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LOI NOI PAU

Pé dap tmg nhu cau cua dong ddo thiy cd gido, cdc bac phu huynh va hoc
sinh trén dia ban tinh Quang Ngii c6 mot tai li€u 6n tdp mon Todn cap Trung hoc
co s0 (THCS) n6i chung va 6n tap mon Toan 16p 9 ndiriéng. S¢ Gido duc va Dao
tao Quang Ngai da to chuc bién soan tai liu nay.

Noi dung cua tai liéu nay dua trén chuong trinh b0 mén Toédn cép THCS
(trong tam Ia 16p 9) hién hanh va hudng dan noi dung 6n thi vao 16p 10 ndam hoc
2015 - 2016 cua So Gido dyc va Dao tao Quang Ngai.

Céu tric ctia tai liéu gdm c6 bdn phan chinh :

— Phan mét : Pai so.

— Phn hai : Hinh hoc.

— Phin ba : S6 hoc va toan suy luin 16-gic (danh cho hoc sinh kh4, gioi).

— Phan tu : Mt s6 dé thi vao 16p 10 THPT va THPT chuyén Lé Khiét.

Trong céc phﬁn tht nhit, thi hai, thit ba duoc phan loai theo tirng chu dé
lién quan mat thiét dén nhitng dang todn trong cau tric ctia dé thi. Cac ban c6
déng ¥ voi ching toi rang : “Day va hoc phu’(mg phap gidi todn van tot hon la day

va hoc tirmg bai todn cu thé”. Véi quan diém nhu thé nén trong timg chi dé ching
toi da co gang thé hién theo trinh tu nhu sau :

— Kién thirc cin st dung.
— Céc dang todn thudng gip. Gom c6 :

+ Phuong phép giai cho timg dang cu thé.

+ C4c vi du minh hoa phuong phédp giai cho tirng dang todn.
— Bai tap van dung (gdm hé thong bai tap co ban, bai tip ning cao...).

Vi hi vong s& gitip ban doc trong mot thoi gian ngin ¢ thé hé thong duoc
toan bd nhirng kién thirc can nhé trong chuong trinh moén Todn cap THCS (trong
tam 12 mén Toén 16p 9), dic biét hon ca 1a cung cip cho ban doc nhiing phu:ong
phap giai todn co ban dé cdc ban c6 nhiéu hudng giai quyét trude mot van dé cu
thé. Cdc bai tap tong hop nhim gitp ban doc van dung linh hoat nhirng hiéu biét
riéng 1¢ tir cdc vi du minh hoa dé giai quyét nhiing van dé phirc tap hon.



Phan tht tu s& gidi thi¢u mot s& dé thi dé ban doc lam quen trudc khi budc
vao ki thi tuyén sinh vao 16p 10 Trung hoc pho thong va Trung hoc pho thong
chuyén Lé Khiét nam hoc 2015 - 2016.

Tai liéu 6n tap nay do tap thé cic gido vién c6 nhiéu nim kinh nghiém trong
giang day bd moén Todn & cac truong THCS trén dia ban tinh bién soan.

Chiing t6i hi vong rang, tai liéu on tap nay, khéng ddm néi la cAm nang, thi
cling 1a mot trong nhirng tai liéu that sy bo ich khong nhirng cho hoc sinh ma con
la tai liu tham khao hét suc can thi€t cho nhiéu gido vién trong viéc hudéng dan
hoc sinh 6n tdp mon Todn 16p 9 va luyén thi vao 16p 10.

Vi khuon khd cubn sach va thoi gian bién soan c6 han nén ching t6i du da
cO ging rat nhiéu nhung van khong thé hién hét nhirng gi ban doc mong muén.
Mong nhan dugc nhitng gép ¥ ciia ban doc dé lan ti ban sach s€ dugc tot hon.

Quang Ngdi, thdang 03 nam 2015
Tdp thé tdc gid



Phan mét. DAI SO

(jde ., «
=73 BIEN POIBIEU THUC PAI SO

I. KIEN TH(’C CAN SU’ DUNG

1. Pa thirc : Khai niém da thirc ; khai niém bac va nghiém cuta da thirc ; cac
phép toan vé da thirc.

2. Phan thic : Khdi niém ; tinh chat ; cdc phép todn vé phan thirc.
3. Can thirc : Khdi niém cdn bac hai va can bac hai sé hoc ; diéu kién ton tai
can bac hai ; cdc phép tinh vé cén thirc.

II. CAC DANG TOAN THUO'NG GAP

Dang 1. RUT GON, TINH GIA TRI CUA BIEU TH('C

1. PHUONG PHAP GIAI

Dbi v6i bai tap rat gon biéu thirc : Biéu thirc cin rit gon thuong gém nhiéu
don thirc, nhi thirc chira lu¥ thira va can thirc, két hop voi nhau trong mot day céc
phép tinh phtic tap, ta c6 thé tién hanh cac budc nhu sau :

Bude 1 : Nhan xét chung toan bd biéu thirc dé thiy cdc biéu thirc con phirc
tap, cong kénh va céc biéu thirc con twong ddi don gian hon. Nhan xét céc luy
thira va cin thirc ¢6 thé lién quan dén cdc hing ding thirc quen thudc. Tim diéu
kién xac dinh.

Buée 2 : Riit gon timg biéu thirc con dd cho ; ¢ thé ki hiéu riéng timg biéu
thire con d6 bﬁng mot chit cdi A, B, C,... riéng biét. Thyuc hi¢n ding thu tu cic
phép tinh. Chi ¥ nhém cac sé hang thich hop.



Buée 3 - Két hop céc két qua ciia bude 2 vao biéu thirc dé bai da cho tiép tuc
thyuc hién céc phép bién doi.

Chuay:

- Lubn phai kiém tra lai cac diéu kién thuc hién céc bién déi, cac cong thirc van
aung.

- C6 thé gidi quyét gon nho tién hanh ngay céc phép tinh gitra céc biéu thirc
phtrc tap cua dé bai, khéng can rit gon ttrng biéu thire con.

- Céc bai tap rut gon cé chira can thirc cd thé van dung dwa mot thira sb ra
hodc vao dau cén ; truc cén thirc & mau sb néu co.

- Cé4c bai tap c6 dang phén thirc chu y dén cach phén tich da thire thanh nhan
ter.

- Bai tap tinh gid tri mét biéu thirc thurdng rat gon trwée, ciing cd thé tinh truc
\ tiép gia tri ttrng biéu thire con rdi két hop lai. /

2.CACVibDu
Vidu 1 : Rut gon roi tinh gid tri cua biéu thic
x3(x+y) —xz()c2 +y)+x(xy—y)taix=1vay=2.
Huwong dan gidi
x3(x +y) - xz()c2 +y) +x(xy—y)= <+ x3y —x —xzy + xzy — Xy
3 2
=xy—-xy=xy(x" —1).
Thay x = 1 va y = 2 vao biéu thirc, ta dwoc 1.2.(1> = 1) = 0.

Vay gid tri cia biéu thirc dd cho taix = 1 va y = 2 bang 0.

x> +6x+5

Vi du 2 : Cho phan thiic Q = .
(x+D(x=3)(x+5)

a) Rut gon Q.
b) Tim gid tri cia Q khi x = 2015.

Huwoéng dén gidi
a)DKXD : x#-1;x#3; x#-5.



_ X H6x+5 (D45 1
(x+D(x=3)x+5) (x+D(x=3)(x+5) x-3
(R |
2015-3 2012°

b) Thay x = 2015 vao biéu thirc Q ta dugc Q =

, 1
Vay ¢ia tri cua biéu thire Q tai x = 2015 1a .
dy gla trl Q ta P~

2x—/x 4%
Jr—x  Ax-1
a) Tim diéu kién cia x dé A c6 nghia.

b) Rit gon A.

Vi du 3 : Cho biéu thic A =

¢) Tinh gié tri cia A khix =6 +2+/5.
Huwoéng dén gidi
a) Acénghia x>0vax#1.
2x—x/;+ X _\/;(2\/;_1)+ X _1—2\/}+ X
e—x  Ax-1 a(1-Vx) Ve-1 Vx-1 Vx-d

b) A=

_x—2\/;+1_(\/;_1)2_
oJx-1l 0 Vx-d =x-1

2
) x=6+25=(5+1)
R 2
Do d6 gi tri cia biéu thirc A tai x=(V5+1)" T

A= (ﬁ+1)2 —1=5+1-1=+5



Dang 2. CHU'NG MINH PANG THUC

1. PHUONG PHAP GIAI
Pé chirng minh mot ding thirc A = B ta ¢4 thé thuc hién :

— Bién dbi dai s6 mot vé ctia déng thire (A hoac B) dé dugc két qua 1a vé kia.
Thong thuong 1a xudt phat tir mot vé phirc tap hon vé kia. Nhu vy, thuc chét 1a
tién hanh mot bai tap rit gon biéu thirc da trinh bay & trén.

— Bién dbi dong thoi ca hai vé dé dugc ciing mot két qua 1a C.
— Chtrng minh hiéu A - B =0 hoac B-A =0.
— Chirng minh bang phwong phép quy nap.

— Khi chirng minh déng thic ¢6 diéu kién, ta st dung diéu kién cia gia thiét
thay vao biéu thirc hodc binh phuong hai vé cta déng thirc cdn chimg minh va két
hgp véi dicu kién cua gia thiet.

(" chuy: )

—Khac voi bai tap rdt gon, bai tap chirng minh doi héi céc bién déi dai s6 ¢
dinh huéng ré rét vé mot dang dinh s&n (vé con lai hodc biéu thirc C trung

gian).
— Chirng minh maét biéu thire c6 chira chir khéng phu thuéc vao bién la chirng
k minh biéu thirc d6 1a mot hdng sé. /
2.CAcviby

Vi du 1 : Ching minh déng thirc (a* + b%)(x* + y*) — (ax + by)” = (ay — bx)".
Huwong dén gidi
Tacé VT = (d° + b°)(x* + ¥°) — (ax + by)*
= a’x* + d®y’ + VX + b2y’ — a’x’ — 2abxy — b*y’
= a’y* — 2abxy + b’x’ = (ay — bx)* = VP.

Ping thirc dwoc chirng minh.



Vi du 2 : Chirng minh dang thirc

342v2 —\3-242 =8+ 247 — 8= 247 .

Huwoéng dén gidi
Ta co
VT = 3+2V2 -3-242 =2 + 1 -2 - 1)’
=2 +1[-[V2-1 =2 (1)
VP = 18+ 207 8= 27 = (7 +1)? —{/(/7 = 1)?
=7 +1| -7 -1]=2 )

Tir (1) va (2) suy ra V3+2v2 —v3-242 =/8+ 247 —/8—2/7 . Ping

thirc dugc chirng minh.

+ —
Vidu3: 2 Ja _a 2 (véia>0:a#1).
14+vJa  1-+a
Huwoéng dén gidi
DiéukiénaZO;a;tI.

a++a \/g—a_\/;(\/;+1) \/;(1—\/5):\/5_\/*:0'

Ta cé — = —
1+va 1-va  (+Ja)  (1-Va)
Vay a+va = Ja-a . Pang thtrc duoc ching minh.
1+vJa  1-a

Vi du 4 : Chirng minh rang véi moi sé n nguyén duong ta c6
02 = nn+1)(2n+1)
p :

Huwoéng dén gidi

—Khin=1:Vétrai 1*=1 ; Vé phai = 1. Pang thic dung.

— Gia sir dang thirc diing khi n = k, khi d6 :

_ k(k+1)(2k +1)
e



— Ta chiing minh dang thirc ding khi n = k + 1. That vay :

k(k+1@k+1) | 6Gk + 1)?
6 6
_k + D)2k + k +6k +6)] _k +1)(2k% + 7k +6)
6 6
_ (k+D(k+2)(2k +3) _ (k+DI(k+ D+1][2(k +1) +1]
6 6 '

Ping thirc dwoc chirng minh.

PP+22+3% 4 +k 2+ k+D)% =

Vi du 5 : Cho x, y thoa mdn x + y = 1. Ching minh x° + y* + 3xy = 1.
Huwoéng dén gidi
Tacox+y=1=y=1-x.
Dodé: x>+’ +3xy=x"+ (1 —x)° + 3x(1 —x)
=X+ 1-3x+3° - +3x-3x"=1.

Ping thirc dwoc chirng minh.

Vi du 6 : Cho biéu thirc
X2 [x* - 2xy + y2

X—=Yy x4

A=2015-

(Vvoix#0vax#y).

Chirng t6 gid tri ctia biéu thirc A khéng phy thudc vao hai bién x va y.

Huwoéng dén gidi
Véix#0vax#y,tacod:

2 2 2 2 — -
TR g5 Lx=y 2y| o152,

A=Yy X xX—=y x xX—y

A=2015-

Khix -y>0:A4=2015-1=2014.
Khix -y<0:A4=2015+1=2016.

Vay voix # 0 va x # y thi gid tri ciia biéu thirc A khong phu thudc vao hai bién
xvay.
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I1I. BAI TAP VAN DUNG

1. Bai tap co’ ban

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

a) Chirng minh rang a’ + b’ = (a + b)’ — 3ab(a + b).
b) Cho a + b + ¢ = 0. Chirmg minh ring a’ + b’ + ¢’ = 3abc.

2
Thuc hién phép tinh( al —1}:(1+ 3; j
x—1 x° -1

.2 , +
Rut gon bicu thuce x3 x2y xy y
CHxty—xy? -3
x> —3x—4

2 —x-2

Tim x dé phén thirc A = bang 0.

Thuc hién cac phép tinh

0 4 +12 +33 +6: b) 35 (0 —2)(3+5) -

fff+ff+1
NI RN SN R

i -5 3G
(II)( 2 1fj3f

Riit gon céc biéu thirc

a) A= X\f”( ~Jxy 2y x>05y>05x#y);
iy A%

ity +y
ity Nx=iy 4y Gix>0:y>0:x%Y):
b)B = NS fﬂf (v 0;y>0;x#y);

c)C=

\/;+1( Jr+2  x-2

\/_ +2\/_+1— . 1j(v6ix>0;x;£1);
x \x X -

2 1 2
dD= —1: : -1 5 —1 1);
) (m Jl_xj {\/1_)(2 J(VOI <x< )

11



xy+y [w+yr 23y 1

X=Yy x(x+2\/§)+y \/;+\/§

0G- Jr—1-2Jx—2
Vx—2-1

S S S !

1+v2 V243 7 014442015

Ji+2 Jx-2)Vx+1
x+2dx+1 x—=1 ) Jfx

e)E=

(voix>y>0);

(V6ix>2;x#3);

h) H

Bai7. Cho biéu thic A = (

a) Rut gon A.

b) Tim gi4 tri nguyén ctia x dé gid tri twong tng ciia A 1a s6 nguyén.

Bai 8. Cho biéu thiic B = Vot |y —2@ 2x + Jy ,
2(Vr—y) o=y Ny ey

voix>0;y>0 Vf‘l x # y. Chung to rang gid tri ciia biéu thirc B khong
phu thudc vao 2 bién x va y.
X 2x—~/x
Jx-1 * Jx—x
a) Tim diéu kién ctia x dé biéu thic x4c dinh.
b) Riit gon C.
¢) Tinh gié tri cia C khix =4 + /12.

Jx+2 J}—zj Jx

x+2dx 41 x-1

Bai 9. Cho biéu thiic : C =

Bai 10. Cho biéu thic E = (

NEEE
a) Tim diéu kién cia x dé E c6 nghia.

b) Rit gon E.

c¢) Tinh gia tri ctia E khi x = \/16—6\/7 +/7.

d) Tim cédc gid tri nguyén cua x sao cho gid tri twong tng cua E 1a so
nguyen.

Bai 11. Tinh A =35+2413 + 35— 213.

12



2. BAI TAP NANG CAO
Bai 1. Ching minh réng vO1 moi a,b,c ta ludn c6 :
(a+b)(b+c)(c+a)+abc=(a+Db+c)ab+bc+ca).
Bai2. Cho ab = 1. Ching minh rang a’ + b’ = (a’ + b’) (a’ + b®) — (a + b).
Bai3. a)Choa+b+c=0vaa>+b’+c”=14.
Tinh gi4 tri cia biéu thirc A =a* + b* + ¢,

b) Gia str a® + b° + ¢ = 3abc va abe # 0.

Tinh gid tri cta biéu thic B = (1+3J(1+9J (1 +£J .
b c a
X+ y3 +7° —3xyz

x2+y2+z2—xy—yz—zx

Bai4. Rt gon biéu thic M =

Bai 5. Cho a, b, ¢ va x, y, z khac nhau va khac 0. Chirng minh réng néu :
b 2 2 2

ﬁ+—+£:0v21£+1+5:1thi)C—2+y—2+z—2:1.
X y z a b c a- b” ¢
<. S A2 2 , . Xty
Bai 6. Cho 0 <x<yva2x”+2y = 5xy. Chitng minh rang =3.
X=y
s iy . C 1 1
Bai 7. Biét xyz = 1. Chirng minh rang + + =1.
I+x+xy 1+y+yz 14+z+2zx
Bai 8. Ching minh ring
n(n+1)(n+2)(n+3)

S=123+234+4+345+.....+nn+1)(n+2)= 2

Bai 9. Tinh gid tri ciia biéu thuc :
- VIV 22 .+ 0% —y(1-x))
2+1-x?

) 1
tarx = —.
5

3. BAITAP TU GIAI
Sx+1  1-2x 2

Bai 1. Cho biéu thic A =

X =1 x*4x+1 1-x

13



a) Tim diéu kién ctia x dé A xdc dinh.
b) Rit gon A.
¢) Tim gi4 tri nguyén cua x dé A nhén gid tri nguyén.

Bai 2. Rt gon céc biéu thirc :

)2+\/§. )a\r
RPN —a

a+ \/_ S S x\/_+y\/_
\/7+\/, (v6ia>0;b>0); \/7+\/7

Bai 3. Tinh gid tri ciia biéu thuc :

(véia 20;a+#1);

(v6ix>0;y>0).

2 3
+ +
M= Ty Xy TR

3 3 taix=1vay=3.
y X" +2xy+y

Bai4. Tinh:

2
a)P:\/1+20142+2014 2018 ) 0=V +32-5

20152 2015 °

(hi dé

2 PHUONG TRINH VA HE PHUONG TRINH

I. KIEN TH(’C CAN SU’ DUNG

1. Phuong trinh : Phuong trinh bac nhat ; hé phuong trinh bac nhat hai an ;
phuong trinh bac hai ; cac phwong trinh quy vé bac nhat hodc phuong
trinh bac hai (Dang tdng quat va céch gidi tirng loai d6, tinh chat cac
nghiém).

2. Giai bai toan bang cach 1ap phuong trinh hodc hé phuong trinh.

14



II. CAC DANG TOAN THUO'NG GAP

Dang 1.  GIAI PHWONG TRINH BAC HAI MOT AN

1. PHUONG PHAP GIAI
Bude 1 : Bién d6i phuong trinh di cho vé dang tong quét ax* +bx+c=0.

— Néu hé s6 a c6 chira tham s thi xét trudng hop a = 0 sau d6 xét trudng hop
a #0.

— Néu phuong trinh ban dau c6 chira an & mau thi phai dit diéu kién cho an tir
diéu kién mau khic 0. Tim mau chung dé quy dong mau, sau d6 khir mau bang
cach nhan ca hai vé cua phuong trinh v61i mau chung.

— Néu phuong trinh chira cic hé s6 Ia tham sd, khi bién d6i ludn phai chi y
dat diéu kién thich hop cho cac tham so dé.
BuGe 2 : Xéc dinh cdc hé sb a; b ;¢ va tinh biét s6 A (hodc A" néu b= 25")

sau d6 tinh +/A (hogc v/A"). Cén chi ¥ v6i biéu thitc A bat ki thi VA® =|4|.
Ching han A=m? —2m+1=(m-1)* = A =|m—1].

b+JA |

Buoc 3 : Tinh cédc nghiém $6 (néu c0) theo cong thuc : x; , =2— hoac
a

NI

X,2 =

Budc 4 : Doi chi€u ciac dieu kién da dat ra trong qud trinh bién doi, dé ket
luan vé nghi€m cua phuong trinh.

/ Chuay: \

- Nén bién déi phurong trinh & dang téng quét ax® + bx +c =0 sao cho a > 0 dé
cac tinh todn sau dé it bi nham dau.

- Céan nhéan xét cac biéu thirc cia mot phuwong trinh phire tap, tim ra méi lién hé
gitra cac biéu thire con, trén co sé& do lva chon én phu thay cho mét biéu thire
k dé loi giai don gian hon. /

15



2.CAC VibDu
a—x 1-bx

l—ax_ b—x

Vi du 1 : Giai phuong trinh

Huwoéng dén gidi
s ... |1=ax#0
biéu kién (D
b—x=#0.

V6i diéu kién trén phuong trinh twong dwong voi
(1—ab)x* —1+ab=0 < (1—ab)x* =1-ab (*)
+ Néu 1 — ab = 0 thi moi x thoa mén diéu kién (1) 1a nghiém ctia phuong trinh.

+Néu1l—ab #0 tacé (*) < x==1. Trong trudng hop nay déi chiéu diéu
kién (1) ta co néua#tl;b#+l thi x==+11a nghiém.

x* 48 x 4
Vidu 2 : Giai phuong trinh —+—=10| - ——|.
3 X 3 X
Huwong dén gidi
Diéu kién x#0. Tacé :

x 4 X2 16 8 x 4 K2 48
A T Y ey e S s Y3
3 X 9 _x2 3 3 X 3 _x2

4
Dat y=§—£.Tacé phuong trinh 3y2—10y+8:0 :>y:2;y:§.
X

Tiép tuc giai phurong trinh ddi véi x :

*V(’yiy:Ztacé:§—£:2:>x2—6x—1220

X
A =21;x=3+21,x, =321
4 4
*Vc’yiy:%tacé:f——:§:>x2—4x—12:o.
X

A/:16;X3:6,X4:_2.

Vay phuong trinh da cho c6 4 nghiém x; = 3+4/21, Xy = 3-421 ; X3 =6,

Xq4 = 2.

16



Dang 2. DIEU KIEN VE NGHIEM CUA PHONG TRINH BAC HAI MOT AN

1. PHUWONG PHAP GIAI

Buée 1 : Xéc dinh cic hé sb a,b,c cia phuong trinh dang ax* +bx+c=0
da cho, xac dinh céc gia thiét da cho vé diéu kién cdc hé sd d6 hodc tim cdc
diéu kién d6.

Bude 2 : (Khi a#0) Lap biéu thirc biét s& A(hodc A’), bién ddi biéu thirc
nay vé dang d& nhan xét ddu cua toan biéu thirc (c6 thé bién d6i vé dang tong binh
phuong cic nhi thire).

Bude 3 : Tuy theo yéu ciu ciia dé bai dé dit didu kién cho biéu thirc A (hodc
A).

Chu y : Viéc gidi diéu kién cua biét s6 A cé thé dan t6i viéc gidi mot phuong
trinh hodc mét bat phuong trinh.

2. CACc viDy
Vi du 1 : Cho phuong trinh (m—2)x> = 2mx+2m—3=0 (véi m#2).

V6i gid tri ndo ciia m thi phuong trinh ¢6 nghiém s6 kép ? Tim nghiém s kép
do.

Huwoéng dén gidi

Véi m# 2, phuong trinh da cho la phuong trinh bac hai. Phuong trinh ¢6
nghiém s§ kép khi A'=m?>-(m-2)2m-3)=0 -m* +Tm-6=0< m=1
hodc m =6.

Vay véi m =1 hodc m =6 phuong trinh da cho c¢6 nghi¢m kép.

+ Khi m =1 nghiém kép dé 1a x =

(m—=2)

17



+ Khi m =6 nghiém kép do6 la ng.

Vi du 2 : Chimg minh ring phuong trinh ax® +(ab+1)x+b=0 Iudn ludn c6

nghiém voi moi gid tri ctia @ va b. Tim a va b dé phuong trinh ¢6 mot nghiém
. 1
duy nhat x =—.
Y 2
Huwoéng dén gidi
— Néu a =0, phuong trinh c6 nghiém x =—b.
— Néu a #0, phuong trinh d cho 1a phwong trinh bac hai va c6
A=(ab+1)* —4ab =(ab)* +2ab+1-4ab=(ab—1)* >0 (véi moi a, b).
Vay phuong trinh ludn cé nghiém véi moi gid tri cua a va b.
* Khi a=0 phuong trinh ¢6 nghiém duy nhat x=-b, dé phuong trinh c6
r 1 1
nghi€ém duy nhat x = 5 thi b=——.
: S % | . . .
* Khi a #0 phuong trinh c6 nghiém duy nhat x = 5 thi A=0 va 5 nghiém

ding phuong trinh da cho.

ab—1=0 ab=1 a=-2
Do d6taco: —(ab+1) 192 1S b 1
2a 2 |2a 2 2

14 1 1
Vay phuong trinh c6 mot nghi€ém duy nhat x = By khi a=0 va b= =3 hodc

a=-2va b:—l.
2

Vi du 3 : Ching minh rang néu a+b > cva |a —b| < ¢ thi phuong trinh

a>x* +(a* +b* = H)x+b> =0 vo nghiém.

18



Huwoéng dén gidi
Néu a =0 thi khong thé c6 dong thoi b>c va |b|<c do d6 a#0. Phuong
trinh da cho la phuong trinh bac hai c6 :
A=B2+a® —cH)? —4a’b* = (B> +a® = c? = 2ab)(b* + a® - ¢* +2ab)

- [(a _b)? —cz}[(a +b)> —cz}

Theo gia thiét a+b > cva c>|a—b| nén (a+b)2 >c? va (a—b)2 <c?.

Vay A <0 va phuong trinh da cho v6 nghiém.

Dang 3. (’NG DUNG PINH Li VI-ET

1. PHUONG PHAP GIAI

* Bién ddi biéu thirc biéu thi quan h¢ dai $6 gitra hai nghi¢m $6 X, X, ma dé
bai da cho (hodc thay thé quan hé dai s6 duoc dién ta bang 10i trong d& bai bang
bi¢u thirc dai s0) dé nhan dugc mdt bi€u thirc méi chra mdt day cdc phép tinh
chura tong va tich hai nghiém so0.

* Ap dung dinh If Vi-ét vao diy cdc phép tinh néi trén.

/~ chuy: N
- Céc quan hé dai sé gitra hai nghiém thuong dwoc cho béi cac biéu thire lién
quan dén cac hang dang thire quen thuéc.

- Bé Iap phuong trinh bac hai nhan hai s6 o va [ lam nghiém ta cén tinh
S=a+P va P=a.P roi 4p dung dinh Ii Vi-ét. Néu o, B lién quan dén cac
nghiém ctia phwong trinh bac hai cho trwéc thi lai 4p dung dinh Ii Vi-ét dé bién

K doi. /
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2. CAC ViDu
Vi du 1 : Cho phuong trinh x> —ax+a—1=0.
a) Chirng t6 phuong trinh lu6én c6 hai nghiém xi, x,.
b) Tinh gid tri cua biéu thie M = 3x12+—3x§2—3
X| Xy + X X]
¢) Tim mot biéu thirc lién hé giita x; ; x, khéng phu thudc vao a.
d) Tim a dé tong cdc binh phuong hai nghiém dat gia tri nho nhat.
Huwoéng dén gidi
a) A=(—a)’—4(a—-1)=a’ —4a+4=(a—2)*> 20 nén phuong trinh ludn c6
nghiém x;, x,.

b) St dung dinh Ii Vi-ét, ta c6 :

32a il 3] (4 +x)” — 23, 1|

M
XIXZ(XI + XZ) XIXZ(XI + .X'z)
3|a® - 2(a-1-1 _
_ | L3(a D_, 3
ala—1) a a

. e . xl + XZ =da (1)
¢) Theo dinh 1i Vi-étta co :
xx,=a-1 (2)

Trir timg vé (1) va (2) ta dugc : x; + x, — x;x, =1, day 1a biéu thirc lién hé can
tim.

d) Tacd
A= +x) =251 =’ —2a-1)=a*-2a+2=(a-1)* +121
(Vi (a-1)%* 20)

X{ + x5 =1khia=1.Vay x{ + x5 nh6 nhét khia = 1.
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Vi du 2 : Cho phuong trinh 3x* + 7x+4 =0. Khong giai phwong trinh, goi o, B
1a cdc nghiém sb cua né, hay 1ap mot phuong trinh bac hai c6 cdc nghiém 1a

(04
vé‘tB

B-1  a-1

Huwoéng dén gidi
7 4 ) . L.
Tacé a+P= 3 ;o= 3 (1) (Pinh Ii Vi-ét doi voi phuong trinh da cho).

Phuong trinh can tim c6 dang y2 — Sy+ P =0, phuong trinh c6 hai nghiém la
o

— va néntacé :
B-1 o—1
g o B o —a+Br-B_ (a+P)? —20B—(a+P)
B-1 a-1 P-Da-1) op—(a+P)+1
I of
B—1 a—1 of—-(a+P)+1
e Ay N R 23 6
Thay cédc h¢ thirc ¢ (1) vao S va P ta dugc S :E va P:E.

Vay phuong trinh can tim 1a 21y2 —-23y+6=0.

Dang 4. HE PHUONG TRINH BAC NHAT HAI AN

1. PHUWONG PHAP GIAI

— Phuong phdp do thi (minh hoa hinh hoc tap nghiém hé phwong trinh bdc
nhat hai an) ;

— Phuicong phdp thé ;
— Phuwong phdp cong dai 6.
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4 N

Chuay:
* M6i nghiém cta hé la mét cap gid tri twong teng cda x, y. Cap (xy ;o) 1a

ax+by=c
ax+by=c

ax,+by,=c

nghiém cua hé { , , -
ax,+by,=c

, khi va chi khi ta co {

* 86 nghiém cua hé la s6 giao diém cta hai duong thdng cé phuwong trinh

K tiong trng véi méi phurong trinh cua hé. /
2. CACcVviDy
. A o jxty=1o
Vidu 1: a) Vi gid tri nao cua k thi hé phuong trinh c6 nghiém duy
kx+2y=k
nhét ? ¢6 vo s6 nghiém ?
e Jke—my+1=00
b) V&i gid tri nao cua k va m thi hé nhancdp (x=-1; y=0)
mx+y+1=0

lam nghiém ?
Huwoéng dén gidi

a) Tir phuong trinh ddu ta ¢6 y =1—x, thay vao phuong trinh thir hai ta duoc

phuong trinh (k —2)x =k —2. (*)
- Khi k = 2, phuong trinh (*) ¢6 nghiém vo s6 nghiém, do d6 hé di cho c6 vo

sO nghiém.

— Khi k #2, phuong trinh (¥) ¢6 nghiém duy nhat, do d6 hé c6 nghiém duy
nhat.

b) x=—1, y =0 1a nghiém cta hé da cho khi va chi khi

—k+1=0
Sk=m=1.
{—m+1=0

2x LY 3
3 | x+ Y+l
Vidu 2 : Giai h¢

al +i:—1.
x+1 y+1
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Huwoéng dén gidi
Diéu kién x#—1; y = —1.

bat al :u;izv tir hé da cho taco :
x+1 y+1

2u+v=3 2u+v=3 Sv=-5 y=-1
L = = .
u+3v=-1 2u+6y=-2 2u+v=3 u=72

X
X+

Tur do6 ta co : 1:2@x:—2 (thoa man)

Y 1o y=—1 (thoa man)
y+1 2

Vay hé phuong trinh ¢6 nghiém duy nhat 1a (-2 ; —%).

Dang 5.

HE PHU'ONG TRINH

PHU'ONG TRINH QUY VE PHONG TRINH BAC HAI HOAC

1. PHUWONG PHAP GIAI

Bién d6i phuong trinh hodc hé phuong trinh di cho va nhém céc biéu thirc

thich hop roi dat an phu.

2.CAcVibDu

Vi du 1 : Giai phuong trinh : 4x* + 5x* =9 = 0.

Huwong dén gidi
Pitx*=t>0(*) <4t +5t-9=0.
Cédang:a+b+c=4+5-9=0.

Ta c6 nghiém t; = 1 (nhdn) va t, = ‘- —% (loai).
a

23



.o x=-1
Dodd:x" =1 .
x=1
Vay tap nghiém 1a S = {-1; 1}.
0 36 _
x+1 x

Vi du 2 : Giai phuong trinh : 1. (1)

Huwoéng dén gidi
Diéu kién x #0 va x # -1
(1) :>50x—36(x+1)=x(x+1)<:>50x—36x—36=x2+x
& X -13x+36=0 (%)
A=(-13)2-436=169-144=25>0; A =5.

13+ 13-
Phuong trinh (*) c6 hai nghiém phan biét : x; = 3+3 =9; 3-5

Ca hai gid trj x = 9 va x = 4 déu thoa man diéu kién. Vay phwong trinh di cho
¢6 hai nghiém la : x =9 va x = 4. Tap nghiém S = {4 ; 9}.

Vi du 3 : Giai phuong trinh x° + 2x” + 4x = 0.
Huwoéng dén gidi
3 2 B 2 _ x=0
X +2X+4x=0 = x(x"+2x+4) =0 )
x“+2x+4=0.
Tacé A'=1%°-1.4=-3<0 nén phuong trinh v6 nghiém.
Vay phuong trinh da cho ¢6 mét nghiém 1a x = 0. Tép nghiém S = {0}.
Vi du 4 : Giai phuong trinh : Vx—4 =6 —x.
Huwong dén gidi

A=0
Chi ¥ \/Z:JE«:»{

A=B

-4 > >4
Nx—4=~6—x & x 0 = x & x=5.
x—4=6—x xX=

Vay tép nghiém phuong trinh 1a S ={5}.
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Vi du 5 : Giai phuong trinh (x+1)* + (x—2)* = 257.
Huwoéng dén gidi
batx+l=u;x-2=v. (D)
4 4 = u=4
Ta dugc hé phuong trinh {“ v . 257 & {
Uu—v=

Thay u va v vao (1) ta dugc x = 3.

Vay tép nghiém phuong trinh 1a S ={3}.

Vi du 6 : Giai phuong trinh Vx+5++x—-2=7.

Huwoéng dén gidi

Diéu kién x>2. Pat u=-x+5 ;v:x/x—2 (u;v=20).
u+v=7T u=4
Ta dugc h¢ phuong trinh =
u - —v-=7
Thay u va v vao (1) ta dugc x = 11 (thod man).

Vay tép nghiém phuong trinh 1a S ={11}.

Dang 6.  GIAI BAI TOAN BANG CACH LAP PHU'ONG TRINH,
HE PHUONG TRINH

Cdc bai tdp nay dé cdp dén nhiéu doi twong khdc nhau. Sw chuyén déng ciia
dong i, quan hé giita cdc $6, sdp xép choé ngoi hodc phan phéi hang hod theo quy
dinh, thuc hién mot cong viéc, cdc hién twong vat li, hod hoc, cdc bai todn lién
quan dén hinh hoc.

25



1. PHUONG PHAP GIAI
Budce 1 : Lap phuong trinh

* Xét xem bai todn dé cap dén doi tugng nao. Thuong bai todn yéu cau tim
gid tri cia mot dai lugng nao d6 thi chon gid tri d6 1am an (chi€u dai, thoi gian,
van toc,...). Can ghi rd don vi cua gié tri an so.

Theo dé bai quy dinh cho gid tri 4n s6 ma dat diéu kién thich hop. Néu khong
chon gid tri ciia dai luong bai todn yéu cau lam an so thi phai chon dugc mdt dai
luong khac ma qua dé c6 the tinh ngay gia tri dai lugng can tim.

* Diing an s6 va cdc sd khéc da biét dé “phién dich” timg cau dién dat vé quan
h¢ trong dé bai thanh céc bicu thirc dai s0, qua d6 bicu thi cac so6 chua biét khic.

Vidu :

— Bai to4n chuyén dong phai “phién dich”va lap du cdc quan hé cua ba dai
luong : quang duong, thoi gian, van tdoc chuyén dong déu theo cong thirc S = v.z.

— Bai to4n vé& “vdi nudc chay” hodc “lam chung cong viéc” véi gia thiét 1a
trong mdi don vi thoi gian, phan cong viéc hoan thanh nhu nhau thi twong quan
chung la : Néu toan bd cong viéc dugc hoan thanh trong x don vi thoi gian thi mdi

Co |
don vi thoi gian 1am dugc — cong viéc...
X

* Sau khi da “phién dich” dé bai thanh cédc biéu thic dai s6 tién hanh lap
phuong trinh (biéu thi bing quan hé dang thic giita céc biéu thirc dai s0).

Bude 2 : Giai phuong trinh.

Buée 3 : Nhan dinh két qua, tra 10i.

* Poi chiéu nghiém s tim dugc voi didu kién thich hop cia an sd.
* Bién luan (néu can).

* Thur lai va trd 101 theo ndi dung cau hoi cua dé bai.

2.CACVibDu

Vi du 1 : Hai nguoi khoi hanh cing mot Iic va di nguoc chiéu tir hai dau doan
duong AB dai 18km va gip nhau sau 2 gid. Nguoi di tir A mdi km di nhanh
hon 3 phiit so véi ngudi di tir B. Héi mdi ngudi di véi van toc 1a bao nhiéu ?

Huwong dén gidi
2 gid = 120 phuit.
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Goi x phiit 1a thoi gian ngudi A (di tir A) di 1km . Diéu kién x > 0.
Thoi gian ngudi B di 1km 1a (x +3) phit.

12 :
Trong 2 gid nguodi A di dugc quang dudng —Okm, nguoi B di dugc quang
X

0 km.
x+3

dudng
Sau 2 gio hg gap nhau nén ta ¢c6 phuong trinh :
120 120

—+

x x+3

=18 hay 3x* —31x—60=0

Giai phuong trinh nay duoc x; =12; x, = —g.

Dai chi€u dicu kién ta loai nghiém x, .

Trd loi : Nguoi A di 1km hét 12 phit vay trong 1 gio (60 phit) di dugc
60

— =5km.
12
Van tdc ctia ngudi A 1a Skm/h.
Trong 60 phit nguoi B di duoc 60 =4 (km).
12+3

Van tdc ciia ngudi B 12 4km/h.

Vi du 2 : Hai nguoi lam chung mdt cong viéc trong 10 ngay s€ hoan thanh. Sau
khi lam chung dugc 6 ngay thi nguoi thir nhat nghi, nguoi thir hai tiép tuc lam
duoc 6 ngay. Phan viéc con lai nguoi thir hai nghi, ngudi thir nhét 1am trong
3 ngay thi xong. Hoi néu 1am riéng mdi nguoi phai 1am trong bao nhiéu ngay
dé hoan thanh cong viéc.

Huwong dén gidi
Goi thoi gian nguoi thir nhat, ngudi thir hai 1am mdt minh hoan thanh cong
viéc 1an luot 1a x (ngdy) ; y (ngay). Piéu kién : x ; y > 10.

. 1 .
Trong 1 ngay nguoi thtr nhat 1am duwgc — (cong viéc).
X
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1 A
Trong 1 ngay nguoi thur hai lam dugc — (cong viéc).
y

1

1 1
Ta c6 phuong trinh: — + — .
x y 10
P S X 9 A
Nguoi thir nhat 1am trong 9 ngay dugc — (cong viéc).
X

12 n
Nguoi thir hai lam trong 12 ngay dugc — (cong vige).
y

Tacéphu:orngtrinh:2+2:1.
X y
1 1 1
—_—t—=—
. . y 10
Ta dugc h¢ phuong trinh :
12
—4+—=1.
X oy
Datle;Y:l.
X y
1 9 3Y—i
| X+Y=— 9X +9Y =— 10
Tacéd: 10 & 10 < |
9X +12Y =1 9X +12Y =1 X:E_Y
_ 1
o 30
_1_r_1
10 30 15
1_1
- =15 ; .
Dodé:1¥ 1 o 1T (thoa man didu kién &n).
l:i y=30
y 30



Vay thoi gian dé nguoi thir nhat, nguoi thir hai 1am riéng hoan thanh cong
viéc 1an luot 1a 15 ngay ; 30 ngay.

Vi du 3 : Tim mdt so c6 hai chir s0, bict rang so d6 gap 7 lan chir s6 hang don vi
cua né va néu dem sO can tim chia cho tong cdc chir s6 cua nd thi dugc
thuong 1a 4 va so du la 3.

Huwoéng dén gidi
Goi chit sb hang chuc la a, chit $6 hang don vilab.
Didu kién : a, blacdc s6 tynhién: 1<a<9;0<b<0.
Vi sb can tim gip 7 lan chit s6 don vi clia né, nén ta c6 phuong trinh :
10a+b=7b< 10a—-6b=0< 5a-3b=0.

S6 can tim chia cho tong céc chit s6 cta nd thi duge thuong 12 4 va s6 du 1a 3,
ta c6 phuong trinh :

lI0a+b=4(a+b)+3 <= 6a-3b=3<2a-b=1.

Ta dugc h¢ phuong trinh :
{5a—3b:O {5a—3(2a—1)20 {—a:—3 {a:3
= =

= (thoa man diéu
2a—-b=1 b=2a-1 b=2a-1 b=5
kién cta 4n).

Vay so0 ¢6 hai chir s6 can tim 1a 35.

Vi du 4 : Mot manh vuon hinh chit nhat cé chi€u dai hon chi€u rong 1a 6m, c6
dién tich 12 280m®. Tim chu vi cia manh vuon doé.

Huwong dén gidi

Goi chiéu rong hinh chit nhét 1a x (m). Diéu kién : x > 0.

Chiéu dai hinh chit nhat 1a x + 6 (m).

Theo d& bai ta c6 phwong trinh :
x(x+6)=280 & x*+6x-280=0
A'=9+280=289>0;~A" =17
x1=-3+17=14
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X, =-=3—17 =-20 (loai)

Gi4 trj x = 14 thoa man diéu kién an.
Chiéu rong hinh chir nhat 1a 14m. Chiéu dai hinh chit nhat 1a 20m.
Chu vi hinh chit nhat 1a 68m.

I1I. BAI TAP VAN DUNG

1. Bai tap co’ ban

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

30

Giai cdc phuong trinh :
X +x-12=0; D)9’ +6x+2=0; ¢)dx’—12x+9=0.

Cho phuong trinh x* + (m + 1)x + m = 0. Chtrng minh phuong trinh d cho
ludn c6 nghiém vdi moi m.

Cho phuong trinh 4n x : (2a — 1)x* — 2(a + 4)x + 5a + 2 = 0. Tim a dé
phuong trinh c6 nghiém.

Giai cdc phuong trinh :

a)x’ -7 +12x=0;  bx'-4°-5=0;

o) Vx-1=3; DVx+4 =x-2.

Cho phuong trinh bac hai 4nx: (m + 1)x* — 2(m — Dx+m — 3 =0.
a) Chirng minh rang phuong trinh luén c6 hai nghiém véi moi m # —1.
b) Tim m dé phuong trinh c6 hai nghiém ciing dau.

¢) Tim m dé phuong trinh ¢6 hai nghiém ciing dau va nghiém nay gap do6i
nghi€ém kia.

Cho phuong trinh bac hai 4n x : x> — (2a — 3)x+a” — 3a=0.

a) Chirng minh rang phuong trinh luén c6 hai nghiém phén biét véi moi a.
Tim cdc nghi¢m da cho theo a.

b) Tim a dé phuong trinh di cho ¢6 hai nghiém trai déu.
¢) Goi x; ; x» 1a hai nghi€ém ctia phuong trinh da cho, tim a sao cho

x12 + x% dat gid tri nho nhat.



Bai 7. Cho phuong trinh bac hai 4n x : kx> — (k — Dx — 1 =0.
a) Tim gi4 tri ciia k dé phuong trinh ¢6 nghiém x = —1.

b) Chirng minh rﬁng phuong trinh ludn c¢6 nghiém véi moi k. Tim hé thic
ddc lap doi véi k gitra cadc nghi¢ém x; va x, ciia phuong trinh.

Bai 8. Cho phuong trinh bac hai 4n x : 2x* +2m — x+m — 1 =0.
a) Chirng t6 rang phuong trinh ludn c6 nghiém.
b) Tim m dé hai nghiém cta phuong trinh cling 4m.
¢) Tim m dé phuong trinh ¢6 hai nghiém x; ; x, thod man diéu kién
2x; — 2x, = 15.
Bai 9. Cho phuong trinh bac hai 4n x : 3x* — 4x + 2(m — 1) =0.
a) Tim m dé phwong trinh c¢6 hai nghiém phan biét x; va x,.
b) Tim m dé phwong trinh c6 hai nghiém ciing duong.
c)baty= xfx% +2x1x + (X1 + X2).
Tinh y theo m. Tim m dé y dat gid tri nho nhét.
Bai 10. Minh hoa hinh hoc tap nghiém cia hé phuong trinh {Z; i iz

Bai 11. Giai cic hé phuong trinh :

{2x—y:—3 ¥=y=2 {x+y\/§:\/§
a) ; 5 ©)

;o b)ix
x+3y=4 E_%: w3-yJ2=1
. s s |2x—ay==3 N -
Bai 12. Cho h¢ phuong trinh . V61 gid tri nguyén nao cua a thi
ax+3y=4

nghiém cua h¢ thoa manx <0 vay>0?

Bai 13. Mot ngudi di bd doan dudng AB véi van téc 12km/h rdi di tiép doan
duong BC véi van tde 6km/h hét ca thay 1 gio 15 phit. Lic vé, ngudi d6
di doan duong CB véi van téc 8km/h 1di di doan dudng BA vdi van tdc
4km/h, mét thoi gian khi vé ca thay 1a 1 gid 30 phit. Tinh quing dudng
AB va BC.
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Bai 14. Hai ca nd ciing khoi hanh mét Iic tir hai bén A va B cich nhau 85km va
di nguoc chiéu nhau. Sau 1 gid 40 phiit thi hai ca nd gip nhau. Tinh van
tc riéng ctia mdi ca nd, biét rang van tdc ca nd di xudi dong hon vén tdc
ca nd di nguoc dong 1a 9km/h va van téc dong nude 1a 3km/h. Cho biét ca
no di tir A di xu6i dong va ca no di tir B di nguoc dong.

Bai 15. Hai xe 6 t6 khoi hanh cing mét Iic tir Quang Ngai dén thanh phé Quy Nhon
cich nhau 180km. Mdi gid xe thir nhat chay nhanh hon xe thir hai 5km
nén da dén thanh phd Quy Nhon trudc xe thir hai 24 phit. Tim véan téc ciia
mdi xe.

Bai 16. Hai d6i ciing 1am trong 8 gio thi xong mot cong viéc. Néu dé riéng doi thir

’ 1 A X 5 N A y 1 <A A , N N
nhat lam 5 cdng viéc roi nghi, va doi thur hai 1am tiép dén lic hoan thanh

cong viée thi thoi gian tong cong 1a 18 gid. Hoi mbi doi lam riéng thi xong
cong viéc trong bao lau ?

Bai 17. Mot nhém tho theo ké hoach du dinh san xuat 1200 san pham. Trong 12 ngay
dau ho lam theo ding ké hoach dé ra, nhitng ngay con lai ho da l1am vuot
mirc mdi ngay 10 san pham, nén hoan thanh ké hoach sém 2 ngay. Hoi
theo ké hoach mdi ngay nhém thg can san xuat bao nhiéu san pham ?

Bai 18. Mot doi xe can chuyén chd 140 tan hang. Hom lam viéc c6 hai xe phai
diéu di noi khac nén mdi xe con lai phai chd thém 8 tan. Hoi doi xe ¢6 bao
nhiéu xe ?

Bai 19. Trong mot hoi trudng ¢6 120 ngudi duy hop, duoc sip xép ngdi vira du
trén cac diy ghé, moi diy ghé cé so ngudi ngoi nhu nhau. Néu bot di 2
day ghé thi moi diy ghé phai ngdi thém 2 nguoi nita méi du chd. Hoi lic
dau trong hoi truong c6 miy diy ghé va mdi diy duoc xép bao nhiéu
nguoi ngoi ?

Bai 20. Hai cong nhan A va B cung lam chung mét cong viéc thi hoan thanh trong
2 gio. Néu lam riéng, cong nhan A hoan thanh sém hon cong nhan B 1a 3
£i0. Tinh thoi gian dé cong nhan A lam ri€éng hoan thanh cong viéc.

Bai 21. Mot s6 ¢6 hai chir s6, chit s6 hang chuc 16n hon chir sé hang don vi 1a 7.

A A ~ A N A A re 1o~ 2 A A N A
Néu doi chir s6 cho nhau thi dugc mdt s6 mdi bang 5 80 ban dau. Tim so

ban dau.
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Bai 22. Mot hinh chir nhat ¢6 chu vi 216m. Néu giam chiéu dai di 20%, tang

chiéu rong thém 25% thi chu vi hinh chit nhat khong ddi. Tinh dién tich
hinh chir nhat do.

Bai 23. C6 hai loai dung dich ctia mot thir axit ; loai 1 chtra 20% axit, loai 2 chira

5% axit. Mubn c6 30 lit loai dung dich hdn hop chira 10% axit thi phai
tron bao nhiéu lit mdi loai ?

2. Bai tap nang cao

Bai 1.

Bai 2.

Bai 3.

Bai 4.
Bai 5.

Bai 6.

Bai 7.

Bai 8.

Cho ba sb a, b, ¢ # 0. Chirng minh rang ba phuong trinh sau khong thé
déngthdivé nghiém : ax2+2bx+c:0;bx2+2cx+a:O;cx2+2ax+b: 0.

Giai phuong trinh :
a)(x+Dx+2)x+3)(x+4)=15;

b) 20x—2+Vd—x=x>-8x+16+22.

Tim gi4 tri nguyén nho nhit cta k dé phuong trinh :

x* = 2(k + Dx + 3 + k> = 0 ¢6 hai nghiém thuc phén biét.

Giai phuong trinh : x* + 4 = 5x(x* — 2).

Xic dinh céc s6 thuc a va b sao cho hai phurong trinh

x> +ax+1=0vax’+bx+2=0c6 nghiém chung va |a| +|b| nho nhit.
Gia st a, b 1a hai nghiém cua phuong trinh X +mx+1=0vab,clahai
nghiém ctia phuong trinh x* + nx + 2 = 0.

Chirng minh h¢ thttc : (b —a)(b—-c) =m.n — 6.

Tim nghiém ctia phuong trinh x> + px + q = 0, biét rdng chiing 12 nhiing s6
nguyén vap+q=18.

x+y+z=3

Txy=12(x+y)
cos g A N y+z+t:4
Gidi cac hé phuong trinh : a) <9yz =20(y+z) ; b) .
z+t+x=5

8zx=15(z+ x)
t+x+y=6
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xyz _4f
X +xy—xz=2 x+y 5
<. A . 2 xyz 3
Bai 9. Giai cic h¢ phuong trinh:a) < y*+xy—yz=3 ;b) —:3;.
y+z
2 —_— —
T —xz—yz=-4 Xz
ey
Z+x

+yi+ 2t =xy+yz+ax

x2014 2014 Z2014 — 32015

Bai 10. Giai h¢ phuong trinh :
+y M+

3. Bai tap tw giai

Bai 1. Giai phuong trinh Vx> —vx? —4x+4 =2.

Bai 2. Cho phuong trinh : x> — 2mx + 4m — 4 = 0 (m 12 tham sd).

a) Chung minh phuong trinh ludn c6 nghiém véi moi m.

b) Tim m dé phwong trinh c¢6 nghiém sé kép. Tinh nghiém kép d6.
¢) Ching minh phuong trinh ludn c¢6 nghiém x = 2.

d) Tim m dé phwong trinh ¢6 hai nghiém tréi du.

e) Tim h¢ thac gitra hai nghi€ém ddc 1ap voi m.

Bai 3. Mot 6to phai di quang dudng AB dai 60km trong mot thdi gian nhat dinh.
Ot6 di nira doan dudng dau vé6i van tde hon van téc du dinh 10km/h va di
ntra doan dudng sau vdi van tdc kém van toc du dinh 6km/h. Biét 6t0 dén
B ding thoi gian quy dinh. Tinh thoi gian 6t6 du dinh di quang dudong AB.

Bai 4. Mot doi xe du dinh chd 180 tin hang, s6 hang chia déu cho mdi xe, nhung
khi thyc hién c6 3 xe bi hong , do d6 mdi xe phai chd thém 5 tn hang nira
thi méi hét s6 hang. Tinh s6 xe ban dau ctia doi.

Bai 5. Mot hoi trudng c6 360 ghé dugc xép thanh timg hang, mdi hang ¢6 sb ghé
bang nhau. Nhung dé du chd cho 400 ngudi ngdi, phai ké thém mot hang
va mdi hang ké thém mot ghé. Hoi ban dau hoi trudng c6 miy hang ghé,
mdi hang c6 may chiéc ghé ?
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(hide
=3 HAMSO VA DO TH|

I. KIEN TH(’C CAN SU’ DUNG
Khai niém, tinh chat va dang d6 thj cia cdc ham s6

y=ax+bvay=ax’(a #0).

II. CAC DANG TOAN THUO'NG GAP

Dang 1. XACDPINH HAM SO THOA MAN PIEU KIEN CHO TRUO'C

1. PHWONG PHAP GIAI
- Viét cong thic tong quat ctia ham sb can tim,

- Tu céc diéu kién da cho, ta thiét lap dugc mdt phuong trinh (hodc mot h¢)
ma an so la cac hé so, trong cong thirc tong quat ctia ham so6 can tim. Tur d6 tim
duoc cac hé so.

2.CAcVibDu

Vi du 1 : Tim ham s6 bac nhét biét do thi cia né di qua hai diém M(1 ; —2) va
N(-1; -8).

Huwoéng dén gidi
Ham sb can tim ¢6 dang : y = ax + b (a #0).
* PG thi ham s6 di qua diém M(1 ; —2) nén —2=a +b. (D)
* PG thi ham s6 di qua diém N(—1 ;-8)nén —8 = —a +b. )
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. . . la+b=2 2b=-10 a=3
Tu (1) va(2)tacod : S &

—a+b=-8 at+tb=-2

Hams6 cantimla: y=3x — 5.

Vidu 2 : Cho hamsé (P) : y=ax”. (1)
Tim gid tri cta a dé d6 thi ham s6 (1) di qua diém (2; - 1).
Huwoéng dén gidi

D) thi ham s6 qua diém (2;-1) @ -1=a2’ @ 4a=-1a :—i.

Vay voi a= —i thi d6 thi ham s6 (1) di qua diém (2; - 1).

Dang 2. VE DO THI CUA HAM SO

1. PHUONG PHAP GIAI
a) Hiamsd y=ax + b (a # 0).
Cdch v& dd thiham s y=ax+b(a # 0):
Cdch 1 : Xéc dinh toa d giao diém cta dd thi véi hai truc toa do.

Cdch 2 : Xéc dinh hai diém phan biét bat ki thudc dd thi, roi v& duong thiang
di qua hai diém do.

b) Ham séy = ax’ (a # 0).
Cédch v& dd thi ham s y = ax® (a # 0).
- Lap bang gia tri tuong tng (x ; f(x)).

- V& tht ca cdc diém (x ; f(x))trén mt phang toa d Oxy.
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2.CAcvibu
2 . 4 1

Vidu: VEdo thicichamsoa)y=x+3(d);b)y= sz P).
Huwoéng dén gidi

a) Cho x = 0 thi y = 3, ta dugc diém
A(0; 3).

Choy=0thix+3=0=x=-3ta
duoc diém B(—-3 ; 0). Puong thing AB
12 d6 thi ctia ham sd y = x + 3.

b) Lap bang mot sd gid tri trong Gng clia x v y :

X -4 -3 -2 0 2 3 4
1, 9 9

y=—x 4 - 1 0 1 - 4
4 4 4

A : o N A 1 N A \ M s A N
Do thi cua ham s0 y = sz la mot dudng parabol nam phia trén truc hoanh,

nhan tryc tung 1am tryc dbi xtrng ; nhan géc toa do O(0 ; 0) lam dinh.

Dang 3. DIEU KIEN PE DIEM THUOC HOAC KHONG THUQC DO THI
HAM SO ; PIEU KIEN PE HAM SO PONG BIEN, NGHICH BIEN,
THOA MAN TINH CHAT CHO TRUOC

1. PHUONG PHAP GIAI

— Pé xdc dinh diém thudc hodc khong thudc dd thi ta thay toa do diém da cho
vao ham so.
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— Ham s bac nhit y=ax+b (a#0) dong bién khi a > 0 va nghich bién khi
a<O.

—~Hamsbéy=ax*(a # 0):

+ Khi a> 0 : ddng bién khi x > 0 va nghich bién khi x < 0.

+ Khi a < 0 : ddng bién khi x < 0 va nghich bién khi x > 0.

2.CAcvibu
Vi du 1 : Trong mit phing toa d6 Oxy, cho duong thing (d) : y= —2x — 2.
a) Giai thich vi sao diém A(—3 ; 4) ndm trén dudng thang (d).
b) Tim m sao cho dudng théng d):y=mx — 1 cit (d).
Huwoéng dén gidi
a) Thay x = xpo = —3 vao phuong trinh cua (d), ta c6 :
y=—-2(-3)—-2=6-2=4=ya.
Do d6 A nam trén (d).
b) Pé (d) va (d) : y=mx — 1 cét nhau ta phai c6 m # —2.

, . 2 . . \ .
Vidu2: Timmdé hamso y = (—gm — 4} x + 2 1a ham s0 bac nhat va dong bién.
Huwoéng dén gidi
. 2 . . \ .
Hamso y = (—gm - 4} X + 2 la ham s0 bac nhat va dong bién

<:>_?2m—4>0<:>#>0<:>—(2m+12)>0

S2m+12<0e2m<-12& m<-6.

Vay voi m < —6 thi ham so da cho la ham so bac nhat va dong bién.

Vi du 3 : Cho ham s y = (m — 3)x” Tim gid tri cia m dé :
a) Ham s6 nghich bién véix <0 ;
b) C6 gid triy =3 khix= —1.
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Huwoéng dén gidi
a) Hﬁmséy:(m — 3 nghichbiénvéix<0(:)m -3>0 m>3.
b) Viham s6 ¢6 gid tri y = 3 khix = — 1 nén

3=(m-3).(-1)=3=m-3 S m=6.

Dang4. SU TUONG GIAO CUA HAI PO THI

1. PHUONG PHAP GIAI

Dé xét sy tuong giao cua hai do thi, ta xét s6 nghiém ciia phwong trinh
f(x) = g(x), véiy = f(x) va y = g(x) 1a hai ham s6 da cho. Do yéu cau doi hoi cuia
de bai dé 1ap luan phuong trinh d6 vé nghiém, c6 nghi¢m kép, hodc cé s6 nghi¢m
can thiét.

2. CACc VviDu
Vi du 1. Cho parabol (P) : y = 2x* va dudng thang (d) : y = —3x—4.
Churng to rang (P) va (d) khong c6 diém chung.
Huwong dén gidi

Phuong trinh hoanh d¢ giao diém cua (d)
va (P) :

2= -3x-4 o2 +3x+4=0

A=9 - 32=-23<0.

Vay (d) va (P) khong c¢6 diém chung.

Vi du 2. Trén cung hé truc toa d Oxy :

a) V& dd thi ham s6 (P) : y = x* va (d) :
y=-x+2. 2T

b) Tim toa do giao diém cua (P) va (d).

¢) Kiém nghiém lai toa do giao diém néi trén bang phép tinh.
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Huwoéng dén gidi

a) Bang gia tri

X -2 -1 0 1 2

y 4 1 0 1 4

pé thi cia ham sfr)‘? y = —x + 2 12 mot dudng thang cit truc hoanh tai diém (2 ; 0)
va cat truc tung tai di€m (0 ; 2).

b) Trén db thi ta thiy (d) cit P tai hai diém A(=2;4) vaB(1 ; 1).

¢) Phuong trinh hoanh d6 giao diém cua (P) va (d)
¥=-x+2+x-2=0

. < A g . . c
Phuong trinh ¢6 dang a + b + ¢ =0 nén c6 hai nghiémx; =1 vax, = — = =2,
a

suyray, = 1;y, =4. Vay (d) cit (P) tai diém A(=2;4) va B(1 ; 1).

Dang 5. CHU'NG MINH PO THI BI QUA PIEM CO PINH VOT MOI GIA TRI
CUA THAM SO

1. PHWONG PHAP GIAI

C6 hai cach :

— Chon x = x thich hgp thay vao biéu thirc ctia ham s6, nhan dugc mot gia
tri khong phu thugc tham so.

— Xem phuong trinh y = f(x, m) (m 12 tham s6) véi an 1a m va chuyén vé dang :
g(x,y).m* + h(x,y).m+k(x,y)=0. Toa d6 diém cb dinh ma dd thi ludn di qua 1a

nghi€ém cua hé

g(x,y)=0
h(x,y)=0
k(x,y)=0
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2.CAcviby
Vi du : Ching minh rang dudng thing (d) : y=mx—2(m+1) ludn ludn di qua
mot diém cb dinh khi m thay doi.
Huwoéng dén gidi
Xét phuong trinh y=mx—-2(m+1) & m(x-2)—(2+y)=0.
Néu (X ; y) 1a diém c6 dinh cia d thi thi m(xy —2) = (2+ y,) =0 v6i moi m.

Day 12 phuong trinh bac nhat d6i v6i m . Phuong trinh nay dugc nghiém ding
v6i moi m nén phai c6
XO -2=0 o XO =2
Vay d6 thi ham sb ludn di qua diém cb dinh (25 —2)voi moi gid tri cua m.

I1I. BAI TAP VAN DUNG
1. Bai tap co’' ban
Bai 1. Xéc dinh a va b sao cho d6 thi ctia ham s6 y = ax + b di qua diém P(4 ; —3)

N e s 2 2
va song song voi duong thang y = — gx + 1.

Bai 2. Tim toa d¢ giao diém cua hai duong théng cy=-3x+2vay=4(x — 3).
Bai 3. Tim ham sb bac nhét biét hé s6 géc bang —2 va @6 thi ham s di qua diém
A3 ;2).
Bai 4. Trén mat phéng toa do Oxy cho duong théng (d:y=x+1.
Viét phu:or}g trinh duong thépg (d") song song véi dudng thang (d) cit truc
tung tai di€ém N c6 tung d6 bang —4.
Bai 5. Cho ham sb y = (m® — 3)x* ¢6 db thi la (P).
a) Tim gi4 tri ciia m biét (P) di qua diém A(1 ; 6).
b) Vi gid tri d6 cta m, do thi ciia ham sé ¢6 di qua diém B(—1 ; —6)
khong ?
Bai 6. Cho ham sb y = ax” (a # 0) c6 do thi (P).

s 1
a) Tim a biét do thi di qua M (—1 ; Ej
b) Tim m sao cho N(-3 ; m) € (P).
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Bai 7.
Bai 8.

Cho ham sb y = —x*. V& db thi ctia ham sb.
Cho dudng thing c6 phuong trinh : mx + 3+ (3m — Dy=0  (d).
a) Biét duong thing di qua A(1 ; —2). Tim hé sé géc cua dudng thing nay.

b) Chirng t6 rang duong thing (d) ludén di qua mot diém cb dinh khi gid tri
cua m thay ddi. Tim toa do diém cb dinh do.

2. Bai tap nang cao

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.
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Tim a dé ba dudng thing sau diy dong quy :
. 3
y=3x;y= —x+4vay:ax—§.

Lap phu:qng trinh duong thing (d) qua diém A(3 ; 0) va vudng géc voi
duong thang (d') : y=2x+ 1.

Trén mit phang toa d6 Oxy 14y ba diém A(1 ;2) ; B(1 ; —1) va C(0 ; 2).

a) Tinh d0 dai cac canh ciia AABC.

b) Tinh dién tich AABC.

¢) Viét phuong trinh dudng thing BC.

Trén cung hé truc toa do Oxy cho parabol (P) : y = —x* va duong théng
(D) : y = —x —2. Tim phuong trinh tiép tuyén véi (P) song song véi (D).
Chi 15 toa do tiép diém.

Cho ham s6 y = ax® c6 d6 thi 1a (P).
a) Xdc dinh a biét d0 thi di qua diém A(1 ; 1).

b) Goi (D) 1a duong thang di qua A va cét truc hoanh tai diém c6 hoanh do
lam (m # 1). Viét phuong trinh duong thing (D).

¢) Tim gid tri m dé duong thing (d) tiép xtic vai parabol (P).
Cho hams6 y=(m+ 1)x + m + L.
a) Tim m dé ham s dd cho ddng bién va d6 thi cia né di qua diém (1 ; 2).

b) Tim m dé trong cung mot h¢ truc toa do dd thi ctia ham s6 da cho tiép
xudc vdi parabol y = — 2x*. Tim toa do tiép diém.



3. Bai tap tw giai

Bai 1.

Bai 2.

Cho ham s6 y = ax® c6 d6 thi (P).

. 1 1
a) Tim a biét (P) di qua M( _E ; E ). Vé (P) véi a vira tim duogc.

, . 1 8
b) Tim toa d6 cac di€m trén (P) c6 hoanh d bang —g ; ¢O tung d6 bang 4.

¢) Ching to rﬁng néu diém (a ; b) thuoc (P) thi diém (—a; b) cling thudc
(P).

d) Tim m sao cho C(-3 ; m) thudc (P).

e) Tim nhiing diém trén thudc parabol (P) cach déu hai truc toa do.

Cho hai ham s6 y = x* ¢6 db thi (P) va y = 2x + 3 ¢6 dd thi (D).

a) Vé (P) va (D) trén cung h¢ truc toa do.

b) Tim toa do giao diém cua (P) va (D).

¢) Viét phuong trinh duong thang (d) song song véi (D) va tiép xic (P).
Xac dinh toa @6 tiép diém.

(hi dé

T BAT DPANG THUC — BAT PHUONG TRiNH

I. KIEN TH(’C CAN SU’ DUNG

1.
2.

Dinh nghia va cac tinh chat cla bt dang thirc.

Cac quy tac cong trir cung mot s6 vao hai vé& clia bat dang thirc, quy tic
chuyén vé&, quy tic nhan hoic chia ¢ hai vé& clla mdt bat dang thirc voi
cung mot s6 dwong, vdi cing mot sé am.

. B4t dang thirc Co-si.

. Biét cach gidi bat phuong trinh bac nhat, bac hai mét an.
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II. CAC DANG TOAN THUO'NG GAP

Dang 1. CHU'NG MINH BAT PANG THU'C

1. PHUONG PHAP GIAI
— Diing dinh nghia bt déng thirc.
— Bién dbi trong duong (thanh tong cic biéu thirc c6 gia tri khong Am).

— Ap dung bét ding thirc Co-si.

2.CAcviby
Vi du 1. Chitng minh a* + 4b> + 4¢> > 4ab — 4ac + 8bc.

Huwoéng dén gidi
Ta c6 a® + 4b” + 4c> — 4ab + 4ac — 8bc = (a+2c—2b)" > 0 (bét ding thitc

dugc chirng minh).

Vi du 2. Ching minh rﬁng vO1 moi ) thuc a, b, ¢ ta ludn ¢6 :
a® +b* +c* 2 ab +be + ca.
Huwong dén gidi
Tacé: a® +b*+c> > ab+bc+ca
<:>2(a2+b2+c2)—2(ab+bc+ca)20
<:>(a2—2ab+b2)+(b2—2bc+c2)+(c2—2ca+a2)20
& (@-b)* +(b-c)* +(c—a)* 20. (1)

Bét ding thirc (1) ludn diing nén a® +b* +c* 2 ab +be + ca.
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Vi du 3. Ching minh ring : a> +b> +c* +d*> 2 ab+ac +ad.
Huwong dén gidi

Tacd:

2 2
a2+b2+c2+d2—ab—ac—ad=(%—ab+b2j+{%—ac+c2j+

2 2
HL —ad+d® |+
4 4

a 2 a 2 a 2 Cl2
= Z—b| +|==c]| +|==-d| +—>0
2 2 2 4
=a’+b>+c*+d*>ab+ac+ad (dpcm).
Vi du 4. Ching minh ring : a® +4b* + 4c* > 4ab — 4ac + 8bc.
Huwong dén gidi
Taco :
a’ +4b* +4¢® —4ab + dac —8bc = (a* — 4ab + 4b*) + 4¢? + (4ac — 8bc)
=(a-2b)> +2.(a=2b).2c+(2¢)* =(a-2b+2c)* >0.

=  a*+4b* +4¢* 2 4ab - 4ac +8bc (dpcm).

1
Vidu 5. Cho a+b >1. Ching minh : a* +b* >

Huwong dén gidi
2
1
Tacé : (a—b)220:>a2+b22M>§
2, 12\2
= a4+b42%>§ (dpcm).
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Vi du 6. Cho a, b > 0 thoa mén diéu kién : a.b =1. Ching minh rang :

(a+b+1)(a*>+b*)+ >8.

a+
Huwoéng dén gidi
Ap dung bat dang thirc C6-si cho hai s6 dwong a® va b tacé:

a’ +b>>2ab=2

= (a+b+1)(a®+b*)+ 4 >2(a+b+1)+
a+b

a+b

:(a+b)+(a+b+aij+2 (D

Tuong tu : 4p dung BDT C6-si, ta ¢6 :

a+b>20Jab =2

4 22/(a+b). 4 =4
a+b (a+Db)

= (a+b)+(a+b+

a+b+

j+222+4+2:8 2)
a+b

Te (1) va(2) = (a+b+1)(a*>+b%)+ 4b28 (dpcm).

a+

Dang 2.  GIA TRI LON NHAT, GIA TRI NHO NHAT

1. PHUONG PHAP GIAI
Cho biéu thuc f(x, y...).

* Tanéi M la gid tri 1on nhit cta f(x, y...) ki hiéu maxf(x, y...) = M, néu hai
diéu kién sau dugc thoa man :
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— Véimoi x, y... dé f(x, y...) xdc dinh thi f(x, y...) < M.
— Tn tai xo, Yo... sao cho f(xo, yo...) = M.

* Ta néi m 1 gid tri nho nhét cua f(x, y...) ki hidu minf(x, y...) = m, néu hai

diéu kién sau dugc thoa man :
— Vi moi x, y... dé f(x, y...) xdc dinh thi f(x, y...) > m.

— Tn tai xo, Yo... sao cho f(xo, yo...) = m.

Chuay:
+A=k+M > k Gidtrinhé nhat cia A lak < M= 0.
+B=h—-N< h. Giatrilén nhatciaBlah < N=0.

2. CACc ViDu
Vi du 1. a) Tim GTNN ctia A = 3x" — 4x + 1.

b) Tim GTLN cua B = — 5x% + 6x — 2.

Huwoéng dén gidi

2
a)A=3 x2—2.x.g+fj—l:3(x—gj LS
3 9) 3 3) 33

I . 2 2
Vay GTNN cua A la 3’ diéu nay xay ra khi x—g =0 x:§.

2
b) B = —5()(2 —§x+2j—l=—5(x—§j —lS —l.
5 25) 5

|
Vay GTLN cua B 1a E diéu nay xay ra khi x—%zO = x:%

Vi du 2 : Tim gid tri nho nhit cta B(x) = x* + 4y* — 6x + 12y + 21.
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Huwoéng dén gidi
B(x) = x* + 4y’ — 6x + 12y + 21
= —6x+N+ @Y + 12y +9) + 3
=(x-3 +Q2y+3°*+323.

Vay gi4 tri nho nhét ciia B(x) bang 3 khix=3 vay= _73

Vi du 3 : Tim gid tri 16n nhét cta biéu thic E = LM.
x—2\/;+4
Huwoéng dén gidi
Diéukién: x >0 ;
3x—6\/;+21 3(x—2\/;+4)+9 9
E = = =34——
x—2\/;+4 x—2\/;+4 x—2\/;+4

9 9

=3+ S J L A—
(x-2x+1)+3 x-12+3

V1L32=3.
3

(Vi-1) +3

Vay gid tri 16n nhitctaEa 6 & Jx—1=0 < x=1 (thoa diéu kién).

Dang 3. BAT PHWONG TRINH

1. PHUONG PHAP GIAI

— Van dung quy tic cong vao hai vé ctia mot bat phwong trinh mot s6 hodc

mdt da thirc chira an thi dwgc mot bat phuwong trinh méi twong dwong.

— Van dung quy tic nhan hai vé ciia mot bat phuong trinh véi cing mot sb
duong thi duge mot bat phwong trinh méi twong duong. Néu nhén hai vé cia mot
bat phuong trinh vi cling mot s6 4m va ddi chidu ctia bat phuong trinh thi duoc

mot bat phwong trinh méi twong duong.
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2.CAcvibu
Vi du 1. Giai cdc bat phuong trinh
a) 3(1-x)>1+2x ; b) (x+1(x+3)<1+4x.
Huwoéng dén gidi
a) 3(1-x)>1+2x < 3-3x>1+2x

<:>—3x—2x>1—3<:>—5x>—2<:>x<§.

. 2
Vay S={x/x<g}.

b) (x+1D)(x+3)<1+4x o x* +4x+3<1+4x
o +4x—4x<1-3 o X <2
Ta nhan thdy véi moi xe€ R, x> >0 va vé phai Ia mot sb 4m.
Vay khong c6 gid tri nao ctia x 1a nghiém cia bat phuong trinh. Do d6 § = &.
Vi du 2. Tim m dé bét phuong trinh sau c6 tap nghiém la R
m()c—1)+m2 —-3x+120.
Huwoéng dén gidi
Ta co m()c—1)+m2 -3x+120s (m—3))c+m2 -m+120.

Pé moi xe R déu 1a nghiém thi ta phai c6

m—-3=0 m=3
) &9, & m=3.
m —m+120 m- —m+12=0
Vay m = 3 thi bat phuong trinh da cho c6 tap nghiém la R.
Vi du 3. Giai bat phuong trinh (x —2)(x+3) >0.
Huwong dén gidi
x—220;x+320

Tacd (x-2)(x+3)20<
x—2<0;x+3<0

x=>22;x2>2-3 x=>2
= .
x<2;x<-3 x<=3

VayS={ x/x>2 hodac x<-3}.
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I1I. BAI TAP VAN DUNG
1. Bai tap co’ ban
Bai 1. Chirng minh rang :
a) 2(a* +b") 2 (a+b)(a® +b°) ; (1)

b) 3a* +b* +cH > (@+b+o)@ +b° + D). )

Bai 2. Gia st 2014 < x <2016 . Chimg minh v2016 — x +/x—2014 < 2.
Bai 3. Chung minh bat dang thuc : (ac + bd)* < (a® + b)(c* + d?).
X2 +7

Bai 5. Cho bdn sb duong a ; b ; ¢ thod médn ad — bc = 1.

>4,

Bai 4. Ching minh riang véi moix € R :

Ching minh rang : A = a”> + b* + ¢ + d* + ac + bd > V3.
Bai 6. Cho ba s6 a, b, ¢ thoa mén diéu kién : a* + b> + c* = 1.
Chitrng minh rang : 2(1 + a + b + ¢ + ab + bc + ca) + abc > 0.
Bai 7. Tim gié tri nho nhét cia bidu thirc A = —2+/x +x +5.
1
2x-x-3

Bai 9. a) Cho x + y= 1. Tim gid trj 16n nhit cua P = 3xy — 4.

Bai 8. Tim gid tri nho nht cua biéu thic C =

b) Cho x — 2y = 2. Tim gid tri nho nhét ciia Q = x* + 2y — x + 3y.
Bai 10. Tim gi4 tri nho nhit cta biéu thic :

M = 3x—=5+~7-3x voi §stz.

W

2. Bai tap nang cao
Bail. Choa,b,c>0.

Chirng minh rﬁng : a2(b+c—a)+b2(c+a—b)+c2(a+b—c) <3abc. (1)

Bai 2. Ching minh ring : 4(a® +b%) > (a+b)> véi a,b>0.
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Bai 3. Cho a, b, ¢ > 0. Chirng minh ring : l+12 4 .
a b a+b
N , . N a b C
Bai 4. Cho a, b, ¢ > 0. Chirng minh rang : + + <2.
a+b b+c c+H+a

Bai 5. Chirng minh bat dang thic : |x| +|y| >/(x+ y)2.
Bai 6. Tim gid tri nho nhit cia A = (x — 2)* + (x - 3)%
Bai 7. Tim cip s6 (x, y) voi y nho nhét thoa méan diéu kién :

X’ +5y" + 2y —4xy—3=0.

Bai 8. Cho x, y lién hé v6i nhau boi hé thire : x* + 2xy + 7(x + y) + 2y* + 10 = 0.

Hay tim gid tri 1on nhat, gi4 tri nho nhét ciia biéu thirc : S =x +y + 1.
Bai 9. Giai va bién luin bt phuong trinh 5x —mx >3+ x (m la tham s0).
3. Bai tap tw giai
Bai 1. Cho a, b, ¢ > 0. Chlrng minh :
1 1 1 1 1 1
a)g+222 ; b) a.(;+—j+b.(—+—}+c.(—+—}26.

b a c c a a b
Bai 2. Cho x, y, z 1a cac s6 thuc duong thoa man : xyz = 1.
Tim gi4 tri 1on nhét ciia biéu thic :
1 1 1

A= + + .
CHy+1l Y2+ 2P+
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GOTY - H'ONG DAN GIAI PHAN PAI SO

Chu dé 1. BIEN POI BIEU THU'C PAI SO

1. Bai tap co’ ban

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

52

a) (a +b)’ —3ab(a + b) = a’ + 3a’b + 3ab” + b’ — 3a’b — 3ab’ = a’ + b°.
b)Via+b+c=0néna+b=-c = (a+b)3:—c3
= a3+b3+3ab(a+b):—c3

= a+b +c’—3abc=0 = a’ + b’ +¢* = 3abc.

X 3x2 x—x+1 x%—1+3x>
—11|:/1+ = :
x—1 w21 x—1 ¥ -1
1 X1 x+l
x—1 4x* -1 4x*-1

¥yt -y ey G-neP -y x-y
X+xy-xy’ =y Py -y a+y) (x+y)EE -y x+y

Diéu kién x> + 2x* —x -2 #0. Ta ¢
Cx+2)—(x+2)#0= (x+2)(x+D(x=1) £0
=>x#2;x#-1;x#1.
A=0=x>-3x-4=0=x"—4x+x-4=0
=S>x(x-4H+(x-4H)=0=(x-4dH(x+1)=0.
Suy ra x =4 (thoa man diéu kién) ; x = -1 (loai).
Vay A = 0 khix = 4.

a) VA+12 +3V3+6=4+23 +33 +6
= (\@+1)2+3\@+6 =3 +1+43/3+6=43 +7
=2+~3)



b) m(\/ﬁ—ﬁ)(uﬁ):m.ﬁ(ﬁ—l)(3+ﬁ)

\/7 3+\/_ w/ 3+xf

=(\/§—1) (3+\B) = (6—2@)(3+ﬁ) ( )(3+\f)

=2(9 - 5)=8.

G EeE i (BB (5B
RO N N - R Y3 30§ R

2
Cs-2V5s+2dis (V) 16 64245

5-3 5-1 2 4

3445 1345

2 2
J_J_J_f 216

d’(ﬁf)[lf 1[} W

J1(V2-1) J5(v3-1)

) + -5 +2

= (\/7—\5)(—\/7—\6) +2
:_(\/7—\5)(\/7+\B) +2=-2+2=0.

=8 -

:(ﬁ—ﬁ){

Bai 6. a) A= xtyyy ~Jxy | 2y (x>0;y>0;x#y)
X—y \/_

NeE b
) ) 2y
{ N ‘@L y ey
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| ey (e = +y) 2[y
- Va+fy o | x—y f+f

_ X—=2Jxy+y 2\/_ \/_ \/_ 2\/_
(e ) Vx ) iy Varly oy

_Vxedy
Vx+yfy

b) V6ix>0;y>0;x#y,taco:

B\/_+\/_x/_\/_4y
Sy ey x—y

e (B

X—Yy X—Yy X—Yy

_x+2 xy+y+x—2\/5+y—4y_ 2()c—y):2

xX—y (x—y)

=1.

) Véix>0;x#1,tacod:

1 m__Nx+1| Jx+2 Jx-2
Lom™ dmm N () (V) (V)

(
Gz Jioa) 1 [(Vre2)(-1)-(Va-2)(Va )
—

\/_[\/—+1\/_1
2Jx 2

\/;(x—l) Cox—1

d Voi-l<x<l1,tacod:

°T (ﬁ_lzﬁl—x}[\/lfg _1J




:[m J{\h NS I 1=

2
292 i
1+ x '(2_\/?) |
e) Voix>y>0,taco:

Eo Sy +y w4yt =2y 1
xX—y ' x(x+2\/§)+y \/;+\/§

I (x+4) Jy(xw—z@). !

=y | e2nfy+y Jr+y

\/_(x+\/_) y(\/_ \/_) x4y
X=Yy (x+\/7)

D PP (b))
(x=)(x+) (=) )
g) Voix>2;x#3,tachd:

oo Vi1-20x=2  Jx-2-2/x=2+1

Ji—2-1 Vx-2-1
Y2 VR i nde el
T Ji—2-1  Jx—2-1 ]-1 néu 2<x<3

1

. 1
+ +...+
1+42 V2443 2014+~/2015

h)H=

5 ﬂ} (ZH)zﬂ
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1 1 1

= + +...+
V241 B2 J2015 +42014
:ﬁ_1+ﬁ_*ﬁ+...+ “20151“2014 =+/2015 1.

1 1
Bai7. a) Diéukiénx>0vﬁxnguyén,x¢ 1.Tacd:
s Vxr2  Jx-2)Jae
x+2\/;+1 x=1 | \/;

Vxr2 a2
 Wx+)? (x+Ex-D ]

Jr+2 x-2) 1 20k 1 2
T Vr+r Jx-1)

- o5

\/;_ x—l'ﬁ_x—l'

b) A nhdn gid tri nguyén & x-1€ U(Q2) = {£1;£2}

x—1=1 x=2
x—1=-1 x=0
= = .
x—1=2 x=3
x—1==-2 x=—1

Vay v6i x = 2 hodc x = 3 thi gid tri twong ing cia A nguyén.

Bai8. Voix>0;y>0vax#y,taco:

\/}+\/§ _2\/5 2/x + \/5
(Vi) =y [V Va+iy

B=
2

:(\/;+J§)2_2\/E nWx oy
2x-y)  x—y [Vx=y Jx+y

Ni-\b) o L
2x-y) Nx—=y| Jx+y
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I ) R T
()] e

__Nx Wy _Newdy
Vasfy x+dy  Nx+fy

Vay voix >0 ;y >0 vax # y thi gid tri cua biéu thic B khong phu thudc
vao hai bién x va y.

x>0
Bai9. a)Cxicdinhe IVx—120 @x>0;x# 1.

\/;—x;tO

x +2x—\/;_ x \/;(2\/;_1)

b)C:f—l Jiox o1 Vx(1-+x)

X _2\/;—1_x—2\/;+1_(\/;_1)2_\/—_1
T Lol o1 G s T

)x=4+ ﬂ:4+2ﬁ:(\6+1)2.

. . . 2 . 2
Do d6 gia tri cua bicu thirc C tai x = (\/g + 1) la

A= (\B+1)2 —1=3 +1-1=4/3.

Bai 10. a) E c6 nghia & x>0va x#1.

b)E:L\/}w Jx-2 }/;+1_(\/;+2 &—2}1

J}+1)2_(J§+1)(J}—1) NP NN N

(J}+2)(\/}—1)—(\/}—2)(\/}+1)'

X

Wx o1 2

X
-1

-
5

X X—
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) x=+16-637 +/7 = (3—ﬁ)2+ﬁ
=‘3—\ﬁ‘+xﬁ:3—xﬁ+xﬁ:3.

2

Do d6 gid tri ctia biéu thirc A taix =312 A= =1.

3-1
d) Enguyén < x—1 laudc cua 2 (U(2) = {1 ; £2})
x—1=1 x=2
x—1=-1 x=0
& &
x—1=2 x=3

Theo diéu kién & cau a) chi c6 hai gid tri x = 2 hodc x = 3 1a thod man.

Vay v6i x = 2 hodc x = 3 thi E nhan gid tri nguyén.
Baill. A=35+2V13 +35-2413 = A3 =35+ 2J13 + J5-213)°

= A’ =5+2V13+5- 213+ 335+ 2/13)(5-2V13).A=10-94

= A’+94-10=0= (A-1)(A2+A+10)=0= A—1=0

= A=1(Vi A2+ A+10>0 voi moi A).
2. Bai tap nang cao
Bai 1. Tacé
*(a+b)(b+c)(c+a)+abc=(ab+ac + b’ + be)(c + a) + abc
= abc + a’b + ac® + a’c +b’c + ba + bc? + abc + abc
= 3abc + a’b + ac® + a’c + b’c + b’a + bc? (D)
*(a+ b+ c)(ab + bc + ca)
= a’b + abc + a’c + ab® + b’c + abc + abc + be? + ac?
= 3abc + a’b + ac® + a’c + b’c + b’a + bc? 2)
Tu (1) va (2) suyra (a+ b)(b + c)(c +a) + abc = (a+ b + c)(ab + bc + ca).
Bai2. (@’ +b) (@ +b)-(a+b)=a’+b’ +a’b*+a’b’ —(a+b)
=a’+b +a’b’(a+b)—(a+b)

=a’+b’ +(a+b)—(a+b)=a’+b’ (doab=1).
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Bai 3. a) 14*= (a® + b* + ¢?)’
& 196 = a* +b* + c* +24%p* + 2b%c% + 264>
& a* +b* + ¢ =196 — 2(a*b? + b2c? + *a?)
Laic6 a+b+c=0=(a+b+c)> =0

a? +b%>+c? +2ab+2bc+2ca=0

ab+bc+ca=-7

=
=

= (ab +be +ca)* =49
= a’b* +b*c* + c*a® + 2ab*c + 2bca + 2ca’b = 49
=

a’b? +b%c* +c*a’ + 2abc(b+c+a)=49.
Dodé  a’b*+b*c* +ca* =49.
Suyra A=da*+b*+c*=196-2.49=98.
b) Tacé @ +b +c’=3abc & a’+b’+c’—3abc=0

Thay  a’+b’=(a+b)’ —3ab(a + b) ta duoc
(a+b)’—3ab(a+b)+c’—3abc=0

= (a+b+c)(a2+b2+62—ab—bc—ca)=0
a+b+c=0

=
a’>+b*>+c®>—ab—bc—ca=0.

* Néua+b+c=0thi

B - (1+%j(1+2J(1+£J: bta c+b a+c _ (=¢) (=a) (=) i

c a b c a b c a
* Néu a’ +b° + ¢ —ab—bc —ca =0 thi 2(a2+b2+c2—ab—bc—ca)=0

sS@a-b’+b-c)’+(c-a)YX=0sa=b=c.

Khi d6 B = (1+3J(1+9J(1+5): 1+ DA+ D1 +1)=8.
b c a
Baid. X’ +y +72 - 3xyz=(x+y)’ - 3x*y-3xy" + 2’ - 3xyz

= [()c+y)3 + z3] - 3xy(x+y+2z)
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Bai 5.

Bai 6.

Bai 7.

Bai 8.

60

:(x+y+z)[(x+y)2—(x+y)z+z2]—3xy(x+y+z)

=(x+y+2)(X + Y + 25— xy— yz — zx).

M= Ay 4 3wz ek y+ )+ Y 2y + Y2+ )
x2+y2+Z2—xy—yz—zx X2+y2+Z2+xy+yz+zx
=x+y+z.

.. a b c ayz +bxz + cxy
Taco: —+—+—-=0= =0=ayz+bxz+cxy=0
Xy < xyz
2 2 2 2
+bxz +
£+z+£:1:> £+z+£j :')(:—24_'))_2_|_Z_2_i_2'ayZ Xz nyzl

a b c a b c a- b” ¢ abc

2y 2
=+t 7+ =L
a- b° c

2
A2 = x+y _x2+2xy+y2_2x2+2y2+4xy
xX=y )62—2)cy+y2 2x2+2y2—4xy'
Sxy+4xy 9xy

Vi2x? +2y* = 5xynén A = 9.
Sxy—4xy  xy
Vix>y>0=>x+y>0;x—y>0=>A>0.
Tac6 A>=9vaA>0 = A=3.
Tacod xyz=1nén:
1 1 1
A= + +
I+x+xy 1+y+yz l1+z+zx
Z Xz 1
= + >+
Z+zx+xyz xz+yxz+yxzm l+z+zx
Z Xz 1 z+zx+1
= + + = =1.
z+zx+1 wm+1l4+z 1+z+zx 14+z+zx
1.2.3.4

-Khin=1:Vétrai S = 1.2.3 = 6 ; V& phai = 6. Déng thirc diing.

- Gi st dang thirc ding khin = k, tirc 1a :



k(k +1)(k +2)(k+3)

S=123+234+345+...+k(k+1)k+2)= 1

Ta ching minh déng thirc ding khin =k + 1.

Ta co

S=123+234+345+....+k(k+ D)k +2)+ (k+ 1)k +2)(k+3)
_k(k+1)(k +2)(k +3)
- 4
_k(k+1D)(k +2)(k +3) + 4(k + D) (k +2)(k +3)
- 4
_ (k+ D)k +2)(k +3)(k +4)
- , ,

Ping thirc dwoc chirng minh.

Bai 9. Didukién: -1<x<1.

=2 (o i)

+(k+1)(k+2)(k+3)

N =
24+1-22
BT e i [y S T S By
2++/1-x2

i Vim 2 (Vi x —ix)

o N (11 o2 1)
:(1+\/§)(2—2 1—x2)
e e s

Do d6 : N = v/2x? :|X|\/§.

1 o 1 2
Taix = . gid tr cia biéu thie N1aN = H\f :g.
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Chu deé 2. PHU'ONG TRINH - HE PHUONG TRINH

1. Bai tap co’' ban

Bai 1.

Bai 2.

Bai 3.

62

AA=12—4.1(-12)=1+48=49>0; VA =7.
Phuong trinh ¢6 hai nghiém phan biét 1a :
~1+7 _ -7

3:x
2 T

Il
Il

I
o

X1 =

Vay S = {3; —4).
DA'=3-92=9—-18=-9<0.
Phuong trinh da cho vo nghiém. Vay S =J.

C)A'=(—6)’ —49=36-36=0
3 3
=2 VayS=1{=t.
> viys= {3}

=m’ - 2m+ 1 =(m — 1)*>0 v6i moi m.

Phuong trinh ¢6 nghiém kép : x; =x; =

NGl o)\

A=(m+ 1) —4m=m’+2m+ 1 — 4m

Vay phuong trinh da cho luén c¢6 nghi¢m véi moi m.
*Khia= % , phuong trinh da cho tr¢ thanh

—9x+2 =0 <:>9)c=2<:>)c=l

2 2 2
. 1 .

* Khi a ;tE,taco

N=@@+4)*-Q2a-1)5Ba+2)

=a’+8a+16-10a*> +a+2=-9a> +9a+18 =—9(a’* —a - 2).

Pé phuong trinh ¢6 nghiém ta phai cé A">0 & a’> —a—-2<0
ea*+a-2a-250al@+1)-2a+1)<0

a+1>20;a-2<0

S@+)a-2)f 0
a+1<0;a-220

ey



2<z>—1£a£2. (2)

Két hop (1) va (2), suy ra phuong trinh ¢6 nghiém < —1<a < 2.
Baid. a)x’ — 7x*+12x=0

9 x=0 x=0

Sxx—-Tx+12) =0 ) =
x“=T7x+12=0 x=3;x=4.

Phuong trinh da cho c6 ba nghiém : x; =0 ; x, =3 vax; =4.

Tap hop nghiém S = {0 ; 3 ; 4}.

b)xt-4x* - 5=0(1).PatX=x"(X20) (1) X -4X — 5=0.

Cédanga—b+c=1+4-5=0.SuyraX; = — 1 (loai) ; X =5 (nhan).

Dodéx2:5suyrax1:x/§ ;X2 =—/5. Vay S:{\/g;—\/g}.
c)Pibukién:x—1>0 & x21
Jxi-1=3 & (fx-1)2 =32

& x-1=9© x=9+1< x =10 (thoa man didu kién).

Vay tap nghiém phuong trinh 1a S = {10}.

d) \/x+4=x—2<:>{

x—220 {xZZ

2<:> 2
x+4=(x-2) x+4=x"—-4x+4

x=2 {xZZ
= 2 =
x“=5x=0 x(x=5)=0

x=2
= & x =5,
{sz;sz

Vay nghiém ctia phuong trinh da cho la : x = 5.
Bai5. a) Voim# -1 ;
A=[-(m-D-(m+Dm-3)=m’-2m+1-m*+2m+3=4>0.

Vay phuong trinh da cho luoén cé hai nghi¢m phan biét véi moi m # —1.
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Bai 6.
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, . A=0
b) Dé phuong trinh c¢6 hai nghi€ém cuing dau ta phai cé {P 0
> .

m-=3
m+1

>0

Tacd:P=x1.x0 =

{m—3>0;m+1>0 {m>3;m>—1 {m>3

m—-3<0;m+1<0 m<3;m<-1 m<-—1.

V?ly véi m > 3 hodc m < —1 thi phuong trinh da cho cé hai nghiém cung
dau.

¢) Theo ciu b) phuong trinh c6 hai nghiém cting d4u khi m > 3 hodc m < —1.
Goi hai nghiém 1a x; va x, va gia st x; = 2x;.

Theo dinh If Vi-ét, taco :

L 2m=D (L 2m-])
T ot T m+l x2=2(m_1)
m-—3 , m—3 3(m+1)
XXy = L= 2XZ: L= .
m+1 m+1 » m-=3
Xy =
x1=2x2 x1=2x2 2(m+1)

4m-1>  m-3

Do d6 : 5=
9(m+1) 2(m+1)

S 8(m-1=9m-3)(m+1) e m’—2m-35=0
A=1+35=36>0
m=1+6=7m=1-6=-5.

Ca hai gid tri nay déu thoa man m > 3 hodc m < —1.

Vay phuong trinh ¢6 hai nghiém ciing dau va nghiém nay gp doi nghiém
kia khi m = 7 hoac m = -5.

a) A=(2a-3)Y -4(a’-3a)=4a’ - 12a+9-4a’ + 12a=9>0.
Vay phuong trinh bac hai da cho ludén c6 hai nghi¢m phén biét véi moi a.
Hai nghi€ém cua phuong trinh la :

2a-3-3 2a-3+3
= sy 3= s
2 2

X1



Bai 7.

b) Dé phuong trinh ¢6 hai nghiém trai d4u, ta phai c6 :

a<0;a-3>0
snn<loesaa-3) <0
a>0;a-3<0

a<0;a>3 (loai)
s 0<ax<3

a>0;a<3

0) X2+ x5 = (x1 +x2)° — 2x1x2 = (22— 3)> — 2(a> - 3a)

=4a>—12a+9—2a° +6a

=2a%-6a+9=2d’ —3a+%j = 2{[642 —2a%+2j—2+2}

Viy gid tri nh6 nhét ciia x' + x> 1a % khi va chi khi a % =0haya= %

a) Vix = —1 1a nghi€m cua phuong trinh nén :

kK1) —k-D.(-D)-1=0k+k-1-1=02k=2k=1.
Vay k = 1 thi phuong trinh da cho c6 nghiém x = —1.

b) * Khi k = 0, phuong trinh da cho tr¢ thanh: x — 1 =0 x=1.
*Khik#0:

A=(k-17+4k =K -2k + 1 +4k =K* + 2k + 1 = (k + 1)* > 0 v&i moi
k #0.
Vay phuong trinh da cho luén c6 nghi¢m véi moi k.
Trong truong hop k # 0, goi1 xi, x; 1a hai nghi€ém cua phuong trinh.
Theo dinh Ii Vi-ét ta cé :
x1+x2=% x1+x2:1—; @

1 < 1
X| Xy = ? XXy = ? (2)
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Tu (1) yz‘l (2), tasuyra: x; +x2 = 1 + x1x2, day la hé thirc doc 1ap gitra x;
va x, doi voi k.
Bai8. a)A=(2m-1)’-8m-1)=4m’>—4m+ 1 - 8m+ 8 =4m’* - 12m + 9
=(2m-3)*>0.
Vay phuong trinh luén ¢6 nghiém vé1 moi m.

b) DBé phuong trinh c6 hai nghiém ciing am thi

A>0 m=1_, m>1
2 m—1>0
P>0 = = 1 ©m>1.
-2m-1) 2m—1>0 m>—
S <0 —<0 2
2
¢) Theo Vi-ét va dé cho ta c6 :
-2m-1
3 +x, =—2m=D
2x+2x, =1-2m @D
m—1
XI.XZ :T = 2X1 — 2X2 = 15 (2)
-1
2x —2x, =15 XIXZZmT 3)
| N m 8—m
Tu:(l)va(2):4x1:16—2m<:>x1=4—3:T.
. —7—-m
Thayvao (2):8 —m - 20, =15 20n=-T-m&S xn =
8—m)\(-T—-m m—1
Tha va x, theo m vao (3) : . =
FH R ()(2M 2j 2
& —56—m+m=2m-2m’ —3m —54=0
A=9+216=225>0;JA =15
m1:3+15:9;m2=ﬂ=—6.
2 2
Vay véi m = 9 hodc m = —6 thi phwong trinh thoa mén diéu kién
2x1 — 2x, = 15.
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Bai 9.

Bai 10.

a) A'=4-6(m-1)=10-6m.
Dé phuong trinh ¢6 hai nghiém phén biét ta phai c6 A >0 < 10 — 6m > 0

(:)6m<10(:)m<§.

b) DBé phuong trinh ¢6 hai nghiém cling duong thi

mSi mSE
A0 i i
S>>0 & S:§>0 = S:§>0@1<ms§.
P>0

P:2(m3—1)>0 m>1

Vayvoil <m < % thi phuong trinh da cho ¢6 hai nghiém cung duong.

4 4 4
0) y = (x1x2)” + 2x122 + X1 + Xo= g(m—l)2 +§(m—1) +5

:f(mz+m+1):i m?omr e L)1
9 9 2 4

4 ( 1}2 3 4( 1}2
=—||m+=| +=| == |m+=| +
9 2) 4l 9 2

y dat gid tri nho nhat 1 % khi va chi khim = ——.

H¢ da cho tuong duong véi hé :

y=3x-5 )
{ y==2x+5 (2)
V& db thi hai ham sb (1) va (2).
Hai duong thing (1) va (2) ¢
hé sd géc khdc nhau nén trén
mit phang toa d6 Oxy chiing
cit nhau tai mot diém N ¢6 toa
d6 giao diém 1a (x=2;y=1).

Vay h¢ phuong trinh da cho cé
nghiém duy nhét la (2; ).




y=—
2x—y=-3 2x—y=-3 Ty=11
Bailla) |~ ° e VT4 =
x+3y=4 2x+6y=28 x+3y=4 x—4—2——§
=
A 1a . . A £ -5 11
Vay hé phuong trinh ¢6 nghiém duy nhat (x = = ;Y= 7).
¥=Y=2 i y=2  [0x+0y=—4 (1)
_ 2 = — = X — =
2 2 g

Phuong trinh (1) cua hé vd nghiém nén hé phuong trinh da cho vd nghiém.

{x+ W2 =13 {(1+\/§)X=1+\E {x=1
c) =

x\/g—yx/a=1® x+y\/§=\/§ )’\/5:\/5—1
x=1 x=1
Syt Voo
y \/5 y= > .

1@_@}
=0

Vay hé phuong trinh c6 nghiém duy nhat 12 : ( ;

2x—ay=-3 6x—3ay=-9 2 A
BéilZ.Tacé:{x @ @{ Y @{(0 +6)x=4a-9

ax +3y=4 a’x+ 3ay =4a ax+3y =4
4a-9 4a-9
T2 T s
4a +9 < C3l +8
— +
a.(g )+3y=4 = Z .
a +6 a +6

Vay hé phuong trinh da cho lu6n c6 nghiém duy nhat 1a :

(4a—9 ) 3a+8j
a’>+6 a*+6)

pé nghiém cua hé¢ thod manx <0 ;y>0,tacd:
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9
a<=
<0 4a-9<0 -
SIS (Via?+6>0)< 4 @—8<a<2.
y>0 3a+8>0 a3

Vianguyénnéna=-2;a=-1;a=0;a=1;a=2.
.. . , 5 . . , 3.
Bai 13. 1 gio 15 phit = 2 gio ; 1 gio 30 phut = > gio.

Goi quing dudng AB ; quing dudng BC 1an lugt 1a x(km) ; y(km). Piéu
kién: x, y > 0.

Théi gian di quing duong AB I % (gid).
Thoi gian di quing dudng BC la % (gid).

>
12

Ta c6 phuong trinh : +

o =
5w

Thoi gian vé trén quing dudng CB Ia % (gio).

Thoi gian vé trén quing duong BA 1a % (g10).

Ta c6 phuong trinh : RANEAN é
8 4 2
Ta dugc h¢ phuong trinh :
EANP L)
12 6 4 x+2y=15 2x+4y=30 [3y=18
= = =
f.,.l_é 2x+y=12 2x+y=12 2x+y=12
4 8 2

~6 ‘ q
N {y , (thod min diéu kién cia dn).
x =

Vay quang duong AB dai 3km ; quang dudong BC dai 6km.
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Bai 14. 1 gio 40 phit = % (gio).
Goi van tdc riéng cua ca nd di tor A va ca nd di tr B lan luot 1a x(km/h) ;
y (km/h).

Diéukién:x>0;y>3.

Quang dudng ca nd A di trong % (gio) 1a: %(x + 3) (km).
~ . Ao 1 5 ..o...5
Quang duong ca nd B di trong 3 gio la: 3 (y — 3) (km).

Ta c6 phuong trinh : % x+3)+ %(y - 3)=85.

Vi van tdc ca nd di xudi dong hon van tdc ca nd di nguoc dong 1a 9km/h
nén ta ¢6 phuong trinh: (x +3)-(y = 3) =9 &< x — y=3.

Ta c6 hé phuong trinh :

g(x+3)+§(y—3):85@ {5x+5y=255@{x+y=51

x—y=3 x—y=3

x—y=3
2x =54 x=27 TS
= = (thoa man diéu kién cua an).
x—y=3 y=24
Vay van tdc riéng ciia ca nd A 1a 27km/h, van tdc riéng ciia ca nd B 1a
24km/h.
.. L2
Bai 15. 24 phut = N (g10).
Goi vén tdc xe thir nhit, xe thir hai lan luot 1a x (km/h) ; y (knv/h). Diéu
kién x>y > 0.
Theo dé bai ta c6 phwong trinh : x — y = 5.
Thoi gian xe thir nhat di tir Quang Ngii dén thanh phd Quy Nhon 1a :
180

— (gi0).
X
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Bai 16.

Thoi gian xe thir hai di tir Quang Ngii dén thanh phd Quy Nhon la :

180 ..
— (gio).
y
Ta c6 phuong trinh : 180 _ 180 = E
y X 5

x—y=5 (D

Ta dugc h¢ phuong trinh : @ _@ 3 2 2)
y x 5
Te():x=y+5. (3)
Thay vao (2) : 180 _ 180 = g(:) 900(y + 5) — 900y =2y(y + 5)
y y+5 5

& 4500 =2y* + 10y < y* + 5y - 2250 =0 & y* — 45y + 50y — 2250=0
&Yy —45)+50(y —45) =0 (y — 45)(y+50)=0
y=45 (thoa man diéu kién)

{ y=-50 (loai)
Thay y = 45 vao (3) : x =45 + 5 = 50 (thoa min diéu kién ctia 4n).
Vay van tdc cua xe thir nhit 12 50km/h, van tdc cta xe thir hai 12 45km/h.
Goi thoi gian doi thir nhét lam riéng hoan thanh cong viéc la x (gio).
Diéu kién : 8 < x < 36.
Thoi gian doi thir hai lam riéng hoan thanh cong viée la y (gi0).

Diéu kién : 8 <y < 36.

. 1 .
Trong 1 gid doi thur nhat lam dugc — (cdng viéc).
X
L AAT 1 1 | A
Trong 1 gid doi thur hai lam dugc — (cOng vige).
y

—+

= =

1
Ta c6 phuong trinh : 3

1
y

71



Bai 17.

72

; 1
Thoi gian ddi thir nhat lam Y cong viéc 1a % (gi0).

1
Thoi gian ddi thir hai lam Y cong viéc 1a % (gi0).
Ta ¢6 phuong trinh : = + % = 18.
Ta dugc h¢ phuong trinh :
l#:é L O U TS B
xy@xy8®x36—x8
XY g8 x+y=36 y=36—x (2)
2 2

Ta(1): 8(36 — x) + 8x=x(36 — x) & 288 =36x — x°

= X’ —36x+288=0<x" — 12x — 24x +288=0
= x(x —12) = 24(x — 12) =0 (x — 12)(x — 24) =0
= x1 = 12 ; x, = 24 (thoa min diéu kién 4n).

Khi x; = 12 thi y; = 36 — 12 = 24 thoa min diéu kién.
Khi x, = 24 thi y, = 36 — 24 = 12 thoa min diéu kién an.

Vay : Doi thir nhat 1am riéng thi s& hoan thanh cong viéc trong 12 gid va
doi thr hai lam riéng thi s€ hoan thanh cong viéc trong 24 gio.

Doi thir nhat lam riéng thi s& hoan thanh cong viéc trong 24 gio thi doi thir
hai 1am riéng thi sé hoan thanh cong viéc trong 12 gio.

Goi s6 san pham 1am trong mot ngay theo dy dinh 13 x (sin pham).
Piéu kién : x nguyén duong.

1200

X

Thoi gian dy dinh la (ngay).

Thoi gian ve sau ké tur khi tdng nang suat 1a

2001222129014 (ngay).
X

X



S6 san pham lam trong 12 ngay dau 1a 12x (san pham).

1200

S6 san pham lam sau khi ting ning suat 1 ( —14)(x +10) (san pham).

Ta c6 phuong trinh :

12x + (@ —14)(x+10) =1200
X

= 12x+1200+ 2% 142 —140 = 1200
X
= 20+ 220 1400
X
~ 6000

+70=0= x> +70x — 6000 =0.

= X
X

Gidi phuong trinh tim dugc x = 50 (thod man) ; x = —120 (loai).
Vay theo ké hoach thi trong mot ngay nhém tho d6 lam 50 san pham.
Bai 18. Goi s6 xe ctia doi Ia x (xe). Diéu kién : x nguyén ; x > 2.

SO xe vésau: x — 2 (xe).

Lic diu mdi xe ché % (tén). V& sau mdi xe ché x402 (thn).
Theo dé ta c6 phwong trinh :

140 ﬂ: 8

x—=2 X
= 140x — 140(x — 2) = 8x(x— 2) < 280 = 8x” — 16x
= X —2x—-35=0

A=1+35=36>0;/A" =6
x1=14+6=7;x=1—- 6= -5 (loai).
Gid tri x = 7 thoa man diéu kién cua an. Vay sO xe cua doi 12 7 xe.

Bai 19. Goi s6 diy ghé ban ddu trong hoi truong 1 x (diy). Diéu kién : x nguyén ;
x>2.
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S6 day ghé con lai sau khi da bot di 2 day 1a : x — 2 (day).

. .. x. x s 120 .
SO ngudi ngoi trén moi day ldc ban dau la — (nguoi).
X

S6 ngudi ngdi trén mdi day vé sau 1a (nguoi).
3 12 12
Theo dé ta c6 phuong trinh : 02 _ 120 =2&x —2x—-120=0
xX— X

A=1+120=121>0: A =11
xi=1+11=12;x0=1 - 11 = —10 (loai).

D6i chiéu véi diéu kién va thir lai ta thiy x = 12 1a thich hop.
A A 1~ A A N ~ N X 1~ A 2 120 \e
Vay s0 day gh¢ ban dau 1a 12 day va moi day ghé c6 : Y = 10 (nguoi).

Bai 20. Goi thoi gian dé cong nhin A 1am riéng xong cong viée 1a x (gid). Didu
kién x > 2.

Thoi gian dé cong nhan B 1am riéng xong cong viée 1a x + 3 (gid).

1 A
Trong 1 gid cong nhan A lam dugc — (cong viée).
X

Trong 1 gid cong nhan B 1am duoc (cong vice).

Theo dé ta c6 phuong trinh :
1 1

x x+3

:%<:>2(x+3)+2x=x(x+3)

S2x+6+2x=x’+3x & x> —x—6=0.
A=1+24=25>0

1+5 1-5
=——=3;x,=——=-2 (loai).
5 2575 (loai)

X

Gia tri x = 3 thoa man diéu kién.

Vay thoi gian dé cong nhan A lam riéng hoan thanh cong viéc trong 3 gio.
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Bai 21.

Bai 22.

Goi chit s6 hang chyc 12 a. Chit s6 hang don vi la b.
Diéukién:7£a£9;0<b<3;a,bnguyén.

Chir s6 hang chuc 16n hon chit s6 hang don vi 1a 7 nén ta c6 phuong trinh :
a—-b="7.

A ~ A A re o1~ 2 A A A 2
Doi chir s6 cho nhau dugc s6 mdi bang 5 s0 ban dau nén ta c6 phuong

trinh :
10b+a:%(10a+b)(:>90b+9a:20a+2b

< 1la-88b=0<a-8=0.

Lo . a—-b=7 a=b+7 a=8 .
Ta c¢6 hé phuong trinh : = = (thoa
a—8bh=0 b+7-8b=0 b=1
min diéu kién cua én). Vay s6 cAn tim 12 81.
20% :l : 25% :l.
5 4

Goi chiéu dai hinh chit nhat 1a x (m), chiéu rong hinh chir nhat 1a y (m).
Diéu kién x > y > 0.

Vi hinh chir nhét cé chu vi la 216m nén c6 phuong trinh x +y = 108. (1)

\ \ 4 \ \
Chidu dai vé sau Ia x—==2% . chidu rong vé sau la y+2 =2
5 5 4 4
Vi chu vi khéng d6i nén c6 phuong trinh
4
?X+%y:108 & 16x+25y = 2160 )

x+y=108

T (1) va (2) ta duoc hé phuong trinh
(1)va (2)ta duoe he phuong {16x+25y:2160.

Giai hé ta dugc x = 60 va y = 48 (thoa man).
Dién tich hinh chit nhat ban dau 1a 60 . 48 = 2880 (m?).
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Bai 23. Goi lugng dung dich loai I 1a x (lit) ; lwong dung dich loai IT la y (lit).
Diéukién :0<x;y<30.

Ta c6 phuong trinh : x + y = 30.

Luong axit chira trong dung dich loai I la %x.

Luong axit chira trong dung dich loai II 1a : 150—32)

Ta c6 phuong trinh :

20x S5y 10
+ = +y) = 20x+5y=10x+ 10y < 10x — 5y =0.
100 T100 100 " T & 20x+ oy =10x+ 10y = 10x = 5y

Ta dugc h¢ phuong trinh :

x+y=30 x+y=30 x=10 o
S & (thoa man diéu kién)
10x-5y=0 2x—y=0 y =20

Vay lugng dung dich loai I Ia 10 lit. Lugng dung dich loai II 1a 20 lit.

2. Bai tap nang cao
Bail. Taco:A;=b>—ac;A,=c’>—ab:A3=a’> — bc
AN +A,+A3=a’+b>+c¢> —ab — bc — ca
= %(25 +2b% + 2¢* — 2ab — 2bc — 2ca)

= %[(a2 — 2ab + b%) + (a® — 2ac + ¢?) + (b> — 2bc + ¢?)]

:%[(a—b)2+(a—c)2+(b—c)z] > 0.

Do d6 ton tai it nhat mot trong ba sé A';, A,, A3 khong am. Viy ba
phuong trinh d4 cho khong thé cling v6 nghiém.

Bai2. a)Tacé (x+ Dx+2)(x+3)(x+4)=15
= xx+ Dx+DHx+2)x+3)=15
= (C+5x+ D +5x+6) =15 (*)
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Ditt=x’+5x+4; () =>tt+2)=15+2t - 15=0
A=1+15=16>0;A"' =4
ti=—1+4=3;thb=—1—4=-5.

*Khit=3,taco:

X +5x+4=3x"+5x+1=0.
A=25-4=21>0

_ —5+421 . —5-+/21
2 2

*Khit=—5,tacd:

X1

X+5x+4=-5+5x+9=0
A =25 - 36=-11 <0 (phuong trinh v6 nghi¢ém).

Vay phuong trinh da cho c¢6 hai nghiém 1a :

—-5++/21 -5-+21
Xj=——— vax; = ———.
2 2
A x=220
b) biéu kién : S 2<x<4,
4—-x2>0

2Nx—2+4—x =x>—8x + 16 +2+/2
& 2Vx—2+4—x =(x -4 +22.

Vé trai ctia phuong trinh lu6n < 2+/2 con vé phai cua phuong trinh ludn
> 2+/2 nén dé phuong trinh c6 nghiém thi phai c6 dong thoi hai vé déu

bang 242
Wx—2+Jd-x =22 )
(x-42+ 242 =22 (2)

Tt (2) suyra: x = 4. Thay x =4 vdo (1) : 2+/2 + 0 =2+/2 thoa man.
Vay nghiém cua phuong trinh 1a : x = 4.
Bai3. Tac6A'=(k+1)°* - B3+k)=k*+2k+1 -3 - k*=2k — 2.
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Bai 4.

Bai 5.

78

Pé phuong trinh ¢6 hai nghiém thyc phan bi¢t & A'>0< 2k — 2> 0
S2k>2k>1

Vay k nguyén nho nhét 1a k = 2 thi phuong trinh ¢6 hai nghiém thyc phin
biét.

Tacdx' +4=5x(x" - 2) &x* = 55" + 10x + 4 =0.

Vi x = 0 khong phai 12 nghiém ciia phuong trinh nén chia ca hai vé cua
phuong trinh cho x* ta dugc :

X2—5X+&+i2 =O<:>(x2+izj—5(x—gj=0 ()
X X X X

Pitt=x — 2 <:>t2+4:x2+i2 phuong trinh (*) & t* +4 — 5t=0 &
X X

2 —5t+4=0.

Cédanga+b+c=0nént; =1vat, =4.

Khit=1:x — 2 :1(:>x2—x—2:O.Suyrax1:—1;xz:2.
X

Khit=4:x — 2 =4 — 4y — 2=0, Suyrax;=2+ 6 ;x3=2 — /6.
X

Vay phuong trinh dd cho c6 bén nghiém 1a:x;=1;x=2;x3=2+ J6 ;
X4 = 2 — \/g

Gia st hai phuong trinh x> + ax + 1 va x> + bx + 2 = 0 ¢6 nghiém chung 1a
X0.

Licd6: xj+axy+1=0
X +bxy+2=0=2x] +(@a+bxp+3=0
A=(a+b)’-24>06 |a+b|2V24 & |a+b>26
Do |a|+[b| = |a+b| nén |a|+[p|> 26 .
(1) c6 nghiém < |a|+|p| > 2.

Mt khéc : |a|+|b| nho nhét 1a 2/6.



Bai 6.

Bai 7.

Ma |a|+|b|nh6 nhat & (1) c6 nghiém kép

—(a+b) :iZ\/g :iﬁ.

4 4 2

X01= X02 =

Thay xo = -_i-76 vao hai phuong trinh da cho ta tim duogc :

5 7 5 -5 —7
(a :—6 ; b:%j hoac [a :% ; b:%j.
Via va b 1a hai nghiém ciia phuong trinh x* + mx + 1 = 0 nén theo dinh If
Vi-éttaco:
a+b=-m
{a.b =1

Vib va c 12 hai nghiém ciia phuong trinh x* + nx + 2 = 0 nén theo dinh If
Vi-ét ta co:

b+c=-n

bc=2

Mit khéc : (b —a)(b —c) =b” —bc —ab + ac
:b2+ab+bc+ac—2(ab+bc):b(a+b)+c(a+b)—2(ab+bc)
=(@+b)b+c)—2(ab+bc)=(-m)(-n) -2(1 +2)=mn -6

Goi x1, x2 1a hai nghiém ctia phuong trinh X+ px+q=0(x1;x2€ Z).

Theo Vi-ét,tacd: x; +x2 = —p; x1.x2=q.

Do d6: 18 =p+q=—(x1 +x2) + X1.X2 = —X] — X2 + X1X2

=(x1-Dxx-1)-1
S -Dxnp-1)=19

Do 19 1a s nguyén t8, nén cap $6 (x1 — 1 ; x2 — 1) hodc trung voi cap $6
(1 ; 19) hodc tring v&i cap s6 (=1 ; —19).

Vay nghiém cua phuong trinh 1a : (x; =2 ; x, = 20) Gmg voi p = —22 ;
q=40hodc (x;=0;x,=—-18) tmg voip=18 ;q=0.
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Bai 8. a) (x;y;2) =(0;0;0)la mdt nghiém cua hé phuong trinh.
Khix#0;y#0;z#0 hé da cho twong duong voi he.

x+y_ 70 (L, 1_7
xy 12 x y 12
yra 9 L J1,1_9
vz 20 y z 20
z+x 8 I 1 8
o> 15z x 15

Cong vé theo vé cdc phuong trinh cuia hé, ta duoc

1 1 1) 47 1 1 1 47
2l —t+—t+—|=— & —F+—+—=—.
x y z) 30 x y z 60

11 7 1 47 7 1

*Vi—4+—=—=>—=———=— =7=5.
x y 12 z 60 12 5

*Vil+l:i:>l:£—i:l:>x:3,
y z 20 x 60 20 3

svitgio 81 8 1y

15y 60 15 4

Vay hé phuong trinh da cho c¢6 hai by nghiémla: (x;y;z)=(0;0;0) va

(x;y;2=03:4;95).

b) Cong vé theo vé cic phuong trinh cta hé, ta dugc :
3x+y+z+0)=18=x+y+z+1t=6

*Vix+y+z=3nénr=3.

*Viy+z+t=4nénx=2.

*Viz+t+x=5nény=1.

*Vit+x+y=6nénz=0.

Vay hé phuong trinh ¢6 nghiém duy nhatla: (x=2;y=1;z=0;r=3).

Bai 9. a) Cong ting vé céc phuong trinh cta hé, ta ¢6
x2+y2+z2+2xy—2yz—2xz:1<:>(x+y—z)2:1

= x+y—z=lhodacx+y—-z=1.
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Mit khéc hé phuong trinh da cho duoc viét dudi dang :

x(x+y—2)=2 x(x+y—2)=2 x(x+y—2)=2
yiy+x—-2)=3 ©<yx+y-2)=3 Syx+y—-z)=3
2(z—=x—y)=—4 —z(x+y—2)=—4 2(x+y—z)=4

*Khix +y—z=1tadugcnghi¢mciahéla: (x=2;y=3;z=4).
x.(-1)=2 x=-2
*Khix+y—x=—-1.Tacé:{y(-1)=3 &<y=-3.
z.(-1)=4 z=-4
Vay hé phuong trinh da cho c¢6 hai nghifmla: (x=2;y=3;z=4) va
(x=-2;y=-3;z=-4).
b) Piéukién:x#0;y#0;z#0.
Hé di cho viét dudi dang :

xty_ 5 [1,1_5
xyz 24 vz zx 24
y+Z:l PN i.,.i:l )
xyz 24 x xy 24
sex 1|11 1
xyz 4 Xy yz_4

Cong timg vé cdc phuong trinh cta hé, ta duoc

1 1 1 3 1 1 1 3
2l —t—t+— = —+—+—==
xy yz z=x) 4 xy yz z@ 8

xy=6
Két hop voi hé (*) ta duge : { zy =12 *)
x=8

Nhan vé theo vé hé (*') ta dugce : (xyz)* = 576 = (24)%.

Do d6 :

* Khi xyz = 24 ta tim dugc nghi¢mciahé¢ 1a: (x=2;y=3;z=4).

* Khi xyz = —24, tatim dugc nghiémcuahé 1a: (x= -2;y= -3 ;7= —4).
Vay h¢ da cho c6 hainghiémla: (x=2;y=3;z=4)va(x=-2;y=-3;
7= —4).
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Bai10. Taco: X’ + Y + 2 =xy + vz + x S 2(X° + y* + 2°) = 2xy + 2yz + 22x

x—y=0
<:>(x—y)2+(y—z)2+(z—x)20<:> y—z=0&ex=y=2z2
z—x=0

Thay vao phuong trinh thtr hai cua hé, ta dugc :

2014 2015 2014 2014
3.x =3 S x =3 Sx=3

Vay h¢ phuong trinh da cho cé nghiémla: x=y=z=3.

Cha dé 3 : HAM SO VA PO THI

1. Bai tap co’' ban

Bai 1. Vi duong thing y = ax + b song song v6i duong thing y = — %x + 1 nén

a= —% vab#1.Khid6:y= —§x+b.

Puong thang nay di qua diém P(4 ; —3)nén: -3 = —%4 +b=>b= —%
(thoa man).
Vay:a= _2 vab= —l.
3 3
Bai 2. Phuong trinh hoanh d6 giao diém cta hai duong thang 1a :
—3x+2=4(x - 3)
& -3x+2=4x-12Tx=14=x=2

Khix=2,gidtriytuongungla:y=-3.2+2= -4

Vay toa do giao diém cua hai duodng théng la:(x=2;y=—-4).
Bai 3. Ham s6 can tim c6 dang : y = ax + b (a #0).

- Viham s6 c6 hé s6 géc bang —2nén:a= -2 =y= —2x+b.

—VidéthicﬁahﬁmsédiquaA@;2)nén:2: -23+b=b=8.
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Hams6 cantimla: y= —2x + 8.

Bai 4. Phuong trinh dudng thang (d') can 1ap c6 dang : y = ax + b.
*Vi(d') song song véi(d)néna=1.Licdé(d):y=x+b.
* Vi (d') di qua diém N trén truc tung c6 tung d6 1a —4 hay (d') di qua
diém N ¢6 toa do O; -4 nén:yn=axn+be —4=a0+bsb=—-4.
Vay duong thing (d) canlap 1a: y=x — 4.
Bai 5. a) Vidd thicua (P) : y = (m* — 3)x* di qua A(1 ; 6) nén
6=m" -3 o m =09.
2 m=-3
= m -9=0(m+3)(m-3)=0<
m=3
Vay véi m = 3 hodc m = —3 thi d thi cia ham s6 di qua diém A(1 ; 6).
b) Khi m = 3 hodc m = —3 ta duoc ham sd y= 6x°.
Do d6 diém B(—1 ; —6) khong thudc dd thi ciia ham sd.
< . 1y .1 2 | 1
Bai6. a)bothidiquaM|-1;— [nén: — =a(-1)"ea=—.Licdé:y=—x"
2 2 2 2
. . 1 » 9
b) VIN(-3;m)e (P)nén: m= 5.(—3) = E
Bai 7. Lap bang mot s gid trj tuong tng Ay
cuax vay. X
x| -3|-2(-1]0| 1|23
-4
y|-9|-4|-110|-1|-4]|-9 !
______ [
Do thi ham s6 y = —x* 2 mot .
dudng parabol nam phia dudi tryc E 24

hoanh nhén tryc tung la truc dbi .
xtmg ; nhan gdc toa d6 O(0 ; 0) ! 1
lam dinh. :
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Bai8 a)mx+3+Bm — 1)y=0 (*)
Vi duong thang di qua A(1 ; —2) nén
m.1+3+Bm - 1)(-2)=0

= m+3-6m+2=0 -Sm+5=0=5Sm=5<m=1
Khim=1*)ex+3+2y=0&2y= —x—3@y:—%x—%

. . 1
Vay hé s6 géc cua duong thang la — >

b) Goi A(xo ; yo) 12 diém cb dinh ma (d) ludn di qua.
Taco: mxp+3+Bm — 1)yo=0(Vm)

& mxo + 3myo =Yyo — 3 (Vm)
= m(xo + 3yo) =yo — 3 (Vm)

+3y,=0 X =—9
= {xo Y0 (:){0 .

Vay (d) ludn di qua diém cb dinh A(-9 ; 3).

2. Bai tap nang cao
Bai 1. Phuong trinh hoanh d6 giao diém cta hai hamsd y=3xvay= —x+41a:
x=—-x+4dodx=4=x=1
Lic d6 gid tri y tuong ung : y = 3.1 = 3.

Toa d6 giao diém cta ching 1a: (x=1;y=3).

Thay toa d6 nay vao ham sb : y = ax — %,tacé:
3=a.l - 3 :>a1:3+é :2.
2 2

2

Viy:a= % thi ba duong thang da cho ddng quy.
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Bai 2. Phuong trinh duong thang (d) ¢6 dang y = ax + b (a £ 0).

Vi (d) vudng géc (d)nén2a=-1. Suyra:a= —%.
s 1
Khidé (d) :y= —5x+b.
. . . 1 3
Vi(d)diqua A(3;0)nén 0= —5.3+b:>b:§.

Vay duong thing (d) can timla:y = — %x + % .

Bai3. a) AABC c6 AC=1; AB =3 va Ty
BC = VAC? + AB? 1
=J1+9 =410 A
ABAC 3.1 3 :
b) Sapc= == == (dvdr).
) Sape= = — =" = (dvdy) |

¢) Phuong trinh dudng thang BC

V=

cOdangy=ax+b(a#0) ' '
Vi duong thang di qua B(1 ; —1)

nén —1 =a+b.

Vi dudng thing di qua C(0 ; 2)
nen2=a0+b=b=2.
Dod6:a=-b—-1=-2-1=-3.

Vay phuong trinh duong thing BC la y = —3x + 2.
Bai 4. Phuong trinh tiép tuyén véi (P) ¢6 dang y = ax + b (D')
vi(D)//(D)néna=—-1.(D"):y=—-x+b.
Phuong trinh hoanh d¢ giao diém cua (P) véi (D) :
2

—X’=-x+bosxX¥ —x+b=0 (D)

A=1 - 4b



Bai 5.

Bai 6.
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. 1
Do (D) va (P) tip xicnén A=0.Hay 1 —4b=0&b= 7

Suyra(D'):y= —x+l.

4
N A K 2 N . . ) N 1
Hoanh d6 tiép diém la nghiém kép cua phuong trinh (1) : xp = >
. nh ez [ 1
Do d6 toa d¢ tiep dieém la 5 ; —Z .

a) Vi dd thi caa ham s6 y= ax’ diqua A(1;1)nén: 1= al’oa=1.
Lic d6 : y = x".

b) Phuong trinh dudng thiang (D) cin tim ¢6 dang : y = ax + b.
Vi(D)diqua A(1;1)nén:1=a+b.

Vi (D) cit truc hoanh tai diém c6 hoanh d6 m (m# 1) nén : 0 = a.m + b.

1

+b=1 l-ma=1 |“71_
Ta dugc h¢ phuong trinh : . = ( ) = ! "
ma+b=0 b=1-a P

1-m

Do d6 phuong trinh duong thing (D) la: y = N ! x—li (m#1).
—m —m

¢) Phuong trinh hoanh dé giao diém cua (P) va (D)

e S m#D) =1 -mx* —x+m=0
1-m 1-m

A=1-4m(l —m)=4m* — 4m+ 1 = (2m — 1)°

, . 1
beé (P) va (D) tiep xic & A=0 < 2m — 1=0<:>m=5.

Vay véi m = % thi (P) va (D) tiép xiic.

a) Ham s6 y=(m+ x+m+1 déng bién



& m+1>0&m> -1 (D)
Vi d6 thi cta ham sb di qua diém (1 ; 2) nén :
2=m+1l+m+12m=0m=0 )

Két hop (1) va (2) d&é ham sé dé cho 1a dong bién va di qua diém (1 ; 2)
khim=0.

b) Phuong trinh hoanh d6 giao diém ciia dudng thing va parabol 1a :
—2=(m+ Dx+m+ 127 +(m+ Dx+m+1=0  (¥)
A=(m+ 1) - 8m+1)=m> — 6m — 7

Pé duodng thing va parabol tiép xtic & A=0<m’ — 6m — 7=0
AN=9+7=16>0
m=3+4=7;m=3-4=-1.

Vay véi m = 7 hodc m = — 1 thi duong thang va (P) tiép xiic.

* Khi m = — 1, duong thang trd thanh y = 0 va tiép xic véi (P) tai gbc toa
d6 00 ; 0).

* Khi m =7, phuong trinh (*) c6 nghiém kép :

X1=X2=_(mT+1) =-2,licd6:y =y, = —-8.

Vay toa do tiép diém 1a M(-2 ; —8).

Chu dé 4 : BAT PANG THU'C - BAT PHUONG TRINH

1. Bai tap co’ ban

Bail. a)Taco:

(1) o2 +2b* —(a*+b+ab’ +pH 20 @ -p)+ B —ab’) =20

s a’(a-b)-b>(a-b) 20 (a-b)a’-b)20
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Bai 2.

Bai 3.

Bai 4.
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2
& (a-b)2(@> +ab+b*) 20 (a—b)? Ka——j +—} >0 (1)

Do bét ding thire (1°) ding suy ra 2(a* +5%) > (a +b)(a’ +b%).
b) Tacéd:
(2) = 3a*+3b* +3c* —(a* +ab® +a® + b+ bt +bP + e+ bPe+ )
& (@ +b* —aPb—ab®)+ b+t b e—bP)+ (P +at —aPc—act) 20
& (a—-b)*(a* +ab+b*) +(b—c)* (b* +bc+c*) +

+(c —a)z(c2 +ca+ a2) >0 (2)
Do bt dang thirc (2°) ding suy ra

3a* +b* +cH) 2 (a+b+o)d® +b° + ).

Ap dung tinh chat (a + b)> < 2(a® + b%) véi moi a, be R.
Diéu kién 2014 < x < 2016, ta c6 :

(/2016 — x ++/x—2014)% < 2(2016 — x + x—2014)

& (V2016—x+/x-2014)><2.2 =4 & 2016 —x +/x—2014 <2
Xét hiéu : (ac + bd)* — (a* + b*)(c* + d?)

=a’c® + 2acbd + b’d* — a’c® — a’d® — b’c® — b’d®

= —(a’d®> — 2abcd + b’c?)

=—(ad — bc)* <0 voiVa;b;c;d.
Vay (ac + bd)” < (a® + b*)(c* + dY).

VoivVxe R,tacd:
2
(\/x2+3—2) >0 X +3—4\x>+3 +42>0

X2 +7

x> +3

PN P +T724Ux*+3 & >4




Bai5. Taco: (a+b%) + (2 +d)> 2\/(412 +b2)(c2 +d2)

Nén A =ac + bd + a* + b> + ¢ + &

—ac+bd+ @ +b)+(c+d)>ac+bd+ 2\/(a2+b2)(c2+d2) (*)

Ma : (a® + b%) (¢* + d) = a’c® + a’d”® + b*c? + b*d?
= a’d® — 2adbc + b’c? + a’c? + 2adbe + b*d* = (ad — be)” + (ac + bd)?
=1+ (ac+bd)*(doad —bc=1)

Thay vao (*) ta dugc : A>ac +bd + 2\/1+(ac+bd)2 . bat x=ac+bd
Suyra: A>x+2Vx?+1e A2 (x + 2vx% +1)?
=+ AV +1 +40%+ 1) = [(x2+1)+4xx/x2 +1+4x2J+3

2
= (\/x2+1+2x) +323 e A’23 e A3,

Bai 6. Tacé:d’ + b+ ¢ =1 (gia thiét)

= |a|<1;]p|<1ildl <l = (T +a)l+b)(1+c)20
< l+a+b+c+ab+bc+ca+abc=0 (1)
Mat khac :

%(a+b+c+1)2:%(a2+b2+c2+1+2ab+2ac+2bc+
+2a+2b+2c)=20
s %(2+2ab+2ac+2bc+2a+2b+2c)20

< l+ab+bc+ac+a+b+c=20 )
Cong vé theo vé (H)va(2),tasuyra:

20 +a+b+c+ab+ bc+ca)+ abc=0.
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Bai 7. Diéu kién x >0.
Tacd6A=-2Jx +x+5=(x = 2Jx + D +4=x — 1)>+4 >4,
Vay gid tri nho nhit cia Al 4 & Jx-1=0Jr=1< x=1.

Bai 8. .Pidukién:x >0.

1
€= 2\/}—)6—3
Tacé :

ox—x=3=—(x-2Jx+3) = —[(X—Z\/;+1)+2J - —[(&—1)2+2}

-1

(\/;—1)2+2'

Do d6: C =

2 . 1
Vi (\/;—1) +22>2 véi VxZO.Suyra:CZ—E.
Vay : gid tri nho nhat coa C la —% o Jr-1=0 oJx=1 & x=1

thoa dicu kién.

Bai9. a) x+y=1=>x=1-y

2
1 13 13

— P=3(I-y)y—4=-3y>+3y—-4=-3| y—— | ——2<-2,
d-yy y y (y 2} 1 2

Vay gid tri 1on nhét cia P 1 —% & x:y:%.
b) x—2y=2=x=2y+2

= Q=4y?+8y+4+2y? —2y—-24+3y=6y>+9y+2

2
31 , 3 9) 11 32 11 11
=6(y*+=y+-) =6| y2+2-Zy+— |-—=6| y+= | ——2——
P y*y) (y 47 16) 8 (y 4} 8 8
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Vay gi4 tri nho nhét ciia Q Ia —1—81 &

Bai 10. Ta ¢6 : M? = 3x—5+7 —3x + 2,/ (3x = 5)(7 = 3x) = 2+ 2,/3x = 5)(7 — 3x).
= M?>22 = M2,

R ST SR S 5 7
Vay gia tri nho nhat cua biéu thuc M la V2 e 3 <x<—.

3

2. Bai tap nang cao

Bail. Giast a,b>c>0.
Khi d6 ta c6 : (1) < 3abc—a’*(b+c—a)—b*(c+a—b)—c*(a+b—c) 20
S a(a2 —ab—ac+bc)+b(b2 —bc—ba+ac)+c(c2 —ac—bc+ab)=0
S ala—-b)a—c)+bb—c)b—a)+c(c—a)(c—b)=0
& (a—b)(a® —ac—b* +bc)+c(a—c)b—c) 20
& (a-b)*(a+b-c)+cla—c)b—c) 20 (*)

Bét dang thirc (*) ludn ding (Vi a,b>c¢>0). Suy ra diéu phai ching
minh.

Bai2. Tacé: 4a’+b%)—(a+b) =(a +b)[4(a2 —ab+b*)~(a +b)2J
~(a +b)[(4a2 —4ab +4b*)— (a* + 2ab+b2)} =3(a+b)a—b)2>0

Vay 4(a® +b*) 2 (a+b)* v6i a, b>0.

Bai3. Taco:

4 _bla+b)+a(atb)—4ab _a’—-2ab+b’ _ (a=b)’

1 1
—+—= = >
a b a+b ab(a+b) ab(a+b) ab(a+b)
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4

1 1
Suyra —+—2

a b a+b
. . +
Baid. Apdung BDT:Néu O<x<y, m>0 thi —<>— "
y y+m
, a c+a b a+b c b+c
Taco: < ; ; <

a+b a+b+c b+c a+b+c c+a a+b+c

a b c 2(a+b+c)
+ + <
at+b b+c c+a a+b+c

=2 (dpcm).

Bai 5. Vi hai vé cua bit dang thirc da cho déu khong 4m.
3] 2 (e 3)? e [+ 3 + 20 3] = vy
N X +y +2lxy] 2xP+y + 2xy
& |x.y| = xy (lu6n ludn ding).

Vay |x|+|y|2\/(x+y)2.

Ping thic xdy ra < xy > 0 nghia 1a x va y ciing dau.

2
Bai6. A= 2’ —dxtdta—6x49=2( 25+ |4 tonf x| 4 1x L
4 ) 2 2 2 2
S RSP S 1 5
Vay gia tri nho nhat cua biéu thuc A = 5 & x=§.

Bai7. Tacéx’+5y°+2y—4xy—-3=0
S (x=2y)+(y+D)?=4=(y+1)?<4= (y+3)(y-1)<0=>-3< y<1.

Vay gid tri nho nhat cia y 1a -3 < x=—6. Vay cip s (x ; y) = (-6 ; =3)
12 cAn tim.

Bai8. Tac6x*+2xy+7(x +y)+2y°+10=0

& 4x? +8xy+28x+28y+8y2 +40=0 < 2x+2y+7)> +4y* =9
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Bai 9.

& 2x+2y+7)? <9 (x+y+5)(x+y+2)<0

x+y+520 .
= F)(vi x+y+2<x+y+5)

x+y+2<0
ViS=x+y+1nén(*) & —-4< S <-1.
Vay gid trinho nhat ciaS1a -4 < x=-5,y=0.
Gid tri 16n nhat ciaS1a -1 & x=-2,y=0.
Sx—-mx>3+xs 4-m)x>3

-Vo14-mz0=m+4

*4-m>0=om<d = x>
-m

3

—m

*d-m<0oeom>4 x<

- Véi m=4 bét phuong trinh c6 dang 0.x > 3.
Suy ra khong ¢6 gid tri ndo cta x nhan v6i 0 cho ta mot sé 16n hon 3.

Vay bét phuong trinh v nghiém.

Két qua :
-Véim<4= x>
-m
-Véim>4=x<
4—m

-Véim=4=S5=0.
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Phin hai. HINH HOC

(hide o ;
=73 TINHTOAN CACDAI LUONG HINH HOC

I. KIEN TH(’C CAN SU’ DUNG
1. Tam giac, ti giac, da giac n canh.
2. Pa gidc déu.
3. Puong thang song song, cat tuyén.
4. Dién tich da giac ; dién tich da gidc déu ; dién tich quat tron.
5

. Ham sé lvong giac.

II. CAC DANG TOAN THUO'NG GAP

Dang 1. TINH SO PO GOC

1. PHUONG PHAP GIAI
— Tinh chat dudng phén gidc cia mot géc, ctia tam gidc.

— Tinh chét hai dudng thiang song song, dudng trung binh ciia tam gidc, ctia
hinh thang.

2.CACVibDu

Vi du 1. Cho ntra duong tron (O ; R) duong kinh BC. Diém A thudc nira duong
tron. Goi D va E thir tu 1a diém chinh gifta cdc cung nho AC va AB. Goi F 1a
giao diém cta BD va CE.
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a) Tinh s do cua BFC .

b) Tinh s6 do cua l% , biét ré“mg AB =3cm ;R =2,5cm.

Goi ¥ : Sir dung cdc biéu thirc : tong ba géc cia tam gidc, dinh li Pi-ta-go,
tam gidc bang nhau, tinh chdt ciia géc néi tiép, sé do cung, tinh chat dwong phan
gidc.

Huwoéng dén gidi
a) BAC Ta géc noi tiép chén nira dudng tron (O)

— BAC=90" = ABC + ACB =90".

Vi DA=DC = DBA=DBC nénBD I A
—— D
phén gidc cia ABC . E
Vi EA=EB = ECA=ECB nén CE la
phén gidc cua ACB. L . |
B 0] C

Do do FBC + FCB = (ABC + ACB)

:%.900 =459,
Tu AABC suyra BFC=135".
b) Tam gidc ABC vuong tai A. Ap dung dinh If Pi-ta-go tinh dugc AC = 4cm.
Goi H la giao diém cia BD va AC. Vi BH la phin gidc cia AABC nén
HC BC
HA  BA
Dé thdy ACFH =ACFO (c-g-¢) (vi CH = CO = 2,5cm ; CF canh chung ;
FCH=FCO) = CFH=CFO, md BFC=135 nén CFH=45". Do d6
BFO=90".

= CH =2,5cm.

Vi du 2. Cho dudng tron (O) duong kinh AB. Goi C 1a diém chinh giira cung AB ;
D 1a trung diém ciia OB. Tia CD cit dudng tron (O) ¢ E.

a) Tinh s do cua ABE.
b) Trén canh AE liy diém F sao cho AF = BE. Tinh tong BAE + BFE .
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Goiy : Ap dung so do cung, tinh chdt géc ndi tiép, tinh chdt dwong phan gidc,
1l s6 lwong gidc ciia géc nhon (két hop véi mdy tinh cam tay), tam gidc vudng can,
tam gidc dong dang.
Huwoéng dén gidi
a) Vi CA=CB = AEC=BCE = ECIa
phan giac cua AEB E
Vi ED la phan giac cia AABE
EA DA
=>—=—.
EB DB A 0 D B
Ma D 1a trung diém OB nén DA = 3DB
= EA =3EB.
Vi AB Ia dudng kinh cia (O)

— AEB=90".

. . e EA oy Oy
AABE vudng tai E :tanABE:E:3:>ABE:71 34".
b) Vi AE = 3BE va AF = BE = FE =2BE.

AFBE vudng taiE = tan BFE :% :% — BFE =2634'

Do d6 BAE + BFE =18°26'+26°34' = 45°
Cich khac : D3 thiy AOCD () AEFB (c-g-c), BAE = BCE, OCB =45°
= BAE + BFE =45,

Vi du 3. Cho duong tron (O) dudqg kinqh AB. Piém C thudc duong tron (O) sao
cho AC < CB. Trén day CB lay diem D sao cho BD = AC. Goi E 1a trung
diém ciia CD. Tinh s6 do cta OEB.

Goiy : Ap dung tinh chdt cia f’zai dbfo‘ng thdng song song, tinh chdt tam gidc
vuong can, tinh chat cua goc ndi tiep chan nira dwong tron..
Huwoéng dén gidi
Goi M 1a trung diém ctia AD.
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D@ thiy ME, MO thir tu 1a dudng trung binh ctia cic tam gidc ACD va ABD

:>ME//:A—2C ; MO//:B—ZD.

Ma BD = AC nén ME = MO (1).

ACB 1a géc ndi tiép chin nira dudng tron

(0) = ACB =90". )‘

Vi ME // AC va MO // BD nén ‘
EMO =90°. (2) A o B

Tu (1) va (2) ta c6 AEMO vudng can tai
M = MOE =45°.

Vi MO // BD = OEB=MOE (so le
trong) = OEB =45" .

Chii y : Gid thiét cho biét E 1a trung diém ciia CD va ta nhdn thdy O la trung
diém cia dwong kinh AB. Goi ¥ cho ta vé thém diém M la trung diém ciia AD la
hét sirc quan trong.

Vi du 4. Cho hinh vuéng ABCD. Goi O 1a giao diém cia hai dudng chéo. Trén
céc doan thing AB va OC 1an luot iy céc diém E va F sao cho AE=0F~/2.
Tinh cdc géc cua tam gidc DEF.

Goi ¥ : Cho thém diém G dé tao ra tam gidc vudng cdn, hinh binh hanh, siv
dung kien thirc vé tam gidc bang nhau, tinh chat ba dwong cao, tinh chat hinh
vuong, quan hé tir vuéng goc den song song

Huwoéng dén gidi
Trén doan OD lay diém G sao cho OG = OF.
Vi ABCD 1a hinh vudng nén AC L BD tai O.

A E B
Do d6 tam gidc OGF vudng can tai O. Suy ra
GF =OF~2, ma AE = OF /2 nén GF = AE. o
Vi AE // = GF nén AEFG la hinh binh hanh
= AG//=EF () s .
D C
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Vi O Ia giao diém hai duong chéo AC va BD ctia hinh vuéng ABCD nén
AC L BD tai O va OA = OB = OC = OD. Tu d6 AAOG =ADOF (c-g-c)
= AG =DF (2).

T (1), (2) suy ra EF = DF (*¥). D& thdy G la tryc tdm cua
AADF (DO 1L AF;FG 1L AD) = AG L DF.

Ma AG // EF nén EF L DF (**). Tt (*) va (**) suy ra tam gidc DEF vudng
cantaiF.

Vi du 5. Cho tam gidc ABC cén tai A noi tiép duong tron (O ; R). Biét BC =

R+/2 . Tinh sé do cdc gbc cua tam gidc ABC.

Goi y : Ap dung cﬁnh If Pi-ta-go ddo, tinh chdt géc néi tiép, téng ba goc ciia
tam gidc, dinh nghia so do cung.

Huwoéng dén gidi

* Truong hop 1 : Dinh A thuoc cung lon cua cung BC

a) Ta c6 OB” + OC* = R* + R* = 2R".

Ta lai c6 BC? = (Rﬁ)2 = 2R,

ABOC ¢6 BC? = OB? + OC? nén theo dinh Ii

Pi-ta-go ddo thi ABOC vudng tai O.
Suyrasdéz‘ =ﬁ‘:900:ﬁ‘:lsd§2‘ =45°, ‘k
2 BN_H ~cC

Tam gidc ABC cén tai A

= ABC = ACB =(180" - 45°):2=6730"

* Truong hop 2 : Dinh A thuoc cung nho cua cung BC

S6 do cung nho BC bang 90° nén sé do cung 16n BC bang 270°.
Khi d6 BAC 1a géc néi tiép chan cung 16n BC nén BAC = 135°.
Tam gidc ABC cantai A = ABC = ACB =22°30’.

Vi du 6 : Cho tir gidc ABCD ndi tiép ntra dudng tron tim O duong kinh CD = 2R.
Biét AC =R+/3 va BD =R+/2 . Tinh céc gbc cua tur gidc ABCD.
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Goi y : Ap dung tinh chdt géc néi tiép chan nira dwong tron, dinh Ii Pi-ta-go,
ti s0 luong gidc cua goc nhon, tinh chdt cua tam gidc vuong cdn, tinh chdt cua tir
gidc noi tiép.

Huwoéng dén gidi

G6c DAC noi tiép chin nira duong tron tdim O duong kinh CD nén
DAC=90°.

Ap dung dinh 1f Pi-ta-go tinh dugc : AD = R.

Tam gidc DAC vuong tai A, ta c6

B
A
iniDe_AC_R3 3 .
CD 2R 2
:>A/D\C:6OO:>A/C7):3OO. i
D 0] C

Gé6c DBC ndi tiép chan nira duong tron
tam O dudng kinh CD nén DBC =90°.

Ap dung dinh 1f Pi-ta-go tinh dugc : BC = R~2 .
Do d6 ADBC vuodng can tai B = BDC =BCD =45".

Tt gidc ABCD ndi tiép = ABC=180"—ADC =180"-60° =120°
DAB=135".

Dang 2. TINH DO DAI DPOAN THANG ; TINH GIA TRI CUA BIEU THU'C

1. PHWONG PHAP GIAI
— COng thure tinh dién tich ctua céc hinh.
— Quy v& viéc giai mot phuong trinh, hodc hé phuong trinh.

2.CACVibDu

Vi du 1. Cho tam gidgc ABC c¢6 AB = 3, AC = 4, ndi tiép dudng tron (O) dudng
kinh BC. Goi I Ia mot diém nam trong tam gidc ABC sao cho IA=1B -1 =
IC — 2. Tinh d¢ dai IA.

Goiy : Ké IH L AB, IK 1 AC. Ap dung dinh li Pi-ta-go dé ldp phwong
trinh.
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Huwoéng dén gidi
AABC néi tiép duong tron (O) dwong kinh

e A
BC = BAC =90°.
*KeTH L AB,IK 1 AC.
*PitIA=x, IH=y,IK=7 = IB=x + I, I
IC=x+2. B 0 C

* Ap dung dinh Ii Pi-ta-go vao cic tam gidc
vudng, ta co :

xZ:y2+z2;y2+(3—z)2:(x+1)2;
A-yF+7=(x+2)]

2 2
Tur d6 suy ra phuong trinh : x2:(3;xj —{4;)() )

Giai phuong trinh trén ta tinh dugc OA.

Vi du 2. Cho tam gidc déu ABC c6 trong tdm 1a G. Lay diém O bit ki trong tam
gidc déu khic G. Puong thing OG cit cdc duong thang BC, CA, AB thir tu
tai A; ; By ; Cy.

Tinh ti s6 22+ 981, 061
GA, GB, GC
Goiy : Kée GH, ; GH, ; GH; lan luot vudng géc véi BC, CA, AB. Ké OK; ;
OK: ; OK; lan luwot vudng goéc véi BC, CA, AB. Ap dung dinh Ii Ta-lét.

Huwong dén gidi
* Ké GH; ; GH; ; GH; lan lugt vudng géc véi BC, CA, AB.

* Ké OK; ; OK,; ; OK; lan lugt vudng
g6c voi BC, CA, AB.

* Ap dung dinh If Ta-let ta duoc :
on 0ok,

GA, GH,

04 0B 0C _,

GA, GB, GG
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Vi du 3. Cho tam gidgc ABC c6 d6 dai ba canh 1a ba s ty nhién lién tiép. Tinh do
dai céc canh cua tam gidc ABC, biét ring 3.A+2.B=180".

Goi y : Ap dung tam gidc dong dang d@é ldp phwong trinh. Chii ¥ xét hai
truong hop.
Huwoéng dén gidi

A~

*Tacé 3.A+2B=180° = 3.A4+2B=A+B+C = 2A+B=C

= C la géc 16n nhét = canh AB Ia canh 16n nhét.
* Trén canh AB liy diém D sao cho
AD = AC. 2

D
*Tu do suyra AABC  ACBD (g-g)
= BC? = AB.BD = AB(AB — AC)
|
= AB* - AB.AC. A ' C

*Truonghop 1 : AB=n+2;BC=n+1; AC=n.
*Truonghop2: AB=n+2;BC=n; AC=n+1.

Vi du 4 : Cho tam gidac ABC c6 ;1:1200 ;AB=a; AC =2a.
a) Tinh d§ dai duong phan gidac AD.
b) Hay xét bai todn trong truong hop A=60° ; A=90° ; A=a.

Goi y : Ké DE song song véi AB (E thuéc AC). Ap dung dinh Ii Ta-1ét va tinh
chat cua tam gidc déu, tam gidc can.

Huwong dén gidi

a) Qua D v& dudng thing song A
song voi AB cit canh AC tai E. D&
dang chiing minh dugc AADE la tam -
gidc déu, suy ra AD = DE = EA = .

Ap dung dinh 1i Ta-lét, ta c6 ¢ D C
DE_CE
AB AC
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:>£=2a_x:>2ax=2a2—ax:>3ax=2a2:>x=§a.

a 2a

b) Vé DE song song v61 AB (E € AC) = DE=EA =ux.

Ap dung dinh 1i Ta-Iét twong ty nhu cu a), r0i v& thém EH L AD dé tinh
AH, tir d6 suy ra AD.

Vidu 5 : Cho tam gidac ABC c6 ba géc nhon, B=a ; 6‘:[3, BC=a.
Tinh d6 dai duong cao AH cua tam gidc ABC theo a, o, [3.

Goi ¥ : Ap dung dinh nghia vé ti s6 luong gidc ciia géc nhon.

Huwoéng dén gidi
Tam gidc ABH vudng tai H = cotB = B
AH
BH
= cotot = —. (1) A
AH
iy n . BH
Tam gidc ACH vudng taiH = cotC = —
AH
CH
= coth = —. 2
b=" 2 L
Vio;B <90 nén BH+CH=BC=a.
Do d6 tir (1) va (2) suyra AH=——%—
cota+cot 3

Vi du 6 : Cho géc nhon o, théa man tano = V2 . Tinh gid tri clia cdc biéu thirc
sau :
sin O — cos0L sin? ot — 2'sin 0L.cosoL

a) sin0ol + cosa ; b) —— ; c) 5 : :
sin O + cosdt oS~ Ot + 3sin (L.COSO

Goi y : Ap dung dinh nghia vé ti s6 lwong gidc ciia géc nhon hodc sir dung
o sin o

. A ’ -2 2
cdc cong thuce : sin” ™ + cos o _ 1, tano =

e
cosa
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Huong din gidi

a) * Cach 1 : Vi tano = V2 nén ton tai tam gidc ABC vuodng tai A ¢6
f;:(x ;AB:I;AC=\/§.

Tam gidc ABC vudng tai A, tacé:

tanB = ﬁ = tan o =£=\/§.
AC 1

Ap dung dinh 1f Pi-ta-go ta c6
BC=VABX+AC? =\1+2=13

) 2 1 A
Do d6sinat = — ;coso = — B
NEREN

Vay :sina + coso =

flﬁﬂ
BB B

v ) sin .
* Cdch 2 : Tacotanazx/i: =\/§ = s1noc=\/§.cosoc.
COSO

Ta lai co sin®® + cos?® =1 nén 2c0s*® + cos?®* =1 = cosa =

V2o

. V2o .
Do d6 sino = —, tir d6 tinh dwoc : sino +cosoc:T T

V3

sin o0

b) sinOL—CcosOl _ sinOL—CoSOL _ cosg, _ tanoi—1 x/_ 1 _3_22.
sino+coso  sin oL+ coso. sinoc+1 tan oL+ 1 f+1
cosqL
) sin” o, — 2 sin OL.cosoL _tanzoc—Ztanoc_Z—Zx/E_4x/§—10
cos? o+ 3sin oL.cosot 1+3tan o 1+342 17

Vidu 7 : Cho tam gidc ABC noi tiép duong tron (O ; R). Biét A=60° ; B=75".
Tinh d§ dai cac canh cua tam gidc ABC theo R.

Goi y : Ap dung hé qua vé géc ndi tiép, ti so liong gidc ciia géc nhon, dinh Ii
Pi-ta-go.
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Huwoéng dén gidi
BAC 1a géc ndi tiép va BOC 1a géc & tim
cung chan mot cung

:ﬁ:%ﬁ:ﬁ:2.600:1200.

Ké OH L BC = HB:HC:B—ZC (D).
ABOC can tai O c6 OH la dudng cao nén
OH ciing la phan giic cua géc BOC

— BOH :%B/O\C:%.IZOO —60°.

R3

ABOH vudng tai H = HB = OB.sin BOH = R.sin 60° = - o

Tir (1), (2) suyraC = Ry/3. AABC 6 A=60" ;B=75" = C=45".

Tuong tu AOB =90 . Ap dung dinh If Pi-ta-go tinh duoc : AB=RV2.
Ké BI vudng géc vi AC. D& thay ABIC vudng cén tai I ; AAIB 1a nira tam

gidc déu nén

IB=1IC=

BC RJ3 RJ6 AB R\2 (V2+6)R
= = s J A=s—=—— 2 AC=———"—.
2 2 2 2 2 2

Cdch khdc : Sau khi tinh dugc BC, ta tinh dugc BC theo cong thic

BC AC  AB
sinA sinB sinC’

Vo5

Chii y : Tt cong thtre trén ta chirng minh duogc : sin 750 = 1
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Dang 3. TINH CHU VI PA GIAC, CHU VI PUONG TRON. TiNH DIEN TiCH
DA GIAC, TINH DIEN TiCH HINH TRON

1. PHUWONG PHAP GIAI

— Ti sb dién tich cua hai tam gidc c6 ddy bang nhau thi bang ti s6 hai chiéu
cao tuong Ung.

— Ti s6 dién tich cua hai tam gidc c6 chiéu cao bang nhau thi bang ti s6 hai
day tuong Gng.

— Ti s6 chu vi cia hai tam gidc dong dang thi bang ti s dong dang.

— Ti sb dién tich ciia hai tam gidc dong dang thi bang binh phuong ti s6 dong
dang.

2.CAcviby
Vi du 1. Tinh dién tich cia tam gidc ABC, biét rang AB = l4cm ; AC = 35cm va
duong phan gidc AD = 12cm.

Goiy : Ké DE // AB (E thuéc AC). Ap dung tinh chat dinh i Ta-1ét, tinh chat
tam gidc cdn, tinh chat dwong phdn gidc cua tam gidc, ti so dién tich.

Huwoéng dén gidi
Vé DE // AB (E € AC) tinh duoc A
DE = AE = 10cm. £
VEEF L AD = FA = FD = 6cm F
= EF =8cm.
B D C
Do d6
1 1 2
SADE =—AD.EF =—.12.8 =48 (Cm )
2 2
DB AB

Do AD la phan gidc cua tam gidc ABC nén —=——
DC AC

_ BC _AB+AC _14+35_17
DC AC 35 5

Tac 2asc - BC 7T Sapc _AC _35_7
SADC DC 5 SADE AE 10 2
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— Sasc :Z.sz = S4pc =235,2 (cm?).
Sape 52 10

Vi du 2. Cho tam gidc ABC vudng tai A, duong cao AH. Tinh chu vi clia tam giac
ABC, biét rang chu vi ciia hai tam gidgc AHB va AHC lan luot bang 36cm va
48cm.

Goi y : Ap dung tam gidc dong dang, tinh chdt ti s6 chu vi bang ti sé dong

dang, dinh li Pi-ta-go.
Huwoéng dén gidi

Dé dang chiung minh dugc cdc tam gidc
ABC ; HBA ; HAC dong dang (g-g).

GoiP ;P ; P, lan Iuot 1a chu vi cua cac
tam gidc ABC ; HBA ; HAC.
BA P AC
— va—==—-. :
BC P BC B H ¢
Vi AABC vudng tai A nén

) P
Khi d6 ta c6 : =
P

i2+P22 _ BA? +AC2 _ BA*+AC*  BC?

=
P> P> BC? BC? BC? BC?

=1.
Do d6 P* = B* + P> =36 + 48% = P =/36” + 487 = 60(cm).

Vi du 3 : Qua mot diém O tuy y ndm trong tam gidc ABC, v& cdc dudng thing
song song voi cdc canh cta tam gidc. Cdc duong thing nay chia tam gidc
ABC thanh s4u phan khong c6 diém trong chung, trong d6 c6 ba phin 12 ba
tam gidc c6 dién tich lan lugt 12 m, n, p. Tinh dién tich cta tam gidc ABC theo
m, n, p.

Goi y : Ap dung tinh chat hinh binh hanh, ti s6 dién tich ciia hai tam gidc
dong dang.
Huwong dén gidi
* Tu cdc hinh binh hanh AB,OC; ; BC,0A; ;

CA,0OB; tacé C,0 =BA,; ; OB = A,C.

* Céc tam gidc OA A, ; B,OB, ; C,C,0 ddng
dang v61 AABC.
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* Ap dung “Ti sb dién tich cia hai tam gidc dong dang bang binh phuong ti sb
ddng dang”.

2
Goi S Ia dién tich ciia tam gidc ABC. Tir d6 tinh duge S =(Nm +/n+/p)".

Vi du 4. Cho tam giac ABC c¢6 ba géc nhon, BC =a, CA=b, AB =c.
Tinh d¢ dai duong cao AH cuia tam gidc ABC theo a, b, c.

Chimg minh cong thicc Sygc =+/p(p—a)(p-b)(p-c) véi p:a+l;+c

Goiy : Ap dung dinh li Pi-ta-go, bién doi dong nhat biéu thirc hitu ti,
Huwoéng dén gidi
a) Vi tam gidc ABC c6 ba géc nhon nén H nam giita
BvacC. A

bitBH=x = CH=a-x.
Ap dung dinh 1f Pi-ta-go vao cic tam gidc
vudng ABH, ACH ta dugc :

AB’ - BH’ = AC® - CH’ -

= c?—x* =b2—(a—)c)2

=c?—x*=b>—a’ +2ax—x*

B a’+c?-b?
2a

2
Dodd AR = (2| CHC=b" | [ @i+t bt atvet b
2a 2a 2a

:bz—(a—c)z (a+c)2—b2 _ (a+b+c)(a+b—c)(b+c—a)(c+a—D)

=X

2a ' 2a 4a2
4p(p—a)(p-b)(p-
pat p= Lt 4y 20 a)(pz )(p=c)
a
2/p(p-a)(p-b)(p-
oy Ap(p=a)(p=b)(p-c)

a
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b) Dién tich cua tam gidc ABC 1a : %BC.AH :\/p(p—a)(p—b)(p—c) .

(Cong thirc tinh dién tich theo do dai ba canh nay con goi la cong thirc

Hé-rong).

Vi du 5 : Cho tam gidc ABC vudng tai A, AB = 15cm, AC = 20cm, ngoai tiép

duong tron tam I. Gid su duong tron (I) tiép xuc véi canh BC, CA, AB thtr tu
& D, E, F. Qua diém M tuy ¥ trén cung nho EF, vé& tiép tuyén cta duong tron
(I) cat cac doan AE, AF lan Iuot 6 N, P.

a) Tinh chu vi cua tam gidac ANP.
b) Xdc dinh vi tri ctia diém M dé dién tich tam gidc ANP 16n nhat.

Goi y : Ap dung tinh chat ciia hai tiép tuyén cdt nhau ; dinh li Pi-ta-go ; bat

dang thirc Co-si.
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Huwoéng dén gidi

a) Theo tinh chat cta hai tip tuyén cét nhau ta c6
AE = AF, BF =BD, CD =CE,
NE = NM, PM = PF.
Do d6
AB + AC = (AF + BF) + (AE + CE)
=(AE + AE) + (BD + CD) = 2AE + BC B
Tam gidc ABC vudng tai A
= BC =25cm.
Tu d6 suyra AE=(AB+ AC-BC) :2=(15+20-25):2=5 (cm).
Chu vi AANP 1a:
AN + AP + NP = AN + AP + (NM + PM) = AN + AP + (NE + PF)

= (AN + NE) + (AP + DF) = AE + AF = 2AE = 10 (cm).
b)bat AN=x; AP=y (0<x<5;0<y<5)=>NE=5—-x;PF=5-y.

Vi tam gidc ANP vudng tai A nén ta c6 :
AN? + AP =NP? & x* +y? =(10—x—y)°
< xy+50=10x+10y (1)



Ap dung bit dang thirc Co-si cho hai sé duong x, y ta dugc : x+y > 2\/5 .
Do d6tur (1) suyra:

xy+sozzoﬁ@xy—zoﬁﬂoozso@(@—lo)z250.
ViO<x<5;0<y<5 nén

10—Jxy 2 5v2 & \[xy <10-5v2 < xy <150-100/2..

Piang thic xay ra khi va chi khi x=y=10—5\/§ (thoa man 0<x<5;
0<y<5).

Vay maxSanp = 755072 (cmz), dat duoc khi M 1a diém chinh gilra cung
nho EF cua duong tron (I).

Vi du 6 : Cho hai duong tron (O ; 3cm) va (O’ ; Icm) tiép xdc ngoai voi nhau tai
A. V& tiép tuyén chung ngoai BC (B € (0), C € (0")).

a) Tinh d§ dai cung nhé AB.

b) Tinh dién tich phan mat phang gidi han boi cic cung nho AB, AC va doan
thang BC.

Goi y : Ap dung tinh chat tiép tuyén, tinh chat hinh chir nhdt, ti sé luong gidc
clia goc nhon, cong thiee tinh do dai cung, cong thirc tinh dién tich hinh quat, tinh
chat cua dién tich.

Huwoéng dén gidi
a) Ké O’H L OB. ViBC la tiép tuyén chung ngoai nén
OB L BCvaO’C 1 BC
— HBCO’ 12 hinh chit nhat
= HB=0’C=1cm
— OH=OB-HB=3-1=2(cm).
Vi (0) va (0”) tiép xiic ngoai tai A
nén OO’ =0A + O’A
=3+ 1=4(cm).
Tam gidc OHO’ vudng tai H, ta c6 :
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COSI‘TOBV'ZO— =2 =l = I-I/Oa"z 60°
00' 4 2
.3.60°
Do d6 [— = =7 (cm)
AB 800
b) Vi OB // O°C (cling vudng géc véi BC), ma AOB =60 = A0'C =120°.
2 0
Dién tich quat AOB 1 : w =37 e,
360 2
2 0
Dién tich quat AO’C Ta : % '6(? =T emd).
3600 6

Tam gidc OHO’ vudng tai H c6 HOO' = 60°, suy ra
HO'=OH .tan 60° = 2/3 (cm)

Sosco = % =43 (cm?).

EJFEJ_ 2443107

Dién tich can tim 1 : 4+/3 —( (cm?).
26 6

I1I. BAI TAP VAN DUNG

Bai

Bai

Dang 1. Tinh s6 do géc
1. Goil la diém ndm trong hinh vudéng ABCD sao cho IA : IB:IC=1:2:3.
Tinh s6 do cua géc AIB.

2. Cho tam gidc ABC ndi tiép dudng tron (O). Goi M 1a mot diém trén cung
nho AB. K¢ MD 1 AC ; ME 1 BC. Goil vaJ tht ty la trung diém cua

AB va DE. Tinh sb do cua MJ\I .

Bai 3. Cho tam gidc ABC vudng tai A, duong cao AH. Biét AB = CH. Tinh s

do ctia cdc géc B va C cia tam gidc ABC (1am tron dén do).

Bai 4. Cho tam gidc nhon ABC, cédc dudng cao BD va CE. Tinh s6 do géc BAC ,

biét BC = 2DE.

Bai 5. Tim géc nhon «, biét rﬁng :
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Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 1.

Bai 2.

Bai 3.

c) \/g(cotoc—l):l—tanoc ; d) 2coso = 3tancl.

Dang 2. Tinh d dai doan thing ; tinh gia tri ciia biéu thirc

Cho tam gidc déu ABC ndi tiép duong tron (O ; R). Goi M I trung diém
cia BC. Trén céc canh AB va AC liy cdc diém D va E sao cho
DME =60°. Tinh khoang cach tir M dén dudng thing DE theo R.

Cho tam gidc déu ABC noi tiép duong tron (O ; R). Liy diém M tuy y
trong tam gidc déu ABC. Ké MD, ME, MF lan lugt vudng géc véi BC,

CA. AB. Tinh ti s6 MR +ME+MF
AF + BD +CE

Cho hinh vuéng ABCD ¢6 canh bang 1. Puong thing qua A cit canh BC tai
E va cit tia DC tai F. Tinh d6 dai doan AE, biét EF bang canh hinh vudng.

Cho hai dudng tron (O ; R) va (O’ ;1) voi R > r, tiép xtic ngoai voi nhau
tai A. V& tiép tuyén chung ngoai BC (B € (0) ; Ce (0")).

Tinh d¢ dai BC theo R var.
Tinh khoang cich tir A dén dudng thing BC theo R var.
Goi D Ia giao diém cta hai dudng thang BC va OO’. Tinh OD theo R var.

Dang 3. Tinh chu vi da giac, chu vi dwong tron.

Tinh dién tich da giac, tinh di¢n tich hinh tron
Cho tir gide ABCD noi tiép nira duong tron tim O duong kinh CD = 2R.
Biét AC=R+/3 vaBD=R+/2.
a) Tinh d0 dai canh AB theo R.
b) Tinh di¢n tich tr gidc ABCD theo R.
c¢) Tinh d6 dai cung nho AB theo R.
Cho tam gidc ABC vudng tai A. Cic dudng trung tuyén AM va BN vudng
g6c voi nhau. Tinh chu vi va dién tich cua tam gidc ABC theo a, biét
AC = 6a.
Tinh dién tich cia mot tu gidc, biét d6 dai cua hai duong chéo va do dai
cua doan noi trung diém cua hai canh d6i dién 1an luot 1a a, b, c.
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(hid¢ CHUNG MINH CAC YEU TO HINH HOC,
2  QUAN HE HINH HOC

I. KIEN TH(’C CAN SU’ DUNG
1. Dudng thang ; doan thang.
2. Quan hé vudng goc ; quan hé song song.
3. Tam giac; t& giac ; da giac.
4. Cung tron ; dwong thang.

5. Vi tri twong dai gitta duwdng thang va dudng tron.

II. CAC DANG TOAN THUO'NG GAP

Dang 1. CHU'NG MINH HAI DOAN THANG BANG NHAU, HAI GOC
BANG NHAU

1. PHWONG PHAP GIAI
— Tinh chét cia dudng phan gidc.
— Tinh chat ctia hai duong thing song song.

— Céc trudng hop bing nhau cua hai tam gidc.

2.CACcVviDy
Vi du 1. Cho tam gidc ABC c6 A£120°. V& phia ngoéi tam giac ABC, v€ céc
tam gidc déu ABD ; ACE va BCF . Goi I 1a giao diém ctua BE va CD.
a) Chtrng minh rang : BE = CD.
b) Chirng minh rang IA I tia phin gidc ctia géc DIE.
Goi ¥ : Ap dung tam gidc bang nhau, tinh chat dwong phan gidc, tinh chat

cua goc ngodi.
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Huwoéng dén gidi
a) Vi AB = AD (AABD déu) ;
AE = AC (AACE déu) ; A
BAE = DAC = 60" + BAC
= AABE =AADC (c-g-¢)
= BE =DC.
b) ViAABE =AADC (c-g-¢)

— ABE = ADC
hay ABI = ADI = Tu gidc AIBD noi tiép
— AID=ABD, md ABD=60° (AABD déu) nén AID=60. Tuong tu
BID = BAD =60° .
Tur do6 suy ra AIE =60°.
Suy ra IA la phéan giic cua géc DIE.

Vi du 2. Cho tam gidc nhon ABC, duong cao AH. Goi D va E lan luot 1a cdc
diém d6i xtmg ctua H qua céc canh AB va AC. Puong thing DE cit cdc canh
AB va AC lan luot & M va N.

a) Chirng minh ring MHN = B+C-A.
b) Chirng minh ring ABN = ACM .
Goiy : Ap d%tng tinh chc’i’t doi ximmg truc, tam gidc bang nhau, tinh chdt tam
gidc can, tinh chat goc noi tiép.
Huwoéng dén gidi

a) Theo tinh chat d6i xtng truc ta c6

AAMH = AAMD ; AANH = AANE .
= AD=AH=AE
= AADE céan tai A.

Tur do6 suy ra MEHN = B+C - A.

b) Theo tinh chit ddi xtng truc ta c6
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AABD = AABH ; AACE =AACH

— ADB = AHB ; AEC = AHC
Ma AHB=AHC =90" nén ADB=AEC=90° = BD // CE (ciing vudng
g6c voi DE).
Tt gide AHCE ¢6 AHC+ AEC =90°+90° =180° suy ra t&r gidc AHCE noi
tiép (1).

Goi I Ia giao diém cua AB va HD ; K 1a giao diém ctia AC vaHE = IH=1D ;
KH = KE.

Do d6 IK la duong trung binh cia tam gidc HDE = IK // DE

— HKI = HED (ddng vi) (2).

Tt gide AKHI c6 AKH + ATH =90° +90° =180° = Tu gidc AKHI ndi tiép
— HKI = HAI (3).

T (2) va (3) = HEM = HAM = Tt gidc AEHM ndi tiép (4).

Tr (1) va 4) = 5 diém A, E, C, H, M cung thuoc mot duong tron
— ACM = AEM .

Tuong ty ta cling ching minh dugc : ABN = ADN , Mma AEM = ADN nén
ABN = ACM .

Vi du 3. Cho tam gidc ABC ndi tiép dudng tron (K). K¢ KM L AC ; KN L AB.
Goi G la giao diém cta BM va CN. Goi P 12 mét diém thudc canh BC. V&
PE//CN (E € AB);PF//BM (F € AC). N6i E vé6i F cit BM va CN lan
luot 6 1val.

Ching minh rang IE = JF va PG di qua trung diém ctia EF.
Goiy : Ap dung dinh li Ta-1ét, tinh chat trong tam cia tam gidc, dinh li Ta-1ét
dao, tinh chat hinh binh hanh
Huwoéng dén gidi
Goi R 1a giao diém cua PE va BM ; S Ia giao diém cta PF va CN. Vi PF // BM,
SF CS SF_GM _1

theo dinh 1i Ta-1ét ta c6 —— _3P (vi ciing bang ——) = = =— (viG
GM GB CG SP GB 2

la trong tam cua AABC) (D)
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Vi PE // CN, theo dinh 1i Ta-1ét ta c6

RE RP . . s BR
—— =——(vicung bang —)
GN GC BG

:Ezﬂ:l (vi G 1a trong tam
RP GC 2

ciia AABC) (2)
ViRI // PF, theo Ta-1ét ta c6 :
ER EI
RP IF
Vi SJ // PE, theo Ta-l1ét ta c6 :
FS FJ
SPJE
Tu (1);(2);(3)va(4)suyra:
ElI FJ EI FJ El FJ
IF JE EI+IF FI+JE EF EF

Tu (1) va(2) suyra: i—i = % , theo dinh 1i Ta-1ét dao suy ra RS // EF.

3)

4

= EI=FJ 5)

D@ thay tir gisc PRGS Ia hinh binh hanh, do d6 GP di qua trung diém O cta
RS.

Goi Q Ia giao diém cta GP va EF.

Vill // RS, theo dinh Ii Ta-1ét ta c6 :
or
OR

Tu (5) va (6) suy ra GP di qua trung diém Q cua EF.

oJ] . . s GO
==— (vicung bang —) = QI =QJ 6
0S ( g bang GO) QI=Q (6)

Vi du 4. Cho dudng tron (O) duong kinh AB. Piém M nam ngoai (O) sao cho
MA cit (O) ¢ C. Goi N 1a giao diém BC va MO ; Kéo dai AN cit MB tai D ;
E 1a giao diém cua CD va MO. Chirng minh rang EC = ED.

Goi ¥ : Ap dung dinh i Ta-1ét, bién doi dong nhdt cdc biéu thirc hitu ti.
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Huwoéng dén gidi
a) Qua N ké duong thing song song v6i AB cat MA va MB thu ty o' 1 va J.
Ap dung dinh 1f Ta-1ét ta c6 :
NI NJ MN
OA OB MO’
Ma OA = OB nén NI = NJ. (1)
Ap dung dinh 1f Ta-1ét ta c6 :
o oM @) IC-‘
CB AB DA AB
Tu (1) va (2) suyraﬂ:ﬂ. ‘ ) \
CB DA A o) B
Theo dinh Ii Ta-1ét dao ta c6 CD // AB.
Ap dung dinh 1f Ta-1ét ta c6 :
EC ED MN
OA 0B MO
Ma OA = OB nén EC = ED.

M

Vi du 5. Cho duong tron tam I ndi tiép tam gidc ABC, tiép xic véi cdc canh BC,
CA, AB tht ty ¢ D, E, F. Goi H 1a hinh chiéu ctia D 1én EF. Chirng minh rang
HD la phén gidc cua tam gidc BHC.

Goi y : Ap dung tinh chdt ciia hai tiép tuyén cdt nhau, tinh chdt tam gidc can,
tam gidc dong dang.

Huwoéng dén gidi

Ké BM va CN lan lugt vudng
géc voi dudng thing EF.

Theo tinh chét ctia hai tiép tuyén
cdt nhau ta ¢6 : AE = AF, BF = BD,
CD =CE.

Do d6 AAEF can tai A

— AEF = AFE.
Ta lai c6 AEF = CEN (déi dinh) ; AFE = BFN (dbi dinh) CEN = BFN .
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BM BF BD

CN CE CD’

ViBM // DH // CN (cung vudng goc voi EF), 4p dung dinh 1i Ta-1ét ta duogc :
BD _ MH _ BM _ MH
CD NH CN NH

T d6 suyra ABFM  ACEN (g-g2) =

— ABMH ACNH (c-g-c) = BHM = CHN .
Vi DH vudng géc voi EF nén BHD = CHD.
Vay HD Ia phan giac cua tam giac BHC.

Vi du 6. Cho tam gidc nhon ABC ndi tiép dudng tron (O). V& phia ngoai tam gidc
ABC, dung cac hinh chit nhat ACMN va BCPQ c¢6 dién tich béng nhau.

Chirng minh rang dudng thing OC di qua trung diém E ctia doan MP.

Goi ¥ : Ap dung tinh chat hinh chit nhdt, tinh chdt vé dién tich, tam gidc bang
nhau.
Huwoéng dén gidi
*VEOH L MN va OK L PQ. Tu d6 suy
ra: HM = HN ; KP = KQ.

* D& thay hai tam gidc OCM va HCM c6 H
dién tich bang nhau (vi OH // CM). 4

* D& thiy hai tam gidgc OCP va KCP c6 M
dién tich bang nhau (vi OK // CP).

* Ta lai c6 hai tam gidc HCM va KCP c6

dién tich bang nhau (vi cling bang i dién tich

cua cac hinh chir nhat ACMN va BCPQ). .

Do d6 hai tam gidc OCM va OCP c6 dién Q K P
tich biang nhau.

* Tir d6 suy ra OC 1a dudng trung tuyén cta tam gidgc OMP.
* Do d6 duong thang OC di qua trung diém E ctia doan MP.
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Dang 2. CHUNG MINH QUAN HE VUONG GOC, QUAN HE SONG SONG

1. PHUWONG PHAP GIAI
— Dinh Ii Pi-ta-go déo, dinh 1i Ta-1ét dao.

— Goc noi tiép chan nira dudng tron.

2.CAcCVibDu

Vi du 1. Cho tam gidgc ABC, duong trung tuyén AD. Trén doan AD lay diém O
tuy y. Tia BO cit AC tai F. Tia CO cit AB tai E. Ching minh rang EF song
song voi BC.

Goi ¥ : Ap dung dinh li Ta-1ét ddo, bién doi dong nhdt biéu thirc hitu ti.
Huwoéng dén gidi
* Qua O v& duong thing song song
v6i BC cit cdc canh AB va AC tht tu &
M va N.

Ap dung dinh 1i Ta-1ét (hodc tam
gidc ddng dang)
« OM _ ON A0
DB DC AD’
nén OM = ON.
« MO:EO ) ON:FO
BC EC’ BC FB
EO FO
>—=—
EC FB
Theo dinh Ii Ta-let dao ta c6 EF // BC.
Chii ¥ : Ap dung dinh 1 Cé-va d6i v6i ba dudng AD, BF, CE dong quy tai O,

ma DB = DC

tacé:%.g.ﬂzl,méDB:DC
DC FA EB
en FCEA L EA_FA | ppipe.

. = =
FA EB EB FC
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Ap dung két qud bai todn trén ta gidi dwoc bai todn sau : Cho hinh binh
hanh ABCD. Chi ding thude thiang, hdy dung mot dwong thang d di qua diém A
sao cho d // BD.

Vi du 2. Cho tam giac nhon ABC, cac duong cao BE, CF. Buong tron (O) di qua
hai diém B va C cit céc doan BE va CF tht ty ¢ K va I. Chirng minh rang KI
song song voi EF.

Goi ¥ : Ddu hiéu nhdn biét hai dwong thang song song.

Huwoéng dén gidi
Trong dudng tron (O) ta cé CIK = CBK . (1) A
Ta ¢6 BFC = BEC =90° nén BFEC Ia tir gidc néi
tiép CFE = CBE. ) F \
Tir (1) va (2) = CIK = CFE, ma hai géc ndy & vi
tri dong vi = IK // EF. B . c
0

Vi du 3. Cho tam giac nhon ABC. K¢ BM L AC,CN L AB,MP L AB,NQ L AC
(N,Pe AB ; M,Q € AC). Chirng minh rang PQ song song v&i BC.

Goi y : Ap dung dinh Ii Ta-1ét ddo hodc dau hiéu nhdn biét hai dwong thang
song song.
Huwoéng dén gidi
BM // NQ (cung vudng géc véi AC) ;
CN // MP (cung vudng goc voi AB) ;
Ap dung dinh 1f Ta-Iét :
AN AQ AP AM
AB AM AN AC

Nhan vé theo vé ta dugc AP _AQ
AB AC
Theo dinh Ii Ta-1ét dao = PQ // BC.
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Vi du 4. Cho tam gidc ABC c¢6 canh BC la trung binh cdng cua hai canh AB va
AC. Goi I 1a giao diém cdc dudng phdn gidc va G a trong tAm cia tam gidc
ABC.

Chirng minh rang IG song song véi BC.
Goiy : Ap dung dinh i Ta-1ét dao.
Huwoéng dén gidi
Goi D, M thir ty 1a giao diém
cua cac tia Al, AG véi canh BC.

Theo tinh chit ciia dudng phin
gidc trong cic tam gidc ABD va

ACDtaco:
ID_BD_CD
IA° BA CA
_BD+CD  BC
BA+CA BA+CA B D M c
. N . A , N . BC 1
Ta lai ¢c6 BC la trung binh cong cuia AB va AC nén ——=— =
BA+CA 2
I _1
A 2
ViG la trong tam cua AABC nén oM _ 1 .
GA 2
Suy ra D_GM _ 1 , theo dinh 1y Ta-1ét ddo suy ra IG // BC.
1A GA 2

Vi du 5. Cho tam gidc nhon ABC, dudng trung tuyén AM. Trén nira mat phang
bd BC ¢6 chira diém A, vé& céc tia Bx va Cy ciing vudng géc v6i BC. Puong
thing qua M va vudng géc véi AB cit tia Bx tai D. Puong thiang qua M va
vudng géc voi AC cit tia Cy tai E. Chimg minh rang DE vudng géc v6i AM.

Goiy : Ap dung quan hé tir vuéng gdc dén song song.
Huwoéng dén gidi
Kéo dai EM cit tia dbi cua tia Bx tai F.

Dé thdy ABMF = ACME (g-c-g)
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suy ra MF = ME va MFB =MEC .

Ta lai c6 @ =1\71i3 (cung phu véi A/ISC) ; A Y
ACM = MEC (cung phu véi 14/51 ). E

Do d6 AABC () AMDF (g-g). Goi N la trung P
diém ciia DF = MN la duong trung binh ciia tam
gidc DEF = MN // DE (1). N

Ta lai c6 AM va MN thir ty la cdc trung tuyén
tuong Gmg ciia hai tam gidc dong dang néi trén nén
AABM  AMDN (c-g-c) = BAM = DMN ,

ma BAM +AMD =90° nén AMN =90° hay AM vudng géc véi MN (2).
Tu (1) va (2) = AM vudng gbc voi DE.

Vi du 6 : Cho tam gidc ABC c¢6 AD va BE I hai duong trung tuyén. Chirmg minh
rang AD va BE ciing 1a cdc duong cao néu DAC = EBC =30°.

Goiy : Ap dung tinh chat : “M¢t tam gidc ¢6 mét canh bang nira canh thir hai
va géc doi dién véi canh dé bang 30° thi tam gidc 1a tam gidc vuong”.

Huwoéng dén gidi
D& thiy AACD () ABCE (g-g) AC_CD
BC CE A

Ma BC =2CD ; AC = 2CE nén AC = BC

Tam gidc ACD ¢6 DAC =30° va AC = 2CD nén tam
gidc ACD la nira tam gidc déu = ADC =90°. Tuong tu
BEC =90°.

Vay AD va BE ciing la cidc duong cao cua tam gidc ABC.
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Dang 3. CHUNG MINH NHIEU BIEM CUNG NAM TREN MOT PUONG TRON

1. PHUONG PHAP GIAI

Chitng minh nhiéu diém cing nam trén mét dwong tron dwoc quy vé viéc
chimg minh 4 diém cing nam trén mot duong tron. Dé chimg minh 4 diém ciing
nam trén mot duong tron (hay chimg minh tir gidc néi tiép dwong tron) ta cé thé
s dung cdc kién thirc sau :

- Chi ra mdt diém céch déu tat ca céc diém d6 (dinh nghia dudng tron).

- TG gidc c¢6 tong hai géc dbi bang 180° (hay mdt géc cua tir gide bang gbc
ngoai cua goc doi di€n vdi nod).

- Tt gidc c6 hai dinh lién tiép cling nhin mot canh dudi hai géc bang nhau.

- Poi khi ta can chon thém diém phu thi viéc giai bai todn s€ thuén lgi hon.

Chuy:

+ Néu hai dudong chéo AC va BD cua tir gide ABCD ciat nhau tai E sao cho
EA.EC = EB.ED thi ta suy ra duoc AAEB () ADEC (c-g-c) = CAB=CDB =
ttr gidc ABCD ndi tiép.

+ Néu phan kéo dai cia céc canh AB va CD cua tir gidc ABCD cit nhau tai E
sao cho EA.EB = EC.ED thi ta suy ra dugc AAED AECB (c-g-c)
— EAD = ECB = tit gidc ABCD noi tiép.

+ Hinh thang cén 1a tr gidc noi tiép.
2. CACc ViDu

Vi du 1. Cho tam gidc déu ABC. Trén cdc canh AB va AC lan luot ldy cdc diém
D va E sao cho AD = CE. Goi F 12 giao diém cua BE va CD. Ching minh
AEFD Ia tr gidc noi tiép.

Goi y : Tir gidc cé tong hai géc doi bang 180° (hay tir gidc ¢é mot géc bang
goc ngoai tai dinh cua goc doi).
Huwong dén gidi

Vi tam gidc ABC déunén AB=BC=CA; A=B=C=60".
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Talai c6 AD = CE nén AADC = ACEB (c-g-c)

— ADC = CEB => AEFD I tir gidc néi tiép.

Vi du 2. Cho tam gidc nhon ABC, duong cao AH. Goi D va E thir ty Ia hinh chiéu

cua H trén cdc canh AB va AC. Chirng minh ADHE va BDEC 1a céc tu giac
noi tiép.
Goi y : Tir gidc cé tong hai géc doi bang 180° (hay tir gidc ¢é mot géc bang
goc ngoai tai dinh cua goc doi)
Huwoéng dén gidi
Tt gidc ADHE c6 ADH + AEH =90° +90° =180° A
— ADHE Ia t{r gidc noi tiép.

= ADE = AHE (hai géc ndi tiép cung chin AE )

Ma AHE = ACH (cung phu véi EHC) D
— ADE = ACB B ¢

— BDEC la tir gidc noi tiép.

Vi du 3. Cho hinh vudng ABCD. Trén céc canh BC va CD lan luot ldy cic diém

E va F sao cho EAF =45". Dudng chéo BD cit cdc doan thing AE va AF th
tw & M va N,

Chirng minh ring ABEN va MEFN 1a cdc tir gidc ni tiép.

Goi ¥ : Hai dinh lién tiép ciia tr gidc cing nhin mot canh dwéi hai géc bang
nhau.

Huwoéng dén gidi
Vi ABCD la hinh vuong, BD la duong chéo nén DBC =45".
Do d6 EBN = EAN =45" = ABEN la t&r gidc néi tiép.
Ma ABE =90° nén ANE =90° = ENF =90". (1)
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Tuong ty thi ADFM ciing 1a t&r gidc ndi tiép.

Ma ADF =90° nén AMF =90° . E
— EMF =90°. (2
Tir (1) va (2) = ENF = EMF =90° = dpem. y

D F ,_C

Vi du 4. Cho diém A nim ngoai dudng tron (O). V& céc tiép tuyén AB, AC cia
dudng tron (B, C 1a cdc tiép diém). Goi H 1a giao diém ciia OA va BC. Qua H
vé day cung DE cua duong tron (D thugc cung nhé BC). Chung minh rang
ADOE 1a i gidc ndi tiép.

Goi ¥ : Hai dinh lién tiép ciia tr gidc cing nhin mot canh dwéi hai géc bang
nhau.

Hay “Ti gidc ABCD c¢6 hai dwong chéo AC va BD cdt nhau tqi E c6 EA.EC =
EB.ED”.

Huwoéng dén gidi
~ VIAB, AC Ia cic tiép tuyén (B, C la

tiep diém) nén AB = AC va AO la phan B
giic cua BAC

— AO 1 BCtaiH va HB = HC (1). D

Vi AB T tidp tuyén (B 1a tiép diém) v
nén ABO =90".

Ap dung hé thic luong trong tam gidc E
vudng ta c6 :

HB’=HAHO (2)

Dé thdy AHBD AHEC (g-g) = HB.HC = HD.HE. (3)

Tir (1), (2) va (3) = HA.HO = HD.HE = ADOE Ia tir gidc noi tiép.

Vi du 5. Cho tam gidc ABC cén tai A noi tiép duong tron (0). V& phia ngoai tam
gidc, dung tam gidc ACD vudng cén tai A. Trén tia d6i cua tia EC 1iy diém F
sao cho EF = EB.
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Chirng minh rang BDFC 12 tir gidc noi tiép.

Goi ¥ : Ap dung dinh nghia dwong tron hay nhiéu diém cdch déu mot diém.
Huwoéng dén gidi

Tam gidc ABC can tai A = ABC = ACB (1).

Ta co @:z@(chngchén ;12‘). e

Ma AEC + AEF =180° (ké b

— ABC + AEF =180". )

Tt gide AEBC ndi tiép (O)

— AEB+ ACB =180". 3)

Tur (1) (2) va (3) suy ra AEB = AEF.
Ma EB = EF nén AAEB = AAEF (c-g-c)
= AB = AF.

D& thiy AB = AC ; AC = AD.

Do d6 AB = AC = AD = AF = dpcm.

Vi du 6. Cho diém A nim ngoai dudng tron (O). V& cdc tiép tuyén AB, AC cia

duong tron (B, C Ia cic tiép diém). V& cét tuyén ADE (D € cung nhé BC,

é?) < 5?: ). Goi F 1a trung diém cua DE. Chirng minh réng 5 diém A, B, C,
O, F cung thuoc mot duong tron.

Goi y : Cdc diém cing nhin mét doan dwdi mét géc vuong hodc xét hai hay

nhiéu tir gidc noi tiéep.

gidc noi tiép. )

Huwong dén gidi
Vi AB, AC la céc tiép tuyén (B, C 1a céc tiép diém) nén

— — A
ABO=90" ; ACO=90".
Vi F 1a trung diém ctia DE nén OF | DE hay /

B‘ C
A _ on0
AFO=90". g

Vi ABO+ACO =90°+90° =180° nén ABOC Ia tir

m
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Vi AFO +ACO =90° +90° =180° nén AFOC Ia t&r gidc ndi tiép. 2)
Tu (1) va(2)suyra s diém A, B, C, O, F cung thugc mot duong tron.

Dang 4. CHU'NG MINH MOT DPUONG THANG LA TIEP TUYEN
CUA DUONG TRON

1. PHUONG PHAP GIAI
— Puong thang va dudng tron chi c6 mot diém chung.
— Puong thang vudng géc véi ban kinh tai mot diém trén duong tron.
— Tia Bx nim trén nira mdt phang bo BC khong chira diém A sao cho

CBx = BAC thi tia Bx 1a tia tiép tuyén ctia dudng tron ngoai tiép tam gidc ABC.

2.CACVibDu

Vi du 1. Cho tam gidc nhon ABC, céc dudng cao BD va CE cit nhau tai H. Goi
M Ia trung diém ctia BC. Chirng minh ring MD va ME la céc tiép tuyén cua
duodng tron ngoai tiép tam gidc ADE.

Goi ¥ : Mot dwong thang vudng géc véi bdn kinh tai mot diém trén dwong
tron.

Huwoéng dén gidi
Tt gidc ADHE c6 ADH + AEH =90° +90° =180°

— Tu gidgc ADHE ndi tiép duong tron tim O dudng
kinh AH.

Do d6 duong tron (O) chinh 1a duong tron ngoai tiép
AADE .

Tam gidc AOH can tai O (OA = OH)

= OAD = ODA.
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Tam gidgc BDC vudng tai D ¢6 DM la trung tuyén nén MD = MB = MC
= AMDC cén tai M = MDC = MCD.

Vi H 1a tryc tdm cua tam gidc ABC nén AH vudng géc véi BC nén
OAD +MCD =90° suy ra ODA+MDC =90" = ODM =90 Viy MD 1a tiép
tuyén ctua duong tron (O).

Tuong ty ME Ia tiép tuyén ctia dudng tron (O) ngoai tiép tam gidc ADE.

Vi du 2. Cho nira dudng tron tim O duong kinh AB = 2R. Trén nira mit phing bd
AB chtra nira dudng tron, v€ cdc tia Ax va By cung vudng géc véi AB. Trén
cic tia Ax va By lan luot ldy cic diém C va D sao cho coD=90". Chirng
minh ring CD Ia tiép tuyén ciia dudng tron (O).

Goi ¥ : Ké khodng cdch tir tdm dén dwong thang, roi chimg minh khodng cdch
do bang bdn kinh.
Huwoéng dén gidi
K¢ OH vuong goc voi CD tai H.
Goi E 1a giao diém cua hai duong thing OC va

BD. X Y
D& thiy AAOC = ABOE (g-c-g) = OC = OE. D
Tam gidc CDE c¢6 DO vura la dudng cao, vua la H

trung tuyén nén tam gidc CDE can tai D. Suy ra DO C

la phén gidc cua géc CDE

= @ = E/‘l% A 0 B
= AOHD = AOBD (canh huyén—géc nhon) \
= OH = OB. -

Vay CD la tiép tuyén ctia dudng tron (O).

Vi du 3. Cho hinh vudng ABCD. Trén céc canh BC va CD lan luot liy cic diém
E va F sao cho EAF =45°. Chimng minh rang dudng thiang EF 1a tiép tuyén
cua duong tron tam A ban kinh AB.

Goi ¥ : Ké khodng cdch tir tam dén dwong thang, roi chimg minh khodng cdch
do bang bdn kinh.
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Huwoéng dén gidi
Ké AH vudng géc v6i EF tai H. Trén tia ddi cia
tia DC lay diém K sao cho DK = BE suy ra
AABE = AADK (c-g-c)

— BAE = DAK vi AE = AK. i
Ma BAE + EAD =90° nén EAD+ DAK =90°.  E
———— ———— H
2 _ 0 _ 0 b
Tacd AEF =45" = KAF =45 K D F C

— AFAK = AFAE (c-g-c) = AFK = AFE

= AAFD = AAFH (ch-gn) = AD=AH = AH = AB.

Vay duong thang EF 1a tiép tuyén ciia duong tron (A ; AB).

Chii y : Trong cdc vi du 2 va 3, dé chirng minh CD hay EF 1a tiép tuyén ta cin
tao ra khoang cich tir tim duong tron dén CD hay EF rdi ching minh khoang
céch d6 bang ban kinh ciia duong tron.

Vi du 4. Cho tam gidc ABC can tai A c6 A=36" , duong phan gidc BD. Chirng
minh BC 1a tiép tuyén ctia dudng tron ngoai tiép tam gidc ABD.
Goiy : Chirng minh CBD = BAD .

Huwoéng dén gidi
Tam gidc ABC can tai A ¢6 A= 36"
—  — 180°-36°

:ABC:ACB:T:DO. a
ViBD la phan giac cua AABC \
D
0
— ABD = DBC—Al;C %—360. /A

B c

Do d6 @ — BAD = 36". Tia BC nam trén nta mat
phéing bd BD khong chita diém A va CBD = BAD = 36" nén BC 1a tiép tuyén ciia
duong tron tam O ngoai tiép tam gidc ABD.

Chii ¥ : Day 1a mot déu hiéu nhan biét tiép tuyén can duoc ren luyén dé c6 ki
nang trong vi¢c gidi bai todn chiing minh mot duong thang la tiep tuyen cua
dudng tron.
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Dang 5. CHU'NG MINH PANG THU'C HINH HOC

1. PHUONG PHAP GIAI
— Pinh Ii Pi-ta-go, dinh i Ta-let, tinh chit dudng phin gidc cua tam gidc.
— COng thure tinh dién tich ctua céc hinh.

— Van dung mot s bat dang thic thudng st dung trong phian mdn dai so.

2.CAcVibDu

Vi du 1. Cho tam gidgc ABC. Goi I 1a giao diém cic duong phdn gidc trong cia
tam gidc ABC. Trén tia d6i cua tia CB ldy diém A,. Puong thiang IA; cit cic
. .., B A AB
canh AC va AB thtr ty ¢ B, ; C;. Chiing minh h¢ thuc : —C+C— =—.
IA, 1B, IC
Goiy : Ap dung tinh chdt dwong phén gidc cia tam gidc va bién doi dong
nhat biéu thirc hitu ti.

Huwoéng dén gidi
Vi Al la phén gidc cua AAB|C; taco :
A
AC, AB
IC1 B IB1 M
1 1 (o
Vi BI 1a phén gidc cua AA;BC ta c6 : B,
BG _BA ?) 5 c AL
IC, 1A
. . .. CB A
Vi CI 1a phéin gidc ngoai cua AAB,C tacé: CB _CA 3)
1B, IA

Lay (2) trir (3) vé theo vé ta dugc :
BC, CB _BA _CA _ BG CB _BC

4).
IC, IB 1A 1A, IC, IB IAI(

Cong (1) va (4) vé theo vé ta duoc :
BC, CB, AC, BC AB, AB BC CA
- + =—+ = =—+—
IC, IB, IC, 1A, IB, " IC, 1A IB
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Vi du 2. Cho hinh vuéng ABCD c6 canh bang a. Mot duong thang d quay quanh
tam O cua hinh vudng. Ching minh ring tong cdc binh phuwong cua céc
khoang cich tir bon dinh cta hinh vudng dén dudng thing d khong doi.

Goiy : Ap dung tinh chdt cua hinh vudng, tam gidc bang nhau, dinh li Pi-ta-go.
Huwoéng dén gidi
Ve AA1 ) BB1 ) CC1 ) DD1

lin luot vudbng géc véi dudng A B

thang d.
Dé thdy ABOB,=AOCC, By

(canh huyén—géc nhon) nén A, G
BB1 = OC1 ) OB1 = CC1 D,
Ap dung dinh Ii Pi-ta-go vao

tam gidc vudng OBB; ta c6
BB’ + OB,* = OB* = BB’ + CC,’ = OB’.

Tuong tu AA,* + DD;* = OA”.
Do d6 : AA;” + BB,> + CC;* + DD;* = 20A” = AB” = a”.

D C

Vi du 3. Cho tam gidc ABC vuédng tai A, dudng cao AH. Goi D va E 1an luot 1a
hinh chiéu ctia H 1én céc canh AB va AC. Chirng minh ring :

3
a) AD.AB = AE.AC b) BD_(AB ¢) BD.CE.BC = AH’.
CE \ AC
Goi ¥ : Ap dung hé thirc lrgng trong tam gidc vudng, bién doi dong nhat.
Huwong dén gidi

a) Tam gidc ABH vudng tai H, duong
cao HD, ta c¢6 : AH> = AB.AD (D) A

Tam gidc ACH vuodng tai H, dudng cao
HE, ta ¢ : AH® = AC.AE ) F

Tu (1) va (2) suy ra AD.AB = AE.AC. v

b) Tam gidc ABC vudng tai A, dudng

B H C

cao AH, ta cé :
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BH _ AB’

AB?=BC.BH ; AC>*=BC.CH = (*)

CH AC?

Tam gidc ABH vudng tai H, dudng cao HD, ta c6 : BH> = BD.BA. 3)
Tam gidc ACH vuéng tai H, dudng cao HE, ta ¢6 : CH* = CA.CE. 4)

BH® AB
Tu (3) va (4) suy ra = (**%)

CH- AC

3
BD AB
Tu (*) va (**)suyra —=| — | .
(*) va (**) suy CE ( A Cj

c¢) Tam gidc ABC vuong tai A, duong cao AH, tacé :

AH’ = BH.CH = AH'=BH’.CH’ = BD.BA.CA.CE = BD.CE.AB.AC(5)
Tam gidc ABC vuodng tai A, duong cao AH, tac6 : AB.AC=BC.AH (6)
Thay (6) vao (5) ta dugc : AH* = BD.CE .BC.AH = BD.CE.BC = AH’.
Vi du 4. Cho tam gidc ABC c¢6 ba géc nhon. Chirng minh rang :

a) SABc:lAB.Ac.sinA; b) ?C _ CA _ AB :
2 sinA smB sinC
AB? BC? CA2

c) = = ;
cotgA+cotgB cotgB+cotgC cotgC +cotg A

Goi y : Ap dung dinh nghia vé ti s6 lwong gidc ciia géc nhon, cong thire tinh
dién tich tam gidc.

Huwong dén gidi
a) V& duong cao BH cua tam gidc ABC A

= SABC: %AC.BH (1)

Tam gidc ABH vuong tai H, ta c6 BH = AB.sinA (2)

Thay (2) vao (1) ta dugc Sapc = %AB.AC.sin A. ‘ A
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b) Theo cau a) taco :

=

SABC = %AB.AC.sinA = %BA.BC.sinB = %CB.CA.sinC

BC CA AB  BC.CA.AB

sinA sinB sinC 28 uBc

AH

¢) AABH vudng tai H, ta c6 cotA = —.
BH

AH | CH _

) H
ABCH vudng tai H, ta c6 cotC = CcH . Do d6 cotA + cotC = — + =
BH BH

BH

AH+CH _AC AC

BH

= ZSABCZ AC.BH =

Vay :

,suyra BH =——
H cotA+cotC

AC?
cotA+cotC

AB? BC? CcA?

" cot A+cot B B cot B+cotC B cotC+cotA

:2SABC .

Dang 6.

CH’NG MINH NHIEU PIEM THANG HANG, NHIEU PUONG
PONG QUY

1. PHUONG PHAP GIAI

Chitng minh nhiéu diém thang hang cé thé quy vé viéc chitng minh ba diém
thang hang. Chimg minh nhiéu dwong dong quy thuc chdt ciing chuyén vé chimg
minh ba dwong dong quy. Bai todn chimg minh ba dwong dong quy va bai todn
chitng minh ba diém thang hang cé thé bién doi qua lai véi nhau.

— Qua mét diém cho truéc c6 duy nhat duong thing vudng géc véi mot
duong thang cho trudce.

— Qua mét diém cho trudc & ngoai mot dudng thing cho trude cé duy nhat
dudng thang song song voi dudng thang do.
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— Céc duong ddng quy trong tam gidc.

— Tinh chét d6i xirng tryc, dbi xtrng tam.

2.CAcCVibDu

Vi du 1. Cho tam gidc nhon ABC, dudng cao AH. Goi D va E lan luot 1a céc
diém d6i xtmg ctua H qua céc canh AB va AC. Puong thing DE cit cdc canh

AB va AC lan luot & M va N. Chirng minh ring ba duong thing AH, BN, CM

ddng quy.

Goi y : Ap dung tinh chdt dong quy ciia ba dwong phan gidc, ciia ba dwong
cao trong tam gidc.

Huwoéng dén gidi

* Theo tinh chat dbi xtng truc ta c6

AAMH = AAMD ; AANH =AANE A
AADE can tai A = HA la phan giic cua E
MHN , ma HA L HC nén HC 1a phan gidc
ngoai tai dinh H cua AMHN. D

* D& thiy NC 1a phén gidc ngoai tai dinh
N cua AMHN .

* T d6 suy ra MC la phan gidc cua
HMN , ma MB la phan gidc ngoai tai dinh M ctia tam gidc MHN nén MC L MB.
Tuong tu NB L NC.

* Do d6 AH, BN, CM la ba duong cao cua tam gidc ABC = dpcm.

B H C

Vi du 2. Cho tam gidc ABC c6 A #120°. V& phia ngoai tam gidc ABC, v& cdc
tam gidc déu ABD ; ACE va BCF . Goi I 1a giao diém cta BE va CD. Ching
minh rang IA 12 tia phan gidc ctia géc DIE. Tir d6 suy ra 3 diém A, I, F thang
hang.

Goi ¥ : Hai tia phdn gidc ciia hai géc doi dinh 1 hai tia doi nhau.
Huwoéng dén gidi
D& thiy A ABE =AADC (c-g-c).
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Ap dung tinh chat ctia géc ngoai tam gidc tinh
dwoc BIC =120°. V& AH L BE; AK L CD.

Vi AABE =AADC nén AH = AK = 1A Ia
phén gidc cua géc DIE. (1)

VEFPLBE ;FQLCD

= AFPB =AFQC (ch- gn)

= FP =FQ

= IF la phan gidc cua géc BIC. 2)

Vi DIE va BIC 1a hai géc déi dinh nén tir (1)
va (2) suy ra ba diém A LF théng hang.

Vi du 3. Cho tam gidc ABC vudng tai A, duong cao AH. V& phia ngoai tam gidc
v€ cdc tam gidc vudng can dinh B va dinh C 1a ABD va ACE.

a) Chtrng minh rang ba diém D, A, E thing hang.
b) Chirng minh rang ba duong thang AH, BE, CD dong quy.

¢) Goi M 1a trung diém ciia DE. Chimg minh tam gidc MBC la tam gidc
vudng can.

Goi y : Ap dung tinh chat ctia hai géc ké b, tinh chdt ba dwong cao cia tam
gidc thi dong quy.

Huwoéng dén gidi
a) DA thiy DAB + BAC + CAE =180°.
b) Trén tia dbi cua tia AH 1iy diém F sao
cho AF = BC.
Can chimg minh : A ABF=ABDC (c-gc) ;
AACF = ACEB (c-g-¢), suyra BF L CD,

CF L BE. Do d6 FH, BE, CD Ia ba duong
cao cua tam gidc FBC = dpcm.

¢) VEBPLDE ; CQLDE = BP =PA
=PD;
CQ =QA =QE. Do d6 ABPM =AMQC (c-g-c)

— BM = MC va BMC =90° = ABMC vudng can tai M.
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Vi du 4. Cho hinh thang ABCD, déy 16n CD. Céc duong thing ké tir A va B lan
luot song song véi CB va AD cit cic duong chéo BD va AC tuong tng & F
va E ddng thoi cat day 1on CD tht ty & M va N. Céc duong thang ké tir M va
N 1an Iuot song song v6i AC va BD cit AD va BC thir tw 6 P va Q.

a) Chtrng minh rang 4 diém E ; F ; P va Q thing hang.

b) Tinh d6 dai doan thang PQ, biét rang AB = a ; CD =b.

Goi y : Ap dung tién dé O-clit : “Qua mot diém & ngoai mot dwong thang cé
duy nhat mot duong thang song song voi duong thang do”.

Huwoéng dén gidi
a) Vi AB // CD nén Ezﬁ (1)
FN CN
BE AB
— =L ()

Vi AB // CD nén
ED DM

Do ABND va ABCM 1la cac hinh
binh hanh nén

DN=CM=AB = DM =CN. (3)

BE BF
Te(1);2)va3) = —=—.
(1) (2)va@3) D FN
Theo dinh I Ta-1ét ddo = EF song song vdi AB.
VIMP // AC = 2L M 4
P MD
B D
ViNQ//BD = —Q=—N (5)
QC NC

AP BE BF _BQ
PD ED FN QC
Theo dinh 1i Ta-1ét ddo ta ¢ PE // AB ; EF // AB ; FQ // CD.

Ta lai c6 AB // CD nén theo tién d& O-clit suy ra 4 diém P ; Q ; E ; F thang
hang.

Ta (1) ;(2):(3);(4) va(5) suyra

b) Vi PE // AB nén PE :E (1). ViPE // CD nén PE zﬁ (2).
AB DA DM AD
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Cong (1) va (2) vé theo vé ta duoc %+ﬂ =1.

DM
Ma AB=a ;DM =DC-CM =DC - AB=b - a (vi b>a). Do d6
PE PE b
4o =I= PE :%. Ta lai ¢6 ABQE 1a hinh binh hanh nén EQ =
a —da

b— 2h—
AB =a. Vay PQ:PE+EQ:¥+a:a( . a)'

Vi du 5. Cho tam gidc ABC ndi tiép dudng tron (O). Piém M thudc cung nhé BC.
Goi D, E, F lan luot 1a hinh chiéu vudng géc ciia M 1én cdc duong thing BC,
CA, AB. Chtrng minh réng ba diém D,E, F théng hang.

Goi ¥ : Ap dung tinh chdt ciia hai géc ké bu, dinh nghia cia hai géc doi dinh.
Huwoéng dén gidi

T giac BDMF ¢6 :

BDM +BFM =90°+90° =180°

— tir gidc BDMF ndi tiép

= FBM = FDM (1) (hai géc ndi tiép clng chin
FM).

Tt gidc MDEC ¢6 : MDC = MEC =90 .

— Tir gidc MDEC ndi tiép

— MDE + MEC =180° 2)
Tt gidc ABMC ndi tiép dudng tron (O)

— FBM = ACM (vicing b véi géc ABM)  (3)

Tur (1) (2) va (3) suy ra FDM + MDE =180°.

Vay ba diém D, E, F thing hang.

Chii ¥ : Puong thang DEF goi la dwong thang Sim-son.

Vi du 6. Cho tam gidc ABC noi tiép dudng tron (O). Goi D, E, F tht tu Ia diém
chinh gitra céc cung nhé BC, CA, AB. Goi I 1a giao diém cua BE va CF. Goi
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M la giao diém cta DF va AB. Goi N 1a giao diém cua DE va AC. Chimng

minh rang :

a) Ba diém A, I, D théng hang ; b) Ba diém M, I, N théng hang.

‘ Goi ¥ : Ap dung tinh chat ba dwong phan gidc ciia tam gidc thi dong quy, tién
de O-clit.
Huwoéng dén gidi

a) Vi D, E, F thtr tu Ia diém chinh gitta
céc cung nhé BC, CA, AB nén l/)_l; = I/)E‘ ;
EC=EA ; FA=FB.

— -

= DAB=DAC ; EBC=EBA ;

FCA=FCB

Do d6 AD, BE, CF la ba duong phan
gidc cia AABC suy ra ba duong thiang AD,
BE, CF dong quy.

Vay ba diém A, I, D thang hang.

b) Vi 2)73:2)?‘ ; ﬁzl/*:l; nén suy ra
DFB=DFC ; FDB=FDA = ADFB = ADFI (g-c-g2)
= DB =DI; FB=FIL
Do d6 DF 1a dudng trung truc cia doan thing BI, ma M € DF nén MB = MI.
Do d6 AMBI can tai M, suy ra MBI =MIB. Ta lai c6 MBI = IBC (cmt) nén

MIB = IBC , ma hai géc nay ¢ vi tri so le trong nén IM // BC (1). Chung minh
tuong tu ta dugc IN // BC. (2)

Theo Tién dé O-clit, tir (1) va (2) suy ra ba diém M, I, N thang hang.
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Dang7. CHUNG MINH TAM GIAC, TU GIAC BAC BIET
(Nhan dang tam giac, ti giac)

1. PHUWONG PHAP GIAI

Ap dung céc dAu hiéu nhan biét vé cdc tam gidc, tir gidc dac biét nhu : tam
gidc vudng, tam gidc can, tam gidc vudng can, tam gidc déu, hinh thang can, hinh
binh hanh, hinh chit nhat, hinh thoi, hinh vudng.

2.CACVibDu

Vi du 1. Cho hinh vuéng ABCD. Goi E va F tht ty 1 trung diém cua céc canh
AB va BC. Goi G 1a giao diém cia CE va DF. Chirng minh rang tam gidc
ADG la tam gidc can.

Goi y : Ap dung ddu hiéu : “Tam gidc ¢6 hai canh bang nhau la tam gidc

can’.
Huwoéng dén gidi

D& thdy ACBE = ADCF (c-g-c) = BCE = CDF

H

Ma BCE + ECD =90° nén CDF + ECD =90°.
Do d6 ACDG vuong tai G

. 0 —— 0 A F B
= CGD =90" = DGE =90" . n
Kéo dai CE cit duong thing AD tai H. E
D& thiy ACBE = AHAE (g-c-g) = BC = AH G
— AH = AD. D c

Tam gidc DGH vudng tai G c6 GA 1a duong trung tuyén
= GA =AD = AH = AADG céan tai A.

Vi du 2. Cho tam gidc ABC c¢6 AD va BE 1a cdc dudng trung tuyén. Chirng minh
rang tam gidc ABC 1a tam gidc déu néu CAD = CBE =30".
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Goi y : Ap dung ddu hiéu : “Tam gidc can cé mér géc bang 60° 1a tam gidc
déu”.

Huwong dén gidi
D& thily ACAD  ACBE (g-g), suy ra

cA_cp A
CB CE’
ma CD:Q; CE:g
2 2

_ CA CB E
nen —=—-

CB CA
— CA’>=CB?> = CA=CB
= AABC céantai C.

CB ° ° ¢

ViCA:CBvéCD:T
nénCDzC—ZA.

Tam gidc CAD c6 CAD=30° va CD :C—zA nén ACAD 1a nira tam gidc déu

= ACD=60° = dpcm.

Vi du 3. Cho hai dudng tron (O) va (O”) tiép xiic ngoai tai A. V& tiép tuyén chung
ngoai BC (B, C la céc tiép diém, B € (0), C € (0’)). V& tiép tuyén chung
trong tai A cat BC ¢ D. Chirng minh rang céc tam gidc ABC va ODO’ la cic
tam gidc vudng.

Goi ¥ : Ap dung tinh chdt hai tia phan gidc ciia hai géc ké bu, dwong trung
tuyén ung voi mot canh va bang niwra canh ay.
Huwoéng dén gidi

Ap dung tinh chit cua hai tiép tuyén cit nhau ta

CO :

* DA =DB =DC :B_2C = aABC vudng tai A.
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* DO, DO’ thir ty 1a phan gidc ctia ADB,ADC .

Ma ADB,ADC la hai géc k& bi nén ODO'=90°, suy ra AODO' vudng tai
D.

Vi du 4. Cho dudng tron (O ; R) ban kinh A. Goi M 1a trung diém ctua OA. V&

day cung BC di qua M va vudng géc voi OA.

a) Chtrng minh rang tam gidc AOB la tam gidc déu.

b) Tt gidc ABOC la hinh gi ? Visao ?

Goi y : Ap dung ddu hiéu : “Tam gidc ¢é ba canh bang nhau la tam gidc
deu” ; “Tw gidc c6 4 canh bang nhau la hinh thoi”.

Huwoéng dén gidi

a) Tam gidc AOB ¢6 BM vira 1a trung tuyén, vira 1a
dudng cao nén tam gidc AOB can tai B, suy ra OB = AB.

Talaico OA=0B =R

A
nén OA = OB = AB = dpcm. M

b) Tuong tu cau a) ta suy ra OB =BA = AC =CO

= ABOC la hinh thoi. c

Céch khic : ViOM L BC nén MB = MC.
Tt gidc ABOC c6 MA = MO, MB = MC va OA L BC = dpcm.

Vi du 5. Cho tam gidc nhon ABC ndi tiép dudng tron (O). Cic dudng cao BD va
CE cit nhau tai H. Goi M, N thi ty Ia trung diém cua BC va AH. T gidc
HNOM la hinh g1 ? Visao ?

Goiy: Ap dung ddu hiéu : “Tir gidc co hai canh doi vira song song via bc%ng
nhau la hinh binh hanh” .

Huwoéng dén gidi
V& duong kinh BK cua dudng tron (O), ta c6
BAK = BCK =90".
Theo tinh cht ba dudng cao
— AH 1L BC;CH L AB.
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Do d6 AH // KC va AK // CH = AHCK la hinh binh hanh

= AH =CK, ma NA =NH :NA:NH:%. (D

x 2 K
D¢ thay OM la dudng trung binh cuia ABCK = OM //=CT. 2)

T (1) va (2) = NH //= OM = AHCK Ia hinh binh hanh.

Vi du 6. Cho diém C thudc nira dudng tron (O) duong kinh AB. Trén nira mat
phing bd AB c6 chira diém C, v& céc tia Ax va By cling vudng géc v6i AB.
Tiép tuyén tai C ctia nira dudng tron cit céc tia Ax va By thir tw ¢ D va E. Goi
H la giao diém cua OD va AC ; K 1a giao di€ém cua OE va BC.

a) Tur gidc OHCK 1a hinh gi ? Visao ?

b) Diém C phai thoa man diéu kién gi & OHCK Ia hinh vudng ?

Goi y : Ap dung ddu hiéu : “Tir gidc ¢6 ba géc vudng 1o hinh chit nhdt” ;
Hinh chit nhdt co hai canh ké bang nhau hodc co mot duwong chéo la phdn gidc
ctia mot goc hodc co hai duong chéo vuoéng goc voi nhau la hinh vuong”.

Huwong dén gidi

a) Ap dung tinh chét ciia hai tiép tuyén cét nhau
ta c6 DA = DC.

Ta lai c6 OA = OC = R. Do d6 OD la trung truc

A E
cua AC, suyraOD L ACtaiHvaHA=HC= TC

X y

N BC P
Tu:ongtu::OEJ_BCtalKvaKB:KC:T. K

D& thdy ACB=90". Tir d6 suy ra OHCK la 4
hinh chir nhat.

b) Hinh chitr nhat OHCK Ia hinh vudéng & CH=CK © AC=BC & Cla
diém chinh gitra AB.

Vay khi C 1a diém chinh giita cung AB thi OHCK 1a hinh vudng.
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Vi du 7. Cho tam gidc ABC vudng tai A (AB < AC), duong cao AH. Trén canh
AC lay diém D sao cho AC = 3AD. Trén tia ddi cia tia HA 1iy diém E sao
cho AH = 3HE. Chiing minh rang tam gidc BED la tam gidc vudng.

Goiy : Ap dung dinh Ii Pi-ta-go dao.
Huwoéng dén gidi

Qua D ké duong thing song song véi BC

cit AH tai K.
Ap dung dinh 1 Talét ta ¢6 K2R
AK AD 1
AH AC 3 I
B C

= AH =3AK (vi AC = 3AD)

Ta lai c6 AH = 3HE nén AK = HE. Do d6
KE = AH.

Ap dung dinh 1i Pi-ta-go vao cic tam gidc vuong BHE ; DKE ; AHB ; ADK ;
ABD ta duoc :
BE’ + FE* = BH” + HE” + KE’ + KD’
= BH? + AH? + AK? + KD? (vi AH = KE ; HE = AK).
= AB®* + AD* = BD".
Theo dinh Ii Pi-ta-go d4o suy ra ABED vudng tai E.

I1I. BAI TAP VAN DUNG
Dang 1. Chirng minh hai doan thing bing nhau, hai géc biang nhau

Bai 1. Cho hai duong tron (O) va (O’) cit nhau tai A va B. V& tiép tuyén chung
ngoai CD (C € (0), D € (0)). Chirng minh rang AB di qua trung diém E
cua CD.

Bai 2. Cho diém A ndm ngoai dudng tron (O). V& hai céc tuyén ABC va ADE
voi duong tron (B nam gitta A va C ; D nam giita A va E). Qua A v&
duong thiang d vudng géc véi OA. Pudng thing d cit cic duong thing BE
va CD thir tw & M va N. Goi H va K 1an Iuot 1a hinh chiéu cta O 1én BE
va CD. Chirng minh rang :

a) AKC = AHE : b) AM = AN.
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Bai 3.

Bai 4.

Bai 5.

Bai 1.

Bai 2.

Bai 3.

Cho tam gidc nhon ABC. Puong tron duong kinh AB cit canh AC ¢ H.
Puong tron duong kinh AC cit canh AB ¢ K. Puong tron dudng kinh AB
cit doan CK ¢ D. Puong tron duong kinh AC cit doan BH & E. Chimng
minh rang :

a) AD = AE.

b) Puodng tron ngoai tiép cua hai tam gidc AEB va ADC bﬁng nhau.

Cho hai dudng tron (O) va (O’) tiép xic ngoai tai A. Day cung BC cua (O)
kéo dai tiép xuc voi (O’) tai D. Kéo dai BA cit (O’) tai E. Ching minh
rang AD la phén giac cua géc CAE.

Cho dudng tron (O) duong kinh AB, diy CD khéng cit AB. Cic tiép
tuyén tai C va D cua (O) cét nhau & E. Goi H 12 hinh chiéu cua E trén AB.
Chirng minh rang EHC = EHD.

Dang 2. Chitng minh quan hé vuéng goc, quan hé¢ song song

Cho tam gidc ABC ndi tiép duong tron (0). Goi D, E, F lan luot 1a diém
chinh gifta cua céc cung nho BC, CA, AB. Goi M Ia giao diém cta AB va
DF ; N 1a giao diém cta AD va CF.

a) Chtrng minh rang AD vudng géc véi EF.

b) Chting minh rang MN song song v&i BC.

Cho tam gidc nhon ABC ndi tiép dudng tron (0). Pudng tron dudng kinh
BC cit cdc canh AB, AC tht ty & D, E. Ching minh rang OA vudng géc
v6i DE.

Cho nira dudng tron (O) duong kinh AB. Trén niia mit phiang bd AB chira
nira duong tron, vé cdc tia Ax va By cling vudng géc v6i AB. Piém C
thudc ntra dudng tron. Tiép tuyén tai C cit Ax va By thi tuw ¢ D va E.

a) Chtrng minh rang tam gidc DOE 1a tam gidc vudng.

b) Goi F 1a giao diém ctia AE va BD. Chirng minh rang CF song song véi
Ax.

Bai 4. Cho tam gidc ABC vudng tai A. Trén canh BC liy diém D sao cho CD = AB.

Goi E Ia hinh chiéu cta D 1én AB. Tia phan gidc cta géc B cit DE ¢ F.
Tia AF cit BC & M. Goi N 1a trung diém ciia AC. Ching minh rang MN
song song voi BF.
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Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 1.

Bai 2.

Bai 3.
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Dang 3. Chig minh nhiéu diém cing nam trén mét dwdong tron

Cho tam gidc nhon ABC (AB < AC < BC). V& cic duong cao AD, BE,
CF. Goi M, N, P tht ty 1a trung diém cua cdc canh AB, BC, CA. Chiing
minh rﬁng 6 diém D, E, F, M, N, P cung thugc mot duong tron.

Cho tam gidc ABC ndi tiép duong tron (O). Tia phin gidc cia géc A cit
duong tron tai D. Tia phin gidc cua géc B cit AD ¢ E. V& tia Dx vudng
g6c v6i AD, trén tia Ax lay diém F sao cho DF = DC. Chiing minh rang
BECF la tir gidc ndi tiép.

Cho hinh binh hanh ABCD. Piém E nim trong hinh binh hanh sao cho
EAD =ECD. Goi I I trung diém ctia AE. Goi F la diém dbi xtmg véi D
qua I (F va D nam khéc phia ddi véi AB). Ching minh rang AFBE la tir
gidc ndi tiép.

Cho hai duong tron (O) va (O) cit nhau tai A va B. Trén tia ddi cua tia
AB lay diém C tuy y. V& cdt tuyén CDE cua dudng tron (O). V& cét tuyén
CMN cua duong tron (O’). Chirng minh rﬁng 4 diém D, E, M, N cung
thugc mot dudng tron.

Cho diém A nam ngoai dudng tron (O). V& cdc tiép tuyén AB, AC clia
duong tron (B, C 1a cic tiép diém). V& cit tuyén ADE (D nam giita A va
E). Goi H 1a giao diém ciia BC va OA. Chirng minh ring DEOH la t{r gidc
noi tiép.

Dang 4. Chirng minh mdt dwong thing la tiép tuyén ciia dudng tron

Cho tam gidgc ABC duong cao AH ndi tiép dudng tron tdim O dudng kinh
BC. V& duong tron tim A ban kinh AH. V& cdc tiép tuyén BD va CE cua
duong tron (A) (D, E khédc diém H). Ching minh rang DE la tiép tuyén
cua duong tron (O).

Cho tam gidgc ABC vudng tai A (AB < AC) dudng cao AH. Goi D 1a diém
d6i xtng cua B qua H. V& duong tron tim O dudng kinh CD cét canh AC
tai E. Chirmg minh rang HE 12 tiép tuyén cua duong tron (O).

Cho tam gidc ABC can tai A ndi tiép duong tron (O). Piém D thudc cung
nhé AC. Tia AD cat duong thang BC tai E. V& dudng tron (O°) ngoai tiép
tam gidc BDE. Ching minh rang AB 1a tiép tuyén ciia duong tron (O”).



Bai 4.

Bai 5.

Bai 1.

Bai 2.

Bai 3.

Bai 1.

Cho hinh vuéng ABCD ngoai tiép duong tron (0). Goi M 1a trung diém
ctia AB. Trén cdc canh CD va CB lan luot liy cdc diém E va F sao cho AE
song song vi MF. Chtrng minh rang EF 12 tiép tuyén cia duong tron (O).
Cho tam gidc ABC. Cic tia phan gidc cia cdc géc B va C cit nhau tai I.
Puong thang qua I va vudng géc véi Al cét cic canh AB va AC tht ty ¢
D va E. Chirng minh rang DE 1a tiép tuyén ctia duong tron ngoai tiép tam
gidc BIC.

Dang 5. Chirg minh ding thirc hinh hoc

Goi R va r lan luot 1a ban kinh dudng tron ngoai tiép va dudng tron ndi
tiép cua tam gidc nhon ABC. Chirng minh cdc dang thuc sau :

A AB BC.CA.AB
a) FC = C =——=2R; b) SABC:L;
sinA smB sinC 4R
¢) 2Rr = BC.CA.AB .
BC+CA+ AB

Cho tam gidgc ABC. Goi P Ia giao diém cia ba duong phan gidc trong.
Pudng thing qua P va vudng géc voi CP cit CA va CB thir ty & M va N.
Chirng minh rang :

(45"

Q) —— =
) BP

BN

b

b) BC.AP?> + CA.BP?> + AB.CP> = AB.BC.CA .
Cho tam gidc nhon ABC, dudng cao AD, tryc tam H. Chirng minh rang :

a) tanB.tanCzﬂ ;
HD

b) tan A+ tanB+ tanC = tan A.tanB.tanC.

Dang 6. Chirng minh nhiéu diém thing hang, nhiéu dwong dong quy

Cho hai duong tron (O ; R) va (O’ ;r) v6i R > 1, cit nhau tai A va B.
Poan ndi tim OO’ cit céc dudng tron (0) va (0’) thi ty & C va D. V&
céc tiép tuyén chung ngoai cia hai duong tron 1a MP va NQ (M, N € (O) ;
P,Qe (0).
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Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 1.
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a) Chtrng minh ba dudng thing MP, NQ va OO’ dong quy.

b) Goi E 1a giao diém ctia MC va PD. Chiing minh ba diém A, E, B thing
hang.

Cho tam gidc ABC vudng tai A. Puong tron tim O dudng kinh AB cit
canh BC tai D. Tiép tuyén cua duong tron (O) tai D cit canh AC tai E. Goi
H Ia hinh chiéu vudng géc ciia D Ién AB.

a) Chtrng minh rang duong thang BE di qua trung diém K ctia DH.

b) Pudng thing qua B va song song véi AC cit dudng thing AK 6 F.
Ching minh rang ba diém D, E, F thang hang.

Vé phia ngoai tam gidc ABC, v& cdc tam gidc déu ABD, BCE, CAF.
Chirng minh rang ba dudng tron ngoai tiép ciia cdc tam gidc déu noéi trén
cung di qua mot diém.

Cho tam gidc ABC, duong phén gidc AD. Trén doan AD lan luot lay céc
diém E va F sao cho EBA = FBC (E nam gitra A va F). V& cdc duong tron
(Oy) va (Oy) thtr ty ngoai tiép cac tam gidc AEB va AFC. Tia CE cit
duong tron (O)) tai M ; Tia BF cit duong tron (Oy) tai N. Chirng minh
rang ba diém A, M, N thing hang.

Cho tam gidc nhon ABC, H 1a tryc tim, O la diém cach déu céc dinh cua
tam gidc. Goi M 1a trung diém ciia canh BC. Goi N la diém sao cho O Ia
trung diém cua BN.

a) Chirng minh rang : CN = 2.0M va CN = AH.

b) Goi G la giao diém cia AM va OH. Chimg minh rang G 1a trong tim
cua tam gidc ABC.

(Duong thang di qua 3 diém O, G, H goi la dwong thang O-le ciia tam
gidc ABC).

Chirng minh rang : Trong mot tir gidc, dudng thang di qua trung diém ctia
hai dudng chéo va hai dudng thing di qua trung diém cua cc canh dbi
dién thi dong quy.

Dang 7. Chitng minh tam giac, tir giac dac biét
Cho tam gidc nhon ABC noi tiép duong tron (O). Goi D va E tht ty 1a

diém chinh giita cdc cung nho AB va AC. Diy DE cit cic ddy AB va AC
thir tw & M va N. Goi P 1a giao diém cta BE va CD.



a) Chung minh tam gidc AMN la tam gidc cén.
b) Tt gidc AMPN Ia hinh gi ? Visao ?

Bai 2. Cho duong tron (O) va hai diy AB, CD vuong géc voi nhau. Vé duong
kinh AE (E thudc cung nhé BD). Ttr gidc BCDK 1a hinh gi ? Visao ?

Bai 3. Cho ntra duong tron (O ; R) diy AB = R+/3. Trén cung 16n AB ldy cdc
diém C va D sao cho C thudc cung nho BD. Goi M, N, P, Q thtr ty 1a trung
diém cta cdc day AD, DC, CB, BA. Tinh di¢n tich tor gidc ABCD theo R
trong truong hgp MNPQ 14 hinh vudng.

(hidé _ . .
—— TAP HOP DIEM

I. KIEN TH(’C CAN SU’ DUNG
1. Tap hop diém.
2. Quy tich co ban.

II. CAC DANG TOAN THUO'NG GAP

Dang 1. TIM VA CH’NG MINH VE TAP HOP PIEM

1. PHUONG PHAP GIAI

Can ndm chdc cdc tdp hop diém da hoc sau day :

— Tap hop cic diém cdch déu hai canh ctia mot géc 1a tia phin gidc cua géc
do.

— Tap hop céc diém cich déu hai dau ciia mot doan thing 13 duong trung truc
ctia doan thang do.
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— Tap hop cdc diém cdch mot duong thing a cho truée mot khoang khong doi
h cho trudc 1a hai dwdng thing song song v&i duong thing a va cich duong thing
a mot khoang bang h.

— Téap hop céc diém cach diém O c6 dinh mot khoang R > 0 khong ddi 1a
duong tron (O ; R).

— Tép hop céc diém nhin doan thang AB c¢6 dinh dudi géc o khdng doi Ia hai
cung tron chira géc o dung trén doan AB va d6i xtng véi nhau qua AB.

2.CACVibDu

Vi du 1. Cho tam gidc déu ABC. Céc diém D va E lan lugt chuyén dong trén
cac canh AB va AC sao cho AD = CE. Goi F la giao diém cua BE va CD. Chimng
minh rﬁng diém F thudc mot cung tron ¢b dinh.

Goi y : Ap dung : “Tép hop cdc diém nhin doan thing AB c6 dinh duéi géc
o khong doi la hai cung tron chita géc o dung trén doan AB va doi ximg voi
nhau qua AB”.

Huwong dén gidi
Tam gidc ABC Ia tam gidc déu nén AB =BC =CA va A=B=C=60".
Xét hai tam gidc ACD va CBE ¢6 :
AD = CE (gt) ; AC=CB ; A=C =60°
— AACD = ACBE (c-g-¢) = ACD = CBE

Ma ACD + DCB = ACB = 60° D
nén CBE + DCB = 60", E

Do d6 trong tam gidc BFC ta c6 BFC =120°.

Diém F chuyén dong nhin doan thing BC cd B/ €
dinh dudi goéc BFC =120° khong d6i nén diém F / o. \‘

nam trén hai cung tron chira géc 120° dyng trén /
doan BC ¢6 dinh. \ /

Vi D va E chuyén dong trén canh AB va AC
nén diém F chi thuéc mdt cung néi trén nhu hinh o -
Ve.

148



Vi du 2. Cho hinh vuéng ABCD. Céc diém E va F lan lugt chuyén dong trén céc
canh AB va BC sao cho AE = BF. Goi M 1a giao diém ciia CE va DF. Chting
to rang diém M thudc mot cung trdn ¢ dinh.

Goiy: Ap dung : “Tdp hop cdc diém nhin doan thcfng AB ¢6 dinh dwéi mét
goe 90° la dwong tron dwong kinh AB”.
Huwoéng dén gidi
Vi ABCD la hinh vudéng nén AB = BC = CD = DA, ma

AE = BF nén BE = CF. A_I g I_B
Vi ABCD Ia hinh vuéng nén A=B=C=D=90". CA\MAF
Twr d6 suy ra ABCE = ACDF (c-g-c), suy ra J/ /

BCE = CDF . m BCE+ ECD = BCD =90 o
nén CDF + ECD =90°. e

Do d6 ACDM vudng tai M.

Diém M chuyén dong va nhin doan thing CD cd dinh dudi mot géc vudng
nén diém M thudc dudng tron dudng kinh CD.

Vi céc diém E va F lan luot chuyén dong trén cac canh AB va BC nén diém
M chi thudc cung phan tu cua dudng tron néi trén nhu hinh vé.

Vi du 3. Cho dudng tron (O ; R) va ddy BC < 2R. Piém A chuyén dong trén
dudng tron (0). Ching to rang trong tim G cia tam gidc ABC thudc mot
duong tron ¢ dinh.

Goi y : Ap dung dinh nghia dwong tron.
Huwoéng dén gidi
V& trung tuyén AM cuia tam gidgc ABC, suy
ra M 1a trung diém cta canh BC ¢d dinh.
Vi G la trong tam cua tam gidc ABC nén

MG _ 1

MA 3
Qua G ké duong thing song song vdi AO

cit OM

tai O’, 4p dung dinh li Ta-let ta c6 :



0'G_MO' MG
OA MO MA

l:>MO':lMO;O'G:£.
3 3 3

Vi O va M ¢b dinh nén O’ ¢ dinh vd O'G :g .
<R A A 2 < R ) A . A 5 R A A A
biém G chuyén dong cich diém O’ c¢6 dinh mdt khoang 3 khong doi nén

diém G thudc duong tron tim O’ ban kinh g khi diém A chuyén dong trén

duong tron (O ; R).

Vi du 4. Cho duong tron (O ; R) va diy BC < 2R. Diém A chuyén dong trén cung
16n BC. Trén tia BA 1ay diém D sao cho BD = AC. Chung t6 rang diém D
thugc mot duong ¢b dinh.

Goi y : Ap dung : “Tdp hop cdc diém nhin doan thing AB c6 dinh duéi géc

o khong doi la hai cung tron chita géc o dung trén doan AB va doi ximg voi

nhau qua AB”.

Huwoéng dén gidi
Vi duong tron (O ; R) va day

BC < 2R ¢6 dinh nén sb do cung nhod

BC khéng ddi, suy ra BAC=o khong

doi.

Trén nira mit phing bd AB khong
chira diém C, v& tia Bx tiép tuyén cua
duong tron (O), suy ra ABx = ACB

(ciing bang nira s6 do AB ).

Trén tia Bx ldy diém E sao cho
BE = BC.

Twr d6 suy ra ADEB = AABC (c-g-¢c) = EDB=BAC =0, khong d6i.

Vi duong tron (O ; R) va diy BC < 2R ¢ dinh nén tia Bx ¢b dinh hay doan
thang BE c6 dinh.
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Diém D chuyén dong nhin doan BE ¢6 dinh duéi mot géc bang o khong ddi
nén diém D thudc hai cung tron chira géc o dung trén doan BE va ddi xting qua
BE.

Tuy nhién, vi diém A chi chuyén dong trén cung 16n BC nén diém D chi
thudéc BDE .

Vi du 5. Cho diém C thudc doan thing AB ¢b dinh sao cho AC = 3CB. Pudng
tron (O) thay d6i nhung Iudn di qua A va B. Goi D la diém chinh giira cung
AB. Tia DC cit duong tron (O) tai E. Chirng minh rﬁng diém E thudc mot
dudng tron ¢b dinh.

Goi y : Ap dung : “Tdp hop cdc diém nhin doan thang AB cé dinh dwdi mét
goe 90° la dwong tron dwong kinh AB”.

Huwoéng dén gidi
’ Vé du:(‘mgq kinh DF cua dudng tron (Q). Tia FE
cat duong thang AB tai G. Vi D la diém chinh F
gitta cung AB nén DA=DB = AED = DEB.
Do d6 EC Ia phan gidc ctia géc AEB. Vi FED
chén nira duong tron (0) = FED =90".

Do d6 EG la phan gidc ngoai cuia tam gidc

AEB, suyra —=— :l (vi AC = 3CB).
GA CA 3

Ma AB ¢b dinh nén G ¢b dinh. Piém E chuyén dong nhin doan CG ¢ dinh
dusi CEG =90°.
Vay diém E thuc duong tron duong kinh CG cé dinh.

Dang 2. CHU'NG MINH DPUONG THANG, PUONG TRON DI QUA PIEM
CO PINH

1. PHUWONG PHAP GIAI

Diém can tim la giao cua hai dudong thiang co dinh ; cua mot duong thang va
mot duong tron c¢6 dinh hodc 1a giao cua hai dudng tron cd dinh.
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2. CACc VviDy

Vi du 1. Cho diém A ndm ngoai duong tron (O ; R). Mot cét tuyén thay doi di
qua A cit duong tron (O) tai B va C. Chirng minh rang dudng tron ngoai tiép tam
gidc BOC Iudn di qua mot diém cb dinh.

Goi y : Dy dodn : Giao diém E ciia dwong tron ngoai tiép tam gidc BOC véi
doan OA la diém co dinh va nhan xét rang AB.AC = AE.AQ.

Huwoéng dén gidi

V& tiép tuyén AD véi duong tron
(0),D1a tiép diém, suy ra A/D\O =90°.
Ké DE L OA tai E.

Tam gidc AOD vuong tai D, duong
cao DE, 4p dung hé thic luong trong
tam gidc vudng ta ¢ :

AD?
AO
Vi A va duong tron (O) ¢6 dinh nén
D c6 dinh.
Do d6 tur (1) suy ra diém E cd dinh.

AE.AO = AD? = AE =

(1

Vi AD Ia tiép tuyén va ABC la cét tuyén cua duong tron (O) nén AD* =
AB.AC. (2)

Tu (1) va (2) suy ra AE.AO = AB.AC = AB _ AE
A0~ AC
= AABE ) AMOC (c-g-c) = AEB=ACO = Tt gidc BCOE ndi tiép.

Vay duong tron ngoai tiép tam gidc BOC di qua diém E cb dinh.

Vi du 2. Cho duong tron (O ; R) va day BC = R+/3 ¢b dinh. Diém A chuyén dong
trén cung 16n BC sao cho tam gidc ABC ludn 1a tam gidc nhon. Goi H 1a truc
tdm ciia tam gidgc ABC. Chirng minh dudng thang di qua A va vudng géc vai
OH lu6n di qua mot diém cd dinh.

Goi ¥ : Dy dodn : Pwong thang di qua A va vuéng géc véi OH di qua diém
chinh gitta N cua cung nho BC. Twr do tim cdch ching minh AN la phén gidc cua
goc BAC hoac ON 1 BC.
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Huwoéng dén gidi
K¢ ban kinh ON vudng géc voi BC tai M suy ra

MB:MC:B_;:R_f.

ABMO vudng tai M

— MB

= sin BOM :———:ﬁ
OB R 2
— BOM =60°.

ABOC cén tai O (OB = OC = R), duong cao OM nén dong thoi ciing 12 phin
gidc cua goc BOC = BOC =2BOM =120".

Vi BAC I g6c ndi tiép va BOC I gbc & tim ciing chin cung nhoé BC nén
BAC :%B/OTZ :%.1200 = 60°

V& cdc duong cao AD, BE, CF dong quy tai truc tim H ciia tam gidc ABC.

Tt gidc AEHF c6 AEH + AFH =90° +90° =180° nén ttr gidc AEHF noi tiép
— EAF + EHF =180°, ma EAF =60° nén EHF =120° = BHC =120 (dd).

Do d6 BHC = BOC =120". Tt gidc BHOC ¢6 hai dinh lién tiép H va O ciing
nhin canh BC dudi cuing mot géc nén BHOC ndi tiép.

D@ thiy cic tam gidc BON va CON la cdc tam gidc déu, suy ra

NB =NC=NO=R.

Do d6 N Ia tam dudng tron ngoai tiép tr gide BHOC = NH =R.

Vi ON va AH cung vudng goéc voi BC nén ON // AH = ONA = NAH (so le
trong).

AAON cin tai O (OA = ON = R)= ONA=0OAN = OAN=NAH = AN
la phan gidc cua OAH .

Ta lai c6 NO = NH = R nén O va H dbi xting véi nhau qua AN = AN L
OH.

Vay duong thing qua A va vudng géc v6i OH ludn di qua diém N ¢b dinh.
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Vi du 3 : Cho tam gidc nhon ABC ndi tiép duong tron (O). Diém D chuyén dong
trén cung nho BC. Goi E va F 1an luot 1 chan duong vudng géc ké tir A dén
cic duong thing DB va DC. Ching minh rang duong thing EF ludn di qua
mot diém cb dinh.

Goi ¥ : Dy dodn : Giao diém H ciia dwong thang EF va canh BC la chan
duong cao ké tir dinh A. Tir do tim cdch chirng minh tir gidc AHBE noi tiep.

Huwoéng dén gidi

Goi H 1a giao diém cia hai duong thing EF va
BC.

Vi AEB+AFB=90"+90°=180° nén t&r gidc
AEBF noi tiép = AEF = ADF (hai géc noi tiép
cling chén FA). (1)

Ta ¢6 ADC = ABC (g6c ndi tiép cung chin
AC). (2)

Tir (1) va (2) suy ra AEH = ABH . Tt gidc AEBH c6 hai dinh lién tiép E va B
ciing nhin canh AH duéi hai géc bang nhau nén AEBH ndi tiép

Goi H 1a giao diém cua hai dudng thiang EF va BC.

Vi AEB+ AFB =90 +90° =180° nén tir gidc AEBF noi tiép

— AEF = ADF (hai gbc ni tiép ciing chin FA). (1)

Tacé ADC = ABC (géc ndi tiép cing chén AC).  (2)

Tir (1) va (2) suy ra AEH = ABH . Tt gidc AEBH c6 hai dinh lién tiép E va B
ciing nhin canh AH duéi hai géc bang nhau nén AEBH ndi tiép. Do d6

AEB+ AHB =180", ma AEB=90" nén AHB=90". Vi AABC cb dinh nén
diém H c6 dinh.

Vay duong thing EF luon di qua diém H ¢b dinh.

Vi du 4 : Piém C chuyén dong trén nira dudng tron tim O dudng kinh AB. Trén
nira mat phang by BC khong chira diém A, v& tia Bx vudng géc véi BC. Trén
tia Bx liy diém D sao cho BD = 2BC. Chirng minh rang dudng thing CD
ludn di qua mot diém cd dinh.

Goi ¥ : Dy dodn : Giao diém E cua dwong thang CD va nira dwong tron (0)
la diém c6 dinh. Tir d6 tim cdch chimg minh s6 do cung AE khong doi.

154



Huwoéng dén gidi

Tam gidc BCD vudng tai B, taco tan D = BC_BC _1 — BDC =0, khong doi.
BD 2BC 2

Kéo dai DC cit duong tron tai E. Vi A/C73 =90 (chén ntra duong tron (0)),
suy ra ACE +BCD =90 .

Tam gidc BCD vudng tai B nén BCD+BDC =90°. Do d6 ACE = o, suy ra
sd AE =20 khong ddi, ma A va nira duong tron (O) ¢b dinh nén diém E ¢b dinh.

Vay duong thiang CD ludn di qua diém E ¢ dinh.

Vi du 5 : Goi C 1a diém chinh giita cung AB cta nira duong tron tdim O dudng
kinh AB. Piém D chuyén dong trén duong kinh AB. Goi E va F lan luot 1a
hinh chiéu vudng géc ciia D 1én CA va CB. Chirng minh dudng thang di qua
D va vudng géc voi EF ludn di qua mot diém cb dinh.

Goi ¥ : Dy dodn : Giao diém K ciia dwong thang di qua D va vuéng géc VOi

EF véi duong thang CO la diém cé dinh. Nhin xét OK = OC hodc K la diém

chinh giita cua nwra dwong tron (O) con lai.

Huwong dén gidi
T gidc DECF c6
DEC+DFC =90° +90° =180°
— Tu gidgc DECF ndi tiép

= DCF = DEF. V)
Gia sir duong thang di qua D va vubng géc A b ° B

voi EF tai H cit duong thing CO tai K.
Tam gidc DEH vudng tai H

— HED + HDE = 90°. 2) K
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Tam gidc DCF vudng tai F
— FCD + FDC =90". 3)
Tu (1) (2) va (3) = HDE = FDC.  (4)

Tacé ACB=90° (géc ndi tiép chin nira dudng tron (O)).
Vi C 1a diém chinh giita cung AB nén CA = CB.

Do d6 tam gidc ABC vudng can tai C, suy ra CAB = CBA=45".
Tur do6 suy ra A/li = ﬁ? =459, (5
T (4) va (5) suy ra ADH =BDC, ma ADH =BDK (dbi dinh) nén

BDC = BDK . (6)
Vi C 1a diém chinh giita cung AB cua nira duong tron tim O duong kinh AB
nén CK L AB tai O. (7)

Tir (6) va (7) suy ra ACDK cén tai D = DO Ia trung tuyén cia ACDK =
OK = OC. Do d6 diém K c6 dinh. Vay duong thing di qua D va vudng géc vai
EF ludn di qua diém c6 dinh K.

Vi du 6 : Cho nira duong tron tim O dudong kinh AB = 2R. Hai diém C va D
chuyén dong trén nira dudng tron sao cho ddy CD = R, D thudc cung AC. Goi

E Ia giao diém cta hai dudng thang AD va BC. Ching minh riang duong

thang di qua E va vudng géc voi CD Iudn di qua mot diém cb dinh.

Goi § : Du dodn : dwong thang di qua E va vudng géc véi CD di qua tam O’
cua dwong tron ngoai tiep tam gidc AEB. Twr do tim cdch chung minh dwong tron
(0’) ¢é dinh, tirc 1o chimg minh AEB khéng doi.

Huwoéng dén gidi

Tam gidgc COD la tam gidc déu (vi OC =
OD=CD =R)

= COD =60° = sd CD=60". Géc AEB la
géc c¢6 dinh & bén ngoai duodng tron
= AEB =(180"-60°):2=60°.

Dung dudng tron tim O’ ngoai tiép tam gidc
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AEB = m =120°. Ta lai c6 tam gidc AO’B can tai O’ va AB ) dinh nén O’
c¢b dinh. Trén nira mit phing b AE khong chira diém B, vé tia Ex L O’E.

Ex 1a tia tiép tuyén tai E cta dudng tron (0°) = ABE = AEx (cling bang nira
sdAE). (1)

TG gide ABCD néi tiép dudng tron (O) = ABC = EDC (ciing bu v6i géc
ADC).  (2)

Tir (1) va (2) = AEx = EDC, ma hai géc ny & vi trf so le trong nén Ex // CD.
Do d6 O’E L CD.

Vay duong thing di qua E va vudng géc véi CD ludn di qua diém O’ ¢b dinh.

I11. BAI TAP VAN DUNG
Dang 1. Tim va chirng minh vé tip hop diém

Bai 1. Cho dudng tron (O ; R) va diy BC cb dinh. Diém A chuyén dong trén
cung 16n BC. Goi H 1a tryc tdm cila tam gidc ABC. Ching minh rang
trung diém M ctia AH thudc mot dudng tron ¢b dinh.

Bai 2. Cho nira duong tron (O ; R) duong kinh AB. Piém C chuyén dong trén
nira duong tron (O ; R). V& phia ngoai tam gidc ABC, v& tam gidc déu
ACE. Chtirng minh réng diém E thudc mot dudng b dinh.

Bai 3. Cho diém A nim ngoai duong tron (O ; R). Mot duong thing quay quanh
diém A cat duong tron (O ; R) ¢ B va C. Chirng minh ring tim dudng tron
ngoai tiép tam gidc BOC thuéc mot duong cb dinh.

Bai 4. Cho hai duong tron (O ; R) va (O’ ;1) voi R > r tiép xuc vOi nhau tai A.
Puong thang di qua A cat (O ; R) va (O’ ; r) thit tw & B va C. Chimg minh
rﬁng trung diém M cta doan BC thudc mot dudng tron ¢d dinh.

Dang 2. Chimg minh dwong thiang, dwong tron di qua diém c6 dinh

Bai 1. Cho duong tron (O ; R) va day AB. Piém C chuyén dong trén dudng tron
(O ; R). Piém D thudc diy BC sao cho CD = 2BD. Ching minh ring
dudng thing di qua D va vudng géc véi AC ludn di qua mot diém cd dinh.
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Bai 2. Cho doan thing AB va duong thing d vudng véi doan AB tai C (AC < CB).

Bai 3.

Bai 4.

Bai 5.

Diém D chuyén dong trén d (D khac C). Ching minh rang duong tron di
qua trung diém ba canh ctia tam gidc ABD ludn di qua mot diém cb dinh.
Cho tam gidc ABC vudng tai A, dudng cao AH (AB < AC). Piém D
chuyén dong trén duong tron (A ; AH) sao cho D nim ngoai dudng thang
BC. Goi E va F tht ty Ia trung diém ctia DB va DC. Chting minh dudng
tron ngoai tiép ADEF ludn di qua mot diém cd dinh.

Cho tam gidc nhon ABC ndi tiép dudng tron (O) duong kinh AD va ngoai
tiép duong tron (I). Diém E chuyén dong trén duong tron (I). Goi F 1a
diém dbi xtmg véi E qua I. Ching minh duong thing di qua trung diém
cua cic doan AE va DF lu6n di qua mot diém c6 dinh.

Cho hai dudng tron (O) va (O’) cét nhau tai hai diém A va B. Mot duong
thing quay quanh A cét cdc duong tron (O) va (O’) thir ty & C va D.
Ching minh rang duong trung tryc ciia doan thang CD Iudn di qua mot
diém cb dinh.

(hi d¢

T CUC TRI HINH HOC

I. KIEN TH(’C CAN SU’ DUNG

1. Gid tri I&n nhat, nhd nhat cla cdc ham so lugng giac.

2. B4t dang thirc co ban.

II. CAC DANG TOAN THUO'NG GAP

Dang 1. BAT DANG THUC HINH HOC

1. PHUWONG PHAP GIAI

— Tinh dong bién, nghich bién gitta géc nhon va cdc ti s lugng gidc cua nd.

158



— Vi trf trong dbi cia mot diém va dudng tron, cua dudng thing va dudng
tron, cua hai dudng tron.

— Lién hé giita duong kinh va ddy cung, giita ddy va khoang cdch dén tam,
gifra diy va cung

— Van dung céc tinh chét ctia bat dang thirc va mot s6 bat dang thirc thuong
str dung trong phian mon dai s6 nhu : Bat dang thirc Co-si ; 2(x° + y°) = (x + y)° ;
(ax + by) < (@ + b°)(X* +Y°) ; ...

Chii ¥ vé diéu kién xdy ra ddu “="" ciia méi bdt dang thirc da dp dung.
2.CAcvibu

Vi du 1. Cho tam gidc ABC vudng cin tai A. Trén cdc canh AB, BC va CA lan
luot ldy céc diém K, L va M sao cho tam gidc KLM vudng cén tai K. Ching

minh ring : Sk 2 1 .
Sapc 3
Goi y : Ap dung bat dang thic : (ax + by)* < (a° + b°)(x’ +y°), ddu “=" xdy
ra khi £ = 2
XYy

Huwong dén gidi
V& LH 1 AB. D& thiy AKLH = AMKA
(ch-gn), suy ra
HL=AK =x ;HK =AM =y. K
Vi tam gidc ABC vudng can tai A nén
BHL cling 1a tam gidc vudng can tai H
= HL=HB=x. B L c

Vi tam gidc ABC vudng cén tai A nén

28 spc = AB* =(2x+ y)2 5(22+12)(X2+y2)=5(x2+y2)

Vi du 2. Cho tam gidc ABC c¢6 ba géc nhon. Chirng minh rang :

a) SABC = %AB.AC.sinA )
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BC CA AB
sinA sinB sinC
AB*  BC*  CA? ‘
cotgA+cotgB cotgB+cotgC cotgC +cotg A ’
d) AB* + AC* > BC”.

Goi y : Ap dung dinh nghia vé ti s6 lwong gidc ciia géc nhon, cong thirc tinh
dién tich tam gidc, tinh chat cua bat dang thikc.

b)

c)

Huwoéng dén gidi
a) V& dudng cao BH cua tam giac ABC.

Ta co SABC = %AC.BH (1)

Tam gidc ABH vuong tai H, ta c6 BH = AB.sinA (2)
1

Thay (2) vao (1) ta dugc Sasc = EAB.AC.sin A.

b) Theo cau a) taco :

Sapc = %AB.AC.sinA = %BA.BC.sinB =

%CB.CA.sin C

BC CA AB BC.CAAB
sinA sinB sinC 28 uBc

=

. AH .
¢) AABH vudng tai H, ta c6 cotgA = BH ABCH vudng tai H, ta c6

cotgC = CH . Do d6
BH

AH +CH _AH+CH AC

cotgA + cotgC =

BH BH BH BH
A 2
= BH = ¢ = 2Sapc= AC.BH = AC .
cotg A+cotgC cotg A+ cotgC
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BC? CA?

. AB?

Vay : = = =2S ¢ -
cotgA+cotgB cotgB+cotgC cotgC +cotg A

d) Tacd
AB*  BC* (A

cotgA+cotgB cotgB+cotgC cotgC +cotg A
~ AB? + CA?
2cotg A+cotg B +cotgC

2 2
AB”+CA _ 2cotg A+ cotg B+ cotgC 1 = AB%+ AC?>BC2.
BC? cotg B +cotg C

Vi du 3. Cho tam gidc ABC cén tai A (;l<900), noi tiép duong tron (O ; R).
Piém M chuyén dong trén cung 16n BC.
Chirng minh ring MB + MC < AB + AC, dau “=" xdy ra khi nao ?
Goiy: Tao ra dogn thang bang tong MB + MC hop li, réi dp dung quy tdc ba
diem.
Huwoéng dén gidi

Trén tia ddi cta tia MB 14y diém D sao cho

MD = MC. A
Tam gidc ABC cin tai A = ABC = ACB. NN
Ta ¢6 ACB=AMB (hai géc ndi tiép cling D
chén ;1_1; ).

M
D& thiy ABC + AMC =180 ; '
BN~ ¢

AMB + AMD =180".
T d6 suy ra AAMD = AAMC (c-g-c) = AD = AC.
Xét ba diém A, B, D tacé : BD < AB + AD, ddu “=" xdy ra khi M tring A.

M2 BD = MB + MD = MB + MC ; AD = AC nén MB + MC<AB + AC, diu
“="xay ra khi M=A.
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Vi du 4. Cho dudng tron (O ; R) va day BC = RV3. Diém A chuyén dong trén

cung 16n BC. Goi (I ; r) la dudng tron ndi tiep tam gidc ABC. Chung minh

IA < R, dau “=” xay ra khi nao ?

Go‘t ¥ : Ap dung tinh chat : Trong mét dwong tron thi duong kinh la ddy cung
[6n nhat.

Huwoéng dén gidi

Tia Al cét duong tron (O ; R) tai D. V€ duong kinh BE cua (O ; R).

Dé thdy ABCE vuéng tai C
_BC_RB_B_ g

=sink = E=60".
BE 2R 2

— BOC =2BEC =2.60° =120° = sd BC =120".
Vi (I ; r) 1a duong tron ndi tiép AABC nén Al la
phan gic cua BAC

:@:5& = sdl/)_l;: sdl/)E =60°
— BOD =60".

Tam gidc BOD ¢6 OB = OD =R va BOD=60" = ABOD la tam gidc déu
— BD=R.

D& thay @:@:%(I?A\CHTB\C) — ADBI cintaiD = DI=DB =R.

Vi AD la day cung cua (O ; R)nén AD < 2R = AI+DI < R = Al < R (vi
DI = R), ddu “=” xdy ra khi AD = 2R < A la diém chinh giita cung 16n BC.

Dang 2.  GIA TRINHO NHAT, GIA TRI LON NHAT CUA BAI LUQONG
HINH HOC

1. PHUWONG PHAP GIAI

— Ap dung nguyén tic vé ba diém : “Véi ba diém A, B, M ta Iudn c6
MA + MB > AB, diu “=" xay ra khi va chi khi M nim giita hai diém A va B”.
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— Khoang céch tir mot diém dén mot dudng thing cé do dai ngan nhat.

2.CAc VibDu

Vi dy 1. Cho nira dudng tron O duong kinh AB = 2R. Goi C 1a trung diém cla
OA; Trén cung nua mafgt phang bo AB chtra nfrg dudng tron, v€ céc tia ticp
tuyén Ax va By. Cic diém M va N lan luot chuyén dong trén céc tia Ax va By
sao cho MCN =90°. Xac dinh vi trf cia cde diém M va N dé dién tich tam
gidc MCN dat gid tri nho nhat.

’ Goiy : Ap dung diéu kién xdy ra ddu “=" trongvbdrt dang thire Co-si cho hai
so dwong, khi biet tong hodc tich cua chung khong doi.
Huwoéng dén gidi
Vi Ax va By 1a cic tia tiép tuyén ciia (O) dudng kinh AB nén
Ax 1 AB;By L AB.

o — — e X Yy
Ta c6 ACM +BCN =90° (vi MCN =90°).

AACM vuodng tai A = ACM + AMC =90°.

— AMC=BCN = AACM ABNC (g-g) M
AM BC

=>—=—(1).
CM NC 4 |
A« . N A C o B
AMCN vudng tai C nén
S —lCM CN—lCA CB; (*)
MCN_2 . _2 . . CA Q
CM CN
CA CB _1|(cAY (cBY
Talaic6: —.—<—|| — | +|— 2)
CM CN 2|\CM CN

Tu (1) va (2) suy ra
CA CB _1|(CAY (AMY|_1
CM CN 2|\ cM CM 2

(vi CA? + AM” = CM?).
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R 3R 3R*
T (*) ta c6 SMCNZCA.CB:E.3 LS S CA _CB |

— , xay ra khi —= ;
2 4 CM CN
AM _ B am =ca.
CM CN
A s £, 13 3R> . R
Vay Sycy dat gid tri nho nhat bang T dat duoc khi AM = AC = E va
BN =BC= 37R

Vi du 2. Cho duong tron (O ; R) va hai ban kinh OA, OB vudng géc véi nhau.
Piém C 1a diém chinh giita ciia cung nhd AB. Pudng thing d di qua diém C
cit cic tia OA va OB lan luot tai M va N. Xdc dinh vi tri ciia duong thang d
dé do dai doan thang MN ngin nhat.

Goi y : Ap dung diéu kién xdy ra dau “=" trong bat dang thirc Co-si cho hai

s6 dwong, khi biét tong hodc tich ciia chitng khong doi.
Huwoéng dén gidi
VECH // OB (M € tia OA) ;

CK // OA (K € tia OB).
Vi C 1a diém chinh giita ciia cung M)
nhé AB nén COA=COB=45" (vi - .
AOB =90°). H
D& thdy CH = HO = OK = CK =
%;MH:x;NK:y. ° o«

D& thily AMHC ACKN (g-g)
MH CH
CK NK
R? :
= MH.NK = CH.CK = xy = > (khong d6i)

Tam gidc OMN vudng tai O, ta c6 :
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MN?* =0M? + ON> =(%+x}2+(%+ yf 22(%”}(%”]

= Z{R2 +£(x+ y)} > 4R?

V2
= MN > 2R, dang thirc xdy ra khi x=y=
V2
& d L1 OCtaiC.
Vay : min MN = 2R khi va chikhid L OC tai C.

Vi du 3. Cho tam giac ABC. Piém D chuyén dong trén canh BC. Trén cac canh
AB, AC thir ty liy céc diém E, F sao cho DE // AC va DF // AB. Xic dinh vi
tri diém D dé :

a) Tu gidc AEDF la hinh thoi.
b) Dién tich tir gidc AEDF dat gid tri 16n nhat.
Goi ¥ : Ap dung diéu kién xdy ra dau “=" trong bat ddng thirc 2(x* + y°) > (x

+ y), khi biét x + y khong doi hodc tong x° + y* khéng doi.

Huwoéng dén gidi
a) D& thiy AEDF 1a hinh binh hanh. Hinh binh
hanh AEDF Ia hinh thoi < AD la phan gidc cua goc

BAC. Vay khi D 1a giao diém cua tia phan gidc géc

BAC va canh BC thi tir gidc AEDF la hinh thoi. F
b)Pait AB=a; AC=b;DF=x;DE=y.

Ta c6 Saepr + Seep + Scrp = Sagc.

B D C
Vi Sasc khong ddi nén Sagpr 10n nhat khi Spep +
Scpr nho nhét.
Dat Sagc =S ; Seep = S1; Scor = So.
2
ViDF // AB nén ABED ABAC :i: @ = ﬁ:@ ; Tuong ty
S BC S BC
S _CD
S BC
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Do d6 \/%+‘/%=1:>\/S_1+\/S_=\/§.

2 .
Ta lai c6 2(S1+S2)2(\/S71+\/§) nén S;+S, 2%, dau “=" xay ra khi

JS =S, ©58,=5, < DB=DC < D latrung diém ciia BC.

Nhur vAy Sagpr 16n nhét bang nira Sapc dat duge khi D 1a trung diém cua BC.

Vi du 4. Cho géc nhon xOy va diém M nam trong géc xOy. Mot duong thang d di
qua M cit Ox va Oy lan luot tai A va B.

Xéc dinh vi tri cia dudng thang d sao cho tong — +L dat gid tri 16n nhat.
MA MB

Goi y : Ap dung tinh chat : “Khoang cdch tir mot diém dén mot dwong thang
¢6 do dai ngan nhat”.

Huwoéng dén gidi

Dung hinh binh hanh OBMN.
Goi I 1a giao diém ctua MN va Ox.
Tir gia thiét suy ra I 1a diém cd
dinh.

Ve //d(véi]J e OM). Tu
hinh thang OMAN, dp dung dinh I
Ta-1ét ta duoc 1 +L = 1 .

ON I
Vi OBMN Ia hinh binh hanh

nén ON = MB.
Do ds ——+— =L
MA MB 1]

: 1 1 e ; e :
Tong — +—— dat gid tri 16n nhat < IJ dat gid tri nhé nhat
MA MB

<1 10OM <d1OoM.

Vi du 5. Cho hinh vuéng ABCD c¢6 d¢ dai canh bang 2a. V& duong tron tim B
ban kinh bang a. Tim diém E trén dudng tron sao cho EA + 2ED dat gia tri
nho nhét, tinh gia tri nho nhat d6 theo a.
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Goi ¥ : Ap dung nguyén tic vé ba diém : “Véi ba diém A, B, M ta luon co
MA + MB > AB, dau “=" xay ra khi va chi khi M nam giita hai diem A va B”.

Huwoéng dén gidi
Goi E 12 mot diém thudc duong tron (B ; a).

Trén canh AB ldy diém F sao cho BF = % . £

— A
Xét ABEF va ABAE c¢6 : ABE la gbc »
BF BE : 1
chung va — =—— (cung bang —). E
gva o= (cung bang 2)
Do d6 ABEF () ABAE (c-g-c)

:E:l:AE:ZEF.
E 2

Do d6 EA + 2ED = 2EF + 2ED
= 2(EF + ED) < DF, dang thirc x4y ra khi E nam giita D va F, suy ra E 1a giao
diém cta DF va duong tron (B ; a).

Diéu nay ludn xay ra, vi BF = % <a;BD=2a+2 nén

F nam trong con D thi nam ngoai duong tron (B ; a),
do d6 DF ludn cét duong tron (B ; a).

Tam gidc ADF vuong tai A nén

2 2
DF’ = (2a)2+(3—“j _2a >a

=DF=—=25a.
2 4 2
Vay gi4 tri nho nhét cia tong EA + 2ED bang 2,5a.

Vi du 6. Cho nura duong tron tdam O duong kinh AB = 2R. Trén cung nira mat
phing bd AB chira nira dudng tron, v& cdc tia Ax va By ciing vudng géc véi
AB. Piém M chuyén dong trén nura duong tron (M khic A va B). Qua M vé
tiép tuyén voi nira dudng tron cat Ax va By lan luot & C va D.

Xiéc dinh vi trf ciia diém M trong mdi truong hop sau :
a) Dién tich tir gidc ABDC c6 gid tri nho nhat, tinh gi4 tri 1on nhat d6 theo R.
b) Chu vi ttr gidc ABDC c6 gid tri nho nhét, tinh gid tri nho nhat d6 theo R.
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¢) Chu vi tam gidgc COD c6 gid tri nho nhat, tinh gi4 tri nhé nhét d6 theo R.

Goi y : Ap dung diéu kién xdy ra dau “=" trong bat dang thirc Co-si cho hai
50 dwong, khi biét tich cua chitng khong doi.

Huwoéng dén gidi

a) Vi Ax va By cling vuong géc véi duong
kinh AB nén Ax va By la cdc tia tiép tuyén  x y
cua duong tron (O).

Theo tinh chit ctia hai tiép tuyén cat nhau
ta c6 : OC la phan gidc cua goc AOM ; OD la
phan gidc cua goc MOB.

M2 hai géc AOM va MOB ké bu nén
COD=90".

Vi CD la tiép tuyén va M 1a tiép diém nén
OM L CD.

Tam gidc COD vuodng tai O, dudong cao OM, ta ¢c6 : CM.DM = OM? = R*.
Theo tinh chit ctia hai tiép tuyén cit nhau ta c6 CA = CM ; DB = DM

— AC.BD =R’.

Tt gidgc ABDC ¢6 A = B =90 nén ABDC 12 hinh thang vudng. Suy ra
(AC+BD) AB
2

Ap dung bat dang thirc Co-si cho hai s duong AC va BD ta dugc
AC+BD >2JACBD =2R? =2R.

Ping thiic xay ra khi AC = BD va ACBD=R* & AC=BD=R < MC =
MD =R < MA=MB.Do d6 S,upc =(AC+BD)R >2R?, ding thirc xay ra khi

MA=MB.
Vay minSapcp = 2R? dat dugc khi MA=MB .
b) Ki hi¢u Cagcp 1a chu vi cua tir gidc ABDC ta c6 :
Casecp =AB +BD + DC + CA=2R + BD + (CM + DM) + CA
=2R + 2(AC + BD).
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Theo cAu a) ta ¢6 AC+BD >2JAC.BD =2 R? = 2R, déng thitc xéy ra khi
MA=MB.
Do d6 Cacp = 2R + 2.2R = 6R, déng thirc xay ra khi MA = MB..
Vay minCascp = 6R dat dugc khi MA=MB .
¢) Ki hiéu Ccop la chu vi cua tam gidc COD ta 6 :
Ccop = OC + OD + CD = (OC + OD) + (CM + DM)
=(0OC +0OD) + (AC + BD).
Ap dung bt ding thitc Co-si: OC +0D >2J0C.OD , ddu “=” xay ra khi
OC=0D < MA=MB.
ACOD vudng tai O, duong cao OM, ta c6 :
OC.OD = OM.CD = R(CM + DM) = R(AC + BD).

Do d6 Ccop 2 2ﬂR(AC+BD)+(AC+BD)

Theo ciu a) ta ¢c6 AC+BD >2yAC.BD =24/R* =2R, dang thuc xay ra khi
MA=MB.
Do d6 Ccop = 2J/R2R +2R=(22 +2) R, déng thirc xay ra khi MA =MB .

Vay minCeop = (2v/2 +2) R, dat duoc khi MA=MB.

Vi du 7. Cho duong tron (O ; R) diy BC = R2 cb dinh. Diém A chuyén dong
trén cung 16n BC. Ké cdc duong cao BD va CE cua tam gidc ABC. Goi H la
trung diém cua doan DE. Xéc dinh vi trf cia diém A dé OH c6 d6 dai ngén
nhét. Tinh ¢ dai ngan nhat d6 theo R.

Goi ¥ : Ap dung lién hé gitta ddy va khodng cdch tir ddy dén tam.
Huwoéng dén gidi
Ap dung dinh 1f Pi-ta-go dao ta dugc aBOC vudng tai O.
Do d6 BAC =45°. Tt gidc BCDE ndi tiép, suy ra ABC = ADE (cung bu véi
CDE) = AADE  AABC (g-g)
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DE AD
N

K¢ OK1BC= KB =KC
= KH.1DE= OKzT ; KH =

Ap dung quy tic ba diém ta c6 : OK < OH + KH

=——=C0SA=> DEZR\/E.COS450 =R.
BC AB

R2 R
2

(V2-1)R

& OH 2 , ddu “=” xay rakhi H € OK.
V2-1)R 7
Vay minOH = — dat dugc khi H € OK < A Ia diém chinh gilta
cung l6n AB.

I11. BAI TAP VAN DUNG

Bai 1.

Bai 2.

Bai 3.

Bai 4.
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Dang 1. Bét ding thirc hinh hoc

Cho tam gidc ABC vuong tai A, dudng cao AH = h, ngoai tiép dudng tron

tam I ban kinh r. Chirng minh bat dang thirc h <1442, dang thirc xay ra
r

khi nao ?

Cho tam gidc déu ABC ndi tiép dudng tron (O ; R). Diém D chuyén dong

trén duong tron (O ; R). Chitng minh bat ding thirc DB + DC < 2RA+/3,

dang thirc xay ra khi nao ?

Cho tam gidc nhon ABC, dudng cao AD, tryc tim H. Chirng minh rang :

AD
a) tan B.tanC = % b) tan A+ tanB+ tanC = tan A.tanB.tanC.

c¢) tan A.tanB.tanC = 33, dang thirc xdy ra khi nao ?

Cho tam gidc ABC. Piém D chuyén dong trén canh BC. Trén céc canh
AB, AC tht ty lay cic diém E, F sao cho DE // AC va DF // AB. Xic dinh
vi tri diém D dé dién tich tt gidc AEDF dat gid tri 16n nhat.



Bai 1.

Bai 2.

Bai 3.

Bai 1.

Dang 2. Gia tri nh6 nhit, gia tri 16n nhit cia dai lrong hinh hoc

Cho tam giac déu ABC c6 do dai canh bﬁng a. Goi O la trung diém cua
BC. Trén cdc canh AB va AC liy céc diém D va E sao cho DOE = 60°.

a) Tinh khoang cach tir O dén dudng thang DE theo a.

b) Xéc dinh vi trf cua céc diém D va E dé dién tich tam gidc DOE dat gia
tri nho nhat va tinh dién tich nho nhat d6 theo a.

Cho ntra duong tron (O) duong kinh AB = 2R. V& day CD song song vé&i
AB. Goi K va H thir ty 1a hinh chiéu cua C va D 1én duong kinh AB. Xéac
dinh vi tri ctia ddy CD dé :

a) Ttr gidc CDHK la hinh vudng.

b) Dién tich tir gidlc CDHK bﬁng ntra di€n tich ctia nira hinh tron (O ; R).
Cho diém A nidm ngoai duong tron (O ; R) sao cho OA = 1,5R. V& cit
tuyén ABC cua duong tron (B nim gitra A va C). X4c dinh vi tri cta cat
tuyén ABC dé :

a) Piém B 12 trung diém cua AC va tinh do dai AC theo R trong trudng
hop nay.

b) Dién tich tam gidgc AOB gap d6i dién tich tam giac BOC.

Mot s6 bai tap tong hop thwong gip trong cac dé thi

Cho duong tron (O ; R). Hai duong kinh AB va CD vudng géc vdi nhau.
DPiém E thl}(f)C cung nho BC, diém F thudc cung nho BD sao cho EF = R\/E .
Day AE cat CD va BC thuo ty ¢ M va N ; Day AF cat CD va BD thu tu ¢ P
va Q.

a) Tinh s do ctia géc EAF.

b) Chirng minh tir gisc MNQP ndi tiép dugc duong tron.

¢) Chirng minh rang NQ song song v&i EF.

d) Tinh chu vi tam gidc BNQ theo R.

e) Xdac dinh vi tri cua day EF dé dién tich tam gidc BNQ dat gid tri 16n
nhét va tinh gi tri 1on nhit d6 theo R.
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Bai 2.

Bai 3.

Bai 4.
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Cho ntra dudng tron tim O dwong kinh AB = 2R. Day CD chuyén dong
trén ntra duong tron sao cho CD = R\/g va D thuoc cung AC. Goi E la
giao diém cua AD va BC.

a) Tinh sb do cia géc AEB.

b) Goi F 1a giao diém ctia AC va BD. Tinh d¢ dai doan EF theo R.

¢) Xdac dinh vi tri cia day CD dé dién tich ta gidc ABCD c6 gid tri 16n
nhét va tinh gi tri 1on nhit d6 theo R.

d) Chirng minh rﬁng diém F thudc mot cung tron ¢d dinh.

e) Ching minh dudng thing di qua E, vudng géc véi CD ludn di qua mot
diém cb dinh

Cho diém A nam ngoai dudng tron (O ; R) sao cho OA = 2R. V& cic tiép
tuyén AB va AC v&i duong tron (B, C 1a cdc tiép diém). Diém M chuyén
dong trén cung nhé BC. Qua M v& tiép tuyén thir ba cat AB, AC tht ty &
D vaE.

a) Tinh s do cua géc DOE.

b) Tinh chu vi tam gidc ADE theo R.

¢) Gia sir BC cat OD, OE thir ty ¢ P, Q. Chimg minh tir gidc DEQP noi
tiép.

d) Chirng minh ring DE = 2PQ va ba dudng thang OM, DQ, EP dong quy.
e) Xéc dinh vi tri ctia diém M dé dién tich tam gidgc ADE dat gid tri 1on
nhét va tinh gi tri 1on nhit d6 theo R.

Cho tam gidc ABC, dudng phin gidc AD. Céc diém E va F chuyén dong
trén doan AD sao cho EBA = FBC (E nam giita A va F). V& cdc dudng
tron (O;) va (Oy) thr ty ngoai tiép céac tam gidc AEB va AFC. Tia CE cit
duong tron (O)) tai M ; Tia BF cit duong tron (Oy) tai N. Chirng minh

rang :

—

. ne A < sl . BA
a) Tt gidc BMNC noi tiep. Tur d6 suy ra MN.sin ¢

<BC ;

b) Ba diém A, M, N théng hang ;
¢) ECA=FCB ;
d) Tich BE.BN khong ddi.



Bai 5.

Bai 6.

Bai 7.

Cho tam gidc nhon ABC (AB < AC). V& dudng tron tdm O di qua B va
tiép xidc v6i AC tai A. V& dudng tron tdim O’ di qua C va tiép xic véi AB
tai A. Goi M la giao diém thtr hai cta hai duong tron (O ; R) va (O’ ; R).
a) Chirng minh dang thirc MA* = MB.MC.

b) Goi K 1a trung diém cta O0’. Goi I Ia diém dbi ximg cia A qua trung
diém K cta OO’. Tt gide OMIO” Ia hinh gi ? Vi sao ?

¢) Chirng minh I Ia tim dudong tron ngoai tiép tam gidc ABC.

d) Ching minh tir gidc BMIC noi tiép.

e) Gia sit BAC =60°. Tinh dién tich t&r gidc OMIO’ theo a, biét R = a va
R’ =2a.

Cho dudng tron (O ; R) va ddy BC < 2R. Piém A chuyén dong trén cung
16n BC sao cho tam gidc ABC 1a tam gidc nhon. Céc dudng cao AD, BE,
CF cua tam gidc ABC cit nhau tai H.

a) Chtrng minh rang cdc tir gisc AEHF va BCEF ndi tiép.

b) Ching minh rang ban kinh duong tron ngoai tiép tam gidc BHC bang
R.

¢) Goi K 1a giao diém ciia BE va DF. Ching minh ring H Ia tim dudng
tron ndi tiép tam gidc DEF. Tir d6 suy ra BE.HK = BK.HE.

d) Puong thang EF cat duong tron (O) & M va N. Chirng minh rang tam
gidc AMN Ia tam gidc can. Tir d6 suy ra AM” = AN® = AH.AD.

e) Chirng minh rang duong tron ngoai tiép tam gidc DEF ludn di qua mot
diém c6 dinh.

Cho dudng tron (O ; R) va ddy BC < 2R. Piém A chuyén dong trén cung
16n BC sao cho tam gidgc ABC la tam gidc nhon. Cdc dudng trung tuyén
BD va CE cua tam gidc ABC cit nhau tai G. Goi H Ia truc tdm cua tam
gidc ABC.

a) Chtrng minh rang tir gidc ADOE ndi tiép.

b) Ké duong kinh AK cuia (O). Chirng minh HK di qua trung diém F ciia
BC.

¢) Chirng minh riang dudng thang GH Iu6n di qua mot diém cb dinh.

d) Chirng minh rﬁng diém G thudc mot dudng tron cd dinh.
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Bai 8.

Bai 9.

B* - AC?
GB?-GC?
Cho diém A nam ngoai dudng tron (O ; R). V& céc tiép tuyén AB, AC cia
duong tron (0) (B, C la cic tiép diém). Mot cdt tuyén quay quanh A cit
duong tron (O) 6 D vaE (D nim gitta A, E). Céc tiép tuyén tai D va E cia
dudng tron (O) cit nhau 6 F.

e) Tinh gid tri cia biéu thirc

a) Chirng minh rang tich AD.AE khong phu thudc vao vi tri cia cét tuyén
ADE.

b) Chimng minh ding thic 22 =2

BE CE
¢) Goi H 1a giao diém ctia OA va BC. Ching minh ti gidc DHOE ndi tiép.
d) Ching minh ba diém B, C, F thang hang.

e) Chirng minh dang thirc BD_ |HD
BE V\ HE

Cho hai duong tron (O ; R) va (O’ ;) véi R > r, & ngoai nhau. V& cic tiép
tuyen chung ngoai AB va CD (A,C € (O;R);B,D e (O ;r)). V€ cic
tlep tuyen chung trong EFvaGH (E,Ge (O;R);FH e (O ;). Tiép
tuyen AB cit cdc tlep tuyen EF va GH tht tu tai M, N. Tlep tuyen CD cit
céc tiép tuyén EF va GH thir ty tai P, Q.

a) Chtrng minh rang ba duong thang EF, GH va OO’ dong quy tai K.

b) Chirng minh rang 6 diém M, N, P, Q, O, O’ ciing thuéc mot dudng tron.
¢) Gia st OO’ = 2(R + r). Tinh d0 dai doan théng MN theo R var.

d) Goi I 1a giao diém cta BH va OO’. Chirng minh ba diém A, I, G thang
hang.

Bai 10. Cho diém A ndm ngoai duong tron (O ; R) sao cho OA = 2R. V& cic tia
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tiép tuyén AB, AC cia dudng tron (O) (B,C Ia céc tiép diém). Piém D
chuyén dong trén cung nho BC. Goi E, F, G 1an luot 13 hinh chiéu vudng
gbc cua diém D trén céc canh AB, BC, CA.

a) Chirng minh rang cdc tt gidc BEDF va CGDF ndi tiép.
b) Chirng minh dang thirc DF* = DE.DG.
¢) Tinh téng DE + DF + DG theo R.



Bai 11.

Bai 12.

d) Goi M la giao diém ctia BD va EF ; Goi N Ia giao diém cta CD va FG.
Chirng minh ring MN song song v6i BC va MN 1a tiép tuyén chung cta
hai duong tron ngoai tiép cua céc tam gidac DME va DNG.

e) X4c dinh vi tri diém D trén cung nho BC dé tich BE.CG dat gia tri lon
nhét.

3\3.DF?
—
Cho tam gidc ABC vudng tai A, duong cao AH. Goi (O ;r), (O ;11), (O2;

r7) thi ty la cdc dudng tron noi tiép cua cic tam giac ABC, ABH, ACH va
lan luot tiép xic voi canh AB 6 D va BC GO E, F.

f) Chlrng minh bat dang thirc Sggg >

a) Chirng minh rﬁng AH=r+r1 + 1.

b) Chting minh rang r’= 1’12 + r22 .

¢) Chirng minh ring O 12 tryc tim cta tam gidc AO,0O,.

d) DPuong théng 0,0, cit cdc canh AB, AC tht U.l’,ff M, N. Chtrng minh
rang céc tir gidc BMO;H, CNO,H va BO;0,C ndi tiép.

e) Tinh dién tich cdc tam gidc AMN, 00,0, ABC, biét r =32 cm ;
r = 42 cm.

Cho tam gidc ABC can tai A, A=120°, BC = 2/3cm. Diém D chuyén
dong trén canh BC. V& duong tron (O ; R) di qua D va tiép xuc voi AB tai
B. V& duong tron (O’ ; R’) di qua D va tiép xic v6i AC tai C. Goi E Ia
giao diém cua hai duong tron (O) va (O).

1) Chirng minh rang :
a) T gidc ABEC ndi tiép.
b) Puong thing DE ludn di qua mot diém cb dinh.

g¥3_1 . 1
ED EB EC
2) Tinh tong R + R’.

3) Xdc dinh vi tri cia diém D dé DE ¢6 do dai 1on nhit. Tinh d6 dai 16n
nhat do.
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Bai 13. Cho ba duong tron (O; ; 1cm), (Oz ; 2cm), (O3 ; 3cm) sao cho (O; ; 1cm)

va (O, ; 2cm) tiép xtc ngoai tai A ; (Oz ; 2cm) va (O3 ; 3cm) tiép xuc
ngoai tai B ; (O3 ; 3cm) va (O; ; 1cm) tiép xdc ngoai tai C.

a) Tam giac 0;0,0; 1a tam gidc gi ? Vi sao ?

b) Tinh di¢n tich cua tam gidc ABC.

¢) Chimg minh duong tron ngoai tiép AABC Ta dudng tron ndi tiép AO,0,0;.
d) Chirng minh rang ba dudng thing AOs ; BO, ; CO, dong quy.

Bai 14. Cho dudng tron (O ; R), ddy BC = R+/3, diém A chuyén dong trén cung
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16n BC sao cho tam gidc ABC ludn la tam gidc nhon. Cac duong cao AD,
BE, CF dong quy tai H. Goi I Ia trung diém cua BC.

a) Chung minh rﬁng 4 diém B, H, O, C cung thudc mot dudng tron.

b) Ké duong kinh AP ciia duong tron (O). Ching minh rang 3 diém H, I, P
thang hang.

¢) Goi K 1a diém chinh giita cung nho BC. Tt gidac AOKH 14 hinh gi ? Vi
sao ?

d) Puodng thing OH cit cdc canh AB, AC tht tw & M, N. Tam gidc AMN
la tam gidc gi ?

e) Xdac dinh vi tri diém A d¢ BM + CN dat gi4 tri 16n nhét. Tinh gid trj 16n
nhét d6 theo R.



GOTY - HUONG DAN GIAI PHAN HINH HOC

Chu dé 1. TINH TOAN CAC PAI LWONG HINH HOC

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 1.

Dang 1. Tinh s6 do géc

Vé phia ngoai hinh vuéng ABCD, dung tam gidc BKC bing tam gidc
BIA. Ap dung dinh If Pi-ta-go dao chirg minh tam gidc IKC 13 tam gidc
vudng.

Dép s : AIB=135".
Ap dung tinh chat ctia géc ndi tiép, tam gidc dong dang.
Pip s6 : MIT=90°.

Ap dung hé thirc luong trong tam gidc vudng, ti sd lwong gidc cua géc
nhon, quy trinh an phim tinh s6 do géc khi biét ti s6 lugng gidc cua nd.

Dépsé: B~52"; C~38°.
Chirng minh AADE () AABC, 1di 4p dung ti s6 lugng gidc ctia géc nhon.
Piép sb : BAC = 60°

Ap dung tinh chit ti s6 lugng gidc ctia hai géc phu nhau, cdc cong thirc

sin . 2 ) . X e,
tano = , tana.cotau=1, sin“o+cos“ =1, ti sO lugng gidc cua

cCos QO
cac goc dac bict.
Pap s6: a) a=45"; b) a=45;
¢) =45, a=60" ; d) a=30°.

Dang 2. Tinh d dai doan thing ; tinh gia tri ciia biéu thirc

Ap dung tinh chét cta tam gidc déu, nira tam gidc déu, dinh Ii Pi-ta-go, ti
sO lugng gidc cuia géc nhon, tam gidc dong dang, tam gidc bang nhau.

. 3R
Paps6: —.
P 4

177



Bai 2.

Bai 3.

Bai 4.

Bai 1.
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Ap dung tinh chat vé dién tich, tinh chat tam gidc déu, hinh thang can ,
hinh binh hanh, dinh If Pi-ta-go.

3R 3RV3

Dﬁwé:]%D+ME+MF:—Z; AF+BD+CE:—7;—,

MD+ME+MF _\3

AF+BD+CE 3
Qua A ké duong thing vudng géc voi AE cit dudng thing DC tai G, dp
dung tinh chat cta hinh vudng, tam gidc bang nhau, hé thirc luong trong
tam gidc vudng.

bat AE = x thi dugc phuong trinh i+ =1.

1
2
J5+42 -1

xT (x+1)
2

a) Ké OH vudng géc v6i OB. Ap dung dinh 1i Pi-ta-go, tinh chét cta hinh
chir nht, tinh chit doan ndi tim ciia hai dudng tron tiép xic, tinh chat cia
tiep tuyen.

Dip s6: BC=2VRr .

b) Ké AK vudng géc v6i BC thi AK chinh 1a khoang cich tir A dén BC.
Goi E 1a giao diém ctua AK va HO’, dp dung dinh 1i Ta-lét.

2

bipso: x=

Pap 6 : AK =8|
R+r
¢) Ap dung dinh If Ta-lét.
L R(R+r)
Dipsd6: DO=———=.
R—r

Dang 3. Tinh chu vi da giac, chu vi dwong tron.

Tinh dién tich da giac, tinh dién tich hinh tron
a) Ap dung tinh chit géc noi tiép chin nira duong tron, tinh chét cta géc
ndi tiép, tam gidc vudng cn, niia tam gic déu, dinh Ii Pi-ta-go.

(Vo-2)r
—

Dipsd: AB=



b) Ap dung cong thirc tinh dién tich S ABC :%AB.AC .Sin A.

(3+\/§)R2

Dép 56 :SABCD =

4
{ A .. . TiRn
¢) Ap dung cong thirc tinh do dai cung I = 300"
0 2
Dip s6 : I = nR.3(()) :K.
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Bai 2. Ap dung tinh chit trong tim ciia tam gidc, dinh 1i Pi-ta-go, hé thirc lugng
trong tam giac vudng, cong thuc tinh dién tich tam giéc.

Dép Sé . CABC :(6+3\/§+3\/8)a ) SABC :9\/5.02.

Bai 3. Ap dung cong thuc tinh dién tich tam gidc S =./p(p—a)(p-b)(p—c).

at+b+c . , )
1a ntra chu vi

trong d6 a, b, ¢ 1a d§ dai c4c canh cta tam gidc, p =

clia tam gidc. Chd ¥ rang bon trung diém cia bén canh cua tir gidc tao
thanh mot hinh binh hanh.

Chu dé 2. Chirng minh cac yéu té hinh hoc, quan hé hinh hoc

Dang 1. Chirg minh hai doan thing bing nhau, hai géc bing nhau

Bai 1. Ap dung tinh chit géc tao boi tia tiép tuyén va day cung, tam gidc dong
dang.

Bai 2. a) Ap dung tinh chat duong kinh vudng géc véi diy cung, tam gidc dong
dang.
b) Ap dung tinh chit cua tir gidc ndi tiép, tinh chét, diu hiéu nhan biét tam
gidc can.

Bai 3. a) Géc ndi tiép chin nira duong tron, hé thirc lugng trong tam gidc vudng,
tam gidc dong dang.
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Bai 4.

Bai 5.

Bai 1.

Bai 2.
Bai 3.

Bai 4.

Bai 1.
Bai 2.
Bai 3.
Bai 4.

Bai 5.

Bai 1.
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b) Ap dung cong thiic ?C = CA = AB =2R (R la ban kinh dudng
sinA sinB sinC
tron ngoai tiép AABC).

Qua A ké tiép tuyén chung trong cua (O) va (O’) cit CD tai F. Ap dung
tinh chat cua géc noi ti€p va goc tao boi tia ti€p tuyén va day cung.

Ap dung tinh chat ctia hai tiép tuyén cit nhau, tinh chat cia géc noi tiép.

Dang 2. Chitng minh quan hé vuéng goc, quan hé¢ song song
a) Goi H 12 giao diém ctia AD va EF. Chimg minh AHE =90° bng céch
4p dung tinh chat géc ¢6 dinh ¢ bén trong dudng tron.

b) Ap dung tam gidc bﬁng nhau, d4u hiéu nhén biét hai dudng théng song
song.

Ap dung quan hé tir vudng géc dén song song.

a) Ap dung tinh chat hai tia phin gidc ctia hai géc ké b
b) Ap dung dinh If Ta-1ét do.

Ap dung dau hiéu nhan biét hai duong thing song song.

Cén ching minh MB = MD, sau d6 goi P 1 trung diém ctia AD.

Dang 3. Chig minh nhiéu diém cing nam trén mét dwong tron

Ap dung tinh chat : “Hinh thang cin la ti gidc ndi tiép”.

Ap dung dinh nghia dudng tron hay nhiéu diém cdch déu mot diém.

Tt gidc ¢6 hai dinh lién tiép cling nhin mot canh dudi hai géc bang nhau.
Hai dinh lién tiép cua tir gidc ciing nhin mot canh dudi hai géc bang nhau.

Hay “Tt gidc ABCD c6 hai duong chéo AC va BD cit nhau tai E ¢6
EA.EC =EB.ED”.

Hai dinh lién tiép cua tir gidc ciing nhin mdt canh dudi hai géc bang nhau.

Hay “Tu gidc ABCD c6 hai duong chéo AC va BD cit nhau tai E ¢6
EA.EC =EB.ED”.

Dang 4. Chirng minh mdt dwong thing 1a tiép tuyén ciia dudng tron

Ching minh D, A, E thing hang va OA vudng géc voi DE.



Bai 2.
Bai 3.
Bai 4.
Bai 5.

Bai 1.

Bai 2.

Bai 3.

Bai 1.

Chitng minh HE L OE hay chitng minh HEO =90°.
Chitng minh ABD = AEB.

Ké OH L EF; OK L CD. Chimg minh OH = OK.
Chtrng minh DIB=ICB.

Dang 5. Chirg minh ding thirc hinh hoc

a) V& duong kinh BD. Ap dung géc ndi tiép chin nira duong tron, ti s6
lugng gidc cua goéc nhon.

b) Ap dung cong thirc tinh dién tich tam gidc va két qua & cu a).

¢) Ap dung cong thirc tinh dién tich tam gic S = pr (p 1a nira chu vi var Ia
ban kinh dudng tron ndi tiép tam gidc) va két qua ¢ cau b).

a) Ap dung tinh chat ciia tam gidc cin, tam gidc dong dang.

b) Ap dung tam gidc dong dang, dinh 1f Pi-ta-go va bién d6i cac dang thirc
mdt cach hop Ii.

a) Ap dung ti s6 luong gidc ctia géc nhon va tam gidc dong dang.
b) Vé cic duong cao BE, CF.

Ap dung két qua cu a) va dang thic HD + HE + HE =1.

AD BE CF

Dang 6. Chig minh nhiéu diém thing hang, nhiéu dwong dong quy
a) Goi F 1a giao diém cuia hai duong thing MP va OO’. Ap dung tinh chét

ctia tiép tuyén, dinh Ii Ta-1ét tinh dwoc FO = dR

=—— (trong d6 d = O0O’).
—r
Goi F’ 1a giao diém ciia hai dudng thing NQ va O0’, tuong tu
dR

—-r

F'O=

= dpcm.

b) Goi I 12 giao diém ciia hai duong thing AB va MP. Ap dung tam gidc
ddng dang dé ching minh IA = IB, tinh chat duong ndi tim cua hai dudong
tron cét nhau, tinh chat duong trung tuyén tmg voi canh huyén, tinh chét
clia tam gidc cin, tinh chit qua mot diém cho trudc c6 duy nhat duong
thang vudéng géc voi mot dudng thing cho trude.
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Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.

Bai 1.
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a) Ap dung tinh chét g6c noi tiép chin nira dudng tron, diu hiéu nhan biét
tiép tuyén, tinh chit cua hai tiép tuyén cit nhau, tinh chit cta tam gidc
can, tam gidc vudng, dinh 1 Ta-1ét.

b) Kéo dai AD cit duong thiang BF tai G. Ap dung tinh chat hai géc dbi
dinh, ddu hiéu nhan biét hai duong thang song song, dinh 1i Ta-Iét, tinh
chit trung tuyén mg v6i canh huyén, tinh chat tam gidc can, tinh chét hai
duong thang song song, Tién dé O-clit.

Goi Oy ; O, ; O3 1an Iuot 13 tAm céc dudng tron ngoai tiép cdc tam gidc déu
ABD, BCE, CAF. Goi M 1a giao di€m cua hai duong tron (O;) va (O,). Ap
dung tinh chat cia tam gidc déu, tinh chat cua tr gidc ndi tiép, dau hi¢u
nhan biét tr gidc noi tiep.

Ap dung tinh chit ciia géc ndi tiép, tinh chit tia phin gidc ctia mot géc,
tinh chit ctia tir gidc ndi tiép, diu hiéu nhan biét tir gidc ndi tiép dé ching
minh CMN = EMA, suy ra hai tia MA va MN trung nhau.

a) Ap dung duong trung binh tam gidc, tinh cht hinh binh binh hanh.

b) Ap dung dinh Ii Ta-Iét, tinh chét trong tam cua tam giic.

Van dung tinh chat hai dudng chéo ciia hinh binh hanh.

Dang 7. Chitng minh tam giac, tir giac dac biét

— — o —

a) Taco DA=DB ; EA=EC

—_ —_ —_ —_

= ADE = PDE ; AED = PED

Do d6 AADE = APDE (g-c-g)

= DA =DP;EA=EP.

= DE la trung truc cua AP (1)

D@ thiy BE va CD tht ty Ia phan gidc cua cdc
g6c ABC ;XC\B = AP la phan giic cua BAC. 2)

Tu (1) va (2) = tam gidc AMN cén tai A.

b) Tam gidc AMN cén tai A c6 AP la phan giac MAN nén AP 1a trung
truc cua MN.

Ta lai ¢6 DE (hay MN) la trung tryc cua AP. Do d6 tir gidc AMPN la hinh
thoi.



Bai 2.

Bai 3.

Can chirng minh BCDK 14 hinh thang noi tiép duong tron.
Nhur vdy chi can chimg minh BK // CD hay BK L AB.

Vi M, N, P, Q thir ty 1 trung diém cua AD, DC, CB, BA nén dé dang
chirng minh dugc MNPQ 13 hinh binh hanh. Hinh binh hanh MNPQ Ia

hinh vuong khi va chi khi OM = OP va MOP = 90"
& AC=BD ; AC LBD.

(\/5+\/E)R (2+J§)R2

Chu dé 3. Tap hop diém

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 1.

Bai 2.

Dang 1. Tim va chirng minh vé tap hop diém

Goi K 1a trung diém cia BC = K cb dinh. Can chirmg minh KM =R =
dpcm.

Trén cling nira mit phing bd AB c6 chira diém C, dung tam gidc déu
ABF, suy ra F ¢6 dinh. Cin chirng minh AEF = 90°, tir d6 suy ra dpcm.

Chu y : Ban doc hay xét bai toan trén trong cac truong hgp sau : Tam gidc
ACE vudng can tai E hodc vudng can tai A hodc vudng can tai C hoac tam
gidgc ACE cin tai E va ¢6 E = o, khong doi.

Dung dudong tron (O’) ngoai tiép tam gidc BOC cét OA tai D. Can ching
minh D ¢6 dinh, suy ra O’ cach déu hai diém c6 dinh O va D = O’ thudc
dudng trung tryc cua OD.

Xét hai truong hop : Tiép xiic ngoai ; Tiép xtc trong.

Goi 1a trung diém cua OO’. Hiy ching minh diém I ¢6 dinh va IM c6 do
dai khong doi.

Dang 2. Chimg minh dwong thiang, dwong tron di qua diém c6 dinh
V& duong kinh AE cta duong tron (O ; R). Goi F 1a giao diém cua BF voi
duong thang di qua D va vudng géc véi AC. Can chirmg minh diém F cb
dinh.

Chirng minh diém C thuoc duodng tron di qua trung diém ba canh cia tam
gidgc ABD, tirc 12 quy vé viéc chirng minh tr gidc ndi tiép.
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Bai 3.

Bai 4.

Bai 5.

Du dodn duong tron ngoai tiép tam gidc DEF di qua diém H. Ta cin
chirg minh tir gisc DEHF ndi tiép. Hay dung hinh binh hanh DHCG, rdi
chung minh ADHG  AHBD (c-g-c).

Du dodn dudng thing di qua trung diém cua cdc doan thing AE va DF di
qua trung diém cia doan thang OI. Hay van dung tinh chat hai duong chéo
cua hinh binh hanh.

Gia str dudng trung tryc cua doan thing CD di qua diém E. Du dodn tir
gidc AOEQ’ 1a hinh binh hanh. Tir d6 dung diém E, rdi chimg minh tam
gidc CED cén tai E, bang cdch tir O, E, O’ ké cdc duong vudng géc véi
CD va van dung tinh chat cta hinh binh hanh, suy ra dpcm.

Chu dé 4. Cuc tri hinh hoc

Bai 1.

Bai 2.

Bai 3.

Bai 4.
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Dang 1. Bét ding thirc hinh hoc
KéIDL BC,IEL AC = ID=1IE =r1. Tacé AH < Al + ID, ddu “=" xdy
rakhil € AH. Chd ¥ ring AT =r+/2.
Xét hai truong hop : diém D thudc cung 16n BC ; diém D thudc cung nho
BC.
Ap dung tinh chit cua tam gidc déu, tinh chit ciia géc géc ndi tiép, tam
gidc bang nhau, bat déng thirc tam gidc. V&i chi ¥ rang tam gidc déu ndi
tiép duong tron (O ; R) ¢6 canh bing R\3.
a) Ap dung ti s6 luong gidc ctia géc nhon va tam gidc dong dang.
b) V& cdc duong cao BE, CF. Ap dung két qua ciu a) va ding thirc
HD HE HF

+ + =1.
AD BE CF
¢) Ap dung bét ding thirc Co-si cho 3 sé duong tanA, tanB, tanC.

Ap dung tinh chit cua dién tich da gidc, ti s dién tich cta hai tam gidc
dong dang, bat dang thirc C6-si cho 2 s6 duong.

. 1 . . 2
Dép s6 : max S y\gpr = ESABC , dat duoc khi D 1a trung diém BC.



Bai 1.

Bai 2.

Bai 3.

Dang 2. Gia tri nh6 nhat, gia tri 16n nhét
a) KEOH L AB;OK L DE;OI L AC. Ap dung tinh chit cua tam gidc
déu, tam gidc dong dang dé ching minh BDO = O/D\E, tor d6 tinh duogc

a*\3

OK =0OH = .
4

2
b) Ap dung tam gidc dong dang, chirng minh BD.CE = %.

bat DH=DK=x; EK=El=y.
e a a
Khid6 DE=x+y;BD :x+z ; CE y+z.

Ap dung bat dang thirc Co-si dé tim gia tri nho nhét ciia

pi= (s s {5+

a) Hinh chir nhat 1a hinh vu6ng khi hinh chir nhat cé hai canh ké bﬁng
nhau, 4p dung dinh 1f Pi-ta-go dé lap phuong trinh tinh CK theo R.
. 2R
Papso: CK =—.
V5
b) Ap dung cong thtrc tinh dién tich ctia hinh chit nhat, dién tich hinh tron,
dinh 1i Pi-ta-go dé 1ap hé phuong trinh tinh CK theo R.

(\/4+n-_|-\/4—n)R
2 :
a) Goi O’ 1a trung diém ciia OA. Ap dung tinh chéat duong trung binh tam

Piép s6 : CK =

. R 7 R < 7 2 2 A 4
gidc dé c6 O'B :E, tor d6 suy ra cach dung céit tuyén ABC. Ap dung

dinh If Pi-ta-go d& 1ap hé phuong trinh, tir d6 tinh duge AC = RV/10 .
b) Ta phén tich dé tim cdch xéc dinh diém B.

Vi dién tich tam gidc AOB gip ddi dién tich tam gidgc BOC nén AB =
2BC. Trén doan OA ldy diém O’ sao cho O’A = 20°0. Theo dinh 1i Ta-1ét
dao = O’B // OC.
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Bai 1.

186

Theo dinh Ii Ta-1ét tinh duoc O’B = 2TR )

Nhu vay B 1a giao diém cua hai duong tron (O ; R) va (O’ ; 2TR ).

Mot s6 bai tap tong hop thwong gip trong cac dé thi

a) Ap dung dinh Ii Pi-ta-go dao dé
chirng minh EOF 1a tam gidc vuong.

b) Chimg minh NAP = NCP = 45°
— APN =90° = AMQ =90"

= tir gidc MNQP noi tiép.
¢) Chimg minh AMD = AFE ;

AMD = AQN = AQN = AFE = NQ
song song voi EF.

d) Goi H 1a giao diém cua MQ va NP,
kéo dai AH cit NQ tai K. Chirmg minh H Ia tryc tdm cta tam gidgc ANQ
= AAKN =AACN (ch-gn) ;A AKQ =AADQ (ch-gn) = KN =CN ; KQ

= DQ. Tir d6 tinh duoc chu vi ciia tam gidc BNQ bang 2R2 .
e)DitBN=x ;BQ=y = CN=R2-x;

DQ=R+v2-y vaNQ=2R2-x—y.
Ap dung dinh 1f Pi-ta-go 1ap duoc phuong trinh
xy—2(x+y)R\/§+4R2 =0.

Ap dung bt dang thirc Co-si dé tim gid tri 16n nhat ctia dién tich tam gidc
BNQ.

D4p sb : Spno 16n nhét bang 2R” (3-2/2) dat dugc khi EF // CD.



Bai 2.

Bai 3.

a) V& duong kinh CM cua duong tron (O ; R).
Ap dung tinh chit géc ndi tiép chin nira duong
tron, ti sb lugng gidc cua géc nhon, tinh chét
gbc ¢ dinh & bén ngoai dudng tron.
Piép s6 : AEB = 30"
b) Can chimg minh tir gidc CEDF ndi tiép
duong tron duong kinh EF. Roi 4p dung cong
CD
sinE
¢) Ap dung ti s§ dién tich ctia hai tam gidc

thuc : EF =

dong dang dé chimg minh Sgup =3S45cp =
Sagcp 16n nhét
& Sgap 16n nhét

& Spap = %AB.EH = R.EH 16n nhat

& EH 16n nhit < H tring O (vi E thudc
cung chta géc 30° duong trén doan AB) <
CD // AB.

Ddp s6 : Seap 16n nhdt bang (2+v3)R* = Sapco 16n nhat bing
(2 +3 ) R?
—— khiCD // AB.

d) Cén chimg minh AFB =150°.

e) Goi O’ 1a tdm dudng trdn ngoai tiép tam gidc EAB = O’ ¢ dinh. Tim
céch chirg minh dudng thing di qua E va vudng géc voi CD di qua diém O,
a) Tinh chét hai tiép tuyén cit nhau, ti s6
lugng giéc.

Pip s6 : DOE =60°.

b) Chl:lfl’lg minh CADE =2AB.

Dép Sé . CADE = 2R\/§.

¢) Can ching minh céc to gidc BOQD va
COPE noi tiép

= lﬁzﬁQ\E =90° = dpcm.
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Bai 4.

188

d)AOPQ  AOED (g-g), tinh chét ba duong cao.
. AR®
e) Qua O vé HK // BC :HD.KE:T. bat BD=x;
CE=y = DE=x+y. Ap dung bat dang thirc Co-si dé tim gid tri nho
nhit cia DE =x+y.

Chémg minh BMC =CNB = t& gidc BMNC nbi tiép. Goi R 1a bén kinh

LA . B
dudng tron ngoai tiép tr gidlc BMNC ta ¢ —/C\ =2R.
sin BMC

Ta lai c6 B—E\ =2R va MN <2R = dpcm.
BAC

sin

b) Tt gidc BMNC ndi tiép = CBN = CMN .

Talai c6 CMA=EBA ; CBF = EBA

— CMN=CMA = ba diém M, A, N thing hang.

¢ T& gide BMNC ndi tiép =BCM=BNM, ma
BNM = FCA = BCM = FCA = ECA=FCB.

d) D& thiy ABEA (0 ABCN (g-g) :]lj—i:% = BE.BN = BABC

khong di.



Bai 5.

Bai 6.

a) D& thay MAC = MBA A
MAB = MCA

= AAMB ACMA (g-g) X :

MA MB
> —=— £

MC MA M i/

K
— MA? = MBMC
b) D& thdy AOIO’ la hinh B D P
binh hanh = OI = O’M.
Q

Nho duong trung binh cua
tam gidc = KH // MI = dpcm.

¢) Chirng minh I 12 giao diém hai dudng trung tryc.

d) Chirng minh BIC = 2.BAC ; BMC =2.BAC = dpcm.

7 21

¢) 00’ = a7 ; Ml = 3“;/_ MH=AH =~ —.

a) AEH + AFH =180° = Tt gidc AEHF noi tiép.

BEC = BFC =90° = Tt gidc BCEF ngi tiép.

b) Kéo dai AD cit (O) tai Q.

Chirng minh ABQC = ABHC (g-c-g) = dpcm.

¢) D& thiy BDHF va CDHE déu 1a ti gidc ndi tiép.

Do d6 HDF = HBF = HCE = HCE

= DH la phan giac cua géc EDF.

Tuong tu EH ciing 1a phan gidc cua géc DEF.

Vay H 1a tim duong tron ndi tiép cia tam gidc DEF.

ViDB L DH nén DB la phan gidc ngoai tai dinh D cia ADEF
DK HK BK
DE HE BE

= BE.HK = BK .HE .

d) Ké tiép tuyén Ax cua (O) rdi chirng minh BAx = BCA = AFE
= EF//Ax = OA L MN = AM = AN
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Bai 7.

190

= Tam gidc AMN can tai A = m = m ,

mia AMN = ACN nén ACN = ANE = AANE ) AACN (g-g)
AN AE
AC AN

Dé thdy AAEH  AADC (g-g) = AE.AC = AH.AD.

Do d6 AM” = AN” = AH.AD.

— AN? = AE.AC.

e) Goi P 1a trung diém coa BC. Chémg minh EPF =2.EBF ;
EDF =2.EBF = dpcm.

a) DA=DC = OD 1L AC; EA=EB = OE L AB = ti gidc ADOE
noi tiép.

b) AK la duong kinh, suy ra
ABK =ACK =90 ; CHL AB ;
BH L AC = BK // CH va

BH // CK = BHCK Ila hinh binh
hanh, ma FB = FC nén FH = FK.

¢) D& thdy G 1a trong tim cua

AABC :GA=§GF.

AAHK c6 AF 1a trung tuyén va

GA=§GF nén G 1a trong tam

cua AAHK .
Vi HO 1la trung tuyén cia AAHK nén 3 diém H, G, O théng hang =
dpcm.
d) Ké GI// AO PG 11 dinh.
FO FA 3

Ta ciing ¢6 F_16_FG_1 = IG:E = dpcm.

FO OA FA 3 3
e) Kéo dai BD cit (O) tai P ; kéo dai CE cét (O) tai Q.

2 2
— DP.DB = DA.DC = Af : EQ.EC = EA.EB = A% :




Bai 8.

Bai 9.

AB* - AC?

GB.GP=GC.GQ & —; - =3.
GB* -GC
a) D& thiy AABD  AAEB (g-g)
AB _AD BD
= T AR (1)
AE AB EB
— AD.AE = AB” khong dbi A
b) AACD AAEC (g-g)
_ AC_AD _CD @
AE AC EC
Vi AB = AC nén tir (1) va (2) D
_ BD_CD H
BE CE’ B =
c) D& thiy OA L BC tai H va HB = Q

HC. Can chirng minh

AH.AO = AB?; AH.AO = AD.AE =
AD.AE =AB>. E

T d6 = AAHD 0 AAEO (c-g-c)

— AHD = AEO = OHD +OED =180° = dpcm.

d) D& thiy ODF = OEF =90° = tir gidc ODFE noi tiép.

Ta lai c6 tir gidc DHOE noi tiép (cmt) = 5 diém D, H, O, E, F cung thudc

dudng tron duong kinh OF = OHF =90° hay OH L HF , ma OH L BC
nén B, C, F théng hang.
AD HD

e) D& thdy FHD = FHE (vi FD = FE), mAHA L HF — 2= =2"—
AE HE

Theo cau a) thi

AB_AD _BD _ AB AD _(BD 2:AD_ BDY’
AE AB EB ~AE AB \ EB AE \EB)
BD [HD

Do 46 —=,[—.
BE HE

a) Gia st EF cit OO’ tai K ; GH cit OO’ tai K.
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Bai 10.

192

Vi EF 1a tiép tuyén chung trong nén OE L EF ; O'F L EF = OE//O'F

Ap dung dinh 1f Ta-lét ta duoc Qzﬂ:i: KO'= 00 L Tuong
KO OE R R+r
wko=22" gk,
R+r

Vay ba duong thiang EF, GH va OO’ ddng quy tai K.

b) D& dang chimg minh dugc OMO'=ONO'=0PO'=000"'=90" ,

Vay 6 diém M, N, P, Q, O, O’ cung thudc duong tron tdm O’’ dudng kinh
00’.

¢) Ve O”’S vudng gbc véi MN = SM = SN.

Talaic6 OA L ABvaO’B L AB = OA//O’'B//O’’S, ma
0”’0=0"0" = SA =SB Do d6 MA = NB. Vi MA = ME va MB = MF
= MN =EF.

00'r 2(R+r)r
R+r R+r

Tuong tw KE = R\3 = EF =(R+r)/3. Vay MN =(R+r)~/3.

Tacé KO'= —2r = KF =r/3.

d) Goi L 1a giao diém ctia O’N va BH ; Goi J 12 giao diém ctia ON va AG.
D& thdy ANOA () AO'NB (g-g) ¢6 AJ va BL 1a cic dudng cao tuong
, NJ O'L
ung > —=——.
NO O'N

Ta lai ¢6 LI // NO (cung vudng géc voi O’N)

O'L LI NJ LI
- = - =

O'N NO NO NO
Do d6 JNLI Ia hinh chir nhat = IJ 1. NO, ma AG L NO tailnén A, I, G
thang hang.

= NJ=LI.

a) BED = BFD=90" ; CGD = CFD = 90"
— BEDF ; CGDF la céc t{r gidc ni tiép.
b) ADEF  ADFG (g-g)

DE _ DF

e — DF? =DE.DG.
DF DG



¢) Vi AB la tiép tuyén, B 1a tiép diém
— ABO=90".
AABO vudng tai B E G
D
—sinoaB=2B_R _1_ oap-30".
OA 2R 2 . N c
D& thiy = AB = AC va OAB=0AC =30". Fon
Vay tam gidc ABC déu c6 canh o
AB = OA.cosO/A\B = 2R .cos30"
= 2R.£ =R\3
2
3R

TaCé SDAB +SDBC +SDCA:SABC :>DE+DF+DG:AH:7

— — — e —

d) Tacé DFE = DBE = DCB ; DFG = DCG = DBC

— EFG = DBC+DCB .

Ta lai c6 DBC + DCB +BDC =180° = EFG +BDC =180° hay
MFN + MDN =180°

= Tu gidc DMFN noi tiép = DMN = DFN = DCG = DBC
= MN // BC.

Vi DMN =DBC = DEF vi DNM = DCB = DGF nén MN I tiép tuyén
chung ctia hai duong tron ngoai tiép cia cic ADME va ADNG .

e) Tam gidc ABC déu = ABC=60" = BDC =120° = MFN = 60"
= ABEF ACFG (g-g).

BE BF
=>—=—
CF CG
BF+CFYV (BCV (RVZ) 3R
— BECG=BFCF<|2ZX 1= | | 22| | 22 28
(Bcry (2] (&2 ] -2
BC R3

Piang thic xay ra khi BF = CF = R D la diém chinh giira

cung nho BC.
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Bai 11.

194

f) Ta co
SkG = SEpE + SkpG + SpEG = %(DE.DG+ DE.DF + DF.DG)sin 60° .
Talai c6 DE.DG + DE.DF + DF.DG

= DF* + DF (DE + DG) > DF* + 2DF* = 3DF*

Tir d6 suy ra dpcm. Dau “=" xay ra khi DE = DG < D la diém chinh
gitra cung nho BC.

C

a) Ap dung tinh chat cia hai tiép tuyén cat nhau bién d6i dugc :
2AD =AB + AC - BC

Vi AO 1a phan gidc ctia BAC

= EA\O:%BTC:%.%O = 45"

= AAOD vudng can tai D

= AD=0OD-=r

= 2r=AB+AC-BC (1)
Tuong tu : 2r; = HB + HA — AB (2) ; 2r, = HA + HC — AC (3). Tt d6 suy
raAH=r+r + 1.

b) Ta c6 HAB = HCA (ciing phu véi HAC).
D& thiy OAC = O;HA =0,HC =45° .



= AMOC AHO,A W AHO,C (g-g)

AC HA HC  AC?> HA>+HC? 5 9 1
= = = 5= 3 s =R+
AO HO, HO, = AO*> HO}!+HO?

¢) Vi HBA= HAC (ciing phu véi HAB) nén ABO = HAO,
— ABO+ BAO, =90° = BO L AO, hay 0,0 L AO, (1).
Twong ty 0,0 L AO; (2). Tir (1) va (2) = O la tryc tim ctia AA0,0,.
d) Vi 0 Ia tryc thm cua AAO,0, nén AO 1 0,0, hay
AO L MN = AAMN vudng cén tai A
— AMN = ANM =45 = O,HB = 0,HC = 45"
— Cic tir gide BMOH va CNO,H ndi tiép.
D& thdy BMO, = 0,00, =135°va MO,B = 00,0, (déi dinh)
— MBO, = 00,0, = 0,BC = 00,0,
— T gidgc BO,0,C ndi tiép.
Cdch khdc : Chirng minh BO\0>C néi tiép ta can chirg minh
OA’ = 00,.0B = 00,.0C.

2 2
e) Theo cau b) r? = > +75 =(32) +(4/2) =50=r =52
= AH=r+1+1, =124/2.
AAOM =AAOH (g-c-g) = AM = AH =122
AAMN vuodng can tai A = S 4,y =144 (cm?).

Tam gidc AMN vudng can tai A c6 AM = 1242 = MN = AM~/2 = 24.
Gia st AO cit 0,0, tai K.

. . 1
Tam gidc AMN vuodng cén tai A, suyra AK = EMN =12.

Talaicé AO=rV2=5vV22=10 = 0K =AK - A0 =12-10=2.
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Bai 12.

196

Tam gidc HO0O; vudng tai H c6
HO, =12 ; HO, = n\2 = 0,0, = /2 =5v2:/2=10.

Do d6 Spp, =10 (cm’).

— — — -

T gisac BMO,H, CNO,H néi tiép = HO,0, = HBM ; HO,O, = HCN .
Do d6 AHO,O, AABC (g-g)

HO, _HO, _00, _ 3 _ 4 _5
AB AC BC AB AC BC

=

Dit AB = 3k ; AC = 4k ; BC = 5k. Tir AB.AC = BC.AH tac6 k = 54/2.
Do d6 S 43¢ =300 (cm’).

Do 46 :
noi tiép.
b) Vi AABC céan tai A :@:A/CE, theo cau a) nén EET):C/‘ET) ta
¢6 ED I phan gidc ctia BEC (1). Tt gidc ABEC ndi tiép va AB = AC
— BEA=CEA = EA la phan gidc cia BEC (2)



Tir (1) va (2) suy ra DE di qua diém A c6 dinh.
¢) Vi AABC cantai A, A=120°
— ABC = ACB=30" = BED = CED =30" .

Do d6 Sgpec =Sgep +Scep

PN %EB.EC.sin 60° = % EB.ED.sin30° +%EC.ED.sin 30°

olmre B Lgpmlilmecl
2 2 2 2" 2 >
o EBEC = EBED+ ED.EC e 33 = 1,

ED EB EC
2) Vi dudng tron (O) tiép xtc véi AB tai B OBA=90", ma ABC =30°
nén O/li) =60".
Tam gidc OBD cén tai O (OB = OD = R) va OBD =60° = AOBD déu
— R=BD (1)
Tuong tw: R” = CD (2). Tir (1) va (2) = R+ R’ =BD + CD = BC = 24/3
(cm).

3) Ta c6 AE = AD + DE. Do d6 DE 16n nhit < AE 16n nhit va AD nhé
nhét ¢6 thé duoc.

Diéu nay dong thoi xay ra khi AE | BCtaiD = DB =DC = J3em.

D& thdy tam gidgc ABD lic nay 1a nira tam gidc déu = AD = lcm va
AB =2cm.

Ta cé AABE vuong tai B, duong cao BD, suy ra
AB* 2?
AB? = AD.AE = AE =——="—=4(cm).
AD 1

Vay DE c6 d6 dai 16n nhét khi D 1a trung diém ciia BC, khi d6 DE = 3cm.
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Bai 13.

O3

a) Ap dung tinh chat doan n6i tim ciia hai dudng tron tiép xic ngoai
= 0102 =3cm, 0,03 = 5cm, 030; =4cm = tam gidc 010,053 vudng tai
0.
b) Vi tam gidc O;0,03 vudng tai O; nén
_00; _4 $in 0y = 00, _3
0,0; 5 0,03 5
= S p0. = 0,A.O,B.sin 0,
2 2
03 B.0;C.sin Oy
2
_0,0,.0,0;

Ta lal co 5010203 —T =6 (sz) ) SOIAC =

=1,6 (cm?)

=2,7 (cm?)

va Spco, =
AAOE 05 (cmd).

= Sasc = 1,2 (cm’).

¢) Goi I 1a giao diém cic tia phan gidc cta cdc géc O, va O3
= OyI1a phan giic cua goéc O;.

D& thay AO,IA = AO,IB (c-g-c) ;
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AOsIB = AG,IC (c-g-¢) ; AOIA = AQ|IC (c-g-c).

= IAO, = IBO; ; ICO, = IBO, ; IAO, = ICO,
= IBO, = IBO; =90° hay IB L 0,0;.
Tuong ty IA L 0,0, ; IC L 0,05. Talai c6 IA =1B =IC = dpcm.

d) Tacé AG, .BO2,CO3 :1.3.3:1.
A0, BO; CO, 231

Ap dung dinh 1i Cé-va dao = dpcm.

Bai 14.a) Vi 1a trung diém ciia BC nén

B =10=2C B yor 1 e

Tam gidc BOI vudng tai I, ta c6

3

sinBol =12 _ Y3 _ 551 = 60°.
OB 2

ABOC cantai O

— BOC =2.BOI =2.60° =120°.

:>B/A\c:%3/0\c:%.1200 —60°.

Tt gide AEHF ¢6 : AEH = AFH =90° ; EAF =60° = EHF =120°
Ta lai 6 BHC = EHF (dbi dinh) = BHC =120°

Tt gide BHOC ¢6 BHC = BOC =120° = Ti gidc BHOC noi tip.
b) D& thiy ABP = ACP =90 = CP // BH va PB // CH.

— BHCP Ia hinh binh hanh, ma I Ia trung diém dudng chéo BC nén I
ciing 1a trung diém duong chéo HP, hay 3 diém H, I, P thing hang.

¢) Vi K 1a diém chinh giita cung nhé BC = OK L BC tai L.
. — R
Tam gidc BOI vuong tai I, ta c6 OI = OB.cosBOI = R.co 560° :E .

D@ thiy OI la dudng trung binh ctia tam gidc AHP = AH =2.0I=R.
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T gidc AOKH c6 OK // AH va OK = AH = R = AOKH Ia hinh binh
binh hanh.

Hinh binh hanh AOKH ¢6 AH = AO = R = AOKH Ia hinh thoi.
d) Tam gidc BOC can tai O ¢6 BOC =120 = OBC = OCB =30".

Tt gisc BHOC néi tiép = EHN=0CB = EHN =30, maAEHN
vuong tai E = ENH =60°

Tam gide AMN c6 MAN = ANM =60° = Tam gidc AMN la tam gidc
déu.

e) D& thdy ABE =30°= MHB =30 = ABMH cén tai M

— BM=MH (1)

D& thiy ACF =30°= NHC =30° = ACNH céntaiN = CN = NH (2)
Cong (1) va (2) vé theo vé ta duoc : BM + CN = MH + NH = MN.

Ké duong cao AQ cua tam gidc déu AMN

:>MN:2A—Q = BM + CN :z'ﬂ.

V3 V3
Ma AQ < AO =R, ddu “=" xdyra & Q = H = O & A la diém chinh
gitra cung BC.

. I4 N 2R . A .
Vay : BM + CN dat gid tri 16n nhat bang — khi A la diém chinh gitta

3

cung l6n BC.



Phan ba. SO HOC

(hide . L -
——— TINH CHIA HET - PONG DU THUC

1. PHUONG PHAP GIAI
— A(n): p khi A(n) = p.A;(n) hoac A(n) = pA;(n) +pAz(n) +...
— Céc tinh chét vé phép chia hét.
—a déng du b theo modun m néu a — b chia hét cho m. Ki hiéu:a = b (mod m).

— Céc tinh chit vé dong du thirc.

2.CACVibDu

Vi du 1. Ching minh rang moi s6 nguyén n thi :
a) n° — n chia hét cho 3 ;
b) n’ —n chia hét cho 5 ;
c) n’ — n chia hét cho 7.
Huwong dén gidi
a) Tacén’ —n = (n— 1)n(n + 1) ma trong ba s6 nguyén lién tiép c6 mot sb
chia hét cho 3. Vay n’ — n chia hét cho 3.
b) Cdch 1:C6n’ —n=n(n*-1)(n*+1) =nn’- 1)(n* -4 +5)

= (n-2)(n - Dn(n +1)(n + 2) + 5n(n’*~ 1)(n’ - 4) chia hét cho 5,
vi mdi s6 hang ctia tong déu chia hét cho 5.

Cdch 2 : Xét s6 du cua n trong phép chia cho 5 (ddng du theo mod 5).
TrA=n’-n=n(n’- D@’ + 1) tacé:

— Néu 7 chia hét cho 5 thi A chia hét cho 5.
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—Néun=5k * 1(keZ)thi n*—1=(25k* £10k):5.
—Néu:n=5kt2 (ke Z)thi n*+1=(25k> £20k +5)5.
Trong S‘tru:(‘mg hop trén, trudng hop nao ciing ¢6 mot thira s6 chia hét cho 5.
Vay ta c6 diéu phdi chirng minh.
c) * Cdch 1
Xét higu cta n” — n véi mot s6 chia hét cho 7 1a
(n-3)(n-2)(n- Dn(n+ 1)(n+ 2)(n+ 3).
Taco :
n’ —n-(n-3)n-2)(n- Dnn+ 1)(n+2)(n+3)=7n2n" —n*+5): 7.
* Cdch 2
Tacén —n= n(n3 + 1)( n’ - 1).
Xétn=T7k;n=T7kxl;n=7kx2;n=7k=*x3(ke Z).
Trong céc trudng hop trén, trudng hgp ndo ciing ¢é mot thira s6 chia hét cho 7.

Bai todn trén 1a cic truong hop riéng cia dinh 1i Fec-ma.

Vi du 2. Chiing minh rang :
20424 224 4277 42772 1 27 chia hét cho 31.
Huwoéng dén gidi
Téng gém 5n sb hang, ta nhém thanh n nhém, mdi nhém 5 s6 hang
2042 4224 4232 ol
=@+ 24 42 H 2+ 2%+ L2+ L+ (T2 T L2
=%+ 24 4+ 2HA 4224272 422D
=31(1 +2° +2°% + ... + 2°" D) chia hét cho 31.

X +x+2

, trong d6 x, y la cac $6
xy—1

Vi du 3. Tim gi4 tri nguyén ciia biéu thic P =

nguyén duong.
Huwong dén gidi
P ¢6 nghia khi xy # 1. Xét cac truong hop sau
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4
a) Voix=1vay >2thiP= —16 Z" khiy— 1 la wéc nguyén duong cta 4.
y—

Vay P=4khix=1;y=2;
P=2khix=1;y=3;
P=1khix=1;y=35.

2
+1 4 A
b) Véiy = 1va x22 thiP= = 2 v424 % Do d6 P la s
x—1 x—1
nguyen khi x — 1 1a wéc nguyén duong cua 4.
Vay P=8khix=2;y=1;

P=7khix=3;y=1;
P=8khix=5;y=1.

2
VeI x22;y22 thiyp= XY FOF2Y g 2yHxl
xy—1 xy—1
2 A . 2y+.x+1 . X A
bé P nguyén thi 1 = k 1a s0 nguyén duong (do xy — 1> 3).
xy—

*Néuk=1thi2zy+x+1=xy—1 & xy-2y-(x-2)=4 & x-2(y-1)=4
Vay x=3;y=5thiP=1;
x=4;y=3thiP=2;
x=6;y=2thiP=4,
*Néuk > 2thi2y +x+ 1> 2xy-2
S xy-2y-(x-1) <4 (x-1D)R2y-1)<4.
Véix = 2 ;y = 3 thi BDT trén khong xay ra.
Vé6ix =2 ;y=2 thi k khong nguyén nén P khong nguyén.
Vay cdc gid tringuyéncuaPla:1;2;4;7;8.

s &) ~ sz RN 5 N Lz A N 1 A Nz A
Vi du 4. V6i nhitng gid tri nao cua a thi cdc s0 a++/15 va ——+/15 déu la cac so
a

nguyén ?

Huwoéng dén gidi
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bat a+x/B :xvﬁl—x/g =y; x,yeZ.
a

Suyraa= x—+/15 va l:y+\/g(a;«r&0).
a
Do d6 (x—\/g)(y+x/g):1<:>\/B(x—y)=16—xy (1)

16— , ,
Vo 1 vi V15 13 s6 vo ti va ——2 13 s6 hitu
x—y x—y

Néu x#y,taco JI5=

ti.
Vay x =y, thay vao (1) tadugc x=y=4hodc x=y =4.

Vay aE{—4—\/B;4—\/B}.

Vi du 5. Tim hai chit s6 cudi ciing ciia s6 A = 22",
Huwoéng dén gidi
Ta tim s6 du cta A khi chia cho 100.
Ta c¢6 100 = 4.25 va 2! = 1024 = —1(mod 25)
= A =227 =2 (2! = 9(mod 25)

Hién nhién A chia hét cho 4 = A =-16 (mod100) .Vay hai chit s cudi ciing
clia A 1a 84.

Vi du 6. Chirng minh riang néu A c¢6 ba chit s6 tan cting 1a 625 thi A" ciing c¢6 ba
chir s6 tan ciing 1a 625.

Huwoéng dén gidi
Tu A =625(mod1000) suyra A" =625"(mod1000).
Tacé 625" —625=625(625""—1)=625.624.(625"" +...+1)
=390000(625"* +...+1) = 0(mod 1000) .

Vay A" ciing c6 ba chit sé tan cling 1a 625.

Vidu7.Cho A=1"+2"+3 +... +2015°.

Hay tim chit sO tan cung cua A.

204



Huwoéng dén gidi

Chii ¥ rang : Véi ae N thi hai sé a° va a ¢6 chit s6 tan ciing gidng nhau.

That vay :

@ —a=a@' - =a@ - D@+ =a@-D@+1)a -4+5)
=ala-1)(a+1)(a-2)a+2)+5a(a—1)a+1).

Vi tich hai s6 tu nhién lién tiép chia hét cho 2 va tich nam s ty nhién lién tiép
chia hét cho 5 nén a’ — a chia hét cho 10 hay a’ va a c¢6 chir s6 tan ciing gidng
nhau.

bat B=1+42+3+... +2015thi

A= -1 +(2°=2)+ (3 =3)+... + (2015’ - 2015) + B.

Nén hai s6 A va B ¢6 chit sd tan ciing giéng nhau. Do d6 ta tim chit s6 tan

cung cua B.

Ma B = 2015.&216 =2.031.120 Vay chit s6 cudi cing cia A 12 0.

3. BAITAP TU LUYEN

Bai 1. Chuing minh ring : néu céc s6 nguyén a va b khong chia hét cho 3 thi a® — b°
chia hét cho 9.

Bai 2. Chung minh rang 4a” + 3a + 5chi chia hét cho 6 néu a 1a mot sd nguyén
khong chia hét cho 2 va ciing khong chia hét cho 3.

n’+4

n+5
dén 2015 sao cho phén s6 A chua tdi gian.

1la+2b
—c

Bai 3. Xét phansd A= . Hoi ¢6 bao nhiéu sb ty nhién n trong khoang tir 1

18a +5b
&S ———€
19

Bai 5. Tim cdc s6 ty nhién n sao cho 2°" + 2" + 1 chia hét cho 21.
22015

Bai 4. Cho a, b € N. Chung minh : Z Z .

Bai 6. Tim ba chir sO cudi cung cua A =

Bai 7. Ching minh ring néu A c6 hai chir sé tdn cting 14 76 thi A" ciing ¢6 hai
chir s6 tan ciing 1a 76.

Bai 8. Ching minh A =2>" +5:7 Vn>1.
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(hide . I X R ure
———— SO NGUYEN TO - HOP SO - SO CHINH PHUONG

1. PHUONG PHAP GIAI
- Pé chirng minh A(n) 1a sO nguyén td ta phan tich A(n) = A;(n).Ax(n).

Ta c6 A(n) la sO nguyén td khi Ai(n) =1 ; Ax(n) nguyén td hodc Ax(n) =1 ;
Ai(n) 1a s6 nguyén to.

— Pé ching minh A(n) 1a hop sb ta can chirng minh A(n) chia hét cho m 16n
hon 1 va A(n) 16n hon m.

— Pé ching minh A(n) 1a s chinh phuong, ta cin chimg minh A(n) 1a binh
phuong ciia mot sO nguyén, hodc can ctr vao mot so tinh chat vé s6 chinh phuong.

— Mot s6 khong chinh phuong khi : chir s6 tan ciing 1a 2, 3, 7, 8 ; chia cho 3
du 2 ; chia cho 4 du 2 hodc 3 ; ndm giita hai s6 chinh phuong lién tiép ; ...

2.CACVibDu

Vi du 1. Cho p 12 s6 nguyén té dang p = 4k + 3 (ke N). Gia sir cdc s6 nguyén x,
y thod min x* + y* chia hét cho p. Chirng minh x va y déu chia hét cho p.

Huwoéng dén gidi
Néu mot trong hai s6 x va y chia hét cho p, theo gia thiét x* + y* chia hét cho p
thi ta suy ra cd hai so6 déu chia hét cho p.

Gia str ca hai s6 déu khong chia hét cho p. Ta cé p =4k + 3 (ke N).

Theo dinh If Fer-ma thi x”™' = y?™' =1(mod p)

suy ra : x*¥*2 4 y¥#*+2 = 2(mod p) (1)
Mt khéc : A2y y4k+2 _ (x2)2k+1 +(y2)2k+13x2 n yzfp. )

Tu (1) va(2) tasuyra 2:p = p=2, vo li vi p = 4k + 3. Vay ta c6 diéu ching

minh.
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Vi du 2. Chung minh rﬁng khong c6 s6 chinh phuong A nao c6 mot trong hai
dang sau :

a)A=4n+2; b) A=4n+ 3.

Huwoéng dén gidi
Xét ala sb nguyén bat ki. Néu a chin, a = 2n, thi a* = 4n” chia hét cho 4.
Néualé,a=2n+1,thia’=4n(n+ 1) + 1=1(mod4).

Vi du 3. Chitng minh rang cic s6 ¢6 dang n(n + 1) va n(n + 2) khong thé 1a cac sd

chinh phuong véi moi s6 n nguyén duong.

Huwoéng dén gidi

Ta biét giita hai s6 nguyén dwong lién tiép khong con sb nguyén nio nira,
cling nhu gitra hai so6 chinh phuong lién tiép a’ va (a + 1)° khong con s6 chinh
phuong nao nita. Ma ta cé n® < n(n + 1) < n(n + 2) < (n + 1)* v6i moi s6 n nguyén
duong nén céc s6 n(n+ 1) va n(n + 2) khong thé 1a cic s6 chinh phuong véi moi
sO0 n nguyén duong.

Vi du 4. Chirng minh rang, ton tai vo sb sé nguyén duong a sao cho q =n* + a
khong 1a so6 nguyén t6 v61 moi sO6 nguyén duong n.

Huwoéng dén gidi
Xét cdc s6 a c6 dang a = 4m” trong d6 m 12 s6 nguyén duong.
Tacé q=n*+a=n*+4m’ = (® + 2m*)* - 40°m’
= (n2 +2m’ — 2nm)(n2 +2m’* + 2nm)

V6im > n thi n* + 2m® — 2nm >1 va n® + 2m” + 2nm > 1, do d6 q 1a hop sb.
Vay ton tai vo sd s6 nguyén duong a = 4m* sao cho q khong 12 s6 nguyén td véi
moi sO nguyén duong n.

Vi du 5. Cho p 1a s6 nguyén t& 16n hon 3 va 4p + 1 1a s6 nguyén t6.

Chirng minh rang 2p + 1 1a hop sb.

Huwoéng dén gidi

Vi p 12 s6 nguyén té 16n hon 3 nénp[3. Do d6 p=3k + 1 hodc p =3k + 2

(ke N").
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Néup=3k+2thidp+1=4Bk+2)+1=12k+9: 3 valénhon3 nén4dp + 1
12 hop s6. Ma theo dé bai thi 4p + 1 1a s6 nguyén t6 nén p = 3k + 1.
Khid6é 2p+ 1 =23k + 1)+ 1 =6k + 3 : 3 va 16n hon 3. Vay 2p + 1 13 hop

,
A

SO.

Vi du 6. Ching minh rang 10 ** + 3 1 hop s6 v&i moi sb ty nhién n.
Huwoéng dén gidi
Ta c6 10° chia cho 7 du 1 nén 10" chia cho 7 ciing du 1, do d6 10~ '3 7.
Suy ra 10%(10°" = 1):7 = 10™** = 10*:7 = (10°"** + 3) — (10* + 3): 7.

Talaicé 10* +3:7 nén 10" "4 +3:7, ma 10" ** +3>7nén 10 ** + 3 1a
hqpsé.

Vi du 7. C6 hay khong 2009 s tu nhién lién tiép déu 1a hop s6 ?
Huwoéng dén gidi
Xét s6 tu nhién a = 1.2.3...2010 = 2010!
Xét 2009 sb ti nhién lién tiép a + 2, a+ 3, a +4, ..., a + 2010.

Dé théy a+k>kvaa+k:k(véimoik=2,3,4,...,010), suyra a +k 1a hop
s0.

Vay 2009 s6 tu nhién lién tiép a + 2, a+ 3, a +4, ..., a + 2010 déu 12 hop sb.

3. BAITAP TU LUYEN

Bai 1. Tim tht ca sb tu nhifennsao chodayn+ I, n+ 2, n+ 3, ..., n+ 10 ¢6
nhiéu s6 nguyén td nhat.

Bai2. Cho ne N ; n>1 vankhong chia hét cho 3.
Ching minh rang s6 A = 3°" + 3" + 1 Ia hop s0.

Bai 3. Tim céc sd nguyén td p sao cho 2p + 1 bang lap phuwong ctia mot sd tu
nhién.

Bai 4. Tim cdc s6 nguyén t§ p sao cho 13p + 1 bing lap phuong ctia mot s tu
nhién.

Bai 5. Tim tat ca cdc sO nguyén t p, g, r thoa min phuong trinh :

(p+ D(q+2)(r+3)=4pqr
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Bai 6. Chirng minh riang véi moi sd nguyén x, y thi
A = (x + Y)(x + 2y)(x + 3y)(x + 4y) + y* 1a 56 chinh phuong.
Bai7. ChoS=123+234+345+...+kk+1)(k+2).
Chirng minh rang 4S + 1 14 s6 chinh phuong.
Bai 8. Cho a, b, ¢, d Ia cdc s6 nguyén duong tity ¥ sao cho ac = bd.

Chirng minh rang v&i moi s ty nhién n thisé M = a" + b" + ¢" + d" 1a hop
sO.

(hi dé

T PHUONG TRINH NGHIEM NGUYEN

1. PHUONG PHAP GIAI
C6 thé sir dung mot hodic két hop céc tinh hubng sau :
— Pénh gia mién gid tri cia bién x.
— Pua vé phuong trinh wéc sd.

— St dung phuong phdp kep giira hai s& nguyén lién tiép khong con sb
nguyén nao nira.

— Sir dung tinh chat chia hét, dong du thirc.

— Dung phuong phép cuc han : sir dung phan tir 1on nhit hay nho nhét ciia
mot tap hop s6 hiru han.
2. CACcVviDy
Vi du 1. Tim nghiém nguyén ctia phuong trinh : x* — 6xy + 13y” = 100.

Goi ¥ : Ddnh gid mién gid tri ciia bién x.
Huwong dén gidi
Phuong trinh di cho viét duge dudi dang : (x — 3y)* = 425 —y%). (1)
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Tu (1) tasuyra: y> <25 va 25— y? 1a s6 chinh phuong.

Vay: y*€{0,9,16,25} = ye {0,£3,44,£5} .

Vay phuong trinh c6 12 nghi€ém :

(1050);(=10;0):(1753) 5 (153) 5 (=175-3) 5 (=1 5-3) 5(654) ; (18 54) 5
(18 ;-4);(-6,-4); (15:5) ; (-15;-5).

Vi du 2. Tim nghiém nguyén cuia phuong trinh :
(Y=2)x*+(y —6y+8)x=y"—5y+62.
Goi ¥ : Dua vé phirong trinh wdc so.
Huwoéng dén gidi
Phuong trinh da cho twong duong voi :
(y=2)x" +(y=2)(y =Hx=(y=2)(y—3)+56

= (y —2)[x2 +(y —4)x—(y—3)} =56 & (y=2)(x—D(x+y-3)=56

Nhéan théy (yq— 2) + (x’ - ‘1) = (x +y- 3), nén ta phan tich 56 thanh tich ba sO
nguyén sao cho tong hai s6 dau bang s6 con lai.

Nhu vay 56 = 1.7.8 =7.1.8 = (=8).1.(=7) = 1.(-8).(-7)

=(-8).7.(-1) =7.(=8).(-1).

Tt d6 nghi¢m cua phuong trinh (x ; y) 1a:(2:;9);(8;3);(-7;3);(2:;-6);
(-7;9):(8;-6).

Vi du 3. Tim nghiém nguyén ctia phuong trinh: 1 +x + x° + x° =y,

Goi ¥ : Sir dung phuwong phdp kep giita hai sé nguyén lién tiép khong con sé
nguyén nao nia.

Huwong dén gidi
Vil +x+ x>0 voi moi x.
Tir phuong trinh suyra: x° <y’ < (x +2)° = y’ = (x + 1)°.
Vaytacé: l+x+x+x =(x+1° & 2’ +2x=0 = x=0hodcx = —1.

Phuong trinh ¢6 nghiém : (0 ; 1) ; (-1 ; 0).
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Vi du 4. Tim nghiém nguyén cia phuong trinh 2x° + y° — 2x’y = 320.
Huwoéng dén gidi
(Str dung tinh chat chia hét, dong duw thirc)
Viét lai phuong trinh dudi dang : x° +(x’ — y)* = 320.
Pitu=x";v=(x —y)tacé u”+ v* = 320.
Do d6 u, v ciing chan hodc cling 1é.
Gia siru, v cling 1é thi u”> +v* =2(mod4).
Ma 320=0(mod 4) khong xay ra. Vay u, v cling chan.
Dit u=2u;, v=2v; tadugc u +v; =80.
Lap luan tuong tu ¢6 uy, v; ciing chén dit u; = 2u, , vi = 2v, ta duge u +v; =20.
Dit u3 =2u ; v =2vataco u; +v; =5.
Vay caccap (uz;v3) la(1:2), (-152),(1;-2), (-1;-2).
Suy ra cap nghiém (x; y)la: (2;-8);(-2;-8);(2;24); (-2 ;-24).

Vi du 5. Tim nghiém ty nhién ctia phuong trinh x + y + z = xyz.

Goi ¥ : Ding phwong phdp cwc han : sit dung phan tir [6n nhdt hay nhé nhat
cua mot tap hop so.
Huwoéng dén gidi
Do vai trd cta x, y, z 12 nhu nhau nén ta chi cdn tim cdc nghiém x, y, z ma
x2y2>z, sau d6 hodn vi cdc nghi¢m vira tim dugc dé duoc toan by nghi€ém cua
phuong trinh.

Taco3x 2 x+y+z=xy7 = 3 2 yz

+Néuz=0thitacbx+y=0=x=y=z=0.

+Néuz>0thix> y> z>0.

Do yz < 3 nén ta ¢6 cac kha ndng sau :
*y=z=1= x+ 2 =x(v0 nghi¢m).
¥y=2;z=1=>x+3=2x = x=3.

*y=3,z=1= x+4=3x = x=2 <y (v0 nghi¢m).
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Vay phuong trinh cé 7 nghiém la : (0, 0, 0) va (3, 2, 1) cung véi cac hoan vi
cua no.

3. BAITAP TU LUYEN
Bai 1. Tim tat ca cap s6 nguyén (x ; y) thoa man : y(x — 1) = x* + 2.
Bai 2. Tim tat ca cap s6 nguyén duong (x ; y) thoa man :
(x> —9y*)?* = 33y + 16.

Bai 3. Tim céc sd nguyén x, y, z thoa min diéu kién :

6(y*— 1) + 3% +y*2) + 2(z* - 9x) = 0.
Bai 4. Tim tit ca cdc cip sd nguyén (x ; y) thoa man : x* (x> + y*) = y**'.
Bai 5. Tim céc sé nguyén duong x, y, £ voi £ <6 thoa min phuong trinh sau :

x*+y?—4x—-2y-Tt-2=0.

(hi dé

T TOAN SUY LUAN LO-GIC

1. PHUONG PHAP GIAI

— Van dung nguyén Ii Dirichlé : "Nhdt n + 1 chd thé vao n céi chudng thi ton
tai it nhét 1 cdi chudng nhét nhiéu hon 1 chd tho".

— Van dung nguyén 1f cyc han : "Trong mdt tap hop hitu han cic sb bao gio
cling toOn tai sO bé nhat va s 16n nhat".

— Vén dyng nguyén Ii bién : "Trong mit phing cho hitu han cdc diém ludn ton
tai mQt duong thang di qua 2 diém da cho ma cic di€m con lai déu nam vé mdt
phia cia duong thang dé".

— X¢ét cdc kha nang c6 thé xay ra, su sdng tao trong viéc dua ra mot mod hinh
cu thé hop i, sy linh hoat trong viéc van dung cdc phwong phép nhu : phan chimg,
nguyén Ii Pirichlé, nguyén 1f cuc han, quy nap todn hoc, d6 thi (dua ra mot mo
hinh hop 1), t6 mau, tinh chit ciia dai song song, danh gid d6 16n ciia mot yéu td
hinh hoc, ...
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2.CAC VibDu

Vi du 1. Cho 100 s ty nhién tuy y. Chirng minh rang ton tai 10 s6 sao cho hiéu
hai sb bat ki déu chia hét cho 11.
Goi y : Van dung nguyén li Dirichlé.
Huwong dén gidi
Bai todn thyc chat di chirng minh c6 it nhét 10 sé trong 100 sé da cho c¢6 cling
s6 du khi chia cho 11.

Khi chia cho 11 ta nhan dugc 11 s du: 0, 1,2, ..., 10. Talai c6 100 = 11.9 +
1. Vay 100 s6 du xép vao 11 c4i 1ong theo nguyén tic Dirichlé thi ton tai mot 1ong
chira it nhat 9 + 1 = 10 s6 du giéng nhau.

Vay c6 it nhat 10 s6 khi chia cho 11 ¢6 cting s6 dur.

Vi du 2. Mdi diém trong mit phang duoc to boi mdt trong hai mau xanh hodc do.
Chirng minh ton tai hai diém duogc t6 ciing mau ma khoang cich giita ching
bang 1.

Goi y : Van dung nguyén li Dirichlé.
Huwoéng dén gidi
Xét tam gidc déu c6 canh bang 1. C6 ba dinh dugc t6 boi hai mau nén theo
nguyén Ii Dirichlé thi ton tai hai dinh dugc t6 boi cuing mot mau.

Vi du 3. Chirng minh rang trong 8 s6 tu nhién, mdi s6 ¢6 3 chit s6, bao gior ciing
¢6 thé chon duoc hai sO ma khi viét lién nhau ta thu dugc mot s6 cé 6 chir sO
chia hét cho 7.

Goi y : Van dung nguyén li Dirichlé.
Huwoéng dén gidi

Trong 8 sO ludn ton tai hai s6 c6 cung s6 du khi chia cho 7 suy ra hi¢u ctua

chiing chia hét cho 7, goi hai s6 d6 12 a,a,a,, bbb, suyra: aa,a,—bb,b, :7.

Vay © aa,abbb, =1000a,a,a; + bbb, = 1001a,a,a, - (a,a,a,—bb,b, )7 (vi
1001: 7).
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Vi du 4. C6 n van dong vién thi diu béng ban theo thé thirc vong tron (mdi diu
thi dau véi tat ca ddu thi con lai). Chimg minh rang c6 thé sap xép tat ca n van
dong vién theo hang doc sao cho ngudi dung trude thang ngudi ding ke sau.
Goi y : Van dung nguyén li cuc han.

Huwoéng dén gidi

Xét tit ca céc cich xép s6 van dong vién theo hang doc sao cho ngudi ding
trude thang nguoi ding ke sau (céc cach xép nhu vay ludn ton tai, vi du xep hai
nguoi thi nguoi thang ding trude, nguoi thua dung sau). Vi so cdch xép la hiru
han nén ton tai mot cach xép P ¢6 nhiéu van dong vién nhit. Ta chirng minh cach
xép P ¢6 du n van dong vién da thi dau.

Gia str trdi lai, con mot van dong vién A khong duoc xép trong cich xép P.
Gia su trong cidch xép P c6 m nguoi Ay, Ay, ..., An (2<m<n—1) sao cho A,
théng Ay Ay théng Az, ..., A théng A Vi thi ddu vong tron nén A phai dau
voi Ar. Néu A thang A, thi cich xép P, theo thd tu : A, Ay, ..., An ¢6 nhiéu van
dong vién hon céch xép P, trdi v&i cdch chon, vay A thua A;.Lap luédn tuong ty A
thua Az,As, ...Am. Khi d6 cich xép P theo thir tw Ay, As,..., Am, A c6 nhiéu vin
dong vién hon cach xép P.

Vay cach xép P c6 di n van dong vién, ta cd diéu phai chirng minh.

Vi du 5. Vé phia trong tam gidc déu ABC canh bang 21cm ldy hai diém D va E
tuy y. Chirng minh rang ton tai ¢iém M nam trén canh ciia tam gidc déu ABC
sao cho MD va ME déu c6 d¢ dai 16n hon 10cm.

Goi ¥ : Do thi (Tao ra mét mod hinh hop Ii).
Huwong dén gidi
V& ba duong tron (A), (B), (C) c6 ban kinh
bﬁng 10cm.
Vi AB = BC = CA = 2lcm nén ba duong
tron (A), (B), (C) do6i mot nim ngoai nhau. Xét ‘

hai diém D va E ndm trong tam gidc déu ABC thi

c6 cdc kha ndng sau : cung nam trong mot hinh Y
quat, cing nam ngoai ba hinh quat, chi c6 mot ‘ ‘
diém nam trong mot hinh quat hodc nim trong

hai hinh quat khdc nhau. Trong tit ca cic kha

ning c6 thé xay ra d6 thi ton tai diém M tring
véi mét trong cac dinh A, B, C thod man MD > 10cm ; ME > 10cm.
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Vi du 6. Ching minh rang tdim dudng tron ndi tiép mot tam gidc thi nim trong
tam gidc c6 dinh 12 trung diém ba canh cia tam gidc d6.
Goi ¥ : Van dung tinh chdt ciia dai song song.
Huwoéng dén gidi
Goi I 1a tdm duong tron ndi tiép cua tam gidc ABC. Goi D, E, F thir tu la
trung diém cdc canh BC, CA, AB. K¢ AH L BC, IK L BC.

Ta cbé Sasc = éBC.AH :é(BC+CA+AB).IK >é.ZBC.IK.

Dod(’)AH>2IK:>IK<%.

D@ thy FE 1a duong trung binh clia tam gidc
ABC nén FE // BC va khoang cich gitta FE va

BC bing %.

= I ndm trong hai dudng thing song song
FE va BC (1).
Tuong ty :

I ndm trong hai duong thing song song DF
va AC (2).

I nim trong hai dudng thing song song DE
va AB (3).

T (1), (2) va (3) = I ndm trong tam gidc DEF.

Vi du 7. Tim dién tich 16n nhat ctia mot tam gidc, biét ring do dai mdi canh cia
n6 khong vuot qua 4.

Goi y : Van dung nguyén li cuc han.
Huwong dén gidi
Khong mat tinh tong qudt, gia sir tam gidc ABC c¢6 géc A 1a géc nhd nhat
= A<60°.

NE

Do ds S, =L ABAC.sinA<t 4435 - 4~/3, dhu “=" xay ra khi AB = 4,
ABC 2 2 2

AC =4, A=60" hay tam gidc ABC Ia tam gidc du canh bing 4.
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Vay max§,,. = 43 dat duogc khi tam gidc ABC 1a tam gidc déu canh bang 4.

Vi du 8. Liy mdi canh cia tir gidc ABCD lam dudng kinh, v& nira duong tron
cung phia véi tir gide. Chirng minh ton tai it nhat mot diém nam trong hodc
nam trén cic nra dudng tron do.

Goi ¥ : Pdnh gid s6 do mdt géc doi véi duong tron va phiong phdp phdn
chung.

Huwoéng dén gidi
Gia str diém M nam trong t0r gidc va nim ngoai tat ca bdn nira duong tron
duong kinh AB, BC, CD,

DA thi AMB < 90° : BMC <90° : CMD < 90° vA DMA < 90°
— AMB + BMC + CMD + DMA < 360° , v6 1.

B
Vay c6 it nhét mot diém nam trong hodc nam
trén cic ntra duong tron duong kinh AB, BC, CD,
DA.
Vi du 9. Mot n - gidc (n > 3) c6 nhidu nhét bao
nhi€u canh c6 d¢ dai bang duong chéo 16n nhat. C

Goi ¥ : Phan chimg, két hop véi bat dang thire
tam gidc.

Huwoéng din gidi
Xét n - gidc AjA2As... A, (n > 3) nhu hinh vé sau :

Gia sir duong chéo A Ay (2 < k < n) va gia sir ¢6 it nhit 3 canh c6 do dai bang
AlAy.

Chang han : AjA;, ArAs, AzAy

Khi d6 ta Chl:lfl’lg minh dlIQC AlAs + AyAy > A1A) + A3A4 = 2A A, Nhu Vﬁy
trong hai duong chéo AjAs vd AsA4 ¢6 it nhat mot dudng chéo 16n hon A, A,
Didu nay vo 1i, vi A; A 1a dudng chéo 16n nhat. Vay trong céc n — gidc (n > 3) ¢6
nhiéu nhat ¢6 2 canh c6 d¢ dai bing dudng chéo 16n nhat.

Chéng han : ttr gidc ABCD c6 dudng chéo AC 16n nhit va c6 hai canh AB va
AD c6 d6 dai bang AC.

Nhu hinh vé sau diy :
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Al An

Vi du 10. Da gidc c6 bao nhiéu canh thi c6 moi dudng chéo déu bang nhau.
Goi ¥ : Xét cdc trwong hop dic biét, két hop véi phuong phdp phdn chimg.
Huwoéng dén gidi
V(:yi tr gidc thi c6 hinh chit nhat thoa
man de bai.

N Ay A4

Véi ngli gidc thi c6 ngii gidc déu
thod man de bai. Az As

Ta s& chirng minh v6i n — gidc (n > 5)
thi khong thé c6 tit ca cic dudng chéo Ag
bang nhau.

That vy : Xét da gidc AjAsAs... Ay A7
véin > 5. A, A,

Ta chiing minh dugc AjAy + AAg >
A1A3 + A4A6

Didu ndy ching to rang trong cic dudng chéo A1As ; AzAg ; AjAs va AyAg
khong thé tat ca déu bang nhau.

Vi du 11. Trong mdt phing cho 5 diém phén biét. V& tit ca cc doan thing ndi 2
trong 5 diém do6 roi v€ cdc trung diém cua ching. C6 it nhat bao nhiéu trung
diém ?

Goi y : Van dung nguyén li cuc han.

Huwong dén gidi
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Trong 5 diém phan biét A, B, C, D, E ludn ton tai 2 diém c6 khoang cich 16n
nhét.

Chéng han : A va B. Goi M la trung diém cua AB. V& cdc duong tron (A ;
AM) va (B ; BM). Goi C; ; C5 ; Dy ; D1 ; E; ; E; thit tu 1 trung diém cua CA, CB,
DA, DB, EA, EB. Vi AB 16n nhét nén AC, ; ADy ; AE; nho hon AM va BC; ;
BD, ; BE,; nho hon BM.

Do d6 C; ; Dy ; E; ndm trong
duong tron (A ; AM) va C, ; Dy Es
nam trong wong tron (B ; BM). Ma
A, B, C, D, E phan biét nén C; ; Dy ;
E; ; C; ; Dy ; E; khong trung nhau.
Nhu vy so trung diém vé duoc
khong it hon 7.

A C D E B

GG Db EE M G D E

Ta c6 thé chi ra mot hinh v& c6 ding 7 trung diém nhu sau :

Cic diém A, B, C, D, E thang hang va AC = CD = DE = EB khi d6 ta chi vé&
dugc 7 trung diém cua cac doan théng vé dugce tr 5 diém A, B, C,D,Ela M, C,,
C,, Dy, Do, Ey, Es.

3. BAITAP TU LUYEN

Bai 1. Ching minh rang trong 12 s6 nguyén t6 phan biét luén chon ra dugc 6 s
goi la aj, ay, ... ,a¢ sao cho tich : P = (a; — ap)(a3 — as)(as + ag) chia hét cho
1800.

Bai 2. Trong hinh tron tdm O ban kinh bang 1 cho 8 diém bét ki. Chirng minh
rang trong cic diém da cho ludn ton tai hai diém ma khoang cich giira
ching luén nho hon 1.

Bai 3. Cho 40 s6 nguyén duong aj, a, ... aj9 va by, by ,..., by thoa mén :
I<a <a,<..<ay, <200
1<bh <b,<...<b,; £200

Chting minh rang ton tai 4 s a, aj, by, by (1<, 7<19,1< p,k <21) sao
cho
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Bai 4.

Bai 5.

Bai 6.

Bai 7.

Bai 8.

Bai 9.

Tim nghiém nguyén duong cua phuong trinh :
xyz=4(x+y+z).

Bén trong dudng tron tdm O c¢6 ban kinh 1, v& tam gidc ABC c¢6 di¢n tich
16n hon 1. Chirng minh rang tam O nam trong hodc trén canh cua tam giac
ABC.

Cho hai diém A, B nam trong dudng tron (O ; R). Chirng minh rang ton tai
mot duong tron di qua hai di€ém A, B va nam trong dudng tron (O).

Trong mit phang cho 2013 diém phan biét sao cho bat ki ba diém nao
cling tao thanh mdt tam gidc c6 dién tich nho hon 1. Chirng minh rang c6
thé tim dugc mot tam gidc ¢6 dién tich nho hon 4 chira tat ca 2013 diém da
cho.

Trong tam gidc déu c6 canh bang 8, dat 193 diém phan biét. Chirng minh
ton tai 2 diém trong 193 diém da cho c6 khoang cich khong vuot qua ?3 .

Pa gidc ¢6 s6 dinh nhiéu nhit Ia bao nhiéu thi bat ki ba dinh nao cua da
gidc do6 ciing 1a ba dinh cua mét tam gidc gidc vudng.

Bai 10. Trong mit phang cho 100 diém phan biét, khéng ¢6 3 diém nao thing

hang va khong c¢6 4 diém nao cung thudc mot dudng tron. Chirng minh
rang ton tai mot duong tron di qua 3 diém da cho ma céc diém con lai déu
nam ngoai dudng tron do.

219



GOTY — HUONG DAN GIAI PHAN SO HOC

Chu deé 1. TiNH CHIA HET - PONG DU THU'C

Bai 1.

Bai 2.

Bai 3.

Bai 4.

Bai 5.

Bai 6.
Bai 7.
Bai 8.
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Tur gid thiét ta ¢6 : a=3m %1 ; b =3n 1. Khi d6, bién doi biéu thirc, ta
c:

a®—b"=21(p—q)[ (p—q) +3pq |:9.
Vi‘ a khong chia hét cho 2 va 3 nén a = 6m =+ 1. Xét ting trudong hop dé c6
dieu phai chirng minh.
Goid=(n"+4;n+5);d>1.Tacé:d=29.
Nguogc lai néun+35:29thin+5=29% (ke N), suy ra
n’ +4 =29 -57+4 =29(29k’ -5k +1)} 29 = A chua t4i gian.
Nhu vdy ta chi tim n sao cho n + 5 = 29 k (ke N") va thoa man
1<n <2015

1<29k-5<2015=1<k<69.

Vay c6 69 gid tri ciia n & A chua tdi gian.
. Ha+2b_ 2 186;; S = a, suy ra diéu phai ching minh.
Dit A(n) =2°" + 2"+ 1. Ta tim n sao cho A(n) chia hét cho 3 va 7.
* A(n) chia hét cho 3 khi va chi khi n chin.
* Xét s6 du cuia n khi chia cho 7 ta duoc :

A(n) :7 © n=1(mod3) ; n=2(mod3).
Vay n =6k + 2, hodc n = 6k + 4.
Ta c6 1000 = 8.125. Xét s6 du ctia A khi chia cho 125.

A=76(mod100) = A" =76"(mod 100) . Xét 76" — 76 (mod100).

Tacod 5

C6 2° =8=1(mod7) va 2> =4" =1(mod?3).



Vay 2" =3k+1(ke N) => A=2""+5=2.8" +5=2+5=0(mod 7).

Cha dé 2. SO NGUYEN TO - HOP SO - SO CHINH PHUONG

Bai 1.

Bai 2.
Bai 3.

Bai 4.
Bai 5.

Goi S(n) 12 s6 sb nguyén té trong diy da cho ng véin, ta c6 : S(0) = 4 ;
S(1)=5;S(2) =4.

Xét n>3. Trong diyn+ 1,n+2, ..., n+ 10 ¢6 5 s6 chin 16n hon 3 nén
cdc s6 nay khong phai 1a sb nguyén td. Trong 5 sb 1é lién tiép con lai c6 it
nhat mot sb chia hét cho 3, sb nay 16n hon 3 nén khong phai 1a sb nguyén
t6. Vay S(n) <4.

Pipsd:n=1.
Chirng minh A chia hét cho 13.
Giasu2p+1=n’"=nlé = n=2k+1 = p=m@dm’+6m + 3).
Do p la s6 nguyén td nén m= 1. Vay p = 13.
p=2;p=221.
Gia st ¢6 cdc s6 nguyén td p, g, r thoa min phuong trinh :
(p+ D(q+2)(r+3)=4pqr.
Ta xét cac gid tri cia r (lf do cuc bién) trong ba trudng hop sau :
a) Néur =2 thi phuong trinh tré thanh : 5(p + 1)(q + 2) =8pq (1).

Vi (5, 8) = 1 nén 5 phai 1a wéc nguyén tb cua p hodc cia q, do d6 p = 5
hodc q =5.

* Vo1 p =5, phuong trinh (1) tré thanh : 30(q + 2) =40q < q =6 (khong
thoa man).

* V61 q =5, phuong trinh (1) tr¢ thanh : 35(p + 1) =40p < p =7 (thoa
man).

b) Néu r = 3, thi phuong trinh tré thanh : (p + 1)(q + 2) = 2pq,
suyra:pq—2p—-q=2hay(p-1)(q-2)=4=14=2.2.

Do p, q déu Ia s6 nguyén t nén (q — 2) khéc 2 va khic 4.
Vayq-2=1tadugcq=3,p=>5.
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Bai 6.
Bai 7.

Bai 8.

c) Néu r > 3 ta c6 dpgr=(p + 1)(@+2)(r+3) < 2r(p + 1)(q + 2), suy ra :
2pg<(p+1)q+2)hay (p—1)(q—2)<4,suyrap<5nénp=2hodcp=3.

*p =2, tadugc 3(q + 2)(r + 3) = 8qr suy ra q la wdc cua 3 (vir > 3) vay
g=3var=>5.

*p =3, taduogc (q +2)(r + 3) =3qr suy ra 2pq — 3q — 2r = 6 hay

q-1D@2r-3)=9=19=33, ma2r-3>3nén2r-3=9suyrar=06
(khong thod).

Vay phuong trinh ¢6 nghi€ém (p;q;r)1a(7:;5:;2),(5;3;3),va(2;3;)5).
Viét A vé dang binh phuong ding ctia mot s6 nguyén.
Can chimg minh ring S :i k(k + 1)(k + 2)(k + 3), r0i 4p dung két qua bai 6.

Goi k = UCLN(a,d) = a = ka; va d = kd, (vdi a; va d; nguyén t6 cling
nhau).

Tur ac = bd ta c6 kajc =bkd; = a;c =bd; = ajc : d;, ma a; va d; nguyén
t cing nhau nénc : d; = c=td; = ajtd; =bd; = b=ta,.
DodoM=a"+b"+c"+d"=k"a;" + t"a;" + t"d;" + kK"d;" = (K" + t").(a;" +
d,").

Vik, t, a;, d; 1a cac ) nguyén duong va ne N
nénk"+t">1vaa"+d,"> 1.

VayM =a"+b" + ¢" + d" 1a hop sd.

Chu deé 3. PHU'O'NG TRINH NGHIEM NGUYEN

Bai 1.

Bai 2.
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Tacoy=x+1 +i.Véyx—11ﬁu:6ccf1a3.
X—

Ddp 50 (-25-2), (05-2), (43 6), (25 6).
Do y nguyén dwong nén vé phai duong.

Phuong trinh twong duong voi :

(3y)’ < (3y)* +4/33y+16 <By+1)> x> =(3y)* £/33y+16 *)



X’ =16 x=14 . A4
= két hop dicu kién suy ra x = 4.

—Xety:l,taco:LCZ:2 rei’
— Xét y22 Rorang : (3y)* =33y +16 <(3y)> < 3y)* +~/33y+16..
Ma (3y)2 =33y +16 > (3y—1)* & 6y—1>./33y+16
&36y*—12y+1>33y+16 < 36y> —45y-15>0

& 36(y—2)>+99(y—2)+39>0 diing véi y>2.

Va tuong tw: (3y)++/33y+16 <3y +1)°.

Do d6 (3y)? <(3y)’ ++/33y+16 <(3y+1)*. S8 bi kep gifra binh phuong
ctia hai s ty nhién lién tiép khong thé 1a sé chinh phuong. Suy ra khi
y =2 khong c6 nghiém x nguyén. Vay c6 mot cip sd thoa man Ia (4 ; 1).

Bai 3. Phuong trinh tuwong duong véi :
3(x=3)*+6y° +3y*z* +27° =33 (1)
27°<33 *<16
ZZ. = Zz. = 7°e€{0;9}.
z7:3 z°:3
Néu z* = 0, tr (1) suyra: (x—3)2+ 2y2 =11.
Vi2y’ <11=y’<5=y’e{0;1;4}.
*Voiy' =0 = (x—3)* =11 (loai).

0 2 2 X
>"V()’ly :1:>(X—3) :9:{
X

*Voiy =4 = (x - 3)* =3 (loai).

Néu z> =9, tir (1) suyra : (x —3)* +11y* = 5.

Villy’ <5= y* =0 suyra (x — 3)* = 5 (loai).

Vay c6 céc bo $d nguyén thoa man bai todnla: (6 ;-1;0) va (0 ;-1 ;0).
Baid. Pitx’=t, (120).

Khi d6 (*) c6 dang >+ y*t—y""' =0= A, = y* +4y"*",
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Bai 5.
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Néu p = 2 thi A, =y*'+4y’ =y’ .y(y+4). Do x nguyén nén t nguyén, vay
A, phai la s6 chinh phuong. Suy ra
y(y+4)=a*(aeZ) = (y+2—a)y+2+a)=4
DoN(y+2—a)—(y+2+a):—2a :2nény+2-—avay+ 2+ acung tinh
chan 1¢. Do dé ta c6 :
yt+2—a=y+2+a=2 y=a=0
{y+2—a:y+2+a:—2<:>{y=—4;a:0-
*Voiy=0,thit=0suyrax=0.
* Voiy =—4 thi t = -8 (khong thoa man diéu kién).
Néu p>3, dat p=2n+1,(ne N,n>1).

Khidé A, = y 4y =yt 1+ 4y .

Pé A, 1a s6 chinh phuong thi

2n-2

1+4y*" 2 =m* (me Z) & (m—2y"H(m+2y"") =1.

Vim-2y™" vam+2y™" ciing tinh chin 1é nén :

n—1 n-1 __

m-2y"=m+2y"" =1 {yzo;mzl
=
=m+2y" =-1

m—2y y=0;m=-1.
Véiy =0 ta tim duge x = 0. VAy cip sd thoa mén 12 (0 ; 0)
Phuong trinh (1) twong duong voi: (x = 2)* + (y— 1> =7(t+1).  (2)

Nhdén xét : Mot sb chinh phuong khi chia cho 7 ¢6 sb du 1a : 0, 1, 2 hoic
4. Do d6 tong hai s chinh phuong chia hét cho 7 thi ca hai s6 d6 déu chia
hét cho 7.

Tur (2)tasuyra: (x—2)*:7,(y=1)*17= (x—2):7,(y=2):7

Do 7 1a s6 nguyén t6 nén (x—2)>+(y—1)>=7(t+1):49, suy ra (t+1):7
mal<¢tr<7 nént=06.

Vay (x-27+(y-1’=49=0*+7" =72+ 0.

. x=2%=0 Clx=2 .
Néu thi do (x,ye N).
2 2
(y=-1"=7 y=38



C |(x=22=7" x=9 .
Néu thi do (x,ye N).
2 2
(y=D"=0 y=1

Vay c6 cdc s6 thoa man d& bai: (2;8;6) va(9;1;6).

Chu dé 4. TOAN SUY LUAN LO-GIC

Bai 1. * Trong 12 s nguyén t6 phin biét ludn c6 it nhat 9 s6 16n hon 5, gia sir 9
s6 nay 1a by, by, ...,bo. M&i sb trong 9 s nay khi chia cho 3 thi chi c6 sb
du 1a 1 hodc 2. Theo nguyén tic Dirichlé thi ton tai 5 s6 ¢6 cing s6 du khi
chia cho 5, goi céc ) nay la by, by, bs, by, bs.

* MJi trong 5 s by,by, bs,by, bs khi chia cho 5 chi c6 s6 du 1a 1, 2, 3, 4.
Theo nguyén tac Diriclé thi ton tai hai s6 ¢6 cung so0 du khia chia cho 5,
gia sur hai so nay 1a by, b,.

Bay gid xét cic s b, by, bs, be.

Néu c¢6 hai s06 nao d6 cé cung so du khi chia cho 5, chang han bs va by thi
chon a;=by, ay=by , a3 =bs , a4 =bs , as = bs va as = bg.

Khidé: a —a,:3,a,—a,:3= P9 ;
a,—a,:5a,—a,:5= P:25;
a,—a,:2,a,—a,:2,a,+a,:2 = P:8.
Vay P chia hét cho 9.25.8 = 1800.
Néu khong c6 hai s6 nao trong 4 ) bs, bs, bs, b c6 cling s6 du khi chia
cho 5 thi ton tai mot s6 chia 5 du 1 va mot s6 chia 5 du 4. Goi hai s§ d6 1a
b, =1(mod5) va b, =4(mod5). Khi d6 ta chon a; = by, ap = by, a3 = bs,
a4:b4,a5=b5vz‘1a6=b6.
Tacé: a,—a,:3,a,—a,:3=P:9;
a,—a,:5a,+a,:5= P:25;
a,—a,:2,a,—a,:5a, +a,:2= P:8.

Vay trong truong hop nay thi P ciing chia hét cho 1800.
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Bai 2.

Bai 3.

Bai 4.

Bai 5.

226

Néu c6 mot trong 8 diém da cho tring véi tim O thi & rang khoang céch

tir diém d6 dén 7 diém con lai déu nhod hon 1.

Xét truong hop khong c¢6 diém ndo tring véi tim O, ta chia hinh tron
0

thanh 7 hinh quat bang nhau c6 géc ¢ tim bang 0 <60°. Trong 8 diém

da cho ¢6 it nhét hai diém ta goi la A, B thudc mét trong 7 hinh quat da
0
chia. D& dang tim dugc hinh quat cung 60° chira tron hinh quat cung

ma c6 hai diém A, B Trong hinhv quat cung 60° ban kinh bang 1 rd rang
khoang céch 16n nhat giﬁ:‘a hai diém bat ki khong 16n hon 1, nén khoang
cach AB < 1. Ta suy ra diéu phdi chung minh.

Xét cic tong ¢6 dang a; + by . Vi ¢6 tat ca 19.21 = 399 tong nhu thé. Céc
tong nay nhan céc gia tri tor 2 dén 400.

Néu cdc tong trén nhan du 399 gid tri tir 2 dén 399 thia; = b= 1,

a10 = by; = 200 suy ra diéu phai chirmg minh.

Néu cdc tong trén khong nhan du 399 gid tri tir 2 dén 399 thi ton tai hai
tong bang nhau tir d6 suy ra diéu phai chirng minh.

Str dung phuong phdp cuc han, vi vai trd x, y, z nhu nhau nén c6 thé gia st
xX2y=27.

Tacd xyz=4(x+y+2)<12x= yz<12= 7° <12 = ze {1,2,3}.

Truong hop z = 1, ta dugc xy =4(x + y + ) & (x — 4)(y — 4) = 20, thay
X —4,y—41acic udc cia 20 véi x—4=>y—-4>-3 tadugc cdp (x;y) la
(24:5),(1456), (9 8).

Céc truong hop con lai ciing duge giai tuong tu, ta c6 két qua phuong
trinh c6 nghiém 1a: (24 ;5 ; 1), (14;6 ;1),09:8:;1),(10;3:;2),(6;4;2)
cuing v6i cac hodn vi ctia cac bg sO nay.

Phuong phdp phan chirng, ddnh gid dién tich cia mét hinh.

Gia su tﬁpl O nam ngoz‘li’ tam gidgc ABC. Khong mat tinh tong quat, gia sir
OvaA ném’khzic phia doi voi BC. V€ duong kinh DE // BC. Ké AH L BC
va kéo dai cat DE tai K = AK | MN.

Khid6 BC<MN=2;AH<AK < AO=1

1 1
= Supe =5 BCAH <—2.1=1,v01i



Bai 6.

Bai 7.

Bai 8.

Xét cac truong hop, tao ra mdt hinh hop Ii.

* Truong hop : 3 diém A, O, B thing hang thi dé thdy duong tron dudng
kinh AB thod man d¢ bai.

* Truong hop : 3 diém A, O, B khong thang hang. Khong mat tinh tong
quat, gia st OA = OB. Dung duong trung tryc d cua AB cit OA 6 C khi
d6 C nam giita O va A. D& thdy C c¢6 thé tring v6i O nhung khong thé
trung v6i A. Hay chirng minh doan néi tdm OC nho hon hiéu hai bén kinh.
Tao ra mot hinh hop 1i. Ap dung nguyén 1i Dirichlé.

Trong cdc diém da cho ludn ton tai tam gidc ¢6 dién tich 1on nhat. Khong
mét tinh tong quat, gia sir d6 1a tam gidgc ABC. Qua cic dinh A, B, C lan
luot v& cdc duong thing song song véi céc canh BC, CA, AB ching cit
nhau d6i mot & M, N, P. Vi ba diém bt ki trong 2013 diém da cho ludn
tao thanh tam gidc c6 dién tich
nho hon 1 nén Sapc < 1. Dé
dang suy ra Synp < 4.

Q

Ta can ching minh tat ca 2013
diém da cho khong nam ngoai
tam gidc MNP. That vay :
Khong mit tinh tong quét gia
sit ¢6 diém Q nim trén nira
mit phing bd NP khong chira
tam gidc ABC va Q ¢ duong
thing NP. M

Khi d6 dé théy SQBC > Sapc VO
Ii, vi Sagc 1a 16n nhat.

Vay tam gidc MNP chira tt ca 2013 diém da cho.

Tao ra mot hinh hop 1i. Ap dung nguyén 1f Dirichlé.

A A P A N
JAVAVAVAVAVA
JAVAVAVAVAVAVA
\VAVAVAVAVAVAV. B )
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* Chia tam gidc déu canh bang 8cm thanh 64 tam gidc déu canh bang lcm
nhu hinh vé trén.
* Ta c6 193 chia cho 64 duogc thuong 12 3 va du 1. Do d6, ton tai it nhat 4
diém trong cdc diém da cho ndm trong tam gidc déu canh bang lcm.
* Gia sir d6 1a tam gidc déu ABC canh bang 1. Goi O 1a tim cia tam gidc
ABC, khi d6 trong ba duong tron duong kinh OA, OB, OC chua it nhét 2
trong 4 diém néi trén. Do d6 khoang céch giira 2 diém nay khong vuot qud
3

3

AO=BO=CO=—

Vay ton tai 2 trong 193 diém dé cho c6 khoang céch khong vuot qud ?3 .

Bai 9. Xét cac truong hop dac biét, nguyén Ii cuc han, phuong phap phan chirng,

nguyén li Dirichlé ?

D@ thdy tam gidc vudng, hinh chit nhat 12 cdc da gidc thoa min dé bai.

Ta ching minh mot da gidc c6 tir 5 dinh trd 1én khong thoa man dé bai.
That vay : Xét da gidc ABCDE, khéng mat tinh tong quét gia sit AB ¢6 do
dai 16n nhat. V& duong tron duong kinh AB, suy ta cac dinh C, D, E déu
thuc duong tron dudng kinh AB. Theo nguyén 1i Pirichlé thi ¢6 2 diém
cing thudc mot nira duong tron. Chang han : C va D. Khi d6 dé thiy
AACD hoac AADC la tam gidc tu, vo Ii.

Bai 10. Ap dung tinh chit : “Trong hitu han diém da cho ton tai mét dwong thang
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di qua 2 diém da cho ma cdc diém con lai déu nam vé mét phia ciia dwong
thang dé”

Trong 100 diém da cho ton tai mot dudng thang di qua 2 diém sao cho céc
diém con lai déu nim vé mot phia cua dudng thiang d6. Chang han : d6 Ia
2 diém A va B. Xét tat ca cic géc nhin doan thang AB va c¢6 dinh 1a mot
trong céc diém con lai, tdn tai géc c6 sd do 16n nhat. Chang han : d6 1a
diém C. Dyng duong tron tim O ngoai tlep tam giac ABC. Vi khong co 4
diém nao ciing thudc mot du:ong tron va tat ca céc gbc con lai déu nho hon
g6c ACB nén tit ca cic diém con lai déu nam ngoai duong tron (0). Vay
dudng tron (O) 1a duong tron thoa méan dé bai.



Phin bén. MOT SO PE THI VAO LOP 10 THPT
VA THPT CHUYEN LE KHIET

SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI NAM HQC 2009 - 2010
Mon thi : TOAN
Thoi gian 1am bai : 120 phit
Bai 1. (1,5 diém)
1) Thuc hién phép tinh : A =3v2 —4+/9.2.

2) Cho biéu thirc P = alJ”/5+1 a_&—l véia>0:a%1.
Ja+1 Ja-1

a) Chung minh P=a —1.
b) Tinh gid tri cua P khi a =4 +2+/3.

Bai 2. (2,5 diém)
1) Giai phuong trinh x> — 5x + 6 = 0.

2) Tim m dé phuong trinh x> — 5x — m + 7 = 0 ¢6 hai nghiém thoa mén hé
thirc x} + x5 =13.
3) Cho ham s6 y = x* ¢6 d0 thi (P) va dudng thing (d) 1y = —x + 2.
a) Vé (P) va (d) trén cung mot h¢ truc toa do.
b) Bang phép tinh hiy tim toa do giao diém cua (P) va (d).
Bai 3. (1,5 diém)

Hai vdi nudc ciing chay vao mot cdi bé khong c6 nudc thi trong 5 gid s&
day bé. Néu voi thir nhét chdy trong 3 gid va voi thir hai chay trong 4 gioy

thi duoc % bé nudc.

Hoi néu mdi voi chdy mot minh thi trong bao 1au méi day bé ?
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Bai 4. (3,5 diém)

Cho duong tron (O ; R) va mot diém S ndm bén ngoai duong tron. Ké cic
tiép tuyén SA, SB vé6i dudng tron (v6i A, B 1a céc tiép diém). Mot duong
thang di qua S (khéng di qua tim O) cit duong trong (O : R) tai hai diém
MvaN, v61 M nam gitta S va N. Goi H 1a giao diém cua SO va AB ;11a

trung diém cua MN. Hai dudng thing OI va AB cit nhau tai E.

a) Chtrng minh THSE 12 tir gidc noi tiép duong tron.

b) Chirng minh OL.OE = R*.

¢) Cho SO =2R va MN = R+/3. Tinh dién tich tam gidc ESM theo R.
Bai 5. (1,0 diém)

Giai phuong trinh /2010 — x ++/x — 2008 = x> — 4018x + 4036083.

SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI NAM HQC 2010 - 2011
Mon thi : TOAN
Thoi gian 1am bai : 120 phit

Bai 1. (2,0 diém)
1) Thyc hién phép tinh : /9 ++/25.
2) Giai cdc phuong trinh va hé phuong trinh sau :
a) x*—5x%+4=0.

2x +y =288
X+ 2y =289.

Bai 2. (1,5 diém)

1 L
1) Cho ham sé y = Ex2 c6 dd thi la (P).
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a) Vé (P).
b) Vi gid tri nao cua a thi diém M(2 ; 4a) thudc (P).
2) Cho hai duong théng d):y= m2x +2m—1 va (d2) : y=4x+m+1.

Tim gid tri ciia tham s m dé hai duong thang (d;) va (d,) song song vdi
nhau.

Bai 3. (2,0 diém)
Hai xe 6 t6 khdi hanh ciing mot lic véi van toc khong ddi tai dia diém A
dé di dén dia diém B c4ch nhau 300 km. Biét ring mdi gio 6 to thir hai di
nhanh hon 6 t6 thir nhat 10 km nén 6 t6 thir nhat dén B cham hon 6 t6 thir
hai 1 gio. Tinh van toc ctia mdi 6 to.

Bai 4. (3,5 diém)
Cho nira duong tron tim O duong kinh AB. Goi C 1a mot diém trén nira

dudng tron sao cho CA <CB. Trén nira mit phang bd AB chira diém C,
ké hai tia Ax va By cling vuong géc véi AB. Mot dudng tron di qua A va C
(khic véi dudng tron dudng kinh AB) cit dudng kinh AB tai D va cit tia
Ax tai E. Puong thang EC cit tia By tai F.

a) Chtrng minh BDCF 1a tr gidc ndi tiép dudng tron.
b) Chirng minh CD*= CE.CF

¢) GoiI 1a giao diém ciia AC va DE ; J 1a giao diém ctia BC va DF. Ching
minh 1J song song v61 AB.

d) Khi EF 1a tiép tuyén cua nira duong tron duong kinh AB thi D nam & vi
tri nao trén AB ?

Bai 5. (1,0 diém)
Goi x; va x; 1a hai nghiém ctia phuong trinh x2 +1005x +1=0.
Goi y; va y; la hai nghi¢m cua phuong trinh y2 +1006y +1=0.

Tinh gid tri ctia biéu thic : M =(x; =y, )(x, =y, )(x; + ¥, ) (X, + ¥, )-
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SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10

QUANG NGAI NAM HQC 2011 - 2012
Mon thi : TOAN
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)

1) Thyc hién phép tinh : 2+/9 +3V/16.
2) Giai phuong trinh va hé phuong trinh sau :

X +y=4023
b)

a) x2—20x+96=0.
x—y=-1.

Bai 2. (2,5 diém)

1) Cho ham sé y = x> c6 db thi la (P) va dudng thing (d) : y=x +2.

a) Ve (P) va (d) trén cing mot h¢ truc toa do Oxy.

b) Bang phép tinh hiy tim toa do giao diém cua (P) va (d).

2) Trong cung mdt hé truc tOf.l do Oxy cho 3 diérnﬁ AR ;4);B(-3;-1)va
C(-2; 1). Chung minh ba diém A, B, C khong thang hang.

X 2x—\/;

\/;—1+ Jx —x

3) Riit gon biéu thirc M = voix>0vax # 1.

Bai 3. (1,5 diém)

Hai bén song A va B cich nhau 15 km. Thoi gian mot ca nd xudi dong tur
bén A dén bén B, tai bén B ca nd nghi 20 phiit r6i ngugc dong tir bén B tré
vé dén bén A tong cong 1a 3 gio.

Tinh vén tdc cia ca nd khi nudc yén ling, biét van tdc cua dong nudc Ia 3
km/h.

Bai 4. (3,5 diém)
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Cho nira dudng tron tdm O duong kinh AB. Mot diém C ¢ dinh thudc
doan thing AO (C khéc A va C khic O). Puong thang di qua diém C va
vudng géc véi AO cit nira dudng tron da cho tai D. Trén cung BD lay
diém M (v6i M khiac B va M khdc D). Tiép tuyén ciia nira duong tron da
cho tai M cit duong théng CD tai E. Goi F 1a giao diém ciia AM va CD.



a) Chirng minh BCEM 12 tir gidc noi tiép duong tron.
b) Chung minh EM = EF.
¢) Goi I 1a tam duong tron ngoai tiép tam gidc FDM. Chimg minh ba diém

D, I, B thing hang ; tir d6 suy ra géc ABI ¢6 s do khong doi khi M thay
doi trén cung BD.

Bai 5. (1,0 diém)
Cho phuong trinh (4n x) : x> —(2m+3)x+m=0. Goi X, va X, la cic

nghiém ciia phuong trinh di cho. Tim gid tri ciia m dé biéu thirc X12 + X%

c6 gid tri nho nhat.

SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI NAM HQC 2012 - 2013
Mon thi : TOAN
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)
1) Thye hign phép tinh : (V2 —1)(v2 +1).

—v=1
2) Gidi hé phuong trinh: 4 ° .
2x+3y =7
3) Giai phuong trinh : 9x* + 8x — 1 =0.
Bai 2. (2,0 diém)
Cho Parabol (P) : y = x* va dudng thang (d) : y = 2x + m* + 1 (m la tham
sO).
1) Xdc dinh tat ca cdc gid tri cia m dé (d) song song v&i dudng thing (d') :
y=2m’x + m” + m.
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2) Chirng minh rang v6i moi m, (d) ludn cat (P) tai hai diém phan biét A va B.
3) Ki hiéu x4 ; xg 12 hoanh d6 cua diém A va diém B. Tim m sao cho

X%+ x5 =14,

Bai 3. (2,0 diém)

Hai xe 6 to cing di tir cang Dung Quat dén khu du lich Sa Huynh, xe thir
hai dén sém hon xe thi nhat 1a 1 gid. Lic trd vé xe thir nhat ting van toc
thém 5 km mdi gio, xe thi hai van giit nguyén véan tdc nhung ding lai nghi
& mot diém trén duong hét 40 phit, sau d6 vé dén cang Dung Quat ciing
lic voi xe thir nhat. Tim van tdc ban dau cta mdi xe, biét chidu dai quang
duong tir cang Dung Quat dén khu du lich Sa Huynh 1a 120 km va khi di
hay vé hai xe déu xuét phat ciing mét Iic.

Bai 4. (3,5 diém)

Cho dudng tron tim (O) duong kinh AB = 2R va C 1a mot diém nam trén
dudng tron sao cho CA > CB. Goi I 1a trung diém ciia OA. V& duong thing
d vudng gbc voi AB tai |, cit tia BC tai M va cét doan théng ACtaiP; AM
cat duong tron (O) tai diém thi hai K.

1) Chirng minh t&r gidc BCPI ndi tiép duoc trong mot dudng tron.

2) Chirng minh ba diém B, P, K thing hang.

3) Céc tiép tuyén tai A va C cia dudng tron (O) cat nhau tai Q. Tinh dién
tich cua tir gidc QAIM theo R khi BC = R.

Bai 5. (1,0 diém)

Cho x > 0, y > 0 thoa madn x* + y* = 1. Tim gid tri nho nhat cta biéu thirc
Az XY
1+ xy
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SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10

QUANG NGAI NAM HQC 2013 - 2014
Mon thi : TOAN
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)

1) Tinh : 3V16 +5+/36.

Jx
Jx -1
3) Cho ham sb bac nhat : y = 2m + 1)x — 6.

a) Vi gid tri ndo cua m thi ham s6 da cho nghich bién trén R ?
b) Tim m dé d6 thi cua ham sb da cho di qua diém A(1 ; 2).

1 x4+l
x—x  Ax

2) Chirng minh rang v&ix >0 va x #1 thi

Bai 2. (2,0 diém)

1) Giai phuong trinh : 2x* + 3x — 5 =0.

2) Tim gi4 tri ciia tham s6 m dé phuong trinh : x> + mx + m — 2 = 0 ¢6 hai
nghiém xy, x, thoa mén hé thic |x, —x,|=2.

Xx+y=xy-1

3) Giai h¢ phuong trinh : { .
Xx+2y=xy+1

Bai 3. (2,0 diém)

Mot t6 cong nhan du dinh 1am xong 240 san pham trong mdt thoi gian nhat
dinh. Nhung khi thyc hién, nho cai tién k¥ thuat nén mdi ngay t6 di lam
tang thém 10 san pham so v&i dy dinh. Do d6, to da hoan thanh cong viéc
sém hon dy dinh 2 ngay. Hoi khi thyc hién, mdi ngay t6 da 1am duoc bao
nhiéu san phim ?

Bai 4. (3,5 diém)

Cho dudng tron (O) c¢b dinh. Tir mot diém A cb dinh & bén ngoai duong
tron (0), ké céc tiép tuyén AM va AN vé6i duong tron (véi M ; N 1a céc
tiép diém). Puong thiang di qua A cit duong tron (O) tai hai diém B va C
(B ndm giita A va C). Goi I 1a trung diém cuia diy BC.

1) Chirng minh rang : AMON 12 tir gidc noi tiép.

2) Goi K 1a giao diém ctia MN va BC. Ching minh rang : AK.AI = AB.AC
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3) Khi cét tuyén ABC thay d6i thi diém I chuyén dong trén cung tron nao ?
Visao ?

4) Xéc dinh vi tri cta cét tuyén ABC dé IM = 2IN.
Bai 5. (1,0 diém)

2
. . . , Z ) 3 , —-2x+2014
Vi x # 0, tim gia tri nho nhat cua biéu thirc : A = X X2 .
X
SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI NAM HQC 2013 - 2014

Mon thi : TOAN (Hé Chuyén)
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)

x> —+/x N x> +4/x
x+Ux +1 x—=+/x +1
2) Chitng minh khi gié trj ciia m thayqdéi thi cac duong thang (m — Dx +
(2m + 1)y = 4m +5 ludn di qua mot di€m co dinh. Tim toa d) co dinh do6.
Bai 2. (1,5 diém)
1) Tim s6 qhinh phuong c6 4 chit sb, biét rﬁng khi giam mdi chir s6 mff)t
don vi thi s6 m6i dugc tao thanh ciling 1a mot s6 chinh phuong c6 4 chir so.

1) Riit gon biéu thirc A:\/ +x>+1 véi x 2 0.

2) Tim nghiém nguyén ctia phuong trinh x> +xy +y> =3x +y—1.
Bai 3. (2,5 diém)
1) Tim cdc gid tri cia m dé phuong trinh x* +(m+2)x—m+1=0 c6 2
3

10

1

(x+1)vVx =2\fy
(y+Dy =2dx

nghiém x;, X, thoda man h¢ thuc

2) Giai h¢ phuong trinh {
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3) Giai phuong trinh 3(x* - 6) =8(v/x* ~1-3).

Bai 4. (3,5 diém)
Cho tam gidc ABC c6 ba géc nhon, AB < AC va duong tron (O ; R) ngoai
tiép tam gidc do. Tiép tuyén tai A ctia duong tron (O ; R) cit duong thing
BC tai diém M. K¢é dudng cao AH cua tam gidc ABC.
1) Chiérng minh ring : BC = 2Rsin BAC.

2) Piém N chuyén dong trén canh BC (N khic B va C). Goi E, F lan luot 1a
hinh chiéu vudng géc cta diém N 1én AB, AC. Xdc dinh vi tri cia diém N
dé d6 dai doan EF ngén nhét.

3) it BC=a; CA =b; AB =c. Tinh d0 dai doan théng MA theo a, b, c.

4) Ciéc tiép tuyén tai B ctia dudng tron (O ; R) cit dudong thing MA lan
lugt 6 P va Q. Chung minh rang HA 1a tia phan gidc cua géc PHQ.

Bai 5. (1,0 diém)
Trong tam gidc déu c6 canh bing 8, dat 193 diém phan biét. Ching minh

ton tai 2 diém trong 193 diém da cho c6 khoang cach khong vuot qua ?3 .

SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI TRUONG THPT CHUYEN LE KHIET
NAM HQC 2014 - 2015
Moén thi : TOAN CHUYEN
Thoi gian 1am bai : 150 phit

Bai 1. (1,5 diém)

3 N 3 +X\/;+X
Jx=3-x Jx-3+Jx Jx+1

cdc gid tri cia x sao cho P > 2.

a) Cho biéu thic P = . Tim tht ca
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b) Trong mit phing toa d Oxy cho parabol (P) : y = —x* va dudng thing
(d) : y=mx -1 (m la tham sé). Chirng minh rﬁng v&éi moi gid tri cua m,
dudng thing (d) ludn cat parabol (P) tai hai diém phan biét ¢ hoanh do x;,
X, thod man |x1 —x2| >2.

Bai 2. (1,5 diém)

al-2

a) Tim tét ca cip s6 nguyén dwong (a ; b) sao cho 1a s6 nguyén.

ab +

b) Cho 3 sb nguyén duong a,b,c thoa diéu kién 2* =b°+1 va a>1. Tim
tat ca cdc gid tri cua ¢ thoa min déng thic di cho.

Bai 3. (2,5 diém)

a) Cho x, y 1a cdc s thuc thoa man x* + 2xy + 7(x + y) + 2y* + 10 = 0.

Tim gi4 tri 1on nhét va gid tri nho nhat ctia biéu thirc S = x + y + 3.

b) Giai phuong trinh : (x +4)2 —6vx> +3x =13,

Bai 4. (3,5 diém)

Cho hinh vudng ABCD c¢6 canh bang a. Trén canh BC liy diém E ; duong
thing qua B vudng géc véi duong thiang DE cét DE tai H va cat DC tai K.
Goi M 1a giao diém cua DB va AH.

a) Chtrng minh ba diém M, E, K thing hang.

b) Chtrng minh E 12 tim ctia dudng tron ndi tiép tam gidac CHM.

¢) Khi E di chuyén trén canh BC thi diém H di chuyén trén duong nao ?

d) Khi MCH =30°, tinh d¢ dai ciia doan HK theo a.

Bai 5. (1,0 diém)

Cho 2014 s ty nhién bat ki. Chirng minh rang trong s6 cdc s6 d6 c6 mot
s0 chia hét cho 2014 hodc c6 mot sO sO ma tong cua cic so do chia hét cho
2014.
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SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI TRUONG THPT CHUYEN LE KHIET
NAM HQC 2014 - 2015
Moén thi : TOAN (khong chuyén)
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)
a) Thyc hién phép tinh : 24/25 +3/4.
b) Xéc dinh a va b dé dd thi ctia ham s6 y=ax+b di qua diém A(l ; -2)
va diém B(3 ; 4).

voix 2 0Ovax #4.

¢) Rut gon biéu thirc A :(

\/; 2 x+4
\/}+2+\/}—2J:J§+2
Bai 2. (2,0 diém)
1) Giai phuong trinh x* +5x% —36=0.
2) Cho phuong trinh x? —(3m+1)x +2m? +m.1=0 (1) v6i m la tham sb.
a) Chung minh phuong trinh (1) luén c6 hai nghiém phén bi€t vé1 moi
gid tri cua m.
b) Goi x,, X, 1a cdc nghiém cta phuong trinh (1). Tim m dé biéu thirc
B= x12 + x% —3x,x, dat gid tri 16n nhét.
Bai 3. (2,0 diém)

Pé chuin bj cho mot chuyén di danh bit c4 & Hoang Sa, hai ngu din dao
Ly Son can chuyén mot sb luong thyc, thyc pham 1én tau. Néu ngudi thir
nhét chuyén xong mt nira s6 luong thuc, thuc phdm ; sau d6 nguoi thir hai
chuyén hét s6 con lai 1én tau thi thoi gian nguoi thir hai hoan thanh lau hon
nguoi thir nhét 1a 3 gid. Néu ca hai ngudi ciing 1am chung thi thoi gian

A A A A A N < 20 I 5. A N A
chuyén hét s lvong thuc, thuc pham 1én tau 1a £l gi0. Hoi néu 1am riéng

mot minh thi mbi ngudi chuyén hét sé lwong thyc, thyc phim d6 1én tau
trong thoi gian bao lau ?
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Bai 4. (3,5 diém)
Cho ntra dudng tron tam O, duong kinh AB = 2R. Goi M la diém chinh
giita ctia cung AB ; P 12 mot diém thudc cung MB (P khac M va P khéc B).
Puong thiang AP cit duong thing OM tai C ; duong thing OM cit duong
thang BP tai D. Tiép tuyén ciia nira duong tron & P cat CD tai 1.
a) Chtrng minh OADP 1a tr gidc ndi tiép dudng tron.
b) Chirng minh OB.AC = OC.BD.
¢) Tim vi tri cia diém P trén cung MB dé tam gidc PIC Ia tam gidc déu.
Khi d6, hay tinh dién tich ctia tam gidc PIC theo R.

Bai 5: (1,0 diém)

Cho biéu thirc A = (4x° +4x* 5% +5x —2)?°'* + 2015 . Tinh gid tri cta

biéu thirc A khi x = J2-1 .
2\V2+1
SO GIAO DUC VA PAO TAO KI THI TUYEN SINH VAO LOP 10
QUANG NGAI NAM HOQC 2014 - 2015

Moén thi : TOAN
Thoi gian 1am bai : 120 phit

Bai 1. (1,5 diém)
1) Thyc hién phép tinh : 4/9 +9/4.

2) Riit gon biéu thirc P = xeVx x=dx o x>0;x %1,
1+Vx  1-+/x
3) Cho duong thing (d) : y = 2014x + m. Xdc dinh m d& (d) di qua diém

Al ;=1).
Bai 2. (2,0 diém)
1) Giai phuong trinh x> — 6x + 8 = 0.
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2) Cho phuong trinh x* — 2(m + 1)x + 4m — 3 =0 (1) (v6i m 1a tham s9).
a) Chirng minh phuong trinh (1) luén c6 hai nghi¢m phén biét véi moi
gid tri cua m.
b) Goi x; ; x2 1a nghiém cua phuong trinh (1), tim mot hé thirc lién hé
gifra x; ; xo khong phu thudc vao m.
Bai 3. (2,0 diém)
Mot cong ti du dinh diéu dong mot O xe chuyén 180 tan hang tr cang
Dung Quat vao thanh phé H6 Chi Minh, mdi xe chd khéi lwong hang nhur
nhau. Nhung do nhu cau thyc té can chuyén thém 28 tan hang nén cong ti
d6 phai diéu dong thém 1 xe cling loai va mdi xe bdy gid phai chd thém 1
tan hang méi ddp ng dwoc nhu cau dit ra. Hoi theo dy dinh cong ti d6 can
diéu dong bao nhiéu xe ? Biét rang mdi xe khong dugc chd qué 15 tan hang.
Bai 4. (3,5 diém)
Cho nira duong tron (O) dudng kinh AB = 2R, diém C thudc nira duong
tron (CA < CB). Goi D 1a hinh chiéu cta C trén AB. Diém E chuyén dong
trén doan théng CD (E khac C va D). Tia AE cit dudng tron tai diém thir
hai F.
1) Chirng minh rang :
a) Tt gidgc BDEF noi tiép duoc dudng tron.
b) AC* = AE.AF.
2) Tinh AE.AF + BD.BA theo R.
3) Khi diém E chuyén dong trén doan thang CD thi tim dudng tron ngoai
tiép tam gidc CEF chuyén dong trén duong nao ? Vi sao ?
Bai 5. (1,0 diém)
Cho a, b #0. Tim gi4 tri 16n nhét cua biéu thirc
_7(a+b)?-9(a—b)?
2014(a2 + b2)
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