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A. HAM SO LUQNG GIAC - CONG THU'C LUQNG GIAC —- PHUONG TRINH LUQNG GIAC

HAM SO LUQNG GIAC

Ham sb6 y = sinx
TXD: D =Rva—-1<sinx<1,Vx€R
Ham s6 Ié va la ham so tuan hoan chu ki la 27

Ham sb6 y = cos x
TXD: D =Rva—-1<cosx<1,Vx €R
Ham so chan va la ham so6 tuan hoan chu ki la 27

Ham sé y = tan x
T
TXD: D = IR\{§+ km,k € 7}
Ham s6 1¢ va 1a ham sé tuan hoan chu ki 1a 7
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Ham sb6 y = cotx
TXD: D = R\{km, k € Z}
Ham so lé va la ham so tuan hoan chu ki la

y

» —2n E 3n E—TI - 0 = * 3= 5211: X
VD: Tap x4c dinh cua y = sin 3x cot (x _ %)
TXD: D =R VD: Tap xac dinhciay = ———=
VD: Tép x4c dinh cia y = cos vVx p cosx —1
PK:x>0 DK:{X-zikT[ <:>{X:/=Z-|-k71'
TXD: D = [0; +00) cosx—1#0 x # k2m

T
TXD: D = R\ {Z + km, k2, k € 7}

VD: Tim GTLNvaGTNNciay = 2 + 3 cosx

Co—-1<cosx<1© -3<3cosx<3&

—1<2+4+3cosx<5

maxy =5khicosx =1 x =k2n (k € Z)

miny = —1khicosx = -1
Sx=n+k2n (k €Z)

VD: TimGTLNvaGTNNciay = 1 + 4 cos? x
Co0<cos’x<1e0<4cos’x<4
©1<1+4cos?x<5
maxy = 5 khicos?x =1 & cosx = +1
ox=kn(k €Z)
miny = 1khicos?x =0 & cosx =0

T
@x=5+k2n(kEZ)

VD: Xét tinh chan Ié cua y = x cos 3x

Kihiéu f(x) =xcos3xvaTXD: D =R
xX€ED=>—-x€D

f(=x) = (—x) cos(—3x) = —xcos3x = —f(x)
Do d6 day 1a ham so 1é.

Nhac lai:

< Ls e €ED=>—-x€D
f(x) laham séchén@{x X

f(=%) = £(0)

XxX€ED>=>—x€D

f(=x) = =f(x)

F(x) laham sb 16 o {
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CO BAN

1) —1<sinx;cosx <1

2)sin?x + cos?x =1

sinx CoS x
3)tanx = 4)cotx = — 5)tanx.cotx =1
cos x inx
2 1 2
6) -—=1+tan"x 7) =—5—-=1+cot*x
COS“ X SIn“ X mién 111 mién IV

8) sin(x + k2m) = sinx
10) tan(x + k2m) = tanx

9) cos(x + k2m) = cosx
11) cot(x + k2m) = cotx

CUNG LIEN KET

POl BU PHU
sin(—a) = —sina sin(m —a) =sina om T _
cos(—a) = cosa cos(m—a) = —cosa |51 (E - a) = cosa cos (E B a) = siha
—q) = — — ) = — T T
tan(—a) = —tana tan(mr — @) = —tana tan (_ _ a) — cota cot (_ _ a) — tana
cot(—a) = —cota cot(m — a) = — cota 2 N 2
(cos dbi) (sin bi) (phu cheo)
, , T
HON KEM & HON KEM 2
- n n -
sin(m+a) = —sina cos(mr+a) = —cosa Sin (E + a) = cosa cos (E + a) = —sina
_ _ Vs /i3
tan(m + a) = tana cot(mr + a) = cota tan (_ n a) — _cota  cot (_ n a) — _tana
(tan cot hon kém 1) 2 2
(sin 16m bing cos nhé)
CONG
sin(a + b) = sinacosb + cosasinb (sin thi sin cos cos sin) +h tana + tanb
cos(a+ b) = cosacosh + sinasinb (cos thi cos cos sin sin diu trir) tan (a + b) = 1 —tanatanb
NHAN DOI NHAN BA
sin2a = 2sinacosa . . .3 . . NN
a0 = cos? a — sin? @ = 2 cos? q — 1 sin3a = 3sina — 4sin® a (sin3a bang 3 sin trir 4 sin)
cos 2 cos3a = 4cos®a—3cosa (cos3abing 4 cé trir3 co)
Zt;na S a can 3 3tana —tan®a
an3a =
tanZazm 1 —3tan?a
CONG THUC HA BAC
. 1 —cos2a 3 3sina — sin 3a - . 1.,
sin“a=————| sina= 2 sin* x + cos x==1—§sm 2x
5 1+ cos2a 3 3cosa + cos3a 6 P .
cos’a=———| cos’a = sin® x + cos®x = 1 — —sin® 2x
2 4 4
, R , a
TICH -TONG TINH THEO t = tani

1
cosacosh = > [cos(a + b) + cos(a — b)] (cos cong cong cos trir)

2t 1—t?
sin 2a = > cos2a = >
sinasinb = 5 [cos(a — b) — cos(a + b)] (cos trir trir cos cong) 1+t 2t 1+t
1 tan 2a = >
sinacosb = 3 [sin(a + b) + sin(a — b)] (sin cong cong sin trir) —t
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TONG - TICH
a+b a—b>b _ _ o a+b a—b>b
cosa + cosb = 2 cos > cos > sina + sinb = 2 sin 5 cos >
(cos cdng cos bang 2 cos cos) (sin cdng sin bang 2 sin cos)
. a+b  a-b _ _ a+b a-b
cosa — cosb = —2sin Sin sina —sinb = 2 cos Sin
2 2 2 2
(cos trir cos bing trir 2 sin sin) (sin trir sin bang 2 cos sin)
i T
tana+tanbzw sina+cosa=\/§sin(a+—)
- cosa.cosbh 4

(tinh minh cong véi tinh ta,
sinh ra 2 dd@a con minh con ta)

sina—cosa=\/§sin(a—%)

NHO

1 + sin 2a = (sina + cos a)?

1
sina.cosa = EsinZa

1+ cos2a = 2cos?a
1 —cos2a = 2sina

PHUONG TRINH LUQNG GIAC CO BAN

u=v+kn (k € Z) (cos abi)

cosu=cosv<:)[
u=—-v+k2n

u=v+k2m

=T — 4 ko (k € Z)(sin bu)

sinu = sinv © [

tanu =tanveo u=v+kn (k €Z)

cotu=cotveu=v+kn(k€Z)

DACBIET

sinu=0u=km

T
sinu=1<:>u=5+k27r
T
sinu=—1<=u=—z+k2n

T
sinu=il<=u=5+kn

T
cosu=0<:>u=5+kn

cosu=1ou=k2m
cosu=-1ou=n+k2n
cosu=+1lou=kn

—cos(...) = cos(m + -++)

—sin(...) - sin(m + ---) hoac sin(—---)
—tan(...) - tan(—-+)

—cot(...) = cot(— )

sin(...) — cos (g_ )
cos(...) = sin (E_ )

tan(...) - cot (g — )
cot(...) = tan (g _ )

T

T
VD:sinx=7<:>sinx=sin—
T T
= T " = (keZ)
= __+ = —
X=T 3 T X 3+k27r
2
VD: cos(x—2)=§
2
xX—2= arccos§+ k2m

< 2
xX—2= —arccos§+k2n

2
S x = Ziarccos§+k2n(k € 7Z)

VD: cos3x —sin2x =0
& cos 3x = sin 2x

& cos 3x = cos (g - Zx)

[ T
3x=5—2x+k2n

< T
3x=—5+2x+k2n
i n+k2n
X=—+—

o 105 (kewn
x=—5+k2n
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PHUONG TRINH CO DPIEN asinu + bcosu = ¢

Céch giai: Chia 2 vé phuong trinh cho via? + b2, sau d6 4ap dung céng thirc cong.

VD: V3sinx + cosx = 2

Chia 2 vé ptcho |(v3)" +12 = 2

V3 1

T T T
teo —sinx+—-cosx =1 cos—sinx +sin—cosx =1 @sin(—+x) =1
pt=1 2 6 6 6

/[ /[ /[
(:)g+x=5+k2n(:)x=§+k2n(kEZ)

PHUONG TRINH PANG CAP
Dang asin?u + bsinu.cosu + c.cos*u =d

PHUONG TRINH CHUA sinu + cosu
VA sinu. cosu

Cach giai

Xét cosu=0<=u=g+kn

Thay cosu = 0 vao pt (nhg sin?u = 1)
Xétcosu #0 < u =g+kr£

Chia 2 vé pt cho cos? u, giai pt theo tan u.

Ghi chu

e Co thé giai bang cach dung cong thic ha bac dua
vé dang a sin 2u + b cos 2u = c.

Céch giai
T
batt =sinu + cosu = V2 sin (u iZ)

Véi t € [—V2; V2]

= sinu.cosu = +

t? -1

pt$t="':x="'

VD: 4 cos? x + 3sinx cosx —sin®x = 3
Xétcosx=0®x=§+k2n
pt © —sin?x =3 (VO ly)
Xétcosx¢0®x¢§+k2n

3
cos? x
& 4+ 3tanx —tan®x = 3(1 + tan?x)
& —4tan’x+3tanx+1=0

pt © 4+ 3tanx —tan’x =

VD: sinx + cosx +sinxcosx+1=0
Déttzsinx+cosx=\/§sin(x+g)
véi t € [—V2;V2]
t2—1
2
pt S t+ +1=02t+t*—1+2=0
St’?+2t+1=0t=-1(N)

= sinx cosx =
t2

§ 1
tanx =1 : N _ _ : T -
o " (:)\/fsm(x+4)— 1<:>sm(x+4) \/7
tanx = —— _ T _ T
L i 1= s_1n (x + Z) = sin (— Z)
T T
x=Z+k7t XxX+—=——+4+k2n
o . (k € 7) e
= tan(——>+kn x+—=n—(——)+k2n
_x arc 2 _ 47T 2
PN x=—5+k2n (kEZ)
L x =+ k21

PIEU KIEN

Phuong trinh chira tan u thi

Phuong trinh chira tan u ; cot u thi

T
cosu¢0®u¢z+kn

Phuong trinh chira cot u thi
sinu 0o u+kn

S UuUF—

{cosu =0 ket
sinu #0 2
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B. PHEP PEM
QUI TAC CONG QUI TAC NHAN GIAI THUA
Cong viéc chia lam 2 truong hop: | Su vat 1 ¢6 m cach. Ung véi 1 n'=123..(n—n
- Truong hop 1: c6 m céch. cach chon trén ta c6 n cach chon | Qui udc: 0! =1
- Truong hop 2: ¢ n cach. su vat 2. Luuy:
Khi d6, téng s6 cach thuc hiénla | Khi do, tit ca sé cach chonlién | n!=(n—1)!In
m+ n. tiép 2 su vat la mn. =n-2))(n—-1)n=--
HOAN VI CHINH HOP TO HOP
n vat sap xép vao n chd, s cach | n vat, 1y ra k vat roi sap xép tht | n vat, lay ra k vat nhung khong
Xép la: tu, s6 cach xép Ia: sap xép thwr tu, s6 cach xép Ia:
P, =n! K n! - n!
=G b = =
NHO

S6 chia hét cho 2: tan cung 14 0; 2; 4; 6; 8

S6 chia hét cho 5: tan ciing 14 0; 5

S6 chia hét cho 10: tan cung 12 0

S6 chia hét cho 100 khi tan cing la 00; 25; 50; 75

S6 chia hét cho 3: tong céc chir s6 chia hét cho 3.
S6 chia hét cho 9: tong céc chir s6 chia hét cho 9.
Khi gap bai tap so ty nhién ma trong do6 c6 lién
quan sé 0 nén chia truedng hop.

Co=cp= Ci=Cpt=n

Cx=cu* Ch 4+ CY = Chia

VD: Trong mét 16p ¢6 18 ban nam, 12 ban ni. C6
bao nhiéu cach chon
a. Mot ban phu trach quy lop.
b. Hai ban, trong d6 c6 mot nam va mot ni.

Giai:
a.Co 18 + 12 = 30 cach chon
b. Chon 1 nam: 18 cach.
Chon 1 ntr; 12 cach.
Do d6 ¢6 18.12 = 216 céach.
VD: C6 bao nhiéu cach xép bén ban A; B; C; D
vao bon chiéc ghé thanh hang ngang?

Giai:
S6 cach xép la P, = 4! = 24 céch.
VD: Cho 6 duong thang song song véi nhau va 8
duong thang khac cling song song v4i nhau dong
thoi cét 6 duong thang da cho. Hoi ¢6 bao nhiéu
hinh binh hanh dwoc tao nén boi 14 dudng thang da
cho?

Giai:
Mot hinh binh hanh duoc tao nén tir 2 duong thang
trong 6 dudng thang ban dau va 2 dudng thang
trong 8 dudng thang con lai.
Chon 2 duong tir 6 dudng ban dau ¢ €2 cach.
Chon 2 duong tir 8 duong con lai ¢6 €2 cach.
Do d6, s6 hinh binh hanh la C2. CZ = 420.

VD: C6 5 bong hong, 7 bong clc, 3 bong lan. Tim
s6 cach
a. Chon 3 bong tur cac bong trén.
b. Chon 3 bong hoa trong d6 c6 day du cac loai.
c. Chon 3 bdng c6 trong d6 phai 6 it nhat 2 bong
cuc.
Giai:
a. Chon 3 bong tir 15 bong, sb cach la €35 = 3003.

b. C6 5 cach chon 1 bong hong

C0 7 cach chon 1 bbng cuc.

Co6 3 cach chon 1 béng lan.

Do d6 ¢6 5.7.3 = 105 cach chon 3 béng hoa trong
d6 co day du cac loai.

c. TH1: 2 bong cuc.

C6 C# cach chon 2 bdng clc tir 7 bong clc.

C6 Cg cach chon 1 bong con lai tir 8 bong.

Do d6 ¢6 C2.CL = 168 cach.

TH2: 3 bong cdc.

C6 €3 = 35 cach chon 3 bong clic.

Vay c0 tat ca 168 + 35 = 203 céach chon 3 bong
trong d6 ¢o it nhat 2 bong cuc.
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VD: Tur cac s6 0; 1; 2; 3; 4: 5 c6 thé lap duoc bao

nhiéu sé tu nhién co 4 chir s6 va

a. Khac nhau. b. La sd Ié.

c. La sb chan. d. La s6 chia hét cho 5
Giai:

Goi abcd 1a s6 tu nhién thoa dé bai (a # 0)

a. Chon a: 5 cach.

Chon b; c; d: A3 céch.

Do d6 ¢6 5.A42 = 300 s6

b. Chon d: 3 céch.

Chon a: 4 cach.

Chon c; d: A% cach.

Do d6 ¢6 3.4. A2 = 144 sb.

c. TH1: d 1a0.

Chon d: 1 cach.

Chon a: 5 cach.

Chon b; c: A3 céch.

Do d6 ¢4 1.5. 42 = 60 sb.
TH2: d la 2; 4.

Chon d: 2 cach.

Chon a: 4 cach.

Chon b; c: A3 céch.

Do d6 ¢6 2.4. A2 = 96 sb.
Vay ¢ 60 + 96 = 156 s0.

d. TH1:d 1a0.

Chon d: 1 cach.

Chon a: 5 cach.

Chon b; c: A% céch.

Do d6 ¢6 1.5. 42 = 60 sb.
TH2: d la 5.

Chon d: 1 cach.

Chon a: 4 cach.

Chon b; c: A% céch.

Do d6 ¢ 1.4. A2 = 48 sb.
Vay ¢6 60 + 48 = 108 sb.

> 7
VD: Timx biet Cl + C2 + C32 = 5%

Giai:
x EN
2o Jx=>1 x €EN
bieu kién: x22®{x23
x =3
x! x! x! 7

& ' = -
oD T 22 T3 =3~ 2°

x(x—1) x(x—Dx-2) 7

S x+ 5 + 6 —Ex
1_i_x—l_l_xz—3x+2 7
=N =—
2 6 2

©6+3x—1)+x*—-3x+2=21
©x2-16=0
x=4(N)

‘E’[x=—4(L)

Vay x = 4

VD: Tim x biét 242 + 50 = A2,

Giai:

x €EN

Diéukién:{xzz @{
2x =2

x €N
x =2

x! L 50 = 2x!
(x — 2)! - (2x =2)!
© 2x(x—1)+50=2x(2x — 1)
© 2x% —2x + 50 = 4x? — 2x

— 9,2 _ x =5(N)
S —2x +50—0(:)[x=_5(L)

pt & 2.

Vayx =5
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C. NHI THUC NEWTON

NHI THUC NEWTON
n

(a+b)" = Z Ckankp* = Cla™ + Cra™ b + C2a™ 2b% + -+ + Cb™

NHO

(142" =CP +Cax + CEx* + -+ Crx™

(1= )" = CO — Clx + C2x% — -+ (= 1)"CPx™ CO4+Cr+C?+--+Cr=2"

VD: Khai trién (x — a)®
(x —a)® =[x+ (—a)]® = Cdx® + Cix*(—a) + C2x3(—a)? + C3x*(—a)® + C2x(—a)* + C2(—a)®
= x> — 5x*a + 10x3a? — 10x%a® + 5xa* — a®

, 7 2\"?
VD: Tim s6 hang khong chira x trong khai trién cia (Bx — —)

X2
Giai:

<3X——) ch (3X)12 k( ) ch 312 k 2k ZCI 312 k 2k 12-3k

cht=>12—3k—0<:>k 4
S6 hang khéng chira x 1 C,. 31274, 2% = 51963120

VD: Chuang minh €0 + 5C} + 52C% + -+ + 5"C}} = 6"
Giai:

Taco: (1+x)"=C2+ Clx+ Cix? + -+ Clx™

Thay x = 5= CJ +5C3 + 5%CZ2 + -+ + 5"C} = 6"

D. XAC SUAT
XAC SUAT
A L v:0< P4 <1
PMJ=n() uuy (4)
() P(4) = 1 — P(A)
VD: Lay ngau nhién mot thé tr mot hop chira 20 the dugce danh s6 tir 1 deén 20. Tinh xéc suat dé the dugc
lay ghi s6 , ’
a. Chan. b. Chia hét cho 3. c. Lé va chia hét cho 3.
Giai:
Khong gian mau Q = {1;2; ...; 20} = n(Q) = 20.Ki hiéu 4; B; C lan luot Ia bién cé trong cu a; b; c.
A= (2:4;6.;20} = n(d) = 10 = P(4) = " _ 10 _ 1
A=1{2:4:6;..;20} = =10 = = ===
@ P " n(@ 20 2
n(B) 6 3
B ={3;6;,912;15;1 B)=6=P(B) = ——=—=—
b {3;6;9;12;15;18} = n(B) = 6 = P(B) n(@ 20 10
n(C) 3

¢.C= {3915} = n(0) =3= P(C) = o5 =55
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E. PHUONG PHAP QUY NAP

PHUONG PHAP QUI NAP TOAN HQC

C6 nhiéu cach dé chitng minh mét biéu thic P(n) dung. Mot trong nhitng cach chinh I1a qui nap toan hoc:
1. Kiémtravégin = 1: P(1) ding hay khong.
2. Giasuvoin = k:P(k) dang.
3. V6in =k + 1, tachiang minh P(k + 1) ding.

VD: Chitng minh 1.2 + 2.5 + 3.8 + ---n(3n — 1) = n%(n + 1) véi n € N*véi
Giai:

Véin=1:VT=12=2,VP=1?(1+1)=2=>VT =VP

Véin=k: DatVrT = S,

Giasu S, =1.2+25+38+k(Bk—1) =k*(k +1)

Vé6in =k + 1: Taching minh S, = (k + 1)2(k + 2)

Thatvay, Spp1 =S, + (k+ D[3k+1) —1] =k*(k+ 1) + (k + 1)(3k + 2)
=(k+1D)k?*+3k+2)=(k+1)*k+2)

Vay hé thirc dting véi moi n € N™.

F. DAY SO — CAP SO CONG — CAP SO NHAN

DAY SO

Day s6 (u,,) 1a ham s6 di tir N* dén R. C6 3 cach xac dinh ddy sb: cho s6 hang téng quét; md ta; cho hé
thic truy hoi.

DAY SO TANG — DAY SO GIAM

(u,,) la day sé ting © u,,, — u, > 0,vn € N*

) u
Khiu, > 0, ta 6 thé dung ———

> 1,vn € N*

n

(u,,) la day sé ting © u,,, —u, < 0,Vn € N*
Un+1 .
<1,vn €N

Khi u,, > 0, ta c6 thé ding

n

VD: Xét tinh ting, giam cua ddy sé cho boi u,, =

2n+1 -1

2" -1

2"+ 1
Giai:

2" —1 (2™ -1+ 1) - @+ D@ - 1)

e T

2T — 12" + 1)

B 22n+1 + 2n+1 _ 2n -1 - 22n+1 + 2n+1 _ 2n + 1 B 2n+1 _ 2n + 2n+1 _ Zn

(2n*+1 — 1) (2" + 1)
22" —22m 2.2m .
@i-1DEr+1) @ -1DEM+ 1D
= Upyeq > Uy VAY (u,) 18 ddy SO tang.

2rt —-1)(2"+ 1)

0

DAY SO BI CHAN

e (u,) bichiantrén © IM:u,, < M,vn € N*

e (u,) bichin duéi & Im:u,, > m,vn € N*

e (u,) bichian & (u,) via bi chan trén, vira bi chan duéi © IM: |u,| < M,vn € N*

s g . 1 o
VD: Chung minh day so6 cho boi u, = T en 11 bi chan.
Giai:
1 1 1

n—-6nmn+11=mnN-3)?2+2=22=0<

Do d6 (u,,) bi chan.

< —
nZ—eé6n+11" 2

:>0<unS§
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CAP SO CONG

CAP SO NHAN

Day (u,,) duoc goi la CSC néu théa u, = u,_, +d
Vv6i d khong doi 1a cong sai. Ta co:
Du,=u;+(n—1)d

2) (uy) 1ACSC & 2u,, = Upy_q + Upyq

n
3)S, =u, +u2+---+un=§(u1+un)

n
= E[u1 + (n — 1)d]

Day (u,,) duoc goi la CSN néu thoa u,, = u,_,.q
vé6i g khong doi 1a cong boi. Ta co:

Du, =u g0

2) (u) IACSN © u2 = u, 4. upyiq

n

T vhig+1

3)Sp=uy +uy + -+ u, = u. 1

4)S, =n.u, khig=1

VD: Cho day s6 (u,,) V6iu, = 9 — 5n
a. Viét 5 s6 hang dau cua day.
b. Chirng minh (u,,) 1a cap sb cong. Chi rd u, va d.
c. Tinh tong caa 100 s6 hang dau.

Giai:
a.4;,—1;,—-6;—-11;—-16
b.COupp; —u,=9-5(n+1)—9+5n=-5
Do d6 u,4q4 = u, — 5.
Suy ra (u,) la cap sé cong véi u, = 4;d = —5.

100
¢. Sigo = 5[4 + (100 = 1)(=5)] = ~24350

\ \ g 2us = 0
VD: Tim u, va d cua CSC (u,) biét {”1; _u‘“’l 4
) =
Giai:
{ul +2u5 =0 “14+ 20w, +4d) =0
S, =14 >l +3d] = 14

3u; +8d =0 u, = —56
{u1+3d:7 (:){ d=21

VD: Cho day s6 (u,) véi u, = (—3)?"1

a. Chtrng minh (u,,) 1a cdp s6 nhan.

b. Lap c6ng thuc truy hoi cua day sb.

c. Hoi s6 —19683 la s6 hang thir may caa diy s6?

Giai:
Upiq (_3)2(n+1)—1 (_3)2n+1

T T (=3)m-1  (=3)n-1
=9

= U, = 9u,. Do d6 (u,) 1a cip s6 nhan vai
u; =-3;q9 =09.

b.u, =u;.q" 1 =-39""1

c. Gia sit —19683 la s6 hang thtr n cua day so.
Khi d6 —19683 = —3.9"! & 9""1 = 6561 &
ol=0*sn-1=4on=>5.

= (-3)?

Un

VD: Tim u; va g ciia CSN (u,,) biét
{uS—u1=15
u4__u2=6
Gial:
{uS—u1=15 {ul.q4—u1=15
&
U4_u2:6 ul-q3_u1'q:6
4 _ =
@{ul(q 21) 15
u.q(qg*—1) =6
gt —1 15 ¢*+1 5
5 ————=—> =—
q(¢>—1) 6 q 2
gq=2>u =1

=2¢*—-5¢+2=0= 1
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G. GIOI HAN DAY SO
NHO
1 1 , . 0 khi|q| < 1
. I L 1: o r A n —
hmn = 0; lim = 0 v6i k nguyén duong. limg {+OO khig > 1
limn* = 400 véi k nguyén duong. limC = C véi C 13 hang sé.
TINH CHAT (4p dung khi tdn tai limu;limv) | TINH CHAT
limu, =a u
1) lim(u, + v,) = limu, + limv, 1) limvnn= _|_oo} = llmv—n =0
- n
2) lim(u,,.v,) = limu,.limv, limu, = a > 0 )
u limu ; — S
3)11m( ”)— — Khi limv,, # 0 2)  limy, =0 }:hmv = too
vy, limv, v, > 0.Vn € N* n
4) Khi u,, = 0,vn € N* thi lim,/u,, = \/limu, 3) limu, = +oo } = lim(u,.v,) = +o0
limv, =a >0 nen

PHUONG PHAP TiNH GIOI HAN DAY SO

o Néu biéu thirc ¢ dang phan thirc ma mau va tu
déu chtra luy thira ctia n, ta chia tr va mau cho
nk véi k 12 s6 mii cao nht.

Néu biéu thic di cho ¢6 chira n dudi dau cin
thi ¢6 thé nhan tir va mau véi cing mot biéu
thuec lién hop.

4n?> —n—-1

VD: li
M=

(\/n2 +n—

Vnz —1)(VnZ+ n++vn? - 1)

VD: lim (an +n—+n%— 1) = lim

1+3)

n+1

VnZ+n—-vn?2-1
1

= lim

\/n2+n+\/n2—1

- 4" [(4)

S 3"—4"+1
VD: lim =

= lim

J? g ke fiE
]:hm(z) 1+ (3)

1

_ -1+(3)
2.4m 4 2m 4n [2 4 (Z "

n 2

2+ (3)

1) ]
TONG CAP SO NHAN LUI VO HAN

Khi|Q|<1taC(')Sn:u1+u2+...+un:1u_1q
, 2 1 1
VD: Tinh tong S = 2 — \[—+1_T+5_
Giai:
1 1 2 1
2; —V/2; 1;—\/_ > lamotcap s nhan vai cong boiq = — 7=__2

Tacd|gl <1nénS =

R

=4 —

242
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H. GIOI HAN HAM SO

NHO
1) lim x = x,; lim C = C; hrp c=C 3) lim x* = 400 v6i k nguyén duong.
X—Xq X—Xg X—1 0o xX—+ 00
C +ookhi k chan
: B im =
2) xl_l)gloo v = 0 v6i C 1a hang sd. ) ximmx —wkhik I8
TINH CHAT (dung khi ton tai llm f;lim g)
X—X0
f lim f
- 3) li (—):"*’“’ khi lim g # 0
1) llm (f +g9)= hm f+ xh—gcl g ) xg?g . lim g 1 xl—gclog
X—>Xo
2 llm = llm lim
) (fg) fxxog 4) Khi f = 0 thi lim \/f = [lim f
X—=Xo X—Xq
TINH CHAT
lim f =1L lim f =L lim f=1L
i g = den| = MU = o0 | e A
x—2g g L X—Xg )}11*;1 g e ioo X—xg g X—Xg g
. ~Xo . .
(bang +oo hay —oo ta phai xem dau cua L _ (bang +oco hay —oo ta phai xem dau
vacoi lim g = +oo hay lim g = —o0) =>,}Lr£0§=0 cia L vacoi g > 0hay g < 0)
X—X0 X—Xg
GIOI HAN BEN TRAI - GIOI HAN BEN PHAL
Gi6i han bén trdi, lim f tac lim f khix < x,
X—Xo~ X—Xo lim f=L& lim f=lim f=1L
Gidi han bén phai, lim_f tac lim f khix > x, X=Xo X2X0~ x-xg
x-xg X—Xg

SO PO HOOCNE (d4u roi, nhan ngang, cng chéo)

Vidu: f(x) = —2x3+3x% +4x— 4
X ‘ -2 3 4 =4 Khi do: f(x) = (x — 2)(—2x% — x + 2)

2 2 75072 7 0
2 2~

PHUONG PHAP TINH GIOI HAN HAM SO

Dang lim (f — g) (dang o0 — )
X—Xg

_f 0 _f 0
Dang lim = (dang 6) Dang lim = (dang g)
g rg S Dang lim (f.g) (dang 0. o)
e Dung lugc do Hoocne. | e Chia tir, mau cho x™ véi n la so mi X—Xo 7
e Néu f; g chua bién cao nhat. e Nhan va chia vai biéu thuc lién

trong cén, ta nhan ta e Néu f; g chua bién trong can, ta dua hop hodc qui dong mau.

mau cho biéu thuc lién x* ra ngoai dau can (voi k 12 s6 mit
hop. cao nhat trong cin), roi chia tir va
mau cho luy thira cua x.
Cox3—4x?+5x—-2  (x—-1D*-3x+2) | x?*?-—3x+2
VD:}}E x%2—6x+5 =}c1—13} (x—1)(x-5) =}C1£r} x—5
VD:limLz_Z:hm xro-d I ! 1

i =lim—=
x>z X — 2 =2(x—2)(Wx+2+2) x24x+2+2 4
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3 4 3 4
2% 43x—4 Crm-m)  2tmom
VD: lim = lim = lim =-2
x—+00 —x3 — x2 — 4 X—>+00x3(_1_1_i) x—>oo_1_1_i
x x3 x x3
’ 2 3 2 3
VD: lim n = lim T = lim 1 =1
X—>+00 X — X—>+00 X(l——) X—>+00 1__
2 ) 2 iy 1 1
X“—x)—Xx —X
VD: lim (\/xz—x+x)— lim ( lim = lim =—
X—>—00

1 1 1
VD: lim (—x3+x? —x+ 1) = lim x3(—1 +———2+—3)=+oo
x x%2 x

X——00 X——00
1 1 1
- 3 - oo lim [=14+-——— 2 —_)=_
(d0x1—1>r—noox T x1—1>r—n<>0< 1 +x x? +x3) 1)
lim(2x—-1)=5>0
VD: lim 2= = —o (do x_)3l' 3)=0 )
st Nim (x=3) =

x>3 2x<3=>x—3<0

I. HAM SO LIEN TUC

HAM SO LIEN TUC BEN TRAI HAM SO LIEN TUC BEN PHAI
f lién tyc tréi tai x, © lim f = f(x,) f lién tuc phai tai x, & lim_f = f(xo)
X=X X—=Xq

HAM SO LIEN TUC

lim f = f(x,) (4p dung cho cac ham s c6 dau =; #)
X—>Xg

lién tuc tai x, . .
f e lim f = lim f = f(x,) (4p dung cho cac ham s6 c6 dau =;>; =; <; <)
x—>x0 x—)xo

x+3
VD: Xét tinh lién tuc cua f(x) = {x -1 ki x # —1 taix = —1

2khix = -1
Giai:
TXD: D =Rvax=-1€D

lim f(x) = lim M- q; f(=1) =2= lim f(x) # f(=1) = ham sé khong lién tyc tai x = —1
x—>—1 x—>—-1x—-1 x—>-1

x> —2x—-3
VD: Timm dé f(x) = [T khix <3 jap tuctaix = 3
mkhix > 3
Giai:
TXD: D =Rvax=3€D
lim f(x) =m
x—3*%
x%—2x—3 o (x=3)(x+1)
lim =

T I i
f@)=m

yebt = lim f(x) = lim f(x) = f(3) = m = 4
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CHUNG MINH PHUONG TRINH f = 0 CO IT NHAT 1 NGHIEM TRONG KHOANG (a; b)

f lién tuc trén [a; b]

fa).f(b) <0 } = phuong trinh f = 0 ¢6 it nhét 1 nghiém trong khoang (a; b).

VD: Chtrng minh phuong trinh x°> — 3x — 7 = 0 ludn ¢ nghiém.
Giai:

Xét f(x) = x> — 3x — 7 lién tuc va xac dinh trén R

£(0) = -7 <0Vaf(2) = 19 > 0 nén £(0).f(2) < 0

Do d6 phuong trinh luén c6 nghiém.

J. PAO HAM
PAO HAM TAI MOT PIEM BANG PAO HAM
ooy fe+ M) —f(x) Ay
flo)= i = =M .
(& day Ay = f(x + Ax) — f (%)) ¢ =9 Thay x boi u,
Hodie f/(xy) = lim 100~/ () =t nhan thém u’
' O xox x —xg (x ? - ™)' = nu" 1
PAO HAM BEN TRAI — PAO HAM BEN PHAI (l) __1 N
x)— f(x X x? (_) -T2
Pao ham bén trai f' (x5 ) = lim fO) = fx) , 1 u u,
o x (Vo) =57 (Vay =2
(x < xo) (sinx)' = C())Csx 2Vu
x)—f(x i "=u'
Dao ham bén phai f'(x§) = lim f&) = /(%) (cosx)' = —sinx (sinu) ) " C?S.u
xoxg X — X 1 (cosu)' = —u'sinu
> tanx)’ = '
('x *o) _ (tan x) cos? x (tanu)' = uz
QUI TAC PAO HAM , 1 cos™u
(cotx) = ——— ) u
(utv) =u +v (wv) =v.v+v.u Sm= x (cotu)" = — sinZu
(E)’_u’.v—v’.u e = ko
v - vz . - .
VD: Bing dinh nghia, tinh dao ham cua f(x) = V2x — 1taix, = 5
Giai:
 f)—-fGB) . NV2x—-1-3 2x—1-9 _ 2 1
f'(5) =lim—————= = lim——— = lim =lim—=—
x5  x—15 x5 x—5 5 (x —5)(V2x—1+3) x5y2x—1+4+3 3

VD:y =x3 —5x% + 10x + 2

y' =3x% —10x + 10

VD: y = (2x — 5)1°

y' =102x —5)°(2x — 5)' = 20(2x — 5)°

VD: y = sin(x? + 3x — 2)

y' = (x? —3x + 2)".cos(x? —3x + 2) = (2x — 3) cos(x? — 3x + 2)
VD: y = sin3 2x

y' = 3sin? 2x. (sin 2x)’ = 3sin® 2x.(2x)' cos 2x = 6 sin® 2x cos 2x
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VD:y=(x—-2)Vx?+1
y ==-2)Vx2+1+(x—2) (\/xz + 1)
(x—2)(x? + 1) 2(x2 + 1)+ 2x(x—2) 2x*>-2x+1
xZ2+1+ =
2Vx? + 2Vx? +1 x2+1
— —x2+2x+3
Ve
, (=x2+2x+3)(x*-2)—(x®*=2)'(—x%?+2x+3)
a (=27
_(=2x 4+ 2)(x3—2) —3x%(—x%2+2x +3) 3 —2x* +4x +2x3 — 4 + 3x* — 6x3 — 9x?
- (x® - 2)?2 - (x® - 2)?
_x4—4x3—9x2+4x—4
- (x% - 2)?
X
VD:y =sin3x + cosE + tan\/—
b X 1
"=((3x) cos3x — (= sm + Vx = 3 cos 3x — sm + —
y'=(3%) (5) ( ) COSZ\/_ 2+/x cos? \/x

K. PHUONG TRINH TIEP TUYEN

PHUONG TRINH TIEP TUYEN TAI M(x,;y,) DANG: (d):y = y'(x0)(x — x0) + ¥o

- \ Nhé:
Giai y'(xo) =k  Thayvaoy . . .
Y (xo) " %, - Tieptuyen (d)//(4):y =ax+b = f'(xy) = a
Thay vao y’ Giaipty =y, Tiéptuyén (d) L (A):y =ax+b = f'(xy) = —

Phwong trinh tiép tuyén cia do thi (€) biét tiép tuyén qua A(x4; y,).
e Gia st tiép diém 12 M (x,; v,). Phuong trinh tiép tuyén 1a (d):y = y'(x0) (x — x4) + Vo
o A€ (d) =y, =y"(x0)(xs — Xo) + yo (Ptan x0) = xo = -

VD: (C):y = x3 — 3x% + 2. Lap pttt tai M(1;0)
Giai:

y' = 3x? —6x

Xo = 1,50 =0;y'(x0) = -3

Pttdlay = y'(xg)(x —x0) + yo >y =-3x+3

VD: (C):y = 2x? — 4x. Lap pttt c6 hé s6 goc 1a 4.
Giai:

y =4x—4

Y (xg) =4>4x,— 4=

Ptttdlay = y'(xy)(x —

4=>x0=2>y,=0
Xo) +Vo=>y=4x—16

VD: (C):y = x3 — 3x% + 2. Lap pttt qua A(0; 3)

Giai:

y' = 3x? —6x

Pttt d lay = y'(x)(x — x0) + ¥o = v = (3x¢ — 6x) (x —
6x0)(0—x0)+x3—3x§+2(:)—2x3+3x§—1:O@xoz—%onz 1

COAed=>3=3x%-

1 9

Xo = _§=>J’o —_:y "(x0) =

15 15

4

xo=1:>y0:O,y(x0)=—3:>d:y:—3x+3

Xo) + x5 — 3x3 + 2

—=>dy——x+3
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L. VI PHAN
VI PHAN NHO
df = f'dx d(u+v) = du + dv d(u.v) = du.dv
Vidu: d(x? 4 2x + 3) = (2x + 2)dx d(k.u) = kdu véi k 1a hang sd.

p (u) udv — vdu

v 2

DUNG VI PHAN TINH GIA TRI GAN PUNG

f(xo + Ax) = f(xo) + f'(xo). Ax

M. PHEP BIEN HINH

PAI CUONG VE PHEP BIEN HINH (PBH)

PBHF: M +— Mh (bién M thanh duy nhat mot diém M'), ki hieu M' = F(M)
an

tao anh
e HinhH' =F(H) © H ={M' = F(M)|M € H} e 0 = F(0) & 0 la diém bat dong.
e PBH ma moi diém trong mat phang déu bién thanh chinh né duoc goi 1a phép dong nhat. Ki hiéu e.

F G N I \
e M— M +— M" = GoF:Mw— M" (tich hai PBH bang cach thuc hién lién tiep PBH F roi G)

PHEP DOI HINH (PDH)

PBH F laPDH va A’ = F(A); B' = F(B) thi A'B' = AB (bao toan khoang cach gitra hai diém bat ki)
3 diém thang hang — 3 diém thang hang (bao toan thir tu)

PDH bién duong thaing — duong thang;doan thaing — doan thang bang né;tia — tia

tam gidc — tam giac bang nd;géc — goc bang nd;dudng tron — dudng tron bang né
PHEP TINH TIEN (PTT) theo u, ki higu T3 PHEP POI XUNG TAM (PXT) I, ki hiéu B,
Tﬁ:Ml—>M’<:>W=Ti P;:M +— M' < [ 1a trung diém MM’
PHEP POI XUNG TRUC (PXTR) d, ki higu D, | PHEP QUAY (PQ) tam I goc a, ki hi¢u Q;.q
DM — M’ & M; M’ di xang nhau qua d QuayM— M & {(”IV[L\’/[_\”\;,)HZ o

PHEP VI TU (PVT) tam I ti s6 k, Ki higu V.,

V(I;k):M > M, @W) = km

PHEP PONG DANG (PPD)

PPD ti s6 k (k > 0) 12 PBH sao cho véi hai diém A; B bat ki va anh A’; B’ ciandtaco A'B' = kAB
3 diém thang hang — 3 diém thang hang (bao toan thir tr)
PED bién duong thang — duong thang;doan :cha:mg — dO:gln thang ti 1& k lér‘l véind;tia — tia
tam gidc — tam gidc dong dang ti s6 k;géc — goc bang nod
duong tron ban kinh R — duong tron ban kinh kR
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BIEU THUC TQA PO

Giasat M(x;y); M'(x";y").
e PTTtheo u = (a;b) la {y,

e Phép dbi xtng truc d khi <

e Phép quay tam I(a; b), goc a I3 {

Dac biét: Tam quay la 0(0; 0) thi

Q= 900:{’“ Y
y =x

e Phép vi tu tam I(a; b), ti s6 k Ia {

x' —

xX=a
—y=b
( dzoma{’fz’“
y ==y
x'=—x
d=0 12‘1{ ,
YAy =y
i . (x' = —x
d la pha ac thur hAt{,
& 1a phan gidc nha ' =—y

x'=xcosa—ysina
y' ' =xsina+ycosa

a=—900'{x,=y
by = 2«
x'=kx+ (1 -k)a

y' =ky+ (1 -k)b

e Phép dbi xang tam I(a; b) |a{

x'=2a—x
y'=2b-y

!

a = 1800:{x, i X
y ==y

VD: Tim anh cia M(1; —2) qua
PTT theo u = (2;3)

Giai:
M'(x";y") théa Ty: M — M.

S x'—1=
MM’=u(:>{ ,
- (-2 =
(:){x,zi(:)M’(B,l)

VD: Tim anh cia M(2; 5) qua
phép BXT vai tam 1(1; 0)
Giai:

M'(x";y")théab;: M — M’

I 12 trung diém MM’

<:>{x'=2.1—2=0
y'=20-5=-5

s M'(0; —5)

VD: Tim anh ctia M(4; 1) qua
PQ tam 0 goc 90°
Giai:
M'(x';y") théa
Q(0;900): M +— M’

x'=-1

Knido {77, & M(-1;4)

VD: Tim anh cua M(3; —5) qua
PVT tam 1(2;5),tisb k = 2
Giai:
M'(x';y") thoa Vi, M — M’
IM' = 2IM
@{x’—2=2(3—2)
y' —5=2(-5-5)

x'=4 ,
& {y, _ 15 © M (4-15)

VD: Tim tao anh cua M'(—1;5)
qua PTT theo u = (2;3)

Giai:
M(x;y) thoaTy: M — M’

VD: Tim tam I biét B;: M +— M’
vGi M(3;5); M'(—3;1)

~ Giai:
I 1a trung diem MM’

x;=0
= < 1(0;3
{)’1:3 0;3)
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ANH CUA PUONG THANG d QUA PTT; PHEP PXT; PQ; PVT

Gidsu F:d — d' (F ¢ day 1a Ty; Dr; Qe Virsny)- Liy M(x;y) € d. Giasa F: M +— M' véi M'(x";y")

Viét biéu thuc toa d6 twong irng véi PBH dé cho = {y — ..

Taco M € d = - (thay x; y vao duong thang d) ta duoc duong thang d’.

VD: Tim anh cua d: 3x — 5y + 3 = 0 theo PTT theo u = (—2;3)
Giai:

Giasu Ty:d — d'. Lay M(x; y) € d. Gia st Ty: M — M’ véi M'(x';y")
Khid(){x ,—x=—2®{x=x,+2

y —y=3 y=y —3
Mede3x—5y+3=03x"+2)-5(@'—-3)+3=03x"—-5y"+24=0
Vayd':3x =5y +24=0
VD: Timanhcuad:3x +2y —6 =0quaPVTtam 0 tiso k = —2

Giai:
Gid st Vig,_p:d — d'. Ly M(x; y) € d. Gia st Vp,_2y: M — M’ véi M'(x';y")
xl
r_ X =——=
OM' = —20M & {x, =X 2,
y =-=2y y
y= )

! !

X
MEd®3x+2y—6=O@3(—7)+2<—y—)—6=0@—3x'—2y'—12=0

2
Vayd':—3x —2y —12=0
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ANH CUA PUONG TRON

Giasu F: (C) — (C') (F 6 day 1a Ty; Dr; Qs Virky)
Xac dinh tdm I cua duong tron (C). Tim anh I’ cua I qua PBH F.

. , tam I’ - L \ < as , \ ,
T : : riéng phép v hiR' = |k|R). T h trinh )
aco (C){bénkinhR’=R (riéng phép vi tu t |k|R). Tt @6 ta ¢6 phuong trinh (C")

VD: Tim anh cta (C): x2 + y2 + 2x — 6y + 6 = 0 qua phép DXT véi tam A(1; 2).
Giai:
tam I(—1; 3)
ban kinh R = 2
x'=21-(-1)=3
y'=22-3=1

Gia st B,: (C) — (C) véi (C): {

P, — I' & Alatrung diém II’(:){ < 1'(3;1)

. tdm I'(3; 1) N (x — 3)2 —1)2 =
Ta co: (C)'{bénkinhR’ hog™ C€)x=-3) +@-1°= 4,
VD: Tim anh caa (€): (x — 3)* + (y + 1)* = 9 quaPVT ttm 0, i s0 k = —2
Giai:
tam 1(3; —1)

Gia str Vig;-2): (€) — (") véi (C): {bén kinhR =3
xp—0= —2(3-0) {xl' =6

Y — 0= —2(—1 - 0) Y = 2
‘. . téml’(_6; 2) n. 2 _9\2 _
Tacs: ()i i R = gk = 6 = (€ G+ 62+ (7= 2)? = 36

V(O;_Z):IHI’@W=—257<:>{ o I'(—6;2)

TAM VI TU CUA HAI PUONG TRON

TH1: NéuI = I' thi PVT tam TH2: Néul # I' vaR # R' thi TH3: Néul # I' vaR = R' thi
! A A . . , R
PVT ta’m 0, (tdm vi tu ngoai), PVT tim O, tisé k = —— = —1.

OEI,tlsoﬁvaPVTtam R A 7
R ti sO 7 va PVT tam 0,
OEI,tisf)—E. R’
(tAm vi tu trong), ti O — —. _
R ///A \\\ /M"/_“ \
*H a \\ I V o\ r //
o "*i ! \\
v VA N Az P

VD: Cho A(2;1); B(8;4). Tim toa d tdm vi tu cua hai duong tron (4; 2) va (B; 4).
Giai:

COA # BVAaR # R nénco2PVT tisd la +2 bién (4; 2) thanh (B; 4).

8—xyp, =2(2—x Xp. = —4

4 —yp, =2(1—y01) Yo, =

8—x02 =—2(2—X02) {xoz =4

4—yo, = —2(1 — Yoz) Yo, = 2

Tam vi tu ngoai 0, thoa 0,B = 20,4 {

Tam vi tu trong 0, théa 0,8 = 20,4 < { < 0,(4;2)

Vay 2 tam vi tu la 0,(—4; —2); 0,(4; 2).
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N. HINH HQC KHONG GIAN

NHO

- Trong tim: giao diém 3 dudng trung tuyén.

- Truc tAm: giao diém 3 dudng cao.

- Tam duong tron ngoai tiép: giao diém 3 duong trung truc.
- Tam duong tron noi tiép: giao diém 3 duong phan giac.

PINH LI TALES TRONG TAM TAM GIAC

2
MN//BC A AG =2 AM

! \'l ; o o AM AN MN 3
= S g (=4 = = _
ﬁl 5 BC AC BC ., . ) AG = 2GM

HE THUC LUQONG TRONG TAM GIAC VUONG

sin = dbi/huyén  cos = ké/huyén  tan = ddi/ké cot = k&/doi
4 (Sin di hoc - Cwr khdc hoai - Thoi dirng khdéc - Cé keo day)
BC? = AB? + AC? AB? = BH.BC; AC? = CH.BC
AH? = BH.CH AH.BC = AB.AC
B/ _Hn  \M % 1 1 1
, ; - BC = 2AM
_ AH? AB-? T AC?
DIEN TICH
Tam giéc déu Du(‘)‘ng cao = —Canh : \/§
2
Tam giac vudng can | Canh huyén = canh goc vudng. V2
Hinh vuéng Puodng chéo = canh.v2
CACH XAC PINH MOT MAT PHANG
e 3 diém khong thang hang. e 1 duong thang va 1 diém khdng thudc dudng thang.
e 2 duong thang cat nhau. e 2 duong thang song song.

VI TRI TUONG POI GIUA PUONG THANG VA MAT PHANG

dll (@edn(@)=20 dcit(a) & dn(a) =M dc(@edn@)=d

VI. TRI TUONG POI GIUA HAI MAT PHANG

£ 7
L

@IBe@n@)=0 (=@ e@np) =()

(@) cit(B) e (@n(B) =d
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VI TRI TUONG POI GIUA HAI PUONG THANG

b

//,)/ ()

ac (a) ¢

bc ()
anb=0

all b ,
acatb ©@anb=0

b

a=beanb=a a; b chéo nhau & a; b

khong dong phang.

CACH XAC PINH GIAO TUYEN GIUA HAI MAT PHANG

Céch 1: Tim hai diém chung cua hai mit phang.
M€ a;ac (a)
{M € b;b c (B)
Chua y: Bé tim diém chung caa hai mat phang ta
thudng tim hai duong thang dong phang lan luot
nam trong hai mat phang. Giao diém, néu co, cua
hai duong thang nay chinh 1a diém chung can tim.

=> M€ (a)n(p)

Céch 2: Tim mét diém chung cua hai mit phang
va phuong giao tuyén (tac tim trong hai mit phang
hai dudng thang song song véi nhau).
M € (a) N (B)
al b
ac (a);bc(B)
VoiMx |lall b

= (@) N (B) = Mx

CACH XAC PINH GIAO PIEM GIUA PUONG THANG VA MAT PHANG

Dé tim giao diém cua d va (@), ta tim trong (a) mot duong thang a cat d tai

M.Khido: M =d n ().
{Med
M € (a)

>M=dn (a)

Chu y: Néu a chua c6 sin thi ta chon (8) qua d va lay a = (a) n (B).

THIET DIEN

Thiét dién cua mat phang (a) véi hinh chop 1a da giac gisi han bai cac giao tuyén cua (@) voi cac mat
ctia hinh chop. Nhu vay, dé tim thiét dién ta lan luot di tim giao tuyén cua (a) véi cac mat caa hinh chop.

CHUNG MINH DPUONG THANG SONG SONG PUONG THANG

Céch 1: Chting minh hai duong thang dong phang
roi 4p dung phuong phap chirng minh song song
trong hinh hoc phing (duong trung binh; dinh Ii
Tales...)

Céch 2: Hai duong thang phan biét cling song song
vé6i duong thang thi ba thi song
song vai nhau.

d,

dy

d; Il d
iy 10y = @1

Cach 3: Hai mat phang cit nhau
theo giao tuyén va lan luot chira
hai duong thang song song thi giao
tuyén cua né sé co 3 truong hop:

(“)r;(”ﬁzzd dllalb
o o[ 4z
b c (p) -

Nhu vay, trong trudng hop nay ta chi can chi ra d
khong trung vai a hoac b thi s€ suy ra duoc d || a
hoac d || b.

Caéch 4: Hai mat phang cat nhau theo giao tuyén d,
duong thang a nam trong () va song song voi mit

phang con lai thi s& song song
j/rf
al 7

Vi giao tuyén.
(@n(P)=d a
ac (a) >ald

al (B)

L
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C4ch 5: Hai mat phang cat nhau theo giao tuyén d,
duong thang a song song Vi ca
hai mit phéqg thi s& song song 9 o
véi giao tuyen.
(@n(p)=d
all (a)
all (B)

>ald

Céch 6: Hai mat phang song
song bi cat boi mat phang

thir 3 thi hai giao tuyén do ydlVd
. | song song.
(@) Il (B) P '
(@n)=ar=>alb
B)Nny)=>b

Cach 7: Ba mat phang cat nhau theo 3 giao tuyén
phan biét, thi 3 giao tuyén ay song song hoic dong
quy.
(@n(B)=a
Bny)=>b
)n(a)=c

alblc
a; b; ¢ ddng quy

Nhu vay, ta chi can chirng minh
a; b; ¢ khong ddng quy thi sé suy ra
duocall b | c.

Céch 8: Hai duong thang phan biét cing vuéng
g6c v6i mot mat phang
thi song song vai nhau. a b

| ]

| |

| |
(il

al (a)
bi(ﬂ)}ﬁallb

a+b

CHUNG MINH PUONG THANG SONG SONG VOI MAT PHANG

C4ch 1: Chting minh duong thang d khdng nam

trong (a) va song song véi duong thang a nam

trong (a).
dlla

aC(Of)}=>dII (a)
d ¢ () /—’—

d

Céch 2: Hai mat phang song song véi nhau, moi
duong thang nam trong mat nay sé song song Vi

mat kia.
(@1® oy S
ac (@) A7

CHUNG MINH HAI MAT PHANG SONG SONG

Céch 1: Chirng minh trong mat phang thir nhat
chta hai dudng thing cat nhau va song song mit
phang thir hai, khi d6 hai mat phang song song Vi

L/

nhau.
a,bc(a)
anb=1 }:(a)ll(ﬁ)

all (B);bll(B)

Céch 2: Hai mat phang phan biét cing vuéng goc
vGi mot dudng thang thi song song véi nhau.
d

7

= () Il (B)

{d 1 (a)
dLl(B)
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CHUNG MINH HAI PUONG THANG VUONG GOC

Céch 1: Hai duong thang vudng goc néu nhu goc

giira chiing bang 90" .
Ug- Uy

g . [y

= (aq;b) =90°=>a lb

cos(a; b) = =0

Céch 2: Mot duong thang vubng goc véi mat
phang thi s& vuéng goc Véi
moi dudng nam trong mit :

=>dla

Céch 3: Puong thang d khdng vudng goc (a) va
duong thang a nam trong (a). Khi d6, diéu kién
can va da dé d vudng a l1a d vudng vai hinh chiéu
a’ cua a trén (a)
d khong vuong goc (a)
ac (a)
d'1a hinh chiéu cua d trén (a)
ald

oald

a

& %

dl(a)
{a c (a)
Céch 4: Hai duong thang song song, mot duong
vudng goc véi duong nay thi vuéng goc vai duong
Kia.

{a"b:dlb
dla

CHUNG MINH PUONG THANG VUONG GOC MAT PHANG

Cach 1: Mot duong thang vudng goc vai mot mit
phang khi chi khi duong
thang ay vudng goc vai hai
duong thang cat nhau chira
trong mat phang.

]>(ﬂ
! b

dladlb
abc(a) =2d1(a)
a; b cét nhau

Céch 2: Hai duong thang
song song duong nay vudng

g6c véi mat phang thi
duong kia cling vuéng goc
mat phang.
{ dlla
al (a)

/ - i
I I
45 I |

=>d 1l (a)

Cach 3: Mot duong
thang vuéng goc véi mot
trong hai mit phang song
song thi vudng goc véi
mat con lai.

L1 /

=d1m |

dl (a)
(@ I (B)

Cach 4: Hai mat phang cat
nhau cung vudng géc mat
phang tha ba thi giao tuyén
vudng gdc véi mit phang
thur ba.
d=(a) n(B)
(@) L (y)
B) L)

=>dl1(y)
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C4ch 5: Hai mat phang vudng goc, mot dudng nam trong mat nay vudng véi giao tuyén thi vudng véi
mat Kia.
(a) L (B)
A= (a)n(B) =>d 1 (a)

dc (B) .
dlA

CHUNG MINH HAI MAT PHANG VUONG GOC

Hai mit phang vuéng goc vai nhau khi va chi khi mit phang ndy chira mot duong thang vudng goc véi
mat phang kia.

(L9 @ 1@

dc (B)

GOC

Goc giira dwong thang va mét phiang

- Tim giao diém O cua d va ().

- Chon diém A € d, dung AH L (a) (H € ().

- Suy ra, hinh chiéu vudng gdc caa A0 trén () 1a MO.
Do d6, (d; () = AOH.

Goc giira hai mat phang
al (a)

b1 (g Khido ((@)(®) = (a;b)

Céch 1: Tim hai duong thang a; b sao cho {
Céch 2:
- Xac dinh ¢ = (a) N (B).

alcac (a)

blchc(g)y o ((@);B®) = (& b)

- Tu H € c, lan luot dung {
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KHOANG CACH

Khoang cach tir mét diém dén mét mat phang

- Chon trong (&) mét duong thang d roi dung mit phiang (8) qua A vudng goc véi d

- Xac dinh ¢ = (a) N (B).

- Dung AH 1 c tai H. Puong thang AH 1a duong thang qua A vubng goc (a). T

Cha y:

- Khi d6, d6 dai doan thang AH 1a khoang cach tir A dén (a). Ki hiéu d(4; (a)) 4 _/ﬂ/
o ¢

1) Néu da c6 sin duong thang A L (a), khi d6 chi can dyung duong thang Ax || A thi Ax L (a).

2) Néu AB || (@) thi d(4; (a)) = d(B; (@)). Néu AB cit (a) tai I thi

d(4; (@) 14
d(B; (a)) 1B’
F .
I

Khoang cach tir dwong thing a dén mit phiang
(a) song song vei a la
d(a; (a)) = d(M; (a)) VOi M € a.

M 4

& H

Khoang cach giira hai mat phang song song ()
va (B) la
d((@); (B)) = d(M; (B)) véi M € (a).
B M
A& HS

Poan vudng géc chung — khoang céch giira hai
dwong thiang chéo nhau

Cach 1: (ap dung cho truong hop a L b)

Dung (a) chua b, vubng goc Vvéi a tai A.

Dung AB L b tai B. Khi d6, d(a; b) = AB

Céch 2: Dung mat phang chira b, song song véi a.
Khi d¢6, d(a; b) = AB = MH = d(a; (a))

‘A da
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