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Loi néi dau

'Cu6n sdch nay gi6i thiéu céc bai gidng vé hinh hoc phing ciia cdc gido vién
kh6i chuyén Todn - Tin'thu¢c trudng Dai hoc Khoa hoc Tu nhién Ha Noi,
danh cho cdc em hoc sinh bac Tfung hoc co s6. Cic bai giang tap trung vao
nam chii & chinh: "Pa glac va ducmg tron", "Thang hang va dong quy",
"Dién tich", "Cyc tri hinh hoc" va "Bét déng thitc hinh hoc”. O méi bai -
gidng déu c6 phdn tém tit cdc kién thitc co ban, phin phit trién nang cao
- va nh4t 12 phdn x4y dung cdc phuong phép gidi toin. Céc vi du dugc chon
- v6i mitc d¢ khé tang dén, minh hoa truc tiép cdc phuong phdp twong ting va
duoc gidi 15 rang, chi tiét. Sau méi bai gidng déu c6 nhiéu bai tap véi cac
goi ¥ 19 gidi. D& ban doc tién theo ddi, cic vi du vi bai tap dugc dénh s6
thu' tu theo chuong. Trong cudn sdch nay, ching 101 sir dung céc kién thite
co ban di ¢6 trong sich gido khoa dé dua ra mot s6 ket qud quan trong,
~ cén thi€t cho viéc giai cdc bai todn khé hon. Cic két qua nay du'qc xem la
céc bai tap méu cho cdc em hoc sinh c6 hoc lyc trung binh. Ban doc c6
thé tim thdy & day mot s6 dang bai todn quen thudc chua dugc trinh bay
ddy du trong cdc sich nang cao va thudng gip trong céc ky thi tuyén vao .
cdc trudng chuyén, 16p chon. Dic biét cdc em hoc sinh khd gidi dugc lam
quen véi mot vai dang todn nang cao, ting gap trong cdc ky thi hoc sinh
giéi Quéc gia va Qudc t€. Hy vong ring sau khi doc k§ cuén sich-nay, cac
thdy c6 gido, cdc bac phu huynh v cdc em hoc sinh s& c6 thém mot tai ligu
tham khao b6 ich va 1y thi. Nhét 13 cdc em con ngai mon hinh s& c6 them
mot ngudi ban than, gilip cdc em tu tin vuot qua moi khé khan khi g1a1 céc
‘bai tap khé. ' '

Trong qua trinh bién soan cu6n sich nay, ching t6i nhan dudc rdt nhiéu
su dong vién, gép ¥ clia cdc déng nghiép thuoc khéi chuyén Tosn - Tin,




4 ‘ Léi néi ddu

Khoa Toan - Co - Tin, Ban chil nhiém khoa va lanh dao truong Pai hoc
Khoa hoc Tu nhién. Chiing t6i xin duoc néi 1o cam on sau sic téi céc tap
thé va c4 nhan néi trén.

Lan d4u ra mit ban doc, chic chan cuén sich nay vin cdn nhiéu thi€u
s6t. Ching t6i rdt mong nhan dugc su gép ¥ clia c4c ban doc dé cudn séch
¢6 noi dung hoan thién hon. Xin chan thanh cam on. Cdc y kién gop ¥ xin
gl vé dia chi: .

Kh01 THPT chuyén Toén - Tin,
‘Truong Pai hoc Khoa hoc Tu nhién,
334 Dudng Nguyén Trdi, Thanh Xuan, Ha Noi.
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Chuong 1
Pa giac va duong ‘tr(‘)n

1.1 Pa giac néi tiép
111 Xac dinh dudng tron

Dubng tron tam O, bén kinh R 1a tap hop céc diém M sao cho OM = R
va dugc ky hi¢u la (O, R). Trong phén ndy, ching ta s& nhic lai mOt vai
phucmg phap xdc dinh dudng tron theo cic diéu kién cho trude.

-1, Cho hai diém A, B. C6 bao nhiéu dudng trdn di qua hai diém d6?
Lay diém O tuy § thuoc duo’ng trung tryc clia doan AB thi OA = OB = R.
Vay ¢6 v0 56 dudng trdn (O, R) di qua hai diém d& cho. DE dang ching
“minh ring trong cic dudng tron 4o, duong tron c6 tam la trung dlém cia

doan AB c6 bén kinh bé nhit.

2, Cho AABC. Nhu di biét, ba dudmg trung tryc clia ba canh BC,CA, AB
- déng quy tai O va OA = OB = OC = R. C6 duy nh4t dudng tron (O, R).
di qua ba diém A, B, C. (0O, R) dugc goi 1a duorng trbn ngoai tlé'p AABC:
hoic AABC' noi ti€p trong (O,R). |
D€ xdc dinh tam O cua dudng tron ngoai ti€p AABC’ ta pha1 x4c dmh giao
diém cha hai dudng trung tryc. Trong trudng hop may mén hon, né'u tim
dugc diém.O cich déu cic dinh thi d6 chinh 12 thm duOng tron ngoai tiép.

Chéng han néu AABC vuong tai A thi O 1a trung diém clia canh huyén
BC. o T
3, Cho n - gidc Aj, A;... A, (n> 3). Néu céc dinh cha da gidc cing

7



8 : - Chudng 1. Pa gidc va duong tron

 nam trén dudmg tron (O, R) thi da gidc ndi tiép duoc va (O, R) 12 dudmg tron
ngoai tiép da gidc(hinh H1.1). D€ chimg minh da gidc A;, 4, .. . An (n>3)
noi ti€p dugce, ching ta thudng 1am nhu sau:

SR

Hinh 1.1.

e Tim diém O céch déu cdc dinh cha da gidc. - '

e Xuft phat tir ba dmh chia da gidc. X4c dinh dudng tron (O, R) ngoai
tiép tam gidc tuo‘ng u‘ng va chu'ng minh céc dinh con 1a1 cung thuOc
dudng. tron do

e Xuft phét tir b6n dinh ctia da gic, chang han A;, Ag, A3, A4 sao cho
ti gidc A; Az A3 A4 noi ti€p va sir dung céc tieu chudn ti gidc noi tiép
T (xem phan 2) dé 14n luot- chu‘ng mmh céc ta g1ac A2A3A4A5 . noi
t1ép dugc. » : : o

. "4, Cho hai diém A, B.c6 dmh va diém M chuyéndéng $20 cho AAM B =
90°. Khi d6 M phai thugc duorng tron dub‘ng kinh AB co tam O la trung
diém doan AB

1. 1 2 Vi du mmh hoa

Vi du 1.1. Cho AABC v6i AB = AC = a, goc LBAC = 120°. Xac dinh
duo‘ng tron ngoa1 tlep tam’ gidc d6. ' '

.. Giai
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. O N
~ Hinh 1.2.

Goi R 1a ban kinh dudng tron ngoai ti€p AABC. Hai dudng trung tryc cia
‘BC va AB citnhau tai 0 = OA=0B=0C=R.

Vi AB = AC nén AABC can tai A = AO I tia phan gidc cia ZBAC =
/BAO = 60°. Mat khac, AABO can tai O nén AOAB déu. Tuong ty ta
c6 AOAC déu, do dé6 AB ‘BO=0C=CA = tf glac ABOC 1a hinh
thoi. : ‘

- Vay O Ia dlém de6i xung véi A qua BC va bin klnh du’omg tron ngoai
t1ep AABC 1A R=a. v R O

Vi du 1 2 Cho AABC’ c6 AB = AC va H 1a truc tam. G01 A, M, N l1a
trung diém BC, AB va CH. Xdc dinh dwong tron ngoai ti€p AA; MN.

A
M
B,
N
B Ay C

Hinh'1.3."
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o - Giai R
~AiN 1a dudng trung binh cia ABHC = A1N||BH

A1 M 1a dudng trung binh cia AABC = A; M||BC.
‘Ma BB, 1 AC (gt) = /ZMA;N = 90°.
Vay duo’ng tron ngoa1 ti€p AA1 MN lh dudng tron duong kinh MN. O

Vi.du 1. 3. (Duomg tron A-pé-16-ni-uyt). Cho hai diém A, B ¢6 dinh va so'

‘thuck>0 'I‘untaphOpdléthhoamanAAj—g-—k '

Giai

Hinh 1.4,

Xét hai trubng hop:

| ) k—1=>MA MB=>M€(A) vc'n( ) 12 dudng trung tryc cua
~ doan AB. 4 ’ o

e k#1: : ‘
Goi I, J 1a giao diém cta cic ph&n gléc trong, ngoai cha goc LAM B
v6i dm‘mg thang AB thi _
TA JA MA

e ol han gid
IB 7B~ MB k(tmhchﬂtp gidc).

I,J c6 dinh va ZIMJ = 90°.




1.1 Pa gidc noi tiép : ' B 11
'Vay quy tich clia M la dub‘ng tron ducmg kinh 1J. Duo‘ng tron nay dugc
_go1 13 dudng tron A-po lo-m-uyt (Phan dao dé ban doc tu giai). m

Vi du 1.4. Cho luc gidc déu ABCDEF . Goi O la tam cia né va M, N la
trung di€m clia C’D DE - AM cét BN tai I. Chung minh rang nam diém
- M,I,0, N, D cung thu6c mot dudng tron. - ‘ :

Giai

E N D
K1
J 7
0/ VK
Hinh 1.6.

Do tinh chét cda luc. giaé déu nén OM 1 CD, ON‘_Lv DFE = M, N
thuoc dudng trdn dudng kinh OD Do O céch déu AM va BN nén IO 1a
phan gidc trong clia géc AAI N. o

KeOH DHllAM=>DH1_2OH (1)

Ké OK, DK, 1 BN. Trong hinh chit nhat ABDE dat J 1a g1ao diém
JA JD ‘

cia AD va BN thi JD\\\,IZ 70 —2 Mait khic
'DK; _ JD L |
DK =70 2=>DK1—2OK (2):_

Tit (1),(2) = DH, = DK, = D cich déu AM va BN = ID Ia phan
gidc ngodi clia géc ZAIN = £OID = 90°. Vay 5 diém IOMDN cing

]
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thuoc dudng tron dudng kinh OD.
Vi du 1.5. (Puong thing O-le va dudng tron O-le cla tam gidc). Cho
AABC. Goi H, G Ola trye t&m trong tam, tAm dudng trdn ngoai ti€p cua

tam gidc do.
a, Ching minh ring H, G 0] thang hang va G chla trong doan O H theo

ti s6 l (Dudng thing chua H, G 0 duoc goi 1a dudng thing O-le clia tam
gidc AABC). |

b, Goi A, B;,C) la trung chém cdc canh BC, C’A AB,; A2,Bz,C’2 la
. chan cdc dudng cao tuong ng. As, Bs, Cj 1a trung diém cia HA,HB, HC.
~ Chitng minh ring 9 diém trén luon nim trén mot dudng tron. X4c dinh tam '
va ban kinh clia duong tron do. (Duorng tron nay dugc goi 1a dudng tron
O-le cua AABC hay con g01 1a dudng tron 9 dlém cla tam glac)

Giai
- _
D
A B
B\ 4, A f C',
Hinh 1.7.

a, V& dudng kinh BD = CD||4,0 va CD = 24,0. Vi CD||AH va
' DA||CC, (cing L AB) nén tit gidkc ADCH hinh binh hanh = AH =
CD = AH = 2OA1 Goi G' 1a glao diém cua AA; va OH thi

G’A AH

- —9sG= G"
‘G”A1 OA1 =
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GO 1
Vay 0F G H thang hang va GO =3

b, Do HAsOA; 13 hinh b1nh hanh nén A; A; cit OH tai 01 1a trung dlem‘

cua OH.

Xét duorng trdn tam 01 duong kmh A1As. Do LA;AA; = 90° nén

A; € (01), Goi R, 1 bén kinh dudng tron (O;) ta c6 Ry = .A1A3 _

2
OA R

2
ngoai tlep AABC. _ L
~ Lap luan tuong tu dsi véi cdc doan B;Bs va C,Cj3, ta ¢6 chin diém
Al, Bl, Cl, AQ,.Bz, CQ, A3, B3, C3 cfmg thu()c df)'l’lg tron (01, '5) - O

113 Td gidc noi tiep

Trong muc nay, ching ta dua ra mot s6 ticu chuén dé t gidc ABCD noi -

ti€p dugc. Sau méi tiéu chudn déu cé cdc vi du minh hoa.
Tiéu chuan 1. Tt gisc ABCD noi tiép duoc khi va chi khi

LA+ /C = /B + /D = 180°.

Hé qua Tt gidc ABC’D noi ti€p dugc <> AA LCh.

Vi du 1.6. Cho AABC vuéng & A. K& dudng cao AH va phan gidc trong
AD ctia géc ZHAC. Phan gidc trong clia géc LABC cit AH, AD o} M N.
Chiing minh ring ZBND =90°. -

(do AOA A3 1A hinh binh hanh) véi R la ban kinh duo‘ng tron‘
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Giai

‘Hinh 1.9.

Dé chung minh ZBND = 90" ta chu‘ng mmh t& gidc HMN D noi ti€p
dugc. :

Ta c6 /ABC = LHAC’ (vi ciing phu géc /BAH) = 4Dy = /M
ciing phu hai géc bing nhau) = tf gidc H MND noi tiép duoc (theo he
qua) Vay ZBND = 90° (theo tiéu chuan 1). | ‘ - O

Vi du 1. 7 "Cho hinh chit nhat ABCD. Ké BH L AC. Lay M N thude

AM DN ‘
céc doan AH DC sao cho 10 - DO Chiing mlnh rang ti gidc BM N C |
nodi t1ép duoc. ‘

Giai
Dé ching minh BMN c noi ti€p, ta can chi ra gbc ZBMN = 90°, |

4 B

MY ——— XK

N
Hinh 1.10.
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Ké MK _L BC = MK||AB MK cat BH tai E thi E 1a tryc tam
ABMC = CE L BM. (1) ‘

P . 14 ks . ME _ HM
Ap dung dinh 1y Talét v6i AHAB ta c6 E =TI
M khdc, tir gia thist — AM _ DN t
at khac, gla AH = Do aco
HM CN ME NC -
= ‘ = = NC. |
HACD AB _c¢p_ ME=NC. ()

Tit (1), (2) va NC||ME suy ra MNCE lé‘h‘mh binh hanh = NM||CE.
Tir d6 ta c6 NM Lt M B va tit gidc MNCB n6i ti€p dugc (tiéu chuén 1). -
' ' O

Vi du 1.8. Cho tit gidc ABCD. Gia sit trong tif gidc v& dugc bon dudng:
trdn bing nhau, déng quy tai diém O va méi dudng tron ti€p xiic véi hai
canh lién ti€p cla t gidc. Ching minh réing ti gidc ABCD ndi tiép duoc.

Hinh 1.1'1..
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Gidi o
Danh ¢ tht tu tam bon dudng tron’ theo chiéu cha tit gidc ABC’D la 01,
O, O3, Oy. G01 tén cac t1ep dlem nhu & hinh v& (H 1.11).

Cac ta glac 01E1E202,02M2M303, 03F3F404, O4N2]\1101 1a cac
hinh chit nhat (theo gid thi€t chia bai todn) => hai t¢ gidc ABCD va
01020304 ¢6 céc cap canh tuo‘ng ing song song = LA = 401, LC =

Z0s.

Mat khéc, do bon duong trdon bing nhau va déng quy tai O nén 00, =

‘00, = 003 = OO0, = r (ban kinh cic: dudng tron bing nhau) => tif gidc
01020304 noi ti€p trong (0,1) & £01+£0;5 = 1800 = /LA+/C = 180°.
- Theo tiéu chuén 1 ta c6 dpcm. . (o

Vi du 1.9. Cho dudng tron tam O dudng kinh AB c6 dinh va CD 1a duong

kinh tuy ¥. Goi (A) la tiép tuyén cta (O) qua B. AC, AD cit (A) tai

C,, D;. Chiing minh t gidc CDD,C; noi ti€p duqc trong dudng tron tam.
E va E luon thuoc mot dudng thing c6 dinh khi CD chuyén dong.

Gidi
o
A
/ ¢
0)
D :
A ~ | I . .
D, B 8 Ci
AN NF
Hinh 1.12.

/0, = —sd(ADB BC) = lsd AC.

LADC goc ndi ti€p chin cung AC = LG, = LADC = i gidc
CDD;C noi tiép duge (theo h¢ qua). ' «



l-lDagidcnéitiép‘ - 17

G01 T1la trung diém doan CyD; = AI I 01 =1 D1 (tinh: chat tam gléc
vuong) = ZIAD, = LDlAI éCl =/ ACI = Z1 AD1 + ZADC = 90°

sAlLCD.  /I0DN

Goi E 1a tam dudng tron ngoa1 tle'p cha tif gléc CDD101 thi E 1a-giao

ctia hai trung truc IE va OE.

Dé thdy ‘Al EO 1a hinh binh hanh do céc cip canh d6i dién song song

nen IE L+ AO. Do d6, E luén cich (A) c6° dmh mot khoang khong déi

" bing AO-nén E thugc dudng thing (A’) c6 dinh cdch. (A) mot khodng
khong ddi (dpcm). _ L . O

Vi duy 1.10. Cho AABC. K& dudng cao Ay, trung tuyén AA; va duong.

kinh AD ciia dudng tron (O) ngoai ti€p AABC. Ké BE,CF 1 AD.
Ching minh ring néu cho B,C c6 dinh thi tAm duo’ng tron ngoai ti€p
AAgEF khOng phu thuoc-vi trf dinh A.

- Giai -

. Goi Gy trung diém- AB::}J i \:giécw ‘ABA,E-luon noi. tiép trong duong
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~ tron tam C’1, duo‘ng kinh AB Ta c6:

ABAAg = LBEAZ (goc n61 tlé’p), :
AABC LADC’ (gbc noi tlép) R
= ABEAQ =/FCD (cung phu ha1 goéc. bang nhau)
- -+ BE||CF (gia thiét) .
- = AE||CD = AE 1 AC;
. AC||A1Cy (dudng trung binh)
= AE L ACy. |

Tu d6 ta c6 C1A; la duong trung tryc cla AgE Goi B, la trung diém
AC tuong ta chimg minh trén ta c6 BlAl 1a trung tryc cua AF.

Vay A1 la tam dub‘ng tron’ ngoal ti€p AAgEF = A1 06 dmh (dpcm)
: 0

Tiéu chuin 2. T¢ gidc ABCD ndi tiép duoc & AADB AACB

Vi du 1.11. Cho hinh vuong ABCD. Qua dinh A vé hai tia tuy ¥ lap‘

- v6i nhau mot goc 45° sao cho mot tia cit BC,BD & M, N va tia kia cit
CD,BD & P,Q. Chimg minh céc dlém C, M, N, P,Q cing nim trén mot
dudmg tron.

. - Hinh 1,14

I Glal . -
UMAQ = AMBQ 45° (gla thlét) nén ti gidc ABMQ noi tlép duoc (tiéu
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chudn 2). Do ZABM = 90° (gid thiét) nen ZMQP = 90° (tiéu chudn 1).
Tuong tr, ZMNP = 90°. Vay 5 diém C,M,N,P,Q thugc dudng tron
' dudng kinh MP = (dpem). ST 5 O

Nhan xét: Ta c6 thé lap luan do hai t gidc CMQP va CMNP déu
noi tiép nén ngii gidc CMNQP n6i ti€p. Tu d6 ta c6 dpem. ’

. Vi du 1.12. Cho dudng tron tam O va hai diém A, B thuoc (O) sao cho
AB khong phai 12 dudng kinh. Hai tiép tuyén véi (O) qua A va B citnhau
& M. K& hai cét tuyén y § AC va BD sao cho AC||BD va AD cit BC
tai N. Ching minh ring MN||AC. L |

- Giai -

Tt gifc MAOB ndi tiép duge = LAMB + ZAOB = 180°. Ta c6:
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'QWB=£%&+éb=mébxﬁhﬁn.
= /A0OB = ZANB = sd AB
=/AMB + ZANB = 180°
= MANB noi ti€p dugc (Tieu chuén 1)
=> LAMN = ZABN (Tiéu chufn 2)

o AABN - LABC = é:z;AC (goc giira tia ti€p tuyén va day cung)
= AAM N =4z AC.

‘ VayMN||AC’v1coha1gocbangnhaucv1tnd6ngv1 L - 0O

"Vl du 1 13 Cho duong tron (O) va day cung BC khOng phal 1a duong kmh ‘
A tuy ¥ thudc cung 16n BC.DIa trung diém cung nhd' BC. Hai tiép tuyén

6i (O) qua C, D cit tthau & E. Gia thiét AB cit CD & M, AD cét CE o
| N AD cat BC’ 61 Ching minh ring

1 1 1

CE _CN'CI

Giai
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Mot ZAMC = %s*d([c _ BD) = %sd([c ~-ép),

ZANC = %sd(AAC'—,cb) | | IR

= LAMC =ZANC =~ =

= it gidc AMNC noi tiép duoc (tiéu chudn 2).

= /CMN = /CAN (tiéu chuin 2)

= LCMN = ZMCN (cing bing ZNAC). = - - o A
Mt khic, ZDCB = /DCN (gia thi€t) = ZOMN = ZMCB =

MN|BC. Do EC = ED (hai tiép tuyén qua E) nén ZECD = ZEDC

rd

‘= DEJ|BC. Ap dung dinh 1y Talét ta cé:

‘DE  DE_.CE NE _

MNTIC “ontNcT!
BRSE B A T
| DE  MN IC ,
Do EC'= ED,NM =NC = (dpcm). ... .. 0O

Vi du 1.14. Cho dudng tron (O) va hai diém A, B c6 dinh thu¢c (O) (AB
khong phai 12 duomg kinh). K¢ hai cét tuyén tuy. § AD||BC. AC cit BD .
& M. Chimg minh dudng thing (A) ,qué',M VA song song vaC’ luén di

quaymot'di_é’m“cddinh. o S o e

Giai

Hinh 1.17.
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Vi AD|BC = tt gidc ABCD 12 hinh thang noi tiép duge = ABCD
1a hmh thang can = AB = C’D Do d6 ' ' |

AAMB - —sd(AB +CD) = sd AB= ZAOB
C= AOM B n01 tlép duoc (tiu chuﬁn 2). |

G01 (01) 1a duo‘ng tron ngoai tiép ti gidc AOM B thi (01) c6 dmh (Vl
~ (01) 1a dudng tron ngoai tiép AOAB c6 dinh). Goi N la g1ao dlem thit ha1
ctia (A) va (Oy). Tacéd:

LAMN = ZMAD, ABMN AMBC' (sole trong)

/MAD = Z/MBC (tieu chuan 2)
‘= LAMN = /BMN = MN 1a phan gidc clia AAMB

Vay (A) di qua dlém N 1a trung diém cung AB c6 dmh Tar do ta c6
dpcm.- ‘ ‘ ; \ D

Chi y: So sanh vi du 1 12 vé vi du 1.14, ta thdy v6i cung mot ba1 todn
6 thé c6 nhiéu cich dién dat khéc nhau. - :

Vi du 1.15. Trén mot dudng ‘thing cho ba diém. theo thit tu A, B,C v&
hai duong tron (0y), (O3) c6 dudng kinh AB va dudng kinh BC. (A) 1a
tiép tuyén chung ngoai cta hai- duong tron v6i céc ti€p diém tuong ting
Dy, Dy. (A') 1a ti€p tuyén véi (Oz) qua C. BD; cit (A') tai E. AD; cit
ED; tai M. AD, cit BD; tai H. Chung minh ring AE L MH.

Gial

Vi ED; L MA nén & chu'ng mmh AE I MH, ta phai chu‘ng minh
AD, I ME vakhi dé H 13 truc tam AMAE. Tirdé, ta cé ti gidc AD1D,E
noi ti€p duoc.

Goi ‘N 1a giao diém ciia CDQ vi AM. Xét tlé'p tuyén chung cua (01)
va (O,) qua B cit (A) tai I, ta c6: :

ID, = IB, 1D, = IB (tinh chét ti€p tuyén).
= BI =1ID, =1D;, = ABD1D2 vuOng tai B, D,E||CN (cung vuéng

o gbc véi BDZ)
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M
t N - \

A '

D .
I \\p, |
y H \

A .
O 0,) c
"Hinh 1.18.

Do 46 Z/BADy = /BD,D, (géc gilra tia tlép tuyén va day cung),
ZBDng ZDngN (SO le trong) = ZCADl ZDlDzN = ADlch
ndi ti€p dugc (hé qua) (1) . |

- Xét 1t gidc "ED;D,C ¢6 ED1||CD2, /BEC = /I BD1 (dOng v1) ‘
= /ED,D, = LD1EC = ti gidc ED1D20’ 14 hinh thang cAn nén luoén
n01 ti€p dugc (2).

Tix (1),(2) = A, Dy, Dy, C, E cing ‘thu6c mot dudng tron => tt glac o

AD1D2E ndi tlep duoc Tur do ta c6 dpcm. ' o : _' -0

Tiéu chuan 3

Chiing ta s€ xay dung thém mot tiéu chuan cn va db dé ta gidc noi ti€p |

“dugc. Phuong phép nay s€ dirgc xem xét k§ hon & chuong "Hé thirc lugng
trong dudng tron" & phin hinh hoc 10p 10. Sau day 12 noi dung ch1 tlét cla
tléu chudn do6. ’ :

Piéu kién cAn: Cho duong tron (O) va diém M khong thuoc dudng
tron d6. T M ké hai c4t tuyen tuy y M AB va MCD. Chu‘ng minh rang

" MA-MB=MC- MD.
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Chitng minh.
- Xét truong hop M nam ngoal (O)

_,H‘mh' 1.19.

Do ttt gidc. ABDC noi tlé’p dugc nén

/MAC = ZMDB = AMAC ~ AMDB(gg)
MA MC

=MD~ MB (dpem).

‘ Tru'ong horp M nam trong (0), cach chu‘ng mmh tuo‘ng AR o
Piéu kién di: Cho hai dudng thang (Al) va (AZ)‘ cét nhau tai M. Trén

(A1) 14y hai diém 4, B va trén (Az) la'y hai diém C, D 520 cho hai dléu'
“kién sau thod man: = S .

4, MA-MB = MC - M D, |
it Hoac dlém M nim ngoal céc doan AB vé cD (kh1 do néi rang

A,B va C,D nim ciing mot phia d6i v6i M) hoic diém M nim trong cic -

doan AB, C'D (khi d6 néi rang A B va C, D cung khéc ph1a v6i. M )
- Khi d6 4 dlém A,B,C,D cung thuOc ‘mot dudng tron.

o Chu‘ng mmh
Xét trudng hop A, B va C, D nim cung ph1a d61 véi M. RN (P
- Xét dudmg tron (O) ngoai tiép AABC’ va gid st (Ay) cat (O) tai D'. Khi

‘v‘.dotheodléuklencan Iuén cé MA MB=MC. MD’

Két hop véi diéu kién 1 ciia diéu kién di = M D = M D’ Tu a6 véi didu

- kién 2 suy ra D trung véi D’ = (dpcm)
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mnh '1‘.26.' B

Truong hop A BvaC,D nam vé 2 phia d6i véi M viéc chung minh
Xin danh cho doc gia. LY , O

- Vi du 1.16. Cho dudng tron tam O dudng kinh AB va dudng thing (A)
ndm ngodi (O), vuong géc v6i AB tai C. K& cit tuyén CMN wy ¥ d6i
v6i (0). AM, AN cit (A) tai D, E. Chiing minh tit gisc M NED luén noi
tiép dugc. : : ] S ‘

Giai

- Hinh 1.21.

Vi ZAMB = 90° (géc noi ti€p) = ti gidc BCDM noi ti€p duqc»#>
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. AB-AC = AM - AD (theo tiéu chudn 3).
- Tuong ty v o | ‘
) o AB.AC = A_N.AE = AM - AD = AN - AE.
Do M,D va N,E 'nir_n cang phia d6i véi A nén theo tieu chudn'3 ta c6
dpem. : : - O

Vi du 1.17. Trén mot dudng thing cho ba diém c6 dinh theo thi ty A,B,C.
V& dudng tron (O) tuy ¥ qua hai di€m A, C. Cit tuyén qua B, vuong géc
véi OA cét (O) & M,N. Ching minh cic diém M, N cung thuéc mot
dudng trdn 6 dinh. | S |

~ Giai

Goi H 1a giao diém cia MN va OA. Vi OALMN nén AM = AN.

Hinh 1.22.

“Ta chimg minh. d¢ dai doan AM khong déi. V& dudng kinh AD ta c6
LAMD = LACD = 90°. ‘Theo he thifc lugng trong tam gidc vudng MAB,
luon cé: B _ o
| o o AM? = AH - AD. |

Do tit gidc HBCD ni tiép dugc nén AH - AD = AB . AC (tiéu chudn
3) Vay M, N thuoc dudng trdn c6 dinh tam A c6 bén kinh khong d6i

R=VAB-4C.
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Vi dy 1.18. Cho dudng tron (O, B). AB la dudng kinh tuy §. Ly diém
M tuy y trong dudng tron. AM, BM cét (O) tai Ay, By. Chimg minh biéu

thirc , v
AM - AA, + BM - BB,

" nhan gid tri khong d8i.
Giai

Hinh 1.23.

LAB\B = LAA\B = 90° (géc noi tlép) Ké MHLAB = ABlMH noi
 tiép : ' g

o =>"BM-BB1 ~BH-BA. (1)
‘Tuong-tu: S : o

o AM AA, = AH AB S )
Tix (1),(2) = AM - AA1+BM BB, = AB(AH+BH). Do M n3m trong

(O) nén H nim trong AB = AH + BH = AB Vay '

AM - AA; + BM - BBy = AB? = 4R’ (const). |

, . , 5

‘Vl du 1. 19 Cho AABC va D 1a trung diém ctia BC. ‘Gia thiét t6n tai

dudng tron di qua B, D cit AB AD tai By, D; sao cho C, B1, Dy thang
hing va diém B; nim trén canh AB. Chung m1nh rang :

CB<V2-CA. |
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Giai

Dyng tia Dz cing phia v6i C d6i véi dudng thing AD va hop véi tia

D;A mot géc bang LACB. Vi t¢ gidc AB;D:C; n6i ti€p dugc nén

£LABD = LAD\By = £LADiz < LAD,C = tia Dz nam giita hai tia
D;A,D:C. Tia Dz cit canh AC tai di€m C). Tir d6 theo tiéu chufn 3 ta
6 ' o . ‘ '
CC,-CA=CD1.CB,=CD-CB
= %032 =CC1-CA < CA®
=CB < V2CA.
0

Vi du 1.20. Cho du'orng tron. (O R) va ducmg thang (A) nam ngoa1 (O)
Diém M chuyén dong trén (A). T M k8 hai ti€p tuyén MA, MB d6i véi
~ (O) va A, B 1a céc ti€p dlém Chu'ng minh ducmg thang AB lu6n di qua
- mot di€m c6 dmh

~ Giai
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‘Hinh 1.25.

K& OHL(A) = H 6 dinh. AB cit OH tai C thi C nim trong OH. Do
. MKLAB nén tt gisc MHCK noi ti€p dugc nén ‘

OC-OH=0K-OM (1)
; Mat khic theo h¢ thic huong trbng tam gidc vuong AOM , taco
‘ 0K-0M=0A2=R2., L (V)

T (1) va (2) = OC - OH R? (const). - -
Do O, H c6 dinh va C nim trong doan OH nén dudng thang AB d1 qua
- diém C c6 dlnh = (dpcm) ‘ O

114 Pinh 1y Ptolémeé va tif gidc néi tiép
1, Dinh ly _ .
‘ Cho ti gidc ABC’D Chung mmh rang

AB C’D+AD BC’>AC’ BD

"Dang thitc chi xay ra khi ti gidc noi tlép dugc. (Ké’t qua clia ba1 todn nay '
dugc goi 12 dinh 1y Ptélémé) o
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Chimg minh. : ‘ o
Dung céc géc AMBA AAC’D va ACAD AMAB nhu hlnh V& .

D

‘Hinh 1.26.

Ta co: , ,
‘= AABM ~ AACD (g.9)

_AB_AM _BM

= AC AD €D

> AB-CD=4C- BM (1)
‘Mt khéc ta lai c6: o o »

AM _ AB K
AD TACT

- LMAD = ABAC’ VA ——=

= AAMD ~ AABC(cgc)
MD AD '

= BC ~ AC
> AD.BC =AC-MD (2)

T (1),(2) = AB- CD+AD-BC = AC’(MB + MD)
Nhung theo b4t dﬁng thuc tam g1ac thi

MB+ MD > BD b
dafu "=" xay ra kh1 va ch1 kh1 B M,D thang hang thco thit tur. Suy ra
4B CD+AD BC 2 AC-BD.

: Dang thlIC xdy ra < AABD AACD @ ABCD noi tlép duoc theo tieu
chuén 2. L ‘ TR
Dinh 1y Ptoleme da duoc chung mmh I R S ,;El
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2, Vi du minh hoa

: .\’1'du 131 Cho. dudng tron (0) va AABC’ déu, ndi ti€p trong dudng tron
d6. Xét dlém M tuy ¥ thuoc cung BC. Chu'ng minh ring

MA MB+MC

: Giéi,

g \ e .
: Hinh 1.27.

Td gidc ABMC ndi tlép duoc nén theo dmh ly Ptoléme ta c6:

MA BC = AB MC’+AC MB AB(MC+MB)
=>MA MB+MC'(dpcm)

O

Vi du 1.22. Cho h1nh vuéng ABCD. M tuy ¥ thudc cung ADC cita dubrng
~ tron ngoa1 tle'p hmh vuOng Chung mmh réng MA+ MC =+2MB.

_Glal [
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4 .B

D : ~C '
Hinh 1.28.
Tu gidc MABC néi tlé'p duoo nén theo dinh 1y Ptoléme ta c6:

- MA. BC’+MC AB=MB - AC
¢ (MA+ MC)AB = MB - ABV2
& MA+MC =v2MB  (dpem).
. o , . 0O
Vi du 1.23. Cho AABC. Goi Ay, ‘Bl, C, 1a trung diém céc cung B( , 5A, AB
cua duong tron- ngoa1 tlép AABC Chiing m1nh ring: :

AA1+BBI+C'C’1>AB+BC+CA

Glal | .
Ta gléc ABAlc’ noi tle'p dugc nén theo dinh ly PtOlemé ta c6
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Do A1 1a trung diém cung BC nén A;B = A,C )
(AB + AC’)AlB AB + AC A1B + AlC :

> Ad = BC "2 T BC |
Xét AA]_BC ta CO AlB + A1C > BC => AAl > —A“B—-;‘A—C Ho:?mtoe‘m -
‘wongtytacé .0 S il
: 4"\BB1v> B‘A+B‘C’;CCI'> CA+CB.'
\ 2 2
: VCOng 3 bat dang thuo trén ta c6 dpcm | :' - O

Vi du 1.24. Cho tit gidc ABCD n6i tiép dugc va LBAD ti. G1a thiet
" CA,CB,CD la ba canh clia mot tam gidc. Chu‘ng minh rﬁng trong tam.
gléc d6 géc ing véi canh cé do dai bang AC‘ 1a géc nhon. : :

Giai

Hinh 1.30.

Theo dinh 1y Ptolemé ta c6: - -
AB.CD + AD: BC = AC - BD.

St dung bat dang thac BunhxacOpkl

> AC-BD<VAFT¥ AD2\fC’B2 T CDA.
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Do ZBAD tunén AB? + AD? < BD? vatird6 . |
. AC+BD < BDVCB?+CD?
- & CB*+CD*>CAY
Tudotacodpcm Lo R G e g

Vidul 25. Cho tam’ gidc nhon ABC néi ti€p trong dudng trdon (O, R) v6i
H 1a truc tam. G01 T lﬁ bén kinh duo‘ng tron nodi tlé’p cua AABC. Chu‘ng ‘
minh ring:

HA+HB+HC’- 2(R+r)

- Giai

H‘mh131

St dung két qua da blé't lh AH = 20A1 (Al, Bl, C; 1a trung diém c4c canh
BC, CA, AB) nén ta pha1 chitng minh :

OA; + 0B, +0Cy = R+. |
Do tif gidc O.AICBl noi ti€p duge nén theo dinh lyiPtolémé, ta c6:
OB;- 4G +0Ay - B.C = CO-AB =R
=>R E=— OB1+— OA; -

2
( trong do a, b c’la do dai cac canh cua AABC’)
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Tuong ti nhu vay va tir d6 ta c6
b—l—c c+a a,+b

D R = OAl OBI OC1
=p(OA1+ OBy + OC) = Sasc
= p(OAl + OBl + OC’l) p-r
(OA1 + OBl + 001) e 1’ ‘
N Vay ta c6 dpcr_n. 3 S ' ' ‘ O

| 1 2 Tlep tuyen cua du(mg tron | |
1 2.1 Vi tri tuo’ng don cia du’(mg thang va du?img tron

1, Khao sat Vi trl tu’ong ddi ca dudng thing va du’o'ng tron -
Cho dudng tron (O, R). v dudng thang d. Ta ki hiéu A 1a khoang céch tir
-tam O dén dudng thang d. .

&

e h> R: (O) va d khOng cé dxém chung Trong truorng ho‘p nay, ta no6i
d nim ngoai (O) | : . ,

. _h = R: (O) va d c6 diém chung duy nh4t. Trong trudng hop ndy, ta
néi d 1a ti€p tuyén clia (O) va dlém chung 12 tiép diém.

e h.< R: (O) cét d c6 ding hai diém chung Trong tru'dng hop nay, ta
‘néid cat (O) va d 13 mot cat tuyén

2, Mot s6 dang toan thuo‘ng gap
a. Chu’ng minh duong thing va du’tmg tron cb dlem chung

Dé chu‘ng minh du'o‘ng thang va duo’ng tron c6 dlém chung, ta ching
minh b < R. -

Vi du 1.26. Cho dudng tron (O R) va dlém M nim trong duo‘ng tron.
Chu'ng minh rang duong thang d di.qua M cht duong tron :
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- Giai

Hinh 1.32.

That vay, goi khdang cdch tr O dén d1ah, ta c6' h < OM. Mit khéc,
M nim trong, ducmg trdn nén oM < R. Do doé, h < R hay dudng thang d
cét du'o’ng tron. , , (.

~ Vidu 1.27. Cho nira dudng tron tam O duong kinh AB Az, By 14 cdc nita
dudng thing ciing vuong géc véi AB va nim ciing phia d6i véi AB. Trén
By ta lﬁy diém C va trén Az ta 14y diém D sao cho ZCOD 90°. Chu‘ng |
: m1nh rang CD tlé'p xiic v6i nira dudng tron do :

Giai

Hinh 133.
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Goi H 1a hinh chiéu cua O trén duémg thing C’D Vi AOCD vuOng ta1 |

O nén H ndm trén doan CD.

Ta.c6 LDAO = /DHO = 90° = t# gidc ADHO noi tiép duoc =

/ADO = ZAHO. Tuong ti, ta c6 ZBCO = /BHO. T d6 ta c6

/AHB = LAHO + ZBHO
— LADO + £/BCO |
= 180° — (LDOA + ZCOB) = 90°

Tir 46 ta c6 dpcm. | PR | In

b. Tmh cac dai lu’o’ng hinh hoc

Vi du 1.28. Cho £z0y = 90° va dudng tron tam T tiép xﬁc vc’n hai canh
cta géc. Tinh bén kinh dudng tron biét 1O = a.

‘Giai

Hinh 1.34.

Goi A, B l4n luot 13 tlé'p diém cla dudng trdn véi O:c Oy. OTheo tinh
chit cha ti€p tuyén ta c6 IALOz, I B_I_Oy, AAOI /BOI = 5 = 45°,
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. Xét tam gidc vuong OAIL c6:
e 4A01—45°=>A0AI can
— 012 A" > R= - Al _,%\[_ = -j—_
_ 0.
Vi du 1.29. Cho dudng tron (O R) vi dlem A cach tam dudng trdon mot
khoéng 2R. . Ti A ké hai duong thing 14n luot tiép xic véi (O) tai B,C.

Goi M, N l4n lugt 12 trung diém AB, AC Tinh khoang cach tir tam O den; |
dudng thing M N. A

Hinh 1.35;

Goi. K 1a giao dlem cla. BC VA AO Theo tinh ch4t ti€p tuyén ta c6
AB = AC va AB1OB, ACL1OC. Ap dung he thic lu'cmg trong tam gidc
'vuOng ABO ta co:

BO* R 3R
2 . — K _ =
OK OA BO? = OK = OA > A= 5
Ta lai-cé M N la dudng trung binh clia AABC nén goi H 1a giao diém
3R R 3R b5R
. cuaMNvaAOtacoHK—'—AK——Z—=>OH—§ T 4
‘ - ‘ L

- Vay khoing ’céchtl‘IO dén MNbe'mg R IR -0
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" Vi du 1.30. Cho hai dudng thang dy; dp song song v& cdch nhau mot khbﬁng

_ h. Dudng tron ban kmh R= —:;—h ti€p xiic véx dy ta1 A, cit d2 tai B C' Tmh , .' |

do dal BC va tg ABC' '

S -Giai

— 1
- Hinh 1.36.

Goi O 1a tam cha dubng tron. Ta ching minh dudng thing d; va O nim
cung mot ph1a d6i véi duong thang dy. That vay, gid sir dy va O ndm vé hai
nita mat phang b di. Goi a, b 14n luct 1a khoang céch ti 'O dén dy, da. Vi
, (O) t1é'pxucv01 dy tai Anéna=R. Tac6b=a+h>R= (O) khéng
~ cét dudng thang do (mau thuéin véi gia thiét).

‘Vay dy va O nam cung ‘mot ph1a dei véi duong thing d;.- ,
ViR>h nén Ova dy nidm vé hai phia d6i v6i dudng thang d2 Goi I

1a giao cia OA, BC. Tacé OALd, = AO_Ld2 =T1a trung dlérn cuaa BC.

Xét tam gidc vuOng ABI tacé: \

\‘IB2=BO"’——IOZ=-R2‘ (R-h? = %—%—W
’AI h 1
= IB = h\/_tABC'— =—=—
g W2 V2
‘VayBC—2BI—2h\/_ tgABC——— D

S
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1 2.2 Tlep tuyén chung cua hai du’img tron -

1 Dmh nghla

| Cho hai duong tron (01, Ry), (Og, Ry). Dufmg thang d duoc goi 12 tlép
~ tuyén chung ctia hai dudng tron néu d ti€p xic v6i ca hai dudng tron. N6i
céch khdc, d vira 1a tiép tuyé'n cha (Oy, Rl) vira 1a tlé'p tuyén cta (02, Ry).

"o Néu ci hai duo‘ng tron nim vé cing mot phia d6i véi d th1 ta néi d 1a
ti€p tuyén chung ngoai cia hai dub‘ng tron.

. Hinh 1.37.

: ) Neu hai dudng trdn nim khac ph1a d61 véi d th1 ta néi d 1a tiép tuyén
chung trong cta hai dudng tron. :

d

‘Hinh 1.38.

2, Vi du minh hoa




1.2 Tiép tuyén cia duong tron | . ‘ a1’

Vi du 1.31. Cho hai dudng tron tim O, 0" ‘ndm ngoai nhau. Ching minh .
ting c6 ding hai ti€p tuyen chung ngoai, hai ti€p tuyén chung trong cla hai
dudng tron do. :

Hinh 1.39.

- Giai - '

‘Goi R, R' 14n lugt Ia bén kinh ciia (O), (O'). Xét trudng hop R # R, khong
mét téng quat gid st R < R'. Gia sir d 12 ti€p tuyén chung ngoai cla hai
dudng trdn, ti€p xic v6i hai dudng trdn (O), (O') 14n luot tai A, B. Ta c6:
OALd,0'BLld. Vi OA < OB nén dudng thing AB khong song song véi
0O’ hay d giao v6i dong thing OO". Pat I =dN 00 Vi R < R'va
0,0’ nam vé cling mot phia d6i v6i dudng thing d nén hai diém O, A 14n
lugt- thudc cic doan I O’ IB. Ap dung dinh 1y Talét cho tam glac IBO' ta
6

‘i IA IO OA ,_R' I0 R -
g ‘ =T O T T T T (*)
IB IO O'B R 10 R ,
Do d6, ta c6 diém I dugc x4c dinh duy nhdt. Do IO' > 00" > R/
=I0>R hay I nim ngoai hai duo‘ng tron ‘Mat khac tir I ngoai dudng
trdn, k¢ dugc ding hai ti€p tuyén téi O. Ap dung dinh 1y Talét dé dang
chu‘ng minh dugc, hai dudng thing nay ti€p xic véi (O) thi ti€p xdc véi O'.
Vay c6 diing hai ti€p tuyén chung ngoai ca (0),(O').
Gid sit A 12 ti€p tuyén chung trong ca (0),(0’). Vi hai dudng tron
(0), (0") ndm vé hai phfa clia dudng thdng A nén A cit OO’ tai diém J,
J nam trong doan OO’ Goi C, D 1a tiép diém caa A v6i. (0),(0"), ta cé
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OC’ O D cing vuOng géc voi A Ap dung dinh ly Talét ta c6:

- JO "OC"R JO_ R

kY-
" JOTOD RTJIO R )

= diém J hoan toan xac dinh ti'ong doan OO’ . Mit khéc, R+ R' < 00' =
JO + JO' nén tfr”(**) ta c6 JO > R,JO' > R hay J nim ngoai dudng
tron (0), (0'). T J nim ngoai dudng: tron (O) ké dugc diing hai ti€p tuyén
téi (O). Ap dung dinh 1y Talét d& dang chiing minh dugc hai dudng thing
nay ciing ti€p xic. véi (O’ ) Vay c6 dung hai t1ép tuyén chung trong ctia
(0),(0"). B |

Truong hop R R' bban doc tu chlmg mmh . O

Nhan xét: Keét qué clia bii todn trén, dac biét hai biéu thitc (x), (+*)
dugc 4p dung rdt nhiéu d6i véi cdc ba1 todn ¢6 lién quan dén ti€p tuyén
vchung cia hai dudng tron.

Vi dl_l 1.32. Cho hal_duong tron (0), (O’) nam ngoai nhau. Goi AB 1a mot
ti€p tuyén chung ngodi clia hai dudng trdn. CD la mot ti€p tuyén chung
trong cla chung (4,B,C,D la cac tlép diém). Chimg minh. rang AB > CD.

Glal

 Hinh 1.40.

Vi CD I tle'p tuyén trong cia ha1 duo‘ng tron (0), (O') nén hai dudng tron
(0),(0') nam vé ha1 nita mat phing bo CD (theo dmh nghla) = A, B nﬁm




1.2Tidp tuyé ciia dwong tron o - g

khic phia d6i véi dudng thédng CD. Do d6 duo’ng thang CD it doan AB,
g1a sir tai diém E. ‘

AB 1a tiép tuyén ngoai clia 00’ ‘né-n (O) (O’ ) thuéc jcfm‘g' Vmét\ nita mat

'phang bd AB (theo dinh nghla) = C D nam cung ph1a d6i v6i bo AB = "

E nim ngoai doan CD.

~ Khong mit téng quat, gid st C, D, E ‘theo thi tu nhir hinh VE, ta c6
_CD <CE = AE < AB = (dpcm) :

O
123" Vi tri twong d6i cia hai dudng tron

1, Dinh nghfa
~ Cho hai duérrig tron (O) (O’)

e Hai ducng tron duoc goi la ngoai nhau néu moi dlem cta dudng tron
nay nim ngoai duo‘ng tron k1a va ngu'oc lai. ¢ C

e Hai du‘o‘ng tron duoc got la long nhau (du‘ng nhau) néu ton tai mOt )

.duomg tron ma moi diém thudc né nim trong dudng tron kia.

o Hai du'o‘ng tron c6 ha1 dlém chung phan blét duoc g01 la ha1 duong ‘

tron cdt nhau.

= A

e Hai duong tron co mot diém chung duy nhﬁt duoc g01 la ha1 duo’ng'_

tron tiép xiic. :
Diém chung cua hai dudng tron dugc g01 1a tiép dzem Tiép dlem va
tam clia hai dudng tron thang hang.

o 7 "Iié’p tuyen tai ti€p dlém cua du'o‘ng tron nay ciing la ti€p tuyen clia
dudng tron k}a ‘ ,

‘C6 hai kiéu tlep xtc: tiép.xic trong néu tlep diém nim ngoa1 doan
ndi tAm, tiép xiic ngodi néu ti€p diém ndm trong doan n6i tam.

2, Diu hiéu nhan biét SR
- Cho hai dudng tron (O, R), (O', R) ¢6 00" = 1.
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Hai dudng tron nim ngoai nhau & R+ R' < 1.

Hai dudng trbn‘t‘ié'p xtic ngodi nhau <& R+ R' = [.

Hai dudng tron cit nhau <> R+ R' > | > |R - R/|.

Hai dudng tron tiép xic trong v6i nhau < |R - R|=1

Pudng tron (O) chia dudmg tron (0') & |R — R'| > L.

3, Vidu mmh hoa

Vi du 1.33. Cho hai dudng tron (0 R),(0',1). Do dai 00’ = V5. Vi
gi4 tri ndo clia R d€ hai dudng trdn cdt nhau? Tiép xidc trong v6i nhau?

Giai

¢ (0), (0') cit nhau khi va chi khi R+1> 00’ > |R— 1|
R+1 >OO’¢>R>OO’—1‘—\/5f—1 >1

00'>|R-1|= —14:>R<OO’+1——\/_+1_
Vay\/_+1>R>\/5—1

o (O),(O’) ti€p xidc trong <> |R - 1] = OO’@ |[R—1| = \/_ﬁ
R=v5+1

0O

Vi du 1.34. Cho hinh vuéng ABCD. Ta xét bén dutrt'lg tron c6 tam tai b6’n
dinh hinh vuéng sao cho céc cap dudng tron (A) va (B), (B) va (C), (C)
va (D) 1a céc cap dudng tron ti€p xiic ngoai. X4c dinh vi trf tuong d6i cia:
a (Awna©), AR |
b. (4) va (D),.
“c. (B) va (D).
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Hinh 1.41. . . Himhl4
Giai

Goi bén kinh dudng tron (A), (B), (C), (D) l4n lugt Ia Ry, Rs, Re, Rp.
Goi d6 dai canh clia hinh vuong ABCD 1 a. Ttr gid thiét ta c6:

RA+RB=RB+R0——R0+RD—(J, : §))
=>RA—R(;,RB—RD
=>RA+RD=a-AD=>(A) ( )tlé'pxucngoal

Ta xét céc trudng hop sau

° RA > a—\g—i : : : |
 Ra+Ro=2Rs> V3= AC = (4), (C) 1a hai dudng tron cht |
nhaw. | ’_ , T PR

Rp =a— RAY< a— aT\/i = a’('l,‘_» ?) = Rp + RD  = 2ng <
av2 = BD = (B), (D) 1a hai dudng trdn ngoai nhau.

.’ RA_—_ (],‘\/Ti

Ra+ Re = AC = (A), (C) 1a ha1 dudng trdn tlé’p xtic ngoél
Rpg+ Rp < BD = (B),(D) Ia haljduo‘ng tron ngoai nhau. =
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s

] a(l - 7) < RA < a"T
RA +Re < AC = (A),(C) 1a ha1 du‘dng tron ngoa1 nhau
Vi, _ 3

RB<a a(l———-)—a—=>RB+RD<BD=>(B)( )1
‘ ha1 duo’ng tron ngoa1 nhau '

* Bx=al —‘/75) | |
“(A4), (C) 1a hai dudng tron ngoai nhau.
(B), (D) 1a hai dudng trdn ti€p xiic ngoai.
i .
ORA<G,(1-—-—\£—_)

(4),(C) 1a hai dudng tron ngoa1 nhau.
(B), (D) 1a hai dudng tron cit nhau.

1.3 Pa gidc ngoai tiép
. 1.3.1 Céc duong tron ndi tiép \vﬁ‘b)émg'tié'p
e Cho AABC v6i BC = a,CA = b, AB = cvap= 2F2+9) g,

duong phan gidc trong dong quy tai I Diém I cdch déu.3 canh cla
tam gidc mot khoang r. :

Dudng tron (I ) duge'goi 1a duong tron ndi ti€p tam glac va AABC’
“1a tam gidc ngoai tlép ducmg tron (I r) |

o Dung 3 duong phan gidc ngoa1 cua 3 goc AA AB AC’ Phan glac
~ trong géc ZA va 2 phan gidc ngoai géc £B, LC dbng quy tai A’
Diém A’ cich déu cic dudng thing AB, BC,C A mot khoang r,.
Ducng tron (A’ r,) dugc goi 1a ducmg tron bang tlép cia AABC ung
" v6i dinh A. - ‘ -
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Tuong tu ta c6 cic dudng trdn bang tlé'p ( rb‘) va (C',r,) img v6'i
céc dinh B va C. '

" Nhu vay v6i mbi tam gidc luOn 61 dub‘ng tron ndi ti€p va 3 duorng
tron bang tlé'p ,

‘Hinh 1.43.

132 Mot s6 keét qué co ban

Mudi két qua don gian sau day s€ dugc s dung khi giai cdc bai todn phlIC
- tap hon c6 lién quan dén céc duo‘ng tron noi tlép va bang tlé'p :

1 I la tryc tam cua AA’B’C'
Chung mmh Hlén nhlén Vi A’ A B B, C” C I 3 du'b‘ng caocia AABC. 00

2, G01 Al, BI,C’l 1a céc tlép dlém cia du'o‘ng tron (I r) véi céc canh

~ BC,CA,AB. Chtmg minh ring

. . /L R . : . _’ [ :
Chiing mmh Theo.tinh chat tlép tuyén ta iuén c6

BA1 BC’l, CAl CBl,ABl = ACl
=> BA1+CBl+A01 AR
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3, Goi B}, C 1a tiép diém cia dudng tron (A, ra) v6i céc canh AC, AB.
* Ching minh ring | - B
| E AB;=AC =p

_ Hinh 145.

Chu‘ng mmh Gm As 1a txép dlem clia (A ra) véi canh BC LuOn c6

BA2 = BCY; CA2 = CB’ = BC'1 +CB, = BC’ = a.
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Hién nhlén AC} = AB{ vi 1a hai tiép tuyén cling xudt phét tr A dei véi

(A7)

Xét

AC1 + AB, = 2AC”
_AB+AC+(BC’+CB)—a+b+c

(a+b+c)

= AC; = AB; = 5

= (dpem). | | | S =

4, Ay, A, d6i xiing qua trung diém cta BC.

Hinh 1.46.

. Chiing minh. Theo trén, BA; —p—b Talaicé

CAy=CB,=AB,—AC=p—-b
. = BA =CAy=p-b

= (pom). =

5a-SABck‘=P'7‘=-(P—a) | (P b)-r (\P—«C)k'rc

" Chitng minh.

e S = p-r (ban doc tu ching minh).
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o Tacé

Sapc = Sapa + Saca — SaBc
1
=%(b+c)-ra—§a-ra‘
1 -
r=,§(b+c—a)-ra=‘(p—a)-rra
= (dpcm). O
o . 1 1
-6, Chitng minh rang ! =—+—-+ -1—
v , T Tq - Ty Te
Ching minh. T két qud 5 taluon c6 . 7 -
e 1 1 1. 3p—(a+b+c
L a=>r(—+—+l)= P (a‘+ +«C)=1
Ta p Ta Tb Te p
Suy ra (dpcm). 0

Chi y: Tirkét qua trén néu dzfit M= max{ra?,rg, T} vam = min{rq, Ty, Tc }
thiluon c6 M > 3r vam < 3r. ' ‘
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1.3 Dd gidc ngogi tiép
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7, Goi hg, hs, h 1a do dai ba dudng cao tuong dng vdi cic dmh A, B C

* cha tam glac ABC. Chiing minh ring

1,1,1.1
h hb hch

Chu'ng minh.
Do I 1a diém trong cla AABC nén

... Smc . Sica . Sus
LT e Sio oy IcA L Sms
L 0 Sapc  Sabc SaBc

T Sisc T SICA r _ SiaB

ha  Sapc'hs Sasc he ‘SABC

>muﬂm¢—+—+—;hﬂmm

ha ' by
Chi y: Tir 2 ket qua trén ta lu6n c6
- | 1 1 1 1 1 1 _
1 t b=

‘ h hb hQ Ta Tb c
8, Néu o = max{a, b, c} thi r, > 3r. |
Néu a = min{a, b, c} thi v, < 3r.

- Hirih 1.48.

| Chiing minh. St dung phép giai tam gidc vudng ta c6:

—pigh, r=(p-0)tg}

=>3r—ra=(b+c—2a)tg5.

Q)

@
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Do th > 0 nén néu:
e a = max{a,b,c} thi 3r — 1, 0.

e a = min{a,b,c} thi 3r — ra > 0.

Vay ta c6 dpcm. ‘ B S ’ D",

9, JA' cit dudng tr(‘)nbngo,ai ti€p AABC }t‘ai trung diém cia né.

A

AI
Hinh 1.49.

Chu‘ng minh. Goi D 1a giao dlém ctia AA' v6i dudng tron (O) ngoai ti€p
AABC. Tt gisc IBA'C ndi ti€p dugc trong dudng tron dudng kinh T A’
(tieu chuén 1) suy ra tam dudng tron la trung diém TA’. Mat khic tam do
thuOc dudng trung truc ca BC 1a dIIo‘ng oD (v1 D 12 trung diém cta cung

| BC’) = tim dlm‘ng tron ngoai ti€p o g1ac IBA'C 1a D = (dpem). [m

10, Gia st A_ABC’ vuong tai A. Chu‘ng minh rang

r=p—a.

Chng minh. Do ABJ C 1a hmh vuéng nén A6'1 — r.- Theo két qua 2 suy

ra (dpcm). 7 } R O




1.3 Pa gidc ngoai tiegp ‘ o s

P

' 1.3.3 Vi du minh hoa

Vi du 1.35. Cho AABC, ké duong cao AH. Goi M 1a trung diém BC va
I 1a tam dudng tron ndi ti€p AABC. MI cat AH & E. Chimg minh ring

’ AE—r

Giai

AN

5 H A M 4 C
" Hinh 1.51.

V& dudng kinh Ay A, cta (I,r). Tiép tﬁyén (I,r) qua A, cit AB,AC 6 K
va L. Khi d6 (I, r) tr thanh duong tron bang ti€p tam gidc AK L ing v6i

. dinh A,
" Do LK||BC nén néu AAZ cit BC & As thi Aj; la ti€p dlém cha duo‘ng tron

: bang tiép AABC u’ng v6i dinh .A d6i véi canh BC = M A, = MA; (két
~ qud 4) = AA|EM (dudng trung binh). Dé thﬁy AH ||A1A2 (ciing vuOng
~ 'gbe véi BC). ‘
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Vay AA,IE 12 hinh binh hanh = AE = [A; =T @pem). O

Vi du 1.36. Cho AABC vuong & A. Goi r 12 bén kinh dudng tron noi tiép
va ¢ 12 do dai canh huyén BC. Ching minh rang:

r
—S
a

LA B, - C
I—Iinh152 '

‘Goi b, ¢ 13 do dai cdc canh CA, AB vap la nira chu vi ca. AABC Tacod
r= —a(kétqua10)©b+c—a+2r (1)
Mt khiéc, - -

(b+¢)? = b + & + 2bc < 207 + ¢*) = 20
. =bfc<aV2  (2)

Tir (1) va (2) suy ra

a+2r<af¢)2r<a(f—1)

¢>Z<.ﬁ_1 |
a” 2 _
\_=><dpcm) g o
Vidu 137 Cho AABC' va dléthhuOC canh BC $a0 ) cho hai dlrong tron

- noi 1i€p hai tam gidc ABD va, AC’D bang nhau. Goi a,b, ¢ la ba canh cia
: AABC Tinh AD theo a,b,c.

b
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- Giai

B 11 A D 1 . C
Hinh\ISBW ‘ :

Goi (I r); (I, 7 ) (Ig, ') 1a céc duo‘ng tron noi tlép cic tam gidc ABC,
'ABD, ACD va goi S, .5’1, Sy-1a dién tich va p,P1, P2 12 nira chu vi clia cic . .
tam gidc do biat AD = z. Do I1]2||BC nén theo dinh 1y Talét ta c6 bléu
thitc

BC_ 1
LI, 7 —_lr" R
Matkhac 7 ‘ e :
Lty = HH, = DH, + DHy = (pl—c)+(p2—b) —pto—b-c
o ‘ | kétqua2) ' -
r a a N
=>r—r’ p+r—b—-c z+a-p p ( )k

" Theo keét qua 5 ta cé o o -

S=pr= .5’1 + Sz (p1 +p2) r' (p_+ z).r'

s |
4 _ a9y
Vay (1) & 5 5 “Tva-s © o= p(p—a).
p‘ - ,‘ .

p+z

AD = olp —‘»a)‘
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Vi du 1.38. Cho AABC. 1,75, 3, T 12 bén kinh dudng tron noi tiép va cic
dudng tron bang tiép cia AABC. Ching minh rang

VR/Fa /s +/7e) < p
Giai
AI
I ' o . K
al \ - =l
A Ci B Cy
Hinh 1.54.

- Goi I 1a tam dudng tron néi ti€p cia AABC, . .
- Cy 1a tiép diém cha (I, r) va AB,
(A',7,) 12 dudng trdn bang tiép clia AABC ung v6i dinh A C! 1a tlé'p diém
“cla (A',7,) va AB. _ o

K¢ IK1A'Cisuyra AK =7, —r,IK 'Clc" = a (két 'qué 2va 3).
Mat khdc do (1, 7) va (A', r,) 12 hai dub‘ng tron ngom nhau nén [A" > r+7,.
~ Xét tam gidc vuong TKA' ta c6

(r + ra)2 <TA® = (r, —r)* + d®
& 4rr, < a? @\/rra ;
Tucmg tu ta co: ,/rr < - ,/rrc < —=. Do do

a+b+c

f(\/r_a+\/‘+ rcs —5—

= (dpcm). ‘ ' o » , O




1.3 Da gidc ngogi tiép ‘ g

Vi du 1.39. Cho AABC, goi (I,r) la dudng tron noi ti€p. Ching minh
ring AABC déu khi va chi khi JA + IB + IC = 6r.

Gidi

“Hinh 1.55.

Ké BH,CKLAI

~BH+CK<BD+CD=a
=a-IA> (BH +CK)IA.

- Dffu "=" xay ra kh1 va chi khi JALBC & AB = AC’ Mat khac

IA(BH + CK) = 2(Sirg + Sarc) = ‘(b +o)r.
b+ c.

=a-TA> (b+c)r¢)IA>
Tuong tu ta c6 :

cta r IC > atb,

c
“b+c c+a a+b
-+ +

b

IB >

=>IA+IB+IC> r(— ).
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Ap dung bat dang thifc C0s1 ta co

b+ + +b b
| ac+cb“+a R R RN e

DodoIA+IB+IC'>6rvad5u" "xayrakhlvachlkhla_b—— T
' dotacédpcm R
1 3. 4 ‘Tam glac cong va du’o’ng tron noi tlep

1, Ba loai tam gidc cong thuong gﬁp

Loal 1: Co m(‘)t canh cong

Cho dudng tron (O, R) va 2 diém blén A,B. Quat tron AOB dugc xem |
"1a 1 tam gidc cong 1oa1 1 ¢4 1 canh cong la cung AB H1 56)

Xét duong tron (I,r) vira ti€p xtic v6i 2 canh OA, OB vira tiép xtic trong
V6l (O, R). Trén phan gidc OC xdc dinh diém I sao cho A =IC =
Pudng tron (I,7) 1a du'o‘ng tron n01 tlep tam gléc cong dang xét.

¢

Hinh 1.56.

Loal 2: Co 2 canh cong

Cho dudng thing (A) va 2. du’omg tron (Oy, Rl) 02,R2) vira tlép xidc
ngoai véi nhau tai diém A, vira ti€p xidc véi duong thing (A) tai B va C
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Khi do xdc dinh tam gidc. cong loai hai ABC’ c6 2 canh cong la cung AB
va AC’ (H1.57). . ~ o

Xét dudng tron (I r) vira tlép xtc vé6i duong thing (A) vira ti€p xiic
ngoai v6i (O1) va: (0,). D6 1a dudng tron ndi tiép tam gidc cong dang xét.
~ Viéc x4c dinh (I,7) nho vao tinh chét cic duo'ng tron tlep xdc va s& duoc ‘
~ minh hoa cu thé bang céc vi du.

Hinh 1.57.

‘Loal 3:Co3 canh cong

. Cho 3 dudng tron (O1, Ry), (Os, Ry), (03, Ryg) ti€p xic ngoai timg doi
tai c4c diém A, B, C s€ tao thanh tam giéc cong loai ba ABC, vé6i 3 canh

‘cong 12 c4c cung AB BC' C’A (H1.58). Buong trdon (I r) ti€p xdc véi ca - |

ba dudng trdn d6 duoc goi Ia dudng tron noi ti€p tam gidc cong Viéc xdc
dinh (I,r) phu thudc vao diéu kién ti€p xic cla 3 duo‘ng tron da cho.

2, Vi du minh hoa
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Vi du 1.40. Cho dudng tron (, R) v day cung AB = R/3. Tinh dién tich
hinh trdn noi ti€p tam gidc cong OAB.

Giai

 Hinh 1.59.

Goi (I,r) 1a dudng tron pha1 t1m thi .
‘ IC = IH—-r=>OI R—r ‘
Theo gia thiét AB = Ry2 => AB? = 0A® + OB = /BOA=90

=IH =0Isind5’ &r = (R~ r)\/-—§

‘ 2
& (2+/2)r=R/2

Sr=-——==RV2-1

" 24+/2 M )
Vay \

’ S =2~ 1)*rR?

Vi du 1 41. Cho (01, R1) va (O, Ry) ti€p xiic ngoai tai A. Ké ti€p tuyé’n
chung ngoa1 BC Xéc dinh duo'ng tron noi tlép tam gidc cong ABC'
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- Giai

Hinh 1.60.

“Goi (I,‘r) 14 dudng tron phai tim. Khong mét tdng quét, gid st R, > R,.
K& 0,K10,B, luén ¢6 | |

0102 =_R1 + Rz, OlK = R1 - Rz‘ ]
| Qua Iké I,1,||BC, theo dinhaly Pitago ta c6:

12 = (Ry+1)? = (R — r)? = 4Ryr
I122= (R2+’f —(R2 —‘7')2=4R27' ‘
\I1]22 = K022 = (R1 + R2)2 - (R]_»; R2)2 = 4R1R2

)2
)2

‘Do LI = II; + I, nén

2\/?Rfl‘ + 2>\/R27‘ = 2\/E1R2

L e Yl o
‘ R + v/ R, ‘
RyRy, .. . aea L .
Vay r = __. Tam I 1i giao diém cia dudng thang song song

s

~ v6i BC va cdch BC mot khodng bing , ciing phia v6i Oy, O5-d6i v6i BC va
_dudng thang song song v8i O, B, cich O; B mot khoang biang 2+/R;r.. U
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Vi du 1.42 Cho AABC déu, canh a. Ve trong tam gidc 3 dudng tron bing
nhau, ti€p xdc ngoai tu‘ng d6i mot va mdi dudng trdn ti€p xdc véi 2 canh
cia tam gidc. Tinh bén kinh dudng tron noi tlép tam giac cong; tao boi 3

dudng tron do.

. Gig

G01 04,02,05 1a tam 3 dudng trdon bang nhau va T Ia ban kmh cua cac
duo’ng tron d6 thi 0,0, = 0503 = 030, = 2:1c Do AABC deu nén

BM = zcotg30° =z 3vaMN=a—2BM |
_ . |

: <=>2$=a—v21:\/—3_<:>g;=___.__

S | 2(1 +/3)

Goi (I, ) 1a dudng trdn phai fim thi 0, =10, =103 =7+71 .

= I tring véfi' tam cﬁa tam giéc déu ABC. Xét

a\/—

BI BOg+OQI— 300 -I—-( +:1;) __3_
' “a'\/§ 3a o
T3 T 1+V3)

a e
o =—(9-5v3).
Vay r=15(0-5V3).
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1. 3 5 Tu glac ngoal tlep

° Cho tir g1ac ABC’D Néu c6 diém I & t:rong tir gidc cach déu 4 canh
cia n6 mot khoang béng r thi tif gidc ABC'D duoc goi 1a ngoai ti€p
dugc. Pudng tron (I,r) la dudng tron noi tiép 1 gidc. Kh1 déca4
canh cha tif gidc déu tiép xdc v6i (I r).

e Dé ching minh t gigc ABCD ngoai tiép dugc ta ding tiéu chudn
sau: ‘ ' ) :

T gide ABCD ngogi tiép duge & AB+CD = AD + BC

" Hinh 1.62.

' Chu‘ng mmh :

* Diéu kién can. Gia su’ tit gidc ABC‘D c6.dudng trdn n01 ti€p (7, r) Goi
Ay, Bl,Cl,Dl 14n lugt 1a hinh chi€u cla I trén cdc canh AB, BC, CD,
DA. Theo tinh chét clia 2 tlép tuyén cing xudt phét tu' mot dlém ta c6:

AA1 AD1, BA, = BB, CB, = CC,, DC, = DD,
@AB+C’D=AD+BC

Dleu klen di. Cho tt gisc ABCD thoa mén dléll kien AB + CD =
AD + BC = @, Ta chimg minh t gidc ABCD ngoai tiép dugc. ’

Ta luén x4c dinh duoc duodng tron (I r) ti€p xiic v6i 3 canh lien tlép AB,
" BC, CD. Hai phan gidc trong géc B va géc C cét nbau tai 1. K& duofng’




kléncantaco ‘
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‘thing qua A tiép xiic véi (I,r) cit CD tai D'. Néu D' tring D thita c6 -

dpcm, néu D khong trung D, chang han D' ndm trong CD thi theo diéu

AB + D'C’ = AD’ +*BC Q)

Ldy (1) — (2) tacé DD' = AD = AD’ Dléu nay mau thuln véi bat dang
thitc tam gidc d6i v6i AADD' .
Tir d6 ta ¢6 dpcm. B S D

'Sau dy chiing ta s& xét mot s6 vi du minh hoa.

Vi du 1.43. Cho hinh thang ABCD vuong tai A, ¢6 2 déy 1a AD va BC.
Gia thiét hinh thang c¢6 dudng tron noi ti€p tam I sao cho IC = 2,ID = 4.
Tinh dién tich hinh thang ABCD.- :

' Giai

VE duimg thing qua I, song song véi AB cat AD, BC 14n luc_r_; tai M, |

N.

Do ABCD ngoai tlép duoc nén IC,ID la phan gidc cla 2 gdc ké bi

LZMIH va £/NIH. Do d6 ACID = 90°.
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'I‘u.' hé thuc Iugng trong tam g1ac vuong CID ta cé

. CD*=IC*+ID*=20=CD = /20

R VR O
V230 V5 5
Déthﬁy o |
AB = MN—2f 8\5/—
'AD+BC- AB+CD = Sf +9v5 = %\/_g
‘Vay o ‘
' 9= llﬁ[_S_\_/___ 2 (ddnvidié_‘:nvtich). '

O

Vi du 1.44. Cho tam \gidc ABC véi 2 trung tuyén BB;, CC\ cit nhau tai
~ G. Ching mmh ring AB = AC khi va chi khi ti gidc AB1GC; ngoai ti€p

dugc.

Giai

B A C
~_Hinh 1.64.

‘ NéllAB = AC thi ABl AC, va GBl = GCl => ABl + GCl =
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AC’1 +GB; S
>t gidc AB,GC, ngoai t1€p dugc.
Néu AB # AC, ching han AB > AC thi AC; > A31

~ Sir dung tinh chét lién he gitta canh va géc trong ha1 tam gidc AAAlB va

AAA10 thi LAAlB > éAAlC'
‘Lai sir dung tinh chat d6 trong 2 tam gidc GA; B va GA16’ ta c6

BG > CG =GB, > GCy (tinh chét trong tam)
= AC,+GB; > AB; + GC,

= it gidc AAlGCl"khéng thé ngoai tiép dugc.

Vay ta'c6 dpcm. o o ‘ O

14 Bai tﬁp vg g0i g lbi giai

Bai tﬁp 1.1, Cho hmh vuong ABCD. Vé ph1a ngoai hinh vu0ng ta dung -

c4c tam gidc déu ABM;, BCM,, CDMs;, DAMy.

Chimg minh ring 8 trung diém ciia 8 doan thing M A, MlB M,B,
M,C, M;C, M3D, MyD, M A cung nam trén 1 dudng tron. -

Huéng dﬁn
Chung minh tdm O cta hinh vuong cach déu 8 diém dang xét. E]

- Bai tap 1.2. Cho tam gidc ABC va diém D tuy ¥ thuOc canh BC. Goi

H, K 1a hinh chi€u vuong géc cia D lén AB va AC.

N Chimg minh H, A, D, K cing thuOc 1 duong tron. Tim vi trf cha D dé
- bén kinh dubng tron d6 bé nhat.

Hué’ng dén ,
Duo‘ng tron du’o‘ng kinh AD Ducng tron bé nhat khi AD vuodng géc
BC. o : , , 0

' Bal tap 1.3. Cho tam glac deuABC canh bang a.- Trén canh BC lﬁy 2
- diém A, A2 sao cho BA; = A1A2 = A,C. Tuo‘ng tu d61 v6i cac cap diém
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Bl,Bz va C,Co. Chu‘ng minh 6 dlém A1,A2,B1,Bz,Cl,C’2 nim trén 1
dudng tron. o s
, Tmh bén kinh du'o“ng tron d6.

Huéng din

Q

,Tam O cta tam gidc déu céch 6 dinh dang xet mot khoang 1 =. O

3

 Bai tap 1.4. Cho 4 dudmg trdn biing nhau (O1), (Os), (Os)s (04) €6 biin kinh

R va (Oy) tiép xtic véi (Oy) tai A. (Oz) tiép xtc v6i (O;) tai B, (Os) ti€p

- xiic v6i (Oy) tai C, (Oy) tié’p xtic véi (O;) tai D.

Gia sit 0103 0204, ching minh tit gidc ABCD n61 tiép va tinh ban

. kinh dudng tron ngoal ti€p cla nd.

Hmﬁlg dan

T gidc 0,0;0;304 la h1nh thoi cé canh bang 2R = ABCD l1a h1nh chu’
~ nhat nén noi tiép duge. :

Lap hé 2 phuong tr1nh da1 s6 dé-tinh hai canh cla h1nh chit nhat. Tur d6
tinh duoc ban kinh dudng tron ngoal tiep SR : U

- 'Bai tap 1.5. Cho 2‘ dudng tron (O) va (O') ti€p xic trong tai A ((O') ndim
trong (0)). M tuy thugc (O'). Tlé'p tuyé'n v6i (O') qua M cét (O) tai B,C.
AM cit (O) tai N. ‘ S o

Chu:ngmlnhrangNB2 NC’2 NM.NA.-

Huéng dan

‘ | Chu‘ng minh NO vuong goc BC’ Tao t gidc noi tlép r6i ding tleu chuan

s G

Bai tap 1.6. Cho t glac ABC’D n01 tiép dugc va AB cit CD & M. AD
cit CB O N. :

Ching minh 2 phan giac trong cha géc LBM C’ va ZCN D vuOng goc

 v4i nhau.
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. . Huéng din ‘
Hai phan gidc cht nhau & E. Chimg minh ZMEN = %(ABAC+ABDC) =
90° = (dpcm). S SRS o

Bai tap 1.7. Cho hinh thang ABCD véi AB|[CD. Goi M, N 1a trung diém

‘cha AC, BD. Céc dudng thing qua M vudng géc AD va qua N vuong goc

véi BC cét nhau tai [. . . : -
Chitng minh JA = I‘B.

- Huoéng din o
: Ké _C’E_LAD, va DF1BC. Hay chimg minh I 1a tim duong tron ngoai
. tiép tit gidc ABEF = dpem. - o B O

‘Bai tap 18. Cho dudng tron (O) va day cung\ BC c6 dinh khong phai 1a
dudng kinh. A di chuyén trén cung 16n BC. |

Xéc dinh vi trf chia A dé chu vi AABC 16n nhit. '

Huéng dén B
Goi M 1a trung diém cung 16n BC. Xét tit gidc BM AC ndi tiép, kéo dai
CA ldy AD = AB. Hay ching minh MB = MD. Ti d6 suy ra dpcm. [l

Bai tap 1.9. Cho tif gifc ABCD noi tiép duoc. Goi M, N 1a tim dudng
tron noi tiép cic tam gidc AABC va AABD. |
Chitng minh t& gidc ABMN néi ti€p duge.
Huéng dan g .
Chitng minh géc ZMAN = ZMBN, sit dung tiéu chudn 2. O

- Bai tap 1.10. Ching minh ring c6 thé chia nhd 1 nif gidc noi ti€p thanh vo
s6 tit gidc noi ti€p. ' . :

: _ Huéng dan : :
Chia t gidc da cho thanh 4 tit gidc noi ti€p dugc trong d6 c6 mot hinh thang
can. Chia nh hinh thang can thanh vo 6 thang can va hién nhién thang
chn luon néi ti€p duge. . S . o
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Bai tap 111. Cho 2 diém A,C c6 dinh va diém B chuyén dong trong
_khoang AC. Vé 1 phia cia duong thang AC ta vé€ 2 hinh vuéng ABEF va
BCHK AK cit C’E tai M.

Chung mmh rang duo‘ng thang M B di qua 1 dlém c6 dinh.

Huorng dan
Chiing m1nh goc AAM C =90°= M thuéc dudng tron (O) duo‘ng kinh
AC.

" Chitng minh MB 15 phan gidc ciia goc LAMC = (dpem). O

Bai tap 1.12. Cho tit gidc ABCD véi céc cgp canh d61 dién AB cit CD &
M,va AD cat CB & N. : :

- Ching minh ring 4 duo’ng tron ngoai ti€p cha 4 tam gidc AABN,
' AADM, ABCM, ADCN déng quy.

Hu’éng dan ‘ ‘
Xét duo’ng trdn ngoai cua 2 tam gidc, ching han la ADAM va ADCN cét
nhau tai E. D& ching minh cdc dudng tron (ABN) hoic (BCM) diqua E
thu'c chaft 1a chitng minh c4c tit glac ABN E hoic BCEM noi tlép duoc O

.Bai tap 1.13. Cho AABC voi 3 ducmg cao AAI, BB, CC:. Ké AlE 31
vubng géc véi “AB:; BlH C1K vuoéng géc vo‘1 BC AM, C’lN vuong goc
véi AC.

- Chiing minh 6 diém E F, H K M, N cing thuoc mot dudng tron.

‘ Hu(rng dan . .
Chu'ng mmh cac tu glac EFN M, EFM H néi t1ép duoc. o g

Bai tﬁp 1 14. Cho AABC ldy Al,Bl,Cl tuy M thuOc BC CA AB. Goi
‘Az, B,, Cz la tam céac duo‘ng tron ngoai tlép cic tam glac ABlc‘l, BA16’1,
CBlAl ’ s . : . :

Chiing minh tam gidc: AA2B202 dOng dang v6i AABC’

Huéng din
' Chung mmh 3 duong tron (Az) ( ) (C»), déng quy tai M va tir d6 st dung




7 ‘  Chuong 1. Da gidc va duong tron

tinh chat cac duo‘ng tron cit nhau dé chung m1nh AABC va AA;By,C5 ¢6
cac goc tuong Ung bang nhau S - Ol

Bai tﬁp 1.15. Cho hinh chit nhat ABC’D cic diém M, N chuyen dOng tren

: BM BN
,BA BC saocho BC = BA Ké BHJ_CM

Chung minh t& gidc CNHD no1 tlé'p.

Huéng dan

* St dung céc tam gidc dong dang dé suy ra /ZDH N 90" SRR

Bai tap 1.16. Cho dudng tron (O) vi diém M nim ngoai dudng tron (0).
Kc ti€p tuyén M A va cét tuyén tuy ¥ MBC d6i véi (O) Ké AHLMO.

Chung minh ti¥ gidc BCOH ndi ti€p.-

: Huo’ng dan

- St dung tiéu chuan 3 két hop vo‘1 hé thuc luong trong tam g1ac vuOng D

© Bai tap 1. 17 Cho 3 diém c6 dinh thang hang theo thit tu' A, B;C. V& duong
tron (O) tuy ¥ di qua A, B, Tir C ké 2 tiép tuyén CM,CN d6i véi (O).

~a. Chiing minh M, N cling thuOC 1 dudng trdn c6 dmh

~b. Chiing minh duong thang M N diqual dlem cd dinh, tir do suy ra
quy tlch giao d1em cia CO va MN.

‘ Huomg din

a M, NthuOc (C/TA- C’B)

b. MNNAB = K. St dung t gidc ni ti€p thich hop dé chu‘ng mmh/

K 06 dmh theo dléu kién cén cla tiéu chuan 3. o O

Bai tap 1. 18 Cho AABC v6i M 1a trung diém clia BC. Ve ducng tron
(O) tuy ¥ qua A va cat AB, AC, AM tai By, Cy1, M.

Ching minh ring:

 ABy- AB + AC, - AC = 2AM; - AM.
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- \ . Hmmg dan ‘ .
pudng tron (BB1 M) cit AM tai E (gla sit theo thu tr A E, Ml) = ti glac :
BB, EM; n6i ti€p dugc. } _

Ké CF//BE = tu' glac c C'1-’\/!1F noi tlép Dﬁng tiéu chudn 3 suy ra
(dPCm) S ‘ O

Bai tap 1 19. Cho ti gidc ABCD n61 ti€p dudng tron (O, R) véi i AB =
a,BC =b, CD =c¢, DA = d va S 1a dién tich cia tt gidc . |
e abcd
2R?°

Chitng minh ring ABCD I hinh vuong khi va chi khi § =

Hu6ng dan

| Dat AC =m, BD =n va sk dung cong thuc tinh dién tich tam gidc ta c6

bm b
Sapc = a4 R ,SBCcp = _4—61—? aé xay dlmg cOng thic tinh dién tich tf glac

Ké’t hop dmh ly Ptolémé va bat dang thic Cosi d€ suy ra (dpem). o
Bai tap 1.20. Cho n giac d¢u A1A2 e Ap (n > 4) thoa man diéu kién "

1 1+ 1
A1Ay  AAs T AAL

Tinh n?

Huéng dan

o n = 4: d& thiy -khoﬁg thod man.

e n > 4: Dung dinh 1y Ptoleme véi tit g’iéc'A‘lA3A4A'5 va két hop véi
gi4 thi€t cha bai todn dé ching minh A, Ay = A A; titdé6 n="7.

.o

Bai tap 1.21. Cho AABC vuong & A c6 A, B ¢ dinh C chuyén dohg 40

-~ cho chiéu clia tam gidc AABC khong d6i. Dudng tron noi tlé’p AABC’ tlép .

xucvo‘lAC'BC'talMN N
Chung minh dudng thang MN di qua 1 diém 6 dinh.
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_ - » Huéng dan
Goi I 1a-tam dudng tron noi ti€p va Al cit MN tai E. AFE la phan gidc
ctia géc ZBAC nén AE c6 dinh. Sit dung tif gidc n6i ti€p dé ching minh
E thuoc dudng tron dudng kinh BI = /BEI = 90° = AE khong déi =
E c6 dinh (dpem). o | | !

Bai tap 1.22. Dubng trdn ndi tiép AABC tiép xic ¥6i 4B, AC tai D, E.
Puong thang DE cét cic dudng phan gidc trong cha géc £B, ZC & N, M.
Chiing minh céc doan thing M N, NE, DM 1a 3 canh ctia 1 tam gidc.
' : Huéng dan , .
Sﬁ dung cdc tam gidc dong dang dé ching minh céc doan thing MN,NE,MD
ty 1& v6i 3 canh BC,CA, AB cia AABC. ‘ i O

Bai tap 1.23. Cho AABC nhon noi ti€p dudng tron (O, R). Goi (01, Ry),

(O3, Rz), (O3, Rs) 12 céc dudng tron ngoai ti€p céc tam gidc OBC,0CA, OAB.

Ching minh ring Ry + Rs + Ry > 3R.

| Huéng dan o o
O 1a tam dudng tron noi ti€p tam gidc 010203. a

Bai tap 1.24. Cho AABC. Goi Ay, By,Cy 1a tam céc dudng tron bang tiép

clia tam gidc tuong tng voi céc dinh A, B, C. Ching minh réng

Sampe + Sapioa + Saciap 2 35aaBc

Huéng dan

" Sir dung két qua 5 va bit dang thitc Cosi. _ N O

Bai tap 1.25. Cho hinh binh hanh ABCD. Pubng tron noi tiép chc tam
gidc ABD, CBD ti€p xic v6i BD tai T}, Ts. Dudng trdn ndi ti€p céc tam

' gidc BAC, DAC tiép xic v6i AC tai Ts, Ti.

Chiing minh tt gidc TyT,T5T; 12 hinh chit nhat. -
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] Hu‘orng dﬁn :
S dung phép doi xu’ng tam ching minh 717,737} 1a hinh b1nh hanh. S&
dung két qué 2 de ching minh T T, = 13T, (dpcm). o O

Bai tap 1.26. Cho AABC ngoa1 tiép dudng tron tam . (I ) tiép. xdc véi
.BCUAl va AB 0'01 Al catAlCl UM

Chitng minh géc LAMC = 90°.

Huéng din
Chting minh tit gidc M AIC noi tiép (AB < AC) = dpem. Trudng hop
AB > AC ching minh tuong tu. O

' Bai tap 1.27. Cho AABC v6i a, b, ¢ 12 40 dai céc canh tuong ing; 7, 74, 7o, e
12 bén kinh dudng trdn noi tiép va céc dudng tron bang ti€p .

‘ C3
| = 73T, rb Te
| . ’ .

Ching minh ring S
: abc _ a® b3

: Hudéng dan
St dung két qua 5 ta bién ddi twong duong bat ding thitc c4n chiing minh
thanh b4t ding thitc d6i véi céc canh a,b, c roi st dung céc phuong phép
danh gid thong thuong. - , O
Bai tap 1.28. Céc dudng tron ndi tiép céc tam gidc ABC‘, ADC tiép xtc
v6i dudng chéo AC cta tit gidc ABCD 6 M va N. :
_ Chting minh t& gidc ABCD ngoai tiép dugc & M = N.

~ Huéngdin \ }
- Sir dung keét qua 2 d6i v6i AM va CN d€ ching minh o |

M=N<o AB+CD=AD +BC.

g

~ Bai tap 1.29. Cho hinh chit nhat ABCD véi AD = 2AB.’ M trung diém
- AB, N chuyén déng trong khoang BC. . .

Ching minh chu vi AMND min <> tif gidc ABN D ngoal ti€p duogc.
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- Huéng dan ,
Liy E la d6i xing cha M qua B. ED cit-BC & F. Chu vi AMND dat
min khi va ch1 khi F = N. Khi d6 AD + BF = AB + FD ( dpcm) I:I’

Baitap 1 30 Cho AABC,M Ia diém trong tuy y cla AABC’ AM,BM,CM
cit cdc canh d6i dien tuo‘ng uing & A,, By, C).

Chitng minh néu hai tit gidc BA1MC; va CAIM B, ngoai tlép duorc thi

it gidc AB1 MC, cung ngoal ti€p duoc.

Hu’(’mg dan

Chu'ng minh ti gide AB;MC, ngoai tiép duge <> y — 2z = c—bvéi

y=MB,z=MC,c= AB,b= AC. O



Chuong 2
Thang hang va déng ‘quy'

2.1 Bai ton th'flng hang
2.1.1 Mot sO tleu chuan aé chung mmh ba dlem thang

hang

* Dé ching minh 3 diém A, B, C thing hang theo thi ty, thyc chat ciia céc
phuong phép co ban 1a ching minh hai duong théng AB va AC tring nhau.

Trong phdn nay chung ta dua ra mot sé tiéu chuén dé chu‘ng minh 3 diém

A, B,C thang hang.

‘Tleu chuén 1. 3 diém phan blét A, B, C theo thu tu ndm trén mot du'ong |

o 'thang kh1 va chi khi ZABC = 180"

Hinh 2.1.

Chi §: Néu qué diém B c6 dudng thang z’ Bm sao cho ZABz' = /CBxz

75

thi theo tinh chdt hai géc d6i dinh ta ¢6 A, B, C thing hang. Khi d6 dé thdy
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ZABC = AxBC’ + ém'BC’ = 180°. Vi vay tiéu chudn goc déi dinh duorc
xem 12 trudng hop riéng cua tiéu chuén 1. :

Vi du 2.1. Cho nita dudng tron dudng kinh AB. Lé’y diém C thuéc AB sa0

" cho CA < CB va diém M thugc nira duong trdn d6. Dudng théng qua M,
vuéng géc MC cét tiép tuyén qua A tai M;. Duong thing qua C, vﬁOng
géc v6i M,C cit tiép tuyen qua B tai M2 Chitng minh M My, M, thang
hang

Giai

M,y

NG~ M,

"Tacé:
LCAM = LCMM (1 gidc ACM M, noi ti€p dugc)
LCAM = /M BM, ( géc gita tia tuyep tuyen va day cung)
: LCMlM AMC’MQ (cung phu AMCMl)

 :> /MCM, =_4MBM2 =t gifc BOMM, noi tiép = LCMM, =

90°. Tirdé tacé ZMyMM, = ZMMC+/ZM;MC = 180° = (dpcm). O

~ Vidu 22. Cho AABC n61 ti€p trong dudng tron (0). Cic ti€p tuyén qua ‘

A,C cit nhau & M. V& hinh binh hanh ACMN. Dudng tron ngoai ti€p
AAMN cét (O) & D. Ching minh N, D, C thing hang. -

, Giai
~Tacé:
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LAMN = ZADN (t gisc ADMN noi ti€p),
/AMN = /ZCAM (so 1e trong) ‘
| LCAM = LABC(goc gitta tia tlép tuyen va day cung)
-~ = LADN = ZABC’ o - .
i ~ Mat khéc, tit gidc ABC’D n61 ti€p nén LABC + LADC = 180°. (2) °
|

Tix (1) (2) ta c6 ZADN + AADC' =180° = (dpcm) | g

‘ - . Vidu 2.3. Dung vé ph1a ngoai AABC’ hai tam gidc can BAA' va BCC”

| (can tai B) sao cho ZABA' = ZCBC'. AC' cit CA' tai M, AA' cat CC'
tai N. Ching minh tif g1ac AMCN n6i ti€p dugce khi va ch1 khi A’, B,C'
thing hang. ‘ . o

| o Gidi
Tir gid thi€t ta c6 o
ABA'C = ABAC' (c.g.0), R

| = CA'=C'A,LBAC = LBAC, /BC'A= LBCA

= tif gidc BMAA' va BM CC' déu noi tlép duge.
= /BMA' = /BAA’; /BMC' = ZBCC' (gbc noi ti€p).
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\
Hinh 2.4.
= /BMA' = /BMC' = MB 1a phan gifc cla ZA'MC'.
Xét AA'BN va AC'BN ta c6:
ZA'BN + /BNA' + /BA'M + LAAM = 180°,
'/C'BN + ZBNC' + Z/BC'M + £CG'M = 180°
= LA'BN + ZC'BN = 360° = (LANC + LAMC)

Do'd6 ZA'BN + ZC'BN = 180° < ZANC + LAMC = 180°.
- Tir d6 ta c6 dpcm. : ) : -

Vi du 2.4. Cho 3 di€m thing hang theo thi tr A, M, B. Vécing mét phia
clia dudng thing AB V& hai hinh vuong AMCD va BMEF. Hai dudng
tron (Oy) va (O,) ngoai ti€p hai hinh vuéng d6 cit nhau tai M va N. Ching
- minh ring: R A ' ’

a, B,C,N Iuon thing hang. o ,

b, A, E,N luén thing hang. ' o R

- Giai

-3




2.1 Bai todn thcfng hang - . : _ o

D C
. / \
0) AN ’
E F
/(_" _\\'
7 N\ ) \
// - X
] .
A B
* Hinh 2.5.

a, Ta co:

ZLANC = 90° (gbe chén nira dudng tron),
LMNE = /MFE = 45° (g6c noi tiép),
/ZMNB = /MEB = 45° (goc noi ti€p)

= ZAN B =90°

. Vay ZONA+ ZANB = ZCNB = 180° = (dpem).
| b, Tir ket qua cau trén, ta c6
’,Q AMBC AMEA (c g c) = AMBC’ AMEA

Mit khac t gidc BMEN ndi ti€p duge nén {MBN + ZMEN = 180° ‘
= AMEN +ZMFEA = 1807 = (dpcm) . _ -0

Tiéu c_huan 2. A, B, C thing himg & dﬁfmg‘thazlng ABva AC cing |
song song hoic cling vuodng géc véi mot dudng thang ndo dé. '

* Vi du 2.5. Cho hinh chit nhat ABCD. M tuy y thuéc BD. Goi FE 1a d6i
‘Xtng cha C qua M. Ké EH vubng goéc voi AD va EK vuOng g6c VO‘l AB
Chu‘ng minh M, H K thang hang. ‘ : .
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Giai

B
‘Hinh 2.6.

G01 O 1a giao diém cha AC va BD = AE||OM (du‘o’ng trung b1nh)
= ZOBA = ZEAK (gbc so le trong).

‘Mat khac do ABCD va AHEK 1a cic h1nh chit nhat nén AOAB =

AOBA /EAK = £LHKA. o
Tx d6 ZHKA = LOAB = KH | AC (1)
- Goi O’ 12 giao diém cta AE va KH th1 04 la trung dlém cia AE =
O'M || AC (dudng trung binh) -~ (2) -
Tu (1) (2) = O', H, Mthanghang Tir d6 ta c6 dpem. O
Vi du 2.6. Cho nira dudng tron tAm O dudng kinh AB. Goi C la trung dlém
" cung AB K 1a trung diém doan BC. AK cét (O) tai M. K& CH vuong

géc v6i AM.OH cit BC tai N.MN cat (O) tai D. Ching minh B, H,D

thang hang

Gidi

Ta ¢c6 ZAMB = 90° ( gbéc chin nita dudng' tron) = HC || BM (cing

vuong géc v6i AM). Ma K 1a trung diém BC nén K la trung diém HM =
BM =HC = BHCM 12 hinh binh hanh = BH || MC. (1)

Mit khac, ZAMC = 45° (gbéc chan cung AC) = AH CM vuOng can tai

H=>HC HM.
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A o . B
. Hmh27. |
" Lai ¢6 OC = OM (ban kinh dudng tron (0)) = OH la phan giéc cia
/COM = NC'=NM = ANCM cantgi N = ZNCM = ZNMC
ZCMD = £OBD (gbc ndi tiép), do d6 ZBCM = LCBD = BD ||
Mc. (2) o ) o .
Tir (1), (2) ta c6 dpem. o O
Vi du 2.7. Cho ABC noi tiép trong dudng tron (0). Goi A1, By,Cy 1a
trung diém céc cung BC,CA, AB cba (O) va I 1a tam dudng tron nodi ti€p
cha AABC. AiCy cit AB & M, A, B, cit AC & N. Chimg minh M,I,N
thdng hang. =~ e A R AP

Giai = -
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Vi A, Bl,Cl 1a trung diém céc cung BC’ C’A AB nén AAl, BBy, 001
12 céc tia phan gidc trong cua tam gidc ABC do 86 chung déng quy tai I.
Ta c6:
1, 2
AIBAl = EA]_CBl
1
LAlIB = —Sd(ABl + BAl) —,-'SdAchl
= ZAlBI éAlIB = AA]BI can tal A;.

: Tuong tu, ta cé AA;CI can tai A1
Xét tit gidc AlBMI cb:

- AB= AT vh LMAlB AMAlI (g6c noi ti€p)
=>A1M_LBI=> MB=MI= /MBI = AMIB

| Mat khéc, BB 1a phan gidc géc £ ABC nén AIBM LIBC = AMIB =
ZIBC (so le trong) = MI || BC'
Tuong t, NT || BC’ = (dpcm) . o O

Vi du 2.8. Cho dudng tron (0).VE hai ‘day cung AB,CD tuy § song song‘
. v6i nhau. AC cit BD tai M. Hai tiép tuyén véi (O) qua A, B cit nhau tai

N. Chung minh M, O, N théng hang,

B

Hinh 2.9.

Giai




2.1 Bai todn thdng hang | _ , .

Do AB||C’D nén tit gidc ABCD 12 hinh thang can = MA = MB. Hién
nhien OA = OB = MO 14 dudng trung tryc cla doan AB = MOLAB

(1)
Laic6 NA = 'NB (tmh chat tlé'p tuyén) nén N O la du’o'ng trung truc

clia AB => NO_LAB (2) | . o
ST (1 )va (2) tacodpcm . S o O
Vi du 2.9. Cho nita dudng tron dudng kinh AB. Vé cing mot phia véi nira

dudng tron d6, v& hinh vuéng ABCD. M tuy ¥ thudc nita dudng tron. Vé

| phia ngoai AMAB v€ hinh vuOng BMNE Chitng minh C E, N thang

hang

‘Giai

A 0 B
~ Hinh 2.10.
% AB la duo’ng kinh cta (O) nén
/AMB =90° = ZAMN = ZAMB +£BMN =180°.
Theo g1a thiét ta cé:

AABM LCBE (cung phu LMBC’)
 LABM = /DAM (goc giifa tia tiép tuyen va day cung)
= /CBE = ADAM
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Goi I 1a-giao dlém cia AN va BC. Ta c6

. AB BM
AABINABMI BF = MT

BC_MN _CI IN
=B = MI Bl MI = CN||BM

ma NE|BM = C,N,E thing hang (dpcm).

Vi du 2.10. Ha1 du:o‘ng tron (Ol) (O2) t1ep Xxtc ngoa1 tai A. Ve hai dudng
kinh AA;, AA, va tiep tuyén chung ngoai tuong tng B, B,. Goidla dudng
thang qua By va vuong géc vii Ay B,. Goi d' 1a duong thing qua As, vuong

goc v6i AA,. d va d' giao nhau tai M. Chu‘ng minh B1, AM thang hang.

Giai

B, L dl .

~Hinh 2.11.

- Vi AB, 1A\ B, (goc n01 ti€p chén ntra duong tron), aé chung mmh By, A M

thing hang, ta s& ching minh M B1J_A1B1 nghla la chu‘ng minh t& gidc
A1B1B2M noi ti€p dugc.




2.1 Bai todn thdng hang ‘ / 35

Do O;B; |‘|02B2'nén ZAOB, = ZAO,B; (2 gbc déng vi) => B1AO{=
B2A202 = B1A||B2A2 ' 3 ) :
TIIOTlg o, AlBluABg

A, B; cit AyB, tai N thi ABlNBz 1A hinh chit nhat ==> éNBlBg =
LBleA ‘ : '
- Mat khéc, LBlBgA LBZAQA (géc giita tia tlé'p tuyén va day cung)
= INBBy = LBgAzAl = tq glac A1B1 B3 A, ndi tiép duoc

Ta cé A1B2A2M ndi ti€p dugc trong duo’ng tron duo’ng kinh A1 M. Vay
tit gidc A1 B;BaM noi tlép duoc

Tir d6 ta c6 dpcm: o : : O

Tiéu chuéin 3. Xét dudng thing (A) di qua B vi hai dudng thing
-~ (A1), (Az) song song tuwong ing qua A, C tao thanh hai tam gidc BM A va
BNC nhu mot trong hai trudng hop trong hinh v& dudi day. ‘

Hinh 2.12. R Hinh 2.13.
L MA Nc A BC i g

| Chﬂ’ng minh.
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~ ViAy|A; = ZAMB = ZCNB. Do do AMAB ~ ANCE (. gc)
— /MBA = /NBC.

Tir‘détacéABC’thzlmghEm'g.‘ ’ IR a

Vi du 2.11. Cho hinh thang ABCD(ABI|CD). Hai dudng chéo cit nhau

tai M, kéo dai hai canh bén cit nhau tai N Chu‘ng minh duo‘ng M N di )

_qua trung diém cha 2 canh ddy.

Giai

.Hinh 2.14.

G01 E F l4n luort 1a trung dlem cua AB CD,ta chung minh M, E, F thing

_hang - : :

MC CD _2FC MC  FC
That vay, do AB||C’D nén WA~ AB = 2FA ’=%.MA = 51>
MEFthinghang ‘ ‘

Ta con phai ching minh N E,F thang hang.
' CD ND . ND DF

- Xét ANAB co C’D||AB nén 9B = NAj:> NA = AR = N,'E,F ‘
thiang hang. _ ' - ‘ o
| Tir d6 ta c6 dpcm - S o o

Vi du 2.12. Cho hmh thang. ABC’D(AB |CD). Goi 01 giao diém hai
dudng chéo va Oy, O, 12 tam dudng trdn ngoai ti€p cac AOAB vé AOCD.
Chlmg mmh 0, Ol, O, thang hang.




2.1Bai todn thdng hang . - R

Giai

o)}
Hih 2.15. e

Goi El,Ez 14n lugt 1a trung dlem cua AB CD theo vi du 2. 11 ta co

0, Ey, E, thing hang.
Goi My, M; 14n luot 1a trung diém cia OA, OB ta c6

ME, © M0
AE M 0; ~ AE;MyO; (g.8) =5 Ml = z\; %;O; " (1)
~Mat khac do J\]/;f/;EolﬂMzA?O(dumg trung binh) nén M;E: = M:O"” (2)
<1 ' 1 1Yl _ : A
Tu (1), (2) => V0 M202 ’ 0,01,02 ‘thang hang (dpcm). o O

Tiéu chuan 4, St dung c4c tinh chat cua duo‘ng tron € chu’ng minh

A,B,C thing hang: ching han B 1a tam ctia dudng tron duorng kinh AC

hoac cdc dudng tron tam A va tam C tiép xuc tai B,.

-~ Vidu 2.13. Cho duo‘ng tron (O) duong kinh AB. M chuyén dong trén (O)

M khic A,B. Ké MH vuéng géc véi AB. V& dudng tron (Ol) duong
kinh M H cét dudng thing M A, MB & C, D. Chu‘ng minh C, D, O, thing

hang va tir d6 suy ra ABDC noi- tlép duoc

Giai~, .
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Hinh 2.16.

Taco

- LCM D= 90°(g6c ndi ti€p chén dudng kinh AB)
= O, la trung diém CD = C,0,, D thing hang

= MCHD la hinh chit nhat

= /MCD = Z/MH.D (géc ndi tiép)

= /(MHD=/MBH (cung phu £ZDHB).

Tix d6 suy ra LMC’D AMBH => ACDB noi tlép duoc (dpcm) : I:I

Vi du 2.14. Cho dudng tron (O) va day cung AB. Ldy I thuoc doan AB

520 cho IA > IB. Goi D I trung diém cung nhd AB. DI cét (O) tai giao

diém thtt hai C. Tiép tuyén véi (O) tai C cit AB tai K. EC cit (O) tai
giao dlém thit hai F. Chu'ng minh D, O, F thang hang

. Giai

Ta c6:
AC’AD £LKCD (goc glua tia tlép tuyén va day cung),

LCIK = ;(sdAD +sdBO) = %sd CBD = £CAD
= LOIK = ZICK = KI = KC.
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- F :
Hinh 2.17.

‘Do K 1a trung dlém IFE nén ACIE c6 CK = =3 lIE = AC’IE vu6ng

tai C = ZDCF = 90° = O 1a trung diém dudng kmh DF |
Tir do ta c0 dpcm _ ‘ ‘ . 3

Tiéu chudn 5. Sir dung tinh chit cia cdc phép bién hinh nhu d6i
ximg truc, d6i xing tam, quay, vi tu,.... bién mot dudng thing thinh mot

ba diém thang hang A;, B;,C; thanh ba diém A, B,C thi ta c6 ba diém
A, B, C thing hang.

Vi du 2.15. Cho AABC c6 H,G,O ldn luot 12 tryc tam, trong tam, tam
dudng tron ngoai ti€p tan gidc. AH cit dudng tron (O) tai A;. VE hinh

binh hanh AH A,0. Ly A; 1a diém d6i xing clia G qua BC’ Chitng mlnh

| Al,Ag,Ag thang hang.

Glal R
Theo k&t qua da biét, A; d6i xing véi H qua BC va AH = Lsoa (A" 1a

“trung diém BC). Theo gia thiét, AH A,0 13 hinh binh hanh nén A2 dél -
‘xung v6i O qua duo’ng thang BC.

dudng thing. Tir d6, néu ta tim dugc mot trong cdc phép bién hinh d6 bién-
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A
Hinh 2.18.

Vay phép d6i Xung truc BC’ bién H thanh Ay, G thanh A3, O thanh A,.

‘Mat khéc, theo tinh chat cia duong thang O - le thi H, G,0 thang hang.
Tu do ta co dpcm N : - O

Vi du 2. 16. Tit gidc ABCD c6 4B = £D ——900 Ké AH1BD. L5y K

thuoc BD sao cho ‘BH = DK. Dung hinh binh hanh ABED. Chung minh
/rang E, C K cung nam tren m(‘)t duo‘ng thing va du'orng thang nay vuong
gbe voi BD ' '

A ‘ B
'Mr ) )
O JTH}
, NN
G \'\\\A\“ .
‘ ~\
D , E
‘ Hinh 2.19.
Glal

Goi M 1a trc tam AABD. Dé thiy t gidc BMDC la hin binh hanh (i




© 2.1.2 Dinh ly Me-le-la -uyt va ap dung

 2.1Bai todn thing hang | o o1

c4c cdp canh do6i tuong ing song song vdi nhau). Goi N 1a giao diém cha
BD va MC thi theo tinh chét cia hinh b1nh hanh N la trung dlém cua BD

va MC:
Ta thdy phep d6i xting tam N bién A thanh £, M thanh C va H thanh

K (theo gia thiét). Mat khde A, M, H cung nidm trén mot dudng thing va -

du(mg thing ndy vuong gc’)c véi BD, tir d6 ta c6 dpem. - ..

1, Dmh ly Mé-né-la-uyt.

Bai toan 1. Cho AABC va duong thdng (A) tuy y khong di cjua céc dinh clia

tam gidc. Gid thiét (A) cdt cde duomg thing BC,CA, AB tai Al,Bl,Cl
Chiing mmh rang ~ :
’_AIC’_C’l‘B B,A '_'1 n
AB CiA BC T Y

4w

H‘mh 2.20.

Chimg minh. K& (A") qua A va song song v6i BC cit (A) tai M Theo

dinh 1y Talét ta c6: .
OB AIB BlA AM
CiAT AM’ B10 A, C
ClB B,A AlB AM AB
C’1A "BiC ~ AM AIC A

= (dpem). - e Tt R S
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Cha y: -

e Biéu thitc & V€ trdi cla. ( ) dugc goi 12 biéu thic Ménelauyt. Bi€u
thitc ndy c6 nhiéu cich viét tuomg duorng, chéng han khi xudt phat tir
Al, con cé thé viét:

A1B BIC’ CiA
AC’ B1A CiB

=1 (2)

Va tuong tu nhu vay khi xudt phat tir B hoac C. Ban doc quan sit
k§ cach viét cho dé nhé.

e Bai todn trén con dugc goi 1a dinh 1y Ménelaugt. N6 duoe ding dé

xdc dinh vi trf mot trong ba diém A;, By, C; khi biét vi tri hai diém
con lai. Sau nay, & phan hinh hoc khong gian (16p 11), khi xdc dinh
thiét dién cia mot mat phéng cit mot kh6i da dién, ta thuong phai kéo
‘dai cic giao tuyén da biét va khi do6 rat cén dinh 1y Menclauyt aé x4c
dinh vi tri cic giao diém.

e Vi trf cic diém A;, B;, C; phai 1a "hai trong mot ngoai” hoac "ba
ngoai" d6i véi cdc canh BC,CA, AB. Do d6 c6 thé xay dung mot™
cach don gian bai todn nguoc cta bai todn trén de dp dung vao bai
todn ching minh ba diém thing hang. '

‘Bai todn 2. Cho ABC va ba diém Ay, By, Cy thugc cdc canh BC,C A, AB
sao cho chiing phdi thod madn dong thoi hai dzeu klen sau:

i, Chiing phdi la "hai trong mot ngoaz" hoac "ba ngoai" doi voi cdc
canh cia tam gidc. ‘

ii, Mot biéu thirc Ménélauyt bing 1.
Khi d6 Ay, By, Cy phdi thdng hang.
(Viéc ching minh bai toén nay xin danh cho ban doc).
2, Vidu mmh hoa. '
Vi du 2.17. Cho AABC' véi G Ia trong tam. Ldy dlém M thuOc canh BC
sao cho MA = —MC’ MG cit BC ta1 N N chia trong BC theo ty 1¢
~ nao? Ching minh ring MG||AB. :
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Giai

B N 4 C
Hinh 2.21. |

. Goi A; 1a trung dlém BC. Xet AAAlC Theo bai toan 1 ta co:

NA, MC GA _
NC "MA .GAl :
NC’ ~ 417 NC 1
:>2€_§:>_]Y§=l "
NC 2 ”NC* -2 '
Tir d6 ta c6: g—]\j— = g—g _:3; MGHAB (dmh ly Talet)z#(dpcm) E]

Vidu 2 18. Cho tit giic ABCD Goi M, N 1a trung diém chia AB CD va
" A; 12 trong tam cha AACD.AAl cit MN 6 G. Chtng minh ring G 13

,trung dlem cia MN. G chia AA; theo ty 1&¢ nao?

 Giai
Ap dung dinh 1y Ménélaugt d6i véi ABMN ta c6:

GM.- AN AB

=1

GN AB AM
GM 1 _GM
= &y 3 2=l gy = !

- = G latrung d1em cia MN.
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Ap dung dinh 1y Menelaugt d6i voi AABA;:

GA NA, MB _,
GA, NB MA~
GA 1 GA

>ci 3 l=le GA1

=3.

Vay G ch1a trong doan AA1 theo ty s6 3. B 0

.- Cha y¥: Ké’t qua trén dﬁn t6i dinh 1y trong tAm cua tf gidc md rong truc
ti€p dinh ly trong tam cla tam gidc. AA; dugc goi 1a trung tuyén cia tif
gidc ng v6i dinh A. Nhu vy tif gidc c6 4 trung tuyén. D& dang ching
minh dugc bén trung tuyén dong quy tai G va G chia méi trung tuyén theo |
ty 1é bang 3 ké tir dinh. G dugc goi 12 trong tam chia tif gide. Xin danh cho }
ban doc bai todn x4y dung trong tam ctia n—gidc (n > 3). N |

Vi du 2.19. Cho AABC. Gié thiét tryc tam H 13 trung diém dudng cao |
- AA;. Chiing minh cos A = cos B - cos C.

AABC la tam giéc nhon.
’ Ap dung dinh ly Meénelauyt doi véi AAAC, tacé

HA  BA; ,BIC_1'7:>BA17 BC _ . BiA_ BiIC BA,

Giai ’ :

Vi tryc tam H la trung diém cha AA,; nén H nim trong tam gidc AABC =
. . = —_— = =1=

HA, BC BA BC BA AB  BC BA



; 2.1 Bai todn thang hang | | - o5

1 -

Hinh 2.23.
. ABl - - _ BA1 L L CBl N \, 4
- Mat khéc, cosA AB_’COSB = ﬁ,cosc = Zo Tt d6 ta c6
dpem. - o - O

- Vidu 2.20. Cho AABC khong cin noi tiép trong dudng tron (0). Tiép
| “tuyén clia (O) qua A cét BC tai A;. Tuo‘ng tu'ta ¢ Bl, C. Chu'ng minh
} ‘ Al, Bl, Cl thang hang . S

\

Giai

A B\\\\,///C | R
 Hinh2.24.

- DE théy céc diém A;, By, Cy phai ndm ngoai céc canh twong Ung.
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DatBC—a CA—bAB—c Taco

LAAB = AACB (goc gitra tia t1é’p tuyén va day cung)
_ Ad AB _ AB Al'B_ . AB? ¢

Ac, AA CA AC AR B

. BIC’ a? ClA b?
Tuong ty ta c6: —— = — = —
gr_ aco B.A C2’C’1B =2 Do do

AB BiC CiA

"A4,C B,A CiB .

Tir d6, theo dinh 1y Ménélauf/t phﬁn dao, ta cé d_pcm. ' R

a _Vl du 2.21. Cho AABC Ly M, N thuOc AB AC sao cho:

AM 1 AN 1

aB =0 Ac Tt EN*.

Chu‘ng minh dudng thang MN 1uén di qua mOt diém c6 dinh.

Gii

Hinh 2.25.

V& hinh binh hanh ABCD. Khi d6 D 1a diém o6 dinh. Ta ching minh

D, M, N thing hang. Xét AABO (v6i O la giao diém hai dudng chéo cia

hinh binh hanh). D& thdy M, N nim trong hai canh AB, AO con D ndm




- ¢6:

' .1Bai todn thing hang . g

ngodi canh BO do d6 diéu kién "hai trong mQt ngoai " dugc ,thoé'mﬁn'. Ta

AM 1 DB _y NOV‘_"AO—NA_'TLV+1>—‘2 _n—l .
AB  n'DO  TNA -~ NA 2 =5
:>MA.DB.NO‘__"1"_2.”_1_1‘.

MB DO NA_—‘n—l, =k

Tir d6 ta ¢6 dpem. - - - | O

' 2.1.3 Duong thing O - le ciia tam giac

C) vi du 1.5, ching ta da lam quen v6i duong thing O-le va dudng tron

O-le clia mot tam gidc. Trong phén ndy, ching ta s& xem xét chi ti€t hon

nay.

"1, Pinh nghia

Pudng thing O-le la duo‘ng théng di qua truc tam va tam duo‘ng tron

ngoai ti€p cua mot tam gidc duoc goi I dudng thing O-le (Euler) clia tam
giac do. B :

" Ki hiéu: dg.
2, Tinh chat R

e Néu tam gidc ABC khong déu thi c6 duy nhét mét duong thiang O-Ie.b
That vay, AABC khong déu thi tryc tam H va tam (O) ciia duong

tron ngoai ti€p AABC la hai diém phan biét. Do dé, ton tai duy nhéft
dudng thang di qua hai diém H,O

Véi mbi tam gidc déu c6 vo s6 dudng thing O-le Vi AABC déu

nén H = O. Khi d6 c6 vo s6 dudng thang di qua HO hay AABC’,

c6 Vo s6 duo‘ng thing O- le

o Trong tam G va tam O, clia duong tron O-le cia AABC (khc“)ng déu)
nam trén duong thing O-le

° Duo‘ng thang O-le di qua mot dinh cha tam glac khi va chi khi tam

glac do vuong hoac can. -’

dudng théng O le va dua ra mot s§ bai tap hay lién quan t6i dudng thing
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. Duo‘ng thing O-le di qua trung diém ciia mot canh khi va chi khi tam ‘
gidc d6 can.

¢ Néu ABC 1a tam gidc nhon c6 AB la canh nho nhét, BC 1a canh 16n
nhét thi d cit déng thdi hai canh d6. Néu ABC 1 tam gidc c6 géc
tutalAvaAB lacanhnhonhétthldcatcanh BC,CA. '

3, Vi du minh hoa

Vi du 2.22 G01 O la tam du‘o’ng tron ngoa1 ti€p AABC' (khong déu) va O’
1a diém d6i xing v6i O qua BC. Ching minh ring dg di qua trung diém
‘clia doan thing AQ'.

Giai
- Xét tru'o‘ng hop AABC 1a tam gidc nhon.

Goi H 1a tryc tam AABC. Tit chiing minh ctia tinh chét 2 ta c6 AH =
201, v6i I 1a trung di€m cha canh BC. Do 46 AH = OO'. Mit khéc,
AH||OO' (ciing-vuong géc véi BC) nén ta c6 AOO'H 12 hinh binh hanh
= AO' va HO giao nhau tai trung diém ctia méi doan. Tir d6 ta c6 dpcm.

' - O

Vi du 2.23. Goi H,O l4n lugt 12 tryc tam va tam dudng tron ngoai tiép »
clia tam gidc AABCva P 1a diém d6i xing cha H qua O. Gy,Gs,Gs
14n luot 12 trong tam cdc tam gidc PBC, PCA, PAB. Ching minh ring
G1A = G3B = G3C va céc dudng thing G, A, G2 B, G5C ddng quy.

Giai v - :
Goi G 12 trong tAm tam gidc ABC. Theo tinh ch4t (2.) ta c6 G thudc doan
HO va HG = 2GO. Vi P d6i xtng v6i H qua P nén O thudc doan GP
y 06 _1 (1). |
“oPT3
, Vi G 1a trong tim APBC nén AG, PG1 giao nhau ta1 trung diém T
ciia BC. G01 O'la glao cua AG, vA GP. Ta cé:
IG;, IG 1 oG GG1

. _1
IP " TA 3 GG1||AP OP AP 3
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Hinh 2.26.

Keét hop v6i (1) suy ra O =0 = AG; = -:—AO. Tu(mg tu ta ¢6 BGy =

4 Bo, CG; = 200. Ma O 1a tam duong tron ngoai ti€p AABC nen
AO = BO = CO hay AG, = BG; = CGj3. Tu chimg minh trén ta suy ra
AG,, BG2, CG; déu d1 qua dlém O Tu dé6 ta c6 dpcm. - a

Vi du 2.24. Cho AABC khong vu6ng c6 cic dudng cao AA, BB’ CC” va
dudng tron noi ti€p (I). Goi dy,d;, ds 12 cdc dudng thang O- le ctia ba tam
gidc AB'C', BA'C', CB'A'. Goi dj,dj,d} tuong dng 1a cdc dudng thing

: d6i xung cua dy;ds,ds qua AI,BI,CI. Chiing minh rang dy, dy, dy song

song.

A
Hinh 2.27.

_ C . Giai
Goi d 12 dudng thing O- le cia AABC.
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7 Tu' B’ C' 14n lugt ké dirdng thing vuong géc véi AT tuo‘ng u‘ng cat AB,
AC ta1 Bl, Cl

Vi Al 1a phan gidc géc ZBAC nén AAB'B;, AAC’01 1a cc tam gic
can suy ra AAB'C' va AAB,C, d6i ximg nhau qua Al. v

Vi AAB'C' va AAB;C, d6i xiing nhau qua AT nén dudng thing O-le
clia AAB;C; d6i xing nhau véi dudng thing d; qua AJ hay d’ chmh 1a
dudng thing O-le cia AAB,C,. : ;
AB _AB' _AB,  AC,

1¥all — —
- Mat khac, AABC ~ AAB'C => 1C = AC = 1B — AC = |
B101|]BC - ’

- Xét AAB;,Cy c6 By, C’l lan luot ndm trén dudng thang AB, AC, B, C’1||BC
‘it 12 AAB,C, c6 cc canh tuong tng cling phuong v6i cdc canh ca
AABC. Do dé duwong thing O-le cha AAB,;C; song song v6i duorng
thing O-le cia AABC hay d|d.

Tuong tir ta c6 dy, dj||d. Tir d6 ta c6 dpem. ‘ ‘ 0

2.1.4 Dubng thing Xim-xon

1, Gi6i thiéu duong thing Xim-xon

Hinh 2.28.

Cho ABC noi tiép trong dudng tron. (0). M 1 diém wy  thuoc (O).
Goi Ay, By, C 14n luot 1 hinh chiu vuong géc cha M lén BC, CA,AB.
Chiing minh Al, By, C, thing hang.
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Chiing minh. Khong madt tdng quat gia s M thudc cung BC. Ta s& sir

7 dung tiéu chuan gbéc d6i dlnh Ay dé suy ra AClAlBl = 180" Ta cé:

M A, BC, ndi ti€p = ABA 1Ch f LBMC’,l ‘

Tuong tu, 40A131 = /CMB,. o
—MBlACl noi tlep = éClABl + /ClMBr«— 180"
Tuong ty, /BAC + £ZBMC = 180°.

Do d6 LCiM By = ZBMC = Z/CiMB = ACMBl
Tix d6 ta c6 LBA,Cy = 40A131 = (dpem). | o

>

Chu y:

° Duorng thing chua 3 diém Al, By, Cy dugc goi la dudng thang Xim-xon
~ cha AABC tng vé6i diém M. ' :

‘e .Néu M tring v6i cic chnh cia ABC thi duong thang Xim-xon chinh
la duo‘ng cao tuang ung ‘

- o M0 rong duo‘ng thang Xim-xon dOl véi tam g1ac ta c6 thé xay du'ng '
' dudng thang Xim-xon cho da gidc noi tiep ‘duoc. Chang han:. "Cho tit

gidc ABCD noi tiép trong dudng tron (0), M 1a diém tuy ¥ thudc
(0). Goi (a), (b), (), (d ) d) 1a dudng thing Xim-xon clia M d6i v6i tam
vglac ABC BCD CDA'vA DAB. Goi Ay, Bl,Cl, D1 1a hmh chidu
vuong géc clia M len cac dudng thang dé. Chung mmh ring A;,
By, Ci, Dy thang hang Pudng thing nay dugc goi Ia duo‘ng thang
Xim-xon ciia M d6i véi ti glac ABCD." Viéc ching mmh bal toan
nay x1n danh cho ban doc ’ :

‘2.Viduminh hoa .

Vi du 2.25. Cho dudng tron (0) va'3 day cung tuy y AB AC, AD Cic
dudng tron dudng kinh AB, AC, AD cét nhau timg d6i mot tai E, M, N.
Chitng minh F, M N thing hang ’ :

Giai
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‘Hinh 2.29.

“Goi (O1), (03), (Os) 1a céc dudng tron dudng kinh AB, AC, AD. Goi E Ia
giao diém cia (O;) va (O). Ta c6: ZAEB = LAEC = 90° (gbc noi ti€p
chén nita dudng tron) = E, B, C thing hang va AELBC.

Cic tinh chat ciia M, N tuong ti tinh chét clia diém E . Do d6 E, M, N

thudc dudng thing Xim-xon ciia diém A d6i véi ABCD = (dpcm). 0O
Vi du 2.26. Cho géc 20y, 1y A c6 dinh thuoc tia phan gidc Oz. V& dudng

trdn (O1) ty § qua O; A va cét cic tia Oz, Oy tai B, C. V& hinh binh hanh
OBMC. Ching minh M thu¢c dudng thing c6 dinh.

Giai

Oz 1a phin gidc géc 20y, A € Oz nen O;ALBC tai N Ia trung diém

- BC = N la trung diém OM. Ké AH1OB,AK1OC thi H, K c6 dinh va
~ N,H,K thing hang tren A véi A 1a duong thing Xim-xon cia A d6i véi

AOBC =V>fNEA‘C5'dinh,-‘ : ; BT o

Do O c6 dinh va OM = 20N nén M € A’ ¢6 dinh song song V6
A va cich A mot khodng khong ddi bing khodng cdch tr O dén A =
(dpem). : o O
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Hinh 2.30.

" Vi du 2.27. Cho AABC noi tiép trong dudng tron (0). M;M, 1a mot
' dudng kinh tuy y. Chung minh ring hai dudng thing Xim-xon tucmg u'ng
vé’l hai dlém M1, M2 luon vuOng géc véi nhau.

- Giai

My -
,mmzm

~ Goi dudng thing Xim-xon tuong lmg véi My, M2 n (d1), (d2) Dé chimg -

minh (d;)L() ta chéng minh ZAC, B, + LB02A2'— 90°. Ta c6:
Tt gidc ACy M, By n0i tiép = ZAB,Cy = ZAMiBy.
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T gléC BA2M202 néi tlép = ZMzczAz = ZMQBAz (1)

M, M, 1a dudng kinh = éMlBMZ = 900 (2)
Tix (1) va (2) suy 12 LMlBAg + 4M202A2 =90°.

: Tacd

y

, AMlBAg = AC’AMl (goc nfn tlep)
= /LCAM; +. éMgCgAg =90° "

= LAM, B, = £LA;C2 M, (cing phu)
= LAC\B: = ZACoMy.

; _Tu' dO dO ZA202M2 + ZAng = 9Q° néh ZACLBI + /BCyAq = 90° =

Vi du 2.28. Cho ABC noi tiép trong (O) véi H 1a truc tam. M 1a diém
tuy § thuoe (O). Ching minh dudng thing Xim-xon g v6i diém M luon
di qua trung diém cta M H.

Gidi

Hinh 2.32.
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, G01 By, Cs 1a d01 xing clia M qua AC, AB Ta cé:

ZAMB = AACB (goc noi tlép),
LAMB = £AC,B (d6i xting truc) ,
- LACB = /BHD (canh tuo‘ng tng vubng goc) o
‘ =>ABHD = LACYB = tu'.,glacAC2BH noi ti€p -
=/C,HB = /CyAB (g6c noi ti€p). |

Tuong tu, LBgHC ABgAC ’ ‘
Tir dé ta c6 LC,HB, = ZBAC + ABHC’ = 180° = 02, H B, thing hang."

Do B;C; la dudng trung binh cha AM B202 nén B101 di qua trung diém

cia MH = (dpcm) e , 'l

22 Bai to4n déng quy
- 2.2.1 Cac phlm'ng phap co ban

‘Tiéu chudn 1. Bai todn chiing minh 3 duo‘ng thang dong quy c6 thé chuyén

vé bai todn ba diém thdng hang. Chang han, cho hai dudng thing cét nhau -
tai M va chitng minh dudng thing thit ba di qua M tuc la M thang hang
v6i hai diém tuy y thuOc du'(mg thang do. -

Vi du 2.29. Cho AABC vuong tai A. Ké dudng cao AH. Vé phia ngoai v&
hai hinh vuéng ABD, E; va ACD2E2 Chitng minh rang A, Dy, D, thing
hang va AH, D, F, D2E2 dOng quy '

Giai

o Vi ZD\AB = /D, AC = 45° nén 41)1_41)2 = 45° + 90° + 45° =
180° = Dl, A, D, thang hang. - |
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B H —Cc
Hinh2.33. 4 '

. D1E1 cit D, tai M. Ta c6:

AABC = AAE1E2 c.g. c) = AABC AAElEg
- LABC = LHAC (cing phu AHAB) '
=/AE\E, = LF\AM = ZHAC:

Che g6c d6 & v tﬁ 46i dinh bing nhay nén H, AM théng hang = (dpcrn). |

OV du 2 30. Cho AABC’ Vé ph1a ngom vé ba tam gidc déu ABCl, BC’Al |
~ vaCAB,. Chlmg minh AA;, BBl, cC, b&ng nhau va dong quy

' Glal
Ta cd
LCLAC = /BAB, = /A + 60°

= AACIC = AABB, (cgc) @
= BB, = CC,.

Tuong tur d61 v61 "AA; va 331 Gia su BBl cat CC’1 M. Ta chu'ng mmh
A/M, A thang hang.
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- That vay, do (1) nén /MBA = AMC'IA AMCA AMBlA :

= cdc tif gidc AMBC va AM CB; noi ti€p dugc.

= AAMB AAMC’ == 120" = ZBMC == 120° = BMCA1 ndi tiép
- duge.

T do do tinh chﬁt cua goc ndi tlép nén AM AC, = AM CA, = 60" Vi
_ha1 géc nay & vi tri d6i dinh nén A M, A1 th?mg hb.ng

o

Vi du 2.31. Cho ba dlém A,B,C théng hb.ng va theo thi tu. Ve hai duo’ng ‘
tron (O1), (Os), dudng kinh AB va dudng kinh BC. Goi DE Ia ti€p tuyén
_chung ngoai cha (01) va (0;)(D € (Ov),E € (Oz)). Ching minh rang
dudng théng di qua C, vudng géc v6i AC va duo’ng théng d1 qua E vuOng .
goc v6i AE cét nhau tren dudng thang BD

Glal

Gia st hal duo‘ng thang dang xét cit nhau tai M. Ta phai chlmg rn1nh
D,B,M thang hang. . Theo gia thiét, cic &t glac AECM n61 t1€p duoc
- trong du’ong tron duorng kinh AM.
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Hinh 2.35.

Xét tit giéc' ADEC, ta c6

Vi DE 1a ti€p tuyén chung ngoai ciia (O ).va (Og) nén 01D||02
= £DO,B = ZEQ,C (dong vi) = ZDBO; = ZECOs (gbc & day clia tam gidc
= DB||EC = £BDE = LCEz (d6ng vi).

‘Mit khde, ZBAD = . /BDE (goc gitta t1a t1ep tuyén va day cung).

- Do d6 tit gidc ADEC noi ti€p duge. o

Vi hai t¢ gidc ADEC. va AECM déu ndi-ti€p dlIUC nén ngili gidc

,ADEC’M noi ti€p dugc trong dudng tron dudng kinh AM = LZADM = 7
-90°. Nhung ZADB = 90° (goc ndi tlep) do do D,B,M thang hang

Tudotacodpcm : ‘ S R u

7 Tleu chuan 2. Ba duofng thang dang xét 1a ba duong déc biét cla
mét tam gidc, ching han 1a ba duorng cao, ba duorng trung tuyen ba ~dudng
phan gi4c trong,... :

Vi du 232, Cho AABC vuong & A. Ldy diém D wy § thuoc AB.
‘Dudng trdn dudng kinh BD cit BC tai E va CD tai °F. Chung minh
’rang AC, BF, DE d6ng quy. , :
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Giai

Hinh 2.36.

Luon ¢6 ZBED = /BFD = 90° (gbc chin nita dudng tron). Tir d6

BF,CA, DE la ba dudng cao cia ABCD. Do d6 chiing dong quy tai truc

‘tam H cia ABCD = (dpcm). - , : O

Vi du 2.33. Cho 'AABC. Goi (01), (O4) 12 hai dudng tron dudng kinh AB
va dudng kinh AC. (O;) cét dudng thing AC & B;. (O,) cit dudng thang

- AB 6 Cy. (0y) cit (O,) tai A va A;. Chimg minh ring AA;, BB, CC;

ddng quy.

- Giai -

‘,Do ZAAlB = ZAAlC = 90" (goc chin nira du'o’ng tron) nén B Al,C
~ thing hang = A4, LBC. .

Tuong tu, ZBB1A = CC1A = 90° (géc chén nira du’ong tron) nén BBI, CcCh
1a hai dudng cao tuong tng ha tir B, C ctia AABC.

 Vay AA1,7BB1, CC, dong quy tai H la trL_rc tam cua A‘A‘BC’V:; (dpcm).. O

Vi du 2.34. Cho AABC . V& dudng cao AA;. Goi D,FE 1a d6i xing

cia A; qua AB va AC. DE cit AB, AC ¢ Cy, B;. Ching minh rang
AAy, BBl,CC1 déng quy. B
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Hinh 2.37.

Gii

B,

B A C
Hinh 2.38. '
Do tinh chat cia phép d6i xing truc ta ludn o6 LADB = LAAB =
90° = tt gidc AA; BD noi ti€p dugc. (1) ' '
/AA,B, = AEB;, ZAED = ZADE = AADBl = LAAlBl =t
~ gidc ADAB; noi tiép duoc. (2_)
- T ( 1), (2) suy ra tf gidc ADBB,
/ADB = 90° = BB, 1 AC.
" Tuong W ta c6 CCyLAB.

nc;}i,tiép duoc, va tr d6 ZAB B =
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Vay AA,, BB, CCl 1a ba dudng cao cia AABC nén chung déng quy
tai truc tam H ‘ | ‘
= (dpcm). : ‘ N

Tiéu chuin 3 Dudng thing thd nh4t va dudng thing thit hai ciing d1
| qua mot diém trén dudng thing th ba.

Vi du 2.35. Cho dudng tron (O) va diém M tuy ¥ ndm ngoai (O). K& c4t
tuyén MAB tuy ¥. Goi CD 1a dudng kinh vuéng géc véi AB. Céic dudng
thing MC, MD cit (O) tai C, D;. Chimng minh ring cic ti€p tuyén tai .
C1, Dy va dudng thing AB déng quy. -

Tzi cé ,
£CCD = £CDyD =90° (géc chén nira dudng tron),
= MB,CD,,DC; 1a ba duo’ng cao’cla AM CD neén déng quy taJ truc tam
H cua AMCD. :

Goi E 1a trung diém cia HM = C,E = EH = EM vi AC1HM
vuodng tai Cj nén trung tuyén bang nira canh huyén) = AH C\E = /ZFEHC,.

Mat khic, do OD = OC; nén ZOCH = ADC,;.
Tir d6 ta ¢6 LOCyD +.£DCLE = 90° = E01 la ti€p tuyén cha (0).
Tu'o’ng tu d6i véi EDy, ta c6 6 dpem. , o
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~ Vi dy 2.36. Cho hai dudng tron (01, R1), (02, Ry), ¢6 Ry > Ry va c6 ti€p
tuyén chung ngoai. Chitng minh rang hai ti€p tuyén chung ngoal chia chiing
lu6n cét nhau trén duo’ng nGi tam.

Giai

o

Hinh 2.40.

Goi A; A, 12 tiép tuyén chung ngodi thit nhét. Ta c6 O14; 0245 va Ry > Ry
" nén dudng théng A; A, luén cit dudng thing 0,0, tai M vi M ndm ngoai
0102 vé phia O,. Theo dinh ly Talet ta c6- '

lWOz _ 02A2 _ & (1)
MO, 0.4, R

Tuong tu, ti€p tuyen chung ngoai thtt hai BB; cit duo’ng n01 tam tai N th1
N cling nim ngoai O1Q; vé phfa O, va ' :

NO, R,
NO; Ry 2)
T (1),(2) ta o6 M = N= @pem). ST 0

Vi du 2.37. Cho hinh binh hanh ABCD. V& hai ducng thang (dy), (d2)
tuy § (khong dong thoi 12 hai duong trung binh ca hinh binh hanh) sao
“cho (d;) song song véi AB ct canh AD, BC 14n luot tai My, Ny va (ds)
song song Vi AD cétcanh AB DC 14n luot tai Mz,Nz Chitng mmh
M;Ns, Mle, AC dong quy. :
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Giai

Hinh 2.41.

Gia stt My N, cat AC & M va M nidm ngoai CA vé phla A. Ap dung dinh
ly Ménélauyt v6i ADAC, tacé-

MC N;D MIA_ MC ~ MiD N.C'

" Tuong tl:I; né’ur M;,N; cit AC & N thi N nim ngoai CA vé phia A va

NA MQA 'N,B @)
NC M2B MO

- Matkhdc, ABCD la hinh binh hanh nén M;A = N, B, NzD M2A MlD =

N.C va N,C = M, B neén tir (1), (2) ta c6

MA NA

MC.~ NC’ MN

=>(dpcm).r S \ e ; O

Tiéu chuan 4 Ching minh cdc duo’ng thang dang xét ciing di qua 1
diém.

Vi du 2.38. Cho AABC véi H 1a truc tam Goi Al,Bl,C’l lan luo't la tam
dudng trdn ngoai ti€p cic tam gidc HBC, HCA, HAB. Chung minh ring
A41,BB1, CC déng quy. ‘
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Hinh 2.42.

Giai

‘.Duc‘fng cao AH cit dudng tron (O) ngoai ti€p AABC tz_ii K. Tacé:

/AKB = /ACB (géc noi tiép), |

/BHK = /ACB (g6c c6 canh twong tng vuong géc)
=/BHK = ZAKB = ZBKH
=K la d61 ximg clia H qua canh BC.

Tir do, phep doi xu‘ng truc BC' bién du'o‘ng tron (O) thanh dub‘ng tron
(A1) = A; 1a d6i xting clia O qua BC’ ‘ o

Sir dung két qua da b1et tacé AH L 20D = AH 1 OA1 = AHAIO
12 hinh binh hanh = AA1 di qua M 13 trung diém cha H O

‘Tuong tu d6i véi BBl, C’C’l, ta c6 dpcm ‘ \ O

Vi du 239 Cho AABC. L&y céc diém A;, A, € BC sao cho BA; =
A1A; = A,C. Tuong tu v6i By, B; € CA va 01,02 € AB. Cic
duong thing AA;, AAy, BB, BB,, C’Cl, CC’Z cit nhau tao thanh luc gidc
D1D2D3D4D5D6 (hinh.v€). Chu’ng minh rang ba dudng chéo clia luc glac
dong quy.
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w ' ; Glal .
Do gia thlét dé thay BCBlCQ, 303201 1a c4c hinh: thang nén A Dy, D4, A
thang hang, véi A’ 1a trung diém coa BC va D; D, 12 mot dudng chéo chinh

cha luc gidc.

Goi G 1a giao diém ca AA' va B,Cs, theo dinh 1j Talét ta c6

AG AB1 9

o 7 A_A’ " AC 3 ‘

‘= G 1a trong tam AABC hay D, D, di qua trong tam G clia AABC.
Tuong tu ta c6 cdc dudng chéo D2D5y§1 D;3D; di qua G. Tir d6 ta c6

- dpem. o . O

~ Vi du 2.40. Cho AABC noi tlép trong dudng trdn (0). Goi Ay, Bi,Ch

14n luot 1a trung diém cc cung BC’ C’A AB Céc canh clia AABC va
AA;B,C; cit nhau tao thanh mot luc g1ac Ching mmh ba duo‘ng cheo
chlnh cua luc gidc déng quy.

Giai

- Tix gia thiét, ta c6 AAl, BBl, CC, 1a ba dudng phan gidc clia AABC nén
ching dOng quy tai J 12 tim dudng trdn noi ti€p AABC: Ky hiéu luc gidc
tao thanh 1a My MyMsMyMsMs. Xét mot dudng: chéo chinh, ching han
My Ms. : o
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A
Hinh 2.44.

Theo tinh chét cla phan gidc, ta cé:
CMyA  AA MsA A4
MyB ~ AiB’ MsC~ AC’

M)A  MsA ' . o 1ke 4
MzB - W5C = M2M5|‘|BC (dinh 1y Talét dao)

Gid sit AA; cit BC, MyM; tai A', I'. Theo trén ta c6:
I'A  MpA  AA
I'A'  M,B A,B’

. E AA  AB
! ‘ _
I'A BA . g
el el 13 AC Ch ' =I'=1.
% TA-BAd ™ BI' 1a phan gnlac cua ZABC=1'=1
Tit d6 ta c6 ba dudng chéo ciia luc gidc dong quy tai I. S g

A,B = A,C

2.2.2 Pinh lY:Xé-va va céc 4p dung -

‘1, Dinh Iy Xé-va, | y, |

Bai toan: Cho AABC. Ay, B,,C, la cdc diém tuy § thuoc cic canh

BC,CA, AB sao cho AA,;, BB, CC déng quy tai M. Chiing minh ring;
AC BA GB- W




5.2 Bai todn dong quy - = : : 17

Ching minh. Ap dung dinh 1y Menelaugt v6i AABA, v AACA; ta c6:

A1 .. C
I'ﬁnh245

CiA CB MA _, BC MA BA _,
C.B CA, MA ~'BiA MA, BC
AB BC CA /
= 1 (dpcm).

= 4,C B;A C.B

Nhan xét:

o Dé don gidn d6i véi chuong trinh hinh hoc 9, ta gi thiét cic diém
Ay, By, C; thude cdc canh BC,CA,AB (g01 tat 1a vi trf "ba: trong")
Nhung ngoa1 ra, Aj, By, Cy c6 thé€ & vi trf "mot trong hai ngoa1 va
khi d6 két qua bai todn trén van ding. Bai todn trén dugc goi 1a dinh
1y Xe- -va.

o) vi tri "mot trong hai ngoal" cdc duo’ng thang AAl,BBl,C’Cl
“cdn c6 thé song song. Khi d6, ket qua (x) vin ding. Vigc ching
minh xin danh cho doc gid. Trong trudng hop nay, ba duo‘ng thing

_' AAy, BB1, CCh duoc xem la déng quy 6 dlém vo tan (M = o0).

e Néu cic diém Aj, By, 01 O vi trf "ba trong" hoac "mOt trong hai ngoal
va thod min diéu klén ,

AlB B10 C1A_
. AlC BlA ClB -
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thi ta d& dang ching minh dugc AA;, BBI, CCy dOng quy Keét qua
nay dugc xem 1a dinh 1y Xé-va dio.

e Dé khic phuc su phue tap kh1 xét vi tri clia céc diém A;, Bl, C, doi
véi céc canh BC,CA, AB cia AABC, & phén hinh hoc 10, nguoi ta
dua ra khdi niém d¢ dai dai s6 cua doan thang AB (ki-hiéu AB) (xem
sich Hinh hoc 10). Khi dé, wéc x4y dlmg cac dinh 1y Ménélauyt,
Xé-va s€ chat che ho‘n VA viéc ap dung s€ do‘n gian hon.

2, Vl du mmh hoa.

Vi du 2.41. Cho AABC khong can. Goi AAl, BB, CC, 1a céc phan gidc
trong va AA2, BB,, CC, 1a c4c phan gidc ngo?n Chung mmh rang AA1,
BBl, CC, dong quy va Ag, B,, C; thing hang. - -

© Giai

A . B
Hinh 2.46.
Theo tinh chat clia phan glac ta cé:
AlB _AB AB B.C  B,C BC ClA ‘ C'2A CA
AlC AC  AC’ByA~ ByA BA'C,B (B CB
' > A B BIC' Ci1A  AB BgC CoA 1
° B AlC BlA ClB AQC BzA Cz :
Do Ay, By, Cy & vi trf "ba trong nén AA;, BBl, 001 déng quy theo dinh
ly Xé-va, '

Do Ay, By, Cs & v1 tri "ba ngoaJ nén AQ,BZ, Cs thang hang thco dinh ly =

Ménélauyt. =~ : . L .
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Vi du 2.42. Cho AABC. Goi A1,B1,C’1 lﬁn luot 1a trung dlém cua cic
3canh BC,CA, AB. Liy céc diém As, By, Co tuy § thuoc BC,CA; AB sao
cho ‘AA,, BB,,CC, d6ng quy tai M. Goi A3, B3, C3 la trung. diém clia

 ~'Adg, BBy, CC;. Ching minh ring 4, 4s, BBy, C1Cs dng quy.

Glal

Do As 1a trung diém clia Ad, nén Ag € B;C; (tinh chit dudng trung.
“binh). ( | |
 Theo dinh 1y Talét, ta c6: -
| 4B AC BGi_ B G GB
: A3C1 AzB BaAl . B2C C3B1 - CzA »
=>A3B1 BgCl C3A1 _ A2C B2A CzB Azc CzB BzA ()
4:0, By, CsBi AB B.C GA B CA BiC

Mit khic, AA;, BB,, CC, dong quy nén ap dung dmh ly Xé-va dol o

v6i tam gidc ABC ta co:

AC CB BA

Tir (1), (2), dp dung dinh Iy Xé-va dio d6i v6i AALBICs ta o6 A1ds,
- BB, C1C; dong quy (dpem). -0
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Vi dy 2.43. Cho AABC. Ldy M tuy § thuoc trung tuyén AA;. BM,CN

twong ng giao v6i AC, AB tai B,,Ci. ACy,A1B; tuong dng giao véi

BM,CM tai H,K. AH, AK giao véi BC tai Hi, K,. Chitng minh ring:
B -AK =KC AH, \

| Giai -

Hinh 2.48.

“Ap dung dinh Iy Xe-va d6i véi AABC, AABA,, ACC, ta c6:

AC BiA C.B BiA C,\B
HB MA CA_ . KC MA, B4 _
- H{B CiA  KC BA .

o B H}Al . ClB K1A1 » B]C ’

“Tir ] =1 : n). - : O
T (1),(2) = A - KA, = (dpem).
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2.2.3 Pinh 'ly; Cac-no

1, Dmh ly Cac no

. Trong AABC, tinh chat dOng quy cia ba dudng cao, ba dudng trung -
tryc-dan ching ta dén bai todn: " tim diéu kién cdn va di dé ba dudng thing
tuong ing vuéng g6c véi ba canh ctia tam gidc dong quy". Nha todn hoc
Céc-n6 da dua ra bai todn sau (dugc goi 12 dinh 1y Cic-no)

Bai toan: Cho AABC. Liy céc diém A, By,C; 14n luot thudc cdc canh
- BC,CA, AB. Xét dudng thang (d;) qua A;, vuéng géc véi BC; dudng
thang (d2) qua By, vuong géc véi C'A; dudng thing (d3) qua Cy, vuOng g6c
‘Vor1 AB Diéu kién cdn va du dé ba ducmg thang dé dOng quy la: -

(AlB A102) (3102 BlAz) (€ - cle) 0. (¥)

~ Hinh 2.49.

- Chiing minh. :
‘Piéu kién can. Goi M 12 diém déng quy cla ba dudng théng (dl) (dg), (ds).
Theo dinh 1y Pitago, ta c6:

. AB?= MB? - MA?, 4,C? MO - MAS
= AB* — 4,C% = MB? - MC2.
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Twong tu, ta“suy ra Al, By, Cy thod mén diéu kién () (dpcm).

Diéu kién di. Gia st A}, B;,C; thod man diéu kién (x), goi M 1a giao
diém cua (d,), (d). Goi C; 1a hinh ch1eu chia M trén canh AB. Ap dung
diéu kién cén, ta c6 »

( Al 32 AI_C’2) + (BiC? — B1A%) + (CA% — CyB?) = 0. (+x)

T (x), (#%) = (CLA? — C1B?) = (CyA? — C3B?) = Cy = Cy = (dpom).

Nhan xét: Cic dudng théng dang xét déng quy tai M thuong dugc goi
1a cic duong thang Céc-n6. M duge goi 1a diém Céc-n6. De thdy trong
céc truong hop riéng, truc tam H hoac tam duong tron ngoai ti€p O cua
AABC 1A cac'diém Céc-no. Dlém Cdc-no c6 thé 1a diém nim trong, trén
hoac ngoa1 AABC.

2, Vi dl_l minh hoa

Vi du 2.44. Cho AABC va dudng thang (d) tuy §. Goi Ay, By, C; 14n luot
1 hinh chiéu vuéng géc clia A, B, C 1én (d). Ching minh ring cdc dudng
* thing qua A;, vuong géc véi véi BC; qua By, Vué_ng goéc véi CA; qua Cy,
vuong géc véi AB déng quy. ' \ '

A
N
AN
N .
' N\
d Bl \,\ Cl
AN
H A1 N
: AN
\
N
N
N
\,
R N\
i N C
B Ay
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' o Giai
Goi A2,BZ,C’2 tuo‘ng u'ng la giao clia 3 du’o‘ng thang trén v6i céc canh
BC’ CA AB Ap dung dinh 1y Pltago ta c6 : :

'A2B A202 A132 A102 (A131 +BB:?%) - (A1012+C’C’12)'. (1)

"Tuong tu, ta cé:

ByC? — By = (B2 + COLP) — - (AB,? + AAY), (2)
C,A% — C,B? = (AA,® +A101) (BB.®+ B,CY?). (3)

Tﬁ( 1),(2), (3) = ‘(AzBZ A,C?) + (3202—32,42')+'(02A2—0232) —o.

Ap dung dinh ly Céc-no ta c6 dpem. o o

Vi du 2.45. Cho AABC. Lsy Ay, By, C; tuong ting thuoc céc dudng trung -

tryc cua cic canh BC CA AB Ké AAgJ_BlCl, BB2_LC‘1A1, CCZ_LAlBl
Chimg mmh ring AAZ, BB,,CC, dOng quy.

. Gigi

Ay
Hinh 2.51.

Ap dung dinh 1y Cic-n6 véi AAlBlCl, de chu‘ng minh AAg,BBg,C’Cg' . |
. déng quy, ta chu'ng minh (A2Bl —-Azcl ) - (B2C1 “‘BQ‘Al ) (C2A1 —
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C, B2 ) = 0. Thét vay, goi A', B, C’ 14n lugt 1a trung dlem cua AB BC’ CA,

4p dung dinh 1y Pitago ta c6 -

A3B)% — ACit = ABy® — ACY” = (B £4B 'B,2) - ((J'A2 + C"Cl?

=(BA2_CIA2) (31312_

V'Tuo‘ng tu, ta co:

ByCy* - BoA% = (C'B? — A'B?) + (C'C,? —‘A'Alé),

02A12 R 02B12 — (AIC‘Z = BICZ) +F(IA’A12 _ A’Blzr). .

T (1), (2),(3) ta c6 dpom.

C/C12);

2

o

1)

0

Vi du 2. 46 Cho tif gidsc ABCD. Goi Al, Bl, Cy 14n lugt 13 truc tam clia céc
tam glac BCD CDA DAB. Ké AA2_LB101, BBQ.LClAl, CCQ_LAlBl

Chu'ng minh ting ba duo‘ng thang AA;, BBZ, CC’Q dong quy.

Gnau
Tir cdch V& cdc tryc tam Al, By, Ch, dé thdy DA, LBC tai A, DCl_LBA
tai C’ va DB1J_AC’ tai B’ Tu d6, 4p dung dinh 1y Cac-no véi AA’ B'C’,

. tach

A'B? — A!C&/_*_ B)CZ i BIAZ + CA _CO'B?= 0_

[(1)
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: Ap dung dinh- 1y Pitago_h d6i v6i tam .giéc vuong AAA; B, va AAA2C1, ta
cO .
- A2B1 — 4,0y = AB,? — ACY? .
= (B'A2+ B'B;?) — (C'A? + C'C?)
| = (B'A2-C'A) 4+ (B'B*-C'Ci*) (2)
Tﬂo’ng ty, ta c6: | ’ R
ByCy? — ByA% = (C'B? — A'BY) + (C'C2 - A4 (3)
CoAr® — CoB 2 = (A'C? — B'C?) + (AA° - B'CYY)  (4)
To (1), (2), (3), (4) ta 6 dpem. D

2.3 Bai tap va goi ¥ 1oi giai

Bai tap 2.1. Cho dudng tron (O) dudng kinh AB. M tuy § thuoe (O) sao

cho MA > MB. Vé phia nita mat phing khong chita M d6i véi by AB, -

* dung hinh vuong MACD. MC cit (O) tai E. BE cét tiép tuyén qua A
d6i véi O tai F. Ching minh F,C, Dthﬁng hang.

‘ Hu'(mg dan \ » .
Chung minh AACF =90° = LFCD = 180°. ' o O

Bai tap 2.2. Cho hmh thang ABCD ndi ti€p duorng tron (O) (AD||BC).
Cac tiép tuyén coa (O) tai B, D giao nhau tai K. V& hinh binh hanh
BDKM. Dubdng tron ngoai ‘tiép ABK M cit (O) tai N. Chiing minh
D, M, N théng hang.

' Huéng dan _ L
Chimng mmh ZBNM LBAD = ABND + ZBNM = 180°. =

Bai tap 2.3. Cho dudng tron (O) dmmg kinh AB C 1a trung diém cung
AB. M chuyén dong trong khoang BC. (¢) la ti€p tuyén ctia (O) tai B.
Goi H, K 14n luot 12 hinh chi€u vuong géc cua M trén AB va (t). CK cét
lai (O) tai N. Chlzmg minh A, M, N thing hang va tir d6 suy ra. N H luon
di qua mot diém co dmh
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: Hut(mg dan
Chung minh LNMK + ZAMH =90° = ZAMN = 180" '
Pudng thing NH di qua C' c¢6 dinh, véi C' 1a diém xuyén tam d6i cha
C. . - - O

Bai tap 2.4. Cho hinh vuong ABCD. M 1 diém tuy ¥ trén canh BC.

V& hinh vuéng AM EN ciing chiéu véi hinh vuéng ABCD. Chimng mlnh

C,D, N thing hang.

: Hmmg din ‘
Ching mlnh ZADN = 90" = ZCDN = 180°. ' o

Bai tap 2.5. Cho hai duong tron (O) va (O') giao nhau tai A, B Hai diém

M, M' chuyén dong tuong tng trén (O), (O'), ciing xust phat tir A, theo cling

chiéu kim déng hé va v6i ciing van t6c géc (tic 1a LMOA = LM'O'A).

Chimg minh M, B, M’ théng hang va tir d6 suy ra dudng trung truc cia
MM’ tuén di qua mot diém c6 dinh. -

‘ Huéng dan '
Ching minh ZMBA+ /M'BA = 180°. Dung duong kinh BC va BC" clia
hai dudng tron, khi d6 ta c6 diém c6 dinh 12 trung diém ctia CC". O

Bai tap 2.6. Cho AABC véi AB < AC. Pudng tron néi tiép AABC tiép

xtc v6i AB, BC tai D, E. M, N 1a trung diém ctia AC, BC. M N cét phan

gidc trong clia géc ZBAC tai K. Chl’mg'minh D, E, K thang hang.

Hudng dan
Goi [ 1a tm duong tron ndi ti€p AABC. Ching minh tf gidc CIEK noi

ti€p duogc va tir d6 suy ra ZDEI + ZCEK = 90° = (dpcm). -0
Bai tap 2.7. Cho hinh thang ABCD (AB||CD) va hai dudng chéo cit nhau "

tai O sao cho AOBC déu. Goi E, M, N l4n Tuot 13 trung diém cha cdc
~canh CD,0A,0B va H 1a truc tam AEMN. Ching minh HO di qua
trung diém canh BC. ' S

Huo’ng dan

Chung minh tit gidc M NOH néi ti€p dugc. T d6 suy ra OH 1a phan gidc

- trong clia géc LBOC = (dpcm) , . N O



Chiing minh ZMBN = 90° = MON 1 dudng kinh ciia (O) = (dpem).
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Bai tap 2.8. Cho dudng tron (O R) va day cung AB = Rv2. Diém C
chuyén dong trén cung 16n AB. Goi H I tryc tam AABC. Cic dudng

‘thing AH, BH cét lai duong tron (O) tai M, N. Chlmg minh M, O, N-

thing hang.
Huéng dan
D

Bai tap 2.9. Cho tam giéc déu ABC noéi tiép trong dudng tron (O). VE

du&mg tron (O ) tuy ¥ qua hai diém O, B cat lai BC, AO 14n luot tai M, N

va cit cung AB & P. Chung minh C, N, P thang hang.

Hutng din .
Gi4 st CP cit AO & N' va ching minh N' =N = (dpcm) -0

‘Bai tap 2.10. Cho AABC nhon noi tiép dudng tron (0). Ké AH1BC.
Goi M, N la hinh chiéu vu()ng géc cia H tréen AB, AC va K 1a hinh chleu \

vuong géc clia A tréen MN. Chimg minh O, 4, K théng hang

Huorng dan
Chiing mlnh ZKAB=/Z0AB =90° — ZACB = (dpcm) O

Bai tap 2.11. Cho hai duong tron (O) (O) ngoai nhau c6 AA’ 1a ti€p

tuyén -chung ngoai; BB',CC" la hai- tlep tuyén chung trong (A,B,C €
(0); 4, B',C" € (0"). BB' cit AA’ & M. H la hinh chi€u vuong géc cla
M trén OO'. Ching minh H, A’,C’ thﬁng hang. '

' Huérng din 7
Chung minh ZO'HC' = ZO HA' va A',C' nim cung phla doi vo‘1 b

‘HO’:>(dpcm) , L : O

Bai tap 2.12. Cho AABC nhon d6i véi H 1a tryc tam. Goi M, N Ia hinh
chigu vuong géc cha H trén phan gidc trong, ngoai clia géc LBAC. Ching
minh ring M N di qua trung diém céa BC.
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Hudng dan

Goi O 1a tam du’cmg trdn ngoal ti€p AABC,Ela trung diém canh BC. Chung

'm1nh MN va AFE cung song song v6i AO = (dpcm). \ O

Bai tap 2.13. Cho AABC ngoal ti€p dudng tron (I). (I) ti€p xdc véi BC
BC.

Hu’6‘ng dan

Goi M 1a trung diém clia BC’ va F 1a tiép diém cla duo‘ng tron bang ti€p

géc ZA v6i BC. Ching minh ET||AF, MI||AF = (dpcm). -0

‘Bai tap 2.14. Cho dudng tron (O) dudng kinh AB. Diém C tuy § thuoc

(0) (C # A, B). Phan gidc trong géc ZACB cit lai (O) tai M. Goi H, K

1a hinh chi€u vuéng goéc clia M\tren C’A CB. Chimg minh rang H,O, K
thing hang.

Hu(’rng dﬁn

H,O, K thudc dudng thing Xim-xon. : o O

Bai tap 2.15. Cho tt gidc ABCD néi ti€p duge. Goi H, K 1a hinh chiéu

vuong géc cta B trén AC, OD M, N 1a trung dlem cuia AD, HK. Chung
minh rang ZMNB = 90°. :

Huéng dan

- Ké BLJ_AD Chung minh H, K, L thuc dudng thang Xun xon cha B dél
- v6i AACD. Chiing minh tit gide MNBL noi ti€p duoc = (dpcm). O

Bai tap 2.16. Cho AABC' véi ba dudng cao AA;, BBy, CC, vA tryc tam
H. Goi D, E la hinh chi€u vuéng.géc ctia B, tréen BC, CC;. Ching minh
dudng thing DE qua trung diém B;Cy.

‘Huéng dan '

Su dung dudng thang Xim-xon ciia B, d6i véi ABCCy. . O

Bai tap 2. 17 Cho AABC ¢é AAI, BB 1a céc phan gidc trong va 06’1 i

phan gidc ngoai. Ching mmh A, By, Cy thang hang

tai D. Goi E 12 trung diém ctia AD. Ching minh ET di qua trung diém cia
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- - Hudng dan .
Ap dung dmh 1y Menélauyt (baJ todn 2) ' L 0O

Bal tap 2.18. Cho tif gidc ABCD ngoai tlép duong tron (I ) véi :céc ti€p
diém A, B1,C1,D1 thuoc céc canh AB, BC, CD,DA. Gia st A;D, cat
B,C; & M. Ching minh ring M, B,D th*fmg hang.

. Huomg dan :
: Ap dung dinh 1y Menélauyt v6i AABD va ACBD, chung minh giao diém
cua BD véi A1D1 va 3101 trung nhau. - o0

|

v \
Bai tap 2.19. Cho hinh bmh hanh ABCD. Léy céc diém E, F M N lan , i

' luot nim trén AB,CD, BC, AD sao cho EF LBC, MNLAB. Cic dudng . }
thing EF, M N cit nhau tai I; BN, DE cit nhau tai J. Ching minh C, I, J ,
}

|

|

|

théng hang. |

‘ o Hu'o‘ng dan L T ‘1
’ Ap dung dinh'ly Ménelauyt d61 véi: ABM N va badiémI J, C& v1 tn’ "ha1
trong, mot ngoai". L . o

Bai tap 2.20. Cho ba duo’ng tron. (01) (02),(03) sao cho (O1) va (Os) cb
ti€p tuyén chung ngodi cit nhau tai A; (Oz) va (Os) ¢6 ti€p tuyén chung |
ngoai cit nhau tai B; (O3) va (Or) c6 tlep tuyén chung ngoa1 cét nhau tai
C. Chu'ng minh A, B,C thang hang. '

: , Hu’ﬁng din o : |
Ap dung d1nh ly Menélauyt véi A010203 ‘ I |

Bai tap 2. 21. Cho hai duong tron (Ol, Rl) va (02, Rz) t1ep xtc ngoa1 tai
A(R; > R,). Dudng n6i tam 010, cét (Oy) tai B, cét (O,) tai C. Goi O |
‘12 trung diém cha 0;0,. VE cit tuyén ODE vudng goc véi BC. DC EC’ - ‘
cit (0y) & M, N. Ching minh BC, DN EM déng quy. | |

’ Hu’ong dan : ‘ :
Chu'ng minh BC, DN EM laba dudng cao cia ACOE. ! 0.
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Bai tap 2.22. Cho AABC véi ba dudng cao AAI, BB, CC;. Duorng tron

- ngoai ti€p AA4,B,Cy cat lai BC, CA,AB lan luot tai A2,B2,C2 Chimmg
minh dudng thang qua Az, vuong géc vé6i BC; dudng thing qua B,, vuong

‘ goc vcn C’A va du'o’ng thing qua Cs, vuOng g6c v6i AB déng quy.

- Huéng dan

Chimng minh ba duomg thang dé 1a ba duo‘ng trung tryc cha AABC’ o

Bai tap 2.23 Cho dudng tron (O) va dlém M nam ngoai (O). Tu’ M ké

‘hai cét tuyén tuy y MAB va MCD d6i xing qua- MO (v6i A nam trong
MB va C ndm trong MD) Chung mmh MO, AD, BC déng quy

Hu’o‘ng dan

AD BC’cungdlquamOtdlémtrénMO . o ‘ O

. Bii'tﬁp' 2.24. Cho dudng trdon (O) va day cung BC khéng phai n dudng
kinh. Ti€p tuyén ciia (O) tai hai diém B, C giao nhau tai A. M 13 diém tuy

¥ thudc cung nhd BC. Tiép tuyén qua M cit AB,AC 6 D,E. OD,OF
~ cit BC 6 I,K. Chlrng minh MO, DK, EI déng quy.

Huongdan“
Chutng minh M O DK EI lé ba dudng cao cua AODE : 0

Bai tép 2.25. Cho hai hinh vuong ABC’D va A’B'C”D’ tuy y nhung cung
chiéu. Chlmg minh BB',CC', DD’ déng quy. ‘

Hu.’o’ng dan S .
Dung phep quay tam A goc quay 90° va két hdp véi tit glac n01 t1ep ' D

~ Bai tap 2.26. Cho AABC du‘o‘ng tron ndi ti€p tam g1ac t1ep xtc véi céc

canh BC, CA, AB ldn Iuot tai Al,Bl,CI Chung minh A4, BB,,CC,

d(‘hg quy.

, . . Huéng dan’ | |
~Ap dung dinh 1y Xé-va. -~ . | .
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Bai tap 2. 27 Cho AABC nhon c6 tryc thm H va tAm duorng tron ngoai tlé’p
| 0. Kéo dai AH,BH, CH cét (O) tai Ay, B;,Cy. OA; cit BCtai Ay, OB;
| cit CA tai By, OCy cit AB tai Cs. Chung minh AA2, BBz, 002 déng quy.

‘ Ap dyng dinh 1y Xé-va, _ o

Bai tap 2.28. Cho AABC va M 1a diém tuy ¥ nim trong tam gléc AM BM,CM

twong tng cit Be, CA, AB tai Ay, By, Cy-sao cho BG4 kh()ng song song v6i

BC. A,C; cat BB, 6 D, A1 B, cat 0’01 G E. Chu‘ng minh BC BlCl,DE
~déng quy.

: Hu'(mgdﬁn e T
Ap dung déng thoi dinh 1y Mén¢lauyt va dinh 1y Xé-va ' .. O

.- Bai tap 2.29. Cho AABC. . Céc dudng tron bang ti€p tuong ing véi cic
“dinh A, B,C ti€p xic véi cdc canh BC,CA, AB tai- Ay, By, Cy. Ching
minh rang dudng thang qua Al, By, C’1 tu'o‘ng iing vu6ng géc v6i BC, CA,

| AB dong quy. :
Huéng din ’ ‘

Ap dung diéu kién d cha dinh 1y Cic:n6 d6i véi AABC va diéu kién’ cén |
déi voi AA’B’C’ & do A, B’ C” 1a tam céc duo‘ng tron bang tlé’p .0 ‘

Bal tap 2.30. Cho AABC deu va M 14 m(’)t dlém tuy y. Goi Aj, B1,01
lan lwot 12 tm dudng tron noi tiép céc tam gidc MBC,M C’A va MAB.
Ching minh ring cic dudng vuOng goc ha tu A B, C tuo‘ng u'ng lén
B1C1, OlAl, AlBl d()ng quy E

Hmmgdﬁn :
Ap dung dmh 1y Cac no ket hop- véi céc tmh chﬁt cua duto‘ng tron noi :
ti€p. : S : Ol o




 Dién tich

|
\
| 73 1.1 Cac cong thurc tmh dién tlch tam giac R }
|

Chuong3 -

3.1 Dién tich tam giéc -

Trong muc ndy, ching ta s& téng két cic céng thitc tinh dlen tich cia
mot tam gidc.. Ngoai cic cOng thitc ‘quen thuoc, ban doc dugc 1am quen
thém mot s6 cong thic mai, diing dé gii nhleu dang bai toan hon. D01 v6i
nhitng céng thic nay, chung toi s€ chung minh chi tiét.

Cho tam glac ABC Trong chuo‘ng nay, chung ta st dung céc ky hiéu

‘ ,quen -thudc:

d,b,c: do da1 céc canh BC, C’A AB | ‘
Pa, o, he : d6 dai cac dudmg cao tu’o‘ng iing véi céic dinh A B, C
_p: nita chu vi cia AABC

R 7 : ban k1nh duorng tron ngoai né’p va n61 ti€p cia AABC
ra, rb, rcf:" ban kinh dudng tron bang ti€p twong ting véi cic dinh A B C.
* Khi de, dlen tlch tam glac ABC’ dugc tinh theo céc cOng thic sau:
1, S = —ah = —bhb ch
2, S pr :

132
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3, S=(p—a)re =~ br=(p-0r
4, S=+/plp—a)p-d)(p—rc) (cong thitc Hé-rong)

: 1 . ) 1 .
| 5 S= —2-qb51n c = §bc,$1nA = 50 sin B
abe

~ 4R

~ Chitng minh.

' 1, Cong thic 1 1a cOng thifc co ban _
2, Goi I 1a tam dudng tron noi ti€p tam gidc ABC D E,;F lan luot

14 hinh chiéu vuong géc clia I lén canh BC, C’A AB.Tac6ID =1 E =

IF=r.

" Hinh 3.1.

Do 1 1a diém ném trong. AABC nén
- Sapc = SIBC +Stca + SIAB : 7
) =—BC ID+ CA IE+ AB IF i

\

2(
3, Xem két qua 5 (muc 1.3.2).
4, Goi I 1a tim dudng trdn noi tiép va J 1a tﬁm duorng tron bang tlép goc

Acia AABC. F,R lan luot 12 hinh ch16u vuong géc cha I J. len duo’ng
thing AB.

z BC’+CA+AB) r=pr= (dpcm)
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Hinh 3.2.

Xet AFBI va ARJB tacé:

AIFB LJRB 90"

ZIBF = £BJR = éAzB ¢
:“DO do 7 » ‘ C
- . FB 'FI
AFBI ~ ARJB &7 RB
= FB-RB=FI- RJ = (p- ) (} ) =71,
T lai ¢6 -

§* = plp - a)rra = plr— Yo~ H)(p- -9
=5 = Vol p=B—9 @pem).

" Chi y: Cong thic 4 duoc goi la cong. thie Hé-rOng COng thitc nay duoc sit

dung nhiéu dé giai cic bai todn vé& dang thitc va bﬁt dang thic hinh hoc €6
nhiéu bai tap thi vi dugc chiing t61 trinh bay & chuong 4. B

5, Gia thiét rang AABC' I tarn g1ac nhon
Goi BH. 1a ‘dudng cao cia AABC. Tacé BH = BC sin BCA

Vay S = —AC’ +BH = —AC . BC’smBC’A; Eabsig C.

. 1
Tlro‘ng o, S = —bcsmA = §cas1nB
Nhan xét:
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o

B
Hinh 3.3.

o Trong cong thic 5, ching ta phai gid thiét AABC. nhon vi trong

chrong trinh hinh hoc cdp trung hoc co s& chi xay dung-céc ti s6

‘lugng gidc cha géc a véi o nhon. Thuc ra, cong thic trén vin ding

véi tam gidc vuong hoic td. Khi d6 chiing ta phai sir dung dinh nghia

che i s6 luong gidc téng quét hon véi géc o tir 0° dén 180° & phin

* hinh hoc 16p 10. Dé c6 cong thic trén, ching ta phai si dung dén hai
~ két qua co ban sau: : o B o

~ sin90° =1,

sin(180° — o) = sin a.

¢ Tir cong thic 5 ta c6 thé suy ta dinh Iy ham §6 sin trong tam gidc:
Tam gidc ABC c6 bén kinh ngoai ti€p dudng trdn bing R, khi d6
a b e _op o
sinA sinB sinC_ ~
That vay, tir cong thic 5, ta cé

- 'absinC:bcsinA:cdsian

N abc . abc . . abc.. -
' absinC’— bcsin A casin B
S Se o oA :

sinC: sinA - sinB:- -

Khong mét téng quét, g1a sit gjéc;ZBAC nhon (néu ZBAC t ta c6
/ ABC nhon, khi d6 ta dp dung chiing minh yé‘i géc LABC). Goi
(0) 1a dudng tron ngoai ti€p tam gidc ABC. V& duong kinh BA', ta
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Hnh 3.4.
co: | 7 | | _
. ZBAC=/BAC,/BCA = 90° ( (g6¢ noi i tep)
=>smBAC = s1an:’C’ = —g% :
=sind = ﬁ = sinA =2k
vay -2 =0 ° =9R (dpcm)

sinA sinB smC

6, T dinh 1y ham 6 sin ta c6
| o 1 abe abc

a _ o_ 1 abc _abe
sin 4 = ﬁ{=>5>2 2R—4R'

e

3.1.2 Mot s6 két qua co ban

Céc ket qua dudi day dugc sir dung rét nhiéu trong cic bai todn diéﬁ tich.
Khi sir dung cic két qua nay, ta phai trinh bay lai cich chiing minh.

' 1, Cho AABC. Trén dudng thing BC 14y di€m M tiy y. Khi d6-

. Sapm _ BM
" Sacm CM~
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B Mf_C

o
" Hinh 3.5.

" Chiing minh. Goi H 1a hinh chiéu vuong géc cha A tréen BC. Theo cong
thitc 1 ta c6 ' . ' ‘ »

Sapu _ 3PN AR BM
Sacm Lo cCM 77
ECM -AH'" .

O

2, Cho AABC va cic diém tuy § B, C' tuong tng thuéc cdc duomg
thing AB; AC. Khi d6 B ‘ -
| Supe _ AB AC'
Sipe _ AB AC

Chiing minh.

Hinh 3.6.
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Ap dung cOng thic. 5 ta c6

_ SAB'-4C" SnBUAC' 4 Ay oo
Sasc aB.AC-smBac AB AC T

Sapcr

D .

3, Cho AABC va duo’ng théng d di qua A, song song véi BC’ Ly

diém D tuy y trén duo’ng thang d. Kh1 dé SDBC = SABC

'Chu‘ng minh.
Goi H, K 14n luot 1a hmh chi€u vuOng goc cua A D trén duo’ng thang BC

‘A D 4
m nl ¢
B H K |
© Hmh37.

Do ADHBC’ nén AH = DK Ta c6 7
Sapc = EAH .BC = EDK - BC = Sppc (dpem).
O

_4, Cho s6 thuc & duohg, tam gidc ABC' va tam gidc A'B'C’ déng

dang theo ti 56 k. Khi d6 ;:A—BC— = K2

AIBICI
" 'Chiimg minbh. Theo gia thiét = ;gl 23, -k, ABAC’ AB’A’C
1 | : |
: —AB»-.AG-sin BAC ! '
DABC_ A = 4z L AC = (dpem).

Swwe Lup . Acswpac AB AT




~ 3.1Dién tich tam gidc ' o 139

O

5, Ly diém M bét ki ndm trong AABC’ ‘Goi khoan§ cach tit M

dén cac canh BC,CA, AB lan luo‘tla L, Tby Te- Khl do E——!-h +-h— =1.
b (3

Chiing minh.

B P A C
, Hinh 338.

7G01 P,Q, R tuong ng lé hinh chi€u vuOng géc clia M trén BC,CA, AB.
Ta co: '

SMBC =-—MP'BC=_—-.’L‘G-(1,=>SMB’C = 2 =£‘£
, 2 ) 2 ‘SABC -1 : ha
_ E .
: : Eh : @
Smca _ xb- SMAB _ Te
Tuong tu, 244 _ e
: , 8 Saipc o’ Sasc b
Vay | - | | |
Ta Db ﬁ _ Supc - Smca  SmaB — Supe + Suca+ Suas _ 1'
ha hy he Sape Sasc Sasc SABC' , '
= (dpem). O

Chi §: Goi A", B',C" la glao dlém cha AM, BM CM véi BC, C’A AB.

Ap dungdmhly Taléttacé:
Lo MB‘I Tp

»MC"

MA _ z. _ ______ay_
AA" ~ h,’ BB h’' CC'  he
- MA'" MB MC N
= =1 (¥

AAx BB

cc’
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- Biéu thitc (*) duoc sit dung rﬁt nhléu trong céc bai todn dlén tich, dang thitc -
va bat dang thuc hmh hoc.

. ’ o, o - o
" 6, Cho goc a;nhgn. Ta'cé 31na:231n§cos 5

A

Hinh 3.9.

, Chli'r-zg\minh Xét géc TAy = o. Trén tia Az , Ay 14n luot 14y hai di€m B», C
- a0 cho AB = AC. Ta c6 AABC can tai A, c6 géc ABAC =q.
- Goi M 1a trung dlém BC, kh1 d6 AM1BC.

Ta cé Sppc = EAM BC = ZAM BM
Xet AABM co:

AM = AB cos BAM = AB cosé
BM = AB smBAM AB. s1n—2—

- 1 2 A A _ A A
=>SABC — ZAB ‘-sm,E cosE — AB AC -sin 5 C0S 5.
_ ‘ . A A
Mit khic, SABC—EAB AC’ smA=>s1nA—251nEcosE ‘ :
=>(dpcm) o \ ] | o

Chi ¥: Céng thitc tren van dung vou a la goc vuOng hoac th (xem sach
) "Hinh hoc lop 10").
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7, Cho AABC. Dyng phan gidc trong AD. Khi dé

'1 +»1, _2cos§
AB AC "~ AD

- D
Hinh 3.10. -

- 'Chu'ng minh. Ta cé:

- SaBc = —AB AC -sin A,

SABD=%A3~ADsih§, - S ]

SACD = 1AC AD sm—;i

- Supc = SABD + SAC‘D

=>AB-AC’-SlnA_ (AB AD + AC - AD)smé
| :>2'AB-AC’-sih§cqs—‘;1—=(AB+AC)-ADsin§
=>2-AB-AC-cos—‘;1—='(AB+AC)-AD

A |
1 1 2cos§ Lo -
= AB+AC AD (dpcm) } : |

-8, Cho hinh binh hanh ABCD G01 O 1a giao diéin ctia hai duong
chéo AC, BD. Khi d6 moi dudng théng di qua o déu ch1a hinh binh hanh
thanh hai phén c6 dién thh bang nhau. :
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A M B
P\
. Bl i
, _ Hinh 3.11.

Ching minh. Khong mat téng quat, gia sir d cét cap canh AB, CD lan luot
tai M N. Do d di qua tam d6i xiing clia hinh bmh hanh nén AM = CN
BM = DN.

Ké AK_LCD C’HJ_AB Ta co
SAMND = (AM-l-DN) AK,
Scnmp = §(CN+BM) -CH,

. AK =CH, ‘
Sasep = Samnp + Senmp

= Samnp = Senmp = —SABCD“:> (dpcm). e

9 Cho hinh thang ABCD ¢6 day AB CD. Goi M 1a trung diém
canh bén AD. Khi dO SABC’D = 2SMBC

“Hinh 3.12.

Ching minh. K& dubng thing di qua M, vubng géc véi ddy, cit AB, CD
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l4n luot tai IV, P. Ta c6 NP 1a dudng cao cita hinh thang va MN = MP =

Ipn.
2 | i o |
" Smas + Supc = SMN - AB+-MP.DC
e %MN(AB +DC)

\

| N

o o 1. - '

} v 7 = ZNP(AB DC) = —SABCD, ‘
=> SMBC = SABCD - SMAB = SMDC

= §SABC'D (dpcm).

D‘ .

He (juﬁ: Goi H 1a hinh chi€u vudng 'gé'c‘ cha M trén BC, ta c6 dién
tich hinh thang ABCD béng Sapcp = MH - BC.

3 1.3 Vidu ap dung

Vi du 3.1. Cho tam gidc ABC cé dién t1ch S Trén canh AB lﬁy diém D |
sao cho AD =2DB. Goi E la trung diém AC va'F 1a giao diém clia CD -

va BE Tmh ti s0 glF) tir d6 suy ra dlén tich AFBC’

Giai
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Goi K, H 14n lugt 12 hinh chiéu cta C, D trén BE.

- 'Dé thdy:
Cw 1,
- SaBe = SBcE = ESABC (1)
Scpp = '?;SABC : 2)
. 1
SepB = ESAEB (3)
. . . . v. N »V ) 1
Tir (1) va (3) suy ra Sgpp = gSCEB-
lpp.DH
1 _Seps_ 3P PH _pDH
T 8 Sors %EB- ck K

FD DH 1 _CF 3
=2

“FCTCK 370D
,Xet AFBC va AC’DB cd chung dudng cao ha tu B va day CF = ZC’D

= SFBC =‘“‘SCDB , (4)

_Tl‘I (2), (4) suy ra Srpc = %SABC = %S- - B . B

Vi du 3.2. Cho AABC, tim tap hop diém M thod man Sazw = Sacu-

Giai

Néu M = A, tacé SABMZSACMIO

Gia st M 1a mot diém thoa man diéu kién Sapu = Sacu v M Z A.

’G(.)l B’,C' 14n lugt 1a hinh chiéu cua B,C tréen AM. Ta c6

 Saw=Saow & S AM BB = 2AMCC' & BB =CC'.




3.1 Dién tich tam gide - o e

H‘mh314

Xét duong thing AM ta c6 ha1 trtIo’ng h0p ,
i, AM||BC. Ap dung két qua 3tacé BB' = CC" va Sapm =.Sacm-

D = D la trung diém cua BC.

~ Vay M thoa man SABM = SacM khi va chi khi M thuoc duong thang d1

qua A, song song Vi BC hoac M thugc dudng trung tuyén di qua A cta

 AABC. | O

Vi du 3.3. Cho tif gidc ABCD sao cho AB va C’D khOng song song. “Tim
quy tich diém M sao cho S ABM = SCD M-

Hinh 3.15.

~ Giai

4, AM giao véi BC tai D. Khi d6, dp dung dmh ly Talét ta c6 ggl =
BD ;
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' Goi I 1a giao clia AB va CD. Tren tia I, IC l4n luot Iy cac diém P,Q
sao cho IP = AB, IQ = DC. Khi d6, ta ¢c6 I, P;Q 1a ba diém c6 dinh vA
Srpm = S_ABM, Siom = Scom.

Suy ra SABM = Scom <=> Srpm = SIQM Ap dung vidu 3.2, ta c quy
tich diém M 1a dudng thang d1 ‘qua I song song. vo‘1 PQ hoac duong théng

- IK (K 1a trung diém PQ)

" Phén ddo cia bai todn xin danh cho ban doc. ' o
Vi du 34. Cho AABC ¢6 ZBAC = 2£ABC va (0) 1a dudng tron bang
ti€p géc A cia AABC'. Goi M latrung diém canh AB, N 1a giao cia OM
va BC. Chu‘ng minh ring AN 1a phan g1ac goc ABAO

. Glal

: Hinh 3.16.

G01 P 1a giao clia BC va AO, aé chung minh AN la phan gidc géc

NP AP
£BAO ta ching minh — NB - iB"

i ZABC =%ABAP nén APAB can tai P = AP = BP.
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Goi D, B, F l4n lugt 13 hinh chiéu vuong géc ciia O trén BC, CA, AB.
Vi (O) 1a dudng trdn bang ti€p géc A cia AABC nén OD = OF = OF.
Ap dung két qua 1 v6i ABOAtacé - L s :

: _ 1 _ L
OP _Spop _ 32F 0P BP _ AP

(1)

Vi M 13 trung diém ciia AB nén Syos = Syop (vi du 3.2). Ta c6

oP - Syop _ Syop _ NP

04~ Swos  Swos  NB )
v . . NP AP | |
Tir (1) va (2) suy ra NB - 4B (dpcm). . . o

Vi du 3.5. Cho luc gidc ABCDEF noi ti€p dtrbrig tron. AC va BF giao

nhau tai K, CE va FD giao nhau tai L, AD vi BE giao nhau tai M.
Ching minh ring 3 diém K, M, L thing hang (dinh 1y Pascal). '

. Giai

E

Hinh 3.17.

Goi R 1a ban kinh dudng tron ngoai tiép luc gidc ABCDEF.

. pit My = ADNKL, My = BEN KL. Do ABCDEF 16i nén My, Mz
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; nam trén doan K'L. G01 K ! L’ la hinh chlé’u vuOng goc cua K, L trén. AD
" Tacé: : . '
MlK SAMIK _ EAMI : KK’ i KK'

, G
ML " S Lo pp IV @
’ 2"

KK’_SKAD»-' AD AK - sin DAC' AK stAC’ )
LL' ~ Spap AD-DL. -sinADF -~ DL -sin ADF

Ap dung dinh 1y him s6 sin v6i ADAC, AADF tacé:. .

C'D AF
stAC’ SR snADF / £Y)
sin DAC _.CD (2)
, _ sin ADF ~  AF y |
L : . MK  AK:CD
Tir (1), (2), (3) suy ra ML= DL AF
Tuon tu MyK - BK EF ‘
e LD T EL-BC
ME_lt khdc, . S .
' ’ AK BK o
AAKF ABKC aF = BC’
CD EF .
AELF ~ ADLC DL 5L

'AK-CD_BK-EF‘ MK MK

VY DLAF = FL.BC WL - ML

Vi du 3.6. Cho AABC c6  cdc duong cao ha, h,,, h Tinh Sapc.
. Glal o

. Tacé T o

| 2SaBc=a "ha = b hy = c- hcr

(a,b,c 1a céc canh ddy tuong ng véi hy, hy, he)

=M =M=M=
- (dpem). - ‘ =
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hohy
‘Data —hb,b —ha,c = h Ly
Tir (1) suy ra o',b',c la ba canh ciia mot tam gidfc. Xét AA'B'C' c6
B'C' =d,C'A' =V,A'B' = ¢. Xhi 46, AABC ~ AA'B'C’ theo ti s6 k.

. a b ¢
k=g 5=
Mat khéc, goi h' 13 duo‘ng cao tuong g v6i canh o cua AA B’ C', ta c6:
'k—ﬁ—r' ha - _ ha_“ ‘_ hq hb
- h’:z —‘2SAIBICI - ZSA‘/BICI 2SA'B’C’
Sasc ho2hy?
k2 = :> S = S 1R k _-—
. ) . SA’B’C' ) )ABC A B ¢ 4SA1BICI
v6i Sawor = VI = )0 - b’)(p .7 = §(a +b+0).

a

Vi du 3. 7. Cho géc :I:Oy va s0 thu‘c k duo‘ng Trén tia Oa: Oy 14n lugt 14y
1.
diém M, N sao cho —— 1 + —= = k. Chimg minh dudng thang MN luén

oM ON
d1 qua mét diém <6 dmh

Giai

Hinh 3.18.
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Go1 OD la du'o‘ng phan gidc trong clia géc zOy, DeM N Tu' két qud 7

ta c6
9
- 1 1 '2-cos-§
, OM " ON oD
. A
2. cos O

= OD = k 2 = const

:>‘Dc6‘d‘inh=>'(dpcm). S | | O

Vi du 3.8. Cho AABC va diém M tiy ¥ nim trong tam gidc. Goi A1 1a
glao cla AM va BC, B, Ia giao.cia BM va AC, C’1 1a giao cua CM va
. AB. Chlrng minh ring Ady + 55, | oG

>
MA, T B, T e, 2%

- Giai.

B A4
Hinh 3.19.

bat § = SABC',S —SMBC';Sb SMAc,S SMAB Tacé S, +Sy+ S, =

~a

»f\p nbmg két qua 1 ¢z 25

AA _ SA&M - S'AC,M - SaBA + Saca § .~

MA;  Swypa, ~ Swmca, SmBa, +Sumca, - Sa
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= b B31 S CCy
Ume R 0B, 5’ MGy |
Ap dung bat dAng thitc Bunhiacopxki ta c6

A&+B&ACG_£%£+£_ﬂL+L+Ly

MA, MB; MC1 S, S Sc_ S, S,, ‘sc
S 4=

(S +Sb+ )(S +Sb+_ c)_

5.
A

= (dpcm)

Dau” =" xay ra khi va chi khi : 4
S _S_S _ AM_BB _CC_,
5.5 5 MA  MB MG -

<M 1a trong tam AABC:
O

-

~ Vidu 3.9. Cho AABC, céc dudng cao 12 hg; hy, he va-ban kmh duodng tron
noi ti€p bing r. Chimg minh rang h, + hy + he > 97

Gial i

Goi [ ]a tam dudng tron noi ti€p AABC, khoang cach tu I dé’n céc canh
clia AABC bang r. Tir két qua 5 ta co :

Ap dung bat dang thitc Bunhiacopxki ta c6:

(—— )(h +hb+h,c) > \/, \/E \/—‘

: 1
= ' r(h +hb+h) 7
& e +hb+h - > 9r (dpcm).

O

Dau "=" xay ra khi va ch1 khi- he = hb = h & AABC’ 1a tam glac

déu.
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Vi du 3.10. Tam gidc ABC c6 ban kinh dudng tron noi ti€p va ban kinh

‘dudng tron bang ti€p 14n luot 1a r, r,, 7y, 7. Ching minh ring S = /rrarore.
- Giai

bat BC = q, CA= b,AB = ¢,p= %(a+b+ c). KhOng mét téng quat gla
st 74,7y, T 14n lugt 12 ban kinh du'cmg tron bang ti€p géc A, B,C. Ta ¢6

=(p— q)_ra =(p-=br,=(p- c)rc (cong thue (3))
o | o
= S4 — p( _ a) (p - b)( — c)’r’l"a.T'ch-‘

. Tala c6 .5'2 = p(p a)(p— b)(p c) (cong thic Herong) = S? = rr ryre.
Tu'dotacodpcm S A ‘ g

3.2 Dién tich da giz’lc R
3.2. 1 Dién tlch cac tir giac dac blet

1, Cong thic. -
-1, Hinh vuOng.

- S=d
a — canh hinh vuéng.

¢, Hinh chit nhat. |

- S=a-b
a, b — canh hinh chi nhat.

i4¢, Hinh thang.

S = ;(a+b)h m-h

a, b— do dai canh day, h — dudng cao; m — d¢ dai ducng trung b1nh‘. ,
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jv, Dién tich hinh binh hanh.

_ ‘,S:Ya-ha=a-b-sin'A,
a,b— do dai canh ; h, — dudng cao twong ng véi canh a.

n
, | -
D | ¢
~ Hinh 3.20.
v, Dién tich hinh thoi.
S=a- hav=:a-2 -sinA

o — d6 dai canh cda hinh thoi; b — dudng cao.
2, Vi du minh hoa

Vi du 3.11. Hay dung mot hinh vuong c6 dién tich bing 5 14n dién tich clia
hinh vuéng ABC D cho truéc. | ' '

Giai

Goi d6 dai canh clia hinh WOng cin dung 1a a thi dién tich ctandla
S = a? = 5S4pcp = a® = 5AB® = a = ABV5

- Vay d& dung dugc hinh vuong dé, ta cin dung mot doan thing cé do dai
' bing ABV/5 va chon doan thing d6 lam canh ciia hinh vuong cén dung. .
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D - C
Hinh 3.21.

L4y B’ trén tia AB 'sa0 cho AB' = 2AB. Theo dinh Iy Pytégq tacé
| DB = AB'2 + AD2 = 44B° + AB2 5AB2 = DB' = ABV5.

‘Dung hmh vuOng A’B’DC’ c6 ‘mot canh la DB’ (ba1 todn dung hmh co

‘ ﬁban) ta c6 SA’B’DC’ = 5SABCD ey o g
Nhén xét: Bai todn trén c6 nhiéu cich du‘ng, va nhiéu nghiém hmh 0]

day ta chi dua ra mot cdch dung hinh vu6ng théa min dé bai.

Vi du 3.12. Cho hinh vuong ABCD c6 di¢n tich S va s6 thuc k (k > 0).
V& hinh chit nhat MNPQ sao cho M, N, P, Q l4n lugt thuéc céc canh

AB BC, CD, DA MN||AC’ va MN =kNP. Tmh dién tich hinh chir -
nhat. :

Giai

A M

| N

D P - C
Hinh 3.22.

Vi MN||AC, MNLNP va ACLBD nén NP||BD. Theo dinh Iy Talét ta
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o

- AC - BN " BD-CN
MN = =55 NP ==F5—
_, AC:BN _ BD-CN
BC . BC

BN BN k

Tir d6 ta ¢6
_ AC - BN_
MN =" AC - : \/-A 1
1 )

= NP= \/—AB——— ‘
k+1

Goi S’ 121 dién"tich‘hinh chﬁ nhat MN PQ, ta cé
ok, 2%
: S MN NP B?=-—"_.
, NSV (RS Y E
- -
Vl du 3.13. Cho hinh thang ABCD (ABI[CD) Goi O 1a giao diém clia hai

dudng chéo. Tinh dién tich hmh thang biét dlén tich tam gidc OAB,0CD
14n hIUt 1a Sl, Sz ‘ B

Gisi

Hinh 323,
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" Vi AB||CD nén AOAB ~ AOCD. Ta c6:
'Sy _Socp _ OC? OD?  CD?
'Si Soan OA?2  0OB?  AB?

"~ Sosc - ocC SOAD _ OD '

‘ Soas  OA’ Spop~ OB
Tir (1) va (2) suy ra J

o (theo ké’t qua 4)

@ (theo két qua 1)

Sascp = Soan + Sopc + SOAD + Sosc

/.5'2 /Sg
—Sl+52+2\/5152 '
S1+ 2’.

Vidu 3.14. Tdt gidc ABCD noi tié'p dudng tron tam O, dudng kinh AC. Goi
E 1a di€m d6i xiing cha D qua AC. Goi K, H 14n luot 1a hinh chi€u vu6ng
goc cia A, C trén duo‘ng thang BE. Chung minh ring SAKHC = SABCD

K ,

B .

E

M H
0

E

D C

Hinh 3.24.

Glal

Goi M Ia trung dlém BE = OMJ_BE = OMIIAKHC’H
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Mit khic, O 1a trung diém AC suy ra OM la dudng trung bmh clia
hinh thang AKH C hay M 1a trung diém clia KH. .

Goi B',M',E' lin luot 12 hinh chiéu vuOng g6c clia B M, E trén AC
Theo cong thic dudng trung binh ta c6- : ,

VI, 'y !
MM = 2\(BB +EEY;

Ap dung két qua 9, ta c6: |
1

SAKHC = 25h40 = AC MM’ SAC(BB' + EE'), |

N

SABCD = Spac+ SDAC = SBAC + SEAC = -AC(BB' + EE')

= SAKHC = Sapcp (dpcm)

O

Vi du 3.15. Trén canh AC cia AABC, dung hinh binh hanh ACLK nim
vé ciing mot phia d6i v6i dinh B. Trén 2 canh AB va BC dung cic hinh
binh hanh AEFB va BMNC sao cho K € EF,L € MN. Ching minh
- dién tich hinh binh hanh ACLK bing téng dién tich hinh binh hanh AEFB

va BMNC. - _ '

Giai

A
Hinh 3.25.
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 Goi 5 1a giao ciia BF va MN. Xét ASKL va ABAC, ta c6:

KL= AC, LSKL = /BAC, ZSLK ZBCA
= ASKL = ABAC’=>KS BA,SL = BC

:>SB=KA'_—'LC

~ Goi hla khoang ciach glu'a LC va K A, hy, h2 lan luot 13 khoang céch tir
S dén LC KA ‘Ta cé

h1+h2 h.

Xet h1nh binh hinh AEFB va AK SB c6 chung canh ABVi ha1 canh
EF va KS cing nim trén mOt duo’ng thing nén dudng cao tuong ing vdi _
canh AB cia hai hinh binh hanh nay la bing nhau Tu d6 ta ¢ Sugpp =

- Sakss
Tup‘ng tw, Spmnc = SBSLC ‘

Vay .
Suprp + SBMNC = Saxsp + Spsic
=h-AK +hy LC
= (hy + hg)AK
=h-AK = Sykrc. .
Tt d6 ta c6 dpcm. . ' | | D a

Vi du 3.i5. Cho binh binh hanh ABCD va diém E bét ki ndm trong hinh
binh hanh. Dutmg thfmg di qua F song song voi AB cit AD vi BC 14n
lugt tai M, N. Pudng thine & Gua E song song v6i AD cit AB, DC la‘nv
- luot tai P,Q. Ching minh rﬁng SaNEP = SDMEQ khi va chi khi E nam

trén duorng chéo AC. :

N Giai
Cach 1.

Dleu kién cdn. Cho SBNEp = SpmEQ, ta pha1 chitng minh E thude du'o‘ng
chéo AC. :
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Hinh 3.26.

Ta cé

Spmeq = SppEn = Sapgp = SamnB
Sapep ~ SamnB

Sapco  Sapcs
AM AP ME

AD T 4B~ DC
Mait khac E = PQNMN, ME||DC nén theo dinh 1y Talét ta c6 E € AC.
Diéu kién dd. Gié thiét E nim trén duo‘ng chéo AC, ta. chu'ng minh Sgygp =
SpmEeg- Ta co: ‘
 Sarop _,DQ __AE Sapnm _‘BN - AE
Sapcp DC — AC’ Sapcp BC ~ AC
= Sapep = Sapnm. (1)

Ta lai cé:
Sapgp = SpmEq + SAPME7 Sanm = Spnep + Sapme- (2)

Tur (1), (2) ta cé Spyep = SDMEQ
Céch 2. Ta ¢6

- - Spnep = SpmEq
1 1 1 K 1
< —SBNEP + "SAPEM = "‘SDM»EQ + —SAPEM

& SPEB + SpEa = SDEM + SMEA & SBAE = SpAE

Ap dung vi du 3.2 cho tam gidc ABD ta 6 Spap = SBAE SEN E nim
trén dudng thang AC.

 m®mm®m.:  ' v R o
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Vi dy 3.17. Trén canh AB, BC,CD, DA ciia hinh binh hanh ABCD l4n
- luot 14y cdc diém M, N, P, sao cho MP||AD, NQ||AB Ching minh cdc
duong thang BQ, DM,CO dOng quy, v6i O la glao clia MP va NQ

Glal

Hinh327

Goi E la giao cua DM va BQ. Qua E ke duo‘ng thang song song vdi
AD cit AB,CD l4n luot tai M, P’ ke duo‘ng thang song song v6i AB cat
BC, AD l4n luot tai N’ Q’ ' g -

PatS=PMNNQ,T=NQ nMP.
Xét hinh_binh hanh AM PD,tacé 7
E e MD = Sameg = SPP'ET (1) ,
Tuong i, xét hinh binh hanh AQNB, ta ¢6 Samrpg = Swwms: (2)

Tu (1) ( ) suy ra SNN’ES = SPP’ET = SynTo = Spprso. Xét hinh
binh hanh CN'EP' c6 diém O ndm & trong hinh binh hanh thod man
SNN'TO = Spplso = O G CE TII dé ta' cé dpcm. ; O

322 Cic trubmg hop khéc -

Trong truong ho'p ti g1ac ABC’D khong pha1 1a cdc t gidc dac b1et tuy
- vao cédc gia thi€t x4ac dinh t gidc chung ta c6 thé xay dung cdc céng thue
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4

thlch hop dé tmh dién t1ch cta nd. Xet céc trudng hop sau:
1, Tt gidc ABCD 1a hinh thoi gi.

Pinh nghia: Tit gidc ABCD duoc goi la hinh thoi gza néu né nhdn mot
~ trong hai dudng chéo lam truc d6i ximg.

Gia st tif glac ABCD nhan AC la truc d6i xing, khi d6.dién tich hinh
thoi gia ABCD duoc tmh theo cong thiic

S———AC BD = AB BC - smB

bac blét néu thém diéu klén ABCD néi ti€p duge th1 AB ZD = 90°.
Khi do :
S=AB-BC

Hioh 3.28.

‘Chiing minh. - Goi giao diém cua. ha1 dudng chéo AC, BD 1a O. Kh1 do

o SABCD =2S4Bc =2- —AC BO = —AC BD
o ="2-—12-AB-BC’-smB=AB,-BC'-sinB.»,
| ‘ | O
2, Biét do dai auang.chéo AC = m. BD = n, gbc gifia hai dudng
chéo AC, BD 1a «. Khi d6 dién tich t_l’I gidc dugc tinh theo cong thiic

1 .
S= im-n-sina :
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Hinh 3.29.

’ ,vChling-' minh. Goi O 1a giaO‘ hai dudng chéo cha tif gide ABCD, ta c6
SaBep = Sapo + Spco + Scpo + Spao |
= %(AO - BOsin AOB + BO - COsin BOC+
. +C0 - DOsin COD + DO - AOsin DO A)
= %(AO .BO+BO-CO+CO- DO+ DO AO) -sina
=%AC -BDsina.
= =C; *CySln .

2

Vay ta cé dpcm. ; e | o

Hé qua. ‘Tt gidc c6 hai dudng chéo vuong géc thi dién tich bing nira tich
~ hai dudng chéo. ) ‘ ‘ ,

Chi §: D6i v6i hoc sinh bac Trung hoc co s&, khi sit dung cic cong thitc
trén vin phai gid thiét géc /B nhon. Nhung két qua vin ding v6i /B

téng qudt hon v6i goc tr 0° den 180°.

vuong hodc th. Khi d6, ching ta da sir dung dinh nghia cdc ti s6 luong gide

© 3, Néu tt gidc ABCD khong thuéc hai trudng hop trén, dé tinh dién
~ tich t¥ gidc ta phéi 4p dung céc phuqng phdp tinh dién tich da gidc dugc
- trinh bay & phdn'sau. SR T

Vi dy 3.18. Cho dubng tron tam O va diém M tuy § nim ngodi dudng trog.

Tir M ke hai ti€p tuyén M A, M B tiép xic véi (O) tai A, B. Goi C Ia trung
diém ctia AM va D 1a hinh chiéu vudng goc clia C' trén dudng thing O M.
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" @. Ching minh D 1a diém nam ngoai (O). - e
b. Dat d = OM, R 1a ban kinh dudng tron (O). Tinh Sy a0p theo d va'

~ R.

Hinh 3.30.

0. Tacd OA = OB, MA MB nén tu' glac MAOB la hlnh thoi g1a nhan
- OM 1am tryc d6i xung. bat K = AB NOoM

Xét tam gidc AAKM ta c6 AKLKM = CDHKM ma C I trung
diém M A nén CD la dudng trung binh cia AAKM = D 14 trung dlem
KM. Hon nifa, AAKM vuong tai K nén AM > AK. '

Ap dung dinh ly Pytago vol ha1 tam gidc vuong AAOC va ADOC ta

c6
- OD? + DC*=0C* = OA2 + AC’2 L
= O0D* - 0A% = AC? ~ CD* = (A;VI) (—Az—K)2 >0
‘= D niim ngoai dudng tron (0) (dpem): -~ < -
b Ta c6 o |

L A= 0M2 0A% = d2 R
=>SMAOB—25MA0—2 —OA AM R\/ d2 R2
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Vi du 3.19. Cho AABC can tai A. CAA;, BB, 1a ha1 dudng cao cit nhau
tai H. M, N 14n lut 1a trung diém AB,CH.

a. Chiing minh ring it gidc M A; N B 1a hinh thoi gid.
b. Dat a = BC, h = AA,. Tinh dién tich tit gisc MA,NB theo a, h.

Giai

‘a. AABiB vuong tai Bi nén BiM = %AB AABA; vuong tai A; nén
AlM = ——AB => AM = BlM* (1)
Tuang tu vo‘1 hai tam glac vuong AHB16’ AHA,C ta cé AlN =

 BiN= —C’H (2

Tit (1) (2) = MN Ia dIIo’ng trung trtIc cia A131 =t glac MAlNBl
lé hinh thoi gia (dpcm) '

b. Ta c6:
AABC can tai A c6 du'o’ng cao AA1 = A la trung diém cha BC.
1
ABB10 vudng ta1 B, = BlAl —BC = —z-a (1

" GoiRIa ban kinh dudng tron ngoz_u ti€ép AABC'. Theo vi du 1.5 ta c6
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" MN 1a dudng kinh duong tron Ole cha AABC’ = MN = R. Ta c6:

AB = AC’ A1A2+A1(3’2 \/h2+—-'

2+ =
éRﬁAB AC-BC _ 14

4SABC 4._a.h
e g2
Tir (1), (2) ta c6 |
- v (2 a2 :
o (R4 =) (4R 4+ a2
v 1. _la 7! a4k’ +d®)
Swam = gMBLMN =59 5 = "

O

Vi du 3.20. Ching minh rang hai tif gidc c6 chung trung diém c4c canh thi
~ dién tich bang nhau. ' : : :

Gigi o

Hinh 3.32.

Cho bén diém M, N, P,Q. Taching minh ring céc tif glac nhan M, N, P, Q
la trung dlém cdc canh thi c6 dién tich bang nhau
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That vay, gid sit ti gidc ABCD nhan bén didm d6 L trung diém cdc
canh. Khong m4t tdng quit, gia sit bén diém M,N,P,Q l4n luot 1 trung
diém AB, BC, CD,DA. Ta cé: : : _

b Apll
MN = QP L 24C,
omiypl %BD
= tit gidc MNPQ 12 hinh binh hanh va
Suscn =%AC’ *BD -sinAOB (0= ACNBD) |
= 2MN - MQ -sinQMN = const.
Tir d6, ta ¢6 dpem. | | S no

Vi dy 3.21. Cho hinh thang vuong ABCD., 6 dudng cao AD = h, AB =
a, DC = b va hai dudng chéo vuong géc. Chitng minh A2 = ab,

Giai
A a B
h
D 5
" Hinh333.
~ 1 o
- SABCD =—2-(a_+ b)h" (1)
Sapcp = %Acﬂ- BD?
- %(ADH DC?)(AB? + AD?)

~ %[ADf* + AD2(AB? + DC?) + DC? - AB?]
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B A YR )
Tir (1), (2) suy ra. |

(@ + b)2h? = h* + h2(a® + V) + a’b” |
= 2abh? = h* + a®0* = (B’ - ab)? = 0 = h? = ab (dpcm).

O

" Vi du 3.22. T¥ gidc ABCD c6 dién tich S, gbéc giita hai duong chéo bang
a, O 1a giao cha hai dudng chéo . Goi 01,03, 03,04 12 tam céc duong tron
ngoai tiép cdc tam gidc OAB,OBC,0CD,ODA. Tinh dién tich ti gidc
0,05030s. | - e

Giai

0j, 0, 12 tam dudng tron ngoai ti€p AAOB,ABOC = 01,0, cich déu
OB = 0,0, 1a dudng trung tryc cla OB. Tuong tf, 0203, 0304,040;,
14n luot 12 dudng trung truc cta OC, OD, OA. Do d6, ta c6 0,020304 12
hinh binh hanh c6 mot géc & dinh bing ZAOD, khong mdt tdng quét gid
sit 204010, = ZAOD = o T '
Goi M, N, P,Q 14n lugt 1a trung diém ciia OA, OB, OC, OD. Khi dé,
hinh binh hanh  0;05;030, nhan M P la dudng cao tuong dng véi canh
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P

0104, N Q l1a duong cao tu:o’ng ung véi canh 0102 Ta coé:

MP = —AC NQ = EBD
| MP
=————:NQ@
SO1 020304 = Ol 02 NQ sin 0401 O, <
B S __1AC-BD:sina S

T4 sin® o ) ~ 2sin?a’ o
' ]

-« Ngoai ra, ta c6.thé tinh dién tich ti gidc dira vdo cong thitc c6 dugc. tir
~hai vi du sau:

Vi du 3.23. Cho tit gidc 161 ABCD ¢6 ha1 duo’ng chéo g1ao nhau tai O G01
B',0',C' 1an luot 12 hinh chiéu cua B, O C trén dudng thing AD. Ching
mmh ring :

. AD -BB'- CC”
| 200"
Giai

SABCD =

Hinh 3.35.

Tacé - ‘

| ' SBOC 0B SBOA7:> SpAc _ OB

~ Spoc OD' Spoa  Spac  OD’
Spac -~ OB~
Sapcp  BD' -

ma SABCD = SBAC + SDAC =
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BD BB

! ! .

Ta 1a1 c6 00 HBB 0D~ 00"

Vay

T ',BD_ADf»C’C; BB _AD-BB-CC' .
ABCD =SDACTGH T T3 00" 200 P
| | | =

Vi du 3.24. Cho t& gidc 16i ABCD. Goi M, N 1ﬁn'luo’t 13 trung diém

AB,CD. M 1a hinh chi€u cha M trén CD, N' 1a hinh chiéu cia N trén
AB. Chu‘ng minh ring : : g

| SABCD = —(MM’ CD+NN'- AB);

Gigi -
NM N |
, B
\ I //
\ Iy
\ ./
S
vy :
| M
D K N HC -
. Hinh 3.36. » .
K¢ AK, BH vuong géc v6i CD. Ta c6:
Sapcp = Sanp + Sane + SNy S
SanB = %NN" AB,
Sanp =%AK .DN = %AK . DC,

1 : o
Spne = —Q-BH "NC = %BH -DC. -
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AK + BH

" Hinh thang AKHB c6 dudng trung binh MM’ = MM' = :

Vay
Sapn + Senc = 1(AK +BH)-DC = 1MM’ -DC

= SaBCD = 2(MM, DC+NN’ )(dpcm)

3.2.3_ Dién tich da gidc

1, Phuong phap

a. Da giac déu. Cho n — giic déu (n > 3) c6 d6 dai méi canh bang a

Dién tich cha da gidc déu dugc tinh theo cong thitc:

) 2 180°
S‘:EZ—-COtngO

Chitng minh. Xét n - gidc déu A, A,.. A, (n> 3) canh a. G01 O 1a tam cha

n - glac déu. Ta c6 OA; A, la tam gidc cén tai O c6 dién tich. bang — dién
t1ch da gidc A1A;.. A,

Xét AOAlAz co A1A2 ‘='a, LA10A2 =_ 36:? . Kédlf(\:ﬁ'lg cao OH Ta
c6 ' ' : '
| 1 AAY 180° a2 180°
=%SOA1A2—§‘-A1A2~OH— 7 - cotg - _Z_'COtg'n
Tir d6 ta 6 dpem. - o o

b. Pa gidc tuy . Dé tinh dién tich ctia mot da g1ac bﬁt ki, ta thuorng
si dung cdc phuong phép sau:
i, Phuong phdp chia nhd. Chia da gidc thanh cac h1nh nhé cdc hinh
nho nay kh(‘)ng c6 diém trong chung sao cho tinh duoc dién tich cha chung
Dién tich da g1ac bang téng dién tich cia céc hinh nho do.
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i1, Phuong phdp b6 sung. B sung vao da giic da cho céc hinh cé
dién tich tinh dugc d€ thu dugc mét hinh 16n chita hinh ban ddu c6 dién tich
ciing tinh duge. Khi d6, dién tich da gidc da cho bang dién tich hmh mdai
‘nhan dug trit di tdng dién tich cdc hinh b8 sung
2, Vi du minh hoa

Vi du 3.25. Cho luc glac déu ABCDEF
- a. Tinh dlén tich cua né theo h Ia trung doan cta'luc gidc déu

-b. V& hinh bmh hanh tuy y ¢ cic dinh thudc cic canh cla luc gidc déu
© va c6 tam d6i xing tring v6i tam cta luc gidc déu. Goi S, s 14n luot 1a dién
tich cia luc gidc déu va hinh binh hanh. Ching minh ring:

-2
< =S
723
~ Giai
a. G01 O 1a tam, a 12 40 dai canh cha luc gidc déu, ta cd
5“ht300=h£ (1——-'—'2\3/_’7,

= Sapcper = 6S04B = 6( ah) = 2v/3h%.

' b. Gia st hinh binh hanh MN PQ thoa man diéu klcn bai todn. C6 hai
trub‘ng hop xay ra:
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B ® M, N cung thuOc canh clia luc glac déu, chang han canh AF (H3 37)
Kh1 daé: :

CQ

5M0N<SA0F=> ,<— s< 28,

6

- .Mcn
- oalw"

e M, N thu()c hai canh hén t1ep cua luc- g1ac déu (H3. 38)

Vi M nam tren canh AB nen SMNO < max(SANo, SBNO)

Mat khac SANO < SAFO =Sipo va SBNO = SABO (Vl NA”BO)

’ S
. < =
DO do, SMNO SABO = 13 6 =3

Vi du 3.26. Cho tt gidc 16 AB'CD. Chu'ng minhkrz?mgr :

SABCD <= (AB CD+AD- BC’)

. Giai

Hinh 3.39.
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Goi d 1a dudng trung truc cﬁa AC. Ldy B’ déi ximg voi B qua d. Ta cé:

‘ SABC = Sspc, BA = ' B'C, BC B A
- = Sapcp = Sasc + Sapc /
| = Sume + Sapc
= Sapcp
= Sapp + Sep'p

Z%(AB’ . AD -sin B'AD +CB'- CD -sin B'CD)

l(AB' .AD+CB'-CD) = %(AB .DC + AD - BC). -

_Tudo tacodpcm ~ . ‘_ o 0o

Nhan xét: Tir vi du trén, ta c6 ket qué sau: "Cho tu glac ABCD cic canh

laa,bc, d (khong theo thi tu). Kh1 d6 Sapcp < = (ab +cd) "

Vi du 3.27. Luc gisc ABCDEF c6 tam d6i xu'ng va P, Q,R lin Tuot nam
trén cdc canh AB,CD, EF. Ching minh réng SPQR 5 ;SABCDEF

- Giai

E T
Hinh 3.40.

‘G01 O 1a tam d6i ximg cta luc gidc. Ta c6 céc duong cheo AD,BE,CF

déng quy tai O va moi duorng chla lyc giéc thanh hai phén c6 dlén tich bang
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nhau. R
Xét AACE ta cé

Sace = Soac + Sock + Soar
= Soar + Sorr + Sogp

1 .
= SApEr = ESABCDEF, (%)

Tuong tu, Sppp = %SABCDEF-

Cach1. =~ - R

- Xét cdc diém P, Q, R bat ki trég cdc doan AB, CD, EF ta c6 P thuoce
doan AB nén SPQR < max(SAQR, SBQR)- Tinh chit cha Q, R tuong
tu, do d6 ton tai 3 didm X,Y,Z thuee tap {4, B, C,D,E,F} sao cho
Spor < Sxyz = Spor < Suce = ESABCDEF (dpcm). e
Cach 2. - ' U S o

Lan luot 14y P’ , @', R’ d6i xting v01 P,Q,Rqua0. Ta c6 luc gidc PR'QP'RQ

noi tiép luc gidc ABCDEF. ‘Tuong tyr ching minh (), ta ¢6 Spop =

» §SPR’QP’RQ’ < SSABCDEF- '
' P=A4Q=CR=E

P=B,Q=D,R=F O

Dfiu "=" xdy ra khi va chi khi [
Vi du 3.28. Chiing minh ring t6n tai ba dinh lien tiép ctia mot luc gidc 161
lap thanh mét tam gidc c6 dién tich khoéng 16n hon 6 dién tich luc gisc d6.

| " Giai
- bat: : ,
- P=BENCF,Q=AD NBE,

R=ADNCF,s ='5ABCL;EF-7 ' I
Ta thdy, cdc tit gidc ABPF, BC’DQ, DEFR d6i mot khong c6 diém trongr
chung. : ’ ' - '

That vy, xét 1 gidc ABPF. va td gide BODQ ta c6 hai doan thing
CD va AF ndm & hai nla mat phing bd BE vA P,Q € BE =t gidc
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mnhs.;}l, o i - ‘

ABPF va tit gise BCD(Q nim & hai nita mat phing bd BE, do d6 khong
c6 diém chung trong. Tuong ty, ta c6 céc tit gidc ABPF, BCDQ, DEFR
doi mot khong c6 diém trong chung. Vay oL

Saspr + SBC_DQ + Sperr = SABCDEF — Spor < S

= t6n tai it nhdt mot trong ba tit gidc trén c6 dién tich khong vugt qué §S .
'Khél}g mét téng quét, gid st 1a ABPF. Ta lai ¢6 Sappr = Sapp + Sapr

1, 1
~® Sapp < Sapr = Sapp < §SABPF < ES-

Goi he, hp, hy 14n luot 12 khodng céch ti C, P, F dén dudng thing
AB. Vi P thugc doan CF nén hp > min(he, hr). E
Khong mét tdng quét, gid st he = min(he, hr) = he < hp =
1 S
—2-hc -AB < hp - AB = S4pc < Sapp 5%5 = (dpcm)'.-
e Sapr < Sapp # Sapr < '2'SABPF < 65._T110‘ngvtl_1 nhu chu'ng minh
trén vi P th'u{)c‘:jdoan‘ BE nén SABF‘ < SAP‘Fx hoac SAEF S Sapr. T

dé tacédpcm. . o , E [

O
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3.3 Dién tich hinh tron va mot s6 hinh lién quan
3.3.1 Cac cong thirc tinh dién tich

1, Dlen tich hinh tron ) _
~ Cho hinh tron tim O, bén kinh R. Dién tich ciia n6 duogc tmh theo c6ng'
- thifc : .
' - S= 7rR2

2, Dlen tich hinh quat tron | ,

Cho hinh quat tron AOB tam O, bén kmh R va gbéc & tam bing o
0La < 360°). Dién tich clia quat tron AOB dugc tinh theo cong thifc

7R%a lR

S =: 360 o (l 1a do dai cung AB)

Hinh 3.42.

Nhén xet°

Néu o = 0° thi quat tron AOB bién dang thanh bén kinh OA dlén tich- -
cua n6 bang 0.

’Né’u a = 180° thi quat tron AOB 1a nlra hmh tron (O, R)
“Néu o = 360° thi quat tron AOB 14 hinh tron (O, R).

3, Dién tich hinh vién phan : -
. Cho hinh tron (O, R) Hinh vién phan xdc dinh bo‘1 cung AB 1a phén
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hinh tron gi6i han bou cung tron AB va day cung AB (trong hinh v&, hmh
vien phan dugc biéu dién boi mién gach $0C). ‘

mm&uf

~_ Dé tinh dién tich hinh vién phan x4c dmh bdi cung AB ta léfy dxén tich
~‘quat tron AOB trit di dién tich tam gisc AOB.

' Swen phan AB — Squat wdnAOB — SAOB :

. =ﬂ£$x—§R%mAOB (#) |
Chi §: Véi hoc sinh bac Trung hoc co sd, cong thiic (*) chi dugc 4p dung
trong trudng hop a 14 géc nhon. Thuc t€, cong thitc trén vin ding véi trudng ’
“hop a vudng hodc tli (xem lai céng thifc tinh dién tich tam gidc & §1 chuong

3). V6i trudng hop niy, néu khong sit dung cong thic (*) cdc em c6 thé

lam nhu sau:
Ké OHLAB = AOHA vu()ng ta1 H c6 AHOA = E

= 0OH = Rcos—AI-I RsmE-

(7 o
= SAOB = ~R éln—z- cosi -
" 4 Hinh vanh khan .
Cho hai hinh trdn déng tam (O R,), (O R,) (R, > Rz) Mién gi6i han

béi hai dudng tron (mién gach soc) duge goi 1a hinh vanh khan.
Dlén tich cha hinh vanh khan dugc tinh theo cong thitc

S =m(R,? —Rz)
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5, Hinh Iu®i liém (hinh trang khuyét) |
~Chio"hai diém ‘A4, B fcfs-?q;n'h: Dit AB =2a. V& dudng tron (Oy, Ry),
Khi d6 ta c6 hai hinh trang khuyét H;, Hp(mién gach soc).

D& tinh dién tich hinh tring khuyét H; ta 1am nhu sau: Hinh trang
khuyét H; 13 hinh duogc gié‘irhanﬁbé‘i' hai cung my,n,. Xét hinh quat tron
va hinh vién phan dugc xdc dinh béi m;, ni. Goi S 1a dién tich hinh quat
trdn AO1 B, S, Ia dién tich hinh vién phan ABO,. Sy 13 dién tich AABO,.
Khi d6, dién tich hinh trang khayét H dugc tinh theo cong thic:

: ff-.',Sl;IEr :,51 ,"f‘»;(_SZ'.'*‘, 53) '-

Dé tinh dién tich hinh trang khuyét H, ta Iam tuong ty.
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~ . 6, Hinh khuyén tai -~ - S . R
Cho hai dudng tron (O, Ry), (0, R,) tiép xic trong tai A (R1>R2)
“Mién gach soc dugc goi 1a hinh khuyén tai tao bdi hai dudng tron da cho. -

Hinh 346. i |

- Dién tich hinh khuyén tai bang dién tich hinh tron 16n trx di dién’ tich
hinh tron nho. o e e :
- » ) k o lSkﬁliyé‘n & — 7r(}zlz - R22) '

7, Hinh hda binh | |

Cho b6n diém A, B, C, D theo tht ty cling nim trén mot dudng thing.
Dung céc nira dudng trdon dudng kinh AB;CD, AB vé cing mot phia d6i-
v6i dudng thing AD. Dung nira dudng trdn dudng kinh BC khéc phia véi -
ba dudng tron kia. Mién gach soc duge goi 1a hinh hoa binh.

Hinh 3.47.

‘Dién tich hinh hda binh dugc tinh theo cong thic

S= %w(kuﬁ + BC®~ AB® -~ DC?) -
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Dic biét, néu AB = CD thi dién tich hinh hoa binh bing dién tich hinh
tron dudng kinh AC (ban doc ty ching. minh).

8, Hinh trang khuyét Hy-po-crat . o o

Cho AABC vuong & A. V& nita dudng tron dudng kinh BC. V& phia
ngoai tam gidc vuong, v& hai nira dudng tron dudng kinh AB va AC. Mién
gach soc duoc goi 12 hinh tring khuyét Hy-po-crit.

Hinh 3.48.

Ta s& tinh dién tich ctia hinh trang khuyét Hy-po6-crét theo d6 dai cdc canh
cia AABC. Goi dién tich céc nira dudng tron dudng kinh BC, CA, AB l4n
- luot1a S,, Sy, Se. Tacé : ' '

1 ag,
Sa—§7r-(§) gma
Sb—27r (2) —’87rb,

Ll Gl
Sc—27f (2) gTe

Dién tich clia hinh trang khuyét Hy-po-crét 1a
, B

2§c + l7r(b2 +—a?) = %bc.

S=SABc+Sb+SC—S¢¥ 3

Vay dién tich cia hinh tring khuyét Hy-po-crit bing dién tich clia
AABC. : ' ; '

"9, Hinh hoa thi ba canh

~ Cho tam gidc déu ABC, tam O c¢6-d6 dai canh bing a. V& ba dudng
tron ngoai ti€p céc tam gidc OAB, OBC, OCA. Chiing cit nhau ting d6i
tao thanh hinh hoa thi (mién gach soc). ' o .
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mmawf

Dlén tlch cua h1nh hoa thi duoc tinh nhu sau:

Goi A’ 1a tam dudng tron ngoal tiép AOBC thi dé théfy AA’BO déu,

| <6 canh bang R = —\3/—% Do t1nh ch4t d6i xing cha hinh qua céc truc O A,

OB, OC nén hinh hoa thi gém 6 hinh vién phan bing nhau, trong d6 c6
mot hinh, ching han la hinh vién phan BOA'. Ta c¢6:

nR? - R? V3

Sciuat BA’O’ - . 6 SA BO - 4
=> Shoathl - GRZ(E - \—{4‘_‘) - —(2 - 3\/_)
10, Hinh hoa thi bén canh | e
) A B~ .
D O C

Hinh 3.50.
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Cho hinh vuéng ABCD, tam O, c6 do dai canh bang a. “Vé bon dudng
tron ngoai ti€p cdc tam gidc OAB, OBC, OCD, ODA. Cic dudng trdn
cét nhau timg déi tao thanh hinh hoa thi bon cdnh (mién gach soc).

Viéc tinh dién tich hinh hoa thi bon cénh xin danh cho ban doc.

3.3.2 Vidu minh hoa
" Vi du 3.29. Cho dudng tron tam O. AB, CD 12 hai dudng kinh-vuong géc

ctia dudng tron.VE dudng trdn tam C, ban kinh C'A. Ching minh ring dién
tich hinh trang khuyét ADB (phén gach soc) bing dién tich AABC.

e

Giai’

 Hinh 3.51.
Ta c6:
| 90 o
S ua 2 - = 2
_ q tAC'B 7TAC 360 4AC
SABC = —AC = Swen pn - ABC = EACZ — —A02

4
Dién tich cua h1nh trang khuyét ADB la »

_002 ACZ——AZ ,I Y R Ve BV
27r : ( C’ ) = 4,AC 4AC + 2AC ZACf .

Tir d6 ta o6 dpem. R o
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" Vi du 3.30. Cho ba dudng tron (01) {(02), (Os) bén kinh 1 doi mot tiép
© xic ngoai véi nhau. Cic ti€p tuyén chung ngodi dy, da, d; chia ba dudng
tron doi mot giao nhau tai A,.B,C nhu h1nh v€. Tinh téng dién tich cac

mién gach sOC.

Giai

N
Cl "B2
° A
o, Y 0\
4, A C

Hinh 3.52.

'Cach 1 : . o o
" Phén gach soc gOm sau phan ta dénh sO Sl, Sg, 53, S1y sz, 33 nhu h1nh
veé. -

Vi (01) (02), (03) Ia cdc dudng trdn bing nhau nén AABC 1 tam
gidc déu v S1 = S, = S, $1 = 82 = 83. Do d6 dé tinh dién tich phan gach
soc, ta chi can tinh Sy, 81- :

Dién thh mdi dudng tron 1 L (dvdt)

© Xét titr gidc AC’10132 1a hinh thoi g1a c6 |

AClABz = 600 LAC,0; = 90°, 0:Cy = 1
S ACy = 0,C - cotg30° = V3
= SAQOB; = ACl 0,C; = \/_ (dth)

Quat tron C10;Bj ¢6 géc & tam 1a 120°, do d6 dién tich cha né 1a

. 120 7,
- Squat tron 1018y = 7T01012—— = -3- (dvdt).
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51 = 54¢10,8, — Squat wom €10, 8, = V3 - 3 (dvdt).

| Tit gidc A; A,050, 13 hinh chit nhat c6 OxA; = 1,0,03 = 2. Go1 A
1a ti€p diém cha (02) (0s). -

Vi ZA024' = 90° =5 Squy wnirar = g(dvdt).
Vay .

81 = SA1,A20302 - ql;lat n'bnArl;OzA’:_ Squat tronA;03 A’
St , r ,
= 54,4,050; — Squat wonA; 0,4 = 2 — 3 (dvdt).
- Dién itl'Ch_ phﬁﬁ gach soc la
S=3(S1+s) = '3(\/5 - §) +3(2 - -) =6+ 3\/5 - (dvdt)
Ciach2 o
Goi A', B',C'" 1a céc ti€p diém cha 3 dudng trdn (O,), (0), (O3). Dien
- tich cia phdn gach soc bing dién tich cia AABC trix di dién tich cla ba
dudng tron va dién tich cia tam gidc.cong A’ B’ C'. Goi dién t1ch tam gidc
cong A'B'C' 1as.
Tix cach 1, ta c6 AC, = \/_ C}CQ =2do do

AB AC; + BCy + C1Cy = 2(v3 + 1)

S’ABC = AB4‘/_ = \f(f+ 1)? = 4f+ 6 (dvde).

TAm gidc 010203 13 tam giécdéu canh 0102 =2= .5'010203 = /3.

Cic quat tron B'O,C", C'O,A, A'03B’ la cic quat tron bang nhau c6
goc & tam bang 60°. Do do ‘

™
Sqti’at tronB'0.C! = E

, . ‘ -
B =S :'50102,03 - 3Sqm_lt wonB/' O C" = ‘/5 - 5 (dth)
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Vay dién tich mién gach soc 12 ,
S:4x/§+6—37r-[(\/§—g,)=6+3\‘/§—577r (dvdt).
, o

Vi du 3. 31. Cho hinh chit nhat ABC’D c6 AB = a\/_ AD =a. Goi E Id
trung diém canh CD. AE cit BD tai M.

a. Tinh dién tich hinh tron ngoai tlé'p AMAB.

b. Chitng minh ring tu glac BMEC n61 tlep duoc va tinh dién tich hinh
tron ngoai ti€p cua né.

" ¢. Tinh dién tich phén chung clia hai hinh tron trén

Giai

Hinh 3.53.

a. Goi O 1 giao diém cda hai dudng chéo AC, BD. Tam giéc ADC’ cé - -
trung tuyén AE, DO giao nhau tai M nén M 1a trong tam AADC Do d6

R 2 2
DM=§DO:%DB= VAB® + AD “‘/§

3 3
Theo dinh 1§ Pytago, ta c6 B :
AE? = AD? + DE? = o® + (9—2‘/2)2 = 3%
a6
=>AE=%=>AM EAE=E%/——
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- Taco M A? +M D? = % + a_; = dz = AD? neén theo dlnhly Pytago

tac6 AAMD vuong tai M. Vay dudng tron ngoai ti€p AMAB c6 tam O,

12 trung diém canh AB v ban kinh R; = 9—‘2/—5
| Di¢n tich dudng tron ngoai ti€p AMAB ]

ra?

| o S = 7TR12 = 7

b. Theo cau a thi ZBME = 90° va theo gid thiét ZBCE = 90° nén it gidc
BCEM noi ti€p duoc trong dudng tron dudng kinh BE. Dudng tron nay
c6 tam O, 12 trung diém cha doan BE va bén kinh R, = - Mat khéac

BE = AE = “—‘2@ (cau a). Do dé Ry = ‘%@'

Vay dién tich hinh tron (O, Ry) 12

' 3ma?
s SQ:T,WR22 =78

c. Phén chung ca hai —lﬁn‘hr tron (01, R;) va ‘(‘Og, R,) (mién gach soc) gém
hai hinh vién phan BMO; va BMO,. Vigc tinh todn cu thé xin danh cho

ban doc. = 0

3.4 Nguyén Iy trai tham

Hinh 3.54.




| 34 Nguyén—l}'l trdi tham : 187

Cho hai tdm tham c6 téng dién tich bing dlen tich nén nha. Néu ta trai
hai tdm tham trong pham vi nén nha thi dién tich phdn nén nha chua duoc
trai tham bang dién tich phan nén nha dugc phti bm hai lorp tham ' '

Chﬁ‘ﬁg minh. Goi S 1a dién rtich'nén nha, Sy, S» 14n luot 1a dién tich cha
hai tdm tham, - ' :

- Goi dlén tich phan nén ‘nha chua duoc trai tham 1a Ss, dlén tlch phﬁn '
nen nha dugc phu hai 16p tham 12 S4. Ta pha1 chu’ng minh S5 = Sj. '

~ Theo gia thiét ta c6 S = S; + 9,. Dién t1ch phan nén nha ch1 du0c phu
bdi tdm tham thd nhﬁt s =5 -5

Dién tich phan rién nha chi dugc phii bdi tdm thdm thit hai 1a S = S9—Ss.

Dién ‘tich phén nen nha duogc trai tham s=238 +S5+5 = (S +
S ) Sg S Sg ' > '

Vay dién tich phan nén nha chua duoc trai tham 1a S4 =S -5 =
S — (S 53) Sg '

Tir d6 ta c6 dpem. - . . O

~Nhan xét: Ta thdy két qua trén d‘ung voi haz tdm tham ¢6 hinh dang bdt ki
* thod man tdng dién tich bdng dién nch nén nha.

Hinh 3.55.

. Cho hai tdm tham c6 dlén tich bing nhau trai tren nén nha. Kh1 d6, dién
tlch phan nén nha chi dugc phu boi tdm tham thit nhﬁt bang dlen tlch nen
nha chi duge phu boi tdm thadm thi ha1

Nhan xét: Glong nhu truong. hop’ trén, két qua van dung voi haz tam tham
- ¢6 hinh dang bdt ki thoa mdn diéu kién dién tich bdng nhau
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Do nguyen 1y lu6n ding véi hai t4m tham c6 hinh dang bt Ki nén ta c6

thé dp dung vao gidi mot s¢ bai toan dien tich véi hinh phic tap.

3.4.2 Vi du minh hoa

Vi du 3.32. Cho ti gidc ABCD. Goi M 1a trung diém clia AB, N Ia trung.
diém caa CD. Gei P 1a giao ca AN va DM, Q la giao ciia BN va CM.

‘Chiing minh ring Sy pyg = Sapp + Spqc. '

Giai

Tuvidu3.24tacd

Ap dung riguy_én ly trai tham d6i v6i hai tdm thdm N AB, MDC va nén

nha 1a tit gidc ABCD ta cé
| Smpng = Sapp + Spgc  (dpem). |
Vi du 3.33. Hinh thang ABCD c6 ddy AB < CD. Qua A, B ké hai dudng

~ thing song song cét canh CD tai G, H. Hai dudng thing niy ciing véi hai-
~ dudng chéo chia hinh thang thanh 7 tam gidc va 1 ngii gidc. Chimg minh -

ring dién tich ngii gidc bing t6ng dién tich c4c tam gidc ¢6 chung canh véi
hinh thang.
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Hinh 3.57.

Té gisc ABHG 1 hinh binh hanh nén AB = GH. Goi khoang cich cia
ABvADClh Tacd » | ‘

1 T |
Sacc +'SBHD = '2‘(DH + GC)h= E(AB + DCYh = Sapep-

'Va»y ta ¢6 hai tdm tham AGC va BHD c6 tdng dién tich bang dién tich -

nén nha ABCD. Ap dung nguyén 1y trii thim ta c6
Sercrx = Srap + Seas + Sksc (dpcm)-v
Vi du 3.34. Cho tif gidc ABCD. I,J ln lugt 1a trung diém AC, BD va
hai doan AJ, BI giao nhau tai P, hai dudng thang AD, BC giao nhau tai
M. Ching minh ring Syrps = Spap- _ . o
Giai
Goi O la giao cia AC, BD. Vi hai doan thing Al, BJ | giao nhau nén I
" nam trén doan AO, J ndm trén doan BO. That vay, o

e I=J=0= ABCD I hinh binh hanh, mau thun véi gid thiet

AC, BD giao nhau. '

e Néu hoic I = O hoic J = O, khi d6 hai doan AJ, BI khong giao
nhau. - S : ' . -
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Hinh 3.58.

e Gid st I ndm trong doan OC, khi d6 A, I nam & hai nita mat ph?mg
- b BD, ma J € BD do 46 hai doan AJ, BI khong giao nhau. Vay
I khong thuoe doan OC. v -
Tuong ty, ta ¢6 J khong thudc doan ‘OD. j

Ldy A’ tren tia OA, B' trén tia OB sao cho OA' = OC,0B' = OD, ta o

A'B'CD 1a hinh binh hanh, Vi0A4>0C = 0OA",OB > 0D = 0B’ nén
M la giao cha hai_tia AD, BC. Ta cé:

' ' 1 1 1 «
SMJA = Susp+ Sasp = §SMDB + §SADB = ESMAB-

- 1 1 1,
Sm1s = Smic + Spro= 39Mac + 55B4c = 55MaB -
V& Si1a+Swuis = Syap. Xét hai tin thim MJA vi MIB c6 t6ng dien
tich xbﬁng dién tich nén nha M AB. Phdn nén nha dugc trdi hai 16p tham 1a
fit gidc MIPJ va phin nén nha chua dugc tri tham 1a tam gidc PAB. Ap

) dung Ilgliyél'l 1}" trai thém ta co SMIPJ = Spup (dpcm) v » (I

Vi dy 335, Cho Iuc gide déu ABCDEF c6 canh bing a. Goi M,N 1a

trung diém cta CD, DE. AM cét BN tai I. Tinh dién tich tit gisc IM DN,

| | Giai |
Goi dién tich luc gidc déu Ia S. Ta c6 § = %g—’ 2,

Goi B',C’ 14n hiqt 1a hinh chi€u vuong géc cta B, C & trén dudng thang
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Hinh 3.59.

AD Xét AABB' vuOng & B' c6 ZBAB’ — 60° = AB’ —AB Tuomg tu,

| DC' = —C‘D Do do AD = 2a. Mt khac AD||BC’ = SABC = §SACD
Tix d6 ta cO: ,

R 1 1 1, 1
Scp ="SAB{3 = ESAQD, = §$AED = ESNAB? ESABCDEF = ES’ ’
. -
Sapcm = SBGDN =§S (1)

Ap dung nguyeén 1y trai thdm d6i vo‘1 hai t4m tham c6 dién tich bing nhau
ABCM va BC.DN ta co SIMDN = SABI Vay dé tinh SIMDN ta tinh

‘B
SABI Do vay ta can tmh t1 sO "

V‘1 M N 1a trung dlem C’D DF nén SDMN = iSCDE —v—zle
M 1a trung diém CD nén Spuc =§SBCD = I%S‘ Vay
| | 1 1., 1
‘Sapm = Sapcm — SBoM = (g - 1—2-) 45
, - R 1 1., 7
Sanm = SAMDN = SDMN' (5 - QZ)S = %
BI SABM . )
== ba ta 5 2 '
# IN - SANM T (xem Al p3 ) . ( ) T

Xet ANAB tlI( )taco-SABI = %SNAB = BS. Vay.SMIND(;ES:: 1
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‘Vl du 3.36. Cho hinh binh hanh ABCD. Trén canh AB,CD lén luo‘t liy
M, N sao cho AM = CN. Trén canh AD l4y diém P bét ki. M N giao vé6i
BP,CP lan luot tai Q, R. Chung minh ring SQBCR = Samop + SprND.

Giai

AP||BC = Sppc = Sppc = ‘2'SABCD’W (1)
AM = CN=>AM+DN¥BM+CN

= SamMND = SBMNC = *SABCD (2)

Tir (1),(2) = Sppc = Samnp. Gid sir tdm thdm thd nh4t 13 tam gidc
- PBC va tdm tham tht hai 14 tif gidc AMND. Ta c6 hai t4m tham ndy dién-
tich bing nhau. Phén nén nha chi dugc phii bdi t4m thit nhat 1a AM QP va
PRND. Phin nén nha chi duoc phi boi tim thdm thu‘ hai 1a QBCR. Ap
dung nguyén 1y trai tham ta c6

Samop + SprND = SqBcR (dp(;m).; |

35 Bai .tap va goi § 10 giai

Bai tap 3.1. Tam gidc ABC c6 dlén tich 1. Trén céc canh AB, BC, CA 14n

lugt 14y céc dlém D, E, F sao cho AD DB,BE = 2EC,CF = .—FA
Tmh dxén tich ADEF. ‘




3.5 Bai tdp va goi ¥ 10 gidi o . 193

Bai tap 3.2 Cho AABC. Trén céc canh AB, BC,CA 14n lugt 14y cdc diém
D, E, F sao cho cic tam gidc ADF, BDE, C’EF c6 dién tich bang nhau.
AD BE - CF

AB - ~ BC C’A

Chimng minh-

S Hué’ng dan
AD BE - CF

Patz="= (z,9,2 € [0,1)).

aBY BC’ - CA’ :
Chlmg minh SADF = :L‘(l - Z) SBDE = y(l - :I:) SCEF = Z(l - y)

Gia stt, z > maz(y, ) => Sapr > Sppr (mau thufin v6i gia thi€t). Tuong -

tu véi y, z

- Tir d6, tgco dpcm. | , o o

Bai t4p 3.3. X dinh iém G trong AABC sao cho Sgas = Sec = Seoa- .

Hmmg dﬁn

SG A5 = Sege, G nim trong AABC do d6 G thuéc trung tuyén AD Tuong
-y, G thugc trung tuyén BE. Vay G 1a trcpng tam AABC - O

. Bai tap 3.4. Chu‘ng minh ring trung diém 2 canh ddy, giao hai duo’ng cheo

va giao hai canh bén clia hmh thang thang hang

. Huéng dan | .

Cho hmh thang ABC’D ddy AB||CD, O = ACN BD,I= - ADN BC.Ta
D

c6 — AD _ J—B—C' Ching minh Sio4 = SIOB, Stop = Sroc. O

AT~ BI'

~ Bai tap 3.5. Cho AABC va s0 thuc k > 0. Tim tap ho‘p dlem M thoa manr h

SaBm = kSACM

Bai tap 3.6. Cho ti gidc 16i ABCD va s6 thyc £ > 0 X4c dinh tap hop 3
~diém M thoa min SABM = kSACM ' :

Bai tap 3.7. Cho AABC va sO thyc S > 0. Tim tap hop diém M thod man
Sapm + SACM S.

* Hutng din

- Xét diém M ndm trong géc ZBAC, tuo‘ng tu voi truo‘ng hop M nam trong
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, cac goc AAZ, AAg, 4A4 D(mg thang AMNBC = M. Ta co:v

SABC' = SM’AB + SM'AC, -
SmaB _ Smrac _ AM'
SmaB  Smac ~ AM
Sapc _ Sapc  _ AM
S SMAB‘FSMAC - AM

AB _AC SABC
AD~ AE S

= M chay trén doan DE Vi

' Quy tich di€ém M la hmh binh hanh DED’E’ odé D', E’ d01 xtng véi
D, E qua A , , o O

~i o

~ Bai tap 3.8. Cho tit gidc ABC'D va s6 thue S > 0. Tim tap hop diém M

thoa man- SMAB + SMCD =8,

, Hudng dan o -

G1a su AB NCD =1. Lﬁy X,Y l4n lugt trén AB, C’D sa0 cho IX AB
IY - CD. Khl dO SMAB—Sij, SMCD—SMIY Ta duabal toan vé& fim
- diém M thoa man SMIX + Syry = S - O

Bal tap 3.9. Cho ha1 ducmg thing dl, d2 khOng song song va s6 thue k> 0.
T‘1m quy tich diém M sao cho téng khoang cach tit M dén dl, da bang k.

Hu’o‘ng din
‘Dit A = d1 Ndy. Ly B,C trén dl,dz sao cho AB=AC = 1. Ap dung

7'“ba1tap7vorlS k. : i o

‘Bai t tﬁp 3.10. Cho hinh chit nhat ABC’D BC’ _ 4,CD =b. Trén cc canh
BC,CD vé€ phia ngoa1 hinh chit nhat dung c4c tam glac déu BCM CDN
Tinh dién tich tam gidc AMN. :

Bal tap 3.11. Cho AABC nhon trgc tam H. ‘Chiémg minh rang Sipc =

. 4(AH BC + BH AC+CH. AB) Neu AABC th két qua trén con dung
: khong‘7
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- - Hudng din , .
Goi O 1a tam duong tron ngoai ti€p AABC' Vi AABC nhon nén H,O.
nam trong AABC. Goi I, J, K 1a trung dlém BC,CA, AB. Ta c6

Sapc = SOAB + Sosc +Soac )
Apdungv1du15taco AH—QOI BH—20J C‘H-—2OK a

~ Bai tap 3.12. Céc dinh cla tam g1ac ABC nim trén céc canh cla mot tam

gidc c6 dién tich S Chung minh ring dién tich cuia AABC khong vuot qua

S

- Bai tap 3.13. Trén canh AB, BC C A cia tam gidc déu ABC lan llmt léfy :
cic diém P,Q, R sao cho PQLAB, QR_LBC RP1CA. T1nh ti s6 dién

tich tam gidc PQR va tam glac ABC.

- -Huorngdfm,',_ .
APQR AABC’ = APQR déu Ta chung minh ducc AP BQ =
CR. S ’ »D

" ,“'Bal tap 3. 14 Cho ti glac 101 ABCD G01 K la glao d1ém ciia ha1 duong,
~chéo AG, BD. Goi P,Q la trung diém cua AC,BD, M;N la trung diém -

cia AB,CD. Chu‘ng minh rang SPMQN = »—ISAKB - SCKDI

- Bai tﬁp '3.15. Cho du'o‘ng tron (O R) va ha1 day cung khong song song "
AB,CD. Pudng vuong géc v6i AB ke tir A cit dudng vuong ‘géc véi CD
ké tix C va tit D 14n luot tai M, P. Duong vuong géc véi AB ké tir B cit
- dudng vudng goc voi CD ké tir Cva tix D lan hro‘t ta1 Q N. Chu’ng minh
ring: R . L

a. AD, BC,MN dﬁngquy- o

" b. AC,BD, PQ dbng quy.-

Hmmg dan , , o
Chungmmhtuo‘ngtuwdu35 SRR SURRS T 'D

Bal tﬁp 3 16 Cho AABC' va3 dlém P Q, R lan lu'o‘t nam trén AB BC’ CA.

©Chc diém A, B/, c' lan luo’t nim trén RP, PQ, QR sao cho ABHA’B’ '

BC”B'C' CA||C'A'. Chéng minh ring flg’ Seer

SAIBICI 7
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Hudng dan 4

N : AB.  BC C ,
- ~ AABIC! — — :

AABC ~AABC. Datk =10 = —= = ow TS

Spap  _ Spac _ Sope 1

. Saamp  Savcc Sepoc  k+1
= (kz - l)SAIBrCI = (SPQR — SAIBICI)(k + 1).

O

‘Bai tap 3.17. Cho tit gide 16i ABCD. Goi E 1a giao cha ABva CD, F Ia

- giao clia AD va BC. Chimg minh ring trung diém céc doan AC,BD,EF
thang hang. - S -

Hu’o‘ng din
1
—SABCD)
Tu d6, dp dung vi du 3 2 ta c6 M N & qua trung diém caa EF 4

Bai tap 3.18. Cho hinh bmh hanh ABCD. Lan luot 1y céc diém M, N, P
trén cac doan BD, BC,CD sao cho CNMP 1a hinh binh hanh.- Goi E,F
14n luot 12 giao diém cta BD vudi AN, AP Chung mmh ring SAEF =
SeN + Sprp.

Hu'(mg din

- Sapm = SDPM, SAMN—SBMN . o 7 o

Bai tap 3.19. Cho hinh thang can cé mot géc 45° noi tlép duo‘ng trbn (O, R)
- Céc canh cua hinh thang hop v6i dudng trodn tao thanh bén hinh vién phan
Tinh dién tich cia cdc hinh vién phan dé.

- Bai tap 3 20. D& vé& mot bong hoa 6 cinh bé Yén vé dudng tron bin k1nh
Scm. Sau d6 em 14y 6 diém A, B,C,D, E, F trén dudng tron sao cho 6
- diém nay lap thanh luc gidc déu. Em v& vé phia ngoai dudng tron ban du
cdc nira dudng tron dudng kinh AB, BC,CD, DE, EF, FA. Hinh thu duoc
- 1a m(’)t bong hoa 6 canh. Hay tmh dién tich clia béng hoa d6. -

Goi M N l4n luot Ia trung diém AC, BD. Chu'ng minh SEMN = SFMN(
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Bai tap 3.21. D& v& mot bong hoa 6 c4nh bé Tun c6 cich nhu sau. Em vé

dudng tron (O) ban kinh 5 cm. Tun tiép tyc 14y diém O, bét ki trén duong

tron (O) va v& dudng tron tam Oy ban kinh 5 cm. Dudng tron (O,) cat (O)
tai hai diém, Tun chon mot trong hai diém, chéng han (O.) r6i lai v& dudng

 tron tam (O,) bing cdc dudng trdn trén, réi lai chon giao diém clia (O2)

véi (0). Ct nhu thé cho dén khi cdc dudng trdn tao thanh tring véi cic.
* dudng tron cii. Liic &y em c6 mot bong hoa 6 canh nim & giita dudng tron
(O) (H3.61). - Lo e o
' Hiy tinh dién tich cia bong hoa d6

ATAN

Hinh 3.61.

" Bai tap 3.22. Chbo' ti gidc ABCD. Cic diém M , N, P, Q 14n lugt 12 trung

diém AB,BC,CD,DA. Dat X = APNBQ,Y = BQNCM, Z =

CM N DN, T = DN N AP. Ching minh ring:
Sxyzr = Sagx + Semy + Sonz + Sppr-

* S Huéng dan \ |
Ap dung nguyén 1y trai tham v6i t& gidc BNDQ va tit gidc AMCP.. 0



Chuong 4
Cuc tri hinh hoc

4.1 Bai toan cuc tri hinh»hgc,

bo lo‘n cta mot géc, do dai cla mOt doan thang, chu vi hay dién tlch clia

-mot hinh phéng,... .goi 12 nhiing dai lugng hinh hoc. Vi gin lién véi cdc
hinh phéng nén céc dai lugng hinh hoc thudng bi chin. Bai todn tim gid
tri 16n nhét va nhd nhét cia dai lugng hinh hoc g@i’lé bai toén cuc trj hinh
hoc. Trong muc nay ching t6i chi gi6i thiéu mot s6 bai todn cyc tri hinh
hoc co ban thudng gap vi khéng cd mot phuo‘ng phédp chung nao dung cho
moi truo’ng hop. - '

Vi du mmh hoa

Vi du 4.1. Tim dién tich lo‘n nhat cua tam glac vuéng n01 tlep trong mét -
v "duo’ng tron c6 dinh. :

Hinh 4.1.

198
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Giai

Goi ABC la tam giic vuong dmh A n6i ti€p trong duo‘ng tron (O,R). Vi BC

- la dudng kinh nén BC = 2R =const . K¢ AH 1 AB. Goi dién tich AABC
1a.S, tacoS R-AH. Matkhac tacoAH<AO RAH=R& A

1a trung diém cla cung BC ‘ )
Vay Spaz = R2 khi A 1a trung dlem cung. BC’ : O
Vi du 4.2. Cho duo’ng thang d va hai diém A,B & ngoax vé mot ph1a cua

dudng thang d. Tim trén duorng thang d dlém M sao cho LAM B dat gid
tri 16n nhat

Giai

o Xét truong hop AB||d

M ,
H‘mh 42.

Ve duomg tron (w) qua A, B vA tiép xtc véi d & 1. Tac I c6 dmh

va AAI B nhan gid tri khong déi. Dat AAI B=a.

Véi moi diém Me d, M i I, MA MB cat duomg tron (w) tai A’ B'
,Ta cé ’

LAMB = llsd(ATB _AB)|
, LAMB L |—sd(AB AB’)| <a.
= ZAMB < /AIB, dfu "=" xiy ra khi M=1.
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Chufong 4. Cuc tri hinh hoc

‘o Xét truong hop AB /|d. Gid st ABNd = I. Dung dudng tron

- (wy), (wz) qua A, B va tiép xiic v6i d & I, I,. Ta xét hai tru'o‘ng hop
* diém-M trén dudng thing d thuoc tia I1T; hay tla IL.

) M € tia IT,. Pat ZALB = o,. Cic tia MA, MB cit duo‘ng
tron (w;) 6 A, B, tacé :

R OO S 8 M
-Hinh 4.3.

ZAMB =%sd(AAB —ABY<a
= ZAMB < ZALB, dfu "=" xayrakhi M = I,. (1)
zz) M e I, Xef ciu'dng tron (wz) dat ZALB = o5. Tuong ty
trén ta c6 néu M # I thi £LAMB <a. (2 ‘

Tt (1), (2) suy ra néu a; > ap thi VM € d ta c6 AAMB Sova

' LAMB = oy khi M = I,. Vay I; 1a diém cén tim.
- Néu AB1d, dé dang chitng minh dwgc hai dudng tron (w1), (w2) bang

nhau va ap =-ay. Khi ds, cuc dai cia ZAMB dattaivitl M = I
hoac M= = . -

O

 Vl du 4.3. Cho dudng thang d va dlém A c6 dinh khOng thuéc duo‘ng thing

d6. Xét géc Lz Ay cé do 16n bing o khOng d6i, quay xung quanh dinh A
sao cho hai canh cia géc cét dudng thing d & M, N. Tim vi tri cua goc dé
MN c6 d6 dai nho nhat

Giai
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B

My M H M N N
: ‘Hinh 44.

o & > 90°. Ké AH1d, ta c6 M,N nim vé hai phia cia H. Ta s&
chimg minh ring M, N c6 d0 dai nho nhét khi M, N d6i xing nhau
qua H, nghia 1a néu My, No 1a vi tri cha M, N sao cho HMy = HNy

‘thi MyN, nhén gia tri khong déi va MN > MoNo v6i moi vi tri ciia

} , That vay, gia st HN > HM. Ldy M' d6i xéing cha M qua I thi

1‘ - /MAH = /ZM'AH. Vi ZMyANy < ZM AN nén AN, 1a phan gidc

. géc M'AN. Do AM' < AN nén NoM' < NoN.

Vi M, 1a diém d6i ximg clia No qua H nén MMy = M'No. Tir d6 ta

e ax< 906.

M, My M N N

-
H
 Hinh 4.5.

-

Néu M, N nidm vé hai phia ctia H thi 1ap luén fwong tu nhu trudng
hop trén ta c6 do dai M, N nhd nhdt khi M, N déi xing nhau qua H.
- Vay dé két luan M N nho nhét khi va chi khi M, N d6i ximg qua H,
ta chi cén ching minh néu M, N ndm vé mot phia cla thi ton tai
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Chuong 4. Cuc tri hinh hoc

trudng hop My, Ni ndm vé hai phia cia H sao cho MN > M N;.

That vay, xét truong hop M, N nam vé mot phia cia H. Pudng phan
glac géc LZMAN cit MN & N,. Ké AM,; hop v6i AM géc —2— vé

phia diém H. Ap dung tmh chat dudng phan gidc ta c6:

M1M<MN1 <NN1 = MiN; < MN. Ne |

Ly Mz trén tia M, H sao cho AM2 hop véi AM, goc % ta co:

MQM < MlNl, AMQAN = Q.

Q

Néu M, M1 & cung moét phia v6i H, ta tlep tuc lay diém M; thoa

man M3AN2 = —. .Ta lai cé:

2 N |
M3M1 < M2M LM3AM, = o

Qua trinh trén cif tlep tuc cho den khi co diém M, Mk 1 ndm khéc

. phia d61 véi dlem H va ta c6:

MMy o, My 1 My_3 < ... < MN

va My, M;_, nim khéc phia d6i véi H.
Pén day bai todn dugc chiing minh.

O

Vi dy 44, Cho dudng tron (O, R) va day cung AB c6 dinh (AB < 2R).

Trén cung 16n AB 14y diém M. Tim vi tri cha M de chu vi tam gidc MAB
dat gid tri 16n nhat.

- Giai

Trén tia d6i clia tia AM 14y diém N sao cho MN = MB. Khi d6 chu

vi AAMB béng 2p = AN + AB. Do AB = const nén chu vi AAMB dat
gid tri 16n nhat khi va chi khi AN 16n nhat.

ABMN cin tai M va phan gifc MH ciia géc ZBMN 1 phan gidc
ngoai clia géc ZAM B. Vi phan gidc trong cia ZAMB 1a MI (I 1a trung
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N I o )
Hinh 4.6.

Td1em cung nho AB) nén ZHM I = 90°. Do d6, M H cit duorng tron (O)
ta1 J va I J 1a dudng kmh cha ducmg tron (O ) (J 1a trung diém cung 16n

AB)

Mat khéc, ABM N can tai M nén M J 1a dudng trung truc cua-BN. Tur
d6 ta c6 JA = JB = JN va N thuoc dudng tron c6 dinh (J) tam J bén -

kinh. JA. Khi d6 AN 1a day cung cta du‘ong tron (J) do d6 AN dat gia tri
16n nhat khi va chi khi AN 1a dudng kinh cha (J) hay M = J.

Vay chu vi AMAB dat gid tri lo‘n nhat khi M tring vo‘1 trung dlem J

-cuacunglcmAB o ' S ™

Vi du 4.5. Cho AABC c6 ZA < 60" Trén canh BC lay dlem Ic6 dmh o
Tim trén canh AB, AC hai di€ém M, N dé chu vi ATMN dat gid tri nhd

nhat

Glal
Goi By 1a d1em d6i ximg véi B qua AC. Khi dé AABlC doi xing voi
AABC qua AC. Do d6 diém I c6 dlem d6i xing qua AC 1a I nam
~ trén doan B;C. Tuong tu goi C; 1 diém d6i xing cta C qua AB t_h1

AAC, B d6i ximg vé6i AACB qua AB. Do d6 diém I 'cé diém d6i xing

qua AB 1a I, ndm_ trén doan C,B. Il,I2 12 hai diém co dmh Tu dé ,
VM € _AB N e AC tac6: ML, = MI, NI} = NI = chu vi AIMN

~ bing 2p:MI2+MN+N11 = p > I1I,; Vay chu vi ATM N dat gié tri
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Hinh 4.7.

‘nhé nhét bang I I, khi I, M, N, 11 thang hang hay M, N 1a giao ctia I;],

vcncaccanhABAC’ ' - . 0O

42 si dungbfit dang thitc dai s6 tim cyc tri hinh

hoc

421 Mot vai bt ding thitc dai s6 hay ding trong hinh
- 1. Bat dang thirc Cosi |

- Cho hai s6 khong am z,y. Ta co
y z + Yy

\/_

Hé¢ qui. Cho hai s6 khong am z,y.

I)Neuz+y =g (a 1a hang s6) thi t1ch ‘zy dat cuc da1 khi
2 .

. a a
r=ys=g va max(:r;y) = Z o ;
2) Néu zy = a? (a@ > 0 13 hing s6) th1 t6ng T +y dat cuc tidu
khiz =y —avamln(x+y)—2a ' :

2. Bt dang thitc Bu-nhi- -a-cOp-xki
- Cho hai b6 s6 (a,b,c), (x,y,2), ta cé

- (az + by +cx)? < (6 + 02 + )@ +y* + 2%).
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D4u " "xayrakhlvachlkhlaV=9=E

o Ty =z .
Hé qua. Cho ba s8 :c‘,y,z, khi d6 z2 + ¢ + 22
T e NG |

4.2.2 Vi du minh hoa

Vi du 4.6. Cho duong tron (O, R). ABCD 1a hinh chit nhat ndi t1ep trong
“dudng tron. Chu‘ng to rang dién tich hinh chu nhat lon nhdt khi né 1a hmh

vudng. : .

Giai

Hinh 4.8.

'Goi dién tich hinh chi nhat ABCD 1a S. Ta c6 S = AB - AD.
Vi ZBAD = 90° nén BD la dudng kinh dudng tron. Tir d6 ta c6:
| AB? + AD2 BD?=4R%,

. ¥ 1 92
SZ——w/ABZ AD2 éﬁ_}/—l—%_zR?_

| Défu "=" xdy 1a , khi va chi kh1 AB = AD. ,
Vay max Sapcp = 9R? khi ABCD I hinh vuOng.‘ ) 0

R
Vi du 4.7. Trong dudmg tron (O, R) cho diém I c6 dinh v6i O = 7 MN

~ 1a day cung bat ky- qua. I Tim gla tri nho nhat cua do dai day cung M N. '
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Giai.

Cach 1.

* Hinh 4.9.

Ké EF la dudong kinh qua I (E,I cing phia d6i ‘vé‘i 0).Ta cé:
IM IE

AIME ~ AIFN(3.9) = 7= = T2 = IM - IN = IE.IF
_ y
IE = R—?IF R+]:=>IE IF=(R )(R —)—BR.
‘Ap dung bt dang thitc C051 ta c6:
2
MN IM—I-IN >2VIM "IN = SR 4\/_R

- 9 3
Dé&u "=" xay ra khl IM-—IN@MN.LOI ' '

Vay min(MN) = MTR khi day cung MN vuOng goc véi OI.

Ciéch 2.

- Ké OHLMN. Vi H 1a trung diém MN nén MN nhd nhat khi NH
nhd nhat. Xét tam gidc vuong OHN tacé6 HN2 = R2—~OH? nén NH nho
nhét khi OH 16n nhdt. Vi H 1a hinh chi€u clia O tren MN nén OH < OI B
nén OH 16n nhat khl H I hay OI _LM N ta1 I

2 . -
M = 2NHmm - 2\/R2 - ( \/SR 4‘”‘3 L

0
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Vi du 4.8. Trong dudng tron (O, R) cho diém I c6 dinh, OI = a (0 <
a<R). M N, EF 1 hai day cung bét ky vuong géc véi nhau tai I. Tim gia
tri 16n nhét cla dién tich t¢ gidlc MENF. :

Gii

u/]

Hinh 4.10.

Goi S 1a dien tich t gidc MENF. Vi MNLEF = S = %MN EF.
To O ké OPLMN,0QLEF thi P,Q la trung diém MN, EF. Ta.c6:

- MN = 2\/R2 OF?, EF = 90 /R = 0Q2 OP* + 0Q2 '012*: a2,
- 2\/ RZ —OP?)(R? — 0Q?) |
<2 —[(R2 OP?) + (R* - 0Q°)]
=2R? — (OP2 +0Q?) =2R? - a®

fou =" xay ra kh1 OP OQ hay ti glac I POQ la hinh vuéng
Vay maxS = 2R2 —a? kh1 IPOQ 1a hmh vuong O

- Vi du 4.9. Cho tam gisc nhon ABC’. Trén canh AB 14y diém M bt ky.
K& MN song song véi BC(N € AC). Goi M', N’ 1a hinh chiéu ciia M, N
tréen BC. Tim vi trf cha M d¢€ dién tich hinh chit nhat M NN'M’ dat gid
tri 16n nhét. Tim gla tri do blet ring dién tich AABC 1a s.
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Giai
A
M‘/ ‘
mnim :
B\ M - H- N C

Hinh 4.11.

Go1 S 1a dién tich hinh chit ‘nhat MNN'M',tac6'S = MN - MM |
AH 1a dudng cao ctia AABC. Ap dung dinh 1y Talét ta c6:

MN  AM MM’ _MB
BC  AB’ AH AB
MN MM AM+ MB

Bt A = aB "
MN MM COS! 1
S = BC AH - FC,— ﬁ < ZBC AH = —SABC '—5

MN MM 1
BO = AH —EhayMlatrungdlemBC

Vay Spax = 5 khi M 1a trung diém BC . . O -

Déu "=t kay ra khi

Vi du 4. 10. Cho doan thing AB = 2a. O 12 trung diém AB. Hai tia Az By

 cung vuong géc v6i AB va nim cing phia d6i véi dudng thang AB. Trén

Az, By lan lugt 14y M, N sao cho ZMON = 90°. Tim gla tri nhoé nhét clia
dién tich AOMN khi M chay trén Az. ' :

| Gidi
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_ Hinh 4.12.

Ta co:
' ‘ AM OA

OB BN
' =>AM BN OA- OB—a —const '

Mat khac, SOMN = "SABMN Dodétacé

AAOM ~ ABNO (= =m

Sos =5AB ﬂl—;ﬂ %AB (AM + BN)
' Cosi -
>' 2AB. (2VAM -BN)
=-11i;2a-2d=a2. |
Vay min Sopn = o khi AM = BN=a = | =

Nhan xét: Phuong phdp dp dung cdc baft dang thifc da1 s6 dé tim cuc
tri hinh hoc tuy rét tién 10i; song vi cic di€u kién rang buéc cta dai luong
hinh hoc c6 lic khong tim dugc truong hop dat cyc tri ma bat dang thic dai
$6 da chi ra. Khi d6, bai todn tim cuc tri hinh hoc phéi dugc giai theo mot
huéng khéc.

Ta xét mot vi du mlnh hoa cho truong hgp nay.

Vi du 4.11. Cho duo’ng tron (O, R) c6 dudng kinh AB 06 dinh. Trén OB
14y I c6 dinh, OI =a(0 < a < R). MN 1a day cung ba‘t ky di qua I. Tim
gia tri 16n nhat cia dlén tich AAM N
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Giai

Hinh 4.13.

Goi M', N’ lin m& 3 hihh chiéu vubng 96¢ cha M, N trén AB. Tac6
| SAMN—SAIM+SA1N——AI MM'+ AI NN'
'DatAAIM-—ataco o
. MM,—IM sina, NN’—IN sina

=> SAMN = §AI (IMsma+ INsma)

= %AI sina - (IM+IN)
1

] , §AI MNsma

Ké OHLMN. Pit OH =z, ta 6 MN—Z\/W

,XetAOHItacosma—OH T Y
Ol a

R+a

Vay SAMN = (R +‘a) 2\/ R? — g2 =
Ap dung bat dang thue COSl ta céi

R+a o+ (R?-7°) —R+a R’
 Samn < - ==
a 2 a 2

x2(R —z2).

Dau"."xayrakhlfr #Rz z? &=
nén OH<OI hay z < a. Xét hai truongh

R
e khac AOH I vuong
\/—

op:




4.3 Sir dung cdc tinh chdt hihh,h(_)c don gidn tim cuc tri , 2n

Datt=1%(0<t< a2);ta c6 7
SAMN"': R: a\/ t(R2 - t) = R : g (___t2' + R2t)

" nén Sauy dat gid tri 16n nhat khi (—#* + R? - 1) dat gid tri 16n nhdt.

Xét ham so f (t) = —t + R, ta c6 f déng bién troﬂg kheang
(—oo —IZ—) = f déng bién trong khoang (0, a’ ]
Vay max Sapn = (R + a)V/R? — a? khiz = a.

4. 3 Su’ dung cac tmh chat hmh hoc don gian tlm
cuc trl

B 4.3. 1 Cac tinh chat hmh hoc don gian

Trong tiét nay chung ta sit dung céc tinh chét hinh hoc dcm gian de tim cuc

tri.

~ 1. Doan thang ndi hai dlém cho trudc c6 do dai bé nhét so véi do da1 cic

“dudng gdp khic tuy ¥ n6i hai diém d6. Tir 46 dé théfy trong mot tam glac

' "bﬁt dang thitc tam glac" 1a trudng hop riéng:

e AB + BC > AC. Dfu "=" xdy ra “khi va chi khi B nim trén dogn
AC. - '
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e AB— BC < AC. Dfu "=" xay ra khi va chi khi B ném trén tia AC.

2. Trong mot dudng tron, dudng kinh 1 day cung 16n nhat.

3. Cho duong tron (O, R) va diém A. Pudng thing AO cit dudng tron tai
hai diém M, M,. Gia st AM; < AM,. Khi d6, v6i moi diém M trén
dudng tron ta c6: AM; < AM < AM,. ' :

4.3.2 = Vi du minh hoa
Vi du 4.12. Hai dudng tron w; (01, Ry),ws(Os, Ry) giao nhau tai A, B.
Pudng thing d bdt ky di qua A cét w; tai M, cit w, tai N. Ti€p tuyén tai
M clia w; va ti€p tuyén tai N clia w, giao nhau tai 1. Tim gid tri 16n nhat
clia ban kinh dudng tron ngoai ti€p AIMN khi d quay quanh A.

Giai

Hinh 4.14.

Xét 1t gidc IMBN ta c6:

LABM = £AMI, ZABN = LANTI (géc giita tiép tuyén v}é.. day cung)
- = /MIN + Z/MBN =180° = tt gidc IMBN noi tiép.
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Mat khic, xét AMBN ta c6 LAMB,/ZANB nhan gid tri khong déi
= /MBN khong d6i. Goi O 1a tam dudng tron ngoal tlép AIMN ta cé
AOMN can va ZMON = 2ZMIN = const.

Vay khi d thay déi ta c6 cac tam gidc OM N nhan dugc dOng dang véi
nhau nén ban kinh dudng tron ngoa1 tlép AIMN 16n nhat khi MN 16n
nhat. '

Ké O:ELAM, OZFJ_AN o MN= 2EF Xét tam glaC vu6ng 0.EF
ta CO
EF = OF < 00

Déu "=" xay ra khi va chi khi EF L 0,0, = d||0102
~ Vay bén kinh dudng tron ngoai ti€p tam glac IMN dat gid t1‘1 ldn nhﬁt
khi dudng thang d song song véi. 0102 v : |

Vi du 4.13. Trén cac canh. AB 'BC,CD,DA cua hmh chir. nhat ABCD 7
 18n lugt 14y cdc diém M, N, E, F. Tim vi trf bon diém do dé chu vi it gidc
- MNEF dat gid tri nho nhat.

‘Giz"li‘
A M B
X /1 N
F J
o X
D . E C

Hinh 4.15.

Ta ching mmh két qua phu sau:

Cho diém M c6 dinh. Khi chu vi t& glac MNEF dat gid tri nho nhit
‘ta ¢6 M NEF 12 hinh binh hanh c6 cdc canh song song véi céc duong chéo
chia hinh chit nhat ABCD. : ’




214 o - Chuong 4. Cuc tri hinh hoc

Thit vay, goi I, J, K ldn luot 12 trung diém MN, ME, EF, ta c6:

IB = %MN, 1J = %NE JK = %MF,.DK = %EF h
| (h¢ thiic luong trong tam _giéé vuong). '

Véy chu vi tit gidc M NEF bing
’zp: 2(BI +1J+JK + KD) > 2BD.

- Ddu -"=" x4y ra khi va chi khi B, ]I, J K D theo thu ty ndm trén mot
' ducmg thang = MF|]NE||BD ‘

Tuo‘ng tu ta ¢6 dé chu vi ti glac M N EF dat gid tr1 nhd nhat thi M N
|| EF || AC. Vay chu vi MNEF dat gié tri nho nhdt thi MNEF 1a hinh
binh hanh c6 cgnh song song v6i dudng chéo cuia hinh chit nhat ABCD (ket

~qua- phu dugc ching mmh) o : ~

" Tir chimg minh trén ta nhan tha’y, néu tf gidc MNEF c6 cdc canh song
song v6i cdc dudng chéo chia hinh chit nhat ABCD thi chu vi clia né 1a
p= 2BD = const, khOng phu thuOc vao cdch 14y diém M trén canh AB.

7 Vay chu vi tir gidce M NEF' dat gid tri nhé nhat bing 2BD khi MNEF
12 hinh binh hanh co céc canh song song véi cdc dudng chéo cua hinh chir
nhat ABCD. . - . v - b

Vi du 4.14. Cho tam gidc ABC c¢6 BC = a,CA = b,AB = c¢. M la
'mot diém thuoc mién trong AABC. Goi E, F, K lin luot 13 hinh chiéu
vuong géc cua M trén BC,CA, AB Xéc dinh vi tri dlem M de thh
ME -MF -MK dat g1a tri lo‘n nhat

©Giai
Ta cb: ‘

Do d6, dp dung bat ding thic Co-si v6i bo 3 56 a- ME, b- MF,c- MK
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B E ' )
Hinh 4.16.

ta c6:
a-b-c- ME-MF MK = (a-ME)r-(b_;MF)o(.c'-»MK)' }
< %(a-M‘E+szF+'c-MK)3
=88%c
o e < 85hmc
= ME -MF-MK < ——.
o abc
Dau "= xay 1a kh1 va chx kh1
d-ME=b'MF=C’°'MK<':>SMBC=SMCA=SM>AB<:)M
'~ Ia trong tam AABC. | | |
Vay max(ME - MF MK) SfI‘JBC khi M 1a trong tam AABC. O

Vi du 4.15. Cho dudng tron (O, R) va diém I c6 dmh nim trong duomg
* tron.Tim trén dudng tron diém A sao cho géc glua I A va t1ep tuyén ta1 A

cta duo‘ng tron 1a nhd nhéft
Giai

- Kéo dai Al cét dudng tron & B. ZBAz = %sdAAB = /BAz dat gi
tri nhd nhat khi sd AB dat gié tri nhé nhat <> AB dat gid tri nho nhét. .



206 - - Chuong4. Cyc tri hinh hoc

Hinh 4.17.

Ké OHLAB, tacé AB = 2\/R2 OH2 = AB dat g1a tri nho nhét
khi OH dat gid tri 16n nhét. E

Xét tam gidc vuong OHI ta c6 OH <0OIvAOH =0I & ABLOI.

Vay gbc gilta T A va ti€p tuyén tai A dat gid tri nho nhét khi A 1a giao
diém cta duong thing vubng géc véi OI ta1 I v6i du'(mg tron w. Bai toan
c6 hai nghiém h1nh .‘ ‘ R

Vi du 4.16. Cho tam gidc ABC cin dinh A. Goi O I trung diém BC.
- Puodng tron (O) tlep xdc v6i AB ¢ E, ti€p xic v6i AC 8 F. Dlém H chay
trén cung nho EF ti€p tuyén ctia dudng tron tai H cit AB, AC’ ldn luot

tai M, N. X4c dinh vi tri ca diém H d€ dién tich AAM N dat gid tri 16n
nhﬁt

. ‘ ‘Glalﬁ-_-iA P
, Dé thay OM ON 14n lu'o't Ia phan gidc géc AEOH AFOH Tu do ta co

sMON = 2= ;B AC _ JABC = AMBO ~AOCN (gg)

_MB_BO BC?
=~ o¢ = o = BM- CN O0B:0C == =econst. (1

Talai'cod Samn = Sabc —SBMN’C nén SAMN dat gid tri 16n nhét kh1 -
vachi khi Spync dat gid tri nho nhét. Goi R 1a ban kinh (_iub‘ng tron (O),
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A

Hinh 4.18. -

ta cO}

SBMNC' = SBOM + SMON + Snoc

= —R(BM +MN +NC)
= 5R[BE +CF+2(BEM+FN)]  (MN =EM +FN)
=R(BE+EM+FN) (BE=CF)

— R(BE + BM + CN'—2BE) = R(BM + ON ~ BE) 2)
Ap dung bdt dang thue Co-si, tir (1 ) va (2) suy ra.
Saunc > R(VBHM-CN — BE) = <—BZ—C b

Déu "= " xhy a khi va chi khi BM = CN & MN]|BC khi va chi khi

* H 1a giao diém ctia dudng trung tryc clia BC' véi du(‘)‘ng trbn (0).

~ Vay dién tich AAMN dat gi4 tri 16n nh4t khi H° 1a giao cda dudng trung . |
truc cha BC véi dudng tron (O) 7 , - O

Vi du 4.17. Cho AABC, trén trung tuyen AD lay dlem I c¢6 dinh. Pudng
thing d di qua I 14n luot cét canh AB, AC tai M, N. Tim vi trf cBa duomg '
thang d dé dien tlch AAMN dat g1a tri nho nhit.
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Giai .

Hinh 4.19. .

. Tu B,C dimg céc duo‘ng‘thﬁng song song véi d, 14n luot cit tia AD tai

E,F. Dé thay ABED = ACFD nén DE = DF hay AE + AF = 2AD.

" Ta ¢o:

Goi hs, hM 1a khoang cich tir B, M dén AC. Ap dung dinh ly Talet,

- . hp
T otach — = —
hy

SaBc

AB AE AC _ AF
AM =~ AI' AN~ Al
_ AB  AC _AE+AF AD

T am AN T Al =2 ar = const.

Samn

' AM. o ‘ R
(
% AN or AN’ AM=Y 7 T Ar
= SAMN > SAB? ;141.;22
D4u "=" xay ra khi va ch1 khi — AB _ AC MN||BC

AM AN
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Vay min(Samn) = Sasc - i khi d-1a dudng thang di qua I va song

'songvdiBC.- ‘ . S ' , ' O

Vi du 4.18. Cho géc nhon @Oy va diém I ¢6 dinh nim & trong géc d6.
Pudng thing d di qua I va cit Oz, Oy 14n luot tai M, N. X4c dinh dudng
thing d dé dién tich AOMN dat gié tri nhd nhat. ‘

Giai

Hinh 4.20.

 Truéc hét ta dung dudng thing A di qua [ cit Oz, Oy tai E, F sao cho

IE = - [F ). Ta dyng dudng théng A nhu sau: -

Liy O’ 1a d6i xtng cia O qua I. Tir O' ké dudng thang song song v6i
Oz cit Oy tai F, song song v4i Oy cat Oz tai E:'Vi OEO'F 1a hinh binh
hanh nén OO’ N EF = I 1a trung diém cia E. Ldy Ala dudng thang EF,
ta c6 A thod man diéu kien ®, A ¢ dinh.. ‘ '

Gia sit d 1a dudng thang bat ky qua I cét Oa: 6 M, cat Oy & N. Ap

' dung vi du 4.17 ta c6:

OE OF 20[

omton"o1~*

Ap dung bt dang thitc Cosi ta c6:

OFE OF<1 OE - OF

OM 'ON = 2(OM + ON)
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s OE _OF _ | .
D4u xayrakh1vach1kh1 O ON 1®OE OMOF ON

hay M = E,N = F.

} Vay khi dudng thang d tring v6i A thi dién tich AOM N dat gié tri nho
- nhat. o B : N O

Vi du 4.19. Cho ba diém A 1,B thang hang theo thu' ty. Goi dl, d2 1 hai
nira dudng thing vuong géc véi AB tai A B va nim vé cung mot ph1a doi
véi dudng thing AB. G6c vuong Lzl y quay xung quanh dinh I sao cho
hai canh chia géc tuong ng cit'd, & M, cit dy 8 N. Tim vi trf cha M, N
dé dién tich AIM N dat gi4 tri nho nhat.

Giai

Ta cé:

JAMI + ZAIM = 90°, ZBIN + ZAIM =90° |

= /AMI = ZBIN = AMAI ~ AIBN(g.9)

Al AM | L
= BN - BL (%) = AM-BN—AI-BI—const.

Mat khdc,

Sinen = -IM IN = \/7112 + AMZ)(BP + BNZ)
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Ap dung ba’t dang thuo Bu- nh1 a—cép—xk1 ta c6
(AI2 + AMz)(BI2 + BN2) (AI BI + AM - BN)
- Déu "=" x4y ra khi va chi khi - 7 _
ﬂ_/AMé.AI _BI
BI BN =AM BN
Két hop véi ( ) suy ra dlen tlch AIMN dat g1a tri nho nhﬁft khi

‘BI BN Al .
BN~ BI AM

—1 hay BI BN, AT = AM

Khi 46 AAIM, ABIN vuong can tai cdc dinh' A, B = IM,IN hop véi

. AB cdc gbc bang 45°.
Vay dién tich AIM N dat gid tri ‘nhd nhat kh1 I M,IN cung hop véi

'ABgoc45° ; : T

Vi du 4.20. *Cho AABC. G01 r, R lan lIugt 1a ban k1nh du‘o‘ng tron noi,

1
ngoai tiép tam gidc. Chu'ng minh rang _Bi < 5

,.Giﬁi

 Goi I,0 lin luot 13 tam dudng tron noi, ngoai tiép AABC. Qua

A, B,C ké cic dudng thang. song song vdi canh d6i, twong tng giao nhau
tai Al, By, Cy. Tacé AA;B;C, ~ AABC, ti s6 dong dang bang 2. Goi ry
" la bén kinh dudng tron ndi ti€p AA1B1 Crtacdr = 2.

BlC’l, ClAl, A By twong ing giao véi du'cmg tron (O) tal cac cap diém

Ava A, BvaPB, C va C'. Xet cdc cung nho AA' BB’ CC’ Dung'
dudng thang z ti€p xdc vdi cung AA’ va song song VO‘l BlCl, tuong tu dung

‘duo‘ng thing y, z tucmg ing ti€p xdc véi cdc cung BB’ C’C” va song song
- v6i C1 Ay, A1 By. Céc dudng thang z,Y, z tuong ting giao nhau tai cac dlem :

.A2,Bz,02 o

AA,ByC, nhan dudng trdn (O) 1a dudng tron n6i ti6p. AAzByCy ~
AA,B;C; theo ti s6 k. Tir cdch dung hinh ta c6 AA;B,C; l6ng trong
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'B'2

Hinh 4.22.

 AAByCynén k> 1. Tt 46 ta o6

| "R>r :>-R>’27'=>I-<71>
== R™72

Dau "=" xdy ra kh1 va chi khi AAZBZCQ AA1316’1 C(x).

» (*) xay ra khi va chi khi A= A',B=B,C=C & duo’ng thang'i
- 0A,0B,0C 1a duo‘ng trung tryc cia BC,CA, AB & AABC déu. [

Nhan xet Ti 56 E dat g1a tri cuc dai bang ! - khi tam glac ABC deu

’ Vl du 4. 21 Cho dudng tron w(l,r) tiép xdc v6i hai canh clia géc vuong
£z0y. Tiép tuyén d clia dudng tron w 14n luot cit Oz, Oy tai M, N sao cho
dudng trdn w noi ti€p AOMN. Xéc dinh vi #f clia d dé dién tich AOMN
c6 gid tri nho nhéft (kh1 dé chu vi cua AOMN ciing dat g1a tri nhod nhat)

‘Giai
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Yy
v | |
K, _ I , 7— ’ ‘ ‘ g -
\ A T
0 L M
‘ Hinh 4.23.

~ Goi 2p 1a chu vi AOM N G01 H, K, L lan luot la ti€p. d1em cia dudng tron
w véi céc canh MN, NO, OM Khi d6 ti gidc TK OM la h1nh chir nhat,
Ta cé:

2p OM+ON+MN OL+LM+MH+HN+NK+KO
_2(OL+MH+HN) = 2(r + MN)
=>50MN—10 T—T(T+MN) ‘ '

T d6, Somn dat gid m nho nhat kh1 va chi khi M N dat gla tri nho nhit.

' Mat khic, AOMN vuong nén M N la duong kmh du'dng tron ngoa1 tlep
‘ AOM N Ta 6 . . :

_ r V2 -1 21"

, < = MN > .
M N~ -2 \/5 -1

D4u "=" xay ra khi va 2 chi khi AOM N can tai 0 hay d t1ep xiic v6i dudng
tron w ta1 giao diém cua w va OI. : , : O

Vi du 4.22. Tim hmh thoi c6 d1en thh nho nhat ngoai ti€p duo'ng tron -
w(0, R).

| Giéi

Gia sir AB CD 1a hinh th01 ngoai tlep w(O R)
~ bat OA—x OB —-y,SABCD = S Ta c6 S = 2zxy.
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Hinh 4.24.

- Goi H 1a tlép di€m cha AB véi w th1 OH 1AB va OH R Xét tam

gidc vuOng OAB t& chd _
1 1 L const.
toET R
Ap dung b4t dang thuc C0s1 ta c6. .
1 1 /T T _ 11,1 1, 1

1
=l =< = Y=
S 2V 2 22 2(:1;3+y2)' 4 R?
\ . = S>4R%
Ddu "=" xay ra kh1 va chi khw:—y R\/—

Vay hmh thoj ¢6 dién tich nho nhét ngoai ti€p duong tron w(0, R) 1a hinh
vuOngcanh2R ' O

Vl du 4. 23. Cho nra duo’ng tron du’o‘ng kinh AB Xac dmh vi tri diém M
trén nita dudng tron d6 dé ban kinh dudng tron noi tiép AM AB dat gia tri
nho nhét.. '

Giéi

| AB 1a du'dng kinh = ZAM B — 90°. Goi r 12 bén kinh du'o‘ng tron n01 t16p -

AMAB. Theo keét qua 10 (Chuong 1 phén 3. 2) ta c6

r:ME:l(MA+MB—AB)

Vi AB c6 dinh nén r dat g1a tri 16n nhat khi MA + MB dat gid tri lo‘n
nhit. Tacé MA +MB lo‘n nh4t kh1 va ch1 khi M trung dlém cung AB.
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-7 Hinh425,

“Vay bén kinh ducng tron n01 tlé’p AM AB dat gid tri lén nht khi M la 1
“trung diém cung AB. B - g o ‘
|

44 Bz‘itdﬁng thl’rc tam gi_éc_

G01 a,b,cla do dai 3 canh cua mot tam- g1éc ta luOn c6 cic bﬁt dang thirc
‘tam gidc sau: : :
atb>ec (1)
b+e>a (2)
c+a>b (3)

‘Lién quan dén bit dang thitc tam gidc co nhléu két qui hay va don gian.
bé tlén st dung chung ta ky hiéu:

o hy, hb, h: 1a do dai cia dirong cao ha tu cdc dinh twong @ng A, B,C
ciia tam gidc : -

® Mg, mp, M. 12 d0 dai cha cdc dudng trung tuyén

o U, Iy, 12 40 dai céic dudng phan gidc



 thi
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o R 1a do dai ban kinh vong tron ngoai tiép
"o r 13 o dai ban kinh vong tron néi tiép

a+b+ec

e p= --1a nira.chu vi

Vi du 4.24. Chiing minh ring néu a, b, ¢ 1d do dai ba canh clha mot tam gidc
1 ~ 1 . . N } N N .
1 - la do dal ba_ca_}nh cﬁa mot tam g‘iéc.‘ o

1.,a +b b+clc+ _
S -  Giai

Dé giai vi du nay, truéc hét ta ching minh b4t déng thic
' 1 1

S R

. fThat;v’ay-, vib+c>a=b+2¢c> a =2b0+2c>a+b

| P I
. . a+b” 2(b+c)
Tudn tutavcc’i > L | (**) :
gx c+a _2'(b,—|-c)' A
Tu (%), (*+) suy ra N
* 111

- - > .
a+b%c+a' bte

Hoan toan tuong tu ta cé:-

1 .'_'_71»'»> 1.
ct+a b+c a+b
1 1 1

- > —,
’ , Vb+c+a+b c+a
T dé tacédpem. o O
Vi du 4.25. Ching minh rang T 14p thanh ba canh cia mot tam .
) ‘ a b ’ .
gidc dong dang véi tam gidc ¢6 3 canh la a,b,c.




4 4 Bdt ddng thiec tam gidc. - 227

__ Giai 7
Tacd ‘ b ,
, a c
2=x=1=1
ha hy he
Suy ra — h h e lap tha‘mh‘bai'ca_mh clia mot tam gidc va tam gidc nay dong
b fbe ’ ‘

dangvéltamgléccébacanhabc,tysdddngdangk 2S

Vi du 4.26. Cho AABC
- a Chlmg minh rﬁng M, Mip, Me 18P thhnh ba canh cha mOt tam gidc.
b. Ki hleu S(a, b, c) 1a dién tich tam gléc v61 3 canh a b, ¢ va S(my,, ms, mc)
1a dién thh tam gidc véi 3 canh mq; My, Me. * Chimg minh ring

\

S(a,b,0) = §S(ma,.mo, me).

Giéi .
a. Cic trung tuyén AA,, BB, C'Cl cét nhau tai G. Qua C, ké duong thang
song song v6i AA,, cit BB,, BC tal E,Q. Qua C ké dutmg thing song
song v6i BB, cit C,Q tai P.
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Ta c6 1 B 1
EG = §BG ='§‘ "gmb = gmb
EG GG 1 1
| PC~ C,C 3 EG=3RC..
Suy ra PC =my. - RN
mes L E g 1 1
1 161 _lop
clp"clc‘s_’CIE 3P
12 1
ClE——'AG : 5 3 —gmq,

Suy ra C’lP ‘M, va 6'6’1 Me. Tir dé6 ACClP cé ba: canh 12 myg, ms, me
(dpem),

1 I y Lo 1
b. ViCC, = §AA1 nénvly CQ = PQ, suy ra SACCIQ = §S(m“’ My, Me)
Ta c6 o » |
Saceiq = Sacee, — Saqsc

1S(a,,b, c).

Vi | BCy = AC, suy ra Sacpe,. = 5

cQ 1 -
19 = ~ suy ra Sagsc,

1
ZA—l 5 = —S(a, b, C)»

8
Suy ra
, 1

5S(ma,m,,,ma = 35(0,5,0) — gS(a,b,9

1
8
hay S(a b,c) = —S(ma,mb, me) (dpcm) ‘ ]
Vi du 4.27. Cho a,b,c 12 @6 dai 3 canh clia mOt tam gidc chimg minh ring
a® -+ b2+ c? < 2(ab+ b¢+ ca).
Giai
Ta cé -
- -~ cla+b—c)>0
alb+c—a)>0
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. blc+a—b)>0
Cong cdc bdt déng thitc trén ta thu duge - ‘
a® +b? + ¢ < 2(ab + be + ca) (dpcm).
- | D
Vi du 4. 28. Chu'ng minh rang
h + hb + h >9r.
v Glal
Ta cé b+
a c
S=rp= T(—T—) s e
Glog b e 1 1.1
25725725 " he  hy  he
Ta c6 = D '
Lyl .1y 2
he  hp hc—,:'r'—ha+hb+hc
Suy ra hg + hy + he >9r(dpcm) ' O
Vi du 4.29. Ching minh ring
1 1 1.1
— o4 <L,
la +lb + lc - r
 Giai
Tac6ly > haylo > hoyle > hemén
}_ < _1_’ }_ </_1_,’ l< i '
la. - ,ha lb = hb.‘ lc - hc
-Suy ra : L
» 1.1.1_1
Bl R B
0 + A tr < (dpcm) |
O
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- Giai -
12 do dai 3 canh ctia mot tam gidc nén ta c6

l+—1—+v-1-'<'2( S T )
YRR S \hhy " Rk hehs

1 1 1
Vi —, —, —
1 ha, hb, hc

%= (ﬁl_+hlb+hl)2 <4(h1h,, h:h - hlh)
1001 .1 1

© Fahy | Tafe | hehy A%

s

Vi du 431. Xét AABC nhon, tryc tam H, Ay, By, C; I chan cdc dudng
cao ha tir cic dmh A B, C. Ching minh rimg

W
" 8

(L (B (B2 5L

Giai

B Ay C
I'ﬁnh 4, 27

Ki hitu S = Saspe, S1 = SAHBC, Sy = SAHCA, S3 = Samap, tacé
S =5 +5+Ss.

Ta cé ‘ '
HA1 , 5 -HB, - Sg HC’1 S
ST ST R T e @
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Suy ra - ' -

) ) HA1+HBl+H01

AA, BB,  CCy

Theo bét déng thu'c Bu - nhia - cop - ski, ta cé

=1

HA HB HC HA, HB HC .
| (AAi) * (BBi) + (Z*‘cf) = §(AA11 BB, cci)2: ;
Dsu dang thic xay ra khi AABC déu = dpem. f b

4.5 Cong thl’rc Hérong

S=vplp-a)p-bp-c)
‘1a mot trong cic cong thitc tinh dién tich tam glac Nhur ching ta da biét
trong chuong trudc, c6 thé tinh dién tich mét tam gidc theo nhiéu cong thitc
khéc nhau. Do d6 bang céch-tinh dién tich ciia cing mot tam gidc nhung
~ theo céc cong thitc khdc nhau, ching ta s& tim dugc nhitng hé thic lién hé¢
gilta cac yéu t6 khdc nhau cta tam gidc. :

|
Cong thitc Herong L | - . ‘
|

" Vi du 4.32. Chitng minh ring

0- 1, 1 1 1
B (p"a)(p—b)_ (p b)(p—C) (p—C)(p\—a) o
| Giai - '

Tacéi | o
Q=(p'“)+(p“”)+(1’f6>=£='_pi=_
) | : (pfa)(p_b)(p”c) 5% r2p? rzr'

Vi .du 4.33. Ching minh ring ,
—a? (p-b? (¢~ r¥
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» . Giai
Ap dung b4t ding thic ak

a+b+ct>ab+bctcea

tac6. . 3
o 1 + -1 4 1 - 5 1 n
R o P R PP R e DN
+ O S |
P-dp-0o @E-9p-a 1 o
Vi du 4.34. Ching minh ring
o 1 1 1 1 1 1y
b v zo).
p—a p=b p—c *\a b ¢
Ap dung bat déng thac. .-~ -
e a b~ a+bd
tacé o
: 1 1 4 4
> —— = -
p—a p—-b " p—a+p-b ¢
11
p—b p-c~a
-1 1 4
> =
_ , p—c p—a _a
Cong vé v6i v& cc bat ding thic trén ta thu dugc
1 1 1 1 1 1y
IR B _2-2(—+—+—).
p—a p—b p—c \a b c/
_ , o

Vi du 4.35. Chting minh ring

3

=

- §<
-3

g
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o Giai
Ta c6 ) - ‘
‘ (p—a)+@—-b)+@-c)\ _ P
- y — —c) < = 57
p-aE-be ) < (£ 3 ) =%
Suy ra - |
' 2 ) p4 S < p2
PSS
= 27 ~ 3v3 E
Vi du 4.36. Chimg minh ring . |
ab+bc+ca= p? + 1%+ 4Rr.
| | Giai
Ta c6 _ A :
p?r? =S =p(p—a)(p—b)(p—c)
opr?=p 3 — (a+b+c)p? +(ab+bc+ca)p—abc
@pr =-p +(ab+bc+ca)p 4Rrp 7
eri=—p +(ab+bc+ca) 4Rr
@ab+bc+ca ,-;r +p? +48Rr.
O

* Vi-du 4.37. Chimg minh rang
> 3r2 + 12Rr
o o o Giai
Ap dung bét dang thic o
k(a\+ b +¢)? > 3('ab +be+ céz) -

. ta thu duogc : : .
' 4p* > 3(p® + r* +4Rr)
&P >3+ 12Rr (dpcm). .
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Vi du 4.38. Chimg minh ring

- p*+1? > 14Rr.

Ap dung bit dang thitc

ta.co .
-~ ab o
q +bc+ca> 9

- . abc “a+‘b+6,

p? + 12+ 4Rr
"~ 4Rrp -

3

>
=9

& p?+r+4Rr > 18Rr

‘& p?+r2>14Rr (dpem). ¥

Vi du 4.39. Ching minh ring

-p? > 7r* + 10Rr.

Giai
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" Tac62p=a+b+c, suyra
a ¢ b + ¢ a 4+ b N c
b+c c+a a+b 2p—a.j2p].—b‘ 2p—-c

_a(2p— b)(2p — ) + b(2p — C) (2p—a)+ C(2p —a)(2p—b)
(2p—-a)(2p - b)(2p—c) -

_ - 8p? + 3abe — 4p((1zbl-‘}— be + ca)
~ 8p3— (a+b+c)4p? + (ab+ be + ca)2p — abe

_ 8p° + 12Rrp — 4p(p* +r* + 4Rr)
" 2p(p*+12+4Rr) —4Rrp

‘;4p3 — 4pr? — 4Rip
T 2p3 4 2pr? +4Rrp

_2p% —2r? — 2Ry
o p2 47124+ 2Rr

* Ap dung bat ding thic o
LR o b, e
b+c c+ta a+b”

>3
2

vé‘iﬂd, b,c>0,tacd
GpP—W2—2Rr 3, ., |
—— 2> =& p 27 10Rr (dpcm).
p*+72+2Rr T 2 ‘p 2 "+ 10AT (dpem)

Vi du 4.40. Chiing minh ring

\'2 2 a'—l—r.\/p.—ib+\‘/p'— c 5 \/35
.  Gidi

Ap dung bt ding thic
| Va+vbh+ e fatbic
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ta nhan dugc

3

.\/ —a++p +\/ —c<3\[ q+p_b'+p‘—'c=:\/§5 (dpcm).
. g

4.6 Bai tap va huéng din

Bai tap 4.1. Cho AABC nhon. Tudiém M tréen BC ké MELAB, MFLAC. =

| Tim vi trf diém M dé EF c6 d6 dai nho nhaft

Bai tap 4.2. Cho dudng thing d vA hai diém c6 dinh A B khOng nam trén

d: Tim vi trf diém M trén d sao cho:
a) MA+ MB dat gia tri nho nhat.
b) |MA — MB] dat gid tri 16n nhat.

Huéng din .
-Xét hai trudng hop A, B cung hoac khic ph1a d6i véi bo d Uhg dung phép
- d6i xing qua d. _ - O

‘Bai tﬁp 4.3. Cho duomg tron (O R) va dlém A ¢& dinh ndm trong dudng

trdn. Tim vi trf diém M trén duong tron sao cho géc ZAMO dat gid tri 16n

nhit.

Huéng dan : S
Xét khoang cdch tr O dén duong thing AM. - ' o

Bai tap 4.4. Cho AABC ¢6 ZA <'90°. V& ra phia ngoi clia AABC hai
‘nita dudng tron dudng kinh AB, AC. Pudng thang d bt ky qua A cét dudng
tron dudng kinh AB tai M, cét nira dudng tron dudng kinh AC tai N.

a, Néu LA < 90°, tim vi trf chia d &€ MN c6 do dai luén nhat. .
b, Néu LA =90°, tim vi tri cBa d d¢ dién tich hinh thang BCN M 16n
nhét. ‘ ‘ '

Hu6ng din

Néu ZA = 90°, xét dien tich AABM va AACN. T
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Bal tap 4.5. Cho duo‘ng tron (O, R)vaday. cung c6 dinh AB (AB <2R). M
‘12 mot diém bét ky trén dudng tron sao cho AM AB nhon. "AA',BB',MM 4
1a céc duo’ng cao cia AMAB. Tim vi tri cua dlem M dé chu vi AM 'A'B’
dat gid tri 16n nhat. .

Hmmg dan

Goi H 1a tryc tam AMAB, chttng minh HM_LA'B’ Tir 46 suy ra chu-vi

AM'A'B' ti 1¢ thuan v6i dlén tich AMAB . L 1

Bai tap 4 6. Cho tam glac nhon ABC’ Tim vi trf diém M nim trong tam ‘

gidc sao cho (MA+ MB + MC’) dat gi4 tri nho nhét

: Huéng dan =~ -
G1a st B > C Ching minh rang trén BC, B 1a diém c6 tOng khoang cich
dén hai canh AB, AC nho nhit. G1a stt A > B> C, voi M trong AABC’
ke dong théng qua M va song song vcn BC. ‘ o a

‘Bai tap 4 7. Cho géc nhon :rOy va d1em I ¢6 dinh thuOc mién trong cia

nhﬁft

7 Hm’mg dan

Xembai42 e

Bai tap 4.8. Cho duong tron (O, R) va tit gidc ABCD nCn tiép trong dudng
tron. Chiing minh ring néu chu vi clia ABCD dat gid tri luén nhét thi né
12 mot hinh vuong. S

| | ‘Huéng dan
Xem vi du 4.4. , B I O

-Bai tap 49. Cho du’o‘ng tron (O) va diém I c6 dmh khong- thudc dudong

tron va I ;t" 0. Tim vi tri clia ducng thang d di qua O cét dudng. tron tai
hai diém M, N sao cho:

a, IM + IN dat gid tri nho nhét.

b, IM + IN dat gié tri 16n nhdt.

géc. Tim trén O:z: Oy céc dlcm A, B sa0 cho chu vi AI AB dat gia tr1 nho -
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Huéng din SR
Chia bai todn theo trudng hgp I ndm trong hay ngoai duong tron (O). Xét
khoang cdch tir I t6i dudng thang d. ‘ E O

Bai tap 4.10. Cho AABC vuong can & dinh A. Trén BC’ lﬁfy dlem M, goi

E, F 14n luot 1a hinh chi€u vuong géc caa M trén AB, AC. Xic dmh vi tri
diém M &€ dién tich hinh chit nhat AEMF dat gié tri 16n nhét.
Bai tap 4.11. Cho AABC vuoéng can & dinh A. Dong tron w tiép xic v6‘i "
, AB tai B, tlép xic véi AC tai C. Dudng théng d bét ky ti€p xic v6i cung
" BC cia ducmg trdn w cit cdc canh AB, AC l4n luot tai M, N. Chung mlnh '
rang:

(AB + AC) <SMB+MC<3 (AB +AC)

Bai tﬁp 4.12. Mot tam gidc cé ba dlnh nidm trén ba canh cta hinh binh
" hanh. Chung minh rang dién t1ch clia tam gidc khOng vuot qui nira dién
tich hinh binh hanh. :

' ~ Huéng din ' .
Gi sir cdc dinh E, F, K n3m trén ba canh AB, BC, CD cia hinh binh hanh ‘
~ABCD. K& duong thang qua F, song song v6i AB,CD. - ‘ O

Bai tap 4. 13 Cho AABC va d 1a dutorng thang bdt ky di qua A kh()ng cit
tam gidc. Goi B',C’ ldn luot 1a hinh chiéu cia B, C trén dudng thang d.
" Xi4c dirih vi trf dudng thang d dé: :
“a, (BB' 4+ CC') dat gié tri nho nhat.
b, (BB' 4+ CC") dat gié tri 16n nhﬁft.

' Huféng din ,
' ‘Lafy B’ ddi xing véi B qua A. ‘ : . EJ

“Bai tap 4.14. Trong géc nhon xOy cho hai diém c6 dinh A, B. Xdc dmh
trén Oz, Oy ha1 dlém C, D sao cho dudng gﬁfp khic ACDB c6 do dai. nhd
nhét.

Ban tap 4.15. Cho 1 gidc 16i ABCD. Tim vi tri cia dlém M @ MA+
MB + MC + MD dat gi4 tri nhd nhét. ‘
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Bai tap 4.16. Cho hinh vuOng ABC'D Trén BC, CD 14n luot 14y hai di€ém
M, N sao cho ZMAN = 45°. Xiéc dinh vi trf M,N dédlen tich AAMN
dat gid tri nho nhét.

: Hu'é’ng dan St .

AM, AN 1an 1u0t giao véi BD tai E,F. Ching mmh rang‘ SapF _ 1
" Samn 2.

Ap dung vi du 4.3 dé giai bai toan o a

Bai tap 4.17. Cho AABC, dung du'o‘ng tron ndi ti€p tam giac. Tw’p tuyén
song song véi BC cit AB, AC 14n luot tai M, N. Tiép tuyén song song
~ v6i CA cét BC, BA lan luot tai E, F. Ti€p tuyén song song vm AB cit
CA CB lan Iuo't tal I J. Chu'ng mmh ring:

Santn + Sppr + Scri 2 3548C

dfu "=" xdy ra khi va chi khi AABC déu.

| Huéng din -
" Goi ha, hs, he 12 dudng cao cia AABC tuong ting véi céc dinh. Ta cé:
1.1t
ha hb hc - T
Samn 2r., Sper_ (. Scis _ 2r .4
= (1 - — , = y , ]_—_ .
SaBc ( ) SabBc h ) SABC hc)

Bai tap 4.18. Cho AABC ngoai tiép du’émg trdn (I r). Duéhg thﬁng qua

I song song v6i: BC cét canh AB, AC tai M, N. Dudng thing qua I song.

song véi C A cat canh BC, BA tai E, F. Pudng thing qua I song song AB

cit canh CA CBtail,J. : o
Ching minh ring MN? + EF2 + IJ2 > 1672, Dffu "=" xay ra khi

AABC déu. e o

| Huéng dan
Goi a, b, c trong fng 1 ba canh ofia 4 4 B0, pla ot che oL Ap dung odns
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abe bc
thu’cS pr—4R tacoMN2—ap2 T
Ap dung b4t ding thuc r< R suy ra (dpcm) L I SR i

Bai tap 4.19. Cho g6c nhon a:Oy va AABC c6 dinh & trong géc dé. Tim
diém M trén canh cua tam glac dé tdng khoang cach tu M den Oa: Oy dat
‘gid tri 16n nhat.

Huéng dﬁn : .
Trén Oz, Qy 14y OF = OF. Chimg minh ring moi dxém trén doan EF c6
tdng khoang cich t6i Oz, Oy khong déi. * R

Bai tap 4. 20. Cho du'orng tron (O R) va dlém A nim trong ducmg tron, G01
di,d; 1a hai dudng thang bét ky qua A va vudng géc véi nhau. Tim vi tri
cia dy,dy va vi trf di€ém M trén dudng tron (O, R) sao cho téng khodng
cidch tir M dén dl,dg dat gid tri lo‘n nh4t. o

Himng din’ :
V6i méi cap di, dp c6 dinh, dp dung bai 4.19 o
Bai tap 4.21. Ching minh ring
R
3 o ‘Huéng dan | .
Xut tir bat ding thic R > 2r. | | ’ O
Bai tap 4.22. Chiing minh ring

\/Ta+\/—_+\/Tc \/_(\/"+\/_+\/‘)7

| Hu’é’ng dén
Ap dung bat ding thic :
\/_ + \/_ dfa+b
T2 2
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Bai tap 4.23. Tinh dién tich tam-gidc biét ring

Sir dung déng thiic |

Bai tap 4.24. Tinh dién tich tam gidc biét ring
m, = 3,mp = 4, me = 5.

: Huéng dan
St dung S(a,b,c) = %S(ma,mb,mc)

_ Bai tap 4.25. Ching minh ring

hohy . hyhe - hche
he +hy  hy+ he hc-}-ha.

1011 Hudng din
_— —_— - 1\ L . » .
e e By 4 3 canh clia mgt tam giac |
' Bai tap 4.26. Ching minh ring

Sir dung

mﬁ + m? +m? < 2(mamy + memec + MMMg)-

Huéng dn

Ap'dl.mg vi du 4.27, Vi mg, my, m 14p thanh 3 canh clia mot tam giac.

Bai tap 4.27. Chimg minh ring

1 i 1 1 >§_1_,
G-aF G- G- P
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| - Hudng din
Ap dung b4t ding thitc
ad+8+c ’a+/b?i.-c'3 1 1 1 9
> B T
3 —( 3 )vé a,+b+

(a, b, c 1a s6 thuc dwong) ; S ag




]

(2]

‘Tai liéu tham khéo

Todn béi dudng hoc sinh hinh hoc 9,
Vii Hitu Binh, Ton Than, D§ Quang Thiéu.

Nha xudt ban Gido duc, nim 1998.

Mot 56 vdn dé phdt trién hinh hoc 9,

'Vii Hitu Binh,

Nha xuét ban Gido duc, ndm 1998.

Chuyen dé bdt ddng thitc va cyc tri trong hinh hoc phang,
Nguyén bic Tin,

" Nha xuit ban Giao duc nam 2003

14]

[5]

Cdc baz todn vé gza trt lo’n nhat nho nhdt trong hmh hoc phang o
trung hoc co sd,

Vii Hitu Binh, H6 Thu Hang, Kleu Thu Hang, Trinh Thay Hang,

Nha xut ban G1ao duc, nam 2003. ‘
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Birkhauser Boston, USA, nam 2004.
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