CAU TUONG TU CAU 39 PE THAM KHAO 2024

2

CAu 39.1: Cho a va b 1a hai sb thuc duong phan bi¢t, khac 1 va thda man logi (aBb).loga b—3+27 =0.
a

Gia tri cua log, a bing

A2 B. -2 C. _2 . 2.
2 2 9 9
Loi giai
Chon|C

2

Ta cé log’ (a3b).logab—3+27 =0« (log, b+3)"(2log, h—3)+27=0.
a

bit t =log, b; t # 0. Ta c6 phuong trinh

(t+3) (2t -3)+27 =0 (£ +6:+9)(2t -3)+27 =0

t=0 (L)
G20 +1200 +186 -3 =18t -27+27=0 2 +97 =0 < 9

t=—=
2

9 2
Vay log, b=——<log,a=——.
< y ga 2 gb 9 ’
Cau39.2:Cho a va b 1a hai so thuc duong phan biét, khac 1 va théa man

log; (azb3 ).loga b’ —log’ (Clzb3 ) +4=0. Gié trj ciia biéu thuc %logb a+ % bang

A 2038 g, 2024 . 2031 p, 2017
5 5 5 5
Loi giai
Chon'D

Ta c6 log’ (azb3 ).loga b’ —log’ (a2b3 ) +4=0
<:>10g§(a2b3).(logab3—1)+4:0<:>(3logab+2)2(3logab—l)+4:0.
bit t =log, b; t #0. Ta c6 phuong trinh

(3t+2) (3t-1)+4=0< (9 +12t+4) (3t -1)+4=0
<:>27t3+36t2+12t—9t2—12t—4+4=0<:>27t3+27t2=O<:>[Zi01(L).

Suyra log, b=-1<log,a=-1

N 2024 2017
Vayglogba+?=—.

5
Cau 39.3: Cho a va b 14 hai s6 thuc duong théa man log, a” +log, b =2 . Gia tri clia % bang
3
1 1
A. 3. B. 9. C. —. D. —.
3 9
Loi giai
Chon'A
Cach 1: Ty lugn
Vé6i a va b 1ahai so thuc duong, ta co:
2 2
log, a* +log, b=2 < log, a* —log,b=2 < log, — =2 > =3 = =3
g; g% g; g; g; b b N

Cich 2: Str dung may tinh cim tay
Chon a hoac b . Dung chitc nang SOLVE dé tim gia tri con lai. Tinh gia tri va thay vao dap an
dé kiém tra. Cu thé:
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+ Chon b =3 (chon tuy ¥ thoa diéu kién bai toan).
+Bam: log, x> +log, 3 =2—3%% ;5 x ~5.196152423—12 5 4
3

vEr I A vir I A
logs(a?)+1og, (3)=2 ANS=A
3
x= 5.196152423
L-R= 0 5.196152423
i a A .

+ Tinh ——==—==3 tadugc dép an 4.

NN

Cau 39.4: Cho a,b,c 1a cac sb thuc duong, khac 1 va théa man log, b° = x; log,. Je = y. Gia tri cua

log, c bing
A. 2xy. B. 2. c. 2 D. .
2 Xy 2xy
Loi giai
Chon'A

Cach 1: Ty luan
Vi a,b,c 1a cac so thuc duong, khac 1, ta co:

logabz:x<:>210gab:x<:>10gab:§.
logbz\/Z:ycilogbc:ycﬂogbc:@;.

Khi d6: log, b.1og, c =§.4y =2xy < log, c=2xy.

Cach 2: Stir dung may tinh: ) ‘
Chon b=3,x=4,y =2 (ban doc chon tuy y cac s6 théa man dicu ki¢n bai toan).
Dung chirc ning SOLVE dé tim a,c¢ va dung chirc nang STO dé gan vao bién 4,C

Cu thé:

+Bam log 3% =4—%% ;5 x ~1,732050808 —"%— 4 ta dugc:
vEr @ A vir @ v

log,(3%)=4 Ans-A

x= 1. 732050808

L—-R= 0] 1. 732050808

+BAm log , vx =2 x =6561—"°C ta dugc:

ver @ A =0}
log, (42 )=2 Ans-~C

x= 6561
L-R= 0 6561

+Bam log, C =16
+ Kiém tra bang cach thay x =4, y =2 (d4 chon) vao déap an ta dugc dap an 4 .

Ya

Ciu 39.5:Biét phuong trinh log? x +3log, x=4 c6 hai nghi¢m phan bi¢t 1a a,b v6i a<b. Tim khang

2

dinh sai.

A. b>10. B. 2a+b=17. C.a<l. D. b=16a.
Loi gidi

Chon D

Piéu kién: x>0.
Phuong trinh da cho <> log} x—3log, x—4=0.

t=-1
bat log, x =1, ta suy ra phuong trinh: * -3t-4=0 < { .

Véi t=—1:10g2x=—1<:>x=%,théamﬁndk x>0.
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Véit=4=log,x=4<x=16,théamandk x>0.

Khi @6 a=%, b=16nén khéng dinh b=16a 1a sai.

Cau 39.6:Biét phuong trinh log, (3" - 1).[1 +log, (3x —1)} = 6¢06 hai nghiém la x, <x,vati 6 0= log%

x2
trong 46 a,b € N'va a, b c6 udc chung 16n nhit bang 1. Tinh a+b .
A. a+b=55. B. a+b=37. C.a+b=56. D. a+b=38.
Loi giai
Chon A
log,(3"-1)=-3 —1o 28
Tacd log, (3*~1)[1+log, (3" ~1)] =6 < (31) |y
log, (3" ~1)=2 |y _10g,10
X, 28
=>-t=log—=>a=28,b=27=a+b=55.
X, 27
A 3\ 2 6 6 r A A M
Cau 39.7:Phuong trinh log; x +log, —=| 1+log; — |log, x ¢6 s6 nghi¢ém bang
X x
A. 2 nghi¢m. B. 3 nghiém. C. vo nghiém. D. | nghiém.

Loi giai N
Chon'D
Pidu kién x > 0.

PT da cho < log? x +log, 6_ log, x—log, x.log, S_ 0
X X

< log, x(log, x—1)+log, é(1 —log, x)=0
X

] log, x—1=0 @
< (log, x—1)(log, x—log,—) =0 <
(log, x—1)(log, x~log, ) log, x—log, =0 (2)
X
Giai(l): () = x=2(t/m)

log, 9

Gidi (2):(2) < log, x =log, 6 < log, x= l ;C < log, 3.1log, x =log, 6 —log, x
X 0

2
< log, x.(1+log, 3) =log, 6 < log, x.(log, 2 +log, 3)=log, 6 < log, x=1 < x=2(¢t/m)
Vay PT da cho c6 nghiém duy nhét x =2.
2
Cau 39.8:Cho x,y 1a cic s6 thuc duong thoan man log, x> = log, y = log, (x* + y*). Gia trj cua ~ bing

5 5 5
A. log.| —|. B. log,| —|. C. —. D. 2.
gs(zj gz(zj =2
Loi giai
Chon C
xt =5
Pit log, x> =log, y =log,(x* +y*) =t =1y =2 &5 +4 =9().
xZ +y2 :9t

o= (2 o[2] 10w 0[] (2] = ro-(2] md (S <o

Ham s6 £(f) nghich bién nén phuong trinh (1) c6 duy nhit 1 nghiém

Trang 3/54 - WordToan



2
t:1<:>x2:5;y=2:>x—=§.
y

Cau 39.9:Cho @ va b 1a hai s6 thuc duong phan biét, khac 1 va thoa man log, (azb) ‘log? b_ 2=0.Gia
a

tri ctia (logba)2 bang bao nhiéu?

AL B. 3. c. L D. 3
3 9
Loi giai
Chon'A
Ta c6 log, (azb)-logflé—220<:>(logab+2)(logab—1)2—2:0.
a
bit t =log, b; t #0. Ta co6 phuong trinh
t=0(L)
(t+2)(1=1) —2=0 (1+2)(2 -2t +1)-2=0 &£ -3 =0c|1=—3 .
t=3

Vay (log, b)Y =3 (log, a)’ :%.

2
Cau 39.10: Cho @ va b 13 hai s6 thuc duong phan biét, khac 1 va théa man log’ [%]-logaab -4=0.
Gia tri cua log,a bang bao nhiéu?

A.l. B. 3. c. -1, D. -3.
3 3
Loi giai
Chon'A

2
a

Ta ¢6 log’ (7j~logaab—4 =0 (2-log,b) (log,b+1)-4=0.

bit t =log, b; t #0. Ta c6 phuong trinh
t=0(L)

(2-1) (t+1)-4=0c(F —4r+4)(t+1)-4=0 < -3¢ :0<:>|:t_3

Viay logab=3<:>logba=%.

log,a’b-log,ab-2

Cau39.11: Cho a va b 1a hai s thuc duong phan biét, khac 1 va thoa man oo b 5.
0g,
Gia tri cua log,a bang bao nhiéu?
A.l. B. 4. C. —l. D. 4.
4 4
Loi giai
Chon|C
1 ’b-log’ab -2
Taco —2e2 798072 _ 5 (24 log, b)(1+log, b)’ 2 =5log, b.
log, b

bit t =log, b; t #0. Ta c6 phuong trinh

t=0(L)

(2+1)(t+1) —2=5t = (P +2+1)(t+2)-2=5t & £ +47 =0©L_ )

Trang 4/54 - WordToan



Vay logab:—4<:>logba:—%.

1
log, -
Cau 39.12: Cho a va b la hai sb thuc duong phan biét, khac 1 va thoa man log, — = v— b R Gia tri
a log,b-
cua log,a bang bao nhiéu?
A -1 B.2. c i D. 2.
2 2
Loi giai
Chon'C
log :
ap -1
Ta co loga—:—b<:>logab—1:L”b.
a log,b—4 log, b—4

Pit ¢ =log, b; £ #0. Ta c6 phuong trinh t—lz_—t4<:>t2—4t+4:0©t:2.
t_

Viay logab=2<:>logba=%.

CAU TUONG TU CAU 40 PE THAM KHAO 2024 7 ,

Cau40.1:Goi S la tap hgp cac gia tri nguyén duong cia m dé ham soO

y=x"=3(2m+1)x* +(12m+5)x+2 ddng bién trén khoang (2;+). S6 phan tir cia S béng

A. 1. B. 2. C.3. D. 0.

Loi giai

Chon D

Tap xac dinh D=R.

Y =3x"—6(2m+1)x+12m+5.

Ham s6 dong bién trong khodng (2;+) khi >0, Vxe(2;+x)

< 3x7—6(2m+1)x+12m+5>0, Vx e(2;+).

2_
3% 6(2m+ 1) x+12m+520 & m<or 0¥+
12(x-1)

2_
Xét ham sb g(x)z%vdi xe(2+).
x_

2
:%>0 Vi Vx € (2;+00) = hamsé g(x) dong bién trén khodng (2;+).
12(x—-1

g'(x)

Do d6 m<g(x),Vxe(2;+x) =>m<g(2) @mﬁ%.

Vay khong c6 gia tri nguyén duong nao cia m théa man bai toan.
Cau 40.2:C6 bao nhiéu gia tri nguyén ctia tham s6 m thudc doan [—2024;2024] dé tmg v6i mdi m ham

cosx—2

s6 ham s6 y = ddng bién trén khoang (O;%)

COSX—m

A. 4046 B. 2022 C. 2026 D. 2023
Loi giai
Chon' B

bat t=cosx.Do x e (O;%j nén t e (0;1). Nhan théy ham sd 7 =cosx nghich bién trén (O;%)
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s R . N ’ 1 A \ A - 2 . < A A
ta phat bicu lai bai toan nhu sau: Tim m dé ham s6 y = nghich bién trén (O; 1).
t—m

Ycbt thoa man khi y' <0 V¢ e(0;1)

m>2
Sy'= _m+22<O‘v’te(0;1)<:>{_m-'(_§_1<)0:> me(—oo;O}:>m>2
(t—m) e me[1;+oo)

Do m nguyén thudc doan [-2024;2024] nén co 2022 gia tri ciia m thoa man ycdb
Ciu 40.3:Goi T 1a tap hop tit ca cac gia tri nguyén dwong cua tham sé m dé ham sé y =x* —2mx* +1
dong bién trén khoang (3;+00). Tong gid tri cac phén tir cia T bang
A9, B. 45 . C. 55. D. 36.
Loi gidi
Chon' B
+ Tap xac dinh: D=R.
+Tacod y' =4x’ —dmx = 4)c(x2 —m)

Theo dé m >0 nén ¥'=0 ¢6 3 nghiém phén biét x=—\/E,x=0,x=\/E.

X |0 =/m 0 Jm +on

y" = 0 + 0 - 0 +

D¢ ham s6 dong bién trén khoang (3;+oo) thi y'>0,Vxe (3;-1—00) oIm<3em<9
Vi m nguyén duongnén m=1, 2, 3, 4,5, 6,7, 8,9 (la cép $6 cong )

Vay Tong gia tri cac phan tir ctia 7 bang %(1 +9)=45.

Cau 40.4: Tim tat ca cac gid trj thue cia m dé ham s§ y =27""""* ddng bién trén (1,2).
A. m>-8. B. m<-8. C.m>-1. D. m<-1.
Loi giai
Chon'C
Taco: y' = (3)(2 —2x+ m).ZXz””zmx”.an
Ham sb dong bién trén (1;2) < »' 20, Vxe(1;2)
o (3%’ —2x+m). 27" 220, Vxe(1;2)
&3 =2x+m=>0, Vxe(1;2)
e m=-3x"+2x, Vxe(1;2)
Xét ham s6 Sf(x)=-3x"+2x, v6i xe(1;2).
Taco: f'(x)=-6x+2.
Cho f'(x)=0 < —6x+2=0 @x:%.

Béng bién thién:
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TuBBT taco m> f(x), Vxe(L;2)khi m>—1.

Céu 40.5:Tim tit ca cac gia tri cua tham s6 m dé ham s6 y =x’ —6x* + mx+3 dong bién trén khoang

(0;+oo)

A. m<12. B. m>0. C. m<0. D. m=>12.
Loi giai

Chon'D

Y =3x"—12x+m

Ham sb d3 cho déng bién trén khoang (0; +oo) khi va chi khi y">0, vdi moi x € (O; +oo)
&S m=-3x>+12x, Vx> 0.

Xét f(x)=-3x>+12x véi x>0.

Taco f'(x)=—6x+12; f'(x)=0x=2.

Béng bién thién:
! —00 2 400
y' — 0 —
12
—00 —00

Dua vao bang bién thién, ta duoc gia tri m thoa man yéu cu bai toan 1a m>12.
Cau 40.6:Co6 bao nhiéu gia tri nguyén cua tham s6 m thudc doan [—100;100] sao cho ham sd

f(x)=(m-1)x*+(m—-1)x* +(2m+1)x+3m—1 dong bién trén R ?

A. 99. B. 100. C. 200. D. 154.

Loi giai

Chon' B

Tap xac dinh: D=R.

Taco: f'(x)=3(m-1)x>+2(m—1)x+2m+1

Pé ham s6 da cho dong bién trén R thi f'(x)=0,vxeR (%)

( DAu "=" xdy ra tai hitu han xeR )

TH1: m—-1=0& m=1

Tacod: f'(x)=3>0,VxeR nén ham sb dong bién trén R = m =1 (nh4n).

TH2: m=1.

D¢ ham s6 da cho dong bién trén R thi f'(x)>0,VxeR

3(m=-1)>0 m>1 m>1
s & = 4 Sm>1.
(m=1)" =3(m-1)(2m+1)<0 (m—1)(-5m—-4)<0 mé—gval
Két hop 2 TH = m > 1L 1 € (1;2;..:100} : ¢6 100 gid trj m thoa man yéu ciu bai
toan.
Cau 40.7:C6 bao nhiéu gia tri nguyén ctia tham s m dé ham s6 y = x+5 nghich bién trén khoang
xX+5m
(10;+oo)?
A.3 B. V6 s C.4 D. 5
Loi giai
Chon C
Tap xac dinh D =R\{-5m}.
Ta co y’=5m—_62.
(x+5m)
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Sm—-6<0

Ham s6 nghich bién trén (10;+00) khi va chi khi y'<o,v)ce(10;+oo)<:>{_5mE (105420)

6

Sm—-6<0 m<—

Rt & 5 .Ma meZ nén me{—2;—1;0;1}.
-5m<10

m=-2

A A IR TW, ) e 21 N e mx X e A )
Cau 40.8:Tap hop tat ca cac gia tri thuc cua tham s6 m dé ham so y = dong bién trén khoang

(O;+oo) la
A. (-3;0]. B. (-3;0). C. [-3;0]. D. [-3;0).
Loi giai
Chon' A
TXD: D=R\{m}.
2

Taco y' = 7 +92 .

x—m)

< -3<m<0.

—m*+9>0 3<m<3
o
m<0 m<0

Yéu cau bai toan < {

Cau 40.9:C6 bao nhiéu gia tri nguyén cua tham s6 m thudc doan [1; 25] sao cho ung véi mdi m, ham sb

X’ +2x-m+5

y= dong bién trén khoang (1;3) :
2x—m
A. 24. B. 2. C. 20. D. 6.
Loi giai
Chon'C

Tép xac dinh: D =R\ {%} .

2x* +2mx—10
(2)c—m)2
Ham s6 dong bién trén khoang (1;3) thi y'>0,Vx e (1;3) .

Tacod y'=

X’ +5

m> ,Vxe(1;3) (Do x>0,vx(1;3))

2% +2mx—10>0,Vx € (1;3) *
tuc la m
X ;t?,Vx € (1;3)

Taco g'(x): = .g'(x)=0<:> \/_(x¢0).

Béng bién thién
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2
+
>2 72 vre(1:3)
X m>6
m
, m_ = <2 m=>6
Tu bang bién thién, tacd || o — : {Wl "
mz
23
2

Ma m 1a s nguyén thudc doan [1;25] nén m € {6;7;8;9;10;....;25} .
Vay ¢6 20 gia tri nguyén ctia tham sb m thudc doan [1; 25] thoa min yéu cau bai toan.

C6 bao nhiéu gia tri nguyén cta tham s6 m thudc doan [—2;25] sao cho ung véi modi m,

Cau 40.10:
2
ham sd y = X xmmol nghich bién trén khoang (1;4).
Sx—m
A. 8. B. 15. C. 14. D. 6.
Loi giai
Chon'D

Tap xéc dinh: D =R\ {%} .
5x> =2mx+5
(Sx — m)2
Ham s6 nghich bién trén khoang (1;4) thi y'<0,Vx e (1;4) )

Taco y'=

2
mzsx +5,‘v’xe(l;4) (Do 2x>0,‘v’xe(1;4))
5x* —2mx+5<0,Vx e(L;4) 2x
tirc la m = ﬂgl
xig,Vxe(l;4) 5
L
5
2
Xét ham sb g(x) =222 vxe[14].

2
R >0,Vx e [1;4] . Ham s dong bién trén (1;4) .

Ta co g'(x) =
Suy ra Maxg(x) = g(4) :8—5.
xe[1;4] 8
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2
X +5 Vx e (L;4) 85
2x m2§
Khido, taco 4| ™ <1 =N o m>20
5 {m_S
ﬁ24 m =20
5

Ma m 1a s nguyén thuge doan [—2;25] nén m € {20;21;22;23;24;25} .
Viy c¢6 6 gia tri nguyén ctia tham sé m thudc doan [—2;25] thoa man yéu cau bai

toan.
Ciu 40.11:  C6 bao nhiéu gia tri nguyén cta tham sé m thudc doan [—25;3] sao cho g véi moi m,

—x’+4x-m-5

ham sd y = ddng bién trén khoang (—3; —1) .
4x—m
A.17. B. 15. C. 14. D. 16.
Loi giai
Chon'D

Téap xac dinh: D =R\ {%} .

—4x* + 2mx +20

Taco y'=

(4x—m)2
Ham s6 dong bién trén khoang (—3;—1) thi y'>0,Vx e (—3;—1) :
tuc la
2
m< M,Vx e(-3;-1) (Do x<0,Vxe(-3;
—4x® + 2mx +20 > 0,Vx € (=3;-1) *
B
x;t%,Vxe(—&—l) 4
2>
4
2
Xet ham s6 g(x) = 20 v e[-3;-1].
2
Taco g '(x) = 2x—-2|-10 >0,Vx e [—3;—1] . Suy ra ham sb dong bién trén (—3;—1) :
X
Suy ra [1_\211_111]g(x) = g(—3) = —%.
Khi do, ta co
2
m< 2710 g e (231 .
X m<——
8
%3_3 o m£_12<:>me(—w;—lZ]u{—4;——}.
mg m2=—4
i
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Ma m 1a sb nguyén thudc doan [—25;3] nén m € {—25;—24; —23;...;—12} ) {—4;—3}

Vay 16 gia tri nguyén ctia tham s6 m thudc doan [—25; 3] thoa man yéu cau bai toan.

Ciu 40.12:  C6 bao nhiéu gia tri nguyén cua tham s m thudc doan [—2024;2024] sao cho ung véi

Cau4l.1.

mdi m, ham s y= M nghich bién trén khoang (2;7).
xX—m
A. 1027. B. 4045. C. 4043. D. 2025.
Loi giai
Chon'C
Tap xac dinh: D =R\ {m} )
J— 2 J—
Taco y'= m°-+6m-—>5

(x=m)

Ham s6 nghich bién trén khoang (2;7) thi y'<0,Vxe (2;7) .

m<1
-m*+6m-5<0 m>>5

tic 1a = & me(—wo;1) U[7;+0).
x#m,Vxe(2;7) m<?2
m=7

Ma m la $6 nguyén thudc doan [—2024; 2024] nén
m € {-2024;-2023;...;0} U {7;8;9;...;2024} .
Vay c6 4043 gia tri nguyén ciia tham s m thudc doan [—2024; 2024] thoa man yéu cau bai
toan.

CAU TUONG TU CAU 41 PE THAM KHAO 2024
Cho hai ham 6 f (x)=mx’ +nx* + p —%(m,n,p eR) va g(x)=x"+2x—1 ¢6dd thi cit nhau

tai ba diém c6 hoanh d6 1an luot 1a —3; —1; 1 (tham khao hinh v& bén duéi).

Dién tich hinh phang gi6i han béi d6 thi ham s6 f (x) va g (x) bang

AL B. 4. C.s. D. 2.
5 2
Loi giai
Chon'B

Xét phuong trinh hoanh d6 giao diém:
f(x)zg(x)@f(x)—g(x)zO@ mx’ +(n—1)x2 +(p—2)x—%:O.
Vi hai d6 thi cét nhau tai ba diém c6 hoanh d6 1an lugt 13 —3; —1; 1 nén ta co:

mx’ +(n—1)x2+(p—2)x—%:m(x+3)(x+1)(x—l)
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o mx® +(n_1)x2 +(p—2)x_%:mx3 +3mx* —mx —3m (*).

1
m=—
n—1=3m 2
D(‘A)ng nhét thuc hai vé phuong trinh (*) tadugc { p—2=—-m < {n :% )
3 —3m 3
2 p= 5

Suy ra f(x)—g(x):%x3 +%x2 —%x—%.

Khi d6 Dién tich hinh phing gi¢i han béi d thi ham s6 £ (x) va g(x) la

—1 1
S= lx3+ixz—lx—é dx—j lx3+§xz—lx—i dx=2+2=4.
2 2 2 2 2 2

Céu 41.2. Cho hinh phang (H) dugc gi¢i han béi do thi (C) ciia ham da thire béc ba va parabol (P) 6

Lo ~ , re \ A LA 2A \ ~ s 1AL a1 M a v
truc doi xtrng vudng gbc vadi truc hoanh. Phan t6 dam nhu hinh v€ ¢6 di¢n tich bang 7’ voi a,b

s A A L a oy A A Ks ey ,
la cac s0 nguyén duong va 5 la phan so toi gian. Tinh 7 =a—-b.

Y

A 5. B.7. C.11. D. 25.
Loi gidi

Chon' A

Goi dang ctia ham s bac ba c6 db thi (C)1a f(x

N—"

=ax’ +bx’ +cx+d(a+0). Dya vao hinh

v&, do thi (C) di qua cac diem A4(0;2), B(-1;-2),C(1;0),D(2;-2). Suy ra hé phuong trinh:
—a+b—c+d=-2 —a+b—c=-4 a=1 3 5
= < . Hay f(x):x -3x"+2.
a+b+c+d=0 a+b+c=-2 b=-3

8a+4b+2c+d=-2 8a+4b+2c=-4 c=0
Goi dang ctia parabol (P) c6 truc dbi xtimg vudng goc véi truc hoanh 1a
g(x)=mx*+nx+ p(m=#0). Dya vao hinh v&, (P) di qua ba diém 0(0;0),
p=0 r=0 p=0
B(-1;-2),C(1;0). Suy ra hé phuong trinh: <m—n+p=-2<{m-n=-2<<{m=-1.Hay
m+n+p=0 m+n=0 m=1

g(x):—x2+x.
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1
Dién tich ciia hinh phang (/) la: S = Hf(x) -~ g(x)| dx =
I

x3—3x2+2—(—x2+x)‘dx
1 1 8
= || —2x" —x+2ldx = | (¥ 2" —x+2 Jdx =—.
j ar= =
Suyraa=8,b=3.
Vay T=8-3=5.
Céu 41.3. Cho ham s6 bac ba y = f(x) c6 dd thi nhu hinh v&, biét f(x) dat cuc tiéu tai diém x=1 va

thda man [f(x)+1] va [f(x)—l] 1an luot chia hét cho ()c—l)2 va (x+1)2 .Goi S,,8, lan lugt
la dién tich nhu trong hinh bén. Tinh 2.5, +8§,

A B. C. 4. D. 9.

0 T
5
S
f(1)
3
5

1
=
Loi gidi
Chon|C
+ D0 thi ham sb y = £ (x) 1a ham s bac ba va di qua gdc toa o O, nén c6 dang

y=f(x)=ax3+bx2+cx(a¢0):>f'(x):3ax2+2bx+c
+Hamsb f(x) dat cuc tidu tai diém x=1= f'(1)=3a+2b+c=0 (1)
+Taco [f(x)+l] va [f(x)—l] lan Iuot chia hét cho (x—l)2 va (x+1)2

_ f(x)+l=(x—1)2h(x)j{f(1)+1=0 3{f(1)=—1:>{a+b+c:—l )

F)1=(r+1f g(x)  LAD)-1=07 [r()=1 lasb-c=1
1
3a+2b+c=0 |?73
Tur (1),(2) ta co hé phuong trinh: <a+b+c=-1 < b=0 :>f(x)=lx3—%x
—a+b-c=1 3
cC=——
x=0
f(x):O<:> x:—\/g
x=3
1 4 2 !
Sl=j(lx3—éx+ljd = x——3i+x =
. o\ 2 2 8 4 .
+ Ttr do thi ta co: = 2§, +85, =4
3 4 [V
( 1 5 3 jd x' 3x 1
2:_[ —— X +—xdx=|-——+"— || =—
1 2 8 4 | 2

Chu 41.4. Chohamsd y = f(x). Do thi y = f'(x) trén [-3;0] nhu hinh v& sau (phan dudng cong ciia do

thi 1a mot phan cia parabol y = ax® +bx +c).
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1
Cho If(lnx)dx= ,giatri £(0) bang

"3 X
Al B.— L. C.2. p. 4

9 9
Loi gidi

Chon'D

- Xét y:ax2 +bx+c,dd thi di qua 3 diém c6 toa do (—3;0),(—2;1),(—1;0) ta co:
9a-3b+c=0 a=-1
4a-2b+c=1b=-4=y=—x"-4x-3= f'(x)=—x"—4x-3 trén -3<x<0
a—-b+c=0 c=-3

- Xét y=ax+b, dd thi ham s6 di qua 2 diém c6 toa do (—1;0),(0;2) ta co:

—a+b= 0 a=2
b2 b :>y:2x+2:>f’(x):2x+2trén—l<x£0

3
X

—x"—4x-3,-3<x<-1 —?—2x2—3x+C1,—3SxS—1

Khi d¢ _
1do: f(x {2x+2—1<x<0 suyra f(x)

¥’ +2x+C,,-1<x<0
1

Xét: I—f(lnx)dx:§
X

Pitt=lnx, x=e  =t=-3,x=1=1=0
Khi @6

0 0 -1 3 0
jf(z)dr:jf( jf dx+jf dx:j(—%—zxz—3x+c,]dx+j(x2+2x+cz)dx
-3 -3 -3 -1

4 a 2 2
:§+C1x|_3+ 3 +C2x|_1=§+(—C1+3C1)+(0+C2)—§+2C1+C2.

Theo dé bai: g+2c1 +C, zgqu +C,=0(1).
3 3

Mat khac ham s6 £ (x) lién tuc tai x =—1

) 4 7
nén lin} f(x )—xlir_rllif(x)c>§+C1=—1+C2:>C1—C2=—§(2)
3
Clz_z —x——2x2—3x—1,—3£x£—1
Tu (1), (2) taco 9:>f(x)_ 3 9
14 s 14
CZZ? X +2x+;,—1£x£0
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Suyra: f(0)=0*+2.0+ =5

Cau 41.5:Xét f(x)=ax* +bx" +c(a,b,c e R,a>0) sao cho dd thi ham s6 y = f(x) c6 ba diém cuc tri

Cau 41.6:

1a 4,B va C(2;-1). Goi y=g(x) 1a ham sb bac hai c6 do thi di qua ba diém 4,B va C. Khi
hinh phing gi6i han bdi dd thi ciia hai ham s6 y= f(x),y=g(x) va hai duong thing

x=0,x=2 c6 dién tich bang % tich phan j f dx bang

A.%. B.é. C. - 17. D. —ﬁ.
15 13 15 15
Loi giai
Chon'A

D& thdy f'(x) c6 banghiém x=0,x=2,x=-2 suyra f'(x)=4ax(x’ —4).

Trdotacd f(x)=ax"—8ax’+c.

D6 thi ham sd y = f(x) di qua diém C(2;—1) néntacod: —1=16a-32a+c < c=16a-1.
Mit khéc, tir gia thiét d6 thi ham s6 y = f(x) va y =g(x) cit nhau tai hai diém c6 hoanh do
x =12 va tiép xuc tai diém c6 hoanh do x =0 nén f(x)—g(x)=ax’(x* —4).

T hinh phing gi6i han béi dd thi cuia hai ham s6 y = f(x),y=g(x) va hai duong thing
64

x=0,x=2 co dién tich bang % ta c6 phuong trinh ”ax (x? —4)|dx = 5

2
<:>a”x4—4x2|dx=%<:>a=1:>c:15:>f(x):x4—8x2+15.
0
2 2
Ta cé: If(x)dx:j(x4—8x2+15)dx:%.
0 0
Xét f(x)=ax*+bx’ +c(a,b,c € R,a<0) sao cho d6 thi ham s6 y = f(x) ¢ ba diém cuc tri
1a 4,B va C(2;1). Goi y=g(x) la ham s6 bac hai c6 do thi di qua ba diém 4,B va C. Khi

hinh phing gi¢i han boi d6 thi cua hai ham s6 y= f(x),y=g(x) va hai dudng thing

x=0,x=2 c6 dién tich bang % tich phan j f dx bang

20 B. 2. c. -7 p. -2
15 13 15 15
Loi giai
Chon D

D@ thiy f'(x) c6 banghiém x=0,x=2,x=-2 suyra f'(x)=4ax(x’ —4).

Trdoétacd f(x)=ax"—8ax’+c.

Do thi ham sé y = f(x) di qua diém C(2;1) nénta cé: 1=16a—32a+c < c=16a+1.

Mit khac, tir gia thiét dd thi ham s y = f(x) va y = g(x) cét nhau tai hai diém c6 hoanh do
x =+2 va tiép xuc tai diém c6 hoanh d6 x=0 nén f(x)—g(x) = ax’(x* —4).

T hinh phing gi6i han béi d thi cua hai ham s6 y = f(x),y=g(x) va hai duong thing

x=0,x=2 c6 dién tich bang % ta c6 phuong trinh J.|ax (x* —4)|dx —ﬁ

15

2
<:>—aJ-|x4—4x2|dx:% oa=-1=c=-15= f(x)=—x"+8x"-15
0
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Ta co: If(x)dx=

0

_226
15 °

O C— 1O

(—x4 +8x7 —15)dx =

Cau 41.7:Cho hai ham s6 f(x)=ax" +bx’ +¢ex’ +3x va g(x)=mx’ +nx’ —x, v6i a,b,c,m,n e R. Biét
hamsé y = f(x)—g(x) ¢ ba diém cyc tri 1a —1, 2 va 3. Dién tich hinh phang gi6i han boi
hai duong y=f'(x) va yzg'(x) bang

A2, B 7. c. 7. p. 4.
3 9 6 9
Loi giai
Chon' B

Taco: f'(x)=4ax’ +3bx’ +2cx+3 va g'(x)=3mx’ +2nx 1.

Suy ra: h'(x)=f"(x)-g'(x)=0 c6 3 nghiém phan biét la —1, 2 va 3.
Neén f'(x)-g'(x)=4a(x+1)(x-2)(x-3) (*).

Thay x =0 vao hai vé ciia (*) ta dugc: f’(O)—g’(O):4<:>a:é.

2 (x 1) (v-2)(x-3)dr =

CAu 41.8:Cho ham sb f(x)=x3+ax2+bx+c voi a, b, ¢ la cac sb6 thuc. Biét ham sd

3
Vay dién tich hinh phang gidi han: S = J.
-1

g(x)=f(x)+f"(x)+ f"(x) c6 hai gia tri cuc tri 1a =5 va 3. Dién tich hinh phang gi6i han béi
/(%)
g(x)+6
A. 2In3. B. In2. C. Inl5. D. 3In2.
Loi giai

cac duong y = va y=1 bang

ChomA

f(x)=x+ax’ +bx+c = f'(x)=3x"+2ax+b, f"(x)=6x+2a, f"(x)=6.

g(x)=f(x)+/(x)+1"(x) = &'(x) = /" (x)+ /" (x) + /" (x) = (%) + /" (%) +6.

Do g(x) c6 hai cyc trila =5 va 3 nén g'(x)zO@[xixl voi g(x)=-5, g(x,)=3.

Ta co: f(x) =le —f’(x)—f”(x)—6 =0 @{x:xl .
g(x)+6 g(x)+6 X=X,

Dién tich hinh phang gidi han béi cac dudong y =
{20,

5 g(x)+6
X, 1 X
Z)J;g(x)+6d(g(x)+6) )xl

= |In|g (=, )+ 6|~ In|g(x) + 6] =[In1~n9|=2In3.

Cau 41.9:Xét f(x)=ax"+bx’ +c(a,b,c e R,a>0) sao cho d6 thi ham sé y = f(x) coba diém cuc tri

g(x)+6 va y=11a
[EACRAGEN
5 g(x)+6

S =

(ln‘g(x)+6

la 4,B va 0(1;—2) Goi y = g(x) la ham s6 bac hai c6 dd thi di qua ba diém 4,8 va C.Khi
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hinh phang gi6i han b6i do thi ctia haiham s6 y = f(x),y = g(x) va hai duong thang x =0,x =1

1
c6 dién tich bang %, tich phan I f (x)dx bang
0

A2 B. 1, C.1. p. 24,
20 15 30
Loi giai
Chon C

Phuong trinh ham sb bac hai di qua 3 diém 4,B va C.1a:y=g(x)=mx*+nx+p.
Ham s6 béc hai di qua diém A(0:c) suyra p=c

2

Ham s bac hai ¢6 truc tung la truc dbi xtmg n=0vadiqua C(‘ f_—b;——+cj suy ra m= %b

2a  4a

1
Suyra y=g(x)= bez +c

3 3
D=—= at+tb+c=——
S s s

Ta co: ()
f'M=0 4a+2b=0
1
Theo dé ta co: j lg(x)— f(x)|.dx=§
0
1
@I{—ax“—lbxﬂ.dx:%@—g—é=g (1)
0 2 5 5 6 5
. \ , 12
Tur (II) va (II) ta co: a=3:b=—6:c=?

Vay j.f(x)dx:I.
0
Cau41.10:  Xét f(x)=ax"+bx’ +c(a,b,c € R,a <0) sao cho d6 thi ham s6 y = f(x) c6 ba diém cuc
trila 4,B va c(—z;gj. Goi ¥ =&(¥) 1a ham s6 bac hai ¢ do thi di qua ba diém 4, B va C.
Khi hinh phing giéi han béi d thi ciia hai ham s6 y = f(x),y=g(x) va hai dudng thing

2
x=-2,x=0 co dién tich bang % , tich phan If(x)dx bang
0

A 2T, B. # . c. 392 p. 24,
20 15 105 30
Loi gidi
Chon C

Phuong trinh ham sb bac hai di qua 3 diém 4,B va C.1a:y=g(x)=mx’> +nx+p.
Ham s6 bac hai di qua diém A(0:c) suyra p=c

2

Ham s6 bac hai c6 truc tung 1a truc d6i xtng n = 0 va di qua C(‘ /;—b;—i—+c] suyra m= %b
a a

Suyra y=g(x) zébx2 +c
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3 27
2)=-2 |16a+4b+c=""
/(2) s o 7

Ta co: (1)
7'(2)=0 8a+b=0
: ‘ 16
Theo dé ta co: [|g(x)— f(x)|dx = 15
-2
0
@j[ax4+lbx2}.dxzﬁ<:>4—a+22:£ (1)
° 2 1575 "6 15

Tur (II) va (III) ta co: az—%:sz:cz—%

2
362
Va x)dx=—
dy !f( Jde=0
Caudl.ll:  Xét f(x)=ax'+bx’ +c(a,b,c € R,a <0) sao cho dd thi ham s6 y = f(x) c6 ba diém cuc

V2

trila 4,B va CLT;%J. Goi y = g(x) 1a ham s6 bc hai 6 db thi di qua ba diém 4,8 va C
. Khi hinh phdng gi6i han bi do thi ciia hai ham s6 y = f(x),y = g(x) va hai duong thing

Na
2

2
x=0,x= - c6 dién tich bang % , tich phan I f(x)dx bang
0

NEZS B4 c. 2. D %
20 15 24 30
Loi giai
Chon C

Phuong trinh ham sb bac hai di qua 3 diém 4,B va C.1a:y=g(x)=mx> +nx+p.
Ham s6 bac hai di qua diém 4(0:c) suyra p=c

2

. . ‘. . /—b b 1
Ham s6 bac hai c6 truc tung la truc d6i xtng n =0va di qua C[ 2—;—4—+ cJ suy ra m= Eb
a a

Suy ra y = g(x) =%bx2 +c

f(ﬁ):i 1 1 1
2 20 —a+—b+c=—
Ta co: <402 20 (1)
f'(ﬁ):() a+b=0
2

1
Theo dé ta co: j lg(x) = f(x)].dx =%
0

N

2
= I[ax4lbx2}.dx:£<:>i+i:i ()
0 2 60 40 24 60

Tu (IT) va (III) ta co: a=—1:b=l:c=_?1
V2
2 \/5
Va x)dx=——
y J;f( ) 2
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Cau41.12:  Xét f(x)=ax*+bx’ +c(a,b,c € R,a >0) sao cho do thi ham s6 y = f(x) c6 ba diém cuc
trila 4,B va c(ﬁ;-%). Goi y = g(x) 1a ham s6 bac hai c6 d0 thi di qua ba diém 4,8 va C
. Khi hinh phing gi6i han béi d6 thi cuia hai ham s6 y = f(x),y = g(x) va hai duong thing
x=0,x=+2 cb dién tich bang % tich phan f f(x)dx bing
0

A2 B. 2, c. 22 . 22,
20 15 I5 30
Loi gidi
Chon C

Phuong trinh ham sb bac hai di qua 3 diém 4,B va C.1a:y=g(x)=mx*+nx+p.
Ham s6 béc hai di qua diém A(0:c) suyra p=c

2

Ham s bac hai ¢6 truc tung la truc dbi xtmg n=0vadiqua C(‘ f;—b;—i—Jrcj suy ra m= %b
a a

1
Suyra y=g(x)= bez +c

f(\/z)z—g ba+2b+c=—2

Ta co: 3& 3 D)
f'&2)=0 4a+b=0
: A 2
Theo dé ta co: j |g(x) = f(x)|dx = H
0
2
o I{—ax“—lbxz}dx:&@—‘l—a—é:i (1)
) 2 15 5 3 15
‘ ‘ , 1 1
Tu(II)va(IH)taco:a:Z:b:—I:CZE

N
22
Va xX)de=—=2
iy ! f(x) 3
CaAu 41.13:  Cho ham sb f(x)=3x"+ax’ +bx* +cx+d(a,b,c,d eR) co ba diém cuc tri la =2, -1 va
1. Goi y = g(x) 1a ham s béc hai c6 db thi di qua ba diém cyc trj cta d6 thi ham s6 y = f(x).

Dién tich hinh phang gi¢i han béi hai duong y = f(x) va y = g(x) béng

0 2 22 B
81 5 405 — 405
Loi gidi
Chon D
x=-2
Theo détaco f'(x)=12x"+3ax* +2bx+c =0 | x =1
x=1

Suy ra f'(x):12x3+3ax2+2bx+c:12(x+2)(x+1)(x—1):12x3+24x2—12x—24.
3a=24 a=28

Dong nhét hé s6 ta duge {2h=—-12={b=-6 .
c=-24 c=-24
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Suy ra f(x) =3x" +8x’ —6x” +24x+d .

Theo d&, ta c6 d6 thi ham sé y = f(x) coba diém cuc trj 1a (-2:8+d), (-1;13+d),
(,-19+d).

Goi (P) 1a Parabol di qua ba diém (-2;8), (~1;13), (1;—19). Khi d6 (P): y =-7x* —~16x+4.
Suyra g(x)=-7x"—16x+4+d .

[x=-2
x=-1

Xét phuong trinh f(x)—-g(x)=0<3x"+8x’ +x* —8x-4=0< 2.
)
| x=1

Dién tich hinh phang gi¢i han béi hai duong y = f(x) va y=g(x) 1a
1 1 2948

_ _ _ 4 3 2 _ _ =7

S—J]f(x) g(x)‘dx—_[‘?,x +8x” +x” —8x 4‘dx— 05 °
Ciu4l.14: Cho ham s6 y=x’+ax’+bx+c (a,b,ceR)  ¢cb dd  thi (C) va
y=mx*+nx+p (m,n,peR) cé do thi (P) nhu hinh v&. Tinh dién tich hinh phing gi6i han

bdi (C) va (P) c6 gid tri ndm trong khoang nao sau day?

A. (0;1). B. (1;2). C. (2:3). D. (3;4).
Loi giai

Chon'B )

Can ctr do thi ta thay

+ Ham s6 y=x3 +ax” +bx +c dat cuc tri tai x==1 nén ta co

{y’(1)=0 @{2a+b+3:0 {azO

y'(-1)=0 Da+b+3=0" |h=-3"
+Ham sd y =mx® +nx+ p dat cuc dai tai x=-1 va (P) cit (C) tai hai diém c6 hoanh do
x==1 nén tacod

—2m+n=0 n=-2

l+a+b+c=m+n+p << m=-1

—l+a-b+c=m—-n+p p—c=1
1 1
Suy ra S=J(mxz+nx+p—x3—ax2—bx—c)dx=I(—x3—x2+x+1)dx:§e(l;2).

-1 -1
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Cau41.15:  Xét f(x)=ax"+bx’ +c(a,b,c € R,a > 0) sao cho do thi ham s y = f(x) c6 ba diém cuc
trila 4,B va C(l;—%). Goi y=g(x) 1a ham s bac hai c6 d6 thi di qua ba diém 4,B va C.
Khi hinh phing giéi han bi dd thi clia hai ham s6 y = f(x),y=g(x) va hai duong thing

. v 2 1 .
x=0,x=1 co dién tich bang 3 tich phan J.f(x)dx bang
0

Al B...c- pll
= 15" 15

Loi giai
Chon'A

D& thdy f'(x) c6banghiém x=0,x=1,x=—1 suyra f'(x)=4ax(x’ -1).

T do tacd f(x)=ax'—2ax" +c.

Mit khéc, tir gia thiét 6 thi ham sé y = f(x) va y=g(x) cdt nhau tai hai diém c6 hoanh d6

x =1 va tiép xtic tai diém c6 hoanh d6 x =0 nén f(x)—g(x)=ax*(x* -1).

Tir hinh phing gi6i han boi d6 thi ctia hai ham s6 y = f(x),y=g(x) va hai duong thing
1

x=0,x=1 c6 dién tich bang % ta c6 phuong trinh '”ax2 (x> = 1)| dx =§
0

12

1
2
2— 4 d = — =3 :3 4_6 2
@a!(x x)x 5c>a :f(x) X x+—5

1 1

:If(x)dxzj(?»x“ —6x° +%)dx:1.

0 0
Caud1.16:  Xét f(x)=ax"+bx’+c(a,b,c e R,a>0) sao cho dd thi ham s y = f(x) ¢6 ba diém cuc
trila 4,8 va C(L;-1). Goi y=g(x) 1a ham s0 bac hai c6 d thi di qua ba diém 4,B va C.
Khi hinh phing giéi han béi @6 thi ctia hai ham sé y = f(x),y =g(x) va hai duong thing

. 4 1 .
x=0,x=1 co dién tich bang 3’ tich phan _[f(x)dx bing
0

Al B.3.C-> po
= 15" 7715
Loi giai
Chon'B

D@ thiy f'(x) c6 banghiém x=0,x=1,x=—1 suyra f'(x)=4ax(x’-1).

Trdotacd f(x)=ax'—2ax" +c.

Mat khac, tir gia thiét do thi ham s6 y = f(x) va y = g(x) cat nhau tai hai diém c6 hoanh do
x ==+1 va tiép xtic tai diém c6 hoanh d6 x=0 nén f(x)—g(x) =ax*(x* -1).

Tur hinh phing gi6i han boi do thi ciia hai ham s6 y = f(x),y=g(x) va hai duong thing

1
x=0,x=1 co dién tich bang % ta c6 phuong trinh ”ax2 (x* — 1)| dx =
0

w |

1

<:>aj-(x2—x4)dx:§ <::>a=6:>f(x):6x4 ~12x* +5 :.j)-f(x)dx:j;(6x4—l2x2 +5)dx:3

0
Cau4dl.17:  Xét f(x)=ax"+bx’ +c(a,b,c € R,a > 0) sao cho dd thi ham s y = f(x) c6 ba diém cuc
trila 4,B va C(1;6). Goi y=g(x) 1a ham sb bac hai c6 d6 thi di qua ba diém 4,B va C.Khi
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hinh phang gi6i han béi do thi ctia haiham s y = f(x), y = g(x) va hai duong thang x =0,x =1

c6 dién tich bang , tich phan J.% dx bang

0

Al B.3.c-2p33
15" =15
Loi giai

Chon'D

D@ thiy f'(x) co banghiém x=0,x=1x=—1 suyra f'(x)=4ax(x’-1).

Trdoétacd f(x)=ax'—2ax" +c.

Mit khéc, tir gia thiét d6 thi ham sd y = f(x) va y = g(x) cit nhau tai hai diém c6 hoanh d6

x ==+1 va tiép xtc tai diém c6 hoanh d6 x=0 nén f(x)—g(x) =ax*(x* -1).

T hinh phing gi6i han béi dd thi cua hai ham s6 y = f(x),»=g(x) va hai dudng thang
4

1
x=0,x=1 co dién tich bang % ta c6 phuong trinh ”axz(xz —~ 1)| dx = s
0

@aj(xz—x“)dx:% ©a=2= f(x)=2x"-4x"+8

:.!%f(x)dx !(x -2x° +4)dx—fz

Cau 41.18: Xét f(x)=ax’+bx’ +c(a,b,c € R,a>0) sao cho d6 thi ham s6 y = f(x) coba diém cuc
trila 4,B va C(1;-5). Goi y=g(x) 1a ham s6 bac hai c6 do thi di qua ba diém 4,8 va C.
Khi hinh phing giéi han bi dd thi clia hai ham s6 y = f(x),y=g(x) va hai duong thing

, .14 ' s
x=0,x=1 c6 dién tich bang 5 tich phan If(x)dx bang

A. 5. B. 3. CED2

15 15
Loi giai

Chon'C
D& thay f'(x) c6 banghiém x=0,x=1,x=—1 suyra f'(x)=4ax(x’-1).
Tur do tacd f(x)=ax*—2ax’ +c.
Mit khac, tir gia thiét 6 thi ham s y = f(x) va y = g(x) cdt nhau tai hai diém c6 hoanh do
x =1 va tiép xtic tai diém c6 hoanh d6 x =0 nén f(x)—g(x)=ax*(x* -1).
Tir hinh phang gi6i han boi do thi cua hai ham sé y = f(x),y=g(x) va hai duong thing
x=0,x=1 c6 dién tich bang % ta c6 phuong trinh ”ax (x* - 1)| dx = %

(xz—x4)dx=% Sa=7 :>f(x):7x4—14x2+2

0 0 \ ) 23
:J.lf(x)dxzjl(%c —14x +2)dxz§

Cau41.19:  Xét f(x)=ax"+bx’ +c(a,b,c € R,a >0) sao cho dd thi ham s y = f(x) c6 ba diém cuc
trila 4,8 va C(1;-5). Goi y=g(x) 1a ham sb béc hai c6 d6 thi di qua ba diém 4,B va C.
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Khi hinh phing giéi han béi dd thi cta hai ham s6 y = f(x),y=g(x) va hai dudng thing

. .14 . .
x=0,x=1 ¢6 dién tich bing . tich phan [ £(x)dx bing
-1
A. 5. B.3.C.=2.D.=.

ChoniC

D@ thiy f'(x) c6 banghiém x=0,x=1,x=—1 suyra f'(x)=4ax(x*-1).

Turdotacd f(x)=ax'—2ax’ +c.

Mit khac, tir gia thiét 6 thi ham s y = f(x) va y =g(x) cit nhau tai hai diém c6 hoanh d6

x =1 va tiép xtic tai diém c6 hoanh d6 x=0 nén f(x)—g(x)=ax*(x* -1).

T hinh phing gi6i han béi dd thi cua hai ham s6 y = f(x),y=g(x) va hai duong thang
1

x=0,x=1 c6 dién tich bang % ta c6 phuong trinh J.|ax2(x2 —~ 1)| dx = %
0

14

Sa (x —x4)dx=E<:>a=7 = f(x)=7x"-14x* +2

© —

0 0

23

= x)dx=[(7x" —14x> +2)dx ===

[/ x)ate= [ Je=13

Cau41.20:  Xét f(x)=ax"+bx’ +c(a,b,c € R,a >0) sao cho do thi ham s y = f(x) c6 ba diém cuc
trila 4,8 va C(2;-12).Goi y=g(x) 1a ham s6 béc hai c6 dd thi di qua ba diém 4,B va C.

Khi hinh phing giéi han béi dd thi cia hai ham s6 y = f(x),y=g(x) va hai dudng thing
1

x=0,x=2 co dién tich bang %, tich phan If(x)dx bang
0

A.S. B.3.C.§.Q.§.

15715

Loi giai

Chon D
D& thdy f'(x) c6 banghiém x=0,x=2,x=-2 suyra f'(x)=4ax(x> —4).
Trdotacd f(x)=ax'—8ax’+c.
Mit khac, tir gia thiét d6 thi ham sé y = f(x) va y = g(x) cit nhau tai hai diém c6 hoanh d6
x =+2 va tiép xtic tai diém c6 hoanh d6 x=0 nén f(x)—g(x) = ax’(x* —4).

T hinh phing gi6i han béi dd thi cua hai ham s6 y = f(x),y=g(x) va hai dudng thang

2
x=0,x=2 c6 dién tich bing % ta c6 phuong trinh .”axz(x2 —4)|dx :%
2 64 0 ! ! 23
<:>a.([(4x2 —x4)dx:E oa=1=f(x)=x"-8x"+4 :'([f(x)dx:!(x“—sz +4)dx:E

CAU TUONG TU CAU 42 PE THAM KHAO 2024

A .4 , , ~ , LA R z, +2
Ciu 42.1:Cho hai so phtic z,, z, # 2 thoa man cac diéu kién |zl| =2,2

1 56 thuan a0 va |z, +2z,| = 4

. Gia tri cua |2z1 —zz| bang
A. 246 B. /6. C. 36. D. 8.
Loi giai
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Chon'A
* bitz, = a+bi,(a,be R) ,

* Ta co:

z,+2 _(a+2)+bi _[(a+2)+bi[(a=2)-bi] (a2—4+b2)+((a—2)b—(a+2)b)i
z,-2 (a—2)+bi (a—2) +b? (a—2) +b? (a—2) +b*
z,+2

\ A A o 2
1a s0 thuan 40 = o’ +b* =4 :>|22| =4,

z,—2

z 422, =4=16=|z,+22,[ & (z,+22,)(z +22,) =16

= |zl|2 +4|zz|2 +2(zlz+zzz_l) =16 = (ZIZ+ZzZ_1) =-2
Taco 22, -z, =(22,-2,)(22, -2, ) =4[z [ +|o[ —2(z2, +2,2 ) =24
:>|221 —Zz|=2\/€
Cau 42.2:Cho M 14 tap hop céc s6 phirc z thoa |2z—i| = |2+iz|. Goi z,, z, 1a hai s6 phirc thudc tap hop
M sao ch0|z1 —zz| = /3 . Tinh gi4 tri ctia biéu thirc P = |z1 + zz| .

B3

A. P=43. B. P=1. C.P:%. D. P="=.

Loi giai
Chon' B
bat z=x+yi voi x, yeR.
Ta c6: [2z—i|=[2+iz] & 2x+(2y—1)i| =2 y+xi| & x>+ y* = 1.
Suy ra tap hop cac diém biéu dién sb phtc z trén mat phéng phuc 1a dudng tron (O; 1)
:>|Zl|=|22|=1.

Taco: |7+ +|5 -l =2(|2[ +|=[ )= PP =12 P=1.

Cau 42.3:Xét hai sb phrc z,, z, thoa man |Zl| =|z2| =2va |221 —3zz| =27 . Gia tri cia |2:/:1 —zz| bang:

A 243, B. 12. C. 247. D. 28.
Loi giai
ChonA
Ta co:
|2.z1 -3z | 3|2z -z | —4|z | +9|z | (z z,+2,2 ) 12|zl|2 —3|zz|2+6(zlz+zzz_l)

©28-3[22, -z, =-32+24 & 2z, -z, =V12

Cau 42.4:Cho sb phuc z thay doi thoa m5n|z| = |z -6-— 6i| .Goi S 1a tap hop cac s6 phirc w =—— . Biét rang

w,,w, 1a hai s6 thudc S sao cho |w1 - w2| =2, mo dun cua s6 phic w, +w, -2 -2i bang

A. 4. B. 2. C. V2. D. 1.
Loi giai
Chon'B
12z 12z 122 12 - 12
- :z—
"R e
Theoglathlettaco|| |z 6— 6| ‘ ‘ ‘——6 61
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& 12=12-(6+6i) w‘ ‘1 =t
|w—1—z|=\/_
Pt t=w-1-i=|f|=v2
it fo ) -2
:>|w1+w2—2—2i|2=|t1+t2|2=2(|t1|2+|t2|2)—|t1—t2|2:2(2+2)—4:4
=|w, +w, -2-2i|=2.
CAu 42.5:Xét cdc sb phic z,w théa man |f[=2 va (w—3+4i)(w+3+4i) 1a s6 thuin do. Khi

|z - w| =32, gia tri cua |2z + w| bang

A. 41, B. /47 . C. /63, D. 43,

Loi giai
Chon|C
* bat w= a+bi,(a,be ]R), P:|22+w|
* Ta co:

(w—3+4i)(§+3+4i):(a—3+(b+4)i)(a+3+(—b+4)i)
(w—3+4i)(§+3+4i)la s6 thudn 40 = a’ +b* =25= |w|=5.

z— w| 3\/—:>18 |z w| z w)(z w) =18= |z| zw+zw +|w|

= 18=4- (zw+zw)+25 =zw+zw=11

e P2 =[2z+w| =(22+w)(22+W) =4[z +2(zw+7w)+|n] =16+22+25=63

= P—\/_.
Céu 42.6:Xét cac s6 phuc z, w théa man |z-1+2i|=1va (w—l+2i)(§—l—2i)=4. Khi [z-w]=2, gia

tri clia |z +w—2+4i| bing

A. 243, B. 5. C. V6. D. 24/3.
Loi giai

Chon|C

*Dat u=z—1+2i suyra |z—1+2i|=1< |u|=1

Pat v=w—1+2i suyra (w—1+2i)(w-1-2i) =4 svv=4 o] =4 ]|=

z-w=2|(z-1+2i)—(w-1+2i)| & u—| =
:>4=|u|2—(u;%r;v)+|v|2 =Suv+uv=1
P2=|Z+w—2+4i|2:|(z—l+2i) (w l+21| |u+v| |u|2+|v|2+u;+;v:6.

Vay P=|Z+w—2+4i|=\/g

21| =[] =|z3]=1
Cau 42.7:Cho ba s6 phirc z;, z,, z3 thoa min diéu kién 212 =2y23 , VOIM = |22 —Z3| —|Z3 —Zl|.
J6+42
-nf= Y%
Tinh M?.
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A 3+Y6-3-2. B.J6-V3-2. C.M. p, Y6-v2+2

2 2
Loi giai
Chon'A
Ta co

2= zaf +[z1+ 2 =2(jaf +]zaf)

(f5:+-2) (Jo+-2)
f®|zl+zz|= 4——-——

4

<:>|Z1+Zz|2 =4

Khi 6, M =|22—Z3|—|Z3 —Zl|:

7
Zz—g—|21||23—21|

Z%—le _ _ 2 _|Zl_Z2|'|Zl+22|_ _ _|Zl—22|.|Zl+Z2|_ _
= ZlZ3 Zl = |ZIZ3 ZzZ3| = |Z3|.|Zl Zz|
2 |22] 22|
2
@+ﬁJL&%+ﬁ)_@+ﬁ\£\5H
2 4 2 2 '

Khi d6 M? =3++/6-/3-2.
Cau 42.8:Goi z,, z, 14 hai trong cac s6 phic z thoa man |z—3+5i| =5va |z1 _Zz| = 6. Tim binh phuong
ctia modun sb phitc w=z, +z, —6+10i .
A. 16. B. 36. C.8. D. 64.
Loi giai
Chon'D
Gid st z=x+yi v6i (x,yeR).Khidé M (x;y) 1a diém bicu dién s6 phirc z trén mit phang
toa dd Oxy.
Ta c6: |z—3+5i|=5= M (x;y) thudc duong tron (C) c6 tam 7(3;-5), ban kinh R=5.

"

Xét W =|z, +z,-6+10i| ==

2tz 6,10
2 2 2

zZ +z .
=222 345

. A .2 .x . .2 . X .x + .2
Goi 4, B lan luot biéu dién z,, z,; Khi do diém K bicu dién % la trung diém cua 4B .

Taco |z, —z,|=6=AB=6, KB=3.

D0M=

Z +22

—3+5i

nén |w| =2IK .

Vi IK | AB nén IK = IB> ~KB* = 4.
Vay |w| =2JK =8. Khi d6 binh phuong ciia modun sb phitc w= z, +z, —6+10i bang 64.
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: +4
Chu 42.9:Xét cic 56 phite z,w(w=4) thoa man |z|=3 va —

1a 56 thuan do. Khi |z —w] =13, gid tri
W_

ciia [3z+2w| bang

A 74 B. V73 C. V219 D. \217.
Loi giai
Chon D
+) Ta co: w—+4=ai:>w=M:>|w|
w—4 l—ai

¥ |z—w|=\/E:>(Z—W)(:V):(Z_W)(E_W):B
|z| (zw+2zw +|w| =13=zw+zw=12

) P* =Pz 2uf =(3z+2w)(3z2+2w) =9|f +6(z+7w)+4[u] =9.9+6.12+44> =217

= P=+217
Ciu 42.10:  Cho hai s6 phirc z,, z, thoa man cac diéu kién |z| w+1)(w+i)+(4+i)(1+7i) 1a sé
thuan 40 va |z +2u| =4. Gi4 trj cua |2z — w| bang
A. 246. B. /6. C.36. D. 8.
Loi giai
Chon A

Goi w=a+bi,(a,beR)
(W+i)(v_v+i)+(4+i)(1+7i)=w.v_v—1+i(w+v_v)—3+29i:a2+b2—4+(2a+29)i
(w+i)(v_v+i)+(4+i)(1+7i) 1 56 thudn a0 = @’ +5* -4 =0= |u| =
) [z+2w] = 4= (z4+2w)(z+2w) = (z+w) (F+2) =16
=z +2(zw+2w) + 4] =16 = ziw+Zw=-2
) z=wf = (22-w)(22 - w) =4[z ~2(z30+ Zw) + [n] =44-2.(-2)+4 =24
= |2z—w|=2\/—-

Caud2.11:  Cho hai sé phirc z;z, théa man: |z—2i|=|(i-1)

- '|=|(i+1)w+1—i|. Biét

|z—w|:l,tinh |z+w|

A. 32, B. 24/2. C.7. D. 3.
Loi giai
Chon C
z=a+bi
bat: { ) (a,b,c,d E]R).
w=c+di
Ta co:

v |z=2i]=|(i-1)z+1+i] < |z 21 =|(i-1)||z—]

& |z-2i=2|z-1]

e d+(b-2) =2[@+(b-1)"| @ +b =2 (1)
v [w=2i|=|(i+1)w+1-i < [w=2i| =|(i+1)||w—i]
& [w-21 =2 |w-

o al +(b—2)2 =2[a2 +(b—1)2J sa+b’=2(2)
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Ma: |z-w|=1 (::>(a—c)2+(b—d)2 =1 2ac+2bd =3 (do (1) va (2))
Vay: |Z+w|=\/(a+c)2+(b+d)2 =\/(a2+b2)+(c2+d2)+2(ac+bd) 7.
Ciu42.12:  Cho hai sé phic z, w thoa man didu kién [2z-3i]=3[2+iz| va |z—w|=2. Mddun

|22 +3w| bang

A. V52 B. \/53. C.5J2. D. V51,
Loi giai

Chon D

[22-3i]=\3|2+iz| & |2x+(2y-3)i]| =/3|(2- y) + ai
& (2x) +(2y-3) =3(2-y) +3x* @ x*+)* =3
= fi=pvl=+3

Giast z=a+bi,(a,beR);, w=c+di,(c, d eR).
Theo gia thiét ta co:

2| =3 @+ =3 @ +b =3 (1)

|w|=\/§ et +d? =3 it +dr =3 (2)

z-wl=2 |(a—c) +(b-d) =4 |a®+b+(c*+d*)-2(ac+bd)=4 (3)
Thay (1) ,(2)Vz‘10 (3) ta dugc ac+bd =1 (4)

Tacd [22+3w = y/(2a+3¢)’ +(2b+3d)’

:\/4(a2 +5°)+9(c* +d”)+12(ac+bd) =/43+9.3+12.1 =51 .

CAU TUONG TU CAU 43 PE THAM KHAO 2024
Céu 43.1:Cho hinh hop ABCD.A'B'C'D’ ¢6 cac canh bing 2a. Biét BAD = A'AB = A'AD = 60" . Tinh thé
tich V' cua khéi hop ABCD.A'B'C'D' .
A. YNGYAS B. 24/24°. C. 8a°. D. \24°.
Loi giai
Chon A

Tir gia thuyét ta c6 cic tam giac AABD , AA'AD va A'AB 1a céc tam giac déu.
= A'A= A'B = A'D nén hinh chiéu H cta A’ trén mit phang (ABCD) la tam dudng tron ngoai
tiép tam giac déu ABD.

= AH 22.2a.£ =£a
3 2 3

= A'H =~ A'A* — AH* zéa.
2
—2\/6 a.2.4a \/g =4x/§a3.

Thé tich ctia khdi hop ABCD.A'B'C'D': V = A'H.S ;5 = 3 1
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a3 a6 B a2
4 3 4
Cu 43.2:Cho hinh lang try déu 4BC.4'B'C’ . Biét khoang cach tir diém C dén mit phang (4BC’) bang

thé tich khdi lang tru ABC.A'B'C' 14 V e yper =

, . 1 . p
a , goc gitta hai mat phang (ABC/) va (BCC/B/> bang a vdi cosa = ﬁ Tinh thé tich khoi

ling tru ABC.A'B'C’.

3 3 3 3
A.V:3‘“/§. E.V:?’aﬁ. C.V:‘“/E. D.V:3‘“/§.
4 2 2 8
Loi giai
Chon B
A y C'
B’ K y

Goi M la trung diém cta AB.

AB L CC , , ,
0 = AB L (MCC')=(A4BC') L (MCC’).
AB 1 CM
Ké CK vudng goc voi CM tai K thi ta duge CK L (ABC'), do d6 Csz(C;(ABC')):a.
. , xv3
bat BC = x,CC’' = y,(x> 0,y >0), ta dugc: CM:T
P S S S N I
CM* CC” CK* 3x* y° a
— K 12
Ké CE L BC' tai E,taduoc KEC=a, EC = _C L
sina \/l 1 11
12
1 1 11
Laico 5+—=—75=—7(2).
x>y CE° 12a
Giai (1),(2) taduge x =2a,y = a\Z/E .

Thé tich khéi lang try ABC.A'B'C’ la:
3 _ a6 4a*\f3 - 324
4 2 4 27
Cau 43.3:Cho hinh lang tru dung ABC.A'B'C’ c6 day la tam giac ABC vuodng can tai 4, canh BC = a6
. Géc giita mit phang (4B'C) va mit phang (BCC'B') bang 60°. Tinh thé tich ¥ ctia khoi da
dién AB'CA'C".
A. NS 3a°\3 a3 a3

B. . C. . D. .
2 2 3

Loi giai

V=y.

Chon A
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Cau 43.4:

A (o4

n

-

-
=27

M

Khoi da dién AB'CA'C’ 1a hinh chép B'.ACC'A’ ¢6 A'B' L (ACC'A).
Tir gia thiét tam gidc 4ABC vudng can tai 4, canh BC = a6 ta suyra AB=AC = a3 .

Goi M 1a trung diém ctua BC, suyra AM 1 BC va AM =%.

4

{AM 1 BC
Taco

AM 1 BB’
Goi H 1a hinh chiéu vudéng goc cia M 1én B'C,suyra MH L B'C (2).
Tur (1) va (2) tasuy ra B'C L (AMH). Tl d6 suy ra goc giita mét phang (AB'C) va mit phing

= AM 1 (BCC'B')= AM L B'C (1).

(BCC'B') la goc gitta AH va MH . Ma tam giac AMH vuong tai H nén = AHM =60°.

— MH = AM .cot60° =2 6.L=aﬁ.
2 32
a2
sin[?(-?]\\l:@: 2 :L
MC ax/g \/5
2
:>1+tan2]\7C7—I= 1/\= . =§:>tan@=£
l-sin°McH (_1 2 2
3

:BB':Bc.tan@:m.gzaﬁ

=V pere =V scon = %B'A’.AC.BB' = %.a 3.a\3.a3=d’\3.

Cho lang tru ABC.A'B'C"' ¢6 day la tam giac déu canh a, hinh chiéu vudng goc cta diém A'

1én mit phang (ABC ) trung v6i trong tim tam gidc ABC . Biét khoang cach giira hai dudng

. . av3 . .
thang AA'va BC bang T\/— Tinh theo a thé tich khoi lang tru do.

3 3 3 3
A.aﬁ. B.aﬁ. C.a\/g. D.a\/g.
12 6 3 24
Loi giai
Chon A
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fed

+Goi M 1a trung diém BC, H 1a trong tAm tam giac ABC = A'HJ_(ABC).
+ AM 1 BC va AH L BC =BC L(44'M).
+ Trong tam giac AA'M ,ké MN 1L AA' tai N

A
MN L BC tai M vi BC L(44'M).
‘ o s a3 : ¢
= MN 1a doan vudng goc chung cia 44'va BC = MN :T.
A o 1 1 B 4 C
+ Tam giac A4'M ¢6 S, ,,.,, =EA'H.AM =EMN.AA' M

— A"HAM = MN.AA' < A'"H.AM = MN~A A'H? + AH?

2 2
a3 A,H2+(2a\@} A'H2+[a\gJ
. MN~NA'H*+AH* 4 32 3
= A'H= = = .

AM a3 2
2
\/g 2
—SAA'H =A'H’ +(”TJ = A'H =§
2 3
q , 3 3
Viy thé tich khéi ling tru Ve e = A" H.S, e =%. ¢ j— = a1;/_ .

Céu 43.5:Cho hinh ling tru ABC.A'B'C"' c¢6 day ABC 1a tam giac déu canh bang a . Hinh chiéu vudng
goc cua A" trén (ABC) 1a trung diém cta AB . Mit phing (44'C'C) tao véi day mot goc bang
45° . Thé tich ¥ cua khéi lang tru ABC.A'B'C' bang

3 3 3 3
AV = B. V=% c.v=32 D. V=2
16 8 4 2
Loi giai
Chon A

Goi H, M, I lan luot 13 trung diém
cua AB, AC, AM.
Ta c6 IH 1a dudng trung binh cua tam giac AMB , MB 1a trung tuyén cta tam giac déu ABC.
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IH /| MB
Do d6: =IH 1 AC.
C

AC 1 A'H

Co: {

AC LIH
(ABC)N(ACC' A" = AC
(4BC): AC L IH
(ACC'A"): AC L A'T
va (ABCD) = A'IH =45°.

= AC L(A'HI)= AC L A'I

Co:

Trong tam gidc 4'HI vudng tai H, ta cd: tan45° = —AHIILI
= A'H = IH .tan 45° =IH=%MB =¥

2 3
Vay V=2 3 a3 _3a

4 4 16

— A'IH 14 goc nhon va 14 goc gita hai mit phing (44'C'C)

Céu 43.6:Cho hinh lang tru dimg ABC.A'B'C", biét day ABC 1a tam giac déu canh a. Khoang céach tir

tam O cua tam giac 4ABC dén mit phang (A'BC ) bang % . Thé tich khéi lang try ABC.A'B'C"

bang
3 3 3 3
A. 3“‘/5. B. 3‘“/5. C. 3‘“/5. 9.3"‘/5
8 28 4 16
Loi giai
Chon' D
A' C'
I3
A

Goi M 1a trung diém cta BC. Ta c6 (A'AM) J_(A'BC) theo giao tuyén A'M
Trong (A'AM) ké OH L A'M (He A'M).
= OH 1 (A4'BC).

Suy ra: d(O,(A'BC)) =OH =

a

.

Xét hai tam giac vudng A'AM va OHM cb goc M chung nén chiing dong dang.
a

1 a3
OH OM _ ¢ 1 NG

A'A AM A4 JopL+am? A4 BY
A'AZJ{“ 3]

Suy ra:
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= A'A= “*/g.
4

a3

+ Suisc :T-

: a6 >3 3a\2
Thé tich: V5 yper =Spe-A'A= . = .
ABC.A'B'C AABC 4 4 16
Cau 43.7:Cho hinh lang tru ding ABC.A'B'C"' c6 ddy ABC latam giac vudng tai B, BC = a, mat phang
(A4'BC) tao v6i ddy mot goc 30° va tam gide A'BC c6 dién tich bang a3 . Tinh thé tich khéi
lang tru ABC.A'B'C".

3 3 3 3
A.aﬁ 13.3‘“/g c.3‘“/g 9.3“6
8 4 8 2
Loi giai
Chon D
A (o

— BC L (AA'B'B)= BC L A'B
BC 1 AA'

BC =(ABC)(A'BC)
Va {(4BC): BC L AB

(4BC): BCLA'B
:((W)):(M):@':soo

Ta co:

{BC 1 AB
(0]

S pe = %A’B.BC

i :
g 2Sume _2a°\3 203

BC a
AB = A'B.cos ABA' = 2a/3.c0s30° = 3a; AA' = A'B.sin ABA' = 2a~/3.sin30° = a3

1 1 3
Viscage =Sapc-AA = E-AB.BC.AA' - E~3a.a.a\/_ - 3612\/5

Ciu 43.8:Cho ling truy ABCD.A'B'C'D' ¢c6 ddy ABCD 1a hinh thoi canh ¢, tAm O va 4BC =120°. Géc giita
canh bén 44' va mat day bang 60°. Pinh 4' cach déu cac di€m 4, B, 0. Tinh theo a thé tich
¥ cua khoi lang try da cho.

3 3 3
Ay =3% B y_4V3 c.y_oB

2 6 - 2
Loi giai

. D. vV =43.

ChoniC
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Tir gia thiét suy ra tam gidc 4BD déu canh a.
Goi H la tam cta tam giac 4BD.
Vi 4' cach déu cac diém 4, B, D nén A'H 1 (4BD).

Do d6 (44',(4BCD)| = (44", HA) = A"AH = 60"

Ta ¢6 AH:EAOZE.“*Bz "‘5.
3 372 3
Tam giac vuong A'AH ,c6 A'H = AH.tan A'AH = a.
2
Dién tich hinh thoi S ;. =28, 5 = #
a3

Vay VABCD.A'B'C'D' = SABCD'A'H = >

Cau 43.9:Cho khdi lang tru ABC- A'B'C’ ¢6 day ABC la tam giac déu, AA'= AB'= AC'=a. Biét goc
giita hai mat phang (BCC'B') va (A4BC) bang 30°, thé tich ctia khi ling tru d cho bang

Cau 43.10:

3 3 3 3
A.*/g“ .B.*/ga .g.‘/g" DL,
24 8 12 8
Loi giai
Chon\C
A C
30%ZFJ

1
»
[ 1atrung diém ctia B'C', H 1atrong tim AA'B'C'
Chép A.A'B'C' déunéntacd AH L(A'B'C'). Suyra AH 1a chiéu cao va BC L (AA'lJ)

Suy ra goc giira hai mat phang (BCC'B') va (4BC) 1a AJI = AA'T = 30°,

a\/§ 2 a3

AA'B'C' déu canh a nén A'IzT:A'H:EA']:

3
AAA'H vudng tai H tacd tan AA'H _ A7 < AH = A'H.tan30° = a\/g'ﬁ =2
A'H 3 3 3
a*3 a3 a a3
Sarpe :T:’ Viscape =Bh= 4 3 = B

Cho hinh lang tru ABC.A'B'C" ¢6 day ABC la tam gidc vudng tai A, canh BC =2a va

ABC =60°. Biét t giac BCC'B' 1a hinh thoi c6 B'BC nhon. Biét (BCC'B') vudng goc voi
(ABC) va (ABB'A’) tao véi (ABC) gbc 45°. Thé tich cia khdi lang tru ABC.4'B'C'bang
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Do A4BC latam gidc vudng tai 4, canh BC =2a va ABC=60°nén AB=a ,AC = a3 .
Goi H 1a hinh chiéu vuong goc cia B’ 1én BC = H thugc doan BC (do Z?B\C nhon)
= B'H L (ABC) (do (BCC'B') vudng goc véi (ABC)).

Ké HK song song AC (K € AB) = HK L AB (do ABC 1a tam gidc vudng tai A).

=| (4BB'A),(ABC) |- BKH =45°= BH =KH (1)

Tacd ABB'H vuong tai H => BH =~4a’ -B'H>  (2)

HK.2
Mat khac HK song song AC :ﬁ=£:>BH= a

BC  AC a3

)

B'H.2
Tu (1), (2) va (3) suy ra V4a®> —B'H* = 4 S BH=ua /2
ax/§ 7
A , 1 , 3a’
Vay VABCAA'B'C' = SABC'B H = EAB.AC.B H=—.

V7

CAu43.11:  Cho hinh ling tru ABC.A'B'C’ ¢6 ddy ABC 1a tam gidc vuong tai 4, AB=a, AC =a+/3
, AA=A'B=A'C.Tréncanh AC liy diém M sao cho CM =2MA . Biét khoang cach giita hai

duong thang A'M va BC bang %. Tinh thé tich ¥ caa khéi lang tru da cho.

3a’ 2a3x/§ a3\/§

AV=a. B.V=—-. C.V= 3 D. V=

Loi giai
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S

d(A'M;BC)=d(BC;(AMN))=d(H;(AMN))=HI = HI = % :

Ké AT//HK, AT "MN =P :>HK:PT:§AT

Tam giac ABC vudng tai 4 = ! ! ! = 4 :HK:EAT:i.
3743
1

AT AR ACT 34
o R . | 1 1 4 3
Tam gidc A'"HK vudng tai H = T HE HC 7 &4
a’3
N 2 ' r
Ciau 43.12:  Cho hinh lang tru ABC.A'B'C’ ¢6 day la tam gidc déu canh a. Hinh chiéu vudng goc cta
diém A’ 1én mat phang (ABC) tring véi trong tim tam gidc ABC . Biét khodng cach giita hai

=—=AH=a.

2

Vay thé tich khoi lang tru dd cho 1a: V' = A'H.S . = a%.a.a\/g =

duong thang 44’ va BC bang #. Tinh theo @ thé tich ¥ ctia khéi lang tru ABC.A'B'C’.

3 3 3 3
A.V:‘“/g. B.V:‘“/g. C.V=‘“E. D.V:“‘/g.
12 6 3 24
Loi giai
Chon A

Ta cod A’GJ_(ABC) nén A'G L BC; BC L AM :>BCJ_(MAA')
a~'3

Ké MI 1 A4'; BC L IM nén d(AA'; BC)=IM ==
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KéGHJ.AA',tacéﬁzG—H:%@GH:gizﬂ
AM M3 3 6
a\/§ a3
12: ,12+ 12<:>A'G: AG.HG __3 6 _4a
HG* A'G* AG JAG? - HG? \/az a3
3012
aazf az\/g
14 =A'GS dvtt).
ABC.A'B'C' ABC 3 4 12 ( )

CAU TUONG TU CAU 44 PE THAM KHAO 2024
. -1 -2 3
Cau 44.1:Trong khong gian vdi h¢ truc toa do Oxyz, cho duong thang d :XT = ll =z 5 va mat cau

(S): (x—2)2 +y° +(z—1)2 =1. Goi (P) va (Q) la hai mat phang chita duong thing d va tiép
xtic v6i mit cau (S) lan lugt tai M va N . Do dai day cung MN c6 gid tri bang

3

A. 4. B. - C. 2. D. 1.

Loi gidi
Chon|C
Néu goi A la hinh chiéu vudng goc ctia tim 7(2;0;1) 1én duong thang d , thi ta ¢6 hinh v& minh

hoa hai mit phang (P) va (Q) di qua d, tip xtic véi mat cau (S) nhu sau:

N

x=1+2¢

Phuong trinh tham sé dudng thang d : -t ;VTCPcua d: u, 4 (2 1;2) .
z=2+4+2t

Goi H (1+2t;—1;2+2t). Suy ra: IH = (2t —1;-1;2t +1).

Co IH Lu, < IHu, =0 <:>2(2t—1)—1(—t)+2(2t+1)=0 =t=0= H(10;2).

D dai doan IH =J(2-1) +07 +(1-2) =4/2.

7 2
Ap dung dinh 1y Pythago suy ra: HM = HN =~IH* — IM” =,[(\/§) -1=

HM IM :2.1.1 _2.

Suy ra: MN =2MK =2.

S
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Céu 44.2: Trong khong gian voi hé truc toa dd Oxyz , cho mit cau (S): (x—l)2 +(y+ 1)2 +(z —2)2 =9 va
diem M (1;3;—1), biét rang céc tiép diém cua cac tiép tuyén ké tir M t6i cdc mt cau da cho ludn

thudc mot dudng tron (C) ¢6 tm J (a;b;¢). Gia tri T'=2a+b+c bang

A T=12 B.7=2. cr=2, p. r=19
25 25 25 25
Loi gidi
Chon'C
A

Taco (S):(x—1)" +(y+1) +(z-2)" =9 = 1(1;-1;2); R=3.

M (1;3;-1) = IM = \J0* + 47 +(-3) =5.

Goi 4 1a mot tiép diém nén AM = MI> —I4* =/5* -3* =4.
Mit ciu tAm M ban kinh AM =4 dang (x—l)2 +(y—3)2 +(z+l)2 =16.
(x=1)" +(y=3)" +(z+1) =16

—4y-3z+1=0.
(x=1) +(y+1)" +(z-2)" =9

Toa dd 4 la nghiém cua hé¢ {

Hay Ae(P):4y—3z+1=0.

x=1
J 1a hinh chiéu cua /7 1én mat phang (P). Dudng thang IJ dang { y=—1+4z.
z=2-3¢
4y-3x+1=0 x=1
=1
J=1J~(P)=J langhiém ciahé { 1y :J(I;H;ﬁj_
y=—1+4¢ 25 25 25
z=2-3¢t =2§
25

Nén T:2a+b+c:ﬁ.
25
+1 y+2 z-1
11
(S):x*+y*+2° —2x—4y+62-13=0. Liy diém M (a;b;c) v6i a<0 thudc duong thang d
sao cho tir M ké duoc ba tiép tuyén MA, MB, MC dén mit ciu (S) (4,B,Cla tiép diém) thoa

man géc AMB =60°, BMC =90°, CMA=120°. Téng a+b+c bing

A. 2. B.2. c. D. 1.

3
Loi giai

Cau 44.3:Trong khong gian Oxyz, cho duong thing d = va mit cau

Chon'A
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Cau 44.4:

Mit cau (S) cotam 7(1;2;-3), bankinh R = 33 .

Goi MA=MB=MC=m.

Tam gidc MAB déu = AB=m.

Tam giac MBC vudng can tai M = BC = m2 .

Tam giac MAC cén tai M,EA/El =120°= AC =m/3.

Ta co: AB*> + BC® = AC? = AABC vudng tai B. ,

Goi H latrung diém cua AC, suy ra, A la tim duong tron ngoai ticp tam gidc ABC
Vi MA=MB=MC,IA=1IB=IC nén M ,H,I thang hang.

‘ : . Al
Ap dung hé thic lugng cho tam gidc MAI vudng tai 4, ta nhan dugc MI =— 60°=6
sin
Med=M(t-1t-2t+1)= IM = (-2t -4t +4).
t=0:>M(—1;—2;1) (t/m)
IM?>=36=3-4=0 4 1 =2 =a+b+c=-2.
tz—zM(—;—;zj (7)
3 333
x+2 y+1

. fe 1A A \ 2 Z o A
Trong khong gian vdi hé truc toa do Oxyz, cho duong thang d : = n va mat cau

-3
(S):(x—2)2 +(y+1)2 +(z+1)2 = 6. Hai mit phang (P), (Q) chira d va cing tiép xtc véi (S)

lan luot tai 4,B. Goi I ta tim mit cdu (S ) Gia tri cos AIB béng

A -1 B. L. c. -1, p. L

— 9 9 3 3
Loi giai

Chon'A
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Cau 44.5:

Mt cdu (S) c6 tam 1(2;-1;-1) va ban kinh R=+/6..

Phuong trinh tham sb cia duong thing

x=-2+2t
d:{y=-1-3t,u, =(2-31).

z=t
Goi H 14 hinh chiéu ctia 7 1én d.
Vi H ed:>H(—2+2t;—1—3t;t)
= IH =(-4+26;-36;1 +1).
Khi do,
E.LZ:O@2(—4+2t)—3(—3t)+(t+1)=0<:>t=%:> H(—l;—%;%} va IH:¥.
Goi M 14 hinh chiéu cta A4 lén IH .

2 2
Xét tam giac AIH vudngtai A c6:14° = IM .IH = IM =£=R—=&.
IH IH 3

Xét tam giac AIM vuéng tai M co AM?* = 14* — IM? =R — IM? :@: AB:@.

230

Tam gidc AIB c6 IA=IB=«/€,AB=T.

2 2 2
Ap dung dinh 1y cdsin trong tam giac AIB ta cé: cos AIB = A4 +1B — 4B = 1 .
214.IB 9

Trong khong gian Oxyz, cho diém E(2;1;3), mit phing (P) :2x+2y—z-3=0 va mit cau

(S): (x—3)2 +(y—2)2 +(z—5)2 =36. Goi A la dudng thang di qua E, ndm trong (P) va cit
(S) tai hai diém c6 khoang céch nhé nhat. Phuong trinh ciia A 1a

x=2+9¢ x=2-5¢t x=2+t x=2+4¢
A <y=1+9. B.<y=1+3¢. C.iy=1-t. D.{y=1+3¢.
z=3+8¢ z=3 z=3 z=3-3¢
Loi giai
Chgn C

Mit cau (S) c6 tam 1(3;2;5) va bankinh R=6.
IE:m:\/8<R = diém E niam trong mit cau (S)
Goi H 1a hinh chiéu ciia / trén mit phing (P), 4 va B la hai giao diém ciia A véi (S).
Khi 6, 4B nho nht < AB | IE, ma AB L IH nén AB L(HIE) = AB LIE .
Suy ra: u, = [Z,E} =(5;-5,0)=5(1;—1,0).
x=2+t

Vay phuong trinh cua A la {y=1-¢.
z=3
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x=1+¢
Cau 44.6: Trong khong gian Oxyz , cho mit cau x* + y* +z* =9 va diém M (xo;yo;zo) e€d:qy=1+2t.Ba
z=2-3t
diém A, B, C phan biét cung thudc mit cdu sao cho MA, MB, MC 1a tiép tuyén ctia mit cau.
Biét ring mit phing (ABC) di qua diém D(L;1;2). Tong T =x; +y; + 2z, bang
A. 30. B. 26. C. 20. D. 21.
Loi giai
Chon' B

x=1+¢

Ta co: M (xy;¥0:2))€d:qy=1+2t = x,+y, +z, = 4.

z=2-3t
Mit cau cd phuong trinh X er2 +z2=9= tam 0(0;0;0), ban kinh R =3.
MA, MB, MC 1a tiép tuyén ctiia mt cau = MO L (ABC).
= (A4BC) di qua D(1;1;2) ¢6 vecto phap tuyén OM =(x,;¥,;2,) c6 phuong trinh dang:
xo(x—1)+y0(y—l)+zo(z—2):O.
MA 1a tiép tuyén ctia mit cdu tai 4 = AMOA vudng tai 4= OH.OM =0A4> =R>=9.
Véi H 1a hinh chiéu cua O 1én (4BC) ( OH + HM =OM ), ta c6:
d(O;(ABC))=OH=|_x°_y°_220| tntatal |atd = OH.OM =z, +4].

VG+y+n  n+n+z M

=|z,+4|=9 < z,=5vz,=-13.

* Vi zy=5= M (0;-1;5)= T = 26 nhan do: OM:x/%;OHzmzé;
1
pz(ABc):—y+sz—9:0:MH:d(M;(ABc))zé.
= OH + HM = OM
* Vi z,=—13= M (6;11;-13) = loai do: OM =@;OH=%;
335
(ABC):6x+11y—13z+9:O:Msz(M;(ABC)):ﬁ.

= OH + HM # OM (loai)
Céu 44.7:Trong khong gian véi hé toa d Oxyz , cho mit cau (S): (x—l)2 +(y —1)2 +(z —1)2 =1 va diém
A(2;2;2). Xét cac diem M thudc mit cau () sao cho duong thing AM ludn tiép xtc véi (S)
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. Khi @6 M 1udn thudc miat phing cb dinh c6 phuong trinh Ia
A. x+y+z-6=0. B. x+y+z-4=0. C.3x+3y+3z-8=0.D. 3x+3y+3z-4=0.
Loi giai

Chon'B

A .

Mat cau (S) c6 tam /(L;1;1), ban kinh R=1. 4(2;2;2)
Ta luén c6 AMI =90°, suy ra diém M thudc mit ciu (S,) tAm E la trung diém cta A7 dudng
kinh A47.

2 2 2
i E(i;i;z),bénkinh R =IE= (lj +(lj J{lj 3
2°272 2) \2) "\2) T2

2 2 2
Phuong trinh mit cau (Sl): (x—%) +(y_ij +(Z—EJ :%

2
oS +y +2°-3x-3y-3z+6=0.
Vay diém M c6 toa d6 théa mén hé:

(x=1)" +(y=1) +(z-1)" =1 {x2+y2+zz—2x—2y—2z+2=0
x2+y2+zz—3x—3y—3z+6=0<:> X4y 42" =3x-3y-32+6=0
Trir theo vé hai phuong trinh cho nhau ta dugc: x+y+z—-4=0.
Céu 44.8:Trong khong gian véi hé toa do Oxyz, cho hai diém A(3;-2;6),B(0;1;0) va mat ciu
(8):(x=1)" +(y-2)"+(z-3)" =25. Mit phing (P):ax+by+cz-2=0 di qua 4,B va cit
(S) theo giao tuyén 1a duong tron cé ban kinh nho nhat. Tinh T =a+b+c

A.T=3. B.T=4. C.T=5. D.T=2.
Loi gidi

Chon' A

Mit cau (S) c6 tam 7(1;2;3) va bankinh R=5

y AE(P) 3a—-2b+6¢c—-2=0 a=2-2c
Ta co o PN
Be(P) (b-2=0 h=2

Bén kinh ctia dudng tron giao tuyén 1a » = \/R2 —[d (];(P))]2 = \/25 —[d (1;(P))J2
Bén kinh ctia duong tron giao tuyén nho nhat khi va chi khi d (1 ; (P)) 16n nhat

, a+2b+3c-2| [2-2c+4+3c-2 / c+4)
Ta co d(l’(P)):|\/ 2 2 2 | - | 2 | - (2_ )
a +b"+c \/(2—20) +274¢> V3¢ —8c+8

, c+4) , —48¢ —144c +192 , c=1
Xeét f(e)= 50(2—8c)+8:>f(c): 2 ;f(c):0<:>L:_4
(5¢* ~8c+8)’ \/(c+4)
5¢* —8c+8
Béng bién thién
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V5
f(e) 1/v5 / \
1/v5
\ 0

Vay d(I;(P)) 1én nhat bang /5 khi va chikhi c=1=a=0,b=2=a+b+c=3.
Céu 44.9: Trong khong gian véi hé truc toa dd Oxyz, cho hai diém A(3;5-2), B(—1;3;2) va mat phang
(P):2x+y-2z+9=0.Mit cau (S) di qua hai diém 4, B va tiép xtc véi (P) tai diém C.
Goi M , m lan luot 12 gia tri 16n nhat, nho nhét ctia d6 dai OC . Gia tri M’ +m” bang
A. 76. B. 78. C.72. D. 74.
Loi giai
Chon'A
x=3-2¢
Tacod AB:3 y=5-t .Goi M(3-2t;5—-1,-2+2t) la giao diém cua AB va mit phang (P).
z=-2+2t

M e(P) nén 2(3-2¢)+(5-1)-2(-2+2)+9= 0<:>t—§:>M(?7%?]:>OM J22.
= MC* = MAMB =16 < MC =4 do MC 1a tiép tuyén

534

BM =2

clia mit cau (S).

A 2 o o 2 A =7.7.10
Khi do tap hop diém C la duong tron giao tuyén (C) nam trén (P) cotamla M 3733
vabankinhla 4.

Goi C' va C" lan luot 13 hai diém trén duong tron (C) sao cho OC" va OC” lan luot 1a gia tri
16n nhat, nho nhét ciia do dai OC , khi @6 C', M va C" theo tht ty thang hang.

12 2
Dod()M2+m2=0C’2+OC”2:20M2+C§ v+

Ciu 44.10:  Trong khong gian Oxyz, cho mit cdu (S): (x—l)2 +(y+2)2 +(z—3)2 =27.Goi (o) la
mit phang di qua hai diém A(0;0;—-4),B(2;0;0) va cit (S) theo giao tuyén 1a duong tron (C)
sao cho khéi nén dinh 14 tim cua (§) va ddy 1a (C) c6 thé tich 16n nhat. Biét phuong trinh cta
(@) co dang ax+by—z+c=0,(a,b,c € R).Gid tri clia a—b+c bang

A. 4. B. 0. C.8. D.2.
Loi giai

Chon'A

Mt cau (S) co tim (1;—2;3) va ban kinh R =33 .

Diém A4(0;0;-4)e(a)=>4+c=0=c=-4.

Piém B(Z;O;O)e(a)2>2a+c=O:a:—%:Z.

Mit phang (ar) codang 2x+by—z-4=0.

Goi d 1a khoang cach tir tam / dén mat phing (ar) va r 1a ban kinh cia duong tron (C).
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Khi d6 khéi non c6 dinh / va ddy la duong tron (C) c6 thé tich la:
V:lmzd=17z(R2—d2)d=17z(27—d2)d
3 3 3
it f(d)=(27-d")d =-d’+27d,(0<d <3J3).
Suyra f'(d)=-3d>+27 va f'(d)=0 -3d*+27 =0 d =3(vi 0<d <3v3).
Bang bién thién:
d |0 3 3v3
7'(d) o0 -

o] 7~

Dua vao bang bién thién, ta thiy f(d) dat gid tri 16n nhat khi d =3 hay thé tich khdi nén dat
gid tri 16n nhat khi d =3 < d*> =9.

—5-2b —5-2p)’
52 (-5-20)

V545 5+b°

Ma d=d(I,(a)) =957 -20b+20=0<b=2.

Vay a-b+c=-4.

Cau 44.11:  Trong khong gian v6i hé truc toa do Oxyz , cho hai mat cau (S) : (x — 1)2 + y2 + (Z —3)2 =36
va (8"):(x+1) +(y—1) +(z-1)" =81. Goi d 1a dudng thing tiép xiic v6i ca hai mit ciu trén
va cach diem M (4;-1;—7) mot khoang 16n nhét. Goi E (m;n; p) 1a giao diém cua d v6i mét

phang (P):2x—y+z—17:O.Biéuthﬁ:c T=m+n+ p cb gia tri bing

A. T=81. B.T=92. C.T=179. D. 7 =388.
Loi giai
Chon D
d
H M
A

Mit cau (S) cotam 7(1;0;3) va co bankinh R=6.
Mit cau (S') c6 thm K (—L1;1) va co bankinh R'=9.

Lai co ﬁ=(2;—l;2):>KI=w/22 +(—1)2 +2? =3= KI =R'—R suy ra hai mit cau tiép xtic
a+1=6 a=>5

trong tai diém A(a;b;c),mé KA=R'=9=3KI = KA=3KI = {b-1=-3={b=-2.
c—-1=6 c=7

Do d6 A(S;—2;7). Vi d 1a duong thang tiép xuc voi ca hai mit cau trén nén d di qua 4 va

vudng goc voi KI . Ké MH 1 d = MH < MA, nén MH 16n nhat khi va chi khi H tring 4.

Khi @6 d 1a duong thang di qua 4 va vudng goc voi KI va AM suy ra d c6 mdt véc to chi

phuong u =[ KI, AM |. Ta c6 AM =(~1;1;~14)=u =(12;26;1).
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x=5+12¢t
Nén phuong trinh tham s6 ctia d 1a { y = —2+26¢ .

z=T+t
Vi E=dn(P)suyra E(5+126,-2+261;7+t).
Vi Ee(P) suyra 2(5+12t)—(-2+26t)+(7+1)-17=0<t =2 suyra £(29;50;9).

m=29
Ma E(m;n; p) suyra sn=>50 . Vay T =88.
p=9
n N B x y-2 z=-3 ., . x-1 y z-1 ) R
Cau 44.12: Chohaldu’ongthang(d):z=T= 1 Va(d):T=T=T.GQ1I(a;b;c)latam
mit cau di qua 4(3;2;2) va tiép xtic v6i dudng thang (d). Biét / ndm trén (d') va a <2. Tinh
T=a+b+c
A. 8. B. 4. C.0. D. 2.
Loi gidi
Chon D

Taco M (0;2;3)ed, I =(1+6651+1)ed = Al =(1-2;1-2;1—1) = Al =/31* ~101+9 .

- - [.]
MI = (t+1;6=21-2) = | MLu |=(0;3t-9;=3t+9) = d(I.d)="—=— =|t-3|.

U,

Mit khac mit cau di qua A(3;2;2) va tiép xtic v6i duong thing (d) nén Al =d(1.,d)

t=0
V3P —100+9 =|t =3[ = 2° —41=0 &

t:2(loai)
Khid6: a=1,b=0,c=1=>T=2

CAU TUONG TU CAU 45 PE THAM KHAO 2024
CAu 45.1:Dé ché tao mot chi tiét may, tor mot khéi thép hinh try c6 duong kinh /0cm va chiéu cao 30cm,
ngudi ta tién bé xung quanh hai dau rong Icm va sau Iem (tham khao hinh v&). Tinh thé tich
cta chi tiét may do, 1am tron két qua dén hang phan tram?

fem
\ \ Icm
[
A. 2326,47(cm’ ) . 2236,74(em*}-—-_C. 2623,47(cm’ ) D. 2326,74(cm’)
Loi gidi
Chon'D , ":
Gia thiét cho ban kinh khoi thép™ £u cao h=30cm

Thé tich khdi thép 1a ¥, = z.r>h = z(5)" .30.

Sau khi tién thi phan thép hai dau c6 ban kinh 13 7' = 4cm va chiéu cao phén tién 1a 4’ = Icm
Thé tich khoi thép ¢ hai dau bi tién bo 1a

V,=nr’h —mzr"h' = ﬂ.h'(r2 - r/2>=7r.1(52 - 42) =9r.

Thé tich chi tiét may la: V =V, —V, = 7507 — 97 = 741z ~ 2326,74 (cm’)
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Céu 45.2:Nguoi ta can d6 mot dng cong thoat nude hinh tru véi chiéu cao 2m, dd day thanh dng 13 10cm
. Puong kinh 6ng 12 50 cm . Tinh luong bé tong can dung dé lam ra 6ng thoat nude d6 (1am tron
dén 2 chir s6 thap phan sau ddu phay).

A. 0,57 (m). B. 0,14 (m’). C. 1,57 (m’). D. 0,25 (m’).
Loi giai
Chon D

Goi R, lan luot 1a ban kinh day cua hinh tru 16n va hinh try nho
=R=0,25m var=0,15m.

Thé tich hinh tru 16n 13 ¥, = z.R*h = 7(0,25)" .2.

Thé tich hinh tru nho 1a ¥, = z.r2.h = 7.(0,15)" 2

Luong bé tong can dung 1a ¥ =, -, = 27(0,25)" —27(0,15)" ~ 0,25 (m*).

CAu 45.3: Mot co s& san xuit ¢ hai bé nude hinh truqcc') chiéu cao bfmg nhau, ban kiqh day lan luot ]Jéng
Im va 1,2m . Chu co s¢ dy dinh [am mdt bé nude maéi hinh try, c6 cung chiéu cao va cé thé tich
bang téng thé tich cta hai bé nudc trén. Ban kinh day ctia bé nudc dy dinh 1am gin nhat voi két
qua nao dudi day?

A. 1,8m.. B. 1,4m.. C. 2,2m.. D. 1,6m.
Loi giai
Chon D

|
|
|
|
h " h
|
|
|
|

R,

Vi=rR’h=nh vaV,=xR’h= 326—5”;1.

Theo dé bai:
V=V+V,=V, L Ly
25 25

SR = g—; < R=1,56(m) (V,R lan luot 1a thé tich va ban kinh ciia bé nudc can tinh)

Cau 45.4:Mot coc hinh tru ¢6 ban kinh ddy bang 3cm, chiéu cao 20cm, trong coc dang c6 mot it nudce,
khoang cach gitra ddy coc va mat nudce la 12cm . Mot con qua muon uong dugc nude trong coc
thi mat nudc phai cach miéng coc khong quéa 6cm . Con qua thong minh d@ mo nhiing vién soi
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hinh cau co bén kinh 0,8cm thé. vao coc dé muc nudc dén lén Hél dé uodn duUC nudc, con
s v v s
qua Cé.n thé it nhét baO nhiéu Vién S()l

T~
\«-_.______,_._/ A

e == 20cm

12cm

A. 26. B. 27. C. 28. D. 29.
Loi giai
Cligile , ,
Con qua uong dugc nudce dung trong coc khi mat nude cdch miéng coc khong qua 6 cm nén muc
nude dang 1én tdi thiéu 1a 20-12—6=2cm.
Thé tich nudc tdi thiéu can ting thém 1 V = 7R*h = 1.3°.2 = 187r(cm3) .
Thé tich nudc ting 1én khi con qua tha x vién soi la:

4 =x.i7zr3 =x.i.7z.0,83 :&ﬂx (cm3).
3 3 375

. . s 2
Dé con qua udng dugc nudce ta co dicu kién V, >V <:>3—§§7zx >187 < x>26,37.
Vay con qua can tha it nhat 27 vién soi dé udng duoc nudc trong cdc.
Céu 45.5:Cho hinh chit nhat ABCD v&i AB =4cm, AD = S5cm . Cit hinh chit nhat da cho theo dudng gap
khic MNP nhu hinh v& bén véi BM =2cm, NP =2cm, PD =3cm va giit lai hinh phang 16n
(H ) . Tinh thé tich ¥ cta vat thé tron xoay tao thanh khi quay (H ) quanh truc 4B .

M

B : c
L P
N
A D
A. V=75ncm’. B. V=9ncm’. C. V:%TncmS. D. V=24;ncm3.
Loi giai

Chon'D
Thé tich vat thé tron xoay tao thanh br:ing téng thé tich ctia khdi tru cé6 r=5cm, h=3 cmva

thé tich ctia khdi non cut cd rn=2cmr=3cm, h=1cm.
Vay V = ;r52.3+”—'1(22 +3%+23)= 7574 OF 28T s
3 3 3
CAu 45.6:Nguoi ta cit hai hinh cAu c6 ban kinh 1an lugt 1a R =13cm va r=+/41cm & lam hd 16 dung
ruou nhu hinh vé sau.
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M

Biét duong tron giao cua hai hinh cau c6 ban kinh »' = 5em va niit udng rugu 13 mot hinh tru
¢6 ban kinh day bang J5cm, chidu cao bang 4cm . Gia sir 46 day vo hd 16 khong dang ké. Hoi
hd 16 dung dugc bao nhiéu lit rugu? (Két qua lam tron dén mot chir sé sau dau phay).

A.9,5. B. 10,2. C.8,2. D.11,4.
Loi giai
Chon B
=4

S,

Thé tich khdi tru trén ciing 14 ¥, = (v/5) 4= 20 (cmr’).

Phan dudi cung 1a mot chom cau.
Khoang cach tir tdm cua cau l6n dén duong tron giao cua hai cau la

\/R2 —r :\/132 -5 212(cm)
Do d6 khdi chom ciu 16m ¢6 chiéucao h=R+12=13+12 = 25(cm) va ¢6 thé tich

R —ﬁ] =125 [13 —é] = 5750m (em®).
3 3 3

Phan & giita c6 thé tich bang thé tich khdi cdu nho trir di thé tich hai khdi chom cau c6 chiéu

cao lan lugt 1a b =r —~/r? —r" —J41-Ja1-25 =41 —4;

ho=r—\r' =5 =41 —41—5=1/41—6.

Dods ¥, = (VAT (a1 4] [m_ﬁ—4]_w(m_6)2

Suyra V =V, +V, +V, ~10220,648cm’ ~10,2(/).

Céu 45.7:Phan khong gian bén trong ctia chai nudc ngot ¢6 hinh dang nhu hinh vé& bén dudi.

V. =mh’

m_\/ﬂ—6]

3

Trang 48/54 - WordToan



Biét ban kinh day chai R =5cm , ban kinh cd chai r=2cm, AB=3cm, BC =6cm va

CD =16c¢m . Tinh thé tich phan khong gian bén trong ctia chai nudc ngot do.

A. V=495 cm’ . B. V =490z cm’. C.V =462z cm’. D. V=412rcm’.

Loi giai

clifils | |

+ Khoi tru ¢6 ban kinh day » =2cm va chiéu cao 4B =3 cm nén cd theé tich la

Vi=r2’3=127cm’.

+ Khéi nén cut cd ban kinh day lan luot1a R=5cm, r=2cm va chiéu cao h=BC =6cm nén

co thé tich 1a ¥, = é;rh(Rz +17 +Rr)=T8zcm’.

+ Khdi tru c6 ban kinh ddy R =5cm va chiéu cao DC =16cm nén co thé tich 1a

V,=7.5.16=4007 cm’ .

Vay thé tich phan khong gian bén trong ctia chai nudc ngot d6 1a ¥ = Vi+V,+V, =490 cm’ .
Cau 45.8:Ti1}h thé tich ¥ 9ﬁa mot lon anc ngot co hinh‘ dang 1a mot vat thé tron xoay nhu‘hinh vé bén.

Biét ban kinh nap va day lon bang nhau va bang 2,5 c¢m ; ban kinh than chai bang 3 cm va

AB=1,5 cm,BC =8 cm,CD = 0,5 cm, (gia thiét d6 day vo lon khong dang ké).
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Thé tich lon nudc bﬁng téng thé tich ctia khdi nén cut cd r,=2,5cm,r, =3cm,h=1,5cm thé

tich khoi tru ¢6 r =3cm, h =8cm ; thé tich ctia khdi non cut c6 r=2,5cm,r, =3cm,h=0,5cm .

Thé tich lon nuée 13 ¥ = 732.8 +M(2,52 +34+2,53)= %(C’m}) .

Cau 45.9:D¢ ché tao dung cu nhu hinh, tir mot khdi thép hinh tru c6 ban kinh 10 cm va chidu cao 20 cm
nguoi ta khoét bo mot hinh nén ¢6 ban kinh day 10 cm va chiéu cao 10 cm (tham khéo hinh vé
sau). Tinh the tich cua dung cu do, lam tron két qua dén hang phan nghin.

\ I 7
\ | 7/
|
|
|
L
A. 6235,988 cm’. B. 5235,988 cm’.
C. 5325,988 cm’. D. 4235,988 cm’.
Loi giai
Chon B
Thé tich caa khéi try 1a: ¥, = 7.10%.20 = 20007

Thé tich cia khdi nén bi khoét 1a: 7, = %n. 10210 = 1020” .

10007 _ 50007 — 5235.988 (cmS).

Vay thé tich cta dung cu la: ¥ =V, -V, = 20001 —
Cau 45.10:  Dé dinh vi mot tru dién, nguoi ta can duc mot khoi bé tong co chiéucaola #=1,8m gém
3 ) I 1
+ Phan dudi ¢6 dang hinh try ban kinh ddy R =1m va c6 chi€u cao bang gh ;

+ Phén trén c6 dang hinh nén ban kinh day bang R di bi cit bo bot mot phan hinh nén c6 ban

kinh day bang %R O phia trén (nguoi ta thuong goi hinh do la hinh non cut);

\ . x . 1
+ Phan & gitta rong cd dang hinh try ban kinh day bang ZR (tham khao hinh vé bén duoi).

Thé tich cia khdi bé tong (Iam tron dén chir sé thip phdn nghin) bang
<

2h/3

2h/3

h/3

A. 3,881m’ B. 2,731m’ C. 3,203m’ D. 3,731m’
Loi giai
Chon'D
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2 ) J 1
Thé tich hinh try ban kinh day R va c6 chiéu cao bang g V= WRz.g = §7TR2h .

Thé tich hinh nén cut ban kinh déy 16n R, ban kinh day bé gvé ¢6 chidu cao bang 23—h :

2
v, :lez.ﬁ_lﬁR__%:lﬂRZh.
3 3 3 4 3 18

. R _‘ . N
The tich hinh tru ban kinh day 2 va c6 chiéu cao bang & (phan rong o gitta):

2
v, —WR—h—Lﬂ'R *h.
9 ’ ‘ 16 16
The tich cta khoi bé tong bang:
1
V=V +V,—V, =7R’h. +l—— zﬁszh ~3,731m’.
3 18 16) 144

Ciu 45.11: Mot chiée but ch1 co dang hinh tru c6 chiéu cao 200 mm va ban kinh day 3 mm. Than but
chi duoc lam bang gd va phén 15i dugc 1am bang than chi. Phan 18i ¢6 dang hinh tru c6 chiéu cao
bang chiéu cao ctia but va day la hinh tron ¢6 ban kinh bang 1 mm . Tinh thé tich ctia phan than
but chi 1am bang gd (véi 7 =3,14 )

A. 502 m’. B. 5,024.10° m’.
C. 5,024 m’. D. 6,024.10° m’.

Loi giai
Chon' B

Thé tich phan phan 16i dugc 1am bang than chi: ¥, = zR*h = 7.10°.0,2=0,2.10°7 (m3 ) .
Thé tich chiéc bt chi: ¥ = zR*h=12.9.10°.0,2=1,8.10°7 (m’).

Thé tich phan than bat chi duoc 1am bang gd:

V,=V -V, =1,810°7-0,2.10°7 =5,024.10° (n’).

CAu 45.12:  Dé ché tao mot khudn nhu hinh tir mot khdi thép hinh tru c6 chiéu cao 20 cm va ban kinh
day 20 cm, nguoi ta khoét bé mdt hinh nén ¢6 ban kinh day 15 cm va chiéu cao 10 cm va mot
hinh try c6 chiéu cao ban kinh ddy 10 cm va chiéu cao 10 cm . Tinh thé tich ctia dung cu do, voi

n=314.
—
7 ~N
s L R
€ —— L>-5
) it it
I | I
ER
CZEZESIT
= i_-/
A. 8988 cm’. B. 19625 cm’.
C. 588 cm’. D. 9625 cm’.
Loi gidi
Chon B

Thé tich cta khdi tru thép 1a: ¥, = 1.20%.20 = 80007 .
22507

Thé tich cta khdi nén bi khoét 1a: ¥, = %n.lSz. 10=
Thé tich cta khdi tru bi khoét 1a: 7, = .10%.10 = 10007 .
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: 22
Vay thé tich cita dung cu 1a: ¥ =¥, —, =¥, = 80005 - 2220"

~10007 = 62507 = 19625 (cm3 ) .

Cau 45.13:  Ngudi ta lam ta tap co tay nhur hinh v& v6i hai du 13 hai khdi try bang nhau va tay cam ciing
1a khoi try. Biét hai dau 1a hai khoi try duong kinh day bang 12, chiéu cao bang 6, chiéu dai ta
bang 30 va ban kinh tay cam la 2. Hay tinh the tich vat li¢u lam nén ta tay do.

L

A. 1087. B. 64807 C. 5027, D. 504r.
Loi giai

CligmD \ \ , .
Goi &, R, V; lan luot 1a chiéu cao, ban kinh day, thé tich khoi try nhé méi dau.
Vi=h.r.R=6.7.6"=216rx.
Goi h,, R,, V, 1an luot 1a chiéu cao, ban kinh day, thé tich cua tay cam.
V,=h.n.R = (30—2.6).7[.22 =T72r.
Thé tich vat liéu lam nén ta tay bang V = 2 Vi+V,=504r.

Ciu 45.14: Mot chiée ta tay c6 hinh dang gdm 3 khdi try, trong d6 hai khdi tru ¢ hai dau bang nhau va
khéi tru lam tay cam & giita. Goi khéi tru lam déu ta 1a (7;) va khdi tru 1am tay cm la (7,)lan
luot c6 ban kinh va chiéu cao twong tmg 13 7;, h,, r,, h, thoaman 7, =4r,, h = lh2 (tham khao

hinh v¢).

1 (I (T
Biét rang thé tich cta khéi tru tay cam (Tz) bang 30 (cm3) va chiéc ta lam bang inox c6 khoi

luong riéng 1a D =7,7g/cm’. Khéi luong cia chiée ta tay bang

A. 3,927 (kg). B. 2,927(kg). C. 3,279(kg). D. 2,279(kg).
Loi giai
Chom'A
Thé tich ctia hai khéi tru 1am dau ta (7;):
2 1

V,=2xrh =27 (4n,) Sl =1671,"h, =16.30 = 480(cm’).

Tong thé tich cua chiée ta tay: V =V, +V, =480+30 = 510(cm3 ) :
Khoi lugng cta chiée ta: m= DV =7,7.510=3927(g) =3,927(kg).

Cau 45.15: Mot hop dung bong tennis c¢6 dang hinh tru. Biét rang hop chura vira khit ba qua bong tennis
duoc xep theo chiéu doc, cac qua bong tennis co kich thude nhu nhau. Thé tich phan khong gian
con tréng chiém ti 16 a% so voi hop dung bong tennis. S6 a gan dung véi sb nio sau ddy?

A. 50. B. 66. C. 30. D. 33.
Loi giai
ChonD
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N\

N

< h=6R

\/\

Dit 4, R 1an luot 1a duong cao va ban kinh hinh tron day cta hop dung bong tennis.

D@ thdy mdi qua bong tennis c6 cting ban kinh R véi hinh tron day cua hop dung bong tennis
va h=6R.

Do d6 ta co:

Tong thé tich cua ba qua bong 1a ¥, = 3%77R3 =47R*;

Thé tich ctia hinh tru (hop dung béng) 1a ¥, = 7R’h = 67R’;
Thé tich phan con trdng cuia hop dung bong 1a V,=V,—V,=2zR’.
Khi d6 ti 1¢ phan khong gian con trong so voi hop dung bong 1a % = % ~0,33.
0
Suy ra a =33.
Cau 45.16: Mot cong ty san xuat but chi c6 dang hinh lang tru luc gidc déu co6 chiéu cao 18 cm va day
13 hinh luc giac ndi tiép duong tron dudng kinh 1cm . But chi duoc ciu tao tir hai thanh phan

P S pA, X2 C1x o Ae LLA . A s oa s oo )
chinh 1a than chi va bdt go ép, than chi 1a mdt khdi try ¢ trung tdm cé duong kinh Zcm, gia

thanh 540 dong/cm®. Bot gd ¢€p xung quanh c6 gia thanh 100 dong/cm®. Tinh gia ciia mot cai
but chi dugc cong ty ban ra biét gid nguyén vat liéu chiém 15,58% gia thanh san pham.
A. 10000 dong. B. 8000 dong. C. 5000 ddng. D. 3000 dong.
Loi giai
ChonA

0

ST T T Ny pe——
e T i —

- e e e

_T__————qr.-'--

%

o o,

!
\

Goi R va r 1an luogt 14 ban kinh dudng tron ngoai tiép luc giac déu va ban kinh ciia 161 than
chi.

Ta co R=lcm va r=lcm.
2 8

B

Suy ra dién tich cta lyc giac déu la S =6.R*> ~——=6.

13383
4 44 8
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Goi V' 1a thé tich cua khéi ling tru luc giac déu. V., V, 1an luot 1a thé tich cua khdi than chi va
bot gb dung dé 1am ra mot cay but chi.

Taco V = Sh—iIS—M(cnf);Vlznrzh:n.%.IS—%c(cm)
8 32
=V, =V- V=—27[—9—”( m').
4 32

Do d6, gia nguyén vat liéu ding dé lam mot cay but chi 1a 540V, +100V, (dong).
Vay gia ban ra cta cay but chi la

5400 +1007,). =20 _| 540.2™ 1 100 Mﬁ—” 199 10000 ddng).
! *7"15,58 32

4 32 )| 15,58

5
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CAU TUONG TU CAU 46 PE THAM KHAO 2024
Cau 46.1:Cho a 1a s6 nguyén duong 16n nhat thoa man 3log, (1 +a+ %/Z) > 2log, Ja . Tim phan nguyén
clia log, (2024a).
A. 14. B. 22. C. 16. D. 19.
Loi giai
Chon'B
bat ¢ = Q/E,t >0, tr gid thiét ta co 3log, (1+t3 +t2) >2log, £
<::>f(t):log.;3(l+t3 thz)—log2 t*>0
()= 1 32+2t 2 1 (3In2-2In3)r +(2In2-2In3)¢ —2In3
I3 4l 27 In2.In3.(¢* +7 +1)
Vi dé xét a nguyén duong nén ta xét 1 >1.
Xét g(t)= (31r12—21n3)t3 +(2ln2—2ln3)z‘2 —2In3

Tacog'(1) S amd [ 3m S omd
9 9 9 9
2ln[9j
4
, t=———L~-459<0
g(t)zO@ 31n(8j .
9

t=0
Lap bang bién thién suy ra ham sd g (1) ta duoc:

f 1 4o
g'(7) -
Suyra g(1)<g(1)=5In2-6In3<0= f'(¢)<0.

Suy ra ham s6 f(¢) ludn giam trén khoang [1;+).

Lai c6 f(4)=0 nén ¢ =4 1a nghiém duy nhat cua phuong trinh f'(¢)=0.
Suy ra f(t)>0<:>f(t)>f(4)<:>t<4<:>9/;<4<:>a<4096.

Nén s6 nguyén o 16n nhét thoa man gia thiét bai toan 1a a = 4095 .
Luc d6 log, (2024a) ~ 22,9826 Nén phan nguyén cta log, (2024a) bang 22.

CAu 46.2:Cho x, y 1a cic sé thyc duong thoa man log, 2L — 12}, Tim gi4 tri nho nhét cia bidu
xX+y

thire 7= L4 2.

x \Jy
A 3+43. B. 4. C.3+243. D. 6.

Loi gidi
Chon'A
2x+y+1
Ta co log3L:x+2y < log, (2x+y+1)—log, (x+y)=x+2y
xX+y

< log, (2x+y+1)=log, (3x+3y)+x+2y—1
< log, (2x+y+1)+2x+y+1=log, (3x+3y)+3x+3y (*)
Xéthamso f(1)=log, ¢+t v6i t > 0.
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. ' 1 \ A A \ A - A A
Khidé f (t)=m+1>0,‘v’t>0,suy raham so f(¢) lién tuc va dong bién trén (0;+).
n
Dodd (*) <= 2x+y+1=3x+3y = x+2y=lx=1-2y.

Vi x,y>0:0<y<%_

Xetr=tp 2L 2 _ U 1 1
x oy 12y fy 12y y fy
Ap dung bat dang thirc Co sitacod T >3.3 ! =3, 2 >33/8=6.
y(1—2y) 2y(1—2y)
x=1-2y .
Diu "=" xdy ra < 1—2y=\/;<:> 21
2y=1-2y |¥=7
Céu 46.3:Cho a, b, ¢ 1 cac s6 thuc 16n hon 1. Tim gia tri nho nhit cua biéu thic:
4 1 8
P= + +
log ;- a 1ogm\/3 3logab3/;
A. P. =20. B. P, =10. C. P, =18. D. P, =12.
Loi giai
Chon'A
, 4 1 8
Taco: P= 7 + =2log, bc+2log, ac+8log, ab
2log,. a Elogacb log,, c

=2log, b+2log, c+2log, a+2log, c+8log, a+8log, b
=(2log, b+2log, a)+(2log, c+8log, a)+(2log, c+8log, b).
Vi a, b, ¢ 1a cac sb thuc 16n hon 1 nén: log, b, log, a, log, c, log_a, log, c, log,b>0.Do do
ap dung bat dang thic Cauchy, ta co:
P>2,[2log,b2log, a +2,/2log, c.8log, a +2,/2log, c.81og b =4+8+8=20.
log, b=1log, a a=b

Déu “=" xdy ra khi va chi khi {log, c=4log a<>{c=a* < a=b=+c>1.
log, c =4log b c=b’
Vay P, =20.

Cau 46.4:Goi x,y lacéc s6 thuc 16m hon 1 théa méan déng thuc 1+ log, x=log, x va A= i} dat gia tri

nho nhét. Khi d6 diém M (x; ) thudc dd thi ham s6 nao trong cdc ham so sau?

_x+2

A y=x—4x"+x-1 B.y=x"—-4x+1. C.y -

D. y=x"-18x" +12.
Loi gidi
Chon'C
log,x log,x
log, (2)’) log, y
< log, y(l+log2 y)Jrlog2 x.log, y=log, x(1+log2 y)

Taco 1+log, x=log, x <1+

< log, y +(10g2 y)2 +log, x.log, y =log, x +log, x.log, y
2
& log, y+(log, y)” =log, x
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it t=log, y,suyra log, x =¢" +1¢
Khi d6 ta co

A:%:Hong:logzx—log2 Y =t -2t>-1

Déu “="xdy rakhi =1 tmg v6i x=4;y=2. Suyra M (4;2).
x+2

Ta thy M (4;2) thude d6 thi ciia y = T
x—

Cau 46.5:Goi x,y 1a cac s6 thuc duong théa man log, x +log, y+1> log, (x2 + 2y) . Gi4 tri nho nhat cua
biéu thirc x+2y 1a bao nhiéu?
A 242+3 B.2+3\/2 C.3+3 D. 9
Loi giai
Chon'A
Vé6i x>0,y>0 tacod
log, x+log, y+1>log, (x2 + 2y) < log, 2xy > log, (xz + 2y)

2
<:>2xyZ)c2—i-2y<:>2y(x—1)2x2 x> 50=x>1

2y
bat m=x+2y
2_
Ta co x(m—x)sz—x+m<:>m22x lx
x_
2_
Xét ham s6 g(x)=2x lx,x>1
x_
X —2_\/§<1
2x* —4x—1 )
Taco g'(x)=—F5—, g'(x)=0<
X, = >1
2
Ta c6 bang bién thién cia g (x)
T - X 1 X, + oo
gr + 0 - - 0 +

LN NS

X¢ét sy bién thién cua ham g(x) trén (1;+o0)
Tac6 ming(x)zg(xz)zg(%ﬁ):uzﬁ khi x = 27Y2

(15+0) 2 2
2+ \/5
2
4432
4

X
Vay m>3+22 Diu = xdy ra khi

(thoa man)

Vay GTNN cia x+2y 1a 3+242
Cau 46.6:Goi x,y 1a cac s6 thuc duong thoa min ln(x—y)+%ln(xy) =In(x+y). Gid trj nhé nhat cua

biéu thirc M = x+ y 1a bao nhiéu?
A. 22 B. 2 C. 4 D. 16
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Loi giai
Chon|C

Vo6i x>0,y>0 tacod ln(x—y)+%ln(xy):ln(x+y)

@%ln(xy)=ln(x+y)—ln(x—y)

<:>ln(xy):ln[3;-_|-§jz
r{2
& (x-y)f=(x+y) (1)

_ |lu=x+y>0
bat
v=xy>0

Ta co (1)<:>(u2 —4v)v:u2 <::>(v—1)u2 =4’
Vi v>0 nén 4y’ >0.Dod6 (v—1)u’>0.Suyra v—1>0 hay v>1.

Ta co

2
(v—l)u2 =M Su'= jil = (v), (v>1)
Taco f(v)- 8v(v—1)—4v _ 4v(v-2)

(v-1) (v-1)

f'(v)=0ev=2 (viv>1)

Ta c6 bang bién thién

v 1 2 +w

f(v) - 0 +

flv) \
16 /

+y=4
A ) ) Y x=2+2
Vaym1n(x+y)=m1nu=4<:> xy=2 < .

y:2—x/§

x>y>0
Khidé x+y=4.

Ciu 46.7:Goi S1a tap hop cac gia tri nguyén ciia y dé ton tai s6 thuc xe (%,9jthéa mén dang thic

y+x°.9" +log, x = x(3“y + 1). Tong cac phan tir ciia S 1a

A. 36. B. 35. C. 28. D. 21.
Loi gidi

Chon'D

Taco y+x°.9" +log,x=x(3"" +1) & (x3") +log, (x.3") = x.3"3" +log, 3"

& x3"(x3"-3") =log, 3

*
x.3" ( )
Néu x.3" >3" = VT (*)>0>VP(*).

X
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Néu x.3" <3" = VT (*) <0< VP(*).
Néu x.3" =3" = VT (*)=0=VP(*).
Vay 37 :3_:>y:x—10g3x ma xe(%ﬁ) nén ye{l1,2,3,4,5,6}.
X
Téng cac phan tir cua S1a 21.
Cau 46.8:Cho hai s6 thuc x, y thoa man hé thirc log, vx* +1=2""—2x% + 2y —3. Gia tri nhé nhat cua
biéu thic 7 = x* —4**? bang
A. (0;+00). B. —9760. C. -1088. D. 2530.
Loi giai
Chon|C
Taco log, Vx* +1=2""-2x"+2y -3 < 2log, Vx* +1=2% —4x* +4y -6
e log, (x* +1)=2" —4x’ +4y—6 < 2+log, (x* +1)=2" —4(x* +1) +4y
& 4(x* +1)+log, 4(x* +1) =2" +4y < 4(x" +1)+log, 4(x* +1) =t +log, t (voi t=2")

>0 nén ham sb f(u) dong bién trén

Xét ham s6 f(u)=u+log,u :>f'(u)=1+u1112
(0;+00) suyra t =4x* +4 < 2% =4x’ +4.
Vay T=x' -4 =x' —162% =x" —16(4x’ +4) =x* - 64x” — 64 = —32)2 —1088 > —1088
Vay gia tri nho nhat cua 7' 1a —1088 khi x> =32 va y =%log2 132.

Céu 46.9:C6 bao nhiéu gia tri nguyén y <2024 dé tmg v6i mdi y ton tai hai s thuc x thoa mén bat

phuong trinh ¢* + (y+Inx).e™ < (x3 + x)ey ?

A. 2023 B. 2024 C. 2025 D. 2026
Loi gii

Cligals

biéu kién x>0.

Ta c6: e + (y+Inx).e ™ < (x3 + x).ey

Chia 2 vé cho ¢’ .x ta dugc

X’ -y

e

+y+Inx<x®+1 N —(x2 —y—lnx)Sl.
X

Ma e"z"y"h“‘—(xz—y—lnx)ZIVi e>t+1, VieR
Trdosuyra x’—y—Inx=0=y=x"-Inx= f(x).
1 1
! =2 ——; ! 203 = — i >0 .
f'(x)=2x . 7'(x) x \/E(le )

Béng bién thién

[

f'(x) 0

flx)

- 111—,_

b3 =
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. 1 1
Dua vao bang bién thién, tacdéy > ——In| — |~ 0,85.
¢ 2 [Jz]

Vay c6 2024 gia tri nguyén cta y thoa bit phuong trinh di cho.

Cu 46.10:  Xét céc sb thuc dwong x, y thoa man 2020™"°F ) = (4x—+§2. Khi bidu thirc y—2x dat
x+2
gia tri nho nhat, gid tri cua biéu thirc x—2y bang
A. 6. B. 7. C. -8. D. 9.
Loi giai
Chon'D
S 2V —(driy 2019(x+2)*
Ta cé 20202019(x y 4): 4x+y @20202019[( 2P (4 })}: dx+y 2020 _ Ax+y

2

(x+2) (x+2) = 20007 (x+2)
& 20200 (x42) 220204 (4x+ ) (1)

Xéthamso f(1)=2020"""¢ véi t>0.

Tacd f'(r)=2020""" +2020*""¢In2020*" >0, V¢>0.

Khi d6 (1) <:>(x+2)2 =4x+yy=x"+4.

Nén P=y-2x=x’+4-2x=(x-1)" +323.

x=1

y=3
Vay x—-2y=1-2.5=-9.
CAu 46.11:  Xét c4c s6 thuc khong Am x, y thoaman log, (4y +4)—x=1+2" - y. Khi biéu thirc y+2°

min P =3 khi {

dat gia tri nho nhét, gia tri ciia biéu thirc x+2” bang

A. 1. B. 2. C. 3. D. 4.
Loi giai

Chon'A

log,(4y+4)+y=x+1+2"<log,4+log, (y+1)+y=x+1+2"

o log, (y+1)+(y+1)=2"+x

< log, (y+1)+(y+1)=log, 2" +2" (1)

Xét ham s6 f(u)=log,u+u,véiu> 1.

Ta c6 f'(u):1+%>0 véi u>1 = f(u) dong bién trén [1;+o0)
uln

Khido (1) & y+1=2" & y=2"~1.

Nén P=y+2"=22"-1>1.

x=0

y=0
Vay x+2" =0+2°=1.

Ciu46.12:  Xét cac s6 thyc khong am x, y thoa mén log, [ (x+2)(y+1)]" =125—(x—1)(y+1). Khi
biéu thirc x+5y dat gia tri nho nhat, gia tri cia biéu thirc 5x+ y bang

A 117, B. 118. C. 119. D. 120.
Loi giai

min P =1 khi {

Chon|C
Ta cé: log [ (x+2)(y+1)]" =125~ (x~1)(y+1)
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& (y+1)log [( 2)(y+1)] =125~ [(x+2)—3](y+1)

125
<:>10g5[ ] v )—3]
125
<:>log5(x+2)+10g5(y+1):?—(x+2)+3
y

<:>logs(x+2)+(x+2)=%+10g5(y+1)_1 +log, 125
y

& logs(x+2)+(x+2):%+log5 (ﬁjﬂogsus

125 125
< log (x+2)+(x+2) = logs(ijer (1)
Xéthamso f(1)=logst+t

Ta co: f’(t)=L+1 >0,V e(0;+0)

tIn5
Suyra f(t)=log,t+t dong bién trén (0;+).
Khi do (1) ox2=8 o218
y+1 y+1
Nén P = x+5y:12—5—2 S5y =12—5+5(y+1) 722 12 S5(y+1)-7=43,vy>0.
y+1 y+1 y+1
125

min P =43 khi 1:5(y+1)<:>y:4:>x:23
y+

Vay 5x+y=523+4=119.
+(x+1)(y+1)—2=0.Timgiétri

nho nhit cia P=2x+y.

A 2. B. 1. C.%. D. 0
Loi giai
ChonB
Vi dicu kién bicu thire d€ bai c6 nghia, ta co6
10g31x+y+(x+1)(y+1)—2:0<:>log3(x+y)—10g3(1—xy)+xy+x+y—1:O
- X

< log, (x + y) + (x + y) =log, (1 - xy) + (1 — xy)(*)
Xéthamso f(x)=log,¢+1 trén (0;2)

f'(1)= %ln3+ 1>0,V¢e(0;2) nén hamsé f(¢) dong bién trén (0;2).

Do d6 tir (*) ta co x+y=1—xy@y(1+x):l—x<:>y:i__x
+ X
P=2x+y=2x+l_—x
1+x
P'(x)=2— 2 > ZO,Vxe[O;l]
(1+x)

Suy ra min P = P(0) =1 dat dwoc khi x=0,y =1.
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da+2b+5

Cau 46.14: Cho a, b 14 hai s6 thuc duong théa man log, ( 5
a+

j +3b—4. Tim gia tri nho

nhét cta biéu thic 7 = a* +b°

AL B.1. c.2. D.2.
2 2 =2
Loi gidi
Chon D
lo 5(4a+—2bb+5j:a+3b—4<:>10g5(4a+2b+5)zlogs(a+b)+a+3b—4
a—+

& logs(4a+2b+5)+(4a+2b+5)=log,[5(a+b)]+5(a+b) (*).
Xétham f(x)=logsx+x,x>0.

Dao ham f'(x)= ! 5 +1>0,Vx>0. Suy ra ham sb 7 (x) ddng bién trén (0;+00).

Phuong trinh (*) viét lai:

f(4a+2b+5)=f(5(a+b))=4a+2b+5=5(a+b) <> a+3b=5.
- . 2 2 2 2 5
Mat khac: 5 (a+3b) ( +3)( b):>T=a +b 25.
Dau "=" xay ra <:>£=2:>a:l;b=§.
1 3 2 2
Cau 46.15: Xét cac sb thuc duong x,y thoa man log, 3 =3xy+x+3y—4. Tim gia tri nho nhat
x+3xy
P. cia P=x+y.
A' Pmin:4\/§_4 B. Pmin:4\/§3+4
C' Pmin:4\/§+4 D' Pmin:4\/§_4
9 9
Loi giai
Chgn A
Piéu kién _3y >0 = 1-y >0« y<1. Vay diéu kién xac dinh cta bai toan la:
xX+3xy
x>0;0<y<l.
1- 1- 3(1- i3y
Ta co: log, J =3xy+x+3y-4 o—2L :33"y+"+3y_4<:>—( y)=33x“”3’ }

x+3xy x+3xy
3 1_ 33xy+x
< ( y): 33
x+3xy 37
Xét f(t)=t3'v6i t>0.Tacod f'(t)=3+£3.In3>0v6i V¢>0,suyra f(¢) dong bién trén
khoang(0;+0). T (*) ta c6 f(3-3y)=f(3xy+x) véi 3-3y>0,3xy+x>0 nén

< (3-3).37 =(3ay +x).377 (%)

3—x
3-3y=3xy+xy= .
yEsmrey 3(x+1)
3—x 3—x 1 4
T . P= = = 1 _ - —
aco x+y x+3(x+1) (x+ )+£3(x+1)+3j 3
P=(x+1)+ 3y, (x+1). 4 —i=4‘/§_4
3(x+1) 3 3(x+1) 3 3
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4
x+1=
3(x+1) x__2J§_3
Vay Pmm—4\/§_4<:> V= 37X = 3 .
3 3(x+1) 231
x>00<y<l1 4 3

CAU TUONG TU CAU 47 PE THAM KHAO 2024

2z+1 , - A ,
véi z 1a so phuc

Ciu 47.1:Goi M va m lan luot 1a gid tri 16n nhat va gia tri nho nhit cia P =‘

z

, S . M g oA . o A
khac 0 va théa man |Z| > 2. Tisd — duogc xac dinh bdi cong thirc nao dudi day?
m

AM_5 . M_% cM_s5 p.M_,.
m m 3 m 3 m
Loi giai
Chon C
Ta ¢6 P=|2Z+i|=|2z+i|:>|22|_|i| |22| ||@2 cp<ailodope?
z E z] E ER E 2
vay 222
m

Cau 47.2:Trong cac sO phttc z thoa man dicu kién |z—i| = |z—2+3i , SO phuc z, ¢6 m6 dun nhd nhat.

Phan 4o cua z;, 1a

A2 B. 2.
3 3
c2. D.>.
2 4
Loi giai
Chon'C

Gia str z, =x+yi,(x,ye]R).
Ta ¢: |z —i| =[z =2+ 3| < [x + (y = 1)i] = [(x=2) + (~y +3) ]

<::>x2+(y—1)2 —(x—2)2 (—y+3)2<:>y——x+3

|z |— X2+t =% x+3 =+/2x7 —6x+9—,/2 x—— %2

3
= —= khi va chi khi x—E:y—E:zo == + i , suy ra phan ao cua z, bang i
min 2 2 2 2 2 2
CAu 47.3:Cho tit ca cac sb phtic z=x+ yi,(x,y € R) thoa man |z +2i —1| = |Z +i| . Biét z duoc biéu dién
boi diém M sao cho MA ngan nhit V(’yiA(l;3) .Tim P=2x+3y.

A.9 B. 11 C.-3 D.5
Loi gidi

Vay |Z0

Chon'A
Goi M (x;y) la diém biéu dién sb phic z=x+yi,(x,yeR).

Ta co: |Z+2i—1|:|z+i|
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<3|x+yi+2i—l|:|x+yi+i|<:>|(x—1)+(y+2)i|=|x+(y+1)i|

<:>(x—1)2+(y+2)2=x2+(y+1)2<:>x—y—2=0.

D@ thay tap hop cac diém M biéu dién sb phirc z 1a dudng thang: x—y—-2=0 2M(x;x—2)

Mi=(x—1;x-5) = [Md| = \(x-1)" +(x-5) =\/2x2—12x+26=\/(x\/5—3\/§)2+828
Suyra: MA_ =8 khi xv/2-3V2=0<x=3=y=1.Vay P=2x+3y=23+3.1=9

CAu 47.4:Cho sb phtic z thdéa man |Z| =1.Goi M va m lan luot 1a gia tri 16n nhét va gia tri nho nhat cua

biéu thitc P=|z+1/+|z” —z+1. Tinh M.m .

A.%. B. 32 C. 3V3. p. 13
4 4 4
Loi gidi
Chon'A

Giasir z=x+yi, (x,yeR).

Do [z|=1 & ¥’ +)’ =1 x*+)" =1.Suyra x,y e[-11].

Tac6 z.z=|z[ =1. Thay vao P ta duoc:
P=|Z+1|+|22—Z+Z.E|:|z+l|+‘z<z—1+;)‘=|z+1|+|z|.|z+;—1|=|z+1|+|z+;—l|
= 1) 7+ px—1| = 2xr 2 +[2x 1],

Xéthamsd y=f(x)=+2x+2+[2x—]

N2x+2-2x+1 khi —1Sx<%

N2x+2+2x—-1 khi

Ta co y:f(x):

1

f'(x)z \/2)i+2

N2x+2

1 1
—1<x<5 —l<x<— -
r()=0e = @reg

1 I 8
-2=0 N2x+2=—
J2x+2 TrTeTy

Bang bién thién cta ham sb f(x) trén [—l;l]

-2 khi —1<x<l
2

+2 khi %<x§1

X _1

y +

y 3 /

WO el
N | =
—_

ENY

\/

15
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it A Y
Suy ra 13.VayM.m:—.
M=/ ()= !

Chu 47.5:Xét céc s6 phirc w, z théa man [w+i|= % va Sw=(2+i)(z—4). Gié tri 16n nhat cua biu

thirc P=|z—2i|+|z—6—2i| thudc khoang nao duédi day?

A. (12;13). B. (13;14). C. (15;16). D. (14;15).
Loi giai

Chon|C

Taco: Sw=(2+i)(z—4) = Sw+5i=(2+i)(z—4)+5i

= [5w+5i| =|(2+i)(z - 4) +5i|

= 5|lwti=|(2+i)(z-4+1+2i)| =5]z-3+2i

:>5.¥=\/§|z—3+2i|:>|z—3+2i|=3.

Ta co:

242 +|z-zf =2(|z|2 P

2); Vz,z,. (1)

2
|Z|2 +|Z1 |2 Z—(|Z| +2|Zl|) ; Vz,z,.(2)
Ta co: P=|z—2i|+|z—6-2i|=|z-3-2i+3|+|z-3-2i-3].
Ap dung (1) va (2), ta co:
[2=3-2i+3 +]z=3-2i -3 =2(]z-3-2 +9).
(jz-3-2i+3[+|z=3-2i-3|) (jz—2i|+|z—6-2i])

|z-3-2i+3[ +|z-3-2i-3[ > =
2 2

Viy, ta co:

(|Z—2i|+|z—6—2i|
2

= P’ <4(|z-3-21 +9).

2
) <2(|z=3-21 +9) = (|2 - 2] +[z—6-21])" <4(|z=3-21f +9).

Do 4(|z=3-2if +9) = 4(|z=3+2i~4i +9) nén P* <4((|z =3+ 21| +|-4]) +9)

= P’ <4(7°+9)=232= P<258 ~15,23.

Ta c6 thé 1am theo phwong phap hinh hoc nhw sau

Bién d6i suy ra |z —-3+2i | =3, vy quy tich cac diém M biéu dién s6 phtic z 1a duong tron tim
1(3;-2),R=3.Diat 4(0;2),B(6;2) tacod

2

AB
5 j, trong d6 H la

P =|z-2i]+|z-6-2i|]= MA+MB < (I’ +12)(MA2+M32):2£2MH2 -

trung diém 4B.Do d6 P, < MH, < M =M, (3;-5)

max
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M,

Khi do P, =+/58 +~/58 =2:/58 ~15,23.

Cau 47.6:X¢ét cac s6 phiic z,w théa min |z + w| =10;|z| =1 va sb phuc zw b phan thyc bang 2. Gia tri

nhd nhét cua P =|z—w+3—4i| thuoc khoang nao dudi day?

A. (7:8). B. (3:4). C. (56). D. (6;7).
Loi giai

Chon' B

Pit zw=2+bi;b R, suyra zw=zw=2+bi=2—bi nén zw+zw=4.

Ta co:

|m|=10:>10:|z+w|2 :(z+w)(z+w)=(z+w)(;+v_v)=z.;+w.v_v+(z.v_v+;.w)
=[d +uf + (204 z0) =1l + 4= +5 = |w] =5
2w =(z=w).(z=w)=(z=w)-(z=w) =[] +[uf ~(zw+zw)=1+5-4=22 |- n|=12
Khido: P=|z—w+3-4i]=|(z=w)+(3-4i)| > |z -] -3 4i] =2 -3| = 3,6.
Céu 47.7:Xét céc s6 phitc z,w théa man |z —w] = 2|E| =2 va sé phirc zw c6 phan thuc bing 2. Gia tri

16n nhit ciia P = |z +w+2-3i | thudc khoang nao dudi day?

A. (7:8). B. (8;9). C. (5:6). D. (67).
Loi gidi

Chon'A

Pit zw=2+bi;b R, suyra zw=zw=2+bi=2—bi nén zw+zw=4.

Ta co:

2 w222 4=z uf = () () = (2 w)(F— ) = 22 i (0 2]

=|z[ +[wf —(Z.V_V+Z.W)=1+|W|2 ~4=|w -3= W=7
|z +wf :(z+w).(m):(z+w).(;+v_v)=|z|2+|w|2 +(Z.v_v+;.w):l+7+4=12:>|z+w|=2\/§
Khi do: P =|z+w+2-3i]=|(z+w)+(2-30)|<|z+w]+]2-3i| =243 +13 . 7,07.

Cho sé phuc z théa man déng thoi hai didu kién |z-2+3i=v2 va bidu thic

Cau 47.8:
T=|z+7+2i +|z—1-6i[ dat gi4 tri 16n nhat. Tinh gid trj biéu thirc § =|z—(2023-2024i )|
A. 202042 B. 202142 C. 202242 . D. 20232 .
Loi gidi
Chon'A
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Goi M (x, y) 1a diém biéu dién cho sb phuc z = M thudc duong tron tdm [ (2;—3) ban kinh
R=+2.
Goi A(-7;-2),B(1;6) =T = MA*> + MB®.
Goi H 1a trung diém cia 4B = H(-3;2).
MH 13 dudng trung tuyén trong tam gidc MAB nén ta c6
, 2(M4& +MB)- 4B L L1,
MH" = 1 = MA™ + MB” =2MH +EAB
AB =82 khéng dbi nén 7T'16n nhét <> MH 16n nhat < MH = IH + R v6i HI =52
Dau “=" xay ra

— Hl — — _— 5=5(x-2) x=3
< HlI=—IM = HI =5IM = =
R -5=5(y+3) y=-4

= § =]z —(2023-2024i)| =|-2020 + 20201 = 202072 .

Chu 47.9:Cho hai s6 phirc z va w théa man z+2w=8+6i va |z—w|=4. Gi tri 16n nhét cta bicu thic

= M (3;-4)

|z| + |w| bang

A. 46 . B. 2426. C. 66 . D. 3.6.
Loi giai

Chon|C

Gia sir M, N lan luot 1a cac diém biéu dién cho z va w. Goi E la diém biéu dién cho sb phirc
2w. Suy ra OM +20N =OM +OE = OF =20I véi F(8;6) la dinh thir 4 ctia hinh binh hanh
MOEF , 1(4;3) 1a trung diém cua OF .

Taco |z—w|=MN =4 va OF =201 =10.

Pt |z|= ON =%;

w=0M =b.
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O ° b M
Xét tam giac AOMF va AOME
2 2 2
a +b° ME _1s
Taco{ > 4 = a? +2b> = 88.
b*+ME* a’
-—=16
2 4
> (a Y, (1 1
(|| +w]) =|=+b]| <(a’+2b ) —+—|=66.
2 4 2
Suy ra |z|+|w|£\/%, dau “=" xay ra khi a:b:@.

Vay (|2 +[w]) =+/66.
Cau 47.10:  Cho cac s6 phic w,z thoaman |w—1+i|=+/5 va (1+2i)(z—5)=>5w. Gi4 tri 16n nhit cia
biéu thirc P=2|z-3-2i|—|z+4-3i| 1a

A. /33, B. 253 C. 5V2. D. 3V5.
Loi giai
Chon'A

Ta co: (1+2i)(z—5)=5w<e (1+2i)z-5-10i = 5w

< (142i)z-10-5i =5w—-5+5i < (1+2i)(z—4+3i) =5(w—1+i)

= 5]z-4+3i|=5|w-1+i]=5V5

=|z-4+3i|=5

Goi M la diém biéu dien cua so phuc z
Vi|z-4+3|=5= M (C):(x—4) +(y+3)" =25 c6 tam (4;-3), ban kinh R =5.
Goi A(3;2); B(—4;3), khi d6:

P=2MA—-MB
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Nhan xét 0(0;0)1a trung diém ctia /8 va O €(C), A4, B nim ngoai (C).
; 3
Goi C, D la trung diém cua /0,IM = DO = %MB voi C(Z;—Ej

Vi tam gidc IMOcan tai I nén MC =0D = MB =2MC'.
M =4Cn(C)

Khi d6 P =2MA—MB =2MA—2MC <2AC . Dau “=" xay ra khi o
MA=kMC;k>0

2
=P :2AC:2\/(3—2)2 +(2+%j =53,

CAu47.11: Cho sb phtc z thoa man |z -3 —4z'| = \/g .Goi M,m lan luot la gia tri lon nhat, gia tri nho

A 5 R , 2 .2 . r 5 A ’ .
nhat cta biéu thirc P = |z + 2| —|z —z| . Khi d6 modun cua s6 phttc w =M +mi

A. 24314 B. /1258. C. 3J137. D. 24/309 .
Loi giai
Chon' B

Cich 1: Gia st z=x+yi(x,yeR) taco |z—3—4i|=\/§ <:>(x—3)2+(y—4)2 =5

Taco P=|z+2[ ~|z—i] & P=4x+2y+3 & 4(x-3)+2(y-4)=P-23

Taco [4(x-3)+2(y-4)] <20| (x=3)"+(y-4)" | =100

Suyra -10<P-23<10 < 13<P<33 suyra M =33,m=13 do d6 ta dugc w=33+13i vay

| =255
Cach2: Goi z=x+yi v6i x,yeR.
Ta c6: |z—3—4i| :\/§<:>(x—3)2 +(y—4)2 =5 . Suy ra, tap hop diém M (x;y) biéu dién cho
s6 phtrc z trén hé toa dd Oxy 1a duong tron(C) tm 7(3;4) va ban kinh R =5.
Laico: P=|z+2[ ~|z-if & (x+2) +)?—x'—(y-1) -P=0c4x+2y+3-P=0,day la
phuong trinh ctia duong thang A:4x+2y+3-P=0.
Ta thdy M = AN(C).

23— P|

iéu kién dé A cat (C) la: d(],A)SR@TS\B@—IOSB—PSIOQBSP£33.
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Suy ra: m=13,M =33va w=33+13i = |w|=~/1258..
Cau47.12:  Cho sb phirc z théa man |z—3|+|z+3|=8.Goi M, m lan lugt gid tri 16n nhét va nho nhét
|z|- Khid6 M +m bang
A 4-7. B. 4+4/7. C.J7-4. D. 247.
Loi gidi
Chen'B
Cach1:Goi z=x+yi voi x;yeR.

Taco 8 =|z—3|+|z+3|2|z-3+z+3|=]2z] = |7| < 4.
Do do M=max|z|=4.

Ma |Z—3|+|z+3|:8<:>|x—3+yi|+|x+3+yi|:8<:>\/(x—3)2+y2 +\/(x+3)2+y2 =8.
Ap dung bat dang thirc Bunhiacopxki, ta c¢6

8=1.\/(x—3)2+y2 +1.\/(x+3)2+y2 S\/(12+12)[(x—3)2+y2+(x+3)2+y2}
<:>8£\/2(2x2+2y2+18)@2(2x2+2y2+18)264

S+ 2T +y? Zﬁ®|Z|Z\/7.

Do do M:min|z|:\/7.

Vay M +m=4+ J7.
Cich 2: Tap hop cac diém biéu dién sb phtic z 13 elip
F(-3;0),£,(0,3)

LA AN D D
16 7 2
b:\/az—c2:\/42—32—\/7
z =a=4
Do vay 2he S M+m=4+7.
|Z|Min:b:\/7

CAu47.13:  Xét cac sb phitc z,w thoa man |z|=2|w|=2. Biét P =iz +w+3—-4i| dat gia tri nho nhat.
Khi d6 |z —w| bing

A. 245, B.@. C. 5.

Loi gidi

1
D. —.
J5
Chon|C
Cach 1: Ta c6 iz +w+3—4i| 2 [3—4i|—|iz+ W] 25— (Jiz|+|w]) 2 5-(2+1) =2
s _ [w=k (3-4i) khi (k, <0) w=1
Dau bang xay ra khi % .
iz=k,(3-4i) khi (k, <0) liz|=|z| =2

. 2 1
Giai hé trén suy ra £, =_§; k, =——.

5
3 4,
W=——+—1i
5
Hay |iz =%2(3—4i)
:—z—_Tzi(3—4i):>z=————l
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Khidé z—w=-1-2i :>|Z—W|=\/§.

Cach 2: Trong mat phang Oxy :

Goi M 1a diém biéu dién cta s phic iz = OM =2 = M thudc dudng tron (Cl) tam O
ban kinh R =2.

Goi N la diém biéu dién ctia s6 phirc w = ON =1 = N thudc dudng tron (C,) tim O ban
kinh R, =1.

Goi E(3;-4). Khi do, ta co P=|iz+w-+3-4i] =|OM +ON +OE)|.

. ),

M/-\

AN

~—1 7

RN

Ta thdy P dat gi tri nhé nhétkhi M, N, E thing hang va OM va ON ngugc huéng véi
OE

Puong thang OF c¢6 phuong trinh 13 y = _?4x .

Toa do giao diém ctia duong thang OF va dudng tron (C1 ) la nghi¢ém cta h¢ phuong trinh:
(6
X=—
5
4 _
—4 y=—x —4 y= _8
y=—x 3 y=—x
3 = = 3 s

6 8
Vay M| ——;—|.
(- 3:2 )

Toa d6 giao diém cua dudng thing OF va duong tron (Cz) la nghiém cua h¢ phuong trinh:
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—4 —4
_4 y=—Xx _4 y=—
y=—_%x 3 y=—0 5
3 S 4V = 3 3
x*+y’ =1 x2+(_—x) =1 25x2 =9 x=—2
3 5
_4
775
3 4
Vay N| —-=;— .
sy ( : 5)

Do d6: w:—§+ii va i.z:—é+§i<:>Z:—§—éi.
5 5 5 5 5 5
Véy|z—w|:|—l—2i|:\/§.

v A o 2l s A A, s
z,|=2 va s0 phirc =& 1a s6 thuan 4o. Gia tri
2

CAu 47.14:  Cho hai sb phtc z,, z, théa man |z, —z,| =3,

16n nhat ctia P = |2, + 2, —3+2il bang

A.3+42. §.3+\/§. C. 3+45. D. 5+3.
Loi gidi

Chon B

Cach 1.

Goi A(x31,),B(x,5¥,) 1an lugt 1a cic diém biéu dién s phic z, va z,

) |zl—zz|=3 AB=3
Ta co: =
|z|=2 0A4=2
y4 zZ Z_ N4 A, A A A .
i = ﬁ la s0 thuan do nén x,x, + y,y, =0 < O4.0B =0. Suy ra AOAB vudng tai O
Goila / trung diém cua AB

Ta c6 @+@:2&,&|=%|ﬁ|:%

86 phirc z=-3+2i dugc biu dién boi diem C(-3;2)
: e~ —| == 3 2

Khi d6 P =[207+O0C|<2|0I|+|0C|= P<2.=+,/(-3) +2* =3+/13
146 =01+ 0¢| 2o+ foc] = P25 {9 <2 <3445

Vay max P = 3++/13 khi O va OC cung huéng.
Cach 2.

, Z zZ,.Z
Taco +=—=
22 22

la sO thuan do suy ra z,.z, thuan do

Ma z,.z, va zz, la hai s phtc lién hop ciia nhau, do d6 z,.z, +2,z, =2.0=0
Xét |z, + 2, =(z, +Zz)(z_l+Z)=|Zl|2+|Zz|2+z_lzz +2,2, =|z[ +|z,[
f+zf —la-zf =2(zz 425 ) =0= |5 +2,] = |5 - 2| =3

P =z, +2,-3+2i|<|z +2,|+[-3+2] =3+ 13 = max P=3+/13

CAu47.15:  Cho hai s6 phirc z,, z, thoa min |z, - z,| =|z|=3 va s phirc zz, c6 phan thuc bing %

Gié tri 16n nhat ciia P =|2z, + z, +1-2i| thudc khoang nao duéi day?

Trang 18/53 - WordToan



A. 3AW5+47. B. 37 +45. C.3V2+47. D. 647 ++5.
Loi giai

Chon' B
Cach 1.
Goi A(x;»,),B(x,;,) 1an luot 1a cdc diém bicu dién sé phic z, va z,

) |Zl—22|:3 AB =3
Ta co: =

|zl| =3 0A4=3
— A 9 9 —— 9
z,z, ¢6 phan thyc bang ) nén x,x, + y,y, = > = OA.OB =—.
_ —2 -

Taco AB>=|0B-04] =9 OB>~20B.0A+04> =9=> OB =3
Suy ra AOAB déu c6 canh bang 3.
Goi C la diém biéu dién s phirc 2z, suy ra OC =204
Khi d6 AOBC vuodng tai B c6 OC =6,;0B =3.
Goila 7 trung diém cua BC. Taco O_C-i- OB =201

|01| - - —|OB + 20A| 032 +40B.04+404* )= Ol = %
S phuc z=1-2i duoc biéu dién boi dlem D(1;-2)
Khi do P=|26§+5§+55|£2|&|+|0D|:>P<2—+w/12 Y =3J7+5 Vay
max P =37 ++/5 khi Of va OD cung hudng.
Cach 2.
Tac6 z,.z, Va zz, la hai s6 phic lién hop ciia nhau, do d6 z,.z, +z,z, = 2.% =9

Xét |z, —z,[ =(z-2)(z -2) =|a[ +]af ~(52+22)=9= |z =9
22, + 2, =(22,+2,) (22, +2, ) =4[5 +|z,[ +2(22, +2,2,) = 63
P=[2z,+z, +1-2i<|2z, + 2,| +[1- 2| =37 +/5 = max P=3J7 +5.
CAu 47.16:  Cho hai s6 phic z,, z, théa man |z, -z, —1|=3|z, —i| =3 va s6 phirc (Z_l+i)(22 +1-i) c6
phan thyc bang 3. Gi4 trj nho nhét cia P =|z, +2z, +3~i| bang

A VG0 +45. B. J69 5. f W0, .Y 5.

Loi giai
Chon B
Cach 1.
Ta co: |z1 -z, —1| = |(z1 —i)—(z2 +1—i)|
Goi A(x;»,),B(x,;»,) lan luot 1a cdc diém biéu dién s6 phirc z, —i va z, +1-i
AB=3
04=1

Xét (z_l+i)(z2 +1—i):(;)(z2 +1-i) c6 phén thyc bang 3

Ta c6: |Zl—22—1|=3|zl—i|=3<:>{

Do do6 x,x, +y,», =3=04.0B=3.
- — 2 - .
Ta c6 AB =|OB—OA| —9< OB —20B.0A+04* =9= 0B =14
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P=|z,—i+2(z,+1-i)+1+2i

Goi C 1a diém biéu dién sb phirc 2(z, +1-7) suy ra OC =20B
Khi 6 AOAC ¢6 04=1;0C =24/14.

Goi la 7 trung diém cua AC. Taco OA+0C =201

J69

|01| =—|OA+OC| ——|OA+20B| (0A2+40AOB+4OB2):>OI—T

Sé phuc z =1+2i duogc biéu dién bai diém D(l; 2)

Khido P=[04+20B +0D|> ‘2|01| |OD”:P>2 JE+27 =69 -5

Vay min P =69 —/5 khi OI va OD nguoc hudng.
Cach 2.

Ta co: |Zl -z, —1| =|(Zl —z')—(z2 +1—i)|
bit w, =z -ivaw,=2z,+1-1i

Suy ra (Z_1+i)(22 +1-i)=w,w,

Tacd w,.w, va w,w, la hai so phtrc lién hgp cta nhau, do d6 w,.w, +w,w, =23=6

Xét |W1 —w2|2 =(w, —wz)(VI—w_2)=|wl|2 +|W2|2 —(wlw2 +W1W_2)=9Z>|W2|2 =14

|wl+2w2|2 :(wl+2w2)(;l+w_2):|w1|2+4|w2|2+2(V1w2+wlw_2)=69

P=|z—i+2(z,+1-i)+1+ 21 <|w, + 2w, |~[1+2i] = /69 —+/5 = min P =/69 —/5
Ciu 47.17. Xét cac s6 phuc z,w thoa man |Z+w| :2|z| =4 va s6 phitc z.w c6 phan thuc bang 2 . Gia tri

16n nhét cua P =|z—w+3-4i| thudc khoang nao duéi day?

A. (4;5). B. (7;8). C. (5;6). D. (6;7).
Loi giai

Chon B L

Dt zw=2+bi, suy ra zw=zw=2+bi=2—bi nén zw+zw=4.

Ta co:

lz+w|=4=16= |z+w| z+w)(m)=(z+w)(2+7v)=Z.Z+w.7v+(z.7v+2.w)

= |z| +|w|2 +(z.v_v+z.w) = 4+|W|2 +4= |w|2 +8= |w| =22

|z w| Z w) (z—w):(z—w).(;—v_v)=|z|2+|w|2—(z.v_v+;.w):4+8—4=8:>|z—w|:2\/5
Khi do: P =|z—w+3-4i|=|(z—w)+(3-4i)| <|z—w|+[3- 4] =22 +5.
Cau 47.18. Xét cac s6 phitc z, w thoa min |z—w| = 2|z| =6 va sb phic z.w ¢6 phan thyc bang 3. Gia trj

16n nhit cua P = |22 +2w—1+ 3i| thudc khoang nao dudi day?

A. (16;18). B. (14;16). C. (12;14). D. (10;12).
Loi giai

Chon A o

Dit z.w=3+bi, suy ra zw=zw=3+bi=3-bi nén zw+zw=6.

Ta co:

|z w| 6=>36= |z w| z w)(z—w):(z—w)(;—v_v):Z.Z+w.v_v—(z;/+;.w)

=|Z| +|w|2—(z.v_v+;.w):9+|w|2 —6:|w|2 +3:>|w|:\/§
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|z+w" =(z+w). (z+w):(z+w).(;+v_v):|z|2+|w|2+(z.v_v+;.w)=9+33+6=48
:>|z+w|:4\/§
Khi d6: P =[2z+2w—1+3i=[2(z+w)+(-1+3i)|< |2 z+w| |-1+3 =83 ++/10.

Cau 47.19. Xét cac s phirc z,w thoa man |z+w| —3|z| =6 va s6 phirc z.w c6 phan thyc bang 4. Gia tri

16n nhit cua P = |3z -3w+2-i | thudc khoang nao dudi day?

A. (16;18). B. (14;16). C. (12;14). D. (18;20).
Loi gidi

Chon B o

Dit zw=4+bi,suyra zw=zw=4+bi=4—bi nén zw+zw=8§.

Ta co:

lz+W=6=36= |Z+w| z+w)(m):(z+w)(;+v_v):z.;+w.v_v+(z.v_v+;.w)

:|Z| +|w|2 (zv_1/+;w):4+|w|2+8:|w|2 +12:>|W|=2\/g

|z w| z w) (z—w):(z—w)( - ) |Z| +|w| (z.v_v+z.w):4+24—8:20:>|z—w|:2\/§
Khi do: P=[3z-3w+2—i|=[3(z-w)+(2-i)|<3|z—w|+[2—i| =65 +/5=745.

CAU TUONG TU CAU 48 PE THAM KHAO 2024
Céu 48.1:Chuén bj cho dém hoi dién vin nghé chao dén nim mdi, ban An di lam mot chiéc mi “cach
diéu” cho 6ng gia Noel c6 dang mot khdi tron xoay. Mit cit qua truc ctia chiéc mii nhu hinh vé
bén dudi. Biét raing 00’ =5 cm, O4=10 cm, OB =20 cm, dudng cong 4B 13 mot phan cua
parabol c6 dinh 1a diém A . Thé tich ctia chiéc mii bang
B

A, 2750 (cm3) E 2500 (cm3) C. 2050z (cm3) D. 22507 (cm3)
3
Loi giai
Chon'B
Y
B(0;20)
y = %(Lflo)
)
0 A(10;0)
5
o

Ta goi thé tich ctia chiéc miila V' .
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Thé tich ctia khi tru c6 ban kinh ddy bang 04 =10 cm va duong cao 00" =5 cm1a V.

Thé tich cua vat thé tron xoay khi quay hinh phang gi6i han béi duong cong AB va hai truc toa
do quanh truc Oyla V.

Taco V=V +V,

V,=5.10"7 =500z (cm’).

Chon hé truc toa do nhu hinh vé.

Do parabol ¢6 dinh 4 nén né c6 phwong trinh dang (P): y = a(x—10)’.

Vi (P) qua diém B(0;20) nén a =%.
Do do, (P):yz%(x—lO)z. Tir d6 suy ra x=10—\/§ (do x<10).

Suyra V, =7r]9<10—\/§)2 dy:ﬁ(3000—@):@ﬁ (cm3).
0

Dodo V =V, +V, =$ﬂ'+500ﬂ'=¥7{ (em’).

Cau 48.2:M(§t cde rugu gé hi‘nh dang tron xoay va kich thudc nhu hir}h Ve, t’hiét dién c}Qc cua 96c (bé doc
coc thanh 2 phan bang nhau) la mét duong Parabol. Tinh the tich t61 da ma coc 6 thé chira duge
(1am tron 2 chit s6 thap phan).

Scm
e o
g - . Parabol
| | -
,-f'f
10cm
=
A. V =320cm’. B. ¥ =1005,31cm’. C.V =251,33cm’. D.V =502,65cm".
Loi giai
Chon|C

. HJL .

\ f

xli,l T ¢
i\ /i
| | I
A [
A /!
i /o
| \\ f:
i \.\"‘ 2 ,f/ i
RN N SN

Parabol c6 phuong trinh y = %xz o xt= % y
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10
Thé tich ti da céc ¥ = 7 | @ yj.dy ~251,33.
0

Céu 48.3:Mot vién gach hoa hinh vuéng canh 40cm . Ngudi thiét ké da sir dung bon dudng parabol cd
chung dinh tai tAm vién gach d¢ tao ra bon canh hoa (duoc t6 mau sam nhu hinh vé bén).

Dién tich mdi canh hoa cta vién gach bang
A. 800cm”’. B. 8(3)—00m2. C. @cmz . D. 250cm”.
Loi gidi

ChighlC

Chon hé toa d6 nhu hinh v& (1 don vi trén truc bang 10cm = 1dm), cac canh hoa tao boi cac duong
2 2 2 2

parabol c6 phuong trinh y=x7, y=—x—,x=—y— x=2

b

2 2 2

Dién tich mot canh hoa (ndm trong goc phan tu thir nhit) bang dién tich hinh phing giéi han boi
2
hai d6 thi ham s y = % , ¥ =+2x va hai dudng thing x =0;x=2.

Do d6 dién tich mot canh hoa bé‘mg

N

=2 () =25 (o) = () =2 (o).

2
0 0

Chu 48.4:Cho hai ham s0 f (x)=ax’ +bx’ +cx—% va g(x)=dx’ +ex+1 (a,b,c,d,ecR). Biétring dd

thi ciia ham s y= f(x) va y= g(x) cit nhau tai ba diém c6 hoanh dd lan luot la —3;—1;1
(tham khao hinh v¢).
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Cau 48.5:

Hinh phéng gi6i han boi hai d6 thi da cho c6 dién tich bang

A.%. B. 8. C. 4. D. 5.
Loi giai

Chon C

Cach 1:

-1 1
Dién tich hinh phang can tim la: S = J.[f(x)—g(x)]d)hL .[[g(x)—f(x) dx

—][ax +(b—d)x* +(c~ e)x—ﬂdx J[ax +(b—d)x* +(c— e)x—%:ldx.

53
Trong d6 phuong trinh ax’ +(b—d)x* +(c—e)x —% =0 (*) la phuong trinh hoanh d6 giao
diém cua hai d6 thi hamsé y = f(x) va y =g(x).

Phuong trinh (*) c6 nghiém -3; —1; 1 nén

—27a+9(b—d)—3(c—e)—%:0 27a+9(b—d)~3(c— e):% a=

“at(b-d)~(c=e)-3=0  @{-at(p-d)-(c-e)=3  ©1(b-d)=3 .

a+(b—d)+(c—e)—%:0 a+(b—d)+(c—e):% (c—e)z—%
1
Vay § = J{—x PR lx—i} - {lx3+3x2 lx—i}dx:Z—(—2):4
27 2] 2 27 2
Cach 2:

Phuong trinh hoanh d¢ giao diém cua f(x) va g(x) la: a(x+3)(x+1)(x-1)=0.
Dua vao cac hé sb tu do suy ra: —3a ——%—I:a —%

Tir d6 suy ra: f(x)—g(x):%(x+3)(x+1)(x—l).

Dién tich hinh phang gi6i han boi hai ham s6 f(x) va g(x) la:

-1 1

1 1

S = jg(x+3)(x+l)(x—l)dx—jz(x+3)(x+l)(x—1)dx:2—(—2) =4.

-3 -1
Mot cai trong truong c6 ban kinh cac day 1a 30cm, thiét dién vudng goc voi truc va cach déu hai
day c6 dién tich la 1600n(cm2) chiéu dai cta tréng 1a 1m. Biét rang mat phang chua tryc cit mat
xung quanh cua trong 1a cac duong Parabol. Hoi thé tich cua cai tréng gan véi gia tri ndo trong
4 gia tri sau?
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A. 4252 (lit). B. 42,52 (lit). C. 4,252 (lit). D. 212,5(lit).

Loi giai
Chonla

Ta c6 chon hé truc toa dd nhu hinh vé.

parabol ‘,<h v

Vi thiét dién vudng goc véi truc cach déu 2 day 1a mot hinh tron va cach déu 2 day c6 dién tich
12 1600z (cm’) nén ta co ban kinh #>z =16007(cm*) = r =40 (cm).
Lai c6 Parabol P:y=ax”+bx+c c6 dinh 7(0;40) va qua cac diém A(-50;30), B(50;30)
1
c=40 250
nén ta co6 hpt: {2500a+506=-10=:b=0
2500a —50b=-10 c=40

Vay Parabol c¢6 dang P:y = —ﬁxz +40

Nén thé tich cta cai tréng 14 thé tich khéi tron xoay gi6i han boi parabol P: y = —ﬁxz +40

quay quanh truc ox va cac duong x =-50;x =50

50
1 2 2
V=r|(———x"+40)"dx=
j( 250 )

Ciu 48.6:0ng An mubn 1am ctra rio sat c¢6 hinh dang va kich thu¢c nhu hinh v& bén, biét duong cong phia
trén la mot Parabol. Gia 1 (m2) cua rao sat 1a 700.000 dong. Hoi ong An phai tra bao nhiéu tién
dé 1am céi cira sat nhu vay (Iam tron dén hang phan nghin).

//G/ﬁ VKL (Ko M

F

T la%
LT |
15 | | T~
| |
& = Egg = @ 2m
18] )

A. 6.520.000 dong. B. 6.320.000 dong.  C. 6.417.000 dong.  D. 6.620.000 dong.

Loi giai
Chon'C

Chon h¢ truc toa d¢ nhu hinh vé. Trong do A(—2,5; 1,5), B(2, 5; 1,5), C(O; 2).
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O

Gia sir dudng cong trén 1a mot Parabol co dang y = ax’+ bx + ¢ véi a, b, ce R
Do Parabol di qua céc diem d6 4(-2,5; 1,5), B(2,5; 1,5), C(0; 2).nén ta c6 hé phuong trinh:

2
(-2,50a-2,5b+c=15 |97 755

(2,5°a+2,5b+c=1,5 ={b=0

c=2 c=2

Khi d6 phuong trinh Parabol 1a: y = —%xz +2

A 7 5 5 \ < \ A r A N < sre 5 e A 12 A 2
Dién tich S ctia ctra rao sat 1a dién tich phan hinh phang gidi bdi d6 thi ham so6: y = —Z—Sx2 +2

truc hoanh va hai duong th:fmg x = =25 x = 2,5.

25 3 2.5
Taco: S= I(—ix2+2jdx= 22X PP 22
JU2s 25 3
55

Vay ong An phai tra s6 tién dé lam cai cira sat 1a S.700000 = ?700000 ~ 6.417.000 (ddng)

2,5 6

Cau 48.7:Mot vat trang tri c6 dang khdi tron xoay tao thanh khi quay mién (R) (phan gach chéo trong hinh
v&) quay xung quanh truc AB . Biét ABCD 14 hinh chit nhat canh AB=3cm,AD =2cm; F 1a
trung diém cua BC; diém E cach AD mot doan bang lcm .

A D
4
B F ¢
Thé tich ctia vat thé trang tri trén 14 (quy tron dén hang phan muoi)
A. 16,4cm’. B. 16,5cm’ . C. 52cm’. D. 3,8¢cm’.
Loi giai

Chon' B
Chon h¢ truc Oxy c6 O=A4; BeOx;D e Oy.

Ta co: 4(0;0); D(0;2); B(3;0); E(1;1)
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Ia

“J

buong tron tam /(0;1) chira cung ED ¢6 phuong trinh 1a: x* +(y - 1)2 =1.

Nén cung trén ctia dudng tron tAim 7 1a: y =1+~/1-x" .
Thé tich ctia vat thé trang trf 1a:

1 By 3
V= ﬂj(1+\/l—x2 ) dx+7z_[12dx ~16,5(cm’).
0 1
Cau 48.8:Mot chiéc dinh tan c6 dang khdi tron xoay duoc tao thanh khi cho phan to6 ddm quay xung quanh

canh AB. Biét ABCD 1a hinh chit nhat co6 4B =20mm, AD=6mm, cung AE 13 cung mot
phan tu ciia duong tron cé ban kinh bang 6mm , diém F cach 4B mot doan bang 3mm

A D
F E
B G C
Thé tich cua dinh tan 14 (quy tron dén hang phan muoi)
A. 270mm’ . B. 848,2mm’. C. 220,8mm’ . D. 584,3mm’ .
Loi giai
Chon B
Chon hé truc Oxy c6 A=0; B(20;0);D(0;6).
Ya
D(0;6) E(656) C
F(6:3) G(20;3)
A(0;0) 1(6;0) B(20;0) i

Khi do: F la trung diém cua EI va [(6;0);E(6;6);F(6;3);G(20;3).
+ Dudng tron tam 7(6;0) ban kinh bang 6 c6 phuong trinh la: (x— 6)2 +y2=36.

Nén nira cung phia trén ctia truc Ox c6 phuong trinh 1a: y =/36 —(x—6)" .
+ Phuong trinh duong thing FG 1a: y=3.
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Vay thé tich ctia dinh tan la: V = ;zj[% ~(x- 6)2}1x + 7[]9 3 dx ~848,2 (mm’)
0 6

Céu 48.9:Mot vién gach hoa hinh vudng c6 canh bang 80cm . Nguoi ta thiét ké sir dung 4 dudng parabol
cung chung dinh tai tdm cia vién gach va di qua hai dinh ké nhau cua vién gach dé tao thanh
bong hoa nhu hinh vé.

Dién tich ctia bong hoa (phan to dam trong hinh v&) 1a

64 16
A. ?dmz. B. ?dmz. C. 16dm’. D. 64dm’.
Loi giai
Chon'A
Ta c6: 80cm =8dm .
Chon h¢ truc Oxy nhu hinh vé.
%
] C(0;4)
B(4:9)
|

Ta co: A(4;0);B(4;4);C(0;4).

Céc canh hoa dugc tao thanh bdi 4 duong parabol c6 phuong trinh 1a:

2
Y . N . Y , A r ne oz \ X
Dién tich ctia canh hoa nam trong goc phan tu thir nhat duoc gidi han boi cac duong: y = e

y:2\/;; x=0;x =4, nén dién tich mot cénhhoabéng:
4 2
16
S: 2\/_—x— X =— dm2 .
[l e
N A e 1A . 064, . ,
Vay dién tich bong hoa la: 4S5 = ?(dm )

Cau48.10.  Cho hai duong tron (O};5) va (0,;3) cit nhau tai hai diém 4, B sao cho 4B la mot
dudng kinh ctia duong tron (O, ). Goi (D) 14 hinh thing dugc gidi han boi hai duong tron (&

ngoai duong tron 16n, phan dwge gach chéo nhw hinh vé). Quay (D) quanh truc 0102 ta
duoc mot khdi tron xoay. Tinh thé tich 7 cua khdi tron xoay dugc tao thanh.
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Ay =147 B. y =987
3 3
C. V=4()Tﬁ. D. V =36r.
Loi gidi
Chon B

Chon h¢ toa do Oxy voi 02 =0, 02C = Ox, 0214 =0y.
Poan 0,0, = /O, 4> —0, 4> =/5* -3 =4=(0,):(x+4)" +)* =25.
Ki higu () 14 hinh phing gi¢i han boi cc duong (O,): ()c+4)2 +y° =25 0y:x=0, x>0.

Ki hiéu (H2) 1a hinh phang gidi han boi cac dudng (02 ) X’ 4+ =9, Oy:x=0, x>0.
Y

A

(D),

a

B

Khi d6 thé tich ¥ can tim chinh bang thé tich ¥, cta khéi tron xoay thu dugc khi quay hinh
(H 2) xung quanh truc Ox trir di thé tich V) ciia khéi tron xoay thu duoc khi quay hinh (H 1)

xung quanh truc Ox.

Taco v, :l.iﬂr3 =z7z.33 =18r.
23 3
1 1 +4 3 1 14
Lai co V1=7IIyZdX=7rj[25—(x+4)2de=ﬁ 25x—(x ) =T
0 0 3 0 3
Dods 1 —r, -1, 18145205

Cau 48.11. MOt cai trong trudng c6 ban kinh cac day 1a 30 cm, thiét dién vudng goc vai truc va cach
déu hai day co dién tich 1a 16007r(cm2 ) , chiéu dai cua trong 1a1m . Biét rang mit phang chira

truc cat mat xung quanh cua trong 1a cac duong Parabol. Hoi thé tich cua cai trong 1a bao
nhiéu?
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A. 425,2 (lit). B. 425162 (lit).

C. 212,6(lit). D. 212581 (lit).
) Loi giai

Chon A

Ta c¢6 chon hé truc Oxy nhu hinh v&.

parabol <‘ y

Thiét dién vudng goc véi truc va cach déu hai day 13 hinh tron.
c6 ban kinh r 6 dién tich 1a 16007 (cm’ ), nén.

7 =16007 = r = 40cm .

Ta cé: Parabol c6 dinh I(O; 40) va qua A(50;30).

Nén c6 phuong trinh y = —%xz +40.

Thé tich cua trong 1a.

50 2
V=nrn j [—sz + 40) dx = 1. 406000 cm’ ~425,2dm’ = 425,2 (lit).
L 250 3

Céu 48.12. Mot khuodn vién dang nira hinh tron c6 dudng kinh bang 45 (m). Trén d6 nguoi thiét ké hai

phan dé trong hoa c6 dang ctia mot canh hoa hinh parabol c6 dinh tring v6i tAm nira hinh tron
va hai dau mut cua canh hoa nam trén nira dudng tron (phan t6 mau), cach nhau mét khoang
bang 4 (m), phan con lai cia khudn vién (phan khong t6 mau) danh dé trong cé Nhat Ban.

Biét cac kich thudc cho nhu hinh v& va kinh phi dé trong c6 Nhat Ban 1a 100.000 dong/m?. Hoi
can bao nhiéu tién dé trong cd Nhat Ban trén phan dat d6? (So tién dugc 1am tron dén hang
nghin).

A. 2.388.000 (ddng). B. 3.895.000 (ddng).
C. 1.194.000 (ddng). D.1.948.000 (déng).
Loi gidi
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Chon D

1
!
1
1
1
4m}
1
1
1
!

Dat h¢ truc toa do nhu hinh vé. Khi d6 phuong trinh ntra duong tron .lé.

y= R*—x* = (2\/_) —x* \/7

Phuong trinh parabol (P) c6 dinh 1a gbc O s& c6 dang y =ax”. Mit khéc (P) qua diém
M(2;4) dodo: 4=a(-2) =a=1.

Phan dién tich cta hinh phang gi6i han boi (P) va nira duong tron.( phan t6 mau).

2
Ta ¢ cong thitc S, = [ (\/20—x2 —xz)dx ~11,94m? .
)

Vay phan dién tich trong c6 1a S = %Shinhtron -5, ~19,47592654 .

Viy s tién can co 1a S, x100000 ~1.948.000 (dong).dong.

Cau 48.13: Tir mot tim ton hinh chit nhat ABCD véi AB =30cm, AD = SST”cm . Nguoi ta cat miéng ton
theo duong hinh sin nhu hinh v& bén dé duoc hai miéng ton nho. Biét AM =20cm,CN =15¢cm
, BE = 57 ¢cm .Tinh thé tich cuia 1o hoa dugc tao thanh bang cach quay miéng ton 16n quanh truc

AD ] —
B E C
M/
N
A D

(két qua lam tron dén hang tram).

A. 81788cm’. B. 87388 cm’

C. 83788cm’ D. 7883 cm’
Loi gii

Chgn C

Chon h¢ truc Oxy saocho 4=0, DeOx,BeOy.
Tacd BE =57z suy ra ham sb tudn hoan v6i chu ki 7 =207 .

Suy ra phuong trinh d thi hinh sin can tim c6 dang: y = asin (%) +b.
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Do d6 thi hinh sin di qua M (0;20), N(SSTﬁ;lS) nén ta co:

asin(L.Ojer =20
10

a=10
1 55 < b=20
i ( ”J+b:15 N

Ta c6 phuong trinh d0 thi hinh sin can tim 14 y =10sin (%) +20.

557 2
Thé tich can tim 1a: 7ZJ‘03(105in (%} + 20} dx =83788cm’.

Cau 48.14:  Manh vuon nha 6ng An c6 dang hinh elip véi bon dinh 4,, 4,, B,, B, nhu hinh v& bén.
Ong dung 2 duong Parabol c6 dinh 1a tim dbi xtng cua elip cit elip tai 4 diém M, N,P,Q nhu
hinh v& sao cho ti gidc MNPQ 14 hinh chit nhat c6 MN =4 dé chia vuon. Phan t6 ddm ding
dé trong hoa va phan con lai dé trong rau. Biét chi phi tréng hoa 1a 600.000 déng/m? va trong
rau la 50.000 dong/m”*. Hoi so tién phai chi gan nhét véi sb tién nao dudi day, biét 4,4, =8 m
, BB, =4m?

A. 4.889.000 dong. B. 5.675.000 dong.
C. 3.526.000 dong. D. 7.120.000 dong.
Loi giai

Gia sir phuong trinh elip (E): X_2+Jb/_2 =1.
a
] AA =8 2a=8 [a=4 X2y 1
Theo gia thidttaco { ' > < =N =S (E):—tZ=1=yp=t+—+/16-x".
& {BIBZ=4 {2b:4 {a:2 ()16 4 )

Dién tich cua elip (E) la S(E) =mab=8r (mz) .
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M =(P)n(E
Ta c6: MN =4 :{ () ):>N(2;y0). Do N e(E)= N(2+3).

N=(P)n(E)

(P) dinh O va di qua N:(P):xzéyzzy:igx/;

2

Khi d6, dién tich phan khong t6 mau 1a S=4J{%m_76\/;]dx :42;[;\/5 ().
0

Dién tich phan t6 mau la §'= 5, -5 =8ﬂ_42ﬂ;\5 _ 167;;4\/5'

S tién phai chi theo yéu ciu bai toan 1a

167 +4+3 27 -3
3

T = 600.000><f+50.000x4 ~4.889.000 dong.

Céu 48.15. Cho khdi tru c6 hai déy 1a hai hinh trdn (O;R) va (O';R), OO' =4R. Trén duong tron (O;R)
liy hai diém 4, B sao cho AB = R+/3. Mit phing (P) diqua 4, B cit doan 00’ va tao véi
déy mot goc bang 60°. (P) cat khoi tru theo thiét dién 1a mot phan cua hinh elip. Dién tich thiét

dién d6 bang.
A. 4—”+£ R*. B. 2—”—£ R’
32 3 4
C. 2_7[_£ RZ. D 4_7[_£ R?
3 4 32
Loi giai
Chon A
y)
R
‘/‘\ \\w
N
R
- 2 2 2
cos dop 2 CA +0B’ - 4B> 1

- = A/O\B=120°:>0H=§.

2.04.0B
Chon h¢ truc nhu hinh v& bén = Phuong trinh duong tron déy 1a

¥+ =R < y=2JR -x".
Hinh chiéu ctia phan elip xubng day 1a mién soc xanh nhu hinh v&.
R
. 2
Tacod S=2 j VR* —x* dx. Dat x=R.sint = § =[T”+£j1e2.
R

4

2
Goi dién tich phan elip can tinh 1 S

Theo cong thirc hinh chiéu, ta co S’ = S -=28= 4—”+£ R’
cos 60 3 2
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Céu 48.16. Nguoi ta lam mot cai lu dung nudc bang cach cit bo 2 chom ciia mot khdi cau co ban kinh
5 dm bang 2 mat phang vudng goc vdi duong kinh va cach tam khoi cau3 dm. Tinh thé tich
ctia chiéc lu.

Pit hé truc voi tim O 13 tdm cta mit cau, duong thang dimg 1a Ox , dudng ngang 1a Oy .
Ta c6 phuong trinh ctia duong tron 16m 1a x* +y* =25
Thé tich cai lu 1a thé tich ctia vat tron xoay tao thanh khi quay hinh giéi han béi cac duong cong

y=+/25-x", truc Ox, duong thing x =-3,x =3 quay quanh Ox .

14 =7$_J3;(25—x2)dx :ﬂ£25x—%3j‘i3 = 1327r(dm3).

Cau 48.17. Mot céi tréng truong c6 ban kinh cac day 1a 30 cm, thiét dién vudng gbc véi truc va cach déu hai
day co dién tich 1a 16007z (cm2 ) , chiéu dai ctia tréng 14 1m . Biét ring mat phang chira truc cit mat

xung quanh cta trong 14 cac duong Parabol. Hoi thé tich ctia cai trong 14 bao nhiéu?
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A. 425,2 (lit). B. 425162 (lit).

C. 212,6(lit). D. 212581 (lit).
) Loi giai

Chon A

Ta c¢6 chon hé truc Oxy nhu hinh vé.

parabol <‘ y

Thiét dién vudng goc véi truc va cach déu hai day 13 hinh tron.
c6 ban kinh r c6 dién tich 1a 16007 (cm’ ), nén.
7 =16007 = r = 40cm .
Ta cé: Parabol c6 dinh I(O; 40) va qua A(50;30).
1
Nén c6 phuong trinh y = ———x* +40.
9 P g 4 250
Thé tich cua trong la.
50 1 2
V= ﬂj (——xz +40] dx =r.
W\ 250
Ciu 48.18. B6 doc mot qua dua hiu ta duoc thiét dién 13 hinh elip ¢6 truc 16n 28cm , tryc nho 25cm . Biét

ctr 1000cm’® dua hau s& 1am duoc cdc sinh td gia 20000 dong. Hoi tir qua dwa hiu trén c6 thé
thu dugc bao nhiéu tién tir viéc ban nudc sinh t6? Biét rang bé day vo dua khong dang ké.

406000

cm’® =~ 425,2dm’ = 425,2 (lit).

A. 180000 dong. B. 183000 dong.

C. 185000 dong. D.190000 dong..
Loi giai

Chon B

2
oy

rah
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2 2
Duong elip ¢o truc 16n 28cm, truc nhé 25cm ¢6 phuong trinh x—2+ Y

3)
2
o (B[ ) e X
775 14> YT 14>
: (25 x° ’ 25 2 u x’
Do @6 thé tich qua dua la V=7Z'j > l-— dx=7z(—} I(l——jdx
~14

25 <\
s
2 3.14

Do d6 tién ban nuée thu dugce la

=1

(25)2 56 87507
=r|— | —= cm’.
2) 3 3

87507.20000

-14

~ 183259 ddng.

CAU TUONG TU CAU 49 PE THAM KHAO 2024
C4u 49.1:Cho ham s6 f(x) c6 dao ham f'(x) = x* —82x. C6 bao nhiéu gié tri nguyén dwong ctia tham sb
m dé ham sé y = f(x* —18x” +m) c6 dung 7 cuc tri.

A. 83 B. 81 C. 80. D. 84
Loi giai

Chon|C

Ta co:

y'=(4x’ =36x).f'(x* —18x" + m).

o0 f'(x4;18x2+m)=0.
4x” =36x=0
Vi
x=0
+) 4x’ -36x=0< ¢6 3 nghiém don.
x=23

x=18x*+m=0 x'—18x* =-m
+) F'(x*=18x*+m)=0<= = .
A ) {x4—18x2+m=82 x'—18x* =—-m+82

7 X =
Xét ham s6: g(x)=x*—18x> c6 g'(x) =0 < .
x=13
Ta c6 BBT cta ham s6 g(x)=x* —18x’
by —00 -3 0 3 +oo
g'(x) 0 + 0 0 i

+00 0
g(x) \ /
81

- _81

Pé ham sé y = f(x* —18x* + m) c6 dung 7 cuc tri thi y = f'(x* —18x* +m) = 0 c6 4 nghiém boi
1¢ phan biét khac 0, £3.

82<m<163

-m<-81
S| |[8l<-m+82<0&<
m<0

-m+82>-m=>0
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Ma me N nén me {83,84,........ ,161,162} . Nén co 80 gia tri m thoa ycbt.
Cau 49.2:Cho ham s6 y= f(x) ¢6 dao ham f'(x)=(x>-3)(x*+1) véi xeR. Co bao nhiéu gia trj
nguyén ctia tham s m dé hamsé y = £ (x)—mx c6 4 diém cuc tri?
A. 0. B. 1. C.2. D. 3.
Loi gidi

Chon'A

Xét dao ham y' = f'(x)—m=(x*=3)(x? +1)—m; =0 (x? 324D =m

YCBT < »'=0 c6 4 nghiém boi 1¢ phan biét

pat g(x)=(x*=3)(x*+1) =x* —2x> -3; g'(x) =4x* —4x = 4x(x* -1);

BBT
X | —o0 -1 0 1 +00
v’ — 0 + 0 — 0 +
3 +o0

TN

Viay -4 <m < -3, ma m nguyén nén khong c6 m nao.
Ciu 49.3:Cho ham s6 y = f(x) c6 dao ham f'(x)= (xz —x) (x2 —4x+3),Vx € R. Tinh tong tit ca cac

gia tri nguyén clia tham s6 m dé ham s6 g (x)= f (x2 - m) ¢6 3 diém cuc tri.

A. 0. B. 6. C. 3. D. 2.
Loi giai
Chon'C
x=0
Ta co f'(x)zx(x—l)z(x—3);f'(x):0<:> x=1 (x=0,x=3 1a nghiém don; x=1 1la
x=3
nghiém boi chan).
x=0 x=0
x=0 X4+m=0 xP=—m (1)

f'<x2+m):0<:> x> +m=1 = ¥ =1-m (2)

X +m=3 X’ =3—m (3)

Lai c6 g'(x):2x.f'(x2 +m>;g'(x):0<:>

Do (2) c6 nghiém ludn 1a nghiém boi chin; cac phuong trinh (1) , (3) c6 nghiém khong chung
nhau va —m <3 —m.
Ham s0 g(x) ¢6 3 diém cuc trj <> g'(x)=0 c6 ba nghiém boi 1¢ phan biét
-m<0
S0<m<3.
3—m>0
VimeZ=me{0;1;2}.
Viy tong cac gia tri nguyén cua tham s6 m béng‘3.
Cau 49.4:Cho ham s6 y = f(x). Ham so y = f'(x) c6 do thi nhu hinh vé& dudi day.
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\Aa

C6 nhiéu gia tri nguyén ctia m dé hamsé y = f(x* +m) co 3 diém cuc tri.
A1, B. 0. C. 3. D. 2.
Loi giai
Chon|C
Do ham s6 y = (x> + m) 1a ham chén nén ham s6 c6 3 cuc tri khi va chi khi ham s6 nay c6
dung 1 diém cuc trj duong.

y=f(x2+m):>y'=2xf’(x2+m).

[x=0 [x=0
V=0e x=0 - x2+m:Oc> x> =-m .
f'(x2+771)=0 X +m=1 xX*=1-m
_x2+m=3 _x2=3—m

D6 thi hamsd y = f '(x) tiép xuc truc hoanh tai diém c6 hoanh d6 13 x =1 nén cac nghiém

ctia pt x> =1—m (néu c6) khong lam f'(x2 + m) d6i dau khi x di qua, do d6 cac diém cuc
x=0

tri cia ham s6 y = (x> +m) 1a cac diém nghiém ciia hé | x> = —m

x’=3-m
o : . j—m<0
Hg¢ trén c6 duy nhat nghiém duong khi va chi khi { 0 < 0<m<3.

Vay c6 3gia tri nguyén cua thoa man.
CAu 49.5:Cho ham s y = f(x) c6 dao ham y = f'(x) véi moi x € R. va c6 d thi nhu hinh v&.

===
o,
(5]

—1 4

C6 bao nhiéu gia tri nguyén cta tham s6 m déhamsé g(x)=f (x2 —4x+ m) ¢6 dung hai diém
cyc tri thudc khoang (1;4)?

A 4. B.3. C.0. D.s.
Loi giai

Chon'A

Ta co g’()c):2(x—2).f'(x2 —4x+m).
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x:2e(l;4) x=2
g'(x)=0(:)2(x—2).f'(x2 —4x+m)=0<:> ¥ —dx+m=1 &|x'—4x—-1=-m.
X —4x+m=-1 x'—4x+1=-m

V& d thj hai ham s6 y =x —4x—1 va y=x" —4x+1 lén ciing mt mit phang toa do._

Yéu ciu bai toan twong duong f '(x2 —4x+m) =0 c6 ding mot nghiém don khac 2 trong
2 —4<-m<3 3<m<4
khoang (1;4) suy ra: & :
-1<-m<l1 -1<m<1
Viy co tit ca 4 gia tri.
Céu 49.6:Cho ham s y = ‘3x4 —4x’ —12x* +m —1‘ c6 7 diém cuc tri. Tong céc gia tri nguyén ciia m 1a:
A. 21 B. 15 C.7 D. 14
Loi giai
Chon D
Xétham s f(x)=3x"—4x’ —12x> +m -1,
C6 lim f(x)=+o0, lim f(x)=+o.

F(x)=12x> —12x* - 24x = 12x(x2 —x—2).

x=0
f(x)=0|x=-1.
x=2
Bang bién thién:
x —0 -1 0 2 +
Fix) - 0 + 0 - 0 +

m—1 +a0

m—6

Tir bang bién thién, ta c6 ham sé y = | f (x)| c6 7 diém cuc trj < d6 thi ham s§ y = f(x) cit
Ox tai 4 diém phanbiét ©m-6<0<m-1<1<m<6 ma meZ=>me{2,3,4,5}
Tong céc gia tri nguyén cta m1a 14.
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Cau 49.7:

Cau 49.8:

Cho ham sb y = f(x) lién tuc trén Rva 6 f"(x)=(x—2)* (x* +3x—4). Goi § la tap cac s6

nguyén m e [-10;10]dé ham s6 y = f(x2 —4x+m) c6 dung 3 diém cuc tri. S6 phan tir cua S

bang
A.5. B. 14. C.4. D. 10.
Loi giai:

Chon'A

s (x=2)*=0
Taco: f'(x)=0< .

X2 +3x-4=0
Pit y:g(x):f(x2—4x+m)
g'(x)=(2x —4)f'(x2 —4x+m)
[x=2
5 2
2x—4=0 (x —4x+m—2) -0

g'(x)zO@{ ' = :
SO0 =4xem) =0 | ()= —dx+m-1=0 (1)
hy(x)=x>—dx+m+4=0 (2)

Ham s6 ¢ 3 cuc tri khi mot trong 2 phuong trinh va c¢6 2 nghiém phan biét khac 2 va phuong
trinh c6 lai ¢6 1 nghiém hodc vo nghi¢m.

h(2)#0
A >0
0<m<5
Ay <0
= (2 0<:> m>3 <0<m<S5.
H(2)# m<0
A <0
Ay >0

Ma m e [-10;10] do d6 m €{0;1;2;3;4} ¢6 5 phan tur.
Cho ham s6 y = f(x) c6 dao ham f(x)=(x —1)2 (x2 —2x) ,voi Vx e R . S6 gia tri nguyén cua
tham s6 m d€ hamsé g(x)= f(x3 -3x" + m) c6 8 diém cyc trj 1a
Al B. 4. C.2. D.3.
Loi gidi
ChonA
Ta co g'(x) = (3x2 —6x).f’(x3 -3x’ +m) .

- [x=0
3x2—6x=0

x=2
, X =3x*+m=1 3 5
g(x)zO@ s 40 Oc> X =3x"+m=1,
X =3x"+m=
X =3x*+m=0

_x3—3x2+m:2

_)c3 “3x*+m=2

Vi khi di qua cac nghiém ciia phuong trinh x* —3x> +m =1 (néu c6) dau cia f'(x3 —3x’ + m)
khong dbi nén dau cua g'(x) chi phu thudc cac nghiém cua hai phuong trinh con lai.

Vay ham s6 y =g(x) ¢6 8 diém cuc tri khi va chi khi mdi phuong trinh x* —3x” +m =0 va

x’ —3x”> +m =2 phai c6 ba nghiém phén biét (khac 0 va khac 2).
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Xétham sd h(x)=—x"+3x",taco I'(x)=-3x"+6x; h'(x):0<:{

Bang bién thién ciia ham s y=h (x)

— 0

(]
I
<}

¥ - 0 + 0 —

y%\o/\

Dya vao bang bién thién, ta thidy diéu kién dé mdi phuong trinh —x’+3x*=m va
—x> +3x” = m—2 phai c6 ba nghiém phan biét (khac 0 va khac 2) la
O<m-2<m<4&2<m<4.
Vay chi c6 mot gia tri nguyén ciia m théamanla m=3.

Céu 49.9:Cho ham s§ f'(x) ¢6 dao ham lién tuc trén R va dd thi ham s6 f"(x) nhu hinh v&. C6 bao nhiéu

s6 nguyén m dé hamsé y = f(x2 + m) c6 dung 3 diém cyc trj?

y

A. V0 sb. B. 4 D. 2
Chon|C
y’:2x.f'(x2+m).
[x=0 [x=0
y'=0<:>{x=0 - x2+m=0<:> x*=-m
f’(x2+m)=0 x +m=1 X' +m=1
X +m=3 |[xX’=-m+3

Do thi ham s f '(X) tiép xtic v6i truc hoanh tai diém c6 hoanh do béng 1. Do d6 hodc phuong

trinh x> +m =1 vO nghiém hodc nghiém cua phwong trinh x* +m =1 1a nghiém boi chin ctia
phuong trinh y'=0.

. |-m=#0 m=0 )
Neéu = thi x=0 1a nghiém don ctia phuong trinh ' =0.

-m+3#0 m#3
. |-m=0 m=0 , : .
Néu = thi nghiém x =0 la nghiém bdi ba ciia phuwong trinh )" =0.
-m+3=0 m=3

Suy ra x=0 1a mot diém cuc trj ctia ham s6 y= f(x2 + m) , Vm .

Xét cac phuong trinh: x* =—m (1) va x> =-m+3 (2).
Nhén xét: Phuong trinh (1) va (2) khong ¢6 nghiém chung; —m <-m+3,Vm
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Minh hoa d6 thi

y =’

Xét —m >0 thi phuong trinh (1) c6 2 nghiém phan biét x,; x, va phuong trinh (2) ¢6 2 nghiém
phan biét x;; x,. Khi do ' ddi du 5 lan qua cac nghiém x;; x,; x;; x, va 0 nén ham sb
y= f(x2 +m) ¢6 5 diém cuc tri.

Xét —m+3 <0 thi phuong trinh (1) v6 nghiém; phuong trinh (2) hodc v nghi¢m hoac c6 nghiém
kép x=0.Khi d6 ham s y = f(x2 +m) ¢6 1 diém cuc tri.

-m<0 m=0
Xét = < 0<m <3.Khidb phuong trinh (1) vo nghi€ém hodc c6 nghiém kép
-m+3>0 m<3

x =0 ; phuong trinh (2) ¢6 2 nghiém phén biét khac 0. Suy ra ham sé y = f (x2 + m) c6 3 diém
cuc tri.
Do d6, dé ham sb y=f(x2 +m) ¢6 3 diém cuc trj thi 0<m<3.
Mit khac m nguyén nén m € {0;1;2} :
Vay c6 3 gia tri nguyén ciia m dé ham s c6 ding 3 diém cyec tri.

Cau49.10: Chohamsd y= f(x) c6 dao ham f'(x) =x" —3x+2,Vx e R. Cé bao nhiéu gia tri nguyén
cua tham s6 m sao cho tmg v6imdi m, hams6 g(x)= f(—x4 +2x° —m) ¢ ding ba diém cuc
tri thudc khoang (0;3) ?

A. 62. B. 60. C. 61. D. 64.
Loi giai
Chon'A

f’(x)=x2—3x+2=0<:>[x

*) Xét trén (0;3)

(x=0¢(0;3)

x:le(0;3)
g’(x)z(—4x3 +4x)f'(—x4 +2x° —m)=0 = x:_1¢(0;3)

_f'(—x4 +2x° —m)=0

x=1€(0;3) x=1
S ) S| —x'+2x"-m=1
f(—x ax —m):O —x*+2x*—m=2

Xét ham s6 h(x)=—x"+2x’ —m trén (0;3)
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=0 ,
B(x)=-4x’+4x, h'(x)=—4x’ +4x=0 & {x i trén (0;3) chi lay nghiém x =1
x=%
X 0 1 3
() B 0 -

—63—-m

Dé ham s6 g(x) ¢6 3 cuc tri didu kién g'(x)=0 c6 3 nghiém bac 1& khi d6

1-m<2 —1<m

{—m<1<1—m {—l<m<0 —-1<m<0
—63—m<1 < —64<m —64<m<-=2
{2§—m {mS—Z

Do mnguyén nén m € {—63;—62;..;—2} c6 62 gia tri thoa man bai toan.
Ciu49.11: Chohamsd y=f(x) cédaoham f'(x)=x’—x’,Vx € R.Biétthams6 m €(a;b) thi ham
so hams6 g(x)= f(‘—x3 +3x7 + m‘) dat nhiéu cyc tri nhat 1a ¢ cyc tri. Tinh tong a +b+¢ ?
A.9. B.7. C.6. D.11.
Loi gidi
Chon B

X
f’(x) =x-3x=0 { { trong d6 x =0 la nghiém bac hai khong cho dugc cuc tri
y=

(—x3 +3x7 +m).(—x3 +3x° +m)’

g'(x) = (‘—x3 +3x7 + m‘)’ f’(‘—x3 +3x7 + m‘) = f'(‘—x3 +3x7 + m‘)

‘—x3 +3x° +m‘
(—x3 +3x° + m).(—3x2 + 6x)

= — f’(‘—x3 +3x +m‘)
‘—x +3x +m‘

—x +3x7 +m).(—3x2 +6x)

Cho g'(x)=0<:>( f'(‘—x3+3x2+m‘)20

‘—x3+3x2+m‘
—x" +3x" +m#0 X +3x +m#0
| -3x"+6x=0 S| x=0x=2
‘—x3+3x2+m‘:1 X +3x* +m ==l

. x=0 .
Xét ham so A (x) =—x"+3x+m; h'(x) =3 +6x=0= [ 5 1ap duoc bang bién thién
X =
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+o

() < A -

Dé c6 nhiéu cyc tri nhét thi g’(x) phai c6 nhiéu nghiém va diém lam g'(x) khong xéc dinh
nhét. Dua bang bién thiéntaco m<—-l<l<m+4< -3<m<-1=>me (—3;—1)
Khidé a=-3; b=-1;c=11cO a+b+c=7.

Ciu49.12:  Chohamsd y = f(x) c6 dao ham f’(x)=x’+x,Vx e R. Cé bao nhiéu gid tri nguyén cia
tham s6 m sao cho img véi mdi m, ham sé g(x)= f(x4 +2x° —mxz) c6 dung hai diém cuec tri
thudc khoang (—l; 2) ?

A 6. B.S. C 7. D. 9.

Loi giai

Chon|C

f’(x):x(x2+1):O<:>x:0

*) Xét trén (—1;2)
x=0¢(-12)

g'(x) = (4x3 +6x° —2mx)f'(x4 +2x° —mxz) =0 <[ 4x° +6x-2m=0
xt+2x —mx* =0

x=0¢(-12)
&2 +3x=m (1)

X +2x=m (2)
Xétham s6 h(x)=2x"+3x; k(x)=x"+2x trén (-1;2) c6 h'(x)=4x+3=0<:>x=—%;

k'(x)=2x+2=0<> x=-1 lap bang bién thién ctia cd hai ham /(x);k(x) trén cing mot hinh
ta duoc két qua nhu sau:
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Cau 49.13:

* -1 _3 0 2
4
h'(x) - 0 |
K(x) + | |
14
V=m /
h(x): //' g
K x) s 0
/,/'" E
\ 9
g

Pé ham sd g(x) co 2 cyc tri diéu kién g'(x)=0 c6 2 nghiém bac 1é ma g'(x) da c6 nghiém
x =0nén tong hai phuong trinh (1);(2) c6 thém mot nghiém khac 0, dua vao bang bién thién

trén ta co

m=—1 m=—1 . o

& ma m 1a sO nguyén nén m € {— 1;8;9:10;1 1;12;13} co 7 giatri
8<m<14 |8<m<14
Cho ham sé y = f(x) c6 dao ham f'(x)=x"(x+1)(x* +2mx—2m—1). C6 bao nhiéu gia
tri nguyén ctia m khong vuot qua 2024 dé hamsé y = f (x2 +1) c6 ding 1 diém cyc tri?
A. 2. B. 2026. C. 2024. D. 2025.
Loi giai
Chon B
Taco: y'=(/ (5 +1)) = 2x/"(x* +1) = 2x.(x* +1) (¥ +2)° |:(x2 1) +2m(x +1)=2m —1}
x=0

t=x2+1 (tZl)

Khi d6: y'=0 < :
>1° +2mt—2m—1=0 (1)

(x> +1) +2m(x* +1)-2m~1=0
Ta thay nghiém cta (1) néu c6 s& khac 0. Nén x =0 1a 1 cuc tri caa ham sd.

Do d6 dé ham sb ¢6 1 diém cuc tri thi (1) hodc v6 nghiém hodc c6 nghiém kép, hodc c6 2
£ -1<0

nghiém ¢;¢, Sl@{t _1<0
,—1<

A=m>+2m+1<0  [m=
A=m*+2m+1>0 m#—1
= =
(t,—1)+(1,-1)<0 h+1,<2
(t 1)(1«2_1)20 t+t +120
i m=-1 m=-1
m=z—1 m=—1 m=-1
= & Sm> -1
2m<?2 m=>-1 m>-—1
—2m—1—(—2m)+120 0=>0

Vay tap hop céc gid tri m théa dé1a S = {-1;0;1;...;2024} nén c6 2026 gid tri m.

Trang 45/53 - WordToan



Chu49.14:  Cho hamsb bac bon y = f(x) c6 do thi y = f’(x)nhu hinh v&

yA

-
I
Q‘
—
N*’
.ﬁ‘
=Y

Goi S 1a tap hop cac gia tri nguyén thugc doan [-2024;2024] ciia tham s6 m dé ham sb

y= f(‘x2 +x— 2‘ —m) ¢6 dung 3 diém cuec tri. SO phan tir ctia tap hop S bang

A. 2026 . B.2022. C.2024. D.2020 .
Loi giai
Chon D
x=-2
f’(x):0<:> x=2
x=35
' (2x+1)(x2+x—2) 1 s
Yy = ‘x2+x—2‘ f(‘x +x—2‘—m)
- 1
Y=
2
Piém dic biét: y'=0 hodc y' khong xac dinh < x=1
x=-2
f'(x2+x—2‘—m):0 )

Ta thiy x:—%;le;x:—Z 1a cac nghiém don cia y'.
W +x-2-m==2 ||¥+x-2=m-2
e || +x-2-m=2 <||+x-2=m+2
W +x=2|-m=5 W+ x =2 =m+5

Ta c6 BBT ctia ham s6 7 = ‘xz +x— 2‘ nhu sau:

X —0 -2

!

2
3 AN - | + 0 - | +
r+x—2

| )

I +x g +
0 0

Pé ham sb ¢6 diing 3 diém cyc tri thi phuong trinh (1) khong c¢6 nghiém don.
Dua vao BBT trén, phuong trinh (1) khong c¢6 nghiém don & m+5<0 & m<-5
VimeZ, me [—2024; 2024] =>me {—2024; -2023;......— 5} . Vay tap S ¢6 2020 phan tu.
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Céu 49.15: Cho ham s6 bic ndm y = f(x) c¢6 do thi y = f'(x) nhu hinh v& duéi day

C6 bao nhi€u gia tri nguyén cia m€[-2024;2024] dé sé diém cuc tri ciia ham sd

g(x)zf(x2—3x+m) las.

A.2025. B. 2. C.2027. D.2024 .
Loi giai
Chgn C
Ta c6: g'(x):(2x—3).f'(x2—3x+m).
2x-3=0 (1)
"(x)=0 .
g(x)=0e f'(x2—3x+m)=0 (2)
Ta co: (I)Qx:%.
y
0 1 2 a
: @
|
—1 L\ _
X’ =3x+m=0 m=—x"+3x
Va (2)<:> x*=3x+m=2 | m=-2=—x"+3x.
X’ =3x+m=a, a>?2 m—a=-x"+3x

Véi x*=3x+m=2 thi g'(x)=0 c6 nghiém kép.
Xét ham s6 y = —x" +3x ta c6 d0 thi

v A

9/4 |

1 | / ’ \

Y=

m-a /1 \

Trang 47/53 - WordToan



Do a>2,suyra m <% .phuong trinh g'(x)=0 c6 5 nghiém don phén biét nén g(x) c6 5

.2 e e 9
diém cuc tri khi va chi khi m<z.

VimelZ, me [—2024; 2024] =>me {—2024; -2023;...... ;2} . Vay tap S c¢6 2027 phan tir.

CAU TUONG TU CAU 50 PE THAM KHAO 2024
Cau 50.1:Trong khong gian Oxyz, cho hinh nén (N) c6 dinh A(l; 4;0) , 40 dai duong sinh bang 6 va
dudng tron ddy nim trén mét phang (P):2x+y+2z-3=0.Goi (C) la giao tuyén cuia mit xung
quanh ctia (N) véi mit phang (Q):x—4y+z+3=0 va M 1a mot diém di dong trén (C). Hoi
gia tri nho nhat cua d¢ dai doan thang AM thudc khoang nao dudi day?

A,£§g2j. B. (0:1). c.[nfj. D. (2:3).
2 2

Loi giai
Chon'D
Goi 1,h,r lan luot 1a d6 dai duong sinh, chiéu cao va ban kinh ciia hinh nén.
Theo dé bai tacé /=6 va h=d(4,(P))=1.

Suyra r=~I* —h* =+/35.

np=(212)
. np.n, —0:>(P)J_(Q).

ny =(1,-41)
Khi d6 giao tuyén (C ) la mot parabol c6 dinh A (nhu hinh vé).

Mait khac {

Q

Goi £ la hinh chiéu vudng goc cua 4 1én (Q).
Va d(4,(0))=AE=232(=IK) do 14/ (Q).
Taco: AM =~ AE> + EM? =~8+ EM’

Pong thoi EM > EH .
Do d6 AM , < AM = AH hay M =H .

Goi K 1a hinh chiéu vuong goc ctia H 1én IB .
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Vi 14/ HE = 2K pyies) = b =
4B IB

22 1270
NEE R

Vay gié tri nho nhat cua do dai doan thang AM thudc khoang (2;3).

~2,87€(2;3).

Céu 50.2: Trong khong gian Oxyz, cho dudng thing A di qua E(1+3a;-2;2+3a) va c¢6 mot vecto chi
phuong z?z(a;l;a-i—l). Biét khi a thay ddi ludn ton tai mot mit cAu (S) ¢d dinh c6 tam
I(m;n; p) bankinh R di qua diém M (1;1;1) va tiép xtc véi dudng thang A . Mot khdinén (N)

c6 dinh 7 va dudng tron day cta khoi nén nam trén mat cau (S ) . Thé tich 16n nhat ctia khoi noén

(

A. 250. B. 256. C. 252. D. 225.
Loi giai

(N) la max ¥, =%.Kbi d6 tong m+n+ p+q bang

Chon'A

x=1+3a+at

Tir gia thiét ta c6 phuong trinh duong thang A: { y=-2+¢

z =2+3a+(a+1)t
Ta c6 duong thing A luén di qua diém ¢ dinh A(1;-5;-1),VaeR. (t=-3).
Nhan thiy duong thang A ludn ndm trén mit phang (P):x+y—z+3=0.
Néu (P) cit (S) theo giao tuyén 1a mot dudng tron thi A chinh 14 tiép tuyén ciia duong tron,
ma tor mdt diém chi cd thé ké toi da hai ti€p tuyén véi duong tron, nén khi do6 chi co thé ton tai
t6i da hai tiép tuyén A voi (S ) Do tir 4 ké dugc vo s tiép tuyén A véi (S ) nén (P) phai tiép
xuc voi () tai 4.

I n+5 p+l

Taco Al L(P) nén Al cing phuong véi n, =(1;1;-1), do d6 ml_ 1 1

<:>{m+p=0 (1)
n+p=—6
Talai 6 MI =4 & MI* = 14> & (m=1) +(n-1) +(p-1)" =(m—=1) +(n+5)" +(p+1)°
<:>3n+p:—6(2).
m+p=0 m=6
Tir (1),(2) ta c6 hé phuong trinh: sn+p=-6 =n=0
3n+p=-6 p=—6

Ban kinh mat chu (8): R=1IM =J5* +(=1)’ +(=7)’ =5V3.
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Goi O la tam cuda hinh tron day ctia hinh nén, dat x = 10, x > 0, khi d6 hinh non c6 ban kinh day
1a r=vR* 10" =J75-x* .

Thé tich khéi nén: V, :lﬁ.rz.xzz.(75x—x3).
(N) 3 3

Xétham s6: f (x)=75x—x",x e (0;+0), f'(x)=75-3x" véi xe(0;5V3).
x=5(n)

Cho f'(x)=0=75-3x"=0< .
of(x) X x=—5(l)

Bang bién thién:

S ; 0 -

f(X)o/ \*0

Dua vao bang bién thién, suy ra (m:?_() f(x)=250 tai x=5.
0;5+/3

2507

Do do maxV(N): = q=250.

Vay m+n+p+q=6+0+(-6)+250=250.

Cau 50.3:Trong khong gian toa dd Oxyz, cho hai mit ciu (S):x* +(y—1)2 +(z—2)2 =16,
(Sz):()c—l)2 +(y+1)2 +2° =1 vadiém A(%;%;—%} . Goi 7 1a tdm cta mat cau (Sl) va (P)
1a mét phdng tiép xtc v6i ca hai mat cau (S,) va (S,). Xét cac diém M thay doi va thudc mét
phang (P) sao cho duong thang /M tiép xtc véi mit cau (Sz) . Khi doan thing AM ngan nhat
thi M (a;b;c). Tinhgidtricua T=a+b+c.

A.T=1. B.T=-1. C.T:%. D.T=——.

Loi giai

Chon B

S

=
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Ta c6 mit cau (S,) c6 tim 7(0;1;2) ban kinh R =4 va mit cau (S,) c6 tim K (1,—1;0) ban

kinh R, =1.
C6 IK =3, suyra IK =R — R, nén hai mit cau (S,) va (S,) tiép xtc trong tai A .
Suy ra IH =§I?:>H(§;—§;—§] va ﬁ=(l;—2;—2).

Vi (P) 1a mit phing tiép xtic véi ca hai mit cau (S,) va (S,) nén (P) qua H vanhan vecto
IK = (1; -2; —2) 1a mot vecto phap tuyén. Suy ra ra phuwong trinh mit phang (P) la
x=2y-2z-6=0.

Gia str diém M thay ddi trén (P) thoa man duong thang IM tiép xic voi mat cau (S2 ) , tiép
diém tuong tmg 1a N .

. I K
Tacd AIKN va AIMH dong dang suy ra IN _ Nk (*).

IH HM
Vi NK =R, =1;1H =4;IK =3;IN =+/IK*> = NK* = 2/2 nén (*) =
ﬂzL@Hsz/E.

4 HM
7 H ) .
»\\\\\\.A
P

Mat khéc ta lai c6 A€ (P) va M thay doi thudc duong tron (C) tim H ban kinh R = V2 nén

AM ngén nhit bing HA—R = 442 =2 =342 khi diém M thoa man AM = %E

Suy ra a:—;b:—z;c:—§:T=a+b+c=—1.
3 3 3

Céu 50.4:Trong khong gian voi hé toa d0 Oxyz, cho hai diém A(3;-2;6), B(0;1;0) va mit cau
(S):(x=1) +(y—-2)" +(z—3)’ =25 . Mit phang (P):ax+by+cz—2 =0 diqua 4, Bva cit theo
giao tuyén la dudng tron c6 ban kinh nho nhét. Tinh T=a+b+c.

A.T=3 B.T=5 C.7=2 D.7=4
Loi gidi

Mit cau (S) cotam 7(1;2;3), ban kinh R =5.
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Cau 50.5:

Mit phang (P) c6 vec-to phap tuyén ji, = (asb;c)
Theo gia thiét B(0;1;0)e(P):h-2=0<h=2.
Ta co: AB= (—3;3;—6) cung phuong véi i =(1;-1;2).
x=t
Phuong trinh dudng thang AB:4y=1—t
z=2t

Goi r 1a ban kinh dudng tron giao tuyén. K 14 hinh chiéu vudng goéc cia 7 1én duong thing
AB, H lahinh chicu vudng goc ctia 7 1én (P)

Taco: K € AB= K (t;1-1;2t) = IK = (t -1~ ~1;,2¢-3)

IK L AB= ABIK =0=t=1=IK =(0;-2;-1).

r=\R—d*(1.(P)) =\[25—d*(.(P)) =~25- 1" .

Taco: r, < IH .

Ma JH<IK = IH,  =IK < H=K=(P)LIK =17, va IK cung phuong.

a=0 a=0
_ -0
=i, =kIK = b=—2k = k:—1:>{a_1 Sit=atbhtc=04+2+1=3.
c=—k c=1 B

Trong khong gian hé toa 6 Oxyz , cho hai diém A(0;3;0), B(0;-3;0). Mat cau (S)nhén 4B
la duong kinh. Hinh try (H ) 12 hinh try c6 truc thudc truc tung, ndi tiép v&i mit cdu va c6 thé

tich 16n nhat. Khi d6 mit phang chtra ddy cua hinh tru di qua diém nao sau day?

A. (+/3;0;0). B. (v/3;4/3;0). C. (x/§;2;1)- D. (V3;42:43).

y=

Chon B
Ban kinh cua mat caula R=2-=3.

Goi chiéu cao cua hinh tru 1d 27, # > 0. Do d6 ban kinh cta hinh tru 12
r=NR = =9
Thé tich khoi tru 13 p = 7.2 2h = 7.(9— h*).2h = m/i\/(9 —n?)(9-h*) .2 .

g2 g2 233
Vﬁﬂ\/f.\/[9 W49 =1+ 2 j 266 = 127243

3
Dau dang thic xay ra < 9—h> =2h" < h= NC
Khi d6 hinh tru c6 thé tich 16n nhét 1a 1273 .
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Vay hai mat day cua tru c6 phuong trinh tuong utng la y = J3 sy = 3.

Céu 50.6: Trong khong gian voi hé toa d6 Oxyz , cho mit cau (5) c6 dudng kinh 48, 1(3;2;-2) 1a trung
diém 4B . Goi (P) 1a mat phang vudng goc véi doan 4B tai H sao cho khdi non dinh 4 va
day 1a duong tron (C) ((C) 1a giao cua (§) va (P)) co thé tich 16n nhét. Biét (C) c6 ban kinh

2310, ‘
r= 3 viét phuong trinh mat cau ().
A. (x=3)V+(y=2)+(z+2) =40.

B. (x-3)+(y-2)"+(z+2)’ =5.
C. (x+3)*+(y+2)* +(z-2)* =5. D. (x=3)’+(y=2)>+(z+2)*=+/5.
Loi giai
A B
Chon'B

Mit cau (S) c6tam 7, ban kinh R, (C) ¢6 tdm H,bankinh . Dat 47 — x (0<x<2R), ta
cod

Vi =5 AH -8,y =5 AH 71",

Do 4B la duong kinh nén ta c6 > = AH - HB = x(2R — x) . Khi d6

Vi

= %x2(2R —x)= %(—f’ +2Rx?) = %f(x) .

x =
Xétham sd f(x) =—x>+2Rx* trén (0;2R), f'(x)=-3x>+4Rx, f'(x)=0<

X =
Bang bién thién f(xX):

2R

|

Dua vao bang bién thién, ta c¢6 Vi, lon nhét khi x = iR hay AH ==AB .Ma
AH -HB =7 =20 Suy ra

%AB-%AB:?:AB:%E:R:\/E.
Suyra (S): (x=3)*+(y—2)* +(z+2)* =5.
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