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Chuong 05

O’ Ly thuyét

1. Vectd phdp tuyén va cdp vectd chi phudng cia mét phang

I

| ‘=" Vectd phdp tuyén cba m@t phang:

227 Cho mat phang (a-) :
Vecto i #0 vi co gia vuong goc voi mat phéng ((,) goi la vecto phdp tuyén ctia mat
phang (a).
v Nhin xét:
»  Néu 7i la mot vecto phap tuyén ctia (o) thi k-7 (k # 0) cling la mdt vecto phap
tuyén ctia (o).
» Mot mat phéng hoan toan dugc xéac dinh khi biét mot diém va mét vecto phap

tuyén cta no.

.. Cap vectd chi phudng cUa mdt phang:

27 Cho mat phfing (u-) :

wiy gl

Néu hai vecto 7 va b khong cing phuwong va gid cia ching song song hodc nam trén mat

phing(«) thi 4,b 1a cip vécto chi phuong ctia mit phing ()

v' Nhin xét:

» Mot mat phfmg hoan toan duoc xac dinh khi biét mot diém va cdp vecto chi
phuong ctia no.

v Vecto phdp tuyén cua mdt phdng khi biét mét cdp vecto chi phicong :

»  Trong khong gian Oxyz, néu mit phing (L’t) nhan hai vecto a = (al;ag;%) va
b= (b,;b,;b,).1am cdp vecto chi phuong thi (a) nhan 7= [H,E} lam vecto phép

tuyén.

n

|
A=/
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» Vecto ii=|,b|=(ab,-ab,ab ~abab,~ab) duoc goila tich cd hudng clia hai

vecto i =(a,;a,;a,) va b=(b;b,;b,).

" [a’j} :(

» a cung phuong voi b [EE} 2.

a, 4,
b, b

3

a] al
i b, b,

a, a,
bl bE

.

i 371 17377172

]:(alb‘—aqbz;ab —apb,;ab,—ab,)

» Néu ri= [E,g] thi vecto 7 vudng goc voi ca hai vecto 4 va b
\_ o
2. Phudng trinh téng qudt cba mat phang

"

| “=l" Phudng trinh t8ng qudt cia mdt phéng:
L _E_.,_,, Trong khong gian Oxyz, moi mat phfmg déu c6 dang phuong trinh:
Ax+By+Cz+D=0 véi A®+B*+C* #0, duoc goi 1a phuong trinh téng quat ciia mat
phang.
v Nhdn xét:
»  Néu mit phang () 6 phuong trinh Ax+By+Cz+D =0 (voi A*+B*+C* #0)
thi vecto 7 =(A; B;C) 1a mot vecto phap tuyén cia mit phang (ry)
»  Cho mat phing (oc) c6 phuong trinh Ax+By+Cz+D=0.
Khi d6: N (x,;¥,:2,) € () & Ax, + By, +Cz,+ D=0
| = Lap phuadng trinh t8ng qudt cOa mat phang khi biét mét sé diéu kién:
2= Lép phwong trinh tong quét cia mat phang di qua diém va biét vecto phdp tuyén:
»  Trong khong gian Oxyz, phuong trinh tong quat ctia mat phfmg di qua diém
M, (%y; ¥, 2,) VA c6 vecto phap tuyén 7i=(A;B;C) la:
A(x-x,)+B(y-y,)+C(z-z2,)=0
hay Ax+By+Cz+D=0 vdi D=-Ax,-By,-Cz,
v’ Lap phuong trinh tong qudt ciia mat phang di qua diém va biét cap vecto chi phwong:
»  DElap phuong trinh téng quéit cia mat phang (a) di qua diém M, (x,;1,:z,) va
o cap vecto chi phuong 4 ;I_; , ta thuc hién nhu sau:
Bude 1: Tim mdt vecto phap tuyén n :[5;5] :
Budc 2: Viét phuong trinh mat phfmg (cz) di qua diém M, (xu;yﬁ; 20) va co vecto
phap tuyén ii.
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»." Phudng trinh mat phang qua 3 diém khéng thang hang:
=D Léap phwong trinh tong quét ciia mat phang di qua ba diéin khong thing hang:
»  Délap phuong trinh tong quéat cia mit phing () di quaba diém A,B,C khéng
thfmg hang, ta thuwc hién nhu sau:
Budc 1: Tim cdp vecto chi phuong E,I(f .
Buoc 2: Tim mot vecto phap tuyén 7= [E,ﬁ} :

Bude 3: Viét phuong trinh mit phang () diqua diém A (hodc diém B hodc
diém C ) va c6 vecto phap tuyén ii.
v Nhin xét:

»

Mat phéng (a) khéng di qua goc toa dd O va lan luot cat truc Ox tai A(a; 0;0),

cit truc Oy tai B(O;b;O), cit truc Oz tai C(O; O;C) c6 phuong trinh la £+%+£:1
a c
. VOi abc#0.

Phuong trinh trén duoc goi la phuong trinh mat phfmg theo doan chin.

il

|

3. Diéu kién dé hai m&t phang song song, vuéng gdéc
e *_Diéu kién dé hai mat phang song song:

—~Trong khong gian Oxyz,

f it

ooy |

cho 2 mit phang (a,): Ax+By+Cz+D, =0 va (o, ): A,x+B,y+C,z+ D, =0 cb vecto
phép tuyén lan luot 1a i, =(A1;BI;C]), , =(A2;BE;C2).

s i, = ki,
»  Khido: (ai)//(mz)@{Dl ;ék.f:)z (kER)

B s } ~

» (01);((}.2)@{%}‘ =k, (kER)

D, =kD,

» (0,)"(a,) <7, va i, khong cung phuong..
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= V= *_Diéu kién dé hai mat phang vuéng géc:

““~~Trong khong gian Oxyz,

cho 2 mit phang (o, ): Ax+By+Cz+D, =0 va (o, ): A,x + B,y +C,z+D, =0 cb vecto

phap tuyén lan luot la 7, =(A];Bl;C, ),

i ={A;18,:C,):

» Khido: (o) L(a,) e ., =0 AA,+BB,+CC, =0

4. Khodng cdch tf mét diém dén mét mat phang

8

|

=

Dinh nghia
2= Trong khong gian Oxyz,

Oxyz, cho diém M (xo;yo;z ) va mat phang (nf):Ax+By+C‘z+D =0 .Khi d6 khoang
cach tir diém M, dén mit phing ( ) duoc tinh:

d(MD,((t))

5. Cdc mat phang ddc biét

E'K‘;
fi=l

2= Céac mat phang dic biét:

|Ax +By, +Cz, +D‘

AL LB

TINH CHAT MAT PHANG PHUONG TRINH | HE SO DACBIET

(o) di qua/chiza goc O. (o): Ax+By+Cz=0 D=0

(a:) song song/chtra Ox . (a) By+Cz+D=0 A=0

() song song/chira Oy . (a): Ax+Cz+D=0 B-

[0«) song song/chira Oz. (a) Ax+By+D=0 C=0

[a) song song/trung (Oxy). (a) Cz+D=0 A=B=0

(a) song song/trung (Oxz). (a):By+D=0 A=C=0

(a) song song/trung (Oyz). (@):Ax+D=0 B=0C=0

v Nhdn xét:

»  Mat phfmg khong chtta an nao thi mat phﬁng sé song song/chtra truc do hoac mat

phang khong chita an nao thi mit phang sé song song/chita mat phang do.
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eécdc dang bai tap
—

B~ Dang 1. Xéc dinh vecto phdp tuyén cia mat phang

\

— & Phitong phap 7
Mot mat phfmg co vO s6 vecto phap tuyén va chung cung phuong voi nhau.

» Ching han # 12 vécto phap tuyén ctia mit phang (a) thi k-7 (k= 0) cling la vécto phap
tuyén ctia mit phing ().
» Néu mat phing (P) c6 cap vécto chi phwongla 1, thi (P) c6 vécto phép tuyénla

i = [

Vidu 1.l
Trong khong gian Oxyz, mit phang (n-) song song voi gid cua hai vecto

a=(1;-2;3), b= (3;0;5). Tim vecto phap tuyén ctia mat phing (a).

Vidu 1.2.
Trong khong gian Oxyz, cho mdt phfmg (P) :2y+x+3z-1=0. Xac dinh mét vecto

phap tuyén ctia mat phgmg (P) ?

Vidu1.3.
Trong khong gian Oxyz, cho A (2;1;—3);8(0;—2;5) va C(l;1;3) . Tim toa do vecto i c6

phuong vuong goc voi hai vecto AB va AC.
= Loi gidi
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®- Dang 2. PTMP khi biét diém di qua vé cdp vecto chi phucng

— - \_ Phuwong phdp )

=

» Phuong trinh téng quét ciia mat phang (P) di qua di€ém M (x,;y,;z,) Va 6 vécto phap

tuyén la ﬁ:(A;B;C) c6 dang:
A(x-x,)+B(y-v,)+C(z-2,)=0= Ax+By+Cz+D=0(v6i D=-Ax, - By,-Cz,).
» Néumat phang (P) c6 cip vécto chi phwong 1a 1 ;ii, thi (P) c6 vécto phap tuyén la

n=|u;u,

Viduy 2.1.
Trong khong gian Oxyz, viét phuong trinh téng quat cua mat phfmg (P) di qua diém
M(Z;l;—B) c6 vécto phap tuyén la 7 = (3;— 2 6).

. Loi gidi

Vidy 2.2,
Trong khong gian Oxyz . Viét phuong trinh tng quét cia mt phang (P) di qua diém

M(Z;—I;O) va c6 cap vécto chi phuong la §=(2;1;3_],E=(1;1;2)

= Loi giai
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B~ Dang 3. PTMP qua ba diém khéng thang hang

— 5\ Phuong phip )

&=
» Phuong trinh mat phang (P ) diqua A;B;C khong thing hang.

Buwdc 1: Tim cap vecto chi phuong AB,AC.
Budc2: Tim mot vecto phap tuyén n = [E,A_Cl X
Budc 3: Viét phuong trinh mat phing (a) diqua diém A (hodc di€m B hoac diém C)
va c6 vecto phap tuyén 7.
» Phuong trinh mat phang (P) 1a phuwong trinh mit chan, titc mit phang (P) diqua
A(a;O;O);B(O;b;O);C(O;O;c) co dang: (P):§+%+~E =1]

—

n

|
A=/

Vidu 3.1

Trong khong gian Oxyz, viét phuong trinh mat phang (ABC )
(1) Véiba diém A(-1;0;3), B(2;—1;1), C(L,-10).
(2) véiba diém A(1;0;2),B(-2;3;1),C(3;2;1).
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(1ir]

Vidy 3.2.

Trong khong gian Oxyz, viét phuong trinh mat phang (ABC)
(1) Véiba di€m M(2;0;0), N (0;-1;0), P(0;0;2).
(2) Vi ba diém M (0;-2;0),N(3;0;0),P(0;0;-3).

. Loi gidi

Vi duy 3.3.
Trong khong gian Oxyz, viét phuong trinh mit phang (P) chira diém M (1 ;3;- 2), cat

cactia Ox, Oy, Oz lanluwottai A, B, C sao cho %:%:%.

s Loi gidi
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Dang 4. PTMP trung truc cia doan thang

\

?ﬁ‘ Phitong phap 7

» Trong khong gian Oxyz, viét phuong trinh mét phing (m) trung tryc doan thang AB

Buoc 1: Vécto phap tuyén cua mat (a) la: 7i = AB.
Budc 2: Tim toa do trung di€ém I cua doan AB.

Budc 3: Viét phuong trinh mat phing (a) di qua diém | va c6 vecto phap tuyén i = AB.

A

{7
o i

B

f Vidy 4.1.
Trong khéng gian Oxyz, cho hai diém A(4;0;1) va B(-2;2;3).Viét phuong trinh mét

phang trung truc ciia doan thang AB

Viduy 4.2,
Trong khong gian Oxyz, cho hai diém A(—S; 2;1) va B(S;—4;1). Goi M la hinh chiéu
vuong goc cua A trén (Oxy), va N la diém d6i ximg voi B qua (Oyz). Viét phuong

trinh mat phfing trung truc (P ) cua doan thfmg MN .
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(1ir]

Vidu 4.2,
Trong khoéng gian Oxyz, cho hinh vuéng ABCD biét A(l; 2;1),3(3;0;0),
C(];—l;—2),D(—l;1;—l). Gia su I(a;b;c) la tam duong tron ngoai ti€p hinh vuong
ABCD va G 1a trong tam AABC . Viét phuong trinh mét phang trung truc cia GI .

= Loi gidi

Vidu 4.4,
Trong khong gian Oxyz, cho hinh hép ABCD.A'B'C'D)’, biét ra‘ing A(—B; (J;U), B(G; 2;{])
, D(O;O;l), A'(l; 2;3) . Viét phuong trinh mat phfmg trung truc caa C'D.

. Loi gidi
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B~ Dang 5. PTMP 1 diém kém diéu kién song song véi mat phang khéc

?ﬁ‘ Phitong phap ) ~

» Trong khong gian Oxyz, viét phuong trinh mit phang (o)

—

Loai Phuwong phap
(1)Qua M(x,;y,;z2,) va song song 8 Cdch 1:
(_{j’): Ax+By+Cz+D=0. » Vécto phap tuyén (cr) la: ﬁ(ﬂj = ﬁm =(A; B;C) -

7l 7

> Mat phang (a) qua diém M.
H Cdch 2:

/{,Hf » Do (a)//(B)=> (a): Ax+By+Cz+D'=0 (D= D)

» Thay diém M vao (a)= D'=?= (a).

W

(2) Song song (P): Ax+By+Cz+D=0 va

» Vi (@)//(P)= («): Ax+By+Cz+D'=0 (D=D'").
cach (P) mot khoang b‘éng k.

» Vi (a) céch (P) motkhoang bang k

L7 [
7

& == D=2
A4 B
» C6 D' = phuong trinh mét (P) hoan chinh.

{ Vidy5.1.
Trong khong gian Oxyz, mit phing qua diém A (—1; 1; 2) va song song voi mat phang
(ev):2x-2y+2-1=0 c6 phuong trinh 1a?
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Vidu 5.2.

Trong khong gian Oxyz, cho mit phing (Q):x+2y+22—3 =0 va mit phang (P)
khong qua O, song song mat phfing (Q) va d((P);(Q)) =1. Phuong trinh mat phéng
(P) la?

Viduy5.3.

Trong khong gian Oxyz, cho mat phfmg (P) di qua giao tuyén ctia hai mat ph?mg
(o-l ):3:c—y+z—2 =) (%) :x+4y—-5=0 dong thoi song song voi mat phfmg
(af3 ) :2x+2ly—2z+7=0.Viét phuong trinh ctia mat phfmg (P) .

= Loi gidi

Vidu 5.4.

Trong khong gian Oxyz, cho mit phang (P):2x -2y +z-5=0. Viét phuong trinh mit
phéng (Q) song song v6i mat phang (P), céch (P) mot khoang bang 3 va cat truc Ox
tai diém co hoanh dé duong,.

w Loi gidi
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B~ Dang 6. PTMP 1 diém kém diéu kién vudng géc véi mat phang khdc

\_ Phuong phdp pY

(&= /
P Trong khong gian Oxyz, viét phuong trinh mit phing ()

Loai Phuong phap
Qua M(x,;y,;z,) va L 2 mit » Tim cdp vécto 7, va r, .
(P): Ax+By+Cz+D=0,

»\%dcﬂﬁpmw%(u)ﬁ:ﬁzﬁmﬁ@m}
:A'x+By+Cz+D'=0. L . '
(Q) Y »> Mat phang (cr) qua diem M(Iu;y“ ;zn).

(8) P o Hodc bai toan sé gap:
g “Qua M(x,;y,;z,) vavudng goc vdi giao tuyén ctia

(P): Ax+By+Cz+D=0;(Q): Ax+B'y+Cz+D'=0"

npe
« ;’l}

Loai Phuong phap
Qua diém A;B va vudng goc > Tim cdp vécto Eg' va ii= [EB' : ﬁ(*’l} :
(6): Ax+By+Cz+D=0. -,

> Vécto phap tuyén (a) la: i = [AB;E(ﬁ)} :
(3 L > 7
b\ Tig » Mit phang (n») qua diém A.
5 - [

f Vidy6.1.
Trong khong gian Oxyz, cho hai mat phfmg ((t) :3x—-2y+2z+7=0,
(;3) :5x -4y +3z+1=0. Phuong trinh mit phing di qua goc toa dd O ddng thoi vudng

goc voi cé(af) va ({3) 1a?
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(1ir]

Vidy 6.2.

Trong khong gian Oxyz, cho hai diém A(2;4;1),B(—];I;3] va mat phaeing
(P):x-3y+2z-5=0. Lap phuong trinh mat phang (Q) di qua hai diém A,B va
vudng goc véi mit phing (P).

. Loi gidi

Vidy 6.3.
Trong khong gian Oxyz, mat phing (P) di qua hai diém A(0;1;0), B(2;3;1) va vuéng

goc v6i mit phing (Q):x+2y -z =0 c6 phuong trinh 13?

= Loi gidi
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M)

W

B~ Dang 7. Khodng cdch tU mét diém dén mot mat phang

\

-—-% Phitong phap 7

» Tinh khoang cach tit diém M, (xu iY,:%,) dén mat phang (P): Ax+ By +Cz+ D =0 nhu sau

Buoc1: Tim M, (xo Y, ;zo) ; viét phuong trinh mét phang (P) :Ax+By+Cz+D=0.
Budc2: Tinh khoang cach tir di€m M, dén mat phang (P) : Ax+Byy+Cz+ D=0 theo cong
5 ‘Axn + By, +Cz, + D|

- VAR

Luuy: d(MO,(Oxy))= (20)2 d(M,,0x)= (y0)3+(zo)2

thue d(M,,(P))

P
Vidy 7.1

Cho hinh lap phuwong ABCD.EFGH canh 1. Diém M duoc cho thdéa mén hé thuc
AM + AE =3CD . Tinh khoéng cach tir diém M dén mit phing (EBD) .

= Loi gidi
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STy |
N

V)i

Vidy 7.2.

Cho hinh lang tru tam giac déu ABC.DEF, AB=6,
AD=2.Goi M, N, P Ian luot 1a trung diém DE, DF,
BC. Lap hé truc toa dd0 Oxyz nhu hinh bén. Goi diém S “
thoa man hé thitc SA +25B +SC = 0. Tinh khoang cach tit
diém S dén mit phing (MNP).

. Loi gidi

M

:
A

b s
T
)
e i
i - .
P(g: :

» TOAN TU TAM
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\

B~ Dang 8. Vi tri tusng d&i hai mat phang

\_ Phuong phdp 7

Xét di€m mit phang (P): Ax+ By +Cz+D =0 c6 vecto phép tuyén 7i,, vGi:

» Mat phang (Q): A'x+B'y+C'z+ D' =0 ¢ vecto phdp tuyén i,

Ta co cac vi tri twong doi sau:

Mt phing (P

Mt(P cit mat( )

Mt phing (Q) | A" B’

)
)

Mat (P song song mat (Q)

AA +BB'+CC'=0

Mat (P) tring mat (Q)
a

Mat (P) vuéng géc mat (Q)

Vidu 8.1.

Chobamit phang (P): 2x—y—2z+1=0, (P,):4x—2y—4z+4=0, (P,):x+4y—z+1=0
. Chimg minh (B,)//(P,) va

Vidy 8.2.
Trong khong gian Oxyz, cho hai mit phing (a):mjx—y+(m2—2)z+2=0 va

(;3) :2x+m’y—2z+1=0.Hai mit phing [u-) va (d] vuong goc voi nhau khi nao?

» TOAN TU TAM
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Vidu 8.3.

Trong khoéng gian Oxyz, cho hai mat pha:ing (P):2x—3y+52—1=0 va
(Q):ﬁix—(m—?s)y-»—(mz +l)z—7=0 (m la tham s6). Tim m dé hai mit phing song
song.

w Loi gidi

Vidu 8.3.

Trong khéng gian Oxyz cho A(2;0;0),B(0;4;0),C(0;0;6),D(2;4;6). Goi (P) la mat
phang song song voi mp( ABC), .(P). cich déu D va mit phang ( ABC). Phuong trinh
cua (P) la?

= Loi gidi
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?- Dang 9. Ung dung tich cé huéng

p % Phitong phap )
(1) B6n di€m A, B,C,D tao thanh tt dién: ..........ooooor..... [E,A_c'“ AD #0.
<> A,B,C,D khong dong phfmg
5 , 1 e g
(2) DN tich AABC: oo Suec = 48, AC] .
1 s [P
=>Duongcao AABC: §,,,. =—AHBC=> AH=—3 ==
: 2 BC ’BC
(3) Dién tich hinh binh hanh ABCD: ... S,y = 28, e = ‘[Ea’, A_C] .
(4) Thé tich t din ABCD: —oooooooooeeoeoeeoe oo 174 =é‘[ﬁ, EJ.E‘ .
=Puong cao chop ABCD:
: 5 ‘[ZB’,A_C:J.E
v, =—d(A,(BCD))S, . = d(A,(BCD))= 14w _ |
A3 ( ( )) — ( ( )) SAHCD |[ﬁ,ﬁ]‘

P Bai todn tinh dién tich tam gidc:
Trong khéng gian Oxyz, cho A(...),B(...),C(...). Tinh dién tich tam gidc ABC
Hudng gidi quyét
Buwoc 1: Tim toa do cac vecto AP;, A(f = [AB;, AC}

Il a8 a2l sz ass
Buoc2: Sutdung S, = E‘[AB, AC]‘ dé tinh dién tich AABC
Néu bai todn yéu ciu tinh dwong cao trong tam gidc:
.
Budc 3: Swrdung S, = _ZIEAH'OB = AH = —563953 dé tinh d6 dai duong cao AH .

P Bai todn tinh thé tich t¢ dién:
Trong khong gian Oxyz, cho A(...),B(...),C(...),D(...). Tinh thé tich tr dién ABCD
Hudng gidi quyét
Buwoc 1: Tim toa do cac vecto E,E,Ej =5 [E, A_C']ﬁ

Budc2 Sirdung V= é‘[ﬁs’,ﬁ}ﬁ‘ d€ tinh thé tich ti dién ABCD.

Néu bai todn yéu cau tinh khoang cach ha tir dinh:

Bubc3: Skdung V., =%d(A,(BCD)).S = d( A,(BCD)) = 2452 q&tinh do dai

ABCD '
ABCD

khoang cach
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(1ir]

Vidy 9.1.
Trong khong gian Oxyz, cho hai diém A(l;2;—]), B(O;—Z;S) :
(1) Tinh dién tich tam gidc OAB véi O 1a goc tao do.
(2) Tinh d6 dai duong cao AH ha tir dinh A ctia tam giac OAB.

w Loi gidi

Vidy 9.2.

Trong khong gian Oxyz, cho bon diém A(l;—2; 0), B(2;O;3),C(—2;1;3) va D(O;l;l).
(1) Tinh thé tich khéi tir dién ABCD.
(2) Tinh d6 dai duong cao DH cua tit dién ABCD.

s Loi gidi

» TOAN TU TAM
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Vidy 9.3.
Trong khéng gian Oxyz, cho ti dién ABCD biét A(3;-2;m), B(2;0;0), C(0;4;0),
D(0;0;3). Tim gia tri dwong cua tham s& 111 dé thé tich i dién bang 8.

» TOAN TU TAM
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(c gl
Luyén tap

A. Ciu hoi - Tra 16i tric nghiém
» Cau 1. Cho hinh lap phuong ABCD.A'B'C'D'. Vecto nao la vecto phap tuyén ctia mit phang

(ABCD)?
A. AC. B. AC. C. AA'. D. AD'.
» Cau 2. Cho hinh lap phuong ABCD.A'B'C'D'. Vecto nao la vecto phdp tuyén ctia mat phz:ing
(ADD'A’)?
A. CC'. B. AD. C. BC'. D. AB.

» Cau 3. Trong khong gian Oxyz, cho ba diém A(S; 0; 0), B(0;4;0),C(0; 0;5) . Toa do nao sau day
1a toa d6 vecto chi phuong ctia mit phang (ABC)?
A. (3;4;5). B. (0;4;5). C. (-3;4;0). D. (-3;0,-5).

» Cau 4. Trong khong gian Oxyz, cho ba diém A(S; 2;1), B(—l; 4;1),C(3; g 5) . Toa d6 nao sau
day 1a toa do vecto phap tuyén cta ctia mat phing (ABC)?
A. (1;2;2). B. (8,-16;16). C. (-1;2;-2). D. (L4;4).

» Cau 5. Trong khong gian Oxyz, cho mit phing (P) 6 phuong trinh —2x+2y—z—3=0. Mat
phang (P) o6 vecto phap tuyén la
A. (4-4;2). B. (-2;2;-3). C.(44;2). D. (0;0;-3).

» Cau 6. Trong khong gian Oxyz, cho mat phé’mg (P) c6 phuong trinh §+ %+ %—1 =0.Mat

phing (P) c6 vecto phéap tuyén la?
A. (4;6;2). B. (2;3;1). C. (3;2;6). D. (3;2;1).

» Cau 7. Trong khong gian Oxyz, cho mat phfing (n) :2x—3z+1=0. Vecto phap tuyén cta mat
phing (a) la:

A. 71, =(2;0;-3). B. 7, =(2;-3;1). C. #,=(-20;-3). D.i,=(-23-1).
» Cau 8. Trong khong gian Oxyz, mat phgmg (P) :x+y+2z—-3=0 di qua diém nao dudi day:
A. M(-L-5-1). B. N(L11). C. P(-3;0;0). D. Q(0;0;-3).
» Cau 9. Trong khong gian Oxyz, mit phang (P) :%+%+ g =1 khong di qua diém nao duoi day:
A. P(O; 2;0). B. Q(O;O;S). C. M(1;2;3). D. N(I;O;O).
» Cau 10.Trong khong gian Oxyz, mit phang nao sau day di qua gdc toa d6?
A. x+20=0. B. x-2024=0. C. y+2025=0. D. 2x+5y—-8z=0.
» Cau 11.Trong khong gian Oxyz, mit phing (Oxy) di qua diém nao sau day:
A. M(1;2;0). B. N(3;2;-1). C. P(1,0;-3). D. Q(0;2;-5).
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» Cau 12.Trong khong gian Oxyz, phuong trinh mit phang (a) di qua diém A(2;-1;3) va cd
vecto phap tuyén 7 = (2;3;-1) La:
A. (n-):2x+3y—z—2=0. B. (a):2x+3y—z+2:0.
C. (o):2¢-y+32-2=0. D. (a):2x-y+3z+2=0.

» Cau 13.Trong khong gian Oxyz, cho mit phiang (P) :2x+y—2z+4=0. Mit phing nao sau day

vuong goc voi (P) ?

A . 2x+y—-2z+5=0. B. x+2y+2z-5=0.
C. x+3y—z+1=0. D. x+y+z-6=0.
» Cau 14.Trong khong gian Oxyz, khoang cach tir M(1;2;-3) dén (P):x+2y+2z-10=0 la
A.3. B2 el D.E.
3 3 3

» Cau 15.Trong khong gian Oxyz, vecto nao sau day khong phai la vecto phap tuyén cua mat
phing (P):x+3y—5z+2=0.
A. 7i=(-1,-3;5). B. i=(2; 6, —10).
C. #i=(-2;,-6,-10). D. 7i=(-3,-9;15).
» Céu 16.Trong khong gian Oxyz, vécto nao sau day la mot vécto phap tuyén cta (P), biét
a= (—I;—2;—2), 5:(—1;0;—1) la cap vécto chi phuong ctia (P) ?
A E=(212). B. ri=(2;-1,-2). C. #=(21-2). D. ni=(-2;1,-2) .
» Cau 17.Trong khong gian Oxyz, phuong trinh mit phang di qua A(L;-1;2) va c6 vécto phap
tuyén fi:(4;2;—6) Ia
A 4x+2y—6z+5=0. . B. 2x+y—3z+5=0.
C. 2x+y—-3z+2=0. D. 2x+y—3z-5=0.
» Céu 18.Trong khdng gian Oxyz, cho A(0;1;1); B(1;2;3). Viét phuong trinh mit phéng (P) di
qua A vavuéng goc voi duong thang AB.
A. (P):x+y+2z—3:0. B. (P):x+y+22—6:0-
C. (P): x+3y+4z-7=0. D. (P):x+3y+4z—26=0.
» Cau 19.Trong khong gian Oxyz, cho hai diém A(2;4;1), B(—1;1;3) va mat phé"mg
(P):x—3y+2z-5=0. Lap phuong trinh mit phang (Q) di qua hai di€m A, B va vuéng
goc voi mit phang (P).
A.2y+3z-11=0. B. 2x-3y-11=0. C.x-3y+2z-5=0. D. 3y+2z-11=0.
» Céu 20.Cho hai mit phing («):3x—2y+22z+7=0,(3):5x—4y+3z+1=0. Phuong trinh mit
phang di qua gdc toa d6 O dong thoi vudng géc véi ca (a) va () 1a:
A. 2x—-y—-2z=0. B. 2x+y—-2z=0. C. 2x—-y+2z=0. D. 2x+y—-2z+1=0.
» Cau 21.Trong khong gian Oxyz, cho ba dié’mA(3; —2;—2), B(S; 2;0),C(0; 2;1). Phuong trinh mat
phing (ABC) 1a
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A. 2x—-3y+62z+12=0. B. 2x+3y—-6z-12=0.
C. 2x-3y+6z=0. D. 2x+3y+6z+12=0.

» Cau 22.Trong khéng gian Oxyz, cho ba diém A(0;1;2),B(2;-2;1),C(-2;1;0). Khi d6, phwong
trinh mat phang (ABC) 1a ax+y—z+d=0. Hiy xac dinh a va d.

A. a=6,d=—6. B. a=1,d=1. C.a=-1,d=-6. D. a=-6,d=6.

» Céu 23.Trong khong gian Oxyz, mét phang di qua diém A(1;3;-2) va song song v6i mt phang
(P):2x-y+3z+4=01la
A. 2x+y+3z+7=0. B. 2x+y—3z+7=0.

C. 2x—y+3z+7=0. D. 2x-y+3z-7=0.

» Cau 24.Trong khong gian Oxyz, cho diém A(Z; —1;—3) va mat phgmg (P) :3x—-2y+4z—-5=0.
Mat phing (Q) di qua A va song song v6i mét phang (P)c6 phuong trinh :

A. (Q):3x-2y+4z-4=0. B. (Q):3x—2y+4z+4=0.
C. (Q):3x—2y+4z+5=0. D. (Q):3x+2y+4z+8=0..

» Cau 25.Trong khong gian Oxyz, cho A(l; 2;3), B(3;4;4) . Tim tdt ca cac gia tri ctia tham s6 m
sao cho khoang cich tir diém A dén mit phing 2x +y +mz—1=0 bang d6 dai doan
thang AB
A. m=2. B. m=-2. C. m=-3. D. m=12.

B. Cdu hoi - Tra 10i Diing/sai

» Cau 26.Trong khong gian Oxyz, cho mit phing (P) :2x+3y+2z-2024=0.

Ménh dé Ping | Sai

(a) | Mit phing (P) c6 mét vecto phap tuyén la 71 =(2;3;1).

(b) | Mit phang (Oxz) cé vecto phap tuyén la 7 = (6;9;3).

(¢) | Mat phang (Oyz) c6 vecto phap tuyén la 7i = (—4;-6;-2).

(d) | Difm M (0; 0; 2024) khong thudc mat phang (P) .
» Cau 27.Trong khong gian Oxyz, cho hai diém A(l; 0;0); B(4;1;2) ;
Ménh dé Pung | Sai

(a) AB= (3;1;2)

Mat phang di qua A va vuong goc véi AB c6 phurong trinh la

(b) 3x+y+2z-3=0.

3 < \ 5
() | Néu I la trung diém doan thang AB thi I(E,%;IJ.

@ Mat phéing trung truc doan th:fmg AB co6 phuong trinh la

3x+y+2z2-12=0.
» Cau 28.Trong khong gian Oxyz, cho bon diém A(l; 1;4); B(Z; 7;9);C(0; 9;13),' D(l; 8;10). Ménh
dé nao sau day dung va ménh dé nao sai?
‘ Ménh de ‘ Pung l Sai

(a) ‘ AB=i+6+5k ‘
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(b) | AB 1 AC

Phuong trinh mét phiang di qua diém B va vuéng goc véi AC 1a

© | ¢ _gy—9z+14=0.

Phuong trinh mat phfing chita AB song song voi CD la
8x—Ty—13z+50=0

» Céu 29.Trong khong gian Oxyz, cho ba diém A(1;1;4), B(2;7;9), C(0;9;13).
Ménh dé Pung | Sai

(d)

(a) E‘: (1;6;5)

(b) | Mt phang (ABC) 6 1 vecto phap tuyén la ri =(1,-11)

(c) (ABC): x—-y+z—-4=0

(d) | Oe(ABC)
» Cau 30.Trong khong gian voi hé toa d6 Oxyz, cho ba mat phéng (P):x+2y—z -1=0
(Q):3x—y+z-5=0 va (R):2x+4y—mz—2=0.

Ménh dé Ding | Sai
@ | (P)//(Q)
(b) | (a) qua O vasongsong (P) c6 phuong trinh la (a):x+2y—z=0
(© | (P)//(R) Khi m=2
(d) | (P)L(R)khi m=-10

» Céu 31.Trong khong gian Oxyz, cho M(-2;—4;3) va (P):2x-y+2z-3=0,

(Q):2x7y+2zf6=0.
Ménh dé Ding | Sai

(a) | d(M,(P))=2

(b) | M céch déu hai mit phing (P) va (Q)

(@ | 4((P).(Q))=1

(P
o (a) song song va cach (Q) mét khoang bang 2 c6 phuong trinh 1a
a):

(o
» Cau 32.Cho hai mit phing (P):2x-y+2z-5=0; (Q):4x—2y+4z+1-m=0 va diém M(2;L5).
Ménh dé Pung | Sai

2x-y+2z-9=0

8

(a) | Khoang cach tit M dén mat phang (P) bang %

(b) | V6i m=0 thikhoang cach M dén mit phing (Q) bang 2 :

@ Véi m =3 thi khodng céch gitta mit phang (P) va mat phang (Q)
C A
bang 3.

- C6 hai gia tri cia m dé khoang cach tit M dén mit phang (Q) bang

1. Khi dé t6ng t4t ca gia tri cia m bang 5.
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C. Ciu hoi - Tra 1oi ngin
» Cau 33.Cho diém A(l; 2;—1) va mat ph?mg (n) :2x—2y+z—7=0,Khoang cach tir M dén mat

ph?mg (n) co dang g toigian; g;beZ. Tinh T=2a-b?

» Dién dap so6:

» Cau 34.Cho di€ém A(1;2;-1) va mdt phang (o):x—2y+2z+2=0. Mit phang () song song véi
mét phang () vacach A métkhoang 1 6 dang (a): x—by+cz+d=0. Khi d6
S=3b-c+d?

= Dién dap s6:
» Cau 35.Trong khong gian Oxyz, cho diém M(a;b;1) thudc mit phing (P): 2x—y+z-3=0.
Tinh gia tri biéu thitc S=2a-b.

= Dién dap so6:

» Cau 36.Trong khong gian Oxyz, cho phiong trinh mit phang (P) qua A(2;1;—3) va song song
vOi mat phéng (Q) :x—y+2z-1=0 c6 dang x—y+az+b=0 Tinh gia tri biéu thirc
S=a-b.

= Dién dap so6:
» Céu 37.Trong gian Oxyz, cho badi€ém A(2;-1;1), B(l;0;4), C(O; —2;-1). Mét phang qua A va
vudng goc véi duong thang BC cé phuong trinh dang x+ay + bz + ¢ = 0. Tinh gié tri

biéu thttc S=a+b+c.

» Dién dap s6:
» Cau 38.Trong khong gian Oxyz, cho mat phang (P):ax+by+cz—27 =0 qua hai diém A(3;2;1)

va B(—3;5;2) va vudng géc véi mit phang (Q):3x+y+z+4:0.Tinh tong S=a+b+c.

= Dién dap so:
» Cau 39.Trong khong gian Oxyz, mat phfmg (P) di qua A(I;O;O); B(O;O;Z) va cit tia Oy tai diém
C sao cho thé tich kh&i chép OABC bang 2. Biét diém S(—l; 6; 1) thudce (P), thi m

bang bao nhiéu?

= Dién dap so6:
» Cau 40.Trong khong gian Oxyz, cho (o»):x+2y—z—l=0 va (;?):2x+4y—mz+2=0.Thn m dé

(o) va () song song v6inhau.

= Dién dap s6:
» Céu 41.Trong khong gian Oxyz, cho hai diém A(1;2;0), B(3;4; —2) va (P): x—y+z-4=0.

Phurong trinh mit phing (Q) di qua hai diém A, B va vudng géc véi mét phang (P),
c6 dang (Q):ax+by+cz+2=0.Tinh T=a+b+c.

= Dién dap s6:
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» Cau 42.Trong khong gian Oxyz, cho cic di€ém A(O; 1;2),B(2;—2;1),C(—2; I 0),M(3;0;l). Tinh
khoang cach tit M dén mit phing (ABC), (két qua lam tron dén hang phiin tram).

= Dién dap s6:

» Cau 43.Trong khong gian Oxyz, biét mit phing (P)song song véi mét phing -7 va cach di€ém
A(Z, —3,4) mot khoang b%mg 3. Tinh tich hai hé sd tu do ctia phuong trinh tong quat
mit phang (P) (biét hoanh d6 cta vecto phap tuyén cua (P) béng 1).

. Dién dap s6:
» Cau 44.Trong khong gian Oxyz, cho cic diém M(m;O; 0),N(0; n;O),P(O;O; p)khéng trung véi

gdc toa do va thdéa man m’ +n’ +p° =3,m,n,p la cic s6 thuc duwong. Tim gia tri lon nhat

ctia khoang cich tir O dén mit phang (MNP). (Lam tron két qua dén hang phian trim).

s Dién dap so:
» Cau 45.Trong khong gian Oxyz, cho diém A(l;l;z) va mit phing (P) :(m - l)x +y+mz—-1=0,
v6i m 1a tham s6. Tim m dé khoang cach tir diém A dén mit phing (P) 16n nhat.

s Dién dap so:
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Chuong 05

Ly thuyét

1. Phudng trinh dudng thang

'Et

=

Iil

_ Vectd chi phudng cUa dudng thang:
S Cho dtrong thang A va vecto ii khac 0.

Vecto i duoc goi la vecto chi phuong cuia duong thfing A né

P g
éu
. O Ao M,
gia cuia i song song hoac trung voi A. d /
v Nhin xét:

k.t
» Mot duong thzfmg hoan toan duoc xac dinh khi biét mot diém ma né di qua va

mot vecto chi phuwong ctia no.

Néu i 1a mot vecto chi phuong cta duong thang thi k.ii (k B 0) cting la mot
vecto chi phuong ctia dudng thang dé.

||_,Li'§

ol

- Phuong trinh tham s6 cUa dudng thang:
Trong khong gian Oxyz,
phutong trinh tham s6 ctia duong thing A qua diém M( A “) va nhan
U= (a; b;c) lam vecto chi phuong c6 dang:
xX=Xx,+at

y=y,+bt v6iteR (t dwoc goi la tham s6'va a° +b* +¢* #0)
z=2z,+ct

lI.-L[ﬁ

Phl.rdng trinh chinh tdc cUa dudng thang:
Trong khong gian Oxyz,

phuong trinh chinh tic ctia duong thing A qua diém M (xo i Yo:Z,) vanhan
= (a; b;c) lam vecto chi phuong c6 dang;:

K Yl 2R e
a b c
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."_Phuang trinh dudng thang qua hai diém cho trudc:
Trong khong gian Oxyz,
cho duong thang A di qua hai diém A(xﬂ;yﬁ;zﬂ),B(xB;yR;zg) va nhan
Eg.z(xg —X, i Ye—YAiZs —zA) lam vecto chi phurong co:
x=x,+(x,—x, )t
v' Phuong trinh tham s6: <y =y, +(y, -y, )t véi teR

2=z, +(2; -2, )t

y v o XK =1 B—E .
v’ Phuong trinh chinh tac: A Yol A (VOL X, #X,,Yp #Y 12, #2,)
Xg=%a VYp=Ya 2524

2. Vi tri tudng déi hai dudng thdng. Diéu kién dé hai dudng thdng vuéng géc

z!

=" Sy cung phudng - Sy déng phang:

L -—--/ Trong khong gian Oxyz,

= Hai vecto duoc goi la cing phurong khi gia ctia chiing cing song song véi mot
duong thang.

= Bavecto duoc goi la déng phdng khi gia ctia chiing cing song song vdi mot
mat ph:%mg.

Trong khong gian Oxyz, cho ba vecto 4 = as],gz(b,;bz;h) va Ez(c‘];cz;cj)

(a4
v Hai i, b cung phuong <:>|:a b} 0.
v Hai @, b khong cling phuong @[ﬁ B} £0.

v Bavecto 4, b, ¢ dong phing <:>[a,

I._I

v’ Bavecto 4, E, ¢ khong d‘ﬁngph?mg <:>’7 b—‘ 20

Vi tri tuong déi gitra hai dudng thang:
B Trong khong gian Oxyz, cho hai dudong thang A, A, lan luot di qua cac diém M,, M,
va tuong tmg ¢ i, =(a,;b;;c, );il, = (a,;b,;¢,) 1ahai vecto chi phmmg Khi dé, ta co:

|7, MM, cing phuong |!H1 M-.-‘f-’: [=90
T I’_‘l-‘_’l cung phwong |[‘_fl=’-’.:]: o
' 77 |#, MM, khéng cing phuong | i, MM, [0
Al IJJEME: lil:léng .cﬁng phuong (& “:!=5
| .7, MM, dong phang \[7.5,} M = 0

* A, vi A, chéonhau & [7, &, | MM, =0
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A, songsong A,

R |

D& xét vi tri twong déi gitta hai duong thang.
Trong khong gian Oxyz, hai duong thing A ,A, tuong tng c6 i, = (a;b;c,) va

ti, =(n,;b,;c,) 1a hai vecto chi phong va c6 phuong trinh tham s6:

'x:xlﬂzlt, X=X,+a,t,
A sy=y, +bt, (tleR), A, :qy =y, +hit, (tzeR]
z=z+ct z2=z,+0l,

X, +at =x,+a,t,
Xét hé phuong trinh hai an #,,,: {y, +bt, =y, +b,t, (*)
Z, +.f:]tI =Z, +C2t2
Khi do:
» A=A, < 1, cung phuong voi i, vahé (*) vo nghiém.
» A /A, & Hé (*) €O vO sO nghiém.

» A cat A, & He (*) co nghiém duy nhat.

\ » A, va A,chéonhau & i, khong cling phuong v6i i, vahé (*) vo nghiém.

._ --,-'-'/:Trong khong gian Oxyz, cho hai duong théng A, A, tuong tng co i, = (a,;b,;cl) va

."_Diéu kién dé€ hai dudng thang vuéng géc:

wil | (9

ii, =(a,;b,;c,) 1a hai vecto chi phuong. Khi do, ta cé:

A LA, < Li, <04, =0&aa,+bb, +¢c, =0
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3. Goc

&%

==

" Goc giTa hai dudng thang:
Trong khong gian Oxyz,

cho hai duong thang A,,A, tuong tng b ii =(#be ) va

fl, = (a b.ie, ) la hai vecto chi phucmg. Khi d¢, ta co

cos(A‘,A

(i a2, +bb, +cc,|
= [cos (@, 4i, )| =

& 2 2 ﬁ?
\/a +b} +c; \fa +b +c3 ﬁ\ﬂ
2
Géc gilla dudng thdng véi mdt phdang:
Trong khong gian Oxyz,

'fLiﬁ

cho dudong thang A c6 vecto chi phuong ii (a b c) vamat

phang (P) c6 vecto phép tuyén 7 =(A;B;C). Khi do, ta co

sin(A,(p))zlms(aﬁ)‘ | @A +bB+cC|

A Trer e dn-FoCf, —

' _Goéc gida hai mat phdng:

WA= Trong khong gian Oxyz,

cho hai mit phang ( ]),(Pz) co hai vecto phéap tuyén lan lueot la
ii, =(A;B,;C,) va i, =(A,;B,;C,). Khidé, ta c6

cos((P]),(Pz))=lcos( ?‘E,.?iz)‘ _ ‘ﬁ”i;” =
1} I

|A,A,+BB,+CC,|
JATR B O A B O
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GCéc dang bai tap
—

B Dang 1. Xdc dinh vecto chi phudng cOa dudng thang

\

— '*-.- 1
= Phirong phdp /

» Trong khong gian Oxyz, vecto i = (a; b;c) # 0 la vecto chi phuong ctia duong thing A thi
vecto 7it=k.ii cling 1 vecto chi phirong ctia dudng thang A.
X=X, hat
»  Phuong trinh tham s6 A:{y =1y, +bt (t € R) 6 VICP i =(a;b;c) (hé s8 trudc t).
Z=2z tct

»  Phuong trinh chinh tac Ao _ y_by" =27% svTCP E:(a;b;c) (hé s8 & mau).
a ¢

»  Nhin xét:
* Voi phuong trinh tham s6 1ay dung thi te hé s6 trudc tham so't.
* V6i phuong trinh chinh tic 14y hé s8 dudi mau.
» Néu gia thiét chua ding ciu tric, ta phai sap xép lai roi méi 14y hé sé.

Vidu 1.1
Trong khong gian Oxyz, xac dinh mot vecto chi phurong ctia duong thing dudi day:

x=2—t
(1) d:qy=1+2t (Z)d:x_1=y_2=z+1(3) x-l_y-1_2-z

Z=3 1t

2 1 2 -2 2 I

w Loi giai
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B~ Dang 2. Dudng thdng qua diém & cé sén VTCP

f—& Phitong phap )
» Trong khong gian Oxyz, viét phuong trinh duong thing A
Loai Phuong phap
X=Xx,+at
» Phuong trinh {y =y, +bt
ua M, co vécto chi phuwong a=(a;b;c _
Q P g i=(a;b;c) z=z,+ct
hoac A G {a;b;c} #0.

a b i
» Luru y: Phuong trinh tim dwgc khong nam trong
cac phuong an, ta cé thé thay toa d6 diém
ma duong thang di qua dé kiém tra

Vidy 2.1.

duong thiang di qua diém

Trong khong gian Oxyz, viét phuong trinh tham s8 va phuong trinh chinh tac cua

(1) M(2;0;—1) va cé vécto chi phuong i = (2; —3;1)

(2) N(I;O;—z) va co véc to chi phuong EE=(2;3;1)

» TOAN TU TAM
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(1ir]

Vidy 2.2,
Trong khong gian Oxyz, viét phutong trinh tham s6 ctia duong thang d qua diém bat
ky thuoc d va cé vecto chi phurong tuong tng. Biét duong thang d

(1) Di qua diém A(1;1;2) va cd vécto chi phuong b= {1:2:4)

(2) Pi qua diém C(3;2;1) va c6 véc to chi phuong i =(1;2;3)

= Loi gidi
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B~ Dang 3. Dudng thang qua hai diém

-—& Phitong phap )
» Trong khéng gian Oxyz, viét phurong trinh duong thang A
Loai Phuong phap
Ca hai difm A'VA B, » Chon A hodc B 1a diém ma A di qua.

> Nhan AB lam VICP — i = AB.

» Luu y: Phuong trinh tim duoc khong nim trong
cac phuong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra.

3 f Vidy3a.

Trong khong gian Oxyz, viét phuong trinh chinh tac ciia duong thang
(1) Bi qua gdc toa do va H(1;4;-2).
(2) Di qua hai di€ém M (2;0;-1) va N(2;-3;1)

Vidy 3.2
Trong khong gian Oxyz, cho AABC co A(-1;3;2), B(2;0;5), C(0;-2;1). Viét phuong
trinh duong trung tuyén AM ciia AABC

. Loi gidi
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B~ Dang 4. Dudng thang |& giao tuyén cta hai mat phang

— % Phirong phdip )
» Trong khong gian Oxyz, viét phuong trinh duong thang A
Loai Phuong phap
Giao tuyén cua hai mit phing » Cho 1trong3én x;y;z =0 détim 2 dn con lai

(a):Ax+By+Cz+D=U va

By+Cz+D=0
(3): Ax+By+Cz+D'=0

=177 5 M(022)
By+C'z+D'=0

x=0—— {
i=
» Vecto chi phuong i = [ﬁ,ﬁ'r] :

» Luu y: Phuong trinh tim duoc khong nam trong
cac phuong an, ta co thé thay toa do diém
ma duong thing di qua dé kiém tra

Vidy 4.1.
Trong khong gian Oxyz, cho hai mit phing (P):2x+y—z—1 =0, (Q):x—2y+z—5 =0

. Giao tuyén hai mit phang (P) va (Q) c6 mot vecto chi phuong 1a?

w Loi gidi

Vidu 4.2,

Trong khdong gian Oxyz, cho hai mat phang (O{) :2x+y—-z+3=0 wva
(8):x+y+z-1=0. Phuong trinh chinh tac duong thang A 1a giao tuyén ctia hai mit
phing («) va (3) 1a?

. Loi gidi

» TOAN TU TAM
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V)i

Vidu 4.3,
Trong khong gian Oxyz, cho mat phfa'ng (P):x+y—52+4=0 va duong thffmg

d_x+1_y+|_z+5
2 LB
phuong trinh giao tuyén d' cha (Q) va (P)?

. Goi (Q) la mat phéng chita d va vudng goc voi (P) . Xac dinh
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Chudng 05
MAT PHANG - DUGNG THANG - MAT CAU

B~ Dang 5. Dudng thang l& dudng vudng géc chung cba hai dudng thdng

\

—_— % Phirong phdip 7

Loai

» Trong khéng gian Oxyz, viét phirong trinh duong thing A

Phuong phap

La duong vuong goc chung cua dl va d,

Med —
> Goi { Edl - MN(?) (toa do theo f;k).
€ 2

» MN la duong vudng goc chung

@{ﬁE.M_'_Nfo@{ = :{M(-’)_

i, MN=0 (k=7 |N(?)

M
, qua
> Khi d6 duong thang A: N

= MN
» Luu §: Phuong trinh tim duoc khong nam trong

—

U

cac phuong an, ta co thé thay toa do diém
ma duong thing di qua dé kiém tra

Vidu 5.1

Trong khong gian Oxyz, cho dudng thing d,:{y=2+t va d,:

x=1+2¢ x=1+s
L,y =2+s . Viét
z==2+5¢ z=1+3s

phuong trinh dudng vudng géc chung ctia hai dudng thing d,;d, .

» TOAN TU TAM
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& Dang 6. GOC

\_ Phuong phdp ) \

(=
» Trong khong gian Oxyz,

Loai

Hai duong thing A,, A, twong ting ¢ i, =(at;b];cl) va
U, = (az;bz;cz) 1a hai vecto chi phuong. Khi do, ta co:

|4:11a2 +bb, + clcz|

o THRY
cos(A,,4,)= ‘COS(H'%)‘ ) 'L'li.ﬁal ) JE R e it
2 1 1 I & 2 2 2

Duong th?mg A c0 vecto chi phuong i = (a; b;c) va mat phéng (P ) = g A
H
c6 vecto phap tuyén 7= (A; B;C). Khi do, ta co: o

|ﬁ-ﬁ‘ _ laA +bB+cC|
|ﬁH ﬁ‘ Jat +07 + A AR + B+ C

sin 3, (P)) =feos (i) -

Hai mat phang ( ) (Pz) c6 hai vecto phap tuyén lan luot la
i —(/fi],B1 C)v ﬁ_=(A2;B e ) Khi dd, ta co:
_ A7y |A/A,+BB,+CC,|
P),(P.))= =
SRR S L B s et e

. /
4
Vidu 6.1.
x=t x=1-4¢
Trong khéng gian Oxyz, cho hai duong thing 4, :1y=5-2t va d,:{y=2++ .Tinh
z=14-3¢ z=-1+35t

goc gitta hai duong théng da cho.

» TOAN TU TAM m
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(1ir]

Vidy 6.2.
x—3 _y-4 z+3

va mit phin
2 Ll

Trong khong gian Oxyz, cho duong thing A:

(P):2x+y+z-1=0. Tinh géc gitta A va (P)

. Loi gidi

f Vidy6.3.
Trong khong gian Oxyz, tinh goc giita hai mdt phang (P):x+2y+z+10=0 va
(Q):—x+y+2z+13=0.

w. Loi gidi
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B~ Dang 7. Vi tri tusng d&i cUa hai dudng thang

o~ %Phlm'ng phip )
» Trong khong gian Oxyz, cho hai duong thang:

x=x,+at

d:iy=y,+at(t€R) covectochiphuong d=(n;a,;a,) vaM,(x,;y,:z,)ed;
Z=2Z,+a;t
x=x;+at'

d':\y =y, +ayt'(t eR) cb vecto chi phwong 7' =(a;a};4; ).
z=z +at’

Khi do:

» d//d' < 4,d cung phuongva M, ed'.

» d trung d" < d, 4" cung phuong M, ed’
Xy +at=x, +at’

» dnd' < hé phuong trinh an ¢,#' sau: 4y, +a,f =y, +a,t’ c6 dung mot nghiém.
Z, +a,t =z, +a;t’

ol Pyt
Xy +at=x, +ait

; ) ryr
Z,tat=z,+at

Hodc ta c6 thé ap dung theo so d6 sau:

0 (1, ;14,1=0

» d va d’ chéonhau < 4 va @' khong cung phuong va {y, +a,t =y, +a,t' vO nghiém.

= l _______ j =f L l .......

d] = d: d //d l‘ d, Cée d, | l,/- d,chéo n’:>
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(1ir]

Vidu 7.1.

Trong khong gian Oxyz, xét vi tri tuong d6i ciia cac cip duong thang sau:

x=1+t x=2+2t
(D) d:{y=2t (teR)vad:{y=3+4t'(t'cR)
z=3-1 z=5-2¢
x=11+2f .
(2) d:{y=-1+3t(teR) va e DR
3 2 2
z=5+t

(3)d:£=3;]:5va d';x_lzy_222+2
1 -1 2 5 1 -2

= Loi gidi
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M)

S

Vidu7.1.
X =2F

:1 y=—3—t.Ménh dé nao sau day
z=0)

Trong khong gian Oxyz, cho 4, :

dung?
(1) d, va d, dong phéng. (2) d, cat va vuéng goc véi d, .
(3) d, vudng gbc d, vakhong cit nhau. (4) d, song song vdi d,.

» TOAN TU TAM
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® Dang 8. Bai todn thuc té
_ @

Vidu 8.1

Trong moét khu du lich, nguoi ta cho du khach trai
nghiém thién nhién bang cach du theo duong truot

zipline ttt vi tri A cao 15 m cta thdp 1 nay sang vi

tri B cao 10 m cua thap 2 trong khung canh tuyét

dep xung quanh. Voi hé truc toa dé Oxyz cho trudc

(don vi: mét), toa dd cia A va B lan luot la .

(3;2,5:15) va (21;27,5;10)
(1) Viét phuong trinh duong thang chita duong truegt zipline nay.
(2) X4c dinh toa do caa du khach khi & dd cao 12 mét.

. Lo gidi
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¢ Vidy 8.2,

Cau Cong Vang (The Golden Gate Bridge) & My. Xét
hé truc toa do Oxyz voi O la bé ctia chan cot tru tai
mat nuoc, truc Oz trung voi cot tru, mat phfmg
(Oxy) la mdt nudc va xem nhu truc Oy cung
phuong voi cdu nhu hinh vé. Day cap AD (xem nhu
la moét doan théng) di qua dinh D thudc truc Oz va
diém A thudc mit phang Oyz, trong dé di€ém D 1a
dinh c6t tru cach mat nwoc 227m, diém A cach mit
nuoc 75m va cach truc Oz 343m.

Gia str ta dung mot doan day ndi diém N trén day cdp AD va diém M trén thanh cau,
biét M cach matnudc 75m va MN song song voi cot tru.
(1) Tinh do dai MN, biét diém M cach truc Oz mot khoang bang 230m1.
(2) Nguoi ta c6 thé dung doan day dai 100m dé ndi day cdp AD vdithanh cau tai
vi tri diém M céch truc Oz mot khoang bang 148 m khong? Vi sao?

(nguon dnh: https://www.goldengate.org/assets/1/6/ggb-exhibit-chapter-statistics.pdf).
= Loi giai
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Gg/

Luyén tap

A. Cdu hoi - Tra loi trac nghiém

» Cau 1. Cho dudng thing A cé mot vecto chi phuong 1a i = (2;-4;-6). Vecto nao sau day
khong phai la vecto chi phuwong ctia A?
A. i =(,-2;-3). B. @, =(-1,2;3). C i4,=(-2-46). D.i,=(-369).
" < 2 ; o =1 y+2 z=l 4 & ;
» Cau 2. Cho duong thang A co phwong trinh s = =" Vecto nao sau day la vecto chi
phuong cua A?
A. i =(-12-1).  B.i,=(L-2;1). C. i, =(-3;2-4). D.ii,=(3;2;4).
x=3-t
» Cau 3. Cho duong thing A c6 phuong trinh {y=—1 (t€R). Vecto nao sau day la vecto chi
z=3t
phuong cua A?
A. i =(3;-1;3). B. i, =(3;-1,0). C i, =(-1,-1;3). D.i,=(-10;3).
» Cau 4. Cho duong thang A vudng goc véi mit phing (Oxy). Vecto nao sau day la vecto chi
phuong cia A?
A. i=(10,0). B. j =(0;1,0). C. k=(0;0;1). D. il =(L10).
» Cau 5. Trong khong gian Oxyz, phuong trinh chinh tic ctia duong thing AB véi A(1;1;2) va
B(—4; 3; —2) Laz
A x+4:y—3:z+2. B. x—lzy—l:z—Zl
1 —2 -2 1 — —2
C.x+1:y+1:z+2. Qx+4:y—3:z+2.
5 2 4 5 2 4
» Cau 6. Trong khong gian Oxyz, phuong trinh tham sd cua duong thang di qua diém
A(2;0;-1) va vudng goc véi mit phing (P):2x—y+z+3=0 la:
(x=2+2t x=2+2t
A {y=—t (teR). B.iy=-1 (teR).
.5y (L, z=1-1
[x=2+2t x=2+21
Ciy=-1 (teR). D. qy=—t (teR).
|(z=—1+t Z=1-t
» Cau 7. Trong khong gian Oxyz, dudng thiang di qua hai diém A(l;—S;S), B(2; ~1;7) c6 phuong
trinh chinh tac la
A'x—1:_1/+3::z—’i" B. x—1:y+3:z—5.
1 2 2 1 2 =L
C x—1:y+3:z—5l D. x+1:y—3:z+5l
o | -2 = 1 2 -2
» TOAN TU TAM
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» Céu 8. Trong khong gian Oxyz, cho dudng thing A ¢ phuong trinh x;l =¥ +23 . , diém

nao dudi day thudc duong théng A?

A. M(L-3;5). B. N(2;-1;7). C. P(1;-3;7) D. Q(3;-5;7)-

x=3-t
» Cau 9. Trong khong gian Oxyz, cho duong thing A c6 phuong trinh y=1+3t , diémnao
z=2t

duéi day thuoe duong thang A?

A. M(3;52). B. N(3;1,0). C. P(-1;3;2) D. Q(-1;,-3;0).
» Cau 10.Trong khong gian Oxyz, duong thing nao dudi day di qua diém A(3;-3;2)

L x—3:y+3:2+2‘ B.x+3:y—3:z+2_

1 2 2 3 1 -2
C x—3:y+3:z—2l D. x+1:y—3:z+5l
=1 =3 2 3 -3 2
x=5-3t
» Cau 11.Trong khong gian Oxyz, diém nao duoi day khong thude duong thz:ing Azry=1-t
i e K
A. M(35;-2). B. N(5;12). C. P(-L-1;6) D. Q(2;0;4).
x=b-3t
» Cau 12.Trong khong gian Oxyz, cho hai duong thing A sy =Sat, Pt o M }/+23 = 246 .
z=2t B

Goc gitta hai duong thing A, va A, bang

A. 30°. B. 90°. C. 60° D. 457,
» Cau 13.Trong khong gian Oxyz, cho hai dudng thang d, :xT—l_%_ z+22, d,: x+22 = y_ll :%

Xét vi tri twong d6i ctia hai duong th;fmg da cho.
A. Chéo nhau. B. Trung nhau. C. Song song. D. Catnhau.
» Cau 14.Trén mot phan mém da thiét ké san khdu 3D trong khong gian Oxyz . Tinh cos giita hai

tia sdng c6 phuong trinh lan luot la di:fzzzi, 3:x—1:y—1:z—1.
2 1 -1 = 8 3 9
A. fl. B. 0. G L D. l
2 2

» Cau 15.Trong khong gian Oxyz, cho diém M(l; 2;3). Goi M,, M, Tan luot 1a hinh chiéu vubng
goc cua M lén cac truc Ox, Oy . Vecto nao dudi day la mot vécto chi phuong cta
duong thing M, M,?

A. u, =(-1;2;0) B. « =(0;2;0) C. u, =(1;,2;0) D. u, =(1;0;0)
» Cau 16.Trong khong gian Oxyz, toa d6 nao sau day la toa d6 ciia mét vécto chi phuong caa
x=2+4
dudng thing A:{y=1-6t,(teR)?
z=9t

» TOAN TU TAM
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1 -1 3 113
A | —;—;—|. B.|—;—;—|. e (2;1;0). D. (4;—6;0).
3"2°4 324
= 5 : , £ o 2 ¢ +1 z-1
» Cau 17.Trong khong gian Oxyz, tinh goc gitra hai duong thang d, e e — va
g Xl y_z-3
- -1 1 1
A. 45°. B. 30°. C. 60°. D. 90°.
» Cau 18.Tinh cosin goc gitta duong thang d vdi truc Ox biét d: x;rl = yl_l = 212 .
a2 p 6. c 32 b L
6 3 3 6

xX=6+5t
» Cau 19.Trong khong gian Oxyz, cho dudng thang d:{y =2+t va mit phang
z=1
(P) :3x—2y +1= 0. Gbc hop bdi gitta dudong thang d va mit phang (P) bang
A. 30°. B. 45°. C. 60°. D. 90°.
x—=1_ y+1
2 -1
(n) :x+y—z—2=0. Cosin ctia goc tao bdi duong thang A va mat phang (n) bang
A, —ﬁ. B.—ﬁ. C.ﬁ. D. —.
9 9 9 g
» Cau 21.Trong khéng gian Oxyz, cho hai mit phing (P):2x—y-z-3=0 va (Q):x—z-2=0.

» Cau 20.Trong khong gian Oxyz, cho duong thang A: :% va mit phing

Géc gitta hai mdt phang (P) va (Q) bang
A. 30°. B. 45°. C. 60°. D. 90°.
» Cau 22.Trong khong gian Oxyz, cho ba diém M(I;O;O), N(O; 1;0) va P(O; 0;1). Cosin ctia goc
gitta hai mat phing (MNP) va mit phang (Oxy) bang
1 1 2 1
A —. B. —. C. —. D. —.
3 5 5 3
» Cau 23.Cho hinh chép tit giac déu S.ABCD c6 canh day bffmg a«/f , chiéu cao bi'mg 2ava O la
tam cua ddy. Be‘fmg cach thiét 1ap hé truc toa d6 Oxyz nhu hinh vé bén duodi, khoang cach
tir diém C dén mit phing (SAB) bang
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A 2E B2 i o Tl

3 N7 "7 g

» Cau 24.Cho hinh chop S.ABCD co6 ddy ABCD 1a hinh chit nhat va SA | (ABCD). Cho biét

AB=2a, AD =3a va SA=2a. Cosin gc giita hai duong thang SC va BD bang
5 5 3 %
A.—E. B. E C. E D.—E.

» Cau 25.Trong khong gian Oxyz, vi mat phang (Oxy) 1a mét dat, mot mdy bay cat canh tir vi tri
A(0;10;0) véi van tdc & =(150;150;40). Tinh géc ndng ctia may bay (gdc gitra hudng
chuyén dong bay lén cua mdy bay véi duong bang va lam tron két qua dén hang don
vi).

A 10% B. 12°. S 11°% D. 9°.
B. Cau hoi - Tra loi Ding/sai
x=1

» Cau 26.Trong khong gian Oxyz, cho cic dudng thang A :qy=2-3t(teR),

z=3+4t
A, :xT_I:%:ZTH va mat phang (P):x+3y—22z+1=0.
Ménh dé Ding | Sai
(a) | Vecto chi phuong cua duong thang A, la 4 =(1;-3;4)
Duodng thang d, vudng géc véi (P) c6 vecto chi phuong la
(b) | _
u= (1; 3; —2)
Puong thfmg d, vuong goc voi A, va song song voi mat phéng
(c) ; : c i L
(Oxy) c6 vecto chi phwong la i, =(3;-3;2)
Puong thfmg d, qua A(l;—l; 2), catva vuong goc voi truc Oz co
d
) vecto chi phwong la i, =(-1;,-1;0)
x=—1+t¢
» Cau 27.Trong khéng gian Oxyz, cho hai duong thfmg i x+12 = y21 = 223 ;d, Jy =3+t va
; B z=2—mt
mét phing (P):2x+2y+z—3 =0.
| Ménh d& | Péng | Sai

(a) ‘ Khi m=0, s6 do goc gitra hai duong théng d, vad, ba‘“mg 135° ‘ |
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(b) | cos(d,,Ox)=—

DPuong thang A di qua gdc toa d6 O va vudng goc véi (P) tao véi

(o)

B & ~ Ie / 4
duong thang d, moét goc «vcod cosa = :

Khi m= %,a,b eZ, % la phan s6 t6i gian, s6 do goc gitta hai duong

(d)
thang d, va d,bang 90°. Gia tri biéu thitc a* +b* =13
» Cau 28.Trong khong gian Oxyz, cho duong thing A: il = yT” = z_;2 va mit phing
(P):x+2y—2z+2025=0.
Ménh dé Pung | Sai

(a) | S8 do goc giita hai duong thing A va (P) bang 90°
Biét hinh chiéu cua O Ién (P) 1a H(3;-1;2). «la s8 do goc gitra (P)

| oo o 1
va duong thang A, cosa = ¥

Puodng thang 4, la giao tuyén ciia (P) va (Oxy). Goi 3 la goc giita
c ;
9 d, va mit phang (Oxz).Khi dé 3 >30°

Puong thing d, vuéng goc véi (P) tao voi (Q) :x+my—3=0 mot
(d) -1

’ i = ro A ~t 7 - = . 3 ~F v 6
goc 30°. Khi do tong tat ca cac gia tri cua tham s6 m bang —=

» Cau 29. Trong khong gian Oxyz, cho hinh chép S.ABC ¢6 ba di€ém S(O; 0;3), A(O; 0; 0) , B(l; 0;0),
C(0;2;0) vamat phéng (P):x+y+z-3=0. Trong cac khang dinh sau, khing dinh nao
ding ? Khang dinh nao sai ?

Ménh dé Ding | Sai

(a) | Cosin goc giita hai mit phang (SAB) va mit phing (ABC) bang 0

(b) | Cosin gdc gitra hai mit phang (SBC) va mat phang (ABC) bang %
1043
21

(d) | Géc gitra hai mit phang (SAC) va mit phang ( ABC) bang 90°

(¢) | Cosin géc gitta hai mat phang (SBC) va mét phang (P) bang

x=-3+2¢
» Cau 30.Trong khong gian Oxyz, cho hai duong thang d:{y=1-t va d': x;4 - y;r2 - 2_14;
z=—1+4t -

x-2 y-2 gz
A): = =
nao sai ?

1_1 Trong cac khang dinh sau, khing dinh nao dung ? Khang dinh

Ménh dé Pung | Sai
(a) | Hai duong th;fmg d va d' vudng goc voi nhau
(b) | Hai duong thing d va d' cit nhau tai diém c6 toa do (-1,0;3)
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(c)

V)i

‘ Hai duong thang d’ va (A) song song hoac trung nhau

(d) ‘ Hai dudng thing d’ va (A) trung nhau

» Cau 31.Trong khong gian Oxyz, Hai may bay cung xuat phat tit hai phi truong, trén man hinh

rada ctia tram diéu khién (vdi don vi trén ba truc chinh theo don vi km), sau khi xuat

x=20+2¢

phat t gio (t > 0) , Vi tri cila may bay s6 mot duoc xac dinh boi cong thiee { y =20+t , vi

z=-10-1

tri médy bay s6 hai c6 toa dd la (30+#;20+;-10 ") Trong cac khing dinh sau, khéng
dinh nao dung ? thmg dinh nao sai ?

Ménh dé

Pung

Sai

(a)

5\2

Cosin goc gitta hai may bay s6 mot va may bay so hai la =

(b)

Sau 10 gio ké tir thoi diém bay hai may bay gan nhau nhat

(c)

Néu mdy bay s6 mot van 6 phi trueong (ding o vi tri ban dau) thi vi
tri toa do cia may bay la (20; 20; —10)

(d)

Sau 5 gio thi vi tri toa d6 may bay s6 2 trong khong gian la
(35;25;-10)

» Cau 32.Trong khong gian vdi hé toa dd Oxyz, mdt cabin cap treo xudt phat tir diém A(IO; 3; 0)

va chuyén déng déu theo dudng cap cb vecto chi phuong la # =(2;-2;1) vdi tée d la

4,5m/s (don vi trén mdi truc toa dd 1a mét).

Cac khfing dinh sau dung hay sai?

Ménh dé

Sai

(a)

x=10+2t
Phuong trinh tham sd ciia duong cap la: {y=3-2t ,teR.

m=t

(b)

Gia str sau thoi gian £(s) ké tir lac xuat phat (t >0), cabin dén diém

M. Khi dbtoads didm M 1a M[3t+10; —3t+3,%]

(c)

Cabin dung 6 diém B c¢6 hoanh d6 x, =550, khi d6 quang duong
AB dai 800m.

(d)

» TOAN TU TAM
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C. Cdu hoi - Tra 1di ngin

=2 y—l =gl
1 2

Goi H 13 hinh chiéu ctia A trén duong thang 4,. Puong thing AH c6 mot vecto chi

» Cau 33.Trong khong gian Oxyz, cho diém A(O; 2 —4) va hai duong théng d, :

phuong la i'i:(a;b;c) véi a,b,c e Z.Khidé 2a—b+c bang

» Dién dap s6:
» Cau 34.Trong khong gian Oxyz, cho diém A(2;— 3;5) c6 hinh chiéu vudng goc trén cac truc Ox,
Oy, Oz 1a B, C, D.Goi H la truc tam tam giac BCD . Phuong trinh chinh tic clia

duong thﬁng OH co dang % % =2 Khidb a+b+c b?!mg
a_—-b —c
= Dién dap so:
» Cau 35.Trong khong gian Oxyz, cho duong thiang d: % = ll = ZTH va mit phang

():x—2y—2z+5=0.Diém A(a;b;c) cd hoanh dé duong thude duong thang d sao cho
khoang cach tir A dén () bang 3. Tinh tdng a+b—c?

. Dién dap s6:

2t
=1 .Goiglh
1-t

» Cau 36.Trong khong gian Oxyz cho hai duong thfmg d il = yTH = % d.

2

o= =

goc gitta hai duong thang d,,d,. Gid tri cose c6 dang % . Tinh gia tri biéu thuc

P=b-3a+c?

» Dién dap so:
» Cau 37.Trong khong gian Oxyz cho tam giac ABC co A(l; 2;—1), 8(2;—1;3), C(—4; 7;5) . Toa do

chan duong phan giac goc ABC ctia tam gidc ABC 1a I (a; b;c) . Tinh téng a+b+c?

= Dién dap so6:

x=1+2t
» Cau 38.Trong khong gian Oxyz, cho duong thing A:{y =2+t va (P) i=x+2y+2z+5=0.Goi
z=-2-1

d 1a dudng thang di qua diém A(-1;0;-1) cat duong thang A, va tao véi duong thang

A, mot goc nho nhadt. Vecto chi phuong @ =(a;b;c). Tinh tong a+2b—3c?

s Dién dap so6:

» Cau 39.Trong khong gian Oxyz, cho mit phing (P) ax+by+cz—1=0voi c <0 di qua 2 diém
A(O; 12 0);8(1; 0;0) va tao voi (Oyz) mot goc 60°. Tinh tong a+b+c? (Lam tron dén hang

phan tram)
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W

M)

= Dién dap so:

x=4+t
» Cau 40.Trong khong gian Oxyz cho hai duong thing d, : y__4_t;d2:x;5_y;ll_z;5 :
z=6+2t

Puong thang d di qua A(S5;-3;5) cat d,,d,Tan ot 6 B,C . Tinh ti s& %

= Dién dap so6:
» Cau 41.Cho hinh chép S.ABCDco day la hinh thang vudng tai Ava B, thoa man diéu kién,
AB=BC=a,AD=2a, SAvudng goc véi mat déy(ABCD), SA=a.Goi M,Nlan luotla

trung diém caa SB,CD .Tinh cosin caa goc gitta MN va (SAC ) (Lam tron két qua dén
hang phin tram)

= Dién dap so:
» Cau 42. M6t phan mém mo phdng van dong vién dang tap
bin sung trong khong gian Oxyz. Cho biét truc d cua
x—1_y-2 z-3 -
-3 -5
hong tam A(S; -19; 6m+4). Hoi m bé}mg bao nhiéu

nong sung co phuong trinh :

van dong vién c6 ban trung hong tam.

= Dién dap sob:
» Cau 43.Trong khong gian Oxyz, mot cabin cap treo 0 Ba Na Hill
xudt phét tir di€m A(-2;1;5) va chuyén dong déu theo

dudng cap c6 vecto chi phurong la i =(0;-2;6) véi te do
13 4 m/s (don vi trén modi truc toa d6 1a mét). Gia st sau
5 (s) ké tir Itic xudt phat, cabin dén diém M. Goi toa do
M(a;b;c) . Tinh a+3b+c.

= Dién dap so:

» Cau 44.Trong khong gian Oxyz, nha cong vu ctia mot tram hai dang nam trén mit phflng
(P):x+2y+z—4=0 va phuong trinh tram hai dang la duong thang d: XTH = % = Z—;:z .
Nguoi ta muén lam mot con duong A nam trong mat ph:fmg (P) dong thoi citva

vuodng goc voi tram hai dang . Gia stt phuong trinh duong thang A c6 dang
x-1 y-b z-

; . Héi ¢ bao nhiéu s6 trong cac so a,b,c,d chia hét cho 3
a = c
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. Dién dap s6:
» Cau 45.Tai mot nut giao thong co 2 con duong khac murc. Trén thiét ké, trong khong gian Oxyz
hai con dudong d6 thudc hai duong thing d, : x;2 :-y%z- :il i, x;2 :}/TH :-2—3 :

Nguoi tamudn tao mot con duong A cat d,,d, lan lwot tai A va B sao cho AB nho
nhat. Tinh d6 dai AB, két qua lam tron dén hang phin tram.

= Pién dap S0
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Chuong 05

Ly thuyét
A
1. Phuong trinh mat cau
L =3
| '=l- Phuong trinh mat cdu:
22 & LOAI1 LOAI 2
Phuamng (x—a)3+( —b)2+(z—c)z=R2 ¥+ +2°—2ax-2by-2cz+d=0
Trinh Y |
Tam | Lay hé sd tu do trong ngodc +-1. Lay hé so trude x;y;z +-2.
Xac
s ; A am
Sunh Bfm L&y can bac 2 vé phai. K= va +b9 +Cj :
Kinh Piéu kién ton tai: @’ +b’+c*—d>0
5 ]
@ .-.-...-...-....--.::3"
2. Vi tri tudng doi

"y

5. Gilfa mat cau va diém:

= Trong khong gian Oxyz, cho diém M va S(I;R).Khi d6

Diém
Nam ngoai Nam trén Nam trong
o IMn(S)=H o IMn(S)=M=H | oIMn(S)=¢g
IM >R IM =R IM <R
Mit cau

H=M
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L

| “=l° Gilta m@t cdu va mat phang:
== Trong khong gian Oxyz, cho («): Ax+ By +Cz+D =0 va S(I;R). Khi do:

Mit phing
Khong cit Tiép xiic Cit theo giao tuyén la duomg
& (a)n(S)=2 | =(a)n(S)={M]} tron
o (a)m(8)=C(1'ir)
d(I;(a))}R d(l;(c\:))=R d(f;(a))<R

& Mit phing tiép | < [a) cat mat cau theo giao
b I_]:at Ean fat tuyén la duong tron co tam I’
Mit diem M. va ban kinh r.

cau R:.fr2+d2(1;(a')).

L=
| “=."_Gilta m@t cdu va mdt phang:

Trong khong gian Oxyz, cho AR YoV 27 oy S(I;R). Khi do:

a b c
Puong thing
Khéng cit Tiép xiic Cit tai hai diém A;B
& AN(S)=2 & An(S)={H} & An(S)={A;B}
d(I;A)>R d(I;A)=R d(I;A)<R
& Duong thang tiép AB>
g xtic mat cau tai difm H | <& R=J— +d2(I;A)

Mt 4
C?lll
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eécdc dang bai tap
—

B~ Dang 1. Xdc dinh tam - bdn kinh - nhan biét phudng trinh mat cav

— % Phitong phap )
LOAI1 LOAI2
Phuwong Trinh (x-a)’ +(y-b) +(z-c) =R* x>+’ +2° = 2ax - 2by - 2cz+d =0
(1) HeésS trude x,y,z bangnhauva |(1) Hésd trude x°,y°, 2’ bang
bé"mg 1. nhau va bé"mg 1.
Nhan xét (2) 118 s6 trudc cac ngodc bing nhau | (2) Phuong trinh day du x*,y’, 2
va ba‘“mg il (3) Thoéa man diéu kién ton tai

(3) V& phaila hang s& duong. Babredod=0

Tam L&y hé so tu do trong ngodc +—1. Lay hé s6 truoe x;y;z +-2.
XdePinh | 5. | Ldy cdnbac2 v€ phai. R+ + 4.
Kinh Dbiéu kién ton tai: 2° +b° +c* —d >0.

4 Dinhnghia §(I;R)={MIIM =R >0}.
4 Cho hai diém A, B c0 dinh.
Néu MA | MB thi tap hop diém M la mdt cau (S)Cé tam [ 1a trung diém AB vaban

kinh Rz%

Viduy1.1.

Trong khong gian Oxyz, xac dinh toa d6 tam va ban kinh cac mat cau sau:

(@) (S):x*+y* +2° - 2x+4y—62-2=0. (2) (S):(x—l)2+(y+2)z+z2 =5
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STy |
N

V)i

Vidu1.2.
Trong khong gian Oxyz, cho cac phuong trinh sau:

(1) 222 +2y* = (x +y) —2* +2x-1-2xy (@) 2 +y* +2" —2x+2y =0
B) ¥ +y* +22 +2x -2y +1=0 @) (x+y) =2xy-z" +1-4x
C6 bao nhiéu phuong trinh mat cau va mat cau day nhan I(—l;l;O) lam tam?

= Loi gidi

Vidy 1.3.
Trong khong gian Oxyz, cho cac phuong trinh sau:

(1) C+yt+z'-2x=0 2) X +y* =2 +2x-y+1=0

(3) 2% +24> —(x+y) —zf L D | (4) (x+y)2 =2xy-z'—1

C6 bao nhiéu phuong trinh mét cau?
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M)

W

Vidu1.4,
Trong khong gian Oxyz, cho hai diém A(O; O;—l) va B(O; 6;0). Chtmg minh réng néu
diém M(x;y;z) thoa man MA.MB=0 thi M thudc mot mat cau (S).Tim tam va ban

kinh ctia mat cau (S).

= Loi giai
L
Sa ff Vidy15.
Trong khong gian Oxyz, cho hai diém A(—Z;Z;—2) ; B(3;-3;3). Diém M trong khong

gian thoa man % - Tinh &5 dai OM lén nht.
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- Dang 2. M@t cau cé tam va di qua mét diém

—_ & Phirong phdip \

/
P Trong khong gian Oxyz, viét phuong trinh mat cau (S)

Loai Phuong phap

Ttr gia thiét ta da c6 san tam | va ban kinh R.
Tam I(a;b;c) vaban kinh R. i ) " 2 ;
Phuong trinh (5):(x—u) +(y—b) +(z—c) =R".

» Ban kinh mat cau

Tam I(a;b;c) Véquadié}nM(xu;lquzu). RzIMz‘Eﬂ:\/(xn—a)2+(y0_b)3+(z‘,—c)2 .

> Mat cau c6 tam [(a;b;c) vaban kinh R=IM.

Vidy 2.1
Trong khong gian Oxyz, viét phuong trinh cac mat cau sau:

(1) Tam 1(-1;2;-3), bankinh R=3  (2) Tam I(0;—4;1) duong kinh bang 4.

Vidu 2.2,
Trong khong gian Oxyz, viét phuong trinh cac mdt cau sau:
(1) Tam I(-1;2;1) di qua gbc toa do.  (2) Tam I(1; 2;3) di qua diém A(1;1;2).

. Loi gidi
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R’ Dang 3. Mat cau cé dudng kinh

\

,_& Phitong phap 7

Loai

P Trong khéng gian Oxyz, viét phuong trinh mét cau (5)

Phuong phap

Nhan M (x,,;v,, ;zM)vé N(xN Y2y )
lam duong kinh

» Goi I la tim mat cau (S)
= I 1a trung diém cia MN

:I[XM-’-xN .yM+yN.ZM+ZNJ

’ r

2 2 2

> Ban kinh mat cau R:MTN—IM.

Vidu 3.1

duong kinh AR 1a?

Trong khong gian Oxyz, cho hai diém A(1;0;-3) va B(3;2;1). Phuong trinh mat cau
g g 8l Y g

Vidy3.2
Trong khong gian Oxyz, cho hai vecto E=(—1;—2;3) va B_6=(—7;4;—5). Phuong

trinh mat cau duong kinh AB 1a?

» TOAN TU TAM
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B~ Dang 4. Mat cdu qua 4 diém khéng dong phang

—_— & Phirong phdip )

P Trong khong gian Oxyz, viét phuong trinh mat cau (S)

Loai Phuong phap
Piqua4diém A;B;C;D khong dong > Goi I(a;b;c) la toa d6 tAm mat ciu can tim.
phang » Mat cau (S) di qua 4 diém
IA* = IB

< IA=IB=IC=ID<IA*=IC* = toadd I.
IA? = ID?

B A v g 1. 1
vidal Lall LU Lalll vVd Udll NTIT

Vidu 4.1.
Trong khéng gian Oxyz, néu mit cau .(S). di qua bon diém
M(2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2) thitam I ctia (S) c6 toa dd la?

= Loi giai

Viduy 4.2,
Trong khong gian Oxyz, cho 4 diém A(2;0;0) , B(O;Z;O),C(O;O;Q), D(2;2;2). Viét

phuong trinh mdt cau (S) ngoai tiép tt dién ABCD .

. Loi gidi

» TOAN TU TAM
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B~ Dang 5. Mat cdu cé tam thudc dudng thang/mat phang

r%Phuong phip )

Loai

P Trong khong gian Oxyz, viét phwong trinh mét cau (S)

Phuwong phap

Tam Ie(P) vadiqua A;B;C.
Vi (P):ovx+B.y+~.z+8=0 hodc (P) la
cdc mét phang (Oxy),(Oxz),(Oyz).
& Nhén xét:
Trong truong hop [ € mot trong cdc
mat phing (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

> Goi I(a;b;c) 14 tAm mat cau

» Tacd Ie(P)= aa+8b+yc+6=0(1).
> Mat cau (S) di qua ba diém A;B;C
IA’ =B’ (2)
IA*=IC* (3)

> Tu (1);(2) va (3)=1 lathoahé:

c1A=IB=ICc>{

aaq+3b+vc+6=0
JA" = IB”
IA* =1C°

> Mat cau co tam I(a;b;c) vabankinh R=]A.

=toadd I.

Tam [ ed vadiqua A;B.

Void: 2% Y ¥ _27% i g 1a
a b C '

cdc truc Ox;0y;0z.

& Nhan xét:
Trong truong hop I € mot trong cic
truc Ox;Oy;Oz bai todn sé don gidn

hon.

> Goi I(a;b;c) 1a tam mat cau
>Tacoled= I(x0+at;yo+bt;zo+ct).

r

> Viét IA:IB theo ¢ va tinh do dai ’ﬁ

:
> Mat cau (S) di qua hai diéfm A;B

@IA:IB@‘ﬁ‘:’I_B‘ i,

>Tekt=?=>toado I.
> Mit cau co tam I(a;b;c) vabankinh R=1JA

d Vidy5.1.

Trong khong gian Oxyz, cho mdt cau (S) di qua 2 diém A(l; 2;3),8(2; 0; —2), va co

tam nam trén truc Ox . Viét phuong trinh mét cau (S)?

» TOAN TU TAM
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(1ir]

Vidu 5.2,
Trong khong gian Oxyz, im ban kinh mét cau qua 2 diém A(S;—l; 2) p B(l;l;—2) va co

s A Y L
2 1 -1

. Loi gidi

f Vidy5.3.
Trong khong gian Oxyz, viét phuong trinh mdat ciau di qua 3 diém
A(-2:3;3),B(-1;1;2),C(4;2;2) va c6 tim nam thudc mat phang (Oyz).

» TOAN TU TAM Trang 66
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B~ Dang 6. Mat cdu tiép xUc dudng thang/mat phang

— éPhlm'ng phip ) N
» Trong khong gian Oxyz, viét phuong trinh mdt cau (S)
Loai Phuwong phap
Tam I(a;b;c) vatiép xtic voi (P). » Ban kinh mit cau
(D). — () hod ; " B D
Véi (P).A,x+By+Cz+D 0 hogc (P) la d(I,(a]) ‘Aa+ b+Cc+ Tiep xuc (o)
cic mdt phang (Oxy),(Oxz),(Oyz). VA + B2 +C?
£ Nhan xét: R= d(I;(Oxy)) = J2; Tiep xuc (Oxy)
Trong trw&f’sg hop 1 tiép xiic mot trong d(I;(Oxz)) - \/E Tiep xuc (Oxz)
cdc mdt phang (Oxy),(Oxz],(Oyz) bai d(I;(Oyz))z\/E Tiep xuc (Oyz)
todn se don gian hon. =
» Mat cau tam I(a;b;c) va ban kinh R = d( ,(cv))
Tam I(ﬂ;b;c) va tiép xtic voi A. > Ban kinh mat cau
Vde:x—x0=y_yu=z_z{) hOdC&hi ﬁ,ﬁ:”
a b c d(1;A)="— Tiep xuc A
cdc truc Ox;0y;0z. M
£ Nhan xét: R=1d(1;0x)=\Jy; +2z; Tiep xuc Ox-
Trong truong hop 1 tiép xiic mot trong d(I;Oy) = .fxf +27 Tiep xuc Oy
cdc truc Ox;0y; 0z bai todn sé don -
T, I Oz —\{x +y; Tiep xuc Oz
> Mat cau tam I(a,b,c) va ban kinh Rwd(I;A).
o J

Viduy 6.1.
Trong khong gian Oxyz, viét phuong trinh mat cau tam (1;-2;1) va tiép xtic voi mét
phang (Oxy).

» TOAN TU TAM m
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Vidu 6.2.
Trong khong gian Oxyz, tim ban kinh mdt cau di qua diém B (1 33 ;O) va tiép xuc voi
(Oyz) tai M(0;3;-2).

{Vidyes.
Trong khong gian Oxyz, cho ba diém A(l;—2;—4),3(2;3;4),(:(3;5;7). Tim phuong

trinh mat cau cé tam 1a A va tiép xtc véi BC.

= Loi gidi

Vidu 6.4.
Trong khong gian Oxyz, cho B(1;1;9), C(1;4;0). Mét cau (5) di qua B va ti€p xtic voi
(Oxy) tai C c6 phuong trinh la?

w. Loi gidi
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B~ Dang 7. M@t cdu cdt dudng thang/mat phdang

/—%Phlm'ng phip )

Loai

P Trong khong gian Oxyz, viét phwong trinh mét cau (S)

Phuwong phap

Tam I(a;b;c) vacat (P) theo giao tuyén
la duong tron tam [’ ban kinh r.
V6i (P): Ax+By+Cz+D =0 hodc (P) I
cdc mdt phﬁng (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong truong hop I tiép xiic mot trong
cdc mat phﬁ:ng (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

_‘Aa+Bb+Cc+D‘

VA*+B*+C’
> Bankinh: R* =d*(I;())+r* =OH” + HM’

> Mait cau tam I(a;b;c) va ban kinh R.

> Tinh d([;(a))

Tam I(a;b;c) va cit A tai Alx,iy.52, ),
B(xB;yB;zB) va H la trung diém AB.
Vi A:X*XU :ygyu :Zgz
a b c
cdc truc Ox;0y;0z.
& Nhan xét:
Trong truong hop 1 tiép xiic mot trong
cdc truc Ox;0y;0z bai todn sé don

Y hodc A la

gian hon.

> Tinh d(I;A)=

o]
AB’

» Bankinh: R’ =d’(I;(o))+ AH® =OH’ =

> Mt cau tam I(a;b;c) vabankinh R=d(I;4).

Vidu 7.1

Trong khong gian Oxyz, cho mdt cau (5) :(Jc—2)2 4—(3,1-!—3)2 +(z—4)2 =25. Mat phéng

(Oxy) cat mat cau (S) 6 giao tuyén 1a mot duodng tron c6 ban kinh bang bao nhiéu?

» TOAN TU TAM
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Vidy7.2.
Trong khéng gian Oxyz, cho diém 1(2;4;1) va (P) :X+y+z—-4=0.Tim phuong trinh
mit cau (S) tam I sao cho (S) cat (P) theo duong tron c6 duong kinh bing 2

w. Loi gidi

Vidy 7.3.
Trong khong gian Oxyz, cho diém A(-2;-4;5). Phuong trinh nao dudi day 1a phuong
trinh clia mét ciu tam 14 A va cat truc Oz tai hai difm B, C sao cho AABC vuodng.

. Loi giai

f Vidy7.4.
Trong khong gian Oxyz, cho mat cau (S) 6 tam I(1;-1;2) va duong thang

d:xT_]=il=%' Puong thing d cit mit cau (S) tai hai diém A va B véi AB=10.

Viét phuong trinh ctia mit cau (S).
w. Loi gidi

» TOAN TU TAM
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- Dang 8. Vi tri tuong dai lién quan mat cau

—

}ﬁ Phitong phap 7

Miit ciu

ax, +by, +cz +d
=|r Y £ ‘vésosénhvéibénkfnhR

"e)
Mt phdﬂg d(I}(P)) >R Mat ph;fmg khéng cit mat cau
d(I;(P)) =R Mit phing tiép x1ic mit ciu tai M
d(I,(P)) <R Mt phang cdt mat cau
]
Tﬁﬂ\d(hd):———:r——vésosénhvéibénkﬁﬂlR
1
DPuong thing d (I ;d) >R Puong thing khéng cidt mit cau
d(f;d) =R DPuong thang tiép xiic mit cau
d(1;d ) <R Puong thang cidt mit cau
Tinh IM va so sanh voi ban kinh R
Dié: IM >R Diém M ndm ngoai mit cau
iém - 3 .
IM=R Piéem M ndm trén mat cau
IM <R Diém M ndm trong mit cau

{ Vidy 8.1.
Trong khong gian Oxyz, cho mit cau (S): x* +y* +2z° —4x-2y+2z-3=0 va mét diém
M (4;2;-2) . Xét vi tri ctia diém M so véi mét cau (S)

w Loi gidi

Vi du 8.2.
Trong khéng gian Oxyz, cho mt cau (S):x* +y* +2” —2x -2y +2z-1=0 vamit phang
(P):2x+y—2z+1=0.Xétvitn’ ctia mit phang (P) so voi mat cau (S)

= Lovi gidi
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Vidu 8.3.

Trong khong gian Oxyz, cho dudng thang (A) : xT—l = % = iz va va mat cAu (5) :

X' +y +2° —2x+2y—4z+2=0. S8 diém chung ctia (A) va (S) 1a?

= Loi giai

Vidu 8.4.
Trong khong gian Oxyz, cho mét cau (S) va mit phang (P) Tan lwot c6 phuong trinh
X+’ +27 —2x+2y—2z—6=0, 2x+2y+z+2m=0.Cé bao nhiéu gid tri nguyén ctia m
dé (P) ti€p xuc véi (S)?

w Loi gidi

Vidy 8.5.
= 2 2 2 2
Trong khong gian Oxyz, cho mit cau (S):(x—2) +(y+l) +(z—l) =1va duong thang

= —2 -r 5 5 a7 -~ & - Nm \
A:lezy—ziI.Gla tri cia m d&€ A khong cat mit cau (S) la?
m —

w. Loi gidi

» TOAN TU TAM
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Vi du 9.1.

Trong khong gian Oxyz (don vi ctia cdc truc toa do la

kilomet), mot tram thu phat song dién thoai di dong co

dau thu phat duoc dit tai diém T (6;—2; 4) A

(1) Cho biét ban kinh pht séng cua tram la 3 km. Viét
phuong trinh mat cau (S) biéu dién ranh gidi cua

vung phu soéng. WS
(2) Mot nguoi str dung dién thoai tai diém M(S; 2: —2]. Hay cho biét diém M nam

trong hay nam ngoai mat cau (S) va nguoi do cd thé st dung duoc dich vu cua

tram nai trén hay khong.
(3) Cau hoi tuong tu ddi véi ngudi st dung dién thoai 6 di€ém N (6; 0;3) "
s Loi gidi

» TOAN TU TAM
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Vidvu 9.2,
Céng nghé ho tro trong tai VAR (Video Assistant
Referee) thiét lap mot hé toa d6 Oxyz dé theo ddi vi
tri ctia qua béng M . Cho biét M dang nam trén mat |
san c6 phuong trinh z =0, déng thoi thuéc mat cau §
(5):(x=32) +(y—50) +(2-8) =100 (don vi do
dai tinh theo mét).

(1) Timtoa do tdm I va ban kinh R ctia mit cau (S) :

(2) Tim toa d6 hinh chiéu vudng goc | cua tam [ trén mat san.

(3) Tinh khoang céch tlr vi tri M ctia qua bong dén diém ] .

» TOAN TU TAM
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(c gl
Luyén tap

-
A. Cau hoi — Tra 1oi trdc nghiém
» Cau 1. Trong khdng gian Oxyz, cho mat cau (S):x* +(y—4)2+(z—l)2 =25.Toadd tam I va
ban kinh R cuamit cau (S) la
A. I(0;—4;-1),R=25. B. I(0;-4;-1),R=5.
C. 1(0;4;1),R=25. D. I(0;4;1),R=5.
» Cau 2. Trong khong gian Oxyz, cho mat cau (S):x”+y* +2z° —6x+4y—8z+4=0.Toa d6 tam I
vaban kinh R cia mat cau (S) la
A. I(-32;-4),R=25. B. I(3;-2;4),R=5.
C. I(3;,-2;4),R=25. D. I(-3;2;-4),R=5.
» Cau 3. Trong khong gian Oxyz, cho mit cau (S) 2’ +y +2° —4x+8y—2z—4=0.Toa do tam [
vaban kinh R cia mt cau (S) la
A. I(2;-41),R=5. B. I(-2;4;-1),R=25.
C. 1(2;-4;1),R=+21. D. I(-2;4-1),R=21.
» Cau 4. Trong khong gian Oxyz, cho mat cau (S) :(x—l)_ +(y+ 2)2 +(z—3)2 =16. Diém co toa do
nao sau day nam trén mat cau?
A. (-1;2;-3). B. (L-2;-1). C. (L-21). D. (1,-2;3).
» Cau 5. Trong khong gian Oxyz, cho mit cau (S):x’ Jr(y—l)2 +z* =2. Trong cac diém cho dudi
day, diém nao nam ngoai mit cau (S)?
A. M(LL1) B. N(0;1,0) C. P(1;0;1) D. Q(1,1,0)
» Cau 6. Trong khong gian Oxyz, cho mit cau (S):x”+y* +2z° —4x—2y+2z-3=0 va mot diém

M(4;2;—2) . Ménh dé nao sau day diang?

A.Piém M la tAm ctia mit cau (S) B. Diém M nim trén mit ciu (S).
C.DPiém M ndm trong mit cau (S). D. Diém M nidm ngoai mdt cau ().

» Cau 7. Phuong trinh nao sau day 1a phuong trinh ctia mat cau?
A. (x=1) +(y-3) +(z+2) =3. B. (x—1) +(y-3) +(2+2) = 3.
C. (x—-1)+(y-3)+(z+2)=9. D. (x-1)+(y—3)+(z+2)=-9.

» Cau 8. Diéu kién dé phuong trinh x*+y* +2z” — 2ax — 2by — 2cz +d = 0 1a phuong trinh mit cau?
A. a+b+c—-d>0. B.a+b +c" +d>0.
C.a+b +c*-d>0. D. & +b" +c*-d>0.

» Cau 9. Trong cac phuong trinh sau, phuong trinh nao khong phai la phuong trinh ciia mat cau?
A 2 +y’+2" =1. B. ¥ +y’ +2" +2x+2y—4z+11=0.

» TOAN TU TAM
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C. X+ +2" +2x+4y—4z-21=0. D. 2x* +2y° +22° +4x + 4y —8z-10=0.
» Cau 10.Trong cac phuong trinh sau, phuong trinh nao la phuong trinh ciia mdt cau tam
I(l;—2,‘3) ban kinh R=3
A. (x-1) +(y+2) +(z-3) =3. B. (x—1) +(y+2) +(z-3) =9.

2 2 2 2

C. (x+1) +(y-2) +(z+3)" =3. D. (x+1) +(y—2) +(z+3) =9.
» Cau 11.Trong cac phuong trinh sau, phuong trinh nao la phuong trinh ciia mdt cau tam
I(—1;2;-3) va diqua di€ém M(0;3;2)

A (x-1) +(y+2) +(2-3) =13. B. (x—1) +(y+2) +(2-3) =13
C. (x+1) +(y-2) +(z+3) =27. D. (x+1) +(y—2) +(z+3) =27

» Cau 12.Trong cac phuong trinh sau, phuong trinh nao la phuong trinh ctia médt cau tam
1(0;3;1) bankinh R=2

A X +y +2°+6y+2z+6=0. B. 2 +y +2° +6y+2z—6=0.
C. X’ +y’ +2°—6y—2z—-6=0. D. x*+y’+2° -6y —2z+6=0.
» Cau 13.Xac dinh tdm va ban kinh ctia mit cdu x” +y” +z° +8x— 6y +2z-10=0.
A.Tam I(—4;3;-1) vaban kinh R=6. B. Tam I(—4;3;-1) va ban kinh R=36.
C.Tam I(4;-3;1) vabankinh R=6. D.Tam I(4;-3;1) vabankinh R=36.

» Cau 14.Trong khong gian Oxyz (don vi cua cac truc toa do la kilomet), moét tram thu phat song
dién thoai di dong c6 dau thu phat duoc dat tai diém [ (—6;—1; 4) . Cho biét ban kinh phu
song cua tram 1a 2. Nguoi sit dung dién thoai dung ¢ diém nao sau day thi sit dung
duwoc dich vu cua tram noi trén?

A. A(—4;0;,2) B. B(-5;-2;5). C. C(-6;2;2) D. D(0;-1;4)

» Cau 15.Trong khong gian Oxyz (don vi cua cac truc toa do la kilomet), moét tram thu phat song
dién thoai di dong c6 dau thu phat duoc dat tai diém [ (—6;—1; 4) . Cho biét ban kinh phu
song cua tram 1a 2k . Nguoi sit dung dién thoai ding ¢ diém nao sau day thi khong st

dung duoc dich vu ctia tram ndi trén?

A. A(-5;0;3) B. B(-5;-2;5). C. C(-6;2;2) D. D(-7;-2;3)
» Cau 16.Trong cac phuong trinh sau, phuong trinh nao la phuong trinh ciia médt cau?
A X+ +27+2x+2y —22+4=0 B. X’ +y’ +27 +4x—2y+22+6=0
C. ¥ +y’ +2°+2x—6y+4z+14=0 D. X’ +y’+2° +8x—6y+22-10=0
» Cau 17.Trong cac phuong trinh sau, ¢6 bao nhiéu phuong trinh 1a phuong trinh cia mat cau?
(i). X’ +y* +2z" +4z-32=0 (ii). X’ +y’ +2° +2x+2y—2z+4=0
(iii). x> +y* +2° +2x— 6y +4z—-10=0 (iv). X +y" +2° +8x—6y+2z—4=0
Al B. 2. s o D. 4.

» Cau 18.Viét phurong trinh mdt cau 6 tam M(3;1;-4) va di qua diém N(L0;1).

A (x+3) +(y+1) +(z—4) =30 B. (x—3) +(y—1) +(z+4) =30
C. (x=3) +(y-1)" +(z+4) =430 D. (x-3) ~(y-1)

» TOAN TU TAM
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» Cau 19.Trong khong gian Oxyz, cho diém I(3;4;2). Phuong trinh mat cau tam I va tiép xtic
voitruc Oz la
A. (x-3) +(y-4) +(2-2)" =16. B. (x—3) +(y—4) +(2-2)" =4.

2 2 2 2

C. (x-3) +(y—4) +(z—2) =5. D. (x-3) +(y—4) +(z—2) =25.
» Céu 20. Trong khong gian Oxyz, cho (S):x” +y* +2” —4x—2y+10z—14=0. Mit phing
(P):—x+4z+5=0 cAt mit ciu (S) theo mot duong tron (C).Toa do tAm H cua (C) 1a
A. H(-3;1;-2). B. H(-7;1-3). C. H(%L1). D. H(;1-1).
x-2_ y z+l

» Cau 21.Trong khong gian Oxyz cho duong thing d : T Sy v Goi (S) la mat cau c6 ban

kinh R=5, c6 tam I thudc duong thing d va tiép xtic véi truc Oy . Biét rang I c6 tung
d6 duong. Diém nao sau day thudc mat cau ( S)?
A. M(-L-2;1). B. N(3;2;-1). C. P(-5;2;-17). D. Q(5-2;7).

» Cau 22.Trong khong gian Oxyz, mdt thiét bi phat song dat tai vi tri A(3;0;0). Vung phu song
ctia thiét bi c6 ban kinh bang 5. Hoi vi tri cia diém nao sau day khong thudc ving pht
song cua thiét bi néi trén?

A. M(S;O;O). B. N(3;2;—1). = P(—I;S;I). D. Q(O;—2;0).
» Cau 23.Trong khdng gian Oxyz, cho ti dién OABC c6 toa d6 dinh A(ms; mz; 0), B(0; m1; m),

C(m; 0; m) . Biét ttr dién OABC c6 ban kinh mét cau (5) ndi tiép bang g .Khi do

phuong trinh médt cau (S) 1a

A. (x—l)er(y—l)er(z—l)1 :%. B. (x+1)2+(y+1)1+(z+1) :g

2

C. (x—2)2+(y—2)2+(z—2)3 —%. D. (x+2)2+(y+2)3+(z +2)

» Cau 24.Trong khong gian Oxyz, cho mit cau (S):x* +y” +2” —4x+12y + 6z +24=0. Hai diém
M, N thudc (S) sao cho MN =8 va OM’ —~ON* =-112. Khoang cach tit O dén duong
thang MN bang
R B.3. C. 243. D. 5.

B. Ciu hoi - Tra 1oi Diing/sai

» Cau 25.Trong khong gian Oxyz, cho mat cau (C) :(x—l)2 +(y+2)2 +z°=16.
Ménh dé Ding | Sai
(a) | Pi€m A(1;2;-1) ndm bén ngoai mit cau (C).

(b) | Piém B(O;O;l) nam bén trong mat cau (C) )

(c) | Piém C(O; 2;1) nim trén mit cau (C) .

(d) | Véidiem D(2;1;-1), taco ID <4.

7

» Cau 26.Trong khong gian Oxyz, cho mat cau (5) :(:»c+l)3 +(y—1)2 +(z+2) =9 cotam I vaban
kinh R.
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Ménh dé Dung | Sai

(a) | Phuong trinh mat cau (S) c6 tam I(l;—l;2), ban kinh R=3.

(b) | Diém A(O; 2;-3) nam trong mét cau.

biém J(1;2;3) ndm ngoai mit ciu va khoang cich tir tim I dén

(c)

diém ] bing /10

Khoang céch tir tam I dén tdm mit cau (S'): x> +y° +(z —1)2 =3 bang

2.

» Cau 27.Trong khéng gian Oxyz, cho mit cau (S) :x*+y’ +z° —2x+4y+1=0 cd tdm | va ban
kinh R.

(d)

Ménh dé Ding | Sai

(a) | Mit cau (S) c6 tam I(l; —2;0) vabankinh R=2.

(b) | Ban kinh ctia mat cau (S) la doan IM vdi di€ém M(1;1;2).

(¢) | Métcau (S) c6 duong kinh AB véi A(0;1;-2) va B(2;-1;,-4).

(d) | Mit cau (S) ti€p xtic v6i mit phing (P):x+y-z-2=0.
» Cau 28.Trong khong gian Oxyz cho ba di€m A(1;0;0), B(O; 2;0) va C(O;O;S) .Khi dé
Ménh dé Ding | Sai

Mat cau tdm B, ban kinh R=3 c¢6 phuong trinh la

(a) ;rcz+(y—2)2 +2z2 =3,

(b) | Mdt cau tam A, di qua B c6 phuong trinh 1a (x—l)2 +y’ +2°=5.

Mait cau nhan BC lam duong kinh c6 phuong trinh la

() x"+(y—1)3+(z—3)2 B

Mat cau tam O va c6 ban kinh R=0G véi G la trong tam AABC,
(d)

c6 phuong trinh 1a x* +y* +2° = % :
» Cau 29.Trong khong gian Oxyz (don vi trén moi truc la mét), mot ngon hai dang (xem hinh vé)
duoc dat o vi tri 1(25; 30;50). Mit cau (S) mo ta ranh gidi cua vung phu sang trén bién
ctia hai dang, biét rang ngon hai diang d6 duoc thiét k& véi ban kinh phu sang R=Skm.

‘ Ménh dé ‘ Pung ‘ Sai
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(a) | Mat cau (S) co phuong trinh la (x—25) +(y—30)2 +(z—50)2 =25.

(b) | Diém A(1025;30;50) ndm bén trong mét cau (S).

o M6t nguoi di bién o vi tri M (45; 60;50) thi c6 thé duoc chiu sang
c

boi anh sang ctia ngon hai dang.
Mot nguoi dibién 6 vi tri N (5125;30; 0) thi khong thé duoc chigu

(d)

sang boi anh sang cua ngon hai dang.

» Cau 30.Trong khong gian Oxyz cho hinh hop chir nhat OABC.O'A'B'C’ véi O la g6c toa do,
A(2;0;0), C(0;3;0), O'(0;0;4). Ta cd

Ménh dé Pung | Sai

(a) | Mit cau tim O, ban kinh OA ¢6 phuong trinh 1a x* +v° +2z° =2.

(b) | Mat cautdm A, di qua C cd phuong trinh la (;7‘5—2)2 +y°+2 =13.

Goi H 1a hinh chiéu vuéng goc caa O 1én (ACO’), mat cau tam O
(C) - r \ o 2 2 2 12

diqua H co phuong trinhla x” +y +z" = R
Mat cau di qua cac dinh ctia hinh hép ¢6 phuong trinh la

2

(x1)2+(y;]+(22)2 -2

» Cau 31.Trong khong gian Oxyz, cho duong tha&mg d:x= }{T—l = va mat phﬁng

(d)

(P): 3x+y—z—-5=0. Matcau (5) cé tam [ thudc duong thang d va cat mat phang (P)
theo giao tuyén la duong tron 16n nhat c¢é ban kinh »=5.

Ménh dé Ping | Sai
(a) | Mat phang (P) :3x+y—2z—-5=0 cOVIPT 7 :(3;1;—1).

(b) | Toa do tong quat cuatam I 1a (t;—1+2t;—2— £
© | 4(L(P))=3.
(d) | Mat cau (S) c6 phuong trinh la (x—1)2+(y—3)2 +(z—l)2 =35.

C. Ciu hoi - Tra 1oi ngin
» Cau 32.Trong khong gian Oxy, tong tat ca bao nhiéu sd tu nhién cua tham s6 m dé phuong

trinh x* +y’ +2° +2(m —2)y—2(m +3)z +3m’ +7 =0 1a phuong trinh ctia m6t mit cau.

= Dién dap s6:
» Cau 33.Trong khong gian Oxyz, cho diém A(1;m;1) va mdt cau (S) c6 phuong trinh

x*+y +2° —2y+4z—9=0. Tap c4c gid tri cia m dé€ difm A nam trong khdi cau c6 dang

(a;b) v6i a;b 1a cic s6 nguyén. Gia tri ctia 2" bang.

= Dién dap s6:
» Cau 34.Trong khong gian Oxyz, cd bao nhiéu gia tri nguyén duong m dé phuong trinh

x*+y° +z° —2x—2y—4z+m =0 1a phuong trinh ctia mot mat cau?
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= Dién dap so:
» Cau 35.Trong khong gian Oxyz, cho mat cau (S) coO tam I(l; —3;2) va di qua A(S;—l;d) co

dang (x—a)2 +(y—b)2 +(z—c)2 =R’. Tinh gia tri biéu thttc T=a+b+c+R".

= Dién dap so:
» Cau 36.Trong khong gian Oxyz, cho ba diém A(1;2;—4), B(l;—3;1), C(2;2;3). Tinh duong kinh
I cia mt cau (S) di qua ba diém trén va c6 tam nam trén mét phing (Oxy) (lam tron két

qua dén hang phan chuc).

= Dién dap s6:
» Cau 37.Trong khong gian Oxyz, cho cdc diém A(—Z; 2,-2), B(S; —3;3) va diém M khong cd

dinh trong khong gian thoa man % = % . Khi do do dai OM 16n nhat bé"mg bao nhiéu?

Lam tron ket qua dén hang phin chuc.

= Dién dap s6:
» Cau 38.Trong khong gian Oxyz, khi phurong trinh
X +y’ +2° =2(m+2)x+4my—2mz +7m’ —1=0 la phuong trinh médt cau. Xac dinh m dé

mat cau cd ban kinh 16n nhat.

. Dién dap so6:
» Cau 39.Trong khong gian Oxyz, cho diém I (1 ;—2;3). Goi (S) lamat cau c6 tam [ va cat truc
Ox tai hai difm A va B sao cho AB= 23 . Khi d6, phuong trinh mat cau (5) c6 dang

la (x—a)2 +(y—b)2+(z—.c)2 =R’, tinh gid tri cua P—%?

» Dién dap so:

x=1+t
» Cau 40.Cho cic diém A(—2;4;1), B(2;0;3) va duong thang d:{y=1+2t.Goi (S) 1a mat cau di
z=-2+t

qua A, B va cé tdm thudc duong thing d . Ban kinh ctia mit ciu (S) 1a R= a\b, tinh gia

tricia P=a+b?

=Y 4 F.4
. Dien dap so:

va mit phang

» Cau 41.Trong khong gian Oxyz, cho dudng thing A: x—21 :% 22

(P):Zx—y+z—3:0. Goi mat cau (S) c6 tam I(a;b;c) thudc A va tiép xtic voi (P) tai
H(l;—l;O) .Khi d6 gia tri a* + b* + ¢ bang bao nhiéu?

= Pién dap s0:
» Cau 42.Trong hé truc Oxyz cho tride (don vi trén truc la mét), cho mot tram thu phat séong 5G

c6 ban kinh vung phu song ctia tram o nguong 600m dwoc dat o vi tri 1(200;450; 60) .
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STy |
N

V)i

Tim gia tri l1on nhat caa m (lam tron dén hang don vi) dé€ mot nguoi dung dién thoai 6
vi tri A(m +100;m +370;0) 6 thé st dung dich vu ctia tram ndi trén.

s Dién dap so6:
» Cau 43.Trong khong gian Oxyz, cho duong thang A: x—32 = y2—1 == ;1

(Q):x+2y—2z+4=0 . Goi mat cau S(I,R) co tdm [ thudc A va tiép xuc voi (P),(Q).

, (P):x+2y—22-2=0,

Khi dé duong kinh ciia mat cau c6 gia tri bang bao nhiéu?

= Dién dap s6:

» Cau 44. Mot qua bong 16 duoc ddt & mot goce ctia can phong hinh hép chit nhat, sao cho qua
bong cham va tiép xtic véi hai birc tuong va nén nha cua can phong do thi cé mét diém
trén qua bong c6 khoang cach lan lwot dén hai birc tuong va nén nha la 17 cm, 18 cm, 21
cm (tham khao hinh minh hoa). Hoi d6 dai duong kinh ctia qua béng bang bao nhiéu cm
biét rang qua béng 18 tiéu chudn c6 duong kinh tir 23 cm dén 24,5 cm? Két qua la tron dén
mot chit s6 thap phan.

8 111
21

= Dién dap s6:

Heét
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y

LY thuyét

1. Vectd phdp tuyén va cdp vecto chi phuong c0a mdt phdng
Er ~ 5 - 2
“:ji;»{* Vectd phdp tuyén cua mdt phang:

~==Cho mjt phang (a).
Vecto 7i # 0 va c6 gia vudng goc voi mit phang (a) goi la vecto phdp tuyén ctia mat
b (o))
v' Nhan xét:
»  Néu 7i 1a mét vecto phap tuyén ctia (a) thi k-7 (k #0) cling la mot vecto phép
tuyén ctia (o).
» MOt mat phfmg hoan toan dwogc xac dinh khi biét mot diém va mét vecto phap
tuyén cua no.
-

=" Cap vectd chi phuong cba mat phdng:

= Cho mit phang (a) .
Néu hai vecto 7 va b khong cing phwong va gid ctia chting song song hodc nam trén mat
phéng(a) thi 4,b 1a c&p vécto chi phuong ctia mét phang (a) .
v Nhan xét:
» Mot mat phafmg hoan toan dwgc xac dinh khi biét mét diém va cap vecto chi
phuong ctia no.
v' Vecto phdp tuyén ciia mit phdng khi biét mot cdp vecto chi phuong :

»  Trong khong gian Oxyz, néu mat phéng (a) nhan hai vecto 4 = (a1 ;a, ;a3) va
b= (b1 ;b, ;b3) .1am cap vecto chi phuwong thi (a) nhan 7 = [ﬁ,ﬂ lam vecto phap

tuyén.

—

n

|
A=/
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o
vecto Zz’:(al;az;a3) va E:(bl;bz;b3).

, [a,z?} :(

» 4 cung phuong véi b [ﬁ,ﬂ =0.

a, 4,

b2 b3

a, 4

b3 bl

a, a,
bl bz

7 7

J: (a2b3 —ab,;a.b,—ab,;ab,—a,b, )

» Neéu 7= [ﬁ,b} thi vecto # vudng goc vdi ca hai vecto 4 va b.
.

» Vecto 711 = [H,BJ = (a2b3 —-ab,;a.b,—ab,;ab, —azbl) dwoc goi la tich c6 huong cta hai

2. Phudng trinh téng qudt cba mat phéng

=
iv:: Phuong trinh téng qudt cia mdt phéng:
“Z-ZTrong khong gian Oxyz, mdi mat phang déu c6 dang phurong trinh:

Ax+By+Cz+D=0 v6i A’ +B*+C? %20, duoc goi la phrrong trinh tong quat ctia mat

phang.
v  Nhan xét:

»  N&umit phing () c6 phuong trinh Ax+By+Cz+D=0 (v6i A’+B*+C*#0)

—

thi vecto 7 = (A ;B;C ) la mot vecto phap tuyén ctia mit phang (a)
»  Cho mit phang («) c6 phuong trinh Ax+By+Cz+D=0 .
Khi d6: N (x,;¥,;2,) € () < Ax,+By, +Cz,+D =0

[

Wi

=i’ Lap phuong trinh t8ng qudt cia mat phdng khi bi€t mét s8 diéu kién:

Y Lap phuweong trinh tong qudt cua mat phang di qua diéin va biét vecto phdp tuyéi:

»  Trong khong gian Oxyz, phuong trinh tdng quét ctia mat phang di qua diém

M, (x,;,;2,) va cd vecto phap tuyén 7i=(A;B;C) la:

A(x—x0)+B(y—yo)+C(z—zo):O
hay Ax+By+Cz+D =0 vdi D=-Ax,—By,-Cz,

v Lip phuwong trinh tong qudt ciia mdt phing di qua diéim va biét cdp vecto chi phwong:

»  D&1ap phuong trinh tdng quéat ctia mat phang (o) di qua diém M, (x,;v,;z,) va

o cap vecto chi phuong 4; b, ta thuc hién nhu sau:

Budc1: Tim mot vecto phap tuyén # = [Zz’;l_f } .

Budc 2: Viét phuong trinh mat phang (a) di qua diém M, (xo Y, ;zo) va co vecto

phép tuyén 7.

» TOAN TU TAM




Chuong 05 :
MAT PHANG - DUGNG THANG - MAT CAU = )
W

-~

“=’_Phuong trinh mat phdng qua 3 diém khéng thang hang:
=&, Lép phwong trinh tong quit ciia mdt phing di qua ba diém khong thing hang:
»  D&1ap phuong trinh tdng quéat ctia mat phang (a) di qua ba diém A, B,C khong
théng hang, ta thiec hién nhu sau:
Budc 1: Tim cap vecto chi phwong AB, AC.
Budc 2: Tim mot vecto phap tuyén 7 = [ZE,E} .
Budc 3: Vit phuong trinh mat phing () di qua diém A (hodc di€ém B hoic
diém C) va cd vecto phap tuyén 7.
v Nhan xét:
»  Mat phang (a) khong di qua gdc toa dd O va Ian luot cat truc Ox tai A(a; 0;0),

cit truc Oy tai B(O;b;O), cit truc Oz tai C(O;O;c) c6 phuong trinh la E+%+E:1.
a c

voi abc#0.

»  Phuong trinh trén duoc goi 1a phuong trinh mat phang theo doan chan.

A=/

3. Diéu kién dé hai mét phdng song song, vudng goéc

] % .« R «n 2 . - 2
v=__Diéu kién dé hai mat phang song song:

~=~="Trong khong gian Oxyz,
cho 2 mt phang (o, ): Ax+By+Cz+D, =0 va (o, ): Ajx+B,y+C,z+ D, =0 cd vecto

phap tuyén Ian luot 1a 7, =(A; B;C,), i, =(A,;B,;C,).
gy 1, = ki
»  Khi do: (al)//(az)Q{Dll ;tk,i)z (keR)

B

i, =kin
» (al)E(az)Q{Dllzkl;z (ke]R)

» (al)m(az) <1, va i, khong cung phuong..
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L=
;2;«' Diéu kién dé hai madt phang vudng gdc:

“Z—~Trong khong gian Oxyz,
cho 2 mit phang (o, ): Ax+By+Cz+D, =0 va (q,): Ajx+By+C,z+ D, =0 cd vecto
phap tuyén Ian luot la 7, = (A; B;;C,), i, = (A,;B,;C,).
»  Khidé: (o) L(a,) e 7,1, =0< AA,+BB,+CC,=0
4. Khoang cdéch t mot diém dén mot mat phéng

B
v=__Dinh nghia

~5=~Trong khong gian Oxyz,
Oxyz, cho diém M, (xo;yo;zo) va mat phang (a) :Ax+ By +Cz+D =0.Khi d6 khoang
cach tir diém M, dén mat phang (a) duoc tinh:

~ ‘Ax0 + By, +Cz, + D‘

d(M,,()) Jiipic

5. Cdc mat phdng ddc biét

L=
=
E v ol
U

2= Céc mit phang dac biét: | |
TINH CHAT MAT PHANG | PHUONGTRINH = HE SO DACBIET

(a) di qua/chtra goc O. (a):Ax+By+Cz=O D=0
(a) song song/chtra Ox . (a):By+Cz+D=O A=0
(a) song song/chtra Oy . (a): Ax+Cz+D=0 B=0
(a) song song/chtta Oz . (a):Ax+By+D=O C=0
(a) song song/trung (Oxy) . (a) :Cz+D=0 A=B=0
(a) song song/trung (Oxz). | (a) :By+D=0 A=C=0
(a) song song/trung (Oyz). (a): Ax+D=0 B=C=0

v' Nhan xét:

»  Mit phang khong chita an nao thi mit phang sé song song/chtta truc d6 hodc mat

phang khdng chita an nao thi mit phang sé song song/chtta mat phang d6.
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G;Cc'lc dang bai tap
—

R~ Dang 1. Xdc dinh vecto phdp tuyén cla mdt phang

S 1
ﬁi.':Phtm’ngphap )

Mot mit phang c6 vo sS vécto phap tuyén va ching cing phiong véi nhau.

» Chang han 7 1a vécto phap tuyén ctia mat phang (a) thi k-1 (k = 0) cling la vécto phap
tuyén ciia mit phang (o).
» N&u mgt phang (P) c6 cap vécto chi phwong la i ;i, thi (P ) c6 vécto phap tuyén la

n:[ul;u2

4 vidya.

Trong khong gian Oxyz, mat phang (a) song song voOi gia ctia hai vecto

a= (1; —2;3), b= (3; 0;5). Tim vecto phap tuyén ctia mat ph:fmg (a) .
= Loi gidi
Goi 71 1a vecto phap tuyén ctia mit phang (a) Taco:7Lldvanlb.

Nén chon 7i = [zi,l}' } = (~10;4;6).

Viduy 1.2.

Trong khong gian Oxyz, cho mat phang (P) :2y+x+3z-1=0. Xac dinh mot vecto
phap tuyén ctia mat phang (P)?

= Loi giai
T (P):2y+x+3z—1=0 néu ldy nhanh hé s§ va = 7i =(2;1;3) la sai do chua &y dung hé
sO trudec x —y — z.
Sap xép dtng nhu sau: (P):2y+x+3z—1:O<:>(P):x+2y+3z—1:O :>ﬁ:(1;2;3).

Vidu 1.3.
Trong khong gian Oxyz, cho A(Z; I —3); B(O; —2;5) va C(1;1;3) . Tim toa dd vecto # ¢o

R

phueong vuong gbc voi hai vecto ﬁ va AC.
= Loi gidi
Taco: AB=(-2-3;8); AC =(~1;0;6) = | AB; AC | = (-18;4;-3).

Vay: 7i = [@,A—Cl =(-18;4;-3).
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R~ Dang 2. PTMP khi biét diém di qua va cdp vecto chi phuong

T i
= Phuwong phap )

» Phuong trinh tong quéat cia mit phing (P) di qua diém M (xo Y, ;zo) va co vécto phap
tuyénla 7= (A; B;C) c6 dang:
A(x—x0)+ B(y—y0)+C(z—zo):0 = Ax+By+Cz+D=0(v6i D=-Ax,-By,-Cz,).
» Né&u mit phing (P) c6 cap vécto chi phuwong la i ;ii, thi (P) co vécto phép tuyeén la

n=|u;u,

 vidy2.1.
Trong khong gian Oxyz, viét phiong trinh tdng quat ctia mat phang (P ) di qua diém
M(2;1;-3) c6 vécto phap tuyén la 7 =(3;-2;6).
= Loi giai
Phuong trinh téng quat ctia mat phang (P ) di qua diém M (2;1; —3) 6 vécto phap tuyén
1a 7 =(3;-2;6) c6 dang: 3(x—2)-2(y—1)+6(z+3)=0 < 3x-2y+62+14=0.

Vidy 2.2.
Trong khong gian Oxyz. Viét phuong trinh tong quat cua mat phéng (P) di qua diém
M(Z;—I;O) va co cap vécto chi phuong la 4 =(2;1;3),5 :(1;1;2)
= Loi giai
Mit phang (P) o cap vécto chi phuong la 4 = (2;1; 3),5 = (1;1; 2) nén cd vecto phap tuyén
la ji=| 5 |=(-1;-1;1).
Phuong trinh tong quat cia mat phang (P ) di qua diém M (2 ;—1;0) c6 vécto phap tuyén
1a 7 =(-1;-1;1) 6 dang:—1(x—2)-1(y+1)+1(z-0)=0 & —x -y +z+1=0.
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R~ Dang 3. PTMP qua ba diém khéng thdng hang

— *4;5 Phuwong phap ) N

» Phuong trinh mat phang (P) di qua A;B;C khong thang hang.
Buwoc 1: Tim cdp vecto chi phwong E,R .
Budc 2: Tim mot vecto phap tuyén 7i = [@,E} :
Budc 3: Viét phrong trinh mat phang (a) di qua diém A (hodc diém B hodc diém C)

va ¢ vecto phap tuyén 7.

» Phuong trinh mit phang (P) la phwong trinh mat chén, titc mit phing (P) di qua

A(a;O;O);B(O;b;O);C(O;O;c) co dang;: (P):£+%+E=1
a c

7

Trong khong gian Oxyz, viét phuong trinh mat phang ( ABC)

d Vidy 3.1.

(1) Vé6iba diém A(-1;0;3), B(2;-1;1), C(1;-1;0).
(2) Vé6iba diém A(1;0;2),B(-2;3;1),C(3;2;1).
= Loi giai
(1) Véiba diém A(-1;0;3), B(2;-1;1), C(1;-1;0).
Tac6 AB=(3;-1;-2); AC =(2;-1;-3)
Mit phing (ABC) c6 vec to phép tuyén n= [TC,EB} =(-L-51) .
Phuong trinh mat phang (ABC) la —(x+1)-5y+z-3=0< —x-5y+z-4=0
(2) Vé6iba diém A(1;0;2),B(-2;3;1),C(3;2;1).
Tacé: AB=(-3;3;-1),AC =(2;2;-1).
Mit phéng (P) c6 mot vécto phép tuyén 1a 7i = [E,A_c’} = (~1;,-5;-12).

Phuong trinh mat phang (ABC) la —x—5y-12z+25=0< x+5y+122-25=0
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Viduy 3.2.

Trong khong gian Oxyz, viét phuong trinh mit phang (AB C )
(1) Vé6i ba di€ém M (2;0;0), N (0;-1;0), P(0;0;2).
(2) V6i ba diém M (0;-2;0),N(3;0;0),P(0;0;-3).

= Loi giai

;0),N(3;0;0),P(0;0;-3).
2 : Y, 2z _
Ta c6: M(0;-2;0),N(3;0;0),P(0;0;-3) = (MNP): -+ +=l
Y Y e 2x-3y-22-6=0
3.2 3
Vidy 3.3.

Trong khdng gian Oxyz, viét phuong trinh mit phang (P) chira diém M(1;3;-2), cat

OA OB OC
2 4

cac tia Ox, Oy, Oz lanluwgttai A, B, C sao cho

= Loi giai
Phwong trinh mat chin cit tia Ox tai A(a ;0 ;0) , cit tia Oy tai B(O ;b ;O), cit tia Oz tai

C(0;0;¢) co dangla (P): ~+1+7 =1 (véi a>0, b>0,c>0),

a c
« OA OB OC a b c azg
Theo dé: = = S—=—=—= 2.
1 2 4 1 2 4
=2b
Vi M( )namtrenmatphang( )nentaco l+3+—2—1<:>i—1<:>b 4.
b b 2b b

2
Khi d6 a=2, c=8.

y

Vay phuong trinh mat phang (P) la: §+Z+§:1 < 4x+2y+z-8=0.
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L

R~ Dang 4. PTMP trung truc cUa doan thang

— *;‘5 Phuwong phap )

»

Trong khong gian Oxyz, viét phuong trinh mat phang (a) trung tryc doan thang AB
Budc 1:  Vécto phap tuyén ciia mit (a) la: 7= AB.
Budc 2: Tim toa do trung diém I cua doan AB.

Budc 3: Viét phuong trinh mat phang (a) di qua diém I va c6 vecto phap tuyén 7 = AB.

» TOAN TU TAM

4 Vvidyaa

Trong khong gian Oxyz, cho hai diém A(4;0;1) va B(-2;2;3). Viét phwong trinh mit
phang trung truc ctia doan thang AB
= Loi giai
Mit phang trung truc ctia doan thang AB cd vécto phap tuyén la AB = (—6,' 2; 2) va di
qua trung diém I(1;1; 2) ctia doan thang AB.
Do do, ta cc'):—6(x—1)+2(y—l)+2(z—2) =0 -6x+2y+2z=03x-y—-2z=0.

Viduy 4.2.
Trong khong gian Oxyz, cho hai diém A(—3; 2;1) va B(5;—4;1). Goi M la hinh chiéu
vuong goc cua A trén (Oxy), va N la diém d6i xing véi B qua (Oyz). Viét phuong
trinh mat phang trung truec (P) ctia doan thang MN.
= Loi giai
M 1a hinh chiéu cua A(—3; 2;1) trén truc (Oxy) nén ta co M(—3; 2;0).
N 1a d6i xting vé6i B(S;—4;1) qua (Oyz) nén ta co N(—S; —4,'1).

Goi I la trung diém MN . Ta cé I[—4;—1;%j.

Phuong trinh mat phang 2(x+4)+2(y+1)—1[z—%j=0 S 4x+4y-2z+21=0.
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Viduy 4.2.

Trong khong gian Oxyz, cho hinh vuéng ABCD biét A(l; 2;1),B(3; 0;0),
C(l;—l;—2),D(—1;l;—l). Gia s I(a;b;c) la tAm duong tron ngoai tiép hinh vudng
ABCD va G la trong tam AABC . Viét phuwong trinh mat phang trung triec ctia GI .

= Loi giai
Vi ABCD 1a hinh vuéng nén tam duwong tron ngoai tiép hinh vuéng ABCD 1a giao diém

cta hai duong chéo AC va BD . Khi do I( % —%j

Vi G la trong tam tam gidc ABC nén G(E % _?IJ

Goi M la trung diém ctia doan thang GI nén M(§ % —%)

Phuong trinh mét phang trung truc doan thang GI :

—4(x—ij (y—iJ—[z+iJ 0= 8x—2y+2z-9=0.
3 12 12

Trong khong gian Oxyz, cho hinh hép ABCD.A'B'C'D’, biét rang A (—3 ;0; O) , B (0; 2; 0)

Vidy 4.4.

, D(O; 0;1), A’(l; 2;3) . Viét phuong trinh mat phéng trung triec caa C'D.
= Loi giai
AV

i

Goi C'(x;y;z). Ta co 2§=(3;2;0); XIS:(S,'O;I); @=(4;2,‘3).

x=10+3
Ma AC = AB+AD+AA = AC' =(10;4;4) = 1y =4-0 =C'(13;4;4).
z=4-0

13 .5
i qua I( ;2; —)
Khi d6 mat phang trung truc ctia C'D: 22
;:C—’lj =(13;4;3)

c6 phuong trinh la 13(x—%j+4(y—2)+3(z—§j:0 < 13x+4y+3z-100=0.
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R~ Dang 5. PTMP 1 diém kém diéu kién song song véi mat phang khac

— 3}? Phuong phap ) 2

» Trong khong gian Oxyz, viét phueong trinh mat phang (a)

Loai Phwong phap
(1)Qua M(x,;y,;z,) vasong song ¥ Cach 1:
(8): Ax+By+Cz+D=0. > Vécto phap tuyén (a) la: 7, =7, =(A;B;C).

g

» Mt phing (o) qua diém M.
¥ Cdch 2:

/g,r————ﬂ——-----"f > Do (a)//(ﬂ): (a):Ax+By+Cz+D'=0 (D¢ D')

» Thay diém M vao (a)=D'=?= (a).

(2) Song song (P): Ax+By+Cz+D=0 va

» Vi (a)//(P)= (a): Ax+By+Cz+D'=0 (D =D').
céch (P) mot khf)éng LE (e » Vi (a) cach (P) mot khoang bang k
nﬂ? =
yér = ({0} (7)) = e a(v1(P) =
D = = ‘D_D, =k=D'=?
/ iy ‘ » C6 D'= phuong trinh mt (P) hoan chinh.
. J
‘fvidysa.

Trong khong gian Oxyz, mit phing qua diém A(-1;1;2) va song song v6i mat phang
(a) :2x—2y+z—-1=0 cbé phuwong trinh 1a?

Co (P) song song (a):Zx—2y+z—1=0 nén (P):2x—2y+z+m=0, voi m#—1.

Do (P) di qua diém A(—l,'l;z) nén -2-2+2+m=0< m=2 (nhan)

Vay mit phing can tim la (P):2x-2y+z+2=0.

4 Vidy5.2.

Trong khong gian Oxyz, cho mat phang (Q):x+2y+2z—3 =0 va mat phang (P)
khong qua O, song song mat phang (Q) va d((P) ;(Q)) = 1. Phuong trinh mit phang
(P) 1a?

-----

Goi phuong trinh mat phang (P) codang x+2y+2z+d=0 V&i d#0;d=-3.
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|d+3] d=0

C6 d((P);(Q)):N:»m_ =l

Két hop diéu kién = (P)c6 dang: x+2y+2z-6=0.

fv A% 1

Trong khong gian Oxyz, cho mat phang (P) di qua giao tuyén cta hai mat phang
(al):3x—y+z—2=0, (az):x+4y—5=0 dong thoi song song véi mat phang
():2x+21y—z+7=0. Viét phuong trinh ctia mat phang (P).
(P)//(0,)=(P):2x+2ly—z+m=0(m=-7)
(al):3x—y+z—2=0
(a,):x+4y-5=0
3x-y-2=0
x+4y-5=0

Goi d 1a giao tuyén cua (al);(az) d :{

Cho —£% —>N(1;1,-O)

" 3x+z-2=0
x—5=0

:>M(5;O,-—13) va —°>{

Me(P)=2.5+21.0—(-13)+m=0=>m=-23
Ne(P)=21+21.1-0+m=0=>m=-23
Vay 2x+21y—-z-23=0.

& fvidysa

Trong khong gian Oxyz, cho mat phang (P ) :2x -2y +z-5=0. Viét phuong trinh mat
phang (Q) song song v6i mat phang (P), cach (P) mot khoang bang 3 va cat truc Ox

tai di€ém c6 hoanh d¢ duong.

= Loi giai
(Q)//(P)nénmét phéng (Q):2x—2y+z+C:0; C #-5, chon M(O;O,’S)E(P)
5+C C=4
tacs a(P)()) d((0)) -3 [ 74
\/22+(—2) +1° ="

»V6i C=4=(Q):2x-2y+z+4=0 khi d6 (Q) cdt Ox tai di€m M, (-2;0;0)c6 hoanh
do am nén treong hop nay (Q) khong thoa dé bai.

»V6i C=-14=(Q):2x -2y +z-14=0 khi d6 (Q)cdt Ox tai diém M, (7;0;0)c6 hoanh
d6 dwong do d6 (Q):2x—2y+z-14=0 thoa dé bai.
Vay phuong trinh mat phang (Q) 12x-2y+z-14=0.
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R~ Dang 6. PTMP 1 diém kém diéu kién vuéng géc véi mat phang khac

— 3}? Phuwong phap )

N
» Trong khong gian Oxyz, viét phuwong trinh mat phang (a)
Loai Phuwong phap
Qua M(x,;¥,;z,) va L 2 mat > Tim cap vécto ﬁ(P) va ﬁ(Q).
(P): Ax+By+Cz+D =0, > Vécto phép tuyén (a) la: 7i = [ﬁ(Q);ﬁ(PJ.
:A'x+By+C'z+D'=0. . ,
(Q) ¥riy e > Mat phang (a) qua diém M(xo;yo;zo).
o Hodc bai todn sé gap:
“Qua M (xo Yo ;zo) va vudng goc voi giao tuyén ctia
(P):Ax+By+Cz+D =0; (Q):A'x+B'y+C'z+D’:0”
<. V
Loai Phwong phap
Qua diém A;B va vudng gdc > Tim cip vécto AB va 7i = [Eéﬁ( )]
(6): Ax+By+Cz+D=0. .
>>Véd0pha3uwﬁn(a)b;ﬁz[ABﬁ%J.
J q .
Mo » Mt phang () qua diém A.
/447 _______
\B
0]
\_ J

4 vidyea.
Trong khong gian Oxyz, cho hai mat phang (a) :3x-2y+2z+7=0,
(8):5x—4y+3z+1=0. Phuong trinh mat phang di qua gc toa d6 O dong thoi vudng
goc voi ca(a) va (B) 1a?
= Loi giai
Véc to phap tuyén ctia hai mat phang Ian luot 1a i, = ( 2;2),1, = (5 —4;3).
Khi d6 vecto phap tuyén mit phang can tim la 7i = [ﬁa ;i ]
Phuong trinh mat phang di qua gdc toa d6 O, VIPT 7i = (2 ) 2x +y-2z=0.
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Viduy 6.2.

Trong khong gian Oxyz, cho hai diém A(2;4;1),B(—1;1;3) va mit phang
(P):x—3y+2z—5=0. Lap phuong trinh mat phang (Q) di qua hai diém A,B va
vudng goéc voi mat phang (P) .

= Loi giai
Ta co: E = (—3;—3;2), vecto phép tuyén ctia mp(P) la nﬁp’ = (1;—3;2) .
Tt gia thiét suy ra n= [E,n—l,} = (0;8;12) la vecto phap tuyén cta mp (Q) .
Phuong trinh (Q) di qua A(2;4;1) 1a: 0(x—2)+8(y—4)+12(z—1)=0< 2y+3z-11=0.

4 vidy6.3.

Trong khong gian Oxyz, mét phéng (P) di qua hai diém A(O;I;O) , B(2;3 ;l) va vuong
gbc v6i mit phang (Q) X+2y—z=0 c6 phuong trinh la?
= Loi giai

Tacé AB= (2;2;1), vecto phap tuyén mit phang (Q): @ = (1;2;—1).

Theo dé bai ta c6 vecto phap tuyén mit phang (P): n, = % AAB = (4;-3;-2).
Phuong trinh mat phang (P) c6 dang 4x-3y—-2z+C=0.

Mit phang (P) di qua A(O;I;O) nén: -3+C=0&C=3.

Vay phuong trinh mét phang (P) la 4x-3y—-2z+3=0.
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R~ Dang 7. Khodng cdch tU mét diém dén mot mat phang

s i
&5 Phuwong phap )
» Tinh khoang céch tir di€ém M, (x,;¥,;z,) dén mit phang (P): Ax+By+Cz+D =0 nhu sau

Bu6c1: Tim M, (x,;Y,;z,) ; viét phuong trinh mit phang (P): Ax+By+Cz+D=0.
Buwéc 2: Tinh khoang cach tir diém M, dén mit phing (P): Ax+By+Cz+D =0 theo cong

, ‘Ax + By, +Cz +D‘
thire d(M,,(P))= f/ﬁuéz
Luu y: d(MO,(Oxy))= (zo)2 d(MO,Ox)= (y0)2+(zo)2

{ Vidy 7..
Cho hinh 1ap phwong ABCD.EFGH canh 1. Diém M dwgc cho thdéa man hé thic
AM + AE=3CD . Tinh khoang céch tir diém M dén mat phang (EBD) .

= Loi gidi

o

Tacd A(0;0;0), AE=(0;0;1), CD=(~1;0;0).
bat M(a;b;c),suyra m:(a;b;c).
- a+0=-3 a=-3
bé cho AM + AE=3CD, taduoc {b+0=0 ={b=0 .Suyra M(-3;0;-1).
c+1=0 c=-1
Mit phang (EBD),phuong trinh theo doan chanla x+y+z-1=0.
Khoang cach tir diém M dén mit phang (EBD) bang
_|Ax+By+Cz+D| |-3+0-1-1] 53
Jaipic i 30

5\3

Vay khoang cach bang =

d(M;(EBD))
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Viduy 7.2.
Cho hinh lang tru tam giac déu ABC.DEF, AB=6,
AD=2.Goi M, N, P lan lugt la trung diém DE, DF,

BC . Lap hé truc toa d¢ Oxyz nhu hinh bén. Goi diém S “

théa man hé thirc SA+2SB+SC =0. Tinh khoang cach tte
diém S dén mit phang (MNP).

= Loi gidi

Taco P(0;0;0), A(33;0;0), B(0;3;0), C(0;-3;0), E(0;3;2), F(0;-3;2),

Suy ra M£3\/— 3 2}, N[i — 2]

2 2 2
Taco | PM,PN |- [6 0; 9I] = 7i=(4;0,-3V3).
Phuong trinh mat phang (MNP) 1a 4x—33z=0.

33

Goi I, ] lan luot 1a trung diém canh AC, IB = (— i ;0

Tacd SA+25B+SC =025 +2SB=045]=0<S=].

Dds[i3]
4

4

I

D

Vay khoang cach tir diém S dén mit phing (MNP) bing d =33

» TOAN TU TAM
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R~ Dang 8. Vi tri tuong déi hai mé&t phdng

— \{ 1
’;‘ith)’ng phap )

Xét diém mit phang (P): Ax+By+Cz+D =0 c6 vecto phap tuyén 7,, véi:

> Mat phang (Q): A'x+By+C'z+D'=0 c6 vecto phap tuyén 7,

Ta c6 cac vi tri twong doi sau:

Mt phing (P)
% g g Mit (P) cidt mit (Q)
g ) | SRS P s (@
% g g_g Mit (P) tring mit (Q)
AA+BB+CC' =0 Mit (P) vudng goc mit (Q)

\{‘ w Vi du 8.1.

Cho ba mit phang (Pl):Zx—y—22+1=0, (Pz):4x—2y—4z+4=0, (P3):x+4y—z+1=0
. Chttng minh (Pl)//(Pz) va (R)J_(P3).

\@L(‘)‘igidi
VTPT ctia ba mt phang la 7, =(2;-1;-2), 7, =(4;-2;-4), i, =(1;4;-1).
S
n=—-n,
Vi 2 nén (Pl)//(Pz)
1
1#—-4

< fvidysa

Trong khong gian Oxyz, cho hai mit phang (()z):mzx—y+(m2 —2)z+2:0 va
(ﬁ) :2x+m’y —2z+1=0. Hai mat phang (a) va (ﬂ) vuong goc voi nhau khi nao?

.....

» TOAN TU TAM m



Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

i dy 8.3.

Trong khong gian Oxyz, cho hai mat phang (P):2x—3y+52—1:0 va

(Q):4x+(m—3)y+(m2 +l)z—7=0 (m la tham s8). Tim m d€ hai mit phang song

song.
= Loi giai
m-3
4 m-3 m+1 -7 3 =2 m=—
P PN Ll - o > me_
(PI(Q) 3= Tl 3
S

& fvidyss.

Trong khong gian Oxyz cho A(2;O;O),B(O;4;O),C(O;0;6),D(2;4;6). Goi (P) la mat
phang song song véi mp(ABC ), (P) .cach déu D va mit phang (ABC ) . Phuong trinh
cua (P) la?

(ABC):2+¥ 421 6x+3y+22-12=0.
24 6

(P)//(ABC)=>(P):6x+3y+2z+m=0 (m=-12).

(P) cach déu D va mit phang (ABC):d(D,(P)):d(A,(P))
6.2+3.4+2.64+m [6.2+3.0+2.0+m| 36+m=12+m

= =

N N <:>‘36+m‘=‘12+m‘@[36+m:_12_m

< m=-24 (nhan).

Vay phuong trinh cua (P) la 6x+3y+2z-24=0.
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R~ Dang 9. Ung dung tich cé hudng

— f:'é Phuwong phap )

(1) B6n diém A, B,C, D tao thanh tc dién: .........eeerooce.... [E,A_c’] AD #0.
< A,B,C,D khong dong phang
(2) DN Heh AABC : oo seeseesrssessess e S i = %‘[@,A_c] .
1 s, [7]
=Duong cao AABC: S,,,. =—AH.BC = AH =—< ==
2 C ‘BC
(3) Dién tich hinh binh hanh ABCD: .......oovooocoeecccersre S scp =2 e = ‘[Eé, A_C] .
(4) The tich tt dien ABCD : woovoooceeeeeeoeeeseeeeee e V= é’[@,A_c’}.E" .

= Duwong cao chép ABCD:
‘[E,A_'c]ﬁ‘

S wsco \[ﬁiﬁ}\

VABCD = %d(A’(BCD))'SABCD = d(A,(BCD)) = 3VABCD _

P Bai todn tinh dién tich tam gidc:
Trong khong gian Oxyz, cho A(...), B(),C() . Tinh dién tich tam giac ABC
Hudng gidi quyét
Buwoc1: Tim toa d0 cac vecto E,E = [E,A—CJ

Budc2: Stedung S,,;- =

%[@,A—C] dé tinh dién tich AABC
Néu bai toan yéu ciu tinh dwong cao trong tam gidc:

Budc3: Stedung S

AOAB —

2 0 T
%AH OB= AH = % dé tinh d¢ dai dwong cao AH .
P Bai todn tinh thé tich tJ dién:
Trong khong gian Oxyz, cho A(...), B(...),C(...), D() Tinh thé tich t& dién ABCD
Huéng gidi quyét

—_— s —

Buc1: Tim toa do cic vecto AB, AC, AD = [E’,E} AD.
Buoc2: Sadung V = %‘[@,A_c}@‘ d@ tinh the tich t dién ABCD.
Néu bai todn yéu cau tinh khodang cdch ha tir dinh:

Buoc3: Stedung V 1

ABCD — g

=d(A,(BCD))= Vasco. 46 tinh do dai

ABCD

d(A,(BCD)).S

"~ ABCD

khoang cach
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{vidyoa.
Trong khong gian Oxyz, cho hai diém A(1;2;—1), B(O;— 2;3) .
(1) Tinh dién tich tam gidc OAB véi O la gdc tao do.
(2) Tinh d6 dai duwong cao AH ha tlr dinh A ctia tam gidc OAB.
= Loi giai
(1) Tinh dién tich tam gidc OAB véi O 1a gbc tao do.
0A=(1;2;-1)

Tacod: 1, = [52,5@} = (4,' -3; —2)
OB =(0;-2;3)

~S :%‘[O—’A,CTBJ‘ - %\/42 +(=3) +(-2) = V29,

2
(2) Tinh d6 dai duong cao AH ha tir dinh A cua tam gidc OAB.

Mt khéc ta co: OB = 1/02 +32 V13 va Sionp = AH OB

:>AH— AOAB — \/7 V37 .
\/_

4 vidy9.2.
Trong khong gian Oxyz, cho bon diém A(l;—2;0), B(2; 0;3),C(—2; 1;3) va D(O; 1;1).

(1) Tinh thé tich khdi tt dién ABCD.
(2) Tinh d6 dai dwong cao DH cua tt dién ABCD.
= Loi giai
(1) Tinh thé tich khdi t dién ABCD..
Tacé: AB=(1;2;3); AC=(-3;3;3); AD=(-1;3;1).
[AB ACJ (-3;-12;9)= [AB,A—C'J.E=(—3).(—1)+(—12).3+9.1=—24

Vv

ABCD

:%\[E,A—cf}@

_1 ‘_24‘ =
6
(2) Tinh d6 dai duong cao DH cua t dién ABCD.

[E’,Hf] ~3v26

‘[AB,AC]AD T

]

Taco | AB,AC |=(-3-129)=

d(D;(ABC))=DH =

» TOAN TU TAM
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. Vidy 9.3.
Trong khong gian Oxyz, cho t& dién ABCD biét A(3;—2;m),B(2;0;0), C(0;4;0),
D(0;0;3). Tim gi4 trj duong ctia tham s8 m d€ thé tich t dién bang 8.
= Loi giai
Ta c6: DA=(3;-2;m-3), DB=(2;0;-3), DC=(0;4;-3).

T | etk =y DT m=—6
The tich tit dién: V :g‘[DB, DCJ.DA‘©8=6‘24+8(m—3)‘<:>[

m=6

Vi m dwong nén m = 6.

» TOAN TU TAM
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Y,

Luyén tap

A. Cdu héi - Trd 10i trdc nghiém

» Cau 1.

» Cau 2.

» Cau 3.

» TOAN TU TAM

Cho hinh lap phuong ABCD.A'B'C'D’. Vecto nao la vecto phép tuyén ctia mit phang
(ABCD)?

A. AC. B. AC'. C. AA'. D. AD'.
= Loi giai
Chon C
.
1 'DI
. )
B - C

Duwa vao hinh vé thi AA' 1a vecto phép tuyén cua (ABCD) .

Cho hinh 1ap phuong ABCD.A'B'C'D’. Vecto nao la vecto phép tuyén ctia mit phang
(ADD'A")?

A. CC'. B. AD. C. BC'. D. AB.
= Loi giai
Chon D
A’ D
. )
B - C

Dua vao hinh v& thi AB 1a vecto chi phuong cua (ABCD).

Trong khong gian Oxyz, cho ba diém A(3;0;0), B(0;4;0),C(0;0;5). Toa do nao sau day
14 toa dO vecto chi phuong cia mat phang (ABC)?

A. (3:45). B. (0;4;5). C. (-3;4,0). D. (-3;0;-5).

= Loi giai
Chon C
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» Cau 4.

» Cau 5.

» Cau 6.

» Cau 7.

» Cau 8.

» TOAN TU TAM

Ta c6: AB= (—3,' 4;0) la vecto chi phuong cuia (ABC).
Trong khong gian Oxyz, cho ba diém A(3; 2;1),B(—1; 4;1),C(3;—2;5). Toa do nao sau

day la toa d6 vecto phap tuyén ctia cia mit phang (ABC ) ?

A. (1,2;2). B. (8;-16;16). C. (-1;,2;-2). D. (1;4;4).
= Loi gidi

Chon D

Ta co:

AB=(-4;2;0)

= =i, ye) =| AB;AC |=(816;16).
AC =(0;-4;4)

ABC)
Trong khong gian Oxyz, cho mat phang (P) c6 phueong trinh —2x+2y-z-3=0. Mat
phang (P ) 6 vecto phép tuyén la
A. (4-42). B. (-2;2;-3). C. (-442). D. (0;0;,-3).
= Loi giai
Chon D
Duya vao mit phang (P ) , ta duoc vecto phap tuyén la (—2; 2; —1). Chon dap an A vind

cung phuong véi (—2; 2; —l).

Trong khong gian Oxyz, cho mit phang (P) cé phrong trinh %+%+§—l =0.Mat

phang (P) c6 vecto phép tuyén 1a?

A. (4:6;2). B. (2;3;1). C. (3;2;6). D. (3;2;1).
= Loi giai

Chon C

Duwa vao mat phéng (P ) , ta duogc vecto phap tuyén la (% ,% ,%} Chon déap an C vind

cung phuong véi (% ;é ,lj
Trong khong gian Oxyz, cho mit phang (a) :2x—3z+1=0. Vecto phép tuyén ctia mat
phang (a) la:
A. i, =(2;0;-3). B. 7, =(2;-3;1). C. 7, =(-2;0;-3). D.ii,=(-2;3;-1).
= Loi giai
Chon A
Do mit phing (a) :2x—3z+1=0 nén vecto phap tuyén cua (a) la: 11, = (2; 0; —3)
Trong khong gian Oxyz, mét phang (P) :x+y+z-3=0 di qua diém nao dudi day:
A. M(-L;-1;-1). B. N(L1;1). C. P(-3;0;0). D. Q(0;0;-3).
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» Cau 9.

= Loi giai
Chon B
Th& M(-1;-1;-1) vao mat phang (P):x+y+z-3=0 ta dugc —1+(-1)+(-1)-3=0

< —6=0 (khong thoa). Do do (P) khong di qua M(—l;—l;—l).

The N(l;l;l) vao mat phang (P):x+y+z—3:0 taduwoc 1+1+1-3=0 < 0=0 (thoda).
Do d6 (P) di qua N(l;l;l).

Thé P(—3;O;O) vao métphéng (P):x+y+z—3:0 ta duwoc -3+0+0-3=0 < -6=0
(khong thoa). Do do (P) khong di qua P(—3; 0;0).

Th& Q(0;0;-3) vao mit phing (P):x+y+z-3=0 tadwoc 0+0+(-3)-3=0 <-6=0
(khong thoa). Do d6 (P) di qua Q(0;0;-3).

Trong khong gian Oxyz, mét phang (P ) : %+%+§ =1 khong di qua diém nao dudi day:
A. P(0;2;0). B. Q(0;0;3). C. M(1;2;3). D. N(1,0;0).

= Loi gidi
Chon C

X (0:9-0) via mEt ohi X Y.z 0,2,0_ ~1 (the
Thé P(O,2,0) vao mat phang (P) | + 5 + 3 1 ta dwoc 1+2+3 1 < 1=1 (thoa). Do
d6 (P) diqua P(0;2;0).

Thé'Q(O;O;3) vao mat phang (P):%+—+§:1 ta duoc %+g+§:l < 1=1 (théa). Do

N =

do6 (P) diqua Q(0;0;3).

Thé M(l;2;3) vao mat phang (p);f+l+521 ta duogc l+%+§=1 <3 =1 (khong
1 2 3 1 2 3

thoa). Do do (P) khong di qua M 1;2;3).

Thé N(l;O,‘O) vao mat phang (p);£+l+£:1 ta duogc l+9+9=1 < 1=1 (théa). Do
1 2 3 1 2 3

d6 (P) diqua N(1;0;0).

» Cau 10.Trong khong gian Oxyz, mat phang nao sau day di qua gdc toa do?

» TOAN TU TAM

A. x+20=0. B. x-2024=0. C. y+2025=0. D. 2x+5y-8z=0.

= Loi gidi
Chon D
Thé O(O; 0; 0) vao mat phang x+20=0 ta duoc 0+20=0 (khong thoa). Do dé mit
phang x+20 =0 khong di qua gbc toa do.
Thé& 0(0;0;0) vao mit phang x—2024 =0 ta dugc 0-2024 =0 (khong thoa). Do d6 mit
phang x —2024 =0 khong di qua gdc toa do.
The& 0(0;0;0) vao mit phing y+2025=0 ta duoc 0+2025=0 (khong thoa). Do d6 mat
phang y+2025=0 khong di qua goc toa do.
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» Cau 11.

» Cau 12.

» Cau 13.

» TOAN TU TAM

Thé O(O; 0; 0) vao mat phang 2x+5y -8z =0 ta dwgc 0+0+0=0 (thda). Do d6 mat
phang 2x+5y -8z =0 di qua gdc toa do.
Trong khong gian Oxyz, mét phang (Oxy) di qua diém nao sau day:
A. M(1;2;0). B. N(3;2;-1). C. P(1;0;-3). D. Q(0;2;-5).
= Loi giai
Chon A
M3t phang (Oxy) c6 phuong trinh z=0.

Thé M (1; 2;0) vao mat phang (Oxy) ta dugc 0=0 (thoa). Do d6 méit phang (Oxy) di
qua M(l; 2;0).

Thé N (3 ;2; —1) vao mat phang (Oxy) ta duwoc —1=0 (khong thoa). Do d6 mat phang
(Oxy) khong di qua N(3; 2;—1).

Thé P(l; 0; —3) vao mit phang (Oxy) ta deoc -3 =0 (khong thoa). Do d6 mit phang
(Oxy) khong di qua P(I;O;—3).

Thé Q(O; 2;-5 ) vao mat phang (Oxy) ta duoc -5 =0 (khong thoa). Do d6 mat phang
(Oxy) khong di qua Q(O;2;—5).

Trong khong gian Oxyz, phuong trinh mét phang (a) di qua diém A (2; -1; 3) va co

vecto phap tuyén n= (2; 3;—1) la:

A. (@):2x+3y-z-2=0. B. (a):2x+3y-z+2=0.

C. (a):2x-y+3z-2=0. D. (a):2x-y+3z+2=0.
= Loi giai

Chon B

Phuong trinh mat phang (a) co dang A(x—x0)+B(y—y0)+C(z—zo):0.
Do d6 2(x-2)+3(y+1)-1(z-3)=0 < 2x+3y-z+2=0
Trong khong gian Oxyz, cho mat phang (P) :2x+y —2z+4 =0. Mat phang nao sau day

vuodng goc voi (P) ?

A. 2x+y-2z+5=0. B. x+2y+2z-5=0.

C. x+3y-z+1=0. D. x+y+z-6=0.
= Loi gidi

Chon B

Mt phing (P):2x+y—2z+4=0 c6 VIPT 7i=(2;1;-2)
Mat phang 2x+y—-2z+5=0 c6 VIPT #, =(2;1;-2)

Ta c6 7, =7i nén hai mat phang khong vudng gdc.
Mt phang x+2y+2z-5=0 o6 VIPT 7, =(1;2;2)

Ta co 7,.n1 =0 nén hai mat phang vuong goc.
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Mat phang x+3y-z+1=0 ¢6 VIPT 7, =(1;3;-1)
Ta c6 7i,.i =7 # 0 nén hai mgt phang khong vudng goc.
Mit phing x+y+z-6=0 c6 VIPT 7, =(1;1;1)

Ta c6 7i,. 7t =1# 0 nén hai mit phang khong vudng géc.

» Cau 14.Trong khong gian Oxyz, khoang cach ttr M(l; 2; —3) dén (P) tx+2y+2z-10=0 1a

A. 3. B.2. c 2 Q.E.
3 3 3
= Loi giai
Chon D
\1+4—6—10\ 11

d(M,(P)) a3

Trong khong gian Oxyz, vecto nao sau day khong phai la vecto phap tuyén cua mat

phing (P):x+3y—5z+2=0.

A.ii=(-1-3;5). B. ii=(2; 6; -10).

C. ii=(-2;-6;,-10). D. 7i=(-3;-9;15).
Loi giai

Chon C

Vecto phap tuyén ctia mit phang ﬁ(P) = (1; 3; —5) .

Vi vecto 7= (—2 ;—6; — 10) khong cuing phuong véi fi( ») nén khong phai la vecto phap

tuyén ctia mat phang (P).

Trong khong gian Oxyz, vécto nao sau day la mot vécto phap tuyén ctia (P ), biét

a= (—l; -2; —2), b= (—l; 0;—1) la cap vécto chi phuong ctia (P)?

A.ii=(212). B.ii=(2-1,-2). C.i=(21-2). D. 7i=(-21;-2) .
= Loi giai

Chon C

Ta co [ﬁ;ﬂ = (2,' L; —2), nén vécto 7= (2; L; —2) la mot vécto phép tuyén ctaa (P).

» Cau 17.Trong khong gian Oxyz, phuong trinh mit phang di qua A (l;—l; 2) va co vécto phap

» TOAN TU TAM

tuyén 7 = (4; 2; —6) la

A, 4x+2y—-6z+5=0. . B. 2x+y-3z+5=0.

C.2x+y—-3z+2=0. D. 2x+y-3z-5=0.
= Loi giai

Chon B

o * Qua A(L;-1;2)
ac (P, VIPT i, = (4,2 -6)

= (P):4(x-1)+2(y+1)-6(z-2)=0<(P):2x+y—3z+5=0.
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» Cau 18.

» Cau 19.

» Cau 20.

» Cau 21.

» TOAN TU TAM

Trong khong gian Oxyz, cho A(O; 1,'1) ;B(l; 2;3). Viét phuong trinh méit phang (P) di
qua A va vudng goc véi duong thang AB.
A. (P):x+y+2z-3=0. B. (P):x+y+2z-6=0
C. (P):x+3y+4z-7=0. D. (P):x+3y+4z-26=0.
= Loi giai
Chon A
* Qua A(0;1;1)

Taco (P): —
act (P) « VIPT:ii, = AB=(1;1;2)

(P)

= (P):1(x—0)+1(y—-1)+2(z—1)=0<(P):x+y+2z-3=0.

Trong khong gian Oxyz, cho hai diém A(2;4;1), B(—1;1;3) va mat phéng

(P) :x -3y +2z—-5=0. Lap phwong trinh mit phing (Q) di qua hai diém A, B va vudng

goc v6i mat phang (P).

A. 2y+3z-11=0. B. 2x-3y-11=0. C.x-3y+2z-5=0. D. 3y+2z-11=0.
= Loi giai

Chon A

Ta co: AB= (—3;—3;2), vecto phép tuyén ctia mp(P) la nﬁp’ = (1;—3;2) .

Tt gia thiét suy ra n= [ﬂ}',n_l,l = (O; 8;12) la vecto phap tuyén cta mp (Q) .

Mp (Q) di qua diém A(2;4; 1) suy ra phuwong trinh tong quat ctia mp (Q) la:

0(x—2)+8(y—4)+12(z—1)=0<> 2y +3z—-11=0.

Cho hai mit phang (a):3x—2y+2z+7=0,(3):5x—4y+3z+1=0. Phuong trinh mét

phang di qua gdc toa d6 O dong thoi vudng goc véi ca (o) va () la:

A. 2x-y-2z=0. B. 2x+y—-2z=0. C.2x-y+2z=0. D. 2x+y-2z+1=0.
= Loi giai

Chon B

Véc to phép tuyén ctia hai mat phang lan luot 1a a = (3,' -2; 2), n, = (5; —4; 3).

=|nm, |=(21-2)

Phuong trinh mat phang di qua gdc toa d6 O ,VTPT 7i = (2; L —2): 2x+y—2z=0.

—

Trong khong gian Oxyz, cho ba diém A(3; -2; —2), B(3; 2;0), C(O; 2,'1). Phuong trinh mat
phang (ABC) la

A. 2x-3y+6z+12=0. B. 2x+3y—-6z-12=0.

C. 2x-3y+6z=0. D. 2x+3y+6z+12=0.
= Loi giai

Chon C
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» Cau 22.

» Cau 23.

» Cau 24.

» TOAN TU TAM

Ta co:

AB=(0;4;2), AC=(-3,43), ii=| AB;AC |=(4,-6,12).

Tacod n= (4;—6;12) cung phuong 7, = (2;—3;6)

Mit phang (ABC) di qua di€m C(0;2;1) va c6 mot vecto phép tuyén 7, = (2;—3;6) nén
(ABC )cc') phuong trinh la:

2(x-0)-3(y—2)+6(z-1)=0 < 2x-3y+62=0.

Vay phuong trinh mat phang can tim 1a: 2x -3y +6z=0.

Trong khong gian Oxyz, cho ba diém A(O; 1;2),B(2; —2;1),C(—2;1;0) . Khi d6, phuong
trinh médt phang (ABC) 1a ax+y-z+d=0. Hay xéc dinh a va d.

A. 1=6,d=-6. B. a=1,d=1. C.a=-1,d=-6. D. a=-6,d=6.
w Loi gidi

Chon B

Ta co: E=(2;—3;—1); A—sz(—2;0;—2).

[E’,A_C}{_3 ! SN J=(6;6;—6).

0 -2 2 0
Chon 1 = %[@;A—CJ ~(1;1;-1) 1a mot VIPT ctia mp(ABC). Ta c6 pt mp( ABC)1a:

-1 2
-2 -2

7 7

x+y—-1-z+2=0&x+y-z+1=0. Vay a=1,d=1
Trong khong gian Oxyz, mat phang di qua diém A(1;3; —2) va song song véi mit phing
(P):Zx—y+3z+4:0 la

A 2x+y+3z+7=0. B. 2x+y-3z+7=0.

C.2x-y+3z+7=0. D. 2x-y+3z-7=0.
= Loi gidi

Chon C

Goi (o) la mat phang can tim. Vi (a)//(P)= 7, =, =(2-13)

Ta co: (a) diqua A(1;3;-2) va cb vécto phép tuyénla 7, =(2-13).

Do d6 phwong trinh tdng quat cia mit phang (o) 1a:

2(x-1)-1(y—3)+3(z+2)=0 hay 2x—y+3z+7=0

Trong khong gian Oxyz, cho diém A(2;—1; —3) va mit phang (P) :3x-2y+4z-5=0.

Mit phéng (Q) di qua A va song song véi mat phang (P ) c6 phuong trinh :

A. (Q):3x—2y+4z—-4=0. B. (Q):3x—-2y+4z+4=0.

C. (Q):3x—2y+4z+5=0. D. (Q):3x+2y+4z+8=0..
= Loi gidi

Chon B
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Do (Q) song song voi (P) nén co vecto phap tuyén la 7 = (3; —2;4) .
Phuong trinh mat phang (Q): 3(x—2)—2(y+1)+4(z+3):0 < 3x-2y+4z+4=0.
» Cau 25.Trong khong gian Oxyz, cho A(1;2;3), B(3;4;4). Tim tat ca cac gia tri ctia tham s6 m

sao cho khoang cach tir diém A dé&n mit phang 2x+y+mz—1=0 bang d6 dai doan

thang AB

A.m=2. B.m=-2. C. m=-3. D. m=%2.
= Loi giai

Chon A

Tacd AB=(2;2;1)= AB=V2*+2°+1* =3 (1).
_\2.1+2+m.3—1\ B \3m+3\
V24P em® 54m’

Khoang cach tir A dén mit phang (P): d(A,(P))

\3m+3

N5+ m?

D& AB=d(A,(P))=3= ©9(5+m*)=9(m+1) e m=2.

B. Cau héi - Tra 1oi Diing/sai
» Cau 26.Trong khong gian Oxyz, cho mat phang (P) :2x+3y+2z-2024=0.

Ménh dé bung | Sai
(a) | Mt phang (P) c6 mot vecto phap tuyén la 7 = (2; 3;1) :

(b) | Mit phang (Oxz) c6 vecto phap tuyén la 7 = (6; 9;3).

(c) | Mt phang (Oyz) c6 vecto phap tuyén la 7i = (—4; —0; —2).
(d) | biém M(O; 0; 2024) khong thudc mit phang (P .

= Loi giai
(a) Mt phang (P) c6 mot vecto phdp tuyén la 1 = (2; 3;1).
Vécto phap tuyén cua (P) la 7, (2; 3;1).
» Chon DUNG.
(b) Mat phﬁng (Oxz) co vecto phip tuyén la 1 = (6; 9;3).
Ta c6 7i=(6;9;3)=3(2;3;1)
» Chon DUNG.
(c) Mt phing (Oyz) c6 vecto phdp tuyén la i = (—4; -6; —2).
i=(—4;-6,-2)=-2(2;3;1)
» Chon DUNG.
(d) Diéim M (0;0;2024) khong thugc mdt phang (P).
Thay diém M (0;0;2024) vao mat phang (P):2.0+3.0+2024-2024=0= M &(P)
» Chon DUNG.
» Cau 27.Trong khong gian Oxyz, cho hai diém A(1;0;0); B(4;1;2).
| Ménh dé | Pang | Sai

» TOAN TU TAM
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(a) | AB=(3;1;2)
Mit phang di qua A va vuong géc véi AB c6 phuong trinh 1a
3x+y+2z-3=0.

(b)

22
Mit phang trung truc doan thang ABcé phuong trinh 1a
3x+y+2z-12=0.

(c) | Néu I la trung diém doan thang AB thi I (5 ! '1).

(d)

= Loi giai
(@) AB=(3;1;2).
Taco AB=(3;1;2)
» Chon DUNG.
(b) Mt phing di qua A va vuéng goc véi AB cd phwong trinh la 3x+y+2z-3=0.
Goi (Q) 1a mat phang di qua A(l; O;O) va vudng goc voi AB
Suy ra mat phang (Q) nhan vecto AB = (3; 1; 2) lam véc to phap tuyén.
Vay phuong trinh mat phang (Q) can tim: 3(x—1)+y+2z=0<3x+y+2z-3=0
» Chon DUNG.
(c) Néu I la trung diém dogn thing AB thi I(%;%;lj.

I 1a trung diém doan thang AB nén [ [% ;% ;IJ .

» Chon DUNG.

(d) Mt phing trung triec doan thing ABcé phwong trinh la 3x +y+2z-12=0.
Mit phang trung truc doan thang AB 1a mit phang di qua I va vuong goc AB nén co
phuong trinh 1a 3(x—§j+y—%+2(z—l) =0 3x+y+2z-10=0
» Chon SAL

» Cau 28.Trong khong gian Oxyz, cho bon diém A(l; 1;4); B(Z; 7;9);C(O; 9;13); D(l; 8;10). Ménh
dé nao sau day dung va ménh dé nao sai?

M¢énh dé Pung | Sai

(@) | AB=i+ 67+ sk

(b) | AB1 AC

Phuong trinh mat phang di qua diém B va vuong goc voi AC la

© 1y _8y-9z+14=0.

d Phuong trinh mat phang chita AB song song véi CD 1a
(D1 gy 7y -1324+50=0

= Loi giai
(a) E:?+6}+5E.
Tacd AB=(1;6;5); AC=(~1;8,9),

» TOAN TU TAM
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AB=(1;6;5) = AB=i+6]+5k.
» Chon DUNG.
(b) ABLAC.
ABLAC & 1.(-1)+6.8+59=0 vo .
» Chon SAL
(¢c) Phuwong trinh mit phing di qua diém B va vudng géc v6i AC la x—8y—9z+14=0.
Phuong trinh mat phang di qua diém B va vuong goéc véi AC ¢6 dang:
~(x=2)+8(y-7)+9(z-9)=0< x-8y—9z+135=0
» Chon SAL
(d) Phuwong trinh mit phing chita AB song song v6i CD la 8x—Ty—13z+50=0 .
Taco AB=(1;6;5);CD = (1;-1;-3) =| AB;CD | =(-13;8;-7)
Phuong trinh mat phang can tim:
~13(x-1)+8(y—1)-7(z—4)=0 < 13x -8y +172-33=0.
» Chon SAL
» Cau 29.Trong khong gian Oxyz, cho ba diém A(1;1;4), B(2; 7;9), C(O; 9;13).
Ménh dé Ping | Sai

(a) E = (1; 6;5)

(b) | Mat phang (ABC) ¢6 1 vecto phép tuyén la i =(1;-1;1)
(o) | (ABC): x—y+2z-4=0

(d) | Oe(ABC)

= Loi giai
(a) AB = (1;6;5) )
A(1;1;4), B(2,7;9) = AB=(1;6;5).
» Chon DUNG.
(b) Mt phing (ABC) c6 1 vecto phdp tuyén la 1 = (l;—l;l).
[Zﬁ,X@} =(14;,-14;14) =14(1;-1;1) nén (ABC) c6 1 vecto phap tuyén la 7 =(1;-1;1).
» Chon DUNG.
(c) (ABC): x-y+z—-4=0
(ABC) di qua A(l; 1;4) co vitpt 7 = (1;—1,'1) nén cé phueong trinh x-y+z-4=0.
» Chon DUNG.
(d) O e(ABC).

Toa dd O khong thoa phuong trinh (ABC) nén O ¢(ABC).
» Chon SAIL
» Cau 30.Trong khong gian véi hé toa d6 Oxyz, cho ba mat phang (P) tx+2y—z-1=0

(Q):3x—y+z—5:O va (R):2x+4y—mz—2:0,
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@ (P)//(Q)

(©) (P)//(R) khi m=2.

Ménh dé bang | Sai
@ | (P)//(Q)
(b) (a) qua O va song song (P) c6 phuong trinh la (a):x+2y—z =0
(0 | (P)//(R) khi m=2
(d) | (P)L(R)khi m=-10
= Loi giai
(P)c6 VIPT n, =(1;2;-1), (Q) 6 VIPT n, =(3;-11)
n.n, =0 nén (P)L(Q).
» Chon SAL
(b) (a) qua O va song song (P) cé phwong trinh la (a):x+2y—z =0.
(a)//(P) nén (a):x+2y—z+D:O.
Oe(a):>D=O.Véy (a):x+2y—z=0
» Chon DUNG.
(R) c6 VTPT n, =(2;4;-m).
m=2
n =kn | R
(P)//(R) = {_11 i k(jZ) < k= 5 (vo ly).
k;t%
Vay khong c6 gia tri ctia m.
» Chon SAL
(d) (P) L(R)khi m=-10.
(P)L(R) & nn,=0&1.2+24-1.(-m)=0 o m=-10.
» Chon DUNG.
» Cau 31.Trong khong gian Oxyz, cho M(—2;—4;3) va (P) :2x-y+2z-3=0,
(Q):Zx—y+2z—6:0.
Ménh dé bang | Sai

@ | d(M,(P))=2

(b) | M cach déu hai mit phang (P) va (Q)

© | 4((P).(Q)=1

() song song va cach (Q) mot khoang bang 2 c6 phuong trinh 1a

() (a):2x—y+2z—9:0

-----
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(@) d(M,(P))=2

(-2)+4+23-3
22 +(-1) +2°
» Chon SAL
(b) M cdch déu hai mdt phﬁng ( ) a (Q)
2.(-2)+4+23- 6\

d(M,(Q))= =0=>Me(Q)

2% +(- 1) +2?
» Chon SAL
© d((P).(Q))=1.
4((P).(Q))=d(Mm,(P))=

» Chon DUNG.
(d) (a) song song va cich (Q) mot khodng bang 2 c6 phuwong trinh liz(a) :2x-y+2z-9=0.

(a)//(Q) nén (a):2x—y+2z+D=0.

d((),(Q))=2ed(M,(a)) & [2.(-2)+4+23+D|

Vay (a):(P):Zx—y+2z:O
» Chon SAIL

2.(-2)+4+23-3]

224 (-1) 422

=2 D=0

22 4(-1) +22

» Cau 32.Cho hai mit phang (P):2x—y+2z—5 =0; (Q):4x—2y+4z+1—m =0 va diém M(2;1;5).
Ménh dé Pung | Sai

(a) | Khoang cach tir M dén mit phing (P) bang %

(b) | V6i m=0 thi khoang caich M dén mat phang (Q) bang —
V6i m =3 thi khoang cach giita mit phang (P)

© va mat phang (Q)
C \
bang 3.

(d) C6 hai gia tri ctia m d& khoang cach tir M dén mit phang (Q) bang

1. Khi d6 tong tat ca gia tri cia m bang 5.

(a) Khodng cich tir M dén mit phing (P) bﬁng 3

\22 1+2.5- 5\

Khoang cach tir M dén mat phang (P): d(M,(P) = .
22 4(-1) 422 3
» Chon DUNG.

(b) V6i m=0 thi khoing cich M déh mdt phing (Q) bing %
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V6i m=0 thi (Q):4x—2y+4z+1=0.
\4.2—2.1+4.5+1\
=

Khoang cach tir M dén mit phang (Q): d(M;(Q) = -
4 +(-2) +4°
» Chon DUNG.
(c) Véi m =3 thi khodng cich giita mdt phiang (P) va mdt phing (Q) biang 3.
V6i m=3 thi (Q):4x—2y+4z-2=0<(Q):2x—y+2z-1=0.
2.0-(=5)+2.0-1] 4

Chon N(0;-5;0)e(P). Vi (P)//(Q) nén d((P);(Q))=d(N;(Q))= ~

22 4 (1) 422
» Chon SAI
(d) C6 hai gid tri cia m dé'khoang cich tie M déin mdt phing (Q) biang 1. Khi d6 téng tat cd gid tri cia m
bang 5.
[42-2.1+45+1-m|

khoang céch tlr M dén mat phang (Q) bang 1 < d(M;(Q)) =l
#4(2) +4

[27 - m| 27-m=6 m=21
—=leP7-m=6< o :
27-m=-6 m=233
Vay tong cac gid tri cia m bang 21+33=54.
» Chon SAL

C. Cdu héi - Trd 1oi ngin
» Cau 33.Cho diém A(1; 2;—1) va mét phang (a) :2x-2y+z—7=0, Khoang cach tt M dén mat

phang ( ) co dang b toi gian; a;beZ. Tinh T=2a-b?

= Loi giai
v'Tra loi: 13
Khoang cach tir M dén mit phang (a):
21-224(-1)-7 g8 4 [a=8
) e G sl

Vay T=2a-b=13.

» Cau 34.Cho diém A(1;2;-1) va mat phing (a):x—2y+2z+2=0. Mit phing (3) song song véi
mat phang (a) va cach A mot khoang 1 c6 dang (a):x—by+cz+d=0. Khi dé
S=3b-c+d?

v Tra loi: 12
Mit phing () song song vdi mit phang (a) nén mat phing (3) c6 dang:
x=2y+2z+d=0; (d#2).

» TOAN TU TAM m



Chuong 05
MAT PHANG - DUONG THANG - MAT CAU
‘1—2.2+2(—1)+d‘ =8

Khoang cach tit M dén (3) bang 1 < —lold-3=3 < :
() e ===

b=2
Do do: (ﬁ):x—2y+22+8=0:> c=2.
d=38
Vay §=3.2-2+8=12
» Cau 35.Trong khong gian Oxyz, cho diém M(a; b;l) thudc mat phang (P) 2x-y+z-3=0.
Tinh gia tri biéu thttc S=2a-b.
= Loi giai
v Tra loi: 2
Vi Me(P) nén 2a-b+1-3=0<2a-b=2.
» Cau 36.Trong khong gian Oxyz, cho phuirong trinh mat phang (P) qua A(Z; 1;—3) va song song
véi mit phang (Q) :x—y+2z-1=0 cé dang x—y+az+b=0 Tinh gia tri biéu thirc
S=a-b.
= Loi gidi
v'Tra loi: -3
Vi (P) // (Q):x~y+2z~1=0,nén VIPT ctia (Q):7i = (1;-1;2) ciingla VTPT ctia (P).
Ta c6 mat phang (P) qua A(Z;l;—3) va co vecto phap tuyén 7 = (1;—1;2)
Nén phuong trinh mit phang (P)lé: 1.(x—2)—1(y—1)+2(z+3) =0 hay x-y+2z+5=0

Suyra{ =a-b=2-5=-3.

» Cau 37.Trong gian Oxyz, cho ba diém A(2;—1;1), B(l; 0;4), C(O; —2;—1). Mat phéng qua A va
vudng goc véi duong thang BC c6 phuwong trinh dang x +ay +bz+c=0. Tinh gia tri
biéu thtec S=a+b+c.

= Loi giai
v Tra 10i: 2
Ta c6 BC =(~1,-2;-5).
Mit phang qua A(2; -1; 1) va vudng goc véi duong thang BC nhan vecto BC = (—1; -2; —5)
la mdt vecto phap tuyén nén c6 phuong trinh la —(x-2)-2(y+1)-5(z—1)=0
a=2
S -x-2Yy-5z+5=0 = x+2y+5z2-5=0=b=5 =a+b+c=2.
c=-5

» Cau 38.Trong khong gian Oxyz, cho mat phang (P) :ax+by+cz—-27=0 qua hai diém A(3; 2;1)

va B(—3;5;2) va vudng goc véi mat phang (Q):3x+y+z+4=0. Tinh tong S=a+b+c.
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v ' Tra loi: -12
Cach 1:

AB=(-6:31), i, = (3:1:1).
(P) qua hai diém A(3; 2;1), B(—3; 5;2) va vudng goc mat phang (Q) ,nén (P) co cap
vecto chi phwong AB= (—6;3;1), ﬁ(Q) = (3; 1;1) .

Suy ra (P) c6 VIPT ﬁ(P) = [Hé,ﬁ } =(2;9;—15), va qua diém A(3;2;1).

Q)
Phuong trinh (P):2x+9y—152—4=0<:>6x+27y—452—12=0.
Vay S=a+b+c=-12.

Cach 2:

Ta c6 i, =(a;b;c), 7y =(3;11).

Mit phang (P) qua hai diém A(3; 2;1) va B(—3; 5;2) va vudng gbc véi mit phang (Q)

3a+2b+c=27 a=6
-3a+5b+2c=27<1b=27 .Vay S=a+b+c=-12.
3a+b+c=0 c=-45

» Cau 39.Trong khong gian Oxyz, mat phéng (P) di qua A(I;O;O); B(O,'O,'2) va cit tia Oy tai diém
C sao cho theé tich khdi chop OABC bf?mg 2. Biét diém S(—l; 6;m) thudc (P), thi m
bang bao nhiéu?

= Loi giai
v Tra loi: 2
Goi C(O;y;O)eOy voi y>0;
Taco: OA=1, OB=2, OC=y va OA, OB, OC d6i mot vuong goc;

=V

OABC —

lOA.OB.oczly.
6 3
Gia thiét :%y:22y=6:C(0;6,‘0).

Phuong trinh mat phéng (ABC) : % +% g =1.

Diém S(-1;6;m) thudc (P) < _T1+g+%=1@ m=2 .

» Cau 40.Trong khong gian Oxyz, cho (a):x+2y—z—1:0 va (ﬁ):2x+4y—mz+2=0. Tim m dé

(a) va (ﬁ) song song voi nhau.

. Loi gidi
v Tra 10i: 2
Vec-to phép tuyén ctia hai mat phang lan luot 1a ﬁ(a) :(l; 2;—1) ; ﬁ(ﬁ) :(2; 4;—m)
DA’ \ r-nh th\.—) _k_. k N* 2_4_111 _2
& (a) va (B) song song v6i nhau thi: Tl = .n(g)( € ) & T=g=T>m=21.
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» Cau 41.Trong khong gian Oxyz, cho hai diém A(l; 2;0), B(3; 4; —2) va (P): x-y+z-4=0.
Phuong trinh mét phang (Q) di qua hai diém A, B va vuong goc véi mit phing (P) ,
c6 dang (Q):ax+by+cz+2:O. Tinh T=a+b+c.

= Loi gidi
v Tra 1oi: -2
Taco AB=(2;2;-2)=2(L;1;-1).
Mit phang (P) c6 mot vecto phap tuyén i, = (1;—1;1) .
Mit phang (Q) c6 mot vecto phdp tuyén la 7, = [E,ﬁp} =(0;—4;-4)=—4(0;1;1).
Vay phuong trinh mit phang (Q): y+z-2=0-y-z+2=0=>T=a+b+c=-2.

» Cau 42.Trong khong gian Oxyz, cho cac diém A(O; 1;2),B(2; —2;1),C(—2; 1;0),M(3; 0;1). Tinh

khoang cach tit M dén mat phang (ABC ), (két qua lam tron dén hang phin tram).

= Loi giai
v Tra loi: 1,73
Ta co: E = (2; —3;—1);@ = (—2; 0; —2).
-3 -1

[E,A_c}{o S J=(6;6;—6).

Chon n= é[@,ﬁ} = (1; 1 —1) 1a mot vecto phap tuyén ctia mat phang (ABC).

-1 2
-2 2

2 3
-2 0

4 7

Phuong trinh mat phang (ABC) la: x+y-1-z+2=0x+y—-z+1=0.

d(M,(ABC))= pro-t+t —=3%1,73.
P+ +(-1)

» Cau 43.Trong khong gian Oxyz, biét mat phang (P) song song véi mat phang —7 va cach diém
A (2,—3,4) mot khoang bang 3. Tinh tich hai hé s6 tit do ctia phuong trinh tdng quat
mit phing (P) (biét hoanh d¢ cua vecto phap tuyén cua (P) bang 1).
= Loi giai
v Tra 1oi: 175
(P)//(Q):2x—4y+4z+3=0=(P):2x—4y+4z+D=0(D#3)

d(A,(P)):3® [4+12+16+D| :\D+32\ s D=-14

-
= (P):2x—4y+4z—-14=0;2x—4y+4z-50=0.

J4+16+16 6 D=-50

Vi hoanh d¢ ctia vecto phép tuyén ctia (P) bang 1nén phuwong trinh ctia cdc mit phang
can tim la: x-2y+2z-7=0;x-2y+2z-25=0.

Khi d6 tich hai hé 8 tw do cia phuong trinh tdng quat mét phang (P) la
(-7).(-25)=175.
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» Cau 44.Trong khong gian Oxyz, cho cac diém M(m;O;O),N(O;n;O),P(O;O;p)khéng trung voi
gdc toa dd va théa man m’ +n’ +p*> =3,m,n,p 1a cac s6 thyc duwong. Tim gia tri 16n nhat
ctia khoang cach tir O d&n mit phang (MNP ) . (Lam tron két qud dén hang phan tram).

= Loi giai
v Tra loi: 0,58
i Eo,

Phuong trinh mat phéng (MNP) c6 phuong trinh la XYz
m n p

Theo b4t dang thitc Bunhia-Copsky ta co:

(m2+n2+p2)(%+%+%J293%+%+%2%:3

m* n' p m* n’ p? omi+n’+p

Khi dé: d(O;(P))= ! S%.Dé’u bang xay rakhi m=n=p=1.
1 1 1 3
ottt
m* n’ p

» Cau 45.Trong khong gian Oxyz, cho diém A(I;I;Z) va mit phang (P) :(m—l)x+y+ mz-1=0,

v6i m 1a tham s8. Tim m d& khoang cach tlir diém A dén mit phang (P) 16n nhat.

= Loi gidi

v Tra loi: 5

m—1+1+2m—1\ B

\/(m—1)2 +1+m’

Tacé d(A,(P))=

’ 1
Xét f(m)zuz> () (5—I71)(3m—12)_ Lt
2(m2_m+1) 2(m2_m+1> s
1
m |—0Q 3 oo
f'(m) — 0 + 0 —
) 14
3

Vay maxd(A,(P))= \/% khi m=5.

Hét
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Y

Ly thuyét

1. Phuong trinh dudng thang

{?‘u Vectd chi phuong cUa dudng théng:
~—=Cho duong thang A va vecto i khac 0. ﬁ/r
Vecto # duoc goi 1a vecto chi phuong ctia duong thang A néu /M./'/
gia ctia i song song hodc trung voi A. d 0 /
v’ Nhin xét: k.u
» Mot duong thang hoan toan duoc xac dinh khi biét mot diém ma né di qua va
mot vecto chi phwong ctia no.
»  N@u ii 1a mot vecto chi phuong ctia duong thang thi k.ii (k # O) cling la mot

vecto chi phrrong ctia duong thang dé.

:VQ ~ 2 IS 2
f’:jC}'{ Phuaong trinh tham sb cua dudng thang:

~=~~Trong khong gian Oxyz,
phuong trinh tham s8 cta duwong thang A qua diém M (xo Yo zo) vanhan i = (a; b;c)
lam vecto chi phwong c6 dang:
X=x,+at
y=y,+bt v6i teR (t duwgc goila tham sd’va a’ +b*> +c*> #0)
z=2z,+ct

:Vg 2, < L) N 2
f’:jC}'a* Phuang trinh chinh tac cua dudng thang:

~=~~Trong khong gian Oxyz,
phuong trinh chinh tac ctia duong thang A qua diém M (xo Yo zo) va nhan
ii =(a;b;¢) 1am vecto chi phuong c6 dang:

X% YV _Z7%0 (4he#0)

a b c
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(=]

=’ _Phuong trinh dudng thdng qua hai diém cho trudc:

~“Z—~Trong khong gian Oxyz,
cho duong thang A di qua hai diém A(xA;yA;zA),B(xB;yB;zB) va nhan
@:(xB ~ XY~ Y425 —zA) lam vecto chi phwrong c6:
X=X +( xA)t
v Phuong trinh tham s8: 1y =y, +(y, -y, )t v6i teR

z:zA+( B—ZA)t

\ s g X—X - %= 7% 7.0
v Phuong trinh chinh tac: a - Y7Ya _ A (VO X, #X,,Yp Y, 2, #2,)
Xp=Xa Ya—Y4 23=24

2. Vi tri tuong ddi hai dudng thdng. Diéu kién dé hai dusng thdng vudng gdc

‘:_,,, Sy cung phuong - Sy déng phdng:

~Z~~Trong khong gian Oxyz,
* Hai vecto dwoc goi la cing phuong khi gia cua chung cing song song voi mot
duong thang.
= Ba vecto dugc goi la dong phing khi gia ctia chting cting song song véi mot
mat phang.
Trong khong gian Oxyz, cho ba vecto 4 = ( 3),5 = (bl;bz;b3) va ¢ = (cl;cz;c3)
v Hai 4, b cing phuong < [Zi, b} 0.

v Hai 4, b khong cling phwong <

l_l

J€

i b |#
v Bavecto @, b, ¢ dong phing <:>[Zi I;} ¢=0.

v Bavecto 4, b, ¢ khong dong phang <:>[ I;} c#0.

Q

s=+"_Vi tri tuong déi gitra hai dudng thdng:

V-

“Z"Trong khong gian Oxyz, cho hai dwong thang A ,A, Tan luot di qua cac diém M,, M,

va twong img cO i, =(a ;b ;c );u, =(a,;b,;c,) la hai vecto chi phwong. Khi d9, ta co:
g g 1 1 1 1 2 2 2 2 p g

| . i, cung phwong ]'-[’_’IJ_’I] =0
OEAIEAI — 9 —_— . iR _— -
i, MM, cing phvong || . MM, |=0
oot e fRED
[' i, MM, khong cing phuong ‘ | i, MM, |20

] b khong cung phuong ][111 ity ]iﬁ

° A cit A, o e .. y —

* A, vi A, chéonhau & [, i) MM, =0
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A, chéo A,

D& xét vi tri twrong d6i gita hai duong thang.

Trong khong gian Oxyz, hai dudng thang A, A, tuwong ting ¢d i, =(a,;b;;c, ) va

il, =(a,;b,;c, ) 1a hai vecto chi phuong va c6 phwong trinh tham s6:

xX=x+at, xX=x,+a,t,
A y=y, +bt, (tleR), A,y =y, +b.t, (tzeR)
zZ=2z +ct Z=2z,+C,t,

X, tat =x,+ayt,
Xéthé phwong trinh hai dn t,t,: <y, +bt, =y, +b,t, (*)
zZ, +ct, =z,+C,t,
Khi dé6:
» A=A, < i, cung phuong véi i, vahé (*) vO nghiém.
» A /| A, < Hé (*) 6 vb s8 nghiém.

» A, cit A, < Hé (*) c6 nghiém duy nhat.

» A, va A,chéonhau < i, khong cing phuong vdi i, va hé (*) vo nghiém.

-

:'Vi « R «n P . N 2 a 2
f‘:‘fu' Diéu kién dé hai dudng thang vuéng géc:

J

—~=~"Trong khong gian Oxyz, cho hai duong thing A ,A, tuong tng c6 i, = (a1 ;b,; cl) va

i, =(a,;b,;¢c,) lahai vecto chi phuong. Khi do, ta c6:

ALA ou lu, oua,=0&aa,+bb, +cc,=0
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3. Goc

;'1 G6c gifa hai dudng théng:

222 Trong khong gian Oxyz,
cho hai duong thang A ,A, tuong tmg c6 i, = (”1 ;b ?C1) va
U, = (a2 ;b,; cz) la hai vecto chi phwong. Khi do, ta co:

_ ii, i, _ |a1a2 +bb, +clc2‘

AR R PR P

cos(Al,Az) = ‘COS(ﬁl 7 )’

[

::1 Géc gitra dudng thdng véi mét phdng:

~=~=Trong khong gian Oxyz,
cho duong thang A c6 vecto chi phuong i = (a ;b; c) va mat
phang (P) c6 vecto phap tuyén 7= (A; B;C). Khi do, ta co:

sin(A,(P))z‘cos(ii.ﬁ)‘— ‘ﬁﬁ a4 +bB+cC| C% ’
2 .

_’ﬁ‘-‘ﬁ‘:x/a2+b2+c2.\/A2+Bz+ )
/

prosifs
=" Goc gilia hai mgt phdng:
~=~="Trong khong gian Oxyz,
cho hai mat phang (P1 ), (P ) 6 hai vecto phép tuyén lan luot 1a

2

i, =(A;B,;C,) vaii,=(A,;B,;C,).Khi do, ta c6:

. 7.1 AA +BB, +CC
cos((Pl),(Pz))=’cos(nl.nz)‘ =|‘ﬁll|.‘ﬁzz|:\/A2‘+;322+C21\/2A2J:BZJ+C2
1 1 1° 2 2 2
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G;Cc'lc dang bai tap
—

R~ Dang 1. Xdc dinh vecto chi phuong cua dudng thang

— \{ 1
ﬁi.':Phtm’ngphap )

» Trong khong gian Oxyz, vecto ii =(a;b;c) # 0 1a vecto chi phuong ctia dudng thang A thi
vecto 711 =k.ii cling la vecto chi phuong ctia duong thang A.
xX=x,+at
»  Phuwong trinh tham s8 A:{y =y, +bt (teR) c6 VICP i =(a;b;c) (hé s8 trudce t).
z=z,+ct

» Phuong trinh chinh tic A: XX _ y_byo _Z7% cO VICP u = (a;b;c) (hé sd & mfau).
a c

> Nhan xét:
* V6i phuong trinh tham s0 1y dtung thit twe hé s trudc tham so't.
* V6i phuong trinh chinh tac 18y hé s6 dudi mau.
* Néu gia thiét chira dting cau trc, ta phai sap xép lai r6i méi 18y hé s6.

2
Viduy 1.1.
Trong khong gian Oxyz, xac dinh mdt vecto chi phwong ctia dwong thang dudi day:
x=2-t x-1 y-2 z+1 x-1 y-1 2-z
(1) d:qy=1+2¢ (2) d: =TT T, (3) d: SRR
z=3+t
= Loi giai
x=2-t
(1) d:{y=1+2¢
z=3+t

Duong thang d c6 mot VTCP 1a ii = (—l; 2;1).

2) d- x-1_ y=2 _z+l
2 1 2

Duong thang d c6 mot VTCP 1a 3 = (2; 1;2).

(3) d:x—lzy—l :2—2
2 2 1

—lzy—1:2—z<:>d:x—1:y—1:z—2:>
2 1 2 2 -1

!

Ta viétlai d: al

L =(2:2;-1).
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R Dang 2. Dudng thdng qua diém & cé sé&n VTCP

— .\‘: 1
= Phuwong phap )
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap

X=x,+at

»> Phuong trinh |y =y, +bt

Qua M, c6 vécto chi phuong Zz’:(a;b;c) P
(]

%= = Z—Zy
M a hoac o Y=Y _ % néu {a;b;c};tO.

A a b c

» Lvu y: Phuong trinh tim duwoc khong nam trong
cac phuong an, ta cé thé thay toa do diém

ma duong thang di qua dé kiém tra

4 vidy 21.

Trong khong gian Oxyz, viét phuong trinh tham s6 va phuong trinh chinh tac cta
duong thang di qua diém

(1) M(2;0;-1) va c6 vécto chi phuong @ =(2;-3;1)
(2) N(l; 0; —2) va c6 véc to chi phuong i = (2;3;1)
= Loi giai
(1) M(2; O;—l) va c6 vécto chi phuong 4 = (2; —3,'1)

x=2+2t
Duong thiang di qua diém M (2;0;-1) va c6 VICP i =(2;-3;1) la {y =-3¢
z=—1+t
Va phuong trinh chinh tac 1a el ; 2 % = ZTH
(2) N(l; 0;—2) va c6 véc to chi phwong i = (2;3;1)
x=1+2¢
buong théng di qua diém N(l; 0; —2) va co VICP u = (2;3;1) lad:qy=0+3t.
z=-2+t
Va phuong trinh chinh tic1a xT—l = % _Z Jlr 2 .
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Vidy 2.2.
Trong khong gian Oxyz, viét phuong trinh tham s§ ctia dwong thang d qua diém bat
ky thudc d va cé vecto chi phuong tuong ting. Biét duong thang d

(1) Di qua diém A(l; 1;2) va cé vécto chi phuong b= (l; 2;—3)
(2) bi qua diém C(3; 2;1) va c6 véc to chi phwong i = (l; 2;3)

= Loi gidi
1) bi qua diém A(l; 1;2) va c6 vécto chi phuong b= (1; 2; —3)

x=1+t
Dudng thing d di qua diém A(1;1;2) va cd VICP b =(1;2;-3) la d:{y=1+2t.
z=2-3t
x=1+1 x=2
Xétt=1=y=1+2.1y=3 = M(2;3-1)
z=2-3.1 z=-1
x=2+t
Khi d6 duong théng d di qua diém M(2;3;—1) co VICP E:(l;2;—3) lad:qy=3+2t .
z=-1-3¢
(2) Di qua diém C(3; 2;1) va cé véc to chi phwong i = (1; 2;3)
x=3+t
Puong théng d di qua diém C(3;2;1) va c6 VICP 11':(1;2;3) lad:qy=2+2t.
z=1+3t
Xét t=—1=1y=2+2.(-1)<=1y=0 = N(2;0;-2)
z=1+3.(-1) z=-2
x=2+t
Khi d6 duong théng d di qua diém N(Z; 0; —2) cO VICP u = (1,' 2;3) lad:qy=0+2t .
z=-2+3t
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R Dang 3. Dudng thdng qua hai diém

LAY 1
= Phuwong phap )

Loai

» Trong khong gian Oxyz, viét phuong trinh duong thang A

Phuong phap

Qua hai diém A va B.

A A AB

» Chon A hoac B la diém ma Adi qua.

> Nhan AB lam VTCP —ii = AB.

» Lwu y: Phuong trinh im dugc khong nam trong
cac phuong an, ta cé thé thay toa d6 diém
ma duong thang di qua dé kiém tra.

§ vidy 3.1

Trong khong gian Oxyz, viét phrong trinh chinh tic ciia dreong thing

(1) Di qua gdc toa do va H(1;4;-2).

(2) Pi qua hai diém M(2; 0,'—1)

(1) bi qua goc toa do va H(l; 4;—2).
Ta co: @ = (1,' 4; —2).

DPuong thang OH qua H nhan EI:(I;4;—2) lam VTCP: %:%:—.

(2) Bi qua hai diém M (2;0;-1) va N(2;-3;1)
Ta co: W = (—1; 3; 2).

Puong thing MN qua N nhan m:(—l; 3;2) lam VTCP: ilzyT_lz

4 Viduy 3.2,

va N(Z;—3;1)

= Loi giai

z

z-3
—

Trong khong gian Oxyz, cho AABC c6 A(—l; 3;2), B(2,' 0,'5), C(O; —2;1). Viét phuong

trinh dwong trung tuyén AM caa AABC

= Loi gidi

Goi M(x;y;z) la trung diém BC . Khi d6 M(l;—1;3)

Taco AM =ii =(2;-4;1)

Khi d6 phuong trinh duwong trung tuyén AM : x2

» TOAN TU TAM
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R~ Dang 4. Dudng thdng la giao tuyén cla hai mat phdang

— *4;5 Phuwong phap )
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai Phuong phap

Giao tuyén cua hai mit phang > Cho 1 trong 3 &n x;y;z =0 d€ tim 2 4n con lai
(a):Ax+By+Cz+D=0 va By+Cz+D=0 {

(8): A’x+By+Cz+D'=0 By+Cz+D'=0" V7 = M(022)

x=0—>{
z="7?

> Vecto chi phuong i = [ﬁa;ﬁﬂ] .

» Luu y: Phuong trinh tim dugc khong nam trong
cac phuwong an, ta c6 thé thay toa do diém
ma duong thang di qua dé kiém tra

d vidy 4.
Trong khong gian Oxyz, cho hai mit phang (P):2x+y-z-1=0, (Q):x-2y+z-5=0

- Giao tuyén hai mit phang (P) va (Q) c6 mot vecto chi phuong 1a?
= Loi giai

Goi d=(P)n(Q).

Khi d6 mot vecto chi phuong ctia d 1a i =| 7i,, i, |=(~1;-3;-5).

Vay u = (1;3; 5) cling la mot vecto chi phuong cua d.

{ Vidy 4.2.
Trong khong gian Oxyz, cho hai mit phing (a):2x+y-z+3=0 va

( B ) :x+1+2z—1=0. Phuong trinh chinh tac duwong thang A 1a giao tuyén ctia hai mat

phang (a) va (ﬂ) la?

= Loi giai
Taco (1. :[n(a),n(ﬂ)}:(2;—3;l):>uA:[na,nﬂ}:(2;—3;l)..
i, (1;1;1)
. . . , 2x+y—-z+3=0 x=0
Goi M=(oz)m(6),th1 MeA va M thoéa {x+y+z—1=0 — Z:Z—IDM(O;—IJ)

Puong théng A diqua M (O ;—1;2) vanhan i, = (2 ;=3 ;1) lam mot vecto chi phuong cé
_y+l z-2

phuong trinh chinh tc 1a§ =X
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d Vidy 43
Trong khong gian Oxyz, cho mit phang (P):x+y—5.z+4:0 va duong thing

d: x;—l = y;—l = z-gS . Goi (Q) 1a mt phang chita d va vudng goc véi (P) Xac dinh

phuong trinh giao tuyén d' cta (Q) va (P)?

= Loi giai
Goi duong thang d' 1a hinh chiéu vudng gdc ciia duwong thang d trén (P)
Puong théng d di qua diém A(—l;—l;—S) vaco i, =(2;1;6).
(P) c6 vecto phép tuyén 7, =(1;1;-5) .
(Q) chtta d va vudng goc voi (P) :(P)m(Q)zd'.
Vecto phap tuyén cua (Q) la 7, =[ﬁp,ﬁd] = (11;—16;—1).
Phuong trinh ctia mit phang (Q) la:1lx-16y—z—-10=0.
Do (P)m(Q): d'" nén VTCP cua duong théng d lai, = [ﬁQ,ﬁp] =—27(3;2;1),
——d' 6 vecto chi phuong 1a @, =(3;2;1).

x+y—-5z+4=0
GQiI:dm(P),khidétQadC)Ilénghiémcﬁahé x+1 y+1 z+5-

2 1 6

Giai hé ta dwoc (x; y;z) = (1; 0;1) .
x=1+3t

Do d6 d':{y=2t ,suyraduong thang d’ di qua diém P(4; 2;2).
z=1+t

» TOAN TU TAM



Chuong 05 :
MAT PHANG - DUGNG THANG - MAT CAU = )
W

R~ Dang 5. Dudng thdng la dudng vuéng géc chung cla hai dudng thdng

— *4;5 Phuwong phap )
» Trong khong gian Oxyz, viét phuong trinh duong thang A

Loai Phwong phap

La dwong vuong goc chung cua d, va d,

=

Med, —
> Goi{ "= MN(?) (toa 4 theo t;k).
Ned

> MN la duong vudng goc chung

@{QI.M_'NOQ{ 3 :{M(?)_

i, MN=0 (k=2 [N(?)
M
7 qua
»> Khi d6 duong thang A: [N
i, = MN

ma duong thang di qua dé kiém tra

» Luu y: Phuong trinh tim dugc khong nam trong
cac phuwong an, ta c6 thé thay toa do diém

Viduy 5.1.

x=1+2t x=1+s

Trong khong gian Oxyz, cho duong thang d,:{y=2+t va d,:{y=2+s. Viét

z=-2+5t z=1+3s
phuong trinh duong vudng géc chung cta hai duong thang d,;d, .
= Loi giai
Goi A la duwong vuong goc chung ctia hai duong thang d.;d, .
Puong thang d, ¢6 VTCP la i, =(2;1;5);d, c6 VICP 1a i, =(1;1;3).
Goi A=And = A(1+252+-2+5t);B=And, = B(1+5;2+s;1+3s).
E:(s—2t;s—t;3+3s—5t).

[ABu =0 [2(s—2t)+s—t+5(3+35-5t)=0 [18s-30t=-15 |®70
Taco:q__, ., = = = 1-
ABau, =0 s—2t+s—t+3(3+3s—5t)=0 11s—18t=-9 tza
Suy ra B(l;Z;l) va Eé: —1;—1;l .
22

=1-2t

Phuong trinh duong thang di qua B va c6 VICP u:(—z;—l;l) laqy=2-t.

z=1+t
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R~ Dang 6. GOC

— r;“.? Phuwong phap ) N
» Trong khong gian Oxyz,

Loai Hinh vé

Hai duong thang A, A, twong tng cd i, = (al;bl ?C1) va
il, =(a,;b,;c, ) la hai vecto chi phuong. Khi d6, ta c6:

2772772

‘aa +bb, +cc‘

- — ‘u
cos(Al,Az): cos(ul.uz)‘=|ﬁl| ‘u \/a +b+c? \/a +b2+
A

Duong thang A c6 vecto chi phuong i = (a; b;c) va mat phang (P )
o6 vecto phép tuyén 7 =(A;B;C). Khi do, ta c6:

‘ |aA +bB+cC|

‘u‘ ‘”‘ N2 +b2 + > A2+ B2 +C?

sin(A,(P)) = ‘cos(ii.ﬁ)‘

Hai m4t phang ( ) ( ) c6 hai vecto phap tuyén lan luot la
i, =(A;B,;C,) va ii,=(A,;B,;C,). Khi do, ta c6:
|A/A, + BB, +CC,|

cos((Pl),(Pz))z‘cos( r‘il.ﬁz)‘ = Ll' =

i ] Jazs B rCt JA B 1 C

&4 vidyen.

x=t x=1-4t

Trong khong gian Oxyz, cho hai duwong thang d,:qy=5-2t vad,:{y=2+t .Tinh
z=14-3¢t z=—-1+5t'

gbc gitta hai duong thang da cho.

.....

i-3).

Duong thang d, ¢6 mot VICP i,

=(L-
Duong thang d, c6 mot VICP i, (—4,1 5).
Ta co: cos(d1 dz) ‘ - ‘1( 4) ( ) (_?;)5‘ =g
‘”H” \/12 +(2) + \/(—4) +1 45
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3 iy Vidy 6.2.

x-3 y-4 z+3
1 2 =Il

Trong khong gian Oxyz, cho duong thang A: va mit phang

(P):2x+y+z—l =0. Tinh goc gitta A va (P)

Puong thang A cé mdt VICP i = (1; 2; 1)

Mit phing (P) c6 mot VTPT 7i =(2;1;1).

) ‘un‘ ‘12+21+ 1‘ 1 (7o

=(a,(P)]=30°
. Jii| JE+22+(=1) 22+ 40 2

Ta co: sm(

¢ 4 vidyes.
Trong khong gian Oxyz, tinh goc gitta hai mit phang (P):x+2y+z+10=0 va
(Q):—x+y+2z+13=0.

Mt phang (P) c6 mot VIPT Ia 7, =(1;2;1).
Mit phang (Q) co mot VIPT la # ( 1'1'2)
71, 1(-1)+2.1+1. (

Ta e cos(P) (@)~ mm

)) 60°
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R Dang 7. Vi tri tuong déi cua hai dudng thang

— 4}"& Phuwong phap )
» Trong khong gian Oxyz, cho hai duong thang:
xX=x,+at
d:qy =y, +a2t(t € R) o vecto chi phwong 4 = (al;az;a3) vaM, (xo;yo;zo) ed;
z=z,+a,t
x=x,+at'
d:y=y, +a;t’(t' € R) o vecto chi phuwong 4’ = (al’;a;;a;).
z =2z, +at'
Khi do:
» d//d" < d,d cung phuwongva M, ¢d'.
» d trung d' < 4,d cung phuong M, ed’
x, +at=x,+at
» dNd' < hé phuong trinh an t,t' sau: Jy, +a,t =y, +a,t' c6 dung mot nghiém.
z,+a,;t =z, +ait’

x, +at=x,+at'
» d va d' chéonhau < 4 va 4’ khong cung phuwong va |y, +a,t =y, +a,t’ vO nghiém.
z,+a,t =z, +at’

Hodc ta c6 thé ap dung theo so d6 sau:
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Vidu 7.1.

Trong khong gian Oxyz, xét vi tri twong d6i ctia cac cip duong thiang sau:

x=1+t¢ 58 =D
(1) d:qy=2t (teR) vad': y=3+4t'(t’eR)
z=3-1 z=5-2t'
x=1+2t i 5 i
— + zZ+
(2) d:dy=—1+3t(teR) va 4. X —-=¥T2_
y (teR) va 2.
z=5+t

3) d;%:y_lziva d,:x—lzy—2:z+2

-1 2 5 1 =2
= Loi giai
x=1+t x=2+2t
(D) d:qy=2t (teR)vad:|y=3+4t'(feR)
z=3-t z=5=-2¢t

Ta c6 cac vecto chi phuong ctia d va d’ Tan luot la d = (1; 2;—1) va a = (2; 4; —2) .
Vi d'=24d nén d va @' cung phuong.

=d va d' song song vo6i nhau hodc trung nhau.

Xét diém M(l;0;3) ed,taco Megd nén d//d .

x=1+2t . 5 .
o x—1 y+ z+
2)d:Jy=—1+3t(teR) va d': = =
2) d:Sy (teR) v 3 : :
z=5+t

Tacd d va d’ Tan luot nhan 4 = (2;3;1) vada = (3; 2,'2) la cac vecto chi phuwong.

Vi d va 4’ khong cung phwong nén d va d' cat nhau hoac chéo nhau.

x=1+3¢t
d' qua M(l;—2;—1); co VTCP Zz"=(3;2;2) nén c6 phuwong trinh la: 4': y:—2+2t’(t'eR)
z=—1+42¢t
=3
1+2t =1+3¢' z
Xét hé phwong trinh : < —1+3t=-2+2t < qt'= o = Hé vo nghiém

Vay hai duong thang d va d’' chéo nhau.
(3>d_£_y—l_z va d,.x—l_y—2_z+2
= = =

-1 2 5 1 -2
Tacé: d di qua M(O; 1;0) va c6 vecto chi phuong 4 = (1;—1;2);

d'" diqua M’(l; 2; —2) va co vecto chi phwong 4’ = (5; 1 —2).

» TOAN TU TAM



Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

Nén phuong trinh tham s6 ctia d va d’ lan luot la:

x=t x=1+5¢t'
d:qy=1-t va d':qy=2+t
z =2t z=-2-2t
=145t -5t =1 p=_2
Xét hé phuong trinh {1-t=2+t" & -t-t'=1 < 31:>hé c6 nghiém duy nhat
2A=-2-2  |2+2=2  |F=—3

Vay hai duong thang d va d' cat nhau.

Vidy 7.1.

x =2t
Trong khong gian Oxyz, cho 4, :% = % = z_;2 va d,:qy=-3-t. Ménh dé nao sau day
z=0
dung?
(1) d, va d, dong phéng. (2) d, cat va vudng goc véi d, .
(3) d, vudng goc d, va khong cat nhau. (4) d, song song voi d,.
= Loi giai

Ta c6: VTCP cua d, 1a i, =(1;2;—-3); VICP cta d, 1a i, =(2;-1;0).
0= Liu,=d Ld, (1).

Tte d6 ta co: 1.1,

x Yy z-2
T=E= -3 22__2 p=—
Giao diém d.,d, (néu c6) 1a nghiém:{x =2t - 13 t‘3 L& 313 (Vo 1Iy).
y=-3-t A P——
i 2 3 3

Tl d6 ta c6 d, khong cat d, (2).
Tl (1) va (2) ta c6 d, vudng géc d, va khdng cat nhau.

Vay ménh dé (3) la ménh dé ding.
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{ Vi dy 8.1

Trong mot khu du lich, ngwoi ta cho du khach trai
nghiém thién nhién bang cach du theo duodng truot
zipline ttt vi tri A cao 15 m cta thap 1 nay sang vi
tri B cao 10 m cua thap 2 trong khung canh tuyét
dep xung quanh. Véi hé truc toa d6 Oxyz cho trudc
(don vi: mét), toa d6 cia A va B lan luot la ¢
(3;2,5;15) va (21;27,5;10)
(1) Viét phuong trinh duong thang chita duong truot zipline nay.
(2) X4c dinh toa do ctia du khach khi & dd cao 12 mét.

= Loi giai
(1) Viét phwong trinh duong thang chita dwong truot zipline nay.
Taco: A(32,515), B(21;27,510)= AB=(18;15;-5)

x=3+18t
Phuong trinh tham s duong thang AB la: {y=2,5+15t (t € R).
z=15-5¢t
x=3+18t
Vay phuong trinh duong thang chira duong truot zipline 1a {y =2,5+15¢ (t € ]R) .
z=15-5t
(2) Xac dinh toa dd cta du khach khi & d6 cao 12 mét.
Khi du khach khi & do cao 12 mét = z :12315—5t:12:>t:§
; x=13,8
Thay t = 3 vao phuong trinh dwong thang AB ta duoc {y=11,5 =C (13,8; 1 1,5,12)
z=12

Vay toa d6 ctia du khach khi ¢ d6 cao 12 mét la C(13,8;11,5,12).

» TOAN TU TAM
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Vidu 8.2.

Cau Cong Vang (The Golden Gate Bridge) 6 My. Xét
hé truc toa do Oxyz v6i O la bé cuia chan cot tru tai
mdt nudc, truc Oz trung voéi cdt tru, mat ph:fmg
(Oxy) la mdt nedc va xem nhu truc Oy cung
phuong véi cau nhu hinh vé. Day cap AD (xem nhuw
la mot doan thang) di qua dinh D thudc truc Oz va
diém A thudc mat phang Oyz, trong d6 diém D la

dinh c6t tru cach mat nude 227m, diém A cach mat

nudc 75m va cach truc Oz 343m.
Gia st ta dung mot doan day ndi di€ém N trén day cap AD va di€m M trén thanh cau,
bi€t M cach mat nuéc 75m va MN song song vai cot tru.
(1) Tinh d6 dai MN, biét diém M cach truc Oz mdt khoang bang 230m.
(2) Nguoi ta c6 thé duing doan day dai 100m déndi day cdp AD véi thanh cau tai
vi tri diém M céch truc Oz mot khoang bang 148 m khéng? Vi sao?

(nguon dnh: https://www.goldengate.org/assets/1/6/ggb-exhibit-chapter-statistics.pdf).
= Loi giai

(1) Tinh d6 dai MN, biét diém M céach truc Oz mot khoang bang 2301 .

Tacd AeOyz va A cach mat nwdc 75m va cach truc Oz 343m = A(0;343;75)
Diém D la dinh cOt tru cach mat nwde 227m = D(O; 0; 227)
= AD =(0;-343;152)

x=0
= phuong trinh duong thang AD la  {y=-343t (t € R)
z=227+152t

Vi N € AD = N(0;-343t;227 +152t)

biém M trén thanh cau, M cach mat nudc 75m va cach truc Oz mot khoang béng
230m nén toa do diém M la M(O; 230; 75)

= MN =(0;-343t—230;152+152t)

MN song song véi cot tru = MN L Oy = MN.j= 0= —343t—230= 0 & t = - 220

343"
VN - 0;0;17176 3MN=17176
343 343

(2) Nguoi ta c6 thé dung doan day dai 100m déndi day cap AD véi thanh cau tai vi tri diém M
cach truc Oz mot khoang bang 148 m khong? Vi sao?

» TOAN TU TAM

Diém M céch truc Oz mot khoang bang 148m
= M(0;148;75) = MN =(0;-343t ~148;152 +152¢ )

Trang 18
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MN//Oz:>MNJ_Oy:>M_.N.7=O:>—343t—148:0c>t:—%.

— MN = (o;o;%) — MN = 2249 g6, 41m.

Vay c6 thé dung doan day dai 100m dé€ néi day cap AD voéi thanh cau tai vi tri diém M
cach truc Oz moét khoang be‘ing 148m .

» TOAN TU TAM
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y

Luyén tap

A. Cadu héi - Trd 10i tric nghiém

» Cau 1.

» Cau 2.

» Cau 3.

» Cau 4.

» TOAN TU TAM

Cho duwong thang A c6 mot vecto chi phuong la i = (2; —4; —6) . Vecto nao sau day

khong phai la vecto chi phwong cia A?

A =(-2-3).  B.id,=(-1,23).  Cu=(-2-46). D.i,=(-3;69).
= Loi giai

Chon C

Ta co: 2.4 nén i, khong cuing phwong véi ii.

Vay i, khong phai la vecto chi phuwong ctia A.

-1 y+2 z-

Cho duong thang A c6 phuong trinh x3 5 1 . Vecto nao sau day la vecto chi

phuong caia A?

Acii,=(-1;2;-1).  B.i,=(L-2;1).  C.#i;=(-3;2-4). D.i#,=(3;24).
= Loi giai

Chon C

A x3—1 = y_+22 = le c6 mot vecto chi phuong la =(3;—2;4).

ii, =(~3;2;-4) = —ii, nén i, la mot vecto chi phuong ctia A.

x=3-t
Cho duwong thang A cé phuong trinh <y = -1 (t € R) . Vecto nao sau day la vecto chi
z =3t
phuong caia A?
A. i =(3-1;3). B. i, =(3;-1;0). C. i, =(-1-1;3).  D.i,=(-103).
= Loi giai
Chon D
x=3-t
A:rqy=-1 (t e R) c6 mot vecto chi phuong la i, = (—1; 0;3) .
z=3t

Cho duong thang A vudng géc véi mat phang (Oxy) . Vecto nao sau day la vecto chi

phuong cia A?




Chuong 05

MAT PHANG - DUONG THANG - MAT CAU

» Cau 5.

» Cau 6.

» Cau7.

» TOAN TU TAM

A. i =(1;00). C. k=(0;0;1).

= Loi giai

D. ii:(l;l;o).

Chon C

Mit phang (Oxy) c6 mot vecto phap tuyén la k= (O; 0;1).

Puong thing A vudng goc véi mit phang (Oxy) nén k = (0; 0;1) la mot vecto chi
phuong cua A.

Trong khong gian Oxyz, phuiong trinh chinh tac ctia dwong thang AB véi A(l ;L 2) va
B(—4;3; —2) la:

x-1_y- 1 _z-2

x+4 y-3 z+2

A. B. .
1 -2 -2 1 -2 -2
C x+1 y+1 z+2 x+4 y-3 z+2
s 2 4 5 2 4
w Loi gidi
Chon D

Duong théng AB di qua diém B (—4;3 ; —2) , nhan E = (—5 22 —4) lam vecto chi phuwong,
x+4 y-3 z+2
-5 2 -4

c6 phuong trinh chinh tac la:

Trong khong gian Oxyz, phuong trinh tham s8 ctia duong thang di qua diém
A(2; 0;—1) va vudng goc véi mat phang (P) 2x—y+z+3=0 la:

x=24+2t x=2+2t
A.Jy=-t (teR). B.iy=-1 (teR).
z=—1+t z=1-t
x=2+2t x=2+42t
C.qyy=-1 (teR). D.iy=—t (teR).
z=—1+t z=1-t
= Loi gidi
Chon A

Duong théng di qua diém A(2; 0;—1) ,nhan ?P) = (2;—1;1) lam vecto chi phuong, c6

x=2+2t
phuong trinh tham so la: §y =—t (t eR).

z=—1+t

Trong khong gian Oxyz, duwong thang di qua hai diém A(l; -3;5 ), B (2; -1; 7) co phuong

trinh chinh tic 1a

A x—1:y+3:z—7. B. x—1:y+3:z—5.
1 2 2 1 2 -2

C x—1=y+3=z—5. D. x+1=y—3=z+5.
-1 -2 -2 1 2 -2
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» Cau 8.

» Cau 9.

= Loi giai
Chon C
Puong théng di qua hai diém A(l; —3;5), B(2;—1; 7) co mot VICP la BA = (—1; -2; —2),
Suy ra PTCT la xol_y#3_z73 .
-1 -2 -2
A . . M , \ x—1 y+3 z—"7 C~
Trong khong gian Oxyz, cho duong thang A c6 phuong trinh 'R , diém
nao dudi day thuoc duong thang A?
A. M(1;-3;5). B. N(2;-1,7). C. P(1;-3;7) D. Q(3;-5;7).
= Loi giai
Chon C
Thay toa d6 cac diém vao PT duong thang ta co P(1;-3;7)eA.
x=3-t
Trong khong gian Oxyz, cho duong thang A c6 phuong trinh {y =1+3t , diém nao
z=2t
duéi day thudc duong thang A?
A. M(3;1,2). B. N(3;1;0). C. P(-1;3;2) D. Q(-1;-3;0).

= Loi giai
Chon D
Thay toa dd cac diém vao PT duong thang ta cé6 N (3; L 0) eA.

» Cau 10.Trong khong gian Oxyz, duong thang nao dudi day di qua diém A(3 ;=3; 2)

A x—3=y+3=z+2. B. x+3=y—3=z+2.
1 2 2 3 1 -2
C x—3:y+3:z—2. D. x+1:y—3:z+5'
-1 -3 2 3 -3 2
= Loi giai
Chon C
Thay toa dd diém A vao cac PT duong thang ta c6 x—13 = +33 = Z;2 diqua A.
x=5-3t
» Cau 11.Trong khong gian Oxyz, diém nao dudi day khéng thudc duwong thang A:dy=1-t
z=2+2t
A M(3;1;-2). B. N(5;1;2). C. P(-1;-1;6) D. Q(2;0;4).

» TOAN TU TAM

= Loi gidi
Chon A
Thay toa d6 cac diém vao PT duong thang ta c6 M (3; ;- 2) gA.




Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

x=5-2t
» Cau 12.Trong khong gian Oxyz, cho hai duong thang A iy =5+3t, A, : xl—l = y+23 = 216 .
z=2t
Goc gitra hai duong thang A, va A, bang
A. 30°. B. 90°. C. 60° D. 45°.

= Loi giai
Chon B
Ta cd VICP ctia A, va A, lan luot la (;1'(2; —3;2) va aj(l; —2;4) = Z.a_; =0
Vay goc gitta A, va A, bang 90°.

» Cau 13.Trong khong gian Oxyz, cho hai duong thang d, :xT—l = % = Z+22 , dy: x+22 = y_ll :g.
Xét vi tri twong ddi cta hai duong thang da cho.
A. Chéo nhau. B. Trung nhau. C. Song song. D. Cat nhau.
= Loi gidi

Chon C

w, =(2;,-2)  —  —
Tacé §_ = u, =-u,. Do d6 d, song song hodc trung vdi d,.

Uy :(—2;—1;2)
Goi diém M(I;O —2) ed,. Thay M vao d, ta duoc: % :O—_ll = _72 (vO 1i).
Vay d, // d,.

» Cau 14.Trén mot phan mém da thiét ké san khau 3D trong khong gian Oxyz. Tinh cos gitra hai

tia sang c6 phuwong trinh Ian luot 1a 4, %:%:%’ d,: x3—1 = y3_1 = Z;l.

A. —l. B. 0. C. 1. D. l
2 2
= Loi gidi
Chon B

d, c6 vecto chi phwong i, = (2; 1;—1).
d, c6 vecto chi phuong i, = (3; 3;9).
2.3+1.3+(-1).9

22 4P (1) A3 432 492

Ta co cos(dl,dz): =0.

» Cau 15.Trong khong gian Oxyz, cho diém M (1; 2;3). Goi M,, M, Ian lwot la hinh chiéu vuong

» TOAN TU TAM

goc cia M lén cac truc Ox, Oy . Vecto nao duwdi day la mot vécto chi phwong ctia duong
thang M,M,?
A. u, =(-1;2;0) B. u, =(0;2;0) C. u, =(1;2;0) D. u, =(1;0;0)
= Loi gidi
Chon A
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M, la hinh chiéu ctia M 1én truc Ox = M, (1,' O;O) )
M, la hinh chiéu cia M 1én truc Oy = M, (0;2;0).
Khi d6: M\M, = (—1; 2;0) la mot vecto chi phuwong cia MM, .

» Cau 16.Trong khong gian Oxyz, toa d0 nao sau day la toa do cia mot vécto chi phuong cua

x=2+4t
duong thang A: y=1—6t,(te]R)?
z=9t
A L3 B.|L,L2] C. (21,0). D. (4;,-6;0).
324 324
= Loi giai
Chon A
Tt phwong trinh A suy ra vécto chi phuwong ctua A 1a u :(4;—6;9) = 12(%;;;%).
- R . , L N 2 x y+l z-1 |
» Cau 17.Trong khong gian Oxyz, tinh goc gitra hai duong thang d, T T, v
d, x+l_y_z-3
-1 1 1
A. 45°. B. 30°. C. 60°. D. 90°.
= Loi giai
Chon D
VTCP &, =(1;-1;2), VICP &, =(-L1;1)
L.(-1)-1.1+2.1
Ta co Cos(dl,dz):‘cos(ﬁdl,ﬁdz) = ‘ (2 ) : ‘ =0
\/12+(—1) +22.\/(—1) +17+1°
Vay (d,,d,)=90°.
- , s \ g . v g X+l y—=1 z-2
» Cau 18.Tinh cosin goc gitta dwong thang d vdi truc Ox biét d: S T T
A2 B Ye. c. 2. p. L
6 3 3 6
= Loi giai
Chon B
VICP i, =(2;1;1), VICP ctia truc Ox 1a i=(1;0;0).
‘2+0+q 2 6

AP0 00 o 3

Vay Cos(d, Ox) = ‘cos(ﬁd,;)

» TOAN TU TAM
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» Cau 19.

» Cau 20.

» Cau 21.

» Cau 22.

x=6+5t
Trong khong gian Oxyz, cho duong thang d: <y =2+t va mat phang

z=1
(P) :3x -2y +1=0. Goc hop béi gitta dwong thang d va mit phang (P) bang
A. 30°. B. 45°. C. 60°. D. 90°.

-----

Chon B
Goi ¢ la géc gitta duong thang d va mit phang (P)

Ta co i, =(5;1;0) va ﬁ(P) =(3;—2;O)

Uu,.n
Khi @6 singp = cos(ﬁd,ﬁ(l,)) I G =%:> © =45°
i,
Trong khong gian Oxyz, cho duong thang A : xT—l = y_—:l zg va mat phang

(a) :x+y—z-2=0. Cosin ctia gbc tao boi dwong thang A va mit phang (a) bang

Chon D
Duong thang A c6 mot vecto chi phwong i = (2; -1; 2) va mat phang (a) cd vecto phap

tuyén 7 =(1;1;,-1).

Trong khong gian Oxyz, cho hai méat phang (P) :2x—y-z-3=0 va (Q) ix—z-2=0.
Goc gitta hai mat phang (P) va (Q) bang

A. 30°. B. 45°. C. 60°. D. 90°.
= Loi gidi

Chon A

Mp (P) c6 mot VTPT 7, =(2;-1;-1). Mp (Q) c6 mdt VIPT 7, =(1;0;-1).

‘ﬁp.ﬁQ B ‘2+0+1‘ 3

Tac cos{ () (] -fos{ )| - 2 - s
vay [(P).(Q)] - 30"

Trong khong gian Oxyz, cho ba diém M(l; O;O), N(O; 1;0) va P(O; 0;1). Cosin ctia goc

gitta hai mat phang (MNP) va mat phang (Oxy) bang
2

A L

1
A B. - <5

D. <.
3

» TOAN TU TAM m
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= Loi giai
Chon A
Mt phang (MNP) c6 mot VIPT la i=| MN, MP | = (1;1;1).
Mat phéng (Oxy) co mot VIPT la k= (0; 0;1).
Goi ¢ la goc gitta hai mat phang (MNP) va (Oxy).

Lo\ [ro+ro+ral
cos(n,k): =—

NENSENTTENCY

Ta cd cosp =

» Cau 23.Cho hinh chép t gide déu S.ABCD c6 canh ddy bing a2, chiéu cao bing 24 va O la

» TOAN TU TAM

tam cua day. Bﬁmg cach thiét 1ap hé truc toa 36 Oxyz nhw hinh vé bén dudi, khoang cach

tir diém C dén mit phing (SAB) bang

2a 4a
A —. B. —. C. —. D. —.
3 17 V17 3
= Loi giai
Chon D
Vi S.ABCD 1a hinh chép t giac déu nén SO L (ABCD) va ABCD la hinh vudng.
Suy ra OA=0B=0C = A2C = ”62"/5 —a.

Duwa vao hinh vé, ta co C(a; O;O), B(O,' a;O),A(—a; 0;0),5(0,' 0; 2a).

Suy ra /Té = (a; 0; 2a),§§ = (0; —-a; 2a).

Mat phéng (SAB) c6 mot cap vecto chi phuwong i = (1; 0;2) va v= (0;—1;2) nén co VIPT
. - o - 0 212 1111 0

la n:[u,v :(_1 b ollo _1J:(2;—2;—1).

Suy ra (SAB) c6 phuong trinh la (SAB) :2x-2y—z+2a=0.

|2a-20-2.0+2d] 44

TR

7 7

Vay d(C,(SAB))
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» Cau 24.Cho hinh chop S.ABCD c6 day ABCD la hinh chit nhat va SA L (ABCD). Cho biét
AB=2a,AD =3a va SA =2a. Cosin géc gitta hai dwong thang SC va BD bang

5 3
A —— D. ——
V221 V221
Chon B

Chon hé truc toa do Oxyz nhu hinh vé sao cho A=0.

Ta 6 B(24;0;0),D(0;34;0),5(0;0;2a) va C(2a;34;0).

Suy ra SC = (2a;3a; —2a) va BD = (—2a; 3a;0).

Hai duwong théng SC va BD c6 vecto chi phuong lan lugt la i = (2; 3; —2) va
0=(-2;3;0).

2.(-2)+33+(-2).9) s

‘u‘ ‘ ‘ \/22+32 2 \/(—2)2+32+02 NG

Vay cos(SC BD)

» Cau 25.Trong khong gian Oxyz, véi mat phang (Oxy) la mat dat, mot may bay cat canh ti vi tri
A(O; 10; 0) v6i van t6c @ =(150;150;40). Tinh géc nang cua may bay (goc gitta huéng
chuyén dong bay lén ctia may bay véi duong bang va lam tron két qua dén hang don

vi).

A. 10°. B. D. 9°.

Chon C
Goi A 1a duong thang biéu thi cho huéng chuyén dong bay 1én ctia mdy bay.

» TOAN TU TAM
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Ta c6 A nhan vecto v = (150;150; 40) = 10(15;15;4) lam vecto chi phwong.
Mit phang (Oxy) ¢6 VIPT 7 =(0;0;1).
Goi ¢ l1a goc gitta dwong thang A va mit phang (Oxy).
Suy ra sing = cos(5, ) - ‘?'ﬁq _ [15.0+15.0+4.1) _ 4
1] 152415 + 42 0P 102 417 466

Vay gbc nang ctia may bay la p ~11°.

B. Cau hoi - Tra loi Ding/sai

x=1
» Cau 26.Trong khong gian Oxyz, cho cdc duong thang A, :{y =2 —3t(t € ]R) ,
z=3+4t

A

, :xT—l 1—2—23 va mat phang (P):x+3y—-2z+1=0 .

M¢énh dé Ping | Sai
(a) | Vecto chi phuong ctia duong thing A 1a 7 =(1;-3;4)

Duong thang d, vudng goc voi (P) o vecto chi phuong la

() i =(1,-3;—2)

Duong thang d, vudng géc véi A,va song song véi mat phang

(c) (Oxy) 6 vecto chi phwong la i, = (3; —3;2)

Duong thang d, qua A(l;—l; 2), cat va vuong goc véi truc Oz ¢
(d)

vecto chi phuong la i, = (—1;—1;0)
= Loi giai
(a) Vecto chi phurong ciia duwong thing A, la 4 = (1; —3;4).
Vecto chi phuong ctia duong thang A, 1a @ = (O; -3; 4).
» Chon SAIL
(b) Duong thang d, vudng goc véi (P) co vecto chi phwrong la i = (1; 3; —2)
Mit phang (P) c6 1 vecto phap tuyén la i = (1;3;—2).
Duong thang d, vudng goc voi (P) nén co6 1 vecto chi phwong la i = (1; 3; —2).
» Chon DUNG.
(c) Duong thing d, vudng gc véi A, va song song véi mit phing (Oxy) cé vecto chi phwrong la
U, = (3; —3;2)
Mit phang (Oxy) ¢6 1 vecto phép tuyén la k= (0; 0;1).
Duong thang A, cé vecto chi phwong 1a 3 = (3; -3; 2)
DPuong thang d, vudng géc véi A,va song song véi mat phang (Oxy) c6 vecto chi
phuong Ia ii, =| 3,k | = (~3;3;0) = -3(,-1;0)
» Chon SAIL

» TOAN TU TAM
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(d) Duong thing d,qua A(l;—l;Z), cit va vudng goc véi truc Oz cb vecto chi phuong L i, = (—l;—l;O)
d, 1 Oz
Aed,
Suy ra H la hinh chi€u cta A 1én Oz = H(O; 0;2).

7

Goi H=d,n0Oz.Taco {

Vay duong thang d, ¢ 1 vecto chi phuong 1a AH = (—1; 1; O) .

» Chon SAIL
5 . 3 x=—1+t
» Cau 27.Trong khong gian Oxyz, cho hai duong thang 4, : x+1 = y_z = Z; ;d, ey =3+t va
z=2-mt
mit phing (P):2x+2y+z-3=0.
Ménh dé Ping | Sai

(a) | Khi m=0, s6 do goc gita hai duong thang d, va d,bang 135°
-1

b) | cos(d ,Ox)=—
(b) | cos(d,, Ox)=—

Puong thing A di qua gdc toa d6 O va vudng goc véi (P) tao véi

(c)

N 2 Ay o . 4
duong thang d mot goc avcd cosa = 9

@ Khi m= %,a,b e, % la phan s6 t6i gian, s6 do goc gitta hai duong
thang d va d,bang 90°. Gia tri biéu thiec a’ +b* =13

= Loi giai

x+2 y-1 z+3
-l 22
(a) Khi m=0, s6'do gdc giika hai dwong thing d, va d,bing 135°.

d

c6 vecto chi phuong la i = (-1;-2;2)

Khi m =0,dwong théng d, co6 vecto chi phuongla v = (1; I O)

N

cos(dl,dz) = ‘cos(ﬁ,?))‘ =

Suy ra s8 do goc giita hai dwong thang d, va d,bang 45°.
» Chon SAIL

(b) cos(dl,Ox) = _?1

Truc Ox cé vecto chi phuong la i= (1 :0; 0)
cos(dl,Ox) = ‘cos(ii,f)‘ :%

» Chon SAIL
(c) Duong thang A di qua goc tog A9 O va vudng géc véi (P) tao véi dwong thang d mét goc o cé

4
cosa = —.
9

» TOAN TU TAM
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Mit phang (P) :2x+2y+z-3=0 cb vecto phap tuyén la 7 = (2,' 2;1)
Puong thing A di qua gdc toa &6 O va vudng goc voi (P) nén co vecto chi phrong la

ﬁ:(z,-—z,-l)

cos(dl,A) = ‘cos(ﬁ,ﬁ)‘ =

NJ N

» Chon PUNG.
(d) Khi m = %,a,b €z, % la phén s6'toi gidn, s6'do goc giika hai dwong thing d, va d,bang 90°. Gid tri

biéu thire a’ +b* =13.
S8 do goc gitra hai duong thang d, va d,bang 90° khi hai duwong thang vuong goc

Khi dé ﬁlz?@ﬁ.z7=0<:>—3—2m=0<:>m=7
Suyraa=-3;b=2

Vay a*+b* =13

» Chon DUNG.

» Cau 28.Trong khong gian Oxyz, cho duong thang A il = yTH

= % va mit phang
(P):x+2y—z+2025=0.

Ménh dé bung | Sai
(a) | S8 do goc gitra hai duong thang A va (P) bang 90°

Biét hinh chiéu cua O 1én (P) la H(3;—1;2). ala s6 do goc gitra (P)

1 1
va duong thang A, cosa = m

Duong thang d, 1a giao tuyén cua (P) va (Oxy). Goi 3 la goc gitra

(c) 7
c d, va mat phang (Oxz). Khi do 5 >30°

DPuong thang d, vudng géc véi (P) tao voi (Q) :x+my—3=0 mot
(d) -16

gbc 30°. Khi d6 tong tat ca cac gia tri ctia tham s6 m bang —~

= Loi giai
3 -2 —
A:%:%: Z3 c6 vecto chi phuong la u:(—1;2;3)

(a) S6'do géc giita hai dwong thing A va (P) bang 90°.

(P) :X+2y—2z+2025=0co vecto phap tuyén la v = (1; 2;—1)

sin(A,(P)) = ‘cos(ﬁ,?))‘ =0, suy ra s6 do goc gitta hai duwong thang A va mit phang
(P):x+2y—2z+2025=0 bang 0°.

» Chon SAIL

» TOAN TU TAM
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(b) Biét hinh chiéu ciia O 1én mt phing (P) la H(3;—l;2). o la s6'do goc giika mdt phing (P) va dwong
thﬁng A, cosa = i
14

Hinh chiéu cta O 1én méat phang (P) la H (3;—1;2) nén vecto phap tuyén cua (P) la
ﬁ :(3;—1;2)

. I ‘—3—2+6‘ 1
sina = cos(u,OH)‘ =L I-_—
14 14
» Chon SAIL
(c) Puong thing d, la giao tuyén cia (P) vd (Oxy). Goi 3 la goc giita d va mat phing (Oxz). Khi d6

6 >30°
(Oxy) c6 vecto phép tuyén 1a k = (O; 0;1)
(P):x+2y—z+2025=0c6 vecto phap tuyén la o =(1;2;-1)
Suy ra vecto chi phwong cua d la [l_c',??} = (—2,1,0) =d
sin 3 = ‘cos(ﬁ,f)‘ = % = 3~27° <30°
» Chon SAIL

(d) Duong thang d,vudéng géc voi (P) tao vdi (Q) :x+my—3=0 mdt goc 30°. Khi dé téng tit ca cdc gid

. 2 A7 N _1
tri cua tham s0" m bang ?6

Duong thang d, vudng géc véi (P) nén co vecto chi phwongla v = (l; 2; —1)
(Q) :x+my—3=0 co vecto phap tuyén la 7, = (1; m;O)
. L 2+2m 1
51n(d2,(Q)) = ‘cos(nQ, v)‘ = ﬁ = 5
& 2[2+2m| =6.m* +1

<:>2(4+8m+4m2)=3(m2+1) & SmP+16m+5=0<m=

—8+4/39
5

~? A, ? ’ .7 . 2 A M _16
Tong tat ca cac gia tri ca tham s6 m bang =

» Chon DUNG.

» Cau 29.Trong khong gian Oxyz, cho hinh chép S.ABC c6 ba diém S(O; 0;3), A(O; O,'O), B(l; 0,'0),
C(O; 2;0) va mit phang (P) :x+y+2z-3=0. Trong cac khang dinh sau, khang dinh nao
dung ? Khang dinh nao sai ?

Ménh dé Ping | Sai
(a) | Cosin gbc giita hai mat phang (SAB) va mit phang (ABC ) bang 0

(b) | Cosin goc gitta hai mit phang (SBC ) va mit phang (ABC ) bang =

» TOAN TU TAM
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()

1043 ‘ ‘

Cdsin gdc gitta hai mat phang (SBC ) va mit phing (P) bang BT

(d) ‘ Géc gitta hai mat phing (SAC) va mit phing (ABC) béng 90° ‘ ‘

(a) Cosin géc giira hai mét phing (SAB) va mét phing (ABC) bang 0
Nhan xét bon diém 5(0;0;3), A(0;0;0),B(1;0;0), C(0;2;0) thudc mot tix dién vudng
S.ABC nén dé thdy (SAB) L (ABC) = cos((SAB); (ABC))=0
» Chon DUNG.

(b) Cdsin géc giira hai mdt phing (SBC) va mét phing (ABC) bang %

Taco: (SBC):T+7 +2 =12 (SBC):6x+3y +22-6=0 =i, =(6:3,2)
(ABC) <8 i .0, = SA=(0;0;3)
CoS((SBC)'(ABC))Z ﬁ(ABC)ﬁ(SBC) = ‘6'0+3.0+2'3‘ =2

' sy [ ey VO +07+3 A6 432422 T

» Chon DPUNG

1043

(c) Césin gdc giira hai mdt phing (SBC) va mdt phiang (P) biang

21
Ta co: i(SBC):(6;3;2)
n(P) = (1,' 1;1)
Nén COS((SBC)'(P)): ﬁ(SBC)ﬁ(P) = ‘6'1+3'1+2'1‘ =10\/§
' o | fim| VE+F 2P 20

» Chon DUNG.
(d) Goc giira hai mit phing (SAC) va mét phing (ABC) bang 90°
Nhén xét bon diém 5(0;0;3), A(0;0;0),B(1;0;0), C(0;2;0) thudc mot tk dién vudng
S.ABC nén dé thay (SAC) L (ABC) = ((SAB);( ABC))=90°
» Chon DPUNG

x=-3+2t
? 2 B
» Cau 30.Trong khong gian Oxyz, cho hai duong thang 4: gy =1-t vad: x+4 ]/; _z 14;
z=-1+4t

(A) = _32 =Y _22 =Z 1_1 Trong cac khang dinh sau, khang dinh nao dtng ? Khang dinh

nao sai ?
| Ménh dé | Pang | Sai
(@) | Hai duong thing d va d' vudng géc véi nhau

» TOAN TU TAM m
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(b) | Hai duong théng d va d' citnhau tai diém cé toa dd (—1; 0;3)

(c) | Hai duong thang d' va (A) song song hodc tring nhau

(d) | Hai duong thang d’ va (A) trung nhau
= Loi giai
(a) Hai dwong thing d va d' vudéng goc véi nhau
i, =(2;,-14
Taco: ( ) va i, i, =23+(-1).2+4.(-1)=0 =d Ld'
i, =(3;2-1)
» Chon DUNG.
(b) Hai dwong thing d va d' cit nhau tai diém c6 toa do (—l; 0;3)

Hai duong théng d va d' cit nhau tai diém cé toa dd

4 ) A x=—4+3t x=-3+2t
Ta co: d':er =‘1/J2r =Z_l =>d:y=-2+2t'vad:<y=1-t
z=4-t z=—1+4t

—3+2t=—4+3t 2t-3t'=-1 t=1
Xéthé:{1-t=-2+2t' o -t-2'=-3<t'=1
—1+4t=4—t' 4t+t'=5 4.1+1=5(ding)
Vay toa do giao diém cua d va d' la (—1; 0;3)
» Chon DUNG.
(c) Hai dwong thing d' va (A) song song hodc trung nhau
i, =(-3;-2;1 -3 2 d'//A
Taccl’z{A ( ) ,'—3: i

1 - o
—=— =1i, cung phuong u, suy ra Li'_A

, CO:
U, =(3;2;—1) 3 2 -1
» Chon DUNG.
(d) Hai dwong thing d' va (A) trung nhau
Ta co: A(—4; —2;4) ed', takiém tra A c6 thudc A hay khong ?
—4-2 —2-2 4-1
-3 -2 1
» Chon SAL

(voli) = Ag A nén d'//A

» Cau 31.Trong khong gian Oxyz, Hai mdy bay cung xudt phat ti hai phi treong, trén man hinh

rada cua tram diéu khién (v6i don vi trén ba truc chinh theo don vi km), sau khi xuat

x=20+2t
phat ¢ gio (t > O) , Vi tri cia may bay s6 mdt duoc xac dinh béi cong thire {y =20+t , vi
z=—10—t¢

tri may bay s hai c6 toa do la (30 +1520+t;-10— t’) Trong cac khéng dinh sau, khéng

dinh nao ding ? Khang dinh nao sai ?
| Ménh dé | Pang | Sai

» TOAN TU TAM
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(@) | Cosin goc gitra hai may bay s6 mot va mdy bay s6 hai la %

(b) | Sau 10 gio ké tir thoi diém bay hai mdy bay gan nhau nhat

Néu mdy bay s6 mot van & phi tredng (dtng & vi tri ban dau) thi vi

© | g toa do ctia may bay la (20; 20;—10)

Sau 5 gio thi vi tri toa d§ mdy bay s6 2 trong khong gian la

(d) (35;25,-—10)

= Loi giai

(a) Cosin goc giira hai mdy bay s6'mot va may bay so hai la %

x=20+2t
Gia str duong bay cua may bay s6 1 la (Al): y=20+t o i :(2;1;—1) va duong bay
z=-10-t
x =30+t
ctia may bay so 2 thoa (30+t';20+t’;—10—t')e(Az) y=20+t" co i, :(1;1;—1)
z=-10-t'
i, i [2.1+1.1+2] s\

Ta co: cos(Al,A 41 j =
]| \/22 A () (1) O
» Chon DUNG.
(b) Sau 10 gio ké'tir thoi diém bay hai mdy bay gin nhau nhit.
Sau bao lau ké tir thoi diém bay hai may bay gan nhau nhat?
K& tir thoi diém xuat phat, d€ hai may bay gan nhau nhat thi hai mdy bay phai gan toa
do giao diém cua A, va A,
2042t =30+t 2t—t'=10
Taco: A\ NA, < 20+t=20+t" << qt-t'=0 <:>{t,
-10-t=-10-¢' t—t'=0
Vay sau 10 gio thi hai may bay gan nhau nhat.
» Chon DUNG.
(c) Néu mdy bay s6'mot van & phi triong (dieng & vi tri ban diu) thi vi tri toa dj clia mdy bay 12
(20;20;-10)
Néu may bay s6 mot van ¢ phi trieong thi thoi diém ltic d61a 0 gio =+ =0 thay
x=20+2t x =20
(AI) 19y =20+t =<:y=20 thivitritga dd cia may bay la (20,' 20;—10)
z=-10~-t z=-10
» Chon DUNG.
(d) Sau 5 gio thi vi tri toa d) may bay so'2 trong khong gian la (35; 25;—10)
Sau 5 gio thi vi tri toa do mdy bay s0 2 trong khong gian nén ' =5

» TOAN TU TAM
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x=30+5 x =35

Suyra {y=20+5 <<{y=25 ,vay tri tpa d0 may bay s0 2 trong khong gian la
z=-10-5 z=-15

(35;25;-15)
» Chon SAI
» Cau 32.Trong khong gian v6i hé toa do Oxyz, mot cabin cap treo xudt phat tir diém A(lO; 3;0)

va chuyén dong déu theo duong cap c6 vecto chi phuong la i =(2;-2; 1) véi tde dd 1a

4,5m/s (don vi trén mdi truc toa dd 1a mét).

Ménh dé Ping | Sai
x=10+2t
(a) | Phuong trinh tham s0 ciia duwong cap la: 1y =3-2t ,teR.

z=t

Gia str sau thoi gian t(s) k& tir ltic xudt phat (£>0), cabin dén diém

b
®) 1 M Khi 46 toa do diém M 1a M(3t+10;-3t+3,%j

Cabin dirng ¢ diém B c6 hoanh d§ x, =550, khi d6 quang duong
AB dai 800m.
(d) | Puong cap AB tao véi mit phang (Oxy) mot goc 30°.

(c)

= Loi giai
Gén hé truc toa dd Oxyz

» TOAN TU TAM
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3
A
B
A(10;3;0)
550
X. XB
x=10+2t

(a) Phwong trinh tham s6 cua dwong cap la: sy =3-2t ,teR.
z=t
x=10+2t
Phuong trinh tham s6 ctia duwong cap la: {y=3-2t ,teR.
z=t
» Chon PUNG.
(b) Gid stk sau thoi gian t(s) ké'tir liic xudt phit (t 2 0), cabin dén diém M. Khi d6 toa d§ diém M la
M(3t+10;—3t+3;%j .
Do tdc d¢ di chuyén cta cabin Ia 4, Sm/s nén 4 dai AM =4,5t(m). Vi vay [AM|=4,5t

voi t20.

Tacé AM va ii cung hudng nén AM =kii v6i k>0.

Suy ra ‘M‘:k‘ﬁ‘:k.,lzz +(-=2) +1=3k =>3k=4,5t = k:%:m:%ﬁ:(i&u—%;%)

Goi toa d0 diém M la M(xM;yM;zM).

X, =3t+x, X, =3t+10
TV 3t .
Vi AM:(3t;—3t;?] nén |y, =-3t+y, <1y, =-3t+3.
3t 3t
ZM:3+ZA xM:?

Vay diém M c6 toa dé 1a M(3t+1o,-—3t+3,%j.

» Chon DUNG.

(c) Cabin dirng ¢ diém B c6 hoanh g x, =550, khi d6 qudang duwong AB dai 800m .
Do x, =550 nén 3t+10=550=t =180(s).
Do d¢ diém B(550;-537;270).

Vay AB=(550-10) +(-537-3)’ +(270-0)’ = /636100 =810(m).

» TOAN TU TAM
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» Chon SAIL
(d) Duong cip AB tao v6i mit phing (Oxy) mot géc 30°.
Duong thrfmg AB c6 mot vecto chi phwong i = (2; -2; 1) va (Oxy) c6 mot vecto phap
ik
-

tuyén k = (O; 0;1). Do dé ta co: sin(AB,(Oxy)) = 311 é

cos(ﬁ,lz)

Vay (AB,(Oxy))~19°.
» Chon SAIL
C. Cau héi - Tra 1oi ngin

x=2 y-1_ z+1
-1 2
Goi H 1a hinh chiéu ctia A trén duong thang d,. Duong thang AH cé mot vecto chi

» Cau 33.Trong khong gian Oxyz, cho diém A(O; 2; —4) va hai duwong thang d, :

phuong la ii:(u;b;c) véi a,b,ceZ.Khi d6 2a—b+c bang
w Lo gidi
v Tra 1oi: 1
x=2+t
Ta c6 phuwong trinh tham sG cua d, 1a Jy =1-t
z=-1+2t
Duong thang d, c6 mot vecto chi phuong la i, = (1;-1;2)
Piém Hed, nén H(2+51--1+2t)= AH =(2+£;-1-£;3+2t).
Vi H 13 hinh chiéu ctia A trén dudng thing d, nén AH 17 < AH.ii =0 hay
3
2+t) 1+ (-1-t).(-1)+(3+2t).2=06t+9=0t=——
(28)- 14 (=1=1).(=1) (3 +2¢) )
oo (101
Khi d6 AH=| —;—,0{.
22

Vi a,b,c € Z nén duodng théng AH c6 mét vecto chi phuong la i = 2AH = (l; I 0) .
Vay 2a-b+c=2.1-1+0=1.
» Cau 34.Trong khong gian Oxyz, cho diém A(2; -3;5 ) 6 hinh chiéu vudng gdc trén cac truc Ox,

Oy, Oz 1a B, C, D.Goi H la tric tam tam gidc BCD . Phurong trinh chinh tic ctia
duong thang OH c6 dang 2-d % Khidéa+b+c bang
a — —C
= Loi giai
v Trd 10i: 19
Ta c6 B(2;0;0), C(0;-3;0), D(0;0;5).

Mt phéng (BCD) c6 phuong trinh §+l3+% =1 hay 15x—10y+6z-60=0.

» TOAN TU TAM Trang 18
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H la truc tam tam gidc BCD nén OH L (BCD). Do d6 OH c6 mot vecto chi phwong
ii =(15;,-10;6).

Vay phuong trinh chinh tac ctia OH 1a % :%O =§. Suy ra
a=15b=10,c=—-6=a+b+c=15+10-6=19.
R N . . 2 x oy z+l 2
» Cau 35.Trong khong gian Oxyz, cho duong thang d:E:—1 == va mat phang

(a) :x—2y—2z+5=0.Diém A(a; b;c) c6 hoanh d9 duong thudc duong thang d sao cho
khoang cach tr A dén (a) bang 3. Tinh téng a+b—c?
= Loi giai
v Tra loi: 1
biém A c6 hoanh d6 duong thudc duwong th:fmg d,toado A la (2t;— t—1+ t) voi t>0.

[2t=2(~t)=2(-1+1)+9 ,

Y2 ()

Khoang cach tir A dén (a) bang 3 nén ta co:

t=—8(L)
t=1(TM)
Vay toadd A la (2,-1,0)=>a+b-c=2-1-0=1

‘2t+7‘ {
&S — =3 ‘2t+7‘:i9 Rt

» Cau 36.Trong khong gian Oxyz cho hai duong thang d, :i1 = yTH =

X
g,dzz y=1 .Goiyp la
z=1

goc gitta hai duong thang d ,d,. Gia tri cosp c6 dang % . Tinh gia tri biéu thitc

P=b-3a+c?
= Loi giai
v Tra loi: 8
Ta ¢6 us =(~1,2;2), 1, =(2;0;-1)
Khi d6 cosyp = _L.ld] .Lidz = 2‘_1.2+2'0+2'(_1)‘ == 4 :4\/3
s, ||ta, \/(—1) +22 427 .\/22+02+(—1) Ws 15

Vay a=4,b=15,c=5=b-3a+c=15-3.4+5=8
» Cau 37.Trong khong gian Oxyz cho tam gidc ABC co A(l; 2;—1), B(2;—l;3), C(—4; 7;5) . Toa do
chan dwong phan giac goc ABC ctia tam giac ABC la I (a; b;c). Tinh tong a+b+c?

= Loi giai
v Tra 10i: 4

» TOAN TU TAM
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x=1-5t
Ta cé: Ta c6 phuwong trinh duong thang AC 1a {y =2+ 5t ,(t € R).
z=-1+6t
Goi I la chan dwong phan giac goc ABC ctia tam giac ABC = I(l—5t;2+5t;—1+6t).
Lai ¢ BA=(-1;3;-4), BC=(~6;8;2), BI = (=5t ~1;5t +3;6t —4).
Vi I la chan dudng phan gic géc ABC ctia tam gidc nén ABC :
BABI  BCHI
o] [

cos(ﬁ,B_I)) = cos(?@,ﬁ) &

St+1+15t+9+16-24t 30t +6+40t+24+12t -8 —4t+26 82t +22

\/(—1)2+32+(—4)2 ) (-6) +8 +22 ENCTIRNTY

<::>—8t+52=82t+22<:>t‘=l =1 —E;E;l .

3 3°3
Vay a:—g,bzﬂ,c=1:>a+b+c:—%+E+1:4
3 3 3 3

x=1+2t

» Cau 38.Trong khong gian Oxyz, cho duong thang A:{y =2+t va (P) i=x+2y+2z+5=0.Goi

z=-2—t
d 1a dwong thang di qua diém A (-1;,0;-1) cat duong thang A va tao véi duong thang
A, mdt géc nho nhat. Vecto chi phuong LT{; = (a,' b; c) . Tinh tong a+2b—3c?

= Loi giai

v Tra 10i: 9
Gia stt duong thang d cat duong thang A tai B, ta co: B(l +2t;2+1;-2— t) eA,.
Puong théng dco VTCP la: AB= (2t +2;t+2;,—t —1) , mat phéng (P) co VTPT
n=(-1,2;2).
2t —2+2t+4-2t-2| 2

36t +14t+9 33612 +14t+9

tao v6i duong thang A, mdt géc ¢ nhd nhat khi ¢ =0°hay sinp=0=t=0.
Khi d6 duong thing d di qua diém A(~1;0;-1)va c6 VICP AB=(2;2;-1).
Vay a=2,b=2,c=-1=a+2b-3c=2+22-3.(-1)=9

>0, =d

Goi ¢la goc gitta dva A, ta cd: singp =

» Cau 39.Trong khong gian Oxyz, cho mit phang (P) rax+by+cz-1=0vébi ¢ <0 di qua 2 diém

» TOAN TU TAM

A(0;1;0);B(1;0;0) va tao v6i (Oyz) mét goc 60°. Tinh tdng a+b+c? (Lam tron dén hang
phin tram)

= Loi giai
v'Tra loi: 0,59
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Mit phang (P) di qua 2 di€ém A, B nén ta c6: {Z:i i ((; =a=b=
\ 7. A 4 JAY ‘a‘ 1
Va( ) ao VOl( yz) mot goc nén cos(( ) ( yz)) o 2 (*)

Thay a=b=1vao phuong trinh (*) duoc: V2 +c* =2=c=—2
Khi d6: a+b+c=2-+2~0,59

x=4+t

» Cau 40.Trong khong gian Oxyz cho hai duong thang d, 1y =-4—t;d, :x;S = ]/;11 = Z;5 .
z=6+2t

Puong théng d di quaA(S; —3;5) cat d,d,lan luot 6 B,C . Tinh ti s6 %
= Loi giai
v Tra 10i: 0,5
x=5+12s
Bed, = B(4+t;—4—t;6+2t). Phuong trinh tham s6 d, : 4y =11+4s
z=5+12s
Ced, = C(5+2511+4s;5+2s). Khi do: AB=(~1+t-1-£2t+1); AC = (25; 45 +14;25)

Do A,B,C thang hang < AB, AC cung phwong < JkeR: AB=k.AC
t—1=2ks t=-2

S —t—1=4ks+14k < {s=-3.
2t +1=2ks k:l

Dodé < AB=-AC= 28 _1_qs
2 AC 2
» Cau 41.Cho hinh chép S.ABCD c6 ddy 1a hinh thang vuong tai A va B, thoa man diéu kién,
AB=BC=a,AD=2a, SAvudng gic véi mat day(ABCD), SA=a.Goi M,N Ian luot la
trung di€ém ctia SB,CD .Tinh cosin cua gbc gitta MN va (SAC ) (Lam tron két qua dén
hang phin trim)
= Loi giai
v Tra 1oi: 0,74
Chon hé truc toa d0 nhuw hinh vé

» TOAN TU TAM




Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

Chondonvilaa
Co A(o,-o;o),B(l;o,-o),c(l,-l;o),D(o,-z;o),s(o;o,-1),MG;0,%),N[—;—;0J.

Vecto chi phwong cua MN1a W = (0;%;;] = ZW = (0; 3;—1)

Vecto phap tuyén cua (SAC)lé = [TC,A—SJ =(L-10)

B s
Jo+142 10

)

Vay sin(MN,(SAC))

Suy ra: cos(MN,(SAC)) = 10 =——=0,74

10

» Cau 42.Mo6t phan mém mo phong van dong vién dang tap ban sting trong khong gian Oxyz.

» TOAN TU TAM

. N . . . - -2 z-
Cho biét truc d ctia nong sung c6 phuong trinh : xl Ly ;- z 53

A(8; -19;6m + 4) .Hoéi m bang bao nhiéu van dong vién cé ban tring hong tam.

va hong tam

= Loi gidi
v Tra loi: -6
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Dé van dong vién c6 ban trung héng tam thi truc d phai di qua hong tam. Ta thay diém
A(8;—19; 6m+ 4) vao phuong trinh truc 4:
x—-1 y-2 z-3 - 8-1 -19-2 6m+4-3
1 -3 =5 1 -3 -5
Vay m=—-6 thi van dong vién bin trang hong tam.

=7 6m=-36om=-—06.

» Cau 43.Trong khong gian Oxyz, mot cabin cap treo & Ba Na Hill xuat phat ttr diém A(—2; 1;5)
va chuyén dong déu theo dwong cap co vecto chi phuong la i = (O; ~2;6) v6i t8c do 1a 4
m/s (don vi trén mai truc toa d6 1a mét). Gia str sau 5 (s) ké tir Itic xuat phét, cabin dén

diém M. Goi toa do M(a;b;c). Tinh a+3b+c.

= Loi gidi
v'Tra loi: 6
x=-2
Phuong trinh tham s6 cia duong capla: d:{y=1-2k (k € R)
z=5+6k

Do tdc dd chuyén dong cta cabin 1a 4 m/s nén d¢ dai AM =4t (m)
Vi vay sau 5 (s) ké tir lic xuat phat, cabin dén diém M thi AM =4.5=20 (m)
Vi Med= M(-2;1-2k;5+6k)

H/ﬁ(o; —2k; 6k). Do 2 vec to ZZVI;&' cung hudng k>0

AM =20 <> \0? +4k> +36k> =20 < 40k> = 400 < k = +/10

Vik>0=k=410.
Vay toa do M(~2;1-2v10;5+6v10). Khi d6 a+3b+c=-2+3(1-2/10)+5+6410 =6.

» Cau 44.Trong khong gian Oxyz, nha cong vu cia mot tram hai dang nam trén mat phang

(P) :x+2y+2z—4=0 va phuong trinh tram hai dang 1a duong thang d: XTH = % =%2.

Nguoi ta mudn lam mot con duong A nam trong mat phang (P ) dong thoi cat va

» TOAN TU TAM
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vuong goc voi tram hai dang . Gia st phuong trinh dueong thang A c6 dang
x-1 y-b z-d

" . Héi ¢ bao nhiéu s6 trong cac sd a,b,¢,d chia hét cho 3
a - c

= Loi giai

v Tra loi: 1
Ta co i, =(2;1;3) la VICP cta d va 7, =(1;2;1) 1a VIPT cta (P).

Goi A=dnA.Do Ac(P) nén A=dn(P).

X+2y+z-4=0 x=1
Suyratoadd A thoahé&: <x4+1 ¢y z42¢ y=1:>A(1;1;1).

2 1 3 z=1
Coa : 7 . |Ac(P) Juy Ly,
Goi 1, la vécto chi phuong ctia A. Lai co: = ta chon
Ald i, L,
ﬁA=[ﬁ(P);ﬁd}=(5;—l;—3).
~ \ \ 2 .x-1 y—l z—1
Vay phuong trinh duong thang A la s " =3 =a=5b=Lc=-3;d=1

Vay c6 1 s6 chia hét cho 3.

» Cau 45.Tai mot nut giao thong c6 2 con dwong khac miec. Trén thiét ké, trong khong gian Oxyz

» TOAN TU TAM
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Nguoi ta mudn tao mot con duong A cit d,d, lan luot tai A va B sao cho AB nho
nhat. Tinh d6 dai AB, két qud lam tron dén hang phin tram.
= Loi giai
v Tra 10i: 2,45
Ta cé AB ngan nhat khi AB 1a doan vudng géc chung cua d, va d,.
Goi A(2+a;2+a;—a) ed; B(2+b;—1+2b;—3b) ed, > E(b—u;2b—a—3;—3b+u).

d,,d, Tan luot c6 cac véc to chi phuong 1a ﬁdl = (1,' 1;—1) va iidz = (1; 2; —3)
-3

| ABii, =0 I(b—a)+1(2b—-a-3)-1(-3b+a)=0  (6b-3a—3=0
Tacod:<__, & &
ABdi, =0 |1(b—a)+2(2b—a-3)-3(-3b+a)=0  [14b—6a-6=0
=— AlL L1 —
@{” 1 A0 = AB=(1;-2;-1)
b=0 B(2;-1;0)

Do d6 ‘Eé‘zx/gzus.

» TOAN TU TAM
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Y

Ly thuyét

1. Phuong trinh mat cau

=

B -y

- i
{ﬁ’;‘;‘u” Phuadng trinh mat cau:

LOAI 1

LOAI 2

Phuong
Trinh

(x—a)2+(y—b)2+(z—c)2 =R’

x*+y*+z* —2ax—2by—2cz+d =0

Tam | L&y hé so tu do trong ngodc +-1.

Lay hé s6 trude x;y;z +-2.

Xac
Pinh | Ban
Kinh

2. Vi tri tuong doi

-

L&y cén bac 2 vé phai.

R=

=" Gilla m@t cau va diém:

= Trong khong gian Oxyz, cho diém M va S(I ;R). Khi do:

a*+b*+c* —d.

Dbiéu kién ton tai: a’ +b*+c¢* —-d>0.

Mit cau

» TOAN TU TAM

Diém
Nam ngoai Nam trén Nam trong
SIMN(S)=H | ©IMn(S)=M=H | <IMn(S)=0
IM >R IM =R IM <R
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W

L=
=" Gilfa mat cau va mdt phang:

" Trong khong gian Oxyz, cho (a): Ax+By+Cz+D =0 va S(I;R).Khi d¢:

Mit phang
Khong cit Tiép xiic Cit theo giao tuyén la duong
& (a)n(8)=2 | < (a)n(s)={M]} tron

& (a)n(S)=C(I';r)

d(1;(a))>R d(I;(a))=R d(I;(a))<R

< Mit phing tiép | < (a) cat m3t cau theo giao
xtic mat cau tai

tuyén la duong tron c6 tam I'

Mat diém M. i Tsdin It 7,
cau R =\/r2 v (I;(a).

(=
=" Gilfa m@t cau vad mat phang:

Trong khong gian Oxyz, cho A: P70 YW _Z7% S(I;R). Khi dé:

a b c
Duong thang
Khong cit Tiép xiic Cit tai hai diém A;B
AN (S)=2 & An(S)={H] < An(S)={A;B]
d(I;A)>R d(I;A)=R d(I;A)<R
& Duong thang tiép AR>

Mit xtic mat cAu tai diém H | & R= \/T +d° (I;A)
cau

» TOAN TU TAM “
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G;Cc'lc dang bai tap
—

R~ Dang 1. Xdc dinh tdm - bdn kinh - nhdn biét phuong trinh mat cau

\_ Phuong phip ) \
(— = g pnap
LOAI 1 LOAI 2
Phuwong Trinh (x—a)2+(y—b)2+(z—c)2:R2 x*+y* +2z° —2ax—2by—2cz+d=0
(1) Hésd trude x,y,z bang nhauva | (1) He s6 trwde x?,y?,z° bang
bang 1. nhau va bang 1.
Nhan xét (2) He s8 trudc cac ngodc bang nhau | (2) Phuong trinh day du «%,y°,2°
va bang 1. (3) Thoa man diéu kién ton tai
(3) V& phaila hang s& duong. Pl 1 —d>0
Tam | Ly hé s6 tu do trong ngodc +~-1. Lay hé s6 trude x;y;z +-2.
XacPinh | p. | Lay cdn bac 2 v€& phai. ReZ+bV +c%—d.
Kinh Piéu kién ton tai: a’ +b* +c¢*—d>0.

4 Dinhnghia S(I;R)={MIIM=R>0}.
4 Cho hai diém A,B c0 dinh.
Néu MA L MB thi tap hop diém M la mat cau (S)cé tam I la trung diém AB va bén

4 Vidu1.1.

Trong khong gian Oxyz, xac dinh toa d6 tdm va ban kinh cac mét cau sau:

(1) (S): 2% +y* +2* ~2x+ 4y —62-2=0. @) (S):(x-1) +(y+2)' +22=9
= Loi gidi
(1) (S):x® +y* +2° —2x+4y—62-2=0.

Mat cau (S): x> +y* +2° —2x+4y—62z—-2=01a I(1;-2;3) va R:\/12 +(—2)2 +3°—(-2) =4
(2) (S):(x—l)2+(y+2)2+z2 =9

Mait cau (S):(x—l)2+(y+2)2+z2 =9 ¢o toa 0 tam I(l;—Z;O) va R=3.

» TOAN TU TAM
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Vidu1.2.

Trong khong gian Oxyz, cho cac phwong trinh sau:

(1) 2x* +2y° =(x+y)2—zz+2x—1—2xy @) x> +y*+2°-2x+2y =0
B) x> +y*+2>+2x -2y +1=0 4) (x+y)2=2xy—zz+l—4x
C6 bao nhiéu phuong trinh mat cau va mat cau day nhan I (—1 o1 ;0) lam tam?
= Loi gidi
(1) 2x* +2y° :(x+y)2—zz+2x—1—2xy
2x2+2y2:(x+y)2—zz+2x—l—2xy<:>2x2+2y2:x2+y2+2xy—zz+2x—1—2xy
oxX+y’+z7-2x+1=0& (x—l)2 +1” +2z° =0 khong 1a phwong trinh mt cau.
2) ¥ +y* +22 -2x+2y =0
x> +y’+z27-2x+2y =0
Kiém tra: 1 +(—1)2 =2>0 la phuong trinh mét cau, ¢ tam I(l;—l;O).
B) ¥ +y* +27 +2x -2y +1=0
x*+yt+z°+2x -2y +1=0.
Kiém tra: (—1)2+12—1:1>0 1a phuong trinh mat cau, c6 tam I(—l;l;O).
@) (x+y)2:2xy—zz+l—4x
(x+y)2:2xy—zz+1—4x<:>x2+2xy+y2—2xy+zz—1+4x:0<:>x2+y2+22+4x—1:0
Kiém tra: (—2)2 —(—1):5 >0 la phwong trinh mat cau, ¢4 tam I(—Z;O;O).

Vay, phuong trinh 1a phuwong trinh mdt cau va nhan

Vidy 1.3.

Trong khong gian Oxyz, cho cac phwong trinh sau:

(1) x> +y*+2>-2x=0 @) 2 +y*-2>+2x-y+1=0

(3) 2x% +2y° =(x+y)2 —z*+2x-1 4) (x+y)2 =2xy—z" -1
C6 bao nhiéu phuong trinh mat cau?

= Loi giai
(1) X +y*+2>-2x=0
X +y’+2° —2x=0 c6 tam I(1;0;0) va R=+1’+0* +0’ =1 la phuong trinh mt cau.

2) ¥ +y* =22 +2x—y+1=0
x*+y’ -z +2x—y+1=0 khong 12 phurong trinh mit cau vi hé s6 treéc z> khac hé s6
trude x° va .

(3) 22 +2y* = (x+y) 22 +22-1

» TOAN TU TAM
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2% +2y° =(x+y)2—zz+2x—1 <2 +2y = +yt +2xy—2° +2x -1
< x’ +y’ +z° —2xy—2x+1=0 khdng 1a phuong trinh mat cau.

4) (X+y)2 =2xy—z" -1
(x+y)2 =2xy—z -l o X +y* +2xy =2xy —z" —1

< 1’ +y° +z° +1=0 khong la phuong trinh mat cau vi x* +y* +z° +1>0Vx; y;z.

. Vi dy 1.4.

" Trong khong gian Oxyz, cho hai di€m A(0;0;,~1) va B(0;6;0). Chitng minh rang néu
diém M (x,' v; z) thoa man MA.MB=0 thi M thudc mot mat cau (S) . Tim tam va ban
kinh ctia méat cau (S) )

= Loi giai

Tacém ( X;—Y;— )va MB ( x;6—y;—z).

MAMB=0ox*—6y+y’ +z+2° =0’ +1y> +2° —6y+2=0.

Khi d6 theo dang mat cau thita co: a=0,b=3,c= —% vad=0.

Xét a* +b* +¢* —d—%>0

Vay tap hop diém M la mét cau c6 tam I(O 3;— j ban kinh R=+a’+b* +c* - —£

Vidy 1.5.
" Trong khong gian Oxyz, cho hai diém A(-2;2;-2); B(3;-3;3). Diém M trong khong
gian thoa man % - % Tinh d6 dai OM 16n nhat.
= Loi giai
Goi M(x' 'z).

Ta c6 Aj\f{g :% & 3MA = 2MB < 9MA® = 4MB>

@9[(x+2)2+(y_2)2+(z+z)} [(x 3 +(y+ )+(z_3ﬂ

Sty +2 +120-12y +122=0 < (x+6) +(y-6) +(z+6) =108.
Nhu vay, diém M thudc mat cau S) tam ( —6;6; 6) va ban kinh R=+/108 =6+/3 .

Do d6 OMIonnhatbang OI+R= \/( )+62 (—) +63=1243 .

» TOAN TU TAM
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» TOAN TU TAM

R~ Dang 2. Mat cau cé tam va di qua mot diém

— ?;?Phtro’ngphap )

» Trong khong gian Oxyz, viét phuong trinh mét cau (S)

Loai Phuong phap

Ttr gia thiét ta da cd sén tdm [ vabankinh R.

Tam I(a;b;c) vabankinh R. Phuong trinh (S):(x—a)2 +(y—b)2 +(z—c)2 = R%.

» Béan kinh mat cau

Tam I(a;b;c) va qua dié’mM(xo;yO;zo). R:IM:‘M‘:\/(xO—a)Z +(y0—b)2+(20—c)2 .

> Mat cau cd tam I(a;b;c) vaban kinh R=IM.

Vidy 2.1.
Trong khong gian Oxyz, viét phwong trinh cac madt cau sau:

(1) TAm I(—1;2;—3), bankinh R=3  (2) Tam I(O; —4;1) duong kinh bang 4.

= Loi gidi
(1) Tam I(-1;2;-3), bankinh R=3
Phuong trinh mat cau tam I(—1;2;—3), ban kinh R=3 121:(x+1)2 +(y—2)2 +(z+3)2 =9
(2) Tam 1(0;-4;1) duong kinh bang 4.
Duong kinh ctia mat cau bang 4 nén ban kinh R =2

Phuong trinh ctia mat cau tam I(O; —4;1) la x? +(y+4)2 +(z—1)2 =4,

4 vidy 2.2.

Trong khong gian Oxyz, viét phwong trinh cac madt cau sau:

(1) Tam I(-1;2;1) di qua gbc toa dd.  (2) Tam I(1;2;3) di qua diém A(1;1;2).

(1) Tam I(—l; 2;1) di qua gdc toa do.

Bén kinh ciia mat cau la R=10 = 1" +(-2) +(~1)’ =V6.
Phuong trinh ctia mét cau tam I(-1;2;1) qua O lax’ +y’ +2° =6.
(2) Tam I(1;2;3) di qua diém A(1;1;2).
Ban kinh cia matcaula R=1A = \/m = \/5
Phuong trinh ctia mét cau tam I(l; 2;3) qua A(l;l;z) lfcl(x—l)2 +(y—2)2 +(z —3)2 =2.
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R~ Dang 3. Mat cau cé dudng kinh

o i
ﬁphm)’ng phap )

P Trong khong gian Oxyz, viét phuong trinh mét cau (S )
Loai Phuong phap

Nhan M(xM Y Zu ) va N(xN TN ;ZN) > Goi I 1a tAm mat cau (S)
lam duong kinh = [ la trung diém cua MN

3I(XM+XN Yyt Yy _zM+zN]-

7 7

2 2 2

» Ban kinh mat cau R = @ =IM.

4 Vvidy3a.
Trong khong gian Oxyz, cho hai diém A(l; 0; —3) va B(3; 2;1). Phuong trinh mat cau
duong kinh AB 1a?

= Loi gidi

Goi I 1a trung diém cta AB:\/(3—1)2+(2—O)2+(1+3)2 —2J6 :R:%:\/g.

+
xI:xAsz:1;3=2
_l_
Khi d6 y1=y*‘2y3:0;2=1 = 1(21;-1).
+ —
ZI:ZA2ZB: 32+1:_1

Phuwong trinh mét cau can tim: x* +y° +z°> —4x -2y +2z=0.

Vidy 3.2
Trong khong gian Oxyz, cho hai vecto AO = (—1; —2;3) va BO = (—7;—4; —5). Phuong
trinh mat cau duong kinh AB 1a?
= Loi giai
Ta co TO(—I;—2;3) = A(l; 2;—3); %(—7;—4;—5). = B(7;4;5).
Phuong trinh mat cau dudng kinh AB thi tam la trung diém ctua AB = 1(4;3;1)

AB:J(7_1)2+(4_2)2+(5+3)2 Jios

2 2
Phuong trinh mat cau (x—4)2 +(y —3)2 + (z —1)2 =26

Ban kinh R =

Vay phuong trinh mat cau (S) (x—4)2 +(y—3)2 +(z—1)2 =26

» TOAN TU TAM
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R Dang 4. MGt cdu qua 4 diém khéng déng phéng

g g
= Phuwong phap )

Loai

» Trong khong gian Oxyz, viét phwong trinh mét cau (S)

Phuong phap

bi qua 4 diém A;B;C;D khong dong
phang

> Goi I(a;b;c) 13 toa d0 tam mat cau can tim.
> Mt cau (S) di qua 4 diém
IA* =B’
SIA=IB=IC=ID <<IA*=IC* =>toadd I.
IA* =ID?

Vidy 4.1.

W, AP A%N VAP 1 7 1.7 1
vidl CdU CO UdIIl vVd DdIl KII'IT

Trong khong gian Oxyz, néu mit cau .(S). di qua bon diém

M (2;2;2),N(4;0;2),P(4;2;0) va Q(4;2;2) thitam I cua (S) c6 toa d¢ 1a?

= Loi gidi

Goi phurong trinh mét cau: (S): x* +y* +2° +2ax +2by +2cz+d =0 (a2 +b*+c*—d> 0).

Vi M,N,P,Qe (S) nén ta c6 hé phuong trinh

2°+2°+2° +4a+4b+4c+d=0
4 +0°+2°+8a+4c+d=0
4 +2°+0°+81+4b+d=0
4 +2°+2°+8a+4b+4c+d=0

{ Vi dy 4.2,

a=-3
ﬁ:j = 1(3;1;1) 1a tam mit cau (S).
d=8

Trong khéng gian Oxyz, cho 4 diém A(2;0;0), B(0;2;0),C(0;0;2), D(2;2;2). Viét

phuong trinh mét cau (S) ngoai tiép t dién ABCD.

Goi phuong trinh mat cau c6 dang

= Loi gidi
x*+y? +2° +2ax+2by +2cz+d=0.

Vi mét cau ngoai tiép tt dién ABCD nén toa d6 cac diém A,B,C,D e (S) )

44+4a+d=0 a
, |4+4b+d=0 b
Ta co: =
444c+d=0 c
d

12+4a+4b+4c+d=0

1
1
1

0

Suy ra phwong trinh mat cau la x* +y° +z* —2x—2y -2z =0.

» TOAN TU TAM
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R~ Dang 5. M&t cdu cé tam thudc dusng thdng/mat phang

— f:'é Phuwong phap )

Loai

P Trong khong gian Oxyz, viét phuong trinh mt cau (S)

Phuong phap

Tam Ie(P) vadiqua A;B;C.
V6i (P):ax+B.y+v.z+6=0 hodc (P) la
cdc mat phing (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong truong hop 1€ mot trong cdc
mit phing (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

> Goi I(a;b;c) la tam mat cau

» Tacd Ie(P)= aa+Bb+y.c+6=0(1).
> Mat cau (S) di qua ba diém A;B;C
IA* = 1B (2)
IA*=1IC* (3)

> Tix (1);(2) va (3)=1 lathoa hé:

<:>IA—IB—IC<:>{

a.a+0Bb+vc+6=0
IA* =B’
IA* =IC?

» Mat cau c6 tam I(a;b;c) vabankinh R=1IA.

=toado I.

Tam I ed vadiqua A;B.
Voi d:X"Fo Y Yo _Z7%0 pose d 1a cic
a b c

truc Ox;0y;0z.

& Nhan xét:
Trong trwong hop I € mot trong cic
truc Ox;Oy;Oz bai todn sé don gidn

hon.

> Goi I(a;b;c) 1a tam mat cau
» Tacd Ied= I(x,+at;y, +bt;z, +ct).

7

> Vit TA:IB theo ¢ va tinh d6 dai ‘Ei

i
> Madt cau (S) di qua hai diém A;B
alAlee‘ﬁ‘:‘ﬁé‘:t:?.

> T t=?=toado I.
> Mat cau c6 tam I(a;b;c) vaban kinh R=1A

Vidu 5.1.

Trong khong gian Oxyz, cho mat cau (S) di qua 2 diém A(l;2;3),B(2;O;—2), va co

tam nam trén truc Ox . Viét phuong trinh mat cau ()2

= Loi giai

Vi mét cau ¢6 tam [ thudc truc Ox nén tam c6 dang 1 (x; O;O).
Vi mit cau di qua A(l;2;3),B(2;O;—2), nén IA=1B < IA* =B’
S (1-x) +4+9=(2-x) +4 = 2x=-6ox=-3 > [A=V# +2° +3* =29,

Do d6 phwong trinh mét cau la (x + 3)2 +y°+2°=29.
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3 =i dy 5.2.

Trong khong gian Oxyz, tim ban kinh mat cau qua 2 diém A (3;—1; 2) , B (1; I —2) va co

-1
tam I thuoc A:X=¥" _ 2,

1 -1

-----

o A A IA=(2t;1+t;1)
Vimat cau c¢o tam I thudéc A nén I(2t;1+t;—t) =

—

IB=(1-2t;t;=2+t)
Vi mit cau di qua hai diém A(3;—1;2),B(1; L; —2), nén IA=1IB
& (21%)2 +(1+t)2 +(—t)2 = (1—2t)2 +(t)2 +(—2+t)2

<:>4t+12:0<:>t:—3:>IA:\/(—6)2+(—2)2+(3)2 —7.

& Aviayss.

Trong khong gian Oxyz, viét phuong trinh mat cau di qua 3 di€ém

A(—2;3;3),B(—1; 1;2),C(4; 2;2) va ¢ thm nam thudc mit phéng (Oyz).
Vi mét cau co tdm I thudc mat ph:fmg (Oyz) nén tam c6 dang [ (0; b;c).
Vi mit cau di qua ba diém A(—2; 3;3),B(—1; 1;2),C(4; 2;2) nén ta co:
IA=IB=IC=R< IA*=IB*=IC* =R’

4+(3-0) +(3-c) =1+ (1-b) +(2-¢)
©{1+(1—b)2 +(2-¢) =16+(2-b) +(2-¢)

{40+9—6c+c2=65+4—4c+c2
“p=9

2¢=20 _[e=-10
e T e T S 1(0;9;,-10), R= 1A =4+ 36+169 =209 .
b=9 b=9

Phuong trinh mt cau la > +(y—9) +(z+10) =209,
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R~ Dang 6. M&t cau tiép xuc dudng thdng/mat phang

— 3}? Phuong phap )

Loai

P Trong khong gian Oxyz, viét phuong trinh mét cau (S)

Tam I(a;b;c) va tiép xuc voi (P)
Vi (P): Ax+By+Cz+D =0 hojc (P) la
cdc mdt phing (Oxy),(Oxz),(Oyz).
&  Nhan xét:
Trong trwong hop I tiép xiic mgt trong
cdc mit phing (Oxy),(Oxz),(Oyz) bai

todn sé don gidn hon.

Phuong phap
> Bén kinh mit cau
a(1;(a)) = ‘A%D‘ i e )
r=|d(L:(0xy)) =2 Tiep xuc (Oxy).
d(I,(Oxz)) = \/E Tiep xuc (Oxz)
d(1;(0yz)) =} Tiep xuc (Oyz)

> Mat cau tam I(a;b;c

N—"

vabén kinh R=d(I;(a)).

Tam I(a;b;c) va tiép xtc véi A.
X—2x

Vi A2 YT _Z7 50 s Al
a b c

cdac truc Ox;0y;0z.

& Nhan xét:
Trong trieong hop 1 tiép xiic mot trong
cdc truc Ox;Oy;Oz bai todn sé don

gian hon.

» Ban kinh mat cau

o]
d m

(
R = d(I Ox)_,/yl +z7 Tiep xuc Ox-
d(I;0y)=\|x; +z; Tiep xuc Oy
_d(I,Oz) =x; +y; Tiep xuc Oz

> Mat cau tam I(a;b;c) va ban kinh R:d(I;A).

I; A) Tiep xuc A

24 vidyea.

phang (Oxy) .

Trong khong gian Oxyz, viét phuong trinh mat cau tam I(1;-2;1) va tiép xtc v6i mit

-----

Do mat cau (S) tiép xuc (Oxy) = R= d Oxy \/7[2 \/(T 1.

Vay phuong trinh médt cau can tim: ( ) (y + 2)2 + (z 1)2 =

& 4 vidye.2.

(Oyz) tai M(0;3;-2).

Goi I(u;b;c)lfa tam mat cau (S)

» TOAN TU TAM m

Trong khong gian Oxyz, tim ban kinh mét cau di qua diém B(1;3;0) va ti€p xtic v6i

-----




Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

Vi (S) ti€p xtic véi mat phang (Oyz)tai M(0;3;— 2)
Nén hinh chiéu ctia I 1én mit phang (Oyz) la H (O;b;c) trung voi M.
Dodo b=3,c=-2va I(a;3;—2).

IB? = IM? 4:»(51—1)2 +4=q° <:>—2a+5:O<:>a=§:>I(%;3;—2]-

“Avidyes.
Trong khong gian Oxyz, cho ba diém A(l;—2;—4),B(2;3;4),C(3;5;7). Tim phuong

trinh mat cau c6 tam la A va tiép xtc véi BC.

-----

AB=(1;5;8), BC =(1;2;3) =| AB; BC |=(-1;5,-3)

Mt cau c6 tam la A va tiép xtc véi BC = R= d[A;(BC)] =

Vay phuong trinh mét can tim la: (x - 1)2 + (y + 2)2 + (z + 4)2 =

.
Y 4 vidyea.
Trong khong gian Oxyz, cho B(1;1;9), C(1;4;O). Mat cau (S) di qua B va tiép xtic véi
(Oxy) tai C co phwong trinh la?

Goi I(a;b;c)lé tam mat cau (S)

Vi (S) tiép xtic v6i mt phang (Oxy)tai C(1;4;0)

Nén hinh chiéu ctia I 1én mit phang (Oxy) la H (a;b;O) trung véi C.
Do d6 a=1,b=4va I(1;4;c).

IB=1C* &3 +(c-9) =c* & ~18c+90=0 & ¢ =5.

Vay phuong trinh mat can tim la: (x —1)2 +(y —4)2 +(z —5)2 =25.

» TOAN TU TAM m
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R~ Dang 7. M&t cu cdt dudng thdng/maét phdng

— 3}? Phuwong phap )

Loai

P Trong khong gian Oxyz, viét phuong trinh mt cau (S)

Phuong phap

Tam I(a;b;c) va cat (P) theo giao tuyén
la duong tron tam I’ ban kinh .
Vi (P): Ax+By+Cz+D =0 hodc (P) la
cdc mdt phiang (Oxy),(Oxz),(Oyz).
& Nhan xét:
Trong trwong hop I tiép xiic mgt trong
cdc mit phing (Oxy),(Oxz),(Oyz) bai

todn sé don gian hon.

‘Aa+Bb+Cc+D|
VA +B*+C?

> Ban kinh: R* =d*(I;(a))+r* =OH” + HM”

> Tinh d(I;(«))

> Mat cau tam I(a;b;c) vaban kinh R.

Tam I(a;b;c) va cit A tai A(xA;yA;zA),
B(x,;y,:z;) va H la trung diém AB.
z

Vi Ao YT _Z7 5 s Al
a b c

cdac truc Ox;0y;0z.

& Nhan xét:
Trong truong hop I tiép xiic mot trong
cic truc Ox;Oy;Oz bai todan sé don

gian hon.

]
> Tinh d(I;A)=7

P, ) ,  AB’
> Ban kinh: R? =4 (I;(a))+AH —OH*+ 22
4

> Mat cau tam I(a;b;c) va ban kinh R:d(I;A).

4 vidy71.

Trong khong gian Oxyz, cho mat cau (S) :(x—Z)2 +(y+3)2 +(z—4)2 =25. Mit phang

(Oxy) cat mit cau (S) c6 giao tuyén la mot dwong tron ¢6 ban kinh bang bao nhiéu?

= Loi giai

Mt cau (S) c6 tam: 1(2;-3;4), R=5.
Goi H la tam duong tron cat nén H la hinh chiéu caa I. Vay H (2; -3 0) :

Bén kinh dudng tron: r =R —IH? =+/5>—4> =3.

» TOAN TU TAM
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Viduy 7.2.
Trong khong gian Oxyz, cho diém 1(2; 4;1) va (P) :X+Yy+z—-4=0.Tim phuong trinh

mdt cau (S) tam [ sao cho (S) cat (P) theo duong tron c6 duong kinh bang 2
= Loi gidi
2+4+1-4
a5
VP17 +1°

Goi R 1a ban kinh mit cau, ta cé: R> =d’ (I,(P))+r2 =3+1=4.

Ta c6: d(I,(P))

=(8):(x-2) +(y—4) +(z-1) =4.

Viduy 7.3.
Trong khong gian Oxyz, cho diém A (—2 ;—4; 5) . Phuong trinh nao dudi day la phuong

trinh ciia mat cAu tAm 1a A va cit truc Oz tai hai difm B, C sao cho AABC vuong.

= Loi giai
Do AB=AC nén AABC vuongtai A.
Goi H trung diém BC - AH =BH =HC.
Do dé H la hinh chiéu ctia diém A 1én truc Oz.
Xét AABH: AB* = AH* + BH* =2AH?

— R=AH\2 :d(A,Oz).\/E =Jx, +y, A2 =2410

Vay mat cau c6 phuong trinh: (x + 2)2 + (y + 4)2 + (z - 5)2 =40

Vidy 7.4.
Trong khong gian Oxyz, cho mat cau (S) co tam [ (1;—1;2) va duong thang

d:xT_l=_ll=§. Duong thang d cat mit cau (S) tai hai difm A va B véi AB=10.
Viét phuong trinh ciia mét cau (S).

= Loi giai
Goi H la trung diém AB ta c6: [H =d(1,d)vé IH Ld.
H(l+t-t;t)= H= (-t +1t-2).
Vi: IHLd:ﬁ.Z:OQt:I.
= H(2;-1;1)=d(I,d)=TH =2

2
Xét AIAH: 1A = AH? +IH” = (%j +(\/5)2 -27.

Vay phuong trinh mat cau (S) : (x—l)2 +(y+1)2 +(z—2)2 =27.

» TOAN TU TAM
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R~ Dang 8. Vi tri tuong ddi lién quan mat cau

— 3}? Phuong phap ) 2

Miit ciu

_ |axl +by, +cz, + d|

Tinh d(I;(P)) va so sénh véi ban kinh R

o)
Mt phing d(I;(P)) >R Mit phang khong cit mat cau
d (I ;(P )) =R M3t phang tiép xiic mit cau tai M
d([;(P)) <R Mat ph:fmg cat mat cau
o]
Tinh d(I;d)= 7 va so sanh voi ban kinh R
i
Duong thang  d (I;d)>R Duong thang khong cit mit cau
d(1;d)=R Duong thang tiép xiic mat cau
d(I;d)<R Duong thang cdt mat cau
Tinh IM va so sanh véi ban kinh R
0 IM >R Diém M nam ngodi mat cau
Diem T D A A
IM =R biem M nam trén mat cau
IM <R Diém M ndm trong mat cau

4 Vidy 8.1.

Trong khong gian Oxyz, cho mét cau (S): x° +y* +z° —4x—2y+2z-3=0 va mot diém
M (4; 2; —2) . Xét vi tri cia diém M so v6i mat cau (S)
= Loi giai
Taco x* +y* +2° —4x—2y+2z—3:O<::>(x—2)2 +(y—1)2+(z+1)2 =9
= Mit cau (S) co tAm 1(2;1;—1) va ban kinh R=3
Ma IM=(2;1;-1)= IM=/2* + > + (-1’ =\/6 <R.

Vay diém M nam trong mét cau (S).

4 Vvidusa2.

Trong khong gian Oxyz, cho mt cau (S):x* +y* +2z° —2x -2y +2z-1=0 va mit phang
(P):2x+y—2z+1=0.Xét vi tri cia mit phing (P) so véi mit cau (S)

= Loi giai

M3t cau (s) c6 tAm 1(1; 1;—1), ban kinh R = \/12 +1? +(—1)2 +1=2.

» TOAN TU TAM
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\21+1 2.( +1\

\/22+12

Vay mit phang (P) tiép xuc véi mét cau (S) .

V6i (P):2x+y—2z+1=0 thld

4 vidyss3.

Trong khong gian Oxyz, cho duong thang (A) : xT—l = yT iz va va mat cau (S) :
X’ 4y’ +2" =2x+2y—4z+2=0. 58 di€m chung cua (A) va (S) 1a?

Duong théng(A) di qua M(l;—2;0)va c6 mot vecto chi phuong la i = (1; 3;—2)
Mat cau (S) co tam I(l;—l;Z) va ban kinh R=2.

i) o

i 14

Taco Mi=(0;1;2)va |, MI |=(8;-2;1) = d(1,4) -
Vi d(I,A) >R nén (A) khong cat mat cau (S)

& fvidysa.

Trong khong gian Oxyz, cho mit cau (S) va mit phang (P) Tan luot c6 phuong trinh
X +y*+2° —2x+2y-2z—-6=0, 2x+2y +z+2m=0. Cé bao nhiéu gia tri nguyén ctia m
dé (P) tiép xtc véi (S)?
(S) cétamla I(1;-1;1) vaban kinh R=3.
Do mit cau (S) tiép xtic véi mét phing (P) nén: d(I,(P))=R
2-2+1+2m)| m=4

@W:3@‘2m+1‘:9© m:_s.

< fvidyss.

Trong khong gian Oxyz, cho mét cau (S):(x - 2)2 +(y+ 1)2

2 0z 0 2 A? A g ) A \
A.T Y=< :il' Gia tri caa m d€ A khong cat mat cau (S) la?
m —

+ (z —1)2 =1va duong thang

Tt phuwong trinh duong thang A va mét cau (S) ta co:
(1+t=2) +(2+mt+1) +(~t- 1) =1

o (t=1) +(3+mt) +(t+1) =1 & (m*+2)# +23mt +10=0 (1)
D& A khong cat mat cau ( ) thi ( ) vO nghiém, hay ( ) 0 A'<0=meR
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f Vidy 9.

Trong khong gian Oxyz (don vi ctia cac truc toa do la

kilomet), mQt tram thu phat song dién thoai di dong c6

dau thu phat duoc dat tai diém 1 (6; —2: 4).

(1) Cho biét ban kinh phti séng cua tram 1a 3 km. Viét
phuong trinh mét cau (S) biéu dién ranh gidi cua

vung phua song. WS
(2) Mot nguoi st dung dién thoai tai diém M (5; o —2). Hay cho biét diém M nam

trong hay nam ngoai mdt cau (S) va nguoi d6 c6 thé st dung dwoc dich vu cta
tram ndi trén hay khong.
(3) Céu hoi twong tu d6i voi ngudi sit dung dién thoai ¢ diém N(6;0;3).

= Loi giai
(1) Cho biét ban kinh phu song ctia tram la 3 km. Viét phwong trinh mat cdu (S) biéu dién ranh
gidi cia vung phu séng.
Tram thu phat séng dién thoai di dong c6 dau thu phat duoc dat tai diém 1 (6; -2; 4).
Do d6 goi mat cau (S) co tam [ (6; —2;4) va ban kinh R =3 nén c6 phrong trinh:
(S):(x—6) +(y+2) +(z-4) =9.
(2) Mot nguedi st dung dién thoai tai diém M (5 ;2; —2). Hay cho biét diém M nam trong hay nam

ngoai mat cau (S) vanguoi do cé thé sit dung dwoc dich vu ctia tram néi trén hay khong.

Ta co: IM =(~1;4;-6) = IM = \/(—1)2 +4+(=6)" =53 km > R=3km.
= Diém M nam ngoai mat cau (S) va nguoi dé khong thé stv dung duoc dich vu cta
tram noi trén.

(3) Cau héi trong tir d6i voi nguedi st dung dién thoai & diém N (6; 0; 3) )

Taco: IN=(0;2;-1)= IN =0 +2° +(-1)* =\/5 km < R =3knm.
= DPiém N nim trong mat cau (S ) va nguoi do c6 thé sit dung duoc dich vu cta tram

ndi trén.
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Vidy 9.2.

Cong nghé ho trg trong tai VAR (Video Assistant
Referee) thiét lap mot hé toa d¢ Oxyz d€ theo doi vi
tri cia qua béng M . Cho biét M dang nam trén mét
san c6 phuong trinh z =0, dong thoi thudc mat cau
(S):(x—32) +(y—-50) +(z—8) =100 (don vi dd
dai tinh theo mét).

(1) Tim toa d6 tAm I va ban kinh R ctia mit cau (S) .
(2) Tim toa d6 hinh chiéu vuong goc | ctia tam [ trén mat san.
(3) Tinh khoang cach tt vi tri M ctia qua bong dén diém J.
= Loi giai
(1) Tim toa d0 tAm [ va ban kinh R ctia mat cau (S)
Mat cau (S) c6 phuwong trinh: (S): (x—32)2 +(y—50)2 +(z—8)2 =100 nén cb tam
1(32;50;8) va ban kinh R=+/100 =10.
(2) Tim toa do hinh chiéu vuong goc | cuatam [ trén mat san.
Trong khong gian Oxyz, mét san ¢ phuong trinh z = 0 triing véi mit phang toa d6 (Oxy)
, suy ra hinh chiéu vudng goc ctia diém 1(32;50;8) xudng mat san co toa do ](32;50;0).
(3) Tinh khoang cach tir vi tri M ctia qua béng dén diém J.
Trong tam gidc vuong IJM , ta cé: ]—i = (0;0;8) =1]=8, IM=R=10.

/[

7

M =

J

Suy ra: JM =+/IM* = JI* =10>—8> =6.
Vay khoang cach tir vi tri M cua qua béong dén diém | la 6m.

» TOAN TU TAM Trang 18
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y

Luyén tap
A
A. Cadu héi - Trd 10i tric nghiém
» Cau 1. Trong khéng gian Oxyz, cho mit cu (S):x* +(y—4)2 +(z —1)2 =25.Toa d) tdm [ va

ban kinh R ctia mat cau (S) la

A. I1(0;-4;-1),R=25. B. 1(0;—4;-1),R=5.

C. I(0;4;1),R=25. D. I(0;4;1),R=5.
= Loi gidi

Chon D

Mat cau (S) co tam I(O; 4;1) vaban kinh R=5.
» Cau 2. Trong khong gian Oxyz, cho mit cau (S):x° +y* +2z° —6x+4y —8z+4=0. Toa d6 tam [

vaban kinh R ctia mit cau (S) 1a

A. I(-3;2;-4),R=25. B. I(3;-2;4),R=5.

C. I(3;-2;4),R=25. D. I(-3;2;-4),R=5.
= Loi giai

Chon B

Mt cau (S) c6 tam 1(3;-24) vabankinh R =3 +(—2) +4 —4 =5.
» Cau 3. Trong khong gian Oxyz, cho mit cau (S):x° +y* +z° —4x+8y—2z-4=0. Toa d tam I

vabén kinh R ctia mit cau (S) 1a

A. 1(2;—4;1),R=5. B. 1(—2;4;—1),R=25.

C. I(2,-4;1),R=+21. D. I(-2;4;-1),R=21.
= Loi giai

Chon A

Mt cau (S) c6 tam 1(2;—4;1) va bén kinh R =27 +(~4)’ +1 (~4) =5.
» Cau 4. Trong khong gian Oxyz, cho mat cau (S) : (x—l)2 +(y+2)2 +(z—3)2 =16 . Diém c6 toa dd
nao sau day nam trén mat cau?
A. (-1;2;-3). B. (1,-2;-1). C. (5-2:1). D. (1,-2;3).
= Loi giai
Chon B
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» Cau 5.

» Cau 6.

» Cau7.

» Cau 8.

» Cau 9.

» TOAN TU TAM

Thay toa d6 cua cac diém da cho vao phuong trinh mat cau ta dwoc diém cd toa do
(1; —2;—1) nam trén mait cau.
Trong khong gian Oxyz, cho mdt cau (S) X+ ( y —1)2 +z% =2. Trong cac diém cho dudi
day, diém nao ndm ngoai mat cau (S) ?
A. M(1;3;1) B. N(0;1;0) C. P(1;0;1) D. Q(1;1;0)
= Loi giai
Chon C
Mt cau (S) 6 tam 1(0;1;0) va ban kinh R=+2.
Khoang cach tir cac diém da cho t6i tam mat cau:
MI=v2=R; NI=0<R, PI=\3>R, QI=1<R.
Do d6 diém P nam ngoai mat cau.
Trong khong gian Oxyz, cho mét cau (S): x> +y* +2° —4x -2y +2z—-3=0 va mot diém

M (4; 2; —2) . Ménh dé nao sau day dung?

A.Diém M la tAm cua mit cau (S) ) B. Diém M ndm trén mit cau (S) )

C.DPiém M n3m trong mat cau (S ) ) D.Diém M nidm ngoai mat cau (S) )
= Loi giai

Chon C

Mat cau (S) co tam 1(2;1;—1) va ban kinh R=3.

Khi d6 IM =\/(4—2)2 +(2-1) +(2+1) =6 <R.
Vay diém M nam trong mit cau (S).

Phuong trinh nao sau ddy la phuong trinh ctia mat cau?

A (x-1) +(y-3) +(z+2) =3. B. (x—1) +(y-3) +(z+2) =-3.
C. (x-1)+(y-3)+(2+2)=9. D. (x-1)+(y-3)+(z+2)=-9.

= Loi giai
Chon A

Do phurong trinh mit cau ¢6 dang (x - a)2 + (y - b)2 +(z- c)2 = R? nén vé& phai cua phuong
trinh1a R*> >0
Diéu kién d€ phwong trinh x* + y* +z° —2ax — 2by —2cz +d = 0 1a phwong trinh mat cau?

A.a+b+c-d>0. B. i +b*+c*+d>0.

C.a*+b*+c*-d>0. D. & +b*+c*-d>0.
= Loi giai

Chon C

D€ phuong trinh x*+y°+z> —2ax—2by—2cz+d=0 1la phuong trinh mit cau thi
a?+b’+c*-d>0

Trong cac phuong trinh sau, phuong trinh nao khong phai 1a phuwong trinh ctia mat cau?
A X +yi+27 =1, B. X’ +y* +2° +2x+2y—4z+11=0.
C.x’+y’ +z2 +2x+4y—4z-21=0. D. 2x*+2y* +2z° +4x+4y-8z-10=0.
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» Cau 10.

» Cau 11.

» Cau 12.

» Cau 13.

» TOAN TU TAM

= Loi giai
Chon B
Xét phuwong trinh x* +y* +2z* +2x+2y—4z+11=0
Co a:i:—l; b:i:—l; c:_—4:2; d=11
-2 -2 -2

Tacé a* +b% +c* —d =(~1) +(~1) +2° =11 =-5<0

2

Nén phuong trinh x° +y* +z% + 2x + 2y —4z+11=0 khong la phwong trinh mat cau.

Trong cac phuong trinh sau, phuwong trinh nao 1a phuwong trinh ctia mat cau tam
I(1;-2;3) ban kinh R=3
A (x=1) +(y+2) +(2-3) =3. B. (x—1) +(y+2) +(z-3) =9.
C. (x+1)2 +(y—2)2 +(z+3)2 =3. D. (x+1)2 +(y—2)2 +(z+3)2 =9.
= Loi giai
Chon B

Phuong trinh mat cau I(l;— 2;3) ban kinh R =3 cé dang (x —1)2 +(y + 2)2 +(y —3)2 =9
Trong cac phuong trinh sau, phuong trinh nao la phuong trinh ctia mdt cau tam
I(-1;2;-3) vadi qua di€ém M(0;3;2)

A (x=1) +(y+2) +(z-3) =13. B. (x—1) +(y+2) +(z-3) =V13.

C. (x+1) +(y-2) +(z+3) =27, D. (x+1) +(y-2) +(z+3) =+27
= Loi giai

Chon C

Taco: IM=(1;1;5)=> R=IM =+27.
Phuong trinh mat cau I(—1;2;—3), R=\/E c6 dang (x+1)2+(y—2)2+(z+3)2 =27.

Trong cac phuong trinh sau, phuwong trinh nao 1a phuwong trinh ctia mat cau tam
1(0;3;1) ban kinh R =2

A X+ +2 +6y+22+6=0. B. X’ +y* +2° +6y+22-6=0.

C.x’+y’ +z°—6y-2z-6=0. D. X’ +y*+z°—6y—2z+6=0.
= Loi giai

Chon D

Do phwong trinh mét cau ¢ tam 1(0;3;1) nén 2a=0; 2b=-6; 2c=-2.

Mit khéc ban kinh R=va? +b*+¢>—d =+0*+3’ +1°—6 =2 nén gia trj d=6.

Xac dinh tdm va ban kinh ctia mit cau x* +y° +z> +8x— 6y +2z-10=0.
A.Tam I(-4;3;-1) vaban kinh R=6. B. Tam I(—4;3;-1) vaban kinh R=36.
C.Tam I(4;-3;1) vabankinh R=6. D. Tam I(4;-3;1) vaban kinh R=36.
= Loi giai
= Loi giai
Chon A

Phuong trinh x* +y° +z* +8x -6y +2z-10=0 c6 a=—4;b=3;c=-1,d =-10
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Véy tam ctia mt cau 1a [(—4;3;-1), ban kinh R=+v16+9+1+10 =36 =6.

» Cau 14.Trong khong gian Oxyz (don vi ctia cac truc toa do la kilomet), mot tram thu phat song

dién thoai di dong c6 dau thu phat duoc dat tai diém I (—6; -1 4) . Cho biét ban kinh phu
song cua tram la 2 km . Nguoi sit dung dién thoai diing ¢ diém nao sau day thi st dung
duwoc dich vu cua tram noi trén?
A. A(—4;0;2) B. B(-5,-2;5). C. C(-6;2;2) D. D(0;-1;4)

= Loi giai
Chon B
Tacé [A=3>2;IB=+3<2,IC=13>2,ID=6>2.
Vay nguoi dung tai diém B nam trong mat cau nén sé st dung duoc dich vu cua tram
thu phat song dién thoai di dong.

» Cau 15.Trong khong gian Oxyz (don vi ctia cac truc toa do la kilomet), mot tram thu phat song

dién thoai di dong c6 dau thu phat duoc dat tai diém 1 (—6; -1 4) . Cho biét ban kinh phu
song cua tram la 2km . Nguoi sit dung dién thoai diing ¢ diém nao sau day thi khong st
dung dugc dich vu cta tram noi trén?
A. A(—S;O;S) B. B(—S;—2;5) . C. C(—6;2;2) D. D(—7;—2;3)

= Loi giai
Chon C
Tacd IA=3<2;IB=+/3<2,IC=+/13>2,ID=3<2.
Vay nguoi dung tai diém C nam ngoai mat cau nén sé khong str dung duoc dich vu ctaa
tram thu phat séng dién thoai di dong.

» Cau 16.Trong cac phuwong trinh sau, phwong trinh nao la phueong trinh ctia mat cau?

A X +y +27 +2x+2y—2z+4=0 B. X’ +y* +2° +4x-2y+2z+6=0

C. x>+  +2° +2x—6y+4z+14=0 D. x*+y’+z° +8x—-6y+2z-10=0
= Loi giai

Chon D

Phuong trinh x* +y° +2° +2x+2y—2z+4=0 ¢§ a* +b> +c* —d=-1<0.
Phuong trinh x* +y° +2z° +4x -2y +2z+6=0 c6 a* +b* +c’ —-d =0.
Phuong trinh x* +y* +2° +2x—6y+4z+14=0 c6 a* +b° +c* —d=0.
Phuong trinh x* + 1> +2° +8x—6y+2z—10=0 c6 a* +b* +c* -d =36 > 0.

Vay phuong trinh x* + 1 +z* +8x— 6y +2z-10=0 la phuong trinh ctia mit cau.

» Cau 17.Trong cac phuong trinh sau, ¢6 bao nhiéu phuong trinh la phwong trinh cia méat cau?

» TOAN TU TAM

(). X*+y*+2°+42z-32=0 (ii). x> +y* +2° +2x+2y—2z+4=0
(iii). X’ +y* +2° +2x -6y +4z-10=0 (iv). X’ +y* +2° +8x—6y+2z-4=0
A. 1. B. 2. C. 3. D. 4.

= Loi giai
Chon C

Phuong trinh x* +y° +2z° +42-32=0 c6 a’ +b* +c* -d=36>0.

Phuong trinh x* +y° +2z° +2x+2y-2z+4=0 c6 a* +b* +c* —d =-1<0.
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Phuong trinh x* +y° +2z° +2x—6y+4z-10=0 cb a’ +b*> +c> —d=24>0.
Phuong trinh x* +y° +2z° +8x—6y+2z-4=0 c6 a* +b* +c° —-d =30>0.
Vay ¢6 3 phuong trinh 1a phuong trinh ctia mat cau.

» Cau 18.Viét phurong trinh mdt cau c6 tam M(3; I; —4) va di qua diém N(l; 0;1).

A (x+3) +(y+1) +(z—4) =30 B. (x-3) +(y—1) +(z+4) =30
C. (x—3)2+(y—1)2+(z+4)2 :\/% D. (x—3)2 —(y—1)2 —(z+4)2 =30
% = Loi giai

Ta cé R=MN =430
Phuong trinh mat cau (x—3)2 +(y—1)2 +(z +4)2 =30

» Cau 19.Trong khéng gian Oxyz, cho diém (3;4;2). Phuong trinh mat cau tam I va tiép xuc véi

truc Oz la

A (x=3) +(y-4) +(z-2) =16. B. (x-3) +(y—4) +(z-2) =4.

C.(x=3) +(y—4) +(z-2) =s. D. (x-3) +(y-4) +(z-2) =25.
= Loi giai

Chon A

Goi H la hinh chiéu vudng goc cta I 1én truc Oz, suy ra H (0; 0;2) )
Ta co: HI =(3;4;0).
Mt cau tam [ va ti€p xuc truc Oz ¢é ban kinh:
R=d(1,0z)=HI =3 +4*+0* =5.
Suy ra phwong trinh mat cau: (x—3)2 +(y—4)2 +(z—2)2 =25.
» Cau 20.Trong khong gian Oxyz, cho (S):x* +y* +z° —4x—2y+10z—14 = 0. Mt phang
(P) :—x+4z+5=0 cit mit cau (S) theo mot dwong tron (C) Toa do tam H cuaa (C) la
A. H(-3;1;-2). B. H(-7;1;-3). C. H(911). D. H(L;1;-1).

-----

Chon C

Mit cau (S) c6 tam I(2;1;-5) va mit phang (P) c6 VTPT 7i =(-1;0;4).

Vi mat phang (P) cat mat cau (S) theo mot dwong tron (C ) nén tam H cua (C ) la hinh
chiéu cta I 1én mat phang (P)

Puong thang IH qua I (2;1;—5) va nhan ﬁ:(—1;0;4) la VICP c6 phuong trinh la

x=2-t
{yl (teR).Khidoé IHN(P)=H(2-t1;,-5+4t).
z=-5+4t
Tacd —(2—t)+4(-5+4t)+5=0<t=1.Suy ra H(L;1;-1).
x=2_ y _z+l

» Cau 21.Trong khong gian Oxyz cho duwong thang d : e Goi (S) la mat cau cé ban

» TOAN TU TAM m
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» Cau 22.

» Cau 23.

» TOAN TU TAM

kinh R=5, cé tam I thudc duwong thang d va tiép xtic véi truc Oy . Biét rang I c6 tung
d6 duong. Diém nao sau day thudc mat cau (S ) ?
A. M(-1;-2;1). B. N(3;2;-1). C. P(-5;2;-7). D. Q(5-2;7).
= Loi giai
Chon B
Diém I thudc dudng thang d nén I cd toa do: I(2+t;—t;—1+2t)

Vimit cau (S) ti€p xtic v6i truc Oy nén d(I,Oy)=R<:>\/(2+t)2 +(—1+2t‘)2 =5
t=2
t=-2

V6i t =2 taco 1(4;-2;3).

V6i t=-2 taco 1(0;2;,-5).

S5 +5=5

Nén mat cau (S) c6 phuong trinh 1a: x* + (y - 2)2 + (z + 5)2 =25.
Thay toa dd cac diém trong cac phwong an vao phuong trinh mat cau, nhan thay diém
N(3; 2;—1) thoa man.
Trong khong gian Oxyz, mot thiét bi phat song dat tai vi tri A(3; 0; 0) . Vung phu song
ctuia thiét bi c6 ban kinh bé"mg 5. Hoi vi tri cia diém nao sau day khong thudc vung phu
song cua thiét bi ndi trén?
A. M(5;0;0). B. N(3;2;-1). C. P(-1;3;1). D. Q(0;-2;0).
= Loi giai
Chon C
Tacd6 AM =2<R nén diém M thudc vung phu séng.
Tacé AN =+/5 <R nén diém N thuéc viing phti séng.
Ta cé AP =+/26 >R nén didm P khong thuc ving pht séng.
Taco AQ= J13 <R nén diém Q thudc vung pht song.
Trong khong gian Oxyz, cho tit dién OABC c6 toa do dinh A(m; m; 0), B(O; m; m),

C (m; 0; m) Biét tir dién OABC c6 ban kinh mat cau (S) noi tiép bf?mg ? Khi do

phuong trinh mét cau (S) la

A. (x=1) +(y=1) +(z-1) =§. B. (x+1) +(y+1) +(z+1) %.

C. (x-2) +(y-2) +(z-2) =%. D. (x+2) +(y+2) +(z+2) =%.
= Loi giai

Chon A

Vi OABC la tt dién déu, nén tdm I ctia mat cau ndi tiép t& dién trung véi trong tam cua

tir dién ta co ﬂ,ﬂ,ﬂ .
2 2 2
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G la trong tam tam giac ABC,G(sz,%n,sz] :>[(;:m_\/g
Theo bai IG:mT\E:?:m:Z.
Khi d6 tam I(1,1,1).
Ph trinh mat cau (x—1) +(y—1) +(z—1) =+
wong trinh méat cau (x—1) +(y—1) +(z-1) 3

» Cau 24.Trong khong gian Oxyz, cho mit cau (S):x° +y* +2z° —4x+12y +6z+24=0. Hai diém
M, N thudc (S) sao cho MN =8 va OM? —ON? =-112. Khoang cach tr O dén duong
thang MN bang
A. 4. B. 3. C. 243. D. 3.

= Loi giai
Chon B
Ta co: (S) cO tam 1(2; -6, —3) va ban kinh R=5.
Ta c6: Ol =(2;-6;,-3) = Ol =7.

2
Goi H la trung diém MN = [H = ,|R® —@ =3.

—\2 —\2 — —\2 — —\2
Ta c6: OMZ—ON2=—112:>(OM) —(ON) :—112:>(OI+IM) —(01+1N) — 112
:2&(%—&):—112:&1\7]\7:56.
Ta lai c6: OLMN = OI.MN.cos(o_i,W) —56= cos(CTi,W) —1= OI//MN.
Do OI//MN = d(O; MN)=d(I;MN)=1IH =3.
B. Cau hoi - Tra 1oi Diing/sai
» Cau 25.Trong khong gian Oxyz, cho mat cau (C) : (x—l)2 +(y+2)2 +z°=16.

M¢énh dé Pung | Sai
(a) | Diém A(1;2;-1) ndm bén ngoai mit cau (C).

(b) | Biém B(O; O;l) nam bén trong mat cau (C) .

(c) | Biém C(O; 2;1) nam trén mit cau (C)
(d) | V6i diém D(2;1;-1), tacd ID < 4.

= Loi giai
(a) Diém A(l; 2;—1) nam bén ngodai mét ciu (C)
Tam 1(1,-—2,-0).
Ta co (1—1)2 +(2+ 2)2 +(—1)2 =17>16 = diém A(l; 2,'—1) nam bén ngoai mat cau (C)
» Chon DUNG.
(b) Diém B(O; 0;1) nam bén trong mdt chu (C)

Ta co (O—l)2 +(O+2)2 +1’=6<16 = diém B(O; 0;1) ndm bén trong mat cau (C)

» TOAN TU TAM



Chuong 05
MAT PHANG - DUONG THANG - MAT CAU

» Chon DUNG.
(c) Piéin C(O; 2;1) nam trén mat ciu (C)
Tacé (0-1) +(2+2) +1*=18>16 = diém C(0;2;1) ndm bén ngoai mt cau (C).
» Chon SAIL
(d) Véi diéim D(2;1;-1), ta cé ID <4,
Ta c6 ID:\/(2—1)2 +(1+2) +(-1) =411 <4.

» Chon DUNG.

» Cau 26.Trong khong gian Oxyz, cho mit cau (S): (x+1)2 +(y—l)2 +(z +2)2 =9 c6 tam [ vabéan
kinh R.

Ménh dé Pung | Sai

(a) | Phwong trinh méat cau (S) co tam I(l;—1;2), ban kinh R=3.

(b) | Piém A(O; 2; —3) ndm trong mat cau.

biém ](l; 2; 3) ndm ngoai mat cau va khoang cach tir tam I dén

(@ .
diém ] bing 10

Khoang cach tir tam I dén tam mit cau (S'):x° +y° +(z —1)2 =3 bang

(d)
V2.

(a) Phwong trinh mdt ciu (S) co taim I(l;—1;2), ban kinh R=3.
Phuong trinh mét cau tam I(l;—l;2), ban kinh R=3 1a (x—l)2 +(y+1)2 +(z—2)2 =9.
» Chon SAIL

(b) Diém A(O; 2; —3) nam trong mét ciu.
Ta co: (0+1)2 +(2—1)2 +(—3+2)2 =3=R=3,do dédiém A ndm trén mit cau.
» Chon SAIL

(c) Diéin ](1;2;3) nim ngoai mat ciu va khodng cich tie tim 1 dén diém | bang Jio.
Ta cé: (1+1)2 +(2—1)2 +(3+2)2 =30>R =3, do d6 diém ] nam ngoai mat cau.
Va 17:(0;3;1):»@‘ —Jor+3 412 =10
» Chon DUNG.

(d) Khodng cich tie tam I déi tam mat ciu (S'): x* +y* +(z—1)2 =3 bing V2.
Mit cau (S) c6 tam I(1;-1;2),
Mat cau (S’) cO tam K(O;O;l),

= \/(—1)2 +1? +(—1)2 ~ =2

Khi d6 ﬁ'<=(—1;1,-—1):>‘ﬁ

» Chon SAIL

» TOAN TU TAM Trcmg 8
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» TOAN TU TAM

» Cau 27.Trong khong gian Oxyz, cho mit cau (S):x° +y° +2° —2x+4y+1=0 c6 tam I va ban
kinh R.

M¢énh dé Ping | Sai

(a) | Mat cau (S) co tam I(l; —2;0) va ban kinh R=2.

(b) | Ban kinh ctia mat cau (S) 1a doan IM véi diém M(l; 1,'2) .

(c) | Mét cau (S) c6 duwong kinh AB véi A(O,‘l;—Z) va B(2;—1;—4).

(d) | Mt cau (S) ti€p xtic v6i mit phang (P):x+y-z-2=0.

= Loi giai
(a) Mat cau (S) co tam I(l; —2,'0) va ban kinh R=2.
Mat cau (S):x2+y2 +z°=2x+4y+1=0c6a=1,b=-2,c¢=0,d=1
= tim I(l;—2;0) vabankinh R=+a*+b*+c*-d =2.
» Chon DUNG.
(b) Bin kinh ciia mit ciu (S) la dogn IM véi diéim M(1;1;2).
Xét M(L;1;2): P +17+2° =2.1+4.1+1=9 do d6 M khong nam trén (S)
Vay ban kinh madt cau (S ) khong la doan IM .
» Chon SAIL
(c) Mt ciiu (S) c6 dwong kinh AB véi A(O;l;—2) v B(2;—1;—4).

Mat cau (S ) nhan AB lam duong kinh thi % =R vatam [ la trung diém cua AB.

, == — 2 2
Ta ¢ ABz(2;—2;—2):>‘AB‘ ~ 2+ (2) +(-2) :2\/53%:\/57&1{:2
» Chon SAIL
(d) Mat ciu (S) tiép xiic véi mdt phing (P) ix+y—z-2=0.
Mit cau (S) tiép xtic v6i mat phang (P) x+y-z-2=0R= d(I,(P)) .
i+(=2)-0-2

\/12 + 124 (-1)

\@¢R=2.

Ta c6 d(I,(P))

» Chon SAIL
» Cau 28.Trong khong gian Oxyz cho ba diém A(l; 0;0), B(O; 2;0) va C(O; 0;3) . Khi d6
M¢énh dé Pung | Sai
Mt cau tam B, ban kinh R =3 c¢é phwong trinh la
x’ +(y—2)2 +z° =3.

(a)

(b) | Mt cau tdim A, di qua B ¢6 phuong trinh la (x—l)2 +y’+z° =5.

Mit cau nhan BC lam duwong kinh ¢6 phuong trinh la

) 2 2_2
X +(y—l) +(z—3) =

()
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Mit cau tam O va c¢d ban kinh R=0G véi G la trong tam AABC,
D1 phuong trinh 1a x* +y° +z° = %
= Loi giai

(a) Mgt citu tdm B, bin kinh R =3 c6 phuong trinh la x° +(y—2)2 +z7=3.

Mit cau tam B, bén kinh R =3 c6 phuong trinh 1a x* +(y-2) +2* =9.

» Chon SAIL
(b) Mt ciu tdm A, di qua B c6 phuong trinh L (x—l)2 +y’+2° =5.

Ta ¢4 ban kinh mat cAiula R= AB= J5, nén phuong trinh mat cau la (x - 1)2 +y +2z°=5.

» Chon DUNG.

13

() Mgt citu nhdn BC Lim dutmg kinh c6 phiong trinft 1 o +(y 1) +(z=3) ="
Goi I la trung diém cua BC = I(O;l;%j, BC = \/E =R :@.
3 2
A \, 4 \ 2
Vay phuong trinh mit cau dwong kinh BC 1a x* + (y - 1) + (z _Ej =—,
» Chon SAIL

(d) Mt ciiu tdm O va ¢6 ban kinh R=0G v6i G la trong tim AABC, ¢é phwong trinh la x* +y* +2° = %

Ta cd GE%;%;IJ =0G= %4 nén phuong trinh mat cau can tim la x* +y* +z° = %
» Chon DUNG.

» Cau 29.Trong khong gian Oxyz (don vi trén mdi truc 1a mét), mot ngon hai dang (xem hinh vé)
dwocdatovitri I (25 :30; 50) . Mit cau (S ) mod ta ranh gidi ctia vung phu sang trén bién

ctia hai dang, biét rang ngon hai dang d6 duoc thiét k& véi ban kinh phu sang R = Skm.

(Nguon:hups:/shutterstock.com)

Ménh dé Ping | Sai

(a) | Mét cau (S) c6 phuong trinh la (x—25)2 +(y—30)2 +(z—50)2 =25.

(b) | Piém A(1025;30;50) nam bén trong mat cau (S)

» TOAN TU TAM
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© Mot nguoi di bién o vi tri M (45; 60;50) thi c6 thé duoc chiéu sang
c

boi dnh sdng ctia ngon hai dang.
Mot ngudi di bién 6 vi trf N (5125;30;0) thi khéng thé duoc chiéu

(d)

sang bdi dnh sadng ctia ngon hai dang.
= Loi gidi
(a) Mat ciu (S) co phwong trinh la (x —25)2 +(y —30)2 +(z —50)2 =25.

Ta c6 mit cAu md ta ranh gidi cia viing pht sang trén bién ctia hai dang, biét rang ngon
hai dang dé duoc thiét ké véi ban kinh phu sang R =5km =5000m, c6 phuong trinh la

(x-25) +(y—30) +(z—50)" =5000°.
» Chon SAIL
(b) Diéin A(1025;30;50) nim bén trong mdt ciiu (S).
Ta c6 1A =,/(1025 —25)2 =1000 < 5000 = R. Suy ra di€m A nam bén trong mat cau (S).
» Chon DUNG.
(c) Mgt nguedi di bién 6 vi tri M(45;60;50) thi c6 thé'duoc chiéi sing boi dnh sing ciia ngon hdi ding.
Ta cé IM =+/20° +30% =104/13 <5000 = R, suy ra diém M ndm bén trong mit cau (S).
Do d6 nguoi o vi tri M (45; 60;50) thi c6 thé duoc chiéu sang bdi anh sang ctia ngon hai
dang.
» Chon DUNG.
(d) Mt ngueoi di bién 6 vi tri N(S 125;30; O) thi khong thé dwoc chiéu sing béi dnh sing ciia ngon hdi dang.

Taco IN = \/51002 +(—50)2 >5000 = R, suy ra diém N nam bén ngoai mit cau (S)
Do d6 nguoi ¢ vi tri N (5 125;30; 0) thi khong thé duoc chiéu sang bdi anh sang ctia ngon
hai dang.
» Chon DUNG.
» Cau 30.Trong khong gian Oxyz cho hinh hop chit nhat OABC.O'A'B'C’ véi O 1a g6c toa do,
A(2;0;0), C(0;3;0), O'(0;0;4). Ta c6
M¢énh dé Pung | Sai
(a) | Mat cau thm O, ban kinh OA c6 phuwong trinh 1a x* +y° +2° =2.

(b) | Médt cau tam A, di qua C ¢6 phuong trinh 1a (x—2)2 +y?+z° =13.

Goi H la hinh chiéu vuéng géc ctia O 1én (ACO'), mit cau tim O

| .. , L o o, 12

di qua H c6 phuong trinh la x* +y” +z =l

Mat cau di qua cac dinh caa hinh hop c¢6 phuong trinh la
2

(d) 2 3 2 29
x=1) +ly——=| +(z-2) =—.
(x1) + 9-3] (-2 =%
= Loi giai
Gén hé truc Oxyz nhu hinh v§, ta ¢ tga d6 cac dinh ctia hinh hop

» TOAN TU TAM
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0(0;0;0), A(2;0;0); B(2;3;0),C(0;3;0), O'(0;0;4), A’(2;0;4); B'(2;3;4),C’(0;3;4)
(a) Mt ciu tdm O, bdn kinh OA c6 phwong trinh la x* +y* +2° =2,
Ta c6 OA =2, mit cau tdm O, ban kinh OA ¢6 phuong trinh 1a x* +y° +2° =4.
» Chon SAL
(b) Mgt ciiu tim A, di qua C ¢ phwong trinh la (x—2)2 +y*+2° =13.
Ta ¢c6 AC’=0A*+0C*=4+9=13=mat cau tam A, di qua C ¢6 phuong trinh la
(x—Z)2 +y*+z7 =13,
» Chon DUNG.
(c) Goi H la hinh chiéu vudng géc cua O lén (ACO’), mat cdu tam O di qua H c6 phwong trinh la

12
Xy +z=—.
¥ 61
Taco (ACO'): Z+Z+Z =1 6x+4dy+3z-12=0.
2 3 4
12
R:d( (ACO’ ) ‘ ‘ 12 Vay phuong trinh mat cau x* +y° +z° _144
J36+16+9 6l 61
» Chon SAIL
3Y 29
(d) Mat ciu di qua cdc dinh cua hinh hdp co phwong trinh la (x —1)2 + (y —Ej + (z - 2)2 =

Mat cau di qua cac dinh ctia hinh hop c¢é tam [ 1a trung diém ctia OB’ = [ ( % ] va co

OB 29
2

2

ban kinh R =

2
Phuong trinh mat cau la (x—l)2 +[y—%j (z 2)2 249

» Chon DUNG.

» Cau 31.Trong khong gian Oxyz, cho duong thang d: x = yT_l = % va mit phang
(P) :3x+y—z—-5=0. Mat cau (S) c6 tam [ thudc duong thang d va cat mat phang (P)
theo giao tuyén la duwong tron 16n nhat cé ban kinh r =5.
| Ménh dé | Pang | Sai

» TOAN TU TAM
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(a) | Mt phang (P): 3x+y—-z-5=0 c6 VIPT ﬁ=(3;1;—1).

(b) | Toa d6 tong quat cua tam I 1a (t;—1+2t;—2—t).
(© | d(1(P))=3.
(d) | Mat cau (S) c6 phuong trinh la (x—l)2 +(y—3)2 +(Z—1)2 =25.
= Loi giai
(a) Mt phang (P): 3x+y-z-5=0c6d VIPT n =(3;1;—1).
(P):3x+y-z-5=0c6 VIPT la 7 =(3;1;-1).
» Chon PUNG.
(b) Toa dg tong quadt ciia tdm 1 la (t;—1+2t;—2—t).

x=t
=d:qy=1+2¢ ,teRIed:I(t;l+2t;2—t)
z=2—t

Ta co: d:x:y_—l:z—Z

» Chon SAL
(© d(1,(P))=3.
Do giao tuyén cua (S) va (P) la duong tronlénnén [ € (P) = d(I,(P)) =0.
» Chon SAIL
(d) Mat cau (S) cé phwong trinh la (x—l)2 +(y—3)2 +(z—l)2 =25.
Tacd Ied= I(t;1+2t;2—t)
Theo gia thiét I=dn (P) nén toa do diém I thoa man phuong trinh mat phéng (P)
Thay toa d6 diém I vao (P) tacd:
3t+(1+2t)—(2-t)-5=0c6t-6=0=t=1=1(1;3;1)
Vi (S) m(P) theo giao tuyén la duwong tron 16n ¢ ban kinh r =5 nén ta c6 ban kinh mat
cau (S)la R=r=5.
Vay madt cau c¢é phuong trinh la: (x—l)2 +(y—3)2 +(z—1)2 =25.
» Chon DUNG
C. Cdu héi - Tré 10i ngin
» Cau 32.Trong khong gian Oxy, tong tat ca bao nhiéu sO tw nhién cua tham s& m d€ phuong

trinh x* +y* +2z° +2(m—2)y—2(m+3)z+3m* +7=0 la phuong trinh ctia mot mét cau.

= Loi gidi
v Tra loi: 6
a=0
o b=m-=2
Ta co: c:—(m+3)
d=3m>+7

Phuong trinh trén la phwong trinh mat cau khi:

» TOAN TU TAM
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» Cau 33.

» Cau 34.

» Cau 35.

» Cau 36.

» TOAN TU TAM

a’+b>+c*—d>0 <:>(m—2)2 +(m+3)2 —(3m2 +7) >0
S -m+2m+6>0 <17 <m<1+7.
Ma meN=me{0;1;2;3}.Nén 0+1+2+3=6
Trong khéng gian Oxyz, cho diém A(1; m;l) va mat cau (S) c6 phuong trinh
X’ +y*+2z° -2y +4z-9=0. Tap cac gia tri cia m dé diém A nam trong khdi cau c6 dang
(a;b) v6i a;b 1a cac s8 nguyén. Gia tri ctia 4’ bang.
= Loi giai
v Tra loi: -1
Mat cau (S) c6 phuong trinh x* +y° +2z° -2y +4z-9=0.
biém A(1;m;1) nam trong khéi cau (S) e P+m’ +17 -2m+4.1-9<0 < m’ -2m-3<0
Sme (—1;3) .
Vay a’ =-1
Trong khong gian Oxyz, c6 bao nhiéu gia tri nguyén duong m d€ phuong trinh
x*+y’ +2z° —2x -2y —4z+m=0 la phuwong trinh cia mdt mit cau?
= Loi giai
v Tra 10i: 5
Taco: x*+y° +2° —-2x-2y—4z+m=0 c>(x—l)2 +(y—1)2 +(z—2)2 =6-m.
b€ phuong trinh trén la phwong trinh mat cau thi 6-m >0 < m<6.
Vay gia tri nguyén duwong m can tim la 1;2;3;4;5.
Vay ¢6 5 gid tri thoa dé.
Trong khong gian Oxyz, cho mdt cau (S) co tam I(l; —3;2) va di qua A(S;—l;4) co
dang (x—a)2 +(y—b)2 +(z—c)2 = R?. Tinh gi4 tri biéu thitc T=a+b+c+R’.
= Loi giai
v Tra loi: 24
Tam 1(1;-3;2)
Bankinh R=IA=+16+4+4=124
Vay phuwong trinh madt cau (S) : (x—l)2 +(y+3)2 +(z—2)2 =24.
Ta co: a+b+c+R* =1+(-3)+2+24=24.
Trong khong gian Oxyz, cho ba diém A(l; 2; —4), B(l; —3;1), C(2; 2;3). Tinh dwong kinh
[ cia mit cau (S ) di qua ba diém trén va c6 tim nam trén mat phang (Oxy) (lam tron két
qud dén hang phin chuc).
= Loi gidi
v Tra 10i: 10,2
Goi tam mat cau la: I(x;y;O).
{AIZBI \/(x—l)z +(y-2) +4 :\/(x—1)2 +(y+3) 412
=

AL=CL ) 1) +(y—2) +4 = (x=2) +(y=2) +3°
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(y-2) +4* =(y+3) +1°
= 5 5 =
(x-1) +4° =(x-2) +3°

10y =10 =2
= Y = : . Suy ra I(—2;1;0)
2x=-4 y

Y —dy+4+4 =y’ +6y+9+1°
x*=2x+1+16=x"—4x+4+9

Vay l:2R:2\/(—2—1)2 +(1-2) +47 =226 =10,2.
» Cau 37.Trong khong gian Oxyz, cho cac diém A(—Z; 2; —2), B(3; —3;3) va diém M khong co

dinh trong khéng gian théa méan % _ % Khi d6 do dai OM 16n nhét bing bao nhiéu?

Lam tron két qua dén hang phin chuc.

= Loi giai

v Tra loi: 20,8

Goi M(x;y,'z).

Ta co: MA_2 < 9IMA? = 4MB?
MB 3

@9[(“2)2 +(y_z)2+(z+z)2}=4[(x_3)2 +(y+3) +(z_3)2}
S +y +28 +120-12y+122=0
Suy ra M thudc mat cau (S) tam I(—6;6;—6) ban kinh R=6\/§.
Khi d6 OM,, =d(O;1)+R =0I+R=6v3+6v3=124/320,8.
» Cau 38.Trong khong gian Oxyz, khi phuong trinh
X’ +y’ +2° =2(m+2)x+4my—2mz+7m’ —1=0 la phuong trinh mt cdu. X4c dinh m dé
mat cau cé ban kinh 1én nhat.
= Loi giai
v Tra 10i: 2
Phuong trinh x° +y° +2° =2 (m+2)x +4my —2mz +7m’ —1=0 la phuong trinh mt cau
<:>(m+2)2+4m2+m2—(7m2—1)>0<:>—m2+4m+5>0 o -l<m<s.
V6i me(~1;5) ta c6 mit cau cé ban kinh 1a R=—m* +4m+5 = |-(m-2) +9.
Taco (m-2) 20=—(m—-2) +9<9 = \[~(m-2) +9<3.
Vay, ban kinh mat cau 16n nhat b?mg 3khim=2.

» TOAN TU TAM
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» Cau 39.Trong khong gian Oxyz, cho diém [ (1 ;=2 ;3). Goi (S) la mat cau c6 tam I va cat truc

Ox tai hai diém A va B sao cho AB=243.Khi dé, phuong trinh mt cau (S) c6 dang

A o\ N _p? o o oo abe
la (x a) +(y b) +(z c) R*, tinh gia tri cha P R?
= Loi giai
v Tra loi: -1,5
A B

Goi H 1a hinh chiéu vuéng géc cua I 1én truc Ox = H(1;0;0) = [H =413

Ma HA = %AB =3.

Nén ban kinh mat cau can tim 1a R=IA=+IH* + HA* =4.

Khi d6, phwong trinh mdt cau can tim la: (x —1)2 - (y + 2)2 +(z —3)2 =16.
abe 1-(-2)3 3

Vay gia tri cua P = = =-——=-1,5.
ay gla trl R 4 5
x=1+t
» Cau 40.Cho cac diém A(-2;4;1), B(2;0;3) va dudng thang d:{y=1+2t.Goi (S) la mit cau di
z=-2+t

qua A,B va cé tam thudc duong thang d . Ban kinh ctia mat cau (S) 1a R=ayb, tinh gia
tricta P=a+b?
= Loi giai
v Tra loi: 6
Tam [ed=I(1+t;1+2t-2+t).
Al=(3+£;-3+2t;-3+t); Bl=(-1+51+26-5+1).
Vi (S) di qua A, B nén ta co:
JA=IBs IA* =1B* < (3+1&)2 +(—3+21&)2 +(—3+t)2 =(—1+t)2 +(1+21‘)2 +(—5+t‘)2
Sd=0t=0=IA=(3;-3;-3).

Suy ra, ban kinh mat cau (S): R:IA:\/32 +(—3)2 +(—3)2 =343.
Vay gidtricta P=a+b=3+3=6.

» TOAN TU TAM
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A A . . 2 x-1 vy z-2 . .
» Cau 41.Trong khong gian Oxyz, cho duong thang A: 5 = 5 = 1 va mit phi

» Cau 42.

» Cau 43.

» TOAN TU TAM

(P):2x—y+z—3:0. Goi mat cau (S) co tam I(a;b;c) thudc A va ti€p xuc véi (P) tai
H(l;—l;O). Khi d6 gia tri a* +b* +¢* bang bao nhiéu?

= Loi giai

v Tra loi: 14
x=1-2t

Ta c6: phuwong trinh tham s6 ctia A la {y =2t .ViIeA:I(1—2t;2t;2+t).
z=2+t

Mait cau (S) co tam I(l—2t;2t;2+t)eA va tiép xuc véi (P) tai H(l;—l;O) nén ta co:

2(1-2t)-2t+(2+4)-3 T
(2 (1) 41 =2ty +(1-20) 4 (2-1)

& (=5t +1) =6(9F +8t+5) < ~29£ ~58~29=0 < t =—1.

d(1,(P))=1H <

t=—1=1(3;-2;1) =>a=3,b=-2,c=1.
Vay @’ +b* +c* =14.
Trong hé truc Oxyz cho trudc (don vi trén truc la mét), cho mot tram thu phat song 5G
c6 ban kinh vung pht séng ctia tram ¢ ngudng 600m dwoc dat & vi tri [ (200 ;450; 60).
Tim gid tri 16n nhat caa m (lam tron dén hang don vi) d€ mot nguwoi dung dién thoai &
vi tri A(m +100;m+370; 0) 6 thé stv dung dich vu cua tram néi trén.

= Loi giai
v Tra loi: 512
D& mot nguoi dung dién thoai & vi tri A(m +100;m+370; O) c6 thé st dung dich vu ctia
tram thu phat song 5G c6 ban kinh vung pht song cua tram ¢ nguéng 600m duwoc dat o

vi trf 1(200;450;60) thi IA <600 < (m—100) +(m—80) +(~60) < 600>

180 —+/712400 << 180 ++/712400
2 T 2 '
180++/712400

Vay gid tri 16n nhat caa m la 5 ~512.

< 2m* —360m —340000 <0 <

Trong khong gian Oxyz, cho duong thang A: o _32 =Y 2_1 _z-l

(Q):x+2y—2z+4=0.Goi mit cau S(I,R) c6 tam I thudc A va ti€p xuc véi (P),(Q).

, (P):x+2y—22—2=0,

Khi d6 dwong kinh cua mat cau c6 gia tri béng bao nhiéu?

= Loi giai

v Tra loi: 2
x=2-3t

Ta c6: phuong trinh tham s cua A la 1y =1+2t. Vi Ie A= 1(2-3t;1+2¢;1+2t).
z=1+2t

Mit cau (S) co tam I(2—3t;1+2t;1+2t) thudc A va ti€p xuc véi (P),(Q) nén ta co:
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(2-3¢)+2(1+26)-2(1+26) =2 |(2-3¢)+2(1+2¢)=2(1+2t) +4

d(I,(P)) :d(l,(Q)) =N -

P +22+(-2) P +22+(-2)

e |-3t|=|-3t+6|=t=1.
Suy ra mat cau (S) cO tam I(—1;3;3) vaban kinh R=1.
Vay dudng kinh ctia mt cau (S) bang 2.

» Cau 44. Mot qua bong rd duoc dat 6 mot goc ctia can phong hinh hop chit nhat, sao cho qua

» TOAN TU TAM

béng cham va ti€p xdc véi hai bitc tuong va nén nha ctia can phong dé thi c6 mot diém
trén qua bong cé khoang cach lan lwot dén hai btec twong va nén nha la 17 cm, 18 cm, 21
cm (tham khao hinh minh hoa). Hoi d6 dai duong kinh ctia qua béng bang bao nhiéu cm
biét rang qua béng 16 tiéu chuan c6 duong kinh tir 23 cm dén 24,5 cm? Két qud la tron dén
mot chir s6"thdp phin.

18 A7
21

= Loi giai
v Tra loi: 23,9
Ta dat hé truc vao can phong sao cho c6 hai bttc teong la mat (Oxz),(Oyz) , vanén la
(Oxy) .
zd

0] K&
Vay bai toan dan dén viéc tim duong kinh ctia mat cau tiép xuc véi 3 mat phéng toa do
va chita diém M (17;18;21).

Ta c6 thé€ goi phuong trinh mat cau la (S):(x—a)2 +(y—a)2 +(z—a)2 =a’, véi a>0 (do
mat cau tiép xdc véi cac mit phang toa dd nén a=b=c=R).
Do M(17;18;21)(S) nén (17-a) +(18-a) +(21-a) =2’

a=28-+257

=20’ -112a+1054=0 <

0=28++257

Trang 18
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Vi qua béng rd tiéu chuén c6 dwong kinh tir 23 cm dén 24,5 cm nén a =28 —-+/257 thoa.
Vay duong kinh qua béng bang 2a = 56 —2+/257 ~ 23,9(cm) .

» TOAN TU TAM
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