CUC TRI SO PHUC VA HINH HOC

Cau 1. Cho sb phiic z théa man diéu kién |z — 1 —i| + |z + 1+ 3i| = 64/5. Gid tri 16n nhat cta
z—2—3i1a
@A) 5v/5. 2v/5. © 6V/5. (D)4v/5.
Huéng dan giai
Taco |z —1—i| +|z+1+3i] = 63/5 < MA+ MB = 6y/5v6i M(x;y)

M
biéu dién s6 phirc z = x + yi, A(1;1) biéu dién s6 phitc 1+ i, B(—1; —3) m
biéu dién sb phic —1 — 3i. !
i P . C A I B M
Khi d6 diém M nam trén elip tam I c¢6 do6 dai truc lon 6v5va A, Bla
hai tiéu diém.

e |z —2—3i| = MC v6i C(2;3) biéu dién sb phitc 2 + 3i.

o AB=(-2;-4) = AB =2\/5.
o AC = (1;2) = AC = /5.
e Vi AB = —2AC nén AB, AC ngugc hudng va AB = 2AC.

Goi M’ 1a diém ndm trén elip sao cho A, B, M’ thing hang va M’ khac phia A so véi B.

Tac6 BM' = WET_AB =25,

Ta thdy MC < M’'C véi moi diém M nam trén elip.

Do d6 MC 16n nhét khi va chi khi M = M.

Khi d6 MC = M'C = CA+ AB + BM' = /5425 +2/5 = 5/5.

Chon dép an (A) 0

Cau 2. Cho s6 phtc z théa man |z + 1| + |z — 3 — 4i| = 10. Gid tri nhd nhat Py, ctia biéu thitc
P = |z —1+2i| bang

@) Prin = V17. Poin = V/34. (© Pain = 2V/10. (D) Puin = @.
Huéng dan giai
Dt z = x + yi, diém biéu dién cua z 1a M(x;y).
Khidé |z + 1| + |z — 3 — 4i| = 10 & MA + MB = 10 v6i A(—1;0) va B(3;4).
Suy ra M thudc elip c6 do dai truc 16n 1a 10 = 2a = 10 = a = 5 va hai tiéu diém la A, B.
Ma AB = (4;4) = AB =4v2 = 2c = 4V/2 = ¢ = 2V2.

Ta co

P = [z-1+2i
= Ja—12+(y-22=MH




Voi H(1;2). Dé théy A,B, H théng hang nén H thudc doan AB.

Do d6 Ppin & MH ngén nhéat khi va chi khi M thudc truc nhé cta elip.

Khi d6 d6 dai MH bang mot nira truc nhd hay MH = b = Va2 — ¢ = /17,

Chon dép an (A) O
Cau 3. Cho cac s6 phtc z, w théa man |z — 5 + 3i| = 3, |iw + 4 + 2i| = 2. Tim gia tri lon nhat ctia
biéu thuc T = |3iz + 2w|.

@) /554 + 5. B /578 + 13. (© V578 +5. (D) v/554 + 13.

Hudéng dan giai

Al 9 0 mB

Tacd|z—5+3i| =3 &

3iz—151 -9
31

liw +4+2i) =2 & ‘;(—Zw—u&')

=3« |3iz—9—15i] = 9.

—2& | —2w—4+8i] =4

Goi A va B la diém biéu dién ctia 3iz va —2w, khi d6 A va B lan lugt thudc cac dudng tron tim
0(9;15) ban kinh bang 9 va dudng tron I(4; —8) ban kinh bang 4. Ta tinh duge OI = /554.
Khi d6 T = |3iz + 2w| = |3iz — (—2w)| = AB.
Do IO = /554 > 4 +9nén hai duong tron ngoai nhau, suy ra ABmax = AO+OI+1B = v/554 +13.
Chon dap an @ U
Cau 4. Xét s6 phtc z théa man |iz — 2i — 2| — |z + 1 — 3i| = +/34. Tim gia tri nh6 nhét ctia biéu thiic
P =|(1+1i)z+2i.

@) Pain = %7. Prmin = 3v/2. (©) Pain = 4V2. (D) Pain = V26
Hudéng dan giai
Gia st s6 phtic z ¢6 dang z = a + bi, z ¢6 biéu dién hinh hoc la diém M(a; b). Khi d6

iz 22| — |2+ 131 = V3 & /(0 + 22+ (a-2)2 —/(a + 12+ (b -3)2 = V34 (1)

Goi diém A(2; —2), B(—1;3) khi d6 ta c6 AB = +/34. Két hop véi (1) ta suy ra MA — MB = AB. =

biém M trung v6i diém B hodc B 1a trung diém ctia MA. Ta xét hai trudong hop sau:

e TH1: M trung B = M(—1;3). Suy ra

P = \/a— +(a+b+2)2=+32=4V2.

e TH2: B la trung diém ctia MA = M(—4;8). Suy ra

P=1/(a—b)2+(a+b+2)? = VI80 = 6v5.




Suy ra, minP = 4+/2.

Chon dap an (C) 0
Cau 5. Cho s6 phtc z théa man ZZ_’_;BZ_ZI = 1. Gid tri nhé nhat cia |z + 3 — 2i| bang
®20 2V/T0. © vio. Or

Huéng dan giai
Goiz=x+yivoix,y € R.

0
# —1e|z—2=z4+3—i] & |x+(y—2)i| = |(x+3)+ (y—1)i| © 3x+y+3 =0.
Vay tap hop cac diém biéu dién s phiic z 1a duong thang d: 3x +y + 3 = 0.
Taco |z +3 — 2i| = |z — (=3 +2i)|, vdi Mg(—3;2).
|—9+2+3] 4 210

VI+1 vio 5

|z + 3 — 2i| dat gid tri nhé nhat bang d(My,d) =

Chon dép an (A) O
Cau 6. Cho céc s6 phiic z, w thda man |z| = /5, w = (4 — 3i)z + 1 — 2i. Gia tri nho nhét ctia |w|
la

@) 3v/5. 4/5. (© 5V5. (D) 6V/5.
Hudng dan giai _
Theo gia thiéttacow = (4 —3i)z+1—2i = z = %}:21

—14+2i .

Neén |z| = V5 < % — V5o |w—1+2i =55

Vay, tap hop diém biéu dién s6 phitc w la duong tron I(1; —2) va ban kinh R = 5+/5.

Tac6 Ol = /12 + (-2)2 = /5 < R.

Do dé min |w| = R — OI = 5v/5 — /5 = 4./5.

Chon dép an O
Cau 7. Cho s6 phtic z théa man |z — 3 + 4i| = 2. Md-dun 16n nhét cta z bang
@?7. 8. ©>5. D)3.

Huéng dan giai

Tap hgp céc diém biéu dién cho s6 phiic z thoa |z — 3 + 4i| = 2 1a duong tron c6 tam 1(3; —4) va ban
kinh bang R = 2. Suy ramax|z| =[O+ R =7.

Chon dép an @ 4

Cau 8. Cho sb phtic z théa man |z — 2 — 3i| + |z — 5 + 2i| = /34. Goi M, m 1an luot 1a gid tri 16n
nhét va gia tri nhd nhét ctia biéu thuc |z + 1 + 2i. Khi d6 tdng M + m bang

30 30 30
@\/ﬁJﬂ/ﬁ \/ﬁ+5' © V34 +6. @\/ﬁ+6‘

Huéng dan giai



Datz=x+yivoix,y € R.

Goi I(x;y) la diém biéu dién ctia s6 phiic z.

Ta c6 A(2;3), B(5; —2), C(—1; —2) lan luot 1a diém biéu dién cta sb
phtic zy = 2+3i,2p = 5 —2i,z3 = —1 — 2i. Khi d6 AB = /34 va

|z+1+2i] = CIL @)
Theo dé bai thi AI + BI = /34 = AB nén I thudc doan théng AB. Z
Phuong trinh ctia dudng thing AB 1a 5x + 3y — 19 = 0. C

I5-(=1)+3-(=2)—-19] 30
o \ V52 +32 V34
CI dat gia tri lon nhat nhat khi I trung véi diém dau mut ctia doan thang AB.

Mt khac CA = v/34va CB = 6.

Vay gia tri 16n nhat ctia CI 1a 6.

Dodc’>M=6,m=ﬂ

0>
VivayM+m = — +6.

V34
Chon dép an (D) O

CI dat gia tri nho nhat khi CI 1. AB hay CI = d(C, AB) =

Cau 9. Cho céac s6 phtic z; va zp théa man cac diéu kién |zq —i| = |zg — 1 +i| va |zp — 1| = |zp + 2i.
Tim gid tri nho nhat ctia biéu thitc P = |21 — zp| + |21 — 3| + |22 — 3|2

44/3 44/2
@Pmin:%_- Pmin:T- @Pmin:4\/§- @Pmin:4\/§-
Hudng dan giai

Goi M, N lan luot 1a diém biéu dién ctia cac s6 phitc z; = a + bi, zp = ¢ +di (a,b,c,d € R). Ta c6

o |z1—i|l=|z1—1+i| e+ b-1)2=@-1)2+(b+1)>2=20—-4b—-1=0.
= M di dong trén duong thang dq: 2x — 4y — 1 = 0.

o |z0—1|=|z+2i| & (c-1)2+d>=c2+(d+2)> < 2c+4d +3=0.
= N di dong trén duong thang dy: 2x + 4y +3 = 0.

TacOP = |z —zp| +|z1 = 3| +|z2—3| = V(a—¢c)2+ (b—d)2+ /(a—3)2+ b2+ /(c —3)2 + d? =
MN + MA + NA véi A(3;0).



Ay a2
N >
A
M 1
dq
Aq

Goi A; dbi xtiing v6i A qua dudng thang dq; A, d6i xting véi A qua dudng thang dy, ta ¢6
MN + MA + NA = MN + MA1 + NA; > A1As.

Déng thitc xay ra khi va chi khi bén diém M, N, Aj, A, thing hang.
Goi A 1a duong thang di qua diém A va vudng goc véi dy, ta c6 phuong trinh duong thang A la
2x+y—6=0.
5

, 2x—4y—-1=0 X=z

Goi Hy = A1 Ndy = toa do diém Hj 1a nghiém cua hé phuong trinh & 2
5

= H; <§;1) = A1(2;2).
Goi A, la duong thang di qua diém A va vudng goc véi dy, ta c6 phuong trinh duong thang A, la
2x—y—6=0.

21
) ) 2x+4y+3=0 x:E
Goi H, = Ay Ndy = toa do diém H; la nghiém cua hé phuong trinh = 9
2x—y—6=0 y——2
5
21 9 6 18
H (2 -2) = A (-2,
= 2<10’ 5)i 2(5’ 5)
2 2
Vémejn:AlAZ:\/<g—2> +<—1§8—2> = 4/2.
Chon dép an (D) O
Cau 10. Cho céc so phuc w, z thdéa man |w + i vaaSwz (2+1i)(z —4). Gia tri 16n nhat cta
biéu thitc P = |z — 1 — 2i| + |z — 5 — 2i| bing
@A) 4/13. 4+2/13. (©) 2+/53. D)6V7.

Huéng dan giai
Tix gid thiét ta c6:

5w +5i] = 3V5 < [(2+1)(z—4) +5i]| =3V5 < |z — 4+

51" 3v/5

21| 2+

|z —3+2i] = 3.



6

Goi M(a;b) 1a diém biéu dién s6 phuc z, suy ra M thudc dudng tron (T) tdm I(3; —2) ban kinh
R =3.

Goi A(1;2), B(5;2) va E(3;2) la trung diém ctia AB. Tacé P = MA + MB.

Khi d6 P?> = (MA + MB)? < 2(MA? + MB?) = 4ME? + AB>. y

Nhén thdy E nam ngoai duong tron (T), goi D la giao diém caa 2 |-- . = }'I;
tia ddi ctia tia IE va dudng tron (T) suy ra ME < ED, v6i moi M i E
thudc (T). : E
Mit khéc ta c6: AB = (4;0), IE = (0;4) = AB L IE = DE = 1 SA\7
R+IE=34+4=7.
= P2 <AME? + AB? < 4DE? + AB? = 4-49 + 16 = 212.
= P < 2+/53, dau “=" xay ra khi va chi khi M = D.
Vay gia tri 16n nhat ctia biéu thiic 12 Pmax = 2v/53.
D
Chon dap an (C) O

Cau 11. C6 bao nhiéu s6 phtic z thod man dong thoi hai diéu kién sau: |z — 10 + 2i| = |z + 2 — 14i]
valz—1—10i| = 5?

@A) Vo sb. Mot. (© Khong. (D) Hai.
Huéng dan giai

Goi M(x;y) 1a diém biéu dién cta s phiic z. Tir diéu kién ban dau ta c6 hé phuong trinh

VE =102+ (y+22 = \/(x+22+ (y— 14 [3x—dy+12=0
=
\/(x_1)2+(y_10)2:5 (x = 1)2+ (y — 10)2 = 25.
Dé y duong thang 3x — 4y + 12 = 0 tiép xtic v6i duong tron (x — 1)% + (y — 10)? = 25, nén hé trén
chi c6 mot cap nghiém (x;y), suy ra chi c6 mét sb phitc thoa yéu cau dé bai.
Chon dap an O

Cau 12. Cho sb phtic z thoa diéu kién |z + 2| = |z + 2i|. Gia tri nhoé nhat ctia biéu thitc
P=|z—1-2i+|z—3—4i|+|z—56i

duge viét dudi dang (a + by 17) /2 véia, blacachitu ti. Gia trictaa + b 1a

@ 3. ®) 2. ©7. (D) 4.

Huéng dan giai
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Cach1
e Dit E(—2;0), F(0; —2), A(1,2), B(3,4), C(5,6), M(x,y) biéu dién cho s6 phuc z.
e Tir gid thiét, ta c6 M thudc dudng trung truc A : y = x ctia doan EF va P = AM + BM + CM.
e Ta chiing minh diém M chinh 1a hinh chiéu vuéng géc ctia B 1én dudng thang A.

— V6i M’ tuy y thudc A, M’ khac M. Goi A’ 1a diém dbi xiing cia A qua A. Nhan thay rang
ba diém A’, M, C thang hang.

- Tac6 AM'+ BM'+CM' = A’M'+ BM' +CM' Ma A’'M' +CM' > A/\C=A'M+CM =
AM + CM. Lai c6 BM’ > BM. Do d6 AM' + BM' +CM' > AM + BM + CM.

Cach 2.
e Goiz=x+yi (x = |z +2i|,ddn dény = x. Khi d6 z = x + xi.

e P=/(x—1)2+ (x—2)2+/(x =32+ (x —4)2+ \/(x = 5)2 + (x — 6)2.

e St dung bat dang thiic

Va2 + b2+ +d? > \/(a+c)2+(b+d)2.

Dau dang thic xdy ra khi va chi khi % = g Ta c6

V=124 (=224 /(2 =52+ (x =62 = \/(x = 12+ (x =22+ /(5 —x)2 + (6 - x)2
\/(x—1+6—x2+(x—2+5—x)

> /34
A 2 . ) N > x—1 X 2 7
Dau dang thuc xay ra khi va chi khi x5 " =5y



e Mait khac
\/(x—3)2+(x—4)2:\/2x2—14x—|—25:\/§ x—Z 2+12L.
2 4~ 2
£ 22 . Y 7
Dau dang thuc xay ra khi va chi khi x = 7
e Tir hai truong hop trén, ta thay, gia tri nho nhét caa P 1a ﬁ\/%/ﬁ Khid6a+ b =3.
Chon dép én@ O

Cau 13. Cho sb phiic z thda man diéu kién |z — 1+ 2i| = /5. Khi d6 s6 phic w = z+1+1i c6
moddun 16n nhat |w|max bang

@) [wlmax = 20. Wlmax = 2v5. (©) []max = V/5. (D) |w|max = 5v2.
Huéng dan giai
Tacé|z—1+2i| =5 |w—2+i =52 |w| —2—i] = |w| — V5 = |w| <2V5,dau” = " xay
ra khi w = 4 — 2i. Vay |w|max = 2/5.
Chon dap an (B) 4
Cau 14. Cho hai s phtic zy, zo dong thoi théa man hai diéu kién |z — 1| = V34 va |z + 1+ mi| =
|z + m + 2i| trong d6 m € R, sao cho |z; — z,| 16n nhat. Khi d6 gia tri ctia |z1 + 2| bang

@ v2. V/130. ©2. D) 10.
Huéng dan giai
Détz = x +yi,x,y € R. |z — 1| = v/34 suy ra biéu dién ctia z thudc duong tron tam I(1;0), ban kinh
V34, |z+1+mi| = |z+m+2i] & (2m—2)x+ (4 —2m)y +3 = 0 (d) nén biéu dién ctia z thuoc

duong thang d, dé thay d luon di diém K <— g ;— %) c6 dinh.

y

Biéu dién ctia z1, 25 1a giao diém ctia dudng tron tam I va duong thang d, dé thay |z; — z,| 16n nhat
khid diqua I, khiddz; = —4 —3i,zp = 6+ 3iva |z1 + 22| = 2.
Chon dap 4n (C) O



Cau 15. Cho s6 phtic z thda man |2z — 3 — 4i| = 10. Goi M va m lan luot la gia tri I6n nhat va gia tri
nho nhét cta |z|. Khi d6 M — m bang
@) 5. 15. (© 10. (D) 20.
Huéng dan giai
Gia st s6 phitc z = x + iy v6i x,y € R va diém M (x;y) la diém biéu dién sb phiic z.
Khi do
223 4i| =10 & |2 (x +yi) — 3 —4i| = 10 & |(2x —3) + (2y —4) i| = 10

suy ra
2
(2x —3)* + (2y —4)* = 100 & <x—§> + (y—2)* = 25.
Do d6 tap hop diém M thudc dudng tron (C) ¢6 tam I (%,2 va ban kinh R = 5.
Ma |z| = OM, & d6 O la goc toa do. Do OI = \/ —1—22 = = suy ra O ndm trong dudng tron (C).
Do dé max |z| = O +IM = §+5— 7vamm|z\ =IM— OI—5—§ = E'
Vay M —m = o g =5.
Chon dép an(A% 4

Cau 16. Xét s6 phuc z thod man |z +1—i| + |z —3+i| = 6. Tim gia tri nho nhat ctia biéu thic
= |z +1+4i|
@) 3. ® 2+ V2 ©s. D)5 - V2.
Huéng dan giai
Ta nhan thay tdp hogp diém M biéu dién sb6 phic z thod man I
|z+1—i| + |z — 3+i| = 6 chinh la duong elip (E) c6 d6 dai truc 16n
bang 2a = 6, truc nho bang 2b = 4 véi A(—1;1) va B(3; —1) 1a hai dinh

trén truc 1on.

Xét diém I(—1;4) ndm ngoai elip (E) va I ndm trén dudng trung truc / \
ctia doan AB. A o) B
Taco P = |z+ 1+ 4i] = MI v6i moi diém M € (E). Tir d6 suy ra gia v

tri nhé nhat cda P bang d(I, AB) —b=5—-2=23.
Chon dép an (A) 0

Cau 17. Trong mat phang phtic, xét s6 phtic z va sé phuc lién hgp ctia n6 c6 diém biéu dién la
M, M’; sb phtic z(4 + 3i) va sb phtic lién hop ctia n6 c6 diém biéu dién lan luot 1a N, N'. Biét rang
M, M’, N, N’ 1a bén dinh cta hinh chit nhat. Tim gia tri nhé nhat cta |z + 4i — 5.
1 2 5 4
® 7 75 © Ol

Huéng dan giai



10

Pat z = a + bi. Khi d6 z(4 + 3i) = 4a —3b + (3a + 4b)i va
M(a;b); M'(a; —b), N(4a — 3b;3a + 4b), N’ (4a — 3b; —3a — 4b).
MN = (3a — 3b;3a + 3b).

Theo tinh chat d6i xing thi MNN’M’ 1a hinh thang can. Do d6
dé MNN’M’ 1a hinh chir nhat thi MN cung phuong véi truc Ox
hay3a+3b =0« b= —a.

3a+4b

x
Ta co 34— 4b
z+4i-5 = \J(a—52+(b+4)
= J(@=52+ (~a+4)2 = V202 —18a + 41 b
9\* 1
1
> —.
V2 9 9 9
Déu bang xay ra khi va chi khia = 5 hay z = 5~ Ei.
A i 1 LA R O
Vay gid tri nho nhat ctia |z + 4i — 5| bang ﬁ khi va chikhiz = 5 ot
Chondépén@ 4

Cau 18. Cho s6 phtc z va w théa man z + w = 3 +4i va |z — w| = 9. Tim gia tri 16n nhat cda biéu
thue T = |z| + |w|.

@maxT:\/m. maxT:14. @maxT:4. @maxT:\/W.
Huéng dan giai
batz=a+bi(a,b € R);w =c+di(c,d € R).

Ta co
lz4+w| =1[3+4i| =5
& |(a+bi)+ (c+di)| =5
& |(a+c)+(b+d)i| =5
& (a+c)?+ (b+d)? =25
va

|z—w| =9
< |[(a+bi)—(c+di)|=9
[(a—c)+(b—d)i| =9
& (a—c)*+ (b—d)*> =8l.

)



