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MOT SO CHUYEN PE TRANG BI CHO HQC SINH CHUYEN
TOAN TU TRUNG HOC CO SO

1. Chuyén dé 1: Phwong phap chirng minh phan chirng:
1.1. Chirng minh phan chirng va cac buéc ching minh phan ching:

Trong chitng minh bang phan chirng (tiéng La tinh 13 reductio ad absurdum, c6 nghia
1a “thu giam dén sy vo 1i”"), ngudi ta s& ching minh néu mot phat biéu nao d6 xay ra, thi
dan dén mau thuin vé 16gic, vi vay phat biéu d6 khong dugc xay ra. Phuong phéap nay co
1& 1 phuong phéap pho bién nhit trong ching minh toan hoc.

Buée 1 (phu dinh két luan): Gia st ¢6 diéu trai v6i két luan cia bai toan.

Buéc 2 (dua dén mau thudn): Tir didu gia st trén va tir gia thiét cta bai toan, ta suy ra
mot diéu mau thuln véi gia thiét hay véi cac kién thire d hoc.

Buée 3 (khang dinh két luan): Vay két luan ctia bai toan 1a dung.

Vi du 1: Chimg minh rang +2 1a s6 vo ti.
Chirng minh:

Gia st V2 14 s8 hitu ti, ta s& biéu dién duoc 2 =% V6i a,beN,b#0,(a,b)=1.

Do d6 a =52 . Binh phuong hai vé ta dugc: o =25>. Thi vé phai chia hét cho 2 nén vé
trai ciing phai chia hét cho 2 (vi chiing bang nhau va déu 14 s6 tu nhién). Do d6 «* 1a sd
chin, c6 nghia 14 a ciing phai 13 s6 chin. Do vay ta c6 thé viét a =2c, trong d6 ¢ ciing 1a
s6 tu nhién. Thay vao phuong trinh ban dau ta co: (2¢)> =2b* hay b* =2¢?. Nhung khi
do, twong tu nhu trén, »*> chai hét cho 2 nén b phai 1a s6 chan. Nhung néu avab déu la
s6 chén thi chung s& c6 chung mot wde s6 13 2. Piéu nay trai voi gia thiét (a,b)=1. Vay

gia st v/2 14 s6 hitu ti 1 sai. Do d6+/2 12 s6 v6 ti.

Vi du 2: Khong dung may tinh, hiy chimg minh 6—+/35 < % :
Ching minh:
Gia st 6-+/35> % hay 59>10+/35. Binh phuong hai vé ta co: 59°>100.35 hay

3481>3500, diéu nay vo ly. Vay gia sir trén 1a sai, do d6 6-+/35 < %

Vi du 3: Chimg minh rang khong ton tai cic s nguyén duong x,y,z¢ dong thoi thoa
mén dong thoi cac ding thic sau:
(1)
y+xyzt =987 (2)
(3)
(4)
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x+xyzt =1987

z+xyzt =87
t+xyzt =7.



Chirng minh:
Gid st ton tai cac sO nguyén duong x,y,z,t thdoa man dong thoi cac ding thuc
(1),(2),(3),(4). Trur ting vé cac dang thirc nay ta duoc:
x—y=1000, y—z=900, z—t=280.
Suy ra x,y,z,t c6 cung tinh chan 1é.
Néu x, y,z,¢ cung tinh chan thi x+xyzt 1a s6 chin, méu thuin véi (1).
Néu x, v,z,t cung 1& thi x+ xyzt van la s chan, mau thuan véi (1).

Piéu nay chimg t6 gia st trén 14 sai. Vay ta c6 diéu phai chirng minh.

Vi du 4: Chting minh rang néu n 1a s6 nguyén duong thi sé 2010” —1 khong chia hét cho
1000" —1.

Chirng minh:

Gia st v6i n 1a s6 nguyén duong thi 2010” —1 chia hét cho 1000" —1.

Khi @6, do 1000" —1 chia hét cho 3 nén 2010" —1 chia hét cho 3. Piéu nay 13 vo 1i vi
2010" —1 khong chia hét cho 3. Vay diéu gia sit 2010" —1 chia hét cho 1000” -1 13 sai.
Suy ra 2010" —1 khong chia hét cho 1000” 1.

Vi du 5: Chirng minh: néu a,,q,,...,a, 1a mft hoan vi tuy y cua cac so6 1,2,...,n véin la so
1¢, thi tich (g, —1)(a, -2)...(a, —n) 1a mot s6 chan.

Chung minh:

Dau tién, ta c6 nhan xét rang tong cuia mot so 1¢ cac so 1¢ 1a mot so 1€. B chimg minh
bai todn ta chi can ching minh rang ton tai mot hiéu a, —k nao do la s chan. Gia sur
rang tat ca cac hiéu a, —k déula so 1é. Khi do tong S =(a, —1)+(a, —2)+..+(a, —n)=0,
vi cac sO a, la sap x€p lai cua céc so 1,2,...,n. Nhung theo nhén xét trén thi S 1a s6 1& vi
tong cua mot so 1é cac so 1¢é. Di€u nay mau thuan. Do d6 gid st tat ca cac hiéu o, —k1a

s0 chén, suy ra tich (a,—1)(a, —2)...(a, —n) 1a s chén.

¢ C6 nhiéu cach chirng minh vé sy ton tai vo han cac sb nguyén t, vi du sau dua ra cach
chimg minh bang phan chimg cta Euclid cho két qua nay.

Vi du 6: Chting minh rang ton tai v6 han sé nguyén td.

Chirng minh:

Gia str chi c6 hitu han céc s6 nguyén to 1a p, p,,....,p, va gia st p, < p, <..< p,. Xét tich

A= p,.p,..p,+1. Rdrang 4> p nén A 1a hop s6, do d6 A c6 it nhat mot udc nguyén to
p. Khi d6 do p,,p,....p, 14 tit ca cac sb nguyén t6 nén ton tai ie{l,2,..,n} sao cho
pP=D;-

Nhu vay 4:p; (p,.p,...p,):p nén 1:p, mau thuan.

Do d6 gia st chi c6 hitu han s6 nguyén t6 1a sai. Vay c6 vo han cac so0 nguyén to.
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Vi du 7: Cho s6 nguyén n 13 hop s6, n > 1. Chirng minh rang n c¢6 uwéc nguyén té p <+/n
Chirng minh:

Do n 1 hop s6 nén n ¢6 thé viét dudi dang n=ab v6i a,beN,a >1,b>1. Biy gid néu ca
a>~n va b>~/n thi ab>~/n~/n=n, miu thuin. Do d6 phai c6 a<~/n hoic p<+/n.
Bai toan dugc chiing minh.

Nhin xét. Két qua trong vi du ndy c6 thé dung lam tiéu chuan dé kiém tra mot s6 co
phai 13 s6 nguyén t6 hay khong. Vi du: Dé kiém ra sé 101 ¢6 1a s6 nguyén t6 hay khong,
trude tién ta tinh 101 ~10,04. Khi d6, theo Vi du 11,7 thi hodc 101 13 sé nguyén t6
hodc 101 chia hét cho 2, 3, 5 hodc 7 (1a cac sb nguyén t& nho hon 10,04). Do khong c6
s6 ndo trong cac sd 2, 3, 5, 7 1a w6c caa 101 nén 101 1 s nguyén to.

Vi du 8: Ching minh ring:

a) Tich cta nhirng s6 nguyén c6 dang 4k +1 13 s6 c6 dang 4k +1.

b) Ton tai vo sb cac s6 nguyén té co dang 4k +3.

Chung minh:

a) Vivoi k,k, € Z thi

(4k, +1)(4k, +1) =16k k, + 4k, +4k, +1=4(4kk, +k +k,)+1=4k,+1, do d6 tich cua nhimng
s6 nguyén co dang 4k +11a sb c6 dang 4k +1.

b) Nhin xét: Mdi s6 c6 dang 4k +3 s& co it nhit mot uc nguyén té c6 dang do.

That vay, rd rang n cé udc cung dang vdi nod vi ban than n 1a ude cia n. Goi p 1a wdc nho
nhét trong cac udc nhu thé. Néu p 1a s6 nguyén td thi nhan xét duge chimg minh. Néu p
1a hop s6 thi p phan tich dugc thanh tich cac thira sé nguyén té 1¢ (do p 18). Cac thira s6
nay khong thé c6 cing dang 4m+1 (vi khi d6 theo cau a p s& c6 dang 4m+1). Vay it
nhat mot thira s6 nguyén t6 c6 dang 4k +3. Do udc cua p ciing 1a wéc cliia n nén n cd ude
nguyén to dang 4k +3.

Bay gio ta sé chitng minh ¢6 vé sé cdc s6 nguyén t6 c¢é dang 4k +3 .

Gia str chi ¢6 hiru han s6 nguyén té c6 dang 4k +3 13 p,, p,,....p, .

Xét s6 N=4p,p,..p,—1 thi N c6 dang 4k +3. Theo nhan xét trén thi N c6 it nhat mot
udc nguyén t6 co dang 4k +3. Nhung tir cach xac dinh N thi N khong chia hét cho bat
ctr sO nguyén t6 nao c6 dang 4k +3. Piéu mau thuin nay chimg t6 gia s trén 1a sai. Vay
c6 vo sb cac sb nguyén td co dang 4k +3.

Vi du 9: Cho a, b 1a hai s6 thuc sao cho v&i moi sb thuc £>0 ta ludn cd a<b+e.
Chung minh rang a<b.
, . S . . ., a—b .. .
Chirng minh: Giad st nguoc lai 1a ¢>b. Khi do aT>O. Do a<b+e& voéimoi €>0
A L a-b , a-b A n x re s
nén voi ng, ta co: a<b+T hay a<b. Di€u ndy mau thuan voi gia sot a>b.

Suy ra gid sut a >b lasai. Vay a<b.
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Vi du 10: Cho a, b 1a hai s6 nguyén duong nguyén t6 cing nhau. Chimg minh rang
khong ton tai cac s6 nguyén duong x, y dé ax+by =ab.

Chirng minh:

Gid su ton tai cac sO nguyén duong x,y, thoa man dang thirc da cho, tac la:
ax, +by, =ab (1)

Ta co: ax, =ab—-by, =b(a—y,):b. Vi(a,b)=1nén x,:b.

Do d6, ton tai x, e N sao cho x, = bx, .

Tuong ty, ton tai y,eN sao cho y =ay,. Thay vao dang thic (1) ta duogc
abx, +aby, =ab hay x,+y, =1. Diéu ndy vo li vi x,y, >1. Vay diéu gia st trén 1 sai. Ta

c6 diéu phai chung minh.

Vi du 11: Ching minh rang voi moi sd nguyén a, b, ¢, ta luén tim dugc sd nguyén
duong n sao cho s6 f(n)=n’+an’ +bn+c khong phai 1a s6 chinh phuong.

Chirng minh:

Gia sir nguoc lai, ton tai a,b,c € Z d& v6i moi sd nguyén duong n thi £(n) 1a sd chinh
phuong.

Khi do: f(h)=l+a+b+c, f(2)=8+4a+2b+c,

f(3)=27+%a+3b+c , f(4)=64+16a+4b+c ,
1a cac sb chinh phuong.
Nhan xét rang: Mot s6 chinh phwong khi chia cho 4 chi ¢6 s6 du 12 0 hodc 1. Do d6 sb
du trong phép chia hiéu cta hai s6 chinh thuong cho 4 chi c6 thé 14 0, 1 hodc —1.
Ta c6: f(4)- f(2)=12a+2b+56 =4(Ba+14)+2b, ma 2b la s6 chan nén theo nhan xét
trén thi 2b:4. (1)
Tuong tu, f3)—f(1)=8a+2b+26=4Q2a+6)+2b+2, ma 2b+2 clng la s6 chin nén
(2b+2)'4. (2)
Tir (1) va (2) suy ra 24, vo li. Do d6 gia sir trén 1a sai. VAy v6i moi sb nguyén a, b, ¢
luon tim dugce s6 nguyén duong n sao cho s6 f(n)=n"+an’ +bn+c khong phai la so

chinh phuong.

Vi du 12: Chiimg minh rang néu mot tam giac c6 hai duong phan giac trong bang nhau
thi tam giac do can.

Chirng minh:
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Xét AABC c6 hai duong phan giac trong bing nhau A
BM =CN . Ta sé ching minh AABC cantai 4. D
Gia st AABC khong can tai 4.

Xét B>C=B>C, (1). Qua M ké duong thing

song song AB, qua N ké duong thiang song song N M
BM catnhautai D.
Khi d6 ABNM = ADMN = BM = DN,B, =D, . Theo ) 3

gia thiét BM =CN = ND= NC. Vay ANCD can tai 1 1
N= NCD=NDC (2).

—~

Vi B,=D, va B,=C,=D,>C, (3).
Tur (2),(3)= D, <C, = MC <MD =BN . Hai tam gisc BNC,BMC c6 BC chung,
CN = BM,BN >CM = C, > B, , mau thudn vdi (1).

Truong hop B<C , chimg minh tuong ty din dén mau thuin.
Vay B= 6, suy ra AABC cantai A4.

Vi du 13: Cho mdt tam giac c6 ba goc nhon. Qua mot dinh ctia tam gidc dé vé duong
cao, qua dinh thr hai v& trung tuyén, qua dinh tht ba v& phan gidc. Chimg minh ring
néu ba dudng da vé duoc cat nhau, tao thanh mot tam giac thi tam giac d6 khong phai la
tam giac déu.

Ching minh:

Xet AABC co ba goc nhon va duong cao AH ,
duong trung tuyén BM , duong phan giac CN
cat nhau va tao thanh APQR nhu hinh vé. Ta
can chimg minh APQR khéng 1a tam gidc déu. N
Gia st nguoc lai APOR déu. Khi d6 trong tam
gidc vuong CRH c6 CRH = 60"

= RCH =30" = C=2RCH = 60°,HAC =30" p

AAPM cb PAM =30°, APM = 60° = AMP =90° hay BM L AC.

AABC c¢6 dudng trung tuyén BM 1a duong cao nén AABC can. Hon nita C =60° nén
AABC déu, dan dén P,Q,R trung nhau, trai gia thiét.

Vay APOR khong thé déu.

Vi du 14: Qua diém O trong mit phang, v& 5 dudong thang phan biét.

a) Co6 bao nhiéu géc dinh O dugc tao thanh trong hinh v&?

b) Ching minh ring trong cac goc do, ¢ it nhat 1 goc khong vuot qua 36°.
Chirng minh:
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a) 5 duong thang cat nhau tai O tao thanh 10 tia chung
gbc O. Mdi tia trong 10 tia nay tao v6i 9 tia con lai
thanh 9 gbc, c6 10 tia nén c6 9.10=90 goc. Nhung
mbi goc da duoc tinh 2 14n nén c6 tat ca 90:2 =45 goc
dinh O duoc tao thanh.

b) Trong 45 gbéc dinh O thi chi ¢6 10 goc khong céd
diém trong chung c6 tong sd do 360°. Gia st tat ca cac

goc déu 16n hon 36° thi 10 goc vira néu cé tong sé do 16n hon 10.36° =360°, mau

thuan. VAy phai c6 it nhat mot goc khong vuot qua 36°.

Vi du 15: Trén mot mat ph:flng 6 thé xép duogc 7 doan théng sao cho moi doan théng cat
dung 3 doan thiang khac dugc khong?

Giai:

Cau tra 101 1a khong. That vay, gia su xép duoc 7 1 1 ] 7
doan thang sao cho moéi doan thang cat ding 3 |1 |
doan thang khac. 0
Ta lap bang gom 7 hang, 7 cot va danh dau cac 0:
néu hai doan thang cit nhau ta danh dau X, neu
khong cat nhau ta danh ddu 0. Chang han néu
doan thang thu I cat doan thang thir j ta danh dau
X vao giao cua dong 1 va cdt j, dong j va cot 1. 0
Khi d¢6 mdi dong c6 3 dau X. 7 0
Mit khac bang s& c6 7 dau 0 xép theo dudng chéo cua hinh vudng. Nhu néi ¢ trén néu 6
giao cua dong I cot j c6 dau X thi 6 giao cua dong j cot I ciing c¢6 ddu X, hai 6 nay ddi

xtng qua duong chéo gdm cac 6 c¢6 dau 0. Vi vay cac 6 duoc danh ddu X trong bang
phai 1a s6 chin. Mau thuan vi ¢6 21 6 c¢6 dau X theo gia thiét.

BAI TAP:
1.Chimg minh rang:
a) Téng cia mot s hitu ti va mot s6 vo ti 1a mot sd vo ti.
b) Khong ton tai s6 hitu ti dwong nho nhit.

. . 3 r . X A «opa. A 2n+1 o0 2. .,
2. Chtrng minh rdng v&i moi s6 nguyén duong n thi phan so6 T latdi gian.

3. Tich ctia 43 s nguyén co trudc bang 1. Chimg minh rang tong ctia chung khong thé
bang 0.

. <, n , ~ 1 1 , s N
4. Goia,,a,,...,a,,, 1a cdc sO tu nhién thoa man —+—+... =1. Chung minh rang

a  a, 2000

t6n tai it nhat mot sd a, 1a sb chan.

5. 86 palindrome (con goi 13 s6 xudi nguwoc hay sé doi xirng) 13 s6 ma doc xudi hay doc
nguoc déu nhu nhau, vi du cac s6 151, 1991, 1211121, 15677651 1a nhitng s6 ddi xtng.
Chtmg minh rang khong ton tai s6 doi ximg dwong chia hét cho 10.

6. Ching minh: v&i mot s6 tu nhién n ta ludn c6 4 =n> +3n-38 khong chia hét cho 49.
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7. Cho n 1 sb tu nhién khac 0; a 1a wéc nguyén duong cua 2n°. Chimg minh ring
n* +2 khong thé 13 s6 chinh phuong.
8. Chimg minh rang v6i n e N,n > 2 thi giita n va n! ¢o it nhat mot s6 nguyén to. Tir d6
suy ra c6 vo han cac sb nguyén t6.
9. bat cac $b 1,2,3,...,25 trén mot vong tron theo madt thir tu tuy y. Ching minh rﬁng
1udn ¢6 3 s6 lién tiép co6 tong 16n hon hoic bang 39.
10. Cho day s6: 3,7,11,15,19,23,... va 5,11,17,23,29,35,... Chtrng minh rang trong nhitng
s6 hang ctia mdi ddy sd trén cd vo sb cac s6 nguyén to.
11. Chirng minh rang trong mot tam giac, goc d6i dién v6i canh nhé nhat 1a goc nhon.
12. Chimg minh rang trong mot tam giac, duong trung tuyén tmg v6i canh huyén bang
nita canh huyén.
13. Ching minh rang néu tam gidc c¢6 1 goc bang 30° va canh ddi dién véi goc nay
bang nita mot canh khac thi tam giac d6 1a tam gidc vuong.
14. Cho a,b,c 1a d6 dai 3 canh cua 1 tam gidc. Chirg minh rang:

a b c

M = +
b+c c+a a+b

khong thé 1a s6 nguyén.

15. Trong 1 mit phang cho n diém (n >3) théa dicu kién: bt ky duong thing nao di
qua 2 trong trong nhirng diém d6 déu chira 1 diém khac trong cac diém di cho. Chung
minh tat ca cac diém trén cing nam trén 1 duong thang.
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2. Chuyén dé 2: Nguyén li Dirichlet:
2.1 GIOI THIEU VE NGUYEN Li DIRICHLET
Dirichlet (Di-rich-1€) (1805 — 1859) 1a nha toan hoc nguoi Buc, duge cho 1a nguoi dua
ra dinh nghia hién dai vé ham sb. Trén co s& quan sat thuc té, 6ng da phat biéu thanh
mot nguyén li mang tén ong — nguyén li Dirichlet: Khdng thé nhét 7 con thé vdo 3 cdi
long ma mai cdi long c¢é khong qua 2 con thé. Noi cach khac, néu nhot 7 con thé vao 3
cdi 1ong thi ton tai it nhat mét long c6 tir 3 con tré 1én. Mot cach tong quat hon, néu cé
k 10ng dé nhot m con thé (véi k =kn+r (0<r<k—1)) thi ton tai it nhat mot 16ng co
chira tir n + 1 con thé tré 1én.
Ta ciing c6 thé dé dang chir minh nguyén li Dirichet bang phuong phap phan chimg nhu
sau: Gia st khong c6 mot 16ng ndo chtr n + 1 con tho tré 1én, tirc 12 mdi 10ng chira nhiéu
nhat n con tho, thi sb con tho chtra trong k 10ng nhiéu nhat chi c¢6 thé 1 kn con. Piéu nay
mau thuan véi gia thiét c6 m con thd voi m=kn+r (0<r<k-1).
Nguyén li Dirichlet that don gian, d& hiéu nhung dugc van dung vao giai rat nhiéu bai
toan trong sb hoc, dai sd, hinh hoc vé ciéc chi ra sy tOn tai ctia mot hay nhiéu doi tuong
thda man mot diéu kién dit ra.
Khi sir dung nguyén li Dirichlet vao bai toan cu thé, diéu quan trong 1 phai nhan ra (hay
tao ra) Long hodc Tho hodc ca Long va Tho.

2.2 MOT SO DANG TOAN THUONG GAP

Dang 1.CHUNG MINH SU TON TAI CHIA HET
Thong thuong ta coi m sb ty nhién da cho 14 m “con thd”, cac sé du trong phép chia cac
s6 ty nhién d6 cho n 14 nhitng “l6ng”; nhu vay s& c¢6 n cai 1ong: 16ng i (0<i<b)gdm

nhitng s ty nhién da cho chia cho n dui.

Vi DU 1.Chimg minh rang:

a) Trong 2012 s6 tu nhién bat ki ludn tim duoc hai s6 chia cho 2011 ¢6 cung sé du (hay
hiéu cta ching chia hét cho 2011).

b) Trong 2012 s6 tu nhién bat ki ludn tim duge mot sd chia hét cho 2012 hodc ludn tim
dugc hai s6 chia cho 2012 ¢6 cling s6 du.

Giai

a) Ta coi 2012 s6 tu nhién da cho 1a 2012 “con tho”; “1ong i” gdm céc s6 chia cho 2011
du i (0<i<2011) nén c6 2011 16ng: 1ong 0, 1ong 1, ..., long 2010. Nhu vay c6 2011
10ng chira 2012 con tho nén theo nguyén li Dirchlet ton tai it nhat mot 10ng chira khong
it hon hai con tho, tirc 13 c6 it nhat hai s6 chia cho 2011 c6 cung s6 du.

b) Néu trong 2012 s6 da cho c6 it nhat mot s6 chia hét cho 2012 thi ta chon ludn s nay.
Néu khong c6 sb nao chia hét cho 2012 thi khi chia cho 2012 nhén nhiéu nhat 2012 s6
du khac nhau 1a 1, 2, ..., 2011. Theo nguyén li Dirichlet, ton tai it nhat hai s chia cho
2012 ¢6 cung sb du.

Nhin xét. Ta co thé tong quat bai toan trén nhu sau:
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1) Trong n + 1 s tu nhién bat ki ludén tim duogc hai s6 chia cho n c¢6 cung s6 du (hay
hiéu cta chung chia hét cho n).

2) Trong n s6 tu nhién bat ki ludn tim duge mot sd chia hét cho n hodc ludn tim duoc hai
s6 chia cho n ¢ cung sb du.

Vi DU 2.Chiémg minh rang luén tim duoc sd c6 dang 20122012...2012 (gém céc sb
2012 viét lién tiép nhau) chia hét cho 2013.

Giai

Xét 2014 sb sau: 2012, 20122012, ..., 2012...2012 (gdm 2014 bo sb 2102).

Pem 2014 s nay 1an luot chia cho 2013, c6 2014 s ma chi c6 2013 sé du trong phép
chia cho 2013 (12 0, 1, 2, ..., 2012) nén ludn ton tai hai sé chia cho 2013 c6 cung s6 du,
chang han d6 1a a =2012...2012 (gdm i bd 2012) va b =2012...2012 (gbém j bd 2012) véi
1<i<j<2014.Khido

b—a=2012..2012.10* (gdm j —ibd 2012) s& chia hét cho 2013.

Lai c6 UCLN (10*,2013) =1 nén s6 2012...2012 (gém j — i bd 2012 s& chia hét cho 2013.
Bai toan dugc chirng minh.

(O day “tho” 14 s6 ¢ dang 2012...2012, “1ong” 1a sé du trong phép chia cho 2013).
Nhin xét. Mau chét cua bai toan 13 chon ra 2014 (= 2013 + 1) sé tu nhién c6 dang da
cho. Tir d6 ta c6 thé phat biéu nhiéu bai ton twong tu, chang han nhu: Chirng minh rang
luén tim duoc sb co dang 111...1 chia hét cho 29.

Vi DU 3.Cho sau sb tu nhién a,b,c,d,e, g . Chung minh réng trong sau $6 éy, tdn tai
mot sb chia hét cho 6 hodc ton tai mot vai sd co té)ng chia hét cho 6.

Giai

Truong hop c6 mdt s6 bang 0 thi ta chon sd 0 théa mén yéu cau dé ra.

Truong hop sau sé déu 16n hon 0. Xét 6 sb sau

S =a
S,=a+b
S,=a+b+c

S,=a+b+c+d

S;=a+b+c+d+e

Sg=a+b+c+d+e+g.
Pem mdi s nay chia cho 6 ta nhan dugc s6 du thude tap {0,1,2,3,4,5}.
Néu ton tai S.(i=1,2,...,6)chia hét cho 6 thi bai toan da duoc ching minh.
Néu khong c6 Si nao chia hét cho 6 thi ta c6 6 sb chia hét cho 6 chi nhan 5 loai s6 du
khac nhau (1,2,3,4,5) ; theo nguyén 1y Dirichlet tdn tai hai s6 chia cho 6 ¢ cung s6 du,
chang han S; va Ss do d6 hiéu cua hai s6 nay s& chia hét cho 6, tirc 1a c+d +e chia hét
cho 6. Bai todn da dugc chirng minh.
(O day “tho” 1a cac s6 S;, “1ong” 14 s6 du trong phép chia cho 6).

Nhin xét. Ta c6 thé phat biéu bai toan tong quat sau:
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Cho n s0 tu nhién q,,q,,...,a,. Chirng minh rdng ton tai mgt s6 chia hét cho n hodac ton tai

mot vai s0 c6 tong chia hét cho n.

Vi DU 4.Chimg minh rang:

a) Trong n s ty nhién lién tiép ludn tim duoc mot sb chia hét cho n.

b) Trong 39 s6 ty nhién lién tiép ludn tim duoc mot s ma tong cac chir sé cua nod chia
hét cho 11.

Giai:

a) Gia stir khong tim duoc sd ndo trong n sé tur nhién lién tiép da cho ma chia hét cho n.
Khi d6 n sd niy chia cho n chi nhan dugc nhiéu nhat 1a n — 1 s6 du khac nhau
(1,2,3,...,n—1), theo nguyén 1i Dirichlet ton tai hai s6 chia hét cho n c¢6 ciing sé du, ching
han 1a a va b v6i a > b, khi d6 a — b chia hét cho n, diéu ndy mau thuin véi 0<a—b<n.
Tir d6 suy ra diéu phai ching minh.

b) Lay 20 s6 ty nhién lién tiép dau cia day, ta luén tim duoc mot sd c6 chit sb hang don
vi 14 0 va ¢6 chit s6 hang chuc khéc 9. Gia s d6 1a N va téng cac chit s6 cua N 1a s. Khi
do 11 sb N,N+I,LN+2,N+3,.N+9,N+19 sé nam trong 39 s6 d3 cho. Vi N tan cung
bﬁng 0 nén téng céc chir s6 caa N,N+1,N+2,...N+9 lan luot béng s,s+1,s+2,....54+9.
Vi N tan cing bang 0 va co chit s6 hang chuc khac 9 nén tong cac chir s6 cia N + 10
bang s + 1, tong cac chit s6 cua N + 19 bang s + 10.

Trong 11 sb tu nhién lién tiép s,5+1,5+2,5+3,...,5+9,5+10 ludn tim dugc mot sd chia
hét cho 11. Chang han s6 d6 13 s+i(0<i<10): Néu 0<i<9 thi ta chon dugc s6 N+i
thoa man yéu cau bai toan; néu i = 10 thi ta chon dugc s N + 19 théa man yéu cau bai
toan.

Nhén xét. Mau chdt dé giai bai toan cau b) 14 phai tim ra 11 s6 trong 39 s da cho ¢6
tong cac chir s thir tu 1a 11 s ty nhién lién tiép, dong thoi str dung két qua cau a).

Vi DU 5.Cho cac s6 tu nhién tir 1 dén 2012. Hoi c6 thé chon ra duoc nhiéu nhit bao
nhiéu s6 sao cho tong ctia hai sé bat ki trong chiing khong chia hét cho hiéu ctia no?
Giai

Nhan thiy, néu hai s chia cho 3 cing du 2 thi hiéu ciia chung chia hét cho 3, con tong
ctia chung chia cho 3 du 1; nén tong cta chiing khong chia hét cho hiéu cua ching.
Trong céc sb tu nhién tir 1 dén 2012, s& c6 671 s chia cho 3 du 2 1a cac sb co dang
3k+2(k=0,1,2,...,670). Khi d6 hai s6 bat ki trong 671 $6 nay co téng chia 3 du 1, hiéu
chia hét cho 3, nén tong khong chia hét cho hiéu cua ching. Ta s& chimg minh ring chon
dugc nhiéu nhat 672(=671+1) sb trong cac so tir 1 dén 2012, thi trong 672 s6 nay ludn
tim dugc a,b(a>b) sao cho a—b<2 (That vay, gid st nguoc lai thi hiéu gitra s6 nho
nhat va sé 16n nhat trong cac sé da chon s& khong nhé hon 3.671=2013. Piéu nay méu
thuin gia thiét voi hidu giita s6 16n nhét va sé nho nhat khong vuot qua 2012—-1=2011),
nghia 1a a — b bang 1 hoic 2.

- Néu a—b =1 thi hién nhién a + b chia hét choa—b (= 1)
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-Néua—b=2thia+blasbchinnéna+ b chia hét choa—b (=2).
Nhu vay tr 2012 s6 di cho khong thé chon dugc hon 671 sb thoa man diéu kién bai
toan. Suy ra s6 luong 16n nhét cac sb phai tim 13 671.

Dang 2.BAI TOAN VE TINH CHAT CUA CAC PHAN TU TRONG
TAP HOP
Thong thudng ta phai lap ra nhitng tip hop c6 tinh chét can thiét rdi sir dung nguyén li
Dirichlet dé chtng to c¢6 hai phan tir thudc hai tap hop bang nhau.

VI DU 6.Cho séu s6 nguyén duong doi mot khac nhau va qéu nho6 hon 10. Chimg minh
rang luoén tim dugc 3 s6 trong d6 c6 mdt s6 bang tong hai s6 con lai.

Giai

Goi sau s6 nguyén duong da cho 1a a,,a,,a;,a,,a,,a, voi 0<a, <a, <..<a, <10,

Dat 4={a,,a,,a,,a;,a,} gém 5 phén tor c6 dang am V&1 m € {2,3,4,5,6} .

bit B={a,—a,,a,—a,,a,—a,a,—a,a,—a,} gdm 5 phan ti c6 dang a,—aq VOi
nef2,3,4,5,6 .

Ta thay cac phan tir ctia hai tap hop A va B déu thudc tap hop gom 9 phan tir {1,2,3,...,9}
trong khi tong s6 phan tir ctia hai tdp hop A va B 1a 5+5=10.

Theo nguyén 1i Dirichlet ton tai hai s6 bang nhau ma chung khong thé thudc cing mot
tap hop, nén c6 mot s6 thudc tap hop A bﬁng mot s6 thudce tap hop B, tac la a, =a, —q,,
dod6 a,=a,+a,.

Basd a,,a,,a, d6i mot khac nhau. That vay, a, #a, vinéu a, =a, thi ¢ =0 trdi v6i gia
thiét ciia bai toan.

Vay ton tai ba sd a,,a, ,a, trong cic s6 dd cho ma a, =a, +4a, (dpcm).

(O day, c6 10 “tho” 1a 10 s6 a,,a,,a,,a,,a,,a, —a,,a; —a,,d, —a,,ds —a,,d, —a, Va cO 9
“l6ng” 1496 1,2,3,4,5,6,7, 8,9).

Nhin xét. Dé giai bai toan nay, ta can tao ra hai tp hop gém cac phan tir nhé hon 10 va
tong s6 phan tir cta hai tip hop phai khong nho hon 10. Tir d6 suy ra ton tai hai phan ti
ctia hai tap hop bang nhau.

Vi DU 7.Cho X 1a tap hop gdm 700 sé nguyén duong khac nhau, mdi s6 khong 16n hon
2006. Chimg minh rang trong tap hop X ludn tim dugc hai phan tir x, y sao cho x — y
thudc tap hop E = {3;6;9} .
Giai
Gia str 700 s6 nguyén duong da cho 1 a,,a,,...,a, . Ta xét cac tap hop sau:
A={a,,a,,...a,,};
B={a +6,a,+6,...a,, +6};
C={a,+9,a,+9,...a,,, +9};
Téng sd phan tir cua ba tap hop A, B, C 1a 700.3 = 2100, trong d6 mdi phan tir déu
khong vuot qua 2006 + 9 = 2015, ma 2100 > 2015 nén theo nguyén li Dirichlet ton tai
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hai phan tir bang nhau. Vi mdi tap hop A, B, C c6 cic phan tir d6i mot khac nhau nén hai
phan tir bang nhau d6 phai thudc hai tap hop: A va B, hodc A va C, hoac B va C.

- Néu hai phan tir thudc A va B, chang han a,=a;+6 suyra a,—a,=6.

- Néu hai phan tir thuoc A va C, chang han a,=a,+9 suyra a,—a; =9.

- Néu hai phan tir thuéc B va C, ching han a,+3=a;+6 suyra a,—a,=3.

Nhu vay lubn ton lai hai s6 thudc tap hop A ¢o6 hiéu 1a 3, 6, 9. Ta duoc diéu phai ching
minh.

(O day 2100 “tho” 1a 2010 phan tir ctia ba tap hop A, B, C; 2015 “1ong” 1a céac sb tir 1
dén 2015)

Nhdn xét. Ta con c6 két qua manh hon nhu sau:

Cho X 14 tap hop goém 505 sé nguyén duong khac nhau, mdi s6 khong 16n hon 2006.
Trong tap hop X ludn tim dugc hai phan tir x, y sao cho x —y thudc tip hop E = {3;6;9} .
Chirng minh.

Goi A 1a tap hop céc s6 thudc X ma chia hét cho 3, goi B 1a tap hop cac s6 thuoc X ma
chia cho 3 du 1, goi C 1a tap hop cac s6 thudc X ma chia cho3 du 2.

C6 505 sb xép vao ba tap hop, ma 505 = 3.168 + 1 nén theo nguyén li Dirichlet ton tai
mot tap hop c6 chira tir 169 s6 tro 1én.

Trong tap hop nay, hai s6 bat ki c6 hiéu 1a mot boi cta 3. Ton tai hai s6 x, y ¢6 hiéu nho
hon 12. That vay, néu moi sb trong tap hop nay déu c6 hiéu khong nho hon 12 thi sb 16m
nhat trong tap hop khong nhé hon 12.168 = 2016 > 2006, trai v6i dé bai.

Vay trong tap hop X ton tai hai phan tr x, yma x— y e E.

Vi DU 8. Cho hai tap ho*p sd nguyén duong phan biét ma mdi sé déu nho hon n. Ching
minh rang néu tong so phan tu cua hai tap hop khong nhé hon n thi c6 thé chon duoc
trong mdi tap hop mot phan tir sao cho tong ctia chiing bang n.
Giai
Gia st hai tdp hop s6 nguyén duong di cho 1a

A={a,a,,...,a,} va B=1{b,b,,....b}
voi a<n (i=1,2,..,m), b,<n (j=1,2,...k) va m+Il>n.
Xéttap hop C={n-b,n—-b,,..,n—-b,}.
Nhan thdy, co tit ca n — 1 s nguyén duong phan biét nho hon n, cac phan tir ciia A va C
déu nho hon n va tong sb cac phan tir cia A va C khong nho hon n. Theo nguyén li
Dirichlet, ton tai it nhat hai phan tir bang nhau, chung khong cung thudc A va C, do d6
mot phﬁn tor thudoc A va mot phén tr thuoc C, tirc 1a tdn tai hai sd ap va n—b, ma
a,=n-b, < a,+b, =n (diéu phai chimg minh).
(O déy coi m + k “thd” 1a cac sd nguyén dwong thudc tap hop A hodc C, n — 1 “long” 1a
cac sb6 nguyén duong tir 1 &énn— 1).

Dang 3.BAI TOAN LIEN QUAN DEN BANG O VUONG
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Mot bang vuong kich thudce n x n gdbm n dong, n ¢t va 2 duong chéo. Moi1 dong, moi
cot, mo1 duong chéo déu c6 n 6 vuong.
Mot bang cac 6 vuong kich thude m x n gdbm m dong va n cdt.

Vi DU 9.Cho mot mang 6 vudng kich thudc 5 x 5. Nguoi ta viét vao mdi 6 ciia bang
mot trong cac sb -1, 0, 1; sau d6 tinh tong ciia cac sb theo ting cot, theo timg dong va
theo ting duong chéo. Chimg minh rang trong tit ca cc tong d6 ludn ton tai hai tong c6
gi4 tri bang nhau.

Giai

Bang 6 vuong kich thude 5 x 5 c6 5 dong, 5 cot, 2 duong chéo nén s& co 12 tong cua cic
sb6 duoc tinh theo dong, theo cot va theo duong cheéo. Mbi dong, cot va duong chéo déu
c6 ghi 5 s6 thude tap {—1; 0; 1}. Vi vay gia tri moi téng thudc tap hop {-5; 4; —-3; -2;
~1; 0; 1; 2; 3; 4; 5} ¢6 11 phéan tir. C6 12 tdng nhan trong tap 11 cac gia tri khac nhau
nén theo nguyén li Dirichlet ton tai it nhat hai tong nhan ciing mot gia tri. Bai toan dugc
ching minh.

(O day “tho” 1a tong nén c6 12 “tho”, “1dng” 14 gid tri cua tong nén c¢6 11 “16ng™).

Nhin xét. Vi cach giai twong tu, ta c6 bai toan tong quat sau:

Cho mét bang 6 vudng kich thude n x n. Nguoi ta viét vao mdi 6 ciia bang mot trong céc
s6 -1, 0, 1; sau d6 tinh tong cua cac sd theo ting cot, theo timg dong va theo ting duong
chéo. Chimg minh rang trong tit ca cic tong d6 ludn ton tai hai tong c6 gia tri bang
nhau.

VI DU 10. Trén bang 6 vudng kich thude 8 x 8, ta viét cac sb tu nhién tir 1 dén 64, moi
sO viét vao mot 6 mot cach tiry ¥. Chimg minh rang ludn t6n tai hai 6 vuoéng chung canh
ma hiéu cac sd ghi trong chung khong nho hon 5.

Giai

Ta xét hang c6 6 ghi s6 1 va cot co 6 ghi s6 64. Hiéu giita hai 6 nay 1a 63.

Sb cap 6 ké nhau tir 6 ghi s6 1 dén 6 ghi s6 64 nhiéu nhat 13 14 (gém 7 cip 6 chung canh
tinh theo hang va 7 cap 6 chung canh tinh theo cot).

Ta c6 64 = 14.4 + 7 nén theo nguyén li Dirichlet, ton tai it nhat hai 6 k& nhau ma hai s6
ghi trén d6 c¢6 hi€u khong nhé hon 4 + 1 = 5. Bai toan dugc chiing minh.

(O day, “tho” 1a hiéu cua hai s trong 64 sb (tir 1 dén 64) nén c6 63 tho; “léng” 1a sb cap
6 vudng ké nhau tir 6 ghi s6 1 dén 6 ghi s6 64 nén c6 nhiéu nhat 13 14 16ng).

Nhdn xét.

e Miu chdt cua bai toan 14 quan tim dén hai 6 vudng ghi s6 nho nhit (s6 1) va sé 16n
nhat (sb 64) s& c6 hién 16n nhit 13 63; ddng thoi xét tir 6 ghi s6 1 dén 6 ghi s6 64 chi can
t6i dala (8 — 1) + (8 — 1) = 14 6. O day ta di van dung nguyén li Dirichlet tong quat: Co
m tho, nhdt vao k 16ng mam=kn+r (I1<r<k-1) thi ton tai it nhdt mot 16ng chira
khong it hon n + 1 con tho.
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e Néu thay boi bang chir nhat gdbm 8 x 10 6 vudng, trén d6 ghi cac sd tir 1 dén 80
khong 1dp mot cach tiy y thi két qua cau bai toan con dang hay khong? Hay ching
minh.

Dang 4.BAI TOAN LIEN QUAN PEN THUC TE
Khi chiing minh sy tdn tai mot sd ddi tuong thoa man diéu kién nao do, ta thuong su
dung nguyén li Dirichlet.
Diéu quan trong nhat 1a phai xac dinh dugc “tho” va “léng”.

Vi DU 11. Mot t6 hoc tap c6 10 hoc sinh. Khi viét chinh ta, ca t6 déu mic 13i, trong do
ban Binh méc nhiéu 16i nhat (mac 5 16i). Chimg minh rang trong to ay c6 it nhat 3 ban
d3 mac mot s6 16i bang nhau.

Giai

Ta coi “tho” 14 hoc sinh (trir ban Binh) nén c6 9 tho; “léng” 1a sb 18i chinh ta hoc sinh
mic phai nén c6 4 1ong: 16ng i gdm nhimg hoc sinh mac i 16i (i = 1, 2, 3, 4). C6 9 tho
nhét vao 4 10ng, ma 9 = 4.2 + 1, nén theo nguyén li Dirichlet ton tai it nhit mot 16ng
chira khong it hon 2 + 1 = 3 tho, tirc 13 ¢6 it nhat 3 ban mac mdt s 161 bang nhau.

Vi DU 12. O mét vong chung két cd vua co 8 dau thu tham gia. M6i dau thu déu phai
gip du 7 ddu thu con lai, mdi ngudi mot tran. Chimg minh rang, trong moi thoi diém
giita cac cudc diu, bao gio ciing c6 hai dau thu d3 ddu mot s6 tran nhu nhau.

Giai

Ta coi “tho” 1a d4u thi nén co 8 tho; “1ong” 1a s6 tran dau cua d4u thi nén co 8 16ng:
“léng i” gdm cac ddu thu da thi dau i tran (voii=0, 1,2, 3,4, 5, 6, 7).

Ta thay 1ong 0 va 10ng 7 khong dong thoi ton tai, vi néu c6 mot dau tha chua dau tran
nao thi s& khong c6 déu thi nao di ddu du 7 tran, ciing nhu néu c6 ddu thu di dau du 7
tran thi khong co ai chua dau tran nao.

Nhu vay, c6 7 16ng chtra 8 con thd nén theo nguyén i Dirichlet ton tai mot 16ng chua
khong it hon 2 con tho, tirc 13 trong moi thdi diém giita cac cuoc ddu luén tim duge 2
dau thu da dau dung mot s tran.

Vi DU 13. C6 6 nha khoa hoc viét thu trao d6i v4i nhau vé mot trong hai dé tai: bao vé
moi truong va chuong trinh dan s6. Chimmg minh rang ¢ it nhat ba nha khoa hoc cung
trao do1 vé mot de tai.

Giai

Goi 6 nha khoahocla A, B,C, D, E, F.

Nha khoa hoc A sé& viét thu trao d6i v6i 5 nha khoa hoc con lai vé 2 dé tai, c6 5=2.2+1
nén theo nguyén li Dirichlet tdn tai it nhat 3 nha khoa hoc (chéng han B, C, D) dugc nha
khoa hoc A trao d6i vé ciing mot dé tai (chang han dé tai méi truong).

Trong ba nha khoa hoc B, C, D néu c6 hai ngudi ndo ciing trao doi vé dé bai méi truong
(chéng han B, C) thi ta chon dugc A, B, C cung trao doi vé mot dé tai.
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Néu trong ba nha khoa hoc B, C, D khéng c6 hai ngudi nao trao d6i vé dé tai méi truong
thi ho sé trao ddi v&i nhau vé dé tai dan s, ta sé chon duoc B, C, D cung trao doi mot dé
tai.

(O day coi nha khoa hoc (trir A) 1a “th6” nén c6 5 tho, coi dé tai 1a “ldng” nén c6 2 10ng
va van dung nguyén li Dirichlet tong quat).

Dang 5.BAI TOAN LIEN QUAN DEN SU SAP XEP
Céc bai toan vé sap xép chd, phan cong viéc khong doi hoi nhiéu vé kién thirc va ki ning
tinh toan, ching chu yéu két hop suy luan 16gic dé xét cac kha ning c6 thé xay ra voi
nguyén li Dirichlet.

Vi DU 14. C6 20 nguoi quyét dinh di boi thuyén bang 10 chiéc thuyén doi. Biét rang
néu hai nguoi A va B ma khong quen nhau thi tong sd nhiing ngudi quen cua A va
nhiing nguoi quen ciia B khong nhé hon 19. Ching minh rang ¢ thé phan cong vao cac
thuyén doi sao cho mdi thuyén déu 1a hai ngudi quen nhau.
Giai
Néu trong 20 nguoi khong co hai ngudi nio quen nhau thi tong sé ngudi quen cua hai
nguoi bat ki 12 0. Piéu nay mau thuin véi gia thiét 1a tong sé nguoi quen cta hai nguoi
khong nho hon 19. Vay ton tai mot sd cip quen nhau.
Ta xép mdi cip quen nhau d6 vao mot thuyén doi. Goi k 1a sb luong thuyén 16n nhat ma
trong d6 ta c6 thé xép dugc nhiing cip quen nhau vao mot thuyén va ki hiéu thuyén thu i
x¢&p hai ngudi A; va Bi quen nhau (1<i<k).
Gia st k<9, ki hiéu tap hop M gdm nhirng ngudi chua duoc xép vao thuyén nao, tirc 1a
gdém nhitng nguodi d6i mot khong quen nhau. Chon hai ngudi A va B trong tap hop M.
Theo bai ra thi téng s6 ngudi quen cta A va sé nguoi quen ciia B khong nho hon 19 va
nhitg ngudi quen A hodc quen B di duoc xép vao thuyén réi. Nhu vy c6 19 nguoi
quen hé quen A hoic B dugc xép vao nhiéu nhat 1a 9 thuyén déi (trir 1 thuyén vi A, B
chua dugc xép), ma 19 = 9.2 + 1 nén theo nguyén li Dirichlet ton tai it nhat mot thuyén
chd 2 nguoi quen ca A va B. Nhung khi d6 ta ¢6 thé xép lai nhu sau: trong k — 1 thuyén
dau tién van gitt nguyén, con thuyén thir k xép Ay va B, con thuyén tha k + 1 xép A va
B. Diéu nay mau thuin véi gia su.
Theo cach xép nay ta tiép tuc xép dén hét 10 thuyén sao cho mdi thuyén hai ngudi déu
quen nhau.

Dang 6.CHUNG MINH BAT DANG THUC
Vi DU 15. Ching minh: trong ba sb thyuc bat ki luon tim duoc hai s6 ¢6 tich khong am.
Giai
Ta coi “th6” 1a s thuc nén ¢ 3 con tho; coi “ldng 1 loai s6 (s6 khong am hodc sb 4m)
nén c6 2 16ng. C6 3 con tho nhdt vao 2 16ng nén theo nguyén 1i Dirichlet ton tai it nhét 2
tho chira trong mot 1ong, tirc 13 ton tai hai s6 khong 4m (hodc 2 s6 am), khi d6 tich cua
ching sé& thanh s6 khong am.
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Vi DU 16. Ching minh rang trong bén sé khiac nhau tiy ¥ dugc lay ra tir tap hop
A={1,2,3,...,3*} c0 it nhat hai sb x, y thoa mén 0< (‘/;—(‘/;‘ <1.

Giai

Tacod Vxed thi 1<4x<3

Xét ba tip hop: B=1{b|1<b<2}; C={c|2<c<3} vd D={3}. Voi4 sb c6 dang ¥x (voi
x € A) s€ thugc vao mdt trong ba tap hop B, C, D ¢ trén nén theo nguyén 1i Dirichlet tdn

tai it nhat hai s thudc cung mat tap hop, tdp hop d6 1a B hodac C. Goi hai s6 do 1a

(‘/;,(‘/;, taco 0< {‘/;—‘\‘/;‘d.

Trang 17



3. Chuyén dé 3: Pinh 1y Bézout — Lwoc do Horner:
3.1 KIEN THU'C CO BAN
3.1.1 DPinh li Bézout
a. Pinh li: SO du trong phép chia da thic f(x) cho nhi thirc x — a bang gi tri cua da
thuc f(x) tai x=a.
Chung minh: Goi thuong cua phép chia f(x) chox—ala Q(x).
Pa thiic chia bac mot nén du 1a mot hang s r.
Taco f(x)=(x—a)Q(x)+r vOi moi X.
fla)=(a-a)Q(a)+r=0+r=r.
Vay f(a)=r (dpcm)
Chu y. Tu dinh 1y Bézout ta suy ra h¢ qua sau.
b. Hé qua. Pa thuc f(x) chia hét cho x — a khi va chi khi f(a)=0 (hay a 13 nghiém
cua da thuc f(x)).
c¢. Ung dung ciia dinh li Bézout: ’
- Dinh 1y Bézout gitp ching ta tinh s6 du cua phép chia da thic f(x) cho x — a ma
khéng can thuc hién phép chia da thirc.
- H¢ qua cua dinh 1i Bézout gitp chung ta phan tich da thirc bac cao (bac >2) thanh
nhan tr: Néu f(a)=0 thi f(x) phai chira nhan tir (x — a).
3.1.2 Lwogc dd Horner o ’ ?
Ngoai cac phuong phéap dit tinh chia da thirc, hé s6 bat dinh, tri so riéng ta con c6 thé
tim duoc két qua khi chia da thirc f(x) cho nhi thitc x — a; dong thoi cling tinh duogc gia
tri cua da thuc f(x) taix=a bﬁng lwge d6 Horner (hay thuit toan Horner) nhu sau:
Néu da thic bi chia 1a P, (x)=a,x"+a, x"" +..+ax+a,, da thuc chia 12 x — a, da thuc

(x)=b, x""+b, ,x"+..+bx+b, thi gilra cac hé s6 a a, ;..;a;a, VOi

19"

thuong la: Q, |
b ;b

n—=1%"n-2%"*

;b;b, va hang sb a c6 mdi quan hé sau:
b, =a,
b ,=a, +ab,

b ,=a,,+ab,,

n

b, =a,+ab,
r=a,+ah, (rlasd du)

Dé cho tién ta thudng lap bang cac hé sé:

a, a, a, » 4 a
,=a, |b ,=a, ,+ab | b ,=b ,+ab , w. | by=a,+ab, | r=a,+ab,
3.2 Vi DU MINH HOA
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Ap dung hé qua dinh 1i Bézout phan tich cac da thuc (thuong co cac hé sb nguyén va
nghiém nguyén) thanh nhan t, ta thuong lam nhu sau:
B‘u’o"c 1: Chon mot gia tri x = a nao do (thuong la udc cuia hang tir tu do trong da thirc
can phan tich) tim f(a).
Buéc 2: Néu f(a)=0 thi f(x)= f(x—a).g(x). Pé tim g(x) ta dung phép chia da thirc
f(x) cho x — a, hodc dung lugc dd Horner, hodc tach thém bét cac hang t&r mgt cach hop
li sao cho X}lét hién phén tor chung x — a. ,
Buoc 3: Tiép tuc phan tich g(x) thanh nhan tr néu con phan tich dugc.
Vi du 1.Phén tich da thirc sau thanh nhén tir: 2x® —7x” + x +10.
Nhdn xét: Thay x bang cac gia tri 1 udc cna 10 (£ 1; + 2; + 5; + 10) ta thay voi x =— 1
thi f(-1)=-2-7-1+10=0.Vay f(x)=(x+1).g(x). Tatim g(x):
Cach 1: Tach thém bét cac han tir:
f(x)=2x =7x" +x+10=2x" +2x* —=9x* =9x +10x +10.

=2x"(x+1)=9x(x+1)+10(x +1)

= (x+1)(2x* —=9x +10).
Phén tich tiép 2x% —9x+10=2x? —4x—5x+10 = 2x(x—2) = 5x(x—2) = (x = 2)(x = 5).
Vay f(x)=(x+1)(x-2)2x-5).
Cdch 2: Dung dac tinh chia da thuec:

2xP—7x*+ x+10 | X +2
- 2x3 +2x2 2x2 - 9x +10
-9x*+ x+10
C o —ox2— 9x
i0x+10
T 10x+ 10
0
Nhén xét voi x=2 thi g(2)=0 roi chia tiép g(x)=2x>—9x+10 cho x+2.
2x2-9x+10 | X —2
X2 - 4x 2x—5
~5x+ 10
T -5+ 10
0

Vay f(x)=(x+D(x-2)(2x-5).
Cdch 3: Dung luoc d6 Horner:

Hé s6 cua f(x) 2 -7 1 10

A - -H)2=-9| 1+(-D.(-9)=1 1 -1).10=0=
Hé sbciia g(x) | a=—1| 2 7+(=1) 9| 1+(=1).(-9)=10 | 10+(=1).10=0=r

Vay g(x)=2x>-9x+10 va f(x)=(x+1)(2x* —9x+10)
Vidu 2. Cho da thirc f(x)=a,x" +a,x’ +...a,x> + a,x + a, . Chimg minh rang;
a) Pa thitc f(x) chia hét cho x — 1 néu tong cac hé s6 bang 0.
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b) Pa thitc f(x) chia hét cho x + 1 néu cc hé sb cta hang tir bic chin bang téng cac
chit sd cua hang tur bac 1¢.

Vi du 3. Khong dung chia da thirc, xét xem da thitc A(x)=x"-7x+6

a) Co chia hét cho x + 2 hay khong?

b) C6 chia hét cho x — 2 hay khong?

¢) C6 chia hét cho x — 4 hay khong?

Vi du 4. Tim da thirc f(x) biét rang khi chia cho x + 2 thi du — 4; chia cho x—3 thi du
21; chia cho x*> —x—6 thi dugc thwong la x* +4 va con du.

Vidu 5. Cho dathirc f(x)=x"—3x"+2x’ —9x* +1945x—2012 chia cho x — 3.

a) Dung luoc d6 Horner dé tinh s6 du va viét da thirc thuong.

b) Dung Pinh li Bézout dé tinh s du.

BAI TAP TU LUYEN

1. Phan tich cac da thirc sau thanh nhan tir bang ba phuong phap: Tach va thém b6t hang
tir. chia da thtrc va dung lugc dd Horner:

a) p(x)=x"+6x"—12x-42.

b) g(x)=x"-7x+6.

¢) f(x)=x"—8x"—10x’ +104x+105.

d) h(x)=x°—12x* +49x* -36.

2. Phan tich cac da thirc sau thanh nhan tir bang cach ap dung dinh 1y Bézout:

a) A=(x+y+z)y -x' -y’ -2°; b) B=(x+y) -x"—)’.
3. Tim du trong phép chia:

a) x> (x> +1); b)x” : (x* +1).

4. Tim du cta phép chia f(x)=x" +x" +x*” +x’ +x+1 cho:

a) x+1; b) x*+1; c) x*—1.

5. Tim gia trj cta a dé:

a) f(x)=18x>+a chia hét cho 3x+5;

b) g(x)=x"+ax>+16 chia hét cho x> +4x+4;

¢) h(x)=3x>+ax—32 chia x+5 c6s6 du 13 3.

6. Tim a va b dé:

a) f(x)=x"+ax+b chia hét cho x> -5x+6;

b) g(x)=x*+x’ —5x" +ax+b chiacho x> +x-2 du2x+1;

¢) h(x)=3x"+ax+b chia x+1 du 6; chia x-3 du 70.

7. Cho f(x)=x"+3x"+3x>—x+k va g(x)=x"+x—2. Tim gi tri cia k && f(x) chia hét
cho g(x);

a) Bang phuong phap sir dung dinh 1y Bézout.

b) Dung luogc d6 Horner.

8. Tim da thic f(x) biét rﬁng khi chia cho x — 2 thi du 4; chia cho x + 5 thi du — 17;
chia cho x* +3x—10 thi dugc thuong 1a x> +1 va con du.
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9. Tim tat ca cac s6 tu nhién n sao cho gia tri cia f(n)=n’+2n* +17 chia hét cho gia tri
cia g(n)=n+3 (bang ba cach: Chia da thirc; dung dinh 1i Bézout va luoc d6 Horner).

10. Khong 1am phép chia, tim cac gia tri nguyén cua k dé:

a) Gi4 tri cua biéu thire f(x) =2k —k—1 chia hét cho gia trj ctia biéu thuc k—2;

b) Gia tri ctia biéu thitc g(k)=k>+5k —19 chia hét cho gia tri ciia biéu thirc 2k —3.

11. Cho f(x)=(x"+x-1)*"? +(x* —x—1)*"* -2. Chirng minh f(x):(x*-1).

12. Chiing minh rang;

Néu da thirc bi chia la: P(n)=a x"+a,_x""+..+ax+a,x, dathicchiala: x—a, da
thirc thwong 1a: O (x)=b x" +b _x""'+..+bx+a,, du la: r thi gita cic hé s

»ay,a, Vo1 b, b ,,...b,b,; hdng sO a va sO du r c6 moi quan hé sau:

n—-1°

a,,a

n-1°°*
b =a,

n

b ,=a, +ab, ,

n—

b _,=a,,+ab,,

n

b, =a, +ab,

r=a,+ab, (rlasé du).
Ching minh rang khong ton tai s ty nhién n nao dé gia tri cua biéu thirc
f(n)=3n’ —n® —=2n+3 chia hét cho gia trj biéu thirc n* —n.
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4. Chuyén dé 4: DAu tam thic béc hai:

Pay la chuyén dé rat dé tim thdy trong nhiéu tai liéu vi thé & chuyén dé nay chiing
t6i chi gidi thiéu so hege ma khéng di vao cdc bai gidi chi tiét. Nguoi doc c6 thé tw tham
khao thém.

4.1 KIEN THUC CO BAN
4.1.1 Pinh li vé ddu ciia tam thirc bin hai
Cho tam thirc bac hai f(x)=ax’ +bx+c vGi a=0.

a) Néu A<0 thi f(x) cung ddu véia véimoi xeR.

b) Néu A=0 thi f(x) cung dau vé6i a voi moi x = —zi .
a

c¢) Néu A>0 thi f(x) c6 hai nghiém va:
e V6i moi x ndm frong khoang hai nghiém thi f(x) trdi dau véi a;
e V6i moi x ndm ngodi khoang hai nghiém thi f(x) cung dau véi a.
Luwu y. Nhé cau “trong trai, ngoai cung”.
Gidi bdt phwong trinh bdc hai mét dn
Gia st tam thuc bac hai f(x)=ax’ +bx+c véi a>0 co6 hai nghiém x; va X2 (x, <x,). T
dinh li vé diu cla tam thuc bac hai, ta suy ra:

ax’ +bx+c<0 & x, <x<x,.

) X <X
ax“+bx+c>0<
X>X,.

4.1.2 Piéu kién dé bt phwong trinh bdc hai nghiém diing véi moi x.
Cho tam thirc bac hai f(x)=ax’ +bx+cv6i a#0

a>0

A<O

a>0

A<0

a<0

A<O

a<0

A<0

a) f(x)>0 nghiém ding VxeR < {
b) f(x)>0 nghiém ding VxeR < {
c) f(x)<0 nghiém dung VxeR < {

d) f(x)<0 nghiém dung VxeR < {

Luu y
— Cac két qua trén déu duoc suy ra tir dinh nghia vé ddu cua tam thirc bac hai.

4.2 VI DU MINH HQA
Vidul. Giai cac bat phuong trinh:
a)x’ =3x+2>0; b)2x* +5x+2<0

Vidu2. Tim gi4 tri nho nhét cia biéu thirc 4 = lijtl voi 0<x<1.
-X X

Vidu3. Tim gia tri ciia m dé biéu thirc sau c6 gia tri khéng 4m véi moi x:
f(xX)=x"—(m+2)x+2m.
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Vidu4. Tim gi4 tri cia m dé nghiém cua bat phuong trinh sau 13 moi s6 thuc x
(m+2)x* +4x+3<0.

Vidu5. Cho tam thirc bac hai f(x)=ax’+bx+c v6i a#0. Ching minh rang diéu

kién dé& f(x) =0 véi moi x va xay ra duoc £(0)=0 13 a>0 va A=0.

BAI TAP
1. Giai cac phuong trinh:
a) x’—x—1>0; b)x* -14x+29<0.
2. Tim gia trj ciia m dé bat phuong trinh nghiém dung véi moi x:
(m—=1)x"=2x+1>0.
3. Cho phuong trinh
x*=2mx+3m+1=0.
Tim gia tri cia m dé phuong trinh:
a) C6 nghiém;
b) C6 hai nghiém trai dau;
¢) C6 hai nghiém phan biét ciing dau.
4. Cho biéu thtic
A=x>—(m+Dx+1.
Tim gi4 tri ciam dé 4>0 voi moi x.
5. Cho biéu thuc
A=—x"+4mx—(m+1).
Tim gia tri cia m dé biéu thirc A c6 gia tri 1on nhat 1a 2.
6. Cho biéu thtrc
B 2x% +mx+n
- x> +1
Tim cic gi4 tri cia m, n dé biéu thirc A c6 gia tri nho nhat 1 1, gia tri 16n nhét 1a 3.

A
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5. Chuyén dé 5: Mgt s6 phwong phap giai phwong trinh nghiém nguyén:
5.1 PHUONG PHAP PHAN TiCH
5.1.1 Bién d6i phwong trinh vé dang 44,..4 =k trong d6 A(i=12,..,n) la cic da
thirc hé s6 nguyén, £ 13 s6 nguyén
Phirong phdp: St dung hang dang thirc dang nhd, phén tich da thirc thanh nhan tir dua
phuong trinh vé dang trén. Sau d6 dua vao tinh chat ciia cac 4, dé phan tich k = kk,. .k,

(v6i k e Z) r6i dan dén giai hé phuong trinh

4=k
4, =k,
A =k

Vidu 1. Tim nghiém nguyén cua phuong trinh 2xy—x—y=1.

Gidi.

Bién d6i phuong trinh thanh 4xy —2x-2y =2

S 2xQ2y-1)-2y-H=3< 2x-1)2y-1)=3.

Vi x va » 1a cac sb nguyén nén 2x—1 va 2y -1 1a cac sb nguyén.

Do vai trd ciia x,y nhu nhau, khong giam téng quat gia stt x> y nén 2x—1>2y—1. Ma
3=3.1=(-3)(-1) nén xay ra hai truong hop

2x-1=3 x=2
) < ;
2y—-1=1 y=1
2x—-1=-1 x=0
2) &
2y—-1=-3 y=-1.
Vay phuong trinh ¢6 boén nghiém (x;y) 1a (2;1),(1;2),(0;-1),(-1;0).

Nhdn xét. Bang cach ndy ta c6 giai duoc phuong trinh dang ax+by+cxy =d , trong do

a,b,c,d la cac sO nguyén.

Vidu 2. Tim sd nguyén x dé x> +x+2009 1a s6 chinh phuong.

Gidi.

Tacd x> +x+2009=y*(yeN)

& (2x+1)° —(2y)* =—-8035

< (2x+2y+1)(2x -2y +1)=-8035.

Do yeN nén 2x+2y+1>2x—2y+1, va ching déu 1a s6 nguyén.

Ta c6 su phan tich —8035 =1607.(=5) = (=1607).5 = 1.(~8035) = (-8035).1.
Vi vy xdy ra bon truong hop
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2x+2y+1=1607 4x+2=1602 x =400
) =

=
y =403.

2x-2y+1=-5 4y =1612
2x+2y+1=-1607 4x+2=-1602 x=-401
2) & &
2x-2y+1=5 4y =1612 y=403.
3 2x+2y+1=1 4x+2=-8034 x=-2009
<
2x-2y+1= —8035 4y =8036 v =2009.

{2x+2y+1=—1 {4x+2:8034 {x=2008
4) &

2x—2y+1=8035 " |4y=8036  |y=2009.
Vay x co thé 1a 400,—-401,-2009,2008 .
5.1.2 Bién d6i phwong trinh vé dang a 4> +a,4> +..+a A> =k, trong d6 A(i=1,...,n)
1 cac da thitc h¢ s6 nguyén, o, 13 s6 nguyén dwong, & 12 s6 tw nhién
Phwong phdp: St dung hiang dang thirc dang nhé (a+b)?, dua phuong trinh vé dang
trén. Sau d6 dua vao tinh chét cic a,, 4, dé phan tich thanh k = a k> + k> +...+a k> (Voi

k €Z),dan dén giai hé phuong trinh

A12 — k12
A =k
AZ : k2

Vi du 3. Tim nghiém nguyén ctia phuong trinh x*> +5y° + 62> +2xy —4xz =10.
Gidi.
Bién d6i nhu sau
[x* +2x(2y —22)+(y=22)*]-(y—=22)* +5y> + 62> =10
S (x+y-22)"+4y" +4yz+22° =10
& (x+y-22)+2y+2)° +z7 =10.
Nhén thdy x, y,z 13 cac s6 nguyén va 2y+z+z=2(y+z) la s6 chin, nén (2y+z)* va z°
1a hai s6 chinh phuwong cling tinh chin 1¢, nén viét
10=0>+3*+1%
Xay ra cac kha nang sau
(x+y-2z)>=0
) Q2y+z)’ =3
z* =1
Tim duogc cac nghiém (x; y;z) la

(LLD),(4;-2;1),(=4;2;-1), (=L, =1;-1). (*)
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(x+y-22)>=0
)¢ Qy+z)y ="
72 =3
Tim duoc cac nghiém (x; y;z) la
(7;-133),(8;-2;3),(=8;2;-3),(-7; 1, -3). (**)
Viy c6 tat ca 8 bd (x;y;z) thoa man duoc mo ta & (*) va (**).

5.2 PHUONG PHAP RUT MQT AN THEO AN CON LAI

Xét phuong trinh tim nghiém nguyén dang F(x,y)=0

5.2.1 Néu F(x,y) 1a da thirc bac nhat ddi véi x (hodic ») véi hé s6 nguyén thi ta s&
biéu dién dugc x va y (hodc y theo x) rdi sir dung phép chia da thirc va tinh chét chia
hét dé giai. ' ,

5.2.2 Néu F(x,y) la da thirc bac hai doi véi x (hodc y) véi hé so nguyén thi ta s€ coi
F(x,y)=0 12 phuong trinh bac hai 4n x (hodc y) dé xét didu kién A phai 1a s6 chinh
phuong.

Vi du 4. Giai phuong trinh nghiém nguyén 3x* —2xy+y—5x+2=0.

Gidi.

Cdch 1. Phuong trinh nay chi chira bac nhat d6i voi y nén ta c6 thé rt y theo x.
Tacd (1-2x)y=-3x"+5x—-2.

Do x nguyén nén 1-2x=0. Suy ra

3x —5x+2 12x* —20x+8
= 4y=—"—""—"=6x+7+ .
2x—1 2x—1 2x-1

y

1a s6 nguyén, nén 2x—1e {I;-1}. Tir d6 tim duogc

. .k N 1
Do x,y la cic s6 nguyén suy ra >

(x;») la (1,0),(0;2).
Cdch 2. Coi phuong trinh bac hai d6i véi x, ta co
3x* -2y —5)x+y+2=0.
A=Q2y+5)° -12(y+2)=4y> +8y+1.
Nén phuong trinh ¢6 nghiém nguyén thi A phai 13 sé chinh phuong, tirc 1a
4y +8y+1=k’(keN)
S Qy+2) -k =3
< 2y+k+2)2y—-k+2)=3.
Tur do6 cling tim duoc cac nghiém nhu trén
Nhdn xét. Bang cach nay ta co giai duoc phuong trinh dang
ax’ +bxy +cx+dy = e, hodc (ay’ +bxy+cx+dy =e)

Trong d6 a,b,c,d,e 1a cac s6 nguyén.

Vi du 5. Tim nghiém nguyén cua phuong trinh (x* + y)(x+ y*) = (x — y)’.
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Gidi.
Bién d6i phuong trinh vé dang
M2y* +(x* =3x)y+x+3x*]=0.
Néu y=0 thi x s&1a s6 nguyén tuy .
Xét y#0 thi 2y +(x* =3x)y+x+3x> =0. )
Ta coi (1) 1a phuong trinh bac hai theo an y, ta tinh
A=(x"=3x)" =8(x+3x") = x(x +1)°(x -8).

Truong hop x=-1 thi A=0, nghiém kép ctua (1) 1a y=-1.
Truong hop x =—1, dé phuong trinh ¢6 nghiém nguyén thi A phai 1 s6 chinh phuong,
tire 1a x(x—8)=k:(keN) o (x—4—k)(x—4+k)=16.
Vi keN nén x—-4-k<x—-4+k va (x—4-k)+(x—4+k)=2(x—4) nén x—-4—-k,x—4+k
cung chén. Lai c6 16 =2.8 = 4.4 = (—4).(—4) = (-2).(-8). Xay ra bon trudng hop

{x_4_k ~ VO (@) = (218). (4:4).(-4:-4).(-2:-8)

x—4+k=b

Vay phuong trinh da cho c¢6 cac nghiém nguyén (x; y) 1a (-1;-1),(8;-10),(0;k) vo1 k € Z.
Luu y. Trong trudng hop F(x, y) 1a da thirc c6 hé s6 nguyén voi bac cao hon 2 theo bién
X Vi y, ta cling c6 thé dua vé mot trong hai trudng hop trén bang cach dat an phu.
Vi du 6. Giai phuong trinh nghiém nguyén x* —y° =2xy +8.
Gidi.
Ta c6 thé dwa vé dang phuong trinh bac hai 4n y bing phép dit x=y+a (V6i a
nguyén). Khido tacd (Ba-2)y*+(3a’-2)y+a’-8=0.
Do a nguyén nén 3a—2#0, tinh

A=Ba’-2)"—4Ba-2)(a’ -8)

=-3a"* +8a’ —12a” +96a - 60

= —(a*—4a—-2)* —2a(a’ —56)-56.
Pé cho A>0 suy ra 2a(a’ —56)<0< 0<a< 356. Vi a nguyén nén a chi nhan gia tri
1,2,3. Thir chon chi ¢6 a =2 la thich hop va tim duoc (x;y) 1a (0;-2),(-2;0).

5.3 PHUONG PHAP’ SAP THU TU ‘
5.3.1 Phuong phap §5p thir ty toan phﬁn ,
Khi phuong trinh d6i xing véi cac an «x,y,z,..., ta thuong gia st x<y<z<.. dé gidi
han mién nghiém cua phuong trinh va bat dau di tim tur nghi¢m bé nhéat trd di
Vi du 7. Tim nghi€ém nguyén duong ctia phuong trinh 5(x+ y +z)+3 =2xyz.
Gidi.
Do vai trd x,y,z nhu nhau, khong giam tong quat gia sir 1< x< y <z. Chia hai vé caa
phuong trinh cho xyz ta cod
5 5 5 4 18

2=—+—+—+—<—.
Xy Xz yz Xyz X
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Do vy 2x* <18 = x € {1,2,3}.

1) Véi x=1 thitacd 5(y+z)+8=2yz < (2y—5)2z-5)=41.

Vi y,z nguyén duong va y<z nén -3<2y-5<2z-5, va 41=141.

2y-5=1 y=3
S

2z-5=41 z=23.

2) Vo1 x=2 thitacod 5(y+2z)+13=4yz < (4y-5)(4z-5)="T77.

Vi y,z nguyén duong va 2=x<y<z nén -3<4y-5<4z-5,va 77=11.7.

4y-5=7 (y=3
S

4z-5=11 |x=4.

3) V6i x=3 thitacd 5(y+2)+18=6yz < (6y—5)(6y—5)=133. (*)

Mat khac y,z nguyén duong va 3<y<z nén 15<6y-5<6z-5

suy ra (6y—5)(6y—5)>15* =225. (Mau thuan véi (*)).

Vay phuong trinh c6 cac nghi€ém nguyén duong (x;y;z) 1a (1;3;3),(2;3;4) va cac hoan vi

Chi xay ra truong hop {

Xay ra truong hop {

cua no.
Nhdn xét. Vi cach 1am twong tu, ta ¢6 thé tim nghiém nguyén duong ciia phuong trinh
dang a(x, +x,+..+x,)+b=cxx,..x,, trong d6 a,b,c,n 1a cic s6 nguyén duong va n>2.

Vidu8. Tim tit ca cac tam gidc c6 sb do cic canh 1a nhitng s6 nguyén duong va ban
kinh dudng tron ni tiép bang 1.

Gidi.

Goi dg dai ctia ba canh cua tam gidc 1a a,b,c Vo1 a>b>c>1, V&1 a,b,c e N*,

Theo cong thure tinh dién tich tam giéc, ta co
a+b+c

S=p(p—a)p-b)(p—c)=pr véi p= ,r 1a ban kinh duong tron noi tiép.

Do r=1 nén
p(p-a)p-b)(p-c)=p’
< (p-a)p-b)p-c)=p
b+c—a a-b+c a+b-c a+b+c
2 2 o2 2 7
Suyra (b+c—a)a-b+c)a+b—c)=4(a+b+c).

Vi (b+c—a),(a—b+c),(a+b-c) cung chin hoic cing 1é, ma 4(a+b+c) 1a s6 chin nén
(b+c—a),(a—b+c),(a+b—c) cung chan.

Pit x=b+c—a,y=a—b+c =a+b—c
2 2 2

v6i x,y,zeN* dan dén phuong trinh

Xyz=x+y+z.

Do a>2b>c nén x<y<z,suyra xyz=x+y+z<3z, dan dén xy €4{1;2;3}.
Xay ra céac kha nang

a) Néu xy=1thi x=1;y=1suyra 2+z=z<z=0 (loaido z>1).
b)Néu xy=2 thi x=1;y=2 suyra 3+z=2z<z=3.
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c)Néu xy=3 thi x=1;y=3 suyra 4+z=3z<z=2 (loaido y<z).
Do vay (x;y;2) =(1;2;3). Suy ra (a;b;c) = (5;4;3).
Vay tam gidc c6 do dai ba canh 1a 5,4,3 thoa man.

5.3.2 Phwong phap sap thir tu tung phén
O mot sd phuong trinh nghiém nguyén ta quan tim dén mot an bang cach chia tdp hop
s6 ctia an d6 thanh céc tap hop con roi nhau. Sau d6 giai phuong trinh nghiém nguyén
trong tung tap con do.
Ta thudng str dung nhitng nhan xét sau: Voi X,Y nguyén, a,n nguyén duong
a) Néu X" <Y" < (X +a)" thi Y" =(X+i)" v6ii=12,.,a-1.
b) Néu X(X +1)<Y(Y +1) < (X +a)(X +a+1) thi
YY +)=(X+i)(X+i+]) v6ii=12,...,a—1.
¢) Khong ton tai s6 nguyén Y sao cho X" <Y” < (X +1)".
d) Khong ton tai s6 nguyén ¥ sao cho X(X +1)<Y(Y +1) < (X +1)(X +2).

Vidu 9. Tim nghiém nguyén ctia mdi phuong trinh
a) l+x+x" +x +x* =%

b) 1+x+x>+x =)’

Gidi.

a) V6i x =0 thay vao phuong trinh tim dugc y =1 hodc y=-1.

V61 x=-1 thi y=1 hodc y=-1.

Véi x>0 thi x* < y* <(x+1)*, diéu nay vo li.

Véi x<—1 thi (x+1)* < y* <x*, diéu nay vo li.

Vay phuong trinh da cho ¢6 bén nghiém nguyén (x;y) 13 (0;1),(0;-1), (=L;1),(=L;=1).

b) V6i x=0 thi y=1.

Véi x=-1 thi y=0.

Véi x>0 thi x* <* <(x+1)}, diéu nay vé 1i.

Véi x< -1 thi (x+1)* <y’ <x*, diéu nay v6 li.

Vay phuong trinh da cho c6 hai nghiém nguyén (x;y) 1a (0;1),(-1;0).

Nhén xét. V6i cach lam twong ty nhu trén, ta c6 thé tim nghiém nguyén duong cua
phuong trinh dang 1+x+ x> +...+x" = »" véi n 14 s6 nguyén duong.

5.4 PHUONG PHAP SU DUNG TiNH CHAT CHIA HET VA TiNH CHAT CUA
SO NGUYEN TO

Phuwong phap

e Dua vao dic diém cta phuong trinh dé phat hién tinh chia hét cia mot an.

o D¢ chu:ng minh phuong trinh khong c6 nghiém nguyen thi c6 thé str dung tinh chat
chia het Chi ra ton tai s6 nguyén m sao cho hai vé ctia phuong trinh khi cung chia cho
m ¢6 s6 du khac nhau
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e Nhung két qua thuong dung:
V61 aeZ thi ¢* chia cho 3 du 0 hodac 1, chia cho 4 du 0 hodc 1, chia cho 8 du 0 hodc 1
hodc 4; &’ chia cho 9 du 0,1,8; «* chia cho 16 du 0,1.
e Ta thuong sir dung mot sd tinh chat sau ddy cua sé nguyén t6 dé giai phuong trinh
a) Néu p lasonguyéntd thi «":p < a:p (v6inguyén a nguyén).
b) Pinh li Fermat nho: Néu p 13 sé nguyén td thi a” —a’p v6i moi sé nguyén duong a.
Dic biét néu (a, p) =1 thi a”' ~1:p.
¢) Néu p 1a s6 nguyén té dang 4k +3(k e N) thi (¢’ +b*) p<a’p va bip.
That vay néu a’p va bip thi a*+5* ' p.
Gia str a khong chia hét cho p, do a®+b*:p nén b khong chia hét cho p. Theo dinh li
Fermat nho ta c6 a”' —1:p va b”" —1: p. Khi do
a?t b =2 = g™ B _2 = (PP (B -2,

Suy ra 2! p, diéu nay mau thun v6i p 13 sb nguyén té dang 4k +3.
Hé qud. i) x*+1 khong c6 udc nguyén t6 dang 4k +3 v6i x e Z,k e N.

ii) Néu p 1a sd nguyén té va x> +1:p thi p c6 dang 4k +1 voi ke N,
d) Néu p 1a s6 nguyén t6 1¢ dang 8k+5 hodc 8k+7 thi a>+2b* p<aip va a'p.
Vi du 10. Giai phuong trinh nghiém nguyén 4x+9y = 43.
Gidi.
Gia xtr x,y 1a cac sd nguyén thdéa man phuong trinh da cho.
Ta thiy 48 va 4x chia hét cho 4 nén 9y chia hét cho 4, ma (9;4)=1 nén y:4.
Dit y=4t(t eZ), thay vao phuong trinh du ta dugc 4x+36¢ =48
& x=12-9¢ va y=4s (*). Thay cac biéu thirc clia x,y & (*) thdy thoa man.

Vay phuong trinh ¢6 v s6 nghiém (x;y)=(12-944¢) véi t € Z.

Vi du 11.Tim nhiing s6 tu nhién 1¢ n dé 26n+17 14 s6 chinh phuong.
Gidi.

Gia st 26n+17 =k* (v6i k tu nhién 1¢). Khi d6
26n+13=(k—2)(k+2) = 13(2n+1)=(k—-2)(k +2).

Do 13(12n+1):13 nén (k—-2):13 hoac (k+2):13.

2_ J—
Néu (k-2)i13 thi k=13r+2 (1 1¢), khi d6 n=22 "1
2 —
Néu (k+2)13 thi k=13r-2 (¢ 1¢), khi d6 n =241
2
. . \ +4f—
Vay s6 tu nhién 1é » can tim c6 dang %(z 1¢).

Vi du 12.Tim céc sd nguyén x,y,z sao cho x* +y* +z* =2012.
Giai

(14 st ton tai cac sO nguyén x, y,z théa man phuong trinh.

Trang 30



Nhén thay x*,y*,z* chia cho 16 du 0 hodc 1, nén x*+y*+z* chia cho 16 ¢6 sé du 13 mot
trong cac ) 0,1,2,3.
Trong khi d6 s6 2012 chia cho 16 du 12. Hai diéu ndy mau thuin véi nhau.
Vay khong ton tai cac sd nguyén x, y,z thoa min dé bai.

. 2 413y7 =2
Vi du 13.Tim nghiém nguyén duong cuia hé phuong trinh * +2 Y ) Zz

B3x"+y " =t".

Gidi. Gia sir tim duoc bo sd nguyén duong (x,y,2,t)=(a,b,c,d) thoa man diéu kién bai
a*+13b* =¢*
13a* +b* =d°.
Goi UCLN(a,b) = m(m S N*), suy ra cim va d:m.

ra, ta co {

Dit a =ma,,b=mb,,c=mc,,d =md,, V&i a,b,c,d, 1a cac sd tu nhién va (a,,b)=1. Suy
ra 14(az+b2):cz+a’2 <:>14(af+bf):cf+df. Suy ra ¢?+d?17, do d6 ¢,:7 va d,:7, dan
dén a? +b2:7 nén a,}7 va b:7. Diu ndy mau thudn véi (a,,b,)=1.

Nhdén xét. Bang cach 1am tuong tu ta c6 thé chimg minh dugc hé phuong trinh

2 2 2
+ = . r g A LA \ A . .

{zxz ?;2 =j2 voi n+1 c6 udc nguyén td dang 4k +3 va (n +1,p2) =1 khong c6 nghiém

nguyén duong.

Vi du 14.Tim nghiém nguyén cua phuong trinh x* -3y° -9z° =0.

Giai. Gia st (x,,,,z,) la nghiém cta phuong trinh.

Khi d6 x,:3, dat x, =3x, (véi x, €Z)tacod 9x] -y, -3z, =0.

Khi d6 y,:3, daty, =3y, (vOi y,eZ)tacd 3x] -9y, —z, =0.

Khi d6 z,:3, dat z, =3z, (vGi z, e Z)tacod x -3y -9z’ =0.

Nhu vay (x, yl,zl):(%;%;%"] cling 1a nghiém nguyén ctia phuong trinh. Qua trinh

Yo Yo 20
3733
trinh. Diéu nay xay ra khi va chi khi x, = y, =z, =0,

tiép tuc nhu vy ta suy ra cac bd sb ( j moi n €N cling 1a nghiém ctua phuong

Vay phuong trinh c6 duy nhat nghi¢m nguyén (x;y;z) = (0;0;0).

Nhdn xét. Ta goi phuong phap gidi trong vi du trén 1a phuong phdp lui vé han cta
Fermat, thuong ding dé ching minh phuong trinh ¢6 nghiém duy nhat hoic v6 nghiém.
5.5 PHUONG PHAP SU DUNG BAT PANG THUC

Phwong phdp: Dé giai phuong trinh bang phuong phap nay, ta thudng 1am nhu sau:

St dung cac bat ding thirc quen thudc dé danh gid mot vé cia phuong trinh khéng nho
hon (hodc khong 16n hon) vé con lai. Mudn cho hai vé bang nhau thi bat ding thirc phai
tré thanh dang thirc.

Céc bat dang thirc co ban thuong ding:
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a+a; +..+a >0,Va,i=1,..,n.
al+a;+..+a.=0oa =a,=..=a,.
2) Bit dang thirc Co-si
+ V6i hai s6 a,b khong 4m ludn cé a+b > 2/ab, dang thirc xay ta khi va chi khi a =b.

2 e . 4. G ta,t..ta 2 ,
+ Tong quat, giad st ¢, >0 voi i=1,2,..n. Khi do —— L >laa,..a,, dang thuc
n

xay ra khi vachikhi g, =a,=...=a

3) Bt ding thirc Bu-nhia-kop-xki

n'

+ V6i hai cip s6 (a;b) va (x;») ludn c6 (a2 +bz)(x2 +y2) >(ax+by)’, dang thic xdy ra
khi va chi khi ay = bx.
+ Téng quat, cho hai day $b thuc tuy y a,,a,,...,a, va b,,b,,...,b,, khi do ta co
(ab, +ab, +..+ap,) < (af +a; +...+af)(b12 +b; +...+bj).
Pang thirc xay ra khi va chi khi a, = kb, v6i moi i=1,2,...,n.
Vi du 15.Tim nghiém nguyén ciua phuong trinh
X' +2y* +22° - 2xy—2yz—4z=—4.
Gidi.
Bién d6i phuong trinh vé dang
(x2 —2)cy+)/2)+(y2 —2yz+zz)+(z2 —4z+4) =0
x-y=0
<::>(x—y)2 +(y—z)2 +(z—2)2 =0 y-—z=0cx=y=z=2.
z=2=0
Vay phuong trinh c6 nghiém duy nhat (x;y;z) =(2;2;2).
Vi du 16.Tim nghiém nguyén ctia phuong trinh
(x2 + 1)(y2 + 4)(22 + 9) =48xyz.
Gidi.
Nhan thdy néu (x93 %052,) 12 mot nghiém nguyén cua phuong trinh thi x,,y,,z, cung
duong hodc ¢ hai s6 Am va mot sé duong.
Ngoai ra (—xp;—yy: 20 )»(X65=Yo5 =20 ) (—X5 Vo3 —2,) cling 1a nghiém.
Do d6 trude hét ta di tim nghiém nguyén duong.
Ap dung bat dang thirc C6-si cho hai s6 khong am, ta co
X H1>2x>0;)°+4>4y>0;2°+9>62>0.
Suy ra (x2 + l)(y2 + 4)(22 +9) > 48xyz.
Pang thirc chi xay ra khi va chi khi x=1,y=2,z=3.
Vay nghiém nguyén (x;y;z) clia phuong trinh la
(1;2;3),(-1-2;3),(1;-2;-3),(-1;2;-3).

Nhin xét. Bang cach nay ta c6 thé tim nghiém nguyén ctia phuong trinh dang
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(xl2 + af)(xzz +a22)...(xj +a,f)= 2" X,X,..X,.a,a,...a, VOi a,,n la cac s6 nguyén duong.

Vi du 17.Tim nghiém nguyén ctia h¢ phuong trinh

X’ +z0=9
Y+t =16
xt+yz=12.

Gidi.

Ap dung bét ddng thirc Bu-nhia-kop-xki cho hai b s6 (x,z) va(,y) tacd
9.16 =(x2 +22)(y2 +t2)2(xt+yz)2 =127,

suy ra (x2 +zz)(y2 +t2) = (xt+yz)2 khi va chi khi xy = zt.

T x*+2z°=9< x=0,z=43 hodc x=43,z=0.

Néu x=0 thi r=0, khi d6 > =16,yz=12. Vdy y=4,z=3 hodc y=—4,z=-3.

Néu z=0 thi y=0, twong ty tim dugc x=3,7=4 hodc x=-3,r = 4.

Vay nghiém nguyén (x;y;z;¢) cuahé la

(0;4;3;0),(0;—4;-3;0),(3;0;0;4),(=3;0;0—4).

BAI TAP
Phuwong phap phan tich
1. Tim nghiém nguyén cta cac phuong trinh
a) 2x> —xy—6y° +13y-3x+7=0;
b)3x* +10xy +8y° =21.
2. Tim s6 nguyén duong x sao cho 2* +65 14 s6 chinh phuong.
3. Tim tit ca cac tam giac vuong c6 do dai canh 1a sb tu nhién va sb do dién tich bé“mg sb
do chu vi.
4. Hay viét s6 2012 thanh tong ctia cac sd nguyén lién tiép. Hoi c6 bao nhiéu cach viét?
5. Tim nghiém nguyén cta cac phuong trinh
a) x> +2y° +327 + 41 + 2xy +2xz + 2xt + 4yz — 2zt = 10.
b)x? +2y° +32> + 417 + 2xy + 2xz + 2xt +dxy — 2zt = 10.
Phwong phap riit mét an theo an con lai
6. Tim nghiém nguyén duong cta phuong trinh xy” +2xy —243y+x = 0.
7. Tim nghiém nguyén cta phuong trinh y*x = x* + x+12.
8. Giai phuong trinh tim nghiém nguyén 3x’y +5xy -8y —x’ —10x =4.
Phuong phap sip thir tw
9. Tim ba s6 nguyén duong biét tong nghich d4o cua chiing bang 1.
10. Tim bdn s6 nguyén duong biét tong binh phuong cac nghich dao cta ching bang 1.
11. Tim nghiém tu nhién cta phuong trinh
1 1 1
X2 (x* +y%) " (x> + )X+ +2%) " X (x*+y +2%) -

1.
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12. Cho tam gidc c6 $0 do dudng cao 14 5o tu nhién va ban kinh dudng tron ndi tiep
bang 1. Chiing minh rang tam giac do déu.
13. Hay tim tit ca bo ba sé nguyén dwong phén biét (g, p,r) khac 1 sao cho gpr—1 chai
hét cho (p-1)(g—1)(r—1).
14. Tim nghiém nguyén duong cua phuong trinh sau
a) (x+2)" —x*-8x ="
b) x* -y’ -2y*-3y-1=0;
¢) x' =yt 4zt +2x7 27 +3x7 +42° +1=0.
15. Tim nghiém nguyén duong ctia phuong trinh
82—x)+y"—2z>=0 vbdi y<x<10.
Phuong phap sir dung tinh chit chia hét va tinh chit ciia s6 nguyén to
16. Giai cac phuong trinh tim nghiém nguyén
a) l+x+x>+x =1997";  b) 2*+153=)".
17. Chirng minh rang phuong trinh sau khong cé nghiém nguyén 4x> + y* +92z> = 71.
18. Tim nghiém nguyén cua cac phuong trinh sau
a) X’ +y*+z°=2xyz; b)) x’ +3)° +92° =9xyz;
C) X’ +2y° +4z° =8¢; d) 8x*+4y* +2z* =",
Phuong phap sir dung cac bét dang thirc
19. Tim nghiém nguyén cua cac phuong trinh sau

a) x2+2y2+22:2xy+2y—4z—5; b) \/;4_ /y_1+ [, _ :)C+)2/+z.

20. Giai phuong trinh
4 1 25

+ +
Jx=2 \/y—l Jz-5
21. Tim nghiém nguyén cua phuong trinh
(x+y+1)2 =3(x2 +y° +1).

=16—/x—2—Jy-1-+z-5.

22. Tim nghiém nguyén cua hé¢ phuong trinh
xy+yz+zx =12
xt+yt+zt =48,
Chuyén deé 6: Phan nguyén va irng dung:
6.1 PHAN NGUYEN
6.1.1 Dinh nghia
Phan nguyén c6 sb thuc a 1a s6 nguyén 16n nhat khong vuot qua a, ki hiéu 1a [a]. Ta cd
[a] <a <[a]+1.
Phén 1¢ ctia s6 thuc « 13 hiéu cua a voi phan nguyén cia nd, ki hiéu 1a {a}.
Ta c6 {a} =a—[a],0ﬁ {a} <l.
Vi du.
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[5.3]=5;
[-5.3] =-6;
[2012] =2012;

{5,3}=5,3-5=0,3;
(5,3} =-5,3-(-6)=0,7;
{2012} =2012-2012=0.

6.1.2 Tinh chat
1) aeZ < [a]=a hodc {a} =0.
2y neZ van<a<n+leZ<[a]=n.
3 [{a)]={lal} =o.
4)Néu neZ thi [n+a]=n+[a];[n+a]={a}.
5) Néu [n+a]=n thi neZ va 0<a<l.
6) a>b=[a]>[b].
7) [a+[b]<[a-b].
Tong quat [a,]+[a,]+...+[a,]<[a +a, +..+a,],
8) [a]-[p]2[a-D].
9) {a}+{b} >{a+b};{a}—{b} <{a—b}.
10) Néu [a]=[b] thi |a-5|<1.

1) [a]+[a+ﬂ=[2a].
12) Néu neN* thi [na]Zn[a];[%]}:{%}.

13) Néu a l1a s6 nguyén thi [-a]=-[a];

Néu a khong 14 s nguyén thi [-a]=~[a]-1;

Ching minh

Céc tinh chit 1) dén 5) c6 thé chirmg minh d& dang trén dira vao dinh nghia phan nguyén.

6) Vi a>b nén ton tai s6 ¢>0 sao cho a=b+c. Do dd. a=[b]+{b}+c, suyra

[a]=[b]+[{b}+c]. Ma [{b}+c]=0 nén [a]>[b].

7) Viét a=[a]+{a},b=[b]+{b}. Khi d6

[a+b]= [[a]+{a} +[b]+{b}] =

Ma [{a} + {b}] >0 nén

[a+b]>[a]+[0]

8) Ap dung tinh chat 7 ta co
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[a+b]+[b] <[a—b+b]=[a] nén [a]-[b]=[a~b].

10) [a]=[b] suy ra a—{a}=b~-{b}. Khong giam tinh tong quat, gia sir a >b
Néu a=b thi [a—b|=

Néu a>b thitr a—b={a}-{b} <{a—b)

Suyra |[a—b|=a-b<{a-b} <1

Vay ludn c6 0<|a—b|<1.

11) Piat {a}=d thi 0<d <1.
. Neu0<d<—th1[ } [ +d+ } [d+ } [a];
[24]=[2([a] +d) | =2[a]+

e Néu 5<d<1 thl[

2[a]. Tir d6 suy ra diéu phai chimg minh.

9 [ ra |l a3 ] <a]+1

[2a]= [([a]+a’)] 2[a]+[2d]=2[a]+1. Suy ra diéu phdi ching minh.

Nl»—‘

12) Taco [na] [ a]+{a})J: [a]+ I:n ] ma [n{a}]>0 nén [na]=n[a].
e

13) Néu a 1a s nguyén thi [-a]=-a=-[a].

Néu a khong nguyén thi 0<{a} <1, nén —~1<-{a} <0, suyra [-{a}]=-1.

Ta 6 [-a]=[-([a] + {o}) ] =[-[e]J+ [-{a} ] =[] 1.

6.2 UNG DUNG
6.2.1 Chirng minh mot s6 bai toan vé so hoc
Vidul. Cho a>0 va sé n nguyén duong. Chimg minh rang s6 cac sd nguyén

duong 13 boi s6 cta n va khong vuot qué a 1a [g}.
n

Gidi.

Ta viét a=nqg+r, trong d6 ¢ 1a s6 tu nhién, 0<r <n.

R4 rang cac boi s6 cua n khong vuot quéa a 1a n,2n,...,gn. tong cong cod ¢ sO.

Mit khac H = . Tir d6 suy ra két luan ctia bai toén.
n

Vidu 2. S6 2012! ¢6 tan cung bao nhiéu s6 0?
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Gidi.
Vi 10 =2.5 nén dé biét 2012! ¢ tan cing bang bao nhéu chir s6 0, ta can phai tinh s6 mii
ctia 5 khi phan tich 2012! ra thira s6 nguyén to.
Theo Vi du 1, S6 mil ctia 5 khi phan tich 2012! ra thira s6 nguyén t6 bang
[2012}+[2032}+[20}2}+[20}2} =402+80+16+3=501. (Do 2012<5%)
5 5 5 5
Do mil ctia 2 khi phan tich 2012! ra thira s6 nguyén t6 nhiéu hon 501.
Vay 2012! C6 tan cing 1a 501 chit s6 0.
Nhdn xét. Néu 5" <n <5 thi s6 chit s6 0 tan cling vé bén phai ciia s6 n! bang

51 15 5
Vi du 3. Tim sd ty nhién k 16n nhét sao cho (201 1!)2012
Gidi.
Ta c6 2012 =2%503.
S6 mil cao nhét cua 503 c6 trong 2011! La

[%}:3 (do 2011<503%).

chia hét cho 2012

503
Vay 2011! chia hét cho 503° va khong chia hét cho 503*, hién nhién 2011! chia hét cho
4’. Do vy 2011! chia hét cho 2012° va khong chia hét cho 2012*.

Mubn (2011!)*" chia hét cho 2012* thi k <3.2012 =6036.

Vay max k =6036.

Vi du 4. Tim sd ty nhién » sao cho
n n n
[2010}:[2011}{2012}' M
Gidi.

Viét n=2010k + (0 < r <2009, k,7 1 c6 sb tu nhién). Thay vao (1) ta co

2010k +r | |201lk+r—Fk | | 2012k +r—2k
2010 2011 2012

o h—kat r—k ket r—2k - r—k _ r—2k 0.
2011 2012 2011 2012
Suy ra 0<r—2k nén 2k <r<2009,0 <k <1004.
Vay n=2010k+r(0 <k <1004;2k <r <2009).

Do c6 105 gia tri ctia k (tir 0 dén 1004). Véi mot & thi » nhén cac gid tri tr 2k dén
2009. Vay s6 nghi€ém tu nhién » cua (1) la

1004

> (2010-2k)=1011030.

k=0

Vidu 5. Tim tat ca cac s6 nguyén t0 x sao cho

[xﬁ]+[x/ﬂ+...+[\/x2 —1} 1a s6 nguyén to.
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Gidi.
Nhan xét

[\/n—z}=[ n2+1}=...=[ (n+1)2—1}=n,neN.
bat Sn:[\/nTJ+[ n2+1}+...+[ (n+1)2—1}=(2n+1)n=2n2+n.

4x2—3x—1)

X
Do d6 y:[xﬁ]+[x/5}+...+[\/x2 —1} =S +S8,+..+S_, = ( <
Nén 6y:x(4x2 —3x—1), suy ra 6yix, ma x,y la cac sO nguyén to suy ra x € {2;3;y}.
Néu x=2 thi y=3 (thoa min); néu x=3 thi y=13 (thda min); néu x=y thi y=-1
hoic y:% (loai).

Vay bai todn c6 hai nghiém x=2 va x=3.

6.2.2 Giai phwong trinh c6 chira ddu phan nguyén

a) Dang 1. I:f(x):l =a(ael)

Phwong phap: [f(x)] =a(aeZ)eas< f(x)<a+l.

Vi du 6. Giai phuong trinh [x]2 -3[x]+2=0.

Vi du 7. Giai phuong trinh [xz +5]2 —9[x2 +7] =-26. (goi ¥: [xz + 7] = [xz + 5] +2)

b) Dang 2. [f(x)} =g(x)

Phuong phdp: Dit g(x)=t (t nguyén), biéu dién f(x)=h(¢) dua vé phuong trinh
[h(2)]=t<t<h(r)<t+1 hay 0<h(z)-z<1.

Tim ¢, sau do6 tir g(x)=¢ timra x.

Vidu8. Giai phuong trinh [4_53)6} = 5x7_5.
Gidi.
Pt 35 _ (1) thi = 7t;—5;4—3x=5—21t.

5 25

Ta cod -2l —tet< >—2lt <t+1
25 25

<:>25t£5—21t£25t+25<:>ﬁ<t£i.
46 46
Do ¢t nguyén nén ¢=0. Suyra x=1.
Vay phuong trinh ¢6 nghiém duy nhat x =1.
Vidu9. Giai phuong trinh x* -9[x]+8=0.
Gidi.
B x> +8

Bién d6i phuong trinh vé dang [x]= 5
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x*+8

bit =t(t e N*) thi x=+/97-8 (do x>0). Taco

[x/9t—8]=t<:>tﬁx/9t—8 <t+1
1<1<8

{z2—9z+830 113
= =

2
> =7t+9>0
7+\/B
>

Do ¢ 14 s6 tu nhién nén te{1;6;7;8}. Do d6 xe{l;m;\/gﬂ}.

t=

Vit tap nghiém cia phuong trinh la {l;m /55 ;8}.

Vidu10. Giai phuong trinh [2)‘3‘1}{4“1}: x—4

6 3

Ap dung tinh chat 11) [a] +{a +%} =[2a], tacod

i el N e R

Nén phuong trinh da cho tré thanh
|:4X — 2} _Sx-4
3 3

_i(tez) thi x=3t5+4;4x3—2=4z5+2

5x—4

bat . Suy ra

{4?2}:;@034t;2—t<1<:>—3<t£2<:>te{—2;—1;0;1§2}

;%;2}.
¢) Dang 3. [ /(x)]=[2(x)]
Phuong phap: Dt [f(x)] = [g(x)] =t suyra ‘f(x) —g(x)‘ <1, din dén a<x<b.
a, < f(x) <b
a, < f(x) <b,

(do ¢ nguyén), tuong ing tim dugc x e {%2

(NN

L
57

, tir do tim duoc ¢.

[f(x)]=1
[g(x)]=1

Tap hop cac gia tri x tim dugc tur hé trén s€ 1a nghiém ctia phuong trinh.

Véi a<x<b suyra {

Ung vi moi gia tri cia ¢ nguyén, giai hé { dé tim x.

Vidu 11. Giai phuong trinh [2x3— 1} = {x; 1}.

Gidi.

2x -1
3

bat { }:{x;q:t(er). Theo tinh chét 10) ta co
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x+1

2x-1
3

0< Xt ¢ os{x—”}ss
2 2

2l —1§{2x_1}£6
3 3

Véi r=0 thi {2)‘3_1}:{“1}:0@

2

Véi r=1 thi {2’;‘1}:{“1}1@

2

Véi £ =2 thi [2"3‘1}{’”1}:2@

2

3

Véi r=3 thi {2"_1}{“1}:3@

Véi r=4 thi [2’“1}:{“1}:4@

3

Véi t=5 thi {2’;‘1}:{“1}5@

2

Viy tap nghiém cua phuong trinh 1a [0,5;1)U[2;3)U[3,5;5,5]U[7:8)U[9;9,5).

d) Dang 4. Phuwong trinh chira nhié¢u dau phan nguyén

0<—«1

2x—1

1< <2
3

x+1

1<—<2
2

2£2x—1<

2SXT+1<3

3S2x—1

3SXT+1<4

2x-1

4<

4Sx7+1<5

5£2x_1

SSXTH<6

<1

<4

<5

<6

<1<:>—1<XT_5<1<:>—1<x<11. Khi d6

f—g

f—

=

<~

. Suy ra ¢ € {0;1;2;3;4;5}.

le<2 1

< —<x<l.

-1<x<«1

2Sx<Z

2 2<x<3.

1<x<3

|
|

ZSx<5 7
2

= —<x<5.

3<x<5

SSx<ll

2 &S5 x<—.
2

55x<7

Phwong phdp: St dung tinh chat ctia phan nguyén, phan tich da thtc thanh nhan tir, dat
an phu (néu can) dé dua vé cac dang 1,2,3.
Vidu 12. Giai phuong trinh [x]+[2x]+[3x]+...+[2009x] = 4036082.

Giai.
Nhén xét rang

[x]<x<[x+1] suy ra k[x]<kx<k[x]+k nén k[x]é[lcx]ﬁk[x]+k—l(keZ*).

Do d6 thay k=1,2,...,2009 roi cong theo vé ta co
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2019045 x] <[x]+[2x]+...+[2009x] < 2019045[ x] +2017036.
2019045[x] < 4036082 < 2019045 x]+2017036.
Lai c6 4036082 =2019045+2017037. Do d6 phuong trinh vd nghiém.

Vidu 13. Giai phuong trinh [?} - [x2] = [—xz]
Gidi. ,
Ap dung tinh chat 13) ta co
, —[xz ] X eZ
[—x ] B {[xzjl,xz g 7.

eNéu x* 14 s6 nguyén thi phuong trinh da cho tré thanh

cadull DI el S DINLIDIN S
3 3 2

Ma x? 13 s6 nguyén nén x e {l;x/f;\/g}.

eNéu x* khong 14 s6 nguyén thi phwong trinh da cho tré thanh

{2’6_1}:—1@03 2] e 1sx<l
3 3 2
Ma x* khong nguyén nén phai loai x=-1,x=0=x e(—l;O)u(O;%)

Vay tap nghiém cta phuong trinh la (-1;0)u (0;%) U {1;\/5 3 }
6.3 BAT PHUONG TRINH CO CHUA DAU PHAN NGUYEN
Khi giai bat phuong trinh c6 chira ddu phan nguyén, ta thudng dit bidu thirc [ £ (x)]=¢
(¢ nguyén) dé chuyén vé giai bat phuong trinh khong con chira diu phan nguyén, rdi van
dung dinh nghia va tinh chat ctia phin nguyén dé tim ra nghiém ctia bat phuong trinh.
Vidu 14. Giai bat phuong trinh [x+2]>5.
Gidi.
Cdch 1. Nhan xét rang [a]>b (b nguyén) khi va chi khi a>b+1,
Ta co [x+2]>5 khi va chi khi x+2>6. Do dé x>4.
Céch 2. Dat [x+2]=1 (¢ 1a s6 nguyén) thi c6 ¢>5. Do vay 1 €{6,7;8;...).
Tu [x+2]=¢ suyra r<x+2<t+1. suyra t-2<x<t-1re{67;8;..}.
Viy x> 4. Bat phuong trinh c6 v6 s6 nghiém x > 4.
Vidu 15. Giai bat phuong trinh Z[x]2 —9[x+1]+16<0.
Gidi.
Ap dung tinh chét 4) ta c6 [x+1]=[x]+1. Bién d6i bat phuong trinh thanh
2[x] -9[x]+7 <o0.
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Dit [x]=¢ (¢ 1a sd nguyén) thi c6 22 -9r+7<0 suy ra 1<7<3,5 ma t nguyén nén
te{2;3}.

Véi t=2 thi [x]=2 suyra 2<x<3.

Vé6i =3 thi [x]=3 suyra 3<x<4.

Vay tap nghiém clia bat phuong trinh 1a [2;4).

Vidu 16. Gidi bat phuong trinh [2x] > [x].

Gidi.

Céch 1. Dat [x]=1t (¢ 1a s6 nguyén) thi ¢ <x<z+1 suy ra 2t <2x<2¢+2. Do d6 [2x]=2¢
hoac 2¢+1.

e Vé6i [2x]=2¢ thi 0<{x}<0,5 va 2¢>r<¢>0, ma ¢ nguyén nén ¢ 1a s nguyén
dwong. Dan d&én x>1.

o V6i [2x]=2¢+1 thi 0,5<{x}<1vd 2¢+1>1<¢>-1, ma ¢ nguyén nén ¢ 1a s6 nguyén
dwong. Dan dén x> 0.

Két hop vé6i 0,5 < {x} <1 dan dén x>0,5.

Cdch 2. Nhan xét rang [a]>[b] khi va chi khi a>b va [a]=[b] .
Ta co [2x]>[x]< 2x>x va [2x]#[x] < x>0 va [2x]=[x].
Trudce hét ta im x sao cho [2x]=[x].
bit [2x]=[x] =7 (¢ nguyén) ta co

2x—x|<1<|x|<1 suy ra 0<x<1 nén [x]=0.
Véi t=0 thi [x]=[2x]=0 suyra 0<2x<1nén 0<x<0,5.
Vay nghiém cua bat phuong trinh 14 x>0,5.

BAI TAP
1. Tim s tu nhién & nho nhat sao cho (IOOl)k chia hét cho 10'.
2. Tim s6 ty nhién » nhé nhét sao cho [i/q+[%/§] +...+[\3’/x3 —1} = 400.

3. Giai phuong trinh x[x]-3x—{x}+2=0.
4. Giai cac phuong trinh sau
a) x’ —8[x]+7=0;

o[-

5. Giai phuong trinh 20(x +37- [x +337D =X.

6. Giai phuong trinh [x]+{x+L} +...+{x+£} =2x+1005.
2012 2012

7. Giai cac bat phuong trinh
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7. Chuyén dé 7: Pwong thang Simson:
7.1. PUONG THANG SIMSON 7
Bai toan 1. Cho tam giac ABC ndi tiep duong tron (O). M 1a diém tuy y trén (O) ;
goi D,E.H 1an luot 14 hinh chiéu vudng goc cua M trén BC,CA, AB . Ching minh réng
D,E,H thang hang.

Giai. Khong mat tinh tong quat, gia st M thudc cung 238 khong chura A.

MD 1 BC,ME | AC = MDEC 14 tit giac ndi tiép = EMC = EDC . (1)

MH | AB,MD 1. BC = MHBD 1la t& giadc nodi tiép
— HMB = HDB. (2)

ABMC ndi tiép = MBH = MCA.

Ma MBH + HMB = MCA + EMC = 90° = EMC = HMB  (3)

Tir (1), (2), (3) suy ra HDB = EDC = H, D, E thing hang.

Puong thiang qua H,D,E c¢6 tén la dwong thang Simson ciia

tam gidc ABC g vdi diém M (hay dwong thang Wallace).

Bai toan 2. Cho tam giac ABC, M la diém trong miat phang chira tam giac ABC.
Goi D,E,H lan luot 1a hinh chiéu cia M trén cdc canh BC,CA,AB va D,E,H thing
hang. Chimg minh M nam trén dudng tron ngoai tiép tam giac ABC.

Gidi. Theo gia thiét, MD L BC,ME | CA,MH 1 AB, va D,E,H théng hang, suy ra

—_ -

tor giac MDBH ndi tiép = HMB = HDB (chin cung HB),

A

HDB = EDC (d6i dinh), EDC = EMC (chdn cung EC) E

— HMB = EMC = EMH = BMC (1) 5 5 c

Ta gidgc AEMH i tiép = A+ EMH = 180" (2) HW
Tir (1), 2) = A+ BMC = 180°. Suy ra tit gidc ABMC ndi

tiép= M nam trén dudng tron ngoai tiép tam gidc ABC .

Tir bai todn trén ta cé két qua: “Cho tam gidc ABC, M la diém trong mdt phing
chira tam gidc va khong triing véi cdc dinh. Goi D,E,H la hinh chiéu cia M trén ba
canh ciia tam gidc ABC . Diéu kién can va dii dé diém M nam trén dwong tron ngogi
tiép tam gidc ABC la D,E,H thing hang”.

Nhuw vy, v6i méi diém M cé mét dwong thang Simson doi y
voi tam gidc ABC cho truoc.

7.2. Vi DU MINH HOQA.

Vi du 1. Ching minh rang:

a, Puong thang Simson cua dinh A cua tam gidc ABC la
dudng cao ha tir dinh do.

b, Pudng thang Simson cta dinh D (diém d6i xing voi A B
qua tam O) la canh BC'. D
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Gidi. a, Hién nhién.

b, D la diém dbi xing v6i A qua O = AD la duong kinh = DB | AB,DC 1 AC.
Suy ra dudng thang Simson chinh 13 duong thang BC.

Vi du 2. Cho tam gidc ABC ndi tiep duong tron (0O), M,N la cac diém thudc (O).
Chtng minh goc gitra 2 duong thang Simson cua M va N ddi véi tam gidc ABC bang
nta sé do cung J\?]?f . Bic biét, néu M,N dbi xtmg véi nhau qua tdm O, thi cac duong
thang Simson cta ching vudng goc véi nhau tai mot diém trén dudng tron Euler.

Gigi. AEMH n6i tiép= AEH = AMH = 90° — MAC
(D

BFNK noi tiép= BFK — BNK = 90° —CBN (2)

Cong vé - vé cua (1) va (2), suy ra

AEH + BFK = 180° — MAC — CBN

= MAC + CBN =180° — (AEH + BFK) = EPF (P la
giao diém cta ED, FI)

= ED,FI tao goc co sb do bang nta sé do cung MN
(truong hop dac biét ty ¢/m).

Vi du 3. Cho dudng tron (0) dudng kinh AB, C 14 diém c

trén duong tron. Duong phan gidc cua ACB cit dudng tron

tai M . Goi H,K la hinh chjéu cua M trén BC,AC. ) \ == 2
Chimmg minh O, K, H thang hang. K -
Gidi. CM la duong phan giac cua

ACB = MA=MB= MO 1 AB "

Theo gia thiét, MH | BC,MK 1 CA nén theo bai toan 1
thi H,0,K thang hang.

Vi du 4. Cho tam gidc ABC, M la diém thay d6i trén duong tron ngoai tiép tam
giac ABC'. Goi K,P,Q lan luot 1a cac diém do6i ximg cua M qua BC,AC,AB. Chung
minh ring P,K,Q nim trén 1 duong thing, va duong thing nay luon di qua 1 diém cb
dinh. (V6 dich Nhat Ban — 1996)

Giai. Goi D,E,F lan luot la giao diém cua
MK, MP,MQ v&i BC,CA,AB.

Suyra MD L BC,ME 1L AC,MF 1 AB

= D, E, F thang hang.

Miat khae, MD = DK,ME = EP,MF = FQ ©Q
= ED la duong trung binh cia AMKP, va DF
la duong trung binh cua tam gidc MKQ = Q,K, P
thang hang va FE//PQ.
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Goi H 1a truc tim AABC;I,J la diém dbi xung cua Hqua AC va AB=1,J
thugc dudong tron ngoai tiép AABC = MHIP,MHJQ 1a hinh thang can

:@:ﬁ:MAC.Tumgm,ﬁ:ﬁ:@

Suy rta QHJ + PHI + JHI = MAC + MAB + JHI = A+ JHI = 180° = P,Q,H
thang hang = PQ ludn di qua tryc tim H cta tam gidc ABC (dwong thang Steiner)

Vi du 5. Cho tam gidc ABC, M la diém thudc cung BC khong chua dinh A. Goi

D,E, H1ahinh chiéu ciia M lan luot trén cac canh BC,CA, AB . Chimg minh rang
BC _CA L AB - ys dich Mi— 1979)
MD ME MH
Gidi. Theo BT1 tacd H,D,E thing hang.
Céc tir gidc MHBD, MDEC 1di tiép

— MEH = MCB,MBC = MHE = AMEH va
AMCB dong dang.
BC HE

Ké MI L HE = — =" (1)
MD  MI
Ta co
MHD = MBC = MAC,MDH = MBH = MCA

= AMHD,AMAC dong dang = AC _HD (2)

ME  MI
Tuong tu AMED, AMAB dong dang = AB _ ED (3)

MH  MI
\ AC AB HD+ DE HE X
T (2), (3) duoc + = = . Ké h 1), suy ra
@, () duge o4 = oo 2o op (1), suy

BC _CA L AB 1w ¥ Pic biet, nfu AABC ddu, ta 06 —— 4 — L
MD ME MH ME MH MD

(Olympic Viét Nam).
Vi du 6. Cho tam giac nhon ABC, M la diém thudc cung BC khong chira dinh A.
Goi D,H lan luot 13 hinh chiéu cia M 1an luot trén cac canh AC, AB . Xéac dinh vi tri
cia M dé dd dai DH 16n nhat.
Giai. Ha HE | BC = D,E,H théng hang.

TG gidc MHBE ndi tiép = CBM = DHM .

Té gidc MCDE ndi tiép = BCM = HDM .
Suy ra AHDM,ABCM déng dang

S DIV g <mp = M o 2D
BC BM MB BC

— HD < BC. Do d6 HD 1én nhéat khi va chi khi
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HD =BC < MH = MB < MB L AB < AM 1a dudng kinh < M ddi xing véi A
quatam O.

Vi du 7. Cho gobc x/O\y, ldy diém A cb dinh

thudc phan gidc cua goc ar/O\y Dung duong tron (I)
thay doi qua O va A cit Oz, Oy tai B,C. Dung hinh
binh hanh OBM(C . Ching minh rﬁng M thudc mot
duong thang cb dinh.

Gidai. Vi A trén duong phan giac cua goc

20y = AC = AB = IA | BC
Ké AH 1 Ox,AK 1L Oy= H,K c¢b dinh, va
K,E,H thang hang = duong thang Simson ctia A

d6i voi tam giac OBC ¢6 dinh.

Hinh binh hanh OBMC ¢6 OM =20E = M thudc duong thang d song song voi
duong thang Simson, va cach O mot khoang khong dbi, bang 2 lan khoang cach tir O
dén HK .

Vi du 8. Cho ba diém A, B,C thudc mot dudng
thang va M khong thudc duong thang d6. Ching
minh rang tim dudng tron ngoai tiép cac tam giac
MAB,MBC,MAC va diém M cung thudc mot
dudng tron.

Gidi. Goi 0,,0,,0, lan lugt 1a tAm duong tron 4

ngoai tiép cac tam gidc MAB, MBC,MAC ; va

D, E,F 1an luot 12 hinh chiéu cia M trén cac canh cua tam giac 0,0,0, tacd D,E,F la
trung diém ctia MA, MB,MC , suyra D,E,F théng hang.

Theo bai toan 2 ta ¢6 0,,0,,0,, M nam trén mot dudng tron.

Vi du 9. Cho tam gidc ABC noi tiép dudng tron (0) va dudng phan giac AD. Goi
P, lan luot 13 hinh chiéu cua D trén AB,AC . Tu D ké
duong thang vudng géc véi BC, cat PQ tai M. Chung
minh M thudc trung tuyén ké tir A ctia tam gidc ABC .

Gidi. Goi I 1a giao diém cua dudng phéan giac AD voi
duodng tron ngoai ti€p tam gidc ABC .

Ké IK | AB,IH | AC,goi E=0INBC
— EB = EC,EI L BC .

Theo bai toan 1, suy ra K, E, H thang hang.

AP AD

Mit khac, DP//KI,DQ//IH = 2= = 22 v

: //KI,DQ// T
AQ _AD AP _AQ_ Loy

AH Al = AK AH
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MD 1 BC,IE 1. BC = DM//IE .Goi M' = AEN PQ.

Dé dang chting minh dwoc M'D//IE = M = M’ . Vay M thudc trung tuyén AE .

Vi du 10. Cho tr giac ABCD ndi tiép dudng tron (0), d,,dg,de,d;, la cac duong
thang Simson cua A, B,C,D tuwong mg ddi v&i cac tam giac BCD,CDA,DAB,ABC.
Chung minh rang d 18 desdp dong quy.

Gidi. Goi H,,H,,H, H, lan luot 14 tryc tAm cia
cac tam giac BCD,CDA,DAB, ABC. Suy ra duong
thang Steiner cia cac diém A, B,C,D d6i voi cac tam
gidc BCD,CDA,DAB,ABC lan  luot di qua
H,H, Hy,H, = dy,dg,d,d;, di qua trung diém cua
AH,,BH,,CH,,DH,

Goi M 14 trung diém cta AB = CH 4 =20M

DH, =20M = CDH,H, la hinh binh hanh

= DH,,CH, cit nhau tai trung diém ctia mdi duong.
Tuong tw, AH,BH,,CH,,DH, cit nhau tai trung diém cta mdi dudng, suy ra
dy,dp,de,d;, dong quy.

Vi du 11. Cho tr gidc ABCD noi tiép dudng tron. Goi H,K 14 hinh chiéu cia B
trén AC va CD;M,N 1a trung diém cta AD, HK . Chimg minh ABMN 13 tam giac
vuong.

Giai. Tt B ké BE 1 AD. Theo bai toan 1 ta co
E,H,K thing hang.

TG giac BEDK,BHKC ndi tiép = EDB = EKB;

va BHK + BCD = 180°.
Mit khac BAD + BCD = 180° = BAD = BHK
= ABHK,ABAD d6ng dang;
MA =MD va NH = NK = AABM,AHBN dbng

dang = AMB = BNE
Suy ra ttr gidc BEMN ndi tiép; Ma BE 1. AD = BN 1 MN .Vay ABMN vudng.
Vi du 12. Cho tam gidc ABC,BE,CK la cac duong cao cua tam giac ABC . Goi
P.Q 1a hinh chiéu cia E trén BC,CK . Chung minh rang 4

PQ di qua trung diém cia KE . " ,
Gidi. Tt F ha FH 1 AB, theo gia thiét EP | BC,
EQ L CK,ti gisc BKEC noi tiép.
Theo bai toan 1 ta c6 P,Q, H thang hang.
Tk gidc KHEQ c6 B : >
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EHK — HKQ = KQE — 90° = KHEQ 13 hinh chit nhat. KE, HQ 1 dudng chéo,
chung cét nhau tai trung diém ctia mdi duong. Suy ra dpem.

Vi du 13. Cho tir gidc ABCD noi tiép duong tron. Goi P,Q, R 13 hinh chiéu cua D
trén BC,CA, AB . Ching minh rang PQ = QR khi va chi khi cac dudng phan gic cia

—

ABC va ADC catnhautrén AC .
Gidi. Theo gia thiét ta c6 P,Q, R thang hang.
DPCQ 1a tir giac ndi tiép = DCA = DPR.

—

Tuong ty, DAC = DRP.
Suy ra ADCA,ADPR d6ng dang. Tuong tu,

ADAB,ADQP ; ADBC,ADRQ ddng dang

QR
pA_ pr_ PBpa qr Ba
DC T DP . PQ  PQ BC
BA

PQ = QR khi va chi khi g—g = % < duong phan giac ﬁ?c,ﬂ)\c cit nhau trén

AC.

Vi du 14. Cho tam giac nhon ABC ndi tiép duong tron (0), ¢b tryc tim H, D la
diém trén cung nhdo BC'. Duyng hinh binh hanh ADCE, K 1a tryc tm cua tam giac
ACE . Goi P,Q 1a hinh chiéu cua K trén BC,AB. Chimg minh ring PQ di qua trung

diém cua HK . (Olympic Viét Nam — 2004) . E
Gidi. Theo gia thiét ta c6 ADC = A/R*,K la tryc tdm
AAEC = EK 1 AC y €

\
AKC + AEC =180° = AKC + ADC =180 = tit giAc
ADCK ndi tiép = K €(0),FK cit AC tai I, suy ra
P,Q,I thang hang (duong thang Simson).
Gia st AH cit (0) tai M va cat PQ tai N, suy ra \
MN//KP; KQ L AB,KP | BC = BQKPla t& gidc noi B\ P ¢

)

— -

tiép = QBK = AMK = QPK = MPKN ndi tiép = MPKN s
1a hinh thang can = KN = PM .
Mit khac, PH = PM = PH = KN = HPKN 1a hinh binh hanh = NP, HK cét nhau

tai trung diém mdi doan = PQ di qua trung diém HK .

Vi du 13. Cho hai duong tron (0, ),(0,) cat nhau tai A va B. Mot duong thang d
thay d6i qua A cat (0,),(0,) lan luot tai C,D (A nam giita C, D). Tiép tuyén tai C cua
(O,) vatai D cua (0,) cit nhau tai M. Goi P,Q lan luot 1a hinh chiéu vudng goc cia

B xubng hai tiép tuyén. Chimg minh rang PQ tiép xic v6i mot dudng tron cb dinh.
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Gidgi. MC,MD 1a tiép tuyén cta

(0,),(0,) = ABC = MCA, ABD = MDA

— OBD = MCD + MDC = 180° — CMD

— OBD + CMD = 180° = MCBD ndi tiép.

Ha BH 1 CD. Ap dung dinh 1y Simson cho
diém B ddi v6i tam giac MCD taco P,H,Q théng ' . o,
hang; A, B cb dinh, suy ra H nim trén dudng tron

duong kinh AB . Nén, PQ ludn tiép xtc véi dudng
tron duong kinh AB.

BAI TAP

1. Cho duong tron (O) va ba day cung tuy y AB,AC,AD. Cac dudng tron duong
kinh AB,AC,AD cit nhau tmg d6i mot tai M, N, E. Ching minh M, N, E thang hang.

2. Néu 2 tam gic cung ndi tiép dudng tron (0) thi goc gitta 2 dudng thing Simson
ctia diém M trén (O) d6i v6i hai tam giac khong phu thudc vao vi tri cia M trén (0).

3. Cho tam giac ABC ndi tiép dudng tron (O;R). Goi D 1a diém d6i xtmg ctia A
qua BC, E la diém d6i xtmg cia B qua AC, F la diém doi xing ctia ¢ qua AB. Gia
su H la truc tm cua tam gidc ABC .

Chung minh rang D, E, F thang hang khi va chi khi OH = 2R (Anh — 1990)

4. Cho duong tron (O) va duong thang d khéng cat (0). Piém M thay doi trén d.
T M ké hai tiép tuyén MA, MB véi (0). Goi H la hinh chiéu ctia O trén d; E,F lan
lwot 13 hinh chiéu cia H trén MA, MB. Ching minh ring AB luon di qua mot diém cb
dinh, tir 46 suy ra EF ciing di qua mot diém cd dinh.

5. Cho tam gidc ABC ndi tiép duong tron (0). P,Q € (0) sao cho CP,CQ ddi xing

J———

v6i nhau qua phan giac cta goc BCA. Chimg minh raing CQ vudng goc véi duong
thang Simson ciia P dbi voi tam gidc ABC .

6. Cho goc nhon rc/O\y va tia phan gidc Oz, diém M cb dinh trén Oz (M khac 0).
Dung dudng tron (S) di qua O, M, cat Oz, Oy tai A B. Goi I 1a trung diém cta AB.
Duyng hinh vudng OCID . Tim quy tich diém C khi duong tron () thay doi.

7. Cho tam gidc ABC khong déu, P 1a hinh chiéu cua A trén BC. Goi D,E,F lan
luot 12 trung diém BC,CA,AB. Goi [, la duong thang di qua chan hai dudng cao ha tir
P xudng DE,DF . Tuong tu cho b1, . Chimg minh [ 1,1, dong quy.

8. Cho tir giac ABCD ndi tiép dudng tron (0), M 1a diém trén duong tron d6. Goi
a,b, c¢,d la cac duong théng Simson ciia M ddi voi cac tam giac BCD,CDA,DAB,ABC'.
Goi A, B,,C,D, la hinh chiéu cia M trén a,b,c,d. Chung minh A, B,,C|,D; théng
hang.
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9. Cho tam gidc ABC ndi tiép duong tron (0). MN 1a day cung chuyén dong trén
duong tron co do dai khong dbi. Chirng minh ring duong thing Simson cua M, N ddi
v6i tam giac ABC hop voi nhau mot goc khong doi.

10. Cho t&r gidc ABCD ¢6 AB,CD cat nhau tai F;BC,AD cat nhau tai F. Ching
minh céc tryc tim cla cac tam gidc ABF,CDF,ADE, BCE thang hang.
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8. Chuyén dé 8: Bat dang thirc Erdos — Modell va mét vai ing dung:

8.1. BAT PANG THUC ERDOS - MORDELL.

Cho tam gigc ABC va M la mét diém bdt ki nam trong tam gidc dé. Goi R, ,R,R
theo thir tw la khodng cdch tir M dén cac dinh A,B,C . Con d,d,,d_ ldn leot la khoang
cdach tir M dén cdc canh BC,CA, AB.

Khi d6 ta c6 bat ding thirc R, + R, + R, >2(d_+d, +d)

Pang thirc xdy ra khi va chi tam gide ABC déu, va M la tdm cia tam gidc déu do.

Bét dang thirc Erdos — Mordell (E — M) 1a mot bat dang thirc kha ndi tiéng trong tam
giac, dugc nha toan hoc ndi tiéng ngudi Hungari P. Erdos dé xuit vao nam 1935, khi
nghién ciru cac tinh chat ciia tam giac. Bi 16i cudn boi tinh gian di ciia bai toan, P. Erdos
lao vao chig minh, song vinh du giai dugc bai toan d6 khong thudc vé 6ng, ma thude
vé nha hinh hoc néi tiéng ngudi Anh tén 12 Louis Mordel. L. Mordell d& chimg minh bat
dang thirc ndy bang phuong phép lugng giac (sir dung dinh 1i Sin va dinh 1i Cosossin).
Maii dén nam 1945, nha toan hoc ngudi Nga Cadarinop méi dé xuat duoc mot 101 giai
thuan tay hinh hoc ¢ thé chip nhan dugc. Tiép theo d6, nhiéu nha toan hoc trén thé gidi
da néu dugc nhimng 10 giai ngin gon cho bat dang thirc. Chang han bang cach sir dung
dinh 1y Ptolemy cua André Avez; st dung kién thirc tam gidc dong dang cua Leon
Bankoff: st dung bat dang thirc vé dién tich ctua V. Komornik; sit dung lugng giac cia
Barrow; ...

Sau ddy 1a mot 101 giai thuan tay hinh hoc phu hop véi trinh do cac ban HS 16p 9.

Chitng minh bt dang thirc E — M

Pit BC =a,AC =b,AB =c. Ly diém M,

d6i xtng v6i diém M qua duong phan giac trong /
clia goc BAC . Dung BH 1 AM,CK 1 AM,.Gia \

st AM, cit BC tai D.

Khidé BD > BH: DC > CK . “

Dang thuc xdy ra khi va chi khi AD | BC hay
AM; L BC.Tudo ta co:

a>BH +CK ¢ aR, 225, +25,0y (AM, =AM =R,)hay aR, > cd, +0d,

°C

N c b a c a b

Cong vé - vé (1), (2), (3) ta thu dugc
b ¢
— _|_ —
c b

b
+db[3+3]+dc[ﬁ+—
c a b

R +R +R, >d, -

> 2(d, +dy +d,)

Ding thirc xay ra khi va chi khi a = b = ¢, dong thoi M, la tryc tdm cua tam giac ABC .

Ttr cach chimg minh trén chung ta con mot s6 két qua sau:
Hé qua 1. (Bt dang thic E — M dang tich)
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Cho tam giac ABC va M la mot diém bat ki nam trong tam giac do. Goi R R, R,
lan luot la khoang cach tw M dén cdc dinh A,B,C. Con d ,dy,d, lan luot la khodng

cdch tir M dén cac canh BC,CA,AB. Khi dé ta cé bat dang thirc R .R, R, > 8d .dy.d_
Chirng minh. Tr cach ching minh bat dang thic E — M ta c6:

c b a c a b A £ £, a2
R, > gdb +gdc, R, > ch —l-gda, R, > Zdb +Zd“ (*). Nhan theo vé 3 bat dang

c b a c a b
gdb —|——dc][zdc +_da][_db —l——da]

a b c c
ZSJ

H¢é qua 2. (Bat ding thic E — M dang cin thiic)
Cho tam gidc ABC va M la mét diém bt ki nam trong tam gidc dé. Goi R, R, R,

thirc trén ta duge R .R,.R, >

c b
—d,.—d
a Vg €

a, ¢C a , b
[zdc.gda][—db.—da] = 8d,.d;.d, (dpcm)

Cc Cc

lan lwot la khodng cdch tir M dén cdc dinh A, B,C . Con d ,dy,d. lan lwot la khodng
cach tir M dén cdc canh BC,CA,AB.

Khi @ ta 6 bt ding thike \[R, +\[R, + B, =2 (Ju, +Jd, + 4]

Chirng minh. Tt (*) 6 hé qua 1, theo bat dang thirc Cauchy ta c6

c b
R DN
B, =\ Cd+ 24, > e bﬁ 0

Je i+ i

a C
\/R7z72 gdﬁgda >

L
i gdb+éda>ﬁﬁ+ ',

& & 2

Cong ve - vé cac bat dang thic trén ta dugc

T =+ ]
26(@+@+@) (dpcm)

e

8.2. MOT VAI AP DUNG CUA BAT PANG THUC ERDOS - MORDELL
Chung ta xét vai 4p dung ctia bat dang thirc E — M va cac hé qua 1, hé qua 2 thong
qua mot sd bai toan sau:
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Vi du 1. Goi I 13 tdm, r 1a ban kinh duong tron ndi tiép tam giac ABC . Chimng
minh rang diéu kién can va du dé tam giac ABC déu la IA+ IB + IC = 6r.

Giai. K¢é [H,1J,IK theo thlr ty vudng gboc vai céac
canh BC,CA,AB.Tacd IH =1J = IK = r.

Ap dung bat dang thiric E — M cho diém I trong
tam giac ABC, ta thy

IA+IB+1C >2(IH + IJ + IK) = 6r.

Pang thirc xay ra khi va chi khi tam giac ABC

déu. B® I c

A

Noéi cach khac, diéu kién can va du dé tam giac
ABC déula IA+ IB + IC = 6r (dpcm)

Vi du 2. Gia sit M 1a mot diém bat ki nam trong tam gidc ABC . Goi r 14 ban kinh
duong tron noi tiép tam gidc. Ching minh ring MA + MB + MC > 6r. Dang thirc xay
ra khi nao?

Gidi. Goi z,y,z 1an luot 1a khoang cach

. A
tr M dén cac canh BC,CA,AB.
K¢ AH L BC,MA, L BC,khidétaco
AM + MA, > AH . T d6
AM ZM_LE- X
B H A oC

25
Tuong tu, BM > —ABC _
CA

QSABC A i A, 22 r s
CM > TR z . Cong theo vé 3 bat dang thurc nay duoc

1 1 1
+ + ]—(x+y+z)

MA+MB+MC 228 | ==+ —— +

BC

111
— r(BC +CA+ AB
rBC+CA+ )[BC+AC+BA

—(z+y+2) (1)

1 1 1>
BC AC BA)

Ap dung bit dang thirc Cauchy ta dugc (BC + CA + AB)[ + +
(2) 7 4 U 2 e
Ap dung bat dang thitc E — M cho diém M doé1 voi AABC thi
MA+ MB+ MC>2z+y+2) ()
Tu (1), (2), (3) suy ra
MA+ MB+ MC

MA+ MB+ MC > 9r — 5

](:MA—FMB—FMCZGT

Pang thirc xay ra khi va chi khi tam gidc ABC déu (dpcm).
Vi du 3. Chirng minh rang v&i moi tam gidc nhon ABC ta cé cac bat dang thirc
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a, cos A+ cos B + cosC < % b, cos A.cos B.cosC < %

Piang thirc xay ra khi nao?

Gidi. a, Goi O,R theo thu ty 1a tdm, ban kinh duong
tron ngoai tiép tam gidc ABC'; H,I,K theo thu ty 1a hinh
chiéu vuong goc ké tir O dén cac canh BC,CA, AB . Tir gia

1/\

thiét tam giac ABC nhon, ta nhan thiy BAC = EBOC

hay BAC = HOC.

o —

- B ; c
Tuong tu c6 ABC = AOI,ACB = BOK . Tu do: U

—_

cos A+ cos B+ cosC = cos HOC + cos AOI + cos BOK = OH /4 = 01 + OK OH +O0I + OK
., . . OC 0OA OB R
Nhung theo bat dang thuc E — M cho diém O nam trong tam gidc ABC taco

OA+ OB +0C

OH 4 0l + 0K <

Suy ra cos A+ cos B+ cosC < § Ding thic xay

2
ra khi va chi khi AABC déu. 4
b, Dung A4 L BC,BB, 1 AC,CC, L AB. Goi .
H latryc tam AABC.
Do tir gidc BC,HA ndi tiép nén ABC = AHC. «
T giac CA HB, ndi tiép nén ACB = @ Tt giac c
AC|HB, ndi tiép nén BAC = @ Do do:
—_— — HA HB HC
cos A.cos B.cosC' = cos A HC'.cos BlHA.cos C|HB = 3)
HAHB.HC

Str dung bat déng thirc E — M dang tich ta c6 HAHB.HC > 8HA .HB .HC,

Tur (3) suy ra cos A.cos B.cosC' < é Ding thirc xay ra khi va chi khi AABC déu.

Vi du 4. Cho tam giac nhon ABC, goi I, I Vi b I theo thtr ty 1a tam dudng tron ndi

tiép, tim cac dudng tron bang tiép twong Gmg véi cac dinh A, B,C cla tam giac d6; r 1a
ban kinh ctia duong tron (7). Ching minh rang:

a, IAIBIC > 8r° b, II +II, + 11 >12r

¢, 101,01, > 64" d, \J11, + 11, + I, = 6Jr
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Gidi. a, Goi H,J, K lan luot 14 tiép diém cta duong tron (I) véi cac canh BC,

CA, AB. St dung E — M dang tich, ta c6 IA.IB.IC > 8IH.IJ.IK hay IA.IB.IC > 8°
Luu y: Bét dang thirc ¢ cdu a, ciing ding
cho tam gidc ABC batki. I,
b, Nhan xét rang diém I 14 tryc tdm cua
tam giac [ I, 1 .
Ap dung E — M cho diém I ddi voi tam
giac [ A1 ta nhan duoc
I +1I, + 1, >2(IA+ 1B+ 1IC) >12r
(theo vidu 1)
¢, Ap dung E — M dang tich cho diém I

ddi voi tam giac IaIbIC ta nhan duoc Ha‘Hb'Hc > 8IAIB.IC > 64r> (theo cau a,).

d, Ap dung E — M dang can thic cho diém I dbi v6i tam gide I I, ta c6

JIL, + 11, + 11, = N2(1a 1B 10y (1)
Ap dung E — M dang can thirc cho diém I d6i v6i tam giac ABC' ta dugc:

\/ﬁ+\/ﬁ+@2\5(ﬁ+\/ﬁ+ﬁ):3x@.ﬁ )
Tir (1), (2) suy ra \J1I, +\J1I, + I, > 6/r

Céc dang thirc ¢ cdu a, b, ¢, d xay ra khi va chi khi tam giac ABC déu.

Vi du 5. Cho tam giac ABC v6i BC =a,CA=b,AB =c. Goi r la ban kinh
dudng tron noi tiép tam gidc d6. Chimg minh abe > 24+/3r3 . Ding thirc xay ra khi nao?

Gigi. Goi p la ntta chu vi tam giac ABC. Tu cong thic Heron

. _ “b)(p—
Sipc =p(p—a)(p—b)(p—c) vd S p. =pr, suy ra r’ = (p “)(pp )(p—¢)

(1)
Goi I 1a tim duong tron noi tiép tam giac ABC' . Theo dinh 1y Pythagore va (1) ta

co

1A% IB%1C? = (7’2 +(p— a)2)(r2 +(p — l>)2)(r2 +(p — c)2)

(p—a)be || (p —blac||(p—c)ab
p p p
Ap dung bat dang thirc Cauchy ta c6

2_ -0t & DrO-9 iy —ap o

2)

p—c)

3
hay <p—a><p—b><p—c>s§—7 3).
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2:2 2
OV L raIpic <2 @

T (2), (3) suy ra IA2.IB%.1C? <
33

Ap dung E — M dang tich ta c6 JA.IB.IC > 8r® (5).

T (4), (5) suy ra abc > 24\/57”3 (dpcm). Pang thirc xay ra khi va chi khi AABC
déu.

Chii y. Cac ban hoc 16p 9 néu di lam quen véi dinh 1y Sin trong tam gidc ABC thi
thdy a = 2Rsin A;b = 2Rsin B;c = 2RsinC' (R 14 ban kinh duong tron ngoai tiép

tam giac ABC). Khi d6 tir bat dang thiuc abe > 24\/§'r3 ta nhan duoc bat dang thirc
3

r

R]

3
Hé qua. Vi moi tam gidc ABC' ta c6 bat ding thire sin A.sin B.sin C' > 3\/5 [%]

8R3 sin A.sin B.sin C > 24\/57’3 & sin A.sin B.sin C' > 3\/5

Pang thire xay ra khi va chi khi tam gidgc ABC déu.
Vi du 6. Gia sir duong tron (I;7)ndi tiép tam gidc ABC' tiép xtic vdi cac canh

BC,CA,AB theo thu ty tai A, B|,C;. Chung minh AB.BC.CA > 8A,B,.B,C,.C/4,.
Pang thirc xay ra khi nao?
Gidi.
bat BC' =a,AC=bAB=c va p A
la ntra chu vi tam giac ABC
Str dung dinh 1y Ptolemy cho cac tu
gide ndi tiép IC AB,,IC,BA,IACB, ta
thay  IABC, =IB.AC, +IC .AB,
hay IA.B,C| =2r(p—a) (1).
C
Tuong tw, IBAC, =2r(p—b) (2, B N
1
IC.AB, =2r(p—c) (3)

G

3 —_ _ —_
Nhan dang thae (1), (2), (3) theo vé ta dugc IAIB.IC = 8r°(p—a)(p—b)(p—c)

B,C,.C, A .AB,

(4) Str dung bat dang thirc Cauchy cho hai s6 duong, ta co:

2 p) 2 2
(p—a)(p—b) < <p‘“)+<p"’)] =S -0 S a9

c .
2 4’

Nhan ba bat dang thiic theo vé ta thu dugc (p —a)(p —b)(p —c) < %bc (5)

Ap dung E — M dang tich ta ¢ TAIB.IC > 8> (6)
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Tt (4), (5), (6) suy ra AB.BC.CA > 84 B,.B/C,.C/A, . Pang thirc xay ra khi va chi
khi tam giac ABC déu.
Vi du 7. (IMO 1991) Cho tam giac ABC va P 1a mot diém bat ki nam trong tam

giac. Chirng minh c6 it nhat mot trong ba goc PAB, PBC, PCA nhé hon hoic bang 30"

L —

Gidi. (Phan chimg). Gia su khong c6 goc nao trong 3 goc ]714?3, PBC,];C?l nho
hon hoic bang 30”. Khi d6, néu c6 mot géc 16n hon hodc bing 150° thi hai goc con lai
nho hon hogc bing 30". Gia sir ca ba goc déu 16n hon 30° va nhé hon 150" . Goi d,d, ,
d, 1an luot 1a khoang cach tr P dén céc canh BC,CA, AB. Khi d6 ta c6

2d, = 2PB.sin PBC > 25in30.PB = BP (1)

Tuong ty 2d, > PC (2), 2d, > PA (3).

T (1), (2), 3) tasuy ra PA+ PB+ PC <2(d, +d, +d_) (méu thuan E — M). Tr
day ta c6 diéu can chimg minh.

Vi du 8. Gia sot H 13 tryc tdm cua tam giac nhon ABC. Goi D, E, F lan luot 1a
trung diém cta BC,CA,AB; R 1a ban kinh
duong tron ngoai tiép tam gidc ABC. Chung

minh rang HD + HE + HF > %R. Ping thirc

xay ra khi nao?

Gidi. Goi O 1a tam duodng tron ngoai tiép tam
giac ABC'. Con w la tam duong tron Euler cta
tam giac ABC . Ta c6 cac két qua sau (tw chitng
minh):

+ w la trung diém cta OH .

+ Ban kinh dudng tron Euler cua tam giac ABC bang nira ban kinh dudng tron
ngoai tiép tam giac do.

Str dung hai két qua trén ta c6:

HD 4+ OD >2wD = R; HE +OF >2wFE = R; HF + OF > 2wF = R,

Cong theo vé 3 bat dang thuc trén: HD + HE + HF > 3R — (OD + OF + OF) (1)

Ap dung E — M cho diém O nam trong tam giac ABC ta co

OD+OE+OF§OA+OQB+OC:% 2)

°C

Tu (1), (2) suyra HD + HE + HF > SR (dpcm). Pang thirc xay ra khi va chi khi

tam giac ABC' déu.

Trang 58



ching minh cac dang thirc nay bang cach ké cac
duong kinh ctia duong tron (0) qua A, B,C' 16i sir
dung tinh chat dudng trung binh trong tam giac).

ABC ta co:

duong vuong goc ké tr M 1én cac canh

Vi_du 9. Cho tam gidc nhon ABC ndi tiép duong tron (O;R). Cac duong cao
AA,BB,,CC, dong quy tai H .Ke 00, L BC,00, L AC,00, L AB.Ching minh

rang

HA, + HB, + HC, <00, + 00, + 00, < =R y

N | o

Gidi. Nhan xét rang
HA =200, HB = 200,,HC =200, (c6 thé¢

B

+ Ap dung E — M cho diém H trong tam giac

1Ay + 1B, + e, < EEIEIC — 00, + 00, + 00,

+ Ap dung E — M cho diém O trong tam giac ABC ta co:
00, + 00, + 00, < 94+ Of +0C _ SR (dpem).

Chii y: Tong hop céc két qua ctia Vi du 8 va Vi du 9 ta c6 diy bat dang thic

HA, + HB, + HC, < 00, + 00, + 00, <> R < HO, + HO, + HO,
>

Vi du 10. Cho tam giac ABC va M 1a mot diém bt ki trong tam giac d6. Goi R,

R,R, lan luot 1a khoang cach tr M dén cac dinh A, B,C . Con d,,dy,d, lan luot 1a

khoang cach tir M dén cac canh BC,CA,AB.

dd —dd dd,
c+ca+a

Chimg minh bat dang thirc d, +d, +d, > 2

R, R

a

Giai. Goi A, B,C; theo thtt ty 1a chan cic

BC,CAAB.

Taco B|C; = MA.sinA=R _.sin 4,

ClA = R,.sin B va AB, = Rc.sinC.

Ke MA, 1 B/C;,MB, 1. C{A,MC, L AB,.

z®
Khi d6 h
. T . —— MB.MC, d.d,
MA, = MB,.sin MB|A, = MB,.sin MAC, = 7R R (1)

Trang 59



——  MA.MC, d.d

MB, = MC,|.sin MC|B, = MC,.sin MBA, = < (2
MB R,
— —— MB.MA d.d

MC, = MA,.sin MAC, = MA,.sin MCB, = = @ (3)
MC R,

Ap dung E — M cho diém M trong tam giac A B,C] taco:
MA, + MB, + MC, >2(MA, + MB, + MC,) (4)

Tu (1), (2), (3), (4) suy ra dpcm.

BAI TAP AP DUNG:

1. Cho tam giac nhon ABC' ndi tiép dudng tron tAm O ban kinh R. Goi R, R,, R,
theo thr tir 13 ban kinh dudng tron ngoai tiép cac tam giac BOC,COA, AOB . Chimng
minh bat dang thitc R, + R, + R, > 3R. Dang thirc xay ra khi nao?

2. Cho tam gidc nhon ABC'. Goi m_,m;,m, lan luot 1a do dai cac dudng trung

tuyén ké tir dinh A4, B,C'; va R 14 ban kinh dudng tron ngoai tiép tam giac do.
Chtng minh rang m, +my, +m, < % . Bang thtrc xay ra khi nao?
3. Ching minh rang véi moi tam giac ABC' ta c6 bat ding thirc

1 + 1 + 1 > 3\/5 Ping thirc xay ra khi nao?

\/. A \/ B \/ c
S1n — S1n — S1n —
2 2 2

4. Cho tam giac nhon ABC noi tiép duong tron (O;R) va ngoai tiép duong tron

(I;7). Céc duong cao AA, BB|,CC| dong quy tai H . Chirng minh céc hé thirc sau:
a, HA+ HB+ HC =2(R + ) b, HA + HB, + HC; < R+

c, cosA—i—cosB—l—cosC’:l-l—% d, R>2r
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9. Chuyén dé 9: Pinh 1y Ptolémé va diic trung ciia ti giac ndi tiép:

Dinh Iy Ptélémé la mot trong nhitng dinh 1y dep nhdt cia Hinh hoc so cap. Pep
trieGe hét vi tinh tw nhién va sy gidn don trong cdch phat biéu cia dinh 1y do, nhung
chinh yéu hon la do cdc iing dung phong phii ciia né. Cé 1é dinh Iy Ptélémé la mét trong
nhitng ddc trung sdu sdc nhdt vé tir gide ndi tiép dwong tron.

9.1. PINH LY PTOLEME

Dinh 1y Pt6lémé dugc phat biéu nhu sau: Trong mét tir gide ndi tiép, tich hai dwong
chéo bdng téng cdc tich cac cap canh doi dién.

Sau day 1a mot phuong phép chirng minh dinh 1y nay:

Gia sir tr gidac ABCD ndi tiép dudng tron (0)

—_—

Trén BD lay diém E sao cho BAE = CAD.

Vi ABD = ACD nén hai tam giac ABE va ACD
dong dang = AB _ BE < AB.CD = BE.AC (1)

AC  CD

Tuong tu, BAC = 547) ACB = ADB nén hai tam
gidc AED va ABC dong dang

AD _ ED
=

& AD.BC = ED.AC (2)
AC  BC

Ter (1), () ta dwge ABCD+ AD.BC = AC(BE + ED)  hay
ABCD + AD.BC = AC.BD

9.2. MOT SO UNG DUNG CUA PINH LY PTOLEME
Dinh ly Pt6lémé thuong duoc sir dung dé chimg minh céc hé thire trong tam giac.
Vi du 1. Cho tam giac ABC vudng tai

AB+ AC =4em . V@ tam gidc BCE vudng can tai F (E A

nam khéc phia d6i véi BC). Tinh d6 dai AE ?

Gidi. Dt BE = CE = a. /ND
Ap dung dinh ly Ptolémé vao ti gidc ABEC ta ¢ W

AE.BC = ABCE + AC.BE = AE.aN2 = AB.a + ACa
— AE2 = AB 1 AC.
Suyra AE = 2\/§cm.

Vi du 2. Cho hinh binh hanh ABCD . Mot dudng tron di qua A cit cac doan thang
AB,AC,AD theo thd ty ¢ K,E,F. Ching minh

4 K B
AK.AB+ AF.AD = AE.AC.
Ap dung dinh ly Pt6lémé vao tor gidc AKEF ta cé
AK.EF + AF.EK = AEKF (1). » [

Mit khac, hai tam giac KFE,ACD dong dang nén
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EF:KE:KF:k 2).
CD AD AC
Tu (1), (2)suyra AK.kAB+ AF.EAD = AEKAC = AK.AB+ AF.AD = AE.AC.
Vi du 3. Cho tam giac ABC ¢6 ba goc nhon ndi tiép duong tron (O; R). Goi z,y, 2

1a cac khoang cach tir O dén BC,CA,AB va r 1a ban kinh ctia dudng tron noi tiép tam
giac ABC'.
a, Chung minh h¢ thtuc z +y+2=R+r
b, Két qua thé nao néu goc A tu?
Gidi.
a, Goi H,I,K la chan cac duong vuong goéc ha tr O
xuéng BC,CA,AB. Khi d6 H, I,K la trung diém cua
BC,CA,AB.

Ta co KI:%

Ap dung dinh 1y Pt6lémé cho tir giac noi tiép AKOI

ta c6 OAKI = OLAK +OK.AI hay R =y + zg Do

dd Ra = yc+ zb. Tuong tu, Rb = ya + zb, Rc = zc + za

. . 1
Mit khéc, S, 50 = Sope + S400 + Sago :§<ax+by+cz)

Suyra (a +b+c)r = ax + by + cz.
Twdd (R+r)(a+b+c)=Ra+Rb+ Rc+r(a+b+c)
=yc+zbtya+ab+za+zet+ar+by+cz=@x+y+z)(a+b+c).
Suyraz+y+z=R+r.
b, Khi goc A ti, tim O cia dudng tron ngoai tiép tam
giac ABC nam trong tam giac d6. Trong truong hop nay cac

hé thirc tuong tng s€ la
Ra = yc+ zb; Rb = za — xc; Rc = ya — bx;
var(a+b+c)=yb+zc—ax

Cong theo vé cac dang thirc trén, co
(R+7r)a+b+e)=@y+z-2)a+b+tc)ey+z—a=R+r

Luu y: Két qua y + z — z = R+ r khong 4n tuwong 1am. Tuy nhién ta s& c6 két qua
dep hon ¢ vi du dudi day.
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Vi du 4. Cho tam gidc ABC ¢ goc A ti ndi tiép duong tron tim O ban kinh R.
Goi 7, 1a ban kinh cta duong tron bang tiép goc A. Goi z,y,z 1a cac khoang cach tir O
dén BC,CA,AB. Chung minh z +y+2z=7r — R
Gidi.
1
S:SOAC+SOAB—SOBC=§(by+cz—a:r) c b

(1)

Goi J 1a tam cta dudng tron bang tiép goc A

, ta co:

1

”
_a
2

Tu (1), (2) suyra by +cz —azx =7,(b+c—a)

(b+c—a) (2)

Talai c6 Rb = za — z¢; Rec = ya —bx; Ra = yc + zb
Tudo, (r, —R)(b+c—a)=(+y+2z)btc—a)er —R=z+y+=z
Bé dé. Cho tam giac ABC ¢c6 BC = a,CA=0b,AB =c va ;1:600.

Khi d6 a? = b2 + ¢ — be

That vay, k¢ CH L AB. Khi d6 trong tam gidc vudng A
, 0 , b bv3
ACH ¢c6 ACH =30".Doddé AH :E’CH ==
Tam gidc vuong BHC' c6
2 2 H
BC? = BH* + HC? & o :[c—g] +[§ =b% 4 —be

. i B a ~C
Vi du 5. Cho tam gidc déu ABC canh a ndi tiép duong
tron tim O va mot diém M trén cung nho BC . Pat MA =z, MB =y, MC = z. Chung
minh: a, z =y + 2 ; b,x2+y2+z2:2a2 c, A
7 +y4 —|—z4 = 2q*
Gidi.
a, Ap dung dinh Iy Pt6lémé cho ti giac noi tiép ABMC
c6O MA.BC = MB.AC + MC.AB
Dodb za=ya+2a2x=9y+2

b, Chily ring AMB = ACB = 60°; AMC = ABC = 60°.
Ap dung bd dé trén cho cac tam gidc MAB,MAC cb
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2

a :x2+y2—xy va a’

:x2+22—xz.

Do 0, 2a® =222 + y® + 22 —a(y + 2) = 22° + % + 22 — 2% = ¢y + 2% + 22 (theo

cau a,).

¢, Ap dung hang dang thic (a + b + ¢)* = a® + b? + ¢ + 2ab + 2ac + 2bc nhan duoc

4

at = (2 + 2% — 22)?

T do 2a* =221 + 4% + 28 + 32202 +22) =223y + 2) — 22(4° + 2°) (1)

Cha yring z = y + 2z nén 22°(y + 2) = 22?

Va 32%(y? + 22) = 20(y° + 2°) = 323 (v + 2) — 2a(y + 2) (% + 2° — y2)

=37 + ) 2P+ ) =P+ 2 =2

Do do, tir (1) suy ra 2a* = 2* + ¢y* + 2*

a” = (:c2 47— a:y)2 =zt + y4 + 322y — 223y — 22y

= :c4 + z4 + 3222% — 2237 — 2223

4

Vi du 6. Cho tam gidc ABC noi tiép duong tron (O) va mot diém M trén cung
nhdé BC. Goi H,I,K la chan dudng vudng goc ha tir M xudng BC,CA,AB. Ching

BG_AC+AB
MI MK

Gidi. Vi MCH = MAK (cung chan cung MB) nén
hai tam gidac MHC, MKA dong dang.
MH  MC MH.MA

Do d6 — = ——.Suyra MC =
MK  MA MK

o —

Tuong tw, MBH = ME nén tam giac MHB, MIA

MH.MA
MI
Ap dung dinh 1y Ptélémé cho t&r gidc ndi tiép
ABMC c6 MA.BC = MB.AC + MC.AB
MH.MA MH.MA

minh hé thirc

ddng dang, suy ra MB =

AB &

BC AC

B

K
C

AB

T do MABC = —— AC +
MI

Vi du 7. Cho tam gidc ABC c¢6 A =2B. Chung
minh o — b? = be.

Gidi. Phan giac goc A cit duong tron ngoai tiép
tam gidc ABC tai D.

Khi dé DBC = DAC = ABC vi
176’\3:17,—473:%@ nén

AC=CD=b; BD=AC =b.

Tuong tu, ABD =2ABC = BAC nén

MH  MI

_I_

A

A

MK

(dpcm).

SN

D
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AD =BC =a. Ap dung dinh ly Ptolémé cho ti gidc ndi tiép ABCD ta co
AD.BC = DC.AB + DBAC & a*> =be +b* & o> =% = be

Vi du 8. Cho tam gidc ABC c6 ;1 = 2J§ = 4(AJ. Chung minh 1 + % ==
a C

Gidi. Tt gia thiét A= 2B, B =20, theo vidu7c6 a® —b2 =be, b* —c® = ac.
T d6 o® — ® = cla +b). A
Trén cung 16n BC, liy diém E sao cho EAC = ACB.
Khi d6 CE=AB=c va ACE=DBAC nén g

(o)
AE =BC =a
Mat khac, 1@ = 31@ = lﬁ nén BE = AE =a.
Ap dung dinh 1y Ptoléme cho tur gidc ndi tiép ABEC co E

BC.AE = AB.EC + AC.BE hay o> = ¢® + ab.

Tu d6, a® — ¢ = ab.

2

Theo ching minh trén o® — ¢ = ¢(a + b) nén ab = c(a +b).

., £ 22 , I 1 1 1
Chia ca 2 ve dang thurc cuoi cung cho abe ta duge — + b (dpcm).
a C

9.3. PINH LY PTOLEME VA HAM SO LUQNG GIAC CUA GOC NHON
Trong phan nay ta s& st dung dinh 1y Ptolémé dé tinh ham sé lugng giac cia mot
s6 goc nhon.
Vi du 9. Tinh sin18° va cos36° (khong ding bang sd va may tinh)
Gid.
eDung tam giac cdn ABC ¢0

A
ABC = ACB=12°, BAC = 36". Dt BC = a,
AB:AC:b.Khid(’)/TBEzQ%néntheovidu7cc’)
b> —a®> =ab (AB=c=1b)
Tu d6

5 K
tab-=0s2 +2-1=0=2 _H\/—

b b b2

B H C

eKé AH 1 BC . Khido BH=HC:%VéB/AT{:18O

T d6 sin18Y = sin BAH = LH _* _ \/g_l
AB 2b 4

o —

Ké BK | AC.Khidd AK = AB.cos BAK = b.cos36" va
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(-

8

KC = BC.sin KBC = a.sin18Y = b

— Vo1, V51
1 2
V-1

— b < cos36) =

Vi AK + KC = AC nén b.cos36" + b @

Vi du 10. Cho a, 3 1a cac gbc nhon sao cho a + 5 1a géc nhon. Chirng minh cong
thirc sin(« + ) = sin a.cos 8 + cos a.sin 3
Bo dé: Cho tam giac ABC ¢ gbc A nhon, noi tiép duong tron (O; R).
Khi d6 @ = 2R.sin A (dinh 1y ham sé Sin).
Chitng minh: V& duong kinh BD . Khi d6 BCD = 90° va BDC = BAC
Trong tam gidc vuong BDC ¢6 BC = BD. sinl?lfY & a=2RsinA.

Gidgi. Trén duong tron (0), dudng kinh AC = 2R =1 lay cac diém B,D sao cho
BAC = a,CAD = 3.

Khi dé ABC = ADC = 90° nén ACB = 90" — o va ACD = 90° — 3.

Ap dung bd @&, AB = 2R sin(90° — o) = cosov. Tuong tw AD = cos

Honntta, AC = 2R = 1,BD = 2Rsin(a + () = sin(a + 3), BC =sina,CD =sin 3.

Ap dung dinh 1y Ptolémé cho tor gidc nodi  tiép ABCD b
AC.BD = BC.AD + CD.AB hay sin(a + ) = sina.cos 3 + cos a.sin 3.

Luu y: a, Néu ban do biét thém réng sino0’ =1 va B 1la goc tu thi
sin 3 = sin(180° — 3), ban s& thiy Dinh Iy ham sb Sin van dang dbi voi tam giac ABC
tiy ¥ (khong can gia thiét tam giac nhon).

b, Cong thic sin(a + §) =sina.cos B + cosa.sinf goi 1a cong thuc cong cung.
Thuc ra cong thoc nay dang véi o8 tiy V. Ap dung thic

cos’>a =1—sin? a,cos’ 3 =1 —sin? 3, COSQ(Oé +08)=1- sin’ (o +B) nhan dugc

cos(a + ) = cosa.cos f —sina.sin §. Khi a = ta nhan dugc cong thirc nhan doi

[N}

sin 20 = 2sin o.cosa va cos2a = cos® a — sin® a .

9.4. BAT PANG THUC PTOLEME
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Bit dang thirc Ptolémé duogc phat biéu nhu sau: Trong mot tir gidc 16i ABCD ta co

AB.CD 4+ AD.BC > AC.BD
Ly diém E trong tir gidc ABCD sao cho

—_—

EBA = DBC,EAB = BDC |

Khi d6 hai tam giac ABE,DBC dong J
dang nén AB _AE < AB.CD = AE.BD
BD CD
Ta lai c6 hai tam giac EBC,ABD ddng
D
dmgﬁngg:£g¢¢BGAD:ECBD ?
BD AD
Tir d6 ‘

AB.CD + AD.BC = BD(AE + EC) = AB.CD + AD.BC > AC.BD.
Dang thic ndy xay ra khi va chi khi £ nam trén doan AC , nghia 1a khi va chi khi

CAB = CDB hay ABCD 1a tir gic noi tiép.
9.5. PAC TRUNG CUA TU GIAC NOI TIEP PUONG TRON.

Tir bat dang thirc Ptolémé ta suy ra: Diéu kién can va da dé t giac ABCD ndi tiép

duong tron la AB.CD + BC.AD = AC.BD

Nhu vy AB.CD + BC.AD = AC.BD 1a mét dic trung cua tir giac ndi tiép ABCD .

Thuec ra, ta c6 thé tim thdy nhiéu dic trung khac cia tir gidc noi tiép. ching dugc
cho béi bai toan sau:
Déi véi tr gidc ABCD cho trudce, cac khang dinh sau 1a tuong dwong:
. Tt gidc ABCD 1a ttr gidc ndi tiép.
A+C=B+D=180",
ABD = ACD.
ABCD + BC.AD = AC.BD.
MAMC = MB.MD (M 1a giao diém cia AC va BD).

6. H,I,K thang hang, trong 46 H,I,K lan luot 1a chan dudng vudng goc ha tir D
xubng AB,BC,CA (dudong thang Simson).

—

wohkwon

7. R.R,=R_.R,, trong d0 R ,R,,R R, la ban kinh cac duong tron ngoai tiép cac
tam giac ABD,ABC,BCD,CDA tuong ung.

8. Tt giac 0,0,0,0, la hinh chix nhat, trong d6 0,,0,,0,,0, la tam cac duodng tron
ndi tiép cac tam giac ABD, ABC, BCD,CDA tuong tng.
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9. Tt gide G,G,G4G, 1a t gide ndi tiép, trong d6 G|, G,,G5,G, 1a trong tdm céc tam
giac ABD,ABC,BCD,CDA tuong Ung.
10. Hai dudng phén giac cua cac goc (AB,CD) va (AD, BC) vudng gdc voi nhau.
. CA _ AB n BC
DK DH DI
12. 8 = J(p—a)(p—b)(p—c)(p — d)

Trong 6 AB = a,BC = b,CA = c¢,DA =d,

11

a+b+c+d
Vi du 11. Hiy chtng minh sy twong duong giita cac khing dinh (1) va (11) & trén.

Gidi. Ta d3 biét (1) suy ra (11) theo vi du 6.

DPé chimg minh (11) suy ra (1), goi D’ 1a giao
diém cua BD voi dudng tron ngoai tiép tam giac
ABC . Khi d6 t&r giac ABCD' 1a tir giac noi tiép, nén

AB BC CA
I'rr/ _I_ = !/
D'H" DT DK
1a cac chan duong vudng géc ha tr D' dén

- (*), trong do H'.I' K’ lan luot

AB.BC.CA.
/ / /
Mit khae, 20— DB _ DT )
DH DB DI
/ /
ZHT:DBM¥mDT:D§§]ﬁﬂ

/
Thay (**) vio (*) ta co 20 4 B¢ _ CADB
DH DI DBD'K

. AB BC CA . D'B DK DM
Ma = nén = =
DH DI DK DB DK DM

, V&1 M 1a giao diém cua BD voi

AC .
|DB-D'B| _|DM -D'M|_ DD' _ DD’
DB DM DB DM
Ma DB > DM nén DD' =0« D =D’.
Do d6 ABCD 1a ttr giac noi tiép.
Luu y: Ban doc tu ching minh sy twong duong cua cac cdp mé¢nh dé con lai & trén.

Theo tinh chét ti 18 thirc, ta co
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9.6. VAINET VE LICH SU

Pt61émé 14 nha toan hoc Hy Lap song vao thé ki thir hai sau Cong nguyén, tén day
da cua ong 13 Claudius Ptolememy. Tac pham chinh cua 6ng “Syntaus Mathematica”
viét vao khoang nim 150 sau Cong nguyén chu yéu viét vé Thién vin hoc. Quyén I 1a
bang cac day cung cung mot giai thich ngan gon vé viéc nd duge ra doi tir mét ménh dé
hinh hoc ma ngay nay ta goi 1a Pinh Iy Ptélémé. Sau day 1a mot s6 hé qua duge ruat ra tir
Dinh 1y Ptolémé trong tac pham ay.

1. Néu a,b 1a hai day cung c6 ban kinh don vi thi s = %\/4 0% + g\/4 —a® 1aday
tong cua hai ddy cung do.

2. Néu ab 13 hai diay cung co6 ban kinh don vi va a>bthi

s :% 4—b? —%\/4 — a* 12 day cua hiéu hai cung do.

3. Néu ¢ 1a day cung ciia mot duong tron ban kinh don vi thi p = V2 —v4—¢> 1a
day cung cua nura cung do.

Nam trim nim sau, nha toan hoc An D6 Bramagupta tré lai nghién ctru van dé
nay. Sau ddy 1a mot két qua rat trong tac pham “Bramagupta — Sphuta — Siddhamata”
cua Ong.

Cho tur giac ABCD ndi tiép duodng tron ban kinh R, c6 AB = a,BC =b,CD = ¢,
DA =d,AC = m,BD = n.Khi do

1 om2 — (ac + bd)(ab + cd) W2 (ac + bd)(ad + bc)

ad + be ’ ab + cd
2. m.n =ac+bd;
3 AR — (ab + cd)(ad + be)
' ac + bd

Ban doc tu chimg minh céc két qua trén.
BAI TAP

1. Cho tir giac ndi tiép ABCD c6 hai duong chéo vudng goc. Goi a,b,c,d 1a do dai
bdn canh lién tiép cua tir giac. Tinh dién tich cua tir giac.

2. Cho hinh vudéng ABCD ndi tiép dudng tron (0), M 1a diém bat ki thudc cung
nhé CD . Chitng minh hé thitc MA + MC = MBV2.

3. Cho tam gidc nhon ABC, cac dudong trung tuyén AM,BN,CP. Goi R,r theo
thir ty 1 ban kinh dudng tron ngoai tiép va noi tiép tam giac ABC.

Chtmng minh AM + BN + CP < 4R +r (Huwéng dan: sir dung két qua ciia vi du 3).

4. Cho dudng tron (0), ddy BC cb dinh khac duong kinh. Hay xac dinh diém 4

thudc cung 16n BC sao cho tong AB + AC ¢6 gia tri 10n nht.
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5. Cho tam gidc ABC c¢6 R,r la ban kinh ctua cdc duong tron ngoai tiép, noi tiép
tam giac. Chung minh rang R >2r (sit dung két qud cia vi du 3 va E — M
2z +y+2)<3R)

6. Gia st M 1a mot diém trén dudng tron ndi tiép luc gide déu A A,A,A A A, .
Chung minh:

a, MA? + MAS + MAZ = MAS + MAT + MA;

b, MA! + MA; + MAS = MA} + MA{ + MA;

7. Cho tam gidc déu ABC ndi tiép duong tron (0) va mot diém M trén cung nho
BC.Goi H,I,K la chan duong vudng goc ha tir M xubng BC,CA, AB . Chimg minh:

a, 1 _ 1 n 1

MH MI MK
b, MH? + MI? + MK? = 1 vé6i h 1a duong cao cua tam giac ABC'.
8. Chirng minh céac dang thic:

a, cos 36" cos 720 = i

b, cos 20V, cos 40°. cos 800 = é

9. Str dung cong thire tinh khoang cach giira hai diém M (z39,), N(79;9,) trong mat

2

phing toa d cho béi cong thite MN? = (z, — ,)* + (y, —y,)* dé chimg minh bét dang

thirc Ptoléme.
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