + CN véi 2CH.
BC CN

Vi AACH «~ ABCN (chiing minh trén) nén Vrolmtelii (x).
AC  CM

CNFCM U BC | AC
CH  AC BC
Ap dung bat dang thitc Co-si cho hai s6 duong ta c6

BC ~AC _ [BC AC
—tEA2 VoA mA =2
AC  BC AC BC

Dau “=" xay ra khi
CN+CM
CH

Tam giac ABC phai théa man dicu kien gi dé CM + CN = 2CH.

Théo y b tac6 CM + CN > 2CH.

Dau “=" xay ra khi AC = BC.

Do d6 CM + C'N = 2C'H khi va chi khi tam giac ABC' la tam giac can tai C.

T (), (xx) suy ra

Vay >2< CM+ CN > 2CH.
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Bai 162. Cho tam giac ABC nai tiép dudng tron (O; R). Qua dinh B ta ké duong thang song

song véi tiép tuyén tai A ctia duong tron, dudng thing nay cit AC & M.

a) Chiing minh he thitc AB* = AC - AM.

b) Chiing t6 ring duong thing AB la tiép tuyén ctia dudng tron di qua cac diém B, C' va M.

Lai gidi.

a)

A
AR

Goi tiép tuyén ké tit diem A ctia duong tron (O) la Awz.
Ta c6 ABM = BAz (so le trong Az || BM).
ACB = BAz (goc noi tiép va goc tao bdi tiép tuyén va day cung chén @)

BAM = CAB (g6c chung)
Xét AMAB va ABAC ¢6

ABM = ACB = BAz.
AB  AM )

Goi I 1a tam duong tron di qua ba diém B, C' va M. Xét dudng tron (I; IB).
—_— 1 —_
Ta c6 ACB = §sdBM.
_ —_ —_— 1 —
Ma ACB = ABM nén suy ra ABM = isdBM.

Do d6 AB la tiép tuyén ciia duong tron di qua cac diém B, C va M.

O

Bai 163. Cho hai duong tron cit nhau 6 A va B, M la mot diém thuoc dudng thang AB va &

ngoai hai duong tron da cho. Tt M ké cac tiép tuyén MC, M D dén mot dudng tron va cic tiép
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tuyén M E, MF dén duong tron con lai. Chitng t6 bén diém C, D, E, F cung thudoc mot duong

tron.

Lai gidi.

Goi H la giao diém ctia AB va OI.

Suy ra ABLOI tai H.

Ta c6 AOHM vuong tai H.

Suy ra OM? = OH? + MH? = MH? = OM? — OH?.
Ma ATHM vuong tai H.

= IM?*=1H*+ MH? = MH*=1M?*—-1H? (2)
T (1) va (2) suy ra OM? — OH? = IM?* — TH?.
Mat khac ta co

OA? = OH? + AH?* = OH? = OA? — AH*.

IA? =TH?*+ AH? = IH? = TA? — TH%

Do dé6 suy ra

OM?* — (OA% — AH?) = IM? — (I A* — AH?).

= OM? — OA% + AH? = IM? — T A% + TH.

= OM? — OA% = IM? — [ A%

= OM?* - 0C? =IM? - IF>.

= MC?* = MF>.

= MC = MF.

Vi MC va M D la hai tiép tuyén ké tit M dén duong tron tam O nén MC = MD.
Vi ME va MF 1a hai tiép tuyén ké tit M dén duong tron tam I nén ME = MF.

Suy ra MC'=MD =MFE = MF.

Do d6 bén diem C, D, E, F cung thuoc dudng tron tam M.

(1)
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5 GOC CcO DINH BEN TRONG DUONG TRON, GOC
CO DINH BEN NGOAI DUONG TRON

5.1 TOM TAT LY THUYET
5.1.1 Go6c c6 dinh bén trong dudng tron

Dinh Ii 2. S6 do ciia géc c6 dinh bén trong dudng tron bang nita tong so6 do hai cung bi chin.

m,@,%,m la géc ¢6 dinh bén trong duong

D

5.1.2 Gb6c ¢6 dinh 6 bén ngoai dudng tron

Dinh 1i 3. Goéc ¢6 dinh & bén ngoai dudng tron c¢6 s6 do bang nita hiéu ctia s6 do hai cung bi

chan gitta hai canh ctia goc.

Ta ¢6 minh hoa

sdAmD — sdBnC

AMD =
2

Vi du 20. Qua diém A nim bén ngoai dudng tron (O), vé céc cat tuyén ABC, ADE sao cho
BE va C'D cat nhau 6 M nam trong dudong tron (O). Chitng minh rang

A+ BMD = 2CBE.

Lai gidi.
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Tit gia thiét ta c6 A la géc ngoai dusng tron va
i sdCnE — sdBmD

—_— 2 '

BMD la goc trong dudng tron va

sdCnE —sdBmD
5 .

BMD =

Suy ra A+ BMD = CnE = 2CBE (Vi@lé
goc nai tiép chan cung CnkE).

Vaytacég+m):2@.

5.2 BAI TAP

174

Bai 43. Cho hai duong kinh AB, C'D vudng géc clia duong tron (O) va M 1a diém thuoc ban
kinh OA. Ké day DE qua M. Tiép tuyén tai F cit AB 6 F.

a) Ching minh AFME can.

b) Chiing minh FM? = FA.FB.

¢) FD cat duong tron (O) tai N. Chting minh FM tiép xtc véi duong tron (MDN).

Loi giai.
_— 1 — —
a) Xét AFME, ta 6 FEM = o <sdEA + sdAD) = D
1 — — —_—
5 (sdEA +sdDB) = FME. Tit d6 suy ra AFME can N
dinh F.
F_ A
b) Xét AFBE va AFEA ¢6 BFE = AFE.
— 1 —_ —_—
Lai ¢6 FEA = SsdEA = FBE nen AFBE ~ AFEA.
FB FE E
Suy ra —— E = FA = FE?*=FA-FB. C

Ma AFME can tai F nén FFE = F'M.
Tu d6 suy ra FM? = FA.FB.

¢) Ta c6 tit gise ANDB noi tiép nen FNA =
Tit d6 o _ggf\?A AFBD = IV _ 4
6 suy ra 7B~ FD

D/B\F va

= FAFB=FN.FD.

Két hop véi phan trén ta suy ra FN.FD = FAFB = FM? nén FM chinh 1 tiép tuyén clia
duong tron ngoai tiép cia AMDN. Hay FM tiép xic véi dudng tron (M DN). O
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Bai 44. Cho AABC can tai A noi tiép duong tron (O). Ta lay diém E trén cung nho AB va
goi M la giao diém cta tia AF véi BC.

a) So sanh ECA véi EMB
b) Chiing minh ring AB tiép xtic v6i duong tron (M EB), AC tiép xtc v6i dudng tron (MCE).

Lai gidi.

M \
BT\

C

a) Vi AABC can dinh A nén sdAEB = sdAC. Tit d6 suy ra
EMB = 1 (s0AC — sdEB) = ~ (sdAB — sdEB) = +sdBA — ECA.
2 2 2
Vay ECA = EMB.

b) Xét AABE va AAMB c6 géc A chung va ABE = ECA (hai g6c noi tiép cing chan mot
cung). Lai theo phan trén ta c6 ECA=EMB néen ABE = AMB.
AB AE
Tu d6 suy ra AABE ~ ANAMB = = = AB? = AE - AM.

AM — AB
Vay nén AB chinh 13 tiép tuyén ctia dudng tron ngoai tiécp AMEB (ta c¢6 diéu phai chiing
minh).
. _AC AFE )
Tuong tu, ta c6 AACE ~ AAMC (g.g) nén L~ AC = AC?® = AF - AM suy ra AC

1a tiép tuyén ctia duong tron ngoai tiép tam giac MCE.

O

Bai 45. Tam gidc ABC c6 cac phan giac dong quy & I cac tia AI, BI, CI cat duong tron ngoai
tiép tam giac tai A’, B, ¢’. Chitng minh:

a) Al = A'B
b) Luc gidc AB'CA'BC' o6 AB' = B'C, CA' = A'B, BC' = C'A.
c) A, B, " lan lugt 1a tam cac dudng tron ngoai tiép cac tam gidc IBC, IC'A va [ AB.

Lai gidi.
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A
C/
B/
i
N

A/
. — ]_ —_— —_— 1 —_—— —_— —
a) Ta 6 BIA' = (sdAB’' +sdBA') = 5 (sdB'C +sdCA’) = IBA.

Tw d6 suy ra AA’BI can dinh A’ = A'l = A'B.

b) Vi BI la tia phan gidc ctia géc B nen ABB’ = B'BC, hai goc noi tiép ABB' va B'BC
trong cting duong tron ma cé6 s6 do bang nhau thi hai cung tuong ing la AB' va B'C bang
nhau, suy ra AB’' = B'C.

Tuong ty ta c6 CA' = A'B, BC' = C'A.
Vay luc giac AB'CA'BC" ¢6 AB'= B'C, CA'= A'B, BC' = C'A.

c) Ta co
CIA =3 (SAAC" + sdCA') = 5 (sABC" +sdBA’) = ICA.
Tu d6 ta duge ACA'I can tai A, suy ra [A' = A'C
Theo phan trén ta ciing c6 BA" = A'I nen BA' = A'I = A'C. Suy ra A’ chinh 1a tam
duong tron ngoai tiép tam giac IBC.
A’ 1a tam cac duong tron ngoai tiép cac tam giac IBC.
Tuong ti, ta c6 B, C’' lan lugt 1a tam cac dudng tron ngoai tiép cac tam giac JC'A va
IAB.
0
Bai 46. Cho duong tron (I) noi tiép AABC. Cac tia AI, BI, CI cit dudng tron ngoai tiép
AABC lan lugt tai D, E, F. Day EF cat AB, AC lan lugt tai M va N. Chitng minh réng
a) DI = DB
b) AM = AN

c¢) I la truc tam ADEF

Lai gidi.
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a) Ta co BID = % (sd@ + Sd@) = % (sdE—C\Y + sd@) — IBD.
Tu d6 suy ra ADBI can dinh D = DI = DB.
b) Ta co ANM = % (sd@#—sd;l—ﬁ) = % (sd@andE?) — AMN.
Tu d6 suy ra AAMN can dinh A = AM = AN.
¢) Tu phan tren ta thdy AI chinh la dudng phan giac trong clia tam gidc can AMN neén
Al L. MN hay DI 1 FE.
Twong tu, taco FII 1 DE.

Vay I chinh la tryc tam cia tam giac DEF.

O

Bai 47. Tt mot diém A & ngoai duong tron (O) ta vé tiép tuyén AB va cat tuyén ACD. Tia
phan giac cia BAC cat BC, BD lan lugt tai M va N. Vé day BF vuong goc M N tai H, cit
CD tai E. Chiing minh ring

a) ABMN can

b) FD?=FE - FB

L&i giai.
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a) Tia phan gidc ctia goc BAC cit duong tron (O) tai T' va S nhu hinh ve.
Theo tinh chat ciia géc & ngoai dudng tron ta c6 BAS = DAS nen suy ra
! (B3 — saBT) = + (sdDS — sdCT) = = (sdB5 + sdCT) = = (sdDS + saBT)
2 2 2 2
Tu do6 suy ra BNM = BMN nén ABMN can dinh B.

b) Vi BF la duong cao ctia tam gidc can BM N nén BF chinh la dudng phan giac ctia goc

CBD.

Xét hai tam gide ABDF vi ADEF, Ta ¢6 F chung, DBF = EDF.
5 FD FB ,

Do d6: ABDF ~ ADEF = —— = == & FD* = FE - FB dpem.

O

Bai 48. Cho duong tron (O; R). Hai duong kinh AB va C'D vuong géc nhau. Trén dudng kinh
AB lay diém F sao cho AE = Rv/2. Vé day CF di qua E. Tiép tuyén ciia dudng tron tai F cit
duong thang CD tai M, vé day AF cit CD tai N. Chitng minh ring

a) MF || AC.
b) Tia CF la tia phan gidc cua BCD.

¢) MN,OD, OM la do dai 3 canh clia mot tam giac vuong.

L&i giai.
a)
Ta c6 sdAC = sdBC. Va AC = VOCO? + OAZ = RV2. C
Suy ra ACAE can tai A. Nén
—_— —_— 1 — —
ACE = AEC = 5 (sdAC + sdBF) 2N\ 5
A
= (sdAD +sdDF) = ~sdDF = _sdBF.
2 2 2
N
— 1 —_—— —
Tu dé6 suy ra CAF = 3 (SdC’B + sdBF) = F
D
1, — = ——
5 (s4AD +sdDF) = AFM nén MF || AC' (so le trong). v

b) Ta c6 BD | AC néen MF || BD. Ma OF L MF nén OF 1 BD.
Mit khéc tam gisc OBD can tai O nén OF 1a phan giac goc BOD. Suy ra F' 1 diém chinh
gitta cung BD. Vay C'N la tia phan giac cia goc BCD.
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c) Xét AANC vas ACEA c6 ANC = @,m = @, canh AC' chung nén ching biang
nhau. Suy ra CN = AE = AC.

MN CN
Dé thay AOFM vuong tai F nén OF? + FM? = OM?. Ma OD = OF = R nén OD? +

NM? = OM?>.
Vay ta ¢c6 OD, M N va OM la do dai ba canh ctia mot tam gidc vuodng.

O
Bai 49. Cho AABC noi tiép duong tron (O; R), dudng phan giac trong va ngoai ciia A cit
dudng thing BC lan lugt tai D va E. Cho Biét AD = AE, AB = 1,4; AC = 4,8. Tinh R.
Loi giai.
Ké duong kinh AF, dudng thang AE cit (O; R) tai diém
thit hai 1a K, AD cit duong tron tai diém thi hai 1a G.
Vi hai duong phan giac trong va ngoai ctia goc A vudng goc

nén KAC = 90° nén KG chinh la duong kinh ctia duong A

K
0]
F
tron (O; R). \J
Vo s ADE v can i a0 A0 < 350y
sdAB + sdGC = 90°.

Mait khéc sd ABF = 180° nén sdG B + sdCF = 90°.

Ma sdGB = Sdéz'(do AG la phan giac ctia géc A) nén SdAB = sdCF = CF = AB = 1,4.
Tam gidc ACF vuong tai C nén AF? = AC* 4+ CF? =25 = AF =5 = R = 2. O
Bai 50. Cho dudng tron (O;2cm), cac ban kinh OA va OB vuéng géc nhau, M 1a diém chinh
gitta ctia cung AB. Goi C la giao diém ctia AM va OB, H la hinh chiéu ctia M trén OA. Tinh
dién tich hinh thang OHMC.

Loi giai.

Tit gia thiét suy ra AOHM vuong can dinh H = HO = HM = /2.
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AH HM AO.HM 22
Ma AAHM ~ AA Al HM _ _ _
a OC’:>AO OC:>OC’ Vi 55
S . 1 4-v2
Dién tich hinh thang OHMC laS:§(HM+OC).HO:2 \/ﬁcm. O

Bai 51. Cho AABC noi tiép dusng tron (O; R). Cac diem M, N, P 1a diém chinh giita clia cac
cung AB, BC, CA. Goi D la giao diém ctia M N va AB, E la giao diém ctia PN va AC. Chiing
minh réing DFE || BC.
Loi giai.
Goi I 1a tam duong tron noi tiep AABC, ta
co

PIC = %sdﬁ?? + %Sd]\//fl?

= %sd@ + %sd@

= PCI

Suy ra APIC can tai P nén PI = PC.

Tuong ty NC = NI nén PN la duong trung truc cua IC suy ra EIC = ECT.

Ma ECT = ICB suy ra [F || BC.

Hoan toan tuong tu ID || BC, tit d6 ta c6 D, I, E thang hang va DFE || BC. O

Bai 52. Cho AABC noi tiép duong tron (O; R). Goi I 1a tam ctia dudng tron noi tiép tam giac
d6. Goi M, N, P theo thtt tu 1a tam ctia cic dudng tron bang tiép trong cac goc A, B, C. Goi K
la diém déi xting v6i I qua O. Chiing minh ring K 1a tam clia dudng tron ngoai tiép AM N P.
Loi giai.

Dé thay I chinh la tryc tam ciia tam
giagc MNP.

Goi E, F, G lan lugt 1a trung diém cta
NP, NM va MP.

Goi R, D, @ lan lugt 1a trung diém ctia
PI, IM va IN.

Ta c6 EF la duong trung binh cia
AMNP nén EF | MP va EF =
%MP.

Ta c6 DR la duong trung binh cuia
AMIP nen DR | MP va DG = %MP.

T do6 suy ra EF DG 1a hinh binh hanh.
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Lai ¢c6 ER la dudng trung binh ctia APIN nén EG || IN hay ER || BN nén ER L MP.

Vay hinh binh hanh FF DG 1a hinh ch@ nhat.

Ta goi O la trung diém ctia ED, khi d6 E, F, D,G cing thudc dudng tron tam O duosng kinh
ED.

Ta c6 diém A nhin ED dudi mot goc vuong nén A ciing thude dusng tron (O) néi trén.

Tuong tu, ta ching minh duge EQDG 1a hinh ch nhat nén @ va G cling thuéc dudng tron (O).
Tuong tu, ta chiing minh duge QFGR la hinh ch nhat nén R va F' cing thuoc duong tron (O).
Vay duong tron (O) cé cac duong kinh 1a ED, QG va FR.

Do C nhin RF duéi géc vuong nén C' ciing thudéc duosng tron ducng kinh RF' chinh la duong
tron (O).

Tuong tu, B nhin QG dudi goc vudng nén B cang thuoe dusng tron (O).

Vay dudng tron (O) chinh la dudng tron ngoai tiép tam giac ABC, va (O) di qua céac diem E,
Q, F, D, G, R. Goi K la diém ddi xiing véi I qua O. Ta c6 AIOD = AKOE va EK || ID nén
KE 1L PN. (1)

Tuong tu ta c6 AIOR = AKOF nén KF | RI va KF L MN. (2)

T (1) va (2) suy ra K chinh la giao ctia hai duong trung truc cia tam giac MNP nén K chinh

la tam dudng tron ngoai tiép clia tam giac M N P.(ta c6 diéu phai chiing minh) O

6 CUNG CHUA GOC

6.1 TOM TAT LY THUYET
6.1.1 Quy tich cung chia goéc

Véi doan thing AB va goc a (0° < a < 180°) cho trudc thi quy tich cic diém M théa man
AMB = o 1a hai cung chita géc o dung trén doan thing AB.

Chu y 3. a) Hai cung chita géc a néi tren 13 hai cung tron déi xing véi nhau qua AB.
b) Hai diém A, B thudc quy tich.

c) Khi o = 90°, quy tich cic diéem nhin doan thing AB cho truéc dudi mot goc vuong la
duong tron duong kinh AB.

6.1.2 Cach vé cung chwa géoc o
a) Vé duong trung truc d ctia doan thang AB.
b) Vé tia Az tao v6i AB mot goc a.

c¢) Vé duong thing Ay L Az. Goi O la giao diém clia Ay va d.
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d) Vé cung AmB, tam O, ban kinh OA sao cho cung nay nim trén nita mat phang bo AB
khong chita tia Ax.

6.1.3 Cach giai bai toan quy tich

Muén chiing minh qu§ tich (tap hgp) cac diém M thdéa man tinh chat T 1a mot hinh H, ta phai

chting minh hai phan:
a) Phan thuan: Mot diém c6 tinh chat T’ thudc hinh H.
b) Phan dao: Moi diém thuoc hinh H déu c6 tinh chat 7.

Két luan: Quy tich (hay tap hop) cac diém M c6 tinh chat T 1a hinh H.

Vi du 21. Cho tam gidc déu ABC. Tim tap hop cac diém M sao cho khodng cach tit M dén A
bing tong céc khoang cach tit M dén B va C.

Loi giai.

Phan thuan: Theo dé bai ta ¢c6 MA = MB + MC. A

Dung duong tron tam O ngoai tiép AABC. Vé tam

giac déeu M BI.

Xét NABI VA ANCBM co
AB - CB °
(0]
ABI = CBM cung cong véi CBI = 60° I

do d6 AABI = ACBM (c.g.c) suy ra Al = CM = M e

MC + MB = MI + AI = MA. Do d6 I nam giita
A va M va ba diém A, I, M thing hang. Do dé goc
AMB = 60° nén M thudc cung chita géc 60° dung trén
AB.

Phan dao. Lay diém M’ thuoc cung chita géc 60° dyng trén AB. Ta phai chiing minh M'A =
M'B+ M'C.

That vay, trén canh M'A lay diém K sao cho M'K = M'B.

Do M’ thudc cung chita géc 60° dung trén AB nén BM'K = 60° do d6 ABM'K déu suy ra
BK = BM' = M'K va KBM' = 60° khi 46 ABK = M'BC (ciing cong vdi goc K BC biing 60°).
Do d6 AABK = AM'BC (c.g.c) suy ra AK = M'C, khi d6 M'B+ M'C = M'K + KA = M'A.
Gidi han quy tich:

Khi M trung véi B va M trung véi C' déu théa man bai toan.

Khi M thuoc cung AC' khong thoéa man bai toan.

Do d6 M thudc cung chita géc 120° dung trén canh BC. U
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6.2 BAI TAP

Bai 53. Duong tron (O) c¢6 dudng kinh AB ¢6 dinh. C' 1a diém di dong trén duong tron dé (C
khac A va B). Tim quy tich giao diém ba dudong phan giac ctia tam gidc ABC.

Loi giai.

Ta c6 ACB = 90° (goc noi tiép chan nita dudng tron), ma .

Al va BI la cac tia phan giac nén TAB = %C/'@ va IBA =

SCBA suy ra TAB + TBA = (CAB + CBA) = L -00° = 7

45° = ATB = 180° — 45° = 135°. A O B
Do AB khong do6i nén I thudc hai cung chita géc 135° dung

tréen AB.

O

Bai 54. Tam giac vuong ABC c6 canh huyén BC c6 dinh, dinh A thay doi. Ta dyng bén ngoai
tam giac d6 hinh vuong ABMN. Tim quy tich diém N.

Loi giai.

Vi ABM N la hinh vuong nén BNA = 45° ma BAN = 90°

suy ra BAN+BAC = 180° = ba diém N: A; C thing hang

nén m = 45° suy ra diém N nhin canh BC ¢6 dinh duéi

mot goc 45° nén N thudc hai cung chita goc 45° dung trén %

BC. M

O

Bai 55. Cho ntta duong tron dudng kinh AB va day M N ¢6 do dai bang ban kinh (M thudc
cung AN). Cac tia AM va BN cit nhau 6 I, cac day AN va BM cit nhau ¢ K.

a) Tinh MIN va AKB.

b) Tim quy tich diém I va quy tich diém K khi day M N thay doi vi tri.

c¢) Cho biét I la diém dic biet gi cia AAK B, K 1a diém dic biét gi cia AABI.
d) AB va IK cat nhau tai H. Ching t6 HA- HB = HI - HK.

e) V6i vi tri nao ctia day M N thi tam gidc TAB ¢6 dién tich 16n nhat? Tinh gid tri 16n nhat
Ay biét AB = 2R.

L&i giai.
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a)

Dé thay AMON déu suy ra s6 do ctia cung nhé I
MN l1a 60°.
Khi dé
N
MIN — AIB
1, — — M
= 3 (sdAB — sdMN)
1 e} o o
— 5 (180° — 60°) = 60
A B
Ta co H 0
— AB +sdMN
1KE - sd —;sd
180° + 60°

2

b) Ta c6 AIB = 60° = [ thudc cung chita goc nhin canh AB dudi goc 60°.
Tuong tu AKB =120° = K thudc cung chita goc nhin canh AB duéi goc 120°.

AN 1L IB
c) Taco = K la tryc tam ATAB.

BM 1 Al
Suy ra IK 1 AB =1 la tryc tam AAKB.

KAH — HIB
d) Xét AHAK va AHIB 6 { .
AHK = THB = 90°

HA HI
ANHAK ~ ANHIB(g. _— = — HA-HB=HI HK.
Suy ra (g.g), suy ra K~ OB =

e) Ta ¢c6 TH < IO (quan he gitta dudng xién va dudng vuong goéc). Dau bang xdy ra khi
H=0.
Ta c6 Sarap = %]H - AB.
Ta c6 AB 1a duong kinh = S;ap 16n nhat < IH 16n nhat & IH =10 < H = O.
Khi d6 OI viia 1 duong trung tuyén vira 1a duong cao nén ATAB can tai 1.
Mit khac, vi O la trung diém ctia AB = OM; ON lan luct l1a duong trung binh ciia
NIAB.

ON || IM
Suy ra = IMON la hinh binh hanh.

OM || IN
Lai ¢c6 OI L MN = IMON la hinh thoi nén MI = IN = OM = R = A = 2IM = 2R.

1
Do d6 MN || AB va MN = §AB = R. Vay M N song song v6i AB va M N = R thi dién
tich ATAB 16n nhat.
Xét AAOI vuong tai O, ta c6 OI = /TA2 — OA2 = RV/3.
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1 1
Suy ra Syap = §OI-AB: §-R\/§-2R:R2\/§.

0

Bai 56. Tam gidc ABC vuong tai A, noi tiép duong tron (O; R) ¢6 canh AB = R, DFE 1a duong
kinh vuong goc v6i BC' (A va D ciing thuoc mot mat phang bo BC). AD, AC, AB lan lugt cit
OB, BE va EC 6 M, N va P.

a) Tinh cac goc m, CNE va BPC.
b) Ching t6 M, N cung thuoc mot cung chita géc c6 hai dau mut 1a A va B.

¢) Xac dinh tam dudng tron di qua A, B, M va N.

Loi giai.
a)

—— AB 1

Xé iac AB 6 sin ACB = — = —.

ét tam/g_fc C ¢6 sin AC BC 3 N
Suy ra ACB = 30°.
Suy ra sdAB = 60°.
— DC —sdAB ° —60°
SuyraAMC’:Sd OQSd :90260 _ D
15°. A

Tuong tu ta co CNE = 15°.

Ta c6 sdAC = sdBC —sdAB = 180° — 60° = 120°.
— AC —sdBE  120° — 90°
Suy 1a APC — sdAC — sd . 120°-90

2 N 2
15°.

b) Vi AMB = ANB = 15° nén tit gidc ABMN noi
tiép duong tron.
Suy ra M, N cung thuéc mdt cung chita goc co

day 1a AB.

P

c) Vi AABN vuong tai A nén tam dudng tron ngoai tiép tam giac ABN la trung diém canh
huyén hay trung diém canh NB. Do dé tam dudng tron di qua bén diém A, B, M, N la
trung diém canh NB.

U

Bai 57. Cho diém M di chuyén trén cung AB ciia mot duong tron (O). Trén tia doi cla tia
M B ta dat doan MC = MA.

a) Tim quy tich diém C.
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b) Xéc dinh tam duong tron di qua A, B va C.
c) V6i gia tri nao ctia diem M thi tam gidc MAB c6 chu vi 16n nhat?
Loi giai.
a) Dit o = AMB khong déi do AB cb dinh.
e Phan tich: Ta ¢c6 MA = MC nén AMAC can tai
M, suy ra MAC = MCA.
_— _— —_— _— 1
Ma MAC + MCA = AMB = a hay MCA = g%
1
Do do6, C thudc cung chita goc Pl dung trén canh AB.
A B

e Gi6i han: Khi M = A thi C = A; khi M = B thi
C = C’" v6i C' thuoe tia Bz 1a tiép tuyén cta (O) tai
B thoa BC" = BA.

C

e Két luan: Quy tich ctia diém C' la cung chua géc %a
dung trén canh AB, tic la cung AC".
b) Goi I 1a tam duong tron ngoai tiép AABC.
Khi d6, A = IB va AIB = 2ACB = AMB.

Suy ra , I 1a diém chinh giita ciia cung AB.

c¢) Ta c6 chu vi tam gidc M AB bang AB+ MA+ MB = AB+ MC + MB = AB + BC.
Ma AB khong doi nén chu vi 16n nhat khi va chi khi BC' 16n nhat
Diéu nay xay ra khi BC' 1a duong kinh cta (7), khi d6 M = 1.

O

Bai 58. Tam gidac ABC noi tiép duong tron ban kinh R, c¢6 duong cao AH = h. Chiing minh
rang AB - AC = 2Rh.
Loi giai.
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Vé duong kinh AA’, thi AH = h va AA" =2R.
Xét AHAB va ACAA co: A

~~ ~

e H=C=90°

e ABH = AAC (2 gbc noi tiép cung chin

cung Z@) 0
B = C
Do d6, AHAB ~ ACAA' (g-g). H
Suy ra
A—B—AA/@)AB AC = AA"- AH = 2Rh A
AH  AC B B '

O

Bai 59. Cho nita duong tron duong kinh AB, tam O. Ta dung nita duong tron duong kinh AO
(hai nita duong tron cting thuoc mot nita méat phang bo AB). Tt mot diém C thuoc doan thang
OA ta ké duong vuong goc véi OA cat nita duong tron nhé & D va nita duong tron 16n & E.

2

172 khong phu thuoc vi tri diem C va tinh ti s6 do6.

a) Chitng minh réng ti s6
b) Chiing t6 ring tam gidc vuong can c¢6 canh huyén AFE thi c6 canh bén bang AD.
Loi giai.
a) Goi F la giao diém ctia tia AD va (O).
Tacé: ADC = AEB = 90° (g6c noi tiép chan duong kinh).

Suy ra, OD || BF, ma O la trung diém ctia AB nén D la
trung diém ctia AF. Xét ACAD va AFAB:

e ACD = AFB = 90°
e EAC = FAB

AD _AB -,
VAC T AFT

_AE AB
Tuong tu, ACAE ~ AEAB. nén 1~ AR (2)
AE AF AE? AF

Lay (2) chia (1), ta dugc: iD= AE hay T2~ AD — 2

AE? . AE?
1D khong phu thudc vao vi tri ciia diem C' va vz

Theo cau a), ta c6: AE = v/2AD. Do d6,néu AE la canh huyén clia mot tam gidc vuong can thi

Do d6, ACAD ~ AFAB (g-g). Suy ra

=2

Chitng to ti s6

tam gidc do sé c6 canh bén bang AD. O

Bai 60. Trong tam giac can ABC ta ¢6 AB = AC' = 5cm, BC' = 6cm. Tinh ban kinh duong

tron nai tiép.
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Loi giai.
Goi I 1a tam duong tron noi tiép tam giac ABC, H
1 trung diém ctia BC va E 1a tiép diém cta (I) véi
AC, thi IFE la ban kinh cta (I).
BC A

e Ta co: C’H:C’E:T:?)cm. Ma AC =
5cm nén AE = 2cm.
E
e Tam giac HAC vuong tai H ¢c6 AH = 7
VAC? — CH? = 4cm
e Tam gidc FIA vudng tai E c6 B H C

IE’+AE? = A’ & [E*+2* = (4—1E)* < IE = gcm

Vay ban kinh duong tron noi tiép AABC biang ;cm.
]

Bai 61. Tinh ban kinh dudng tron ngoai tiép mot tam giac can biét rang canh day va duong

cao tuong tng déu c6 do dai bing 8cm.

Lai giai.

Gia st ta c6 tam giac ABC can tai A, ¢6 BC = AH = A

8cm, véi H 1a trung diém ctia BC; ni tiép dudng tron

(0), thi OB la ban kinh cta (O).

Tam giac HOB vuong tai H ¢6 OB?> = OH? + HB?

2 O
o 08 — (a1~ 05y + (29)

2 __ 2 2 —
& O0B* = (8- 0B)* +4° < OB = 5cm W

Vay ban kinh can tim 1a 5cm.

7 TU GIAC NOI TIEP

7.1 TOM TAT LY THUYET
7.1.1 Khai niém ti¢ giac noi tiép
Tt gidc ¢6 4 dinh nam tréen mot duong tron goi la ti gidc noi tiép duong tron (goi tat 1a tit giac

noi tiép).
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7.1.2 Dinh li

Trong mot t1& giac noi tiép, tong s6 do hai géc ddi bang 180°.

7.1.3 Dinh li dao

Néu mot tit gidce c6 tong sd do hai géc dbi bang 180° thi ti giac d6 noi tiép dude duong tron.
Chii 4:

a) Néu mot t1t gidc noi tiép thi n6 c6 goc trong bang géc dbi ngoai.
b) Hinh thang noi tiép duge dudng tron 1a hinh thang can va ngugce lai.
¢) Hinh thang can, hinh chi nhat, hinh vuong noi tiép duge duong tron.
7.1.4 Dau hiéu nhan biét t& gidc noi tiép
a) Tt giac c6 tong hai géc ddi biang 180° 1 tit gidc noi tiép.
b) Ti giac c6 goe ngoai tai mot dinh bang goc doéi trong la tii giac noi tiép.
c) Ti gidc c6 4 dinh cach déu 1 diém (ma ta c6 thé xac dinh duge) 1 ti gidc noi tiép.

d) Ti giac c6 hai dinh ké cting nhin canh chtia hai dinh con lai duéi mot géc « 1a t1 gidc noi

tiép.
Vi du 22. Cho tam gidc ABC nhon c¢6 3 duong cao AD, BE,C'F ciat nhau tai H.
a) Chiing minh rang cac tt gihc BEFHD, AFDC noi tiép.

b) Chiing minh rang DH la phan gidc cla FDE , tit d6 suy ra H 1a tam duong tron noi tiép
tam giac FFDFE.

Lai gidi.

a) Chiing minh ring cac t gidc BEHD, AFDC noi tiép.
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e Chiing minh BFHD noi tiép.
Ta c6 HFB = 90° va HDB = 90° (gia thuyét).
Suy ra HFB + HDB = 180°.
Suy ra tit gidc BFHD noi tiép trong mot duong tron.
e Chiing minh AFDC noi tiép.
Ta c6 ADC = 90° va AFC' = 90° (gia thuyét).
Suy ra ti giac AFDC' ¢6 hai dinh F' va D cung nhin AC' duéi mot géc vudng nén ti
gidc AFDC noi tiép trong mot duong tron.

b) Ching minh rang DH la phan gidc cta FDE , tit d6 suy ra H 1a tam duong tron noi tiép
tam giac FDE.
o Xét tit gise HODE c6 CEH + CDH = 180°
Suy ra tit gidc ACDE noi tiép dude trong mot dudng tron.
Suy ra ECH = EDH (cting chén cung EH clia dudng tron ngoai tiecp HOCDE). (1)
e Laico ECH = FDH (cting chan cung AF ctia duong tron ngoai tiécp ACDF).  (2)
T (1) va (2) suy ra EDH = HDF suy ra DH la phan giac cta FDE.

Chiing minh tuwong tu ta duge F'H 1a phan giac cia DFE
Suy ra H la tam duong tron noi tiép tam giac EFD.

4

Vi du 23. Cho AABC noi tiép (O), vé day DE 1 OA, cat cac canh AB, AC lan lugt 6 M va
N. Chitng minh t giac BMNC noi tiép.
Loi giai.

E

Ta ¢6 day cung ED vudng géc véi ban kinh OA nén SAAE = sdAD.
Suy ra sdDNC = §sdDC + isdAE = ésdDC + §sdAD = §sdDC.
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Lai ¢6 sd%@ = %sdl/)z’.

Suy ra DNC = ABC.

Mt khac DNC + ONE = 180° suy ra ABC + CNE = 180°.

Vay ttt giac CNM B noi tiép trong mot dudng tron. O

7.2 BAI TAP

Bai 62. Cho AABC. Cac duong phan gidc trong ctia goc B va goc C' cat nhau tai S va cac
duong phan giac ngoai clia ching cit nhau tai £. Ching minh tit gidc BSCE noi tiép.

Loi giai.

Ta c6 SCE = 90°(vi AABC c6 C'S va CE lan lugt 1a phan gidc trong va ngoai ctia AC'B).

Va SBE = 90°(vi AABC ¢6 BS va BE lan lugt 1a phan giac trong va ngoai clia 1@)

Suy ra SCE + SBE = 180°.

Do do6 tit gidc BCSE noi tiép trong mot duong tron. O
Bai 63. Cho hai doan thing AC va BD cit nhau tai E, biét AE- EC = BE - ED. Chitng minh
rang 4 diém A, B, C, D cuing thudoc mot dudsng tron.

Loi giai.
D A
B
AE BE
Tac6 AE-EC =BE-ED & — = —.
a co C & 7D = BC
Xét hai tam giac FAB va EDC c6:
AE BE
* — = ——.
ED EC

o AEB = DEC (d6i dinh).
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Suy ra AEAB « AEDC, do &6 EAB = EDC hay CAB = BDC.

Suy ra hai diém A, D cting nhin BC' dudi mot goc bang nhau nén bén diém A, B, C, D nim
trén mot duong tron. 0
Bai 64. Qua diém A & ngoai dudng tron (O), ké cat tuyén ABC véi duong tron. Cac tiép tuyén
ctia (O) tai B va C cit nhau § K. Qua K ké duong thang vuong goc véi AO cit AO tai H va
cat (O) tai E va F (E nam gitta K va F). Goi M 1a giao diém ctia OK va BC. Chiing minh

rang:
a) EMOF noi tiép. b) AE, AF la cac tiép tuyén cia (O).

Lai gidi.

a) EMOF noi tiép.
Xét hai tam giac KEC va KCF ¢6

o CKF chung.
e KCE =CFK (cung chan cung EC' ciia dudng tron (O)).

Suy ra AKEC ~ AKCF

KE KC ,

Ap dung he thic lugng trong tam gidec AKCO vuong tai O c¢6 CM la dudng cao, ta c6

KM-KO=KC? (2

KE KM

TLT(].)V&(Q)SU}/'I'&KEKF:KMKO@K—O—ﬁ

Xét hai tam giac KEM va KOC' ¢6

o EKM chung.
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KE KM
* — — ——,
KO KF

Nen AKEM « AKOF, suy ta EMK = EFO.

Ma EMK + EMO = 180° = EFO + EMO = 180°.

Suy ra tit gidc EMOF noi tiép trong mot duong tron.
b) AE, AF la cac tiép tuyén cta (O).

Xét hai tam giac AOM va OKH c6

e O chung.
o AMO = AHO = 90°.

R AO OM
Ap dung hé thiic Iugng trong tam giac vuong OBK ta c6 KO- OM = OB? = OE?.
OA OF
K f— 2 - =
Suy ra AO-OH = OF* & 0~ O on o
Xét hai tam gidc AOF va FOH ¢6 9) chung va — = ——, suy ra AAOFE «~ AEOH.

OF OH’
Suy ra AEO = FHO =90° = AE L OF = AF la tiép tuyén ctia duong tron (O).

Chitng minh tuong ti, ta c6 AF ciing 1a tiép tuyén ctia dudng tron (O).

l

Bai 65. Cho AABC vuong tai A(AB < AC). Lay diém I thuoc canh AC sao cho: ABI = C.
Duong tron (O), duong kinh IC cat BI & D va cat BC' § M. Chiing minh réng

a) CT la tia phan gidgc DCM. b) DA la tiép tuyén cta (O).

Loi giai.

a) CT la tia phan giac DCM.
Ta ¢6 AIM = DIC (déi dinh) va BAT = CDI = 90° suy ra AABI «~ ADCI.
Suy ra ABI = DCT.
Ma ABT = ICM (gt).
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Suy ra DCT =1CM
Do d6 IC' 1a tia phan gidc DC M.

b) DA la tiép tuyén ctia (O).
Tt giac ABMT ¢6 BAT = BMT = 90° nén noi tiép trong duong tron duong kinh BI.
Suy ra ABI = AMI. (1)
Mit khéc ta c6 AIB = MIO = IMO. (2)
Tit (1) va (2) suy ra AMT + IMO = ABI + AIB = 90° hay AMO = 90°.
Vi IC' la tia phan giac DCM nén CT ciing la duong trung tricc cia M D.
Suy ra ADO = AMO = 90°.
Suy ra AD 1 DO hay AD la tiép tuyén ciia dudng tron (O).

O

Bai 66. Cho AABC vuong tai A, I 1a trung diém BC, D la diém ndm gitta I va C. Goi E, F
lan luot 1a tam clia ciac duong tron ngoai tiecp AABD, AACD .Chiing minh rang: E va F nim
trén duong tron ngoai tiep AAID.

Loi giai.

Hai duong tron (I) va (F) cat nhau tai AC nén IF 1a trung tryc ctia AC.
Ta c¢6 ADI =DAC + DCA (tinh chat géc ngoai clia tam gidc) Suy ra 4 diém A, D, I, F clung

=— D+ —sdDA = —sdA
2st +28d 2Sd C
1 —0
=—AF
5 C

:JTF\[(Vi IF la duong trung truc cua AC).
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thudc mot duong tron.

Chiing minh tuong tu ta duge 4 diém A, D, I, E ciing thudoc mot duong tron.

Suy ra 5 diém A, D, I, F, E cing thuoc mot dudng tron Hay F, E nam trén dudng tron ngoai
tiép tam giac AID. O

Bai 67. Cho duong tron (O) va hai diem B, C thuoc duong tron (O). Céc tiép tuyén véi dudng
tron tai B va C cit nhau & A. Goi M 1 mot diém thuoc cung nhé BC. Tiép tuyén véi duong
tron tai M cit AB, AC theo thi tu 6 D va E. Goi giao diém ctia OD, OF v6i BC theo thit tu
la I,K. Ching minh

a) T giac OBDK, DIKFE noi tiép. b) OM; DK; EI dong qui.

Lai gidi.

a) Tt gidc OBDK, DIKFE ndi tiép.

e Tac6 DOK = DOM 4+ MOK = §BOM + 5]\/[00 = §BOC = ésdBC.
—_— ]_ —
Ma DBK = §BC.
Suy ra DOK = DBK neén tt gidc OBDK noi tiép trong mot duong tron.
e Xét hai tam gidac BID va ODFE c6
DBI=DOK (chtng minh trén)
BDI = ODE (Tinh chat hai tiép tuyén cit nhau).
Suy ra ABID «~ AOED do 46 DEO = BID.
Suy ra ti gidc DIKFE c6 goc ngoai bang goc doéi trong nén nai tiép trong mot dudng

tron.

b) OM; DK; EI dong qui.
Tt gidc OBDK 1o tiép nén ta c6 OBD +OKD = 180° ma OBD = 90° nén OK D = 90°.
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Suy ra DK 1 OF hay DK la duong cao cia AODE. (1)
Tt giac DIK E noi tiép suy ra DIE = DKE = 90°(do DK L OF).
Suy ra EI 1 OD hay EI la duong cao cia AODE. (2)
Lai ¢c6 OM L DE nén OM cing la dudng cao cuia AODE.  (3)
Tt (1), (2) va (3) suy ra OM, DK, OI dong quy.
]
Bai 68. Cho tam giac déu ABC, M thudc canh BC. Goi D la diém dbéi xtng ctia M qua AB,
E la diém déi xtng ciia M qua AC. Vé hinh binh hanh DM EI. Chiing minh ring:
a) Bon diém D, A, I, E cing thuoc mot duong tron.

b) AI || BC.

Lai gidi.

a) Bon diem D, A, I, E ciing thuoc mot duong tron.
Goi K, H lan lugt 1a trung diém Tt gide AKMH c6 AKM = AHM = 90°(gia thuyét),
nén ti giac AK M H noi tiép trong duong tron.
Suy ra KMH = 180° — KAH = 180° — 60° = 120°.
Vi tit gidac DIEM 1a hinh binh hanh nen EID = DME = 120°.
Lai 6 DAE = MAD + MAE = 2MAK + 2MAH = 2K AH = 120°.
Suy ra EID = ﬁ@, hay I, A cing nhin DFE du6i mot goc bang nhau, nen D, A, I, E cung

thudc mot duong tron.

b) AI || BC.
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Ta c6 TAE :m(cfmg chan cung ID cia dudng tron ngoai tiép AIED)
:m(so le trong)
:m(déng vi vi KH la duong trung binh cia AAME nén KH || DE)
:m(cfmg chan cung KM ciia duong tron ngoai tiép AK M H).
Suyra@:@—kﬁzw—km:@:GW:@.
Suy ra Al || BC.
0
Bai 69. Cho duong tron (O) dusng kinh BC, A 13 mot diém thuoc duong tron. H 1 hinh chiéu
clia A tréen BC. Vé duong tron (1), duong kinh AH cit AB va AC theo thtt tu & M va N.
a) Chiing minh ring OA L MN

b) Vé dusng kinh AOK ciia (O). Goi F la trung diém ctia HK. Chitng minh ring: F 13 tam
clia dudng tron ngoai tiép ti gidc BMNC.

¢) Cho BC c¢b dinh. Xac dinh vi trf diém A dé ban kinh ctia duong tron ngoai tiép tit giac
BMNC 16n nhat.

Loi giai.

A

)

a) Chiing minh rang: OA L MN.
Tacé AIF =MIH (déi dinh) = 2MAH (cing chan cung M H cta dudng tron (1))
—2ACB (cung phu v6i @) — AOH (cuing chian cung AB ctia dudng tron(O))
X6t hai tam gidgc AITF vd AOH ¢6 A chung va AIF = AOH (cmt), suy ra AATF «~ ANAOH.
Suy ra AFT = AOH = 90° hay MN 1 OA.
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b) Vé dusng kinh AOK ciia (O). Goi E 1a trung diém ctia HK. Chitng minh ring: F 13 tam
ctia dudng tron ngoai tiép ti giac BMNC.
Ta c6 OF || AH (Vi OF la dudng trung binh cia AAHK).
Ma AH | BC suy ra OF L BC tai trung diem O clia BC.Nén OF la duong trung tric
cia BC, suy ra EB = EC. (1)
Lai ¢6 EI la duong trung binh cta tam gidc AHK, suy ra FI || AK. Ma AK 1L MN
(chiing minh trén), suy ra ET vuong goc v6i MN tai trung diéem I ctia MN. Nen EI 1a
duong trung truc cia M N, suy ra EM = EN. (2)
Ta co OF = %AH = I N(béan kinh ctia dudng tron ([)).

Va IE = %[K = ON (ban kinh cia duong tron (0)).

Xét hai tam giac vuong INE va OEC ¢6 IN = OE vaIN = OC,suyra AINE = AOEC.
Suy ra EN = EC. (3)

T (1), (2), (3) suy ra EN = EM = EC = EB hay FE la tam ctia dudng tron ngoai tiép
tt gisc BMNC.

¢) Cho BC c¢b dinh. Xac dinh vi trf diém A dé ban kinh ciia duong tron ngoai tiép tit giac
BMNC 16n nhat.

. AH? BC?
Ban kinh duong tron ngoai tiep BMNC la EC = VOE? + OC? = 1/ 1 + T

Ma BC khong doi, nén EC 16n nhat < AH 16n nhat < H = O < A la trung diém cung
BC.

O

Bai 70. Cho AABC vuong tai A, duong cao AH. Goi (P), (Q) theo thi tu la dudng tron noi
tiép hai tam giac AHB, AHC. Ké tiép tuyén chung ngoai (khac BC) ctia (P) va (Q) cit AB,
AH, AC theo tht tyt 6 M, K, N. Chting minh rang:

a) AHPQ ~ AABC.

b) KP || AB; KQ || AC.

c) BMNC noi tiép.

d) 5 diém A, M, P, Q, N ciing thuéc mot duong tron.

e) AAED vuéng can (D, E lan lugt 1a giao diém ctia PQ véi AB va AC).

Loi giai.
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Ta chitng minh bo dé sau: Cho tam giac vuong AABC véi I 13 tam dudng tron noi tiép tam
giac. Khi do
V2

[A:\/ifr’: 5

(AB + AC — BC).

A

Goi M, N, P la cac tiép diém nhu hinh vé trén, ta nhan thay rang APIN la hinh vuong do dé
IA=V2IP =2r.
Xét

AB+ AC — BC = AN + NB + AP + PC — (MC + MB)
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= (AN + AP)+ (PC — MC)+ (BN — BM)
=2AP
= 2r.

V2
2
a) Nhan thay rdng P/[RQ = 90° do PH va HQ la hai tia phan giac clia cap goéc ke bu. Ta ¢

PH HA+ HB— AB

QH HA+HC - AC’

Ta sé chiing minh

Vay IA = /2r = ~Z(AB + AC — BO).

HA+HB—AB _AB
HA+HC —AC ~ AC

That vay, dit a = BAH ta c6

HA+ HB—AB _ AB
HA+HC—AC ~ AC

& (HA+ HB — AB)AC = (HA+ HC — AC)AB

& (HA+ HB)AC = (HA+ HC)AB
& (cosa+sina) AB - AC' = [cos (90° — «) +sin (90° — a)] AC - AB
& (cosa+sina) AB - AC = (sina + cosa) AC - AD.

. . . PH AB
Diang thic cuoi cting hién nhién dung vay Q_H =0 Swra AHPQ ~ NABC.

b) Nhan thay rang P/K?) = 90° do KP, KQ 1a hei tia phan giac ciia ciap goéc ké bli. Suy ra
KPQH la tt giac noi tiép (goc K va goc H 1a hai goc d6i dien bu nhau) nén

PKH = PQH.
Do APHQ ~ ABAC nén
PQH = ACB.

Tam giac vuong AABC ¢6 AH la duong cao nén
BAH = ACB.

Tt ba dang thiic trén suy ra BAK = PKH ciap goc nam & vi tri dong vi bang nhau nén
KP || AB. Thuc hién tuong tu ching minh trén ta cing c6 KQ || AC.

c) Ta xét
ANM = NKQ (Do AN || KQ)
— QK H (Do tinh chét tiép tuyén ké tit K)

= HPQ (Do HPKQ la tit gidc noi tiép)
— ABC (Do APHQ ~ ABAC).

T cip goc trén bang nhau, ta suy ra MNCB la ti giac noi tiép.
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d) Ta xét
AQP = AQK + KQP

= JABC +45° (Do AQK = [GAN = JHAC va KQP = KITP)

= (45O — %A/C\B) + 45° (Do ANABC Vuéng)

- % (180° — ACB)

= %B/M\N (Do BMNC noi tiép)

— PMD (Tinh chat tiép tuyén ké ti M)

Tt hai cip gbc trén bang nhau, ta suy ra APQN la ti gidc noi tiép.
Lam tuong ty APQN ciing la tit gidc noi tiép va nhu vay 5 diem A, M, P, Q, N ciing thuoc

mot dudng tron.

e) Vi APHQ ~ ABAC nén @ — ACB suy ra ti giac QECH la ti gidc noi tiép. Do d6
AED = QHC = 45°.

Nhu vay tam giac AAED la tam giac vuong can.

l

Bai 71. Cho duong tron (O), day AB. Diém M di chuyén trén cung 16n AB. Cac dudng cao
AE, BF ctia AABM cit nhau & H.

a) Ching minh raing OM | EF.

b) Duong tron (H; HM) cit M A, M B theo thtt tut 6 C' va D. Chitng minh ring duong thang ké

tit M va vuong géc véi CD ludn di qua mot diém cb dinh.
c¢) Chiing minh réing dudng thang ké tit H va vuong goc v6i C'D ciing di qua mot diém cb dinh.

Lai gidi.
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a)

Ké tiép tuyén Mt ctia duong tron (O) tai M. Viéc chiing minh MO 1 EF tuong duong véi
EF || Mt.
Ta co
tMA = MBA (cing bang mot nita s6 do cung MA) .
T giac FEBA la tt gidc noi tiép do co AFB = AEB la hai goéc ké bang nhau cting nhin
canh AB. Do do6
MBA = MFE.

Tt hai déng thtc trén suy ra tMA = MFE hai gbéc nay nam 6 vi tri dong vi do d6 Mt || EF.

Ta sé chitng minh dudng thang M vuong goc véi C'D di qua diém O c¢b dinh diéu nay tuong
duong v6i chiing minh MO L CD.
Xét dwong tron (H, HM), HF L MC suy ra MF la tia phan gidc ctia géc MHC. Nhu vay
ta c6 ding thic

]

MDC = §MHC =MHEF.
Lai c6 MEHF la tt giac noi tiép (do c6 hai goc doi hien cong lai bang 180°) nén

MHF = MEF.

Tit hai ding thiic trén ta cé MDC = MEF. Cép goc nay nam & vi tri dong vi nén EF || CD
ma MO L EF nén MO 1L CD.
Nhu vay dudsng thang qua M vuong géc véi CD di qua diém c6 dinh la diém O.
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c) Goi O’ la diém doi xiing véi O qua dudng thang AB. Ta sé chiing minh duong thang di qua
H vuong goc véi AB di qua diém c6 dinh 1a diém O’. Diéu nay tuong duong véi chiing minh
HO' 1 CD.

Goi J la trung diém ctia AB va I la diém dbi xting v6i diem M qua O. Ta c6 hai nhan xét

sau
e O, J, O thang hang. Xét dudng tron (O) ta c6 J la trung diém ctia day cung AB nén
OJ L AB hon nita OO' 1. AB nén ba diém O, J, I thing hang.

e H, J, I thang hang. Nhan thay ring HA || IB (do HA va I B cuing vuong goc v6i M B)
va HB || AI (do HB va Al cung vuong goc véi M A), nhu vay AH BI 1a hinh binh hanh
ma J la trung diém ctia AB nén H, J, I thing hang.

1
Tt hai nhan xét trén, ta suy ra JO la duong trung binh cta tam giac M HO nén JO = §M H
va JO || MH. Do d6 OO’ || MH va OO’ = M H suy ra MOO'H la hinh binh hanh.
Vay MO || HO' ma MOLCD nén HO' LCD.
Vay dudng thang qua H vuong goc véi CD di qua diem O’ ¢ dinh.
O

Bai 72. Cho tam giac nhon ABC. Cac duong cao AD, BE, C'F. Lay diém M bat ki thuoc DF,
ké MN || BC (N thuoc DE). Lay diém I tren duong thing DE sao cho M AT = ABC'. Ching

minh rang:

a) AAMN la tam giac can.

b) AMNTI la t1t gidc noi tiép.

c) MA la tia phan giac cua FMT.

Lai gidi.
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a) Vi AD, BE, CF la cac dudng cao trong tam giac ABC nén cac ti gidc AFDC, BFEC,
AEDB la cac tit giac noi tiép.
Xét
MND = EDC (Do MN || BC)
= BAE (Do BAED la tit gidc noi tiép)
— FDB (Do AFDC la ti gidc noi tiép)
— DMN (Do MN || BC)
Do d6 AMDN la tam gidc can tai D suy ra M D = ND. Hon nita ta ¢c6 AD L MN (do

MN || BC va AD L MN). Do d6 AD la duong trung truc cua doan M N suy ta tam giac
AAMN can tai A.

b) Tu ching minh can a), ta c6 MND = BAC ma BAC = MAI nen MND = MAI. Do d6

AINM la tit giac noi tiép.
¢) Do AD la duong trung truc ctia doan M N nén AMD = AND suy ra AMF = ANE.

Tit AMNT 1a tit gidc noi tiép nén ANE = TMA.

Tt hai diéu trén, ta co AMFE = AMT suy ra M A la tia phan giac ctia goac FME.

O

Bai 73. Cho hai duong tron (O) va (O') 6 ngoai nhau. Ké cac tiép tuyén chung ngoai AB, A'B’,
tiép tuyén chung trong CD va EF (A, A, C, E thuoc (O); B, B', D, F thuoc (0’)). Goi M 1a
giao diém ctia AB va EF. N la giao diém ctia A’B’ va CD. H la giao diém ctia MN va OO'.

Chiing minh rang:
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a) MN 1L OO

b) 5 diem O', B, M, H, F ciing thuéc mot duong tron.

c) 5diem O, A, M, E, H cing thudoc mot duong tron.

d) 3 diém H, D, B thing hang.

e) 3 diém A, H, C thang hang.

Lai gidi.

a) Goi I' va I 1a giao diém ctia hai tiép tuyén chung ngoai v chung trong ctia hai dudng tron

(O) va (O'). Ta c6 hai nhan xét sau

e AB = A'B'. Do I'A=TI'A va I'B = I'B’ trit vé theo vé hai ding thic trén ta dugc
AB=AB'.

e EF = CD. Do IC = IE va IF = ID cong vé theo vé hai ding thiic trén ta dugc
EF =CD.

Ta xét

AB=A'B'"< AM +MB=A'N+ NB
& MA'+ MB=MC+ NB'
& FEF+FM+ MB=CD+ DN+ NB’
& EF+2FM =CD+2DN
= FM = DN
S [IF+FM=1D+ DN
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< IM =1N.
Nhu vay AIMN can tai I ma OO’ la tia phan giac trong tam giac AIMN nén MN 1 OO'.

b) T giac HMBO' 1a tit giac noi tiép do ¢6 hai goc H v B ddi dien bu nhau.
Tt giac O'MFH 1a tit gidc noi tiép do ¢6 cap goc MEFO' = MHO' cing nhin canh MO
Tit hai diéu trén ta suy ra 5 diem O, B, M, H, F cing thuoc mot dudng tron.

c) Tt giac AMHO la ti giac noi tiép do c6 hai goc A va H doi dien bu nhau.
Tt gidc OAHE 1a t1d giac noi tiép do c6 hai géc A va E d6i dien bl nhau.
Tt hai diéu trén ta suy ra 5 diem O, A, M, E, H cung thuoc mot dusng tron.

d) Diém F dbi xing v6i diem D qua OO’ va diém M d6i xing véi diém N qua OO'. Do d6
AFMH d6i xing véi ADNH qua OO’ nén

FHM = DHN
Vi tit gidc FMO'H 1a ti¢ giac noi tiép nén
FHM = FO'M
Theo tinh chat tiép tuyén ké tit diem M dén dudng tron (O')
FO'M = MO'B
Tt ba diéu trén ta suy ra
DHN = MHB < DHN + DHM = MHB + DHM < DHB = 180°.
Vay 3 diém H, D, B thing hang.
e) Xét tam giac OCH

OCH + CHO + COH = 180°
= OCH + AMO + FOH = 180°(Do AMHO 1a ti gidc noi tiép va E, C' déi xing qua OO’
= OCH + AOE + EMH = 180°(Do OM HE noi tiép, tiép tuyén ké tit M dén (O))
= OCH + OMH = 180°
= OCH + OAC = 180°(Do OAM H noi tiép)
- OCH + ACO = 180°(Do AOAC can tai O)
= ACH = 180°.

Vay 3 diem A, C, H thing hang.
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U

Bai 74. Cho ABCD la t1 giac ndi tiép c6 cac canh déi khong song song. F la giao diém ciia
AB va CD. E la giao diém ctia DA va CB. Goi H va G theo ti tu la trung diém ctia AC va
BD. Chitng minh rang:

a) Tia phan giac cta BED cling la tia phan giac ctia goc HEG.
b) Cac tia phan giac cua BED va BFD gap nhau tai mot diém nam tren GH.

Lai gidi.

a) Goi ET la tia phan giac cia géc BED véi I thuoc E1. Ta sé ching minh ET la tia phan giac
cua goc HEG.
Ta ¢6 AEAC ~ AEBD do c6 CED chung ctia hai tam giac va ECA=EDB (do ABCD la
t1t gidc noi tiép). Lai c6 H va G lan lugt 1a trung diém ctia AC vi BD nén AECH ~ AEDG
suy ra CEH = DEG.
Do FEI la tia phan giac cta goc BED nén

CEI = DEI = CEH + HEI = DEG + GELI
Hai vé ciing cong mot cap goc CEH = DEG nen HEI = GEI. Do d6 EI la tia phan gidc
goc E/@

b) Bai toan tuong dudng véi viéc chiing minh F'I 1a tia phan gidc cta goc BFD.
Chitng minh tuong tu cau a), ta ¢c6 AFBG ~ AFCH suy ta

FG _ BG
FH CH’
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Tt cau a), ta c6 AECH ~ AEDG suy ta

EH HC
EG GD’

Vi Al la tia phan giac cua tam giac EHG nén

EFH IH
EG  IG’
~ 2 A ~ N s N P [H FG < . ~
T 3 t1 80 trén va chi § BE = GD va HA = HC, ta ¢6 70 = Fp Swra IF la tia phan
giac cua tam giac FHG suy ra
GFI = HFI.
Tu AFBG ~ AFCH suy ra
BFG =CFH.

Cong vé theo vé hai dang thiic trén ta dudc TFB =TFC. Do d6 IF 1a tia phan giac cua goc
BFD.

O

Bai 75. Cho AABC, duong cao AH. Ké ra ngoai AABC' cac tia Ax, Ay theo tht tu tao véi
AB, AC cac goc nhon bang nhau. Goi I 1a hinh chiéu ctia B trén Az, goi K 1 hinh chiéu cta
C tren Ay, M la trung diém ctia BC. Chtng minh ring

a) MI=MK.
b) Bén diém I, H, M, K cuing thuoc mot dusng tron.

Lai gidi.

a) Ching minh M = MK.
Goi D, E lan lugt la trung diém céc canh AB, AC.

1 PN .
Trong ABIA vuong tai I, ta co ID = §AB (trung tuyén bang nita canh huyen).
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1 .
Trong AABC, ta co ME = §AB (tinh chat dudng trung binh).
Suyra ID = ME.
1 P N
Trong ACK A vuong tai K, ta c6 EK = §AC’ (trung tuyén bang nita canh huyéen).

Trong AABC ta c6 DM = %AC (tinh chat duong trung binh).
Suy ra DM = FK.
Ta c6 IDB = AID + IAD = 2TAD (do ATAD can tai D).
Talai 6 CEK = AEK + AKE = 2EAK (do AAKE can tai E).
Ma TAD = EAK = IDB = CEK. (1)
BDM = BAC' (goc dong vi, DM || AC)
Mat khéac, taco ¢ = BDM = BAC. (2)
MEC = BAC (goc dong vi, EM || AB)
Tit (1), (2) suy ra IDM = MEK.
Xét AIDM va AMFEK, ta c6
ID=ME
IDM = MEK
DM = FK.

Vay AIDM = AMEK (c-g-c).
Suy ra MI = MK (dpcm).

b) Bén diém I, H, M, K cuing thuoc mot dusng tron.
Xét tit giac AHBI ¢6 AIB = AHB = 90° nén AHBI noi tiép dudng tron tam D, dudng

kinh AB.
Xét ti giac AHCK ¢6 AHC = AKC = 90° nén AHCK noi tiép duong tron tam £, duong
kinh AC'.

Ta c6 ANAIB «~ NAKC (g-g).
Al AK Al AK Al AK

SuyraAB:ACZQI%;%lE:}E_E'
Mat khac
BDM = BAC

= IDM=IAK.
IDB = 2TAD = TAD + CAK

Xét ANTAK va AIDM, ta c6
IA  AK
ID DM
TAK = IDM.
Vay ATAK «~ AIDM (c-g-c).
Suy ra MID = KIA = AIM — DIA = AIM — MIK = MIK = DIA.
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Ta lai c6 DIA = CAK = MHK (do tit giac AHC'K noi tiép).
Do d6 ta dwoc MIK = MHK hay bén diém I, H, M, K cting thuoc mot dudng tron.
0

Bai 76. Cho hinh vuong ABCD canh a. Lan luot 1y M, N trén canh AB, AD sao cho 1\76*7\7 =
45° (M, N khong trung véi dinh ctia hinh vuong). CM, C'N lan luot cat BD tai E va F.

a) Chitng minh ring cac bo 4 diem B, C, F, M va C, D, N, E cung thuéc mot duong tron.
Chiing minh rang E, F, N, M ciing thuoc mot duong tron c6 duong kinh MN.

b) MF, NE cat nhau tai H. Ching minh CH 1 MN.

¢) Ching minh C'M 1a tia phan giac BCH va MN luon tiép xtc duong tron (C) ¢ dinh.

Loi giai.
D C
45°
N
E
J
A B

a) Chitng minh ring cac bo 4 diém B, C, F, M va C, D, N, E ciing thuoc mot dudng tron.
Chting minh rang £, F', N, M ciing thudoc mot duong tron c6 duong kinh M N.

e Chiing minh ring cac bo 4 diém B, C, F', M ciing thudoc mot dudng tron.
Xét ti giac BOCF M, ta c6

MCF = 45° -
o = MCF = MBF.
MBF = §MBC’ = 45°
Neén 4 didm B, C, F, M cimg thuoc dudng tron, duong kinh MC (vi MBC = 90°).
e Chiing minh rang cac bo 4 diém C, D, N, E ciing thudoc mot duong tron.
Xét tit giac CDNE, ta ¢6

NCE = 45° -
I = NCE = NDE.
NDE = NDC = 45°

Nén 4 diém C, D, N, E cing thuoc dusng tron, duong kinh NC' (vi NDC = 90°).
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e Chiing minh réng £, F, N, M ciing thuoc mot duong tron c6 dudng kinh M N.
Xét dudng tron dudng kinh MC, ta c6 MFC = 90° = MEN = 90°.
Xét dudng tron dudng kinh NC, ta c6 NEC = 90° = NEM = 90°.
Suy ra E, F;, N, M cung thuoc mot dudng tron c6 duong kinh M N.

b) Chitng minh CH L MN.
Xét AMNC, ta c6

MF 1 NC
NE L MC = H 1a tryc tam AMNC.

MF cat NE tai H

Suy ra CH 1L MN.
¢) Ching minh C'M la tia phan giac BCH va MN luon tiép xtc duong tron (C) c¢d dinh.

e Chung minh C'M la tia phan giac BCH
Xét tit gige noi tiép MBCF ta c6 BCM = BFM (cing chin BM). (1)
Xét it gidc noi tiégp MNFE ta c6 MFE = MNE (cing chan EM). (2)
Ké CH cat MN tai J suy ra CJ L MN (do H la truc tam AMNC).
Ta c6 MNE = MCJ (cung phu N/]\/[\C’) (3)
Tu (1), (2) va (3) suy ra MCB = MCH hay C'M la tia phan giac BCH.

e Chiing minh M N luon tiép xtc dudng tron (C) ¢6 dinh.
Xét hai tam gid vuong AM JC va AMBC' ta ¢6

MJC = MNC = 90°

MNE = MCJ

MC' la canh chung.
Vay AMJC = AMBC' (ch-gn), suy ra CJ = CB.

Do d6 J thuoc duong tron (C) ¢6 dinh c6 tam 1a C, ban kinh R = CB.
Mt khac MN L CJ tai J nén M N luon tiép xtc dudng tron (C) ¢6 dinh.

0

Bai 77. Cho AABC (AB < AC) noi tiép (O) c¢6 duong kinh BC, AH 1a dudng cao AABC.
Duong tron tam K, dudng kinh AH cat AB, AC va cit lai (O) lan luot tai D, E va I. Al cat
BC tai M.

a) Chiing minh rang t gidc AEH D 1a hinh chit nhat.

b) Ching minh ring AB - AD = AE - AC va tit giac BCED nai tiép dugc.
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¢) Ching minh OK 1 AM.
d) Ching minh ring OA L DE. Suy ra 3 diém M, D, E thang hang.

Lai gidi.

a) Chiing minh tit gidc AEH D 1a hinh chit nhat.
Xét tu giac AEHD ta co

DAE = 90° (goc noi tiép chan nita duong tron (O))
ADH = 90° (g6c noi tiép chan nita duong tron (K))

AEH = 90° (géc noi tiép chin nita duong tron (K)).
Vay tit gidc AEHD Il hinh chit nhat.
b) Ching minh AB - AD = AE - AC va ttt giac BCED noi tiép dugc.

e Ching minh AB-AD = AE - AC.

Ta co

ABH + BAH = 90°

ADE + AED = 90° — ABC = AED.

ADE = BAH (vi AAKD can tai K)
Xét hai tam gidc vuong ANABC va ANAED c¢6

ABC = ﬂ?\D, BAC 1a gbc chung.

Nen AABC «~ AAED (g-g).

AB AC

— =—=AB-AD = AE - AC.
Suy ra 1E — AD = C

212
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e Chiing minh tit giac BCED noi tiép dugc.
Xét tit gidc noi tiép ADHE ta 6 ADE = ACH (ciing chin cung AE).
Ma AHE = ACH (cung phu @)
Suy ra ADE = ACH.
Xét tit gise BOED ta c6 ADE = ACB (géc ngoai bang goc ddi trong).
Vay BCED la ttt gidc noi tiép.

¢) Ching minh OK 1 AM.
Goi J la trung diém AI.
Xét duong tron tam K duong kinh AH, ta c¢6

AKAI (can tai K)
= KJ 1 Al (1)
J 1a trung diém AJ

Xét duong tron tam O duong kinh BC|, ta c6

AOAI (can tai O)
= 0J 1L AL (2)
J 1a trung diém ATl

Tt (1) va (2) suy ra O, K, J thang hang hay OK 1 Al (dpcm).
d) Chiing minh ring OA L DE. Suy ra 3 diém M, D, E thang hang.

e Ching minh OA | DFE.
Xét tit giac noi tiep BCED ta c6 ABC = AED (goc ngoai bang goc doi trong).
Ta lai ¢c6 AOAC can tai O suy ra A/C’\O = C/’A\O
Ma ABC + ACO = 90°.
Suy ra A/Eﬁjt CAO = 90°.
Vay OA L DE (dpcm).

e Suy ra 3 diém M, D, FE thang hang.
Xét tam giac AMO, ta co

AH L MO
OJ L AM = K la truc tam AAMO.

AH cat OJ tai K
Suy ra MK 1 AO.
Ma MD 1 AO,K € DE (chting minh trén).
Do d6 3 diém M, D, E thing hang (dpcm).
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Bai 78. Cho diém A c6 khoang cach dén duong thing zy 1a AB = 2a. Trén zy lay hai diém C
va D & hai ben B sao cho DAB = 45° va CAB = 30°. AD, AC cit duong tron c6 duong kinh
AB lan ludt tai E va F.

a) Tinh cac canh cia AACD theo a.

b) Ching t6 E la trung diem AD va 4 diém E, F, C, D cing nam trén dugng tron.
¢) Tinh céc canh cia AAEF theo a.

d) Tinh Scpgr theo a.

Lai gidi.

45° 130°

a) Tinh cac canh cia AACD theo a.

Xét tam giac ABD vuong tai B, ta c6

—— AB AB
cos BAD = 1D = AD = p—T = 2av/2

tan@ = % = BD = AB -tan45° = 2a.

Xét tam giac ABC vuong tai B, ta co

—~ AB AB 4av/3
BAC = — = AC = =
€08 ¢ AC = AC cos 30° 3
——  BC o 2av/3
4 2a (3+ V3
Vay cac canh cia AACD la AD = 2012, AC = a?:/g va DC = DB+ BC = %

b) Chiing minh E 1 trung diém AD va 4 diéem E, F, C, D ciing nidm trén dudng tron.
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c)

e Chiing minh F la trung diém AD.
Xét AABD ta co

AABD vuong can tai B (vi AB L BD, DAB = 45°)
BE 1 AD (goc BEA noi tiép chin nita dudng tron tam K).

Suy ra E la trung diém AD (vi trong tam gidc can, dudng cao ciing la dudng trung
tuyén).
e Chting minh 4 diém E, F, C, D ciing nam trén dudng tron.
Xét tit gidc noi tiép AEBF ta c6 BEF = BAF = 30°.
Suy ra AEF = 180° — DEB — BEF = 180° — 90° — 30° = 60°.
Mt khéc FCD = ABD — BAC = 90° — 30° = 60°. Suy ra AEF = FCD.

Vay E, F, C, D cing nam trén duong tron (do ¢6 goc ngoai bang goc doi trong).

Tinh cac canh cuia AAEF theo a.

AD
TacéAE:T:a\/E.

Xét tam giac ABF vuong tai I, ta ¢
cos BAF = 15 = AF = AB - cos 30° = aV/3.

Goi K, H 1a luot 1a trung diém AB, FE.
Xét tit giac AEBF noi tiép duong tron tam K, duong kinh AB.
Ta 6 EKF =2 EAF = 150°.

— _— 1 J—
Mt khac, tam gide K EF can tai K = KEF = KFE = (180° = EKF) = 15°.
Xét AKFEH vuong tai H, ta c6
V2

_—  EH (\/6+
4

COSHEK:ﬁiEH:EK-COSB": >a:>EF:<—\/6+\/§>a

2

Tinh Scpgr theo a.

Xét tam giac ABF vuong tai F, ta co
— BF
sin BAF = 15 = BF = AB -sin30° = a.
Xét tam giac BC'F vuong tai F, ta ¢
—  FC av/3
tBCF = — = FC = FB-cot60° = —.
cot BC 5 = FC cot 60 3

Dién tich tam giac vuong BDFE la

1 1
SABDE:aED-EBzﬁ-a 2. av2 = a?.
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Dién tich tam giac vuong BC'F' la
a a*V/3
5

1 3
- _.FB-FC="=.q- —
SABCF 5 C a 3

N —

Trong ABEF, ké dusng cao BI.
Xét AEBI vuong tai I, ta co

. — BI e V2
SlHBEI—ﬁiBI—BE'SlH?)O —T

Dién tich tam giac BEF la

1
Sappr =5 BI-EF =

1
2 2 2 4

a\/i-<\/6+\/§)a:1+\/§a2.

Vay dién tich ti giac CDEF la

15 + 5\/§> 2

Scper = Sappe + SaBer + SaBrc = ( 12

O

Bai 79. Cho hai duong tron (O) va (O’) cit nhau tai A va B. Mot duong thang di qua B cét
(0) 6 M va (O') 6 M' (M va M’ khac B). Cac tiép tuyén tai M va M’ clia hai dudng tron cat
nhau § N. MO va M'O’ cat nhau § P.

a) Chiing minh ring cac ti gihc NMPM', NMAM' noi tiép dugc.
b) Tinh PAN.
¢) Ching t6 AAOO" ~ AAMM'.

d) Ching t6 4 diém O, A, O', P thudc dudng tron.

Lai gidi.
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a)

b)

Chiing minh rang cac ti giac NMPM', NMAM' noi tiép dugc.

e Chiing minh tit giac NMPM’ nai tiép.
Xét ti giac NM PM' ta co6

NMP = 90° (vi NM la tiép tuyén ctia duong tron (O))
NM'P = 90° (vi NM' 1a tiép tuyén ctia duong tron (O")).
Suy ra NMP + NM'P = 180°.
Vay tit giac NMPM' nai tiép duong tron duong kinh N P.
e Chiing minh ti gidc NMAM' nai tiép.
Xét duong tron tam O, véi tiép tuyén Mz, ta c6 AMz = ABM. (1)

Xét dusng tron tam O’ ta co6

—_— 1 —_
ABM' = =sdAM,,
1 = ABM'+AM'N =180°,
AM'N = JsdAM,y,,

Ma ABM' + ABM = 180° = AM'N = ABM.  (2)
Tu (1) va (2) suy ra AMz = AM'N.
Vay tit gidc NMAM' noi tiép (theo tinh chat goc ngoai bang goc doi trong).

Tinh PAN.
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Ta c6 ti giac NMPM' noi tiép duong tron duong kinh NP (duong tron ngoai tiép

ANMM').  (3)
Tt giac NMAM' noi tiép duong tron (dudng tron ngoai tiep ANMM'). (4)

Tit (3) va (4) suy ra 5 diem N, M, A, P, M’ nam trén dudng tron ngoai tiép tam NM M’

duong tron nay c6 duong kinh la N P.
Do dé PAN = 90° (goc noi tiép chén nita duong tron).

Ching t6 AAOO" ~ AAMM'.

Xét AOO'A va AOO'B ta c6
OA=0B
OO’ 1a canh chung
O'A=0'B.
Suy ra AOO'A = AOO'B (c-c-c).
Suy ra AO0'O = BO'O = %sd@nhé.
Ma AM'B = %sd@nhé.
Suy ra AO’'O = AM'B. (5)
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Ta c6 AOMA can tai O = OAM = AMO.  (6)

Xét duong tron ngoai tiép ti giac AMM'P, ta c6 AMP = AM'P (cing chan cung AP').
Ma AO'M'A can tai O' = O'M'A = M'AO". (7)

T (6) va (7) suy ra MAO = M'AO'.

Suy ra MAM' = OAO. (8)

Tu (5) va (8) ta duge AAOO" ~ AAMM' (g-g).

d) Ching t6 4 diém O, A, O', P thuoc dudng tron.
Xét dudng tron ngoai tiép ti giac AMM'P, ta c6 MM'A =0OPA (cting chan cung AM).
Ma OO'A = MM'A (chitng minh trén & vi trf (5)).
Suy ra OO'A = OPA (cung chan AO).

Vay 4 diem O, A, O', P thuoc duong tron.

O

Bai 80. Trén duong kinh AB ctia duong tron (O) ta liy mot diem C va M 1a diém tiy ¥ trén
duong tron. Duong vuong goéc véi CM tai M cit cac tiép tuyén tai A va B clia dudng tron lan
lugt & P va (). Chiing minh

a) Céac tit giac ACM P va BCMQ nai tiép dugc.
b) APC' + BQC = ACP + BCQ.

) PCQ = 90°.

d) IC =IP = IQ (I 1a trung diém ctia PQ).

Lai gidi.

A C B

a) Do PAC = PMC = 90° (AP 1a tiép tuyén ctia (O)) nén t gihc ACM P noi tiép.
Tuong tu ta cling c6 ti giac BOMQ nai tiép.
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b)

, APC — ANC
Tuw ACMP noi tiep, tasuyra <
ACP = AMP.
BQC = BMC
Tuong ty ta cingc6 ¢
BCQ = BMQ.
APC + BQC = AMC + BMC = AMB

Suy ra

—

ACP + BCOQ = AMP + BMQ = 180° — AMB.
Ma AMB = 90° (g6c noi tiép chin nita dudng tron).
Suy ra@—l—@:@“—@.

219

Do AAPC va ABQC lan lust vuong tai A va B nén APC + ACP = @"‘@ = 90°.

Ma theo két qua phan b thi z@—{—gQ\C’: A/C'\P+B/C'\Q
Suy ra 24PC + ACP + BQC = BQC + ACP + 2BCQ.
Kéo theo 2A/P\C:2§C’\Q:>/@:@.

Dan t6i 180° — PCQ = ACP + BCQ = ACP + APC = 90°.
SuyraP/C’\Q:%O.

Do I la trung diém ciia PQ va P/C\Q = 90° nén APC(Q vuong tai C' va c6 dudng trung

. P
tuyen C[é[C:IP:IQ:TQ.

O

Bai 81. Hinh thoi ABCD ¢6 A = 120°. M la diém tren canh AB. Céac duong thang DM va
BC' cat nhau 6 N.

a)

b)

c¢) Tim quy tich diém E khi M di chuyén trén canh AB ctia hinh thoi.

Chting minh hé thic AB? = AM - CN.

CM cat AN ¢ E. Chiing t6 tit gidc AEBC noi tiép.

Lai gidi.
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a)

DAM = DCN (ABCD la hinh thoi)

Xét AAMD va ACDN c6

ADM = CND (AD | BC).

Suy ra AAMD «~ ACDN (g-g)

AM AD
CD ~ CN

BAD

Do ABCD 1a hinh thoi nén BAC = DAC = 5 =60

—_— —_— ﬁ
Tuong tu ta cing c6 BCA = DCA = % = 60°.

Do AABC c¢6 B/A\C = @ = 60° nén ANABC déu

AC? = AB> = AM -CN =

MAC = ACN = 60°

AC T CN'
Suy rta AMAC «~ AACN (c-g-¢) = AMC = CAN.
- AMC = MBC + BCM = 60° + BCM
a —_— —_— —_— —_—
CAN = BAC + BAN = 60° + BAN.

= AB?>=AD-CD = AM - CN.

AM  AC
AC T CON’
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Suy ra BCM = BAN = AEBC noi tiép (hai goc cing nhin mot canh dudi mot goc bang

nhau).

Do AEBC noi tiép nen AEB = 180° — ACB = 120°.

Suy ra quy tich diém E 14 cung chita géc 120° dyng trén doan AB (cung nay va diem C

nim trén 2 nita mat phang déi nhau, bd 1a duong thang AB).

O

Bai 82. Cho AABC vuong can tai C va M 1a mot diem thuoc @ cua nita duong tron ducng
kinh AB tam O. Tia phan giac clia MOC cit AM & N.

a)

b)

c)

Tinh CNM.
Tim quy tich diém N khi M di chuyén trén BC.

e MA 2
Tinh ti so VB khi AM di qua trung diem [ ctia BC.

L&i giai.
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a)

Ta c¢6 CO la trung tuyén cia AABC vuong tai can C
OC = 0A=0B=C e (0)
CO 1L AB.
Xét dudng tron (O) c6 CAM = %m (g6c noi tiép va géc 6 tam cing chén CM).
Ma CON = %m (ON la phan giac ctua C/OT/[)
Suy ra CAM = CON = ACNO ndi tiép (hai goc cing nhin mot canh duéi mot géc bang

nhau).

Dan t6i CNA = COA = 90° = CNM = 90°.

Do ACNO noi tiép nén CNO = 180° — CAO = 135°.
Suy ra quy tich diém N la cung chita géc 135° dyng trén doan OC' (cung nay va diém A

nim trén 2 nita mat phang déi nhau, bs la duong thing OC).

ON la canh chung
Xét AOCN v AOMN ¢6 { CON = MON

OC =O0OM.

Suy ra AOCN = AOMN (c-gc) = CN = MN. (1)
Ta c6 AMB = 90° (chin nita duong tron (0)).

INC =TMB = 90°
Xét AICN va ANIBM ¢6 { IC =IB

CIN = BIM (déi dinh).
Suy ra AICN = AIBM (ch-gn) = CN = BM. (2)
Tit (1) va (2), ta duge BM = CN = MN.

Mt e N _moan = L6 _ 1€ 1 v —oow.

AN E_E_zMA
SuyraAM:AN+MN:3CN:3BM:>W:&
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U

Bai 83. Cho tit gidc ABCD noi tiép duong tron (O). S la diém chinh gitta AB. SC va SD cét
ABGEwWF.

a) Chiing minh ring t giac CDFE noi tiép.
b) Chitng minh riing SO 1 phan gidc ASB.
¢) DE va CF kéo dai cit (O) 6 N va M. Chiing t6 SO L MN.

Loi giai.

a) Xét duong tron (O), ta ¢

BEC = (s1BC + 5154) = ; (sdBC + 15B) = ;s45C = §DC.

N | —

Suy ra tt gidc CDFE noi tiép (géc ngoai tai mot dinh bang géc trong tai dinh doi).

b) Ta c6 SA=SB va OA = OB nén S va O thudc dusng trung truc ciia AB.
Suy ra SO la duong trung truc cua AB.
Ma AASB can tai S.
Dan t6i SO la phan giac ASB.

¢) Do CDEF va CDN M noi tiép nén EFC = EDC = MNC.
Suy ra EF || MN hay AB || MN.
Ma SO 1 AB.
Dan t6i SO L MN.
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Bai 84. Cho AABC nai tiép dusng tron (O). Mot dudng thang song song véi tiép tuyén tai A
cat cac canh AB, AC theo thit tit tai D va E va cit duong thing BC tai F.

a) Chiing minh t1 gidc BDEC noi tiép.

b)

c)

Ching minh AB-AD = AC-AEva FB-FC =FD-FE.

Duong thang F'D cat (O) tai I va J. Ching minh réng FI - FJ = FD - FE.

L&i giai.

a)

Lay T nim trén tiép tuyén ké tai A ctia (O) (T nim trén nita mat phang chita C, bd 1a
duong thang AB).
Khi d6 ABC' = CAT (cuing chan AC ctia (0)) va DEA = CAT (DE || AT).
Suy ra DEA = ABC = tit giac BDEC nai tiép (géc ngoai tai mot dinh bang géc trong
tai dinh d6i).

DAF 1a goc chung
Xét AAED va AABC c6{

DEA = ABC (BDEC nai tiép).
AE  AD
NAED «~ ANAB - — =
Suy ra C(gg):>AB Yo
Tuong ty, ta cing ¢6 FB- FC =FD - FE.

= AB-AD = AC - AE.

BFI 1a gbc chung

FBI = FJC (BIJC noi tiép).

FB FI
Suy 1a AFBI « AFJC (g8) = 77 = 555 = FI-FJ = FB-FC.

Ma theo phan b, ta c6 FB-FC = FD - FE.
Suyra FI-FJ=FD-FE.

Xét AFBI va AFJC ¢6
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Bai 85. Cho nita dudng tron (0) dudng kinh AB. M 1a mot diém bat ki tren AB. Ké MD L AB.
Qua mot diém C trén M B, ké tiép tuyén Cx cit DM tai I. DM cit AC & E va cit BC kéo dai

6 F. Ching minh

a) Céc tit giac BCED va ADCF nai tiép duge mot dudng tron.

b) MEC = ABC.

¢) I la tam dudng tron ngoai tiép AFEC.

Lai gidi.

a)

i'\c

D (0]

Ta c6 ACB = 90° (gbéc noi tiép chan nita dudng tron).

Tt giac EDBC ¢6 ECB = EDB = 90° = ECB + EDB = 180° = BCED 1 tit gidc noi
tiép (tit gidc c6 tong hai goc d6i bing 180°).

Tt gide ADCF c6 ADF = ACF = 90° = ADF + ACF = 180° = ADCF la ti gidc noi
tiép (t gidc c6 tong hai goc d6i bang 180°).

Ta c6 MEC = ABC (cung phu véi goc @)

Vi C1T la tiép tuyén ctia duong tron (O) nén CI L CO hay OCT = 90°.
Suy ra OCB = ECI (cung phu véi E/\CO) (1)
Ta ¢6 OC = OB = AOCB can tai O = OCB = OBC.  (2)
Tit (1) va (2) = OBC = ECI, ma MEC = ABC = ICE = IEC = AICE can tai
[=IC=1E. (3)
ICE + ICF = 90°
Tit { TEC + IFC = 90° = ICF = IFC = AICF can tai [ = IC = IF. (4
TEC = ICE
Tu (3) va (4) = [E = IC = IF = I 1a tam duong tron ngoai tiép AFEC.
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Bai 86. Cho AABC vuong tai A va M 1a mot diém tren AC. Dudng tron duong kinh MC' cit
BC tai N, BM cat duong tron tai D, AD cat dudng tron tai S.

a)

b)

c)

Chitng minh t1¢ giac ABCD noi tiép.
Chtng minh C'A la phan giac SCB.

CD cit AB tai J. Chting minh 3 diém .J, M, N thang hang.

L&i giai.

a)

Xét duong tron duong kinh MC' ¢6 MDC = 90° (goc noi tiép chan nita dudng tron), suy
ra @ = 90°.
Tt gidc ABCD c6 BAC = BDC = 90° = ABCD la tit gidc noi tiép (t gidc c6 2 dinh

lien tiép cung nhin 1 canh duéi 2 géc bang nhau).

Tt gide CMDS noi tiép dudng tron dudng kinh MC nén SDM + SCM = 180°.
= SCM = ADB (cing bi véi SDM). (1)

Tt gidac ABCD noi tiép nén ADB = ACB (cimg chin AB).  (2)

T (1) va (2) suy ra ACB = ACS hay C'A la phan giac SCB.

Xét AMBC c6 cac duong cao C'D va BA cit nhau tai diéem J = J la truc tam AM BC =
MJ L BC. (3)

Trong duong tron duong kinh MC c6 MNC = 90° (géc noi tiép chan nita duong tron),
suy ra MN L BC. (4)

Tit (3) va (4), suy ra M, N, J thang hang.
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Bai 87. Cho hai duong tron (O) va (O') cit nhau tai A va B. Tia OA cat duong tron (O') tai
C. Tia O'A cét dudng tron (O) tai D. Ching minh réng

a) Tt gidc OO'C'D noi tiép duong tron.

b) Nam diém O, O', B, C, D cing nim trén mot dudng tron.

Lai gidi.

a)

AOAD ¢6 OA = 0D = AOAD can tai O = AOD = 180° - O0bA

NO'AC ¢c6 O'A = OC = AO'AC can tai O, suy ra O'AC = O'CA va AO'C =
180° — O’'AC

2
@:180 —QOAD

Tu m:180 —QOAC:>AOD:AOC:>DOC:DOC.
04D = 07AC

Tt gise O0'CD c6 DOC = DO'C' = OO'CD la tit gidc noi tiép (t gidc c6 2 dinh lien
tiép cting nhin 1 canh duéi 1 canh duéi 2 goc bang nhau).
Xét AOAO' va AOBO' ¢6

OA=0OB

O'A=0B = AOAO' = AOBO' (c-c-¢) = OAO' = OBO.

OO’ chung
Mit khac O'AC = O'CA = OBO' + 0'CO = OBO' + O'CA = OAO' + O'AC = 18(°.
Suy ra O, B, O, C' cing nam trén mot dudng tron (dinh 1f dao), ma O, O, C, D cung

nam trén mot dudng tron (OO'C'D 1a ti gidc noi tiép), suy ra O, O', B, C, D cing nam

trén mot duong tron.
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U

Bai 88. Cho hinh vuéng ABCD, diém M trén canh AB. Duong thang qua C' va vuong géc véi
CM cit AB, AD lan luct tai E va F. Tia CM cit dudng thang AD tai N. Chiing minh ring

a)

b)

cac tit giac AMCF, ANEC noi tiép.

CM+CN =FEF.

L&i giai.

a)

E

Tit gisc AMCF ¢6 MAF = MCF = 90° = MAF + MCF = 180° = AMCF la tit giac
noi tiép (t gidc co tong hai goc ddi bang 180°).

Tt gidc ACEN c6 NAE = NCE = 90° = NAE + NCE = 180° = ACEN la tit gidc noi
tiép (tit gidc c6 tong hai goc d6i bang 180°).

—~ —— BAD
Do ABCD la hinh vuong nén BAC = DAC' = —— = 45°.

Tit gide AMCF noi tiép, suy ra CFM = CAM = 45°.

ACMF vuong tai C' c6 CFM = 45° = ACFM vuong can, suy ra CM = CF. (1)

Tt gidc ANEC noi tiép, suy ra CNE = CAE = 45°.

ACNE vuong tai C c¢6 CNE = 45° = ACNE vuong can tai C', suy ra CN = CE  (2).
Tu (1) va (2), suyra CM +CN =CF + CE = EF.

O

Bai 89. Cho hinh vuong ABCD. E va F 1a hai diém di dong theo thtt tu ndm gitta B, C va C,
D sao cho EAF = 45°. Hai doan thing AE va AF lan luot cit BD tai M va N. Vé AH 1 EF.

Chiing minh rang
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a) 3 duong thang AH, FM, EN dong qui.
b) Duong thang EF luon tiép xic v6i mot duong tron c6 dinh.

C) Samn = SMNFE-

L&i giai.

E

a) Vi BD la duong chéo ctia hinh vuong ABC'D nén

90°

ABD = CBD = ADB = CDB = — = 45°.

Tt gide ABEN ¢6 A, B 1a hai dinh lien tiép vi EAN = NBE = 45° = ABEN la t gidc

noi tiép (2 dinh lién tiép cting nhin 1 canh duéi 2 géc biang nhau), suy ra
ANE + ABE = 180° & ANE = 90° = EN L AF.

Tt gide ADFM c6 A, D 1a 2 dinh lien tiép va MAF = MDF = 45° = ADFM 1a tt giac
noi tiép (2 dinh lien tiép cing nhin 1 canh dudi 2 géc bing nhau), suy ra AMF + ADF =
180° & AMF = 90° = FM L AE.

AH, EN va FM la ba dudng cao cia ANAEF = AH, EN, FM dong qui.

b) Tt gisc MEFN ¢6 EMF = NEF = 90° = EMF + NEF = 180° = MEFN la tit gidc

noi tiép (t gidc co tong hai goc ddi bang 180°), suy ra MEF = ANB. (1)

Tit ABEN la tit gidc noi tiép nen ANB = AEB.  (2)

T (1) va (2), suy ra AEB = AEH.

Xét NABE va ANAHE c6
AHE = ABE = 90°
AFE chung = ANABFE = ANAHFE (canh huyén-géc nhon).
AEB = AEH (chitng minh trén)

Suy ra AB = AH.

Nhu vay EF luon tiép xtc véi dudng tron tam A ban kinh AB khong doi.
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c)

AN — 2
AANFE vuong tai N co Yo cos NAE = cos45° = g

AM — 2
AAMF vuong tai M c6 = = cos MAF = cosd5° = g

Samuny AN

SAMF _F :>SAMN:SAMN.SAMF:AN.AM:AN.AMZE
Sapr AE

Suy ra Sapr = 25amuNn & Samn + Sunre = 25auN € Saun = SunrFE-

Tu

O

Bai 90. Cho hai diém O va P ¢6 dinh. Mot goc x/O\y quay quanh diém O sao cho P luén nim

trong goc dé. Goi H va K lan lugt 1a hinh chiéu ctia P trén Oz va Oy. Duong thing PK cit
Oz tai A, duong thing PH cit Oy tai B.

a) Chitng minh ring HK va AB c6 do dai khong doi.

b) Goi M va N lan lugt I trung diém ctia OP va AB. Chitng minh ring t giac M KN H noi

tiép duong tron.

¢) Ching minh ring trung diém I ciia HK di dong trén mot duong tron c6 dinh.

Lai gidi.

Yy
B
K
P N
I
0 ]
J H A z

a) Dat :E/O\y:oz.

Tam giac OK P va AOHP vuong tai K va H ¢6 hai trung tuyén KM, HM tng véi canh

N or .
huyen OP = MK = MH = MO = MP = - = OHPK la ti giac noi tiep duong tron

(:5),
2
Tam giac KAB va AHAB vuong tai K va H c6 hai trung tuyén KN, HN tng véi canh

X AB )
huyén AB = NK = NH = NA= NB = —~ = ABKH I tit gidc noi tiép dudng tron

(522).
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Vi I 1a trung diém ciia HK = MI 1 HK (tinh chat dusng kinh va day cung).

AMHK c¢c6 MH = MK = AMHK can tai M = M1 1a dudng cao dong thoi 14 phan

giac cua ké tor M cua AMHK.

Ma HOK = %Iﬂ/l\l{ (goc noi tiép bang mot nita goc & tam).

Suyraﬁ]\f\]:m:TK:ITO?(:a.

Taco6 HK = 2KT = 2MK sin IMK =2 % -sina = OPsina.

Vi OP c6 dinh va a khong ddi nen HK c6 do dai khong ddi.

Tac6 HNK = 2KAH = 2(90° = KOA) = 2(90° - a).

ANHK can tai N (do NH = NK) ¢6 NI la trung tuyén dong thoi 1a duong cao va phan

giac ké tur V. -

HNE  2(90° — @)

3\ AB : AB

ANIH c6 IH =NHsinINH = Tsin (90° — ) = — - cosa.

2IH  HK  OPsina

Suy ra AB = = = OPtana.
cosa  Cosq cos «

Vi O, P c6 dinh va a khong ddi nén AB 1a khong doi.

Tac6 INK = INH = — 90° — q.

b) Tt gisc MHNK ¢6 KMH + KNH = 2a +2(90° — a) = 180° = MHNK la t1 gidc noi
tiép (dinh 1i do).

OP cos o

— P R
¢) AMIK ¢c6 MI = MK cosIMK = %cosa: khong doi.

. . . OP
Vay trung diem [ cia HK di dong trén ducng tron tam M ban kinh % la mot

duong tron c6 dinh.
ANhan xét.
a) C6 thé tinh HK nhu sau. Ké KJ L OH.

e Tt giac OHPK noi tiép, suy ra OPK = OHK = AKJH «~ AOKP.

HK KJ KJ . R 2.
e Suy ra 0P — Ok :>HK—OP-O—K = OPsin a khong doi.

b) C6 thé tinh AB nhu sau

e Di ching minh AHAB «~ HPO.

AB BH
e Suy ra 0P~ OI = AB = OPtana.

c) M, I, N thing hang do ciing ndm trén dudng trung triyc ciia doan thing HK.
O

Bai 91. Cho duong tron (O; R), duong kinh AB ¢ dinh va mot duong kinh C'D quay quanh
O. Cac duong thing AC va AD cat tiép tuyén tai B clia duong tron tai £ va F.
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a) Chiing minh t1 gidc CDFE noi tiép.

b) Goi P la tam dudng tron ngoai tiép tit giac CDF E. Chiing minh rang diém P di dong trén

mot duong thang c6 dinh.

Loi giai.
a) Ta co
EBA = 90° (tinh chat tiép tuyén).
BCA = 90° (goéc nai tiép chan nita dudng tron).
BDA = 90° (goc noi tiép chan nita dudng tron).
AC - AE = AB? (hé thiic lugng)
Lai ¢6

AD - AF = AB? (hé thiic lugng).
Suy ra AC - AE = AD - AF

AC  AE
AD — AF
NACD ~ ANAFE (¢c-g-c)
ACD = EFD

180° — ECD = EFD

R

EFD+ ECD = 180°.
Suy ra tit gisac CDFE noi tiép. (Tt gidc c6 tong hai goc ddi bing 180°)

b) Goi M 1a trung diém EF suy ra PM | EF, ma AO L EF nén PM || AO. (1)
Dit H 1a giao diém ctia CD va AM.
Xét AEAF vuong tai A c6 AM 1a trung tuyén

= ME=MA=MF
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(tinh chat dudong trung tuyén ting v6i canh huyen)
= AFEMA can tai M
= MEA=MAE

Lai co6

MEA = FEC = CDA (do AACD ~ AAEF)
— MAE =CDA
& HAC =CDA. ()

Lai ¢6 DCA = ACH, két hap véi (%) suy ra ACHA ~ ACAD = CHA = 90°.
Suy ra MA L CD, ma PO L CD suy ra MA | PO. (2)

Tu (1) va (2) suy ra ti gidc OAM P 1a hinh binh hanh, suy ra M P = OA.

Vay P di dong trén dudng thing song song EF va cach EF mot doan OA = R.

O

Bai 92. Cho hai duong tron (O;) va (O,) cat nhau tai A va B. Goi EF 13 mot tiép tuyén chung
clia ching v AB cat EF tai I.

a) Chiing minh ring ATEA ~ AIBE.
b) Chiing minh ring I 1 trung diem EF.
c¢) Goi C la diém déi xiing ctia B qua I. Chiing minh ring tit gidc AECF noi tiép.

Loi giai.
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a)

Ta c6 TEA la géc tao béi tia tiép tuyén va day cung FA.
EBA la géc noi tiép chan cung EA.

Suy ra IEA=FEBA=EBI.

Lai c6 E]?l = E/'IE

Két hop hai y trén suy ra ATEA ~ AIBE. (g-g)

Bl BI
DOAIENA/[_ﬁEé/E—EéfE —[A-IB./E) -
Ta c6 [FA = ABF = IBF (cung chan cung EA) va AIF = BIF.
IF IB
SuyraA]FANAIBF(g-g):ﬁ:ﬁ:IFQZI/LIB. (2)

Tit (1), (2) suy ra [E? = [F? < [E = IF hay I 1a trung diém EF.

Dé thay I 1a trung diém ctia hai duong chéo EF va CB trong tt gidc CEBF.
Suy ra tit gide CEBF la hinh binh hanh nen ECF = EBF.

FEA = EBA
EFA=FBA.
Suy ra

EBA+FBA = FEA+ EFA
EBF = 180° — EAF
(tong ba goéc trong tam giac bing 180°)
EBF + EAF = 180°
ECF +EAF = 180°.

Vay tit giac EAFC nai tiép. (Tt giac c¢6 2 goc dbi c6 tong s6 do bing 180°)

O

Bai 93. Cho nita dudng tron duong kinh AB va mot duong thing d vuong goc véi AB tai H.
M 1a mot diem di dong trén nita dudng tron. d cat M A, M B lan luct tai C va D.

a)

b)

c)

Chiing minh rang HC - HD = HA - HB.
Goi B’ 1a diém déi xiing ciia B qua H. Chting minh AC DB’ noi tiép.

Khi M di dong trén duong tron (O), tam I clia duong tron ngoai tiép AADC chay trén

duong nao?

Loi giai.
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a) Ta co AMB = 90° (g6c noi tiép chan nita dudng tron).
Laicéﬁ:900—@:@.
Xét hai tam gidc CHA va BHD ta c¢6
DHB = CHA = 90°
ACH = MBA = DBH (chiing minh trén).
HC HB
Suy ra ACHA~ ABHD (g-g9) = — = ——

HA HD
< HC-HD=HA-HB.

b) Do DH | BB’ tai H va H 1a trung diém BB’ (dé cho) nén tam giac DBB’ can tai D.
Suy ra DBB = DB'B = ACD (cmt).
Vay tit gide AB'DC nai tiép. (T gide ¢6 goc ngoai tai mot dinh bang goc trong tai dinh

d6i cia dinh do)

¢) Do ttt gisc ACDB' noi tiép nén tam I ctia dudng tron ngoai tiép tam giac ADC' ciing 1a
tam duong tron ngoai tiép tam gidc AB'C suy ra I thudc dudng trung tric cia AB’ c¢b
dinh.

O

Bai 94. Cho dudng tron (O) va mot diém C' ¢ ngoai dudng tron. Tt C ké hai tiép tuyén CE,
CF va cat tuyén CMN téi dudng tron. Dudng thang nbi C' va O cit dudng tron tai hai diem A
va B. Goi I 1 giao diém ctia AB v6i EF. Chiing minh ring

a) Bon diem O, I, M, N ciing thuoc mot duong tron.
b) 4T3l = BIW.

Loi giai.
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a) Ta co EC? = CTI-CO (he thic lugng trong tam giac vuong OFEC). (1)

ECM = ECN
Xét hai tam giac CEN va CEM, ta cé

—

MEC = ENM (cung chan cung EM).
Suy ra ACEM ~ ACNE (g-g) = CE*=CM-CN. (2)

Tit (1) va (2) suy ra CM - CN = CI - CO = ACMI ~ ACON (g - g) = CIM = ONM.
Vay tit giac ONMI nai tiép hay boén diem O, N, M, I cing thudoc mot dudsng tron.

b) Ta co
AIM = ONM
— OMN (tam giac OM N can tai O)

— OIN (cimg chin cung ON)
~ BIN.

0

Bai 95. Cho hai duong tron (O) va (O;) cit nhau tai A va B. Cac tiép tuyén tai A cta (O) va
(Oy) tuong ting cat (Oy) va (O) lan luct tai E va F. Goi I 1a tam duong tron ngoai tiép AAEF.

a) Chiing minh rang t gidc OAO;I 1a hinh binh hanh va OO, || BI.
b) Chitng minh ring bén diém O, B, I, O; ciing thudoc mot dudng tron.
¢) Kéo dai AB vé phia B mot doan CB = AB. Chitng minh rang tit gidc AECF ndi tiép.

Lai gidi.
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a)

Ta c6 OA = OF va IA = IF (gia thiét).
= OI la trung tryc cua AF.

= Ol L AF ma O;A 1 AF (gia thiét)

= Ol || 01A. (1)

Lai ¢c6 O1A = O1FE va [A = IF (gia thiét).
= O] la trung truc cua AFE.

= 011 L AE ma OA | AFE (gié thiét)

= 011 || OA.  (2)

Tu (1) va (2) = OAO;I la hinh binh hanh (ti gidc ¢6 cac cip canh ddi song song).

Goi M la giao diém ctia Al v OO; = M la trung diém ctia Al.

Lai c6 OO la trung tryc cia AB.

Goi N la giao diém ctia AB va OO, = N la trung diém ctia AB.

Xét ATAB c6 M, N lan lugt la trung diém ctia AI, AB.

— MN la dudng trung binh ctia tam gidc ABI = MN || BI = 00, || BI.

Ta c6 OA = O;1 (ching minh trén) va OA = OB (gia thiét) = O, = OB.
Ma: OIBO; 1a hinh thang (OO, || BI).
= OIBO; 1a hinh thang can (hinh thang c6 2 duong chéo bang nhau).

= 4 diém O, B, I, O; ciing thuoc mot duong tron.

Ta c6 OO, || BI va OO; L AB (chting minh trén) = Bl L AB.

= BI 1 AC ma B la trung diém ctia AC (gia thiét).

= BI la trung truc cia AC.

= [A=1CmaIA=IE = IF (gia thiét).

= IA=1C=1F=1F.

= Tt giac AECF noi tiép (t1t gidc c6 4 dinh cting cach déu mot diém).

236
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U

Bai 96. Cho duong tron (O) va hai tiép tuyén SA, SB ctia duong tron. Ké day cung BC. Duong

kinh vuong goc v6i day AC cat BC tai I. Chiing minh

a)

4 diem S, A, I, B nam trén mot duong tron.

b) Ti giac SAOI noi tiép.
¢) SI | AC.
Loi giai.
A
S
B

a)

Goi M la trung diém AC suy ra OM L AC hay M, O, I thang hang.

Suy ra tam giac TAC la tam giac can tai I.

Lai c6 tam giac SAB can tai S va ACT = BAS (cing chan cung AB).

Suy ra hai tam giac can ASB va AIC dong dang (g-g) suy ra ASB = CIA = ASB = BIA.
Vay tit giac ASIB noi tiép. (T giac c6 2 dinh ké nhau ciing nhin canh chiia hai dinh con

lai du6i mot goc bang nhau)

Ta c6 OAS = OBS = 90° (gia thiét) = OAS + OBS = 180°.

= T giac OASB noi tiép (t1t giac c6 hai goc d6i nhau co tong sé6 do bang 180°).
= 4 diém O, A, S, B nim trén mot dudng tron.

Ma 4 diém S, A, I, B nam trén mot dudng tron (ching minh trén).

= 5 diém S, A, I, O, B ndm trén mot dudng tron.

Vay tit giac SAOI noi tiép duong tron duong kinh SO.

Ta c6 OI 1a trung truc cia AC (gia thiét) = O L AC.
Lai ¢6 OIS = 90° (gbéc noi tiép chan nita duong tron dudng kinh OS).
= SI L OI = AC || SI.

O

Bai 97. Cho AABC noi tiép duong tron (O). Tia phan giac ciia goc BAC cat BC tai I, cit
duong tron (O) tai P. Ké duong kinh PQ. Cac tia phan gidc ciia cac goc ABC va ACB cét AQ
theo thit ty tai F va F. Chting minh rang
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a)

b)

PC? = PI - PA.

4 diém B, C, E, F cting thudoc mot dudng tron.

Loi giai.

a)

Ta c6 PAC = PAB ma PAB = PC1T (cting chin cung BP).
Suy ra PAC = PCB = PCI

PAC = PCI
Xét AAPC va ACPI, tac6 ¢

APC' (chung)

= NAPC ~ ACPI (g-g).
PA_ PC

~PC T P
= PC? = PI - PA.
Do QP la dudng kinh ciia (0) = QAP = 90°
= AP 1 AQ.
Lai c6 Al la phan giac trong cua BAC.
= AQ la phan giac ngoai ctua BAC.
Twong tu, ta co
AP la phan giac ngoai cia BAC.
CF la phan giac trong cua ACB.
BE la phan giac trong cia ABC.
= F, F lan luot 1a tam duong tron bang tiép déi dién vé6i dinh B, C.
= C'E, BF lan lugt 1a phan giac ngoai clia A/C’\B7 ABC.
— CE L CF, BF | BE = ECF = EBF = 90°.
= T gidc BCEF c6 hai dinh ké nhau ciing nhin canh chita hai dinh con lai mot géc bang
nhau.

= Tt giac BCEF noi tiép hay 4 diém B, C, E, F cung thuoc mot dudng tron.
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U

Bai 98. Hinh binh hanh ABCD c6 géc ti B, goi O la giao diém ctlia hai dudng chéo. Vé DE
vuong goc AC, DF vuong géc AB, DG vuong géc BC. Chiing minh rang OEGF noi tiép duong
tron.

Lai gidi.

Ta c6 BFD = BGD = 90° (gia thiét).

= Tt giac BDGF nai tiép duong tron duong kinh BD.

(Tt giac c6 dinh ké nhau ctiing nhin mot canh chita hai dinh con lai mot géc 90°)
— BGF = BDF (hai géc noi tiép ciing chin cung BF). (1)

Ma hinh binh hanh ABCD c6 O la giao diém ctia hai duong chéo (gia thiét).

= O la trung diém ctia BD.

= FO la duong trung tuyén cia ABFD vuong tai F = OF = OD = AOFD can tai O
-~ OFD =ODF. (2)

Tit (1) va (2) = OFD = BGF.

Ta c6 DEC = DGC = 90° (gi4 thiét).

= T gidc DEGC noi tiép duong tron duong kinh C'D.

(Tt giac c6 dinh ké nhau cting nhin mot canh chiia hai dinh con lai mot géc 90°)
— EGD = ECD (hai géc noi tiép cung chén cung ED).

Ma ECD = OAF (so le trong do AB || C'D).

= EGD = OAF.

Ta c6

FOE = OAF + AFO
— DCE +90° — OFD
— EGD+90° — FGB
— 90°— EGB +90° — FGB
— 180° — (EGB + FGB)
— 180° — EGF
= FOE + EGF = 180°.
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Vay tit giac OEGF noi tiép. (T gidc c6 tong hai goc d6i nhau bing 180°) O
Bai 99. Cho tam giac ABC vuong tai A c¢6 I la trung diém BC, D la diém bat ky trén doan
thang BC. Goi E, F 1a tam dudng tron ngoai tiép ABD, ACD. Chitng minh ring nam diém A,
E, D, I, F thuoc mot duong tron.

Loi giai.

Ta c6 FA= FC va IA = IC (gia thiét) = I, F cach déu A, C.

= [ F la trung truc cua AC (chiing minh trén) = ICF = ITAF.

Ma ICF = CDF (AFCD can tai F do FC = FD).

= JAF = CDF = a.

— Tt gidgc AFID noi tiép.

(Tt giac ¢6 hai dinh ké nhau ciing nhin canh chita hai dinh con lai duéi mot goc )
= 4 diém A, F, I, D thuoc mot duong tron.

Ta 6 EA = EB va IA = IB (gia thiét) = I, E cach déu A, B.

= I F la trung truc cia AB (ching minh trén) = FEAI = EBI.

Ma EBD = EDB (AEBD can tai E do EB = ED).

= TAE = EDB

= Tt giac AEDI noi tiép.

(Tt giac c6 goe ngoai tai mot dinh bang goc trong tai dinh do6i dien ctia dinh do)
= 4 diém A, E, D, I thudoc mot dudng tron.

Ma 4 diéem A, F, I, D thuoc mot duong tron (chitng minh trén).

= 5 diém A, E, D, I, F thuoc mot duong tron. O

Bai 100. Cho AABC can tai A nai tiép dudng tron tam O dudng kinh AI. Goi E 1a trung diém
AB, K la trung diém OI.

a) Chiing minh rang AEK B can.
b) Chitng minh ring AEKC ndi tiép dudng tron.

Lai gidi.
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a)

Ta c6 IBA = 90° (goc noi tiép chan nita duong tron) va OF 1| AB.
Suy ra FO || BI = FEOIB la hinh thang.
Goi M la trung diém EB, suy ra MK la dudng trung binh ctia hinh thang EOIB.
Suy ra MK || EO = MK 1 BE.
Xét tam giac EK B c6 M K vita 1a duong trung tuyén vira la dudng cao nén tam giac EK B
can tai K.
Do AK nam trén duong trung tryc ctia BC nén KB = KC.
AB = AC
Xét hai tam gidc BKAva CKAtaco { KB=KC

AK (la canh chung).
= ANABK = NACK (c-c-c) = ACK = ABK = BEK.
Suy ra ti gidc AEKC noi tiép.

(Tt giac c6 gbe ngoai tai mot dinh bang goc trong tai dinh doi ctia dinh do)

O

Bai 101. Cho AABC c6 dudng tron noi tiép tiép xtic AB, BC, CA tai M, D, N. Lay diém E

thuoc mién trong AABC sao cho duong tron noi tiép AEBC ciing tiép xuc véi BC tai D va
tiép xtic EB, EC lan lugt tai P, Q. Chting minh rang M N PQ noi tiép duong tron.

Loi giai.
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Ta co

PMN = PMI+IMN
_ 1]\73\]3+180°—M]N
2 2
_ %(@—@)+%[180°—(360°—ﬁ15—1717\f)]
- (/BD ~PBD) + | [180° - (VMBD + NCD)]
_ _%@mo_g@
— 90°—%(@+1@)
- 900—%<18O°—P/E\Q—E/C\D+]@)

- 90°—90°—%(—@2+N/\m)

1~ 1—
- -PEQ--NC

R, PEQ =5 NCQ

1/\ 1 ° —_—
= EPEQ—§(18O —2NQC)

1 1 —
_ 5(/1?"—2/E3P)—§<180°—2NQC)
— _EQP+NQC
— 180° — EQN — EQP
= 180° - (EQN + EQP)
— 180° — PQN

= PMN + PQN = 180°.

Vay tit gidc M N PQ noi tiép. (Tt gidc c6 tong hai goc ddi biang 180°) O

8 DUONG TRON NGOAI TIEP. PUGNG TRON NOI
TIEP

8.1 TOM TAT LY THUYET
8.1.1 Dinh nghia

a) Duong tron di qua tat ca cdc dinh ciia mot da giac duge goi la duong tron ngoai tiép da giac,

da giac d6 duge goi 1a da gidc nai tiép duong tron.

b) Dudng tron tiép xtc véi tat ca cac canh clia mot da giac duge goi la dudng tron noi tiép da

giac, da gidc d6 dude goi la da giac ngoai tiép dudng tron.
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8.1.2 Dinh Ii

Bat ky da gidc déu nao cling ¢6 mot va chi mot dudng tron ngoai tiép, c6 mot va chi mot duong
tron nai tiép.

Vi du 24. Tréen duong tron (O; R) lay AB sao cho sd AB = 120°. Tinh do dai AB theo R.
Loi gidi.

Theo dé ¢6 sd AB = 120° = AOB = 120°.
Ké OH la duong cao cia AOAB ma AOAB can (do OA = OB = R) nén OH vua la trung

tuyén, vita la duong phan giac = HOB = 60°.

_—  HB
Xét AOHB vuong tai H sin HOB = OB = HB = %ﬁ
C6 AB=AH + HB =2HB = RV3. O

8.2 BAI TAP

Bai 102. Tinh c4c canh ctia mot hinh thang can ngoai tiép duong tron (O;10 cm). Biét khoang
cach gitta hai tiép diém trén canh bén bang 16 cm.

Loi giai.

D K C

Goi hinh thang can ngoai tiép hinh tron 13 ABCD.

Goi F, E lan lugt 1a hai tiép diém duong tron v6i AD, BC' ctia hinh thang.

Goi G, K lan lugt 1a hai tiép diem duong tron v6i AB, CD.

Ta 6 AFE +OFE = 90° va BEF + FEO = 90°

Ma FEO = OFE (do AOFE can tai O) = AFE = BEF.

Tt giac ABEF ¢6 AFE + FEB + EBA + BAF = 360° (Téng cic goc trong tit gidc)
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& 2(1@ + @) = 360° < AFE + FAB = 180° ma hai gbc nay trong cung phia.
= FFE | AB || DC.
Xét ti giac ABEF c6

FE || AB
FAB = EBA

= T giac ABEF la hinh thang can = FA = BE.

C6 GB = BE (do AOEB = AOGB (c.h - c.g.v)).

Tuong tu ¢6 GA = FA (do AOGA = AOFB (ch-c.gv)) ma FA= BE = GA =GB.
Xét AFAG va AEBG ¢6

FA=BE
FAB = EBA
GA=GB

= AFAG = AEBG (c.g.c) = FG = EG.

Goi I giao diém ctia FE va OG.

Do FG = EG va OF = OF nén OG la duong trung truc cuia FFE = OG L FFE tai I.
Ap dung dinh 1y Py-ta-go trong AOIFE vuong tai I ¢6

O’ +IE*=0F? = 0 =6 = IK = 16 cm.

%}} dung ginh l}i Ta—lgtE trong hinh thang GBCK c¢6
m:E—O@E:E—O<:>4BE:EC.

= BC =BE+ FEC =4BF + EC =5BE.

06 BOE = BOG (do AOEB = AOGB) va EOC' = COK (do AOEC = AOKC).

Ma GOE + KOE = 180° = BOC = 90° = OB 1L OC.

Ap dung dinh 1y Py-ta-go trong ABOC vuong tai O c¢6 OC? + OB? = BC?. (1)
Ap dung dinh 1y Py-ta-go trong ABEO vuong tai E va AOEC vuong tai E ¢6
OB? = BE? + OFE? va OC?* = OE? + EC? = OB* + OC? = 20E* + BE? + EC*. (2)

Tit (1) va (2)

= BC? = 20E*+CE?+ BE? & 25BE? = 20E*+16BE* + BE* < BE* =25 = BE =5 cm.
= BC = AD =5BF = 25 cm.

Co AB=2GB=2BE=10cm va DC =2KC =2FEC =2-4BFEF = 40 cm. U
Bai 103. Duong (O) noi tiép hinh vuong ABC D, tiép diém trén AB la M. Mot tiép tuyén véi
duong tron (O) cit cac canh BC,CD lan lugt ¢ E, F. Chiing minh réng:

a) ADFO « ABOE.

b) ME || AF.
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Lai gidi.

a)

M
A . B
O
K
» F
H
D ¥ C
N F

Ching minh ADFO -~ ABOE.

C6 EOH = EOK va OFH = OEK (do AEHO = AEKO).
C6 FON = FOH va OFN = OFH (do AFNO = AFHO).
TacéE/O\F:E/O7{+ﬁO\F:%(J%TJ+}Tb7() = 45°.
Xét ADFO va AOFE

BDC = EOF = 45°
= ADFO «~ AOFE (g.g).

OFN = OFH

Xét ABOE va AOFE

= ABOFE «~ AOFE (g.g).

DBC = EOF = 45°
OEK = OFH

= ADFO «~ ABOE (cung dong dang véi AOFFE).

Ching minh MFE || AF.

. o DF DO
Do ADFO «~ ABOFE (chting minh cau a):>O—B—BE.
OB =V2BM
Co BC DA
DO =0B=+V2BK = — = ~—
V2 V2
:>DF_AD
BM  BE’

Xét AFAD va AMEB c6

CDA = CBA=90°
DF  AD = AFAD ~ AMEB(c.g.c)

BM ~ BE
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FAD + FAB = 90°

cCo¢
MEB+ EMB = 90°

Ma FAD = MEB = FAB = EMB.

Do hai goc nay & vi tri dong vi = AF || ME.

O

Bai 104. Cho tit gidc ABCD, cac duong tron ndi tiép hai tam giac ABC, ADC' tiép xtic nhau.
Chitng minh rang cac duong tron noi tiép hai tam giac BAD, BC'D tiép xtic nhau.

Lai giai.

D |4 F C

Goi (J) la dudng tron noi tiép ti gidc ABCD va U,S,V,T lan lugt la cac tiép diém tai
AB,AD,DC, BC.

Goi (H) 1a dudng tron ndi tiép ABAD va N, M, P lan lugt 1a cac tiép diém tai AB, AD, BD.
Goi (K) 1a dudng tron nadi tiép ABCD va G, F, E lan lugt la cac tiép diém tai BD, DC, BC.
Ap dung tinh chét hai tiép tuyén cit nhau, ta cé

2DG = DG+ DF
— DB-BG+DC —FC
— DB+ DC — (BG+ FC)
— DB+ DC — (BE + EC)
= DB+ DC — BC.

2DP = DP+ DM
= DB— BP+DA— AM
— DB+ DA— (BP+ AM)
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— DB+ DA— (BN + AN)
— DB+ DA— AB.

Ta co
2DG —2DP = DB+ DC—-BC—-DB—-DA+ AB

= DC+ AB—-BC — DA
= DV+VC+AU+UB—-BT —-TC —AS—-SD
— (DV — SD) + (AU — AS) + (UB — BT) + (VC — TC)
= 0.

= P=d.

= Hai duong tron noi tiép ABAD va ABCD tiép xtc nhau. O

Bai 105. Cho tit giac ABCD ngoai tiép mot duong tron. Ching minh rang néu mot dudng
thing chia t& giac thanh hai phan c6 dién tich bing nhau va chu vi bing nhau thi dudng thing
dé di qua tam ctia duong tron.

L&i giai.

Goi (O;r) 1a duong tron noi tiép tit giac ABCD.

Goi E va F lan lugt 1a giao diém ctia duong théng hai canh AD, BC cta tit giac ABCD.
Goi pasrE, percp lan luct 1a chu vi clia tt giac ABFE va ti giac EFCD.

Theo gia thiét c6 pasre = Prrcp = p-

Co
Sapre = Spoa+ Saos + Spor + Skor
1
= §T(EA + AB + BF) + Sgor
1
= 5r(EA + AB+ BF + EF — EF) 4 Sgor

pr 1
= —+S5 — —r- EF.
2 + OEOoF 21”
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Co

Sercp = Sgop + Sroc + Spoc — Skor
1

pr 1
= —+ S5 ——r-FEF.
9 EOF 27’

Theo glé thiét SABFE = SEFCD nén SEOF =0= E,O, F théng hang

Vay duong thang EF di qua O tiic EF di qua tam dudng tron. 0
Bai 106. Cho hinh thang ABCD (AB || CD) ngoai tiép duong tron (O), tiép diém tren AB, C'D
theo thit ty 1a E va F. Ching minh rang AC, BD, EF dong qui.

Loi gidi.

D F C

Goi H la tiép diém ciia BC va duong tron (O).
Ta ¢6 BE = BH (vi AOEB = AOHB).
CF = CH (v AOFC = AOHC).
Ta ¢6 2BOH + 2COH = 180° & BOH + COH = 90° & BOC = 90°
= ABOC vuodng tai O.
= OH? = HB-HC ma BE = BH,CF = CH = BE -CF = BH - CH = r? (r 1a ban kinh
dudng tron (0)).
Chting minh tuong tuy = A%-EDF jg‘;
éBE-CF:%E-DFéﬁ:ﬁ.
Goi [ 1a giao diem cua BD va EF.
BE IE _AE IE

DF _IF _CF 1IF
Xét AAIE va ACITF, ta co

AE IE
CF IF = NAIE « AICF (c.g.c)
EAI = ICF
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= E[A=TFIC (hai g6c tuong ting) ma hai goéc nay nam vi tri déi dinh.

= A, I,C thang hang ma I 1 giao diém ctia BD vi EF.

= AC, BD, EF dong qui. O
Bai 107. Chitng minh ring trong mot ti giac ngoai tiép dudng tron, cac dudng thang ndi cac
tiép diém trén cac canh déi dong qui tai giao diém cac dudng chéo clia tit giac.

Loi giai.

Goi E, F,G, H lan lugt la tiép diém cta cac canh AB, BC,CD, AB vé6i dudng tron O.
Goi I la giao diém cta AC va EG.
Ta ké dudng thang qua A sao cho song song véi C'D va cat EG tai K.

Ta cb

AEK + KEO = 90°
IGD + IGO0 = 90°

ma OEK = OGI (vi AOEG can).

= AEK = IGD ma AKE = IGD (2 goc dong vi).

— EKA=AEK = IGD = AE = AK (AAEK can).
:>%:é—g:%tfrclalchiaACtheotisé %

Goi I' 1a giao diém ctia AC va FH.

Chiing minh tuong ty = I’ chia doan AC' theo ti s6 é—];

Nhung AE = AH,CG = CF nén I va I’ chia doan AC theo cting mot ti s6, do d6 I = I'.
Vay F, I, H thing hang, do d6 AC di qua giao diém ctia EG va FH.

Chiing minh tuong tu, BD di qua [.
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Vay cac duong thang noi cac tiép diém trén cac canh déi ctia mot ti gidc ngoai tiép duong tron

dong qui tai giao diém cac dudng chéo clia ti giac. U

Bai 108. Cho ttt giac ABCD ngoai tiép dusng tron (O). Goi I vi K theo thit ty la trung diém

clia cac duong chéo BD va AC. Chiing minh rang
a) Soap + Socp = §SABC’D-
b) Ba diém I, 0, K thing hang.

Lai gidi.

D C H

a) Goi r la ban kinh cta duong tron (O).
Ta c6 Sapcp = Soas +(§10§D 4& %))AD + Sopc-
\ r(AB +
Ma Soap + Socp =

2
Ma AB + CD = BC + AD (tinh chat tit gidc ngoai tiép).

r- (BC + AD)
> .

; Soap + Sopo =

= Soap + Socp = Soap + Sopc-

1
= Sapcp = 2 (Soas + Socp) = Soas + Socp = §SABCD-

b) Gia st AB cat CD tai E.
Lay G tren tia FA, H tréen ED sao cho EG = AB; EH = CD.
Ta c6 Sorc + Sorn = Soas + Socp = §SABCD-
= Song = %SABCD — SgHe- (1)
Chitng minh tuong tu
StaB + Siep = %SABCD = St = %SABC’D — SenG- (2)
Skap + Skcp = %SABCD = SkHG = %SABCD — SeHG- (3)
T (1), (2), (3) = Sonc = Stue = Skne = hone = hine = hxne (h 1a dudng cao ké tu
dinh O, I, K clia ba tam giac).
Dé ba dudng cao bing nhau thi ba diém 7, O, K théing hang va duong thing qua ba diém

song song v6i doan HG.
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U

Bai 109. Cho duong tron (O). Cac day AB va C'D vuong goc nhau. Cac tiép tuyén véi duong
tron tai A, B, C, D cat nhau lan lugt § E, F, G, H. Chiing minh rang t giac EFGH 1a ti giac
noi tiép.

Lai gidi.

EA

A b

2

G

Goi I 1a giao diém ctia AB va CD.

Ta c6 AB L CD (gia thiét) = BIC = 90° = BC + AD = 18(°.
I S

BOH = ;BOC = S BC

1/\

e (tinh chat duong kinh va day cung).

Lai co6
= BOH + AOF = % (BAC+AAD> — 90°

Ma AFO + AOF = 90°

Neén B/OTJ = 1@\0 = B/O\C = @

Xét tit giac OCH B 1o tiép, c6 BOC + BHC = 180°

Ma BOC = AFD (cmt)

Nen AFD + BHC = 180°.

Xét tit gide EFGH, ¢6 EFG + EHG = 180°

Vay ttt giac EFGH 1t giac noi tiép (Tt gidc c6 tong 2 goc ddi 1a 180° 1a tit gidc noi tiép). O
Bai 110. Tt giac ABCD ngoai tiép duong tron (O), dong thoi noi tiép mot duong tron khac.
Biét AB = 14 cm, BC' = 18 cm, CD = 26 cm. Goi H 1a tiép diém ctia C'D va duong tron (O).
Tinh do dai HC, HD.

Lai giai.
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Goi M, N, P lan lugt la tiép diém ctia dudng tron (O) va AD, AB, BC.

Pit CH = CP — 2, DH = DM =y, AM = AN — 2, BN = BP = t, OH = OP = ON —
OM =r.

Taco AB+CD=ac+4+y+2+t=40=y+2=40— (v +t) = AD =40 — BC =22 cm.

Ta c6 ABCD la tit gidc noi tiép.

= ADC + ABC = 180° < 20DH + 20BP = 180° < ODH + OBP = 90°.

Ma ODH + HOD = 90°.

Nen HOD = OBP.

Xét AHOD va APBO, ta ¢6

@:@(cmt)
OHD = BPO = 90°

OH HD Ty 5

Chitng minh tuong tt ANOA «~ AHCO (g.g)= r* = xz. (2)
T (1), (2) suy ra zz = yt.

(24+y=CD =26

y+z=AD =22

Nhan xét
z2+t=AB =14

([t +2=DBC=18.
18 —
Dodo Ll 1877
y oz 22—y
=2(22—y) =y(18 —x) & 222z — 18y = 0. (3)
Lai c6 x 4+ y = 26. (4)

xr=11,7

Giai hé phuong trinh (3) va (4), ta dugc
y = 14,3.

Vay, HC = 11,7 cm, HD = 14,3 cm. O
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Bai 111. Tt gidc ABCD ngoai tiép duong tron (O, r), dong thoi noi tiép mot duong tron khéc.

Goi E, I, G, H theo thi ty 1a hinh chiéu ctia O tréen AB, BC, CD, DA. Chiing minh rang

a) * = AF-CG = BF - DH.
b) Sapcp = Vabed v6i AB =a, BC =b, CD =¢, DA =d.

Loi giai.

a) Ta c6 ABCD la tit gidc noi tiép.

— ADC + ABC = 180° < 20DG + 20BF = 180° < ODG + OBE = 90°.

MétO/D\G—l—G/O\D:90O nén@:@.
Xét AGOD va AFBO, ta c¢6

@:fB\O(cmt)
OGD = BFO = 90°

oG GD r GD
= = = BF-GD =BF-DH.
~BF FO BF r | G
Ta c6 ABCD la tit giac noi tiép

— DAB + DCB = 180° < 20AH + 200G = 180° < OAH + OCG = 90°

Ma OAH + HOA = 90° nen HOA = OCG.
Xét AHOA va AGCO, ta co

FO\A:CTC‘\O(cmt)
{@@90°
= AHOA -~ AGCO (g.g)
:gg:éZ:CTG:Af:>'r2:AH-CG:AE-CG.
T (1) va (2), suy rar? = AE - CG = BF - DH.

= AGOD «~ AFBO (g.g).
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b) Dit AE = AH =2, BE = BF =y, CF = CG = z, DG = DH = t.

Ta c6: AB+CD = AD + BC (ABCD la ti giac noi tiép).

a+c=0b+d.
a+b+c+d 2(a+c)

r =
2

Sapcp =p-T = -r=(a+c)r.

Mat khac,

abcd = (x+y)(y+2)(z+t)(x+1)
= (vy +x2+y* +y2) (w2 + 2t + ot +17)

= (zy + yt + yz + y°)(yt + 2t + 2t + t*) (do r* = xz = yt (cmt))

ylx+t+z+y) - tly+z+a+1)
yt(r +y+z+1)°

r*(AB + CD)?

Suy ra vVabed = r(a + c¢).

r*(a + c)*.

Ma Sapep = r(a+ ¢) nén Sapep = Vabed.

9 PO DAI PUONG TRON, CUNG TRON

10 DIEN TICH HINH TRON, HINH QUAT TRON

10.1 TOM TAT LY THUYET

a) Dién tich hinh tron:

b) Dién tich hinh quat tron:

S quat —

TR*n

360

hay

l-

=y

S quat —

[\D ‘

Vi du 25. Cho AB la day cung ciia (O; R), AB = R+/2. Tinh dién tich hinh vién phan dugc
gi6i han bdi cung AB va day AB.

Lai gidi.
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Goi dién tich hinh quat OAB la S;.

Dién tich tam giac OAB 1a S,.

Dién tich hinh vién phan can tinh 1a S.
Taco S =5; — 9.

Goi M la trung diém ctia AB suy ra OM 1 AB (quan he

255

vuong goc gitta duong kinh va day).
Xét tam giac AOB: OA = OB = R suy ra AAOB can
tai O = OM vita 1a duong trung tuyén vira 1a duong phan
giac trong tam giac AOB.
Xét tam giac vuong AMO c(z/_
AM  AB 2

sin AOM = =— =0 ZAO/Z\T'
Suy ra AOM = 45° = AOB = 90° (OM la duong phan
giac cia AAOB).
Suy ra S; = ”52, Sy = %OAQ _

TR* R* (mn—2)R?

4 2 4

10.2 BAI TAP

Bai 112.
So sanh dién tich hinh gach soc va hinh dé tring trong hinh vé

bén.

Loi giai.
Goi I 1a trung diém OB. Suy ra OI = 2 cm.
i z 1
Dién tich hinh dé trang la S} = 5 T OI? = 27 cm?.

1
Dién tich hinh quat OAB la Sy = 1 7 0A? = 471 cm?.

Dién tich hinh bi gach 1a S = Sy — 57 = 2.

4cm

dem | 1

7
777
2777
7777
17777
77777
7777777
117077
77777777
77777

7
717777
Ay

4cm
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Bai 113.
Trong mot tam giac déu ABC' (hinh bén), vé nhiing cung tron di qua
tam clia tam giac va ting cap dinh ctia n6. Cho biét canh tam giac

bang a, tinh dién tich hinh hoa thi bi gach soc.

Loi giai.

Goi I 1a trong tam tam giac ABC.

Goi O la tam duong tron di qua ba diéem A, I, B.
Goi H la trung diem BC suy ra AH | BC (AABC
deu).

Taco AH? = AB? — BH? = 37“2 suy ra AH = ‘“2/3.
\/_

Do I nam tren cung chita goc 120° vé trén doan AB
nen sdAmI = 60°.

Ta c6 Al = —AH suy ra Al = —— a4

Do do6, tam giac AOI 1a tam giac déu c6 canh Al =
av/3
3

. Dién tich hinh hoa thi bing 6 lan dién tich

hinh vién phan AmI cta duong tron O.

Goi Sy la dién tich hinh quat OAI.

a3 m-0A% 7-d?
DOOA:AI:T,suyraSIZ c = 13

Xét AOAI déu, goi K la trung diém AJ

= OK 1 Al. Ta co6
a?  a®  a?

OK?=0A2—Ar="_% % L og =2
3 12 4 5
Dién tich tam giac déu AOI la

Dién tich hinh vién phan AmlI la

7-a®  a*V3

Si—5 =3 12

Dién tich hinh hoa thi gach soc la

- a? a2\/§ a?
6-( _ ):E(zn—:s\/ﬁ).

18 12
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Bai 114.
Tinh dién tich ctia hinh dugc gidi han béi cac
duong cong, biét QA = QB = R > 0.

Loi giai.
Dién tich hinh can tinh bang dién tich S; ctia nita hinh tron
ban kinh A cong thém dién tich S5 ciia nita hinh tron ban
kinh AQ.
Taco IA=5-QA=5R. Suy ra

7-TA?> 7-25-R*>  257R?
Sl p— pr— 2 pu— 2 .

2
T-QA®> TR?
Sy = 5 =g

Dién tich hinh can tinh la
S = Sl + SQ = 137TR2.

Bai 115.
Tinh dién tich ctia hinh canh hoa, biét cac diem A, B,C, D, E, F
cach diem O mot khoang R khong doi.

Lai gidi.

O
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Ta c6 A, B,C,D,E,F déu cach O mot khoang R khong ddi
nén A, B,C, D, E, E thuoc duong tron tam O ban kinh R. Céc
cung BC,CD,DE, EF,F A, AB bang nhau nén s6 do mdi cung
la 60°.

Suy ra BOC = 60°, nén tam giac BOC la tam giac déu.

Vé duong tron tam B ban kinh BO.

Dién tich hinh canh hoa bang 12 lan dién tich hinh vien gi6i
han béi cung OC' va day OC' ctia duong tron (B; BO).

Xét duong tron (B; BO) ta ¢6

Dién tich hinh quat BOC la S} = m - BC® - 60 = mB?

360 6
R*\V/3
T

Dién tich tam giac déu BOC 1a Sy =

2r — 3\/§~R2.
12
Dién tich hinh canh hoa la 12 - S; = (27r — 3\/3) R2.

Suy ra dién tich hinh vién phan la S = 51— 55 =

O

Bai 116. Cho hinh quat tron ¢6 sdBC = 120°, tam A, ban kinh R. Tinh do dai duong tron noi
tiép hinh quat d6 (dudng tron noi tiép hinh quat 1a duong tron tiép xic véi cung BC' va véi cac
ban kinh AB, AC).

Loi gidi.

Ké tiép tuyén chung tai tiép diém H cit AB, AC tai D va E.
Suy ra duong tron (O) noi tiép hinh quat 14 dudng tron noi tiép tam giac ADE.

Ta c6 AH = R.
AH R

Xét AAHD vuong tai H ta c6 AD = — = - =2R.
- cos DAH ~ €os60
DH = AH -tan DAH = RV/3.
Xét AADH: DO la phan giac ctia ADH suy ra
OH _DH
OA  AD
N OH DH
AH  AD+DH
OH  RV3
R 2R+ RV3
& OH = V3 R=(2V3-3)R.

2++3
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Chu vi duong tronla 2-7-OH =7 <4\/§ — 6) R. O



Chuong 4

HINH TRU - HINH NON - HINH
CAU

1 HINH TRU

1.1 TOM TAT LY THUYET

a) Hinh tru. Khi quay hinh ch nhat ABO'O mot vong quanh canh OO’ ¢6 dinh, ta dugc

mot hinh tru.

e Hai hinh tron (O) va (O’) bang nhau va nam trong hai mat phang song song dugde goi

la hai day cta hinh tru.
e Duong thang OO’ dude goi la truc ciia hinh tru.

e Modi vi tri cia AB dugc goi la mot dudng sinh. Cac duong sinh vudng géc véi hai

mit phing ddy. Do dai ciia dudng sinh 1a chiéu cao ctia hinh tru.

b) Cat hinh tru béi mot mit phang

260
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e Khi cit hinh tru bsi mot mit phéng song song véi day, thi phan mat phang nim trong

hinh tru (mét cdt - thiét dien) la mot hinh tron bang hinh tron day.

e Khi cit hinh tru béi mot mat phang song song v6i truc OO’ thi mit cit 1a mot hinh
chi nhat.

c¢) Dién tich - Thé tich
Cho hinh tru c¢6 ban kinh day R va chiéu cao h.

e Dién tich xung quanh: Sy, = 27 Rh.
e Dién tich toan phan: Sy, = 2rRh + 2T R?.

e Thé tich: V = nR?h.

1.2 BAI TAP

Bai 117.
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. 1 .
Mot hinh tru ¢6 ban kinh day bang — duong cao. Khi cat
4 E o' F

hinh tru nay bing mot mat phang di qua truc thi mat cit

1a mot hinh chit nhat ¢6 dien tich 1a 50 cm?. Tinh dien \/

tich toan phan va thé tich hinh tru.

Loi giai.

Goi duong cao va ban kinh day ctia hinh tru lan lugt 1a A va R (R, h > 0). Tac6 R = %
Mt cat 1a hinh chi nhat EFHG khi d6 EG = h va GH = 2R.

Dién tich hinh chi nhat 14 50 cm?, ta c6 phuong trinh

EG-GH =50
h-2R =50

h
2h - — =

1 20

h? =100

S R

h=10= R =2,5.

Dien tich toan phan cta hinh tru 1a Sy, = 27 - R? +27-R-h = 6257 cm?.
Thé tich hinh tru 1a V =7 - R? - h = 62,57 cm?®. ([l

Bai 118. Mot hinh tru c6 dudng cao bang duong kinh day. Biét thé tich ctia hinh tru 1a 1287
cm?®. Tinh dién tich xung quanh ctia hinh tru.

Loi giai.

Goi duong cao ctia hinh tru 1a h, (b > 0). Suy ra ban kinh déay cta hinh tru la R = g

Thé tich clia hinh tru 14 1287 cm? nén ta c6 phuong trinh

h3
W-R2-h:1287r<:>zz128<:>h:8.

Suy ra R =4 cm.

Dién tich xung quanh cta hinh trula Syq =2 -7- R-h = 647 cm?. ]

Bai 119. Mot hinh tru c6 ban kinh day 1a 3 cm. Biét dién tich toan phan gap doi dién tich xung
quanh. Tinh chiéu cao ciia hinh tru.

Loi gidi.

Goi chiéu cao ctia hinh tru 1a b, (h > 0). Ban kinh day ctia hinh tru R = 3 cm.

Dién tich xung quanh cta hinh tru la Syy =2-7- R-h = 67h cm?.
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Dién tich toan phan ciia hinh tru la Stp =27+ R?+2-7m-R-h =187 + 67h.

Theo bai ra ta c6 phuong trinh
187 + 6mh = 127h < h = 3.

Chiéu cao ctia hinh tru 1a 3 cm. O

Bai 120. Mot hinh tru c6 dién tich xung quanh 1a 207 cm? va dién tich toan phan 1a 287 cm?.
Tinh thé tich ctia hinh tru dé.

Loi giai.

Goi chiéu cao va ban kinh ddy ctia hinh tru lan lugt 1a h va R (h, R > 0).

Theo bai ra ta c6 hé phuong trinh

2-m-R-h=20r 2-m-R-h=20m R=2
<~ <~
2.1 -R*+2-7-R-h=287 2.7-R*=8r h=>5.
Thé tich ctia hinh trula V =7 - R? - h = 207 cm®. O

2 HINH NON - HINH NON CUT

2.1 TOM TAT LY THUYET
2.1.1 Hinh nén

Cho tam gidc ITOM vuong tai O. Khi quay tam gidc ITOM mot vong quanh canh géc vuong O1
c6 dinh thi ta duge mot hinh nén.

e Diém I dugc goi la dinh ctia hinh nén.
e Hinh tron (O) dugc goi la day ctia hinh noén.
e Modi vi tri cia IM duge goi la mot dudng sinh ctia hinh non.

e Doan 70 dugc goi la dudng cao cua hinh noén.

2.1.2 Dién tich - Thé tich hinh nén

Cho hinh nén c6 ban kinh day biang r, duong sinh ¢ va dudng cao h.
e Dién tich xung quanh Sy, = 7rl.
e Dién tich toan phan Sy, = 7rf + mr?.

- 1
e Thé tich V = §7T7”2h.
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2.1.3 Hinh nén cut

Khi cit hinh nén bdi mot mit phang song song v6i day thi phan hinh nén nim gitta mat phing
néi trén va mat phang day duge goi 1a hinh nén cut.

e Hai hinh tron (O) va (O’) duge goi la hai day.

e Doan OO’ dugc goi la truc. Do dai OO’ 1a chiéu

Cao.

e Doan AC dugc goi la dudng sinh.

2.1.4 Dién tich - Thé tich hinh nén cut
Cho hinh nén cut c6 cac ban kinh day 1a r; va ro, chiéu cao h va duong sinh /.
e Dién tich xung quanh Sy, = 7(r1 + r2)l.

) 1
e Thé tich V = gwh(r% +riry +73).

2.2 BAI TAP

Bai 121. Cho tam gidc ABC vuong tai C. Biét BC' = a vi AC = b. Quay tam gidc vuong nay
mot vong lan lugt quanh canh BC va AC, duge mot hinh nén dinh B va mot hinh nén dinh A.

Hay so sanh ty s6 thé tich ctia hai hinh nén va tj s6 dién tich xung quanh ctia hai hinh nén Ay.

Loi giai.
Goi Vi, S; lan lugt 1a thé tich va dién tich xung quanh ctia hinh nén c6 dinh 1a B.
Goi Vs, S lan luot 1a thé tich va dién tich xung quanh ciia hinh nén c6 dinh 1a A.
1
‘/1 = —TCA2 -CB A
Khi d6 3 _hn_¢

SNt
Vy = éwBCQ-CA V,  BC
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S=nCA-BA g5 (CA
= —=—(2)
S, =nBC-AB S BC
V S
Tit (1) va (2) suy ra 7; = S—; O
Bai 122. Mot hinh quat tron c6 ban kinh 20 cm va goc ¢ tam 1a 144°. Ngudi ta uén hinh quat

nay thanh mot hinh nén. Tinh s6 do nita géc & dinh ctia hinh nén dé.

144°
20cm
Loi giai.
Do dai doan AB = 20 cm.
R R -20-144
Chieu dai cung trong hinh quat tron la e _ T = 167 cm.

180 180
Do chiéu dai cung trong hinh quat tron bang véi chu vi ctia hinh tron day nén

16m = 27 AC = AC = 8 cm.

— AC 8 2 —
Xét tam giac ABC vuong tai C' ta ¢6 sin ABC' = 1B -20"% = ABC = 23,6°. U

Bai 123. Mot hinh nén c6 ban kinh diy bang 5 cm va dién tich xung quanh la 657 cm?. Tinh
thé tich ctia hinh nén do.

Loi giai.

Do hinh nén c6 dién tich xung quanh bang 657 cm? nén

7T7’62657T<:>£:@I%:13CH1.
r

Tacé h =02 —r2=+132—-52=12 cm.

. 1 1
Thé tich hinh n6n 1&a V = gwrzh = 3 52.1271 = 1007 cm?. ]

Bai 124. Mot hinh nén c6 dudng sinh dai 15 cm va dién tich xung quanh 1 1357 cm?.
a) Tinh chiéu cao ctia hinh nén do.
b) Tinh dién tich toan phan va thé tich hinh nén do.

Lo giai.

a) Ta c6 Syq=7nrl = 7rl =135 & r = =9 cm.

15
Chiéu cao ctia hinh nén 1a h = V2 — 12 = /152 — 92 = 12 cm.
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b) Dién tich toan phan ctia hinh nén 1a Sy, = Sy + 7% = 1357 + 9?7 = 2167 cm?.
. 1 1
The tich cta hinh nén 14 V = §7r7“2h = 3 -92. 127 = 3247 cm?.

Bai 125.
Mot cai x6 hinh nén cut lam bang ton dé dung nude. Cac ban

kinh day 14 14 cm va 9 cm, chiéu cao 1a 23 cm.
a) Tinh dung tich cta x6.

b) Tinh dién tich ton dé lam x6 (khong ké dién tich cac chd
ghép).

Loi giai.
Dat ban kinh day 16n, day bé clia x6 lan luct 1a ry, ro. Suy rar; = 14 cm va ry = 9 cm.

1 1 9269
a) Dung tich ctia x6 1a V = §7rh(r% + 1y +73) = 3T 23(142 +14-9+9%) = T cm?.

b) Do dai dudng sinh ctia x0 1a £ = \/h2 + (ry — r9)? = /232 + 52 = /554 cm.
Dién tich ton dé lam xo la

S = Syq + 73 = w(ry + o)l + 7ry = (14 + 9)v/554 + 9*1 &~ 1955,19 cm?.
U

Bai 126. Tir mot khic gb hinh tru cao 15 cm, ngudi ta tién thanh mot hinh nén cé thé tich 16n

nhat. Biét phan gb bé di c6 thé tich 1a 6407 cm?.
a) Tinh thé tich khtc gd hinh tru.
b) Tinh dién tich xung quanh hinh nén.
Loi giai.
Hinh noén c6 thé tich 16n nhat khi day ciia hinh nén ciing la day ciia hinh tru va chiéu cao hinh
noén cing l1a chiéu cao hinh try.
a) Goi r la ban kinh ctia hinh tru. Khi d6 r cing 1a ban kinh ctia hinh nén.
Thé tich hinh tru 1a V; = 7r2h = 15727. : ;
2 1 7\ [
Theé tich hinh nén 1a V5 = §7T7”2h = 5r2r. '
Theé tich gb bé di la J

Vi — Vi = 6407 < 15r%1 — 5r®m = 6407 < 1> = 64 = r = 8 cm. P

Vay thé tich khtc gb hinh tru la V; = 15 - 821 = 9607 cm?®.
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b) Do dai dudng sinh ciia hinh nén 1a £ = /h2 + r2 = /152 + 8 = 17 cm.

Dién tich xung quanh ctia hinh nén 1a S,y = 7rf = 8 - 177 = 1367 cm?.

3 HINH CAU

3.1 TOM TAT LY THUYET
3.1.1 Hinh cau

Khi quay ntta hinh tron tam O ban kinh R mot vong quanh duong kinh AB ¢6 dinh thi dugc

mot hinh cau.

3.1.2 Cit hinh cau béi moét mit phing
e Khi cit hinh cau bsi mot mat phang ta dugc mot hinh tron.
e Khi cit mit cau ban kinh R bdi mot mat phang ta duge mot
duong tron
— Duong tron dé c6 ban kinh R néu mat phang di qua tam

(goi 1a dudng tron 16n).

— Dudng tron dé ¢6 ban kinh bé hon R néu mit phang khong

di qua tam.

3.1.3 Dién tich - thé tich
Cho hinh cau ban kinh R.
e Dién tich mat cau: S = 47 R2.

) . 4
e Thé tich hinh cau: V = §7TR3.
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3.2 BAI TAP

Bai 127. Mot hinh cau c6 s6 do dién tich mit cau (tinh bang cm?) ding biang s6 do thé tich
clia n6 (tinh bang cm?). Tinh ban kinh ctia hinh cau do.

Lot giai.

Goi R 1a ban kinh ctia hinh cau can tim (R > 0). Khi do

e Dién tich mit cau la S = 47 R?;
. . 4
e The tich hinh cau la V = §7TR3.
Vi hinh cau c¢6 s6 do dién tich mit cau ding bing s6 do thé tich nén
24 3
47 R :§7TR & R=3.

Vay ban kinh ctia hinh cau 13 R = 3 cm. U

Bai 128. Mot hinh cau ¢6 dién tich bé mit 1a 1007 m?. Tinh thé tich hinh cau dé.
Li giai.
Goi R 1a ban kinh ctia hinh cau can tim (R > 0).
Vi hinh cau c¢6 dién tich bé mat 1& 1007 nén 47R? = 100r < R? =25 < R =5.
b by 807

Vay thé tich ctia hinh cau 14 V = gwRS =37 5% = 3

Bai 129.

Cho tam giac déu ABC canh a, duong cao AH. Ta quay nita
duong tron noi tiép, nita duong tron ngoai tiép tam giac déu
nay va tam giac vuong ABH mot vong quanh AH, duge hai

mat cau va mot hinh nén. Tinh

a) Tisd dien tich hai m#t cau noi tiép va ngoai tiép hinh

z

non.

b) Ti s6 thé tich ctia hai hinh cau néi trén.

c) Thé tich phan khong gian gi6i han bdi hinh nén va
hinh cau ngoai tiép hinh noén.
Loi giai.
Goi R, r 1an luot 1a ban kinh ctia dudng tron ngoai tiép va noi tiép tam gidc ABC.
Vi AH la dudng cao trong tam giac déu ABC nén H la trung diem BC.
Xét ANABH vuong tai H, ta c6

AH? = AB®> — BH? = o* — (—
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3
Suy ra AH = %_.
Goi O la trong tam tam giac ABC.
Vi ABC la tam giac déu nén tam duong ngoai tiép va tam duong tron noi tiép tam giac chinh
14 trong tam O. Hon nita, AH 1a dudng trung tuyén trong tam gidc ABC, do d6
. R:OAngH:aT\/g.

or:OH:%AH:af.

o R =2r.

a) Goi Si, S lan lugt 1a dién tich mat cau noi tiép va ngoai tiép hinh nén. Khi dé

S1 Agrr? Arr? 1

S,  4wR? 4w(2r)2 4

b) Goi Vi, V5 lan lugt 1a thé tich hinh cau noi tiép va ngoai tiép hinh nén. Khi dé

4 3 4 3
‘/1_5777" 571'7' 1
Vy, 4 4 8]

§7TR3 §7T(27”)3

c) Ta co

, . ) 4 4 a*/3  4a*V/3
e The tich hinh cau ngoai tiep hinh nén la V, = §7TR3 = gﬂa 9\/_ = QQ;/_W‘
: 1 1 a® a3 V3
Theé tich hinh nén la V3 = -n- HB* - AH = -7+ — - —— =
e The tich hinh nén 1a Vs 37 3™ 5 51

.

Thé tich phan khong gian giéi han béi hinh nén va hinh cau ngoai tiép hinh nén la

4a3/3 a’y/3 23v/3ma?
T — T = .
7

V=Nh-V== 24 216
]
4 ON TAP CHUONG
Bai 130.
Cho mot hinh cau ndi tiép trong mot hinh tru. Cho biét dién tich mit @
cau 1a 60 cm?. Hay tinh: R :
a) Dien tich toan phan ctia hinh tru. I;i :’: 777777 t:::;

b) Thé tich hinh try. N
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Lai giai.
. 15

Ta c6 dien tich mat cau Sy = 60 cm? = 47R? = 60 & R =/ — cm.
T

Vi hinh cau nai tiép trong hinh tru nén

N 1
e Chieu cao hinh tru la h = 2R = 24/ —5
T

15
e Ban kinh ddy cta hinh tru la Ry, = R =1/ —.
T
a) Dién tich toan phan ctia hinh tru 1a
2
15 15 15
Stp = Sxq + 2S¢ =21 -\ — - 24/ — + 27 - <\/—> = 90 cm?.
T T T

b) Thé tich hinh tru la

2
1 1 1

V:ﬂRit-hzw-( —5> ~2\/—5:30\/—56m3.
s T T

O

Bai 131. Tam giac ABC vuong tai A ¢c6 BC' = 2a va B = 30°. Quay tam giac vuong nay mot
vong quanh canh AB ta dugc mot hinh nén dinh B. Chiing minh réng dién tich toan phan cla

hinh nén ay bang dién tich mat cau c6 duong kinh AB.

Loi giai.
Ta c6 B
e Chiéu cao hinh nén 1a h = AB = 2a - cos 30° = av/3. 300
e Ban kinh day ctia hinh nén la R = AC = 2a - sin 30° = a.
e Dién tich toan phan ctia hinh nén la
Stp:SXq—i-Sd:7T-a~2a+7r-a2:37ra2 (dvdt). AT o
e Dién tich mit cau c6 duong kinh AB 1a
2
AB\? 3
Sme = 47 (7> =47 (%) = 3ma? (dvdt).
Vay dién tich toan phan ctia hinh nén bang dién tich mit cau c6 duong kinh AB. O

Bai 132. Nguoi ta chia hinh tron (O;12 ¢cm) thanh hai hinh quat c¢6 cac s6 do cung la 120° va
240°. Tit hai hinh quat nay ngudi ta udn lai thanh hai hinh nén.

a) Tinh nita géc 6 dinh ctia mo6i hinh nén.
b) Tinh thé tich cia méi hinh non.

c¢) Tinh ti s6 dien tich toan phan ctia hai hinh nén.
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Lai gidi.

271

a) Goi I, A lan lugt 13 tam va mot diém niam trén dudng tron day clia hinh nén tao tit hinh

quat nho.

Goi J, B lan lugt 1a tam va mot diém ndm trén duong tron day ctia hinh nén tao tit hinh

quat 16n.
Ta c6
T R-n w-12-120°

Do dai tron nho la [ = = =38 :

e DO dai cung tron nho la 1307 180° T cm
[ 8
e Bén kinh day ctia hinh nén tao tit hinh quat nhé la R = or 2—7T =4 cm.
™ T

Xét AOITA tai [ TOA = 14 1 ! — TOA ~ 19°28'

o X¢é uong tai I c¢é sin = — == ~ .
vHons OA_ 12 3
Vay ntta géc ¢ dinh ctia hinh non (/) la TOA ~ 19°28'.
- 12 - 240°
e Do dai cung tron 16n 1a [ = WW — 167 cm.
e s ) s PN [ 16m
e Ban kinh hinh nén tao tit hinh quat 16n la R = o = or = 8 cm.
T T
JB 8 2

Xét AOJB t B = _Z

o Xét AOJB vuong tai O c6 sin JOB 50" 12" 3

Suy ra nita gbc & dinh ctia hinh nén tao tit hinh quat I6n la JOB ~ 41°49’.

. 128m+/2

b) + The tich ctia hinh nhé 1a V; = —7rR2h = 377 42 .4/122 — 42 = V2 cm?.
. 1 1 2567V 5

+ Theé tich ctia hinh 16n 1a V5 = §7TR2h =37 82.41/122 — 82 = ;T\/— cm?.

¢) + Dien tich toan phan ciia hai hinh nhé 1a S; = Sy + Sq =7 -4 - 12+ 7 - 42 = 647 cm?

+ Dién tich toan phan ctia hai hinh 16n 14 Sy = Sxq+Sa=m-8-12+ - 82 = 1607 cm?

S 64 2
Ti s6 dién tich toan phan ctia hai hinh nén la F; = ﬁ =z

Bai 133.
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Mot vat thé c6 dang hinh tru (H;) ban kinh dutng 2a “
tron day va chiéu cao ctia n6 déu bang 2a cm. Nguoi
ta khoan mot 16 ciing ¢6 dang hinh tru ¢6 ban kinh : ‘
day va do sau déu bang a cm. i ! i a
a) Tinh the tich phan vat the con lai. It -
b) Néu ta son cd bén trong lan bén ngoai vat T
thé thi dien tich vat thé dudc bao phi 1a bao
nhiéu?
Loi giai.
. . R
Goi R, r lan lugt 1a 1a ban kinh hinh tru va 16 khoan hinh tru. Khi dé ta ¢c6 R = 2a var = 5= a.
. . . h
Goi h, h' lan lugt 1a chieu cao cua hinh tru va 16 khoan hinh try. Suy ra h = 2a va b/ = o a.
a) + Thé tich hinh tru (Hy) 1a Vi =7 - R?-h =7 - 2a - 2a = 47a® cm?.
+ Thé tich 16 khoan hinh trula Vo =7 -r2- W =7 -a-a = ma® cm?.
+ Thé tich phan vat thé con lai la V = Vi — Vo = 37a? cm®.
b) + Dién tich toan phan cta hinh tru (Hs) la
Sipion = 2mRh+ 2nR% =21 - 2a - 2a + 27 - (2@)2
= 16ma® cm?.
+ Dién tich xung quanh cua 16 khoan hinh tru la
Seqnhe = 27rh' =27 - a - a = 2ma®.
+ Dién tich vat thé dudc bao phti la
Sip1on T Oxq nhe = 16ma® + 2ma® = 187a* cm?.
O
Bai 134.
Cho hinh lang tru ding c6 day 1a luc gidc déu canh a, chiéu cao lang ‘ ‘
tru 1a h. Xét hai hinh try, mot hinh c6 day 1a hinh tron noi tiép day | i
lang tru, mot hinh c¢6 day 13 hinh tron ngoai tiép day lang tru. Chiéu i |
cao ciia hai hinh tru nay déu bang chiéu cao ctia hinh lang tru. l i
a) Tinh Sy, ciia hai hinh try do. 2Ty
M E

b) Tinh ty s6 thé tich, ti s6 Sy, ctia hai hinh tru. Tim sy lién he G

gitta hai ty s6 do.
Loi giai.
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a) Goi R, r lan luot 14 ban kinh duong tron ngoai tiép, dudng tron noi tiép luc giac déu;
M 1a trung diém GE.
Xét tam gidgc OGE c6 OG = OF = R va GOE = 60°.
Suy ra tam gidc OGE déu. Do d6 R=GE =a;r = OM = aﬁ.

2
+ Dién tich xung quanh ctia hinh tru c6 ddy 1a hinh tron noi tiép day lang tru la

51:27r-r-h:7rah\/§.
+ Dién tich xung quanh ctia hinh tru c6 day Ia hinh tron ngoai tiép day ling tru la

Sy =27+ R-h = 2mah.

2 P .z 3 2h
b) The tich ctia hinh tru c¢6 day la hinh tron ndi tiép day lang tru la V; = mr2h = WZ )
Thé tich clia hinh tru c6 day la hinh tron ngoai tiép day lang tru 1a Vo = nR?h = wa’h.
3ra’h
Vi 4 3

S = = -.
uy ra V5 maZh 4
B Sl 7TCLh\/§ \/§
Taco = = = —.
SQ 2mah 2
Ta thay ty s6 thé tich ctia hai hinh tru la binh phuong ctia ty sé dién tich xung quanh ctia

hai hinh tru dé.

Bai 135.
Mt cit chia truc ctia mot hinh tru 1a mot hinh vuong. Hinh tru nay c6 ®
s6 do dién tich xung quanh (tinh biang m?), ding bing s6 do thé tich (tinh ‘

bang m3). Tinh dién tich xung quanh ctia hinh tru nay.

Loi giai.

Do mit cit chita truc ciia hinh tru 1a mot hinh vuong nén ta c6 h = 2R.

Dién tich xung quanh ctia hinh tru 13 S = 27 Rh = 27 R - 2R = 47 R? m?.

Thé tich ctia hinh trula V = 7R?h = 7R? - 2R = 27 R® m>.

Theo gia thiét S =V < 4rR* = 2rR3* < R =2 m.

Vay dién tich xung quanh ctia hinh tru 1a S = 47 R? = 167 m>. O
Bai 136. Mot hop banh hinh tru c6 chiéu cao nhé hon ban kinh déay 1a 1,5 cm. Biét thé tich
ciia hop 1a 8507 cm?, tinh dién tich vé hop.

L&i giai.



CHUONG 4. HINH TRU - HINH NON - HINH CAU 274

Goi h, R (cm) lan lugt 14 hiéu cao, ban kinh day ctia hop banh hinh tru (h, R > 0).
Tacoh=R—15.
Theé tich ctia hop 1a V = 8507

= mR*h = 850 < wR*(R—1,5) = 8501 < 2R® — 3R* — 1700 = 0
& (2R —20R?) + (17R? — 170R) + (170R — 1700) = 0
& 2R*(R—10) + 17R(R — 10) + 170(R — 10) = 0
& (R—10)(2R*+17TR+170) =0
R =10 (nhan)
2R* +17TR+170 =0 (vo nghiem do A = —1071 < 0).

V6i R =10 cm ta ¢6 h = 8,5 cm. Vay dién tich vo hop la
Sip = 27 Rh + 27 R* = 270 - 10 - 8,5 + 27.10% = 3707 cm?.

4

Bai 137. Mot hinh tru c6 dién tich toan phan gap hai lan dién tich xung quanh. Biét ban kinh
day hinh tru 14 6 cm. Tinh thé tich hinh tru.

Loi giai.

Hinh try c6 dién tich toan phan gap hai lan dién tich xung quanh nén dién tich hai day bang
dién tich xung quanh.

Ta c6 2rRh = 2rR?> & h = R = 6 cm.

Vay thé tich hinh tru la V = 7R*h = 7 - 62 - 6 = 2167 cm?. ]

Bai 138. Mot hinh tru c¢6 thé tich 200 cm?®. Gidm ban kinh day di hai lan va ting chiéu cao lén

hai lan ta dudge mot hinh try méi. Tinh thé tich hinh tru nay.

Loi gii.
Ta c6 V = mR?h = 200 cm?.
R
Hinh tru méi c6 cac kich thuée 1a b’ = 2h, R’ = 3
v R\? R*hV
Thé tich hinh tru méi V' = 7#R?h/ =7 - <§> -2h = T 5 =g = 100 cm?. O

Bai 139. Mot khic gb hinh tru ¢6 duong kinh day 1a 4 dm va dai 5 dm. Tu khic gb nay ngudsi
ta xé thanh mot cay cot hinh lang tru ding c6 day la hinh vuong 16n nhat. Tinh thé tich phan
g0 bi loai bo di.

Loi giai.
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Vi mat day ctia hinh lang try 13 hinh vuong 16n nhat nén B
AC =4 = ABV2 =4 = AB = 2/2(dm).

) N 2

The tich go cua hinh lang tru la Vi = <2\/§) -5 =40 (dm?). A 0 C
Thé tich ctia cay cot 1a V = 7R*h = m-22-5 = 207 (dm?).
Theé tich phan gd bi loai bd 1a

V — Vip = 207 — 40 ~ 22,832 (dm®).
O

Bai 140. Cho tamg giac ABC vuong tai A, AB = 12 cm, AC' = 16 cm. Quay tam gidc nay mot
vong quanh canh BC. Tinh dién tich toan phan ctia hinh tao thanh.
Loi giai.

Goi AH la dusng cao AABC. Ta c6

I 1+1 _1+1_25 Loap - /2304 48
AH?  AB? AC? 122 162 2304 B 25 5

Khi quay tam gidc ABC vong quanh canh BC' tao thanh hinh 4 ¢

gom hai hinh nén c6 duong sinh lan lugt 1a ¢, = BA va ly = CA.

Do d6 dién tich toan phan ctia hinh tao thanh 1a

Stp = TAH£1+7TAH€2

= WAH(fl—FgQ)
13447

48
= W-g-(12+16): (cm?).

0
Bai 141. Mot déng cat hinh nén c6 chu vi day 1a 12,56 m. Néu ding xe cai tién dé chd thi phai
can 10 chuyén méi chuyen hét déng cat dé. Biét mdi chuyén xe cai tién chd duge 250 dm?. Tinh
chiéu cao ctia déng cat (lam tron dén dm).
Lot gisi.
Thé tich ctia khéi cat 1a V = 250 - 10 = 2500 dm?.

12,56
Ban kinh ctia mat day 1a r = —— =~ 2m = 20 dm.

T
3V 732500
a2 202

1
TacoV = gm‘?h = h = ~ 5,97 dm.

Bai 142.



CHUONG 4. HINH TRU - HINH NON - HINH CAU 276

Martini glass 14 mot loai ly dung rucu c6 chan cao, phan dung rucu la

. L .1
mot hinh nén. Biét rugu trong mot chiec coc dang nhu trén cao den 3
chiéu cao ctia coc. Biét thé tich ctia rugu trong coc 1a 2 cm?. Tinh thé tich

cua coc.

Lot giai.
Goi chiéu cao va ban kinh ctia phan hinh nén cia coc 1a h, R.

N R . 1 ,
Khi d6 chieu cao ctia phan rugu trong coc la —h, va goi ban kinh la r.

2 N 1
Ta c6 the tich phan rugu la Vi = 3 Ter?. gh =2 = 7r’h =18.
Vi phan rugu cao dén 3 chiéu cao ctia coc nén R = 3r.
. . 1 1
Vay the tich ctia coc 1a V = §7TR2h = §(3r)2h = 3nr?h = 54 cm?. O

Bai 143. Mot hinh nén c6 mit cit chia truc 1a mot tam gidc déu. Ching minh rang dién tich
xung quanh bang hai lan dién tich day.

Loi giai.

Gia st tam giac déu c6 canh bang a. Khi d6 ta c6 dudng sinh A

¢ = a va ban kinh day r = g. Suy ra

a a’r

e Dién tich xung quanh la Syq = 7l =7 - 3 -

S
Il

IS
1=

2
e Dién tich mat day 1a S = mr? = 7 - (%) =

~|

Suy ra Syq = 295.

Bai 144. Mat cit chita truc clia mot hinh nén 1a mot tam gidc déu. Chiing minh rang dién tich
toan phan ctia hinh nén bang dién tich mit cau c6 duong kinh biang chiéu cao ctia hinh noén.
L giai.

Gia st tam gidc déu c6 canh bang a.

Khi d6 hinh nén c6
e Duong sinh ¢ = a.

e Ban kinh day r = %.

3
e Chiéu cao h =2 —r2 =4/a2? — (g) _ a\2/§.
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Dién tich toan phan ctia hinh nén la

2 3qg2
Stp:WT€+7T7“2:7T'C—L'a+7T<g> =T

2 2 4
Dién tich ctia mit cau c6 duong kinh bang aT 1a

a3 * 34

SmC:T('dQZTF(T) =1

Vay Sip = Sme- O
Bai 145.
Mot binh thiy tinh hinh tru chita nude. Trong binh ¢6 mot vat ran hinh
cau ngap hoan toan trong nude. Khi ngudi ta lay vat ran do ra khoéi binh - /T\\\\
thi myc nuéc trong binh gidm di 48,6 mm. Biét duong kinh bén trong ctia //:,,———J;- *\\\\\\
day binh 14 50 mm, tinh ban kinh ctia vat hinh cau. '\{{::7"‘:7"::},

Loi gidi.

Thé tich clia hinh cau bing thé tich ctia phan hinh tru c6 myc nuéce giam di 48,6 mm.
2 > N 4

The tich cta hinh cau la V,,. = §7TR3.

Thé tich phan hinh tru c6 muc nuéc giam di 48,6 mm la

50
V=mr’ h=m 486 =1215m

4 3.1215 3. 1215
12157 = 7R3 = R3 = 2227 L p— /2207 9 70 mm.
3 47 47

Suy ra

5 ON TAP HOC KI II

Bai 146. Cho duong tron (O). Tit mot diem M bén ngoai dudng tron vé cac tiép tuyén M A,
MB (A, B la tiép diém) va cat tuyén MCD khong di qua O.

a) Ching minh rang: MA? = MC - MD.
b) Tia phan gisc CAD cit CD tai E va (O) tai F. Chiing minh: OF L CD, MA = ME.
¢) Ching minh ring: BE la tia phan gidc CBD.

d) Dudng thing OF cit CD tai K va cat AB kéo dai tai N. Ching minh: OK - ON = QA2
Suy ra NC, ND la cac tiép tuyén cta (O).
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Lai gidi.

a) Chiing minh rang: MA? = MC - MD.
Xét AMAC va AMDA, ta co:

o AMC = DMA la goc chung (1).

o Taco CAM = %sd@ (goc tao bdi tiép tuyén va day cung).
Ma MDA = CDA = %sdz/él—C\’ (goc noi tiép ctia dudng tron (O)).
= CAM =CDA (2).

Tu (1) va (2) suy ra AMAC «~ AMDA (g-g).

MA  MD ,
NiC = apd = MA*=MC - MD.

Suy ra
b) Vi AF la tia phan giac CAD nen CAF = DAF = sdCF = sdDF = CF = DF.

Ma OC = OD.

Suy ra OF la duong trung truc cua C'D.

Vay OF L CD.

Chitng minh MA = ME:

Ta co

MAE = MAF = %sd@ (goc tao bdi tiép tuyén va day cung).

ADF = %sdﬁ (goc nai tiép duong tron (O)).

= MAE = ADF (3).

Xét AAEC va AADF, ta co
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o CAE = DAF (AF la tia phan gidc goc @)

o ACE = AFD (hai gbc noi tiép cing chan cung ;17))

= ANAEC «~ ANADF (g-g).

— AEC = ADF (hai goc tuong tng) (4).
Tu (3) va (4) suy ra AEC = MAE.

Suy ra AMAFE can tai M, nen MA = ME.

Chiing minh rang: BE 1a tia phan giac CBD.

Ta ¢6 MB = MA = ME = MEB = MBE = MBC + CBE.

Mit khic MEB = EBD + EDB (géc ngoai ctia tam gidgc AEBD).
Ma EDB = MBC (cuing bang %sd@).

= CBE = EBD.

Vay BFE la tia phan giac cua goc CBD.

Duong thing OF cit C'D tai K va cit AB kéo dai tai N. Chitng minh: OK - ON = O A2
Suy ra NC, ND la céc tiép tuyén ctia (O).

Goi I 1a giao diém ctia AB va OM. Ta c¢6 OI 1. AB.

Xét ti gide MAKO, ta co

o MAO = 90° (tiép tuyén vuong goc véi ban kinh).

o MKO = 90° (ching minh cau b).

= MAKO noi tiép (hai dinh ké cing nhin canh d6i dién bang mot goc c¢6 sé6 do béang
nhau).

= KMO = OAK.

Mat khac KMO = ANO (cung phu véi m)

= ANO = OAK.

ANO = OAK
Xét AANO va AKAO,tac6 ¢ = AANO «~ AKAO (g-g).
NOA = AOK
OA OK )

— 0C? = OK -ON (vi OA = OC).

Mat khac CK la duosng cao AOCN.

Do d6 OC L. CN = NC la tiép tuyén ctia (O).
Chitng minh tuong tu N D ciing 1a tiép tuyén cta (O).
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Bai 147. Tu diém A & ngoai dudng tron (O; R), ké hai tiép tuyén AB va AC véi dudng tron
(B, C 1 hai tiép diém). Dudng thang BC cit AO tai I. Tia AO cit dudng tron (O) tai M va
N. Mot cat tuyén qua A cit (O) lan lugt tai F va F. Chiing minh rang:

a) AC? = AE - AF.

b) AE - AF = AO - Al

c) Tu giac EIOF noi tiép.
d) MIF = EIN.

Lai gidi.

a) Xét AAEC va ANACF, ta c6:

o BAC = CAF (géc chung) (1).

o Taco ACE = %sdf@ (goc tao bdi tiép tuyén va day cung).
AFC = EFC = %sdf@ (gbc noi tiép).
= ACE = EFC (2).

Tu (1) va (2) suy ra AAEC «~ AACF (g-g).
AC AF ,

b) AE - AF = AO - Al
Ta c6 AACO vuong tai C, CT 1a dudng cao néen AC? = Al - AO (hinh chiéu canh goc
vuong lén canh huyén).
Theo cau a, ta c6 AC? = AE - AF.
Suy ra AE - AF = AO - Al.
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¢) Tit giac EIOF noi tiép.
Taco AE - AF = Al - AO =
= ANAEI ~ ANAOF
= AIE = AFO.
Ma AIE + EIO = 180° = AFO + EI0 = 180° hay EFO + EIO = 180°.
Suy ra t1 giac EIOF nai tiép (tong hai goc d6i dién bing 180°).

AE 40
Al AF

d) MIF = EIN.
Ta c6 MIF = EIF + EIM, EIN = EIF + FIN.
EIM = EFO (do EIOF ndi tiép, goc trong bang goc d6i ngoai)

Do { FIN = FEO (cing chin cung FO)

FEO = EFO (tam gidc OF FE can tai O).
— EIM = FIN.
Suy ra MIF = EIN.

4

Bai 148. Cho duong tron (O; R). Hai dudng kinh AB va C'D vuong géc nhau. Trén OA lay
diém M khong trung O. Duong thang CM cit (O) tai diém thit hai 1a N. Dudng vuong goc voi
AB tai M cit tiép tuyén véi (O; R) tai N la P.

a) Chiing minh t1t gihc OM N D noi tiép duge trong duong tron. Xac dinh tam va ban kinh.
b) Chiing minh rang: ACOM «~ ACND. Tinh tich CM - CN theo R.

¢) Ching minh rang: P thuoc duong tron ngoai tiép tit gihc OMND. T d6 ching minh
CM PO la hinh binh hanh.

d) Tinh theo R phan dién tich giéi han bdi hai tiép tuyén AE, DE va cung nhd AD.

Lai giai.
c
AM 0 B
N
I
E
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a) Chiing minh t gidc OM N D noi tiép duge trong duong tron. X4c dinh tam va ban kinh.
Xét ti gihc OMND, ta c6

e MOD = 90° (hai duong kinh vudng géc).

e MND=CND = 90° (goc noi tiép chan nita duong tron).

= OMND noi tiép.
Vi MOD = 90° nén MD 1a duong kinh cia duong tron, do dé tam cua dudng tron ngoai
tiép tt giac OMND la trung diém ctia M D.

b) Ching minh rang: ACOM «~ ACND. Tinh tich CM - CN theo R.
Xét ACOM va ACND, ta co

e OCM = NCD (g6c chung).

e COM = CDN = 90°.

= ACOM «~ ACND (g-g)

cCM CO 2
:>C—D—C—N:>CM~C'N—CD-CO—2R-R—2R.

¢) Chiing minh rang: P thuoc dudng tron ngoai tiép tit giac OMND.
Xét ti gidc OM NP, ta c6

o PMO = 90° (hai duong kinh vudng goc).

e PNO = 90° (tiép tuyén vuong goc v6i ban kinh).

Suy ra OM N P noi tiép.

Ma tit gidc OM N D noi tiép (chitng minh cau a), nén nam diém O, M, N, D, P ciing nim
trén mot duong tron.

Vay diém P ciing thuoc dudng tron ngoai tiép tit gihc OMND.

Ching minh CM PO la hinh binh hanh:

Ta ¢6 OC L ABva MP L AB nén OC | MP (1),

Xét hai tdm vuong AMOP va AOMD, ta c6

e OP = M D (duong kinh dudng tron ngoai tiép tit giac OM N D).
e MO la canh chung.

= AMOP = AOMD (canh huyén - canh géc vuong)

= MP=0D.

Ma OD = OC' (ban kinh duong tron (0)), do d6 MP = OC (2).
Tu (1) va (2) suy ra ti giac CM PO la hinh binh hanh.



CHUONG 4. HINH TRU - HINH NON - HINH CAU 9283

d) Tinh theo R phan dién tich gi6i han bdéi hai tiép tuyén AE, DE va cung nho AD.
ViOA L OD nén AE 1 ED. Do dé tit giac OAED la hinh vuong.
Dién tich hinh vuong OAED 1a Sy = OA? = R2.
L . . . 7-R2.90 7R?
Dién tich hinh quat tron OAD la S, = =

360 4
N 2 4 — 2
Dién tich can tim 1a S = S; — Sy, = R? — ﬂf = ( I)R (dvdt).

O

Bai 149. Cho AABC ¢6 ba goc nhon noi tiép duong tron (O; R). Dudng cao AD ctia AABC
cat (O) tai E. Trén doan DA lay diem H sao cho DH = DE. Tia BH cat canh AC tai K va
cat duong tron (O) tai F.

a) Chiing minh Tt giac CDH K noi tiép duge suy ra H 1a tryc tam AABC.
b) Ching minh rang DK || EF.
¢) Ching minh rang OC' 1 DK.

. 1
d) Cho biet DK = QAB. Tinh DK theo R.

Lai gidi.
A
F
I
K
H
B Y5 c
E

a) Chiing minh Tt giac CDHK ndi tiép duge suy ra H 1a tryc tam AABC.

DH = DFE (gt)
Ta c6 = BC la duong trung tryc cia HE.
HE 1 BC (AD la dudng cao AABC)

— BH = BE = ABHE can tai D, nen BEH = BHE  (1).
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Ta lai 6 ACB = AEB = %sd@ (goc noi tiép)  (2).

Tu (1) va (2) suy ra BHE = ACB = HCD.

Xét tit giac CDHEK, ta c6 DHK + HCD = DHK + BHE = 180°.

Suy ra tit gidc CDHK noi tiép.

Ma HDC = 90°, nén HKC = 90°

= BK 1 AC.

Khi d6 H la giao diém ctia hai duong cao AD va BK nén H la tryc tam AABC.

Chiing minh rang DK || EF.
Ta c6 BAE = BFE (goéc noi tiép cling chan cung ﬁ)
Xét tit giac AKDB, ta c6

o AKB = 90° (BK la dudng cao).
e ADB = 90° (AD la duong cao).
Do dé, tit gidc AK DB noi tiép.
= BAE = BAD = BKD (hai g6c noi tiép cting chan cung Eb)
Suy ra BFE = BKD.
Vay DK || EF (hai goc dong vi).
Chttng minh rang: OC L DK.

Ta c6 KBC = DAC (cung phu véi goc A/C’\B) = FC = EC = FC = EC.
Do d6 C nim trén duong trung tric ciia doan thang EF (1),

Lai c6 OF = OF = R nén O nam trén duong trung trie ciia doan thang EF  (2).

Tit (1) va (2) suy ra OC' la dudng trung tryc clia doan thiang EF = OC 1 EF.
Suy ra OC L DK (vi EF || DK).

P 1 2 2
Cho biet DK = §AB. Tinh DK theo R. Goi [ la trung diém ctia doan thang AB.

1 .
AABD vuong tai D nén ID = §AB (duong trung tuyén tam gidc vuong).

1
Tuong tu I K = §AB.

Do d6 ID = IK = DK = ADIK déu = DIK = 60°.
Xét tit giac ABDK, ta cb

° A/D\BZQOO.
e AKB = 90°.

284

Suy ra ABDK noi tiép duong tron tam I (hai dinh ké cting nhin canh déi dien mot goc

bang nhau).
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Do d6 DAK = %1717( — 30°.

Ma AADC vuong tai D nén AC'D = 60°.

Mat khéc AOB = 2ACB = 2ACD = 2 - 60° = 120°.

AAOB can tai O nén OI la duong trung tuyén ciing 1a duong cao va dudng phan giac, do
d6 AOT = %A/O\B — 60°

%

= JA=0A sin AOI = R - sin60° = 5

Dod()DK:%AB:IA:RT\/g.

U

Bai 150. Cho duong tron (O; R) va mot diém A & ngoai dudng tron sao cho OA = 2R. Tit A
vé hai tiép tuyén AB, AC dén (O) (B, C 1a hai tiép diém).

a) Chiing minh rang t gidc ABOC noi tiép.

b) Goi M la trung diem ctia AB. Dudng thang CM cat duong tron (O) tai N. Chiing minh
rang MB?* = MC - MN.

c¢) Dudng thang AN cit dusng tron (O) tai D, (D # N). Chitng minh ABC D 1 hinh thoi.
d) Duong thang DM cit OB tai E. Tinh dién tich AEDN theo R.

Loi giai.

a) Ta c6 AB, AC la hai tiép tuyén cit nhau tai A nén AABO va AACO la hai tam giac
vuong lan lugt tai B va C. Do AABO va AACO la hai tam gidc vudng cuing canh huyén
nén ti giac ABOC noi tiép duong tron duong kinh AO.

B/]W\Nchung
b) Xét AMBN va AMCBtac6y 1 ___.
MBN:MC’B:§sd BN
MB MN
Vay AMBN ~ AMCB (g-g). Khi d6 — = = MB?= MC - MN.

MC  MB
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B 1 —_ — .
O el = — = BAO = 30°. Do AO la phan gidc BAO (tinh chat hai

c) TacosmBAO—OA 2R3
tiép tuyén cat nhau) nén BAC = 60°. Ma AABC can tai A nen AABC la tam gidc déu.
Mit khac M 1a trung diém AB nén C'N la phan giac ACB (dudng trung tuyén ciing la
duong phan giac tam giac deu ABC). Vay MCA = MCB.
Do MBN = MCB nén MCA = MBN.
Khi d6 sd BN = sd CN nén BCN = CBN (hai goc chén hai cung c6 s6 do bang nhau).
Vay ANBC can tai N. Do do NB = NC.
Ta ciing ¢6 AB = AC(tinh chét hai tiép tuyén cat nhau), OB = OC(= R) nén A, O, N
thang hang (cting nam trén dudng trung tryc doan BC).
Vay DN la dudng kinh dudng tron (O).
Tit day thdy BDA = BCN = 30° = BAD.
Suy ra BA= BD = DC = AC (trung truc).
Vay ABCD la hinh thoi (t gidc ¢6 bon canh bang nhau).

N . 1
d) Goi H, H' lan lugt 1a hinh chiéu cia E, M 1én DA. Khi d6 Sgpy = 3 EH-DN.
MH  AM 1
Bl — AB 2

2
SuyraMH’— -vOB? - 0OI? = 1 2— g R\/_

Ta co MH'" || BI (cung vuong géc AO) nén

(Thales).

CM 1L AB (trung tuyén tam gidc deéu)
Ta co = OB || MN = NME = OED.

OB 1 AB

NME = @(cm‘c)
Xét ADOE va ADNM taco { = ADOE ~ ADNM (g - g).
M DN chung
DE DO 1
DM DN %E EH 1
Ta c6 EH || M H' nén DM ME -3 (Thales).
1
Vay EH = -MH' = RV3
2 8
1
Vay SEDN = 5 EFH-DN =

Khi do

R2/3

2R =
8

l\:)ln—
oo‘m
B

U
Bai 151. Cho dudng tron (O; R). Mot diém T nim ngoai dudng tron. Ké cat tuyén cit (O) tai
A va B (A nam gitta T va B). Cac tiép tuyén vé6i (O) tai A va B cat nhau tai M. Ha MH 1 OT,
MH cit AB tai N, K la trung diém ctia canh AB.

a) Chiing minh ring tt giac OAM B noi tiép va H ciing thuoc dudng tron ngoai tiép ti giac
OAMB.

b) MN céat dudng tron tai C' va D (C nam gitta M va D). Chiing minh ADB = AHN va
TA-TB=TK-TN=TH-TO.
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c)

d)

Chting minh rang t giac CKOD nai tiép.

Chiing t6 TC va T'D la tiép tuyén (O).

Lai gidi.

a)

Ta ¢c6 AOBM va AOAM la hai tam gidc vuong c6 cung canh huyen OM (do M B, M A
1a hai tiép tuyén ctia (0)). Vay tic giac OAM B nai tiép duong tron duong kinnh AM.
Ta c6 OH L OT nén AOMH vuong tai H, canh huyen OM. Vay H thudc dudng tron
duong kinh OM ngoai tiép tit gidc OAM B.

£ —_ —_— —_— 1 —_—
Do H thuoc dusng tron ngoai tiep tit giac OAM B nén AHN = AHM = ABM = §sd AM.
Mt khac ADB = ABM (géc noi tiép va goc tao bdi tiép tuyén va day cung (O)) nén
ADB - AN,
THA + AHN — 900 — — — —
Taco¢ ma AHN = ABM (cmt) néen THA = OBT.

OBT + ABM = 90°
THA = OBT (cmt)

Xét ATHA va ATBO tac6 < = ATHA ~ ATBO (g - g).
AT H chung
... TH TB B

Ta c6 OKN = 90° do K 1a trung diém AB (quan hé duong kinh va day cung). VayAOK N
va AOHN la hai tam giac vuong c¢6 chung canh huyén ON nén ti gidc OK N H noi tiép.
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Suy ra TOK =TNH (goc trong va gbc ngoai goc ddi dien).
TOK =TNH (cmt)

Xét ATOK va ATNH taco{ = ATOK ~ ATNH (g - g).
OTN chung
. TN TH B

Tit (1) va (2) suyra TA-TB=TK - TN =TH - TO.

Tacé]\m:m:sd ZXE’

D/M\Achung
Xét AMCAva AMAD taco{ — AMCA ~ AMAD (g -g).
MAC = MDA (cmt)
AM  CM
Khi d6 — = — = MC-MD = AM?>.
ido DM AL C (3)

Xét AOBM vuong tai B, duong cao BK, ta c6 MK - MO = MB?. (4)
Do MA = MB (tinh chat hai tiép tuyén ciat nhau)

N MC MK
Neén tit (3), (4) suy ra MC’-MD:MK-MO(:)M—O =D
C/]\/[\Kchung
Xét AMCK va AMOD tacé § vro MK = AMCK ~ AMOD (c-g c).
0~ MD (cmt)

Khi d6 CKM = MOD. Vay ti giac CKOD noi tiép.

Ta c6 AOAB can tai O nén @ = O/B\A
— — 1 —_ . — —
Mat khac OAB = OHB = §sd OB (tt giac OBAH noi tiep). Vay OBA = OHB.
BOH chung
Xét AOBH va NAOTBtac6 = AOBH ~ AOTB (g - g).
OBA = OHB (cmt)
—OB—OD— OH -OT = OC?
Knido 22 = 98, oi . or — oz 24=0n=00=r,
OB 0T OH -OT = OD”.

Vay AOCT va AODT lan lucgt 1 hai tam giac vuong tai C va D. Suy ra TC va TD la
tiép tuyén (O).

0

Bai 152. Cho AABC c¢6 3 goc nhon nai tiép duong tron (O). Ba duong cao AD, BE, C'F cat
nhau tai H.

a)

b)

c)

Chiing minh rang t giac ABDE noi tiép va ADE = ABE.
Vé dudng kinh AN ctia duong tron (O). Ching minh t@ gidc BHCN 1a hinh binh hanh.

Goi I 1a giao diém ctia AD va EF. Ching minh ring IE - DF = IF - DE.

d) Goi G la trong tam ctia AABC va M la trung diém ctia AG. Tinh dién tich AAMO theo

dién tich AAHN.



CHUONG 4. HINH TRU - HINH NON - HINH CAU

Lai gidi.

N
LR
ﬂ!ﬁi\“é

a) Xét tit giic ABDE c6 ADB = AEDB = 90°.
Suy ra tit gidc ABDFE noi tiép duong tron duong kin AB.
Khi d6 ADE = ABE (goéc nai tiép cling chian AE ciia duong tron duong kinh AB).

b) Ta c6 AANB, AANC nai tiép duong tron tam O duong kinh AN.
Vay AANB, AANC lan luot vuong tai B va C.
HC 1 AB(CH la duong cao AABC)

Ta co = HC | NB.
AB 1L NB
BE 1 AC (BEla duong cao AABC)

Ta co = BE | NC.
AC L NC

Vay BHC'N la hinh binh hanh.

¢) Xét t gisc BFHD c6 BFH + BDH = 180°.
Suy ra tit gidc BFHD noi tiép duong tron duong kinh HB.
Khi 46 FBH = FDH (goc noi tiép cling chin FHecta duong tron dudng kinh H B).
Xét ti giac DHEC noi tiép duong tron duong kinh HC'.
Tac6 HDE = HOE (goéc noi tiép cling chian HE ciia duong tron duong kinh H C).
F/B\E:P{D\I;jf)\E:F/C\E(cmt) o
Ta c6 1 = FDI =1DFE.

——

FBE = FCE = sd FE
Vay DI la duong phan giac FDE.
DF IF

Khi dé DE - 1B (tinh chat duong phan giac) nén IE - DF = IF - DE.

d) Goi K la trung diém BC.
2
Xét AABC ta ¢6 G la trong tam cuia AABC nén G € AK va AG = §AK'
Ta c6 BHCN la hinh binh hanh véi K 1a trung diém cia BC.

289
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Suy ra K la trung diém ctia HN. Vay AK la duong trung tuyén cia AAHN.
2
Ma AG = §AK (cmt) nén G la trong tam ctia AAHN.

Vay H, G, O thang hang va HO la duong trung tuyén ctia AAHN.
. HG 2 d(H;AN) 2 Saun

Tac) —=-=> ———= =

HO 3 7~ d(G;AN) _§$SAGN_§.
G(_)i SAHN:SZ>SAGN:§S-

Xét thay MO la duong trung binh cia AAGN.

AM A0 OM 1, ., . .
0 - AN - CN ~ 3 (hé qué dinh 1y Thales).
Vay AAMO ~ ANAGN (c-c-c). Suyra

Suy ra

Samo 1 1
=—.Vay S =-S5 =
Shon 1 ay OAMO 1 AGN

3
55— =S.

1
4 8

l

R
Bai 153. Cho dudng tron (O; R), duong kinh AB. Kéo dai BA mot doan AE = 7 Tu E vé
tiép tuyén EM clia dudng tron (O) (M la tiép diém) lan lugt cit tiép tuyén Az va By cla (O)
tai hai diem C va D.

a) Chiing minh rang AC' + BD = CD va COD = 90°.
b) Chiing minh rang AC - BD = R?.

c) Ve MH 1 AB va vé duong kinh MON, EN cat (O) tai F khac N. Chiing minh rang ti
gidc MHFE noi tiép.

d) AN cit BF tai K. Tinh AK - AN + BK - BF theo R.

Lai gidi.
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a)

Ta c6 C'A va C'M 1a hai tiép tuyén cia duong tron (O).
Suy ra AC = MC va OC la tia phan giac MOA (tinh chat hai tiép tuyén cdt nhau).
Ta c6 BD va DM 1a hai tiép tuyén ctia duong tron (O) tai B va M cat nhau tai D.
Suy ra DM = DB va OD la tia phan giac MOB (tinh chat hai tiép tuyén cit nhau).
Ta 6 CM + DM = CD. Ma DM = DB v AC = MC (cmt) nén AC + BD = CD.
Ta c6 A, O, B thing hang nén MOA + MOB = 180° (cmt).

MOC = S10A
Ma{ %/\ (OC va OD lan lugt 1a phan giac MOA, MOB).

MOD = §MOB
Vay MOC + MOC = 90° nén ACOD vuong tai O.

Ta c6 ED la tiép tuyén tai M ctia (O) nen OM L ED tai M.
Xét ACOD vuong tai O c¢6 duong cao OM, ta c6 OM? = CM - DM (hé thiic lugng tam
giac vuong).

Lai ¢c6 AC = CM; BD = DM (cmt) néen OM? = AC' - BD. Suy ra AC - BD = R%

Ta c6 AMFN nai tiép (O), duong kinh MN.

Suy ra AMFN vuong tai F. Suy ra MF L EN tai F.

Xét tit gidgc MHFE ta c6 MHE = MFE = 90° (MH L EB tai H, MF 1 EN tai F).
Suy ra tit gidc M HFE noi tiép duong tron duong kinh EM.
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d) Chiing minh A, H, K thang hang.
Xét tit giac EMHF noi tiép duong tron duong kinh EM ta c6 EMF = EHF.
Ma MBF = EMF (goc noi tiép va goc tao bdi tiép tuyén va day cung chén MF.
Suy ra EHF = MBF.
Lai ¢6 MB || KN (cung vudng géc v6i AN) nén MBF = BKN (so le trong).
Mit khac BKN = AKF (déi dinh) nen EHF = AKF. Vay t gidac AHKF noi tiép.
Xét tit giac AHKF noi tiép dudng tron ta c6 AHK + AFK = 180°.
Suy ra AHK = 180° — AFK = 180° — 90° = 90°. Vay HK 1 AH tai H.
HK 1 AHtaiH

Ta c6 = M, H, K thang hang.
AH 1 MHtaiH

Tinh AK - AN + BK - BF theo R.

mchung
Xét NANAHK va AANBtaco ¢ = ANAHK ~ AANB (g - g).
HK = ANB =90°
... AH AK
F BA chung
Xét ABHK va ABFAtac6 ¢ = ABHK ~ ABFA (g- g).
BHK = AFB = 90°
. .. BH BK B

T (1) va (2) suy ra AN - AK + BF - BK = (AH + BH) - AB = AB? = 4R%.

O

Bai 154. Cho dudng tron (O; R) va duong thang (d) v6i khodng cach tit (O) dén (d) 1a OH = a
(0 <a < R). Tt diém A bat ki trén (d) va & ngoai (O), vé cac tiép tuyén AB, AC dén (O) (B,

C 1a céc tiép diém).
a) Chig t6 5 diem A, B, C, O, H cuing nam trén mot dudng tron.

b) BC cat OA, OH lan lugt tai I va K. Ching minh O - OA = OH - OK = R? Suy ra K

c6 dinh va I thudc vé mot duong tron ¢d dinh khi A di chuyen.
¢) (d) cat (O) tai E va F. Chiing minh KE, KF la cac tiép tuyén cia (O; R).

Lai gidi.
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a)

K

Ta c6 AOAB vuong tai B (do AB la tiép tuyén dudng tron (O)) nen AOAB noi tiép
duong tron duong kinh OA. Vay O, A, B cung nam trén duong tron duong kinh OA. (1)
Ta c6 AOAC vuong tai C' (do AC la tiép tuyén duong tron (O)) néen AOAC noi tiép
duong tron duong kinh OA. Vay O, A, C ciing nam trén duong tron duong kinh OA. (2)
Ta c6 AOAH vuong tai H nén AOAH noi tiép duong tron duong kinh OA. Vay O, A, H
cuing nam trén duong tron duong kinh OA.  (3)

T (1), (2), (3) suy ra O, A, B, C, H cing nam trén dudng tron duong kinh OA.

Ta c6 AB, AC 1a hai tiép tuyén tai B, C clia duong tron tam O cit nhau tai A. Suy ra
AB = AC va AO la tia phan giac BAC (tinh chat hai tiép tuyén cit nhau). Vay ABAC
can tai A c6 dusng cao Al.

Ta c6 OHB = OCB (goc noi tiép cuing chdn cung OB ctia duong tron duong kinh OA).
Ma OCB = OBC(AOBC can tai O) nen OHB = OBC.

B/O7(chung
Xét AOHB va AOBK tac6< = AOHB ~ AOBK(g - g).
OHC = OBC (cmt)
... OH OB HB 5
Khi do6 OB—OK—BK:>OB =OH -OK. (4)

Xét AOAB vuong tai B c6 duong cao BI (BI 1 OA), tac6 OB? = OI-OA(h¢ thiic lugng

trong tam gidc vuong). (5)

Tt (4), (5) suy ra OH - OK = Ol - OA = OB? = R”.

Ta c6 d 1a dudng thang c6 dinh cach O mot khoang 1A OH = a < Rnén H c¢6 dinh , (O; R)
¢6 dinh va I thuoc duong tron c6 dinh. Ma OH - OK = R? nén OK la ¢b dinh. Suy ra K
c6 dinh khi A thay doi.
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c)

OH OF
A . — 2 . — 2 - =
Ta c6 OH -OK = R = OH -OK =0F :>OE Ok
KOEF chung
Xét AOHE va AOEK ta c6 OH OF = ANOHE ~ AOEK(c-g-c).
oz = or @
Khi d6 OHE = OEK ma OHE = 90° = OEK = 90°. Suy ra KF la tiép tuyén cua (O).
OH OF
. — 2 . — 2 - =
Ta c6 OH.-OK = R* = OH -OK = OF :>OF Ok
KOF chung
Xét AOHF va AOFK ta co OH OF = AOHF ~ AOFK(c-g-c).
\or = or ‘@)

Khi d6 OHF = OFK. Ma OHF = 90° = OFK = 90° nen KF la tiép tuyén cua (O).

0

Bai 155. Cho duong tron tam O, duong kinh AB = 2R, Az 1a mot tiép tuyén cua (O) va AC

14 mot day cung (C khong trung B), tia phan gidc Ay cua CAz cit (O) tai D.

a)

b)

c)

Chitng minh rang OD 1 AC va OD || BC.
AD va BC cat nhau tai E. Ching t6 ABAFE can tai dinh B.

BD, AC cat nhau tai K, BD cat Ax tai F. Chitng t6 AFEK 1a hinh thoi. Tinh dién tich
hinh thoi nay theo R khi biét zAC = 60°.

Lai gidi.

a)

Ta c6 AD la tia phan giac zAC nén zAD = DAC. =
Suy ra sd AD =sd DC.

Vay D la diém chinh giita ctia cung AC' nén D nam

trén duong trung tric cua doan AC.

Ma O la diém nim trén dudng trung tryc clia doan

AC nén OD la duong trung truc cia doan AC. Suy 1
ra OD | AC.

Ta c6 AABC noi tiép (O) dudng kinh AB.

Suy ra AABC vuong tai C' nén BC' L AC tai C.
Ma OD 1 AC (cmt) nén BC || OD. A

Ta c6 AABD noi tiép (O) duong kinh AB.

Suy ra AABD vuong tai D. Vay BD 1 AFE tai D.

Xét AABE ta c6 BD la duong cao cia tam giac ABE (do BD L AFE tai D).
Ma BD la dusng phan giac EBA <D/B\C = ﬁB\A)

Suy ra AABFE can tai B. Vay BD la duong trung tric cia AE.
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c) Xét AAFK ta c6 AD la duong cao (AE L FK tai D).
Lai ¢c6 AD la tia phan giac FAK suy ra AD la duong trung tuyén ctia AAFK.
Ta c¢6 D la trung diém ctia FK (do AD la duong trung tuyén ctia AAFK).

AK = AF

Ma AE 1L FK(cmt) nén AE la dusng trung truc ciua doan FK. Suy ra (1)
EF =FK.

Mat khac FK cang la duong trung truc EF (cmt) nén AK = EK. (2)

Tit (1) va (2) suy ra AK = AF = EF = EK = AFEK la hinh thoi.

Véi 1AC = 60° = DAB = 60° vi AAFK 1 tam gidc déu.

Vay AAOD la tam giac déu = AD = R.

Xét ANADK vuong tai D tac6 DK = AD - tan DAK = R - tan 30° = RT\/g

2R
SuyraFK—QDK——\/_ AE = 2AD = 2R.
1 1 2 2R?

U

Bai 156. Cho duong tron tam O va AB, AC 1 hai tiép tuyén (B, C la hai tiép diém). Goi M
1a trung diém AC, BM cat (O) tai B va E. Chiing minh ring

a) AMBC ~ AMCE. Suy ra MA*> = MC? = MFE - MB.
b) AMAB ~ AMEA. Suy ra AM tiép xtc véi dudng tron (ABE).
¢) Chiing minh C'B la tiép tuyén ctia duong tron (ACE).

Loi giai.



CHUONG 4. HINH TRU - HINH NON - HINH CAU 2906

C%chung
a) Xét AMCEva AMBCtacog 1 __=AMCE~AMBC(g-g).
MBC = MCE = §sd CE

MC CE ME ,
7B = Be = ap0 = MC?=ME-MB.

Do M la trung diém ctia AC nén

Khi d6

MA MB
— 2 _ 2 _ . _——
MA=MC= MA*"=MC*"=ME MB<:>ME A
B/]\Zélchung
b) Xét AMAB va AMEA tac6 { 174 MB( ) = AMAB ~ AMEA (c-g-c).
= cm

ME MA
Khi d6 MBA = MAE. V6i MBA 1a goc noi tiép chan cung AF cia (ABE) nén M A la
tiép tuyén tai A clia duong tron (ABE).

c) Ta co MBA = MAE (cmt).
Ma MBA = ECB =sd BE. SuyraJ\YA\E:E/CE.
Mit khic MAE la géc noi tiép chin CF ciia (ACE).
Suy ra C'B la tiép tuyén tai C cia (ACFE).



CHUONG 4. HINH TRU - HINH NON - HINH CAU

297

Bai 157. Cho AABC (AB < AC) nai tiép duong tron (O) c6 duong kinh BC, AH la duong
cao cia AABC. Duong tron tam K, duong kinh AH cat AB, AC va (O) lan lugt tai D, E, I;
Al cit BC tai M.

a)
b)
c)

Q)

Chiing minh rang t1 giac AEH D 1a hinh chi nhat.
Chiing minh rang AB - AD = AE - AC va ti giac BCED nai tiép dugc.

Ching t6 OK 1. AM. Suy ra K la truc tam AM AO.

L&i giai.

a)

Chitng minh rang OA 1 DE. Suy ra 3 diéem M, D, E thing hang.
A
- T
: K \
D
0] H

Chiing minh rang t giac AEH D 1a hinh chit nhat.
Theo gia thiét, tam gidc ABC noi tiép duong tron dudng kinh BC nén AB 1 AC (gbc noi
tiép chan nita dudng tron).
Tuong tu v6i duong tron duong kinh AH, ta c6
AEH = ADH = 90°( goc noi tiép chan nita dudng tron).

Tu dé ta duge ti gidc AEHD c6 3 goc vudong nén né la hinh chit nhat.

Chiing minh rang AB - AD = AE - AC va tit giac BCED noi tiép dugc.
Xét hai tam gidc vuong ACH va ABH c¢6 dudng cao lan lugt 1a HE vi HD. Ap dung he

thic lugng trong tam giac vuong ta duge
AH? = AD - AB = AE - AC.
Ta ¢6 AED + DEC = DBC + DEC = 180° nén DEC B noi tiép dudng tron.
Ching t6 OK L AM. Suy ra K la tryuc tam AM AO.
Ta c¢6 A la day chung ctia hai dudng tron (O) va (K) nén OK L AM.

Xét AOAM c6 K la giao diém ciia hai dudng cao OK va AH nén K la tric tam clia tam
gidc OAM.
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d)

Chitng minh rang OA 1 DE. Suy ra 3 diéem M, D, E thing hang.

Theo két qua b) thi ttt giac BCED noi tiép = ECB = EDA (goc trong va gbe ngoai clia
tt gidc noi tiép).

Mat khic AOAB can tai O nén O/A\B = @

Ta 6 ECB + OBA = ADE + OAD = 90° = DFA = 90°.

Vay ta dugc AO 1. DK.

Ta lai ¢c6 K 1a truc tam cia AOMA nén MK 1 AO.

Suy ra KM || KD = M, K, D thing hang hay M, E, D thang hang.

0

Bai 158. Cho x//E/ = 45° va tia phan gidc Az. Trén Az lay doan AB = 2R. Duong tron co
duong kinh AB, tam O cat Ay tai E, cit Az tai D. Duong thang BD cit Ay tai C.

a)

b)

c)

Chiing minh rang AAEDB vuong can. Tinh AE, EB theo R.
Chttng minh rang AABC can tai A va tinh dién tich clia tam giac nay theo R.

Tinh dién tich phan cia AABC nam ngoai hinh tron (O).

Lai gidi.

a)

Chiing minh rang AAEB vuong can. Tinh AE, EB

theo R.

Ta c6 AABE nai tiép dudng tron tam O, dudsng kinh

AB nén AABFE vuong tai F.

Mit khac zAy = BAE = 45°.

Suy ra AABFE vudng can tai F. O
AB

Tit d6, ta dudec AE = BE = — = R/2.
V2

Chiing minh rang AABC can tai A va tinh dién tich ctia tam giac nay theo R.

Ta c6 AABD noi tiép (O) nén ADB = 90° = AD 1 BC.

Mat khac AD la phan giac BAC.

Xét AABC ¢6 AD vira la duong cao, vita la duong phan giac, suy ra AABC can tai A.
Ta c6 EB 1 AC suy ra Saapc = % - AC - BE = R*\/2.

Tinh di¢n tich phan ciia AABC nam ngoai hinh tron (O).

Ta c6 EAD = DAB = ED = DB = ED = DB = dién tich hinh vién phan gidi han béi
(O) va day ED béang dién tich vien phan giéi han bdi (O) va day BD.

1 7 R?

Ta ¢6 Squa = )
quat OBD 3 ]

So) =



CHUONG 4. HINH TRU - HINH NON - HINH CAU 299

1 R2\/2

1
Dién tich AOBD la SAOBD = §SAABD = ZSAABC = 1

Dién tich vién phan gi6i han béi (O) va day BD la

TR ORW2 (m-2V2)R?

Svp - Squat OBD — SAOBD = S 4 3

Ta c6 EC = AC — AE = 2R — RvV/2 = R(2 — v/2). Khi d6
1 1
SBEC:§'BE'EOZ§'R\/§'R<2—\/§>:R2(\/§—1>.

1 R*(V2-1)
Suy ra Spcp = 3 SpEC = — 5

N 2 —1)R? —2V2)R? —4— 2
Dlén tich can tim laS:SDCE—SVp: (\/_ 9 )R — (ﬂ- 8\/_)R == (6\/_ 3 W)R

O

Bai 159. Cho duong tron tam O, duong kinh AB = 2R. Lay M € (O) v6i AM < BM. Trén
canh M B lay diém C sao cho MC = MA. Goi OD la ban kinh vuéng goéc véi AB (M va D &
hai bén dudng thang AB).

a) Ching minh: AMB = 90°. Tinh theo R do dai cac canh ctia AABD.

b) Chitng t6 MD la phan gide AMB va MD L AC.

¢) Chiing minh rang D la tam ctia dudng tron (ABC).

d) Duong tron (ABC) cat M D tai I. Chting minh [ 1a tam dudng tron noi tiép AAM B.
Loi giai.

a) Chtng minh: AMB = 90°. Tinh theo R do dai A%
cac canh cuia AABD.

Ta ¢6 AMB nhin duong kinh AB ciia duong »\
tron (O) nén AMB = 90°. A 0 B

O trung diém AB

Theo dé ra, tacé ¢ OD 1 AB

ADB = 90°
= ANABD vubng can tai D.
AB
Suy ra DA= DB = "= = RV2. D
y \/5

Vay DA = DB = Rv/2 va AB = 2R.

b) Chitng t6 MD la phan gide AMB va MD L AC.
Theo cau a) ta c6 DA = DB = AD = DB = 45°
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— AMD = DMB (goc noi tiép chan hai cung bang nhau).

Suy ra M D la phan giac AMB (dpem).

Xét AAMC ¢6 MA = MC (gia thiét) = M D la phan giac trong tam giac can.
Suy ra MD 1L AC (dpcm).

¢) Chiing minh rang D la tam ctia dudng tron (ABC).
Theo cau b) ta ¢c6 M D la phan gidc trong tam gidc can AMC nén M D cung la dudng
trung truc cia AC. Suy ra DA = DC.
Ma DA = DB nén DA = DB = DC = D la tam duong tron (ABC).

d) Duong tron (ABC) cat M D tai I. Chting minh [ 1a tam duong tron noi tiécp AAM B.
Ta sé chiing minh B la phan giac trong B trong AAMB.
Theo két qua trén ta c6 DM la trung truc cta AC nén DI 1 AC tai trung diém AC.
Suy ra I la diém chinh giita AC = Al = 1C.
Trong (ABC') ta ¢ IBA = %ﬁ = %]‘6 — IBC.
Do d6 BI la phan gidc trong goc B. Két hop véi M 1a phan giac A/]\R', suy ra I la tam
duong tron noi tiép AAMB.

O

Bai 160. Cho hai dusng tron (O;) va (O,) tiép xtic ngoai tai A. Mot dusng thang (D) tiép xic
v6i (Oy) tai B va tiép xuc véi (Og) tai C.

a) Chiing minh rang AABC vuong,.
b) Goi M la trung diém BC. Chiing minh ring AM la tiép tuyén chung ciia (O;) va (Oy).
¢) Ching minh rang 01/]\4\02 = 90°.

d) Cac tia BA, CA lan lugt cit (O), (Oy) tai cic giao diém thit hai la D va E. Chiing minh

rang SApr = SABC-

Lai gidi.
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a)

Chting minh rang AABC vuong.
OB 1 BC

0,C 1L BC.

Do BC la tiép tuyén chung ctia (O;) va (Oq) lan lugt tai B va C' nén

= 01 BC + 0,CB = 180°.
Suy ra B/Ol\A + C’/OQ\A = 180° (tong goc trong tit gidc bing 360°).

—_— 1 —_— L, L, . —
Ta c6 CBA = §BOlA (g6c & tam va goc gitta tiép tuyén va day cung chan cing cung AB).

— 1 —— . . p
Tuong tu BCA = §COQA (g6c 6 tam va goc gitta tiép tuyén va day cung chan cling cung

AC).

Ta dugc CBA+ BCA = BOA+ CO,A

= 90° = BAC = 90° = AABC vuong tai A.

Goi M 1a trung diém BC. Chiing minh raing AM la tiép tuyén chung ctia (O;) va (Oy).
Ké tiép tuyén chung ctia (O;) va (O,) tai A, gid si tiép tuyén nay cat BC tai M.

Ta c6 M'A = M'B (tiép tuyén chung ctia (O;) cat nhau tai M").

Tuong tu ta c6 M'A = M'C (tiép tuyén chung ctia (O;) cat nhau tai M’).

Suy ra M'A = M'B = M'C = M’ 1a trung diém ctia BC nén M’ tring véi M. Do d6 M A
la tiép tuyén chung cta (O;) va (O3).

Chiing minh rang O, MOy = 90°.
£ ) — — 1 —+
Do M A, MB la tiép tuyén chung ctia (O1) nén Oy MA = O, MB = §AMB (1).

. I g
Tuong tu M A, MC la tiép tuyén chung ctia (Oz) nén O;MA = O, MC = §AMC (2).

AMB + AMC  180°

Khi d6 O MOy = O.MA + Oy MA = : >

= 90°.

Céac tia BA, CA lan lugt cit (Oy), (Oy) tai cac giao diém thit hai 1a D va E. Chiing minh

rang SApr = SABC-



CHUONG 4. HINH TRU - HINH NON - HINH CAU

Ta c6 CAD = 90° = C'D la dwong kinh (Os) hay C, O», D thing hang.
Tuong t ta c6 BAE = 90° = BE la duong kinh (0;) hay B, Oy, E thing hang.

CD 1 BC
Suy ra = CD | BE.
BE 1 CB
Ap dung dinh 1i Ta-1ét ta dugc
AC  AB
AE — AD

1 1
~ §ACAB = §AD -AF & SADE = SABC-

302

O

Bai 161. Cho AABC vuong tai A v mot diém D nam gitta A va B. Duong tron duong kinh
BD cit BC tai E. Cac duong thing CD, AE lan luct cit duong tron tai cac diem thit hai 1a

va G. Chiing minh rang

a) AABC «~ AEBD.

c) AC || FG.

Loi giai.

b) Tt giac ADEC, AFBC nai tiép.

d) AC, DE, BF dong qui.

Goi [ 1a tam duong tron duong kinh BD.

a) Ching minh AABC «~ AEBD.
Géc DEB la géc noi tiép chan nita dudng tron = DEB = 90° = BAC.
Xét hai tam gidgc ABC va EBD c6 B chung va DEB = BAC suy ra AABC «~ AEBD

(2-2).
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b) Ti giac ADEC, BEDF noi tiép.
D& thiy CAD + CED = 180° = ADEC ndi tiép.
Tuong tt DFB + DEB = 180° = BEDF noi tiép.

¢) Ching minh AC || FG.
Xét duong tron (I) ta c6 DFG = DEG (g6c 1oi tiép chan ciing cung DG) (3).
Xét duong tron (ACED), ta co6 ACD = DEA (g6c noi tiép chan cung cung 571) (4).
Tu (3) va (4) suy ra ACF = CFG ma hai gbéc nay nam 6 vi tri so le trong nén AC' || FG.

d) AC,DE, BF dong qui.
Xét tam giac BCD c6 CA, ED, BF 1a 3 duong cao nén dong quy.

Bai 162. Cho diém A € (O; R) va goi (I) 1a dudng tron c6 tam 1a I va duong kinh AO.
a) Giai thich ro vi tri tuong doéi ctia hai duong tron (O) va (I).

b) B la diém bat ky trén (O) (B khong nam trén dudng thing AO); AB cit (I) tai C. Ching
t6 C' 1a trung diém ctia AB va IC || OB.

¢) OI cat (1) tai D, AD cit (O) tai E. Ching t6 B, O, E thang hang.
d) Chiing t6 3 duong AO, BD, EC dong qui tai mot diem. Diém nay 1 diém gi ctia AABE?

Lai gidi.

a) Giai thich o vi tri tuong d6i ctia hai duong tron (O) va (I).
Ta c6 OA—OI = IA = (O) va (I) tiép xtc trong tai A.
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b) B la diém bat ky tren (O) (B khong ndm trén duong thing AO); AB cit (I) tai C. Chiing
t6 C la trung diém ctia AB va IC || OB.
Ta c6 OCA = 90° (gbc noi tiép chin nita dudng tron) = OC L AB.
Suy ra C la trung diém ctia AB (ban kinh va day cung).
C trung diém AB
Trong AOAB ¢6 ) = IC || OB (dudng trung binh trong tam giac).
I trung diem OB
c) CI cat (I) tai D, AD cat (O) tai E. Ching t6 B, O, E thang hang.
Xét (I) c6 C'D la duong kinh = CAD = 90° (goc noi tiép chan nita dudng tron).
Suy ra BAE = 90°. Ma B, E € (O) = BE la duong kinh.
Suy ra B, O, E thiang hang.

d) Ching t6 3 duong AO, BD, EC dong qui tai mot diem. Diém nay 1 diém gi ctia AABE?
Theo két qua a) ta c6 CI | OB = CD || BE = D la trung diém AE.
Tu d6 ta thay trong AABE c¢6 AO, BD,CE la 3 duong trung tuyén nén dong quy tai G
la trong tam ANABE.

0
Bai 163. Cho dudng tron (O; R) va diém M v6i OM = R+/2. Dung tiép tuyén tit M dén (O)
(A, B 1a tiép diém).
a) Ching t6 M AOB la hinh vuong.

b) Goi H la diém chinh gifta ctia cung nhé AB. Chiing t6: M, H,O thing hang va H 1a tam
duong tron noi tiép AMAB.

¢) Tinh ban kinh ctia duong tron noi tiécp AMAB theo R.
Lai giai.

a) Ching t6 M AOB la hinh vuong.
Ta c6 MA, M B la 2 tiép tuyén véi (O)
— MAO = MBO = 90° va MA = MB.
Ap dung dinh 1i Py-ta-go trong tam gidac OM A vuong tai
A, ta dugc

MA? =0OM? —0A?>=R>= MA=R=0A.

Ta giac OABM c6 MA = MB = OA = OB = R va
OAM = 90° nén OAMB 1a hinh vuong.
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b) Goi H la diém chinh gitta ctia cung nhé AB. Chiing t6: M, H, O thing hang va H 13 tam
duong tron noi tiép AMAB.
Do H la diém chinh gifta cung nhd AB = AH = BH = 45° = AOH = 45°.
Theo trén ta c6 AOM = 45°. Suy ra O, H, M thing hang.
Xét (O) ta c6 HAD = %Bﬁ? - %711\{ (do AH = BH).
Mit khac MAH = %ﬁ (goc gitta tiép tuyén va day cung).
Suy ra MAH = HAB hay H la giao hai duong phan giac trong AMAB.
Suy ra H 1a tam duong tron noi tiép AABC.

¢) Tinh ban kinh ctia dudng tron noi tiép AM AB theo R.
Ta c6 MA, M B la 2 tiép tuyén ctia (O) nén OM 1 AB tai K.
Suy ra K la chan duong phan giac trong tam giac AM B. Do d6 ban kinh duong tron noi
tiep AMAB la HK.
Ta c6 AABO vuong can tai O = OK = % -AB

Suyra HK = R — Rf: (2_2\/§)R.

_ RV2
- ==

O

Bai 164. Cho duong tron (O; R) ¢6 duong kinh AB. Goi (d) la tiép tuyén cta (O) tai A; M 1a
diém bat ky trén (d) (M khong trung A); BM cit (O) tai C.

a) Tinh BCOA va chitng minh rang M B - MC = M A2

b) Goi D la trung diém ctia BC. Chiing té 4 diém A, M, D, O nam trén ciing mot dudng tron.

Xac dinh tam I ctia duong tron nay.
¢) Tim tap hop cic diém D va I khi M di dong trén (d) (M khong tring véi A).

d) Cho AM = 2R. Tinh d6 dai BC, ID va dién tich phan mat phing giéi han bdi cac doan
thang CM, M A va cung nhé AC theo R.

Loi giai.
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a)

M

A \ B
E 0 /

Tinh BCA va chitng minh rang M B - MC = M A2
Ta c6 AABC noi tiép (O) duong kinh AB nén ACB = 90° (goc noi tiép chan nita duong
tron).

Xét AABM vuong tai A c6 AC 1a duong cao suy ra AM? = MC - M B.

Goi D la trung diém ctia BC. Chimg t6 4 diém A, M, D, O nim trén ciing mot dudng tron.
Xéc dinh tam I cia duong tron nay.

Ta c6 D trung diem BC va OB = OC = R, suy ra OD L BC hay ODC = 90°.

Tu do6 ta duge MAO + MDO = 180°, suy ra O, D, M, A noi tiép duong tron duong kinh
OM:; tam I 13 trung diém MO.

Tim tap hop céc diém D va I khi M di dong trén (d) (M khong tring véi A).

Ta ¢6 ODB = 90° (c6 dinh) va luon nhin doan OB (OB ¢6 dinh). Suy ra D luon thugc
duong tron duong kinh OB; M khac O va B.

Goi E 1a trung diem OA = IE 1 OA.

Ma OA ¢6 dinh nén E ¢6 dinh. Suy ra I ndm trén duong trung truc OA (I khac E).

Cho AM = 2R. Tinh do dai BC, ID va dién tich phan mit phéng gi6i han béi cac doan
thing CM, M A va cung nhé AC theo R.

Ta c6 AM =2R = AB = AABM vudng can tai A, ma AC 1L MB
:AC:¥:R\/§:BC:MQ

. MO
Theo trén ta c6 I la tam duong tron ngoai tiep O, A, M, D nén ID = [A = —

Xét AOAM vuong tai A = MO? = AM? + AO*> =5R?* = MO = RV5.

RvV5

Vay ID = [A = T\/_
S R?
Dién tich hinh quat AOC' 1a Squat a0c = % = WT

2
Dlén tich AAOC la SAOAC = %
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s . o . . . (m —2)R?
Dién tich hinh vién phan giéi han béi AC va (O) 1a Sy, = —

Dién tich AACM 1a Spacm = % -AC - MC = R%
(r—2)R* (6 —7)R?

Dién tich can tim 1a S = Saacn — Syp = R — ; — I

l

Bai 165. Cho hai duong thang (d) || (d') va tiép xtc v6i dudng tron (O; R) lan lugt tai A va B
cd dinh. M 1a diém bat ky trén dudng tron (M khac A va B). Tiép tuyén tai M ciia dudng tron
cat (d) va (d') tai C va D.

a) Ching t6 AB la duong kinh ctia dudng tron (O; R).

b) Chitng minh ring CD = CA + DB va ACOD vuong.
c¢) Ching t6 AC - BD la hing s6 khi M di dong trén (O).
d) OC cat AM tai I, OD cat BM tai K. Chiing minh

(a) IK c6 do dai va phuong khong doi.
(b) OI-0C = OK - OD la hing sb.

(c) Tt gide CDKI noi tiép dugc.

Loi giai.

B D

a) Ta c6 d va d' 1an lugt 1a céac tiép tuyén tai A vd B clia duong tron (O) nén
OA LdvaOB Ld
ma d || d nén OA || OB.
Suy ra O, A, B thang hang, nghia 13 AB la dudng kinh ctia duong tron (O).

b) Ta c6 CA, CM la hai tiép tuyén cit nhau nén
CA=CM va COA = COM.
Tuong tu ta DB, DM 1a hai tiép tuyén cat nhau nén
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DB = DM va DOB = DOM.

Do d6 CD = CM + DM = CA + DB.

Ngoai ra COA + COM + DOB + DOM = 180°

nen 200M + 2DOM = 180°. Suy ra 2C0D = 180° hay COD = 90°, nghia la ACOD

vuong tai O.

c¢) Trong tam gidc COD vuong tai O véi duong cao OM ta c6 MC' - MD = OM? = R?
ma AC = MC va BD = MD suy ra AC - BD = R? khong doi.

d) (a) Tac6 CA=CM va OA=OM.

nén OC la trung tryc cia AM.
Suy ra [A = 1IM.
Tacé DB=DM va OB =0OM.
nén OD la trung tryuc cia BM. Suy ra KB = KM.
Xét AMAB ta co I, K lan luct 1a trung diém AM va BM
= [ K la duong trung binh ctia tam giac M AB
= IK || ABvaIK:%.

(b) Xét AOAC vuong tai A c6 duong cao AI nén OI - OC = OA? = R%.
Xét AOBD vuong tai B ¢6 dudng cao BK nén OK - OD = OB? = R?.
Do d6 OI -OC = OK - OD = R? khong doi.

(c) Xét AOIK va AODC ¢6

e DOC la goc chung
Ol OK
-2 (ViOI- =0OK-0D
* oD OC(VIO OC =0OK -0D)
Do d6 AOIK «~ AODC (c-g-c)
= OIK = ODC.

Suy ra IKDC' la tit gidc noi tiép.

O

Bai 166. Cho AABC c¢6 ba goc nhon, duong tron c6 duong kinh BC tam O, cit AB tai E, cit
AC tai D.

a) Chimg t6 BD, CE va dudng cao AF cia AABC dong qui tai diem H. Trong AABC, H

duge goi 1a gi?
b) Chiing t6 tit giac AEH D noi tiép duge.

¢) Ching minh raing HB-HD = HC - HE = HA- HF.
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d) Dudng thiang EF cat duong tron (O) tai I. Chiing minh ring C' la diém chinh gitta ctia

cung DI va DI || AF.

Lai gidi.

a)

)

~

Ta c6 BEC = BDC = 90° (goc noi tiép chén nita duong tron).

Do d6 BD, CFE la cac duong cao cua tam giac ABC.

Suy ra BD, CE va dudng cao AF ctia AABC dong qui tai diem H va H goi la tryc tam
cua tam giac ABC.

Tit chitng minh trén ta 6 AEH = ADH = 90° nén AEH + ADH = 180°.
Suy ra tit gidc AEHD noi tiép dugc.

Xét AHEB va AHDC vuong tai E va D c6 EHB = DHC (déi dinh)
néen AHEB ~ AHDC

_ HE _HB
= 55 = 5o = HB-HD=HC-HE. (1)

Xét AHEA va AHFC vuong tai E va F c6 EHA = FHC (déi dinh)
nenHAEHEJ}l{A AHFC

= p = 5 = HA-HF = HC-HE. (2)

Tit (1) va (2) ta c6 HB - HD = HC - HE = HA - HF.

Ta c6 HEB + HFB = 180° nén BEHF noi tiép duoc = BFE = BHE.
HDC + HFC = 180° nén CDHF i tiép duge = CFD = CHD.

Hon nita BHE = CHD va BFE = CFI (d6i dinh) nén CFI =CFD.
Do d6 sd CD =sd C1 hay C' la diém chinh gita cung DI.

Tu d6 suy ra OC' L DI hay BC' L. DI

ma AF 1 BC = DI || AF.
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U

Bai 167. Cho AABC vuong tai A. M la diém bat ky trén canh BC' (M khac B, C). Dudng
tron tam I duong kinh BM cit AB tai D. Duong tron tam K duong kinh CM cat AC tai E.

a) Giai thich ro vi tri tuong doi cta (I) va (K).
b) Chiing t6 ADME 13 hinh chit nhat. Suy ra vi tri cia M dé DE c6 do dai ngan nhat.

¢) Cho M la chan dudng cao vé tit A ctia AABC. Chiing minh ring dudng thang DE tiép
xtic véi cd hai duong tron (I) va (K). C6 vi tri ndo khac ctia M dé DE van tiép xtc véi

c4 hai duong tron ay khong?
d) Cho AB = 4a; AC = 3a. Tinh chu vi va dién tich t@ gidc DEKI theo a.

Lai gidi.

a) Tacé B, I, M, K, C thang hang theo tht tu do.
Suy ra IM + KM = IK.
Do d6 (1) va (K) tiép xtic ngoai tai M.

b) Ta c6 BDM = MEC = 90° (goc noi tiép chan nita dudng tron).
Suy ra ADM = MEA = 90°,
Hon nita DAE = 90° nen ADME 1a hinh chit nhat.
Suy ra DE = AM. Do d6, DE bé nhat khi AM bé nhat < M 1a hinh chiéu ctia A len BC.

c¢) Goi O la giao diém ctia DE va AM. Khi d6 OA = OD = OM = OE.
Suy ra AODM va AOFEM céan tai O.
= ODM = OMD va OEM = OME. (1)
Lai c6 AIDM can tai I va AKEM can tai K.
_. 7DV = TMD va KB — KiE. (2)
Tit (1) va (2) ta c6 IDE = IMO va KED = KMO
= IDE = KED = 90°.
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Suyra ID L DEva KE 1 DE.

Do d6 DF la tiép tuyén chung cta (I) va(K).

Ngugc lai gid sit DE 1a tiép tuyén chung cia (I) va(K).

Ké tiép tuyén chung tai M ctia hai duong tron trén cit DE tai H

Tac6 HD = HM = HE (tinh chat tiép tuyén cit nhau)

= H la trung diém ctia DE hay H = O.

Taco HM L IK nén AM | IK hay M la chan duong cao vé tit A cia AABC.

d) Xét AODI va AOMI c6

e OI chung

e /D =1IM (ban kinh)

e OD = OM (cmt)
Do d6 AODI = AOMI (c.c.c)
= Sopr = Somr-

TUfOIlg tu ta co SOEK = SOMK~

Do d6 Spexr = Sopr + Somr + Soex + Somkx = 2Som1 + 2S5omKk = 2501k -
AB 07 1

Xét AMAB c6 OI la duong trung binh nén OI = - hay 1B- 3
Tuong tu or _1

n — ==,

Sac BM CM  BC IK 1
Ngoaira IK =IM + MK = 5 —1|— 5 = 5 bén B0~ 3
Do d6 AOIK «~ ANABC theo ti lé 5

1 3a?
Suy ra Sorx = ZSABC =5

Vay Spex1 = 3a’.

O

Bai 168. Cho AABC c¢6 ba géc nhon noi tiép trong dudong tron (O) va AB > AC. Cac duong
cao AD, BE, C'F cat nhau tai H. Dudng thing AD cit (O) tai I. Goi AK la mot duong kinh
cia (O).

a) Chiing minh rang BC la dudng trung tric ctia H I va néu mot tinh chat tong quat vé diém

déi xitng ciia tryc tam qua ba canh ciia tam giac.

b) Chiing t6 BCIK la hinh thang can va BHCK la hinh binh hanh ¢6 tam (tam d6i xing)
la trung diém M ctia BC.

c¢) Duong thang KH cit (O) tai G. Chiing t6 nam diém A, H, E, F, G ciing nim trén mot

duong tron va xac dinh ro tam O; cua dudng tron nay.
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d) Ching t6 ti@ gidc OMIO; la hinh thang can.
Loi giai.

A

g

G
|
B Za

K 1

a) Ta co CBH = CAD (cung phu v6i A/C’\B)
mia OBI = CAD (cting chan cung ﬁ)
— OBI = CBH = BC I phan giac goc HBI.
Tam gidc HBI c¢6 BC vita la phan giac vrta la dudng cao nén tam giac H B can tai B.
Suy ra BC' ciling la trung truc ctia HI.
Nhan xét: Diém déi xting clia trifc tam qua cac canh tam giac ndm trén dudng tron ngoai

tiép clia tam giac do.

b) Ta c6 ATK = 90° (goc noi tiép chan nita dudng tron)
nen KI L Al = KI || BC (do BC' L AI)
— BIK = IBC (so le trong)
i%sdﬁ:%sd@haysdﬁ:sdﬁ
=sd Bl =sd KC = Bl =CK
ma BCIK la hinh thang (do K1 || BC)
= BCIK la hinh thang can.
Ta lai ¢c6 KC' || HB (cung vudng goc véi AC)
va KB || HC (cung vuodng géc v6i AB)
nén BHCK la hinh binh hanh
ma M la trung diém BC neén hai duong chéo BC, HK cat nhau tai trung diem M cta
ching.
Vay M la tam cta hinh binh hanh BHCK.

c) Taco AGK = 90° (goc noi tiép chan nita dudng tron)
hay AGH = 90° = AFH = AFH = AGH = 90°.
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Suy ra A, H, E, F, G ciing nam trén duong tron dudng kinh AH. Hién nhién tam O; ciia

duong tron 1 trung diém AH.

d) Ta c6 OM || O1I (cung vudng goc véi BC)
= OM IO la hinh thang. (1)
Mat khac BC' la trung truc HI
= MHI = m(do tinh ddi xting).
Ta lai ¢6 OO, la dudng trung binh ctia AAHK nén 00, || HK = MHI = 00,1 (déng
vi)
= 001 = MIH. (2)
Tu (1) va (2) ta ¢c6 OMIO; la hinh thang can.

O

Bai 169. Cho dusng tron tam (O) c¢6 hai dudng kinh AB va C'D vuong goc nhau. Goi F la
diém di dong trén cung nhé BC' (E khong tring véi B va C).

a) Chiing t6 tia phan giac cia AEB qua diém cb dinh D.

b) Trén canh FA lay doan EM = EB. Ching t6 M di dong trén mot cung tron ¢d dinh bang

hai cach
(a) Tim tam ctia duong tron ngoai tiép AABM.
(b) Tinh AMB.

c) Goi I 1a tam duong tron noi tiép AAFEB. Ching t6 I di dong trén mot cung tron ¢6 dinh
bang hai cach

(a) Tinh ATB.

(b) Chiing t6 cac duong phan giac trong ciia AAEB dong qui tai mot diem tren duong
tron (ABM).

d) Goi K la giao diém ctia duong thang BM va CD. Chitng t6 bon diem A, M, K, D cung

nam trén mot duong tron.

Lai gidi.
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C

D

a) Ta 6 AB L CD nen sd AC =sd CB = sd BD = sd DA = 90°.
Do d6 AED = BED = 45° hay E'D la phan giac goc AEB.
Nghia 1a tia phan giac cia AEB qua diém c6 dinh D.

b) 2 cach

(a) Xét AEMB ¢6 EB = EM nén tam giac d6 can tai F
ma FD la phan giac nén ED cing la trung truc cuia M B.
Suy ra M D = DB hay M thudc phan cung tron AB ctia duong tron (D; DB).
(b) Xét AEM B vuong tai E ¢c6 EB = EM nén tam giac d6 vuong can tai E.
Do d6 EMB = 45° = AMB = 135°.
Vay M thudc cung chita géc 135° dung trén canh AB (ndm & nita mit phing bs AB

chita F).
¢) 2 cach
(a) Trong tam giac IAB ta c6 - -
AIB =180° — TAB — IBA = 180° — E“;lB - El;A :180%@:1350.

Vay I thuodc cung chita goc 135° dyng trén canh AB (nim & nita mit phang bo AB
chita F).

(b) Ta c6 AID = TAE + TEA.
ma@:@;@:@:@nén@:@+@:m.
Suy ra ADIA can tai D. Tw d6 suy ra DI = DA = DB
Do d6 I thude phin cung tron AB ciia duong tron (D; DB).

—_— —_— ]_ —
d) Ta 6 AMK =135 va ADK = Ssd AC = 45°
= AMK + ADK = 180° = AMKD la tit gidc noi tiép.
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O

Bai 170. Cho duong tron (O; R). Tit diém S ¢6 dinh & ngoai dudng tron vé tiép tuyén SM va
cat tuyén SPQ bat ky (S, P, Q theo thi ti ay).

a) Goi N la diém trén (O) khac M va SN = SM. Hdi SN c¢6 phai la tiép tuyén ctia (O) hay
khong?
b) Chiing minh rang SP - SQ = SM? la hiang s6. Tinh hing s6 nay theo OS va R.

¢) Phan gidgc PNQ cit PQ tai A va cit (O) tai E. Ching minh: OF L PQ va SA = SM.

) . ) . AP MP
d) Tu P vé dudng thang song song AM, cat duong thang M@ tai T. Ching té rang E = M_Q

va suy ra AM PT can tai M.

Loi giai.

a) Xét ASOM va ASON c6
e OS la canh chung
e OM = ON (ban kinh)

e SM = SN (gia thiét)

Do d6 ASOM = ASON (c-c-c)
= SMO = SNO = SNO = 90° = SN L ON.
Do d6 SN la tiép tuyén cia (O).

b) Xét ASMP va ASQM c6

. MS\Q la gbc chung

o SMP = SQM (ciing chén MP)
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Do d6 ASMP «~ ASQM (g-g)

SM SP
P. M2 2 2_
> = SP-SQ =S SO? — R

¢) NE la phan giéc nen PE = QE hay F la diém chinh gifta ciia cung PQ.
Tu do ta c6 OF vuong goc véi PQ).
Mit khéc, ta c6 SAN = % (sd NP +sd QF) =
Do d6 ASNA can tai S
= SA=S5N=SA=5SM.

—_— —_— 1 —_ _—
(sd NP + sd PE) = 554 NE = SNE.

N | —

SM MP
Ta c6 ASMP —~ A M =
d) Taco AS SQ S0 " oM
Tuong tu t SN _ NP
n acling c6 — = ——
MP NP
maSM SNnenQ_M:Q_N

AP _NP _ AP _MP

AQ QN AQ QM
Tu d6 suy ra M A la phan giac goc PMQ = AMP = AMQ

Lai c6 AMP = MPT (so le trong) va AMQ = MTP (dong vi)
nén W = m = AMTP can tai M.

Vi NA la phan giac ctia tam giac N PQ) nén

[l

Bai 171. Cho ntta duong tron duong kinh AB tam O, ban kinh R, C'D la day cung di dong
trén nita duong tron sao cho CD = Rv/2 v6i A, C, D theo thit tu dy trén nita dudng tron va C, D
khong trung v6i A, B. Hai tia AC' vd BD cét nhau tai E.

a) Tinh COD.
b) Tim tap hgp cac trung diém ctia day cung C'D.
c¢) Tinh s6 do AEB va suy ra tap hop cac diem E.

d) Goi F la giao diém ctia CD va AB, K la giao diém clia phan giac AEB va AFC. Ching
minh rang EKF = 90°.

Lai gidi.

a)
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Ta c6 OC? + 0OD? = 2R? va CD? = 2R
Suy ra ACOD vuodng tai O (theo dinh li Py-ta-go dao).
Suy ra COD = 90°.

b) Goi I la trung diem C'D. Ma ACOD vuong tai O nén

OI:OC:OD:CTD:RT\/?

Khi dé, khi day cung C'D di chuyén trén nita dudng tron

dudng kinh AB thi I di chuyén trén nita dudng tron tam

O, ban kinh OI = %5

c) Ta co

9B + 24 + BOD + AOC = 360°
o 2(§+2)+90°:3600
o B4+ A=135°.

Xét AAEB, ta 6 E =180 — (B + A) = 180° — 135° = 45°.
Suy ra tap hop tat ca cac diém E théa man AEB = 45° Ia cung chita goc 45° dyng trén
doan AB.

Goi P, S lan lugt 1a giao diém ciia dudng phan giac B
ctia BEA véi CD,AB.

Xét ABES, ta co ESF = EB\S—F BES.

Xét ACEP, ta c¢b SPF = SEA + ECP.

Ma BES = CEP (ES la phan giac ctua @)
Va EBS = ECP (ABDC la tit gidc noi tiép).
Do d6 ESF = @, suy ra AFSP can tai F.
Lai vi FK la phan giac cia DFBnéen FK L PS hay 0s A F
EK | FK, suy ra EKF = 90°.

0

Bai 172. Cho hai duong tron (O) va (O’) cat nhau tai A va B (tam ctia dudng tron nay ¢ ngoai
duong tron kia). Goi AD, AC lan lugt 1a duong kinh cia (O) va (0').
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a) Ching minh OO’ L AB tai trung diém ctia AB.
b) Chiing minh C, B, D thing hang va CD = 200'.

¢) Qua B vé duong thang cat (O) tai E, cit (O') tai F (B nam gitta E va F). Chiing t6 s6
do EAF luon khong doi.

d) Tiép tuyén ctia (O) tai £ va tiép tuyén ctia (O’) tai F' cit nhau tai I. Ching t6 khi cat
tuyén BEF quay quanh B thi EIF c6 s6 do khong déi va bén diém A, E, I, F luon nim

trén cung mot dudng tron.

Lai gidi.

a) Tacé OA=0B va O'A=0O'B nén OO’ la dusng trung truc ciia AB.
Suy ra OO’ L AB tai trung diém S ctia AB.

b) Ta c6 ABD = 90° (goc noi tiép chin nita duong tron duong kinh AD).
Ta cling c6 ABC = 90° (goc noi tiép chan nita duong tron duong kinh AC).
Suy ra ABD + ABC = 180° nén D, B, C thang hang.
Xét ANACD ¢6 OA=0D, O'A=0'C nén OO’ la dusng trung binh cia AACD.
Suy ra C'D = 200'.

— 1 —_ , P
c) Xét (O), ta co AEB = 5 sd AB (g6c ndi tiep chan cung AB).
—_— ]_ — L L
Xét (0'), ta c6 AFB = 5 sd AB (g6c ndi tiep chan cung AB).
Ma A, B ¢6 dinh nén sdAB khong déi. Do d6 AEB vi AF B c6 s6 do khong déi.
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Xét AFEAF, ta c6 EAF + AEF + AFE = 180°.
Ma AEB va AFB ¢6 s6 do khong déi nen s6 do EAF luon khong déi.

Xét (0), ta c6 EAB = BEI (cting chan cung nho EB).

Xét (O'), ta co BAF = BFI (cing chan cung nhé BF).

Khi d6 BET + BFI = EAB + BAF = EAF (khong ddi).

Xét AEIF, ta co BET + BFI + EIF = 180° (dinh 1f tong 3 goc trong mot tam giac).
Ma BET + BFI ¢6 s6 do khong doi nén EIF ¢6 56 do khong doi.

Ching minh bén diém A, E, I, F luén nim trén cing mot dudng tron.

Ta c6

AEI+AFI — BEI+AEB+ BFI+ AFB
— EAB+ AEB+ ABF + AFB = 180°.

Ma hai goc AET, AFT & vi tri d6i nhau nén t gidge AETF 1a tit giac noi tiép, do d6 bén

diém A, E, I, F luén nam trén cling mot duong tron.

O

Bai 173. Goi O la tam dudng tron ngoai tiép AABC vuong tai A (AB < AC). Tit diéem D

nim gitta O va C vé duong thing vuong géc véi BC' cat cac duong thing AB, AC tai FE va F,
cat (O) tai I, K; CFE cat (O) tai J. Chting minh réng

a)
b)
c)

d)

D la trung diém ctia JK va C la diém chinh giita ctia cung 1K.
3 diém B, F,J théng hang.
FA-FC=FD-FE=FI-FK.

Hai tiép tuyén ctia (O) tai A va J va dudng thang EF dong quy tai mot diem, diém nay

c6 vi tri ddc biét gi trén doan EF.

Lai gidi.

a)
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Ta c6 BC 1 IK, ma BC la
duong kinh, 7K la day nén D la
trung diém ctia K (duong kinh
vuong goc véi mot day thi di qua
trung diém ctia day do).

Vi BC L IK tai trung diém D
cua I K nén BC' la duong trung
truc cia /K nén CI = CK.
Suy ra 1C =CK hay C la diém

chinh gitta ctia cung I K.

Xét AEBC, ta ¢6 CA 1L BE,
ED 1 BC va EDNAC ={F}.
Suy ra F la tryc tam cua
ABEC.

Suy ra BF 1 EC.

Mat khac, ta cing c6 BJ L EC

(géc noi tiép chan nia duong

tron) nén B, F, J thing hang.

Xét hai tam gidc AFE va DFC| ta co

FAE = FDC = 90°
o = AAFE «~ ADFC (g-g) = FA-FC = FD - FE.
AFE = CFD (déi dinh)

Xét hai tam gidc ICF va AKF, ta c6

FIC = FAK (g6c noi tiép chan cung CK)
— = AICF «~ ANAKF (g-g).
AFK = TFC (d6i dinh)

= FI-FK=FA-FC.
Tuwdésuyra FA-FC=FD-FE=FI-FK.
Gia stt M la trung diém ctia EF.
Vi AFAFE vuong tai A va AFJFE vuong tai J nén MA=MJ = MF = ME.
Xét AOAM va ANOJM, ta co
MA=MJ
OA=0J = AOAM = AOJM (c-c-c).
OM : canh chung

320
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= OAM = OJM.
Mait khac, ta co

OAM = OAF + MAF =  (CAB + OAF) = - 180° = 90"

| —

Suy ra OAM = OJM = 90° hay OA,OJ la cac tiép tuyén tai A, J ctia duong tron (O)
(ding v6i gia thiét ban dau).
Vay E 1a trung diém EF.

O

Bai 174. Cho duong thang d tiép xtc véi dusng tron (O; R) tai A. Trén d lay doan AC = R.
Tai C' vé tiép tuyén CD dén (O). Goi AB la duong kinh ciia (O).

a) Héi ACDO la hinh gi? D & vi tri dac biét nao trén cung AB.
b) Ching t6 CO || DB. Tinh do dai CO, DB theo R.

¢) OC cét duong tron (O) tai K va I (I nam trén cung nhé AD). Tinh do dai AT, AK theo
R.

d) Tinh dién tich hinh vién phan giéi han béi day cung Al va cung nho Al theo R.

L&i giai.
d
D
c
I
A - B
o

a) Tac6 OA= 0D = R, AC = CD (tinh chat hai tiép tuyén cit nhau).
Ma OA = AC (gia thiét) nén suy ra OA = AC = CD = OD, do d6 ACDO 1a hinh thoi.
Lai co OAC = 90° nén AC'DO 1 hinh vuong.
Vi ACDO 1 hinh vuong nén AOD = 90°, suy ra sdAD = 90°.
Lai vi AB 1 duong kinh nen sdAB = 180°, D nim tren AB nén sdBD = 90°.
Vay D nam 6 chinh gitta trén cung AB.
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b) Ta c¢6 DBA = A0C (g6 1ol tiép va gée 6 tam cling chén AD).
Ma hai gbc nay 6 vi tri so le trong nén CO || BD.
Ap dung dinh Ii Py-ta-go vao AOAC vuong tai A, ta c6

CO =vVAO2 + AC?2 = VR2 + R2 = RV?2.

Xét ti giac OBDC, ta ¢6 CO || BD (chiing minh trén) va CD || OB (cung vuong OD)
nén OBDC' la hinh binh hanh.
Suy ra BD = OC = RV/2.

c) Ké ITH L OA, vi AOHI vuong can tai H nén [H = HO = %

suyraAH:AO—HozR—%ZQ_QﬁR.

Ap dung dinh li Py-ta-go vao ATHA vuong tai H, ta c6

TA=+IH?+ AH? = (%)2 + (2 _2\/§R> = RV2 - V2.

Khi d6, vi ATAK vuodng tai A (do TAK = 90°) nén

AK =VIK? — A2 = \/(23)2 - [\/2 - \/ER}2 = RV2+ V2.

TR>n  wR?-45 7©R?
d) Dién tich hinh t tron JOA 1a S, = = = )
) Dién tich hinh quat tron a s 260 360 3

e . . 1 1 R R?
Dién tich tam giac AIO 1a So=-IH - OA=—--— -R=——.
2 2 V2 2v/2
s 1
Vay, dién tich hinh vién phan 12 S = S; — S. :<———)R2.
iy, dién ti inh vién phan 1 9 s 2v3

U

Bai 175. Cho AABC ¢6 3 gbc nhon noi tiép trong duong tron (O). Goi d 1a tiép tuyén tai A

o

ctia (O), d’ 1a duong thang song song vdi d cit canh AB, AC lan lugt tai M, N.
a) Chiing minh rang AM - AB = AN - AC va tit gidec BMNC noi tiép.

b) Khi dudng thang d’ di dong song song v6i d, chitng t6 tam duong tron (BMNC) luon luon

nam trén mot duong c6 dinh.
c) C6 vi tri nao clia d’ dé BN, C'M la hai dudng cao cia AABC khong?

d) Ngugc lai: néu hai diém M, N nim trén hai canh AB, AC sao cho AM - AB = AN - AC
thi BMNC' c6 noi tiép duong tron khong? M N c6 song song v6i d khong?

Lai gidi.
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a)

Vi Md' || Ad nén MNA = NAd (so le trong).

Ma ABC = NAd (goc tao bdi tia tiép tuyén va

day cung va goc noi tiép cuing chin @)

Suy ra MNA = ABC. B

Xét AAMN va NACB, ta ¢6 ((
A chung

—

MNA = ABC

— AM - AB = AN - AC., A\
AC

= AAMN ~ ANACB (g-g).

Xét tit giac MNCB, ta c6 MNA = ABC neén ti
gidc BM NC noi tiép (goc trong tai mot dinh bang
goc ngoai tai dinh ddi dien).
d d
Ta c6 MNCB la t1t gidc noi tiép va B, C' ¢6 dinh nén tam ctia duong tron luén nim trén

dudng thang ¢ dinh 1a trung truc cia BC.

Goi giao diém ctia CM va BN 1a 1.

Khi BN,CM la hai duong cao cia AABC thi CM 1 AB, BN 1 AC.

Suy ra ANIM 1a t giac noi tiép.

Nhu vay, dé BN, CM la hai dudng cao ciia AABC thi d' || d va d’ cit AB, AC lan lugt tai
M, N sao cho AMIN la tit giac noi tiép.

. AM AN
Theo gia thiet, ta c6 AM - AB = AN - AC' = aC — AB
Xét AAMN va NACB, ta ¢6
A chung
AC ~ AB

Suy ra ANM = ABC (hai géc tuong ting).

Suy ra BMNC' la tit giac noi tiép (goc trong tai mot dinh bang goéc ngoai tai dinh doéi
dién).

Vi CAd = ABC (goc noi tiép va goc tao bdi tia tiép tuyén va day cung cliing chdn cung

AC') nén CAd = MNA, do 46 MN | d (vi hai goc so le trong bang nhau).
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—3x 42y = 25%x — 2

Bai 1. Giai hé phuong trinh 21
Loi giai.
x 13
— 3z + 2y = 25%x — 2 —3r+2y=—~-2 y=—gx—1
<~ e 83 13
21 y
Az — 50%y =y + — A =2 (Z2a -
T %oy y+4 4 5 y+4 Ax 2<8x 1>+
39 15 25 15 12 29
Taco (1) & 4o = — — e —Ir=—%81r=—=9=—.
aco(l)ede =gt e gr=7 123329 5 Y710
Vay hé phuong trinh ¢6 nghiem (z;y) = <€, 1—0>
) 3
2 oty
Bai 2. Giai he phuong trinh x2 y xly .
2x—y_x+y:%'
Loi giai.
1 1
bat = va b = (a,b # 0). Khi d6 hé phuong trinh tré thanh
20 — vy Tty
) 1
5a—3b =0 b:é‘ a=1
1€ & (théa man).
5a 1 1
2a—b:— Qa__:_ b:_
30 3 30 6

Tt d6 ta c6 hé phuong trinh

16
2z —y =10 20 —y=©6 T
T4y =6 30 = 16 yzg
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Vay hé phuong trinh ¢6 nghiém (z;y) = (?, %) O
Bai 3. Giai bai toan bang cach lap hé phuong trinh.

Mot hinh chit nhat ¢6 chu vi 54 m va ti s6 giita chiéu dai va chiéu rong la Z Tinh dién tich hinh
chit nhat.

Lo giai.

Goi chiéu dai va chiéu rong ctia hinh chit nhat lan lugt 1a a va b (don vi: m; diéu kien: a,b > 0).
Do chu vi ctia hinh chit nhat 1a 54 m nén 2a +2b =54 < a+b =27, (1)
Do ti s6 gitta chiéu dai va chiéu rong 1a Z nén a = Zb. (2)

Tu (1) va (2) ta c6 hé phuong trinh

5
a—+b=27 a:Zb b=12
5 <95 & (théa man).
= 2 — =15
a=7 4b +b=27 a
Vay dién tich ctia hinh chi nhat 1a 12 - 15 = 300 m?. OJ

Bai 4. a) Cho ham s6 y = ax? c6 do6 thi (P) qua diém A(2;1). Tim cong thitc va vé do thi

(P) clia ham s6 vira tim.

2 1
b) Diém nao sau day thuoc (P): B(—2;1); C(4;—4); D (O, 5; 1_6)

Lai gidi.

N ? 1
a) Do do thi (P) di qua diem A(2;1)nén 1 =a-2* & a = i

2
. x
Suy ra cong thitc ctia ham so la y = 1

Do thi (P) 1a mot parabol huéng len di qua cac diém duge thé hien trong bang sau

Do d6 ta vé do thi (P) nhu sau
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Th ) D
b) DoyB:Z,yC#ZVAyD:InénB,DG(P),C’gé(P).

U
Bai 5. Tt diem M & ngoai duong tron (O), ké hai tiép tuyén M A, M B (4; B thuoc (0)). Goi
H la giao diém ctia MO va AB. Ké day BC || MA, MC cat dudng tron (O) tai E, BE cat AM
tai F.

a) Ching minh ring AFBM «~ AFME va ANAEF «~ ABAF.

b) Dudng tron qua bén diém A, O, B, M cit CM tai N. Ching minh ring ON qua diém
chinh gitta cung C'E.

c¢) Chitng minh ring FA = FM, suy ra trong tam G clia tam giac MAB va hai diém E, F
thang hang.

d) Dudng tron ngoai tiép tit giac OHEC cat AB tai I (I khac H). Ching minh réng IC, [E
1a hai tiép tuyén ctia (O) va O, N, I thing hang.

Lai gidi.

a) Theo tinh chat goc gitta tiép tuyén va day
cung ta c6 MBF = MCD (ciing chin EB).
Ma BC || MA nen FME = MCB.

Do d6 MBF = F/]\/[\E, két hop véi F chung

ta dudce
AFME ~ AFBM (g-g).

Theo tinh chat goc gitta tiép tuyén va day
cung ta co FAE = EBA.
Két hop véi goc AFE chung ta duge A

AFAE «~ AFBA (g-g). F
N

b) Do MA, MB la tiép tuyén cta duong tron
(O) nén MAO = MBO = 90°.
Do dé duong tron qua bon diém A, O, B, M
13 duong tron duong kinh OM. B

Suy ra ONM = 90° hay ON | CE. -
Két hop véi tam giac OCE can tai O ta duge ON la phan giac goc COE.

=
]

Vay ON di qua diém chinh gitta cung C'E.
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c)

Tt cau a) ta co

FM FB ,
© AFME « AFBM = —2 = =2 = FM* = FE - FB;
FA FB

o ANFAE ~ AFBA = = FA’=FE - FB.

FE FA
Suy ra FA? = FM? hay FA= FM.
Do dé BF la trung tuyén ciia tam gidc M AB hay E, F, G thing hang véi G la trong tam
tam giac M AB.

Do I la giao diém ctlia duong tron di qua bén diem E, H, O, C va dudng thang AB nén
TEO = THO = 90° va ICO = 180° — THO = 90°.

Suy ra [E, IC 1a cac tiép tuyén ciia duong tron (O).

Theo tinh chat hai tiép tuyén cit nhau thi /C' = I'E vd OC = OFE nén OI la duong trung
truc ctia doan thang EC.

Vay OI di qua trung diéem N ctia CFE hay O, N, I thing hang.
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PE KIEM TRA GIUA Ki II - Nam hoc: 2013-2014
Mon: Toan 9 - Thdi gian lam bai: 90 phit

Bai 1. Giai phuong trinh 522 — 22 — 3 = 0.
Lai giai.
Ta c6 A’ = (—1)*>+3-5= 16 > 0 nén phuong trinh c¢6 hai nghiém phan bigt 1a

1+ VA 1—vA 3
r=———=1,00=——=——.
5 5 5
. SR 3
Vay phuong trinh c6 nghiém S = {1; _5} O

Bai 2. Giai phuong trinh 22 + 6z + 2v/3 + 5 = 0.
Lai giai.
2
Ta c6 A = 32 — (2\/§ +5) = (1 + \/§> > (0 nén phuong trinh c¢é hai nghiém phan biét 1a

x1:—3+vA’:—2+\/§; x2:—3—@:—4—\/§.

Vay tap nghiém ciia phuong trinh 1a S = {—2 4 v/3; —4 — v/3}. O

3x+y:2\/§
Bai 3. Giai hé phuong trinh
—V2z+y=1.
Loi giai.
Ta co
2v/2 — 1
3z +y=2V2 x4y =2V2 r="1" = _14+2
Y & Y & 3+V2

2ve-1 (V2-1)(3-v2) 7472
Vi . - o 1h e

Vay hé phuong trinh c¢6 nghiém (z;y) = (—1 +/2;3 — \/5) O

Bai 4. Giai bai toan bang cach 1ap hé phuong trinh.

Tim chu vi cia hinh chit nhat, biét rang néu ting mdi canh lén 4 m thi dién tich hinh chit nhat
tang them 80 m?, con néu gidm chiéu rong 2 m va tang chiéu dai 5 m thi dién tich khong thay
doi.

Loi giai.

Goi chiéu dai va chiéu rong ctia hinh chit nhat 1an lugt 1a a va b (don vi: m; diéu kién: a, b > 0).

Do néu tang moi canh lén 4 m thi dién tich hinh chit nhat tang thém 80 m? nén

(a+4)(b+4) —ab=80< a+b=16. (1)
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Do néu giam chiéu rong 2 m va tang chiéu dai 5 m thi dién tich khong thay doéi nén
(a+5)(b—2) —ab=0< —2a+ 5b = 10. (2)

Tu (1) va (2) ta c6 hé phuong trinh

a+b=16 b=16—a T7a =70 a =10
& & & (thoéa man).
—2a+5b=10 —2a+5(16 —a) =10 b=16—a b=6
Vay chu vi ctia hinh ch nhat 1a 2(a + b) = 32 m. O

Bai 5. Cho (P):y=—a?va (d):y=—x— 2.
a) Vé (P) va (d) trén cing mot mat phang toa do Ozy.
b) Tim toa do giao diém ctia (P) va (d) bang phép toan.

Loi giai.
a) Doa = —1 < 0 nén d6 thi (P) la parabol huéng xudéng y

va di qua cac diém thé hien trong bang sau

zlo| 1 |=1]2]-2
yl|0|—1|-1]-4] 4

Duong thang (d) di qua cac diém c6 toa do 1a (0; —2) va
(—2;0) trén mat phang toa do.

|
[\
|
—_
< —— - =
I e it N ]
S

Do d6 ta vé do thi (P) va dudng thang (d) trén cing mot
mit phang toa do Ozy nhu hinh bén.

b) Phuong trinh hoanh do giao diém ctia (P) va (d) 1a
—t=-—ar-21r+2-2=0@-1)(z+2)=0&

Vay (P) va (d) cit nhau tai hai diém c6 toa do 1a (—1;—1) va (—2; —4). O
Bai 6. Cho phuong trinh mz? — 2(m + 1)z + m — 3 = 0.

a) Tim m dé phuong trinh c6 nghiem.

b) Tim m dé phuong trinh c6 nghiém kép. Tim nghiem kép dé.

Lai gidi.
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o N 2, N z s A 3
a) V6i m = 0, phuong trinh tré thanh —2x — 3 = 0 ¢6 nghiém = = —3
V6i m # 0, phuong trinh 1a bac hai an = ¢6 nghiém khi va chi khi

1
A':(m+1)2—m(m—3)ZO<:)5m—|—120(:)m2—5.

) 1
Tu ca hai truong hop ta thay phuong trinh c¢é nghiém khi va chi khi m > —%
b) Phuong trinh ¢6 nghiém kép khi va chi khi

m # 0 m # 0 1
= >m=—-.

A'=(m+1)?>-m(m-3)=0 5m—+1=0

b -2 1
Khi d6 phuong trinh c6 nghiém kép z; = x5 = o = —<2m—+)
m

= 4.
O

Bai 7. Cho ntta dudng tron tam (O), dudng kinh AB = 2R. Trén tia ddi clia tia AB lay diém
E. Hai tiép tuyén EM, Bz clia (O) cat nhau tai D (M thuoc (O)).

a) Ching minh ring 4 diem O, M, D, B cung thuoc mot dudng tron.
b) Ching minh AEMA «~ AEBM, suy ra EM? = EO? — R%.

c¢) Trén doan ME lay diém C sao cho hai géc CAM : EDO bang nhau. Chiing minh rang
OC || MB.

d) Gia stt M 1a trung diém doan ED. Tinh EM theo R.
Loi gidi.
a) Do DM, DB la tiép tuyén ctia dudng tron ®

(O) nén
OMD = OBD = 90°.

Suy ra 4 diem O, M, D, B cung thuoc dudsng

tron duong kinh OD. v,

b) Theo tinh chat vé goc tao béi tiép tuyén va
day cung ta co EMA = MBA.

E
Két hop véi E chung ta thu diuge AEMA ~ AEBM (g-g).
Do EM la tiép tuyén ctia duong tron (O) nén OEM = 90°.
Suy ra OE? = OM? + ME? = EM? + R? hay EM? = OE? — R
c¢) Do 4 diem O, M, D, B cung thuoc mot dudng tron nén

MBO = MDO = CAM.
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Mat khéc AMB = 90° nen MAB + MBO = 90°.
Tu do6 suy ra CAO = MAB + CAM = 90° hay C'A 1 tiép tuyén cia (O).
Theo tinh chat hai tiép tuyén cit nhau ta c6 OC la phan giac goc MOA.
Khi d6 COA = §MOA = ésdAM = M BA.
Do d6 OC || MB.
d) Theo tinh chat hai tiép tuyén cit nhau ta c6 DB = DM.
Két hop vai M 1a trung diém DE ta o6 sin DEB — o0 — 28 _ 1
é EI\I a trung diem a c6 sin = 5E 3D " 3
Do d6 DEB = 30°. Khi d6 EM = OM cot 30° = Rv/3. 0
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DE KIEM TRA GIUA Ki II - Nam hoc: 2014-2015

Mon: Toan 9 - Thdi gian lam bai: 90 phit

3r—y=-9
Bai 1. Giai hé phuong trinh
—4x + 3y = 17.
Lo giai.
Ta co
3r—y=-9 y=3r+9 y=3r+9 r=—-2
= = =
dr 43y =17 — 42+ 33z +9) =17 5z = —10 y=3.
Vay hé phuong trinh ¢6 nghiem (z;y) = (—2;3). O
1
3\/1’ -1 + ? =1
Bai 2. Giai he phuong trinh y2
ver—1———=23.
y+1

Loi giai.
Dieu kien z > 1; y # —1.
1
bat vV —1=a; 1= b (a>0,b+#0). Khi d6 hé phuong trinh tré thanh
Yy

5
3a+b=1 b=1-3a b=1-3a a:?
& & & 3 (théa man).
a—2b=3 a—2(1—-3a)=3 Ta=5 b:_?
— O
Suy ra 18 = 15 (théa man).
y+1- 7 UT Ty

4 1
7 5>‘ 0

Vay hé phuong trinh ¢6 nghiem 1a (x;y) = (E, —
Bai 3. Hai doi cong nhan ciing lam chung mot cong viéc thi sau 12 ngay hoan thanh. Néu doi
I lam mot minh trong 4 ngay roi nghi, doi IT lam tiép trong 6 ngay thi ci hai doi lam dugc g
cong viéc. Hoi néu lam mot minh thi méi doi lam xong cong viéc do6 trong bao lau?

Loi giai.

Goi thoi gian lan lugt dé doi I va doi II lam mot minh hoan thanh cong viec 1a = va y (don vi:
ngay; dieu kien: z,y € N*).

Khi d6 mdi ngay doi I va doi II lam mot minh lan lugt hoan thanh —, =~ cong viéc.

Ty
Do hai doi cong nhan cung lam chung mot cong viéc thi sau 12 ngay hoan thanh nén

2 12 1 1 1
B r oy 12

Z )
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Lai c6 doi I lam mot minh trong 4 ngay roi nghi, doi II lam tiép trong 6 ngay thi ca hai doi lam

2 o
dugce A cong viéc nén

E—F;:%@%-Fg:%. (2)
Tu (1) va (2) ta c6 hé phuong trinh
L1122 1 (11 1 11
x oy 12 xr y 6 x oy 12 y 30 r =20 .
5 3 1 9Y2 3 1991 1 1 °3y1 1° (théa méan).
s Ltyms Lhmss Limy WE

Vay thoi gian lan luot dé doi I va doi II lam mot minh hoan thanh cong viéc 1a 20 ngay va 30

ngay. U
Bai 4. Cho parabol (P): y = ax? va dudng thang (d): y = = + 3.

a) Tim a biét (P) va (d) c6 diém chung A c6 hoanh do 1a —1. Vi a vita tim duge, vé (P) trén

mat phing toa do Oxy.
b) Tim giao diem A, B ctia (P) va (d) biang phép toan.
Loi giai.

a)
DoAedvazy=—-1nényy=-14+3=2. Yy
Lai c6 A € (P) nén ya = a- 2%, suy ra a = 2.

Véi a = 2 thi (P) 1a parabol huéng lén va di qua cac diém

thé hién trong bang sau

x 0| 1]=1]v2]-=vV2
ylo[2] 2 | 4 4

Do d6 ta vé do thi (P) trén mat phang toa do Oxy nhu
hinh bén.

b) Phuong trinh hoanh do giao diém ctia (P) va (d) la

r=-1 =y=
20 =2+3 e (z+1)22-3)=0&

xr= =y =

DN W
N ©

Vay giao diém ctia (P) va (d) 1a A(—1;2) va B (g, g)
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3 ,
Bai 5. Cho duong tron (O; R) c¢6 duong kinh AB. Vé duong tron (B;r) (7" < SR) cat duong
tron (O; R) tai C, D. Trén tia dbi cia tia C A 1ay diém FE sao cho EB cit doan thang AD tai F
va cat (O; R) tai M (M khac B).

a) Chiing minh ring FA- EC = EB - EM.

b) Goi P la giao diém ctia AD va MC. Chitng minh ring M B la tia phan giac ctia DMC va
FD-AP=AD - FP.

c¢) Goi @ la trung diém ctia AE. Chiing minh ring Q/]\/ﬁ) — ADM.

d) Gia st BE = /2. Chitng minh ring hai tam giac BCE va MOC dong dang va MQ di
qua diém chinh gitta ctia cung AB.
Loi giai.

a)
Do AB la dudng kinh ctia dusng tron (O)
nén B/C’\A = B/]\J\A = 90°.
Két hop vdéi E chung ta dugc

AECB ~ AEMA (g-g) = — = —.

Do d6 FA-EC =FEB-EM.

b) Do BC' = BD = r nén hai cung BC, BD
bang nhau. Do d6

BMC = J«dBC = ;saBD = BAIC.
Vay M B la phan giac ciua goc BMC.
Do AMF = 90° nén MA la phan giac ngoai ctia goéc DMP.

Theo tinh chat phan giac trong tam gidc DM P c6 MF, MA lan lugt 14 phan gidc trong
va phan giac ngoai ctia goc M ta cé
FD MD AD

FP—MP—AP#FD-AP:AD-FP.

c¢) Tam gidc AME vuong tai M c6 Q la trung diém AE nén QM = QE.
Khi d6 QME = QEM = QCM — CME = QCM — DMB.
SuyraQ/C‘T%:Q/]\/ﬁ?—i-D/]\J\B:Cﬁ/[\D.
Mt khac ACM = ADM (goc noi tiép cung chan cung AM) nén Q/]\E — ACM.
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d) Tam giac BCE vuong tai C nén CFE = VBE? — CB? = \/2r2 —r2 = r = BC.
Suy ra tam giac BC'E vuong can tai C' nén BEC = 45°.
Mit khac tam giac AME vuong tai M nén MAE = 90° — MEA = 45°.
Do d6 MOC = 2MAC = 90°.
Tt d6 hai tam giac MOC va BCE lan lugt vuong can tai O va C nén ABCE «~ AMOC.
Lai c6 QM = QF nén Cm = Q/ETJ = 45°.
Do d6 M@ la phan giac AMB nen M @ di qua diém chinh giita ctia cung AB.
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PE KIEM TRA GIUA HOC KI II - Nam hoc: 2015-2016
Mon: Toan 9 - Thdoi gian lam bai: 90 phit

Bai 1. Giai cac hé phuong trinh sau

TH2+3 Y244 1+ 2 _,
r—2y—3 y—2xr—4 9 5}
+ = 5. — =4.
3 2 2V 3y —1
Loi giai.
a) Ta co
fx—|—2y—|—3_y+2x—|—4_7
3 2 B
r—2y—3 y—2x—4
\ 3 - 2 B
( 2
S A A
o 3 3 2
r 2y 1 Y 5
(373 Tyt T
(—2
2y g
3 2 oy
e A
\ 3 - 6
—4dr +y =148
54
—4dr —y =48
— 8z =96
=
—4x +y =48
r=—12
4
y = 0.

Vay hé phuong trinh da cho c¢6 nghiem duy nhat (x;y) = (—12;0).

b) e Diéu kién x > 0; y > 1.

1
a=——>0
2
o Dit \/f  Khi d6 ta c6
b= —n==>0
3WVy—1
a+2b=3 a=1 (thoé man)
=

9a — 5b =4 b=1 (thoémén).
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1
a=—
2
e Thay a=0=1 vao \/El ta dugc
h—
3Vy—1
1 1 1
m_l - x:§ - xzz—l(thoémén)
10

;:1 1/y_l_% yzg(thoémén).

. 1 10
Vay hé phuong trinh da cho c¢6 nghiém duy nhat (z;y) = (—; —>

U

Bai 2. Hai voi nudc cling chdy vio mot cdi bé can (khong c6 nudc) thi sau 95 gio day bé. Néu
ltc dau chi mé voi I va 18 gio sau méi md thém voi 11 thi sau % gid nita méi day bé. Hoéi néu
ngay tit dau chi mé voi I7 thi bao lau méi day bé?

Loi giai.

Goi thoi gian voi thit I chdy mot minh day bé 1a x gio (z > 0).

Goi thai gian voi thit 11 chdy mot minh day bé 1a y gio (y > 0).

= 1 gio voi thit I chdy dugc i bé.

. 1 2
1 gio voi thu I1 chay duge — be.
Y

£ . . 2 N P 2 2 2, N 3 [N X 2
Vi néu hai voi nuée cuing chéy vao mot cai be can (khong c¢6 nuge) thi sau 95 gio day beé nén ta
¢6 phuong trinh

3/1 1 1 1 5
oo(z+)=1e 14 =2
) x+y x+y 48 (1)

) \ : : L, .. . 12 .
Vi néu lic dau chi mé voi I va 18 gio sau méi mé thém voi 17 thi sau = gid nita mai day be

nén ta c6 phuong trinh

1 12(1 1> 102 1 12 1
8- -4+—=|-+-)=1——4+—=--=1 2
a:+5 Ty ) a:+5 Y )
T (1) va (2) ta ¢6 hé phuong trinh
L1 s 11
r oy 48 5_2_$ T =24
102 1 12 1 1 1 B
_ .= — . — =1 - = — y—16
5 75 gy y 16
Vay néu ban dau chi mé voi thit I7 thi sau 16 gio day bé. O

Bai 3. Cho parabol (P) : y = az? di qua diém A(—2;2).

a) Xac dinh a va vé (P).
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TR PN 2 5 S e
b) Tim giao diem cia (P) va dudng thang (d) : y = 2%~ 2 bang phép toan.
Loi giai.
a) e Vi(P)diqua A nén taco
9 1
2=a-(2)"w4da=2a=—.

2

e Bang gia tri

e Nhan xét: Do thi ham s6

1 7z 2
Yy = 5:62 la mot Parabol di qua goc toa do va cac diem
(—4:8); (=2;2); (22); (48).

1
y (P):y = 1a?
8
N I ‘
‘ |
\ |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
\ |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
I 2 :
b Nemm oo L
| | ! !
| | ! !
| | ! [
| | ! ‘
\ \ ! !
. -
| | | L
—4 -2 0] 2 4

b) Xét phuong trinh hoanh do giao diém ciia (P) va (d) ta c6

1
1 5 2
51‘2:556—2<:>x2—5x+4:0<:>(x—l)(fv—4>:0<:> 2

8

. . 1
Vay (P) va (d) cat nhau tai hai diem (1; 5) va (4;8).
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U

Bai 4. Cho hai duong tron (O; R) va (O’;r) cat nhau 6 A va B (R > r). Vé tiép tuyén chung
CD ciia (O) va (0') (C thuoc (0), D thuoc (0)). Goi K la giao diém ctia AB va CD.

a) Ching minh KC? = KA - KB.
b) Vé hinh binh hanh C BDQ. Chitng minh ba diém A; K; @ thing hang.

¢) Duong thang d di qua B song song v6i CD va d cat (O); (O') lan lugt tai E; F (E thuoe
(O); F thuoc (O'); E va F khac B). Goi I la giao diém ctia EC va FD. Chiing minh
IC =CB.

d) Goi M; N theo tht tu 1a giao diém ctia DA; CA v6i EF. Chiing minh IB la dudng trung
truc ctia doan thing MN.

Lai gidi.

a) Xét AKCA va AKBC ta c6

o K chung.

e KCA=KBC (goc tao bdi tia tiép tuyén va day va goc noi tiép cung chan cung AC).
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= AKCA «~ AKBC (g-g).
KC KA

= 5~ o
= KC*=KA-KB.

Ta dé rang chiing minh dugec KD? = KA - KB.

T d6 ta sé suy ra KC' = KD.

= K la trung diém ctia C'D.

Xét hinh binh hanh CBDQ c¢6 K 1a trung diém ctia duong chéo CD.
= K la trung diém ctia BQ.

= A; K; @ thang hang.

BC = DQ
Vi CBDQ la hinh binh hanhnén ¢
CQRB = DBQ.

— CQA = ABD.

340

Xét duong tron (O') ¢6 ABD = CDA (goc noi tiép va goc tao bdi tiép tuyén va day cling

chan cung AD).

— CQA = CDA.

= Tt giac CQDA noi tiép.

Chiing minh tuong tu ta co6 ti giac CIDA noi tiép.
= C; Q; I; D; A cung thuéc mot dusng tron.

Ta ching minh duge CQID la hinh thang can.

= CIl=QD.

Ma QD = CB.

= CIl =CB.

ViCD || EF.
= CD || MN.
ViCK | BF = AAKM «~ AABN.
N CK AK
BN  AB’
Ching minh tuong tur ta duge
CK KD

Dodotacomzm.

KD AK
BM  AB’

Ma CK = KD nén BM = BN. Vi CBDQla hinh binh hanh nén DCB = CDQ.

Ma CDQ = ICD (CQID 1a hinh thang can).
— DCB = DCT.

= CD la phan giac BCT.

Xét ACBI can tai C' ¢6 CD la phan giac BCT.
= CD dong thai la dudng cao.
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= CD 1 BI.

CD || MN /
Ta c6 = BI 1L MN (tit vuong goc dén song song).

BI 1L CD
= BI la duong trung tricc cia M N.
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DE KIEM TRA GIUA HOC KIi IT - Nam hoc: 2016-2017
Mon: Toan 9 - Thdi gian lam bai: 90 phit

Bai 1. Giai cac hé phuong trinh sau

x+3y+30=2z—3y m—2_5y = —23
3 2 o TY =
Loi giai.
a) Ta co

x4+ 3y +30 =22 — 3y

—— —— —— —/

S
| 8
w +
N
<
w
<

w

]

— x4+ 6y = —30
<~
4x — 6y = 60
3z =30
=
2¢ — 3y = 30
r =10
< _—10
y_ 3 °

. —10
Vay hé phuong trinh da cho ¢6 nghiém duy nhat (z;y) = (10; —)

3
b) Ta co
¢ 3 9
— = —23
T —2 Y
2 + 9y =6
N — 2
6
'—2—10y2_—46
< 9
— +32 =18
L
(
Ty? = 28
- 2 +9y* =6
\$—2
(2
y =
= 2
+y* =6
\[E—Q
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;o

y= -2
& Yy =2
-9 9
=6
\$—2+y
e
y= -2
& Yy =2
r=1

Vay hé phuong trinh da cho c6 hai nghiem la (1; —2) va (1;2).

Bai 2. Giai toan biang cach lap hé phuong trinh

Mot manh vuon hinh chit nhat ¢ chiéu dai hon chiéu rong 20 m. Néu tang chiéu dai them 10%
va giam chiéu rong di 20% thi chu vi manh vuon khong doi. Tinh dién tich manh vusn dé.

Lot giai.

Goi chiéu dai ctia manh vuon 1a z m (z > 0).

Goi chiéu rong ctia manh vuon 1la y m (y > 0).

Chu vi cud méanh vuon ban dau la 2 (x + y). (1)
Chiéu dai cia ménh vuon sau khi tang chiéu dai them 10% la z (1 + 10%) = 1,1z.

Chiéu rong ctia manh vuon sau khi gidam chiéu rong di 20% 1a = (1 — 20%) = 0,8y.

Chu vi ctia manh vuon sau khi tang chiéu dai them 10% va gidm chiéu rong di 20% Ia

2 (1,12 + 0,8y). (2)
Tu (1) va(2)taco x+y=1,1x+08y < 0,lx — 02y =0< = — 2y = 0. (3)
Vi chiéu dai hon chiéu rong 20m nén ta ¢6 = — y = 20. (4)

Tu (3) va (4) ta c6 hé phuong trinh

r—2y=0 =40
=
x—1y =20 y = 20.

Vay dién tich ctia manh vuon da cho 1a z - y = 40 - 20 = 800 m?. O
Bai 3. Cho Parabol (P) : y = az? di qua diém K(—2;4).

a) Tim a va vé (P).

b) Tim nhitng diém thudc (P) c6 hoanh do gap doi tung do.
Loi giai.

a) Vi (P) di qua K nén ta co
4:a-(—2)gz>a:1.
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Vay (P) : y = 22
Vé Parabol (P) : y = 2%

e Bang gia tri

y=2a2| 4 1 10]1]4

e Nhan xét: D6 thi ham s6 y = 22 1a mot Parabol di qua gbc toa do va cac diem (—2;4);

(=1;1); (1;1); (2;4).

4 (P):y=x?
4
\ |
| |
| |
| |
| |
| |
| |
| |
| |
| |
! 1 |
I N~ - |
. -
l l ! | "
-3 -2 -1 0 1 2 3

b) Nhitng diém thuoc (P) c¢6 hoanh do gap doi tung do thod man phuong trinh
r=0=y=

r=2r"er2r-1)=0< 1

1
4
~ - 2 ~ N ~ AL ~r ~ 1N 1 1
Vay nhiing diem thuoc (P) ¢6 hoanh do gap doi tung do 1a (0;0); <§, Zl)
Bai 4. Mot hang taxi tinh gia cude nhu sau
e Gia md ctta (1 km dau) 16 000 dong
e Gia kilomet tiép theo (tit 1 km dén 30 km) 15 800 dong/km
e Tu kilomet thit 31 tré di 12 500 dong/km
e Phi thoi gian chd 3 000 dong cho méi 5 phiit.

Gia dinh ban An di Binh Duong cach nha 35 km biang hang taxi trén, trong sudt thoi gian di c6
20 phit cho (den do, ket xe,...). Hoi gia dinh ban An phai rd bao nhiéu tién taxi?
Lot giai.
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S6 tien taxi ma gia dinh ban An phai tra la
16000 + 30 - 15800 + 5 - 12500 + 20 - 3000 = 612 500 déng.

O

Bai 5. Cho AABC nhon noi tiép dudng tron tam (O), ¢6 hai duong cao AD va BK cit nhau
tai H. Goi E la giao diém ctia AD va (O) (E # A).

a) Chiing minh rang H va E d6i xing nhau qua BC'.

b) Goi F la giao diém ctia BE va tiép tuyén vé tit C ctia (O). Chting minh ring FC? = FE-FB.
¢) Chiing minh rang KCO = BCE.

d) Tim diéu kien cia tam gisc ABC dé BFC = 90°.

Lai giai.

a) Xét dudng tron tam (O) c6 BEA = BCA (goc noi tiép cung chén cung AB).
- BED = DCK.
Dé thay tit giac DCK H noi tiép nén DCK = BHD.
Do d6 ta c6 BHD = BED = DBH = DBE.
Tu d6 ta dé rang chiing minh duge ADBH = ADBE (canh gbc vuong - géc nhon ké).
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= DH = DF (hai canh tuong tng).
= H va E d6i citng v6i nhau qua BC.

b) Xét AFEC va AFCB ¢6

o I chung.
e FCE = FBC (goc tao badi tiép tuyén va day va goc noi tiép cuing chin cung EC).

= AFEC «~ AFCB (g-g).
FE FC

“FC T FB
= FC? =FF - FB.
—_— 1 —_ P z
e Xét duong tron (O) ta c6 AEC = §AOC (gbc noi tiep va géc 6 tam cung chan cung
AC).

— 1 —
= DEC = 5 A0C. (1)
e Vi AOAC can tai O nén ta c6 AOC = 180° — 2ACO. (2)
e Do ADEC vudng nén ta co DEC = 90° — DCE. (3)

Tir (1); (2) va (3) ta c6

—_—

90° — DCE = (1800—2/1/0\O>:D/(J\E:A/C7):B/CE=K/@.

N | —

Dé BOF = 90° thi BCF = OCT.
= BC' la day duong kinh.

= BAC = 90°.

= AABC vuong tai A.
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PE KIEM TRA GIUA HOC Ki II - Nam hoc: 2017-2018

Mon: Toan 9 - Thdoi gian lam bai: 90 phit

Bai 1. Giai cac hé phuong trinh sau

2 7
6y — =9
Y 92 — 6y =1 . Vo3 Jiil
40
152 — 5y = —. L 8 _
3 V=2 y+1
Loi giai.
a) Ta co
9 — 6y =7 45z — 30y = 35 — 15y = =5 r=1
40<=> = <~ 1
1517—53/:? 45x — 15y =40 45x — 30y = 35 y:§.

. 1
Vay hé phuong trinh da cho c¢6 nghiém duy nhat (z;y) = (1; 5)

. x> 2
b) e Dieu kien
y>—1
! >0
a =
e Dit VET2 Khid ta co

= >0

Vy+1

2a+Tb=9 2a+Tb=9 a=1 (thoémén)
<~ ~
a+8b=9 2a +16b = 18 b=1 (thod man).
1
a =
e Thay a=0=1 vao ~x1—2 ta dugc
b=
Vit

L =1

Vr—2 Vr—2=1 r—2=1 sz(thoémén)

1 = = =

S Vy+1=1 y+1=1 y =0 (thoad man) .
Vit (ot e

Vay hé phuong trinh da cho c¢6 nghiem duy nhat (x;y) = (3;0).
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Bai 2. Gii toan bang cach lap hé phuong trinh

Dé hoan thanh mot cong viéc, néu hai t6 cting lam chung thi hét 6 gio. Nhung sau 4 gio lam
chung thi t6 hai duge diéu di lam viéc khac, t6 mot tiép tuc lam va da hoan thanh cong viéc con
lai trong 5 gio. Héi néu lam rieng thi mdi t6 sé hoan thanh cong viéc nay trong thoi gian bao
lau?

Loi giai.

Goi thoi gian doi thit nhat lam mot minh xong cong viec 1a x gio (z > 0).

Goi thai gian doi thi hai lam mot minh xong cong viéc 1a y gis (y > 0).

= 1 gio doi thit nhat lam dudc i cong viec.

1 gi¢ doi thi hai lam duge — cong viéc.

Vi néu hai t6 cing lam Churylg thi hét 6 gio nén ta c6 phuong trinh

o (LoDl g
z oyl r y 6

Vi sau 4 gis lam chung thi t6 hai dugc diéu di lam viéc khac, to mot tiép tuc lam va da hoan

thanh cong viéc con lai trong 5 gio nén ta c6 phuong trinh

1 1 1 9 4
4-<—+—)+5-—:1<:>—+—:1. (2)
r oy T r oy
11 1
_+_:_
N N 1A N r y 6
Tu (1) va (2) ta c6 hé phuong trinh 0 4
TiZ o
r Yy

Giai hé phuong trinh trén ta dugec x = 15; y = 10.
Vay néu lam riéng thi thoi gian doi thi nhat va doi thi hai lam mot minh xong cong viéc lan

Tuot 1a 15 gios va 10 gids. 0
Bai 3. Cho Parabol (P) : y = az? di qua A(—2;—1).

a) Tim a va vé Prabol (P).

b) Cho duong thang (d) : y =z — Z Tim toa do giao diém ciia (P) va (d) bang phép toan.
Loi giai.

a) Vi (P) di qua A(—2;—1) nén ta c6

—1
Vay (P) 1y = sz.

Vé Prabol (P) : y = ——a2.

e Bang gia tri
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x| —4|-2]0] 2| 4
y|—4]-1]0]-1]—-4

e Nhan xét: Do thi ham s6 da cho 1d mot Parabol di qua gbc toa do va cac diem

O

Bai 4. Cho tam giac nhon ABC (AB < AC) ndi tiép (O; R). Tiép tuyén tai A ctia (O; R) cit
duong thing BC tai D.

a) Ching minh raing AD? = BD - DC.

b) Goi T la diém chinh giita cung nhd BC. Trén doan AT lay diém I sao cho TB = T1I.

Chiing minh rang 7 13 tam duong tron noi tiép tam giac ABC.

c) Goi BP; CQ la hai dudng cao clia tam giac ABC va M la trung diém cta BC. Cho
R N R
OM = 7 Chiing minh rang tam giac M P(Q) deu.

Lai gidi.

a) Xét ADAB va ADCA c6
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D chung.

e DAB=DCA (g6c noi tiép va goc tao béi tiép tuyén va day cung chan cung AB).

= ADAB «~ ADCA (g-g).
_DA_ DB

DC DA’
= DA?>=DB - DC.

Vi T la diém chinh gitta cung BC nén sd BT =sd TC.

— BAT = TAC.

= AT la phan giac cia BAC. (1)
Ta c6

e BIT = BAT + ABI (tinh chat goc ngoai clia tam giac).

e IBT = IBC + CBT = IBC + TAC.

Ma CAT = BAT: IBT = BIT.

— ABI = IBC (do ATBI can tai T).

= BI la phan giac goc ABC. (2).
Tu (1) va (2) suy ra I 1a giao ctia ba duong phan gidc trong AABC.

= I 1a tam duong tron noi tiecp AABC.

Goi H la tryc tam ABC. Hién nhién ta c6 B; C; P; Q thuoc duong tron duong kinh BC
nén MP = MQ.

= AM PQ can.

R . —
Do OM = 3 nén ti so lugng giac tinh duge BOC = 120°.
= BAC = 60°.

= BHC = 120° (bi1 véi BAC).
Ta c6 BHC = ¢ (sd BC +sd PQ) = 90° + 550 PQ.

= sd PQ = 60°.
— PMQ = 60°.

= AMPQ la A déu.

Bai 5.
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Hai xe 6 t6 khdi hanh cting mot ldc tit thanh phdé A theo B
hai huéng AB va AC vuong goéc nhau (nhu hinh vé), biét

BC =100 km, AB = x — 20 km va AC = z km. Biét rang 100
mtc tiéu thu xang binh quan ctia mai xe 1a 7,8 lit/ 100 km v-20

va gia mdi lit xang 1a 20 950 dong. Hoéi mdi xe phai tra bao

nhiéu tién xang cho quang duong da di AB va AC? ) T
Lai giai.
Ap dung dinh 1y Py-ta-go cho tam gidc ABC vuong tai A ta c6
BC? = AB* + AC?

= x4 (x — 20)* = 10000

= 2°—20x—300=0

= (x+10)(x—30)=0

x = —10 (loai)

z =30 (thod man).

Twu do ta c6 AB =10 km; AC = 30 km.

S6 1it xang ma mdi xe tiéu thu khi di 1 km 13
7,8 : 100 = 0,078 lit.
S6 tién xe phai tra khi di quang duong AB 1a
10- 0,078 - 20950 = 16 341 dong.
S6 tién xe phéai tra khi di quang duong AC 1a

30 - 0,078 - 20950 = 49 023 dong.
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PE KIEM TRA GIUA HOC KI II - Nam hoc: 2018-2019
Mon: Toan 9 - Thdoi gian lam bai: 90 phit

Bai 1. Giai cac hé phuong trinh sau:

3,6r —48y =54 b) Ve —2y—\y=-1
a ;
6,4r — 3,2y = 5,6 2y/x —2y — 3y =-3.
Loi giai.
1
3,60 — 4,8y = 5,4 62 — 8y =9 10z =5 T=3
a) & & 6r—9 < "3
6,4x — 3,2y = 5,6 16x — 8y =14 Yy = g y = R
1 -3
Vay nghiém ctia hé phuong trinh 1a (z;y) = (5, T)
R r—2y>0 x> 2y
b) Dieu kién xéc dinh: &
y=>0 y > 0.
Dat A= +/x —2y (A>0)va B =,/y (B >0) ta c6 h¢ phuong trinh
3A—B=-1 ~9A+4+3B =3 —TA=0 A =0 (nhan)
~ = ~
2A—-3B=-3 2A—-3B=-3 B = 2A3+3 B =1 (nhan).
Vr—2y=0 x = 2 (nhan)
Suy ra ta co &
Vy=1 y =1 (nhan).

Vay nghiém ctia hé phuong trinh 1a (z;y) = (2;1).

Bai 2. Giai toan bang cach lap hé phuong trinh:

Cho mot bé nuée c6 voi I chay nude vao duge dat trén cling ciia bé con voi II chay ra duge dat
& day bé. Biét néu mé voi I chy trong 1 gio roi mé tiép voi II trong 4 gis thi dugc g bé; néu
md voi I chdy 3 gio r6i md tiép voi II trong 3 gio thi dugc % bé. Tinh thoi gian voi I chdy mot
minh day bé can va voi II chdy mot minh hét bé nuée day. (Gia st luu lugng nude chiy ciia mbi
voi 1a khong ddi tai cac thoi diém duge md va ban dau bé khong c6 nudc).

Loi giai.

Goi z 1a s6 phan bé voi I chay vao duge trong 1 gid (z > 0), y 14 s6 phan bé voi II chéy ra duge
trong 1 gis (y > 0).

X Z 3 2
Vi mé voi I chay trong 1 gio roi md tiep voi II trong 4 gio thi dugc = bé nén 5z — 4y = £

. Y 9 . 9
Vi mé voi I chay 3 gis roi mé tiep voi II trong 3 gic thi duge 10 bé nén 6z — 3y = 10

Ta giai hé phuong trinh
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1
15z — 12y = x = — (nhan)

=

9
br — 4y = R
24 12 36 - o

€Xr — = — —
10 Y710 y 4

Vay thoi gian voi I chdy mot minh day bé 1a 5 gi va thoi gian dé voi I chay hét bé 1a 10 gio.
O

3
5
9
6r — 3y = —

1 -
V=10 (nhan).

Bai 3. Cho Parabol (P) : y = az?® di qua A(—2; —4).

a) Tim a va vé (P).

b) Tim nhitng diém trén (P) c6 hoanh do gap 3 lan tung do.
Lot giai.

a) Vi A(=2;—4) € (P) nén thay toa do A vao (P) ta dugc —4 = a(—2)* & a = —1.
Béang gia tri ctia (P).

Ve (P).

b) Goi nhitng diém trén (P) c6 hoanh do gap 3 lan tung do c6 dang (3b;b).

b=0
Thay toa do vao (P) ta duge b = —(3b)? & 1
b=——.
9

? R 1 1
Vay diém can tim la (0;0) hay <—§; —§)
U
Bai 4. Cho tam giac ABC nhon (AB < AC) noi tiép dudng tron (O), ¢c6 AD la dudng cao. Tia
AD cét (O) tai T (T khac A). Vé duong kinh AK cuaa (O).
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a) Chiing minh rang: DA - DT = DB - DC va TAB = KAC.
b) Goi H la diém déi xting ctia T qua D. Chting minh ring: H 1a tryc tam ciia tam giac ABC.
c) Tia CH cat AB, (O) lan lugt tai F', Q (Q khac C') va tia BH cat AC, (O) lan lugt tai E,

DT EP FQ
P (P khac B). Tinh |
(P khic B). Tinh 7572 + 2% + 76

Lai gidi.

a)
Xét ABDT va ANADC' c6 A
BDT = ADC(= 90°)
DBT = DAC (cing chan cung T'C)
Suy ra ABDT dong dang véi AADC.

DB DT
Vay == — =~ hay DA-DT = DB - DC
YDA~ DoV

. Q
Taco 4
TAB + ABC =90°
KAC + AKC = 90° g
Bw

ABC = AKC (cting chan cung AC')
nén @ = @

b) Xét ABDT va ABDH c6
BD canh chung
BDT = BDH (= 90°)
DT =DH
Suy ra ABDT = ABDH (c-g-c) suy ra DBT = DBH.
Ma DBT = TAC nén DBH = DAC.
Lai c6 DAC + ACD = 90° nen DBH + ACD = 90°.
Suy ra BH 1 AC hay H la tryc tam tam giac ABC.

c) Xét AAEP va AAEH c¢6
EAB = EAH (= CBDP)
AFE canh chung
AEH = AEP(= 90°)
Suy ra AAFH = AAEP (g-c-g) hay EP = EH.
Tuong tu ta ching minh duge FQQ = FH.

Ta cb

DT+EP+FQ B DH+EH+FH
DA EB FC DA EB FC
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Sapuc  Saamc  Saans
- + +
Saapc  Saapc  Saapc

Sapac + Saanc + Saans

Spasc

_ SaaBc _1

SaaBc

O

Bai 5. Ngay mung mot tét, me i xi cho Linh 450 000 dong va Long 200 000 dong. Tién 1i xi
ciia Linh gom hai loai to: 20 000 dong va 50 000 dong, tien li xi ctia Long gom hai loai to: 10
000 dong va 20 000 dong. Biét s6 to loai 20 000 dong ctia Linh bang s6 to loai 10 000 dong clia
Long, s6 to loai 50 000 dong ciia Linh bang s6 to loai 20 000 dong ciia Long. Tim s6 to tién mdi
loai ctia méi ban.

Loi giai.

Goi 56 t6 20 000 dong, 50 000 dong ctia Linh lan lugt 1a z va y v6i z, y 14 s6 nguyén duong.

Do s6 tien ctia Linh va Long 1an lugt 1a 450 000 dong va 200 000 dong nén ta c6 hé phuong trinh

202 + 50y = 450 202 + 50y = 450 10y = 50 z = 10 (nhan)
<~ -~ 54 .
10z + 20y = 200 20z + 40y = 400 xr=20—2y y =5 (nhan)

Vay Linh ¢6 10 t3 20 000 ddng va 5 t& 50 000 déng, Long ¢6 10 t5 10 000 déng va 5 t& 20 000
dong. O
2 DE HOC Ki 2
PE KIEM TRA HOC Ki I - Nam hoc: 2012-2013
Mob6n: Toan 9 - Thoi gian lam bai: 90 phiat

Bai 1. Giai cac phuong trinh va hé phuong trinh sau

a) 52 421 — 7 =0; b) 322 — 43z +4 = 0;
T+2y=-3

c) 2t — 822 -9 =0;
3r —y=>.

Lai gidi.

a) Tacoa+b+c=>5+2—7=0 suy ra phuong trinh 522 + 22 — 7 = 0 c¢6 hai nghiém
r=1lz= —z.

° 7
Vay tap nghiém cta phuong trinh 1a S = {—5; 1}.
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2 2v/3
b) Ta c6 32% — 4v/3z + 4 =0 & (v3z — 2) :O<:>\/§:E—2:0<:>x:T\/_.
2v/3
Vay tap nghiém ctia phuong trinh 1a S = {T\/_}
c) Dat t =22 (£ > 0).
t = —1 (loai) r=—3
Phuong trinh tré thanh > — 8t — 9 =0 < =1’ =9%
t =9 (nhan) x = 3.
Vay tap nghiém ctia phuong trinh 1a S = {-3; 3}.
r+2y=-3 — 3z —6y=9 —Ty=14 y=—2
d) Ta co & & &
3r—y =95 3r—y=2>5 3r—y=>5 r =1

Vay tap nghiém ctia hé phuong trinh 1a .S = {(1; —2)}.

Bai 2. Cho phuong trinh 22 — 22 +m — 3 = 0 (z 14 an s6). Dinh gia tri m dé
a) Phuong trinh c¢6 hai nghiém 1, xs.
b) Biéu thic A = 2222 + 22 + 22 — 3z, dat gid tri nho nhat.

Loi giai.
a) Phuong trinh 2% — 22 +m — 3 = 0 ¢6 hai nghiém z;, x5 khi va chi khi

AN>01-(m+3)>0-m—-2>0m< —2.

b) Véi m < —2 khi d6 phuong trinh 2% — 2z +m — 3 = 0 ¢6 hai nghiém x4, 5.

S = T+ Ty = 2
Theo Vi-ét, ta co
P=xi29 =m — 3.

Khi do

A =zi25 + 2% + 15 — 3317,
= (1’1{1)2)2 + (ZEl + 1'2)2 - 21‘1.172 - 3!E11’2

=(m—3)*+2*—-5(m—3)

11\* 9
=m?—11 28:< ——> — >
m m + m 5 17

=] ©

. 11 11
Vay gia tri nho nhat ctia A 1a —1 khi m — 5 = 0 m= 5

Bai 3.



CHUONG 5. MOT SO DE THAM KHAO 357

ZE2

a) Vé do thi (P) clia ham s6 y = e
b) Tim nhitng diém thuoc (P) c6 hoanh do bang 2 lan tung do.
Loi giai.

a) Bang gia tri

b) Goi M(z;y) la diém can tim, theo dé bai, ta c6 y = g nén M (x; g)
Do M thudc do thi ham s6 nén thay toa do M vao ham sb, ta duge

x 2 r=0=y=0
—=——Sar+2) &
2 4 rT=-2=y=-1
Vay céc diém théa yu cau dé bai 1a M;(0;0), My(—2; —1).
[

Bai 4. Cho tam gidc nhon ABC (AB < AC) ndi tiép duong tron (O; R), cac duong cao AD,
BE, CF cat nhau tai H.

a) Chiing minh rang AE - AC = AF - AB.
b) Chiing minh rang cac ti giac BFHD, ABDE noi tiép.

c) Vé tia Az 1a tiép tuyén ctia duong tron (O), tia Az nim trén nita mit phang bs AB ¢6
chita diém C. Chiing minh ring Az || EF. Tit d6 suy ra OA L EF.
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d)

Goi K la giao diém ctia hai dusng thang FF va BC. Duong thing di qua F song song véi
AC cat AK, AD lan lugt tai M, N. Chiing minh rang MF = NF.

Loi giai.

a)

AEH = ADC = 90°
Xét AAFEH va AADC ¢6 ¢
DAC la géc chung

= ANAEH ~ ANADC (g.g) .

AE AD
— =— = AF-AC = AH - AD.
Suy ra 10 = Ac = C
Mot cach tuong tu, ta ciing ¢6 dugec AAFH ~ ANADB va AF - AB = AH - AD.

Do d6 AE - AC = AF - AB nén ta dugc diéu can chitng minh.

Xét i gide BFHD, ta c6 BFH + HDB = 90° 4+ 90° = 180° nén BFHD 1a ti giac noi
tiép.
Xét tit gise ABDE, ta c6 ADB = AEB = 90° nen ABDE la tit gidc noi tiép (hai goc

cung chan cung AB bang nhau).

. AF AFE
T ke A chtl inh ctia ca —_— =
U két qué chiing minh ctia cau a), ta suy ra 10~ AB e am
Do d6 AAEF ~ AABC trusng hop c.g.c (BAC chung va 1= E)

Tu dé suy ra AEF = ABC.
Ma ABC = CAz (tinh chat ctia géc tao bdi tiép tuyén va day cung).
Do d6 AEF = C Az nén EF || Az (goc déng vi).
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Hon ntta, do OA L Az nén EF 1 OA.

Vay ta dugc diéu can chitng minh.

Ké dudng thing qua B song song véi AC, cit AK va AD lan lugt tai P va Q.
FK KB
Ta c6 KFB = ACB = BFD = FB la phan giéc KFDnen —— = —— (1).
ik CK FD  BD
Do FC' la phan giac ngoai ctia KFD nén D= CD (2).

D
KB (CK KB DB

BD - 0D KO - Dpo )
KB _PB . BQ DB

KC’PB AC’BQ< ) va AC — DC (5)-
Tu (3), (4) va (5) ta duge a0 = a0 = PB = BQ.

MF "FN AF

PB  BQ AB’

Vay MF = FN nén ta c6 diéu can chiing minh.

Tu (1) va (2), ta duge

Do BP || AC nén ta c6 —

Ma ta lai c6 MN || PQ =

359
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PE KIEM TRA HOC KI I - Nam hoc: 2013-2014
Mon: Toan 9 - Thdi gian lam bai: 90 phit

Bai 1. Giai cac phuong trinh va hé phuong trinh sau

a) 142 — 7Tx = 0. b) 222 — 22z +1 =0.
3r+2y=-3
c) ' —42? —5=0.
5r + 3y = 10.
Loi giai.
a) 42> —Tr =0 Tz2x—1)=0& & 1
20 —1=0 T =—.
) 2
Vay tap nghiém cta phuong trinh la S = {O; 5}
2 2 V2
b) 222 —2y2r +1 =0« (V22 — 1) :0<:>\/§x—1:0<:>x:7.
2
Vay tap nghiém cia phuong trinh la S = {\/7—}
c) Dat t =a* (t > 0).
Phuong trinh tré thanh
) t = —1 (loai) ) z=5
t“—4t—-5=0<(t+1)(t—5) =0« =1r'=5&
t =5 (nhan) z=—5.

Vay tap nghiém cia phuong trinh la S = {\/_, —\/5}

3r+2y =3 —9x — 6y = —9 r=11 r=11
d) Ta co & & &
or + 3y = 10 10z + 6y = 20 10z + 6y = 20 y = —15.

Vay tap nghiém clia hé phuong trinh 1a S = {(11; —15)}.

Bai 2. Cho phuong trinh 22 + (2m — 1)z +m? = 0 (x 14 an s6). Dinh gid tri m dé
a) Phuong trinh ¢6 hai nghiém z;, xo. Tinh x1 + x5 V& 2125 theo m.
b) Biéu thic A = 22 — (2m — 1)ay +m? dat gia tri nhé nhat.

Lai gidi.
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a) Phuong trinh z% + (2m — 1)z + m? = 0 ¢6 hai nghiem x;, zo khi va chi khi
1
AZO<:>(2m—1)2—4m220<z>—4m—|—120<:>m§Z.

Theo dinh li Vi-ét, ta c6
S:.Z'1+l'2: —2m+1

P = zy29 = m>.
1
b) Véi m < 7t c6 2 = —(2m — 1)x; — m?. Khi d6

A =—2m—1Da; —m? — (2m — 1)zy + m?

Bai 3.

£E2

a) Vé do thi (P) ctia ham s6 y = 5

b) Tim nhitng diém thudc (P) c6 hoanh do bing 2 lan tung do.
Lai giai.

a) Bang gia tri
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b) Goi M(x;y) la diém can tim, theo dé bai, ta c6 y = g nén M (x; g)

Do M thuoc do thi ham s6 nén thay toa do M vao ham so, ta dugc
T 22 r=0=y=0
—=——or(rz+l) & 1
2 2 r=—-1=y= 5

2 N N 1
Vay cac diem théa yéu cau de bai la M;(0;0), My(—1; —5)
]

Bai 4. Cho tam giac nhon ABC (AB < AC) nai tiép duong tron (O; R), cic dudng cao BD va
CFE cat nhau tai H. AH cat BC, DE lan luct tai F' va K.

a) Chiing minh rang tt gidc ADHFE noi tiép va xac dinh tam I ctia dudng tron nay.

b) Vé tia C'x 1a tiép tuyén clia dudng tron (O), tia Cx ndm trén nita mat phang bs BC khong
c¢6 chita diém A. Chitng minh rang tt gidc ADF B noi tiép va Cz || DF.

¢) Ching minh DH la tia phan gidc cia goc EDF va AF - HK = AK - HF.

d) Ching minh AFBK ~ AFIC, tit d6 suy ra K 1a truc tam tam giac BIC.

A
T D
K
O
B‘
N

Loi giai.
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a)

Ta c6 AEH = ADH = 90° suy ra AEH + ADC = 180°. Vay tit gidc ADHE noi tiép.
Goi I l1a trung diém ctia AH. Do DI la duong trung tuyén ciia tam gidc vuong ADH nén
ID =TA=T1H. Tuong ty ting v6i tam gidc vuong AEH ta duge ID = [A=1H.

Khi d6 ID = IA =1H = IE nén I la tam ciia ctia duong tron di qua 4 diem A, D, H, E.

Chiing minh t giac ADF B noi tiép.

Ta c6 ADB = AFB = 90°. Suy ra ttt gidc ADF B noi tiép (cing chan cung AB).
Ching minh Cx || DF.

Ta c6 BCz = BAC (cuing chan cung BC') va BAC = DFC (ttt gidc ADF B noi tiép).
SuyraEC\x:ﬁF\C. Do d6 Cz || DF.

Ching minh DH la tia phan giac cua goc EDF.

Do tit gidc ADHE nai tiép nén EDH = EAH (cung chan cung FH).

Ta lai c6 tit giac ADF B noi tiép nén HDF = BAF (ctiing chan cung BF).
Suy ra EDH = HDF hay DH la tia phan giac cia goc EDF.

Ching minh AF- HK = AK - HF'.

Ta ¢c6 DH la tia phan giac ctia goc EDF nén % = %

Mat khac DA 1 DH nén DH la duong phan giac ngoai cia AKDF
AK DK HK AK

suyraﬁ:ﬁ. Dodéﬁ:FéAF-HK:AK-HF.

Ching minh AFBK ~ AFIC.

Tac6 AF-HK = AK -HF = (IA+ IF)(IA—-IK)=(IA+IK)(IF — IA)
= A2 =IK -IF. (1)

Goi AH cat (O) tai N.Khid6 FB-FC=FN-FA=FA-FH.

Ta ching minh FA- FH = FK - FI. That vay,

FA.-FH=FK - -FI
& (IF+IA)IF —1A)=1IF(IF — IK)
& [A’=1IK-IF.

T (1) ta c6 diéu can ching minh hay FA- FH = FK - F1I.
Do dé FB-FC =FK F[:>FB—FK
ceorp T E T FI ~ FC
Ta lai c6 BFK = [FC =90° nén AFBK ~ AFIC (c.g.c).
Chiing minh K la tryc tam tam giac BIC.
Ta c6 IK 1 BC nén ta can chitng minh BK 1 IC hay ta chiing minh E(\thl?[\C = 90°.
Ma ta ¢6 KBF = KIC' (AFBK ~ AFIC) nén BKF + KIC = BKF + KBEF = 90°.

Vay BK L IC. Suy ra K la truc tam tam gidc BIC.
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DE KIEM TRA HOC Ki II ( Phong GD - DT Q.1 ) - Nam hoc: 2014 - 2015

Mon: Toan 9 - Thdi gian lam bai: 90 phit
Bai 1. Giai phuong trinh va cac hé phuong trinh sau
a) 322 + 15 = 0. b) 22 — (23 — 1) — 2v/3 = 0.

Tr — 5y = 33
c) 3z — 1022 — 8 = 0.
3x — 2y = 15.

Lai gidi.

a) Ta c6 3z° + 15 =0 & 32° = —15 & 22 = —5 vo nghiém vi 22 > 0.

Vay phuong trinh ban dau vo nghiém.

b) 22— (2v/3 — 1)z —2v/3 =0.
Tacba=1,b=—(2v/3—-1);c=—2V3
Via—b+c=1+(2v/3 —1) —2v/3 = 0 nén phuong trinh da cho ¢6 nghiem 1a
r1=—1; 29 = e 2¢/3.
a
Vay tap nghiém ctia phuong trinh S = {—1; 2\/3}

c) 3z1 — 1022 -8 =0
Diat t = 22 (t > 0), khi d6 phuong trinh tré thanh 3t* — 10t — 8 = 0.
Taco A =b0* —4ac = (—10)2 —4-3-(—8) =196 > 0 = VA = 14.
Do d6, phuong trinh ¢6 2 nghiém 1a ¢t = 4 (nhan); ¢t = —; (loai)
V6it=4thiz? =4 & x =42
Vay tap nghiém ctia phuong trinh la S = {£2}.
Tx — by =33 21z — 15y = 99 y==~6 rx=9
d) Ta co & = &
30 — 2y = 15 21z — 14y = 105 30 —-2.6=15 y = 6.
Vay hé phuong trinh da cho c¢6 nghiém (x;y) = (9;6).

Bai 2. Cho phuong trinh 22 + 3z +m — 1 =0 (z 14 an sd).

a) Dinh m dé phuong trinh c¢6 hai nghiém 1, zo. Tinh 21 + 25 va 212 theo m.

b) Dinh m dé phuong trinh c6 hai nghiém 1, x5 thoa man z;(zf — 1) + 29(3225 — 1) = 3.

Loi giai.

364
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a) Tacoz?+3z+m—1=0.
Khi d6 A = b — dac = 32 — 4(m — 1) = —4m + 13
Dé phuong trinh da cho c¢6 hai nghiém 1,25 thi —4m +13 >0 < m < %
Theo dinh 1y Vi-ét, ta c6 21 +x9o=—-3 (1) ;21 -29=m—1 (2)

b) Ta co
ri(rt — 1)+ 223225 - 1) =3 & 25 — 2 +3225 — 2y =3

& 20+ (209)° — (21 +12) =3
& 20+ (21)° +3 =3
& 1b = —(21,)°
& 11 = —219 (3)

ZL‘1—|—$2:—3 $1:—6

Tu (1) va (3), ta co: & (4).
I = —2ZE2 To = 3

Thé (4) vao (3), ta duge m — 1 = —18 & m = —17 (nhan).

Vay m = —17 1a gia tri can tim.

[L’2

Bai 3. a) V& do thi (P) ctia ham s y = e

b) Bing phép tinh, tim toa do giao diém ctia (P) v6i dudng thang (d): » — 2y = 4.
Loi gidi.

a) Bang gia tri

Ta c¢6 do thi sau
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b)

Tacéx—2y24<:>y:g—2.

Phuong trinh hoanh do giao diém ctia (P) va (d) 1a

2 r=—4
_%zg_z o242 -8=0 o

Voiz = —4thiy = —4 = A(—4; —4).
Voiz=2thiy=—1= B(2-1).
Vay toa do giao diem ctia (P) va (d) 1a A(—4; —4) va B(2; —-1).

366

O

Bai 4. Cho AABC nhon (AB < AC) ndi tiép duong tron (O; R). Cac tiép tuyén tai B, tai C
ctia duong tron (O) cat nhau tai M.

a) Chiing minh rang t gidc OBMC ndi tiép dudng tron va xac dinh tam K ctiia dudng tron

nay.

b) Goi D la giao diém ciia M A va dudng tron (O) (D khac A), H 1 giao diém ciia OM va

c)

d)

BC. Chitng minh rang M B? = MD - M A.
Chting minh rang ti gidc OADH nai tiép va AHO = MHD.

Chting minh rang: BAD = CAH.

Lai gidi.
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a)

Vi M B, MC la hai tiép tuyén ctia dudng tron (O) nén MBO = 90°, MCO = 90°

= MBO + MCO = 90° + 90° = 180°.

= Tt giac MBOC noi tiép duong tron.

Goi K 1a trung diém ctia MO.

Tam giac OBM vuong tai B ¢6 BK la dudng trung tuyén ng véi canh huyén MO.
Do d6 KO=KM = KB.

Tam giac OCM vuong tai C' c¢6 CK 1a duong trung tuyén tng v6i canh huyen MO.
Do d6 KO=KM = KC.

= T gidc M BOC noi tiép duong tron duong kinh MO.

= Tam K ctia dudng tron la trung diém ctia MO.

Xét duong tron (O), ta co MBD = MAB (Goc noi tiép bang goc tao béi tia ticp tuyén va
day cung cting chin BD ).
Xét AMBD v AMAB, ta c6

B/]\Zélchung
MBD = MAB
MB MD
AMBD = AMAB (g- — = —

= MB*>= MD - MA (dpcm).

Theo tinh chat ctia hai tiép tuyén cdt nhau tai (O), ta c6 MB = MC.

= AMBC can tai M

Mat khac AMBC ¢6 MO la dusng phan giac.

Nén MO ciing chinh la duong cao cia AMBC = MO 1 BC.

Ap dung he thic lugng trong tam gigc vuong M BO, ta 06&4532 :MJ\QH -MO.
Lai c6 MB?> =MD -MAnén MD-MA=MH - MO = VD~ MO

Xét AMHD va AMOA, ta ¢6

AMH chung
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MH MA
MD MO
= AMHD «~ AMOA (c-g-c)

Vi AMHD « AMOA nén MHD = MAO
= Tt giac OADH noi tiép duong tron (dau hieu géc ngoai) = AHO = ADO.
Ma ADO = DAO = MHO nén AHO = MHD.

d) Ké AH cat (O) tai E.
Ta c6 DHM = AHO = EHM va BHM = CHM = 90° .
BHM = CHM = BHM — MHD = CHM — MHE
= BHD = CHE = sd BD = sd CE
= BAD = CAH (hai goc bang nhau chén hai cung bang nhau).
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DE KIEM TRA HOC Ki II ( Phong GD - DT Q.1 ) - Nam hoc: 2015 - 2016

Moé6n: Toan 9 - Thai gian lam bai: 90 phut

Bai 1. Giai phuong trinh va cac hé phuong trinh sau

a) 22+ T =0. b) 2%+ = 2/3(x + 1).
20 — 3y =19
c) —2* + 522 +36=0.
3r + 4y = —14.
Loi giai.
x=0
a) Taco 2’ +Tr =0z +7)=0<
xr=—1.

Vay tap nghiém ctia phuong trinh S = {0; —7}.

b) Tacé2®+2=2V3(zx+1) &2 — (23— 1)a —2V/3=0.
Tacoa=1;b=—(2v3—1); c = —2V/3.
Via—b+ec=1+(2v3-1)-2V/3=0.

Nén phuong trinh da cho ¢6 nghiém la 1 = —1; 29 = —C_ 2/3.
Vay tap nghiém ciia phuong trinh S = {—1; 2\/5} ’

c) —xt+522+36 =0« 2* — 5% — 36 = 0.
Dat t = 2 (¢t > 0), khi d6 phuong trinh tré thanh * — 5t — 36 = 0.
Ta c6 A =b0> —4ac = (=5)> —4-1-(=36) = 169 > 0 = VA = 13.
Do d6, phuong trinh ¢6 2 nghiém la t = 9 (nhan); ¢t = —4 (loai).
V6it =9 thi 2> =9 & r = 43 (nhan).
Vay tap nghiém ctia phuong trinh S = {+3}.

d) Ta co
20 — 3y =19 6x — 9y = 57
=
3r+4y =—14 6x + 8y = —28
— 17y =85
=
20 — 3y =19
=-5
=
2x — 3(—5) =19
T =2
=
y= -9

Vay hé phuong trinh da cho ¢6 nghiém (x;y) = (2; —5).

369
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O
Bai 2. Cho phuong trinh 22 — (m + 5)z +2m + 6 = 0 (z 1a an s6).
a) Chiing minh rang: phuong trinh da cho luon ¢6 hai nghiem véi moi gid tri ctia m.
b) Tim m dé phuong trinh c6 hai nghiém 1, x5 théa man 2% + 23 = 35.
Loi giai.
a) Taco 2> — (m+5)xr+2m+6=0.
Khi 46 A = 0% — dac = [—(m +5)]* — 4(2m + 6) = (m + 1) > 0 Vm.
Do do, phuong trinh da cho luén c¢6 hai nghiém véi moi gié tri ciia m.
T1+Ta=m+5H
b) Theo dinh ly Vi-ét, ta c6
T+ To = 2m + 6.
Ta c6
w342l =35 & (21 +29) — 3wy29(21 + 22) = 35
& (m+5)°—32m+6)(m+5)=35
& (m+3)P° =3
< m =0 (nhan).
Vay m = 0 1a gia tri can tim.
O
X . x?
Bai 3. a) Vé do thi (P) ctia ham s6 y = 5

b) Tim nhitng diém thudc (P) c6 hoanh do bing 2 lan tung do.
Loi giai.

a) Bang gia tri

Ta c6 do thi sau
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b) Goi M(a;b) 1a diém can tim.
Vi nhitng diém c6 hoanh do gap 2 lan tung do nén a = 2b.
(20)? b=0

S +b=0< 1

b=—-.
2

ViM e (P)nénb=—

V6i b =0 thi a =0 = M(0;0).
1 1
Voib=—=thiy=1= M <—1;——).
2 2
) N

) 1
Vay toa do giao diem cua (P) va (d) 1a M(0;0) va M’ (—1; —§>

Bai 4.

“Cap la yéu thuong — Trao co hoi di hoc — Cho co hoi doi doi”

Trung tam Tin tttic VITV24 cht tri, phdi hop cing Van phong Bo - Bo Lao dong - Thuong binh
va Xa hoi, Ngan hang Chinh sach xa hoi thuc hién chuong trinh “Cap 14 yéu thuong”. Huéng téi
ho trg tat ca cac hoan canh khoé khin, véi trong tam 1a hoc sinh ngheo hoc gi6i. Dong hanh ciing
v6i chuong trinh nay vao ngay 4/10/2015, ¢o higu trudng truong THCS Nguyén A dén ngan hang
gdi tiét kiem s6 tien 1a 40.000.000 dong, gbi ky han 1 nam, 1ai cudi ky va 1ai nhap goc va néu
tinh dén 4/10/2017, ¢6 hiéu trudng sé nhan dugc ca tien goc 1an tien 1ai 1a 44.100.000 dong, s6
tién nay dugc chuyén dén chuong trinh “Cap la yeu thuong”. Hoi lai sudt mdi nam 1a bao nhieu
phan tram?

Loi giai.

Tién 1ai c6 la 44.100.000 — 40.000.000 = 4.100.000 (déng).

Goi 1ai suat mot nam 1a 2% ( z > 0).

T 4/10/2015 dén 4/10/2017 ¢6 An dugce s6 tien 1ai la

40.000.0002% + (40.000.0002% + 40.000.000) - 2% = 400.000z + 400022 + 400.000 (dong).
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Theo dé bai, ta c6 phuong trinh

x =15 (nhan)
400022 + 400.000z = 4.100.000 < 22 + 200z — 1025 = 0 <

r = —205 (loai).
Vay lai suat ctia moéi nam 1a 5%. O
Bai 5. Cho dudng tron (O; R) va diem A nam ngoai dudng tron (O). Vé hai tiép tuyén AB, AC
ctia duong tron (O) (B, C 1a hai tiép diém). Vé cat tuyén ADE ctia duong tron (O) (D, E thuoc
duong tron (O); D nam gitta A va F, tia AD nam gitta hai tia AB, AO).

a) Chiing minh réang A, B, O, C cung thuoc mot dudng tron va xac dinh tam ctia dudng tron

nay.
b) Chiing minh ring: AB? = AD - AE.

c¢) Goi H la giao diém ctia OA va BC. Chitng minh AAHD «~ AAFEO va tit giac DEOH noi

tiép.
N ? . R R . . e . . .. FH
d) Dudng thang AO cat duong tron (O) tai M, N (M nam gitta A va O). Ching minh N
 MH
 AD’
Lo giai.

C

a) Vi AB, AC 1a hai tiép tuyén ciia duong tron (O) nén ABO = 90°, ACO = 90°.
— ABO + ACO = 90° + 90° = 180°. Vi B, C 12 hai dinh d6i nhau cfia tit gisc ABOC nén
ti giac ABOC nai tiép duong tron dudng kinh OA.

Tam ctia duong tron la trung diém ciia OA.



CHUONG 5. MOT SO DE THAM KHAO 373

b)

Xét duong tron (O), ta c6 ABD = BED (Go6c noi tiép bang goc tao bdi tia tiép tuyén va
day cung ciing chén BD ).

Xét ANABD va NAEB, ta c6

BAD chung

ABD = BED

= AABD «~ ANAEB =
— AB?= AD- AE (1).

AB AD
AE  AB’

Ap dung he thic lugng trong tam gidc vuong ABO, ta dusec AB? = AH - AO.
: AH ~ AE

Tu (1) suy ra AH - AO = AD - AE = 1D~ A0

Xét ANAHD va NAFEQO, ta c6

DAH chung
AH AFE

AD ~ AO
= ANAHD «~ ANAEO (c-g-c).

— AHD = AEO = Tit gidc DEOH noi tiép dudng tron (Goc trong tit gidc noi tiép bang
goc ngoai ¢ dinh doi dien).
- e ‘D/O]\W s ~ c X N ~ 2 pe 2, ~ N <
Ta c6 DEM = — (g6c ndi tiep bang mot nita géc ¢ tam cung chan cung DM)
Ma DOM = DEH (Hai goc noi tiép cung chin cung DH clia dudng tron ngoai tiép ti
—— DFH —
giac DEOH) néen DEM = —5 = DEM = MFEH.

EH MH

= E'M la duong phan giac cia AAEH = qE = AN (2).

Xét AAEM va AAND, c6

DAM = 90°

DEM = DNM (2 goc noi tiép cing chan cung DM clia dudng tron O)
= NAEM «~ ANAND (g-g) = AP _ AM

ay = ap ¥
T (2) va (3), nhan vé theo vé ta dugce diéu phai ching minh.
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DE KIEM TRA HOC Ki II ( Phong GD - DT Q.1 ) - Nam hoc: 2016 - 2017

Mon: Toan 9 - Thdi gian lam bai: 90 phit

Bai 1. Giai cac phuong trinh sau

a) br? —8r = 0.
b) 2%+ 5z +4=+2(x+1).
c) z* — 36 = Hz?.
Lai gidi.
x=0

a) Taco bz’ —8x =0 z(bx —8) =0« 8

Vay tap nghiém ctia phuong trinh S = {O; 5}
b) Tacoa? +5x+4=2+1) 2>+ (B5-vV2)r+4—-v2=0.

Tacéazl;b:5—\/§;c:4—\/§
Via—b+c=1—-(5-v2)+4—+v2=0.

Nén phuong trinh da cho ¢6 nghiém la xy = —1; x5 = %C =2 —4.
Vay tap nghiém ctia phuong trinh S = {—1;\/_— 4}.

' —36 =522 & 2t — 522 — 36 = 0.

Dat t = 2 (¢t > 0), khi d6 phuong trinh tré thanh > — 5t —36 =0 (%)
Ta c6 A = b? — dac= (—=5)> —4-1-(=36) =169 > 0 = VA = 13.

Do d6, phuong trinh ¢6 2 nghiém 1a ¢t = 9 (nhan); t = —4 (loai).

V6it =9 thi > =9 & r = +3 (nhan).

Vay tap nghiém ctia phuong trinh S = {+3}.

Bai 2. Cho phuong trinh 22 — 2(m + 1)z — 4 = 0 (x 14 an sd).

374

a) Chiing minh rang phuong trinh da cho luon c¢6 hai nghiém trai dau véi moi gia tri cta m.

b)

Tim m dé phuong trinh c¢6 hai nghiém zq, x5 thoa man

(22 — 221 — 4) (22 — 239 — 4)
T1T2

= 16.

Lai gidi.
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a) Xét phuong trinh 22 — 2(m + 1)z — 4 = 0.
Khidoa-c=1-(—4)=—-4<0VYm.

Neén phuong trinh da cho ¢6 2 nghiém trai dau véi moi m.

b) Ta c6 2? —2(m + 1)z —4 = 0.
Vi phuong trinh da cho c¢6 2 nghiém trai dau v6i moi m nén phuong trinh da cho luon c6
2 nghiém phan biét v6i moi m.

_ _ r1+ 29 =2(m+1)
Theo dinh ly Vi-ét, ta c6

T To = —4.
Vi x1, x5 1a hai nghiém ctia phuong trinh nén ta duge
21 —2m+ 1)z —4=0 r] — 2x1 — 4 = 2ma,
=4
23— 2(m+ 1)z, —4=0 T3 — 219 — 4 = 2mas.
Khi d6 (22 — 21y — 4) (22 — 229 — 4) PN 2may - 2mxy _ 06
T1T2 —4

o m2=4

< m = %2 (nhan).

Vay m = & 2 1 cac gia tri can tim.

2
Bai 3. a) Vé do thi (P) clia ham s6 y = %

b) Tim m dé (P) cit dudng thang (d) : y = —2z + 1 — 3m tai diém c6 hoanh do z = — 2.
Loi giai.

a) Béang gia tri

y |45 2 [0]2]45

Ta c¢6 do thi sau
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b) Phuong trinh hoanh do giao diém ctia (P) va (d) 1a
%2:—2x+1—3m<:>$2+4a:+6m—2:0.
Vi (P) cat (d) tai diém c6 hoanh do 1a o = —2 nén ta c6
(=22 +4-(-2)+6m—-2=0<m=1.

Vay m = 1 1a cac gia tri can tim.

O

Bai 4. Dé dat 6ng dan nuée trén mot doan dudng, cé thé diing 100 6ng dai hoic 160 éng ngan.
Do dit ca hai loai 6ng nén da dung 124 6ng. Tinh s6 déng mdi loai (don vi tinh do dai 6ng 1a
mét).

Loi giai.

Goi chiéu dai ctia 6ng dai 1a d m, s6 ong dai can tim 1a z 6ng.

Diéu kien d > 0,2 € N*, z < 124.

Khi d6, s6 6ng ngan can tim 1a 124 — z 6ng.

Chiéu dai doan duong 1a 100d m.

Chiéu dai ctia 6ng ngan 1a (100d) : 160 = 5§d m.

5d
Ta c¢6 phuong trinh : dz + §(124 — ) = 100d < x = 60 (thda méan).
Vay s6 dai can tim 1a 60 6ng. S6 6ng ngan can tim 1a 124 — 60 = 64 6ng. O
Bai 5. Cho tam giac nhon ABC(AB < AC) noi tiép duong tron (O; R). Cac dudng cao
AD,BE,CF cua tam giac ABC cit nhau tai H.
a) Chiing minh réng cac tit gihc BFHD, BFEC ndi tiép dudng tron.

b) Ching minh rang F'H 1a tia phan gidc clia goc DEF va H la tam dudng tron noi tiép
ADEF.
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¢) Goi M la trung diém ctia canh BC. Chting minh OM | AD va tt giac DM EF noi tiép.

d) Goi N la giao diém ctia AD va EF. Chitng minh

1 12
HN HD AH’

Lai gidi.

a)

Vi AD,CF la cac dudng cao ctia tam giac ABC nén BFH = 90°, BDH = 90°.

— BFH + BDH = 90° 4 90° = 180°.

Ma F, D 1a hai dinh d6i nhau cta tt gidc BFH D nén ti giac BFHD noi tiép dudng tron.
Vi BE,CF la cac duong cao ctia tam gidc ABC' nén hai goc CFB = 90°, BEC = 90°.
Vi E, F ké nhau cung nhin doan BC dudi mot géc vuong nén ti giac BFEC noi tiép

duong tron.

Vi tt gidc BFHD noi tiép duong tron

nén DBH = DFH ( Hai g6c noi tiép cuing chén cung DH). (1)

Vi tit gidc BFEC noi tiép duong tron

nen CBE = CFE ( Hai goc noi tiép cung chan cung C'E). (2)

T (1) va (2), suy ra DFH = EFH = FH 1a tia phan gidc cia goéc DEF (3).
Chitng minh tuong ty, ta ciing c6 EH la tia phan giac cua goc FED (4).

Tu (3) va (4), suy ra H 1a tam dudng tron noi tiép ADEF'.

Vi M la trung diém ctia BC nén OM 1 BC.

Ma AD L BC nén AD || OM (quan hé vudng géc véi song song).

Ta 6 EMC = 2EFC (G6c noi tiép bang mot nita goc & tam clia dudng tron ngoai tiép ti
giac EFBC v6i M la tam cia dudng tron).

Ma EFD = 2EFC nen EFD = EMC.
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= Tt gidc DM EF ndi tiép duong tron (Goc trong tit gidc noi tiép bing goéc ngoai dinh
doi dien).

d) Vi EH la duong phan giac trong cia ADEN va EH 1 FA.

= F'A la duong phan giac ngoai cia ADEN.
HD AD HD_HD+AD_AH+2HD_1+2HD

= = - — ==
IN AN ~ HN _ HN 1 AN Al A
1 1 9 1 1 9

AN _HD AH ~ HN HD _ AH
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DE KIEM TRA HOC KI II (Phong gido duc va dao tao Q.1) - Nam hoc: 2017-2018

Mo6n: Toan 9 - Thai gian lam bai: 90 phit
2
Bai 1. Cho (P): y = —%. Vé do6 thi (P) tréen mat phang Ozy. Tim toa do giao diem clia (P)
T

v duong thang (d): y = 5~ 3.

Lai giai.

a) e Bang gia tri cua (P)

e Do thi
Yy
—4 -2 O 2 4
! T ! "
/o =2\ :
e - (P)
b) Phuong trinh hoanh do giao diém ctia d va (P) la
2 r =2
Lo 3s?tr-6=0s
2 2 r=-3

9
Véix:—3:>y:—E;Véix:2:>y:—2.

. . 9
Vay toa do giao diem cua (P) va dudng thang d 1a (—3; —§>, (2;-2).

Bai 2. Cho phuong trinh z? + (m + 2)z +m + 1 = 0 v6i m la tham s6.
a) Chiing minh rang phuong trinh luon ¢6 nghiem xq; 25 v6i moi m.
b) Tim cac gia tri cia m dé hai nghiém x1; , ctia phuong trinh théa méan x? + 23 = 26.

Lai gidi.
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a) Taco A=(m+2)?2—4(m+1)=m?*+4m+4—4m —4=m? > 0,Vm.

Do dé phuong trinh da cho luon luén c6 nghiém x1; x5 v6i moi m.

o . . T+ = —(m+2)
b) Phuong trinh da cho ¢6 hai nghiém x;; xo théa man dinh 1y Vi-ét

1o =m + 1.

Ta co
T+ 15 =26 & (1 +12)° — 27115 = 26

& (m+2)*=2(m+1)=26

& mP4+dm+4-2m—2-26=0

& mP4+2m—24=0
m=4

=4
m = —6.

Vay m = 4 hodc m = —6 théa man yéu cau bai toan. O

Bai 3. Luc F ctia gi6 khi théi vuong goc véi canh buodm ti lé thuan v6i binh phuong van toc v
clia gi6, tiic 1a F' = av? véi a 1a hing s6. Biét ring khi van toc gi6é bang 2 m/s thi luc tac dong
len canh thuyén buom ciia mot con thuyén bang 120 N (Niu-ton). Tinh héng s6 a roi cho biét
con thuyén c6 thé di dugc trong bao véi van téc 90 km/h hay khong? Biét ring canh budn co
thé chiu mot ap luc t6i da 1a 12000 N.

Loi giai.

Ta c6 F' =120 N va v = 2 m/s nén thay vao cong thitc F' = av?, ta c6 120 = 4a < a = 30.

V6i toc do v = 90 km/h = % = 25 m/s thi lyc ctia gi6 phai la F = 30 - 25? = 18750 N.

Do d6 con thuyén khong thé di duge vi qué gidi han chiu luc t6i da 12000 N. d

Bai 4. Mot chiéc cau duge thiét ké nhu hinh duéi, chiéu cao MK = 6 m, ban kinh ctia duong
tron chita cung AM B la 78 m. Tinh do dai AB.

M

Lai gidi.
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Goi MN = 2-78 = 156 m la dudng kinh ctia duong tron chita cung M

AMB. "IN
Khi d6 AAMN vudng tai A do nhin duong kinh M N.
Ap dung he thic lugng trong AAMN ta c6
AK?=KM -KN =6- (156 — 6) = 900 = AK = 30 m.
Vay do dai ctia cay cau la AB = 2AK = 60 m.

O

Bai 5. Ban Tuat tieu thu 12 ca-lo cho mdi phit bai va 8 ca-lo cho mdi phtt chay bo. Ban Tuat
tieu thu tong cong 600 ca-lo trong mot gio véi hai hoat dong trén. Vay ban Tudt can bao nhiéu
thoi gian cho mdi hoat dong.

Loi giai.

Goi thoi gian ban Tuat boi la x phat (z > 0).

Thoi gian ban Tuat chay bo la y phat (y > 0).

Doi don vi 1 gio 1a 60 phiit.

R 122 + 8y = 600
Theo dé bai ta c6 hé phuong trinh
x +y = 60.
Giai hé phuong trinh trén
12z + 8y = 600 122 4+ 8y = 600
~
x4y =60 8x + 8y = 480
4 =120
=
y=60—2x
=30
~
y = 30.
Vay moi hoat dong ban Tuat can 30 phit. O
Bai 6.
Cho ba diém A, B, C thang hang theo thit ty dé. Trén ciing dudng s6 1

mot nita mat phing bo la dudng thang AB vé cac nita duong
tron duong kinh lan lugt AB, BC, AC nhu hinh vé. Hai con
robot chay tit A dén C, con robot thit nhat chay theo duong

s6 1 (nlta duong tron dudng kinh AC'), con robot thit hai chay h 3 o

theo duong s6 2 (hai nita dudong tron dudng kinh AB, AC).
Biét rang xuat phat cling mot thoi diém tai A va chay cing van téc khong doi. Ca hai con robot

dén cuing C' mot ltic. Em hay giai thich vi sao?
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Lai gidi.

Dudng di s6 1 ciia con robot chay bang véi nita chu vi ciia duong tron dudng kinh AC' quang

duong di theo duong s6 1 1a T 5
Dudng di s6 2 clia con robot chay bing v6i tong nita chu vi ctia dudng tron dudng kinh AB va

duong tron duong kinh BC nén quang duong di theo duong s6 1 1a

TAB N mBC w(AB+ BC) wAC
2 2 2 2
Do d6 hai dudng di c6 ciing do dai, ma robot di ciing van téc nén la thoi gian di chuyén nhu

nhau va cting dén C' vao mot thoi diém. O
Bai 7. Cho dudng tron (O; R) va diém A nam ngoai dudng tron (O). Vé tiép tuyén AB, AC cla
duong tron (O) véi B, C 1a hai tiép diém. Vé cat tuyén ADE ciia dudng tron (O) (D, E thuoc
duong tron (O); D nam gita A va FE, tia AD nam gitta hai tia AB, AO )

a) Ching minh raing AABD «~ ANAEB va AB? = AD - AE.
b) Goi H la giao diém ctia AO va BC. Chiing minh ring AAHD «~ AAEO v tit gisc DEOH
noi tiép.

c¢) Tiép tuyén tai D clia dudng tron (O) cat BC tai M. Goi N la giao diém ctia OM va DE.
1 1 4

DM? + OD?2 DE?

Chiing minh rang

Lai gidi.

a) Xét AABD va ANAEB ¢6
BAD = BAE

ABD = AED cting chan cung BD.

Suy ra AABD «~ ANAEB (gbc-goc).
. AB  AD 5
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b) AB va AC la hai tiép tuyén ciia duong tron (O) nén AO la dudng trung tryc clia canh

BC, suy ra BH 1. OA.

Xét AOAB vuong tai B c6 BH la dudng cao nén AB? = OH - OA. (2)
. . B AD  AH

T (1) va (2) SuyraAD-AE—OH-OA:E—E.

Xét ANAHD va NAEQO, ta ¢6

e HAD = EAO.
o, AD AR
A0 ~ AE

Do d6 AAHD «~ AAEO (c-g-c).
Suy ra AHD = AEO. (3)
Mat khac OHD + AHD = 180° (hai goc k& bir).  (4)
Tit (3) va (4) suy ra OHD + AEO = 180°, ma H, E 1a hai dinh déi nhau.
Khi d6 tit gise DEOH 1 tit gidc noi tiép.

Xét ti gidc MDHO c6

o MDO = 90° (do M D la tiép tuyén ctia dudng tron).

e MHO = 90°.

Suy ra MDO = MHO ma D va H 13 hai dinh k& nhau ctia ti giac.
Do do6 tit giac M DHO noi tiép duong tron, suy ra OMD = AHD.
Ma AEO = AHD (do (3)).

Dong thoi AODE can tai O nén DEO = ODE.

Tu d6 suy ra OMD = ODN. (5)

Mit khac ODN + MDN =90°.  (6)

Tit (5) va (6), ta c6 DMN + MDN = 90° = MN L DE, do d6 N la trung diém ED.

1 1 1
Xét AODM vuong tailD, ta Ci) ND? Z 0D + VD

DM? + OD?2 DE?

DFE
Do ND = - nén
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DE KIEM TRA HOC KI II (Phong gido duc va dao tao Q.1) - Nam hoc: 2018-2019
Mon: Toan 9 - Thdi gian lam bai: 90 phit

Bai 1. Giai cac phuong trinh sau day
a) 5(z*+1) — 3z(z + 3) = 10.
b) 4zt + 1122 — 20 = 0.
Lai giai.
a) Taco 5(x?+1)—3zx(r+3) =10 522 +5—-322 =92 — 10 =0 & 222 — 9z — 5 = 0.
Bict thitc A = (=9)2 —4-2.(=5) =121 > 0 = VA = 11.
9+11 . _9-11 _ 1

Khi d6 phuong trinh c6 hai nghiém x; = = 5, 19 = 4 — %

1
Vay phuong trinh c6 tap nghiém 1a S = {—5; 5}.

b) Dat ¢t = x? v6i diéu kien ¢ > 0, khi d6 phuong trinh tré thanh 4¢% + 11¢ — 20 = 0. (%)
Taco A =112 —4-4-(—20) = 441 > 0 = VA = 21.

—11-21 —114+21 5
Do d6 phuong trinh (%) c¢6 nghiém ¢, = —5 - —4 (loai); ty = T+ =7
5 5 V5
Véit = - 2= _ =4+—.
1 1 =T 1 =T 5 \/_ \/_
5 5
Vay phuong trinh c6 tap nghiém 1a S = {77 —7}
O
72
Bai 2. Cho (P):y = 5

a) Vé do thi (P) tréen mat phang Oxy.
b) Tim toa do giao diém ctia (P) va dudng thang (d): y = 2z + 6 bang phép toan.
Loi giai.

a) e Bang gia tri cua (P)

e Do thi
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,,,,,,, A AC

|

| |

| |

| |

| |

| |

| |

| |

| |

| |

| |

! 2 |

! N T |
N
4 -2 O] 1 2 4T

b) Phuong trinh hoanh do giao diém ctia d va (P) 1a
2 Tr = —2

%:2x+6<:>x2—4x—12:0<:>

Viz=-2=y=2;v6ix=06=y=18.
Vay toa do giao diem ctia (P) va duong thang d 1a (—2;2), (6;18).

Bai 3. Cho phuong trinh 2% — 2max +m? — 2m + 4 = 0 v6i m 13 tham s6.
a) Tim diéu kién ctia m dé phuong trinh c6 nghiem z;; z».
b) Tinh téng va tich hai nghiem z;; x5 theo m.
¢) Tim cac gia tri cia m dé hai nghiém z1, =, ctia phuong trinh thoéa méan 22+ 22— 1179 = 15.
Loi giai.
a) Taco A =m? —m?+2m—4=2m — 4.
Phuong trinh da cho ¢6 nghiem < A’ >0<2m—4>0< m > 2.
1+ Ty =2m
b) Phuong trinh da cho c6 hai nghiém x;; x5 théa man dinh 1y Vi-ét
r1Te = m? — 2m + 4.

c) Taco

a5 —mry =15 & (1) +29)% — 3wymy = 15
& 4m?—-3(m* —2m+4)=15
& 4m? —3mP+6m—-12—-15=0
& mP+om—27=0
m =23  (Nhan)

=
m = —9 (Loai).
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Vay m = 3 théa mén yéu cau bai toan. O
Bai 4. Dé t6 chiic di tham quan huéng nghiép cho 435 ngusi gdm hoc sinh khéi 16p 9 va gidgo
vién phu trach, nha truong da thue 11 chiéc xe gom hai loai: loai 30 chd ngoi va loai 45 chd ngoi

(khong ké tai x¢). Hoi nha truong can thué bao nhidu xe mdi loai? Biét ring khong co xe nao

con tréng chd.

L&i giai.

Goi s6 xe loai 30 chd va s6 xe loai 45 chd lan lugt lan 1a z, y (z, y € N*).

R 30x + 45y = 435
Theo dé bai ta c6 hé phuong trinh

z+y=11.
Giai hé phuong trinh trén

30z + 45y = 435

30z + 45y = 435

=
x4y =11 302 + 30y = 330
15y = 105
=
r=11—y
r=41
<~
y="T.
Vay nha truong can thué 4 xe loai 30 chd va 7 xe loai 45 chd. O
Bai 5.
Tinh khodng céach gitta hai dia diem B va C, biét rang tit vi tri Ho nude O
Ata do duge AB = 234 m, AC' = 185 m vi BAC' = 53° (két qua
tinh bang mét va lam tron dén hang don vi). 185 m
B A
234 m
L3i gidi.
Ké duong cao CH ctia AABC, ta c6 Ho nuse C
sin BAC = I = CH = AC -sin BAC = 185 - sin 53° =~ 147,7
m. 185 m
cos BAC = — = AH = AC - cos BAC = 185 - cos53° ~ 111,3 H
AC B 234 m 4
m.
Khi d6 BH = AB — AH = 234 — 111,3 = 122,7 m.
Xét ABCH vuong tai H ¢
BC? = CH? + BH? = 147,72 + 122,72 = 36870.6.
Do d6 BC' ~ 192 m. 0

Bai 6. Cho tam giac ABC' ¢6 ba goc nhon AB < AC noi tiép dudng tron (O). Cac dudng cao

AD, BE va CF cta tam giac ABC cat nhau tai H.
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a) Chiing minh cac tit gidc BOCEF va CDHE noi tiép dudng tron.

b) Chitng minh E'H la tia phan gidc cia goc DEF va EB-EH = ED - EF.

c¢) Tit D ké mot duong thang song song v6i EF cit cac duong thang AB va C'F lan lugt tai

M va N. Chiing minh D la trung diém ctia M N.

Lai gidi.

a)

BEC = 90°
Xét ti giac BOEF ¢6 ¢
BFC =90°.

Suy ra ti giac AEHF noi tiép duong tron do cé hai dinh lién nhau cting nhin canh BC

dudi mot goc vuong.

CEH =90°
Xét t gisc CDHE ¢6 { — CEH + CDH = 180°.
CDH = 90°

Do do6 tit gisc CDHE noi tiép duong tron.

—

Suy ra HCD = HED cimg chén cung DH. (1)

AEH =90°
Xét ti gisc AEHF c6{ — AEH + AFH = 180°.
AFH = 90°

Do d6 ti gidc AEHF noi tiép duong tron.
Suy ra HEF = HAF ciing chén cung FH. (2)

AFC = 90°
Xét tu giac ACDF ¢6 ¢
ADC = 90°.

Do d6 ti gidc ACDF nai tiép dudng tron do c6 hai dinh lién nhau cting nhin canh AC
duéi mot goc vuong.

Suy ra HCD = HAF cimg chén cung DF. (3)
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Tu (1), (2), (3) taco HEF = HED néen EH la tia phan giac clia goc DEF.

Xét AHED va AFEB c6
HED =FED (chiing minh trén).

FBE = FCE  (cimg chén cung EF)
S = FBE=HDFE.
HDE = HCFE (cung chén cung HE)
Do d6 AHED «~ AFEB (gbc-goc).
Suyra%:%:EB-EH:ED~EF.
Chtng minh tuong tu ta ¢6 F'H la tia phan giac cia goc DFE.
= EFN = DFN.
Vi EF || ND nén EFN =FND (so le trong).
Do d6 DFN = FND hay ADNF can tai D, suy ra DN = DF.
Ta lai c6 MFD = 90° — DFH = 90° — HFE = AFE.

Ma DMF = AFE (géc dong vi clia hai canh EF || M D).

Suy ra DMF = MFD hay ADMF can tai D, suy ra DM = DF.

Tt (4) va (5) suy ra DM = DN hay D la trung diém ctia M N.

388
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