CAC DANG BAI TAP VE TU GIAC
CHU PE 1: TU GIAC

Dang 1. Tinh sé do géc ciia tir gidc
e Phwong phdp: Van dung dinh 1y tong 4 goc cta tir giac, tinh chat goc ngoai
cua tam giac, hai goc bu nhau, phu nhau
e Bai tdp vian dung:
Bai 1.1 _ Cho t giac ABCD, K- B'= 40°. Cac tia phan giac ciia goc C va goc D cit
nhau tai O. Cho biét COD = 110°. Chimg minh rang AB” BC .
e Tim cdch gidai B
Mubn chitng minh ABA BC ta ching minh B'= 90°.
D3 biét hi¢u K- B nén can tinh tong K+ B
o Loi gidi:
Xét DCOD c¢o
cop = 180°- (@ + B )= 180°- élzb‘
m8=8.8-8)

Xét tir gide ABCD co: &'+ B'= 360°- (H+ B’), do d6

360°- (M+ B) My B

COD = 180°- = 180°- 180°+

Vay COD = ¥ Theo @& bai COD = 110° nén K+ B'= 220°.

Mat khac, K- B'= 40° nén B'= (220°- 40°):2= 90°. Do dd AB* BC.

Bai 1.2_Cho tir giac ABCD c6 K+ B'= 220°. Céc tia phan gidc ngoai tai dinh C va
D cadt nhau tai K. Tinh s6 do cua goc CKD.
Loi gidi:
Xét tir gide ABCD co: A+ B =360° - (C +D)

~

ED\x+1§c}=(180° —13)+(180° —c) ~ 360" —(6+13)

Suy ra: C{D\x+5C\'y=;1+lA?:220°

CDx +CDy ~
= =Y _110°. Do dé D, +C, =110°.

Xét ACKD ¢ C/K7)=180°—(zi+52)=180° 110° = 70°

Bai 1.3 T giac ABCD c6 K=& Chting minh rang cac dudng phan giac cia goc B
va goc D song song v&i nhau hodc trung nhau.



Loi giai:
Xét tir giac ABCD co:
B+D=360°~(4+C)=360°-2C.

~ o~~~

Vi B,=B,, D,=D, nén

B,+D, =180°-C = B, +D, +C=180°. (1)
Xét ABCM co B,+M,+C =180° . (2)

Tir (1) va (2) suy ra D, =M, . Do d6 DN //BM .

Bai 1.4 Tu giac ABCD c6 AB = BC va hai canh AD, DC khong bang nhau. Duong
chéo DB 1a dudng phan giac ctua goc D. Ching minh riang cac goc ddi cua tir giac nay
bu nhau.

e Tim cdch gidai

Dé ching minh hai goéc A va C bu nhau ta tao ra mot
goc thir ba 1am trung gian, goc ndy bang goc A chang
han. Khi d6 chi con phai ching minh goc nay bu véi
goc C

o Loi gidi:

- Xét trwong hop AD <DC 4
Trén canh DC lay diém E sao cho DE = DA
Ta c6: DADB= DEDB (c.g.c) b AB= EB va

o )
Miit khac, AB = BC nén BE = BC. B
Vay DBEC can b &= ¥,

Taco: B+ 8 =180 K+ &'=180 .

Do d6: B'+ &= 360°- 180°= 180°. D c

- Xét trwong hop AD > DC

CMTT nhu trén, ta duoc: M+ &= 180°; B'+ b= 180°.

Bai 1.5_Tit gidc ABCD co A =110°,B =100° Cac tia phan gi4c ciia cac goc C va D
cit nhau ¢ E. Cac dudng phén giac ctia cac gdc ngoai tai cac dinh C va D cat nhau & F.
Tinh CED, CFD



Loi giai:
Tk giac ABCD

C+D=360"—A—-B =360"—-110°—100° = 150"

2R 0
nén G +D =P 1520 ~75°.

2 Ny : ;j\
ACED ¢6 CED =180° ~(C+ D) =180° - 75" = 105".
Vi DE va DF 1la cic tia phan giac cta hai goc ké bu nén
DE 1L DF. Tuong ty, CE L CF

Xét tu giac CEDF:

Co: F=360°—E—ECF—EDF =360° —105° —90° —90° = 75°

Bai 1.6 Cho tir giac ABCD. Chirng minh rang tong hai goc ngoai tai hai dinh A va C
bang tong hai goc trong tai hai dinh B va D.

Loi giai:
Goi cac goc trong cua dinh A va C la ;‘11 va 61 con cac A 1 : B
gbc ngoéi ciadinhAvaCla Kz va 62
Taco: Ai+ A, =180° (hai goc ké bur)
Ci+C, =180" (hai goc ké bu) 1\2
b C

Suy ra: A> =180° — A, va C» =180° —C,

= A+C=360-A,-C (1)
Ta lai co: A1 +B+C +D=360° (tong 4 goc tir giac)
= B+D=360"-A,-C,  (2).Tu(l)va(2) = B+D=A,+C,

Bai 1.7_Chung minh rang trong mot tir giac, tong hai géc ngoai tai hai dinh bang
tong hai gdc trong tai hai dinh con lai.
Loi gidi:

B

o T ru’o’ng hop hai géc ngodi tai hai dinh ké nhau

Goi C1 , D 1a s6 do hai goc trong; D , D 13 s do hai goc 4

ngoai tai hai dinh ké nhau 1a C va D. Ta c6:

C,+D, =(180°~C,)+(180°~ D) =360°~(C,+ D, ). (1) Ny A ¢
/? 2\

Xet tir gide ABCD c6: A+B5=360°-(C,+D,). (2)

Tur (1) va (2) suy ra: a +D\2 —A+B.
Trwong hop hai géc ngodi tai hai dinh déi nhau (xem VDy)

Bai 1.8 _Cho ttr giac ABCD ¢6 AD= DC = CB ; ¢'=130°; b'=110°. Tinh sb do
goc A, goc B. )
(Olympic Toan Chau A - Théai Binh Duong 2010 )



Loi giai ~ R 4
V& dudng phan gidc cua cac goc C va D chang cat B
nhau tai E.

— 110°+130°
Xét AECD c6 CED =180° _% —60°.

AADE = ACDE (c.g.c) = AED = CED =60° b ' A
ABCE = ADCE (c.g.c) = BEC = DEC = 60°.

Suy ra AEB =180° do d6 ba diém A, E, B thang hang

Vay. Do d6 ABC =360°—(65°+110°+130°) = 55° .

Bai 1.9 Cho tir giac ABCD, E la giao diém ciia cac duong thang AB va CD,F la
gi’ao diém cua cac duong théng BC va AD . Cac tia phan giac cua cac goc E va F
cat nhau ¢ 1. Chirng minh rang :
a) Néu BAD =130°,BCD =50° thi IE vudng goc véi IF.
b) Goc EIF bang nira tong ctia mot trong hai cip goc ddi cua tir giac ABCD .
a) Xem céch gidi tong quat & cau b

b) Gia s E va F ¢6 vi tri nhu trén hinh bén, cac tia phan giac cua cac goc E va F cét nhau tai 1. Trude hét ta chimg minh ring
— A~ —~
BAD +C=2EIF.
Thay vay, goi H va K 1a giao diém cua FI voi AB va CD
— A~ ~ A~

Theo tinh chit goc ngoai cua tam gide ta co: BAD = HI + O(,, C = K] -

— ~ ~ A~ —_ _— —~
« BAD+C=H, +K, = (EIF + )+ (EIF - 8) = 2EIF

—~ — A~

poas BIF = (BAD + C) 12

Bai tap tw gidgi
Bai 1._Cho tir gidc ABCD ¢6 B=100°,D =80° va CB=CD.
a) Néu A-C=40" , hdy tinh cac goc chua biét cua tir giac.
b)Chimg minh BAC = DAC.
Bai 2. Néu céch vé& tir gidc ABCD biét A =130°,B=80°,C=70°,AB=4cm va
CD =5cm
Bai 3. Tt giac ABCD c¢6 A—B=50". Cac tia phan giac cua cac goc C va D cit nhau
tai I va CID=115". Tinh c4c goc A va B.
. - ~ A
Bii 4. _Cho ttr gidc ABCD ¢c6 B=120", D=60"va = =
C

Bai 5. _Tinh cac gbc trong va ngoai cua tir giac PQRS, biét: s6 do goc ngoai tai dinh R
va sd do goc P cung bang 80°, Q—S =60’

4
g. Tinh cac goc con lai.

Dang 2. So sanh cdc dp dai doan thing
o Ly thuyét:



Dinh Iy vé tir gidc 16i: Néu tir gigc ABCD la tir gidc 16i khi va chi khi hai dwong
chéo AC va BD cdt nhau
e Bai tdp
Bai 2.1 Ti giac ABCD c6 tong hai duong chéo bang a. Goi M 1a mot diém bat ki.
Tim gié tri nho nhat cia tong MA+ MB+ MC+ MD .
e Tim cdach gidai
D¢ tim gia tri nho nhét ciia tong MA+ MB+ MC + MD ta
phai ching minh MA+ MB+ MC+ MD? k (k 1a hang
s0).
Ghép tong trén thanh hai nhom (MA+ MC)+ (MB + MD).

Ta thay ngay c6 thé dung bat dang thirc tam gidc mo rong.
o Trinh bay loi gidi
Xét ba diém M, A, C c6 MA+ MC3® AC (ddu “="xayrakhi MT AC).
Xét ba diém M, B, D c6 MB+ MD 3 BD (ddu ‘=" xayrakhi MT BD).
Do d6: MA+ MB+ MC+ MD?® AC+ BD= a.
Vay min(MA+ MB+ MC + MD)= a khi M tring véi giao diém O cua dudng chéo AC va
BD.
Bai 2.2 Tu giac ABCD c¢6 O la giao diém cua hai duong chéo, AB=6,0A =8,
OB=4,0D=6. Tinh d¢ dai AD.
e Loi giai:
Ké AH L BD. Pit BH = x, AH =y. Ap dung dinh
Iy Pytago vao cac tam giac vuong ABH va AOH,

ta co:
x’+y’ =36
(x+4) +y* =64
Giai hé trén ta tim dugc: x = %; y' = 1375

Ap dung dinh 1y Pytago vio cac tam giac vudng ADH, ta co:
|
AD? =HD’* +AH’ =11,5" +%:166:>AD = 166

Bai 2.3Cho tir gi\c MNPQ. Chimg minh rang néu MN = NQ thi PQ<MP .



o Loi giai: i

Goi O 1a giao diém hai duong chéo MP va NQ
Taco: MN <MO + ON va PQ < PO+ 0OQ (Bdt tam
giac) suy ra MN+PQ <MP +NQ ;

ma MN = MP (gt) nén PQ < NQ

Bai 2.4 C6 hay khong mdt tr giac ma do dai cac canh tilé véi 1, 3,5, 10 ?
o Loi gidi:
Gia st tt giac ABCD c6 CD 1a canh dai nhat.
Ta s& chirng minh CD nhé hon tong ciia ba canh con lai (1).
That vay, xét AABC tacd: AC < AB+BC .
Xét AADC ¢6: CD < AD+ AC . Do @6 CD < AD+ AB + BC .
Ta théy néu cac canh ti 18 véi 1, 3, 5, 10 thi khong théa man b

diéu kién (1) nén khong c6 tir gidc nao ma cac canh ti 1€ véi 1, 3, 5, 10.

Bai2.5 TG giac ABCD c¢6 hai duong chéo vudng goéc. Biét
AB= 3, BC= 6,6; CD = 6. Tinh d6 dai AD.

e Loi gidi:

Goi O 1a giao diém ctia hai duong chéo. 4

Xét AAOB , ACOD vuong tai O, ta co:

AB’ +CD* = 04> + OB> + OC* + OD". 3 <

Chtrng minh tuong tu, ta dugc: oh .
BC® + AD* = OB* + OC* + OD* + O4* A N
Do d6: AB* +CD* =BC* + AD". b

Suyra: = 3%+ 6> =6,6°+AD’ = AD* =9+36-43,56 = 1,44 = AD = 1,2

Bai 2.6_Chimg minh rang trong mot tr giac tong hai dudng chéo 16n hon nira chu vi
nhung nho hon chu vi cua tr gidc.

e Loi gidi:

Goi O 1a giao diém ciia hai duong chéo AC va BD ctia tr giac
ABCD.

Goi d6 dai cac canh AB, BC, CD, DA lan luot la a, b, ¢, d. Van
dung bat dang thirc tam giac ta duoc:

OA+OB>a; OC+0OD >c

Do d6 (04+0C)+(OB+0OD)>a+c

hay AC+BD>a+c . (1)
Chung minh tuong ty, ta dugc: AC+BD >d +b.(2)



; +b+c+d
Cong timg vé cia (1) va (2), ta duoc: 2(AC+BD)>a+b+c+d — AC+BD>2127TCTC

Xét cac AABC va AADC tacod: AC<a+b; AC<c+d =24AC<a+b+c+d.(3)
Tuong ty co: 2BD<a+b+c+d . (4)
Cong timg vé cua (3) va (4) duge: 2(AC+BD)<2(a+b+c+d)= AC+BD<a+b+c+d.
Tir cac két qua trén ta duoc diéu phai chirng minh.
Bai 2. 7 Cho bén diém A, B, C, D trong d6 khong co ba diém‘néo ghéng hang, jbét ki
hai diém nao cling c6 khoang cach 16n hon 10. Chimg minh rang ton tai hai diém da
cho c6 khoang céach 16n hon 14.

e Trude hét ta chirng minh mdt bai toan phu:

P H
Cho AABC, A >90°. Chimg minh: 'O
BC?> > AB* + AC? )/
Gidi Y
~ N 0 A X N Z. B C
V& BH L AC . Vi A 290" nén H nam trén tia do6i
cua tia AC.

Xét AHBC va AHBA vuong tai H, ta co6:
BC® = HB* + HC® =(AB’ - HA* )+ (HA+ ACY’
= AB* — HA* + HA* + AC* +2HA.AC = AB* + AC* +2HA.AC .
Vi HA.AC >0 nén BC* > AB* + AC* ( dau “=" xay ra khi H = A tic 1a khi A4BC vudng).
e Van dung két qua trén dé giai bai toan da cho
A

Hinh b

Hinh a

Truwong hop tir gidc ABCD la tir gidc 16i (h.a)

Ta c6: A+B+C+D=360°.

Suy ra trong bon goc niy phai c6 mot goc 16n hon hodc bang 90°, gia sir A =90,
Xét AABD tacd BD* > AB*> + AD* >10%> +10° =200 suy ra BD > \/ﬁ, do do
BD >14.

Trwong hop tir giac ABCD la tir gidac lom (h.b)

Néi CA, Ta co: ACD+ ACB + BCD =360°

Suy ra trong ba goc nay phai c6 mot goc 1on hon hodc bang 120°.

Gia st ACB>120°, do d6 ACB 1a goc tu

Xét AACB ¢6 AB* > AC* +BC* >10° +10° =200 .



Suy ra AB>~200 = AC >14.
Vay luén ton tai hai diém di cho c6 khoang cach 16n hon 14,
Bai 2.8 Cho tir gidc ABCD c6 d6 dai cac canh 1a @, b, ¢, d déu la cac sb tu nhién.
Biéttong S= a+ b+ c+ d chiahétcho @, cho b, cho C, cho d . Chirng minh rang
ton tai hai canh cia tr gidc bang nhau.
o Loi gidi
Ta chimg minh bang phuong phap phan chimng.
Gia str khong c6 hai canh nao cua tir giac bang nhau.
Tacothé giast a<b<c<d.
Taco: a+ b+c>BD+c>d.
Dodé a+ b+c+d>2d.
Tadat a+ b+ c+d=S thi S> 2d . (¥)
Taco: SMP S=ma(mi N) (1)
SMP S=nb(nl N) (@)
sSMb s=pc(pl N)@3)
SMb S=qd (qf N) 4)
Tu (4) va (*) P qd> 2d do d6 q> 2.
Via<b<c<d néntrx(1),(2),(3),(4)suyram>n>p>q>2.
Doddbq 3;p 4n 5m 6.

1 _ al_ b 1l c¢c 1_d
Tu (1), (2),(3),d)suyra —= —; —= —; —= —; —= —.
(1), (2), (3), (4) suy oS h S P 5 as
Ta co: 1+ £+ 1+ 13 l+ £+ £+ i: M: 1.
6 5 4 3 m n p q S

19
Tudd: —2 1, vo li.
20
Véy diéu gia str la sai, suy ra ton tai hai canh cua tir giac bang nhau.
Bai 2.9 Cho tir gidc MNPQ. Biét chu vi tam gidc MNP khong 16n hon chu vi tam
giac NPQ, chirng minh MN < NQ.
e Loi giai:
Ta c6: Chu vi AMNP : MN + NP + MP N
Chu vi NPQ:NP+PQ+NQ
Theo giai thiét, ta c0 MN + NP+ MP < NP + PQ + NQ
Suy ra MN + MP < PQ+NQ (1)
Theo bai 8, ta co: MN+PQ<MP+NQ (2)
Cong cac bat dang thirc (1) va (2) theo timg vé, ta c6 0 p
2MN +PQ+MP <2NQ+MP +PQ . Suy ra MN < NQ

Bai 2.10 _So sanh d6 dai canh AB va duong chéo AC cua tir giac ABCD biét rang chu vi tam
giac ABD nhd hon hoac bang chu vi tam gidc ACD.



o Loi giai:
Ta co: Chuvi ABD =AB+BD +AD

B
Chuvi ACD=AC+CD+AD 4
Theo gia thict: AB+ BD+AD < AC+CD+ AD
= AB+BD<AC+CD (1)
Mit khac ta c6: AB+CD < AC+BD (2) (két qua bai 8)
Cong (1) va (2) vé theo vé ta duoc: c
D

2AB <2AC = AB<AC

Bai 2.11 14y trong t& giac MNPQ mot diém O. Goi CV 1a chu vi cua ti gide. Chirmg minh

%<OM+ON+OP+OQ< 3V

e Loi gidi:
Ta co MN <OM +ON < MQ +PQ+ NP

N
NP <ON+OP <MN+MQ+PQ M
PQ<OP+0Q <MQ+MN + NP
MQ <OM+0Q < MN+ NP +PQ o
Cong cac bat dang thirc trén theo timg vé, ta cd 0 P

CV<2(0M+ON+0OP+0Q)<3.CV

Vay: CTV<OM+ON+OP+OQ<3CTV

Bai 2.12_Chimg minh t&r gidc ABCD la tir giac 16i khi va chi khi hai duong chéo
AC va BD cit nhau.

e Loi giai:

) \ B
a) Cho tur giac ABCD 16i. Can chimg minh hai dudng chéo AC
va BD cat nhau. .
Do tir giac ABCD 161 nén B va C cung nam trén nira mat
phang bo chtra AD.
Gia st DAB <DAC, khi d6 tia AB nam giita hai tia AD va
AC nén AB cdt canh DC (Vo 1y). A W c
D

Vay DAB>DAC . Do d6 tia AC nim gitra hai tia AB va
AD tirc 1a AC cét doan thang BD

Chung minh twong tu, ta c6 tia BD cat doan thang AC. Vay
hai dudng chéo AC va BD cit nhau.

b) Cho tir giac ABCD c6 hai dudng chéo AC va BD cét nhau. Can chimg minh tir gi\c ABCD
1a tir giac 16i.
Khi AC va BD cit nhau thi AC la tia nam trong goc DAB. Do doé AB va AC trén nira mat
phang bo chita AD; AD va AC nam trén nira mat phang bo chira AB.
Chung minh tuong tu, ta c6 CA va CD cung nam trén nira mit phang bd chira BC, CA va
CB nam trén nira mat phang bo chia CD.
Vay A, B, C, D nam trén nira mit phang bd chira bat ky duong thang nao cua tir giac nén tir
gidc ABCD 14 tir giac 16i.

- Bai todn gidi bang phwong trinh t6 mau
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