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CUC TRIHAM SO
1. Dinh nghia
Gia sirham s6 f xac dinh trén tap K va x, € K. Tanoi:
o X, ladiém cyc tiéu cua ham s6 f néu ton tai mot khoang (a;b) chua X, sao cho (a;b)c Kva
f(x)> f (%), Vxe(ab)\{x,}.Khido f(x,) duoc goila gia tri cyc tiéu cua hamso f .
o X, ladiém cyc dai ciaham s6 f néu ton tai mot khoang (a;b) chia x, sao cho (a;b)c K va
f(x)< f(%),Vxe(ab)\{x,}.Khidé f(x,) duoc goila gia tri cwe dai ciaham s f .

e Diém cyc dai va diém cyc tiéu goi chung la diém cuec tri.

e Giatri cuc dai va gia tri cuc tiéu goi chung la cuc tri.

e Diém cuc dai va di€ém cuc tiéu duoc goi chung la diém cuc tri ciia ham soé va diém cuc tri phai la
mot diem trong tap hop K.

e Giatri cuc dai va gia tri cuc tiéu dugc goi chung la gia tri cuc tri (hay cuc tri) cua ham so.

e Néu x, l1a diém cyc tri cua ham s thi diém (,; f (X, )) duoc goi Ia diém cyc tri ciia db thi ham
s6 f.

* Nhan xét:

e Giatri cuc dai (cuc tiéu) f (x,)n6i chung khdng phai 1a gid tri 16n nhat (nho nhat) cia ham sé f
trén tap D; f (X, ) chi 1a gid tri 16n nhat (nho nhat) cua ham sé f trén mot khoang (a;b) nao dé
chira x, hay n6i cach khac khi x, diém cuc dai ( cuc tiéu) sé ton tai khoang (a;b) chira x, sao cho

f (X,)1a gia tri I6n nhét (nho nhét) ciia ham s6 f trén khoang (a;b).
e Hamsé f co thé dat cuc dai hodc cuc tiéu tai nhiéu diém trén tap K . Ham sb cd thé khdng cé cuc
tri trén mot tap cho trudce.
2. Piéu kién can dé ham sb dat cuc tri
Dinh i I:
Gia sir ham s6 y = f (x)dat cuc tri tai diém X,. Khi do, néu y = f (x) c6 dao ham tai diém X, thi
f'(%,)=0.

Chay:
e Daoham f'(x) cothé bang O tai diém X, nhung ham sé f khong dat cuc tri tai diém X, .
e Ham s6 c6 thé dat cyc tri tai mot diém ma tai ¢6 ham s6 khong co dao ham.
e Ham s6 chi c6 thé dat cuc tri tai mot diém ma tai d6 dao ham caa ham sé bang 0 hoac tai d6 ham

s0 khong c6 dao ham.
3. Piéu ki¢n da dé ham sé dat cuec tri
Dinh Ii 2:
Gia st ham sé f dat cuc tri tai diém X,. Khi d6, néu ham sé f c6 dao ham tai diém X, thi f'(x,)=0

o Néu trén khoang (x, —h;x,) va f’(x) <0 trén khoang (X,;X, +h) thi x, 1a mot diém cuc dai cua
hamsé f ().

o Néu f'(x)<0 trén khoang (x,—h;x,) va f'(x)>0 trén khoang (X,;X, +h) thi x, 1a mot diém
cuc tieu cia ham so f (x).

4. Quy tic tim cyc tri
Quy tac 1:
e Budc 1: Tim tép xac dinh. Tim f'(x).
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e Budc 2: Tim céc diém x, (i=12;...) ma tai d6 deo ham cua ham sé bang 0 hoac ham sb lién tuc
nhung khong c6 dao ham.
e Budc 3: Lap bang bién thién hogc bang xét dau f'(x). Néu f'(x) doi ddu khi di qua X, thi ham
s6 dat cyc tri tai X .
Dinh li 3:
Gia sir y = f (X) c6 dao ham cép 2 trong khoang (X, —h;x, +h) véi h> 0. Khi dé:
o Néu f'(x)=0, f"(x,)<0 thihamsd f dat cuc dai tai X,.
o Néu f'(x,)=0, f"(x,)>0 thihamsd f dat cuc ticu tai X,.
Tue dmh li trén, ta co mot quy tic khdc dé tim cuc tri cia ham sé
Quy tic 2:
e Budc 1: Tim tép xac dinh. Tim f'(x).
e Budc 2: Tim cac nghiém x, (i =12;...) ctia phuong trinh f'(x)=0.
e Budc3: Tinh f"(x) vatinh f"(x).
* Néu f"(x)<O0 thihamsé f dat cuc dai tai diém X

+ Néu f"(x)>0 thihamso f datcuc tiéu tai diem x,.

MOT SO DANG TOAN LIEN QUAN PEN CUC TRI HAM SO
1. Cuc tri ciia ham da thic bac ba y = ax® +bx* +cx +d.
1.1. Tim diéu kién dé ham sé c6 cwc dai, cuc tiéu théa min hoanh d cho truée
Bai toan téng qudt:
Cho hamsé y = f (x;m)=ax’+bx* +cx+d. Tim tham so6 m & ham s6 c6 cuc dai, cuc tiéu tai X, X,
théa man diéu kién K cho trudc?
Phuwong phdp:
e Buocl:
+ Tap xac dinh: D =01.
* Pao ham: y’ =3ax® +2bx+c¢ = Ax* + Bx+C
e Buoc 2’: 7
Ham s6 c6 cuc tri (hay ¢ hai cuc tri, hai cuc tri phan bi€t hay ¢d cuc dai va cuc ticu)
< y'=0 cb hai nghiém phén biét va y’ d6i dau qua 2 nghiém d6
< phuong trinh y'=0 c6 hai nghiém phan biét

A=3a=0 az0
= ) ) 9, —meD,.
A, =B"—-4AC =4b"-12ac >0 b*-3ac>0
e Buoc 3:
Goi X, X, la hai nghiém cta phuong trinh y’=0.
X +X, = B 2b
==
Khi do: A3
v -S_C
RN
e Buoc4:
Bién doi diéu kién K vé dangtong S vatich P . Tir d6 giai ra tim duwoc m e D,.
e BuoCS:

Két luan céc gia tri m thoa man: m= D, N D,.
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* Cha y: Ham s6 bac ba: y =ax® +bx® +cx+d(a=0).

Taco: y'=3ax’+2bx+c.

Piéu kién Két ludn
b?-3ac<0 Ham s6 khong c6 cuc tri.
b?-3ac>0 Ham s6 c6 hai diém cyc tri.

> Dieu Kign dé ham sé co cuc tri cung dau, trai dau.
» Ham sé cb 2 cuc tri trai ddu
< phuong trinh y' =0 ¢6 hai nghiém phan biét trai dau
< AC=3ac<0< ac<0.
» Ham sé c6 hai cuc tri cling ddu
< phuong trinh y'=0 c6 hai nghiém phan biét cting dau
A, >0

< C
P:X1-X2:K>O

»  Ham sé c6 hai cuc tri cung ddu dwong
< phuong trinh y' =0 c6 hai nghiém duong phan biét

P:xl.xzz%>0

» Ham sé c6 hai cuc tri cung ddu am
< phuong trinh y' =0 c6 hai nghiém am phéan biét

Ay.>0

= S:x1+x2:—%<0

C
P:@@:Z>O
> Tim diéu Kign dé ham sé c6 hai cuc tri x,,x, théa man:
X, <a <X,
X, < X, < a1
a <X <X

= Haicuyctri x,X, thbaman x, <a <X,

S(x-a)(x,-a)<0e XX —a(X+X%)+a’ <0
* Haicyctri x,X, thbaman x, <X, <a

—a)(x,—a)>0 X, — +X,)+a’ >0
@(&a)(za) <:>X12a(x1 ,)+at >
X +X, <2a X, +X, <2a

= Haicuctri X,X, thtaman a <X <X,

—a)(x,—a)>0 X, — +X,)+a’ >0

@(&a)(za) Qxiza()ﬁ 2)0‘>
X +X, > 2 X, + X, > 2a
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= Phuong trinh bac 3 ¢6 3 nghiém lap thanh cap s6 cong

khi c6 1 nghiém lax = ;—b , €6 3 nghiém Iap thanh cip s6 nhan khi c6 1 nghiém la x = —i/g .
a a

1.2. Tim diéu kién dé dé thi ham s6 ¢6 cac diem cyc dai, cuc tiéu nam cling phia, khéac phia so véi
mot dwong thang
Vi tri twong déi gidta 2 diém véi dwong thang:

Cho 2 diém A(X,;Y,), B(Xg;Yg) Va dudng thang A:ax+by+c=0.

Néu (ax, +by, +c)(ax +by, +¢) <0 thi hai diém A, B nam vé
hai phia so véi duong thang A.
Néu (ax, +by, +c)(axg +byg +¢) >0 thi hai diém A, B nam cung
phia so véi duong thang A.
Mot so truwong hop dac biét:

e Céc diém cyc tri cua do thi nam cung vé 1 phia doi véi truc Oy

< ham s6 ¢6 2 cuc tri cung dau
< phuong trinh y' =0 ¢6 hai nghiém phén biét cung dau

e Cac diem cyc tri ctia do thi nam cling vé 2 phia doi véi truc Oy

< ham so ¢6 2 cuc tri trai dau
< phuong trinh y'=0 c6 hai nghiém trai dau

e Céac diém cuc tri cua do thi nam ciing vé I phia doi vdi truc Ox

< phuong trinh y’=0 c6 hai nghi¢ém phan biétva y., .y, >0
Dac bigt:

e (Cac diém cyc tri cha do thi nam cung vé phia trén doi vai truc Ox
yC[ 'yCT >O
yC[ + yCT > O
e Céc diém cuc trj ctia dd thi nam cung vé phia dudi doi véi truc Ox
Yoo Yer >0
yC[ + yCT < O

e Cac diém cuc tri ciia d6 thi nam vé 2 phia doi véi truc Ox

< phuong trinh y'=0 c6 hai nghi¢m phan biét va y. .y <0
(ap dung khi khong nham dwoc nghiém va viét dieoc phwong trinh dwong thang di qua hai diém cuc
tri cua do thi 7ham S0)
Hodgc: Céc diém cyc tri cua do thi nam ve 2 phia doi voi truc Ox
<> d06 thi cat truc Ox tai 3 diém phan biét
< phuong trinh hoanh do giao diém f (x)=0 c6 3 nghiém phan biét (ap dung khi nham duoc
nghiém)
1.3. Phwong trinh dwong thiang qua cac diém cuc tri

2c 2b° bc . y.y" . .y
= —_——— d _—— h = —_ . h = —_—
9(x) ( 3 9a }H 9a odc |9(x)=y 18a odc 19(x)=y 3y”

1.4. Khoang céch giira hai diém cuc tri ciia do thi ham sé bac 3 1a

3 2 _
AB — /4e +16e voi e b —3ac
a 9a

2. Cyc tri ciia ham bac 4 trung phwong y =ax’ +bx*+¢, (a=0)
2.1. Mot sb két qua can nhé
e Ham sb c6 mot cuc tri < ab > 0.

< phuong trinh y'=0 c6 hai nghiém phan biét va {

< phuong trinh y'=0 c6 hai nghiém phan biét va {
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e Ham s co ba cuc tri < ab<0.
a>0

b>0"
a<0
b<0

e Ham sé co dang mét cuc tri va cuc tri 1a cuc tiéu <:>{

e Ham s c6 dang mét cuc tri va cuc tri 1a cuc dai < {

a>0
b<0
a<0
b>0"

e Ham sé c6 hai cuc tiéu va mot cuc dai @{

e Ham s6 c6 mot cuc tiéu va hai cuc dai @{

2.2. Mt s6 cong thirc tinh nhanh

Gia sir ham s6 y=ax* +bx*+¢ ¢c6 3cuc tri: A(0;c),B| - /——;—— .C /—E;——
2a 4a 2a 4a

tao thanh tam giac ABC thoa man dir kién: ab <0
bat: BAC =«

b. A

A

|

: _b?
Téng quét: |cot? & = 2=
94 2 8a
A
o e
B C
Dir kién Cong thirc
théa man ab<0;c =0
Tam giac ABC vuong can tai A b® = —8a
Tam giac ABC déu b = —24a

Tam giac ABC c6 dién tich S, =S,

32a%(S,)? +b° =0

Tam giac ABC c6 dién tich max(S,)

b5
S. = |—
"7\ 32a°

Tam gi4c ABC c6 ban kinh duong tron ndi tiép

b2
Fasee =To r= b3
4|a|[1+ \ /1—]
8a
Tam giac ABC c6 ban kinh dudng tron ngoai tiép
_ b®-8a
Ruec =R —
8a/b
Tam giac ABC c6 d¢ dai canh BC =m, am? +2b=0
Tam gidc ABC c6 do dai AB=AC =n, 16a’n? —b* +8ab=0
Tam giac ABC c6 cuc tri B,C € Ox b? = 4ac
Tam giac ABC cd 3 gbc nhon b(8a+b*)>0
Tam giac ABC c¢ trong tam O b? = 6ac
Tam giac ABC c6 truc tim O b®+8a—4ac=0
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