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i-Gi noi dau

Ky thi THPT Qudc gia tit ndam 2016 — 2017, bai thi mon Toan chuyén tir thi ti luén sang
hinh thtkc thi tric nghiém nén trong cach day, cach kiém tra danh gia, cach ra dé ciing thay d6i.
Su thay d6i d6 nam trong toan bo chuong trinh mon Toan néi chung va trong phan tich phan
ndi riéng. Trong phan tich phan néu cho bai nhw phan ty ludn thi hoc sinh c6 thé dung may
tinh cam tay dé€ cho két qua dé dang. Do d¢6 viéc ra dé theo hinh thtrc tric nghiém va han ché
viéc dung may tinh cam tay duoc wu tién trong toan THPT.

Trong dé thi THPTQG 2017, ta thay xudt hién mot bai toan la vé tich phan. N6 cling rat
tha vi khi giap ta di sau tim thém vé tng dung cta tich phan. Trong tai liéu nay xin giéi thiéu
voi cac ban cac bai toan lién quan dén so sanh cac gia tri cia ham s& y = f(x) khi biét d6 thi
ctia ham s y = f"(x). Phuong phap chung cho c4c bai todn nhu thé nay, mot cach tw nhién ta
thay rang dé so sanh duoc cac gid tri ctia ham s6 thi st dung bang bién thién 1a don gian nhat,
vi khi d6 ta nhin thdy dwgc ham s6 dong bién hay nghich bién. Ngoai ra ta két hop thém phan
dién tich ctia hinh phing duoc gidi han boi cic duong lién quan. Véi muc dich gitup cac em hoc
sinh trung hoc pho thong noéi chung, cac ban hoc sinh dam mé Toan noi riéng c6 thém tai liéu
dé tham khao va chuan bi day du kién thitc cho ky thi THPT Quoc gia, nhom gido vién Toan

hoc Bac Trung Nam chiing t6i swu tam va bién soan cudn sach “Chuyén dé Tich phin va S6

phiic van dung cao” nay gom 10 chuyeén dé:
Chuyén dé 1. CAC BAI TOAN LIEN QUAN DEN TiNH GIA TRI CUA TICH PHAN KHI

BIET MOT HAY NHIEU TICH PHAN VOI BIEU KIEN CHO TRUOC.
Chuyén dé 2. CAC BAI TOAN UGC LUONG GIA TRI CUA MOT HAM SO KHI CHO
TRUOC CAC TICH PHAN LIEN QUAN.
Chuyén dé 3. UNG DUNG TICH PHAN TRONG GIAI CAC BAI TOAN LIEN QUAN
PEN SO SANH GIA TRI CUA HAM SO.
Chuyén dé 4. UNG DUNG TICH PHAN TRONG BAI TOAN TINH DIEN TICH HINH
PHANG VOI DU KIEN TOAN THUC TE.
Chuyén dé 5. UNG DUNG TICH PHAN TRONG BAI TOAN TINH THE TICH VAT THE
vOI DU KIEN TOAN THUC TE.
Chuyén dé 6. UNG DUNG NGUYEN HAM, TICH PHAN TRONG CAC BAI TOAN
THUC TIEN KHAC.
Chuyén dé 7. BAT DANG THUC TICH PHAN VA MOT SO BAI TOAN LIEN QUAN.
Chuyén dé 8. SU DUNG PHUONG PHAP HINH HQC GIAI BAI TOAN SO PHUC.
Chuyén dé 9. PHUONG PHAP DAI SO, LUONG GIAC TRONG GIAI BAI TOAN MAX —
SO PHUC.
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Chuyén dé 10. CAC BAI TOAN SO PHUC KHAC O MUC BO VAN DUNG CAO.
Chan thanh gtii 101 cam on quy thay c6 da danh thoi gian va tam huyét ctia minh cho cuén sach
nay:
Hoang Minh Quéan, THPT Ngoc Tdo, Ha Noi (Chu bién)
Nguyén Duy Chién, THPT Phan Boi Chau, Binh Dinh
Tran Quéc Nghia, THPT Di An, Binh Duong
Lé Thanh Binh, THPT Nguyén Hué, Nam Dinh
Hoang Tién Bong, THPT Phuc Tho, Ha Noi
Dinh Van Vang-THPT C Hdi Hau, Nam Dinh
bang Thanh Quang, THPT Tran Ky Phong, Quang Ngai
Pham Van Ninh, THPT Nguyén Binh, Nam Dinh
Tran Van Luat, THPT Thanh Thuy, Pha Tho
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. Nguyén Hong Nhung, THPT Chuyén Tién Giang, Tién Giang
. Mai Ngoc Thi, THPT Huing Vuong, Binh Phuéc

. Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh

. Nguyén Duc Thing, GV Toan tu do, Ha Noi

. Ha Vi buc, THPT Tay Thanh, TP. H6 Chi Minh

. Ly Cong Hiéu, GV tu do, Huyén Quoc Oai, Ha Noi

. Tran Dang, GV tu do, Quan Phd Nhuan, TP. H6 Chi Minh
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. Nguyén D6 Chién, GV toan, Heé thong giao duc Beta Education, Ha No6i
. Nguyén Thi Huong, THPT Yén Mo A, Ninh Binh

. Ninh Cong Tuan, THPT TRan Khai Nguyén, Q5, TP. Hb6 Chi Minh
. Nguyén Minh Nhut, GV tu do, Q. Ninh Kiéu, Can Tho

. Bui Quy Minh, GV Tu do, Hai Phong

. Duong Cong Tao, THPT Nam Ki Khéi Nghia, Tién Giang

. Lé Quang V1, THPT Tho Xuan 5, Thanh Héa

. Vii Ngoc Thanh, THPT Muong So, Phong Thg, Lai Chau

. Pham DPuc Quéc, THPT Tu Ky, Hai Duong

. Nguyén Tan Linh, SV Pai Hoc Sai Gon, TP. H6 Chi Minh

. Lé Bang Khoa, THPT Gia Binh, TP. H6 Chi Minh

. Nguyén Van Luu, THPT Gia Vién A, Ninh Binh

. Poan Tri Ding, TP. Ha Noi.
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Maéc du tap thé tac gia da rat nghiém tdc va danh nhiéu tam huyét trong qua trinh bién soan,
tong hop nhung do khdi lugng kién thitc va dit liéu kha 16n nén chéc chan véi lan dau tién
ra mat sé khong tranh khéi nhitng thiéu sét, khuyén khuyét. Chung t6i mong duwoc nhan su
gop y cuia quy thay cd gido, cac em hoc sinh va ban doc xa gan dé€ cudn sach duoc hoan thién
hon.

Moi déng gop xin guri vé

Email: hoangquan9@gmail.com hodc toanhocbactrungnam@gmail.com

TAP THE TAC GIA
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CAC BAI TOAN LIEN QUAN PEN
TINH GIA TRI CUA TICH PHAN KHI

BIET MOT HAY NHIEU TiCH PHAN VOI PIEU KIEN
CHO TRUGC

A. KIEN THUC CO BAN
1. Dinh nghia
Cho f la ham so lién tyc trén doan [a;b]. Gid st F 1a m{t nguyén ham cua f trén [a;b]. Hi€u soO
F(b)-F(a) dugc goi 1a tich phan tir ¢ dén b (hay tich phin xac dinh trén doan [a;b] ciia ham sb
b
S0, ki higu 1a [ f(x)dx.
Ta ding ki hiéu F(x)|’ = F(b)— F(a) d& chi higusd F(b)—F(a).

" = F(b)-F(a).

b
Vay [ f()dx=F(x)

b b
Nhén xét: Tich phan cta ham s6 f tir a dén b c6 thé ki higu béi [ f(x)dx hay [ f(#)de. Tich phan do
chi phy thudc vao f va cac can a, b ma khong phu thudc vao cach ghi bién sb.
Y nghia hinh hoc ciia tich phdn: Néu ham s f lién tuc va khong am trén doan [a;b] thi tich phan

b
f F(x)dx1a dién tich S cta hinh thang cong gii han béi dd thi ham sé y = f(x), truc Ox va hai duong

b
thang x=a,x=b. Viy S = f(x)dx.
2. Tinh chit caa tich phan

1. Tf(x)dxzo
b a

2. [ f()dx == f(x)dx
Z C b c

3. [f)de+[ f(x)dx = [ f(x)dx (a<b<c)
a b a

b b
4. j k.f(x)dx = k. j F(x)dx (k eR)

b b b
5. [LF ()= g@)de = £ (x)de+] g(x)dx.

7 Lwu y:

1) f(x) laham sé chin va lién tuc trén doan [-a;a], a>0 thi I f(x)dx = 2If(x)dx
—a 0

2)  f(x) laham sd I¢ va lién tyc trén doan [—a;a], a > 0thi j f(x)dx=0

—a

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh : Trang 1
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3) f(x) laham so lién tuc, tudn hoan véi chu ki T thi

T
a+T

J feoe j f(x)dx = j f(x)dx,VaeR

2

B. BAITAP

Caul. Chohamsé f(x) c6 dao ham lién tyc trén {O;%} théa man f(0)=0

2
s1nxf( ) =%. Tinh tich phan If(x)dx
0

<
o
S =y
[ —
\,3
—_
=
~—
| I
(3]
O'—oN\k\

Loi giai
Bang céng thire tich phdn tirng phan ta c6

z

S 0 [N

sinx/'(x)dx = [—cosxf ]‘ +Icosxf )dx. Suy ra cosxf'(x)dx=%.

Sty

H 3 —:
Hon nita ta tinh dugc Icosz xdx = J.mdx [M} ’ -z
) 2 4 !
Do d6
2 5 % % 2
I[f’(x)] dx—2._[cosxf'(x)dx+jcoszxdx:O<:>I cosx] dx=0.
0 0 0 0

Suyra f'(x)=cosx,dodd f(x)=sinx+C.Vi f(0)=0nén C=0.

4

2
Ta dugc Jf(x)dx sinxdx=1.
0

o'—.mm

Cau2. Chohamsd f(x) c6 dao ham lién tuc trén [0;1] théa man, /(1) =0,

1 1 2

JLr @) ar=[(x+1)e'f () d =

_ 1
L Tinh tich phan [ £ (x)dx
0

0 0
Loi giai

Bang céng thirc tich phdn turng phdn ta co
1
j(x+lef If xef( )) Ixef :—J.xef )dx.
0

« e’ -1
Suy ra J.Oxef(x)dx=— T

-1
Y
Do d6 j”:f’(x):lzdx+2jxexf'(x)dx+j(xex)2dx=0

0

Hon nita ta tinh dugc J:(xe" )2 dx = Ll e¥dy =

1

@j[f’(x)+xex]2dx=0. Suyra f'(x)=-xe",dodo f(x)=—(x-1)e"+C.
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Vi f(1)=0 nén C=0.

Ta dugc jf(x)dxz—j(x—l)exdx:e—Z.

Cau3. Chohamsd f(x) c6 dao ham lién tuc trén [0;1] théa man f(0)=1, j.[f’(x)]z dx=% ,
0
j 2x-1) f =—%. Tinh tich phan j f(x)dx
0 0
Loi giai
B&ng cong thie tich phdn teng phd‘n ta co
j 2x-1) f .[f x —x ((x2—x)f(x));—J.Ol(xz—x)f'(x)dx
:—I x’ —x
Suy ra I (x —x)f’(x)dx=3L0.
Hon nita ta tinh dugc I;(xz —x)2 dx = J‘Ol(x4 —2x° +x2)dx =31—0.
Do d6 j‘[f'(x)]zdx—2j'(x2—xf dx+J' x° —x Jl'[ x —x de=0.
0 0 0

2
x3 X

Suyra f'(x)=x"-x, do dé f(x)=?—7+C.Vi £(0)=1nén C=1.
1 f(x X 11
Ta duoc '!f(x)dx:'!(?—7+ljdx:1—.

1
Caud. Cho ham sd f(x) c6 dao ham lién tuc trén [0;1] théa man f(l):O,J‘[f’(x)]zdx:

0

1
9
1 1
va[x’f(x)dr= —%. Tinh tich phan jf(x)dx
0 0

Loi gidi
Bang céng thitc tich phén ting phan ta c6
1 1
J.4x3f(x)dx=J'f(x)d(x4)=(x4 ( ))‘ —jxf =—Ixf
0 0
Suy ra I()lx4f'(x)dx :é. Hon nira ta tinh dugc Iol(x“)z dx = Iolxgdx :é .
1

Do d(’)_j)‘[f'(x)]zdx—2_('1)‘x4f'(x)dx+_([(x4)2dx:0<:)_(i)‘[f'(x)—x4}2 dx=0.

5

Suyra f'(x)=x",dodo f(x):x?+C.Vif(1):O nén C:—%.

1 1 5
Ta duoc If(x)dx:_[x LY
0 0

5 6

Nguyén Cao Thién, THPT Ha Huy Téap, Ha Tinh Trang 3
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Cau5. Chohamsé f(x) c6 dao ham lién tuc trén [L;e] théa man f(e)=0, I[f'(x)]z dx=e—2 va

1

jf(x)dx=2—e. Tich phan Jf(x)dx bang
1 X 1

Loi giai
Bang céng thitc tich phén ting phan ta c6

jfi jf d(Inx) = (Inxf (x \ jlnxf =—JTInxf’(x)dx
:>j1nxf )dx=e—2

Suy ra L (lnx) dx = [ (In x) }

2j Inxdx =e—2.

Do dé:[[f’(x)]zdx—2jlnxf’(x)dx+!(mx)2dx=0©j[f'(x)—lnx]z dx=0.

Suyra f'(x)=Inx,dodé f(x)=xInx—x+C.Vi f(e)=0nén C=0.

e e 2
Taduge [ £ (x)dx= [ (x=1)nxde=>—<.
1 1

Cau6. Chohamsd f(x) c6 dao ham lién tyc trén {O;%} thda man f (%) =0,

x il
3

. T T ' 2 T T
(sinx+xcosx) f(x)dx=—"-—=va I[f (x)] dx=4—8+§.T1nhtlchphan }[f(x)dx

S o | N
N
o0
o0

Loi giai
Bang céng thirc tich phdn tirng phan ta c6

(sinx+xcosx)f(x)dx=[(xsinx ]‘ j (xsinx)f’(x)dx.

O 0 | N

3 o
S ' de=24+2
uy ra .([(xsmx)f (x) s
: : : e
Ta co j(xsmx) dx:j(xz Slnzx)dx:.[x (1 ;:ost)
0 0 0

2 2 48
Do d6
: : :
J[f’ ] dx — 2_[ xsinx)f I(xsinx ) dx = 0<:>I xsmx] dx=0.
0 0 0 0

Suyra f'(x)=xsinx, dodo f(x)=sinx—xcosx+C.Vi f(5]=0 nén C=-1.
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|

Cau7.

Cau 8.

V4

2
Ta dugc Jf(x) (sinx—xcosx—1)dx=2-7.
0

o'—.NH

1
Cho ham s6 f'(x) c6 dao ham lién tuc trén [0;1] théa man f(1)=0, j[f’(x)]z dx =%—21n2
0
1

0
Loi giai
Bang céng thire tich phdn tirng phan ta c6

[Eapermdi-Zo| -5

1 2 1
Lai c6 j(l—LJdﬁj 1m2t b des| x-2mfrt - | =
AT W Tael (xr) (x+1) ],

0 0 0 0
Suyra f'(x)=1-——,dodo f(x)=x—In(x+1)+C.Vi f(1)=0 nén C=In2-1
1 1
Ta duoc .[f( I[x—ln x+1)+ln2 1]dx———ln2
0 0
1
Cho ham s6 f(x) c6 dao ham lién tyc trén [0;1] thoa man f(1)=0, J‘[f’(x)]zdx—% va

0
1 1
Jx4f(x)dx = —5—15. Tinh tich phan Jf(x)dx
0 0

Loi gidi
Bang céng thirc tich phén tig phan ta c6

1 \ 5 Ly s ' 1 . 1
2[x f(x)dx=[%f(x)}o—z[%f (x)dx. Suyra !xf(x)dx:ﬁ.
Lai co: j)‘(xs)zdxzﬁ.

Do d6 j[f'(x)]zdx—zjxsf'(x)d“j(xs)zdx:o

@_i‘ dx 0.Suyra f'(x)=x",dodo f(x):éx6+C.

Vi f(1)=0 nén C:—é.
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1 1 6
Ta duoc J.f(x)dx:J.x LR
0 , 6 7

3
Cau9. Chohamsd y=f(x) liéntuc trén R vathéaman f(4-x)=f(x). Biét Ixf(x)dx =5. Tinh
1

Izjf(x)dx.

Loi giai
Pt 1= 4-x. Tac [xf (x)dv=[of (4-x)dv= ] (4-1) £ (1)dr=4] £ ()i o1 (1)t

1 1 1 1

:>5=4if(t)dt—5:>if(t)dt=%.

13 2
Cau 10. Biét J‘de=l+bln§ (a,b>0). Tim céc gi4 tri cua k dé
y  X+2 a 2
a (K +1)x+2017
Idx< lim .
) e x4+2018
Loi giai
1.3 2 1 1
Ta co: jwdx=-[(x2+ & jdx=1x3+31n|x+2| “Liam3
y  X+2 0 x+2 3 o 3 2
a=3 ab 9
= :Idxzjdx=l
b=3 "+ 1
a (K> +1)x+2017 (B +1)x+2017
Ma [ dx< lim =1< lim
) e x 42018 o x+2018
_(P+1)x+2017
Mat khac tacdé lim =k“+1.
o x+2018

thi l<k’+1 = k*>0=k=0.

ab (K +1)x+2017
Vay dé [ dx < lim
) e x 42018

Caull. Cho ham s6 y=/(x) 1a ham 1¢ va lién tuc trén [-4;4] biét T f(=x)dx=2 va
-2
jf(—zx)dx=4.Tinh I:if(x)dx.
| 0 Loi gidi
Xét tich phan j.f(—x)dx=2.
-2

bat —x=t = dx=—dt.
Doi can: khi x=-2 thi 7=2;khi x=0 thi /=0

Dodo | £(—x)de=—] £(1)dt = [ ()t = [ £(1)dt=2= [ f(x)dr=2.

Do hams6 = f(x) la ham s6 1é nén f(—2x)=—f(2x).

Trang 6
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|

Cau 12.

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh

Do d6 if(—zx)dx=—jf(zx)dx :>J2.f(2x)dx=—4.

1

Xét j f(2x)dx

Pit 2x=t:>dx=%dt.
Doi can: khi x=1 thi r=2;khi x=2 thi r=4
2 4
Do do If(2x)dx=%If(t)dt=_4
1 2
4

= [ f(t)dt=-38 :>j.f(x)dx=—8.

2

Do 1=ff(x)dx = [f(x)dx+]f(x)dx =2-8=—6.

3 _
Cho ham 6 f( ) xa dinh trén { } thoa man j[ 2\/_f )sm(x—%ﬂdx=2—”.
0

3
Tinh tich phan [ £ (x)dx
0

Loi giai

Ta co:
3 i z i z
J2sin2(x——jdx=.|' 1—cos(2x——j dx=j(1—sin2x)dx

0 4 0 2 o

( 1 jz T—=2
=| x+—cos2x | =——

2 . 2

Do do:
2 z . i
I|: 2\/7f )Sin[x—zj}dx+J.25in2(x—£jdx=2 7[4_” 2=()
0 4 0 4 2 2

0

f2(x)—2x/§f(x)sin(x—%}+25in (x—zﬂdx 0

0

Sty o=y
I 1

f(x)—\/zsin(x—%ﬂzdxzo

Suyra f(x)- \/Esm(x—z) 0, hay f(x)= \/Esin(x—%j.

2

=0.

Vay: jf(x)dX=j‘\/§Sin(x—%jdx =-— 2cos(x—%)

0

Trang 7
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S o [N
o L———th\N

Cau 13. Chohamsb y = f(x) théa man

sinx.f (x)dx= f(0) =1. Tinh 7 = |cosx./"(x)dx .

Loi giai
bt {u = f(x)= du = f'(x)dx

dv=sinxdx=v=-cosx

= .z[sinx.f(x)dx:(—cosx.f(x))‘g +.2[cosx.f’(x)dx .

N

:I:j.cosx.f'(x)dx :.zfsinxf( )dx+cosx.f(x )‘ =1-1=0.

Céau 14. Cho s6 thyc ¢ >0. Gia sir ham s6 f(x) lién tuc va ludn duong trén doan [O;a] thoa man

?

f(x).f(a—x)=1. Tinh tich phan [ = .[ +f( )

Loi giai
batt=a—x=dr=—-dx.

a 1 a 1 a 1
Thay vao ta dugc [ = dx = dt=—— dx
Y ' ~([1+f(x) -([1+f(a—t) -(|;1+f(a—x)

_f_ Sfla=x)-1(x)
s O 7 ()0 o)
Do ham s f(x) lién tuc va luén duong trén doan [0;a]. Suyra f(a—x)=f(x).

Ma f(x).f(a-x)=1= f(x)=

V@y[:jldx=3.
122

3
Cau 15. Cho ham sé y = f(x) lién tuc, luén duong trén [0;3] va théa man / = If(x)dx =4 . Tinh gia
0

tri cua tich phan K = j( Hn(700) 4 4)dx
Loi giai

Tac6K=i(e“‘“(f<"))+4)dx i“‘“ dx+j4dx ejf dx+i4dx=4e+4x2=4e+1z.
0 0

0
Vay K =4e+12.

2018

Cau16. Cho ham sé f(x) lién tuc trén R théa If(x)dx=2. Tinh tich phéan

[c2018_)

o X +1

Loi giai

Nguyén Cao Thién, THPT Ha Huy Téap, Ha Tinh Trang 8
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V= 2

Pt [ = ! x2+1f(ln<x +1))dx.

Pt t=In(x’+1) = dr = fjldx.
X

Pdican: x=0 =¢=0; x=\/62°18—1 = +=2018.
2018 2018

Vayl_—jf )de =—. jf

sin 2x. f*(sin x) dx

O 0 [ Ny

1
Cau17. Cho f(x) la ham lién tuc trén R thoa f(1)=1va [ f(¢)dt =%, tinh / =
0

Loi giai
bat sinx=7= f(sinx)= f(¢)= cosx.f"(sinx)dx = f()dt

Péican: khi x=0=>71=0; x=§:>t=l.

1

2sinx.cosx.f'(sinx)dx = 2It.f'(t)dt

0

I=|sin2x.f"(sinx)dx =

S PTS b
o404

3
CAul8. Cho f(x) la ham s§ lien tue trén R va [f(x)dx=4, [f(x)dx=6. Tinh
0

0

o'—.mm
o'—.mm

m(

I = 2

1
I=[f(j2x+1])dx
-1
Loi giai
bat u=2x+1 :>dx=%du.

x=—1 = u=-1.
x=1 = u=3.

Nén I=%j[f(|u|)du =%(if(|u|)du+j)‘f(|u|)du] =%U‘1f(—u)du+j).f(u)du].

1

Xét jf(x)dx:4.f)ét x=—u=dx=-du.
0

Khi x=0 thi u=0.Khi x=1 thi u=-1.

Nén 4=-(|1;f(x)dx= —:([lf(—u)du :j.lf(—u)du

Ta co

S C—y

f(x)dx=6:>j.f(u)du=6.
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|

Cau 19.

Cau 20.

Cau 21.

Cau 22.

Nén I=%(if(—u)du+j;f(u)duj =%(4+6)=5.

Cho jf )dx=2 va jg dx=~1. Tinh Izi[x+2f(x)—3g(x)]dx
Lo gidi
T [ 17
Taco:]:jl[x+2f(x) g(x)]dx= jxdx+2jf )dx— 3jg % +4+3="

-1
i ] 2 4
Cho ham s y = f(x) lién tuc trén R, biét [x.f(x*)dv=2. Tinh /= [ f (x)dx
0 0
Loi giai

Xét tich phan | x.f (x”)dx =2

S C— 1O

bat xzzt:xdxz%.

D6i can: Khi x=0 thi 7=0; khi x=2 thi =4.

Do d6 .:[x.f(xz)dx=2 @%If(t)dt=2 @If(t)dtz4:>jf(x)dx=4

0

Vay 1 =4.

3
Cho f, g la hai ham lién tuc trén [1;3] thoa: [[ f(x)+3g(x)]dr=10.
1

J?[Zf(x)—g(x)]dx=6 . Tinh Jj‘[f(X)+g(x)]dx.

Loi giai
3

Ta c6 j[f(x)+3g(x)]dx=10@if(x)dx+3jg(x)dx=10.

1

Tuong ty j.[2f(x)—g(x)]dx:6c>2j.f(x)dx—.|.g(x)dx:6.

1

. . u+3v=10 u=
Xét hé phuong trinh &

3 3
v 4,trongdc') u:!f(x)dx,v:!g(x)dx.

Khi do j.[f(x)+g(x)]dx=Jj.f(x)dx+ig(x)dx:4+2:6.

1
i 2
Cho ham s6 y = f(x) lién tuc va c6 dao ham trén R théa man f(2)=-2, j f(x)dx=1.
0
4
Tinh tich phan 7 = | f’(\/;)dx.
0

Loi giai

Dit Vx =t = dx = 2¢ds .
béi cén:xe[0;4]:>te[0;2].

Nguyén Cao Thién, THPT Ha Huy Téap, Ha Tinh Trang 10




I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO I

2
I= 2It. F()dt .
0
Str dung phwong phap tinh tich phan tirng phan ta dugc:

1= 2{tf(t)|§ -| f(t).dt} ——

Cau23. Cho ham sb y=f(x) c6 dao ham lién tuc trén doan {O; . Pong thoi théa min

NN

N

oS t— oy

£ (x)dx =37, jsmx x) f( ydx =67 va f( )=0. Tich phan j( f"(x)) dx

0

Loi giai

(sm 2x— 2x)f(x)dx

O"—.N\N

67 = ]E(sinx—x)Zf’(%)d( j

0

=(sin2x—2x f(x)‘2—j‘ sin 2x — 2x) f(x)dx

3 3 3
=2[(1-cos2x) f(x)dx = 4] sin xf (x)dx < [ sin’ xf(x)dx=37”
0 0 0
Cach 1:
3 3 3
Ta c6 .([fz( dx 37r,!sinzxf(x)dx=37ﬂ,£sin4xfz(x)dx ?76[

k4 n
2

2 2 % %
Do 6 | £*(x)dx~8[sin’ xd(x)+16[sin* xdx = jf(x) 4sin’ x [dx =0.
0 0 0

Vay f(x)=4sin’ x.

B ) 972_2 % % % 972.2
Cach 2: Sir dung bat dang thuc - _[s1n2 xf (x)dx | < jsin“ xde‘f2 (x)dx= -
0 0 0
: 3 3z 3 3z
Dau "=" xayrakhi f(x)=ksin’xma J‘sin2 xf (x)dx =6 © Iksin4 xdx “Te
0 0
nén f(x)=4sin’x.
Vay f(x)=4sin’ x=2-2cos2x nén f"(x)=8cos2x nén
3 3
[(#"(x)) dv=512](cos2x)’
0 0
Ciu24. Chohamsd f(x) c6 dao ham lién tyc trén [1;8] thoa man:
2 2
j[f(x3)fdx+2jf( _—jf j x* ~1)’dx. Tinh tich phan j[f T dr
1 1
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Cau 25.

Cau 26.

Loi gidi
bit x=1" = dx=3¢.dr.
Voi x=1=t=1; x=8=t=2.
28 [ 2 3 [ 2 3
Ta dugc: gjf(x)dx=2jt £(#)de=2[x f (x*) dx
1 1 1
Thay vao gia thiét ta duoc:

j[f }dx+2jf dxzjxf )dxjx—l

7 } dx+2_[f X dx—zjxf x )dx+j (1-x?) "dr=0

()] 27 () 1= (1) Jax =0

0

— — ) — D — —
—_— —_— — /‘\

S U210 ar=0 (1 (0)+(12°)) =0 & 4 () =12 1 (1) =37
= /() =3
Do ds: [Lr (o] = ae= g (mo), =557

1

Cho ham sé f(x) lién tuc trén R va théa main J f(x)dx=9. Tinh tich phan
-5

2

[[f(1-3x)+9]dx.

0
Loi giai
bat t=1-3x = dr =-3dx.
Vol x=0=¢t=1vax=2=t=-5.
1

Ta co j:[f(l—3x)+9]dx =j:f(l—3x)dx+j:9dx :_Jj[f(t)]il—;+9x‘é =§_j;|:f(x)]dx+18

:l.9+18=21.
3

Cho ham sé f(x) c6 dao ham duong, lién tuc trén doan [0;1] théa man f(0)=1 va

3@[ I:f ] + }dx<2j\/7f dx . Tinh tich phan J.I:f :I dx:

Loi giai

Tur gia thiét suy ra:

H(S,/f’(x)f(x)y_zj /f’(x)f(x)—i-l}dxﬁo @j[3 f'(x)f(x)_l}zdxgo.
Suyra 3,/ f"(x)f(x)-1=0 < /" (x)f (x —<:>f )fz(x):é.

3.07(x) /" (x )nensuyra[f ]' =

Trang 12
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|

Cau 27.

Cau 28.

Cau 29.

Vi f(0)=1nén f°(0)=1=C=1.

Vay :>f3(x)=%x+1.
Suy ra j[f(x)]de=j(§x+ljdx=%.

2
Cho a 1a hang s6 thyc va ham s6 f(x) lién tuc trén R théa man If(x—a)dx =2017. Tinh

2-a
gié tri ctia tich phan /= [ f(x)dx
1-a

Loi gidi
2
Xét [ f(x—a)dr=2017.

batt=x-a = dr=dx
Doi can:
+x=1=>t=1-a
+x=2=t=2-a

Khi d6 jf(x—a)dx= Tf(t)dt= Tf(x)dx=2017.

5
Cho ham s y=f(x) c6 dao ham lién tyc trén doan [0;5] va f(5)=10, jxf’(x)dx=30.

0
5
Tinh [ f(x)dx
0
Loi giai
u—x:>du—
dx:>v f( )

5

jxf' (x)dx () jf )dv < 30=57(5)- [ f(x)dx

0

@if(x)dx=5f(5)—30=20.

2
Ki hiéu F(x) la mot nguyén ham ciia f(x). Biét F(3)=3 va jF(x+1)dx=l. Tinh

I=Ixf(x)dx
0
Loi giai
PO x=-1=1¢=0
bat t=x+1= dr=dx. Doi can:
x=2=t=3

3

Khi do 1= jF(x+1)dx=IF(t)dt:jF(x)dx

0
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I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO

3 =X du =dx
Xét tich phan 7 = j xf (x)dx Bt
0

dv—f( )dx:> v=F(x)

3
Suy ra I=Ixf( )dx = xF (x
0

j‘ dx 3F -1=8.
0

s
22

2
Cau 30. Cho itanx.f(cosz x)dr=1 va jde=l. Tinh tich phan I:j.f(zx)dx
0 1
4

xlnx

e
Loi giai
T

o Xét A=]“tanx.f(cos2 x)dx=1.
0

bit ¢ =cos® x = df = —2sin x cos xdx = —2 cos” x tan xdx = —2¢.tan xdx = tan xdx = _;_;
x=0=1t¢=
Doi can T 1
X=—>=f=—
2
1
7 e 1¢:f(t) e f(1)
Khido A=- t)—=—|—2dt=1= |—=dr=2
Jr5=315 =
2 2
< f(In*x
oXétB:jf( ) =1.
xlnx
Pat f=In?x = dr = 20 gy = 2tx g W g B A
X xlnx xlnx xInx 2¢
x=e=>t=1

Doi can: 5
x=e =t=4

Khi d6 B:if(r)%:%j@dtzl jjf_f

—_

o Xét I:jde
X

N | —

batr=2x=

|
| —
U
"

o ——, — N | —

2. A X =
Doi can: 4
x=2=t=

Khi do I=if§t)dt fft)dt+if£t)dt=2+2:4.

2
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Cau 31.

Cau 32.

Cau 33.

Cau 34.

2
Cho ham s y = f(x) c6 dao ham f'(x) lién tuc trén doan[l;2] théa man jxf(x)dx =1 va

f(1)=4f(2). Tinh _z[xzf’(x)dx
Loi gidi

bt {u=f(x):> du=f'(x)dx.

dv = xdx vzlx2
2
Khi do I:jxf(x)dx=lx2f(x) 2 —lszf'(x)dx ol=1t [4f(2)—f(1):|—1_2[x2f’(x)dx
! 2 L2 2 24 '

2 2
Theo gia thiét f(1)=4f(2) nén 1:%.0—% f'(x)dx = ijf'(x)dx =-2.
1

1

Cho f(x), g(x) 1a cac ham sb c6 dao ham lién tuc trén [0;1] va théa man diéu kién

j.g(x).f’(x)dx=—1, j.g'(x).f(x)dx=2. Tinh tich phan I=j.[f(x).g(x)]’dx.
Loi giai
Taco [ f(x).g(x)] = /' (x).g(x)+g'(x).f (x).

Vadat [, :j.g(x).f'(x)dxz—l; I, :j.g'(x).f(x)dx:2
Khi dé 1=j[f(x).g(x)]'dx=1l +L=—1+2=1.,

‘ s ()

Chobiétjxf(xz)dx=4,jf(z)dz=2,lj6 7 d¢=3. Tinh 1=j:f(x)dx.

Loi giai

J.Oﬁxf(ﬁ)dx=4J2_)j.f(t)dt=8:>j.f(x)dx=8,

[[f@dz=25 reode=2.

o f (V)
.[9 \/;
3 23

Vay I =8+2+—=—.
2 2

4
dz=3x;ﬁ>jf(x)dx=%.
3

Cho ham s6 f(x) c6 dao ham lién tuc trén [0;1] va thoa man: J‘le(f'(x)—2)dx = f(1). Tinh
gia tri cuia I=J:f(x)dx.
Loi giai
Bat u=x du =dx
! dv=[f'(x)—2:|dx: v=f(x)—2x
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Cau 35.

Cau 36.

Cau 37.

I;x(f'(x)—2)dx=f(l) o x(f(x)—2x)‘i)—j;(f(x)—Zx)dx=f(1)

Vayl=-1.

5
[THPT Nguyén Khuyén Tp HCM 2017] Cho biét j f(x)dx=15. Tinh gia tri cla
-1
2
P=[[f(5-3x)+7]dx.
0
Loi giai
dt

bé tinh P tadat r=5- 3x:>dx_—?

x=0=¢t=5

x=2=t=-1

P=_fl[f(t)+7](—%)— I[f(t) +7]dt (jf(t)dtwjdtj 115+ 7.(6)=19.

1 5
[THPT Lang Giang s6 1-2017] Gia str j f(x)dx=3 va j f(2)dz=9.
0 0

Tinh tong j'f(t)dt+j'f(t)dt

Loi gidi
Ta o jf(x)dx=3:»jf(t)dt=3; [f()a=9= [ f(r)a =
=j t)dt jf dz+jf dz+jf if(r)d”jf(z)dz
:>if(t)dt+jf(t)dt=

[S6 GD&DT Ha Ngi 2017] Cho y = f(x) 1a ham s6 chén, c6 dao ham trén doan [—6;6]. Biét
2 3 6
rang [ f (x)dx=8 va. | f(-2x)dx=3. Tinh 7 = [ f(x)dx
_ 1 _
Loi giai

3

Vi y= f(x)1a ham s6 chin nén if( jf j (-2x)dx = £ (2x)dx =3.

-1 1 1
3
Xét tich phan K = [ £ (2x)dx =3
1

bat u =2x= du=2dx.

Pdicinix=1=u=2, x=3=>u=6.
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16 16 6
K:EJ;f(u)du :E!f(x)dx:3 = 2f(x)dx=6

6 2 6
Vay. 1= [ f(x)de=] f(x)de+[ f (x)dr =8+6=14.
1 -1 2
Ciu38. [Chuyén Quang Trung-Binh Phuéc 2017] Cho f, g la hai ham lién tyc trén [1;3]

théa:j.[f(x)+3g(x)]dx:10, j[2f(x)—g(x)]dx=6.Tinh j[f(x)+g(x)]dx.

Loi gidi
1 Taco i[f(x)+3g(x)]dx=1o@if(x)dx+3ig(x)dx=1o.

1

 Twong ty [[2/(x)- g (x)]de=6 2] £ (x)dx~ [ g (x)dv =6.

1

2u—v==6 1

. o [u+3v=10 u=4 3
"] Xét hé phuwong trinh & 2,trongd(’) u=jf(x)dx, v=jg(x)dx.
4 1

3

—_—

Khi d()j[f(x)+g(x)]dx=if(x)dx+ g(x)dx=4+2=6.

1
Ciu 39. [Chuyén Pai hoc Vinh—2018] Cho ham sé f (x) thoa man

(f/(x))" + £ (x).f"(x)=15x* +12x, Vxe R va f(0)=/'(0)=1. Tinh gi4 tri cua />(1).
Loi giai

j[(f’(x))2 +f(x).f’(x)}dx:_|.(15x4 +12x)dx (1)

5 u=f(x) du =dx
o { :{v=f'(x>

W& [1(£) acr £ (@) ()= (£(x) [ax=32 +6x
f(x).f"(x)=3x"+6x"+C

Taco f(0).f'(0)=C=C=1

(3x° + 67 +1)dx®jf(x).df(x) [%ﬁ+2x3 +xj

0

© — —

Ta céj;f(x).f'(x)dx:

Suy ra @z:%@ﬁu)-ﬁ(o)ﬂ = /2(1)=8.

Cau40. [Sé GD&DT Phu Tho 2018] Cho ham s6 f(x) xac dinh trén R\{-L1} théa man
1

()=, 1(2)+/(2)=0 va f(—%j+f(§j:2. Tinh £(=3)+ £ (0)+ £ (4).

Loi giai

Trang 17
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Cau 41.

=4 ¢ khiv<—1
x+1
Taco f(x)=[f"(x) j —I(L—Ljdx— e, khi ~1<x<1
x—1 x+1 x+1 ? '
e, khixs1
x+1
1
| f(=2)+£(2) ln3+C1+ln3+C3 0 C+C, =0
Khi d6 1 1 = | = C <1
f(‘} 1772 n3+C,+lng+C, =2 (%27

Do d6 f(-3)+ f(0)+f(4)=In2+C +C, +ln%+C3 :lng+l,

[PTNK PHQG HCM 2018] Cho hai ham sé f(x) va g(x) c6 dao ham trén doan [1;4] va

F()+g(1)=4

théa man hé thic {g (x)=—x.f"(x): f (x) =—xg'(x)

. Tinh I:j[f(x)+g(x)]dx.

Loi giai
Cach 1:
Ta co f(x)+g(x =—x[f’ ' )]
@M f;g() 1 e il () o () =t
f(x)+g(x) I (x)+g(x) dv=—[—dv = In|f (x)+ g (x)|=~In|s| +C

Theo gid thiét ta c6 C—In|l|=1In|f (1)+g(1)| = C=In4.

NN

f(x)+g(x) = .
Suy ra poM f(1)+g(1)=4 nén f(x)+g(x)=;
fx)re(x)=—
:>I=j‘.[f(x)+g(x)]dx=81n2.

Cach 2:
Ta co f(x)+g(x)=—x[f’(x)+g’(x)] :>j[f(x)+g(x)]dx=—Ix[f'(x)+g'(x)]dx.
:>I[f(x)+g(x)]dx=—x[f(x)+g(x)]+j[f(x)+g(x)]dx

:—x[f(x)+g(x)]:C:f(x)+g(x):—§.Vi f(1)+g(l):—C:>C=—4

Do dé f(x)+g(x)=%. Vay 1= [/ (x)+ g(x)]dr=8In2.
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Cau 42.

Cau 43.

Cau 44.

[PTK B) GD&PT 2018] Cho ham s6 f (x) c6 dao ham lién tyc trén [0;1] théa man

=0, j;[f’(x)]zdx=7 va !xzf(x)dx=%.Tichphén '([f(x)dx

Loi giai

Bang cong thtc tich phan ting phan ta co

[ ()t 50| -5 (s
Suy ra J‘);f'(x)dx=—§.
Mat khac j.x—6dx=i.

19" T3

Dodéj[f (x)] e+ 221j—f dx+212j e 0<:>I[f

Suyra f'(x)=-7x’,dodo f(x)= —%x“ +C.

f(H)=0 = c:%.: f(x):_%x4+%
1 71 ) 7
Ta duoc If(x)dx=—z'|‘(x —l)dng.

+7x] dx=0.

[HSG Phii Tho 2018] Cho ham s6 f(x) lién tuc trén doan [0;1] thod man

2 3 3 7 1
f(x)=6x f(x )+m Tinh .([f(x)dx

LO’lglal
I=jf(x)dx=j{6x2f(x3)+\/?j_+}dx 2jf
== 2jf £)dt +2+3x +1 _2jf dx +2

Vay jf(x)dx=—

d(3x+1)

V3x+1

[THTT-12-2017]Cho ham s6 f(x) lién tuc trén R thoa man f(tanx)=cos'x, VxeR.

Tinh I=j.f(x)dx

Loi giai
bat r=tanx.

=l+tan’x=1+¢

Ta c6
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Cau 45.

:°°S4x=(1+t2)2:f (1+0)

=J' dxj)'

bit x =tanu :>dx:(1+tanu)du.

l+x

2: A Vs
boéican: x=0=u=0; x=l:>uzz.

T

4 24
o

1 1

1 Y cos’u
cos*u

du =

O [
o'—..um

n
I= I d(tanu) =
O

cos udu—(lu+lsin2uj
1+tan u) 2 4

0

3

Cho ham sb f(x) c6 dao ham lién tyc trén [0;3] théa méan f(3)= O’I[f,(x)]z dx:% va
0
J‘ - —Z . Tinh tich phan jf
\/x+

Loi giai
Bang céng thirc tich phdn tirng phan ta c6

(e i-1)=[2(-1) ()]

i%dx{zf( —2@(M—I)f’(x)dx.

Suy ra I(\/E—l)f'(x)dx=%.

0

Lai o6 (N1 -1 o= (422571 )de=2
0 0

Do do
i[f'(x)jzdx—z.i(\/ﬁ—l)f'(x)dﬁi(\/ﬁ l)dx 0@j[ \/Fﬂ} dx=0.

Suyra f'(x)=+x+1-1,dodé f(x)= (x+1)x/x+1—x+C.Vif(3)=0 nén Cz—%.

Tadu:ocjf dx = j[ x+1)x+1- x—ﬂdx—_9_7

30
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CAC BAI TOAN
UGC LUONG GIA TRI CUA HAM SO
KHI CHO TRUGC CAC TICH PHAN LIEN QUAN

A. KIEN THUC CO BAN

1. Tinh chz'lt nguyén ham, tich phan thuwong st dung
1. If dx=f(x)+C 2.judv=uv—jvdu 3.jf(u(x))u'(x)dx=jf(u)du

4jf Jdx=0< f(x)=0

Tong quat: f(x)=0Vxe [a;b],j‘f(x)dx =0 f(x)=0,Vxe[a;b]

2. Nhij thire Niuton
(x+2) =Cox"+Cox" 'y +..+ Cix" Y +. .+ Cly"

7 Luwuy:
B. BAITAP
Bai 1. Cho hamsd f(x) xéc dinh trén R\{%} théa man f'(x)= > 2 . F(0)=1va f(1)=2. Gia tri
o

cia biéu thic f(~1)+£(3)
Loi gidi

Taco [ f'(x)de=]

C . a2 1
= 1n|2x—1|+ C . Ham s6 gian doan tai diém x =—
2x—1 2

Néu x>%:>f(x):ln(2x—l)+C ma f(1)=2=C=2.Vay f(x)=In(2x-1)+2 kh1x>%

Néu x<;:>f( )=In(1-2x)+C ma f(0)=1=C=1.Vay f(x)=In(1- 2x)+lkh1x<%

Do dé f(-1)+f(3)=In3+1+In5+2=In15+3.

Bai 2. Cho hamsd y = f(x) xéc dinh trén R\{-1;1} va théaman f'(x)= 1.Biétr5ng
e
f(—3)+f(3)=0.Tinh T=f(2)+f(0)+f(—4).
Loi gidi
Ta co:
1 1 1 1 1 1 1
= f'(x)dx = dy=—[| ————|dx==| [—dx—[—d
/() If(x) * ij—l ) (x—l x+lj * 2{ 1 x}
=llnx—1+C.
2 |x+1
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Do dé: f(-3)+ f(3)=0 @(%1n2+€j+(%1n%+cj=0 < C=0.

1, |x-1
Nhu vay: =—In|~—
wvay: / (x) 2 e+
1 2-1 1 1. |0-1 1 |-4-1 1
2)=—=In =——In3; £(0)==In|—|=0; f(-4)=—1 =—(In5-1n3).
f()z 2+1 2n’f()2n‘0 1 )2n—4+1 2(n n3)
Tuds: T= £ (2)+/(0)+ /(-4) =—%ln3+0+%(ln5—ln3) :%ln5—1n3.
2

Bai 3. Chohamsd f(x) xéc dinh trén R\{-1;1} théaman f'(x)=
1

f(__}f(%j:z. Tinh f(-3)+£(0)+ f(4).

2
Loi giai
= ¢ khix<-1
x+1
x—1
Ta co _— =<1In +C, khi —-1<x<1.
S If I j(x 1 x+1j x+1| °
Pl khix>1
x+1
1
o f(=2)+1(2) In3+C +In=+C,=0 C+C =0
Khi do 1 1 = . = c -1
N =7t 7)72 3+C,+Ing+C, =2 (%27

Do do f(-3)+/(0)+ f(4)=In2+C, +C2+1n§+C3 =lng+l.

Bai 4. Chohamsé f(x) xdc dinh trén R\ {1} théa man f'(x):%, £(0)=2017, f(2)=2018.
x_
Tinh S = f(3)- 1 (-1).
Loi gidi
: 1
Ta co If(x)dx=.|.;dx:1n(|x—l|)+C

Theo gia thiét £(0)=2017, f(2)=2018 nén {f(x)zlng|x—l|;+2017 khix <1

f(x)=In(]x-1))+2018 khix>1"
Dodo S=f(3)-f(-1) =n2+2018-1n2-2017 =1.
Bai 5. Gia st ham s6 y = f(x) lién tuc, nhan gid tri duong trén (0;+00) va théa man diéu kién

f(1)=1, f(x)=f"(x)~3x+1 véimoi x>0.Tinh f(2018).

Loi giai
Ta co:
PO v IO ) B S(x) _2
f(x)=r"(x) 3x+1<:>f(x)—\/3x+1@jf(x)dx—jm<:>lnf(x)—3\/3x+l+C
PN f(x) :eé 3x+1+C

4

‘, 4
Mat khac ta lai c6 f(1)=1nén 1=¢> =C=—.
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2x/6055 4

2 4
Vay f(x)=e5J3)‘—‘_g = f(2018)=¢> 3.

Bai 6. Chohamsd f(x)#0 théa man diéu kién f'(x)=(2x+1)f(x) va f(1 )——%.Tinh téng
F)+£(2)+f(3)+ ...+ £(2018).

Loi gidi
Tacod:

f1(x)=(2x+1) £2(x) ©m=2x+1©j#dx=]‘(2x+l)d}c @Id(f(x)):x2+x+c

/(%) *(x) S (%)
1 2 1
— =x"+x+C =
f(x) ey <:>f(x) X +x+C
o Ly A ) 1 1 1
Mat khac th a thiét ta lai ¢c6 1)=— 1)=- =——=C=0.
at khac theo gia thiét ta lai c6 /(1) 5 < f(1) o 2:>
1 1
Vi -
v f(x) X’ +x x+1 x
Khido f(1)+(2)+f(3)+... + £(2018)
1 1 1 1 1 1 1 1 2018
=——l4+——=+ ..+ - + - = I=-
2 3 2 2018 2017 2019 2018 2019 2019

Bai 7. Chohamsd f(x) c6 dao ham trén R théa man f'(x)—2018 £ (x) =2018.x"".e*"® véi moi
xeR va f(0)=2018. Tinh gia tri f(1).
Loi giai
Ta co:
f'(x)—2018.1(x)

2018x
e

=2018.x""

f1(x)=2018f(x) =2018.x""7 "™ &

@if’(x)_ezm&f(x) dx=j;2018.x2°”dx (1)

2018x

1 pr _ 1 1
Xét tich phén I :J'f (X) i)(l);g.f(x) dx :jf’(x).e‘2°18xdx—j2018.f(x).e‘2°‘8"dx
0 e 0

0

Xét 1, = j.2018.f(x).e‘2°18"dx. Pt {” =/(x) - {d“ =/ (x)dx

dv=2018.¢"""dx v=—e "%

Dodo6 I, = f(x )( ‘2018"

Dy j f(x) e dx =1 = f(1).e* -2018

Khi do (1) < f(1 ).e—2°18x—2018=x2°18\1, = f(1)=2019.™".

Bai 8. Gidsirhamsd f(x) lién tuc, dwong trén R ; thdaman £ (0)=1 va /(%) -7
f(x) x +1
Tinh f(\/201 )
Loi giai
YA PEE: d(/(x)) 1 d(x”+1) )
Tacojf(x)dx_szﬂdx@j—f(x) = [ e m(s(x) =i (x*+1)+C

Mgt khic /(0)=1<>C=0.Dodé f(x)=+x"+1.Vay f(2018)=+2019.
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1
Bai 9. Xéthamso £ (x) lién tuc trén doan [0;1] va thoa 2f(x)+3f(1-x)=+1-x* . Tinh jf(x) dx
0
Loi gidi

Ta co: j.[Zf(x)+3f(1—x)] dx =j\/1—x2 dx © A+B=C.
Tinh: Czj\/l—x2 dx.

. 2. A 4
bat x =sinf suyra dx=cos¢ds. Boican: x=0=¢=0; x=1:>t:5.

z T

1. 2
cos’¢ dt —chzoszt dt =Gt+zsm2tj

0

Viay: C=

o'—.w\:\

0
1

Tinh: B=[3/(1-x)dx.
0

Pit t=1-x=dt=—dx.DPbicin: x=0=¢t=—1; x=1=1=0.

1

Vay: B=j3f(t) dr =[3f(x)dx.

0

Do do: i[Zf(x)+3f(x)] dx=%:>5if(x)dx=% :If(x)dx=—.

[N

2

[fz (x)_zﬁf(x)sin(x—%ﬂdx =2_T”.

O 0 [y

Bai 10.Cho ham s6 f (x) x4c dinh trén [O; } thoa man

3
Tinh tich phan [ f(x)dx
0

Loi gidi
Ta co:

/4 4

2 2
I2sin2 x—zjdx =J{1—cos(2x—£j dx =
0 4 0 2

(1-sin2x)dx (x+%cos 2xj

0

N o'—.mm

Do dé: J[]ﬂ(x)—2\/§f(x)sin(x—%j_dx +jzsin2 (x—%)dx _2mL T2y

2 2

o [ 01240 e x-2)s2s{s-Z)ac-0 o ] 1B -2 a0
Suyra f(x)—+2sin x—zj 0, hay f(x)= \/Esin(x—%).

/4

; 3 - -
Boi vay: J.f(x)dx=.|.\/§sin(x—zjdx =- 2cos(x—zj
0

0

2

=0.

0
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Bai 11. Cho ham sb f (x) lién tuc, khong am trén doan {0;%} , thoa man f (0) =3va

f(%).f"(x) = cosxyf1+ f*(x), Vxe {o;ﬂ . Tim gié tri nh6 nhat m va gié tri 16n nhat M cua

Loi giai
T , S (x)S( f(x :
Tu gia thiet f(x).f"(x)=cosx./1+ /7 (x :>— dx=sinx+C
() ) =eosnifl 12() = = v J L JT
bat 1 =1+ f*(x) = =1+ [ (x) =t = f(x) f'(x)dx.
Thay vao ta dugc jdt=s1nx+C:t=s1nx+C:>1/1+f2(x)=sinx+C.

Do f(0)=+3 =C=2.
Vay (J1+ f?(x) =sinx+2= f?(x)=sin’ x+4sinx+3.

ham sé f ( ) trén doan {

0\|§
N|§

:>f(x)=\/sin2x+4sinx+3, vi ham s6 £ (x) lién tuc, khong am trén doan [O;%}.
. 7T T 1 _ . \ Z 2 A oA |1
Taco ngSESESsmxSI,Dohamso g(t):t + 4t +3 dong bién trén 5;1 .

Suy ra max g (7)=g(1)=8, ming(t)=g(lj=2.
) me07ela)
Vay maxf(x):f(£j=2\/§, minf(x)=g(£j=ﬂ.
&1 o2
5] 2 55 6/ 2
Bai 12. Cho hai ham sd f(x) va g(x) c6 dao ham trén doan [1;4] va thoa man hé
1 1)=4
thire {f( )+g( )

g(x)=—x.f"(x); f(x)=—xg'(x) -Tinh I=_1[[f(X)+g(x)]dx

Loi gidi
Ta co f(x)+g(x :—xI:f' x +g x):l
@M f 8() 4o~ [Lax = tn]/(x)+ g (x) = Infaf+
f’(x)+g'(x J‘ r(x dx J.xdx I ‘f( ) g( )‘ I | | ¢

Theo gia thiét ta c6 c—1n|1|=1n\f(1)+g(1)\ = C=In4.
F(x)+g(x)== ,

Khi d6 x4,vi f(1)+g(1)=4nén f(x)+g(x)==.
F(x) ()= *

Vay I:j[f(x)+g(x)]dx:81n2.

Bai 13. Cho ham s6 f'(x) c6 dao ham lién tuc trén doan [0;1] théa f(x)man f(1)=1,
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1

I[f’(x):|2dx=9 va ‘:[x3f(x)dx=%- Tich phan ‘:[f(x)dx

Loi giai
Ta co I[ X)]zdx 9 (1)
1 ~ du = f'(x)dx
, _1 - u—f(x) 4
- Tinh !x f(x)dx_E. bt {dv=x3.dx X

1

1
X _ 3 _
—§:>81£xdx—9 (3)

1
Miit khac j xSdx = >

0

0

Cong vé véi vé céc dang thie (1), (2) va (3) ta duge:

j[[f’(x)]z+18x4.f( )+81x}dx o@j[f )+9x" |dx = 0<:>7:I[f )+9x" |dx=0

= f(x)+9x* =0 = f'(x)=—9x" = f (x) = [ /(%) :__x el
Ma f(l)zl:C:% 7 )___x5+%
1 1 1
:!f(x)dx_ '([(—gx +?)dx—(—ﬁx +?xjo_5,
2
Bai 14. Cho ham s6 £ (x) c6 dao ham lién tuc trén doan [1;2] théa méan I(x—l)zf(x)dx= —%,
1

f(2)=0va j[f'(x)]zdxﬂ. Tinh f(%]
Loi giai

bat u = f(x)=du = f'(x)dx, dv:(x—l)zdx:>v=(x;1)

Ta co _ézj.(X—l)zf(x)dx _ (x—l

|
—_——
—_
=

1

@—%:—%J?(x—lf £(x) dx @j(x—lf /(x)dx=1 :—j2.7(x—1)3 £(x)dx =14

Tinh duoc j49(x—1)6dx=7 :i[f’(x)]zdx —i2.7(x—1)3 f'(x)dx +j49(x—1)6dx=o

:j[7(x—l)3—f( )} dr=0= f'(x)=7(x-1) = f(x)=
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Do f(2)=0 :>f(x):7(x_‘1)4_1 Vay f(gj:ﬂ

4 4 2 64
Bai 15. Cho ham s6 £ (x) thoaman (/(x)) + f(x).f"(x)=15x* +12x, VxeR va £(0)=f"(0)=1
Tinh f?(1).
Loi giai
Ta co:

(f'(x))2 + f(x).f"(x)=15x" +12x @[f’(x).f(x)]r =15x" +12x
(x) f(x) 3x° +6x° +C,
Do f(0)=7"(0)=1néntaco C, =1. Do do:

f(x).f(x)=3x" +6x7 +1 @(%fz(x)j =3 +6x’ +1 < f7(x)=x"+4x" +2x+C,.

Ma f(0)=1néntaco C,=1.
Vay f?(x)=x°+4x"+2x+1 suyra f?(1)=8.
Bai 16. Cho ham s6 y—f( ) ¢6 dao ham lién tuc trén doan [0;1] va £(0)+ f(1)=0. Biét

jf dx—— jf cos ﬁx)dx—E.Tinh limM.

x—0 X

Loi giai

_ |u=cos(7x) du = -7 sin(7x)dx

bat Rt .
dv=f’(x)dx v=f(x)

Khi do

If cos(7x)dx = cos(;rx)f(x)‘:) +7rjf(x)sin(7rx)dx

:—(f(1)+f(O))+7rjf(x)sin(7rx)dx.=7rIf(x)sin(7rx)dx:>jf(x)sin(ﬂx)dx=%

0 0 0

Ta c6 j[f( )~ksin(zx)] dv= jf )dx - 2kjf sm(;rx)dx+k2j.sin2(7rx)dx

0 0

2
L ekt
2 2

Do dé j)‘[f(x)—sin(mc)]2 dx=0= f(x)=sin(7zx).

Vay lim——= f(x) =7.

x—0 X
3

Bai 17. Cho f(O)zéva j[f'(x)+f'(3—x)].dx=5 .Tinh f(3) .

0

Loi giai
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@i[ f'(x)dx-i F(3-2)d(3-x)=5 o f(x)f — /(3] =3
o 1(3)- £(0)- £(0)+ £(3)=5 <21 (3) =6 < £(3)
Vay f(3)=3.

2
Bai 18. Chohamsd y = f(x) c6 dao ham va lién tyc trén [1,2] thoa méan j f'(x)dx=10 va

1

3.

2f'(x) o
J dx=In2 Biétrang f(x)>0, Vxe[l,2]. Tinh f(2) .
1

/()
Loi gidi
Taco [ f'(x)dc=/(x) =f(2)-£(1). [ (x)dx=10 < f(2)-f(1)=10 (1).
zfl(x) =n2 < x) =l <:>nf(2):n 1 f(x)> xe
!f(x)dx_l 2 o f(x) =2 1(;‘(1)] In2 (Vi f(x)>0, Vxe[l,2])

& f()=5/(2) (2).
Tir (1) va (2) taco £(2)=20.

. . (x2+1)2
Bai19. Chohamso f(x) x4c dinh trénR\{0} thoamin f'(x)=-—5", f(-)=1va f(1)=—4.
X

Tinh gi4 tri cua biéu thic f (—2)+ f (2)
Loi giai
(x2 +l)2 1 2
Tacd f'(x)=—5"—=x+—+= nén

X X3 X

2 +1) 1 2 2
f(x):J‘( S ) dx:j(x+?+_de:%—§+2ln|x|+C

X

2
X

=_—L2+21nx+Ckhix>O
2 2x

X2 1

=7—F+21n(—x)+€khix<0
X

« Trén khoang (0;+),taco f(1)=—4 = C=-4.

2
X

' _x_ 1 _ _, 1 _
Do d6 f(x)= > 2x2+2lnx 4.Suyra f(2)=2 8+21n2 4.
« Trén khoang (—;0),taco f(-1)=1 = C=1

x° 1

, 1
Do d6 f(x)=7—2—xz+2ln(—x)+l. Suy ra f(—2):2—§+21n2+1.

Vay f(—2)+f(2):%+41n2.

Bai20. Chohamsd f(x) xéc dinh trén R\{0;1} théa man /"'(x)=

f(%} =2. Tinh gia trj biéu thirc: f(-2)+ f(%}+ £(3).

Loi giai

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh , Trang 28



I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TICH PHAN VA SO PHUC VAN DUNG CAO

Bai 21.

Bai 22.

Taco f(x)= j —J(———jdx =In|x—1|-In|x|+C.
ln(l x) ( )+C1,‘v’xe(—oo;0)
Nhu vay f(x) In (1 x) Inx+C, ‘v’xe(O 1)
In(x-1)-Inx+C,, Vx e (1;+x)
Trén khoang (—oo,O), ta co f(— ):ln2+C1.
Trén khoang (0;1), ta c6 f[%sz@ln%—ln%JrCz:2c>C2=2.

Do dé: f(x)=In(1-x)—Inx+2. Suy ra: f(%jzln%—ln%+2.

Trén khoang (1;+),taco f(2)=—In2+C,.

Laico: f(-1)+f(2)=0<In2+C -In2+C,=0<C +C, =0.

Khi dé: f(-z)+f@+f(3) =(ln3—ln2+C1)+(ln%—lni+C2J+(ln2—ln3+C3)
CIn3+C4C,+C,=In3+2. Viy f(-z)+f@+f(3)=1n3+z.

Cho f° (x).f'(x) =12x+13, f(O) =2 . Tim gi tri 16n nhét va gia tri nho nhét ciia ham
0y = f(x) trén doan [0; 1].

Loi giai

Taco f(x).f"(x)=12x+13 :jf6(x).f'(x)dx=j(12x+3)dx

0

@%f7(t)=6t2+3t+C hay /7 (x)=42x*+21x+7C.Do f(0)=2 nén

7C=2<:>C=% Do dé f(x)=V42x"+21x+2.
Max /(x) =/ (1), Min /() = /(0) hay Max f (x)=3/65 va Min f (x)=32.

Cho f(x)2 véi VxeR va thoa man didukien f(x).f"(x)=2x/f>(x)+1,
£(0)=0. Tinh gia trj 16n nhat M , gia tri nho nhat m ctahamsé y = f(x) trén[1;3].
Loi gii

bat Izjf(x). IZx\/ﬁdx
*Ta tnh 1:@ £ () (6)de = [ £(x)4(f (x) =

* Ta tinh [=I2x1/f2(x)+ldx.
0

S'(x) S (x)
f2 (x)+1

biat u = fz(x)+1: du = dx =2xdx, dv=2xdx chon v=x’.
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—j2x3dx =t f2(1)+1—§ (2).

t

I= I2x f +1dx [ fz(x)+l}

0

4

* Te (1) va (2) ta co %fz(t):t2 fz(t)+1—%<:>f2(t)—2t2 fA()+1+1=0

f(t)+1=1+1
=S .
f()+1=r-1
Do f(£)=0 véi VieR nén /f*(t)+121 v6i VieR.Vay | f*(t)+1=r'+1 hay
2(x* +1)2x
f(x)=vx'+2x* = f'(x)=——=>0 voi [I;3
(3)= )= e A
Véay Max f(x)= f(3) hay ]\[/If;gzjxf(x)=3\/ﬁ,]%{g]nf(x)=\/§.

[1;3]
2018

Bai23. Chohamsd f(x) théaman f(1)=% va f'(x)+ f(x)(2x+1)=0. Tinh tong S =" (k)
k=1

Loi gii
Tacé—]{,((); —2x+1= ! /' _!2x+1)dx<:>ﬁ1:(x2+x);
@L—L—mt—z@f(t)— L hay f(x)=—"

70 r0)° T WA

{6 L
Khldof(x)—x x+1'

2018
$=3.7( 1—— Ly 1y, 1 _208
2 3 3 4 2018 2019 2019 2019
Bai24. Chohamsb f (x) c6 dao ham lién tuc trén [O;%} théa man f (§j=0,

' 7T T 3 _ 7T3 T r 4
[f ] dx—& 3 !(smx+xcosx)f(x)dx— 133 . Tinh f(;)

S 0 [Ny

Loi giai
Bang cong thurc tich phan tirng phan ta c6:

.
(sinx+xcosx)f(x)dx (xsinx) ]‘ I (xsinx)f"(x)dx.

O 0 | N

S 3 . '(x)d o
uy ra .([(xsmx)f (x) h=Tety
: : :
Hon nira ta tinh duoc J.(xsinx)zdx=J.(xzsin x)d =J.1+Szx)dx
0 0 0
221 ERERE ;
:Ide:Ix_dx_Ide:”_+ﬁ_
7 AR A 48 8
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N

T

(xsinx)dx=0 < i[f’(x)—xsinx]z dx=0

O 0 | N

3 3

Dodo [[ f'(x)] dx—2f (xsinx)f"(x)dx+
0 0

Suy ra f’(x):xsinx,dod() f(x)zsinx—xcosx+C.Vi f(%j:o nén C=-1.

Vay f(%ji-

2
Bai25. Choham sé f(x) xéc dinh trong khoang (0;+) déng thoi f”(x)= ——— .
(x+l).f(x)
Biét f(x)>0 v6i Vxe(0;+00) va f£(0)=1. Tinh giatri (3).
Loi gidi
t t
. X , _ X
Tacof(x)ﬂ/f(x)_ﬁzgf(x). f(x)dx—!)‘ —ds
2 2 [ 2 C 22 2 ’
<:>§f2(x) =§(x—2)\/x+l <:>§f2(x) =§(x—2)\/x+1
0 0 0 0
2 2., 2 2 4 22 02 2 4
= — =ttt o () -Z= 2 (=)t +1+-
<:>3f(t) 3 3(t )N+ +3c>3f(t) 3 3(t )i+ 3

3

< f2(t)=(t-1)t+1+3 @f(t):i/[(t—l)\/t+l+6}2 .
Vay £(3)=3100.
Bai26. Chohamsd y=f(x) c6 f'(x) lién tuc trén nira khoang [0;+) théa man

3/(x)+f"(x)=+1+3.e™ . Tinh gia tri biéu thic A=¢’f(1)— 1(0).
Loi gidi
[ 2x ,

Taco 3/ (x)+ f'(x)=V1+3e™ = © x+3 & [e“f(x)] =e’"\e™ +3.

e
Lay tich phan tir 0 dén 1 hai vé ta duoc

Jle" ] = [ e 3 ar o [ ()]~ (Ve 3]
(62 +3)\/m—8
3 .

e f(1)-f(0)=

(¢’ +3)Ve’ +3-8
3
r ‘\/; b r r
Bai27. Chohamsb f(x)= j (4¢°~8¢)de . Goi m, M 1an lugt Ia gid tri nho nhét, gid tri 16n nhét cia
1
ham s6 f (x) trén doan [0;6]. Tinh M —m.
Loi giai

Vay 4=

Jx

f(x)= j (47 —8¢)dr =(r* - 4r)

fl(x)=2x-4,f"(x)=0=x=2¢€[L;6].
£(0)=3;/(2)=-1;/(6)=15.Suyra M =15,m=-1=>M -m=16.

=x>—4x+3 voi x>0.

N
1
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1
Bai28. Timhamsd f(x)=asinzx+b théaman: f(1)=2 va [/ (x)dr=4
0
Loi gidi
Taco: f(1)=2< asinzx+b=2<b=2
—acoszx

Jl.f(x)dx:4<:>j.(asin7rx+2)dx:4<:>(
0 0 T

+2xj=4<:> a=r.
Vay f(x)=rsinzx+2.

Bai29. Chohamsd y= f(x) xdc dinh trén R, théaman f(x)>0, VxeR va f'(x)+2f(x)=
Tinh f(-1), biétrang f(1)=

Loi gidi
Ta o f’(x)+2f(x)=0<:>f’(x)=—2f(x)<:>%=—2 o /(x)>0),
x
Lay tich phan hai vé, ta duoc j.l%dx = —2j‘1 dx < In [f(x)]‘il = 2x|1_l

el f(1)]-In[f(-1)]=—4<hnl-In[ f(-1)]=—4
ehlf(-1)]=4< f(-1)=

Bai30. Chohamso f(x) c6 dao ham, lién tuc trén doan [1;4], £(1)=1 va jf )Jdx=2.Tinh f(4).
Loi giai
Ta co i f(dx=26 f)| =2 f(@)-f)=2ma f(1)=1= f(4)=3.
Bai31. Giasu 1he‘lm sé y = f(x) lién tuc, nhan gi4 tri duong trén (0; +00) va ¢6

f(3):g,f’(x): (x+1)/(x). Tinh £(8).

L(‘)’i giﬁi

Bai32. Chohamsb f(x) c6 dao ham, lién tuc trén (0;+o) va théa méan _[ f'(¢)dt = x.cos zx . Tinh

f(4). 0

Taco: f'(x)

=77 =49,

Loi gidi
Ta c6 If'(t)dt=F(x2)—F(0)=x.cos7rx.
0

Lay dao ham hai vé ta co: 2x.f (xz) =COS/TX — TX.SIN7TX .

= 4.f(4)=cos27r —2x.sin27 =1 :>f(4):%.
) f(x)
Bai 33. Chohamso f(x) théa man I t*dt = x.cosrx . Tinh f(4).
0

Loi giai

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh , Trang 32



I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO

f(x) 3/ )
. t
Ta co: _[ t*dt = x.cosrx < 3| =wcosmx & /3 (x)=3x.cos wx
0

& 3 (4)=12.cos4r =12 & f(4)=v12.
Bai34. Chohamsé f(x) c6 dao ham, lién tuc trén doan [1;2] vathéaman f(x)>0 khi xe[1;2]. Biét

[f/(x)dx=10 va j&dlenz Tinh £(2).

(x)

Loi gidi
Taco: [ f'( (=10 & £(2)-£(1)=10 (1.
Ta cé: jf( )dlen(f(x))‘f=1n2 = n(f(2))-In(f(1))=1n2 NAC PR

f(x)
T (1) va (2) = f(2) =

Bai35. Cho ham sé f(x) c6 dao ham, lién tuc trén doan [;In3] va théa man f(1)=¢’ va
In3

jf Jdx=9—-¢* .Tinh I = f(In3).

r(1)

Loi giai
In3

Ta co: jf Jdx=9-¢’> & f(In3)-f(1)=9-¢ <« f(In3)=9.

2017

Bai36. Chohamsd y=f(x) lién tuc va théa man f’(x)= (x3 +3x7 + 6x) S(x), f(=2)=¢.

Tinh f(0)?
Loi giai
) = (x +3x7 +6x )2017 f(x) = %j:)): (x3 +3x° +6x)2017

S (x
S ( ) j.(x3+3x2 +6x+4)2017dx

e 0

Taco: I = I(x3+3x2+6x+4)2017dx = I((x+1)3+3(x+1))2017dx
_2 _2

Pit t=x+1=>dx=ds,ddican x=—2=t=-1x=0=¢=1.

1
=1=[(rf+3)" . Xéthamsd f(r)=(r +37)" 1ahamsd1énén I=0.

:i]}((;)) =0 1n|/ (x)], =0 & In|£(0)|=n|f (-2)| = £ (0) =

Bai 37. Cho ham s f I tInzdr . Xac dinh hoanh d6 diém cuc dai cua dd thi ham sé f ( )

e’

2

Loi giai
Tap xac dinh D=R.
Goi F(¢) la mdt nguyén ham cta g(r)=¢Inz v6i ¢ >0. Khi do
L =F(e)-F(e)

= [ tinede=F(¢)
fr(x)z(ebc)’ F,(ezx)JrexF,(ex) =2ezxf(ezx)_GXf(ex) — 4xe™ — o zxezx(4ezx _1).
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F=0 e N
x)=0 < = .
462)(_1:0 x=—11’12
Bang bién thién ctua ham s6
X | —o —In2 0 +00

!

y —_
+

y OO\ / \_oo

Vay hoanh d6 diém cuc dai cia d6 thi ham s6 13 x=—In2.

O e

Bai38. Chohamsd y=f(x) lién tuc trén [0;+00) va | f(¢)dt =xsin(zx). Tinh f(4).

Loi gidi
Goi F(t) la mot nguyén ham cta f'(¢).

g(x)=)If(t)dt=F(t)‘:z = F(x*)=F (0) = xsin(zx).

g'(x)= 2xF’<x2) =sin(7zx)+zxcoszx < 2xf(x2) =sin(7zx)+zxcos 7x

Chon x =2 taduoc 4/ (4) =sin27 +27 cos 2w =27 :>f(4):§.

T

Bai 39. LAy tich phan hai vé, ta duoc Cho ham sé f(x)=1In

- Giai bt phuong trinh sau:
(3-x)

67rr sin’ r dt
0 2

x+2

x<-=2

Vay nghiém bét phuong trinh: | 1 .
5 <x<3

2" —1 "

! ! ,VneN
2n+1

S | 1
Bai 40. Ching minh rang —Cin +—C23n +—C25n +...+—C22,':_1 =
2 4 6 2n

Nguyén Cao Thién, THPT Ha Huy Téap, Ha Tinh , Trang 34



I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TICH PHAN VA SO PHUC VAN DUNG CAO

Bai 41.

Loi giai

r 2 2 4 - 1 .
* Nhan xét : SO hang tong quat cua tong ve trai la k—len vo1 k nguyén duong 1¢ va khong
+

xudt hién ﬁCfn voi k chin. Do d6 ta phai st dung (1+ x)zx va (1- x)zn st dung phuong
+

phap tich phan hai vé.
2 _ _
Tacod (1+x)" =Cy, +Cx+ o X+ + G X+ Crix™.
2 _ _
(1-x)" =C), - Cx+C} x> — .= G X+ G x™

Suyra (1+ x)zn -(1- x)zn = 2(C;nx +C X +C X+ .+ szr':_lxz"_l)

1(1+x)2n —(l—x)zn ¢

Do d(’)_’. 5 dxzj.(C;nx+C§’nx3+C25nx5+...+C22;’_1x2”_1)dx (*)
0 0
1

1 1+x Zn_ l—x 2n 1+x 2n+l+ l—x 2n+1 22n_1
R L M LS L i RPN

) 2 2(2n+1) | 20+l

1 52 X X 20 !
va J‘(C;nx +C X +C X+ +C ! )dx =C), —+C, —+C) —+..+C"!

) 2 4 6 2n),
1 1 1 1

=—C, +—C, +=C) +.+—C"" (2).

2 2n 4 2n 6 2n 27’1 2n ()
Thay (1) va (2) vao (*) ta ¢6 Lo ilo e b v Lo 27 -1 (dpcm)

ay (1) va (2) vao (*) tacod — — = et — = cm

y 2 2n 4 2n 6 2n 27’1 2n 27’l+1 p

, -1)"
Tim s6 nguyén duong n thoa man lCi —le +le —lC,f...+(—)C;’ _ 2018
2 3 4 5 n+l 2019
Loi gii

Nhin xét:

k+1
* Sb han tong quat cua téng vé trai 1a (k )1 C! (k=20 va keN). Sb di chung véi Ct 1a
+

phan s6 nén co thé st dung tich phan 1a phu hop.
(_1)k+1
k+

k mdt don vi nén c6 kha ning ban dau C* di chung véi x* tic 1a x*C.

4 A ’ 5 A A ISP n J X \ A A 1 r
* S0 hang tong quat cua tong vé trai la C; ¢6 mau la phéan so6 ek Do k+1 16n hon
+

* Dau clia céc s6 hang thay déi tir ddu +sang ddu — do d6 ta khai trién nhi thic (1-x)". Vi
chwa khép du cua d& nén nhan hai vé cho —1.

1 1
Taco: —[(1-x)' = j(—c,? +Clx—CF +Cx = (1) C;x")dx

0

0
1

0
1— n+l _ n=1
<:}_( x) - _C3x+lcix2_lanx3+lex4+,,.+()—nC:x"+l
n+1 2 3 4 n+l1
1 0
n+l
-1
@_L=_1+lc;—lcj+lcj—...+lc;
n+1 2 3 4 n+1
_1 n+l
@Lzlc’i_lc%lc;_,ﬁ@c; SO m 20018,
n+l 2 3 4 n+l 2019 n+1

Ching minh rang véi moi s6 nguyén duong n ta luén co:
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|

lC,?—lc,‘,+icj—lcj...+(_l) o —
2 3 4 5 n+2 (n+l)(n+2)

Loi giai
Nhin xét:

k
. . . -1 . .
* S0 hang tong quat cua veé trai la (k—)sz ( k>0, keN). S6 di chung véi C* 1a phan s6
+

nén c6 thé sir dung phuwong phap tich phan.
k
. . . -1 X .
* S0 hang tong quat cua vé trai la %C}f c6 mau so la phan so
+

0

la k42 16n hon chi

s6 chap k ding 2 don vi= c6 kha ning ban dau C! di chung véi x*', tirc 1a x*'C* (*).

* D4u cua cac sd doi dau tir + sang —.
Taxét (1-x) =C) —Cix+Cix* —=Cox’ +..+(-1)" C'x".

Té6i day ta nhan thiy s6 hang vé phai chua giéng nhu ta doan & (*) , do d6 ta nhan hai vé cho x

ta dugc x(1-x) =Cox—Cox* +C2x’ = Cox* +..+(-1) C'x".
1 1
Khi 6 [ax(1-x)"dx= j(c,?x—c;xz + O = Cxt (1) c;x"“)dx.
0

0
1
Xét [x(1-x) dv. Dt t=1-x=> dt = ~dx
0

1 1

fr-ey de= e Lo L)

0 n+l1 n+2

1 1

i+l n+2’

0
1
Mit khic | (c,?x—c;x2 1O O 4t (-1 c;x"“)dx

0

1

1Y

= lCn°x2 —le,xS +1Cn2x4 —le’xS +...+—( ) Crx™!
2 3 4 5 n+l

0

=l—lCi+lcf_l 3

23 4 5 n+1
1Y

viyllode lo, Bl q I

C3+m+£:Q—Cﬁ

n

37" 4" 5 n+l " (n+1)(n+2)
. ’ X _ 1 1 1 2 1 3 (_1)" noo s A
Bai43. Tinhtong S=1--C +-C, ——=C ..+——C v61 n nguyén duong.
3 5 7 2n+1

Loi giai
Taco (1-x*) =C)-Cx* +C, —..(-1)" C)x™" =
j(l—xz ) dr= j(c,? —Cx+C - (1) C;x”)dx
0

0

1
* Ta o j(cf —Cx+C = (1) C;x”)dx
0

1

-1Y
_ Cfx—%Cix3+%ij5—%ij6+. G enna | —eo Loy Ler L,

“2n+l 3 5 7

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh
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Ta tinh 7, :j(l—xz)ndx.

0
Pt {u =(l—x2)n :{du =—2nx(l—x2) dx .

V=X

dv=dx
1 Jrjznxz(l—yﬁ)”'1 dx =—2nj<l—x2 ~1)(1-2%)" dv=
0% 0

<l—x2)ndx :x<l—x2)n

1 1

“2n[(1-x) dx+2nf(1-% )" dv=2n1,+2n,,.Dodo I, =-2nl,+2nl,,

[ S———

0 0
ol = o248 2, 248 n
2n+1 3797 4l Y 37779 2m+l
vay =248 _2n
37779 2n+1

Trang 37
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|

Chuyén UNG DUNG TiCH PHAN TRONG
dé 3 GIAI CAC BAI TOAN LIEN QUAN PEN

SO SANH GIA TRI CUA HAM SO

Caul. Chohamsd f(x) lién tuc trén R . DO thi cia ham s6 y = f'(x) dugc cho nhu hinh v& bén.

Dién tich c4c hinh phing (K) , (H) lan luot la %g . Biét f(—1)=% ,tinh f(2).

—1 LK) o 1 9

A f(2)=% B f(2)=—§ C. f(2)=3 D. f(2)=0
Loi gidi
Chen B
[ 5 5 19
Sy =_jlf (x)dr < £(0)=f(-1) =& £(0)= —+-=2.
[ 8 8 2
S, =—£f (x)dv &= (2)+/(0)=5 & f(2)=—S+2=-7.
0 , 2 ’ 5 8
S:_jlf (x)dx—!f (x)dv < —=+==1(0)=f(-1)-f(2)+/(0)
Céu2. Chohamsd y=f(x) lién tuc trén R. D thi ham s6 y = /'(x) nhu hinh v& duéi.
iy /
4]
/
[ I\ /
A/
_j/
0| 1 3 X
f -2
/
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|

Cau 3.

Pat g(x)=2/(x)-(x+1)". Ménh dé nao dudi day ding ?

A. .{\/{lﬁg(x) g(l)
B. Marg(x)=g(1).

C. ][\g%acg( )—g(S).

D. Khong t6n tai gia tri nho nhit cta g(x) trén [—3;3].

Loi giai
Chon B.

Taco: g'(x)=2/"(x)-2(x+1); g'(x)= 0<:>f() x+1(1).

A //

y=v+1

Q
—
A==

=y

/}

V& d6 thi duong thdng y = x+1 trén cing hé truc toa do véi d6 thi ham sé y = f'(x).

Quan sat do thi ta thdy duong thing y = x+1 cit dd thi ham sb y = f"'(x) tai ba diém phan biét

x=-3
c6 hoanh d6 l1an luot 1a -3;1;3. Do d6 (1) < | x =1
x=3
Béng bién thién
T _3 1 3
g'(x)| O + 0 - 0

g(1)
9(—=3) 9(3)

Vay Maxg(x)=g(1).

Cho ham sd y = f(x) lién tuc trén R va c6 d6 thi ham sé y = /'(x) nhu hinh v&. Dat

S = f(2)- f(5), khi d6 khang dinh nao 14 diing?

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh
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vA

]
]
M

A. §<6. B. §=5. C. §<5. D. §>6.

Loi giai

f(2)-7(5)=5-5,<8+S5,=5.
Caud. Chohamsd f(x) c6 dd thila hinh v& bén duéi.
Y

-3 2 -1 0] 1

Xét ham sb g(x)= If(t)dt trén doan [-3; 2]. Tim gié trj 16n nhat trong céc gié tri g(—3),
)

g(-2), £(0), g(1).

A. g(-3). B. g(-2). C. g(0). D. g(1).
Loi giai

Chen D

Tacd g'(x)=f(x).

Béng bién thién:
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x | 3 1 2

Y + 0 —

Dua vao bang bién thién ta két luan max g(x)=g(1).

xe[-3;2]
Vay gié tri 16n nhat trong céc gid tri g(—3), g(-2), g(0), g(1) 1a g(1).
Tiép theo ta s& xét cac Bai toan phic tap hon...

Cau5. Cho ham s y=f(x). DS thi clia ham s6 y=f'(x) nhu hinh v& Dit

2

g(x)=2/(x)=(x=1)".

- — 1]
EN

Ménh dé nao duéi day dung?

A. g(—1)<g(3)<g(5). B. g(—l <g(5 <g(3).

C. g(5)<g(—l)<g(3). D. g(3)<g(5)<g(—1).
Loi giai

Chon B.

Ta co g’(x):2[f’(x)—(x—l)]; g'(x)=0 < f'(x)=x-1.

V& dudng thang y = x—1 trén cung hé truc toa do véi dd thi ham sé y = f "(x).

y=x-1
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x=-1

Duya vao do thi ta c6 cac nghiém sau: | x=3 .

x=35
Ta c6 bang bién thién
T |T© —1 3 5 +o00
g () -0 4+ o — o0 *
9(3)
g(x) \ \ /
g(—1) 9(5)

Ngoai ra dira vao d6 thi ta co j[f’(x)—(x—l)]dx > j[(x—l)—f’(x)]dx

5

oLt ool

=2(B3)-g(-1)>203)-2(5) =&(5)>2(-1).

Vay g(3)>g(5)>g(-1).

+ Nhén xét: ta ciing thiy rang viéc nhan dinh ving dién tich hinh phing gi6i han boi
hai @6 thi ham sb y=/'(x) va dudng thing y=x-1 va cdc dudng thing x=-1;
x=3;x=5 c6 v& hoi chu quan. Nhung da sb ¥ tuéng dé giai cac bai toan nhu trén 1a so
sénh cac mién dién tich va bang bién thién cia cdc ham g(x).

Cau6. (TRUONG THPT CHUYEN LAM SON) Cho céac s6 thuc a, b, ¢, d théa min
0O<a<b<c<d vihamsd y= f(x).Biét ham sb y=f"(x) ¢6 d6 thi nhu hinh v&. Goi
M va m lan lugt 1a gia tri 16n nhat va nhé nhat cia ham s6 y = f(x) trén [0;d]. Khang
dinh nao sau day 1a khang dinh dung?

y

a/m\b c/d X

TN

A. M+m=f(0)+f(c). B. M+m=f(d)+f(c).
C. M+m=f(b)+f(a). D. M+m=f(0)+f(a).
Loi gii

3

- Sir dung bang bién thién ta tim duoc:
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|

Cau7.

max[ f (x) | =max{ £ (0), f (b). f (@)} min[ £ (x) |=min{ f (a).  (c); .

Quan sat d6 thi, dung phwong phép tich phﬁn dé tinh dién tich ta co:
b
jf dx<j ~f'(x)dx=f(c)< f(a).

Tuo-ngmzf—f' dx>jf x)dx= £(0)> £ (b)

0

va J' (x dx>J.f Jdx= f(b)>f(d).
vay ()] O pin L (4] (o

[0:d]
Cho ham s6 y = f(x) lién tuc trén R va c6 dd thi ciia ham s6 y = f’(x) nhu hinh v&. Dt
$=/(0)+ £(6)- 7 (a)- 1 (5).

Khang dinh nao dudi ddy ding?
A. §>25+2a—4b. B.S<26+2a-4b. C.S<25+2a-4b. D.S>26+2a-4b.

Loi giai
Chon C. 7
Xét hai duong thang y=-2;y=4
6 a
Taco S=f(0)+f(6)-f(a)-f(b)=[f(x)dx—[ £ (x)d;
b 0

6 6
Ta lai c6: [ f"(x)dx < [4dx =4x], =24—4b
b

=-2a

va [ f/(x)dx> [-2dv

Suyra S=/(0)+f(6)-f jf j (x)dx <25+2a—4b .

0

Cho ham s6 y = f(x) ¢6 dd thi f'(x) nhu hinh v&.
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4y
1
1
: i VBES: .
=p 4ymm ? <l
1
L]
]
L]
]
_2T ________ :
A <& Lo 15 1, NPT
Xét ham so y=f(x)+zx -3 ¥ +2018 va cac phat bieu

i) Ham s6 ¢0 hai diém cuc tri trén [—1;2]

ii) Gi4 trj nh6 nhét cia ham s6 g(x) trén (-1;2) 1a g(0)

iii) g(O) < g(l).

iv) Gi4 trj 16n nhat ctia ham s6 g(x) trén [-L1] 1a g(-1)

SO phat biéu sai la

A. 0. B. 1. C.2. D. 3.
Loi giai

Chen A.

Taco g'(x)=/f"(x)+x" +x" —x; g'(x)=0< f'(x)=—x"—x" +x.

Dung @6 thi ham s6 y = —x —x” +x trén hé truc toa d6 c6 chita d6 thi f*(x).

by

==
L~

¥ o
)

'h.p

e PRSP —

5

Dua vao d thi ta thiy phuong trinh f’(x)=-x"—x* +x c6 bon nghiém 1a: x € {-1;0;1;2}.
Ta c6 bang bién thién ctia ham s6 g’ nhu sau

Duya vao bang bién thién ta co:
x | —1 0 1

(]

o o — 0 + 0 - 0

g(—1) g{1)

g \ \
9(0) g{2)
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Cau 9.

Cau 10.

] Ham sb ¢6 hai diém cuc tri trén [—1;2]

[ Gia tri nh6 nhét ciia ham s6 g(x) trén (—1;2) la g(O)
0 g(0)<g(1).

Hon ntra ta lai co

—ig'(x)dx > :[g'(x)dx o g(—l)—g(O) > g(l)—g(O) < g(-1)> g(l)

'] Gid tri 16n nhét cia ham s6 g(x) trén [-1;1] 1a g(-1).
Vay ca bén ménh dé déu dung.
Cho ham 86 y = f(x) c6 dao ham y= f'(x) trén R va dd thi ctia ham s f'(x) cit truc
hoanh tai cac diém a, b, ¢, d (hinh v§).
Xét cac ménh dé sau:
@D f(a) < f(b);
D f(e)> f(d).
(1) f(a)+ f(e)> f(b)+ f(d);
V) fla)> f(b) va f(c)< f(d).
|

VAN

o\/ -

59
B

Sé ménh dé sai trong 4 m¢nh dé trén 1a

A. 3. B. 4. C. 2. D. 1
Loi giai

Chen C

Tirdd thi f£'(x) suyrahamsé f(x) nghich bién trén (a;b),(c;d).

Do do f(a)> f(b), f(c)> f(b) va f(c)> f(d).

Nén ménh d¢ (I), (IV) sai, ménh dé (1) dung va 2 /(b)) < f(a)+ f(c).

Ciing tir d0 thi 7'(x) suy ra

c d c d d
j f1(x)|dx < j f1(x)|dx < j Fl(x)dx < — j F(x)dx < f(x) .

c
b<—f(X)

< flO-fb)<flo)-fd)= f(b)> f(d).
Nén f(a)+ f(c)>2f(b)> f(b)+ f(d).
Viay ménh dé (1) dtng.

Cho 3 ham s y=7(x), y=g(x)=f"(x), y=h(x)=g'(x) co dd thi 1a 3 dudng cong

trong hinh v& bén. Ménh dé nao sau diy diing?
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y

2=""105 oo;s\i s ;
(3) 2)1(1)
A g(=1)>h(=1)> £(-1). B. h(—1)> g(~1)> £ (-1).
C. h(=1)> £(=1)> g(~1). D. £(~1)>g(=1)> h(-1).

Loi giai

+Néu (1)1a d6 thi ham s6 y =h(x)=g'(x) thi g'(x)>0 Vx(0;2) = g(x)ddng bién trén
(0;2), trong hai db thi con lai khong c6 d6 thi ndo thoa man 1a d6 thi ham sb
y=g(x)=/"(x).
+Néu (2)1a d6 thi ham s6 y =h(x)=g'(x) thi g'(x)>0,Vxe(-1,515)
= g(x) dong bién trén (-1,5;1,5), (1)1a dd thi ham sb y = g(x) = f'(x)thi
f'(x) >0,Vx e (0;2)
= f(x)ddng bién trén (0;2), nhung (3) khong thoa man 1a d6 thi ham s6 y = f(x).
+Néu (3)1a dd thi ham sé y =h(x)=g'(x) thi g'(x)>0,Vxe(-x;1)
= g(x) dong bién trén (—o0;1), vay (2)1a dd thi ham s6 y = g(x) = f'(x)va (1)1a d6 thi ham
sb y=f(x).
Dua vao d6 thi ta c6 h(—1)>g(-1)> f(-1).

Cau1l. Cho ham s6 f(x) c6 dao ham trén R, d6 thi ham s6 y = f’(x) nhu trong hinh v& bén.
Hoéi phuong trinh f(x)=0 c6 tat cd bao nhiéu nghié¢m biét f(a)>0?
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X | —o a b C o0
y' - 0 + 0 - +
+o0 f(b) +o0
v T f T T )
Matkhac

ff dx>ff Jde= /()] > (+)],

Qf( )—f( )>=f(e)+f(b)& f(a)<f(c)
Ma f(a)>0 nén phuong trinh vo nghiém.

Cau12. Chohamsb y=f(x) liéntuc trén R va c6 dd thi f'(x) nhu hinh v&

yA
o <z
Biét f(a).f(b)<0 héidd thi cia ham y = f(x) cét truc hoanh tai it nhat bao nhiéu diém ?
A. 4. B. 3. C.2. D. 1.
Loi giai
Tur d6 thi da cho ta c6 BBT sau :
x —0 a b G 40
f'(‘\-) = 0 + 0 = 0 +
f(2)

v \ / \ /
f(a) f(e)

i {f(a).f(b)<02>{f(a)<0
fa)<f(6) [f(b)>0

Tacojf dx<jf dx:>jf Jdx<0= f(c)< f(a)= f(c)<0

Talai c6 f(x) lién tyc trén [a,b] va f(a).f(b)<0= phuong trinh f(x)=0 c6 it nhat mot
nghiém thudc (a;b), nghia 1a d6 thi ham s6y = f(x) cét truc hoanh tai it nhat mot diém c6
hoanh do thudc khoang (a;b).
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|

Cau 13.

Tuong tw f(x) lién tuc trén [b;c] va f(b).f(c)<0= phuong trinh f(x)=0 c6 it nhat mot
nghiém thudc (b;c), nghia 1a dd thi ham s yv=f (x) cit truc hoanh tai it nhat mot diém co
hoanh d6 thudc khoang (b;c).

va (a;6) " (b;c) =D , do d6 d thi ham s6 y = f(x) cét truc hoanh tai it nhat hai diém.

Cho ham s6 y = f(x) c6 dao ham lién tyc trén doan [-3; 3] va d6 thi ham sb y = f7(x)

(r+1)°

nhu hinh v& bén. Biét £(1)=6 va g(x)= f(x)- . Két luan nao sau day 1a dung?

=0 co dung hai nghiém thudc [-3;3].

~—

A. Phuong trinh g(x
B. Phuong trinh g(
(
(

C. Phuong trinh g
D. Phuong trinh g(x
Chon B

Ta co: g’(x) :f'(x)—(x+1).

Ta thdy duong thing y = x +1 la dudng thing di qua céc diem (-3;-2),(1;2),(3;4).
Do f(l)=6=g(l)=4.

T1‘J: hinh v& ta thay:

jf dx>6= f(1)= f(-3)>6= f(-3)<0= g(-3)= f(-3)-2<0.

X

~—

=0 c6 ding mot nghiém thude [-3;3].

x) =0 khong c6 nghiém thude [-3;3].

SN— S

=0 co dung ba nghiém thude [-3;3].
Loi giai

jf Jdx>2= £(3)-£(1)>6= f(3)>8=g(3)=f(3)-8>0.

Tu: dd thi ham s6 y = f7(x) va duong thdng y = x+1 clng véi cdc két qud trén ta c6 bang bien
thién sau:

Y | 3 1 L
2'(v) NN\ + 0 - NN NN

RSN\ ETINNNN

Tir bang bién thién ta c6 phuong trinh g(x)=0 c6 dung mot nghiém thude [-3;3].
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A. BAITAP TU LUYEN
Cau 1.

(THPTQG 2017) Cho ham sé y = f(x). D4 thi cia ham sé y = f’(x) nhu hinh bén. Dt
g(x)=2f(x)—(x+1)’. Ménh d¢ nao dudi day dtng?

yll

A. g(-3)>g(3)>g(1).
C. g(3)>g(-3)>¢g(1).
Cau2. (THPT Ddng Quan, Ha Noi — 2017).

Ham s6 y = f(x) c6 dd thi ham s6 y = f'(x) cét truc Ox tai ba diém c6 hoanh do a <b<c
nhu hinh v& bén. Ménh dé nao dudi day dang?

A. f(c)> f(a)> f(b).

B. f(b)> f(a)> f(c).
C. f(a)> f(b)> f(c).

D. f(c)>f(b)>f(a).

Cau 3. (Chuyén Dai hoc Vinh, l4n 4 — 2017). Gia st ham s6 y = f(x) lién tuc, nhén gia tri duong
trén (0;+00) va théa man f (1), f(x)= f'(x)~/3x+1, v6i moi x>0. Ménh dé nao sau day
dang?

A 1< f(5)<2. B. 4< f(5)<5. C.3<f(5)<4. D. 2< f(5)<3.

(THPT Phan Bgi Chau — Pik Lik — Lan 2 — 2017).

Hinh v& bén 1a do thi cia ham s6 y = f'(x) trén doan [0;4] véi f(x) la ham sé lién tuc trén

doan [0;4], c6 dao ham trén khoang (0;4). Hoi ménh dé nao sau day dung?
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-4-“&\\'
IIII
2 \ 5
P
A £(4)=1(2)<1(0). B. £(0)<£(4)=£(2).
C. f(0)<f(4)<f(2). D. f(4)<f(0)<f(2).

Cau5. (Chuyén Pai hoc Vinh, 1n 4 — 2017).
Cho ham s6 f'(x) c6 dao ham 1a f”(x). Do thi cia ham sé y = f*(x) duge cho nhu hinh bén.
Biét ring f(0)+f(3) =f(2)+f(5). Gié tri nho nhat, gia tri 16n nhét cta f(x) trén doan
[0;5] 1an luot 1a

Y

O\//é Qx

A. 7(0).7(5). B. £(2).£(0).  CrOLf(5).  D.f(2).7(5).

Cau6. Chohamsd y= f(x). PO thi ciahamsd y = f'(x) nhu hinh bén. Dat
h(x) =2 f(x)—x*. Ménh dé nao dudi diy dung ?
i
4
2
—2
70 2 |4
........... b
A. h(4) = h(=2) > h(2) B. h(4) = h(=2) < h(2)
C. h(2) > h(4) > h(-2) D. h(2) > h(-2) > h(4)
Cau7. Cho ham sé y=f(x)cod dao ham va lién tuc trén R. Biét ring d0 thi ham s6

y = f"'(x) nhu hinh 2 dudi day.
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Cau 10.

v

Lap ham sé g(x)= f(x)—x’ —x.Ménh @& ndo sau day ding?

A g(-1)>g(1). B. g(-1)=g(1). ¢C. g(1)=g(2). D. g(1)>g(2).

Cho ham s6 y = f(x) lién tyc trén R, dd thi ciia ham sé y = f'(x) c6 dang nhu hinh vé&
bén. S6 ndo 16n nhat trong cac sb sau £(0), f(1), f(2), £(3)?

\ y y = f'(z)
N .
° 1N\2/3

A (1) B. /(2). c. £(3). D. £(0).

Cho ham s y = f(x) lién tuc trén R va c6 dao ham f'(x) ciing lién tuc trén R. Hinh

bén 1a d6 thi ctia ham s6 f'(x) trén doan [-5;4]. Trong c4c khang dinh sau, khing dinh

nao dung?
A. min f(x)=1(-5). B. min /(x)=/(-4).
C. min, /(x)= (). D min, /(x)=/(4)

Cho ham s f(x) xac dinh trén R\{-L;1} va théa man ['(x)= . Biét ring

2
X —

7(=3)+£(3)=0 va f(—%j+f(%j=2.Tinh T= £ (=2)+ £(0)+ £ (4).
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|

A. T=1+1n2. B. T=1+1n§. C. T=1+llng. D. T=1+lln§.
5 5 2 5 2 5

Caull. Cho ham s6 y=f(x). DS thi cia ham s6 y=/'(x) nhu hinh v& bén. Dit
g(x)= f(x)+cosx .Ménh d& nao dudi day ding?

y
e R
2 ’T
y=sin
A.g(0)<g(ﬂ')<g(%j. B. g(§j<g(o)<g(n).
c.g(ﬂ)<g(o)<g(§j. D. g(ﬂ')>g(0)>g(%).

Caul2. Cho ham s y=f(x). PO thi cia ham s6 y=f'(x) nhu hinh bén. Dat
g(x) =21 (x)+(x+1)*. Ménh dé nao dudi ddy dung ?

A g()<gB)<g(-3) B. g(1) < g(-3)<g(3)
C. g3)=g(-3)<g D. g(3)=g(-3)>g()

Cau13. Cho ham s6 y = f(x). Do thi ham sé y = f’(x) nhu hinh bén. Ddt g(x)=2/(x)+x>. Ménh

dé nao dudi day ding?
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Cau 14.

Cau 15.

A g(3)<g(-3)<g(1). B. g(1)<g(3)<g(-3).
C. g(1)<g(-3)<g(3). D. g(-3)<g(3)<g(1).
Cho ham s6 y = f(x) xac dinh va c6 dao ham trén R. Biét dd thi ham s6 y = f'(x) nhu

2
. X . . .
hinh vé& bén. Xét ham so g(x)=f(x)—7+2x. Tim s0 16n nhat trong ba sO

g(-1).(1).g(2) ?

A. g(—l).
C. g(Z).

B. g(l).
D. Khong so sanh dugc.

Cho ham s6 y = f(x) c6 dd thi y' = f"(x) cdt truc Ox tai ba diém c6 hoanh d6 a <b<c nhu
hinh v&. Ménh dé nao dudi day ding?
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UNG DUNG TICH PHAN TRONG
BAI TOAN DIEN TiCH HINH PHANG
VOI DU KIEN TOAN THUC TE

A. KIEN THUC CO BAN
1. Pinh li: Cho ham sb y=f (x) lién tuc, khong am trén doan [g;6]. Khi d6 dién tich S cua hinh

thang cong gi6i han boi dd thi ham s6 y= f(x), truc hoanh va hai duong thang x—a x=5 la

S= [ f(x)ax.

a

0 a b ;
2. Bai toan 1. Cho ham sb y=f (x) lién tuc trén doan [¢;6]. Khi d6 di¢n tich S cua hinh phang (D)
giéi han bdi d6 thi ham sb y= f(x); truc hoanh Ox (y=0) va hai dudong thang x=a; x=5 1A

S= []f(x)dx.

a

3. Bai todn 2. Dién tich hinh phang giéi han boi hai d6 thi y= f(x); y=g(x) va hai duong dudng

thing x=a; x=5 1a Szj;bf(x)—g(x)‘dx.
YA
y=1)
S
0 ZJ b x
y=g)

r7 Lwuy:
1) Bé pha b6 dau gia tri tuyét ddi ta thudong 1am nhu sau:

v\ Giai phuong trinh f(x)= g(x) tim nghiém x,,x,,...,x, €(g;b) (¥, <x,<..<x,).
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v Tinh S:Lxl|f(x)—g(x)|dx+j:z (%) g(x)|dx + ...+Lj|f(x)—g(x)|dx

S ()= g+t [ (£ ()=o) ]

Ngoai cach trén, ta co thé dwa vao do thi dé bo diu gia tri tuyét dbi.

2) Trong nhiéu truong hop, bai toan yéu cau tinh dién tich hinh phing gi6i han boi hai do thi
y=/r(x); y=g(x).

Khi do, ta c6 cong thirc tinh nhu sau § = f|f(x)—g(x)| dx .

1

Trong d6 x, va x, tuong tmg 1a nghiém nho nhat, 16n nhat ctia phuong trinh £ (x) = g(x).
B. BAITAP

1. NHUNG BAI TOAN THUC TE SU DUNG PO THI HAM PARABOL

Phwong phap
Budc 1. Chon hé truc toa dg, xac dinh parabol.
Buéc 2. Tinh dién tich hinh phing gi6i han d6 thi ham s6 y = f(x) va céc duong duge cho
trong bai toan.
Bude 3. Tuy theo thuc té mdi bai, tinh dién tich theo yéu cau.

Chu y: Méu chét cua van dé tinh dién tich parabol nam & khau chon hé truc toa do phu hop.

Nén chon h¢ truc sao cho dinh parabol luén nam trung voi géc O hodc nam trén truc Oy . Khi

d6 ham s6 parabol ludn c6 dang y = ax® +b .

DANG 1

CAC BAI TOAN TINH DIEN TICH
PARABOL PON THUAN

Caul. Vom cira 16n cia mot trung tAm van hoa c6 dang hinh parabol. Ngudi ta du dinh 1ap cira kinh cho
vom ctra nay. Hay tinh dién tich mit kinh can 1ip vao biét ring vom cira cao 8m va rong 8m .
Hwéng din giai

Dinh hwdng: O bai todn ndy, ban chdt chi la viéc xdc dinh dwoe do thi ham parabol théa mén

voi vom cita, sau do tinh dién tich.
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Chon hé truc toa do Oxy nhu hinh vé. \f y=8 /

Vom ctra 1a d6 thi cua ham sd parabol c6 dang:

y=ax’+b. (P) a1
Theo dé ra:

y=1[2. x2
(4;8)e(P) nén 8=16a+5.(1)

(0;0)e(P) nén 0=0a+b.(2)

2 1 2 0 3 a

1
Tu (1) va (2) suy ra parabol c6 dang y = Ex .

Khi d6, vom ctra dugc gidi han boi cidc duong

1,
:—x’ :8.
Y 5 y

Hoanh d6 giao diém 13 nghiém ctia phuong trinh:
x=4

1
—x*=8& )
2 x=-4

Dién tich vom cira la

° 1, 1,
S=I 8——x" |dx =| 8x——x
Y 2 6

Cau 2. Bac Nam lam mot céi cira nha hinh parabol c6 chiéu cao tir mit dat dén dinh 1a 2,25 mét, chiéu

4

-4

rong tiép giap v6i mat dat 1a 3 mét. Gia thué mdi mét vudng 1a 1500000 ddng. Tinh sb tién bac
Nam phai tra.

Huwéng din giai
Dinh hwéng: Bdi todn trén hodn toan twong tw vi du 1. Ban chdt ciia bai todn la tinh dién tich

phan hinh phdng va do thi ham s6 parabol.

Cach 1:

* Gén parabol (P) va hé truc toa d6 sao cho (P)di qua O(0;0) y 5

* Goi phuong trinh ciia parbol 1a (P): (P): y =ax’ +bx+c |

Theo dé ra, (P) di qua ba diém 0(0;0), 4(3;0) , B(1,5;2,25).

Tir dé P): y=—x"+3 -

U do, suyra (P): y=—x"+3x 5 ’

: 9

* Dién tich phan Bac Nam xay dung: S = ”—x2 + 3x‘ dx = 5
0

* Vay s6 tién bac Nam phai tra 1a: % 1500000 = 6750000 (dong).

Cach 2:
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Cau 1.

Cau 2.

Chon hé truc toa @ nhu hinh vé.
binh 7(0;2,25) € Oy, (P)di qua A(1,5;0)

Goi phuong trinh cia parbol 1a (P):(P): y =ax’ +b

I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO

L

Dé dang tim duoc y = —x* +2,25.
Tir day ta tinh dién tich hinh phang nhu binh thuong. /

Bai tap twong tu

Mot nguoi lam mot cai cong co xua c6 dang Parabol nhu hinh v€. Hay tinh dién tich cua cai

cong?

Huéng din giai
Phuong trinh parabol (P) c6 dinh 7(0;4) va qua diém (0;2) la
y=-x"+4

Dién tich cai cong chinh bang dién tich hinh phing giéi han bai:

y=-x"+4
y=0
x=-2
x=2

Turdotacd S= i\—xz +4|dx =‘j (—x? +4)dx‘ =%(dvdt)
-2 -2

Goi S 1a dién tich Ban - Cong ctia mdt ngo6i nha c¢6 hinh dang nhu

hinh v& (S duoc gidi han boi parabol (P) va truc Ox ). Khi do.

Loi giai

/

A

Tim phuong trinh parabol (P) qua ba diém: dinh A(O; 1) , B (—1; 0)

va C(L,0) giao diém vdi truc Ox ta dugc (P):y=—2+1.

1

1 3
Dién tich S = j (= +1dx = (—%H)
-1

-1
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|

Caul.

DANG 2

CAC BAI TOAN TINH DIEN TICH XAC
PINH BOI 2 HAM SO

y=71(x);y=g(x)

Mot khuén vién dang ntra hinh tron c¢6 duong kinh bang
45 (m). Trén d6 nguoi thiét ké hai phan dé trong hoa
c6 dang cia mgt canh hoa hinh parabol c6 dinh trung véi

tam nwa hinh tron va hai dau mut cua canh hoa nam trén

ntra duong tron (phan t6 mau), cach nhau mot khoang

bang 4 (m), phan con lai cia khuon vién (phan khong t6 mau) danh dé trong c6 Nhat Ban. Biét

céc kich thude cho nhu hinh v& va kinh phi dé trdng co6 Nhat Ban 1a 100.000 ddng/m?. Hoi cn

bao nhiéu tién dé trong co6 Nhat Ban trén phan dat d6? (S6 tién duoc lam tron dén hang nghin)
Huéng din giai

Dinh hwéng: Ban chdt ciia bai todn la tinh dién tich phan khéng té6 mau, (dwoc gi6i han boi

nira dwong tron, do thi ham parabol). Ta chuyén bai todn vé tinh dién tich hinh phdng béi hai

do thi ham so f(x).g(x) va truc Ox bang viéc chon hé truc toa dg phit hop.

bat h¢ truc toa do nhu hinh vé€. Khi d6 phuong trinh

nura duong tron la y
_____________ M(2;4)

y=VR’-x’ = (2\/_) —-x* =+/20 E 4m E

Phuong trinh parabol (P) co6 dinh la géc O s€cod 4’"§ (P) i-lm

dang y=ax’. Mitkhac (P) qua diém M (2;4) do L :

do: 4:a(—2)2:>a:1.

Phan dién tich cta hinh phang gi¢i han boi (P) va nira dwong tron.( phan t6 mau)
2

Ta c6 cong thite S, = I(\/2O—x2 —xz)dx =11,94m’ .
-2

Véy phan dién tich trong co 1a S %shmhmm — S, ~19,47592654

trongco =

x 100000 ~ 1.948.000 (ddng).dong.

Vaysotiencancola S

trongxo
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Cau2. Ong An mudn lam cira rao sit c6 hinh dang va kich thuéc nhu hinh v& bén, biét dudng cong
phia trén la mot Parabol. Gia l(mz) clia rao sat 1a 700.000 dong. Hoi 6ng An phai tra bao

nhiéu tién dé lam cai cura sat nhu vay (lam tron den hang nghin).

OO0

PSP T

1= (1, 5m
jel Q00000 CR00000 I} |

Sm !

Huéng din giai
Dinh hwéng: Bdi todn quy vé tinh dién tich hinh phdng gi6i han béi parabol y = f (x) hai
duwong thang x =a; x=b va truc Ox.

Chon hé truc toa do nhu hinh vé.

gw
C
A B
/ \
i &
-3 -2 -1 0 1 2 3
_‘] 4

Trong d6 A(-2,5;1,5), B(2,5,1,5), C(0;2).
Gia str duong cong phia trén 1a mot Parabol cé dang y =ax’ +b , v6i a;b;ce R.
Do Parabol di qua cac diém B (2, 51, 5) , C((}, 2) nén ta ¢c6 hé phuong trinh

{a(2,5)2+b=1,5 a:—i
= 25.

b=2 b=2

Khi d6 phuong trinh Parabol 13 y = —%xz +2.
Dién tich S cia ctra rao sat 13 dién tich phan hinh phiang giéi han boi d6 thi ham s

y= —22—5x2 +2, truc hoanh va hai duong théng x=-2,5,x=2,5.

Vay ong An phai tra so tién d€ lam cai ctra sat la

55

§ x 700000 = =x700000 = 6.417.000 (ddng).
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|

Cau 3.

Mot manh vuon toan hoc c6 dang hinh chit nhat, chiéu dai 1a 16m va chiéu rong 1a 8 m . Cac nha
Toén hoc dung hai dwong parabol, mdi parabol c¢6 dinh 14 trung diém ctia mot canh dai va di qua
2 mut cta canh dai dbi dién; phan manh vudn ndm ¢ mién trong cua ca hai parabol (phdn gach
soc nhw hinh vé minh hoa) dugc trong hoa Hong. Biét chi phi dé trong hoa Hong 1a 45.000
ddng/1m?”. Hoi cac nha Toan hoc phai chi bao nhiéu tién dé trdng hoa trén phin manh vuon do?
(86 tien dwoc lam tron dén hang nghin).

16

Huéng din giai
Dinh huéng: Bdi todn quy vé tinh dién tich hinh phdng giéi han béi hai ham s6 y = f(x),
y=g(x). Vihaidd thi ham sé trén d6i xtmg, nén ta cling c6 thé chuyén bai todn vé dang tinh
dién tich hinh phang gi¢i han béi do thi ham sé y = f(x), y =4. Ldi giai du6i day duoc trinh

bay theo cach thir nhat.

-1
g0 = g +

0= 30

Chon hé truc toa do nhu hinh vé.

Ham s6 ¢6 d6 thi y = f(x) c6 dang y =ax”.
Vi 0(0;0) va M (8;8) thudc (P) nén ta co: y =éx2 :

\ . 1
Tuong ty ta tim dugc do thi ham so y = g(x)= —gxz +8.

Dién tich phan tréng hoa la dién tich hinh phang gi6i han boi hai d6 thi ham s6 y = f/(x),
y=g(x).

Hoanh d6 giao diém cuia hai d5 thi 1a nghiém cta phuong trinh:

lx2 = —lx2 +8
8

c>x2:32<:>x:ix/3_2.
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Dién tich phan trong hoa 14 :

NeY) 1 NeY)
S = I ——x?+8-——x*ldx= I ——x* +8ldx
2 8 32

S tién dé trong hoa 1a

9632 - (\32 )3
6

45000 ~ 2715290 (dong).

Bai tap twong tu.

Caul. San truong c6 mot bon hoa hinh tron tim O . Mot nhém hoc
sinh 16p 12 dugc giao thiét ké bon hoa, nhém nay dinh chia
bdn hoa thanh bon phan, boi hai dudng parabol ¢ cing dinh
O va dbi xtmg nhau qua O . Hai dudng parabol nay cit duong

tron tai bén diém 4, B, C, D tao thanh mot hinh vudng c6

canh bang 4m (nhu hinh vé). Phan dién tich S;, S, ding dé

trdng hoa, phén dién tich S, S, dung dé trong co (Dién tich
lam tron dén chir sé thdp phdan thir hai). Biét kinh phi tréng hoa 1a 150.000 ddng /1m? kinh
phi dé trdng co 1a 100.000 ddng/1m?. Hoi nha trudng can bao nhiéu tién dé trong bdn hoa d6?

(S6 tién lam tron dén hang chuc nghin)

Huéng dan giai

»

Chon hé truc toa do nhu hinh vé
Parabol c¢6 ham sé dang y = ax® +bx +c¢ c6 dinh 13 gbc toa d6 va di qua diém B(Z;Z) nén co

2

phuong trinh y = % x’.

Puong tron bdn hoa c6 tam 13 gbe toa do va ban kinh 0B =2v2 nén c¢o phuong trinh 1a

x*+3°=8. Do ta chi xét nhanh trén ctia duong tron nén ta chon ham sd nhanh trén 1a

y=8—x>.
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2
, 1
Vay dién tich phan S, = j (\/8 —x —Exzjdx
-2

2
X 1
Do d6, dién tich trong hoa s& 1a S, + S, = 2_[ (\/8—x2 —Eszdx ~15,233...
-2
Viy tong sd tién dé trong bon hoa 1a:
2 \
15,233x150.000+(;z(2ﬁ) —15,233)><100.000 ~3.274.924 ddng.

Lam tron dén hang chuc nghin nén ta c6 két qua 1a 3.270.000 dong.

Trong mat ph'flng toa dd, cho hinh chir nhat (H) c6 mdt canh ndm trén truc hoanh, va cé hai
dinh trén mot duong cheo la A(—l; O) va C (a; \/E) ,vOi a > 0. Biét rang db thi ham sb yzx/)_c

chia hinh (H ) thanh hai phan c6 dién tich bang nhau, tim « .

Huéng din giai

Ny
D C
T4
1.5
1
0.5
A 0 B 0.4
-1 -0.5 0 0.5 1 15 2 25 3 35

Goi ABCD 14 hinh chit nhat véi AB nim trén trye Ox , A(-1,0) va ¢ (a;va)

Nhan théy dd thi ham sb y=\/)_c cit truc hoanh tai diém c6 hoanh do béng 0 va di qua

C(a;\/a_ ) Do d6 n6 chia hinh chit nhat 4ABCD ra lam 2 phan 1a c¢6 dién tich lan luot 1a
S..S,. Goi S, l1a dién tich hinh phing gi6i han béi céc duong y=vx va truc Ox,
x=0,x=a vaS, ladién tich phin con lai. Ta lan luot tinh S, S,.

Tinh dién tich S, = [xdx.
0

Piit £ =x = 1 = x = 2idt = dx; Khi x=0=¢=0;x=a=>t=+/a.

Za\/g
3

\/; 2t3 \/;
Dodo S, = [ 2°dt = (TJ
0

0
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Cau 3.

Cau 4.

Hinh chit nhat 4BCD c¢6 AB=a+1;AD=+/a nén

2aJa 1 Ja

S, =S ep =S, =va(a+1)- T s

Do db thi ham s& y=v/x chia hinh (H) thanh hai phin c6 dién tich bing nhau nén :

S =S, <:>2a;/Z =%a a+\/5<:>ax/5=3\/5<:>a=3(Do a>0).

Mot cong ty quang cao X mudn 1am mot birc tranh trang tri hinh MNEIF & chinh giita ctia mot

burc twdng hinh chit nhiat 4ABCD c6 chiéu cao BC =6 m, chiéu dai CD =12 m (hinh vé bén).

Cho biét MNEF 1a hinh chit nhat c6 MN =4 m; cung EIF ¢ hinh dang 13 mot phan cta cung
parabol c¢6 dinh 7 1a trung diém cta canh AB va di qua hai diém C, D. Kinh phi lam buc
tranh 13 900.000 dong/ s’ .

6 m

D
Hoi cong ty X can bao nhiéu tién dé lam birc tranh d6?
Huéng din giai
- Néu chon hé truc toa do co géc la trung diém O ctia MN, truc hoanh trung voi duong théng

MN thi parabol c¢6 phuong trinh la y = —éxz +6.

2
- Khi do6 dién tich cua khung tranh 14 S = j (—%xz + 6) dx=——m
-2

208

- Suy ra sd tién 1a: 5 x900.000 = 20.800.000 dong.

Ong B ¢6 mot khu vuon gidi han béi mot dudng parabol va mot dudng thing. Néu dit trong hé
toa 0 Oxy nhu hinh v& bén thi parabol c6 phuong trinh y = x* va dudng thang 1a y =25. Ong
B du dinh dung mot manh vuon nho duoc chia tr khu vuon boi mot duong thfmg diqua O va

diém M trén parabol dé trong mot loai hoa. Hiy giup 6ng B xac dinh diém M bang cach tinh

d6 dai OM dé dién tich manh vudn nho bang % .

Huwéng din giai
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|

Cau 5.

y A
25
M
—H
OI a T

Goi diém H c6 hoanh @0 a, (a>0) 1a hinh chiéu vuéng goc

cua diém M trén truc Ox .
Khi d6 ta co pt duong thang OM c6 dang y=tana.x, ( véi
e M. 2
a=MOH ) :>tana=—=a—=a:>y=ax.
OH a

Vay dién tich manh vuon can tinh la:

Suyra OM =~/32+9? =310 .

Trong dot hoi trai “Khi té1 18” dugce td chire tai truong THPT X, Poan truong cé thuc hién
mot du an anh trung bay trén mot pano c6 dang parabol nhu hinh v&. Biét rang Poan trudng sé
yéu cAu céc 16p guri hinh dy thi va dén 1én khu vyce hinh chit nhat ABCD, phﬁn con lai s€ duoc
trang tri hoa vin cho phu hop. Chi phi dan hoa vin 1a 200.000 déng cho mot m?* bang. Hoi chi

phi thap nhit cho viéc hoan tit hoa vin trén pano sé& 13 bao nhiéu (Iam tron dén hang nghin)?

A B

4m

D C

4m
Huwéng din giai

Dit hé truc toa o nhu hinh v&, khi d6 phuong trinh dudng parabol c¢6 dang: y = ax” +b.
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y

4m

=
S
@

Parabol cét truc tung tai diém (0;4) va cét truc hoanh tai (2;0) nén:

b=4 a=-1
= .
a2’ +b=0  |b=4

Do d6, phuong trinh parabol 1a y =—x* +4.

Dién tich hinh phing giéi han boi duong parabol va truc hoanh 1a:

S, = Jz.(—x2 +4)dx =(—x?3+4xJ

-2

2

32

-

Goi C(1;,0) = B(1:4-17) véi 0<1<2.

Tacé6 CD =2t va BC =4—¢*. Dién tich hinh chit nhat ABCD 1a
S,=CD.BC =2t(4-1") =-20"+8t.

Dién tich phan trang tri hoa van la:

S=8-5, =£—(—2t3+8t) _2f 8422
3 3

2 t=fe(0;2)
Xethim'sd f(1)= 26 =8+ v6i 0<1<2. Taco f(1) =67 -8=0| ¥
t=———4¢(0;2
2 (0
Béng bién thién:
0 2
X \/5 2
/(%) - 0 +
9
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2.

Cau 1.

m?, khi d6 chi phi thip nhét cho

Nhu vay, dién tich phan trang tri nho nhat 13 bang %

200000 ~ 902000 dong.

viéc hoan tit hoa vin trén pano s& la: ﬂ

NHUNG BAI TOAN THUC TE SU DUNG PO THI HAM ELIP

Phwong phap
Budc 1. Chon hé truc toa dg, xac dinh Elip.
Buwéc 2. Tinh dién tich hinh phang gi6i han d6 thi ham s6 f (x) va cac duong dugc cho trong
bai toan.
Bude 3. Tuy theo thuc té mdi bai, tinh dién tich theo yéu cau.
Chu y Méu chét ctia van dé tinh dién tich Elip.ném 0 khau chon h¢ truc toa d§ phu hop. Nén

chon hé truc sao cho tam Elip ludn nam tring voi gbe O . Khi d6 ham s elip ludn c6 dang

2
X Yy
—2+b—2=1.

Q

Anh Toan c6 mdt cai ao hinh elip voi1 d6 dai truc 1om va do dai truc bé lan luot 14 100m va
80m. Anh chia ao ra hai phﬁn theo mdt duong théng tir mot dinh cta truc 16n dén mot dinh cia
truc bé (Bé réng khong dang ké). Phan rong hon anh nudi ca ldy thit, phan nho anh nuéi ca
gibng. Biét 13i nudi ca l4y thit va 13i nudi ca giéng trong 1 nam lan luot 1a 20.000 dong/m” va
40.000 ddng/m’. Hoi trong 1 nam anh Toan c6 bao nhiéu tién 1ai tir nudi c4 trong ao d noi
trén (Ldy lam tron dén hang nghin).
Hwéng din giai

Dinh hwéng: Ban chdt cia bai todn la tinh dién tich phan t6 mau,den (dwoc gidi han boi elip,
do thi dwong thang). Ta chuyén bdi todn vé tinh dién tich hinh phang béi hai do thi ham sé
f(x),g(x) va truc Ox bang viéc chon hé truc toa dé phit hop

}.‘

ﬂ

B
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2 2
bat hé truc toa do nhu hinh v&. Khi d6 phuong trinh elip 1a x_z + Y _ 1
a

e
Phuong trinh Elip s& c6 tam Elip tring v6i goc toa d6.( do Elip c¢6 tinh ddi ximg nén ta xét goc

phan tu thir nhét cia Elip khi d6 phuong trinh & goc phéan tu thir nhat caa Elip 1a

1 2 2 1 2 2
=—\Ja* —(bx)" =—4/507 —(40
y==a’ ~(br)’ = 2=/50° ~(40x)

e S | .
Tur do6 ta s€ tim duoc dién tich cua Z .a0 la:

S, =105—101/502 —(40x)" dx = 5007 (m’ )

Sau khi tim duogc dién tich toan bd phﬁn ao ta s€ tinh duoc dién tich phén nuoi ca.

Dién tich toan bd a0 1a S = 7.40.50 = 200071'(7712)
Dién tich phan nudi ca giéng 1a §, = é_ S, ous = 5007 —1000(m2)

Dién tich phan nudi cé thit 1a S, =S -, =1500z +1000(m’ )
Tién 14i tir nudi ca 1a 40000.5; +20000.5, ~137080000

Cau 2. Mot san choi danh cho tré em hinh chit nhét ¢6 chiéu dai 50m va chiéu rong 1a 30m nguoi ta
lam mot con dudng nam trong san (nhw hinh vé). Biét ring vién ngoai va vién trong cia con
dudng 13 hai duong elip va chiu rong cia mit duong 1a 2m . Kinh phi dé 1am mdi »1am
duong 500.000 dong. Tinh tong sb tién 1am con dudng d6. (S6 tién dwoc lam tron dén hang

nghin).

Lh
=
E:
¥

30m

Huwéng din giai
Dinh hwéng: Bai todn quy vé tinh dién tich hinh phang gi6i han béi hai elip dong tam ( tam

triing voi goc toa do) y = f,(x) va y=f,(x) .

2 2
X

Goi S 1a dién tich cua elip (E) 1—2+% =ltacod S=rmab.
a
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|

a 2 2
X X
Ching minh S = j b(\/l——2 +\/l——2J = rab
. a a
Xét hé truc toa d0 Oxy sao cho truc hoanh va tryc tung lan luot 1a cac truc ddi xung cua hinh
chit nhat trong d6 truc hoanh doc theo chiéu dai caa hinh chit nhat.

Goi (£ )1a elip 1on, (E,) 1a elip nho ta co:

2 2
(E):=5+25=1= Dién tich ciano 1a S, =7.25.15=3757.
257 15
2 2
(E,) :2x—32+1y?=1:» Dién tich ca n6 la S, =7.23.13=299r.

Dién tich con dwong la 3757 —2997 =767.
Do d6 s6 tién dau tu 1a 767 *500.000 ~ 119320000 .

Cau 3. Nguoi ta can trong hoa tai phan dat nam phia ngoai dudng tron tdm gdc toa do, ban kinh bing

1 . .
E va phia trong cua Elip ¢6 d6 dai truc 16n bang 242 va truc nhé bang 2 (nhu hinh vé).

Trong mdi mot don vi dién tich can bon ( kg phéan hiru co. Hoi can st dung bao

100
2\/5—1)72

nhiéu kg phan hiru co dé bon cho hoa?

-

Hwéng din giai
Dién tich hinh phang giéi han giita elip va dudng tron chinh 14 dién tich hinh elip trir dién tich

hinh tron.

2 2

e Phuong trinh elip c6 truc 16n 24 = 2+/2 , trucnhd 25 =2 1a (E):%+yT=1.
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Ap dung cong thic dién tich Sehp zab ta duoc Sep = 2.

1
e Phuong trinh duong tron (C) tAm 0(0;0) ban kinh R =$ la (C):x*+y* = %

Ap dung cong thirc dign tich 5, =7zR> =2
* Viy dién tich hinh phang S = S,, = S,.., o = 7V2 — =
LA A A 1 100
Do do6 khoi luong phan can bon 2—— =50.
(2f )z

2 2
+ Chitng minh cong thire dién tich elip: S,;, = 7ab véi (E) :x—2+% =1
a

y=2\/a2 -x*,(y20)
a
y:—éxlaz—x2 J(y<0)
a

, b
Do tinh déi xtmg nén S, =4= [Va’ —x’dx.
aO

-
1

7

5 : i . |X=a=sinu=l=u=—
bit x=asinu = dx =acosudu ; doi can I .
0

x=0=sinu=0=u=

2

t a

O 0 | Ny

7 7
I=I\/a2 —a’sin’ u.acosudu =aZIV1—sin2u.cosudu =az_|‘cos2 udu = (1+ cos2u)du
0 0 0
P T,
a 1 2 arx
=—|u+=sin2u | =——.Vay S, =rab.
2|: 2 }0 4 y lip

Caud. Ong An c6 mot manh vuon hinh elip c6 do dai truc 16n bang 16 m va do dai truc bé bang 10m.
Ong mudn trong hoa trén mot dai dat rong 8m va nhan truc bé caa elip 1am truc di xtmg ( nhu
hinh v&). Biét kinh phi dé trdng hoa 1a 100.000 dong / 1 m*. Hoi 6ng An can bao nhiéu tién dé
trdng hoa trén dai dit d6 (sé tién dwoc lam tron dén hang nghin).

—

Bm

-~
L

1""‘--_._____._--""".
Huéng din giai

¢ truc toa d0 Oxy dat vao tdm khu vuon, khi d6 phuong trinh duong elip tam O la
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|

2 2
X TV 5 \ Xy . qs ‘ < dia gr
—+ Y 1 . Khi d6 dién tich manh vuon can tim dugc chia lam 2 qua truc 16n, goi dién tich 1

64 25
phanla S .
Khi d6 dién tich S cta manh vudn bang 2 1an dién tich hinh phing gi6i han bai truc hoanh, d6

thi y=f(x) vahai dudng thing x =—4;x =4

3 4 2
=S =2J\/36—x2 dx =S5 = _[1/25— 222: dx =38,2644591
-3 —4

Do d6 sé tién can dung 13 100000.2.38,2644591 ~ 7653000 dong.

3. NHUNG BAI TOAN THUC TE SU DUNG PUONG TRON

Phuwong phap

Budc 1. Xac dinh Phuong trinh ciia dudng tron : (x— a)2 +(y—b)" = R* . Dién tich toan phan

ctia duong tron : S =7R* .

Cau l.

Budre 2. Tron hé truc toa do dé dat duong tron va phac hoa phén mat ph'flng can tinh dién tich
duogc gioi han boi  do thi ham sé y = f (x) va duong tron.
Bude 3. Ta sir dung cong thic tinh dién tich Iv( f(x)- g(x))dx dé tinh dién tich phan can

tinh.

Buéc 4. Tuy thudc vao cau hoi dé két luan va dua ra két qua bai toan.

Mbt bdn hoa tai “Ho1 hoa xuan” duoc thiét ké nhu hinh vé& bén dudi. Bdn hoa duoc gidi han
boi hai nhanh duong cong gdm mdt parabol va mot duong tron. Néu xét trén hé tryc dudi day
thi ta ¢6 phuong trinh hai dudng 1an lugt1a y = x> va y =+/2—x* . Dién tich bdn hoa bing

dy

L i

-1 L] 1
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by

-1 L] 1

Phuong trinh hoanh d6 giao diém: x> =v2-x> o x*=2-x’=>x’ =1 =>x==I.

1 1
Dién tich hinh phing can tim bang S = j(\/2—x2 —xZ)dx = A—Ix2dx = A—%.
-1 -1

bat x:\/zsint:dx:x/zcostdt.Déican: x=—1:>t=—%; x=1:>t=%

Iy

V4

n 4 . 7
Ta co: A=2Icos2tdx I (1+cos2t)dx t+sm2t .
o T 2 )= 2
= z .
vay s=Z41-2-2,1
2 3 23

Cau 2. Mot logo quang céo hinh tron dwgc son hai mau. Hay tinh dién tich phan duoc son mau nhu
hinh v&. Biét rang logo duoc thiét ké 16n 1a hinh tron c6 ban kinh 2m c¢6 hai phan duogc gidi
han boi 2 parabol giéng nhau va tiép xtc dinh nhu hinh v&, mdi parabol cit duong tron tai 2

diém cach nhau 2m.

A.7z+g. B. 2n——. C.rt——. D. 27z+g.
3 3 3 3

Loi giai
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by

Dit hé truc toa d6 nhu hinh v&. khi d6 ta c6 phuong trinh duong tron 1a x* + y* =2 va parabol
phia trén 1a y = x* (do di qua cac diém (l;l) va (—l;l))

Dién tich hinh phang can tim bang;

S=7r(x/§)2—2j.(\/2—x2 —xz)dx =27z—2A+2j.x2dx =27r+§—2A.
5 |

bat x:\/zsint:dx:x/zcostdt.Déican: x=—1:>t=—%; x=1:>t=%

i
4

i .
Taco: A=2 | cos’tdx = I (1+cos2t)dx = (t+ 511122tj

=74,
2

4

4

ol

Vay S =2n+f—2(1+1j=7r—3.
3 2 3
Cau 3. Mot cong chao duoc thiét ké gdm hai cung tron c6 ban kinh 1an lugt 13 1 va 5 c6 tdm cach
nhau 3m. Phan chan cong 1a dudng thang di qua tim cung tron nhé va vudng goc voi doan ndi
tam cta hai cung tron (tham khao hinh v&). Tinh dién tich phan bé mat cua cong.

Ay

3
W

A. 9,61. B. 9,63. C. 19,22. D. 18,22.
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|

Cau 4.

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh

Ay

S Ah N
RN J TN

Chon hé tryc toa d§ nhu hinh vé ta c6 hai duong tron chira hai cung tron c6 phuong trinh lan

lugt1a x* +(y+3)" =25 va x> +y? =1.
0

ta co x=14.
+(y+3) =

N P
Giai hé {
Ntra duong tron nhd bén trong cé dién tich %

Ntra duong tron trén cua (Cl) c6 phuong trinh y =-3++/25—x’

4
Dién tich hinh phang can tim bang S = J‘ (—3 +4/25-x" )dx —% .
-4

Dung may tinh dé tim két qua ta co S =9,61.
Mot khoang dat duge tréng co ¢6 dang hinh tron ban kinh 3m. Mot chi bo dugc cdt mot soi
day dai & mot cai coc cach tim khoang dat trong c6 mot doan 4m, biét rang cha bo vion ngudi

hét c& cach coc khoang 2m. Hoi dién tich c6 bi chti bd dn mét 1 bao nhiéu?(lam tron dén chir

s6 thap phan thi hai )
A. 3,98. B. 3,9. C.1,99. D. 1,94.
Loi giai
Ay
ER ]
1 -
:':h_
J{ 2 a0 1 2 ’ -
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Dit hé truc toa do nhu hinh V&, ta c6 phuong trinh hai dudng tron 1an lugt 1a (C,):x* +3° =9
va (G,):x* +(y—4) =4.

X’ +y°=9
Giai h¢ phuong trinh { tacoO x== 315 .

2

X +(y-4) =4
Nura dudng tron phia trén cia (C,) c6 phuong trinh y =+v/9—x’ .

Nura dudng tron phia dudi cua (C,) ¢6 phuong trinh y=4-+/4—x* .

ENE
8
Dién tich hinh phang can tim bang S = j (\/9 —x* —4+4-x" )dx .
3415

8
Dung may tinh dé tim két qua ta co: S ~1,99.

2

Caus. Cho (H ) 1a hinh phang giéi han boi hai parabol y = x? ; V= J3x? , cung tron c6 phuong trinh

y=~4-x* (v6i 0<x<2) (phin t6 dam trong hinh v&). Dién tich cta (H) bing

—/

xh—
-2 -1 [1] 1 2 -
AT Bz c. 2 8 3 2,8 V3
6 3 3 9 6 3 9 6
Loi giai
Chon B.
Ly /
1_
xh—
2 a1 [} 1 2 -

Xét cac phuong trinh hoanh d6 giao diém véi 0< x <2
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|

Cau 6.

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh

2 4
x?: 4-x’ ©%=4—x2:>x2=3:>x=x/§.
x2\/§= 4-x* ©3x*=4-x=>x=1=>x=1.

Dién tich hinh phiang can tim bang

Dit x=2sin¢ = dx =2costds . D6i can: x=1:t=%; x=x/§:>t=%

3 3 N
Ta co: S=4J‘cos2tdx=4j. Icos2t dx =2 t+s1n2t =2 £+£—£—£ =z
z . 2 2 )= 3 4 6 4 3

Cho (H) 1a hinh phing gi6i han boi dudng thing y =—x+2+/2 ; cung tron ¢6 phuong trinh

y=A4-x> (voi J2<x< 2) va tryc hoanh (phan t6 dam trong hinh v&). Dién tich ctia (H )

béng

A 2——. B.2——.

Loi giai
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|

Cau 7.

i

Duya vio hinh vé ta thiy duong thing chinh 1a tiép tuyén ciia cung tron tai diém c6 hoanh do

bing /2.

2
Dién tich hinh phang can tim bang S = \/52\/5 - I V4-x*dx =1-4.
N;l

Pt x =2sins = dx =2 costds . Péi can: x:ﬁ:t:%; x=2:>t:%

5 B PN
Ta co: A=4Icosztdx:4j. T+cos2i) o, 802002 7z 7z 1) 7
V4 V4 2 2 K 2 4 2 2
4 4 4
Vay S=1—(£—1j=2—£.
2 2

Cho tam giac vuéng can ABC tai A ¢c6 BC=4. Goi H la chan duong cao ha tr 4, dung
duong tron duong kinh 4H . Tinh dién tich hinh phang giéi han boi dudng tron nam trong tam

giac

A 1-Z2 B.1+Z. c.—+Z. )
2 2

Chon hé truc toa do nhu hinh v& ta c6 dudng tron c6 phuong trinh x° + ( y —1)2 =1; canh AC

N
- A

pam trén duong thang co phuong trinh y = —x+2.
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Do tinh ddi xtmg cta hinh v& ta chi can tinh 2 1an phan dién tich bén phai truc tung.
Nira duong tron dudi c6 phuong trinh y =1-~/1-x" .
Phuong trinh hoanh d6 giao diém 1-+v1—-x* =—x+2 < x =1

Dién tich hinh phiang can tim bang

Szzj(—x+2—1+\/1—x2)dx =(—x* +2x)‘;+2_1[\/1—x2dx —1+24
0 0

o . 2+ A T
bat x=sint = dx=costdt. Poicin: x=0=¢=0; x=1:>t=3

z
2

2 2 1 02
Ta co: A=Icosztdx ZI(M)M :—(t+ = tj
0 0 2 2 2

z
e

0

T
Vay S=1+—.
1y >

Cau 8. Mot manh vuon hinh tron tim O ban kinh 6m . Ngudi ta can trong cdy trén dai dit rong 6m
nhan O 1am tim ddi xtng, biét kinh phi trdng cay 1a 70000 dong/n?. Hoi can bao nhiéu tién

dé trong cay trén dai dat 46 (so tién duwoc lam tron dén hang don vi)

Y

6m

N~ —
Huwéng din giai

Xét hé truc toa do oxy dat vao tdm khu vuon, khi dé6 phuong trinh dudong tron tam O 1a

x* +y? =36 . Khi d6 phan nira cung tron phia trén truc Ox c6 phuong trinh

y= m =f (x)

Khi d6 dién tich S cia manh dat bang 2 1an dién tich hinh phang gi6i han bdi truc hoanh, do thi

y = f(x) va hai duong thang x=-3;x=3

3
:>S=2j\/36—x2dx=18\/§+127z
-3

Do d6 sé tién can dung 13 70000.S = 4821322 dong.
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UNG DUNG TICH PHAN TRONG
BAI TOAN TiNH THE TiCH VAT THE
VOI DU KIEN TOAN THUC TE

A. KIEN THUC CO BAN
1. Thé tich vat thé
Goi B la phan vat thé giéi han boi hai mit phang vudng goc véi truc Ox tai cac diém a va b; S(x) 1a
dién tich thiét dién cua vat thé bi cat boi mat phéng vudng gboc vaéi truc Ox tai diém x, (a<x<b).
Gid st S(x) 1a ham s6 lién tuc trén doan [a;b].

V= j‘S(x)dx

b
Khi do, thé tich ciia vat thé B dugc xéc dinh: ¥V = [ S(x)dx

2. Thé tich khéi tron xoay
Thé tich khéi tron xoay dwgc sinh ra khi quay hinh phing gi6i han boi cac duong y = f(x), truc
hoanh va hai duong thang x = a, x =b quanh truc Ox:

YA
C):y=f(x)
R b
(Ox):y=0 v, =x[[fW] dx
X=a v
x=b

r7 Lwuy:
- Thé tich khdi tron xoay dugc sinh ra khi quay hinh phing gidi han béi cac duong x = g(y), truc
hoanh va hai duong thing y=c, y=d quanh truc Oy:

YA
‘D
L (€): x=g(y)
\‘ ‘x=0 d R
(O0):x 4 =7rf[g(y)] dy
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- Thé tich khéi tron xoay dugc sinh ra khi quay hinh phang giéi han boi cac duong y = f(x),
y = g(x) va hai duong thing x = a, x = b quanh tryc Ox:

b
V=xf|f?(x)- g (x)|dx
B. BAITAP

2 2

Cau 1. Mot Elip ¢6 phuong trinh % +y7 =1. Tinh thé tich cua khdi tron xoay tao thanh khi quay quanh

truc Ox .

2 2 2
Taco: —+2 =le y=12[1-2,
9 4 9
2

Elip ddi xémg qua truc Ox nén ta chi can xét ham sd y =2 l—x— khi quay quanh Ox.

Phuong trinh hoanh d6 giao diém cua y = 2, fl ——vatruc Ox: 2, /1 -——=0<x=43.

3 2
Thé tich can tinh: ¥ = 7 j 4(1 —%j dx =167 = 50,24
-3

Loi giai

Céu 2. Tinh thé tich V cta khéi tron xoay tao thanh khi quay hinh phang giéi han bdi cac duong
y=0, y=xy/In(x+1) va z = 1 xung quanh truc Oz.
Loi giai

. X =
Phuong trinh hoanh d¢ giao diém: x\/In(x+1) =0 < & x=0
In(x+1)=0

1
Taco: V =z x’ 1n(x+1)dx:%(l2ln2—5)

0

Céu 3. Nguoi ta v& ntra dudng tron nhu hinh v& bén, trong d6 dudng kinh cua duong tron 16n gip doi
duong kinh ctuia nira dudong tron nhd.

C

(H)

A B

Nira hinh tron dudng kinh 4B ¢6 dién tich 1a 327 va BAC =30°. Tinh thé tich vat thé tron xoay
dugc tao thanh khi quay hinh phing () (phan t6 ddm) xung quanh duong thing 4B .

Loi giai
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yil
C

A 30° B

O 6 8 12 16

=Y

Ta co %S:327r<:>7rR2:647r<:>R:8:>r:§=4

_ (C):y=64—(x—8)’

(C"):y =416 (x—4)’
BAC =30° = PT AC : y:x.tan30°<:>y:%.
12 2 16 8
Vay ¥V :;{j%dmj(64—(x—8)2)dx—j(16—(x—4)2)de :778“7;.
6 12 6
Céu 4. Mot bon hinh try chtra dau dugc dit ndm ngang, c6 chiéu dai 5m, ban kinh ddy 1m, véi nip bon

dit trén mat ndm ngang ciia mit tru. Ngudi ta rat dau trong bon twong tng voi 0,5m cua dudng
kinh day.

L

2 IT

Tinh thé tich ctia khdi dau con lai trong bon.

Loi giai
Thé tich ctia bon (hinh tru) dung dau 1a: V, = zr°h = 7.1°.5 =57 m’.
Chon hé tuc toa @6 nhu hinh vé, géc toa do gén vO1 tdm ciia mat day.

AY

y =nl—x?

y=—l—x*

Pudng tron day c6 ban kinh bang 1 nén c6 phuong trinh x>+ y* =1. Suyra y=+vI1—x*.

Trang 80
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Dién tich phén hinh tron day bi mat: S = 2j‘ mdx ~0,61m>.
:
Thé tich phin ddu bi it ra ngoai: ¥, = Sx h = 2jmarxx 53,07 m’.
>
Vay thé tich ctia kh6i dau con lai trong bon: V =V, —V, 12,637 m’
Céu 5. C6 mot vat thé 1a hinh tron xoay c6 dang gidng nhu mot cai ly nhu hinh v& duéi day

4 cm

4 B

o

Ngudi ta do duoc dudng kinh ciia miéng ly 12 4cm va chiéu cao 13 6¢m . Biét rang thiét dién cua
chiéc ly cat boi mat phang doéi xting 1a mot parabol. Tinh thé tich cua vat thé da cho.

Loi giai

Chon gbc toa dd O trung véi dinh I cua parabol (P)

X
>
>

-2 o 2

Vi parabol (P) di qua céc diém A(-2;6),B(2;6) va I(0;0) nén parabol (P) c6 phuong trinh
3,
==x’

>

. 3, 2 2
Taco) y=—x"<x" ==y.
y > 3 y
Thé tich V bang thé tich vat thé tron xoay sinh ra khi cho hinh phing (H ) gidi han boi céac

dudng: x = ,fz?y;x=0;y=0;y=6 quanh quanh truc Oy

6
Khi d6 thé tich cua vat thé dachola V =7 j @ y)dy =127 (cm’).
0
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|

Cau 6

Cau 7.

.Goi ¥ 1a thé tich khéi tron xoay tao thanh khi quay hinh phing giéi han béi cac duong y =+/x,
y=0 va x=4 quanh tryc Ox. Dudng thing x=a (0<a<4) cit d6 thi ham y=+/x tai M

(hinh v€ sau).

yl\

M

a H
) K 4 x

Goi V| 1a thé tich khdi tron xoay tao thanh khi quay tam gidac OMH quanh truc Ox . Biét ring
V' =2V,.Tinh a.

Loi giai
4
Taco Vx =0« x=0.Khido V=7 xdx =87
0
Taco M (a; \/; )
Khi quay tam gidc OMH quanh truc Ox tao thanh hai hinh nén c6 chung day:
e  Hinhnén (N,) codinhla O, chiéu cao b = OK =a, ban kinh ddy R = MK = Ja:

o Hinh nén (N,) the 2 c¢6 dinh 1a H, chiéu cao h, = HK =4—a, ban kinh day
R=MK =+a

R G 1, 1 2 1 2 4
Khi d@o Vl —gﬂ'R hﬁ‘gﬂR hz—gﬂ'(\/Z) a+§7r(\/;) .(4—61)—57[61
TheodébéiV:2V1<:>87r=2.§7ra:>a=3.

Mot vat thé duge tao thanh boi hai mét cau (S,), (S,) c6 cing ban kinh R théa mén tinh chét:
tam ctia (S,) thudc (S,) va ngugc lai. Tinh thé tich phan chung cia hai khdi cdu tao boi
(S,)va(s,).

Loi giai

Gén hé truc Oxy nhu hinh vé
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Khoi cdu S(O,R) chira mdt duong tron 16n 1a
(C):x*+)* =R

Dua vao hinh v&, thé tich can tinh 12

R
_ 57R?
R 12

V= 27z]:(R2 —x2)dx - 2;{sz—x?3]

2

Céu 8. Mot vat thé tron xoay sinh ra bdi phép quay xung quanh truc Ox cua hinh giéi han boi truc Ox

va dudng y =sinx,(0 < x < 7)nhu hinh v&

yl\
1
T X
o
r
2
Tinh thé tich vat thé.
Loi giai
T T1—cos2x Vs sin2x )" 2
TaCéZVZEJSIH2de=ﬂJ4dx=— xX— =—
0 0 2 2 2 o 2

Cau 9. Goi (H) la phan giao ciia hai khéi % hinh try ¢6 ban kinh a, hai truc hinh tru vudng goc véi

nhau nhu hinh vé bén.

Tinh thé tich ctia (H).
Loi giai

Goi truc toa d9 Oxyz nhu hinh vé.
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2

N
\/

Khi d6 phén giao (H) 1a mot vat thé c6 ddy 1a mot phan tu hinh tron tim O ban kinh a, thiét

dién cua mit phang vudng goc véi truc Ox 1a mot hinh vudng c¢6 dién tich S (x) =a’ —x

S j‘a —-x )dx——
0

Cau 10. Mot khoi cau c6 ban kinh 1a 5(dm), nguoi ta cét bo hai phan cua khéi ciu bang hai mit phang

Thé tich khéi (H) 1a

O

song song cung vudng goc dudng kinh va cach tdm mdt khoang 3(dm) dé 1am mot chiée lu

dung nude (nhu hinh v&). Tinh thé tich ma chiéc lu chira duoc.

N

Loi giai
Ciach 1: Trén hé tryc toa dd Oxy, xét dudng tron (C): (x—5)* + y* =25. Ta thay néu cho nira
trén truc Ox cua (C ) quay quanh truc Ox ta duoc mit cdu ban kinh bang 5. Néu cho hinh
phing (H) gi6i han boi ntra trén truc Ox cua (C), truec Ox, hai dudng thing x=0, x=2

quay xung quanh truc Ox ta s& duoc khéi tron xoay chinh 14 phan cét di ctia khdi cau trong dé
bai. Tacod (x—5)>+1* =25 y=+,/25—(x=5)

= Nura trén tryc Ox cia (C) c6 phuong trinh y = \/25 —(x—5)> =~/10x— x>

= Thé tich vat thé tron xoay khi cho (H ) quay quanh Ox la:

2 x3
7[_[ 10x x? dxzﬁ(sz —?]
0

2

527

3

0
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Thé tich khéi cu 1a: V, = %.53 - ¥

Thé tich can tim: V' =V, -2V, = #—2.527” = 1327z(dm3)
Cach 2: Hai phan cét di c6 thé tich bang nhau, mdi phan 1a mot chom cau c6 thé tich
R 5
S52n
V=r|(R-x*)dx=r|(25-x")dx ="~
= (1 )= af (25 )= 2

Vay thé tich ctia chiéc lula V=V, -2V, = %.53 —~ 2%7: =1327
Cau 11. Trong mot dot xa 1ii, nha may thuy dién da xa li trong 40 phut voi tde do luu luong nudc tai
thoi diém ¢ gidy 1a v(¢)=10¢+500 (m’ /). Hoi sau thoi gian xa 1ii trén thi hd thodt nude ciia
nha may da thoat di mot lugng nudc 1a bao nhiéu?
Loi giai
Luong nudc thoat ra 1a:

2400 2400

| (10r+500)de =(5¢ +500¢) " =3.107 (m’).

0 0

Cau 12. Mot thung rugu c6 ban kinh cac day 1a 30cm, thiét dién vudng goc vai truc va cach déu hai
day 1a duong tron c6 ban kinh 1a 40 cm, chiéu cao thung ruou 1a 1m. Biét ring mit phing chua
truc va cit mit phing xung quanh thung ruou 13 cic dudng parabol. Tinh thé tich cua thung
ruou.
Loi giai

Cac duong xung quanh thung rugu la cac duong parabol. Dét thung ruou nim ngang va chon
hé truc c6 goc toa do la tam cua day, truc hoanh la truc d6i xing cua thung ruou. Goi duong
parabol c6 dang y = ax® +bx+c.

2 1
Theo bai ta c6 duong parabol nay s€ di qua cac diém (0; 0;3) ,(5;0;4), (1; 0;3) .
Suy ra _2x2+2x+ 3
u =— —Xx+—.
A R T
Thé tich thung rugu chinh 1a thé tich hinh phéng gidi han boi cac duong
2, 2
=——x"4+=x+—; y=0; x=
R SRR TR
1 2
V:nj(—%x2+gx+ij dx:203n(m3)z425,21.
5 5 10 1500

Céau 13. Cho hai tam giac can c6 chung dudng cao XY =40cm va canh day lan luot 12 40cm va

60cm, dugce xép chong 1én nhau sao cho dinh ciia tam giac nay 13 trung diém canh day cia tam

giac kia nhu hinh vé .
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Cau 14.

A Y B

Tinh thé tich V cua vt thé tron xoay duoc tao thanh khi quay mé hinh trén quanh truc XY .

Loi giai
Chon hé truc toa d¢ nhu hinh vé:
AY
M
30
A
20
Y x
Xy
16 40
B
N

Y =0(0;0), X(40;0), A(0;20), M (40;30).
3x
e

Phuong trinh duong YM :3x -4y =0=y =

Phuong trinh AX:x+2y-40=0=y= 402—x.

Phuong trinh hoanh d6 giao diém cua hai duong YM va AX la: %Tx = 40—~

<= x=16.

Thé tich vat thé can tinh:

16 2 40 2
V=ﬂj(40_xj dx+ﬂj(3—xj dx=462407[ em’.
0 2 16 4 3

Cho hinh 1ap phuong A4BCD.A'B'C'D’ canh bang 1. Goi 0,0’ lan luot 1 tim ciia hinh vudng
ABCD va hinh vudéng A'B'C'D'. Tinh thé tich khdi tron xoay sinh boi tam giac ABC’ khi
quay quanh truc OO'?

Loi giai
Ta chia AOAB thanh 2 phan gdm AIAB va AIBC'.
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(03 D'
1 (@)
1
B' 1 . ! ;
ARG A
He7--S==3%e
Kf & NX
A |
I 1
1 1
. -V D
7 i
/ e
B -
L A

Thé tich vat thé khi quay AIAB xung quanh truc OO’ 1a phan chung ctia 2 hinh nén ¢ cing
chiéu cao 1O va ban kinh day 1a OL,04 . Vay V, = %7110(0/12 —OLZ) = %

<
358
5

2K 2N
ZRLS 0205076
SRS RRKKQ
ede%e¥ R
Re%% Pe%e%e%
KK R
PR PRKKS
0002, R
KKK RLKK
b0%0%0% 20%0%
2620505 2020202
QKRS KKK
RIIIRIRIZRXNKS

Pé tinh thé tich vat thé tron xoay khi quay AKIC' xung quanh truc OO’ ta chon chiéu duong
10", xét mit phing (P) qua M c6 toa d60 x va vuong goc voi 00,

(P)NIC'=E;(P)nKC'=F.

Khi d6 thiét dién khi cét vat thé boi mat phang (P)1a 1 vanh tron nhu hinh vé bén. Do d6
1
2

v, :ZJ.S(x)dx. Ta co:
0

M ME
0 0C

@%=%C>EM=X\/§.

2 2
TmmgurHF=x:yMF=JAﬁﬁ+bmﬂ=J%+x%
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Céau 15. Mot hinh xuyén dang céi phao c6 kich thudc nhu hinh vé.

o P ——

N Pmmmmmmmme——as

-
-
.1)

!
Q

Khi d6 hinh xuyén dang cai phao dugc tao ra khi ta quay dudng tron tim (O; R) va ban kinh »
xung quanh truc Ox .

y=R+ m

y=R-r-x .

= Phuong trinh duong tron x* +(y-R)' =% <

r 2 2 r
:>V=JZ'J. (R+\/r2—x2) —(R—\/rz—xz) dx=4ﬁRI\/r2—x2dx.
L 3
it x=rsint<:>dx=rcostdt_—f£>V=47zRJ.(rcost)zdt
: g
: 020\
=27r*R j (1+ cos 2t)dt =27r’R [t + sin 2tj ’ =27°r'R.

SR}

Cau 16. Cho phan vat thé (H ) i6i han boi hai mit phiang c6 phuong trinh x=0 va x=2. Cit

phén vat thé (H) boi mit phang vudng goe véi truc Ox tai diém c6 hoanh 4o x (0<x<2),

ta duge thiét dién 1a mot tam giac déu c6 d6 dai canh béng xXN2—x.

Tinh thé tich ¥ ctia phan vat thé (H).

Loi giai
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x2(2—x)\/§.

Dién tich thiét dién: S, = 7

V. =

3

j-xz(2—x)x/§ \/52 3

PR e e e eona =20 zj

Cau 17. Cho hai duong tron (0,;5) va (0,;3) cét nhau tai hai diém A, Bsao cho 4B la mdt duong
kinh ctia dudng tron (0,;3). Goi (D) 1a hinh phing duoc gi6i han béi hai dudng tron (¢ ngoai

dudng tron 16n, phan duoc gach chéo nhu hinh v§).

o: 0: M

Quay (D) quanh truc 0,0, ta dugc mot khéi tron xoay. Tinh thé tich ¥ clia khéi tron xoay
duoc tao thanh.

Loi gidi
Chon hé toa do Oxy véi O,=0, 0,C=0x, 0,A=0y.

Canh 0,0, = JO, 4’ —=0,4> =\J5*=3* =4 =(0,): (x+4)" +)* =25.

Phuong trinh dudng tron (O,): x> +y° =9.

Ki hiéu (H,) 1a hinh phing gi6i han boi céc dudng y = /25— (x + 4)2 ,truc Ox, x=0, x=1.
Ki hi¢u (#,) 1a hinh phing gici han boi cac duong y =+/9—x” , truc Ox, x=0, x=3.

Khi d6 thé tich ¥ can tinh chinh bang thé tich V, cua khdi tron xoay thu duge khi quay hinh
(H,) xung quanh truc Ox trlr di thé tich ¥, ctia khdi tron xoay thu dugc khi quay hinh (H,)

xung quanh truc Ox.

Taco V, =l.£m’3 =g7r.33 =18x.
23 3
1 1 37
Lai c6 Vl=7T'fy2dx=7zj[25—(x+4)2}dx:7{25x—(x24) } :1‘;”_
0 0 0

Dodo V=V,-V, =l87r—14—ﬂ :40—”.
3 3
Cau 18. Mot khdi cau c6 ban kinh 5dm, ngudi ta cit bé 2 phan biang 2 mit phing vudng goc ban

kinh va cach tim 3dm dé lam mot chiéc lu dung. Tinh thé tich ma chiéc lu chtra duoc.
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Cau 19.

Loi giai
Dit hé truc voi tam O, 13 tAm ctia mit cu, duong thang dimg 1a Ox , dudng thang ngang 1a
Oy, dudng tron 16n c6 phuong trinh x? + y? = 25.

Thé tich 12 do hinh giéi han bai Ox , dudng cong y =+/25—x> , x=3,x=—-3 quay quanh Ox .

3
Taco ¥ =n[(25-x")dx=132n.

-3
Ban A c6 mot cbe thuy tinh hinh tru, duong kinh trong long cbc 1a 6cm , chiéu cao trong long
coe 1a 10em dang dung mdt lugng nudc. Ban A nghiéng cdc nude, vira lac khi nude cham
miéng coc thi & day muc nude trung véi duong kinh day.

"

Tinh thé tich lugng nudc trong cdc.
Chon h¢ truc toa 40 Oxyz nhu hinh vé.
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Cau 20.

Cau 21.

Cat khéi tru béi mét phang vudng géc véi truc Ox tai diém c6 hoanh do x, (0<x<3) ta dugc

thiét dién 1a tam giac ABC vuédng tai B . Khi d6 thé tich lugng nuée co trong cdc 1a

h 5(9-x7
V=2JS(x)dx,(vc’ri S(x):SAABC :%AB,Bczw).
0

3 103
:szjs(x)dx:?j@—xz)dx:éo cm’.
0

0

Trong hé truc Oxy, cho tam gidc OAB vudng & A4, diém B niam trong goc phan tu thir nhat.
A nam trén truc hoanh, OB =2017 . Géc A0B=u , (0 <a< gj . Khi quay tam gidc d6 quanh

truc Ox ta duoc khéi non tron X0ay. Thé tich caa khdi non 16n nhat. Tinh goc a.
Loi giai

Phuong trinh dudng thang OB:y = x.tana., O4=2017 cosa.

Khi d6 thé tich nén tron xoay 1a :

V=nr I x? tan? oudx =
0

cosa.sin’ o =

cos oc(l —cos’ oc) .

bat t =cosa :t(O;%).Xét ham s f(t):t(l_t2), t(o;%j.

Ta tim duogc f(t) 16n nhat khi t=? :>cosoc=73:>sinoc=76.

Tir mot khac gd hinh try c6 dudng kinh 30cm, ngudi ta cit khuc gd béi mot miat phiang di qua
duong kinh day va nghiéng véi day mot goc 45° dé ldy mot hinh ném (xem hinh minh hoa
duéi day). Ky hiéu V' 1a thé tich cta hinh ném. Tinh V.

Loi giai

Chon hé truc toa do nhu hinh vé.
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Cau 22.

Khi d6 hinh ném c6 ddy 1a nra hinh tron ¢6 phuong trinh: y =+/225-x" , x€[-15;15].

Mot mit phiang cit vudng goc véi truc Ox tai diém c6 hoanh do x, (x € [—15;15]) cit hinh

ném theo thiét dién c6 dién tich 1a S(x) (xem hinh).

D& thdy NP=y va MN = NPtan45° = y =+/15—x khi do

S(x) =%MN.NP :%.(225—x2) .

Suy ra thé tich hinh ném 1a ¥ = lf S(x)dx =% lf (2257 )dx = 2250(cm’).

—15 -15
Cho hinh try c¢6 ban kinh day bang R. Tinh thé tich vat thé tao thanh bai day cua hinh try va
mit phang qua dudng kinh day, biét mit phang tao véi day mot goc 45",

Loi giai

Goi BC la duong kinh day
Piém A 1a diém thudc mat phéng cat khéi tru sao cho OA 1 BC.
D 14 hinh chiéu vudng gbéc ciia A trén (BCD)

Ta c6: ((4BC);(BCD))=45° = AOD =45°

Gén truc toa do Ox nhu hinh vé.

Goi (P) 12 mat phiang vudng goc voi truc Ox

Cat khéi vat thé theo mot thiét dién 1a hinh chit nhat FGHI .
=04AniF ; N=0ODNHG
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Cau 23.

Cau 24.

bat ON =x
Ta cé: IH=FG=MN =x.tan45°=x

HG = 2NH = 23JOH? —ON> = 24/R* - ¥
Dién tich hinh chit nhat FGHI bang: MN.HG =2xvR* —x*
Di¢n tich FGHI 1a mot ham lién tuc trén doan [0; R]

Thé tich khdi vat thé tao thanh:
R R

V= I2x\/R2 —x’dx = —_[\/R2 —xzd(R2 —xz)
0 0

=—5(R2—x2) RN 2p
3 0 3

Cong thirc tong quat khi mat phing cat khdi tru tao v6i day goc o thi thé tich tao thanh:

V =§R3 tan o

Coi céi tréng truong 13 vat thé gi¢i han boi mot mit cau ban kinh R =0,5m va hai mit
phing song song cach déu tim 1. Biét chidu cao cua trong 1a #=0,8m Tinh thé tich V cua cai
tréng.

Loi giai

Gén hé truc toa d6 nhu hinh v&.

Pé tao ra hinh trdng, ta cho cung tron nam trén dudng tron x* + y* = 0,5> quanh quanh truc Ox

= y=440,5" —x

Vi chiéu cao tréng #=0,8 = O4=O0B =ATB =0,4
: , o 59
Thé tich cta trong: V =7z j (0,52 —xz)dx
375

-0,4

Trong chu’ong tr1nh nong thon mor1 ta1 mot xa X c6 xay mot cay cau bang be tong nhu hinh v&.
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-t
P -‘ H .
-""-:“—-"'L"--’"L'-

-
.-""
- -

Chon h¢ truc Oxy nhu hinh vé.
Goi (P) 1a Parabol nam ¢ phia dui.

(P,) 1a Parabol ndm ¢ phia trén.
. 2 \ . a2 19
Got (Pl) :y = az” + c la Parabol di qua hai diém A ?;O ,B(O;Q)

Nén ta c6 h¢ phuong trinh sau:

Goi (P,):y =ax’ +c la Parabol di qua hai diém C(lO;O),D(O;%j

Nén ta c6 h¢ phuong trinh sau:

5 1
0=a(10)+> |a=——
5 2o 540:>(Pz):y:—4—10x2+§
2_p =2
2 2

Ta c6 thé tich cua bé tong la:

19
p=sa| [ 42 - [ [ - 2 x| = dom’
o 40 2 o 361

Cau 25. Ta vé& hai nira dudng tron nhu hinh v& bén, trong d6 duong kinh cta nira dudng tron 16n gp
d6i duong kinh ciia nira duong tron nho. Biét rang nira hinh tron duong kinh 4B ¢6 dién tich 1a
87 va BAC =30°. Tinh thé tich ctia vat thé tron xoay dugc tao thanh khi quay hinh (#) (phan
t6 dam) xung quanh duong thang AB.

Loi giai

Chon hé truc toa @0 nhu hinh vé.
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Do ntra dudng tron 16n bang 87 nén ban kinh ctia n6 bang 4, suy ra ban kinh duong tron nho
bang 2.

Phuong trinh duong tron 16n (x— 4)’ +y* =16 nén nira trén dudng tron ¢6 phuong trinh

y=416-(x-4)".

Phuong trinh duong tron nho (x - 2)2 +y’ =4 nén nira trén dudng tron c¢6 phuong trinh
y=4/4- (x - 2)2 .

\ < r.e \ r A \ \ M \ 3
Puong thang tao véi truc hoanh goc 30° nén phuong trinh duong thang la y = Tx .

Thé tich cAn tinh bing ﬂj%xzdx—yzi(4—(x—2)2)dx+;zi(16—(x—4)2 Joe = ?7[ .
3 3 6

Ciau 26. Cho hinh vudéng 4BCD c6 canh bang 4cm . Tai bon dinh A, B, C, D nguoi ta vé& lan

luot bon dudng tron ¢ ban kinh bang nhau va bang lem .

N LA
RER et
S
ORI

Tinh thé tich phan dwoc t6 mau khi quay hinh phiang xung quanh truc XY .

Loi giai

Ta c6 vat thé dugc tao thanh khi quay hinh phing xung quanh truc XY c6 hinh dang nhu hinh
sau
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Cau 27.

Khi d6 thé tich vat thé duogc tao thanh s& bang tong thé tich cta hinh tru c6 ban kinh R =2,
chiéu cao ~#=4 va 2 hinh xuyén dang cai phao c6 R =2, r=1 trir di 2 1an thé tich cua 1 nua
bén trong hinh xuyén dang cai phao c6 R=2, r=1.

Vay ¥, = 22 A+220° 122V =87 +167-V".

Vi V' 14 thé tich mot nira bén trong ciia hinh xuyén dang cai phao c6 R=2, r =1

= V' 1a thé tich cta nira hinh tron tim [ (O; 2) , badn kinh » =1 quay xung quanh truc Ox nhu

hinh vé.

Yk

[ T ———

|
Ql

—t {].----&l

:>V':7rj
-1

22—(2—\/ﬁ)2

1
4
dx=ﬁj(x2—1+4 l—xz)dx=27r2—§7r Vay
|

Vig) =87 +167r—(27r2 —gﬂj=67r2 +527”.

Bén trong hinh vudng canh a, dyng hinh sao bén canh déu nhu hinh v& (cac kich thudc

can thiét cho ¢ trong hinh).
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Cau 28.

. ‘. . 2 Y 2
Tinh the tich cia khoi tron xoay sinh ra khi quay hinh sao d6 quanh truc xy.
Loi giai
Do hinh sao c6 tinh d6i xtng nén ta quay theo truc thing ding hay nim ngang déu cho thé tich
nhu nhau.

Chon hé truc toa do nhu hinh vé.

Goi V' 1a thé tich khdi tron xoay can tinh.

Goi V] 1a thé tich khéi tron xoay khi quay hinh phang dugc t6 mau trong hinh bén quanh truc
hoanh.

2 2
Khido V' =2V, Tacé ¥, =nj(§+%j dx—r
0

2 3
(2x—g dx = >7a .
2 96

g\gt—.[\)\g

3
Thé tich cin tinh ¥ =27, = 222

Nguoi ta thiét ké dau dan ctia mot qua bom la mot khéi tron xoay dac, dugc khoét vao trong.
Biét rang thiét dién qua truc di xtng cta dau dan 1 hai Parabol véi cac kich thuéc nhu hinh
ve dudi day.
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Y

-
|

Scm

4em

Tinh thé tich ctia dau dan do.

Taco V :lzz.4.(42 —22) =24r.
2

Ciu 29. Cho phan vat thé B gidi han boi hai mit phang c6 phuong trinh x =0 va x =2. Cit phan vat
thé B boi mit phang vudng goc véi truc Ox tai diém c6 hoanh do x (0 < x <2), ta dugc thiét

dién la mot tam giac déu c6 do dai canh béng xv/2—x. Tinh thé tich cua phén vat thé B.
Loi giai
x? (2 — x) \/§

Tam gidc déu canh x+/2—x c6 dién tich la: S(x)= 2

sz(z;x)ﬁdx=?2x2(2—x)dx=

J3
3

2
Suy ra thé tich ¥ = J.S(x)dx =
0 0 0
Cau 30. Cho hinh vudng c6 d6 dai canh bang 8cm va mot hinh tron ¢6 ban kinh 5cm duoc xép chong

1én nhau sao cho tdm cua hinh tron trung véi tdm ctia hinh vudng nhu hinh vé.

Tinh thé tich V' cua vat thé tron xoay tao thanh khi quay mé hinh trén quanh truc XY.

Loi giai

Chon hé truc toa do nhu hinh vé.
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AY
5

4

-4

-5

+ Thé tich khéi chu: V, = %;ﬂ@ - %;z53 - %.

+ Goi V, 1a thé tich khéi tron xoay khi quay hinh phang (H) (phan t6 mau) dugc gi6i han boi

duong thang y =4, dudng tron > =25—-x va x =4 quanh truc hoanh

F 10
V, =x||4*-(25-x* =—.
=V, 72'! ( X ))dx 3
5207 4

Vay thé tich can tinh V =V, +2V, = cm’.

Cau 31. Khi bat cong tic dén pha tur ché do chiéu xa sang chiéu gén, ban hay hiéu rﬁng toan hoc, cu thé
hon 14 cac tinh chat cua parabol, dang phat huy tic dung. Chum sang chiéu xa duoc tao thanh
khi ngudn sang dit tai vi tri tiéu diém cua guong phan xa va khi dé tia sang di song song voi
truc d6i ximg ciia parabol. Khi thay ddi vi tri ciia ngudn sang, cac tia phan xa khong con song
song voi truc dbi xung, ta duoc ché do chiéu gﬁn.

K
¢
4

Guong phan xa ¢ phia sau den pha c6 dang paraboloit (hinh thu duge khi cho parabol quay tron
quanh truc doi xiing ctia no) va cé cac kich thudc nhu hinh vé trén. Hay tinh thé tich ctia chiéc
den.

Loi giai
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£

5%
<)
R

3

X
K
<

‘0
’::‘
S5
55
RHLAS

Dit parabol ndm ngang c6 dang x = ky? .

Parabol di qua diém (10;10) do d6 k= % . Cho hinh phang gi6i han boi cac duong:

y=+10x,y=0,x=0,x=10 xoay quanh truc hoanh.
) 10
Khi d6 thé tich ctia dén pha 1a: V =z [ 10xdx =500z (cm’ )
0

Cau 32. Mot Bac tho gém lam mdt céi lo c6 dang khdi tron xoay duoc tao thanh khi quay
hinh phing gi6i han boi cac duong y =+/x+1 (40 thi nhu hinh v& bén dudi) va truc Ox quay

quanh truc Ox. Biét day lo va miéng lo c6 duong kinh 1an luot 12 2 dm va 4 dm.

Tinh thé tich ¥ cua lo.

(0]

gl
S

-1

Bén kinh hai d4y 1an luot 12 1dm va 2dm
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SVx+l=1x=0Vx+1=2=x=3

3 2
Thé tich cta lo: V = ﬁj(X-i—l)dX = 72'[%+XJ

0

0 2

Céu 33. Nguoi ta dyng mot cai 1éu vai (H ) c¢6 dang hinh “chép luc giac cong déu” nhu hinh v& bén.
Déy ctia (H) 1a mot hinh luc gidc déu canh 3m . Chiéu cao SO =6m (SO vudng gbe v6i mit
phang d4y). Cac canh bén cia (H) 1acac soi day C,,C,,C,,C,,C;,Cy nam trén
cac dudng parabol co truc ddi xing song song véi SO . Gia sir giao tuyén (néu co) cta
(H) véi mit phing (P) qua trung diém ctia SO thi luc giac déu c6 canh 1m. Tinh thé

tich phan khong gian nim bén trong céi 1éu (H) do.

Loi giai
Chon h¢ truc toa @ Oxy nhu hinh vé.
(7Y
6lS
B
|
|
|
|
|
' A
4 -
O| 1 3

Goi phuong trinh parabol cua (C,) la:
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1
a=—
0=9a+3b+c 27
y=ax’+bx+c=>{3=a+b+c < b=—5:>y=5x2—5x+6.
6=c =6

Khi cdt (H) béi mit phang vudng goc véi truc Oy tai diém c6 tung dd y, (0<y<6) ta

dugc thiét dién 12 mot hinh luc giac déu c6 d6 dai canh x xac dinh boi y = %xz - 6.

7148y _ 2[ 3[[7— 1+8y J

Do 0<x£3:>x=T S(y) 2 5 5

EErM

6 6
Vaythétichmpléula:V=js(y)dy=j32 [7_ L+8y ] y=—3
0 0
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UNG DUNG
NGUYEN HAM, TICH PHAN TRONG
CAC BAI TOAN THUC TIEN KHAC

A. KIEN THUC CO BAN
1. Dinh nghia: Cho ham s6 f'(x) x4c dinh trén khoang K . Ham s6 F(x) duoc goi 1a nguyén ham
ciia ham sé f(x) néu F'(x)= f(x) véimoi xeR.
Ki higu [ £ (x)dx =F (x)+C
2. Nhén xét: Néu F(x) la mot nguyén ham cia ham s6 f(x) thi F(x)+C, (CeR) cing la
nguyén ham cia f(x).

7 Luwuy:
Ngoai cong thirc nguyén ham, tich phan di biét, ta cin b sung thém mét sd 1y thuyét
© Véi s(t), v(t), a(t) 1a cac ham s quing dudng, van tdc, thoi gian theo bién ¢.

Theo khéi niém vét 1y, ta ¢6 : v(t) =s'(¢), a(t)='(). Ta c6 mdt s6 cong thirc:
Los(t)=[v(t)de 2. v(t)=[a(t)de

o)
3. Quang dudng di dugc tir thoi gian ¢, dén thoi gian ¢,, (1, <t,) la: s = J. v()dt

h
© Tu thong qua khung diy ciia may phat dién:
o= NBScos(;t,E) = NBS cos(a)t + gp)
¢ : tir thong qua khung day (Wb)
N : s6 vong day
B: cam ung tir (T)
S : dién tich thiét dién khung ddy (m®)

: van toc goc khong doi ciia khung (rad/s), =27/ = 2%

f:tan'sb (Hz) hodc (s6 vong/s)
T :chuky (s)
© Suit dién dong trong khung diy ciia may phat dién:

e= —% = wNBSsin( ot +¢) = a)NBScos(a)t+go—%j

e: suét dién dong trong khung day (V).
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B. BAITAP

Logi 1 : Tinh quang duwong di.

Cau l.

Cau 2.

Cau 3.

A 2 an re AL LA 1> +4
Mot vét chuyen dong v6i van tocv (1) =1,2+ 3
{4+

(m/s). Quang dudng vat d6 di dugc trong 4
gidy ddu tién bang bao nhiéu? (Lam tron két qua dén hang phan trim).
A. 18,82 (m). B. 11,81 (m). C. 4,06 (m). D. 7,28 (m).
Loi giai
Goi s(¢) la quang duong di dugc cua may bay
Ta da biét: v(t) = s'(¢) . Do d6 s(¢) 1a nguyén ham cua v(¢)
Quing duodng di duoc trong 4 gidy dau tién 1a:

4 2 4
S:J' 1,2+t 4 dtzj'(l,2+t—3+£jdt
0 t+3 t+3

0

2 4
=(1,2z+%—3z+131n|t+3|j‘0=o,8+131n4—31n3 ~11,81(m).

Ban Nam ngdi trén may bay di du lich thé giéi va van toc chuyén dong cia may bay la
v(t)=3¢" +5(m/s) . Quing duong may bay di dugc tir gidy thir 4 dén gidy thir 10 14 :
A. 36 (m). B. 252 (m). C. 1134 (m). D. 996 (m).
Loi gidi
Goi s(t) la quang duong di dugc cua may bay
Ta da biét: v(r) =s'(). Do d6 s(¢) 1a nguyén ham ciia v(t).
Quing duong di dugc tir gidy thir 4 dén gidy thir 10 la:

10 5 , 10
s(t)zj(3t +5)dr =(r' +50)| " =966 (m).

Mot 6 t6 dang chay vé6i van toc 10m/s thi nguoi 1ai dap phanh; tir thoi diém do, 6 t6 chuyén
d6ng cham dan déu véi van toc v(t)==5t+10 (m/s), trong d6 ¢ 1a khoang thoi gian tinh bang
gidy, ké tir lac bat dau dap phanh. Hoi tir luc dap phanh dén khi dimg han, 6 t6 con di chuyén bao
nhiéu mét?
A. 0,2 (m). B. 2 (m). C.10(m). D. 20 (m).

Loi gii
Lic dimg thi v(£)=0=-5/+10=0=>7=2.
Goi s(¢) 1a quang duong 6t di duoc trong khoang thoi gian =2,
Taco v(t)=s'(), suyra s(¢) la nguyén ham cua v(t).
2

=10(m).

0

Vay trong 2(3) 0 t6 di dugc quang duong la: s =

O ey

(—5t+10)dt=(—§t2 +10t}

Mot vat dang chuyén dong véi van toc 10mys thi ting toc voi gia toe a(¢)=3t+£ (m/ s ) Quing
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Cau 5.

Cau 6.

duong vat di dugc trong khoang thoi gian 10 gidy ké tir lac bat dau ting toc bang bao nhiéu ?
A 4000 (m) B. 4300 (m) C. 1900 (m) b, 2200 (m)
3 3 3 3
Loi gidi

Lay mdc thoi gian tai thoi diém ¢ =0 (Van tdc bang 10m/s ting tbc)
Goi s(t) 1a quang dudng 6td di dugc trong khoang thoi gian 10 (s) va goi v(¢) 1a van toc clia
oto
Ta c6: a(t) =Vv'(t) = v(t) 1a nguyén ham cua a(¢)

2

W0 = [a()de = [ Gt +1° )dt—7+t

3
+C
3
2 13

Tai thoi diém ban dau: v(0)=10 < C=10=> v(?) =%+§+1o

Ta co: v(1)=s'(¢)= s(r) 1a nguyén ham cua v(r)

A

Vay trong 10(s) 6 t0 di dugc quang dudng la:

3 3 4 lO
J.v(t)dt j LTS PP L NLANTIVR LU
, 7273 2 12 0 3

Chon B.
Mot vét di chuyén véi gia téc a(r) =—20(1+2t)_2 (m/ sz) Khi =0 thi van téc cta vat la

30(m/s). Tinh quang duong vat d6 di chuyén sau 2 gidy (lam tron két qua dén chit s6 hang don

vi).

A. 106 (m). B. 107 (m). C. 108 (m). D. 109 (m).
Loi giai
. 10

Taco v(t)=[a(r)dt = [-20(1+2¢) " dt =——+C

aco v(t)=[a(t)dt=[-20(1+2t)" at .

Theo dé ta cd v(0)=30< C+10=30< C=20.

Vay quing dudng vat do di duogc sau 2 gidy la:
2

N =j( 10 +20jdt :[SIn(l+2t)+20t]‘2 =5In5+100 ~108(m).
o \L+2¢ 0

Chen C.
1 sin(7zt)

Van toc clia mot vat chuyén dong 1a v(7)= 2—+
7

(mvs). Tinh quang dudng di chuyén
T

clia vét do trong thoi gian 1,5 gidy (1am tron két qua dén hang phan tram).
A. 0,43 (m). B. 0,53 (m). C. 3,14 (m). D. 0,34 (m).

Loi giai

Vit di dugc 1,5 giay.
Quing duong can tim 13 :

1,5 1,5 : s
:I dt J.( ! +MJdt:(L—lcosm]
0 27 T 2t 7

0
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Cau7.

Mot vat chuyén dong cham dan véi van toc v(¢)=160-10¢ (m/s). Tinh quang duong vat di
chuyén dugc trong khoang thoi gian tir thoi diém t = 0 (s) dén thoi diém ma vat ding lai.
A. 1208(m). B. 1820 (m). C. 1080 (m). D. 1280 (m).
Loi giai
Luc vat dung lai v(1)=0=1=16(s).
Quing dudng vat di chuyén tir dau t6i luc ding lai:
16

s(¢)=[(160—10¢)dr = (160t —5¢")

0

16
, =1280 (m).

Logi 2: Tinh van toc.

Cau 8.

Cau 10.

Mot vat chuyén dong véi van toc v(¢) (m/s), c6 gia toc V/(¢)= %(m/sz) . Van tbc ban dau
+

ctia vat 1a 6m/s. Van toc cia vat sau 10 gidy 1a (1am tron két qua dén hang don vi):
A. 14 (m/s). B. 13 (m/s). C. 11 (m/s). D. 12 (m/s).
Loi giai

. , 3
Taco v(t)=[v(¢)dt = —de=3njr+1]+C.

Tai thoi diém ban dau (¢ =0) thi v(0)=3In1+C=6< C=6.
Suyra v(¢)=3In[t+1/+6.
Tai thoi diém ¢ =105 = v(10)=3In11+6 ~13(m/s).

Mot vat chuyén dong voi van tdc ban dau S(m/s) va co gia tdc dugce xac dinh boi cong thuc

a= % (m/sz) . Vén tdc cua vt sau 10(s) déu tién 1a (1am tron két qua dén hang don vi)
+
A. 10 (m/s). B. 9,8 (m/s). C. 11 (m/s). D. 9 (m/s).

Loi giai
Taco v(t)= t%dt =2In(t+1)+C
Ma van tdc ban diu 5m/s tire 1a : v(0)=5<2In(0+1)+C=5<C=5.
Nén v(t)=2In(r+1)+5
Van tbc cua vat sau 10(s) dau tiénla: v(10)=2In(11)+5~9,8.
Chon B.
Nguoi ta to chirc thue hanh nghién ctru thi nghiém bang cach nhu sau. Ho tién hanh quan sat
mot tia lra dién ban tir mat dat ban 1én véi véan tée 15(m/s). Hoi bieu thie van toc cua tia lira
dién 1a?
A. v=-98t+15. B. v=-9,8t+13. C.v=9,8¢t+15. D. v=-9,8-13.
Loi gidi

Tia Itra chiu sy tac dong cua trong luc hudng xuéng nén ta co gia tbca =-9,8 (m/sz)

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh Trang 106




I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO

Cau 11.

Cau 12.

Cau 13.

Ta ¢6 bidu thitc van tdc v theo thdi gian ¢ c6 gia tdc a la:v= j adt = j ~9,8dt=-9,8¢+C

O day, v6i: t=0,v=15(m/s)= C=15
Vay ta dugc biéu thirc van tdc cd dang : v=-9,8t+15.
Chon A.
Mot vat xuét phat tir4 chuyén dong thang va nhanh dan déu véi van toc v(¢)=1+2¢(ms).
Tinh vén tdc tai thoi diém ma vat cach 4 20(cm)? (Gid thiét thoi diém vat xuat phat tr 4
tuong ing véi t=0)
A. 6 (m/s). B. 7 (m/s). C. 8 (m/s). D. 9 (m/s).
Loi gidi

Taco S(t)=[(1+2t)dt=t+£ +C

Vit xuét phat tir 4 twong (g véi thoi gian =0 nén S(0)=0<0+0"+C=0<C=0
Suyra: S(¢)=r+¢

t=4
Vatcach 4 20(cm) taco : t2+t:20<:>[ 5 Nhéan 1 =4.

Vay sau 4(s) thi vat cach 4 20(cm) va van toc tai thoi diém d6 1a: v(4)=9.
Chon D.
Mot nguoi chay xe mdy chuyén dong thing theo phuong trinh S(¢)=¢’ -3¢ +4t, trong d6 ¢
tinh bang gidy (s), S tinh bing mét (m). Gia téc cua xe méy lic ¢ =2(s) bang?
A. 4 (mss). B. 6 (m/s*). C.8(m/s’). D. 12
(m/sz).
Loi giai
Van tai thoi diém ¢ gidy 1a v(¢)=(s(r))'=3¢* - 61+ 4
Gia toc tai thoi diém ¢ gidy 1 a(r)=(v(r))' = 61-6

Suy ra gia toc tai thoi diém =2(s) gidy 1a a(2)=6 (m/s’).
Chon B.

Trong gid thuc hanh mén Vat Li. Mot nhém sinh vién da nghién ciru vé su chuyén dong cua
cac hat. Trong qua trinh thyc hanh thi nhém sinh vién nay da phat hién mot hat proton di

chuyén trong dién truong véi biéu thire gia toc 1a:a =—20(1 +21)” (cm/sz).Véri t cua ta dugc
tinh bang gidy. Nhom sinh vién dd tim ham van tocv theo ¢, biét rang khi
t=0thiv=30(m/s’ ). Hoi biéu thirc dung 1a?

A.v=( 10 +25) (cm/sz). B. v
1+2¢

102t +10) (cm/sz).

10
(1—H+20j (cm/sz).

10
(1+2t +20) (cm/sz).

D.

<
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Loi giai

Trudc hét dé giai bai toan nay ta ciing cha . Biéu thirc van téc v theo thoi gian ¢ ¢6 gia téc a

la:v=[adt
A A 4 A J4 _20
Ap dung cong thirc trén, tacod :v= I adt :j ~dr
(1+2¢)

Dén day ta dit :

du
u:1+2t:>du:2dt:>dt:7
v=I_—mdu=I—10u_2du=E+K= 10 +K

u u 1+2¢
V6i t=0,y=30= K =20
10

ey +20] (cm/sz).

Vay biéu thtc vén tc theo thoi gian 13 : v= (

DANG 2 : MOT SO UNG DUNG CUA TiCH PHAN TRONG THUC TE

A.Y TUONG VA PHAN TiCH HUONG GIAI QUYET MOQT SO TINH HUONG

Bai toan 1: Mot manh vuon hinh thang cong OACB vudng tai O va B, ¢6 dang nhu hinh V¢,
trong d6 d9 dai cac canh 04 =15(m), OB =20(cm), BC =25(cm) va duong cong AC dugc

md td boi mot ham s6 mii c6 dang f(x)=N.e™ trongdd N va m la cac hang s6. Hoi manh

vuon nay cé dién tich bao nhiéu?

c
7
25
15
o 20 B

B Phan tich bai toan

Piéu dau tién dé nhan thay la ching ta khong thé ding cong thirc dién tich hinh thang thong
thwong dé tinh dién tich cho hinh thang cong OACB . Pé tinh dwoc dién tich ndy ta can ding ¥
nghia hinh hoc cua tich phan.

Ta chon hé truc toa do Oxy nhw hinh ve, khi do hinh thang cong OACB dwoc don gian hoa
trong mdt phang toa dj Oxy .

BuGce tiép theo ta can tim ham sé mii f(x) = N.e™ biéu thi cho dwong cong AC, dé y rang

dwong cong AC di qua diém A(O;IS) va C(20;25).
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20
Dién tich cua hinh thang cong dwoc tinh theo cong thirc S = I f (x)dx
0

Loi giai
'] Khong mét tinh téng quat, chon hé truc toa do Oxy nhu hinh v€ sao cho cac doan OA4,0B
lan luot nam trén céc truc Oy,Ox .

YN

25

V=

mXx

1 D¢ tinh dugc dién tich manh vuon, ta cin tim ham s f(x)=N.e

[1 Theo hinh vé ta co

{f(O)zlS @{NzlS

£(20)=25  [15.e*" =25
N=15 s
= 1. 5= /f(x)=15.¢* 3
m=—In—
20 3

" Ap dung cong thtre tinh dién tich hinh phang ta ¢ dién tich manh vuon la:
20

20 20 x5 20 LR
— — 20 3 — 20 3 ~ 2
S=[f(x)dx =152 dr=| .15 ~391,52 (m’).
0 0 In=
3 0
W Binh luin: Qua bdi todn nay ta cin luwu y:
Mot la, dé tinh dién tich cia cdc hinh phang phirc tap (khéng phdi la tam gide, tir gide, hinh tron,.) ta
can dimg dén tich phin dé tinh dién tich.
Hai la, doi véi moi hinh phang ta can chon hé truc toa dé Oxy sao cho hinh phdng dé dwoc don gian

héa ma khong mat tinh tong qudt, két qua dién tich khéng sai léch.

Bai toan 2: Vom ctra 16n cia truong Pai Hoc Su Pham Tp.HO Chi Minh c6 dang hinh Parabol. Nguoi
ta dy dinh lip cira kinh cho vom cira ndy. Hiy tinh dién tich mat kinh can lp vao biét raing vom cira cao
8m varong 8§ m.
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y

f o \
B Phén tich bai toan
Hinh phdng can tinh dién tich dwoc gi6i han béi 1 dwong thang BC va 1 dwong cong Parabol,
cho nén ta khéng thé ding cdc cong thire tinh dién tich cia nhitng hinh don gidn quen thudc
nhue: hinh chit nhdt, hinh tron, tam gidc,. Ta can ding tich phdn dé tinh dién tich hinh phang
nay.
Nhue vdy, viéc dau tién ta can dwa dwong cong Parabol ciia cdnh cika vao hé truc Oxy va mé
hinh né thanh ham sé bdc hai y = ax* + bx +c.
Dua vao dé cao 8m va chiéu rong 8m cua canh cua ta dé dang xac dinh cac hé 56 a,b,c trong
biéu thirc ham 6.
Ung dung ¥ nghia hinh hoc cia tich phdn ta ¢é céng thire tinh dién tich cia canh cira la

4
S = I(axz +bx+c)

-4
Luu ¥ rang canh ciea réng 8m va ta cho dwong cong Parabol déi xirng qua truc tung Oy nén dé
suy ra caccan x=—4 va x=4.

Loi giai

Khoéng mat téng quat, ta xét dang hinh parabol vom cira 16n nhu hinh vé& sau
Dong thoi xét (P) (y=ax’ +bx+c.

-1
AOB)=(P) o= ‘"2 1

Taco: {B(4;0)e(P) < {16a+4b+c=0<1b=0 :>(P):y=—5x2+8
( 4’0)6(})) 16a—4b+c=0 c=8

128
5 (mz)

4 N
Do dé: S, =2j(—1x2+8jdx =(16x—x—J -
0 2 3

0

Bai toan 3: Trong nghién ctru khoa hoc, ngudi ta sir dung thé tich ciia mot qua trimg dé xac
dinh kich thudc ctia n6 1a mét cach du bao kha tot vé cac thanh phﬁn cAu tao cua tring va dac
diém cua con non sau khi né ra. Mot qua trimg ngdng duge mé hinh boi quay d6 thi ham sb

y= 3i0 7569 —400x , —4,35< x<4,35 quanh truc Ox . Str dung mé hinh nay dé tinh thé tich

qua trang ( x, y dugc do theo don vi cm )
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B Phan tich bai toan

Qua trimg ngong trong dé bai dwoc mé hinh boi quay do thi ham sé y :$m ,
—4,35<x<4,35 quanh truc Ox.

Goi (H) 1 hinh phéng giéi han béi do thi ham y :%m , —4.35<x <435 va

truc Ox.
Thé tich ciia qud trismg bang thé tich cia khéi tron xoay sinh bdi hinh phdng quay quanh truc
Ox.

4,35
V=rm I yidx.

—4,35

Loi gidi

'] Trong mit phang toa dd Oxy, goi hinh phang (H ) gidi han boi cac duong: do thi ham sé

y :$\/7569—400x2 ,—4,35<x<4,35 vatruc Ox.

'] Thé tich ctia qua trimg bang thé tich khdi tron xoay sinh boi hinh phang (H) xoay quanh truc

Ox:
4,35 1 2
V=rn j (—\/7569—400x2 dx
-435 30
. 435
-= (7569—400x2)dx
900 ;.
3 4,35
=" | 7569x — 4002
900 3 )
z153(cm2).

Bai toan 4: Mot thung ruou c6 ban kinh & trén 13 30 cm va & giita 13 40 cm. Chiéu cao thung
ruou 13 1m. Hoi thiung rugu dé chira duoc tdi da bao nhiéu lit rugu (két qua 14y 2 chir sé thap
phan)? Cho riang canh bén hong cta thung ruou 13 hinh parabol.

B Phan tich bai toan
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Thung rugu c6 dang 13 mot khdi tron xoay c6 dudng sinh 13 mot dudng cong cd dang Parabol
(P):y=ax’+bx+c(a#0). Vi viy dé tinh thé tich thing ruou ta can 4p dung tich phan dé
tinh thé tich khéi tron xoay. Cht ¥ rang khi mé hinh dudng cong Parabol ta dé chiéu cao cua
thiing ruou trai theo chidu cua truc hoanh.
Bude dau ta can xdy dung ham s6 (P):y=ax’ +bx+c(a#0) véi didu kién di qua cac dinh
N(-50;30), A(0;40), M (50;30) nhu hinh v&.
Dua vao chiéu cao l(m) cua thung ruou ta tim dugc cac can cua tich phan. Khi do6 lap duoc
cong thire tinh dugc thé tich thung ruou.
Loi gidi
o Tasddé thung ruou nam ngang dé thuan loi cho viéc tinh toan.

Y E 9

1A(0;40)

(P)

M(50;30)

-

T

20

&
e —— e

—

e Ta can tim phuong trinh parabola(P): y = ax’ +bx+c(a #0) di qua dinh M,N, 4

M (50;30)e(P)  (50°a+50b+c=30 |*~ 250
A(0;40)e(P) < {c=40 <b=0
N(-50;30)e(P) |50°a—50b+c=30 |c=40

2

X
= (P):y=———+40.
=(P):y 250 "

e Téi day ta ap dung cong thirc tinh thé tich V' khi quay hinh phing gii han boi
(parabol), x =50,x =-50, y =0 xung quanh truc hoanh Ox :

x° ’ Xt 80x?
V= 71'J.ydx 72'_[ X 140 dx:ﬂ'J. > = +407 |dx
% 250 %\ 2507 250

X 8x ¥
=V= ——+40%x
312500 75

-50

4060007

~425162,20(cm’) ~425,16(1)

Vay thung rugu chira duge t6i da 425,16(1).
B. CAU HOI TRAC NGHIEM
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Cau 14.

Cau 15.

Ong An c6 mot manh vuon hinh Elip c6 d¢ dai truc 16n bang 16(m) va do dai tryc bé béng
10(m). Ong muén trdng hoa trén mét dai dat rong 8(m) va nhan truc bé cta elip lam truc déi

xtng (nhu hinh v&). Biét kinh phi dé tréng hoa 1a 100000 (dong/m?). Hoi 6ng An cin bao

nhiéu tién dé trong hoa trén dai dat d6? (S tién dugc 1am tron dén hang nghin).

A. 7862000 (dong). B. 7653000 (ddng).
C. 7128000 (d6ng). D. 7826000 (dong).
Loi giai

2 2

Phuong trinh duong Elip 2—4 + ;—5 =1. Khi 6, dién tich S phan dit trong hoa ndm trong goc

phan tu tht nhat 13 hinh giéi han boi dd thi ham sé y = gx/ 64— x* , truc hoanh, truc tung va
duong thang x = 4.
Dién tich phan dit trong hoa S = 4j§\/ 64— x> dx .
0
Vay s6 tién ong An can dé trong 7 =100.000.5 = 7653000 (dong).
Mot manh vuon hinh tron tdm O ban kinh 6 (m) Nguoi ta can trong cdy trén dai dat rong

6 (m) nhan O 1am tdm doi xtmg, biét kinh phi tréng cay 1a 70000 (ddéng/m*). Hoi can bao

nhiéu tién dé trong cdy trén dai dat do (sd tién duoc 1am tron dén hang don vi).

A. 8 412 322 (dong). B. 8142 232 (dong).
C. 4821232 (d6ng). D. 4821322 (d6ng).
Loi giai

Taco: x> +y> =36= y=+/36—x" ( Nita dudng tron phia trén)
3

Dién tich khu dat S = 4‘[\/36 —x* dx ~ 68,876026
0

an dé trong cay T =70000.5 = 4 821321,847 .
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Cau 16. Dbé trang tri cho mot 1& hoi dau Xuan, tr mot manh vuon hinh elip co chiéu dai truc 16n la
10(m), chiéu dai truc nhé 1a 4(m). Ban t6 chirc v& mot duong tron c6 dudng kinh bang d¢ dai
tryc nho va c6 tm trung v6i tAm cua elip nhu hinh v&. Trén hinh tron ngudi ta trong hoa véi
gia 100000 (ddng/m?), phan con lai ciia manh vudn ngudi ta trong co véi gia 60000
(ddng/m?) (biét gia trong hoa va trong cd bao gdm ca cong va cdy). Hoi ban td chirc can bao
nhiéu tién dé trong hoa va co trén dai dat d6? (S6 tién duoc 1am tron dén hang nghin).

A. 2639000 (dong). B. 2388000 (ddng).
C. 2387000 (dong). D. 2638000 (dong).

dm

Loi giai
Chon B.

Chiéu dai truc 16n 2a =10, chiéu dai truc nho 2b =4 nén a =5,b = 2. Do d9, dién tich manh
vuon hinh elip S = zab = 107z(m2) .

Puong kinh dudng tron bang d6 dai truc nho nén ban kinh duong tron R = 2.Do d6, dién tich
phan dat trong hoa S, = 7R* = 47r(m2 ) .

Di¢n tich phan dat trong ¢6 S, =S -5, =107 — 47 = 6(m*) .

Vay s6 tién ban t6 chirc cAn dé trong hoa va ¢ trén dai dit dé 1a:

T =100 000.47 + 60 000.6 7 = 2388000 (dong).

Cau 17. Ong B c6 mot khu vuon gi6i han boi duong parabol va mot dudng thiang. Néu dit trong hé toa
d6 Oxy nhu hinh v& bén thi parabol c6 phuong trinh y = x* va duong thing 1a y =25. Ong B
dy dinh diing mot manh vuom nho dugc chia tir khu vuon boi duong thang di qua O va diém M
trén parabol dé trong hoa. Hay giup 6ng B xac dinh diém M bang céch tinh d6 dai OM d¢ di¢n

tich manh vuon nho bang % .

A. OM =245, B. OM =310 C. OM =15. D. OM =10.
Loi gidi

Gia st M(a;az) suy ra phuong trinh OM : y = ax

a 2 3
Khi d6 dién tich khu vuon 1a S :j(ax—xz)dx :[ax——x—J
0

Ma S:% =a=3

Khi d6 OM =3410.
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Céiu 18. Anh An mudn lam ctra rao sit c6 hinh dang va kich thudc giébng nhu hinh v& ké bén, biét
duong cong phia trén la mot parabol. Gia 1 (mz) clra ro sit ¢6 gia 1a 700000 (d6ng). Vay anh

An phai tra bao nhiéu tién dé 1am cai ctra rao sat nhu vay (Iam tron dén hang nghin).
A. 6417000 (ddng). B. 6320000 (dong). C. 6520000 (dong). D. 6620000 (dong).

//‘ T

2m

Loi giai
Ta moé hinh héa canh cira rao bang hinh thang cong 4ADCB
vuong tai C va D, cung 4B nhu hinh vé.
Chon h¢ truc toa dd Oxy sao cho hai diém A4, B nam trén

5

/(0;0,5)

truc Ox nhu hinh vé. i CSUNEEN

Vay dién tich canh cua s¢€ bﬁng dién tich hinh chir nhat
ABCD cong thém dién tich mién cong AIB. Pé tinh dién D 15 c
tich mién cong AIB ta can dung tich phén.

Dau tién ta tim cach viét phuong trinh Parabol

2 1 . :
y = ax” +bx +c biéu thi cho dudng cong AIB . Parabol c6 dinh [ (O; Ej’ va cat truc hoanh tai

2 diém A(—f;oj, B(i;oj
2 2

a.02+b.0+c=l 1
2 C=§
b 2, 1
2a 25 2
5V (5 a=-=
a.(—j +b.(—j+c=0 25
2 2

2,5
Dién tich mién cong AIB dugc tinh bang cong thirc: j (—% x’ +%jdx = g .
-2,5

Suy ra dién tich canh cira la §+ 1,55= %(mz) )

Gia 1(m’) cira rao st gia 700000 (ddng). Vay gid tién cira rao sét 1a 6416666 .
Cau 19. Ong An mudn lam ctra rdo sit c6 hinh dang va kich thudc nhu hinh v& bén, biét duong cong

phia trén 1a mét Parabol. Gia l(mz) clia rao sit 1a 700000 (dong). Hoi ong An phai tra bao

nhiéu tién d€ lam céi ctra sat nhu vay (lam tron dén hang phan nghin).
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A. 6417000 (dong). B. 6320000 (déng). C. 6520000 (dong). D. 6620000 (ddng).

Loi giai
Chon A.

Chon hé truc toa do nhu hinh vé.

A

34

O

Trong d6 A4(-2,51,5), B(2,51,5), C(0;2).
Gia str duong cong pha trén 1a mot Parabol ¢6 dang y = ax® +bx+c, voi a;b;ceR.

Do Parabol di qua céac diém A(—2, 5;1,5) , B(2, 5;1, 5) , C(O; 2) nén ta c6 hé phuong trinh.

a(-2,5) +b(-2,5)+c=15 |a=——_
(2 5 +b(2,5)+c=15 <1b=0
=2

Khi @6 phuong trinh Parabol 13 y = —2—25x2 +2.
Dién tich S cta ctra rao sét 1a dién tich phan hinh phang giéi boi d6 thi ham sb

y= —%xz +2, truc hoanh va hai duong thang x =-2,5, x=2.5.

B2 2 X
Tacs S= [ |—Zox’+2 |dx=| ——=+2x
5\ 25 25 3
> -2,5
Viy ong An phai tra sb tién dé 1am cai cira sét la:

S.(700.000) = % 700000 ~ 6417000 (dong).

2,5

55

Céiu 20. Vom cira 16n ciia mot trung tAm vin hoa c6 dang hinh Parabol. Nguoi ta du dinh 1dp ctra kinh
cuong luc cho vom ctra nay. Hiy tinh dién tich mat kinh can ldp vao biét ring vom cira cao
8(m) varong8(m) (nhu hinh v&)-.
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A. ﬂ( ). B. ?(mz). C. 23—6(m2). D. %( ).

Loi giai

Chon hé truc toa d§ Oxy véi géc toa dd O la trung diém cua canh day, truc Oy trung véi
chiéu cao ctia vom cira.

Goi Parabol c6 dang: y =ax® +bx+c.

Vi Parabolco dinh 7(0;8) va qua diém (4;0);(—4;0) nén ta co:

c=8 c=8
16a+4b+8=0<:{b=0 . Vay Parabol c6 phuong trinh la y:—%x2+8.
16a-4b+8=0 | _ 1
2
1,
y——Ex +8
Dién tich cai cong chinh bang dién tich hinh phang gi¢i han boi: y=0
x=-4
x=4

——x ? +8|dx

4__ 128 2
s

Cau 21. Mot manh vuon hinh tron tam O ban kinh 6 ) Nguoi ta can trong ciy trén dai dat rong
6(m) nhan O lam tdm ddi xtmg, biét kinh phi trong cay 1a 70000 (ddng/m?*). Hoi can bao

nhiéu tién dé trong cdy trén dai dat do (s tién duoc 1am tron dén hang don vi)

A. 8412322 (ddong). B. 8142232 (dong). C. 4821232 (dong). D. 48213122 (ddng).

Loi giai
Chen C.

Gén hé truc toa d6 v6i O 1a géc toa dg, truc Oy song song vdi bo dai dat.

Phuong trinh dudng tron: x° +y° =36 = y =436 —x"
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Cau 22.

Cau 23.

3
Dién tich dai dat: S =2 j V36— x> dx ~ 68,876(m2).

Suy ra s6 tién can dung 1a: 68,876.70000 = 4821320 (dong).

Mot san choi danh cho tré em hinh chir nhat c6 chiéu dai 50(m) va chiéu rong la 30(m) nguoi
ta lam mot con dudng trong san (nhu hinh v&). Biét ring vién ngoai va vién trong cua con
dudng 14 hai dudng elip va chiéu rong ciia mit duong la 2(m). Kinh phi dé lam mdi m* lam

duong 1a 500000 (ddng). Tinh s6 tién 1am con duong d6. (S6 tién duoc 1am tron dén hang

nghin).
50 m
30’" @
A. 119000000 (d6ng). B. 152000000 (dong).
C. 119320000 (d6ng). D. 125520000 (d6ng).
Loi gidi

Goi S 1a dién tich cua hinh elip (E): x_+y_

2 2
a b

a 2 2
Chimg minh § = Ib[\/l—x—z +\/1—x—2de = 7ab .
i a a

Xét hé truc toa dd Oxy sao cho truc hoanh va truc tung 1an luot 1a céc truc d6i xung cua hinh

=1taco S=mab.

chit nhat trong d6 truc hoanh doc theo chiéu dai cta hinh chit nhat.
Goi (E,) laelip 16n, (E,) 1a elip nho ta co:

2 2

(E): x—2+y—2—1: Dién tich ciand 1a S, =7.15.25= 3757[( ) :
257 15
x2 y2

(E,):=—+-==1= Diéntichcuandla S, =7.13.23= 2997[( )
237 13

Dién tich con duong 1a 3757 —2997 = 767 (mz) .

Do d6 sb tién dau tu 1a 7677 x 500000 ~ 119320000 (ddng).

Mot khuon vién dang nura hinh tron c6 duong kinh 45 (m) Trén d6, ngudi ta thiét ké hai
phan mdi phan dung dé trong hoa va trong co Nhat Ban. Phan tr‘éng hoa c6 dang mot ca‘inh hoa
hinh parabol c6 dinh trung véi tdm ctia nura dudng tron, hai dau mut ctia canh hoa nam trén
duong tron (phan t6 mau) va cach nhau mot khoang bang 4(m) ; phan con lai ctia khuon vién
(phan khong t6 mau) dung dé trong c6 Nhat Ban. Biét cac kich thudc cho nhu hinh v& va chi
phi dé trong c6 Nhat Ban 1a 300000 (d6ng/ m?). Hoi can bao nhiéu tién dé trong co Nhat Ban

trén khuon vién d6? (S tién lam tron dén hang nghin).
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A 4 5m :

< >

4mn dm

A. 1791000 (ddng).  B. 2922000 (ddng). C. 3582000 (dong). D. 5843000 (ddng).

Loi giai
Gén hé truc toa do Oxy nhu hinh v§, voi géc toa dd O trung vdi tam nura duong tron, truc Ox

tring voi dudng kinh nira duong tron, truc Oy chiéu duong hudéng xudng.

-2 2 X

2
Dién tich nira hinh tron 1a: S, I%ERZ :%n(zﬁ ) =10z (m’)
Ta thiy parabol x =12 — y =4 — (P):y =x".

Do nira dudng tron & phan duong ctia Oy nén (C):y =~+/20—x" .
2

Dién tich phan trdng hoa la: S, =2 j (x2 20— ) dx ~11,93962 (m’).
0

Dién tich phan trong co Nhat Ban: § =S, -, =107 -11,93962 (m*).
Vay tong sd tién phai tra 1a: T = 5.300000 ~ 5843000 (ddng).

Céu 24. Tir mot khdi cau ban kinh bang 5 (drn) ngudi ta cit bo hai dau bang hai mit phiang vudng goc
vo1 mot duong kinh cua khdi cAu va cach tAm mit cAu mot khoang bﬁng 4(dm) dé 1am mot

chiéc lu dung nude. Tinh thé tich cai lu.

AR (awt). B2 (aw). X (aw). D (dw).

Loi giai
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——= o ‘ >

Cong thirc thé tich kh6i chom cau (ching minh bang tich phan): V = 7k’ (R —gj

v ] ‘ : 1) 14
Thé tich cita mdi chém cau bé di bing ¥, = m%(s _Ej =7 (dm)

5007

Thé tich ctia khdi cau: V, = §ﬂ53 = (dm’)

Ta ¢6 thé tich cia céi lu bing ¥ =7, 27, = /2% (dm’)

Cau 25. Trén dong co c6 hai con Bd duoc coc vao ha1 day khac nhau khoang cach gitra hai coc la
S(m), con hai soi day budc hai con Bo 1an luot 1a 4(m) va 3(m) . (Khéng tinh phan chiéu dai

day budc). Tinh dién tich mat co 16n nhat ma hai con Bo ¢6 thé an chung ( 1am tron dén phan

tram).
A. 6,642(m’) B. 6,246(m’) C. 4,624(m’) D. 4,262(m’)
Loi giai
Chen A v
)
4 o 2 4 3 X

4]
Gia st khoang cach 2 coc la OB =5 . Chon hé truc (hinh vé)
Ta c6 day dai cia trau cft coc O 1a 4 g véi dién tich an dugc tdi da 13 hinh tron
(C,):x* +y* =16 va dién tich tbi da ctia trau con lai 1a hinh tron (C,):(x—5) +y* =9.

Do d6 dién tich an chung toi da cua hai trau 1a phan dién tich hinh phiang giao nhau cta hai
hinh tron trén.

Vay phuong trinh hoanh d¢ giao diém: 16— x> =9—(x—5)* < x = %
16

S=2.j

2

9—(x—5) 16—x°

dx | ~ 6,642 (mz) .

o [Nio=
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Ciau 26. Mot cira co thude nhu hinh vé bén. Biét dudng cong phia trén 13 parabol, to gidac ABCD la
hinh chit nhat va gi thanh 1a 900000 (déng) trén 1 (m?) thanh phdm. Hoi éng A phai tr bao

nhiéu tién dé lam canh cura do?

parabol
A B
Sm
4 m
D C
2m

A. 6000000 (dong).  B. 8700000 (d6ng). C. 6600000 (déng). D. 8400000 (ddng).

Loi gidi
Chon D
Ay
1 I\B
A 1 20X

Goi (P):y=ax’+bx+c.
Vi (P) di qua diém 4(0;0); B(2;0) va c6 dinh 7(L;1) nén (P):y=—x"+2x.

2
Dién tich canh cira 1a S = [(=x" +2x)dx+S 50, =§+8 -2
0

S6 tién 6ng A phai tra 1a ? x 900000 = 8400000 (ddng).

Cau 27. Mot bon nude duge thiét ké véi chiéu cao 8(dm), ngang 8(dm), dai 2(m), bé mit cong déu

nhau v6i mit cit ngang 1a mot hinh parabol nhu hinh v& bén dudi. Bon chita dugce tdi da bao
nhiéu lit nudc.
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Cau 28.

8dm
8dm
20dm
A. @ (lit). B. 12807 (lit). C. 253ﬂ (lit). D. 1280 (lit).
Loi giai

Xét mat cit parabol, chon h¢ truc nhu hinh vé&. Ta théy Parabol di qua cac diém A(—4;4),

B(4;4), C(0;0) nén c6 phuong trinh y = %x2 . Dién tich phan mit cit tinh nhu sau:

S=Shv—jf%x2dx=64—%=%(dm2)
—4

20 20
Do d6 thé tich cta bdn: V = J.de = J.%dx = @(de) .

0 0 3 3
Mot thung rugu c6 ban kinh cac day la 30(cm), thiét dién vudng gdc voi truc va cach déu hai
day c6 ban kinh 1a 40( cm) , chiéu cao thung ruou la l(m) (hinh v&). Biét rang mit phing chira

tryc va cdt mit xung quanh thung ruou 1a cac duong parabol, hoi thé tich cua thung ruou (don
vi lit) 1a bao nhiéu ?

D. 425,2 (lit).
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Cau 29.

Loi giai

Don vi tinh 1a dm .
Goi (P):x=ay” +by+c qua4(4;0), B(3;5), C(3;-5)

CcC=

25
V=7zj LI S 2d ~425,2 (dm’ ) =425,2(1)
PANE YRS ’

Ong An xdy dung mét san béng d4 mini hinh chit nhat c6 chiéu rong 30(m) va chiéu dai

50(m). Dé giam bot kinh phi cho viée trong co nhan tao, 6ng An chia san bong ra lam hai

phan (t6 mau va khong t6 mau) nhu hinh v&.

10m

B

< 50m

Phan t6 mau gém hai mién dién tich bang nhau va dudng cong AI/B 1a mot parabol ¢ dinh 7 .

Phan t6 mau dugc trong co nhan tao véi gia 130 nghin ddng/m? va phan con lai dugc trong cd

nhan tao voi gid 90 (nghin déng/m?). Hoi dng An phai tra bao nhiéu tién dé tréng c6 nhan tao

cho san bong?

A. 165 (triéu ddng).  B. 151 (tribudong). C. 195 (triéu dong). D. 135 (triéu dong).
Loi giai

Chon hé truc toa dd Oxy nhu hinh vé, O=1.
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A 10 B

-15 0 15

%\r

. . 2 .
Khi do, duong cong AIB 1a hinh phang gidi han boi cac dudng parabol y = 4—5x2 va duong thang
y=10.

Phuong trinh hoanh d6 giao diém %xz =10 x==+15.

15
Dién tich phan t6 mau la: S, =2 J. %xz —IO‘dx =400 (mz)
-15

Mit khéc di¢n tich san bong da mini hinh chit nhat la S =30.50 =1500 (m’).
Phan khong t6 mau ¢6 dién tich la: 5, =S-S5, =1100 (m?).
Sb tién dé trong co nhan tao cho sin bong:

S,.130000+ S,.90000 = 400.130000 +1100.90000 = 151000000 .

Ciu 30. Trong chuong trinh nong thon méi, tai mot xa X c6 xdy mot cdy cau bang bé tong nhu hinh v&.
Tinh thé tich khéi bé tong dé do du ciy cau. (Puong cong trong hinh vé& 14 cac duong Parabol).

A. 21(m’). B. 18(m’). C. 40(m’). D. 19(m’).
Y a

|
), o 19m 0,5m

Loi giai

Chon hé truc Oxy nhu hinh v&.

-
-
-

|
), o 19m 0,5m
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DANG 3:

Cau 31.

Cau 32.

Goi (B):y=ax’ +c la Parabol di qua hai diém A(129 Oj, B(0;2)

O=a Ll 2 +2 a= LA 8
Nén ta c6 hé phuong trinh sau: { | 2 2= 361 E(E):y:—ﬁx2+2.
2=h b=2
Goi (P,):y =ax’ +c la Parabol di qua hai diém C(10;0), D(O;%j.
0=a.(10) +2 a:—4i LS
Nén ta c6 hé phuong trinh sau: 2o 0 =(P):y=—"x"+=.
5 40 2
2_p p=2
2 2

19
Ta c6 thé tich clia bé tong 1a: ¥ =5.2 jm L) -2 ~ 8 i dx =40(m’).
ol 40" 2 o | 361

DANG KHAC

7000 va ltc dau dam vi

Mot dam vi tring tai ngdy thtr ¢ ¢6 sb luong N (), biét ring N'(¢)=

tring c6 300000 (con). Hoi sau 10 ngay, dam vi tring c6 bao nhiéu con (1am tron s dén hang

don vi)?

A. 322542 (con). B. 332542 (con). C. 302542 (con). D. 312542 (con).
Loi giai

Chon.D

Theo dé bai: N J.N’ dt—.[mdt—70001n|t+2|+C

Luc dau =0, N(0)=300000 = C =300000—70001n2

Lic =10 = N(10)=7000In12+300000—70001n2 =~ 312542 (con).

Vi khuan HP (Helicobacter pylori) giy dau da day tai ngay thtt m véi sb luong la F (m), biét

néu phat hién sém khi s6 lwong vi khuan khong vugt qua 4000 con thi bénh nhén s& dugc ciru

1000
t+1

nhan phat hién ra bénh. Hoi khi d6 ¢6 bao nhiéu con vi khuan trong da day (lay x4p xi hang

thap phan thir hai) va bénh nhan c6 ctru chira dugc khong?

chita. Biét F’ ( ) va ban dau bénh nhan c6 2000 con vi khuan. Sau 15 ngay bénh

A. 5433,99 va khong ctiru duoc. B. 1499,45 va cuu duoc.
C. 280,01 va ctru chira duoc. D. 3716,99 va cuu dugc.
Loi giai
1000
S6 lugng vi khuan HP tai ngay thtt m 1a F (m j—dt =5001n|2¢ +1/+C (con).

Ban dau c6 2000 (con), nén ta ¢6 phuong trinh: F(0)=2000 < C =2000
= F(m)-= +2000.
Sau 15 ngay, luong vi khuén la: F(15)=5001n31+2000 ~3716,99 (con) <4000 (con)
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Cau 33.

Cau 34.

Cau 35.

2000

Mot dam vi tring tai ngay thit ¢ ¢6 sb luong 1a N(¢). Biét rang N'(1)= ey va luc déu dam
+

vi trang ¢6 300000 con. Ky hiéu L 1a s6 luong vi tring sau 10 ngay. Tim L ?

A. L=306089. B. L =303044. C. L=301522. D. L=300761.
Loi gidi
Taco: N'(1) = 2220 (1) = | 2000 4/ ~10001n (14 2¢)+ C
1+2¢ 1+ 2t

Lic dau ¢am vi tring ¢6 300000 con = N (0) = 300000

=1000 ln(l + 2.0) +C =300000 = C =300000

= N(£)=1000In (1+2¢)+300000

Khi d6: L= N(IO) =10001In21+300000 =~ 303044 .

Cac chuyén gia udc tinh tbe do nhidm virus Zika la f(¢) =90t -3¢ (ngudi/ngay) véi ¢ (ngay)

va 0<t<25. Tong sb nguoi bji nhidm ké tir ngdy dau tién dén ngay c6 sd ngudi nhiém cao
nhat?
A. 10250 (nguoi). B 12500 (nguoi). C. 3500 (nguoi). D. 6750 (nguoi).

Loi gidi
Chon C

Xétham sé: f (1) =90t -3¢’
f'(t)=90-6: = f'(t)=0 <1=15

Bang bién thién:

t 0 15 20
() + 0 -

£ g 615 T— 0

Duya vao BBT, ngay 15¢6 %) ngudi nhiém bénh cao nhat.

15
.= 3500 (nguoi).

Suyra F(t)= 1J:jf(t)dt = 1f(90t—3t2)dt = (45 1)

Mot cong ty M phdi ginh chiu no voi toc d6 D(¢r) dola mdi ndm, véi

D'(t)=90(t+6)1* +12¢ trong d6 ¢ 1a s6 lugng thoi gian (tinh theo nam) ké tir cong ty bét
dau vay no. Pén nam thir tu cong ty di phai chiu 1610640 ddla tién no. Tim ham biéu dién toc

dd no cua cong ty nay.

A. D(1)=30,(£* +12¢) +C. B. D(r)=303/(# +12¢) +1610640.

C. D(t)=30,(* +12¢) +1595280. D. D(1)=303/(¢* +12¢) +1610640.

¢

Loi giai

Tdc d6 no cua cong ty duoc tinh theo ham D(¢)

D(r)=[90(t+6)Nr* +120 dr = 45 [N +121 d(£* +121) =30,(* +12¢) .

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh Trang 126




I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TICH PHAN VA SO PHUC VAN DUNG CAO

Cau 36.

Cau 37.

Cau 38.

Nam thir tu cong ty chiu s6 tién no 16106040 nén sb tién cong ty vay nam dau la:

161064030 (42+12.4)3 =1595280

Viy cong thirc tinh tién ng: D(r)=30,/(¢* + 12t)3 +1595280.

Sau tran dong dat, mot ho chira nude bi ro ri. Gia st lugng nudce that thoat ké tir khi ho bi ro i
dén thoi diém ¢ (phut) 13 s(¢) (lit), biét ring s'(r)=(¢+1)’. Tinh lugng nudc thit thoat sau 2
(gi0) ké tir khi hd bi 1o ri.

A. 590520 (lit). B. 1590520 (lit). C. 11590 520 (lit).  D. 890 121 (lit).

Loi giai
120 3

Luong nudc tht thodt sau 2 (gid): s(t)= J.(t+1)2 dt = (e+1)

0

120

~ 590520 (lit).

0

Nguoi ta thay nuéc méi cho mot bé boi dang hinh hop chit nhat c6 d sau 4 =180 (cm). Gia
st h(t) 1a chiéu cao cia muc nudc bom duogce tai thoi diém ¢ (gidy), biét ring toc do ting cua
chiéu cao nuéc tai gidy thtr # 1a '(¢) = %i’/z +8 . Hoi sau bao lau day bé?

A. 644 (phat). B 107 (phat). C. 190 (pht). D. 120 (pht).

Loi giai
Chon B

Sau m (gidy) muc nudc dat:

", ! 3 i
h(m):_!.h(t)dt:_([%i/ﬁégdt=m3(t+8) 0

=L(3 (m+8)° —16)
2000
Theo dé: /4(m)=180 (cm)=>3/(m+8)" =120 016 = m ~ 6440,06 (s) =107 (phat).
Téc @) ting trudng clia ban kinh than cdy dugc cho boi cong thic f(¢)=1,5+sin (%tj
(cm/ndm), trong d6 ¢ 1a thoi gian khao sat (tinh theo nim), ¢ =0 1a thoi diém bat dau khao sat;
F () 1a ban kinh cta than cy tai thoi diém ¢ va F'(¢)= f(¢). Tinh ban kinh cta than cdy sau
10 ndm biét ring ban kinh tai thoi diém bét dau khao satla 5 (cm)?
A. 25 (cm). B. 6,5 (cm). C. 20 (cm). D. 15 (cm).

Loi giai
Fity=f()=F()=]f(e)dt = J.{l,5+sin(%tﬂdt = 1,5t—£cos(%tj+C.

T

Thoi diém ban dau: 1=0, F(0)=5 SC=5+2.
T

Ban kinh cdy sau 10 nam: F(10)=1,5.10—3+5+i =20 (cm).
T T
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Céu 39. Ban An bom nudc vao mot bdn chira nude (lic dau khong co nude). Muc nude trong bon duge
tinh theo ham s0 h=h(¢), trong d6 h tinh theo (cm) va ¢ tinh theo (s). Biét ring
K (¢)=</2¢+1. Mitc nuée & bdn sau khi bom 13(s) 1a:
A. %( cm). B. 60 (cm). C. 30 (cm). D. %( cm).

Loi gidi
Chon C
Ta co: h'(1)=/2¢+1 = myc nudc trong bon: A(t)= ji/2t+1 dt :§(2t+1)\3/2t+1 +C (cm).

Ban diu, #=0 nén h(O)=§+C = c:—g :>h(t)=§(21+1)\3/—2t+1 _g (cm).
Muyc nu6e sau 13(s) 1a: £(13) =30 (cm).

Cau40. Goi 4(r)(cm) la myc nuéc & bdn chira sau khi bom nudc dugc ¢ gidy. Biét ring
W (t)= %\S/t +8 va luc dau bon khong c6 nude. Tim myc nude & bon sau khi bom nude duge

6 gidy (lam tron két qua dén hang phan trim).
A. 2,66 (cm). B. 0,55 (cm). C. 3,14 (cm). D. 2,66 (cm).

Loi giai
Thoi gian bom nudc duge 6 giay.
Mirc nuée can tim 14 :
416 4
jh £)ds —j Jre8di =2 (148)s| =—145 -2 22 66(cm)
20 20 5

0
Céau 41. Mot bac tho xdy bom nudc vao bé nude. Goi h(t) (m3) 1a thé tich nudc duge bom trong ¢ (s).
Cho A'(t)=3at’ +bt va ban dau bé khong chita nuéc. Sau 5(s) thé tich nuéc trong bé 1a
150 (m3) Sau 10(s) thi thé tich nuéc trong bé 1a 1100 (m3) Hoi thé tich nudc trong bé sau
khi bom dugc 20 (s) 1a bao nhiéu?
A. 8400 (m’). B. 2200 (m’). C. 6000 (m*). D. 4200 (m’).
— Loi giai

Taco h(t jh j (3ar> +bt)dt =at +%+C

2
Do ban dau, bé khong c6 nuéc nén: 4(0)=0=C=0= h(t)=at +b7 (m3)

a5’ +l.b.52 =150
2 <:>{a=1

Theo dé bai, dugc hé:
b=2

| =h(t)=r+7 (m’).
a.103+5.b.102 =1100

Thé tich nuc sau khi bom dugc 20 (s) 1a: 4(20) =20 +20” =8400 (m’).
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Cau 42.

Cau 43.

Cau 44.

Tai thanh phd, nhiét do sau ¢ gio, tinh tr 8 (h) dén 20 (h) duoc tinh bdi cong thic

f (t) =50+ 14sin1121 (F) . Nhi¢t do trung binh trong khoang thoi gian trén la:

o 14 . 14 o
A. 50—% (‘'F). B. 50-— (F). c 50+— (‘F). D 50+% (‘'F).

Phén tich
Dé giai quyét bai toan thuc té nay ta can nhd dinh 1y gia trj trung binh cua tich phan: Néu ham

b
s6 f(x) lién tuc trén [a,b] thi ton tai mot sb ¢ thude [a,b] sao cho: f(c) :%If(x)dx
—-a

Loi giai
Chen B

Nhiét do trung binh dugc tinh theo cong thurc:

1 20 ‘ 20
_ 50+14sm£ dt:i 50t—14.20057[—t
20-8 % 12 12 T 12

14
=50——.
T

8
Mot tach ca phé c6 nhiét do 95(°C) va can 30 (phut) dé nguoi con 61(°C) trong gian phong
c6 nhigt do 20(°C). Biét nhi¢t do cua tach ca phé giam theo ham f(¢)=—75ke™ véi
k ~0,02, ¢ tinh bang phat. Tim nhiét d6 trung binh ctia tach ca phé trong nira gid dau tién.
A. 60 (°C). B. 74,6 (°C). C. 61(°C). D. 76,4 (c)

Loi gidi

Nhiét d cua tach ca phé gidm theo ham f (t) nén ta tim dugc ham nhiét d§ ¢ phut thi ¢ 1a:
F(t)=]f(t)dt = [(~75ke™)dt = 75¢™ +C
Ban déu, nhi¢t d tach 1a 95(°C)nén: F(0)=95 =75+C=95 =C=20
Ta tim dugc ham F () =75¢™ +20 (°C)
Nhiét d6 trung binh cia tach ca phé trong nira gio dau tién:
1 75 ”

L. (75e’k’+20)dtzi e 120t | ~76,4.
30-07 30\ —k

0

Cac may bay thuong mai thuong bay ¢ do cao khoang 10 (km), va may bay hang nhe bay &
o cao 3000 (m) (so v6i muc nudce bién). Biét cang 1én cao, ap suat khi quyén cang gidm theo
ham p(x)=Pie" (mmHg/m), P, =760 (mmHg), i 1a hé s6 suy gidm &p suat va ép suat phai
chiu cia may bay hang nhe 1a 527 (mmHg). Tim ap suat khi quyén ¢ do cao 10 (km).

A. 286,38 (mmHg). B. 253,49 (mmHg). C. 224,37 (mmHg). D.198,6 (mmHg).
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Cau 45.

Cau 46.

10,600 ) S

Méy bay thrrong mai

8.848 m Everest

7.600

6.100

3.050 L*

FoEE 2,400 m - tryc thing May ey lisng e

Loi giai
Chen C
Ap SUét P()C):J-p(x)dx =I)Oexi +C
P(0)=P, & C=0 = P(x)=Pe"
Ta lai c6: P(3000)=527 < 527=760""" =i~-1,22.10""
Tur d6 ta duge: P(x)= 7602210
= P(10000) ~ 224,37 (mmHg).

Mot gido vién sau khi nghién ciru kha ning ghi nhé ciia nhém hoc sinh khéi 12 vé ndi dung bai
hoc & truong dé on thi THPT QG dd tim dwoc ham biéu thi do “quén” Dbai:

q(t)=0'(x)= t_% (%/thang). Biét rang dé co két qua t6t can nam rd trén 80% ndi dung bai
+

hoc, trong thang dau tién moi ngudi déu nhé bai va chi con 3 thang nira s& dén ki thi. Hoi can

ctr theo nghién ctru trén, nhém hoc sinh con nhé bao nhiéu phan trim kién thirc va c6 dat yéu

cau khong?

A. 70,5 (%), chua dat. B. 86,82 (%), dat.  C. 80,69 (%), dat.  D. 83,36 (%), dat.

Loi giai
Chen D

O(t)=[q(t)dt ==12In[x+1|+C

Trong thang dau tién, ai cling nhé bainén 1=0=0(0)=100 = C =100

Do d6: Q(¢)=100—-12In|x+1| (%)

Theo d¢ ta c6: 0(3)=83,36 (%).

Gia dinh thay Nam c6 viéc dot xuat nén phai vang nha 1 thang. Trong khodng thoi gian do, voi

nuée dot nhién bi hong va nude chay ra voi toe 4o f(¢)= F'(t) = cost +%7z , voi F(1) (m3)

13 luong nude chay sau ¢ (ngay). Luc thdy vé nha (sau 30 ngay) di voi khéa nude ngay. Biét
rang thoi gian bat dau va két thic tinh tién nudc thang méi ciing 13 thoi gian thiy ving nha. S&
tién nudc thay phai tra trong thang d6 khoang bao nhiéu?
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|

DANG 4:
Cau 1.

Cau 2.

A Téng cong gia tiéu thu
Mikc tiéu thu 3
(@/m*)
*1 m’ - 10 m’/hd/thang 4580
*11 m® - 30 m’/ho/thang 5488
*31 m’/ho/thang tro 1én 6849
A. 2 (triéu). B. 1,4 (triéu). C. 1,7 (triéu). D. 2,1 (triéu).

Loi giai

Thé tich la: F f d f 81 il
¢ ti yc la: t)= t)dar = t+— t =|sint+—ut
¢ tich nude 1a: F(¢) _!f() I(cos +257rj (sm +257z]

0

30

~304 (m3)

0
Vi gia tiéu thu nude duogce tinh theo tirmg mire tiéu thu nén sd tién phai dong:
10x4580+20x5488+274x 6849 =1990976.

CAC BAI TOAN LIEN QUAN PEN PIEN

Mot khung day din phiang det hinh chit nhat c6 200 (vong day), quay quanh truc c¢b dinh déi
x(ng nim trong mit phang khung day chit nhat ¢6 kich thirc 10(cm)x10(cm). Cho biét cam

ng tr  B=0,2(T), sudt dién dong duoc biéu dién theo phuong trinh

e(t)=E, COS(IOO?ZT +%) (V). Tur théng qua khung déy tir khoang thoi gian 7, = g dént, =T

1a2.
A. &(Wb). B. i(Wb). C. ﬁ(Wb). D. i(Wb).
S5z 1257 5 250
Loi giai
Chon. C.
Theo dé bai:
®=1007 (rads™), 0= =1=2"_0,02(s)
T w

E,=oNBS = 1007:.200.0,2.% =407(V)

Ta tim dugce ¢, = g =0,01(s), , =T =0,02(s) va phuong trinh suat dién dong

e(t)= 407rcos(1007rt +%}(V)

Tir thong can tim:
0,02 P P
¢= j 407 cos(lOOﬂt + ?j dr = O,4.sin(1007rt + —J

0,01

| :¥(Wb).

Mot khung ddy dan phing det hinh chit nhat c6 500 vong day, kich thude cia mdi khung 1a

0,01

22(cm)x10(cm) va dang quay véi tbe do khong doi 50 (vong/s) quanh truc ddi ximg nam

trong mit phang khung dy, trong tir truong déu cé vecto cam ung tir B vudng goc véi truc
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Cau 3.

quay va c6 do lon SQ(T) , biéu thirc e(t)=E, cos(a)t —%j (V). Suat dién dong cuc dai va tir
T

thong ciia qua khung day tir thoi gian ¢, = %(s) dén ¢, =T(s) la:

A 22042(V), 2?5(%). B. 220V2(V), —2§‘5(Wb).
r r
C. -220v2(V), —22‘5(Wb). D. —220v2(V), 22*f( Wb)
Sm Sw
Loi gidi
Chon. B.
Ta co:
w=27f=1007(rad/s) :>T:51—0(s).

1 1
Ta tinh duogc: t, =—, t, =—, E =wNBS =220v2(V
a tin oc: ¢, 00’ 27507 B ‘/_( )

1
50

07

1

Iy 50
= [E, cos(a)t—%jdtz | 220v2 cos(lOOﬂt—gjdt—zlz()\/_ (100m—%)

4 1

L
100

—_
(=}

- fif (Wb).

60 X . .
Mot vong déy hinh tron c6 ban kinh r=,/—(cm) quay déu véi van toc 20 vong trong mot
T

gidy trong tir truong déu B:%(T). Biéu thoc biéu dién sudt dién dong

e(t)=a)NBScos(a)t—%j(V). Tx théng qua vong day tr tlzﬁ(s) dén 1=t

1 3., - 3
%ﬁtz §4—0j la 1,8104(Wb)Tlm ZZ'
1 ! 1 :
A —(s). B. —(s). 300 P35
A 55) 500 50 5t
Loi giai
Chon. A.

w=2rf =407 (rad/s)
f=20(Hz)= Fo1_1

7—%(5)
2
60 .
S=nmrt= n\/; = 6O(cm2)= 6.10 3<m2)
1 RY/4

E, = @NBS =407.1.—.6.10° = (V)
50 625
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Cau 4.

Cau 5.

153

ty )
¢=[wNBS cos(a)t -EJ dr= | 3—ﬂcos(407rt —fj d=—> sin(407n‘ —fj
) 2)" {625 2 25000 2

4
120

= 3 sin 4012—£]+l
25000 2) 2

Ta co:

$=1,8.10" (Wb) < sin| 4071, ~ % | =1 & 4071, - L = Z k27 1= +k (ke Z)
2 2 2 40 20

Vi LSz‘z <3 nén t2=i(s).

50 40 40

Biéu thirc suat dién dong xuat hién trong vong day 1a e(¢) = 2cos(1007¢ +¢)( V). Biét rang lic
. 2.107 : :
t=0 thi ¢, = (Wb) va 0<gp<7z.Tim ¢.
r

A Z. B. ~. c. = p. Z.

3 6 3 2

Loi giai

Chon. D.

#(t) = [e(t)dr =[ 2cos(1007 +p)dt = ﬁsin(lOOm%(p) (Wb), (C=0)

2.107
T

Taco: ¢, =

Wb) = sin(1007.0+ ¢ :1<:>sin(p:l<:>(p:£+k27r, keZ).
2

DY N \ T
Theo diéu kién: 0 < @ < 7 ta tim dugcp =—.

Khung dy hinh chit nhit c6 100 (vong), dién tich mdi vong la 600(cm’), quay déu quanh

truc dbi ximg cua khung trong mot phut quay duoc 120 vong va dit trong tir truong déu cd
cam tmg tr 0,2(T). Truc quay vudng gbc voi cac dudng cam tmg tir. Biéu thire suat dién dong

A _%%) B _ﬁ(%) C. g(Wb). D. %(Wb)
Loi giai
Chon. B.
Theo dé:
§=600(cm’)=0,06(m’)
f=@=2(HZ) = a):27rf:47r(rad.s'l)'T:l=O 5(s).
60 b f 2

E, = wNBS =47.100.0,2.0,06 = 4,87r(V) = e(t) = 4,87rsin(47rt + go)

= ¢(t) = Ie(t)dt __ 487 cos (4t +@)=—1,2cos(4xt+¢)

47
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Mi = $(0,25)==3(Wb) = cos(r+9) =~ < cos(p) = < o=+ + k27, (k£ Z)

Két hop diéu kién: ¢ = %

Ta tim duoc ¢(¢) = —1,2cos(4m‘ +%j = ¢(%Tj = —l,2cos[4ﬂ.(%.0,5j+%j = —%(Wb) :

Cuong do dong dién chay qua day dan trong thoi gian ¢ 1a:
i(t)=1,cos(wt+¢p)(A) hodc i(t) =1, sin(wt+¢)(A)
bién luong qua tiét dién S':

q(1)=[i(e)dr (C)

)
Dién lugng qua tiét dién S trong thoi gian A dén t, la: g= Ii (t)dt (C)

4

Cau 6. Dong dién xoay chiéu c6 phuong trinh i = 2sin1007¢(A) qua mét khung day. Dién lugng chay
qua tiét dién déy trong khoang thoi gian tir 0 dén 0,15(s) la:

3 4 5 6

A Toox (©): " 1007 (©)- © Toox (©): D 00z (©)-
Loi giai
Chon. B.
. 0,15 0,15 1 0,15 4
bién lugng can tim: ¢ = j idt=2 I sinl00ztdt = ———cos100zt| = —(C)
0 0 507 0 100z

Cau7. Dong dién xoay chiéu c6 phuong trinh i(7)=2co0s1007¢(A) qua mot day dan. Dién luong

chay qua tiét dién day trong khoang thoi gian tir t, = % dén t, = % la:

1 1 1 1

A. —(C). B. —(C). C. —(C). D. —(C).

507T( ) 50( ) - 5072'( ) 50( )
Loi gigi
Chon. C.
w=2_”:>T=2_”=L(S)

T 100z 50

1 1
Tu do6 ta tim duoc: ¢, =—— =—
r d6 ta tim duoc: ¢, 500 (s), ¢, 100 (s)
1
Pién lugng can tim: ¢ = Ti(t)dt=Lsin1007zthO = —L(C).
o ’ 507 1 507

200
. 3 ) 2 2
Cau 8. Dong dién xoay chiéu hinh sin chay qua mot doan mach c6 biéu thire i(¢) =1, cos (TﬂtJ(A) )
Dién luong chuyén qua tiét dién thing cua day dan doan mach trong thoi gian t,=0 dén t=0

Va1, =0 dén 1, = % ln luot 1a:

AL g B LT . c. 2 o p. LT .
0] 27 1T 2
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Chon. A.

Ta co:
r
4

q= JIO cos(z—”tjdt = LT =I—°,
0 T 2 @

q:

r
i
0

1 cos(z—”t
T

~—
o,
-~
Il
(e
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BAT PANG THUC TiCH PHAN
VA MOT SO BAI TOAN LIEN QUAN

A. KIEN THUC CO BAN

Cho céc ham sé y = f(x) va y = g(x) c6 dao ham lién tuc trén [a;5]. Khi do:

. Néu f(x)2g(x) véimoi xe[a;b] thi j.f(x)dxzjlg(x)dx

b
. Néu f(x)20 v6imoi xe[a;b] thi J.f( )dx > 0. Hé qua: If Jdx=0< f(x)=0.

b

b 2
. Bét déng thirc Holder (Cauchy — Schwarz): Uf(x)g (x) de < jfZ (x)dxj-g2 (x)dx.
Ding thirc xay ra khi va chi khi f(x) = kg(x) voi keR.

B. BAITAP

Caul: Chohamsd y=f(x) c6 dao ham lién tuc trén [0;2] ddng thoi thda man diéu kién f(2)=2,
2 2 2
[ 3 (x)dx=0.va [ f'(x)] dx=10. Hay tinh tich phan 7 = [ " f (x)dx ?
0 0

0

Loi giai

oL 2 1o
Ta c6: 0=5'(|).f(x)dx =% f(x)

(2)—%.2[)62f'(x)dx:> Z[x2f’(x)dx=8 .

Cich 1: Két hop }[f'(x)]2 dx =10, ixzf'(x)dx=8 va
0

0

S e

xtdx = % ta duoc:

H[f'(x) 2—£x2f'(x)+%x4}d ~10-2242 £=0©ﬂf'(x)‘%x2} dx=0< f'(X):%x2 .

2 2 16 5
2 2

Cich 2: 64=U x] j j[f :—10 64 . Pang thirc xay ra khi: f'(x)=kx’.
0 0 0

2 2
Vi8:Z[xzf'(x)dx=kz|;x4dx=%k<:>k:%:> f'(x):%x2 .
e 5¢° 4] o o . ¢ 8
Khi do: f(x)=E—§ vi f(1)=2.Khi d6 thay vao tich phan I:Ix f(x)dx=§.
0
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Céu2: Chohamsd y=f(x) cé dao ham lién tuc trén [0;1] dong thoi thoa man diéu kién f(1)=2,

1 1
If(x)dx:% I :|dx——5 Hay tinh tich phan [ = Ixf )dx ?
0 0
Loi giai
T Lo d L )dx=2- )d. o d. >
aco.g—_([f(x) x—xf(x)o _([f( X = Ixf x<:>_([xf (x) x—g.

1 1 1
Cich 1: Két hop .([[f'(x)]z dx :§, jxf'(x)dx :g va .([xzdx:% ta duoc:

0

j)‘{[f'(x)]z—IOXf'(x)+25x2}d ?—53—0+§ Ocj).[f'(x)—Sx]de:O(:) f'(x)=5x )

Cach2: B[ [ d2<12d1 ()P dr=t22 222 pingth kh = kx
ac P s Ixf(x)x _Ix x”:f(x)] x—g?—? ang thire xay ra khi: f'(x)=/kx.

1 1
Vi %zjxf‘(x)dx:kj.xzdx:%k@k:5: f’(x):Sx .
0 0

. 5x° 1 [5x°
Khi do f(X) T—E J. dx -([T——d

7!'

Cau3: Cho ham s y=f(x) c6 dao ham lién tuc trén [ ;2} dong thoi thoa méan j f*(x)dx=3m,

I:f”(x):r dx ?

=R
SR SSTE]

(sinx—x)f’(gjdx =61, va f(%) =0 . Hay tinh tich phan I =
Loi gidi

(sin2x—2x) f"(x)dx = |(sin2x—2x)df (x)

S t—o |y
o'—,w‘ﬁ

Taco 3n:j(sinx—x)f'(

0

)

N |

T 5 b b
& 3m=(sin2x-2x) f(x)[2 + 2](1 cos2x)f(x)dx:4J.sin2 xf (x)dx < J.sin2 xf(x)dx=?%r .
0 0 0 0
g b 3 2 3
Cach 1: Két hop J.f2 (x)dx=3m, Isin2 xf(x)dx:T va jsm xdx—g ta duoc:
0 0 0
1
I —8sin” x/'(x)+16sin’ x}dx 0<:>I —4sin’ x} dx=0<|f(x)=4sin’x
0
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T

2
sin xf (x) dx = k [ sin* xdx :?—Zk & | f(x)=4sin® x].
0

3x
4

O'—.N\§

Diéng thirc xdy ra < f(x)=ksin’ x. Vay

Khi d6: f(x)=4sin’ x=2(1-cos2x)= f'(x)=4sin2x = f"'(x)=8cos2x.

cos’ 2xdx =0.

o'—.N‘:‘

Thay vao ta duoc: [ = j.[f”(x)]3 dx =512
0

Céu4: Chohamsé y = f(x) c6 dao ham lién tuc trén [0;2] dong thoi théa man diéu kién f(2)=1,

2 2
2'). % {[f' ]abc——2 Hay tinh tich phan 7 = If dx‘?
Loi gidi
f 2 1% 5, Ty 32
Taco—:.([ — (x)o—gox3 ()dx©£x3f(x)dx=?.

2 2 2
Cach 1: Nhu vay: I[f‘(x)]4 dx:%, J.x3f’(x)dx:% va Ix“dx:Q.
0 0 0
Mit khéc 4p dung bét déng thitce AM — GM ta c6: [ f'(x)] +x* +x* +x* 2427 ().

2
Do vay: I[ f :| dx + 3I xtdx >4 j X f dx Ma gia trj ctia hai vé bang nhau.
0

2 2
Nhu véy ton tai ddu bang xay ra tac la: f'(x)=x:>f(x)=%+% do do I=J.f(x)dx=
0

w3

Cach 2: Ta 4p dung hai 1an lién tiép bét dang thirc Holder:

1048576 [j f(x j U 4de [j 11 )]zdezS(Ex4de3i[f'(x)]4dx=10‘2276

Déu bang xdy ra khi va chi khi: f'(x)=kx.

2
Cau5: Cho ham sb y=f(x) c6 dao ham lién tuc trén [1;2] dong thoi thoa méan Ix3f(x)dx:31.
1
Tim gia tri nho nhét cua tich phan 7 = I f dx‘7

Loi giai
Ta c6 ap dung hai lan lién tiép bét dang thirc Holder ta duoc:

1= @f f(x)dxj < Gx“dsz ze f? (x)dsz < Ux“dxj j [ (x)dx= j S (x)dx>3875|.

1 1

2
Ping thirc xay ra khi f(x):kx nén k_[x4dx:3l<:>k:5<:> f()c):Sx2 .
1
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|

Cau6: Cho ham s6 y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man céc diéu kién sau:
i[f(x)f (x)] dr<1; £(0)=1; £(1)=+/3. Tinh gi4 trj cua fej =9
Loi giai
Ta ap dung bét ding thire AM — GM ta duoc:
2> j:{[f(x)f'(x)]z +1}dx> 2if(x)f'(x)dx:f2(x) :):fz(l)_fz (0)=2

Nhu vay dang thirc phai xdy ra te la: f(x) f'(x)=1= jf(x) f'(x)dx =j1dx: f(x)=+2x+2C.

Ma f(0)=1; f(l):\/g nén ta suy ra | f(x)=~/2x+1|. Vay f(%jzﬁ
Cau7: Cho ham sb y=f(x) c6 dao ham lién tuc trén [1;2] ddng thoi théa man cic didu kién sau:

j[x{;f() v<21; f(1)==; f(2)=1. Tinh gié tri cia f@j:?

ool»—‘

Loi gidi
Ta ap dung bét ding thire AM — GM ta duoc:

422?{[;(4) +9x }dx 6_[f () 6

xS s
Nhu vay déng thirc phai xay ra tirc 1a:

2 (11
6(W_WJ:42
=32 = | ((’;))d = [3xdx = f(x) =

3) 8
Vay f| =2 |=—.
'Yf(zj 45

cC-x*"

o 10)=L: 12121y 0

9—x°

Cau8: Cho ham s6 y=f(x). Do thj cia ham s6 y= f'(x) nhu hinh

vé& bén. Dat g(x)=2/(x)+(x+1)". Ménh dé nao dudi day
ding sao cho sao cho ton tai s6 thuc m thoa man

j[%—g(x)}dx=0. %

-3

A. 6g(l)<m<g(-3)

C. 3g(1)<m<3g(-3)

B. 6g(1)<m<6g(-3)

D. —3g(1) <m< 3g(—3)

Loi giai
x=-3
g'(x)=2f’(x)+2x+2:>g'(x)=0<:>f'(x)=—x—1<:> x=1
x=3

Lap BBT ciia ham s6 y = g(x) nhu hinh v& bén.
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gz 4 ] ] - ]

alr)

Dua vao bang bién thién = g(1) nho nhét trong céc gia tri g(-3), g(1), g(3).
Ta co:

Sl>Sz©2j[—x—1—f ]dx>2j[f +x+1]dx<:> Jg dx>Jg

<g(3)-g(1)>g3)-g(1) = g(—3) 2(3)= min, max ciia g(x) trén [-3;3] lan lugt 1a g(1),

g(-3)=|6g Ig )dx < 6g(-3)|. Ma j.[ﬂ—g( )}dx 0 2m= jg

= Pé phuong trinh da cho c6 nghiém < 3g(1) <m< 3g(—3)

Cau9: Cho ham sé y= f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man cac diéu kién sau:

j)- x;'((xx))dle; £(0)=1; f(1)=¢". Tinh gia trj clia f(%):?

Loi giai

Cich 1: Ap dung Holder: 1<[ \/7de < xde' A x)) dx = %ln j]:(((l))) =1
(x

' 1 '
Vay ding thirc xay ra khi va chi khi: S (x = kx . Thay vao I xf—(x)dx =1 tadugc k=4.

/(%) AAC)

I )=4x:> Inf(x)=2x"+C| ma f(0)=1 f(1)=¢’ nén C=0 véy f(x):e2x2:>f(1j=\/2
X

2

Cich 2: Ap dung AM — GM: 23@@ % xS%@4xdx+I&j)de:1+%1n&:2_

/(0)

x=|lnf(x)=2x"+C| ma f(0)=1 f(1)=¢’ nén C=0 vay

JACI
IO

Ding thirc xay ra khi va chi khi

f(x)=e :f@:&.

Cau 10: Cho ham sé y = f(x) c6 dao ham lién tuc trén [0;2] ddng thoi théa man diéu kién f(2)=16,

jxf(x)dx=ﬁ va J.[f ] dx = 115 . Hay tinh tich phén [ = If

Loi giai
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2 2 o 2

64 ¢ X x X 1 t o 192
Cach 1: ?:2[ (?ngf( ) —-([?f( )dx 32—5-([ f(x)dx:> v([.)sz‘ (x)dxz?
Két hop .H:f ] dx——2 szf' 192 s jx4dx=3—2 ta duoc
5 79 ) 5 '
2 2
J[Lr ()] -1227(x Jrséacqcz)c:@—lzg 36. %zO@I[f’(x)—6x2T:O<:> 7'(x) =627
0 0
36864 (1 ' . 32 1152 _ 36864
Cich 2: == = <[x'd dy = 36864
[ } xJ[f )] >
° 32
Déu "="xdyra < f'(x)=hk. Ma—=_[ X)dx = k_[ 4dx——k:>k 6= f"(x)=6x"
0

Cau 11: Cho ham sé y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man diéu kién f(1)=1,

1 1
_(!.x5 (x)dxz% va _([f'(x)d(f(x)):%. Hay tinh f(2)?
Loi giai

T . 1 6 6 1 L6 1 . 2

Cich 1 %=£x £ )dx=£f( ) (?J=?f( )O—J;?f (x)dx = _([xf(x)dx:B
1 1 1
Lai c6 I[f’(x)d(f(x))=%<:>_([[f’(x) 2a’x=%.KéthopV0i !xlzdx=— ta duoc
j[[f'(x)] —4x6f'(x)+4x12}dx:i— .£+ L:0<:>j‘[f’(x) ] dx=0s|f"(x)=2x°
0 3 13 13 0
, 4 (L. ’ 1 4 4
Cach 2: @=(2|:x6f (X)dXJ J. ldeI[ :I dx =— 3 E:@
; q : o s 2 D _ 2 , :
Dau "=" xdyra < f'(x)=hkx*. Ma —3:I dx<:>k_[ dx—l3<:>k 2= |f'(x)=2x
0

Cau 12: Cho ham s6 y = f(x) xéc dinh va lién tuc trén c | o 1 )

[0;2] va c6 bang bién thién nhu hinh bén. Hoi | p(a) + 0 -

¢ bao nhiéu gia tri nguyén cia m dé théa min 7

2
didu kién [[ f (x)—m]dx=0. f(@) / \
0
, Loi gidi =5 =3
Duya vao bang bién thién ta co:
ma;z{z( x)=7 | )
mlnf _([ _[ )deI7dx.

xe[O 2]

Hay: —10<If )dx <14 . Mat khac I[f m]dx=0<:>2m=j.f(x)dx

Nhu vay de phuong trinh c6 nghiém < -10<2m <14 < -5<m< 7 Vay c6 13 gia tri m nguyén thoa
mén yéu cau dé bai.
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|

Cau 13: Cho ham s y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi thoa man diéu kién f(1)=2,
1
I =li I :| dx——9 Hay tinh tich phan 7 = jf dx‘?
0
Loi giai
31 sl L1 s, Lt s, 7 s 7
H=§£f(x)dx =§x ( )0—§0x ( )dx@;!xf(x)dx=§© _([xf (x)dxzﬁ.
Cich 1: Kéth j[f'(x)]2 =2 jx5f'(x)dx=l va jxwdx:i ta dugc:
' o ) 14 1 11 .
(T orr T2 49 98 49 (o 2 ,
!{[f (x)] —14x°f'(x) +49x l°}d _H_HJFH:O@!U (x)-7x" ] dx=0|f'(x)=7x"|.
. G I I S b bt 149 49
Cach 2: Ta co: E:u‘xf (x)dx] S!x dx![f (x)] dx = RESEELIE
1
Ding thirc xay ra khi: f( =hx. V1 I x)dx = kJ. l0a’x——k<:>k 7= f'(x):7x5 .
0
7x6 5 1 l 6 5
Khi d6: | f (x)=——+=|vi f(1)=2.Khid6 thay vio tich phan I = [ f (x)dx= j—+ dx=1.
6 6 ) )6 6
1 x(l—n)
Cau 14: Tinh gi6i han: lim [~——dx ="
o 1+e
Loi giai
1 x ex ne—nx nex(l—n) nex(l—n)
Ta c6 voi x €[0;1] thi —< <— < <
2 l+e" 2 2 I+e" 2
1 (1-n) (l—n) _n 1 x(1-n) 1— 1-n
Do do: limj. dx<hmj dx<hmj dx = lim = < [= sn( )
0 1+¢€ Z(n 1)
(l n) 1 x(1-n)
Vay l<hm dx < — cho nén ta suy ra |lim e a’x=l .
2 +e* o 1+e 2

b
Cau 15: Tinh gi6i han: 1imj(1+x+x2+...+x")dx voi O0<a<b<l.

Loi giai
b b 1 b n+l 1 a b xn+1
Tacoj l+x+x*+...+x )d =J‘ dx—J. dx=In—— dx.
a 1-x ° 1-x -b J1-x
Ma 0<I X" dx<ij”*ldx—;—>0 Va limj.(1+x+x2+ +x”)dx—1n1_—a
N T(-b)(nv2) M|
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Cau 16: Cho ham s6 y= f(x) c6 dao ham lién tuc trén [1;2] ddng thoi théa man cac diéu kién sau:

J[f dx<24; f()—1;f(2)=16.Tinhgiatricﬁaf(ﬁ):?

Loi giai
Ta 4p dung bat dang thie AM — GM ta duoc:

oG o] L

Nhu vay déng thirc phai xay ra tirc 1a:

M: x:mx: xdx = ¥)=x"+C= f(x)=(x+ 2.
Troy = L [t VT = 0= 7 =(+)

APt -7 -

Ma f(1)=1 £(2)=16 néntasuyra | f(x)=x"|. Vay f(~2)=4.

Cau17: Cho ham sé y = f(x) c6 dao ham lién tuc trén [—1;1] dong thoi théa méan didu kién f°(x)<1
1 1
véimoi xe[-1;1] va [ f(x)dr=0. Tim gia tri nh6 nhét ctia [ % f (x)dix?
—1 -1
A. —l B. 1 C. _2 D. -1
2 4 3
Lo gidi

Tadatlzszf )dx =|1|= ‘j X —a)f(x dx<ﬂx ~a|f(x) \dx<ﬂx ~a|dx VaeR.
-1

Do do ta suy ra |1 | < miu? I ‘xz - a‘ dx . Dén day ta chia bai toan thanh 3 truong hop nhu sau:

2 2
< - 2_ —min| £-24|=2
Tl'll’O'llg hO’p 1: Neu a <0 thi lzlelll%l-[‘x aldx = l’il(lgl:[(x a)dx 1’213131(3 2aj 3 .

Trwong hop 2: Néu a >1 thi mln”x —a|dx = mmj( 2)dx:min(za—gj:i.

acR a>1 | axl 3

—a Ja
Trudng hop 3: Néu a €[0;1] thi miﬂg“x2 —aldx = min{ J. (x2 —a)dx+ j (a—x2)dx+ j‘ (x2—a)dx]
ae ° ° i

ae[O;l]
[/ 3 _ 3 3
<:>m1n”x —aldx = min x——ax \/;+ ax—x— \/E + x——ax
acR aclo;1][ | 3 _ 3 _\/g 3

SaJa 2}1.‘,.1

5

1

5

<:>m1n”x —a|dx = min
acR aE 0 l] 3

—2a+=|=— khivachikhi a=—.
3 2

N

Két luan: Nhu vay min”x2 —a‘dx:l do dé |I|Sl:> minf =—~|
acR Y 2 2 2

Cau 18: Cho ham s6 y = f(x) c6 dao ham lién tuc trén [0;1] dong thoi théa man f(x)e[-8;8] voi

1 1
moi xe[0;1] va [xf (x)dx=3. Tim gid trj 16n nhit ciia [x°f (x)dix?
0

0
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A2 B. 3L c. p 7
16 3 8
Loi gidi
1
Tadit 1 =[x f(x)dx khi do: |[-3d| =

0

j.(x3 —ax)f(x)dx

0

< ”x3 —afo(x)‘dx

aeR

:>|I—3a|£8j.‘x3—ax‘dx ‘v’ae]R:>IS3a+8j.‘x3—ax dx ‘v’ae]R:>ISmin(3a+8j.‘x3—ax‘dxj.
0 0 0

a<0

1 1
Trudng hep 1: Néu a <0 khi do 21%{3a+8_([‘x3—ax‘dezn}g{3a+8_([(x3—ax)dezmin(2—a):2

1 1
Trudng hep 2: Néu a >1 khi d6 m1n[3a+8ﬂx3 —ax‘dx]:min[3a+8j.(ax—x3)de:min(7a—2):5
0 0

aeR a>1 a1

Trudng hgp 3: Néu a €[0;1] khi d6 ta c6 danh gié sau:

Ja
1?116%1(3a+8hx3—ax‘dszgl[(ig}][3a+8j(ax—x3)dx+8j(x3—ax)dx]zgl[(i)%(4a2—a+2):%
Két luan: Vay Izlelél(3a+8ﬂx —ax‘dx]—%:>1<% Ping thire xay ra khi a_% ]:%>3a_%

Cau 19: Cho ham s6 y = f(x) lién tuc trén [0;1] dong thoi théa man cac diéu kién sau: n[})%]x‘ f(x)|=6
l 4 1 N
va [x’f(x)dx=0. Gid tri 16n nhit cita tich phan [x*f(x)dx bang bao nhi¢u?
0 0
3(2-3/4 _3
- ( ) c 24 1

]
8 4 " 16 "4
Loi giai

A.

1
Ta ¢ véi moi s6 thyc a e R thi J.axzf(x)dx =0 do do:
0

j.x3f(x)dx = j.(x3 —axz)f(x)dx Sj.‘)f —axZHf(x)‘de6j.‘x3 —axz‘dx VYaeR
0 0 0 0
Do do: j.x3f(x) dx| < min 6J1.‘x3 —axz‘dx :rgleiﬂ?g(a). Téi day ta chia cac trudng hop sau:
0

Trudng hep 1: Néu a <0 thi X’ —ax’ =x’(x—a)20 Vx e[0;1]. Khi do:

1 1
:6.([‘)53_axz‘dx=6.([x3_axzdx:6(i—%j:>nal<iglg(a)=%
Trudng hep 2: Néu a1 thi X’ —ax’ =x* (x—a)<0 Vxe[0;1]. Khi do:
1 1
g(a)=6£‘x3_ax2‘dx=6jax2_x3dx=6(%—%):>n‘}>llng( ) %
; , ., 2a*-4a+3
Truong hop 3: Néu ae[O 1] thi f( )= Hx —ax ‘dx 6J.ax - X dx+.|. —ax dxzf.
0

T

.(2a4—4a+3jz3(2_\/z) 1 3 . M.
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SM: rf(l)%]xj).ff(x)dx:M :

1
ijf(x)dx
0

Cau 20: Chohamsb y = f(x) c6 dao ham lién tuc trén doan [0;1] thoa man 3/ (x)+x/"(x)>x™" voi

Ix3f(x)dx

0

Srgleiﬂ{lg(a):

Do vay:

1
moi x €[0;1]. Gié tri nho nhat cua tich phan j f(x)dx bang:
0
1

A. 1 B. 1 C. __t D.—
2021x2022 2018x2021 2018x2019 2019%x2021
Loi gidi
Ta co: 3f(x)+x.f'(x) > = 3x2f(x)+x3f'(x) > x>
t2018
>

= [x3f(x)]’ > " = j.[x3f(x)}, dx > szozodx Vte [0;1] = f(t) Z S 0a

1 L2018 !
Khi do = [ f(x)dx> [2—dx= L Gi4 trj nh6 nhét cua tich phin [f(x)drla ————r.
) 22021 2019.2021 ) 2019.2021
1

Cau21: Cho ham sé f(x) c6 dao ham lién tuc trén [0;1] thoa man f( )=O,j[f'(x):|2dx:
0

LI
va
11

1 1

Ix“f(x)dx:—%. Tich phan If(x)dx bang

0 0

A B. c._ D. -
7 7 55 11

Loi giai

5 1
%f’(x)dx .Suyra jxsf'(x)dx = 11—1 . Hon nira ta dé dang tinh duoc
0

[
S C—y —

%.Do do _([[f’(x)]zdx—2j0'x5f’(x)dx+£(x5)de=0@![f’(x)—xs]zdx:O.
lx6+C Vi f(1)=0 nén C=—l \% jf(x)dx:j‘xé_ldx:_—l
. < Vay 0 . -

0

j;(xs )zdx =

Suyra f'(x)=x",dodo f(x)—6

1
Céu 22: Cho ham sb f(x) c6 dao ham lién tyuc trén [O;l] thda man f( )=O,I[f'(x)]zdx:%—21n2
0
1 1
va J‘Lx)zdx:ZInZ—g.Tich phan jf(x)dx bang
0(x+1 2 7
1-2In2 3-2In2 3—4In2 I-In2
C. D.
2 2 2 2
Loi giai
1 1 L
e e N G I B el
Ta co: dx = d1-——|=||l-——— | 1-— dx .
40 ‘([(x+1)2 * !f(x) x+1 x+1 /() . ! x+1 S () d
1
Suy ra I(I—L)f’(x)dx=§—2ln2. Hon nita ta tinh duoc:
x+1
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|

1

O (B o e |

Do d6 i[f x) ] dx— 2!(1——)[’(x)dx+f(l—ij dx = o®j{ +ﬁ—1} dx=0.

0

:i—2ln2.

2

Suy ra f’(x)zl—%,dod(’) f(x)=x—In(x+1)+C.Vi f(1)=0nén C=In2-1.
X
1 1
1
Tad x)dx=||x—In(x+1)+In2-1|dx=—-In2.
aduge [ f(x)de= [[x=In(x+1)+in2-1]dv =

Cau23: Cho ham sé y= f(x) nhén gi tri khong 4m va lién tuc trén doan [0;1] dong thoi ta dit

g(x)=1+jff(t)dt.Biét g(x)é f( ) v&i moi xe O l] Tich phan j

0

dx c6 gid tri 16n

nhét bang:
A. 1 B. 1 C. ﬁ D. 1
3 2 2
Loi giai
bit F(x)zjf(t)dt:g(x)=1+F(x)S f(x) ‘v’xe[O;l]:> il (x) >—120 ‘v’xe[O;l]
0 (F(X)+1)
:>h(t):j L)Z—l dx=1—t- ! 1a ham s6 ddng bién trén [0;1] do vy ta c6 danh gia:
ol (F(x)+1) F(1)+1
(1 1
h(x)>h(0) Vxe|0;l|=1-x— >0 <l-x Vxe|0;1 —dx<—|.
(x)=h(0) xe[,]:> X Pl :F(X)‘Fl X xe[,]:!g(x)x 5
Ciu24: Cho ham s6 y=f (x) nhédn gid tri khong am va lién tuc trén doan [O,l] dong thoi ta dat

g(x)=1+3[ f(¢)dr . Biét g(x)= *(x) véi moi xe[0;1]. Tich phan j,/g(x)dx c6 gia tri
0 0

16n nhét bang:

A B. 2 c.’ .2
2 3 4 5
Loi gigi

Pt F (x)= [ £(1)di = g (x) =1+ 3F (x)2 1 (x) Ve [0:1]= ——C) 120 vee[or]

0 3F(x)+1

ff F'(x) 2 P S S oY A .
:>h(t)=j ——————1|dx==,/3F(t)+1—¢—= 1a ham s0 nghich bién trén [0;1] do vay ta co:

o 3F (x)+1 3 3

1
h(x) < h(0) Vxe[O;l]:%,/3F(x)+l—t—%SO: 3F(x)+1£%x+l vre[01]= _([Jg(x)dxﬁ% .

Cau 25: Cho ham sé y= f(x) nhén gi4 tri khong 4m va lién tuc trén doan [0;1] dong thoi ta dit

x2

1
g(x)=1+ [ f(r)de. Biét g(x)=2xf(x*) voi moi xe[0;1]. Tich phan [g(x)dx c6 gid tri
0 0

bang:
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|

A. 2 B.3 C. 4 D. 1
Loi gidi
2 2
bt F(x jf )dt = g(x)= 1+F(x2)22xf(x2)Vxe[O;l]:>lji(();z))—ISOVxe[O;l]
e 2xf ‘ Dz
_[ 1+F ln(1+F( )) Jt 1a ham sé nghich bién trén [0;1] do vay ta co:
0

h(x)<h(0) Vxe[o;l]:>1n(1+F(x))—J§soz>1+F(x)3eﬁ Vxe[0;1]= jg(x)dxsz :

Ciu 26: Cho ham sb y= f(x) nhan gi4 tri khong 4m va lién tuc trén doan [0;1] dong thoi ta dit

g(x) 1+2J.f t)dt . Biét g(x)2[ f(x ] voi moi x €[0;1]. Tich phan _N ] dx c6 gia

tri 16n nhit bang:
A. 2 B. 4 C. 4
3 3

Loi giai
Tadat F(x)=[ f(¢)dt khido g(x)=1+2F (x)=[f(x)] vxe[0:1].
0

&—130 Vxe[o;l]Q&—lso vx e[0;1].

Do va
o Y1+2F (x) Y1+ 2F (x)

t !
Xét ham s6: h(t)=[ &—1 dx=3(31+2F(z))2—t—3 Vt €[0;1] 1a ham nghich bién trén
o\ J1+2F (x) 4 4

[0:1] cho nén (¢) < 4(0) Vte[o;l]:%(z 1+2F(t))2—t—%so<:>(3 1+2F(t))2 Sgt+l vee[0:1].

Do do: (3 g(x))2 S§x+1 Vxe[O;l]:i%/I:g(x)deSI(§x+ljdx:> j.%/[g(x)deS% . Chon A.

0

Cau 27: Chohamsb f c6 dao ham lién tuc trén [1;8] dong thoi thoa méan diéu kién:

L ]dx+2jf =—jf jx—l)d

—_—
(i8]

Tinh tich phan J.[f’(x)]3 dx bang:

1
8in2 5. 2 4
27 27 3
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:i{%ﬁﬂ di=0=|f(1)=RF -1]= j[f’(x) ae=121 Chon A.

1
Cau 28: Cho ham s f(x) c6 dao ham duong, lién tuc trén [0;1] dong thoi théa man cac diéu kién

f(0)=1va 3j[f’( }dx<2j.1/ x)f (x)dx . Tinh tich phan jf )dx?

A. 3 B. C. 2 D.
2 6

|

3
4
Loi giai

1 2
Theo bat dang thirc Holder ta c6: [J.Jf’(x)f(x)dx] <

1

Nhu viy: 9“{f’(x)f (x)+ ;}de <4jf )dx@9(ﬂ fz(x)_l}deZSO.

0

1’ (x)f2 (x)dxj.ldx .

S —

O

Dods: /'(x)/* (¥)=2= /()= w1 [ P (w)ac=]

Cau 29: Cho ham sé f(x) c6 dao ham lién tyuc trén [0;1] dong thoi thoa man céc diéu kién £(1) =%;

If(x)dx=% va j).(x—l)\/l+ ~(f'(x)) dx——% Tinh tich phan jf )dx ="

xX—

Mit khéc: 2(l—x)\/1+ a
x=2 x=2

g 2 _4 , ‘ , 2
Tlchphanhalveta:§S§+J‘ al (f(x))zdx:.[2i (f(x))zdxﬁg.

—X - X

Ap dung Holder: (;fxf’(x)dxj :g=U x(2-x) 2x f’(x)dx} sj].x(2—x)dxj;2x (f’(x))zdx-

( '(x))zdngnéndéubéng o fl(x)=2-x= f(x)= 2x——:>jf2 dx—53

0

60
Cau 30: Chohamsd y = f(x) c6 dao ham lién tyc trén [0;1] ddng thoi thoa man diéu kién £ (0) =2

va 21(x* 1) =12(x—1)" ~12xf (x) =[ £'(x) ] Vx €[0;1]. Tinh jf(x)dxz?

A B2 c. -2 p. -2
4 3 4

Loi giai

Ta ¢ 21(x2 —1)2 —12(x—1) —12xf (x [f ]
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_—6if(x)d(x2 —1):j).[f'(x)]2 dx :—%+6i(x2 —l)f'(x)dx :j[f'(x)]Z dx

0

1
:>I[f'(x)—3x2 +3]2 dx=0= f(x)=x"—3x+2.Chon dép an A.
0

Cau3l: Cho ham s6 f (x) cO0 dao ham lién tuc trén [0;1] théa man
1 1 2 1
[(£1(3)) dv=[(x+1)e"f (x)dx =5 4‘1 va f(1)=0. Tinh [ f(x)dx=?
0 0
A. 2+e B.2-¢ C.e D.1-e¢
Loi giai

jx+1 e f .:[f(x)d(x.e"):—.:[x.ex.f'(x)dx

(f( dx——jxe S (x dx— =jx2.e2xdx
(f'(x) dx+jx2.ez"dx+2j.x.e".f x)dx = O:>j( )+x.e' ) dx=0
= f'(x)=—xe = f(x)=¢ (x—l):jf(x)dx:2—e.Chondép an B.

Cau32: Cho ham s6 y=f ( c6 dao ham lién tuc trén [0 1] dong thoi thoa man didu kién

)
L ]2 1

f( J‘ :—1 Tinh tich phan [ = Jf dx=?
0 €e—

e—2 e—1
e—1 Te-2 ) ) (e—l)(e—2)

A.

1
Theo bat dang thirc Holder ta c6: j
0

J 1

Ding thirc xay ra khi va chi khi: / (x) k\/_<:>f( ) J-f'()c)a'x=1:>k=L
\/e_ 0 €—

e"+C . e -1 _ e—2 o

" .Maf(O)zO,f(l)zlvaf(x)ze .Vay[ze . Chon dap an A.

e— — —

vay f(x)=

Cau 33: Cho ham sé y = f(x) dwong va lién tuc trén [1;3] théa man n[}e}l]xf( x)=2; 1%1113nf( x)= ; va

3 3
biéu thic S = j € dxj dx dat gi4 tri 16n nhat. Khi d6 tinh j f(x)dx?
1 1

S (x)
B.

X
Bl
2

D.>
5
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! Sg—f Sj. dx j——f . Ta tim duogc maxS—é khi If =§
f(x) 2 1 4 2
Cau 34: Cho ham s yzf(x) c6 dao ham lién tuc trén [0'1] dong thoi f(O) (1)=1 va

; mn 1C an ( ) én

j[f ] 1+x°d ln(1+\/§) Tinh tich ph4 jmdxb g?

A (1447) B 2N (1442)

C.%ln(1+\/§) D. (vV2-1)in(1++2)
Loi giai

1 2
Theo bt dang thic Hold 5: ( J1+x%d _d > =
€0 bat angtu:c older ta co .([I:f ] + X xj 1+ X =2 |:jf i|

1

I\/%dx ln(x+\/E) (1+\/§)

Véy dang thire xdy rakhi f'(x)/1+x = d < f(x)= u

Y1+ x? 1+ x?

Mat khac

] ! I+ X7 |+
V1£f( x)dx=1 nén k— (1+\/_) Vay f(x)= ln(1+\/§) (x V1 ) C
|s(0)=0 x) 5 -

Vi {f(l):l nén C=0. Dodoj.m ——ln(1+ ) Chon dap an C.

1
CAu 35: Tim gid tri nho nhét ctia S = [|x* — ax|dx v6i a €[0,1]
0

eSS g Y21 o 22 V-
6 3 —3 -
, , Loi giai
Ph4 dau tri tuyét doi ta c6
1 a 1 _ 3 2 a 3 ) 1 ~
S=Hx2—“x‘dxz‘j(xz_ax)dx+f(x2—ax)dx= = el (2 e’} _2d’-3a+2
0 0 e 3 3 ), 33 ) 6

Cau 36: Cho hamsd y=f x) nhdn gia tri duong va ¢6 dao ham lién tyc trén doan [0;1]va thoa man

(
1

=e, I dx <1. Tim ménh dé dung
5 f

e e i

Loi giai
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=in x1=n —in =n&=ne=
dx=In|f (x)| = inf (1)=in £ (0) lf(o) !

(?8;}21}@30

) —
)

b
CAu37: Cho a+b=ab+4 vi a<b.Tim gid tri nho nhét ctia biéu thirc 7 = [|x* —(a+b)x+ab|dx

A. 43, B. 12. C. 23, D. 48
Loi giai
Taco
3 3 3
3 a+b) —dab ab+4)’ —4ab ab+2) +12 3

I R0 B (e e A R TN

36.a 36 36 36 36
:>124\/§

b
Céu 38: Tim gia tri nho nhét cua I = sz +(2—m)x—2‘dx trong d6 a <b 1a hai nghiém cau phuong

trinh x2+(2—m)x—2:O

A 128 B. &. C. 8. D. 2\2
9 3
Loi gidi
3
3 2—m2+8
. 442(( ) )_128312@
364 36 9 3

1
CAu 39: Tim gid tri nho nhét ctia S = [|x* —ax|dx v6i a €[0,1]
0

A.ﬂ. B.l C.l D. 2—\/5
6 8 4 8
Loi giai
Ja 1 o Va o 1
S:I(a.x—x3)dx+J.(x3—a.x)dx:( : __j (__ j
0 A 2 4 . 4 2 5
2 2 2 2 2
go|@ _a | [l a a a3 1f 1y 1.1
2 4 4 2 4 2 2 2 8 8
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2m
Cau 40: Goi a,b lan luot 1a gia tri 16n nhit va nho nhit caa S = j \x3—4mx2 +5m*x—2m’|dx véi

m €[1;3]. Ménh dé nao duéi day ding

A.a+b:%. B.a+b=1. C.a+b:%. D. a+b=2
Loi gigi
S=T (x—m)2(x—2m)‘dx=—T(x—m)2(x—2m)dx=—T(x—m)2((x—m)_m)dx
m2m 3 om VZ —(x—m)4 m(X—":n)S " mt
S=—£(X—m) dx+m£(x—m) de[ R 3 ]m =5

41
Thay m e[1,3] vao ta co a+b:?.

Cau41l: Cho 4 1athp cdc ham s6 f lien tuc trén doan [0,1] va nhén gid tri khong 4m trén doan [0;1].

1 1
Tim m nho nhét sao cho If(z‘”\g/;)dx < m.jf(x)dx Vfed
0 0

A. 2018. B. 1. C. ; D. v2018
2018

Loi giai

1 1 1
Bt % = x = dx=20184""dt nén [ f(*Nx |ax=2018 7.1 (¢).dr < 2018[ 1 (¢).d
1] 0 0

Tim m nhé nhat nén m <2018. Ta s& Cm m = 2018 1a s6 can tim. Xét f(x)=x" taco
‘ ‘ 2018(n+1
Ix"/zmdxﬁmjx"dx—) 2018 < %mzﬁ
g d n+2018  n+l n+2018

Cho n — +o0 tacd m>2018. Vay m = 2018 13 hing s nho nhét can tim.

Cau 42: Cho ham sé y = f(x) nhan gié tri duong va c6 dao ham f'(x) lién tyc trén doan [0,1] thoa
1 1
mén £ (1)=2018./(0). Tim gia trj nh6 nht biéu thirc M = | LR [/ ()T ax
0 I:f(X)] 0
A. [n2018. B. 2/n2018. C. 2e. D. 2018e
Loi giai

oL S (x) ) x)

b
Cau43: Cho a+b=ab+4 va a<b.Tim gia tri nho nhét ciia biéu thirc 7 = j

sz{ : —f'(x)} dx+2i.]{,(—(xx)dx2Zj:j:((x)dx=21n‘f(x)ul=21n2018.

(x - a)2 (x —b)‘ dx

A. 12. B. 0. C. ﬁ D. il

3 3
Loi giai

b b

(x—a)2 [(x—a)+(a—b)]dx:—.|.(x—a)2 (x—a)dx—(a—b)

a

(x—a)2 dx

Q ) >
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1 4
S=—/(a-b) =
la=b)

é((a+b)2 —4ab)2 =%((ab+4)2 —4ab)2 =%((ab+2)2 +12)2 >12.

CAudd: Cho (a-b) +(a’~b*)' =4 va a<b. Tim gd tj l6n nhit cua bidu thic
b
Izﬂxz—(a+b)x+ab‘dx

A. E B. 2 C.
9 16

[SSHINN

Loi gii
4=(a=b) +(a>=0*) =(a=b)'(1+(a+b) )= (ab)

LA ((a+b)2—4ab)3 ((a—b)2) P4

364 36 36 36_3
a+b=0 a=-1
Khi d6 N .
1o (a—b)2+(a2—b2)2=4 {b=l

Cau 45: Cho ham sé y = f(x) nhan gié tri duong va c6 dao ham f'(x) lién tuc trén doan [0,1] thoa

man f(1)=e.f(0). Biéu thirc I[ x+J dx<2 Ménh dé nao dung

_ | 2e B 262 _2(e-2) 2(e-2)
A f(1)= T B. f(1)= o C ()= — D £(1) o

Loi gidi
Viét lai biéu thirc cho dudi dang _[ {m— (x )} dx < 0. Dau bang xay ra khi
1 , 1

f(x) f (x) Qf(x) x)@jldx—ff(x).d(f(x))
<:>x+c:@<:>f(x): 2(x+c)

o r(0)=+2e f) 2r2e
Thayx—OVaotaco{f(l):maf(o)—e_ T <:>C—ez_l

1 2¢°
)c)=,/2x+ez_1 —>f(l)= e

Cau 46: Cho A latap cac ham ) f lien tuc trén doan [0;1].

Tim m = mm{j j 018f }

fed

-2017 -1

" 2019° 16144 T 2018 16140
Loi glal

Biéu thirc da cho 1a tam thitc bac 2 anla f(x) co6hésé a=xb=-x"";c=0
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|

_p
X)=—=
T /() 2a 2
Nén biéu thire Min tai L L (, 038 |1 q
:£4_ ! 4x4036| 16144

CAu 47: Cho m 1a tham sb thudc doan [1;3]. Goi a,b lan luot 1a gia tri lon nhat, gia tri nho nhét cua
2m 5 )
P= I (x—m) (x—2m) dx.Tinh a+b=

A3L. B. 36. c. 2 p. 21

m [1 3 F+1 122
=T | = |oT= -z
30 30730 30 15

2m2+2

Ciu 48: Gi4 tri nho nhét cua P = J. ‘xZ —Z(m2 +m +1)x+4(m3 +m)‘ dx 1a S =%;a,b nguyén duong

va % ti gian. Tinh T=a+b

A. 7. B. 337. C. 25. D. 91
Loi giai
3
4(m* —-m+1 3
Taco: quzi_ Ej =i:>T=9+16=25
3 34 16
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, SU DUNG PHUONG PHAP HINH HOQC
GIAI BAI TOAN SO PHUC

A. KIEN THUC CO BAN

1. Piém Torricelli: Cho tam gidc ABC cb goc 16n nhat khong qua 120°. Piém Torricelli ciia tam
gidc ABC la diém T nam trong ABC va c6 tong 3 canh TA+TB+TC = p+q+r nho nhat. Bé
tim ra diém nay, ta dung 3 tam gidc déu ACM, BCN, ABO: giao diém cua 3 dudng tron ngoai
tiép ctia 3 tam gidc déu nay (hodc giao diém cta AN, BM, CO) chinh 13 diém Torricelli ma

chung ta can tim.

W

2. Bit dfmg thire Cauchy-Schwarz: Véi hai day sb thuc a,,a,,...,a, va b,b,,..b taludn cod bat
dang thirc sau
(al2 +a,’ +...+a,,f)(b12 +b,° +...+bm2) >(ab, +ab, +..+a,b,)’
Déu biang xay ra khi GG

b, b, b
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3. Pinh Iy Ptoleme hay ding thirc Ptoleme 13 mot dang thtrc trong hinh hoc Euclid miéu ta quan hé
giita d6 dai bon canh va hai dudng chéo ciia mot tir gidc nodi tiép. Pinh 1y ndy mang tén nha toan

hoc va thién vin hoc ngudi Hy Lap ¢ dai Ptolemy (tirc Claudius Ptolemaeus).

Néu A, B, C, va D 1a 4 dinh cua t giac ndi tiép duong tron thi: AC.BD = AB.CD + BC.AD

4. Bit dang thirc Ptoleme 13 trudng hop tong quat cta dinh 1y Ptoleme dbi voi mot tir giac bat ky.

Néu ABCD 1a tir giac bat ky thi 4C.BD < AB.CD+ BC.AD . Déau bang xay ra khi va chi khi tir

giac noi tiép trong mot duong tron.

5. Dinh li Stewart: Goi a, b, va ¢ 1a d0 dai cac canh cua 1 tam giac. Goi d 1a d6 dai cua doan théng
ndi tir 1 dinh ctia tam giac v6i diém nam trén canh (¢ day 1a canh c6 do dai 1a a) dbi dién v6i dinh

do.

Poan théng nay chia canh a thanh 2 doan c6 d dai m va n, dinh 1y Stewart néi réng:
b*m+c*n= a(d2 + mn)
B. BAITAP
Cau 1: Cho s phic z thoa méin |z—2—3i| =1. Gia tri 16n nhét cua ‘E+ 1 +i‘ la
A 1342, B. 4. C.6. D. V13 +1.

Loi giai
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Goi z=x+yi taco z—2-3i =x+yi—2-3i =(x—-2)+(y-3)i.
Theo gia thiét (x—2)2 +( y—3)2 =1 nén diém M biéu dién cho s6 phic z nam trén dudong

tron tam /(2;3) ban kinh R=1.
M2

Taco [F+1+i) =|x—yitl+i =|(x+1)=(y=1)i] =y(x+1)’ +(y-1)" .
M

. \ . . _ 2 IRy
Goi M (x:y) va H(~L:1) thi HM = J(x+1) +(y-1) .’ ;
Do M chay trén duong tron, H ¢0 dinh nén MH 16n nhat khi M 1a giao cua HI véi duong
tron.
x=2+3t

3405° giao cua HI va dudng tron ung véi ¢ thoa man: 917 +4¢ =1
y=3+2t

Phuong trinh HI :{

1 3 2 3 2
St=t——nén M| 24——=33+——=|, M| 2——=;3———.

13 ( J13 \/13j ( J13 \/13j
Tinh d6 dai MH ta ldy két qua HM =1++/13 .

Cau?2: Chosd phtc z thdéa man |Z —4| + |Z + 4| =10 .Gia tri 16n nhit va gia tri nho nhét cua |z| lan luot

1a.

A.10 va 4. B.5va4. C.5va3. D. 4 va 3
Loi giai
y

B
4 F NA

-3 B!

Goi z=x+yi, (x,y €R).Theo gid thiét, ta c6 |z —4|+|z+4|=10

<:>‘(x—4)+yi‘+‘(x+4)+yi‘=10 <:>\/(x—4)2+y2 +\/(x+4)2+y2 =10 (*)
Goi M (x;y), F,(—4;0) va F,(4;0)

Khi dé (¥) < MF, + MF, =10 nén tap hop cac

diém M (z) la duong elip (E).

Tacd c=4,2a=10a=5vab’ =a’—c’ =9

2 2

Do d6, phuong trinh chinh tic cia (E) 1a % +% =1

Véy max|z|=04=04'=5 va min|z|=0B=0B'=3 min|z|=0B=0B'=3
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z—2I

Cau3: Xéttap (A4) gom cac s phitc z thoa man 1a s thuln 4o va cac gia trj thuc m, n thoa

i
man chi c6 duy nhat mét sb phitc z € (4) théa man z—m—ni|:x/§. bat M =max(m+n) va
N =min(m+n). Tinh P=M +N?

A. P=-2. B. P=-4. C. P=4. D. P=2.

- Loi giai

Gidsw z=a+bi, (a,beR) thi |z-2i|=|7+2+4i| < a=b-4 (1)
z—2i a+(b—2)i B [a+(b—2)i][(a—2)—bi]

Ta cod
z-2 (a—2)+bi (a—2) +b?
_ a(a—2)+b(b—2)+|:(a—2)(b—2)—ab]i
(a=2) +b?
z—2i

Vi 14 56 thudn do nén a(a—2)+b(b-2)=0 < (a—1) +(h-1)’ =2

z-2
Ta ciing co (a—m)2 +(b—n)2 =2
Vi chi ¢6 duy nhét mot s6 phirc thoa man nén hai duong tron (C,) ¢6 1, (1), R, =+2 va
duong tron (C,) c6 1, (m;n), R, =+/2 tiép xic nhau.
vay |1l =R+ R = 22

LI, =|R —R,|=0

Trudng hop 1,1, =0 (khong théa man) vi liic d6 hai dudng tron tring nhau nén c6 vo sb (a;b)
thoa man (a—1)" +(b-1)" =2. Vay [, =232 & (m—1)’ +(n-1)" =8.
Ap dung bt dang thirc Cauchy — Schwarz, ta o :
m+n—-2|=|(m=1)+(n-1)|< \/(12 P )((m=1)"+(n=1)") =4
=>A4<m+n-2<4<-2<m+n<6

M=6
N=-2"

Suy ra {

Caud:  Xét cic s6 phic z thoa |z+2—i|+|z—4~7i|=6v2 . Goi m, M 1an lugt 12 gia tri nho nhét va

gid tri 16n nhat cta |z—1+i|. Tinh P=m+M .

A. P=+13++73. B.P:M. C. P=52+73. D.P:M.

2 2

Loi giai

Taco w=z—-1+i=a+bi; a,beR
|(z=1+0)+3=2i]+|(z=1+1)+(-3-8i)| = 6v2 < |w+3-2i+|w-3-8i| =632
Do d6 xét cac diém M (a;b), 4(-3;2), B(3;8), ta co:
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|

Cau 5:

Cau 6:

Déu "=" xdyra < M €[4B],dodé b=a+5 va -3<a<3.
|w|=\/m=1/a2+ a+52=\/m

m= mmm—— M = maxm J73.
5v2 + 2473

2
Cach 2: Cling tuong tu nhu trén, ta co:

sx/_

Viy P=

\w|=0M >d(0; 4B) =

5\/§+2\/ﬁ

2

w|=0M <0B=1T3.

Vay P=

Cho s6 phtic z théa man |z -3 +4i| +|z -2+ 3i| =\2. Ménh dé nao sau day dung?

A.%s|z|s\/ﬁ. B.%S|Z|S5. C. 1<|2|<13. D. V13 <[7]<5.

Loi giai
Chen D

Tacod z=a+bi; a,beR.
Xét céc diém M (a;b), A(3;—4), B(2;-3), co: N2 = MA+MB> AB=/2.
Déu "=" xdyra < M €[4B].

Ta c6 phuong trinh AB:x+y+1=0=a+b+1=0 va 2<a<3.

Do d6 [w|=va’ +b” =\Ja’ +(a+1)" =722’ +2a+1e[13;5], Vae[2;3].

Cho sb phitc z théa min |z—2-3i|+|z+4+5i|=10. Goi M,m lan luot la gi4 trj 16n nhat va
gia tri nho nhat cta |z—1+i| . Tinh P=M.m.

841

A.P:T. B. P=697 . C. P=541. D. P=

841

3

Loi giai
Chen A

TacO w=z—-1+i=a+bi; a,becR
(z=1+0)+(=1=4i)|+|(z=1+0)+(5+4i)| =10 < |w—1-4i]+|w+5+4i|=10
Do d6 xét cac diém M (a;b), A(1;4), B(-5;—4), ta co:
10=MA+MB=> AB =10.

Déu "=" xdyra < M €[4B],do d6 4a—-3b+8=0 va -5<a<l.

2 2
w|= a7+ 57 = a2+(4a3+8j _/254° +64a + 64

. N250% +64a + 64 32
= min =
[-54] 3

8 2
=y ——j:—; M =max
25) 5 [-5:1] 3
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|

Cau 7:

Cau 8:

Cau 9:

841

Vay P=m.M=T.

Cho s6 phiic z, thoa min |z1 —2|2 —|z1 +i|2 =1 va s6 phitc z, théa man |z2 —4—i| =/5 Hoi gia

tri nho nhat |z, —z,| 1a?

A.ﬁ. B. 5. C. 245, D.ﬁ.

5 5

Loi giai
Chon D

bat z, =a+bi; a,beR va z, =m+ni; mneR.

Ta co: |zl —2|2 —|z1 +i|2 =1
<:>[(a—2)2+b2}—[a2+(b+1)2}=1<:>2a+b—1=0.

Tuong tu ta co6 |zz—4—i|=\/§

& (m=2) +(n-1) =5.

Khi d6 xét cc diem M (a;b),N(m;n), tacé: M ed:2x+y-2=0
va Ne(C) co I1(41),R=1/5.

35

E2 —zz|=MN21M—1N2d(1;d)—R=i—\/—=75.

J5

Cho s6 phitc z thoa man |z —2+2i|—|z+1-3i|= /34 . Hoi gi4 tri nho nhét ciia |z +1+4] 1a?

A2 B. 4. C. J13. D. 3.

J34
Loi giai
Chen B

Tacod z=a+bi; a,beR.
Do d6 xét cac diém M (a;b), 4(2;-2), B(-1;3), ta co:
|z=2+2i]~|z+1-3i|=34 <34 =MA-MB< AB=\34.

Déu "=" xayra < M thudc tia AB va M nam ngoai doan AB
Phuong trinh 4B :5x+3y—-4=0,dod6 5a+3h—-4=0vaa<-1.

2
Khi do |z+1+i|:\/(a+l)2+(b+1)2 :\/(a+1)z+(4—35a+1j

4—5a

+1)2 _y(-1)=4.

Cho ba s6 phirc z, z,, z, théa man |z|=|z,|=6 va |z —z,|=6+2. Tim gi4 tri nho nhét cua

min |z+1+i|= min \/(a+l)2 +(
(=ees-1] (—e1-1]
biéu thirc P=|Z|+|Z—Zl|+|Z—ZZ|.

A. 632++2 . B. 3y2++/3 . C. 6v2++/3 . D. 342++/2 .
Loi giai

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh Trang 160




I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TICH PHAN VA SO PHUC VAN DUNG CAO I

Xét tam gidc OAB véi A, B lan lugt 1a diém biéu dién cac sé phirc z,, z, va M 1a diém biéu

dién sd phtc z,tac6 OA=0B=6, AB=6\/§ = OAB vudng tai O.

Khi d6 ta can tim gia tri nho nhét cia P = MO+ MA+ MB.

Dung phia ngoai tam giac O4B tam giac déu ABC , dudng tron ngoai tiép tam giac ABC cit
OC tai D, theo bét déng thirc Ptoleme cho bén dém M, 4, B, C taco:

MA.CB+ MB.CA>MC.AB = MA+ MB > MC va MA+ MB+ MO > MC + MO > OC = const .
DAu béng xdy ra <> M = D . Ta di tinh 6 dai doan OC, béng dinh 1y ham sb cosin ta co:
OA=6, AC =62, OAC = OAB + BAC = 45°+60°=105°.

Do d6 OC =OA* + AC* =2.04.AC.cos105° = \/62 +(6\/§)2 —2.6.632.c08105° = 632 ++/3 .
Vay g tri nho nhat cia P, =62+ NC

Cau 10: Cho sb phtc z. Ki hiu 4, B,C,D lan luot la diém biéu dién cta céc sé phirc z,7,z(4+3i) va

z(4+3i). Biét 4,B,C,D 1abon dinh ciia mot hinh chit nhat. Hoi gié tri nhé nhét cta biéu thie

|z+4i-5| 1a2
5 2 1 4
A —. B. —. C.—. D. —.
J34 V5 V2 Ji3

Huwéng din giai

Véi z= a+bi,(a,b € ]R).

Taco: A(a;b), B(a;—b),C(4a—3b;3a+4b), D(4a—3b;-3a—4b).

Do d6 4,B dbi xtng qua tryc hoanh; C,D déi xUing qua truc hoanh va 4B/ /CD.

Theo gia thiét 4,B,C, D 1a bon dinh ciia mot hinh chit nhat khi va chi khicé a #0va b=0 va

a=-2b
fa=-2b (a=-b
AB=CD -
. a=-b
AB1L AC & ¢ <4 b=0(l) ©a=-b
oo ~2b(3a+3b)=0
AB 1L AD a=-b
~2b(-3a—5b)=0
L 3
b=—=a
s
oy 1_1
Véi z=a—ai,taco: |z+4i-5=y/(a=5) +(4-a)’ =2 a-2| +—>=.
6i z=a—ai,taco: |z+4i-5| \/(a ) +(4-a) (a 2) +2 5

Cau 11: Goi z la sb phic théa man P =|z—1—i|+|z—1-4i|+|z—2+i| dat gid tri nh6 nhét. Tinh |z|.

A V2. B. 1. C.2. D.g.

Loi giai

Dit z=a+bi, xét cac diem M (a;b), A(L;1), B(L,4), C(2;-1).
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2 2 2
Tacé cosBAC = AB +AC-BC" 2 1 _ poe 1200,
2.4B.AC J5 2
Do do6 £+£ <1 va
AC
P:MA+MB+MC:MA+MB'AB+MC'AC
AC
_ ——— — —2 ——2
vy MBAB MCAC | o AB AC) 4B AC
AC AB AC| AB AC
v Al 2B AC ) up o acs ma—\zd| 2B 2 AC s 4B+ ACS 4B+ AC
AB  AC AC

Diu bang xay ra khi va chi khi M = A= z=1+i=|z=2.

CAu 12: Cho sb phtc z théa man |z| =1. Goi M,m lan luot la gia tri 16n nhét va gia tri nho nhat cua

tim O =|z-1]+ z—%+§i .Tinh P=M +m
A 4+243. B. 2+243. C. 246 . D. 2++6.
Loi giai

Vi |z|=1:>z=cosx+isinx va

3

.. . 1 .
Q=|cosx+zs1nx—1|+ cosx+zs1nx—§+71

2 ) l ? . \/5 ’
:\/(cosx—l) +sin’ x + cosx—— + smx+7
=\/2—2cosx+\/2—cosx+x/§sinx6[2\/2—6;2\/2+\/§}
Do dd P=2y2-+/3 +242++/3 =26 . Chon dap 4n. C.

1 3

Céach 2: Khi biét |z|=1, xét ba diém M(a;b)’A(l;O)’B(E;_TJ tacd Q=MA+MB va

M, 4,B cung thudc duong tron (O,1) suyra (MA+MB) < M 1adiém chinh gifra cung
16n AB . (MA+MB)rnin < M 1a diém chinh giita cung nho 4B.
Cau 13: Cho s6 phitc z thoa mén |2* +16|+|z(z+4i)| =4|z+4i|. Goi M,m lan luot 1a cac gia tri Ion

nhat, va gid tri nh nhét cua |z+1-i|. Tinh P=M +m.

A. P=+26+10. B. P=1+410. C.P=V2+J26. D.P=1+26.
Loi gidi
Chon D

‘22 +16\+\z(z+4i)\ = 4]z +4il

2’ +16|+ |z (2 +40)| = 4|z + 4] < |(z + 4i) (2= 40| + |z (2 + 4i)| = 4]z + 4]
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|

Cau 14:

Cau 15:

Cau 16:

|Z+4i|:0
©|Z+4i|(|z—4i|+|z|—4)=0c> .
|Z—4l|+|Z|—4=0

Ta cO: |z —4i|+|z| 2|z —4i—z| = 4,

ddu "=" xay ra < diém biéu dién cta 4i, 0, z thing hang.

Vay tap hop céc sb phirc 13 doan thing x =0 thoa 0< y<4.
Taco: |z+1-i|=AX véi A(-L1), X 1a diém biéu dién s6 phuc z
Ta co: |z+1—i|max =26,

z+1—-i4|  =1.

min

Cho sb phtrc z thoéa mén |Z| =m>+2m+5 voi m 1a sb thuc. Biét rang tdp hop diém cua sb
phtrc w=(3+4i)z—2i 1a duong tron. Tim bén kinh R nhé nhét ctia dudng tron do.

A. R=5. B. R=10. C. R=15. D. R=20
Loi giai
Chon D
w21 = (3+41) 2 = w 21| = |(3+41) 2| =|(3+ 4 |z| = 5| (m+1)" +4 |2 20,
= |w+2i|>20. Vay duong tron c6 ban kinh R, =20 véi tam /(0;2)
Dau "=" xay ra khi va chi khi m=-1.
Cho hai sb phiic z,z, théa minz, +z, =8+6i va |zl—zz|:2. Tim gia tri 16n nhét cta
P=|Zl|+|Zz|.

A. P=46. B. P=226. C. P=5+35. D. P=32+32
Loi gidi
Chon B

. |z, =a+bi
Goti: ) (a,b,C,d G]R):> 2 2 2
z,=c+di (a—c) +(b-d) =4

a+c+(b+d)i=8+6i {(a+c)2+(b+d)2=100
(a—c) +(b-dy =4

:(a+c)2+(b+al)2 +(a—c)2 +(b—a’)2 =104 a*+b* +c*+d*=52.

B.C.S

Mic khéc: P =Ja’ +b* 7 +d* < \/(12 +12)(a2 +b+c +d2) =226.

Goi A4, B lan lugt 1a diém bieu dien sO phuc z,,z, trén mat phang phirc va D 1a diém thi tu
ctia hinh binh hanh AOBD = D 14 diém biéu dién sé phirc (z, +2z,) = OD =|z, +z,|=10.
|z, —z,| chinh 1a do dai doan AB.

AB? = OA> + OB* —204.0B.cos AOB = 4

OD* = OA* + OB* +204.0B.cos AOB =100

= (04+0B) =104 =226 & (|z|+|z,|) =226.

max max

AOAB cb { =104=2(04> + OB*) > (04+OB)’

Cho s6 phtic z, théa man ‘(1+i)z+1—5i‘=2«/§ va s phtc z, théa man |z+1+2i|=|z+i].
Tinh gia tri nho nhét ctia |z1 -z, |

72 -2 72 +4 72 +4 72 -4

B. e ; D. :
2 4 4
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Loi giai
Goi M, N lan luogt 14 diém biéu dién sé phirc z,, z,
trén mit phang.

1-5i

Tu ‘(1+i)z+1—5i‘=2«/§ |+l |z + l

& |z-2-3i=2 = M (C) c6 tam 1(2;3), ban
kinh R=2.
Goi z, =x+yi, (x,ye]R)

|z +1+2i|=|z +i|
Sx+y+2=0=>NeA:x+y+2=0
Ta co: |z1 —zz|=MN :>|Z1 —Zz|min < MN,;,

Ta co:

d(l,A)z? = MN,,, =d(I,A)-R

W2, W24
2

2
Cau 17: Cho s6 phitc z, théa man ‘(1+i)Z+1—5i‘=2\/§ va s0 phiic z, théa man |z+1+2i|=|z+i].
Tinh gi4 tri nho nhét cta |Z1 -2z,—3+ 1'|

5J2 -4 572 +4 72 -4 72 +4

A. . B. . C. . D.
2 2 2 2

Loi giai

Chon A
Taco: |z, —z,-3+i|=|(z,=3+i)—z,|=MN = |z,-z)| < MN,,
Goi M, N lan luot la diém biéu dién sb phic z,, z,

trén mat phang.

1-5i

1+

zZ+

Tur (1+)z+1-5] =242 < |1+i].

|z-2-3]=2 o |(z-3+i)+1-4i|=2
—

Z3

= M e(C) cotam /(-1;4), ban kinh R=2.

Y=

Goi z, =x+yi, (x,ye]R)

tr |z + 142 =|z+i

(x,yeR):NeA:x+y+2=0

5v2 _ 52, 524
2 2 '

Tacéd: d(I,A)=—— = MN,, =d(I,A)-R 5

Cau 18: Cho s6 phtic z thoa man didu kién |z—1-il+|z-3 -2 =+/5. Goi M;m 1an luot 1a gia tri 16n

nhat va gia tri nho nhat cia modun cia z, tinh M +m.

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh Trang 164




I Tai liéu luyén thi THPT Quéc gia - CHUYEN BE TiCH PHAN VA SO PHUC VAN DUNG CAO I

A.@. B. J5+5V13. C. V2 ++13. D. V2 +2V13
Loi giai
Chon C
Goi z=x+yi;(x;y €R) c6 diém M (x;y) biéu dién z AV
trén mit phang toa do. P ‘B
Ta co: |z—1—i|+|z—3—2i|=\/§ M /

RN EREE U N

Pat A(1;1), B(3;2)thi tir (1) ta co: AM +BM =+/5(2)

Mit khac 4B =(2;1)= 4B=+/5(3) 0 ! 3
Nén tir (2) va (3) suyra M thudc doan thang AB
Nhan xét ring OAB la géc ti (hodc quan sat hinh v&) ta c6 M =l =0B=+13 va
m =|z|min =04=A2. Vay M +m =2 +413 .(Chting minh max min dya vao cac tam gidc
OAM ;OBM lan luot tu tai A;M ).

Cau 19: Cho s phitc z théa man didu kién |z+2—i|+|z~2-3i|=2v/5. Goi M;mlan luot 1a gia tri 16n

nhét va gia tri nho nhét ciia modun cua z, tinh M +m.
N R N C. V34413, D. V342413

Loi gidi
Chen A
Goi z=x+yi;(x;y €R) c6 diém M (x;y) biéu dién z

trén mat phang toa do.

Taco: |z+2—i|+|z-2-3i| =25 3MM ,,,,,, A
e 2+ (2 03y <2450

Pat A(-2;1), B(2;3) tir (1) co: AM + BM =245(2)

Mit khac 4B =(4;2) = AB=25 (3) N/ .
nén tir (2) va (3)suyra M thuoc doan thing 4B . Ta ’ 0!

c6 O4=~/5, 0B=13 va AB:x-2y+4=0.

Nhan xét ring OAB va OBM 1a gdc nhon (hodc quan sat hinh v¢) ta c6

M =|z| =max{OB,04} =13 va m=|z| =d(0,4B)= #

Vay M+m=\/E+4*5/g - 46;5‘/5
Chu 20: Cho so phirc z théa man |z|=1 .Tim gi4 tri 16n nhat cta biéu thie T =|z+1|+2|z-1| .
A. maxT =245 B. max7=2J10. C.maxT=35. D. maxT =32

Loi giai
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Cach 1. Goi z=x+yi, (x,yeR) = M (x;y)

Ua
Va A(-10), B(1;0). Taco |2|=1 = |x+yi|=1 & x* +)* =1 M(z;y)
= M thudc duong tron duong kinh AB .
= MA® + MB*> = AB* = 4 . Khi d6, theo Bunhiacopxki, ta c6 A 0 b s
T=MA+2MB < (P +2°)(M4® + MB*) =54 =245

Vay gia tri 16n nhat cta biéu thirc max T = 2J5.

Cach2.bat z=x+yi, (x,yeR) :>|Z+1|:‘/(x+1)2+y2 va |z—l|:,/(x—l)2+y2

Mait khac |Z|:l o +y =1 x*+y* =1, khi do T=\/(x+1)2+y2 +2\/(x—l)2+y2

s\/(l2 #27)[ (e 1)+ 07+ (x= 1) +07 | = 10(x7 + 57 +1) =102 =245 = max T =245

Cau 21: Phan gach soc trong hinh v& bén 1 hinh biéu dién cua tip cac sd phtrc thoa man didu kién nao

sau day:
y
8
0] 6 X
A. 6<|z|<8. B. 2<|z+4+4i|<4. C.2<|z-4-4i|]<4. D. 4<|z-4-4j|<16.

Loi gidi
Chon C
Goi M (x;y) la diém biéu dién s6 phic z=x+yi, véi x,yeR
Vi hinh v& biéu dién s6 phitc z 1a hinh vanh khan nam & géc phan tu thi nht ctia hé truc toan
dd nén tam cua hai duong dong tam cé toa duong = loai A, B.
Quan sat hinh v& ta thiy duong tron 16n ¢6 duong kinh bang 8 = ban kinh R =4
Vay chon dép an C.

Chu22: Xét cac s6 phic z=x+yi, v6i x,yeR théa man |z|=2. Tinh P=x+y khi

|z—4|+2|z+1+4i| dat gia tri nho nhat.
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A. P=45. B.P=2. C.P=-2. D. P=45.
Laoi gidi
Chon C.
Goi M (x;y) la diém biéu dién s6 phirc z=x+yi, véi x,yeR.
Ta co
|Z|=2 < x*+)° =4 = tap hop diém M 1a duong tron tim O, ban kinh R=2.
P'=|Z—4|+2|Z+l+4i|=‘(x—4)+yi‘+2‘(x+1)+(y+4)i‘
= (5 =4) +0 +2(x+1) +(y+4) ()

Goi 4(4;0), B(~1;—4) thi P'=AM +2BM (1).

Goi H(1;0) thi OH.O4=4=0M" = tam gidc OHM va tam gidc OMA ddng dang.

M _OM 1 am=2mM (2)
MA 04 2

Tu (1) va (2) tacd P'=AM +2BM =2(HM +BM)>2BH = P,

min

=2BH khi B, H, M
thang hang vd M nam giita diém B va H .

Khi d6 M 1a giao diém cua dudng thing BH : y = 2x—2 va dudng tron x> + y* =4

8

N \ . s 1A X y=2x-2 x=0 < * 5

= toa do diém M la nghiém cua hé phuong trinh " | = hodc .

x +y =4 y==-2 6

Y=

5
. 3 in 2l 2 \ n x=0

Vi M nam gitta diém B va H nén chon 5"

y=-

Khidé P=-2.

Cau23: Cho sd phic z théa min |z—1+i|=2. Tim gia tri 16n nhit cua biéu thic
|2

P=|z+2-if +|z-2-3i".

A. 18+8410. B. 38-810. C. 38+810. D. 841018
Loi giai
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Goi M (x;y) la diém biéu dién s phitc z=x+yi, (x,yeR).
Tacod [z-1+i|=2 & |(x=1)+(y+1)i|=2 & (x=1) +(y+1)’ =4
= tap hop diém M 1a duong tron (C,) tm /(1;—1), bankinh R =2.

Xét biéu thic P=|z+2—i +|z-2-3i

o P=(x+2) +(y-1) +(x=2)" +(y-3) <=>x2+y2—4y+9—§:0

= tap hop diém M 1a duong tron (C,) thm J(0;2), ban kinh R, = J;—S , P>10.
Khi d6 P, khi (C,) va (C,) tiép xtic

trong<> R, = IJ + R, < R2=(LJ+R,)’ @§—5=(2+Jﬁ)2 < P=38+810.

E )

\

Ciach2:

Goi M (x;y) la diém biéu dién s6 phic z=x+yi, véi x,yeR.

Taco [z—1+i]=2 &|(x=1)+(y+1)]=2 = (x=1) +(y+1) =4

= tap hop diém M 1a duong tron (C,) tam I(1;—1), bankinh R =2.

Xét biéu thirc P=|z+2~i +|z—2-3i, voi A(-2;1) va B(2;3) thi P=MA* +MB?

AB?

& P=2MC* +

& P=2MC? +10, vé6i C(0;2) 1a trung diém cua AB.

B
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M,C=~10-2

Mit khac IC =~/10 =
M,C=10+2

Khi 6 P,,, =2(v10+2) +10=38+84/10.

Chu 24: Cho hai s6 phic z,, z, tha man [2z—i|=|2+iz

, biét |ZI—ZZ|=1. Tinh P:|Z1 +Zz|.

A.Pzﬁ. B. P=42. C.P:g. D. P=3

2
Loi giai

Goi M (x;y) la diém biéu dién sb phitc z=x+yi, v6i x,yeR

Taco [2z—i|=[2+iz] & 22| = |z~ 2| < [20M - j| =|0M -2}

,véi j=(0;1)
S 40M? —40M j+ > =OM* —40M .j+4j* < OM* =1<OM =1
= tAp hop diém M 1a duong tron (C) thm O, bankinh R=1.

y

1]
VKx

Mit khac goi N, P 1a diém biéu dién z,, z, thi

{NE(C) {ON—OP—l {ON:OP:I

S = —— & = AMNP 1 tam giac déu
Pe(C)  ||NP|=[0P-ON| T | NP =z, -z =1

3

:>|Zl+zz|=20K=2.7=\/§.

Cach 2:

Goi M (x;y) la diém biéu dién s phitc z=x+yi, véi x,yeR

Taco [2z—i| =[2+iz] &[22 1| =|z-2i| & [2x+(2y-1)i|=|x+(y-2)]]

<:>4x2+(2y—1)2 =x’ +(y—2)2 Sx+y =1

= tAp hop diém M 1a duong tron (C) thm O, bankinh R=1.
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|

Cau 25:

Cau 26:

y
B

o
¢ A

Mit khac goi 4, B, C lan lugt la cic diém biéu dién z,, z, va —z, thi 4, B, C nam trén

duong tron (C), BC la dudng kinh

Ma |z -z, =1 <|04-0B|=1< |Bd/=1 < 4B =1
Khi d6: |z, +2,|=|04+ CO| = C4 © |7, +2,|=VBC* — 4B’ =3,

Cho s6 phirc z thoa man |z—3-4i|=+/5. Goi M va m 1a gia tri 16n nht va gia tri nho nhat

A 2 2 . NS .
cua biéu thic P =|z+2[ —|z—i| . Tinh mddun cta s6 phitc w=M +mi .

A. [w]=+2315. B. [w]=+/1258. C. [w]=3137. D. |w|=2+309
Loi gidi

Chen B

Goi K (x;y) 1a diém biéu dién sé phirc z=x+yi, véi x,y e R.

Taco [z-3-4i|=~5 < |(x=3)+(y-4)i|=5 & (x-3) +(y-4) =5

= tap hop diém K 1a duong tron (C) c6 tam /(3;4), bén kinh R =45.

Matkhic P=|z+2f ~[z= i & P=(x+2) + " =| & +(y-1)" |=4x+2y+3

= tap hop diém K 1a dudng thing A:4x+2y+3—-P=0

Khi do A va (C) o6 diém chung khi d(1,4)< R e LEH2 37

245
<[23-P|<10 ©13<P<33= M =33 vam=13
Vay w=33+13i =|w|=+1258.
Trong mit phang xOy, goi M 1a diém biéu dién cta s6 phic z thoa man ‘z+3—\/§i‘ =43.
Tim phin 40 cta z trong truong hop goc £ xOM nho nhit .

A.%. B. 3. C.0. D. 24/3

Loi giai
Chen A

Goi M (x;y) la diém biéu dién sb phitc z=x+yi, v6i x,yeR
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2

Ta c6 ‘Z+3—\/§i‘=\/§ <:>‘(x+3)+(y—\/§)i‘=\/§ <:>(x+3)2+(y—\/§) =3.
— tap hop diém M 13 dudng tron tm (—3;\/§),bén kinh R=+/3 .

Y

Goi A: Ax+ By 1a tiép tuyén cta (C) di qua diém O
Tacé d(I,A)=R
[-34-+/38] 4=0
@ —_—
VA + B A=+/3B

O Véi A=0 chon B=1 = A:y =0 khong théa man vi khi d6 £ xOM =180°.

-3 <:>‘\/§A—B‘:\/A2+Bz @2A2—2\/§AB=0©[

O V6i A=~/3B chon B=1thi A=+/3 = A:\Bx+y=0 = £xOM =120° = HOM = 30°

Khi d6 M 1a giao diém cua dudng thing d di qua tim / cua dudng tron va dudng thing A

. 3x+y=0
:>d:x—x/§y+6:0;toadcf) diém M la nghiém cua hé phuong trinh V3 g
x—\/§y=—6
=2
ol 2 [ 333
33 27 2
)
33

Viy phan 4o cua z 1a -

Cau27: Goi M, n lan luot l1a gia tri 1on nhat va gia tri nho nhat cua biéu thirc
P=|z-2+i] —[7+1-4i

? biét ring sb phirc z théa man diéu kién ‘z(i+1)+l+i‘ =+/2. Tinh

M?*+n*.
A. 216. B. 162. C. 186. D. 240
Loi gidi

Goi M (x;y) la diém biéu dién s6 phic z=x+yi, véi x,yeR.

Ta co

‘z(i+1)+1+i‘=\/§<:>‘(i+l)(z+1)‘=\/§<:>|i+1|.|z+1|=\/§ <:>\/§|z+l|=\/§ <lz+1|=1

<:>‘(x+l)+yi‘:l <:>(x+l)2+y2 =1
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|

Cau 28:

Ciu 29:

= tap hop diém M 1a duong tron (C) cé tam /(-1;0), bankinh R=1.

Mt khic P=|z—2+i ~[F+1-4i" & P=|(x=2)+(y+1)i ~|(x+1)=(y+4)i
& P=(x=2) +(y+1) = (x+1) +(y+4)’ |

& P=—6x-6y-12 < 6x+6y+12+P=0(*)

= tAp hop céc diém théa phuong trinh (*) 1a duong thing A

- |6x, +6y, +12+ P

672
& 6-62<P<6+62 > M =—6+62; n=—6-62.

Khi d6 dé A cit (C) thi d(I,A)<R <l e |6+ P <672

Vay M* +n* =216.
Cho s6 phic z thoa man |z—2+3i|+|z+2+i=445. Tinh gid tri 16n nht cua biéu thic

P=|z-4+4i.

A. max P =45 . B. max P =7+/5. C. max P=5/5. D. max P =645 .
Loi giai
Chon A

Goi M (x;y) 1a diém biéu dién s6 phirc z=x+yi, véi x,y e R.

Taco |z—2+3i]+|z+2+i| =45 & AM + BM =45, véi F(-2;-1); F,(2-3).

= tap hop diém M laelip (E) véi hai tiéu diém F (-2;-1); F,(2;-3), tim H(0;-2) va
2a=4J5 < a=25;

Mit khéc P =|z—4+4i|=IM ,v6i I(4;—4)

O IF, =(~6;3), IF, =(-2;1) = IF, =3IF, = I,F,,F, thing hang, F, ndm gitta  va F,.
O I ndm ngoai (E)

=M, =IF+a, F(0;—2) la trung diém FF,.

o IM,, =2J5+25=4/5

Xét s phic z=a+bi, (a,beR) thoaman |z-4-3i| =5 va A=|z+1-3i|+|z -1+ dat gia
tri nho nhét. Tinh P=a+b.
A.P=2. B. P=4. C. P=8. D. P=6.

Loi giai

Goi M (a;b) 1a diém biéu dién s6 phitc z=a+bi, (a,b eR)
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Taco [z-4-3]| =5 ©|(a-4)+(b-3)] =5 & (a—4) +(b-3) =5
= tap hop diém M 1a duong tron (C) c6 tam 7(4;3), ban kinh R =+/5 .

Xét A=|z+1-3i|+]z—1+i

;dat A(-1;3), B(1;-1) thi 4= AM +BM

N DR

Goi A 1a trung truc cta doan thing 4B = A di qua trung diém H (0;1) ctia 4B
=A: a-2b+2=0.
Khi d6 d¢ A =|z+1-3i|+|z—1+i| dat gi4 tri nho nhat thi M 1a giao diém ciia A va (C).

2 2
2 — — = b = 2
Toa d) diém M la nghiém cua h¢ phuong trinh (a 4) N (b 3) . = {
a=2b-2=0 b=4

Véib=2=a=2 =z=2+2i = A=+17++/10
Vi b=4=a=6 = z=6+4i = A=-/65++/50
Vi 4. nénchon z=2+2i.
Khido P=4.
Cau30: Cho sd phirc z théoa man 2Z+1—3i|=\/§ . Tim gia tri 16n nhit cia biéu thuc
T=|z-1]+3|z+1-2i|.
Loi giai
Goi M(x;y), v6i x,y € R 1a diém biéu dién sb phirc z=x+ yi .

(ool 2
2
:

Taco [22+1-3] =2 =

V2

= tap hop diém M 1a duong tron tm / (—%,%J ,ban kinh R =

Xét T =|z—1|+3|z+1-2i] < T =|(x—=1)+ yi|+3|(x+1)+(y-2)

S T=\(x=1)+2" +3(x+1) +(y=2)" < T =AM +3BM ,véi 4(1;0), B(-1;2).

Bai toan quy vé di tim toa d¢ diém M trén (C) sao cho AM +3BM dat gia trj 16n nhat.
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Cau 31:

Cau 32:

BI = —l;l , Al = _E;E =B,I, A4 thénghélngvé Al =3BI
2°2 272
Khi d6 theo dinh 1y Stewart, ta c6 IB.MA* + IAMB* = AB(MI” +IB.IA), v6i AB = 22,

MI=—— IB:L,IA +iM32—2f(2 & j.<:>MA2+3MB2=8

5 M e 72

Do 6 MA+3MB = MA++/3(V3MB) < [(1+3)(MA* +3MB*) < MA+3MB <42

Vay T.. =42
Y
B
\ u
1
K A
(0] 1 X

Véi hai s0 phurc z, va z, théaman z +z, =8+6i va |z1 - z2| = 2. Tim gi4 tri 16n nhat cua biéu

thirc P=|Zl|+|22|.

A. P=5+345. B. P=226. C. P=46. D. P=34+32 .
Loi giai
Chon B.

Goi M, N lan luot la diém biéu cac s6 phirc z, va z,.
Taco z,+z, =8+6i = |z, +z,|=[8+6i|=10=0P.
MN =|MN|=|ON -OM| < MN = |z, -z, =2

OM’+ON*>  MN’
2 4

Ap dung cong thic trung tuyén ta c6 OI* =

| 2 2 2 l 2 2

Z| +|Z| |Z —Z| |Z| +|Z|

1 2 1 2 2 1 2
- o-—opr =l 1721

2 4 4

<0 = ~1 &z +]z[ =52

Khido P=[z|+|z.| = P=a|+[z] < (17 +1°) (2] + |2 ) = P<2326.

Vay P, =2426.
Cho s6 phtic z théa man |z+ 3| < 8. Khi d6 tit ca cac gia tri cua P = |z— 2| tao thanh mién nao
sao day?

A. [-2;13]. B. [0;13]. C. [2:13]. D. [-13;2].

Loi giai
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Goi z=x+yi,véi x,yeR.

Taco |z+3)<8 < |(x+3)+yi|<8 e (x+3) +y” <64 (1)

(2)

X, =x—2 x=x,+2
bat w=z-2 = Rt

Yo=Y V=D
Tir (1) va (2) taco < (x, +5) +y2 <64

= tap hop diém M bicu dién sb phirc w=z—21a hinh tron (C) tam I(-3;0), ban kinh
R=8.

minw=0

Do O€(C) nén{
maxw=0[ =R =13

Ciu 13. Xét sé phic z=a+bi, (a,b €R) théamin |z—4-3{=+/5. Tinh P=a+b khi
|z+1-3i|+|z—1+1| dat gi4 tri 16n nhat.
A. P=10. B. P=4. C. P=6. D. P=8.
Loi gidi
Chon A.
Goi M (a;b) la diém biéu dién s phitc z=a+bi, (a,b eR)
Taco |z—4-3i|=5 <|(a-4)+(b-3)i|=~5 < (a—4) +(b-3)" =5
= tAp hop diém M 1a dudng tron (C) tam 7(4;3), ban kinh R =45.

Xét A=|z+1-3i+|z—1+i

;dat A(-13), B(1;—1) thi 4=AM +BM

Y
F
A 3l AT~ f
E
K
1
~ -1 0 4 X
B

Goi A 1a trung truc cta doan thing 4B = A di qua trung diém K (0;1) cua AB
=A: a-2b+2=0.

Khi d6 d¢ A =|z+1-3i|+|z—1+i| dat gi4 tri 16n nhat thi M 14 giao diém cua A va (C).

(a—4) +(b-3)" =5 @{b:z
a=2b-2=0 he=ed

Toa d6 diém M 1a nghiém cua hé phuong trinh {
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|

Cau 14.

Véib=2=a=2 =z=2+2i = A=+17+10
Véib=4=a=6 = z=6+4i = A=+/65++/50
Vi 4, nénchon z=6+4i.

Khi dé P=10.

Cho s6 phitc z thoa man 5|z —i|=|z+1-3i|+3|z—1+i|. Tim gié trj lén nhat M ciia biéu thirc

P=|z-2+3i|?

A.M:?. B. M =1+/13. C. M =45. D. M=9.

Loi giai
Chen C.

Dit z=w+2-3i thi 5|z—i|=|z+1-3i[+3|z=1+i] < 5|w+2—4i| =|w+3-6i]+ 3|w+1-2il
Goi M (x;y) la diém bicu dién s6 phic w, 4(-2;4), B(-3;6), C(-12)

Ta co:

O E=(—l;2), R‘=(l;—2)=—ﬂ3 = A, B, C cung nam trén dudng thing A:2x+y =0
O 5|w+2—4i|=|w+3-6i|+3|w+1-2i| & SMA=MB+3MC

Xét hai truong hop:

gl

\
l
|

Q

S

7

7

4

</> )
/ 4

4

3

el

o]

1

>

I/
M

>

VRN

Y Truong hop 1: M e A = M (x;—2x)

Tacd SMA=MB+3MC = M = D(-4;8)

Khi d6 w=—4+8i = P=|w|=4V5

% Truong hop 2: M ¢ A

Ta cd: SMA=MB+3MC < 25MA> =(MB+3MC)’ <(1+9)(MB* + MC*)

2 (MB2 +MC? ) — BC?
4

Ma A 1 trung diém cia BC nén MA> = = MB® + MC* = MA® + AB’
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Khi d6 25MA* < 20(MA2 n ABZ) o 25MA* < 20(MA2 +5) & MA® <20

2(MD* + MO* )-OD? . N
7 = OM? =2MA* +—0D" =MD

Lai c6 MA* =

= OM*< 2.20+%.80 — OM <45

Vay M =445 .

Cich 2:

Goi M (x;y) la diém biéu dién s6 phic z=x+yi, véi x,yeR.

Ta c6

S|z—i|=|z+1-3i|+3|z-1+i] & SMI = MA+3MB , véi 1(0;1), A(-1;3), B(L;-1), C(2-3)

2(MA* + MB* ) - 4B’
4

I 1atrung diém AB = MI* = = MA® + MB*> =2MI* + 2 AI’

25MI” =(MA+3MB) <10(MA> + MB* ) < 25MI” <20(MI” + AI”)

& MI* <20 < MI <245 = M thudc hinh tron tam 7(0;1), ban kinh R = 2+/5

Laico IC = 2\/§ = C nam trén duong tron tam 7, ban kinh R = 2x/§

Khi d6 P=|z—2+3i|=MC 16nnhatkhi M =D, v6i D(-2;5) 1a diém déi ximg ctia C qua [
Hay z=-2+5i = P=|-4+8i|.

Vay P =445 .

max

. . 5 3 1+i
Cau 33: Cho hai s0 phttc z va w biét ching thoa man dong thoi hai diéu kién (I—Z?Z+2 =1 va
—1i
w=iz. Tim gi4 tri 16n nhét cia M = |z—w| .
A M=33. B. M =3. C. M=32. D. M =23,

Loi giai

Goi M (x;y) la diém biéu dién s phirc z=x+yi, véi x,yeR.
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(l+i)z

Ta co +2

=l oliz+2=1o|z-2]=1ox*+(y-2) =1

= tap hop diém biéu dién diém M la dudng tron tm 7(0;2), bankinh R=1.

y
3| B

2¢ ]

Khido M =|z-w]=|z(1-i)| & M =2|2| <32
Vay M =342.

Cau 34: Cho hai sb phic z,, z, thoa man |z]=3, z,~2,|=+/37. Goi M, m lan luot Ia phin

Zz|=4,

\ A s A , Z ;
thuc va phan 4o ctia s6 phirc w=-L. Tinh P=M> —m".

Z,
A.Pz—i. B.Pzi. C.P:—g. D.Pz—i
32 32 8 64

Loi giai
Chen A

Goi M (a;b), N(c;d) 1a diém biéu dién c4c s6 phitc z, =a+bi va z, =c+di,a,b,c,d eR
Goi N'(d;—c) thi ON=ON"; ON.ON' =0 = ON L ON'
Ta co

" Z=i=a+bi <:}Z:(a+bi)(c—ah') @Z:(ac+bd)+(bc—ad)i

z, c+di (c+di)(c—di) 16

ac+bd bc—ad . OM.ON OMON'.
z= + i< z= —~ i
16 16 16 16

% |z, 2| =[O ~OM| < [WN|=37

2 2 2
% cos MON =M *ON —MN"_ wion=27110737 1 SioN —1200
2.0M.ON 234 2

V&i MON =120°, ta co:

% OM.ON = OM .ON.cos MON = —6
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M 4
N’ N
i MON' = 30°
% MON =120°=|
MON' =150°

O Véi MON' =30°, c6 OM.ON' = OM.ON".cos MON = 63

Khi d6 Zz—é—ﬁi
&8 8

O Véi MON'=150°, c6 OM.ON’' = OM .ON'.cos MON = —6+/3

Khi d6 z:—é+£i.
&8 8

mz—_9

P=M’-m’=—.
32

. 34330,
Vay Z=T va

Cich 2 .Chuan hoa sao cho thoa man dé bai |zl| =3, z, — 22| =37 . Ta dugc

Z2|:4,

a’+b> =16 a=-2

2 2 =
(a=3)'+b*=37 |b=243
z, 3 3 33 ;-9

z, 2423 8 8 32

z, =3;z, =a+bi:>{

Cau 35: Goi z lasd phuc sao cho P =|z—1-i|+|z—1-4i|+|z—2+i| dat gi4 tri nho nhat. Tinh |2|.

A 2. B. 1. C.2. D.%.

Loi giai
Chon A.

Goi M (x;y) la diém biéu dién sb phirc z=x+yi, véi x,yeR.

Taco: P=|z—1-i|+|z—1-4i|+|z—=2+i], véi A(;4), B(1;1), C(2;-1) thi
P=MA+MB+MC ; BA=(0;3), BC=(1;-2)

Vi B4 va BC khong cing phuong nén ba diém 4, B, C lap thanh mot tam giac ¢6

cosB=2ABC__ 2 _ B 153051200
BABC /5
Khi do dé P thi M =B (vi M la diém Toricenli) = z=—1-i

Vay |z|=+/2.
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C. BAITAP TUONG TU

Céu 36. Cho so phirc z thay doi thda man |z —1-i|=5. Hoi gia tri nho nhat cta biéu thirc

P=|z=7-9i+~2|(1+)z+8-8i 1a?

A. 35, B. 55. C.2\5. D. 4/5.
Cau 37. Cho so phtc z théa man |z—i|=2. Goi M, m lan luot 1a gia tri 16n nhat va gia tri nho nhat

cia |z +2|+|z+2-2i. Tinh P=M +m.

A. P=2+:17. B. P=2+217. C. P=+2+217. D.P=+2+17.
Céu 40. Cho s6 phitc z théa man |2* +4|=|z|. Goi M, m lan luot la gid tri 16n nhat va gid tri nho nhat

cua |z|.Tinh P=M+m.

A. P . D. P=

2 2

@ ) P c po 17+l 2171

Cau4l. Chosd phic z=a+bi, (a20,b>0) théamin a—b-2<0; a+4b—12<0. Hoi gi tri 16n

nhat cua |z| la bao nhiéu?

A. 245, B. 3.2. C.5. D. 24/6.

Chu 42. Cho hai s6 phitc z,, z, théaman z, —z, =3+4i va |z, +z,|=5. Hoi gid trj 16n nhat cua biéu

thic |z,|+|z,| 12 bao nhiéu?

A.5. B. 5\/3. C.1245. D. 5V2.
Céu 43. Cho s phtic z. Kihiéu 4, B, C, D lan luot 1 diém biéu dién cua cac s phuc z, z,
z(4+3i) va z(4+3i).Biét 4, B, C, D labbn dinh cia mot hinh chir nhat. Héi gia tri nho

nhét cua biéu thirc |z +4i— 5| l1a bao nhiéu?

C.—.

5 2 4
A —. B. —. D. —.
J34 J5 V2 J13

CAu 44. Cho s phuc z = , trong d6 m la s6 thuc. Goi S 1a tap hop tat ca cac gia tri thuc

1—m(m—2l')

5 A . l IS 7 LA 5 A A 5 A
cua tham s6 m sao cho |z — z| <—. Héi trong S co tat ca bao nhiéu phan tir nguyén?

NG

A. 1. B. 3. C.2. D. 5.
Cau 45. Cho s phtc z khac 0. Tinh dién tich ctia tam giac c6 ba dinh 13 ba diém biéu céc sé phuc z,
iz va z+iz.
A B, 10 C. Lz D. 3.
2 2 2
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Cau 46. Xét s6 phirc z théa man |z+2-3i|+|z—6-i|=2v17 . Goi M, m lin lugt 14 gid tri 16n nhét
va gié tri nho nhét cta biéu thirc P=||z+1-2i|—|z—-2+i].
A M =32, m=0. B. M =3J2, m=+2.
C. M =32, m=5J2-25. D. M =2, m=5J2-25.

Cau 47. Xétsd phirc z théa man |z -2+ 2i|—|z+1-3i| =~/34 . Tim gid trj nh6 nhét ciia bidu thire

P=|z+1+i].

AP = B. P, =3. C. P, =+13. D. P, =4.

min \/ﬁ min

Chu 48. Cho sé phirc z théa mén |z—2|+|z+2|=6. Tim gia trj 16n nhat va gié trj nhé nhét cua

P=|z—-1+3i.
Cau 49. Cho s phic z théoa méin z.Z =1. Tim gi4 tri nho nhét cua biéu thie P=|z’ +z+_l2 -3 1+l .
z z
A.i. B.E. C.2. D. 3.
2 4

3
Cau 50. Cho z,, z, la hai sb phirc lién hgp ctia nhau thoa man dong thoi hai diéu kién (ij 14 s6 thuc
Z

va ‘zf —zf‘ —43.Pat T = ‘zf + zf‘ . Khang dinh nao sau day dting ?

Ader<? B.0<T<2. C.l<|zl|<9. D.3<T<2.
2 2 2 2 5 2
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PHUGNG PHAP PAI SO, LUGNG GIAC
TRONG GIAI BAI TOAN MAX - MIN

A. KIEN THUC CO BAN

1. Dinh nghia
=~ Lwu y:
2. Bat dang thirc tam giac
o |z,+2)|<|z|+|z,| d4ubingxdy rakhi z =kz, v6i k>0 .
e |z,—z)|<|z|+|z,| d4ubingxdy rakhi z =kz, v6i k<0.
. |Z1 +Zz| > |Zl|—|Zz| dAu bang xay ra khi z, = kz, véi k<0.
. |Z1 —22| < |Zl|—|22| dAu bang xay rakhi z, = kz, v6i k>0.
3. Bit ding thirc AM-GM
Véi a,,a,,...,a, khong am ta ludn c6 a, +a, +...+a, > n{la,.a,...a, ,n 14 sb ty nhién
16n hon 1.Dau bang xay rakhi @, =a, =...a, .
4. Bat ding thirc Bunyakovsky
(af +a; +....+af)(bf +b; +....+bf) >(ab, +ab, +..+ab,)
Dau bang xay ra khi G _b_ &
bl b2 bn
B. BAITAP
Ki thudt 1: Danh gia hai modun véi nhau
Ki thuat nay chung ta tan dung cac phép danh gia
> |a+b| <[]+
> |a+b|2]a-p
Caul. Cho s phic z thoa min ‘zz —i‘ =1. Gi4 trj 16n nhat cta [z] 1

A5, B.2. C. 2V2. D. V2.
Phan tich
> Nhan thiy bén trong mo dun chi ¢ 1 vi tri chira z boi vy ta s& nghi dén danh gia hai

modun ‘zz —i

, |2| voi nhau.
> Cong cu chung ta hay dung dé danh gia cac mo dun voi nhau
|a+b|<|a|+|b| va |a+b|=|a|-|b|.
Loi giai
Ta co: ‘Zz—i‘Z‘ZZ‘—|i|=|Z|2—1. Do do |Z|2 -1<1 < |z|2 <2 @OS|Z|S\/§.
Voi z=1+i,taco |22 —i|=[i| =1 va [7] =+2.

Dods 7] =|z| =+2.

max

ay chon dap an D
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Cau2. Cho s6 phirc z thoa min z khong phai sb thuc va w = o 1a s6 thuc. Tim gia tri 16n nhét
+z

cta biéu thic P = |z+1-1|.

A. 242, B.\2. C.2. D. 8.
Phan tich
> Dé baicho w = 5 z - la s6 thuc nén ta tim cach biéu dién sb phtic z theo s6 thuc do.
+z

Sau d6 ta nhén thay z 1a 4n clia phuong trinh béc hai. Tir d6 ta s& tim duoc |z|.

> Nhan thiy bén trong mo dun chi ¢ 1 vi tri chira z boi vy ta s& nghi dén danh gia hai
modun |z +1-i

, |z| v6i nhau.
> (Cobng cu chung ta hay ding dé danh gia cac moédun voi nhau
|a+b|<|a|+|b| va |a+b|=|a|-|p|.

Loi giai

Tacow = 2+ZZz <:>W(2+zz):zc>zz—%z+2:0 (*)

(*) 1a phwong trinh bac hai véi hé s thuc 1 cR.Viz thea (*) nén z 1a nghiém phuong
W
trinh (*). Goi z,,z, 1a hai nghiém cua (*¥).

Suyra z,z, :2:|le2| =2<:>|Zl||22|:2:>|2| =2.

SuyraP=|z+1—i|£|z|+|1—i|=\/5+\/§=2\/§ .Dau bang xayrakhi z=1-i

Vay chon dap an A
A I , , s e A, s RN Y , +i
Cau 3. Cho so phuc z thoa |z| >2 . Tim tich gia tri 16n nhat va nhé nhat cua bi€u thirc P = Rl
z

3 2
A, =, B. 1. C.2. D. —.

4 3

Phan tich
A £ S P S S A I ~ ,
> Nhan thay 2T 06 thé vidt lai thanh |1+ !l tire 1a ben trong cling chi
zZ Z
a1 R \ , , o lz+i .
cO mot vi tri chra z . Nén ta tim cach danh gia vO1 |z| .
zZ

> Cong cu chung ta hay dung dé danh gia cac médun véi nhau
la+ 8| <[a|+[B| va |a -+ > [a||b].

Léi giai
Chon A
Taco P=ll+ <1+ <> Matkhae: 1+ 4>1- L L.
z |z | z lz| 2

Vay gia tri nho nhat cua P 1%, xay ra khi z = —2i; gia tri 16n nhat ciia P bang % xay ra khi

z=2I.

Caud. Xétsd phiic z thoa min 2|z—1+3|z-i|<2v2 . Ménh dé nao dudi day la ding?
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Cau 5.

A 2<l<2. B. |o|>2. c. Lep<2. D. |<2t.
2 2 2 2
Loi giai
Cach 1

Str dung bat dang thirc modun, ta co
222z 1|43z 2 2(|z =1 +|z-i]) 2 2|z~ 1= (2 i) =242

Do d6 diu bang phai xdy ra, tic 14

-i=0 ot
olltz—i=v2 AT

Chon dap an C

Céch 2

Goi z=x+yi,(x;y €R) dugc biéu dién béi diém M (x;y).

Suy ra 2|z —1+3Jz—i|=2y/(x=1)’ + > +3{x* +(y=1)" =2MA+3MB véi A(1;0),B(0;1).
Khi d6, diéu kién bai toan trd thanh 2MA +3MB <22 =24B(1).

Mit khéc, ta luén c6: 2MA+3MB = 2(MA+MB)+MB >2A4B+MB (2).

Tu (1) va (2), suy ra:

2A4B+MB<2MA+3MB<2AB = 2AB+MB <2AB < MB <0

:>MB=O<:>MEB(O;I):>|Z|=16(%%j

Cho s6 phtic z théa min |Z| =1. Tim gia tri 16n nhat M__ va gia trj nho nhat M__ cia bicu

X

thire Mz‘zz+z+1‘+‘z3+1‘.

AM, =5M_. =1. B. M, =5M_=2.
C.M,_  =4M_ =1 D.M,_ =4 M_ =2.
Phan tich

> Tatim cich danh gia ‘22 + z+1‘ +‘z3 +1‘ voi || .
> (Cong cu chung ta hay diung dé danh gia cac moédun voi nhau
la+ 5] <[a| +|p| va |a+b|> |a|~|b].

Loi gidi
Chon A
Taco: M <|z| +|z|+1+|z[ +1=5,khi z=1=> M =5=> M, =5.
‘1—23‘ ‘1—23‘ ‘1+z3‘ ‘1—z3+1+z3
Mit khéc: M ='——l+|1+2*|> + > —1,
1-z] 2 2 2

khi z=-1=>M=1=>M_. =1.

Cho s6 phirc z thoa man |z+—|=3. Tong cla gi4 trj 16n nhat va gia trj nho nhat cia |z| 1a
z
A. 3. B. /5. C. 3. D.5.
Phan tich
1
> Tatim c4ch dénh gid |z +—| véi || .
z
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> Trudc hét ta c6 bai toan tong quat: Choa,b,cla cac s thuc duong va sé phic z =0

—c+~c +4ab <|Z|< c+~Nct+4ab

2a 2a

az +-|=c . Ching minh rang

z

thoa man

Dau dang thirc xdy ra khi va chi khi z 1a s6 thudn do.
\ A N a 5 2 A < K \ s 1 b A 1A
» Duya vao dau dang thuc xay ra ta chi can tieén hanh giai phuong trinh az ——=c 10i lay
z
tri tuyét doi mdi nghiém. Khi d6 so duong nhé lamin |z| s6 dwong 16n 1a max|z|.

Loi giﬁi

Tacs [d—t <l =35 31202 3B <oy |_3”_
Z| zZ
Do do min|z| :#;maxw = 3+;/§.

Vy tong gid tri 16n nhat va nhé nhat ciialz| 1a v/13.

K7 thudt 2: Diing cdc bét ding thivc dai so
K1 thuat nay ching ta tan dung cac phép danh gia

» Véi a,,a,,...a, khong am ta luobn ¢6 a, +a, +...+a, 2 n¥a,.a,...a,

Dau bang xay rakhi a, =a, =..a, .

n

> (a12+a22+.. an)(b +b; +.. bz) (ab, +ab, +..+ab,)

Dau bang xay ra khi G B 4
bl b2 bn
Cau7. Chosd phitc z thoa man diéu kién |z—1|=~2 . Tim gia tri 16n nhét cia T =|z +i[+]z—2 4.
A. maxT =82 B. max7T =4. C. maxT =42 D. max7 =8.
Phan tich

» Tatim céch biéu dién z+i,z—2—i theo z—1 . Khi d6 T =|z+i|]+|z—2—i| bicu dién
duoc dudi dang v ++ va |z-1|ciing biéu dién duoc dudi dang v
> Tatim cach danh gia v +v va v
Loi giai
Chon B
:|z+i|+|z—2—i|:‘(z—l)+(1+i)‘+‘(z—l)—(1+i)‘.
Dit w=z-1.Tacé [w=1va T=‘w+(l+i)‘+‘w—(1+i)‘.
Dat w=x+yi.Khido |w|2=2=x2+y2
T =|(x+1)+(y+1)i]+[(x- “1)i]=1(x+ 1)+ (p+1) +1(x=1) +
S\/(12+12)((x+1) +(y+1) +(x—1) +(y—1)2) \/2(2x2+2y2+4):4

Viy maxT =4.

Chu8. Cho so phitc z théa man |z—3|+|z+3|=8. Goi M, m lan luot gi4 trj I6n nhat va nho nhat

cta|z|. Khi d6 M +m bang
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Cau 9.

A. 447, B. 4+4/7. C.7. D. 4+4/5.
Phan tich
> D& bai yéu cu tinh M +m do viy ta s& di tim gié trj 16n nhat va gi4 tri nhé nhat cua ||
» D& bai cho |z—3|+|z+3|=8c6 2 mddun ma mddun c6 thé biéu dién qua can. Tic 1a d&
bai cho biét tong hai cin. Do vay ta s& danh gia tong hai cin véi can thir ba.
> Cong cu dé danh tong hai cin véi can thir ba c6 thé ding Bunhiacopxki.

Loi giai
Chon B
Goi z=x+yi véi x;yeR.
Taco 8=|z-3|+|z+3|2|z-3+z+3|=|2z| & |z <4.

Do d6 M:max|z|:4khi z=%4 .

Ma |Z—3|+|z+3|:8<:>|x—3+yi|+|x+3+yi|=8<:>\/(x—3)2+y2 +\/(x+3)2+y2 =8.
Ap dung bt dang thtrc Bunhiacopxki, ta co

8=1.\/(x—3)2+y2 +l.\/(x+3)2 +° s\/(12+12)[(x—3)2 +y2+(x+3)2+y2]
@83\/2(2)8 +2y° +18) <> 2(2x7 +2y° +18) > 64
S+ 2T+’ Zﬁ<:>|Z|Z\/7.

Do do M:min|z|:\/7.

Vay M+m=4++7.

Tim s6 phirc z sao cho ‘z - (3 + 4i)‘ =+/5 va bidu thue P= |z + 2|2 - |z - i|2 dat gia tri 16n nhat.

A.z=2+1. B. z=5+5i. C.z=2+2i. D. z=4+3i.
Loi giai

Chon B

Cach 1

bat z=x+yi(x,yeR).

Khi d6 |z—(3+4i)|=~5 < (x—3) +(y-4)" =5.

Tacod P=(x+2) +y*—x’—(y-1) =4x+2y+3 e P-23=4(x-3)+2(y-4)
Suy ra |P—23|=\4(x—3)+2(y—4)\s\/(42 Jrzz)((x—3)2 +(y—4)2) =20.5=10.

Suyra 13<P<33.

x-3 y-4 5
= — X =
Do dé: P, =33 khivachikhi{ 4 2 @{ S
4(x-3)+2(y-4)=10 V7
Vay z=5+5i.
Céch 2

bat z:x+yi(x,yeR).
Khi d6 |z—(3+4i)|=~5 < (x—3) +(y-4)" =5.
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. x—3=+/5sint < x=3+/5sint
Dat .
y—4=\/§costc>y=4+\/§cost
P=|z+2f ~[z=i] =4x+2y+3=4(3+5sint)+2(4+/5cost)+3

& 4/5sint+2+/5cost = P—23
Theo diéu kién c6 nghiém phuong trinh luong giac

= (45) +(2V5) 2(P-23) & P ~d6P+4295013< P<33.
VayGTLN cia P 1a 33 = z=5+5i.

Chu 10. Cho s6 phirc z thoéa mén |z|<1 va sb phirc w= iZJr_l Khi d6, két luan nao sau ddy dung?
iz
A |w|>2. B. |w|<1. C. |w|=2. D. 1<|w|<2.
Loi giai

Chon B

DétZ:a+bi(a,be]R):>a2+b2£l do |Z|£1.

|W|_|2z—i|_|2a+(2b—1)i|_\2a+(2b—1)i\_ 4a’ +(2b-1)
_|2+iz|_‘ (2-b)+ai ‘_ ‘(Z—b)-i-ai‘ - (2—b)2+a2

4a* +(2b-1)

) <1,
(2-b) +a

Ta ching minh

That vay ta co: 4a* +(2b—1) <(2-b) +a* @ a* +b* <1.
Dau "=" xay ra khi va chi khi a* + 5> <1.

. - N ‘ V2o
Ciu 11. Cho ba so0 phtc z,,z,,z, théa man z +z,+z,=0va |zl| = |zz| = |z3| =——. Gi4 tri l6n nhat cta

2
biéu thitc clia P =z, +z,|+ 2|z, + z;|+ 2|z, + z,| bing bao nhiéu?
ap D2 pp MO g A5y p 102
3 2 5 3
Phan tich

> Vi phép bién dbi
|Z1 +Z2|2 +|z2 +z3|2 +|z3 +Zl|2 = |Z1|2 +|ZZ|2 +|Z3|2 +(z,+z, +Z3)(Z_1+Z+Z) giup ta

danh gia |zl+zz|+|zz+z3|+|z3+zl| va |zl|+|zz|+|zz| .

Loi giai
Chon B
Ap dung cong thite bién ddi |7, + 2,[ 4]z, + 2, + |z, + 2 <[z +[zaf 4|z =452 =2
Ap dung bt dang thirc Bunhiacopxki ta c6
P=|Zl +22|+2|Z2 +Z3|+2|Z3 +21|S\/(12 +2° +22)(|Zl +22|2 +|Z2 +Z3|2 +|Z3 +Zl|2) =3 %:¥

3.6

Suyra P

max
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|

Cau 12.

Cau 13.

Véi hai s6 phitc z,,z, théa man z, +z, =8+ 6i va |z, —z,|=2.Tim gi4 trj 16n nhét cua biéu thirc

P=|zl|+|zz|.

A. P=5+345. B. P=226. C. P=46. D. P=34+32.
Loi giai

Chon B

Cach 1: Goi z, =a,+bji va z, =a, +b,iv6i a,,b,,a,,b, eR.

&b +b, =

. {zl+22=8+6i {(al+a2)+(bl+b2)i=8+6i
Khi do =
(a, —02)2+(b1 —b2)2 =4

‘(a1 —a,)+(b, —b2)i‘ =2

|Zl—22|=2

= (a,+a,) +(b+b,) +(a,—a,) +(h=b,) =104 = a> +a,> +h7 +b,> =52 (¥).

Bunh (*)

Taco P=|z|+|z,|=Jal +b} +\Ja2 +b} < \/(12+22)(a12+a22+b12+b22)=x/2.52 =226

=P, =226
— dap an B.

Cich 2: Ap dung cong thirc bién d6i z.z = |z|2 va z,+z, =7, +z, taco:
|Zl +Zz|2 +|Zl —Zz|2 z(z1 +Zz)(z1 +22)+(zl —22)(21 —Zz)Z(Zl +Zz)(71 +72)+(zl —Zz)(z1 —Ez)

=2(zz7,+2,%,)= 2(|Zl|2 +|ZZ|2).
Vay |Zl +Zz|2 +|Zl _Zz|2 = 2(|Zl|2 +|Zz|2)'

2 =|ZI+ZZ|2+|21_ZZ|2 :82+62+22 =52 (¥

Suy ra |zl|2 +|zz| 3 3

Bunh

g
P=|z|+|| < \/(12 +2°)(|2[ +|=[ ) =252 =2V26 = B, =24/26 — dapin B.

Xét cac sb phic z=a+bi(a,beR) théa man |z-4-3i=+5. Tinh P=a+b khi

|z+1-3i|+|z—1+i| dat gi tri 16n nhat.

A. P=10. B. P=4. C. P=6. D. P=8.
Loi gidi

Chon A

Cach 1:

Ta co: |z-4-3] =5 & (a—4)" +(b-3)" =5 < a* +b =8a+6b 20
bat A=|z+1—3i|+|z—1+i| ta co:
A=\(a+1) +(b=3) +y(a=1) +(b+1)

A <(P41)((a+1)" +(b-3) +(a-1)’ +(b+1)2) =2(2(a”+b*)-4b+12)

= 2(16a+8b—28) = 8(4a+2b—7) (1)
Mat khac ta co:

4a+2b-7=4(a-4)+2(h-3)+15 s\/(42 +27)((a—4)" +(b-3)") +15=25(2)
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Tu (1) va (2) ta dugc: 4> <200

4a+2b-7=25
, a=6
beé Amax=10«/5<:> a-4 b-3 {b—4
4 2 -
Vay P=a+b=10.
Cach 2:
A

B
Do |z-4-3i|=v5=(a-4) +(h-3) =5
Suyra M e(C) c¢6 tam 7(4;3) va bankinh R =+/5
Goi A(-1;3), B(L,-1), I'(0;1)

Suy ra P=MA+MB£\/2(MA2 + MB?)

2
Mt khic ta c6 MA® + MB? = 201" + 25~

Suyra P, <> MI), <> I' 1ahinh chiéu vuéng goc ciaM trén AB < M,1,I' thang hang. Vi
ta thiy /4 = IB = MA = MB nén xay ra diu=.
Ta cém=(a—4;a—3),ﬁ'=(—4;—2) nén AB < M,I,I' thing hang
< 2(a-4)=—4(b-3)=a=2b-2.
Toa do M la nghi¢m cua h¢

{(a—4)2+(b—3)2:SC{CI=2;I9=2

a=2b-2 a=6;b=4
Mat khac

M(2;2)= P=MA+MB =210

M (6;4)= P=MA+MB=102
Vaydé P, thi M (6;4) Suyra a+b=10.
Cach 3
Tacod [z-4-3i| =5 & (a—4) +(b-3) =5

{a:x/gsina+4

bat b=+/5cosa+3"

Khi do M =|z+1-3i+|z—1+i|=J(a+1) +(b=3)" +\(a=1) +(b+1)’

= \/le/gsina+3O +\/6\/§sina+8\/§cosa+30 .
Ap dung BDT Bunhiacopski

M S\/2(16\/§sina+8\/§cosa+60) =\/2[8\/§(2sina+cosa)+60] <1042
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) 2
Sma =g {a:x/gsina+4:6
=

Nén M, =102 khi :
b:\/gcosa+3:4

Cosa =

S— G

Vay P=a+b=10.

Ki thudt 3: Don bién
K1 thuat nay chung ta di theo hudng
> Vi sd phtic & dang dai s6 tir dé bai ta di tim mdi lién hé giita phan thyc va phan ao.
Néu lam duoc diéu nay ta s& don vé 1 bién.
» Tir d¢ bai ching ta danh gia vé mot modun c6 thé 1a |z|.
Chu 14. Trong céc sb phirc thoa man diéu kién |z + 3| = |z +2 —i|. Tim s6 phirc c6 moédun nho nhat?
1 2 1 2

A, z=1-2i. B.z=—+=i. C.z=—2=i. D. z=-1+2i.
5 5 5 5

Phan tich
> Deé bai cho |z+3i| =|z+2—i| nén ta s& tim dugc moi lién hé giita phan thyc va phan éo
ctia 86 phuc z. Boi vay |z| s& ddn dugc mot bién.
Loi gidi
Chon C
Gidsu z :x+yi(x,ye R).

2

|Z+3i|=|Z+2—i|<:>‘x+(y+3)i‘z‘(x+2)+(y—1)i‘<:>x2+(y+3)2 =(x+2) +(y-1)
<:>6y+9—4x+4—2y+1<:>4x—8y—4—0c>x—2y—1:O<:>x—2y+1.

\/ \/ 2y+1 =5y +4y+1= f y+ + >—

Suyra |z| =§ yz—%:x— Viy z=——=i.

1
5 77505

+i

Chu 15. Cho z théa man |z —2—4i|=|z—2i|. Tim GTLN cta |[w| véi w= 2
z

A [W=2v2. B. M:@. C. M:@. D. [w|=
Loi giai
Chon C
Pat z=x+yi(x,y €R). Khi do
|z—2—4i| =z -2i| & |x+ yi-2—4i| =[x+ yi-2i] & (x-2)’ +(y—4)2 =’ +(y-2)
< —4x-4y+16=0 <= x+y-4=0y=4-x.

Ta co

=2+i:>| = |2+l|_|2+l| NG NG B NG

z v | z | |Z| \/x +y° \/x2+(4—x)2 _\/2x2—8x+16
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N PRI . J5 NCE V1o
Tacd {2(x=2) +8248 nn |W|:\/2x2—8x+16 5n Y ¥l T4

Cau 16. Cho céc s6 phirc z, =1+3i, z, =—=5-3i. Tim diém M (x;y) bicu dién s0 phtc z,, biét rang

trong mit phang phirc diém M nam trén duong thing x—2y+1=0 va mod dun s phic

w=3z, —z, —2z, dat gi4 trj nho nhit.

A M —i;—l . B. M E;—l . C. M g,l . D. M —E;l .
5 5 5 5 55 - 55

Loi giai
Chon D

Ta c6 diém M(x;y)ed:x—2y+l=0 nén M (2y-1Ly)=z,=2y—1+yi

Do d6 w=3z,-2z,-2z =3(2y -1+ yi)—(-5-3i)-2(1+3i) =6y +(3y—3)i

Suy ra [u]=/(6)’ +(3y-3)" =355 2y+1_3/5 y—— il >3\/Z —vy eR

1
Vay rn1n|w| g du bang xay ra khi y—g:M(—— —j

55
Cau 17. Cho z thoa man |z —2—4i|=|z—2i|. Tim GTLN cua [w| v6i w= Sad
z
AW=2v2. B.Mz@. C-M:@- D.|w|=

Loi giai

Chon C

Dit Z:x+yi(x,yeR). Khi do

|z—2—4i|=|z-21] S |x+yi-2—4i| =|x+yi-21] & (x-2)" +(y-4) = +(y-2)
& —4x-4y+16=0=x+y-4=0y=4-x.

Ta co

pe 2ty [ el 6 5B
z | | |Z| \/x +y° \/x2+(4—x)2 \/2x2—8x+16

B

(-2 48

5 (2(x—2)" +8>/8 nén |u] = V5 By, _10
Ta co (x )+ \/—nen|w| \/mﬁzﬁ.vaﬂwlmax 1

Cau18. Cho s6 phirc z thoa min |z| =1. Tim gi4 trj 16n nhat cta biéu thie P = |z +1|+2|z-1

max = 2\/_ max - 2\/_ C. Pmax = 3\/3 . max = 3\/—

Loi giai

Chon A
Cach 1:

bat z=x+yi (x;ye]R).
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|

Ta co |Z|:1<:)x2+y2 =1. Suyra xe[—l;l]

Taco P=|z+1+2]z=1|=(x+1) + 17 +2(x—1)" 4 =v2x+2 +2/2x+2.

Xétham f(x)=+2x+2+2v-2x+2 trén doan [~1;1], ta duoc

12
V2x+2 N2x+2
Bang bién thién:

Taco f'(x) f(x)=0ex=-3

3

Dya vao BBT, ta suy ra: r[nle_tl)](f(x) = f( 5

j=2\/§ va min f (x)= £ (1)=2.

Cach 2: Bunhiacopxki

Cau 19.

Céu 20.

Theo BDT Bunhiacopxki:
P=|z+1]+2]z—1| s\/(12 +20)(|z+1 +]z-17) :\/10(|z|2 +1) =245,

Cho s6 phirc z théa mén |z|=1. Tim gi4 tri I6n nhat ciia biéu thirc P =|1+ z|+3[1-2].

A. 315 B. 635 c. J20 D. 24/10.
Loi giai
Chon D

Goi z=x+yi; (xeR;yeR).Taco: |z|=1=x’+)’ =1= )’ =1-x" = xe[-11].

Taco: P=[l+2]+3[1-2|=(1+x) + 37 +3(1=x) +)* = 2(1+x) +3,2(1x).
Xétham sé f(x)=J2(1+x) +32(1-x); x €[~1;1]. Ham s6 lién tyc trén [~1;1] va voi

xe(-11) taco: f'(x xz—%e(—l;l).

1 3
= - =0
) S2(1+x) (2(1-x)
Taco: f(1)=2; f(-1)= 6;f(—§) =2J10= P, =2410.

Xét s6 phirc z théa man |z+2—il+|z—4—7i|= 632 . Goi m, M 1an luot 14 gi4 tri nh6 nhét va gia
trj 16n nht ciia |z —1+i|. Tinh P=m+M .

A. P=+/13+73. B.P:M. C. P=5J2+273. D.P:@.

2
Loi giai

Chon B

Goi M (x;y) la diém biéu dién cua z. Céc diem A4(-2;1), B(4,7), C(1;-1).

Ta o [z+2—i|+|z—4~7]| =632 < MA+MB =642, ma AB=6y2 = MA+MB=4B.
Suyra M thudc doan thing AB.
Phuong trinh duong thing AB:y =x+3, voi x e [-2;4].
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|

Cau 21.

Cau 22.

Taco [z—1+i|= MC= |z -1+ =MC? = (x~1) +(y+1)" =(x—1)" +(x+4)" =2x> +6x+17
bat f(x)=2x"+6x+17, xe[-2;4].

f'(x):4x+6,f’(x):0<:>x:_% (nhén)
tacs (-2)=13. /(-3 ]2 r(@)-73

iy (0) = (4) =73, 10, =13 -2
52, 524213
NI,

:M:ﬁ,m—Tz.:

Cho s6 phirc z théa min ‘(z+2)i+1‘+‘(£—2)i—1‘ =6. Tinh tong T = max‘z‘+min‘z‘?

5J5-2 3J5-2

A. T= . B. T=0. C.T=6. D.T= .
2 2

Chon A
bat z=a+bi; a,beR .

Ta co: ‘(z+2)i+1‘+‘(2—2)i—1‘=6
& |(a+bi+2)i+1|=2|(a=bi-2)i-1|=6
<:>\/(a+2)2 +(1-b) +\/(a—2)2 +(b-1) =6

45-9(b-1)’
5

©5(9-a7)=9(b-1) @ a’ = >0

<:>1—\/§$b31+\/§
2
Khi d6 ‘z‘=\/a2 + b =\/w+b2 .

Khao sat ham so, ta co

o [45-9(p-1) |
[1%1;11?\6}\/—+b =y(1—\/§)=\/§_1’

5
\/45—9 b-1 . (9) 35
max (\————+b" =y|— |=—.
[1-35:145] 5 4) 2
vay T=5£2‘2

Cho s phtrc z thoa man |z|=1. Goi M va m lan luot 1a gi4 trj 16n nhat va gi4 tri nho nhét cua

biéu thie P = |z + l| + ‘zz —-z+ l‘ . Tinh gia tri cia M.n
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Loi gidi
Chon A
» Cach 1:

bat z=a+bi, (a,beR).Dét t=|z+1|

Taco:0<|z|-1<|z+]|<|z+1 = 0<r<2.

2

¢ :|z+1|2 =(Z+1)(;+1)=l+ZE+Z+E=1+|Z|2+2a=2+2a:a=
‘zz —Z+1‘=‘ZZ—Z+Z;‘=|Z”Z—1+E‘=|Z||2a—l|=‘f2—3‘:>P=t+‘t2—3‘Vé’i te[O;Z]
P:t+‘t2_3‘:{t2+t—3,\/§gs2

2 +t+3,0<1<3
Bang bién thién:

T 1] % J_i z
e . I
! // \\ ,.,-—"""—#'
3
:>MaxP—E MinP = f Mm—13\/—
[0:2] 4 [02]
> Cach 2:

z=r(cosx+isinx)=a+bi
Z.;=|Z|2 =1

Do |z|=1=
| | {r:\/a2+b2 =1
P=+2+2cosx+ —1|, dat t =cosx e[-L1]= f(t) =~2+2¢ +|2t 1

THI1: ¢t e [—l;l}
2

maXf(f)=f(1)=3

So= min £ (f) = f(%j=\5
TH2: t e l :|

[ _ 0 = :_Z — _Z ZE
f(t)_m 2=01t 8:>maxf(t) f( 8) 1

1343
=

13
:Maxf(l)zZ; Minf(t)=\/§:>M.n=
Cau 23. Cho s phitc z thoa min |z|=1. Tim tong gid tri 16n nhat, nhé nhat cua biéu thic P véi

=‘1+22‘—|1+Z|?

A. 2442, B. 1+242. C. —1+242. D.2-2.
Loi giai
Ta co
‘1+z ‘

E |1 2= |+ 2|l 2 = 2] = e 1)+ =20x] V2420 Vi Xy =1

Khao sat ham s6 f(x) =2[x|-v/2+2x véi xe D=[-11].
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Cau 24.

1 242+2x -1

+Voi x>0 tacd f(x)=2x—+/2+2x taco f'(x)=2- =

V2+2x  2+2x

Flx)=0=2+2x =%<:>x=—% nén ta c6 max P = P(1) = 0;min P = P(0) = —/2. .

+ Vo1 —=1<x<0 tadugc f(x)=-2x—-~+2+2x
1
'(x)=—-2-
S N2+ 2x
max P = P(~1)=2;min P = P(0) = —/2 .
+ Tu trén ta dugc max P = P(-1) = 2;1[nli_HP=P(O) =2 Vay két.

[-1:1]

<0 trén tap diéu kién. Ham s6 nghich bién trén [-1;0]. Tir d6 ta dugc

Cho s6 phirc z thoa man z.Z =1. Tim gia tri nho nhét ctia biéu thic: P = ‘23 +3z+ E‘ - |z + E| .

AL B.>. c. B D.3.
4 4 4
Loi giai
Chon B
Goi z=a+bi,v6i a,beR
Tacod: z+z =2a; Z.E=1<:>|Z|2=1<:>|Z|:1
Khi @6 PI‘ZS+3Z+E‘—|Z+E|= z(zz+3+zj —|Z+E|
z

—2
P:|Z|.zz+3+|27—|Z+E|:‘zz+222+22+1‘—|Z+E|
z
—\2 — 2 2 1Y 3.3
P=|(z+7) +1-[z+7|=[4a> +1]-2|a] = 4a> +1-2]a] = | 2Ja] -5 |+ =
2) 474
o 3
Vamein_4'

Ki thudt 4: Luwong gidc hoa

Cau 25.

Céu 26. Cho s6 phtc z théa man ‘(1 —i)z—6— 21" =+/10 . Tim mddun 16n nhat cta sb phirc z.

Cho s6 phirc z thoa man |z -1+ 2i| =2 . Tim mddun 16n nhit cia s phirc z .

A A9+445. B. J11+44/5 . C. \J6+4/5. D. 5+6+5 .

Loi giai
Chon A
Goi z=x+yi; (xeR;yeR).Taco: |z—1+2i|:2<:>(x—1)2+(y+2)2:4.
bat x=1+2sint;y =—2+2cost; 1 €[0;27].
Luc do:

|z|2 =(1+2sint)2 +(—2+2cost)2 =9+ (4sinr—8cost)=9+v4*+8’sin(t+a); (aeR)

= |f :9+4\/§sin(t+a):>ze[—\/9+4\/§;\/9+4\/§}

5+2\/§+—10+4\/§l,
. .

=z =+9+4/5 dat dugc khi z = 5

B. 3/5.

D. 3+\/§.
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Cau 27.

Cau 28.

Loi gidi
Chon B
Goi z=x+ yi; (xeR;yeR).
Ta co:

—6—-2i

(1-i)z-6-2i| =10 < |(1-i). 1
—i

Dt x=2++/5sint; y=4++/5cost; te[0;27].

Luc do:

|z|2 :(2+\/§sint)2 +(4+\/§cost)2 :25+(4x/§sint+8\/§cost)

:25+\/(4\/§)2+(8\/§)2 sin(t+a); (aeR)

:>|z|2 :25+2OSin(t+a):>ze[\/§;3x/§}

= Zom =3/5 dat dugc khi z=3+6i.

z+

Cho s6 phtic z thoa méin |z—1+2i| = 3. Tim modun 16n nhit cua sb phirc z—2i.

A.\26+6\17. B. 426 -64/17. C. \26+817. D. \26-4/17.
Loi gidi

Chon A

Goi z=x+yi; (xeR;yeR)=z-2i=x+(y—2)i.Taco:

z-1+42i[=9 & (x-1) +(y+2) =9.

bat x=1+3sint; y =-2+3cost; t €[0;27].

:>|z—2i|2 =(1+3sint)2 +(—4+3cosz‘)2 :26+6(sint—4cost)=26+6\/ﬁsin(t+a); (a eR).

= 266317 <|z-2i| <26+ 6317 = |z 21| =+26+6V17.

Cho s6 phitc z thoa man |z|=1. Goi M,m lan luot la gia tri 1on nhat va gia tri nho nhét cia

tim Q:|z—1|+ z—5+§i .Tinh P=M +m.
A. 4423 . B. 2+243. C. 26 . D. 2++6.
Loi giai

Chon C

B3

Vi |Z|:1:>Z:cosx+lsmx va Q=|cosx+zsmx—1|+ cosx—i—zsmx—E—i-Tl

2 ) 1 2 . \/5 ’
:\/(cosx—l) +sin’ x + cosx—z + smx+7

=\/2—2cosx+\/2—cosx+\/§sinx 6[2\/2—\/5;2\/2+x/§]

Do dd P=22-+/3 +24/2+/3 =26.
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Cau 29.

Cau 30.

Cau 31.

1 B

Cich 2: Khi biét |z| =1, xét ba diém M(a;b),A(l;O),B{E;—TJ taco Q=MA+MB va

M, A,B cung thugc duong tron (O,l) suy ra (MA +MB)InaX <> M 1a diém chinh giita cung
I6n AB. (MA+MB) <> M 1a diém chinh giira cung nho AB .

Cho s phtic z thay d6i thoa man |z -1- i| =5. Hoi gia tri nho nhat cia biéu thirc
P=|z=7-9i|+2|(1+i)z+8-8] 1a?

A. 35, B. 55 . C. 245. D. 45,

Loi gidi
Chon B
Vi z—1-i=5(cosx+isinx), ta co:
P:‘1+i+5(cosx+isinx)—7—9i‘+21+i+5(cosx+isinx)+81_?i
+i
e s .. 8—-8i
:‘(SCosx—6)+z(551nx—8)‘+2(500sx+zsmx)+1 :
+i

= \/(5005x—6)2 +(55inx—8)2 +2\/(5 cosx+1)2 +(5$inx—7)2

=25-60cos x —80sin x+100 +2+/25+10cos x— 70sin x + 50 > 5+/5..

Cho s6 phttc z théa man |z—i|=2. Goi M,m lan luot la gi4 trj 16n nhat va gia tri nho nhat cua

|z+2|+|z+2-2i|. Tinh P=M +m

A. P=2+17. B. P=2+217. C. P=v2+2J17. D. P=+2+17.
Huéng din giai

Chon B

Taco: z—i=2(cosx+isinx) va

|z+2|+|z+2—2i|=‘2(cosx+isinx)+i+2‘+‘2(cosx+isinx)+i+2—2i

=\/(2cosx+2)2 +(2sin)c+1)2 +\/(2c0sx+2)2 +(2sinx—1)2

:\/9+800sx+4sinx +\/9+800sx—4sinx

:\/18+16cosx+2\/(9+8czosx)2 —16sin’ x

:\/18+16cosx+2\/80c0s2x+144c0sx+65 6[2;2\/ﬁ:|.

Goi z:x+yi(x,yeR) 1a sb phic théa min hai didu kién |Z—2|2+|Z+2|2=26 va
o33,
V2 2

A. xy:% B. xy=—. C.xy=—. D. xyz%

dat gia tri 16n nhét. Tinh tich xy.

Chon D
bat z = x+iy(x,y € R). Thay vao diéu kién thir nhét, ta dwoc x* + y* =36.
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Dit x =3cost,y =3sins. Thay vao diéu kién thir hai, ta co

3 3 . V4
P=|z———-——1i|=,[18-18sin| t+— | < 6.
V2 2 \/ ( 4)
. s . 3 W2 3V2
Dau bang x4y ra khi sin t+£)=—l:>t:——”:>z:—i—£i.
4 4 2 2
Ki thudt 5: Sir dung biéu thirc lién hop zz= |z|2
Céu 32. Cho sb phirc z thoéa min z khong phai la sb thuc va w= 5 z - 1a s6 thuC. Gia tri 10n nhit
+z
cta biéu thue M =|z+1—i| la
A 202, B. V2. C.2. D. 8.
Loi giai
Chogn A
Do w 1a so thyc, suy ra:
— z z z z z z -2 =,
w=w 22( > | < SE == - = — <> 2z+zz =2z+z"z
24z 24z 24z° 24z 24z 94,

Cau 33.

@(Z_;)(z_z.;)zo@[;;ﬁzgzzaw=2©|Z|=ﬁ.

bat z=x+yi(x,y eR). Khi do |Z|=\/§<:>x2+y2 =2 (*).
Cich 1 (Theo dai sé va két hop bat dding thirc)
M:|Z+1—i|:‘()c+1)+(y—l)i‘=\/()c+1)2+(y—1)2 =\/x2+y2+2x—2y+2

Suyra M> :2x—2y+4S\/(22+22)(x2+y2)+4:\/@+4=8:>Ms2x/§:>MmaX =22
Cach 2 (Theo hinh hoc)

Goi diém T (x;y) biéu dién sb phic z=x+ yi

—8 5T thude duong tron (C) ¢6 tam O(0;0) va ban kinh R=2.

Taco M =|(x+1)+(y=1)i]=(x+1) +(y=1)’ =T4 véi A(-1;1).
Do 4(-1;1)e(C) suyra M,, =T4,, =2R=22.
Chuiy: Néeu A¢(C)=>M,, =TA, =0A+R.

Cho s6 phirc = thoa man |2* +4|=|z[. Goi M, m 1an luot la gid trj 16n nhdt va gid tri nho nhat
cua |z|.Tinh P=M+m.
A po T+ B. P=417. c. po Y17+l p. po 271
2 2 2
Loi giai

Chon B

: 4 4 -
Ta co ‘22+4‘=|Z| o2 +4 =l z+i =1<:>(z+—j(z+—j:l <:>(z+ij(z+ij=1

z z z z zZ Z

— 2 —2
- 16 7z z , 16 4(2 +Z)
<:>Z.Z+—_+4 :+— :1<:>|Z| +_+—:1.
z.z z
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|

Cau 34.

Cau 35.

Cau 36.

16 J17 -1 <\/ﬁ+1

Véyvéria=|z|>0,tac612a +—-8 5 <a< 5
pods p =L T4
2 2
Cho s6 phirc z thoa man z+§ =3. Tinh P=max|z|+min|z|.
A. P=3. B. P=+/13. c. P=3J13 D. P=3+4/13.

Loi giai
Chon B )
Theo gia thiét, ta co

(z+—1)(z+—lj:9<:>(z+—1)+(2+—1)=9
z Z z Z

» 1 247t 2
Sl +—+=———=9 | +—+ =

2 2
S

7
3+3 P=\/B

Cho s6 phitc z thoa man |z[=1. Goi M va m lan lugt 1a gia tri 16n nhat va gi4 tri nho nhat
ctia biéu thirc P = |z + 1| + ‘zz -z+ 1‘. Tinh gia tri cia M.m .

A. % B. 2. C. 33. 13
4 4 4

Loi gidi
Chon A
Goi z=x+yi; (xeR;yeR).Taco: |z|=1<zz =1
Dit 1=|z+1|,taco 0=|z|-1<|z+]|<|z|+1=2=1€[0;2].

)

Taco £’ =(1+z)(1+Z)=1+zZ+2+Z=2+2x=>x=

2
Suy ra ‘Zz—Z+1‘=‘22—Z+Z.E‘=|Z||Z—1+E|=w/ 2x - 1 |2x 1|—‘t —3‘

Xétham sb f (t) =t +|¢’

,t €[0;2]. Bang c4ch dung dao ham, suy ra

maxf(t):%;minf() V3= Ma 13;/_
Cho s6 phirc z thoa man |z° +l =4 . Tinh P=max|z|+min|z|.
z
A. P=4/2. B. P=242. C. P=\4/2-2. D.P=2y2J2-1.

Loi giai

ChonD
Theo gia thiét ta c6

(23 +l)(z3 +l) =16 (23 +lj(23 +é) =116
z z z z
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2 —2)\? 4
-2
ol 4L EH2 =16@|z|6+iz+<z b )2 e
SN g g
4
:>162|z|6+#+_|2||f| = V4*E_22_*Es|z|s “4*5_22“6:1):\/4\/5—2.
z z
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CAC BAI TOAN SO PHUC KHAC

G MUC PO VAN DUNG CAO
Tinh gia tri biéu thic, toan thuc tién lién quan sé6
phic,...

Chii dé 1: Mt s6 dang phwong trinh sé phikc néng cao

Trong ky thi THPTQG, dang phuong trinh sé phirc ta hay gip 1a mot phuong trinh trong d6 ¢
chtra z va |z| Muc tiéu ta can tim s6 phitc z bang bao nhiéu. C6 thé c6 nhiéu cach héi, nhung
nhin chung, néu ta tim ra duoc s6 phuc z, thi moi chuyén s€ tré nén rat dé dang. Pé lam duge

dang bai nay, ban doc c6 thé lya chon hai cach sau:

Ciéch 1: Goi z=a+bi va tién hanh giai mot hé phuong trinh: phan thuc va phan 4o lan lugt bang
khong (cha ¥ chuyén vé cho vé phai bang khong). Cach nay thudng s& gip khé khin trong viéc
giai phuong trinh, vi d6i luc hé phuong trinh ciia ta rat kho giai.

Cach 2: Ta xem |z| chinh 13 mét sb thuc (boi dinh nghia cia modun sé phuc z). Khi d6, chuyén

ve dé cho mot vé€ cia chung ta chtta z, v€ con lai, ta ghép phan thyc va phan 4o twong tng véi

nhau, sau dé thyc hién budc ldy modun hai vé, tir d6 ta tim duoc |Z , thay vao phuong trinh ban

dau s& tim ra z . Sau day la mot vai vi du:

J10

Cau 1. Xétso phic z thoa man (1+2i)|z| =———2+i. Ménh dé nao dudi day dung?
z
A 2 <l<2 B. |2|>2. C. |z|<L. D. L <lf<2.
2 2 2 2
Loi giai

Chen D.
Jio Jio Jio

Taco: (1+2i)|z] =~——-2+i < (1+2i)|z|+ 2-1="— < (|2|+2) +(2]2] -1)i =—
z z

z
e (lH+2) +(2}4-1) :% & (|7 +2) +(2le-1) :% o l=1.
z z
Céu2. Chosophtic z=a+bi (a,beR) théamin z+1+3i—|z[i=0.Tinh S=a+3b.
A S=1L B. S=-5. C.S=5. D.S=-_.
3 3

Loi giai
Chon B.

Tacod: z+143i—|z[i=0 (*).

& z=|z|i-1-3i & z=-1+(|z]-3)i & |o|=\1+(|7]-3)" |z =1+(]2[-3) c>|z|:§.

a=-1
Thay vao pt (*) ta duoc: (a+bz’)+1+3i—§i:0<:> o 4
)

Viy S=a+3b=—-1+3¢ 3 =-5.
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Céu3. Cho séphic z=a+bi (a,b€R) thoamin z+2+i=|z|. Tinh S=4a+b.
A. S=4. B.S=2. C.S=-2. D. S=—4.

Loi giai
Chon D.

Ta co: z+2+i:|z| (*).

& z=|d|-2-i & z=(|7=2)~1li & |d = (|7 -2) +(-1) < =1+(4-2) @|z|=%.
Thay vao pt (*) ta duoc: (a+bi)+2+i—§:0<:> =7
4 b=-1
Vay S:4a+b:4-_73—1=—4.
Caud. Chosdphtic z=a+bi(a,beZ) théa (2+5i)|z|=4z—7+3i(3+z). Tinh a—b.
Al B.3. C.5. D.7.

Loi giai
Chon D.
Ta co: (2+5i)|z|=4z-7+3i(3+z).
& (2+50)|2|+7-9i = (4+3i)z < (2|2 +7)+(5]z|-9)i = (4+3i) 2

l2[=13  [z=12+5i

s e 17 2
=5 750 s
Do a,beZ néntanhan z=12+5= P=7.

2 2 _ 2=2 2
c>( |z|+7) +(5|Z| 9) 5|z| @{ B
CéuS. Chosdphtc z=a+bi (a,beR) théaman z+2+i-|z|(1+i)=0 va |z|>1. Tinh P=a+b.

A. P=-1. B. P=-5. C. P=3. D. P=7.

Loi giai

Chon A.

Ta co: z+2+i—|z|(l+i):O.

<:>z:|z|(1+i)—2—i<:>Z:(|z|—2)+(|z|—l)i (*)

Sl=(d-2) +(H-1)" | =(d-2) +(d-1) = =1

a=-1

Thay vao pt (*) ta duoc: (a+bi)=(l—2)+(l—l)<:>{b_0 .

Vay P=a+b=—-1+0=—1.

Céu 6. Choso phitc z=a+bi (véi a, beR) théa |z|(2+i)=z-1+i(2z+3), tinh S=a+b.

A. S=-1. B. S=1. C.S=7. D. §=-5.
Loi giai
Ta co:

3

|Z|(z+z-)=z_1+,-(zz+3)@z=|z|(§_gij+(_1_i)@Z=(§|Z|_1j+(_§|z|_1ji *)

2 2 2 2
c>|z|=\/(i|z|—lj +(_§|z|_1j ©|Z|2=(i|z|_1j +(_§|Z|_1j old=5.
5 5 5 5
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|

Cau 7.

Cau 8.

Cau 9.

a=3
b=-4

Thay vao pt (*) ta duoc: (a+bi)= (%-5 —lj +(—%-5 —lj =S {

Vay S=a+b=3-4=-1.

2
3 . 2 z
Tim phan thyc cua so phuc z biét: z+ u =10.

z
A. -5, B. 5. C. J10. D. 10.
Loi giai
Ta c6 z+| | =10, diéu kién z#0

bat Z:a+b1 (a,beR).Khid(')

2
Hﬁ=10<:>zz—1oz+|z|2 =0 a’ b’ -10(a+bi)+a’ +b* =0
z

0 _{a=0 (L )
a= oai
{2a2—10a20 { b=0

= S1a=5

-106=0 {a=5
b=0
b=0
Vay z=5+0.i suy ra phan thuc cta sé phic z 13 5.
Cho sé phirc z thoa man (1+i)|z|= 2\/E—lﬂ'. Hoi phan thyc cua sd phirc w= 7 bang
z zZ
bao nhiéu?
AL B. L. c.l .3
2 2 4 2
Loi giai
Chon C.
Ta co: (1+i)|z|= 210 (*).
z
. 2410 2J_ 2410
& (1) #1-1=202 e (2| 1) (1) & (A1) +(-1) = T
<:>(|z|+1)2+(|z|—1)2=%<:>|z =2
z
a_3JE
‘ . 2410 R
Thay vao pt (*) taduoc: (a+bi)=————< :
1 . -
(1+i).2+1—i b=—@
5
Vay we L~ ! _1, 3+,
. 24z 2{3@_@1} 4 1 :
5 5

Tim modun ctia s6 phirc z biét z—4=(1+i)|z|-(4+3z)i

A. |z|=1. B. |z|=4. C. |7|=2. D. |z|=
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Tacd z—4=(1+i)|z|—(4+32)i = (1+3i) 2= (2| +4) +(|z|-4)i

Léy modun hai vé, ta duge |(1+37)z| = (2] +4) + (||~ 4)i] & |A¥T0 = (|| + 4)" +(||-4)
1002 =(|2[+4) +(2]-4) @8l =32 | =4= =2

. 3 (5+\/§i)
Cau 10. Cho s0 phtic z c6 phan thyc duong va thoa z — —1=0. Lac do:
z
A. lz|=2. B. |z=3. C. |z|=4. D. |z|=
Loi giai
Chen D.
5+/3i
E—( l)—1=0 c>z.E—(5+\/§i)—z:0 <:>|Z|2—(5+\/§i)—2=0 <:>(|Z|2—5)—\/§i=2
z
:Z:: 5 Z:—l—\/gi
zl=—
& (1 -5) +3=|f = | z=-1-3i—20 | =
|Z|=*/7 2 J3i
z=2-~3i
|2|==V7

Cau 11. Cho sb phicc z=a+bi (a,beR); a> +b* >0 théa min (1—i)|z|2 +(2+20)z" +2z(z+i)=0.
Tim gi4 tri ctia biéu thic F = %.

B.F:—l. C. F=-5. D.F=E.
5 5

Loi giai

's

~q

Il
W | D

Do z=a+bi (a,beR); a*>+b*>0=z#0.
(1=i)|z]" +(2+20)z* +22(z +1) =0

< (1-i)zZ2+(2+20)2° +2z(z+i) =0 < (1-i) 2+ (2+20)z+2(z+i) =0
< (1-i)(a=bi)+(2+2i)(a+bi)+2(a+(b+1)i)=0

S5a-3b=0 |77

!
& 5a-3b+(a+3b+2)i=0c o 3
a+3b=-2 5

9

:>F=§
b=-

Céu 12. Cho sd phtic z thoa méin ( )[(3+4z z| 4+3z] 5J2=0.Gia tri cua ‘ ‘ la:
B.

V2. C. V2. D. 1.

Loi giai

A. 2.

Chen D.
(2)[(3+40)|z|-4+3i|-5v2 =0 = Z[ (32| - 4) +(4]z]+3)i | =5v2

S || (3lH-4)" + (4]2]+3)" | =50 & [ = 21— =1
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CAu 13. Cho sd phuc z,w khéc 0 sao cho |z - w| = 2|z| = |w| . Phén thuc cua sb phuc u = 2
w

A.a:l. B.a=1. C.a:l. D.a:—l.
4 8 8
Loi giai
Chon C.
z| 1
w2 | =<
Taco |z—w|=2|z|=|w] & = 2, (%
zZ—W
‘:1 u—1]=1
w
az+b2:l

Gia sit u=a+bi, (a, beR).Khido (*) &

Tu (**):>—2a+1:1—i<:>a=%.Chon C.

Céu 14. Cho sd phtc z thoa |Z| +2z=3+4i. Mddun cta z bang

A B. 2. c.l. D. |2,
6 6 25 6
Loi giai
Chon B.
Tact [2f+ 2 =344 0 2 = (3-[2]) 4 < o = (3-[2])' +4° = o =2
Céu 15. Cho s phtic z c6 modun bang 2 va sb phirc w thoa man: l+i = ! . M6 dun cua sb phirc

z w zZ+w
w bang bao nhiéu?
1

A, —. B. 2. C.l.
3 2

Loi giai
Chen C.

Do |z|=|w|:2:>z,w¢0.

D. 3.

zZ
5 i
1 1 <:>(Z+W)2=ch>zz+zw+w2=0<:>(£j +Zi=0|" 2
z w z+w w w z__l_ﬁ
w2 2
£:1®H=1<:>|w|=|z|=2.
w [wi

Céu 16. Trong tap cac s phirc,cho phuong trinh 2> —6z+m =0, meR (1). Goi m, la mot gia tri cua

m dé phuong trinh (1) c6 hai nghiém phéan biét z,,z, théa min z, z_1 =z, 2_2 Hoéi trong khoang

(0;20) c6 bao nhiéu gié tri m; € N?
A. 10. B.11. C.12. D. 13.
Loi gidi
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Truong hop 1: A'> 0,phuong trinh c6 hai nghi¢ém thyc phéan biét z,, z, Khi do:
=1
=z z1 #Z, 22 khong thoa man.
5L =5
Truong hop 2: A'< 0 < m > 9 ,phuong trinh c6 hai nghiém phurc phan biét z,, z, .Khi do:
=2z, —
_=zz =2, 22 v61 moi phuong trinh.
=5

Ma m 14 s6 nguyén thugc khoang (0;20) nén c6 10 gia tri.

Cau 17. Cho a,b,c 1a cac sd thuc sao cho phuong trinh z° +az’ +bz+c=0 c6 ba nghiém phutrc lan
luotla z, = w+3i; z, = w+9i; z; =204, trong d6 @ 1a mot sb phtric nao d6. Tinh gia tri cua
= |a+b+c|.
A. P=208. B. P=84. C. P=136. D. P=36.

Loi giai

Tacod z,+z,+z; =—a = 4w+12i-4=-a la s6 thuc, suy ra wcd phan a0 —3i hay w=m—3i
Khid6 z, =m; z, =m+6i;z, =2m—6i—4 ma z,; z, 1a lién hop cua nhau nén
m=2m-4<m=4.
Vay z,=4; z, =4+6i;z, =4-6i
Theo Viet ta c6

z,+2z,+z,=—a a=-12

2z, + 2,2, + 2,2, =b = b =84

22,2, =—C c=-208

P=|-12+84-208/=136

Cau 18. Cho sé phirc w va hai s6 thuc a, b. Biét rang 2w+i va 3w—>5 14 hai nghiém ciia phuong trinh

2> +az +b=0. Tim phan thuc cta sd phic w.
A. 2. B. 3. C.4. D. 5.

Loi giai
Goi w=c+di,(c,d € R). Khi d6 hai nghi¢m cua phuong trinh la
2w+i=2(c+di)+i=2c+(2d +1)i
3w—5=3(c+di)—5=(3c—5)+3di
Theo dinh li Vi-ét:

g1
S5¢— 5+(5d+1)1 T 5
Lo
(2¢+(2d +1)i)((3¢—5)+3di)=b 26+§ij(3c_5_gij:b
5 5
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Cau 19. Goi S 1a tap hop tit ca cac gia tri thyc cia tham sé m dé ton tai duy nhét s phirc z théa man
zz=1va ‘Z—\/§+i‘ = m. Tim s6 phan tir cia S.

A. 2. B. 4. C.1. D. 3.

Loi giai

Goi z=x+yi.(x,y €R), ta ¢ hé {xz +y7 =10
(x=3)* +(y+1)* =m*(m >0)

Ta thay m=0=>z=3-i khong thoa man zz=1 suyra m>0.
Xét trong hé toa dd Oxy tap hop cac diém thoa mén (1) 1a dudng tron (C)) co6 0(0;0),R =1,
tap hop céc diém thoa man (2) 1a duong tron (C,) thm I(x/3;—-1),R, =m ta thdy Ol =2 > R,
suy ra / nam ngoai ).
Dé c6 duy nhat s phtic z thi hé c6 nghiém duy nhét khi d6 tuong dwong véi(C,),(C,) tiép
xtic ngoai va tiép xuc trong, diéu diéu nay xay ra khi OI = R+R, &m+1=2< m=1 hoac

R,=R+0l &m=1+2=3.

Cau 20. Goi z,,z, la hai nghiém cua phuong trinh z° +2z+m’ +2m+4=0. C6 bao nhiéu gia tri m
nguyén thda man |z1 - zz| <6.
A. 4. B. 5. C.o. D.7.
Loi giai

Goi z, = a+bi 1a nghiém cua phuong trinh = z, =a—bi .

ztzy,=2a=-2=a=-1
Ta co:

z2z,=a"+b’ =m’ +2m+4=b" =m’ +2m+5

z —z|<6|atrbi—(a—bi)<6<2bil<64p> <36 > m* +2m+5<9 < —1-/5<m<—1++/5
1 2

VimeZ nén m= {—3; -2;—1; 0;1} . C6 5 gia tri nguyén thoa man.

Cau2l. Cho cic sd phiic z,z,,z, phan biét, thoa min |zl—1+i|=|zz—1+i|=|z3—1+i|=\/§ va

|Z1 —Zz|=|z2 —Z3| =2.Tinh |Z1 —Z3|.

Nguyén Cao Thién, THPT Ha Huy Tap, Ha Tinh Trang 207



I Tai liéu luyén thi THPT Quéc gia - CHUYEN DE TICH PHAN VA SO PHUC VAN DUNG CAO

|

Cau 22.

Cau 23.

B.i. C.@. D.i.
J5 5 J5

Loi giai

A N5,

Goi A4,B,C lan luot la diém biéu dién cac sb phtc z,,z,,z,.

Do |z, ~1+i =]z, ~1+i] =]z, ~1+i|=+/5 nén 4,B,C thude duong tron tam /(1;-1), ban kinh
R=+/5. Viy AABC co6 duong tron ngoai tiép tam 7(1;-1), ban kinh R =+/5.

Do |z,—z,|=|z,~z]|=2 nén 4B=BC=2.

Dit |z, —z,|= AC =2x, goi H 1a trung diém ciia AC . Khidé BH L AC.

1 x4 —x?
—2 .

Suise = BH.AC=

2
ABACBC _ xl4-x 4 o=5 2 4 Ac=%,

ABe 4R 2 45 J5 NG

Cho céac so6 phuc z,z,,z, phan biét théa man |zl|=|z2|=|z3|=1 va z,+z,+z,=0. Tinh

P=|Zl—Zz|+|Zz—Z3|+|Z3—Z]|.

A. 3. B. 3. C. 3\3. D. 342
Loi gidi
Chon C.

Goi 4,B,C lan luot 1a diém bi€u dién céc so phic z,,z,, z, .
Do |Z1

Do z, +z,+z,=0 nén O latrong tam cua A4BC.

zz| :|z3| =1 nén A4,B,C thudc duong tron tdm O, ban kinh R =1.

J3x?

Do d6 AABC déu. Pit AB=BC=CA=x, S, 5 = 2

S =y STy

3 3 2
DU . SN

Vay P:|zl—z2|+|z2—z3|+|z3—zl|:AB+BC+CA:3x/§.
Cho cac s6 phuc z,z,,z, phan bi¢t théa min |zl|=|z2|=|23|=3 va |z2—z3|=6. Biét rang

z,,2,,2, ¢6 cac diém biéu dién lan luot 1a 4, B,C . Sé do goc BAC la
A. 60°. B. 90°. C. 45°. D. 30°.
Loi giai

Do |z,|=|z,|=|z;|=3 nén O 1a thm dudng tron ngoai tiép A4BC.
Do |z2 —z3| =6= BC =6 = BC =0B+0C hay O la trung diém ciia canh BC.
Suy ra AABC vudngtai 4.
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Cau 1.

Cau 2.

Chii dé 2: Mt s6 dang todn biéu dién hinh hoc sé phirc ning cao

.\M
+1 A A .
j la s thuan ao?

C6 bao nhiéu sb nguyén duong m khong vuot qua 2018 thoa man ( ! Y
—3i

A. 504 B. 505. C. 2017. D. 2018.
Loi giai

Taco 0<m<2018 va meZ. Taco: ( 7+3"j =(1+i)".
—Jl

Ta thdy v6i ke N":

(1+i)" =(=4)", +0)" =(=4) (1+0), (1+0)"7 = (=) 21, (1+0)"7 = (-4)" (=2 +2i).
Do d6 dé (1+i)" thuan o thi m=4k+2 v6i keN .

Khi d6 0<k <504. Vay c6 505 sb m théa man.

C6 bao nhiéu sb phtc z ma diém biéu dién cta no, nghich d4o cua n6 va mét diém trén truc
hoanh tao thanh mot tam giac déu c6 do dai cac canh \/g +% .

A. 8. B. 12. C. 4. D. Vo sb.

Loi giai
Chon B.

Ta chia ra hai trudng hop:

4 A + A X A ’ . 5 l A , e 3 A < A X A
TH1. Néu |z| =1 thi di€m biéu dién s6 phurc nghich ddo — do61 xung voi di€m bicu dién s
z

1 ~ 7 A ’ 5 ~ A
phtic z, ma \/§+Z <2 nén s€ ¢6 4 s6 phuc z thdéa man dé cho.
TH2. Néu |z| #1 thi ta co tinh chét hinh hoc nhu sau: “Goi 4, A’ 1a diém biéu dién s6 phuc z

1 . . ) ) 2
va —. Trung truc AA' cat truc hoanh Ox tai M va truc tung Oy tai N . Khi d6 taco 5 diém
zZ

A,M, A, O, N nam trén mot dudong tron”.

Chitng minh: gid sir dwong tron ngoqi tiép tam gidc AOA' cat dwong thang Ox tai M, khi dé
AAM' = AOM' = AOM' = A'AM’ suy ra tam giac AM'A’ can tai M' hay M'=M .

Do d6 dé tam gidc AMA' déu khi va chi khi AMA’ = 60° < (O4;0y)=30°. C6 4 truong hop

~. 4 l
(04;0y)=30°, trong mdi trudng hop nay néu dat O4 =x thi O4' = % va AA' = /x2 +?—1 .

Do d6 c6 hai diém A sao cho A4'=+/3 +% . Khi d6 dé tam giac AMA' déu c6 canh

(04;0y) =30°

A4 =3 +% tuong duong . Do d6 c6 tat ca 8 trudong hop.

AA’:«6+%
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|

Két hop hai truong hop lai ta c6 tt ca 12 s phirc thoéa méan yéu cau dé cho.

Cho z,,z, 1a hai s6 phtc thda méan phuong trinh |2z —i|=[2+iz|, biét |z, —z,|=1. Tinh gi4 tri

ctia biéu thie P =|z, +z,|.

A.Pzﬁ. B. P=42. C.P=%. D. P=+3.

Loi giai

Cach 1.

Taco: 2z-i|=P+iz| = 22— =[2+iz < (22-i)(22+i)=(2+iz)(2-i2)
& dz.z+2iz-2iz i =4-2iz+2iz—i’zz & 522=5

ozz=lolf =1=l=1=z]=1valz|=1.

Chi §: aa=a’ =[2z-i =(2z-i).(2z-1)=(22-1)(22 +i)

Tap hop diém biéu dién s phirc z,,z, 1a dudng tron tim O, bankinh R=1.

Goi M, (z,),M,(z,)= OM,=0M, =1.

Taco |z — 2, = [OM, —OM,| = [M,M;| =1=> AOM,M, déu.

Ma |z, + 2, =|[OM, + OM,| =|OM|= OM véi M 1a diém thoa mén OM,MM, 1a hinh thoi canh

| >0M=3=>P=13.
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ylk

=y

Cach 2.
bat z=x+yi(x,ye]R),tac() 2Z—i=2x+(2y—1)i va 2+iz=2—-y+xi.

-1
Khi do |2z —i]=[2+iz] < 4x* +(2y-1) = |(y=2)' +2* & '+ =1:»|z|=1:>{:21: -
Z|| =

Sir dung cong thitc [z, +2,[" +[z, - 2, =2(|a[ +|z.[ )= |7+ 2. =3= |7 + 2] =3
Caud. Goi S 1atap hop tit ca cac gia tri thuc ctia tham s m dé ton tai duy nhat sb phirc z théa min
zz=1va ‘z—\/gﬂ":m. Tim sb phan tir cta S .
A. 1. B. 2. C.3. D. 4.
Loi giai
Goi z=a+bi, (a,b € ]R)

Tacd: zz=1 2=l a’+b =1.

m=0

‘z—\/§+i‘:m<:>\/(a—\/§)2+(b+l)2 =m©{(a—\/§)2+(b+l)2 .

m=0 m=0
Taco: 1a’+b” =1 sdt+bhr =1

(] s(pety | 2av 205

Hé phuong trinh c6 nghiém duy nhét khi va chi khi dudng thing A 23a+2b+5=m’ tiép

_ ‘5—7712‘ m=3
xtic voi duong tron a2+b2=lc>d(O,A)=1<:>T=l<:> (m=0)

m=1

zz| = x/§ . Go1 M,N la cac diém biéu dién cho z va

Cau5. Cho hai s6 phiic z,,z, thoa min |zl| =2,
iz, Biét MON =30°. Tinh § =|} +4z3].

A. 542, B. 33. C. 47, D. 5.

Loi giai
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Cau 6.

Cau7.

Cau 8.

Taco 0<m<2018 va meZ. Ta co: (4”3’) = (1+i)".
—Jl

Goi z,z, la cic nghiém phic coa phuong trinh 2z’ +4z+5=0. Dit

)2017 )2017

w=(1+z)" " +(1+z

Aow=2". B. w=-2""", C. w=2"". D. w=-2""".

Loi giai
Chen D.

z, ==2+i
Ta co: z2+4z+5=0<::>{1

z,=-2—i
w=(142)" +(142,)" = (<140 + (<1=0)" = (=2i)™ (=14+0) +(20) ™" (-1-1)
— 1008 ;1008 (_1+ i) _ 91008 ;1008 (1 +i) _ _ploos (_1+ i) _ loos (1+ i) — 009,

Cho cac s6 phtic z,w khac 0 thoa man |z - w| = 2|z| = |w| . Phan thyc cua s phirc u = 2
w

A.azl. B.a=1. Q.a:l. D.az—l.
4 8 8
Loi giai
Chen C.
Str dyng tinh chét a —m ta co
2| |z
i—1‘=1 u—1)=1
2w =2]z| =|w] = " |
A1 T w1
—|== 2
w| 2

bat u=a+bi vbi a,b € R . Khi do:
u=1]=1 " [(a=1)"+b*=1

1 = 1 :>a=l.
|M|=— a+b’=— 8
2 4
Tong quat:

Bai todn trén c6 thé tong quat héa khi dang thirc thoa man 13 a|z—kw| =b|z|=c|w| véi
a,b,c,keR va a,b,c>0.

Néu thay déu kién 1a a|z—kiw| =b|z|=c|w| véi a,b,c,k €R va a,b,c >0 thi ta tim dugc phan
40 ctia s phic z .

Ao , ~ 1 , e 1
Cho z 1a s0 phtrc thoa man z+—=1. Tinh gié tri cia z**" + ——.
z z

A. -2. B. 1. C. 1. D.2.
Loi giai

1 .
bat S, =z"+— voi neZ,n21.
7
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2
Khidé S, =1, S2=22+i2=(z+1j -2=-1.
z z
J4 n+l 1 n 1 1 n—1 1 re .
Taco S, =z" +—=|z"+— || z+—|-| 2" +—= |=8,-5,, vOimoi n>2.
z z z z
Khi tinh mét s phan tir dau ta co:
$=8=.=8,,=1,8=8=.=8,,=-1,8=8=..=5,,,=-2,
S$,=80=0.=8.="1,8=8,=..=8,;.s=1, §=8,=..=8,., =2.

Vay Sy17 = Si660 =5 =1.

4
Céu9. Cho z la s6 phirc théa mén @u} =—6. Tinh gia trj cua |z|.
z
A. |7|=8. B. |z|=2V2. C. |z|=6. D. |z|=+/6.
Loi giai

Chon D.

Do zz= |z|2 nén ta co:

', o2 " Lol

—St+2z=-6"—F+2—+6=0.

z z z

) o ) <
bat t =——, phuong trinh c6 dang: " +2t+6=0<t=-1£+/5i.
z

2
Do do ﬁ:—li\/&':

; :\/€:>|z|=\/g.

2
a
z

Céu 10. Tim phan do cua sb phirc z =1+i+2i% + 3 +...+2017:%".
A. 1009. B. —1009. C. 2017. D. —2017.

Loi giai
Xét f(x) =l+x+xX" +x +..+x"" = f'()c):l+2x+3x2 +..+2017x°"°
= xf"(x)=x+2x" +3x +..+2017x"" (1).
Mat khac:
2018 _q

2018x”" (x—1)—(x™" ~1)

(x-1)

X
f(x)=1+x+x2 0 A x =

:f'(x)

x—1

2018 2017 _1 _ 2018_1

:>xf'(x):x. X (x )2 (x )
(x-1)

Thay x =i vao (1) va (2) ta duoc:

2018V (i—1)—(i*"* -1 2018 — -
z=1+i, (=) )=l+i 2018201842 _ 09 4+1009: .

(2).

(i-1) —2i

Viy phan 4o cua z 1a 1009.
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Chii dé 3: Mt s6 dang todn tw ludn ning cao
A. Nhac lai mt so dinh nghia

VéiieC ma i’ =—1. Tacé:

1) Dang dai s6 ciia s6 phire: z = a +bi, (a,b € R)

2) Dang hinh hoc ciia s6 phirc:

Vi s0 phtic z =a+bi,(a,b € R), trén mat phang toa do0 Oxy, xac dinh diem M (a;b) thi
M (a;b) goi la dang (biéu dién) hinh hoc ctia s phuc z.

Chu y: Khi M (a;b) thi OM = (a;b) va nguoc lai nén ta ciing c6 thé néi OM 1a dang (biéu
dién) hinh hoc cta s6 phic z.

3) Dang lwong giac ciia sé phirc:

V61 s6 phuc z=a+bi,(a,beR),va M(a;b)labi¢u dién hinh hoc cia so phuc z. Ky hiéu:
r=|z|=va’ +b* (goi la mo6 dun) va ¢ = (@,W) (goi 1a ac gu men) cua z . Khi d6

z=r(cosp+ising) goi la dang luong giac cua s6 phuc z.

Chuy:

- ac gu men cua z ky hiéu la: Arg(z)

- Mbi s6 phirc z c6 v s6 ac gu men va cac ac gu men ctiia mot s6 phirc z thi sai khac nhau
mot boi nguyén 27.Tri s6 ctia Arg(z) €[ — ;7] goi la ac gu men chinh cua z. Ky hiéu: arg(z).

4) Dang s6 mii ciia s6 phirc:

Véi s6 phitc z=r(cosg+ising). Taky hiéu: cosptising=e" thi z=r.: Goila
dang s mii cua sd phuc z.

5) Tich vd hwéng ciia hai so phirc:

Trong mit phang phtic, cho M, (z,), M, (z,). Khi do,

OM,.OM » = OM, .OMZ.COS(Wl,Wz)

That vay, gia st, |z, |=r, va arg(z,) =, thi

OM1.0M > =1,.r,.cos(ar, — o) = 1., (Cos @, cos ar, +sin ¢ sinar,)
. 1/ = = e T . .
Do 49, (z;z,) =E.(zl.z2 +zl.zz). T do suy ra: (z;z,) =(z;;2,) vado do (z;z,) eR.

Tich vé huéng ciia hai s6 phitc ciing cé tinh chdt nhi tich vé hwéng ciia hai véc to. Ngodi
ra, z,;2z,) = ;(zl;zz> va (z.232,) = 22,5 Z,).

6) Tich ngoai ciia hai sé phirc:

Trong mit phang phtic, cho M, (z,), M, (z,). Khi do,

OM xOM , =0OM,.OM, .sin(OM,0M>).
Giasu, |z, |=r, va arg(z,) =«, thi
OM 1 xOM > =r,.1,.sin(a, —a,) = 1.1, (cos @ sina, —sine, cos a, ) .
\ i — = < s —
Do d¢, z, xz, =§(ZI.ZZ —Zl.Zz). Twrdo, do z,xz, =z xz, suyra Im(z, xz,)=0.

Tich ngoai cua hai so phirc ciing co cdc tinh chat nhw tich ngoai cua hai véc to trong mat

phang, ngodi ra: (zz)xz, =2.(z,x 2,) va z,x(zz,) =E.(z1 Xz,).
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B. Mt s két qua

Khi gii cac bai toan trong hinh hoc phing ta thudng dong nhét s6 phirc z = x + yi, v6i diém
M (x;y) trong mat phéng v6i hé truc toa dd Oxy va goi z latoa vicua M ddi véi hé truc d6. Ki hiéu
M (z). Luu ¥ ring M (x;y) ddng nghia véi OM = (x; ). Nhu vay, néundi M co toa vi la z cling dong
nghia voi OM ¢6 toa vi z. Qua do, ta c6 mot s6 két qua mo dau nhu sau:

+Néu A(a),B(b) thi AB cétoavila b—a va |AB|=(b—a)(b—a) hay | AB|=|b—al.

+ Duong tron
Duong tron tdm M (z,) ban kinh R 1a tp hop cac diém M (z) sao cho M oM =R hay |z —zo| =R tuc
zz—z2y2—2y2+22—R* =0 hay zz+az+az+ =0 véi acC,feR.

+ MeAB< Jt:m=tb+(1-t)b

+ M e[AB]l < Jte(0;l]:m—a=t(b—a)<=te[0;l]:m=tb+(1—1t)a
Diac bigt: Néu r=1thi M =B;t=0 thi M =4

m—m,

+ Puodng thang di qua hai diém M, (m,), M, (m,)1a =t,teR hay
(m—m,).(m, _ml)_(m_ml )(mz -m)=0
bac biét:
z=x+bi, voi b= const : Pudng thing song song voi Ox
z=a+ yi, v6i a = const : Puong thang song song véi Oy.
z=Xx+yi, voi y=xtana: Duong thing tao véi tia Ox mot goc a.

+ Géc dinh huéng gitta hai duong thing 4B va CD la: arg <—

a —

That vay, trong mit phang phirc cho hai diém M, (m,), M,(m,)va a, = arg(m,);a, = arg(m,) . Khi do,

(@,OM1)+(OM1,0M2) =(5§c,0_]\712)(mod27z)
nén (Wl,Wz) = (@,Wz)—(@,wl )(mod 27) hay goc dinh hudng tao boi hai tia OM, va OM,

. z
la arg—=%
Z

+ Hai tam giac ABC, A’B’C’
-a c'-a'

- dong dang cung hudng khi va chi khi: ca_
b-—a b'-a

_ ddng dang nguoc hudng khi va chi khi: ——2=5"9
b_a bv_av

+ Trong mit phang phirc, cho hai diém M, (z,),M,(z,). Khi d6, (z,;z,) bang phuong tich ciia O
v61 duong tron, duong kinh M M, .
- Néu  A(a),B(b),C(c),D(d) 1a 4 diém cia mit phing  phic,  thi

ABLCD@(b—a;d—c}=0©bd—b2—ad+a5=0c>Re(z_ajzo.
—C

+ Cong thuc tinh dién tich tam giac
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|

Dién tich ctia tam giac dinh huéng ABC, voi cac dinh A(a), B(b),C(c) dugc tinh theo cong thurc:

a 1 a a 1
S:ib b 1| .Dods, A, B, C thinghing < |p b 1/=0.
c c 1 c c 1

+ Khoang cach tir mot diém dén mot duong thing:
Khoang cach tir diém M (my) dén duong thang A:az taz+ £=01a

(M. A) = ‘a.mo + E.m_o + /5"

Naa
+ Mot s6 phép bién hinh mé ta bang “ngdn ngit” sd phirc
- Phép tinh tién theo véc to v=(v) bién diém M (z) thanh M'(z") sao cho MM '=v. Do do, biéu
thire cua phép tinh tién 1a: z'=z+v
- Phép quay tdm M (z,), goc quay o la phép bién hinh bién diém M (z) thanh M '(z') sao cho
MM =M,M'
{(W,W) = q(mod 27)
- Phép d6i xtmg truc d 1a phép bién hinh bién diém M (z) thanh M (z") sao cho d 14 trung truc cta
MM'. Tu do:

o Biéu thirc toa do ctia phép dbi xtimg qua truc thyc: z'= z

. Tir @6, biéu thirc cta phép quay la: z'-z, = € (z—z,).

o Biéu thirc toa do ctia phép dbi xtimg qua truc a0: z'= —z

o Biéu thirc toa do ciia phép ddi ximg qua dudng thing di qua gde toa 46 O va diém Z, = e’
¢6 biéu thic z'= ez Tir d6, néu A =T.(d) v6i v=(v) thi phép ddi ximg qua A co biéu

thie z'=e“.z+2v.

(] ]A ® ]A

A
U
M(z) p
/ M'(Z')
M" (Z ’9
0 X
(] (]

- Phép vi tu tim C(c), ty s6 k € R 1a phép bién hinh bién mdi diém M (z) thanh M '(z') sao cho
CM '=kCM . Do d6, biéu thirc toa do 1a z'=k(z—c)+c.

+ Dicu ki¢n thang hang, vudng goc va cung nam trén mot duong tron:

Dinh Iy: Ba diém M, (z,),k =1,2,3 thing hang < =L R hay Im [ﬂ] - 0.

Zy T4
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Z,—Z
3 2R

) 3 s ” z,—Z
Dinh ly: Bon diém M (z,),k =1,2,3,4 cung ndm trén mdt duong thang b
Z;—2,
———2eR

Z,—z,

T2y 2374

eR

Dinh ly: Bén diém M (2,),k=1,2,3,4 cung nam trén mot duong tron khi va chi khi 4
z,—2z, 2,—2,

374

zZ, =2z,
MOT SO Vi DU
Vidul.
Cho tam giac ABC. Trén BC lay cac diém E va F sao cho EB=kEC,FC =kFB, (k #1).
1) Tinh AE, AF,EF theo AB,AC
2) Chiing minh céc tam gidc ABC, AEF c6 cung trong tam.
3) Trén AB lay diém D, trén AC 1ay diém I sao cho DA =kDB,IC =kIA. Chung minh:
AE +BI +CD =0.
Giai
1) Taviét: AE =E— A. Tu gia thiét
kC-B
k-1

EB=kEC < B-E=kC—kE < E =

kKC-B_ _kC-B-kA+A_A-B KC-4)
k-1 k-1 TSl k-

Tu’ongtl_r,taduqc:ﬁ:— ! AC + k AB.
k-1 k-1

EF-AF-ab-|* Y \gp_ kg6 1+k(AB Ac)
k-1 k-1 k-1 k-1
kKC—B _ kB-C

2) E= 1 F = 1 suy ra
- — kA+kB+kC)—(A+B+C
A+E+F=A+kg 1B+kf IC:( k)l( ):A+B+C

Vay, hai tam giac ABC va AEF c6 cung trong tam.

3) Tir gia thiét DA =kDB,IC = kIA ta tinh dwoc D = kf‘f;]: k;:_lc.
T dé taco: AE+BI+CD=(E—A)+(I-B)+(D-C)=
_ (kC—-B—kA+ A)+(kA—C—kB+B)+(kB—A-kC+C) _

k-1

Diéu phai chiing minh.
Vidu 2.
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Cho luc giac déu ABCDEF, K 1a trung diém ctia BD, M 1a trung diém cua EF. Chimg minh AMK
1a tam giac déu.

Giai
Gia str mat phéng toa do Oxy sao cho A trung véi géc toa do O, truc hoanh qua A, D. Goi [ 1a tam
ctia luc giac déu. Ta nhan thy, tir giac BCDI 1 hinh thoi nén K 1a trung B c
diém cua CI. Ta ¢6 |C|=|E|.
+ C:|C|(cosargC+isinargC):|C|(cos30°+isin30°) y D

+ E = E|(cosarg E+isinarg E) = C| (cos(—300 ) + isin(—30° ))

+ C(cos(=60°) +isin(—60")) =| C | (cos(~30°) +isin(-30°)) = FooM E
+ F = F | (cos(—60%) +isin(=60")) = I (cos(~60") +isin(~60"))

Vi M la trung diém cua EF, K 1a trung diém cta CI, nén

M = %(E +F)= %(C +1)(cos(—60") +isin(~60") ) = K (cos(~60°) +isin(=60) ).

Tir d6 suy ra, | K |=| M |, KAM =60°, do d6 tam gidc KAM déu.
Vidu3. (Bt dang thic Ptolemy).
Cho tir giac ABCD. Chtng minh ring ta luén c6: AB.CD + AD.BC > AC.BD. Dau dang thiic xay
ra khi va chi khi A, B, C, D theo thir ty 1a dinh cua mdt tur giac 16i noi tiép mot duong tron.
Giai
Xét mit phang phuic va gia st A(a), B(b),C(c), D(d) trong mit phing phirc do.
Ta co:
AB.CD+ AD.BC =|b—a|.|d—c|+|d—a|.|lc-b|2|(b—a)(d—c)+(d—a)(c—Db)|
< AB.CD+ AD.BC 2| (¢ —a)(d —b)|= AC.BD .
Déu déng thirc xay ra khi va chi khi (b—a)(d —c¢) =t(d —a)(c—b), t >0 hay

d_a=l.d_c<:>arg d—a =arg d—c tirc @zﬂ—@.Véytﬁ:giéCABCDnc}itiépdu’qc
b—a t c-b b-a c—b

trong mot dudng tron.
Vidud4.
Cho tam gidc ABC vdi trong tim G. M 1a mot diém bat ky trong mit phang. Chimg minh ring:
MG* = %MAZ +MB* + MC? —éABZ +BC* +CA”.

Giai
Chon dudng tron ngoai tiép tam giac ABC lam duong tron don
viva gia st A(a),B(b),C(c),M (m),G(g). Vi G la trong tam A

tam giac ABC nén g=%(a+b+c).
Khi do,
> =(g-m).(g—m)=gg-mg—gm+mm,
a—-m ( ) aa—ma—am+mm, B

):
b—m).(b—m)=bb—mb—bm+mm, c
—m).

(C I’I’I) cc—mc—cm+mm,
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AB? =(b—a).(l_9—5)=b5—b5—a5+a5,

BC? :(c—b).(E—E):cE—cB—bE+bB,

AC? :(c—a).(z—a)=cc—cg—a2+a5.

Do A4,B,C déunim trén duong tron don vi nén aa=bb=cc=1 ,

ta co:

+ MA® + MB* + MC? = 3—ma—am+mm—mb—bm+mm—mc—cm+mm
=3—m(5+5+5)—%(a+b+c)+3mﬁ

+ AB*+BC*+CA*> =3-3mg-3mg+3mm
:3(l—m§—n_1g+m;)
=bb—ba—ab+aa+cc—cb—bc+bb+cc—ca—ac+aa
=9—ba—ab—cb—bc—ca—ac—bb—cc—aa
=9—(a+b+c)a+b+c)
=9-9gg

Thay vao vé trai, ta duoc:

%[MAZ +MB’ JrMczj—é[/w2 +BC*+CA” | =
=(l-mg—mg+mm)~(1-gg)
= gg—mg—mg+mm=(g—m)(g—m)=MG’

Ta dugc diéu phai ching minh.

ViduS5. (Baitoan Napoleon).
Lay cac canh BC, CA, AB cua tam giac ABC lam day, dung ra ngoai cac tam giac déu voi tam
twong g 4,,B,,C,. Chimg minh rang A4,, B,,C, 14 ba dinh ctia mot tam giac déu.

Giai
Truong hop 1:
Gia sir tam giac ABC dinh hudng duong va X (x) 13 mot diém nao d6 trong mit phang.
Ta co: 4
a+cx+bx’ =0;b+ax+cx’ =0;c+bx+ax’ =0. CQ_/\
Do 4,,B,,C, theo thir tir 1a c4c trong tdm cia cac tam giac By
BCA,, ACB,, ABC, nén
. B

3a,=b+c+a;3by=a+c+b,3c,=a+b+c C
Tur do ta co:

Ay

3(c, +agx+byx’)=a+b+c, +(b+c+a)x+(c+a+b)x’
=(b+ax+cx’)+(c+bx+x*)x+(a+cx+bx’)x* =0.
Suy ra, diéu phai chirmg minh.

Truong hop 2:

Gia st tam giac ABC dinh huéng 4m va X (x) 1a mot diém nao d6 trong mit phang.
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|

2% 2% 2
Taco:c=e * (b—ay)+a;a=e ® (c—by)+b;b=e > (a—c,)+cy;

Suy ra,
2x (2 g (2 2x
b =e? (e 3 (c—b0)+b0—c()]+co:e 3 (e 3 (b—a0)+a0—b0j+e 3 (by—cy)+c,

4 2
=b—a,+e ’ (a,—by)+e * (b,—c,)+¢,

Twrdosuyra, ¢,—a, = e’ (b, —a,) tic tam giac 4,B,C, déu.
Vidu 6. (Pé thivo dich Anh 1983)
Cho tam gidc ABC can dinh A, goi I 1a tim dudng tron ngoai tiép tam giac ABC. D 1a trung diém
ctia AB va J 1a trong tAm tam gidc ACD. Chirng minh rang: IJ L CD.
Giai
Chon duong tron tam I 1am duong tron don vi. Gia st A(a), B(b),C(c). Vi 4,B,C cung thudc duong

— — — L, +
tron nén ta c6: aa =bb=cc =1 va D la trung diém cia AB nén D(a—zbj. Suy ra

R:c_a+b:20—a—b.
2
a+c+Eié
Mait khac, J 1a trong tam tam giac ACD nén j = 3 2 :3a+§c+b
Suyra, 1J =W (Do I 1a gbc toa do).

Xét, ﬁ@:l 3a+2c+b.2c—a—b+3a+2c+b.2c—a—b _
2 6 2 6 >

= i(—4a5+ 4ea—4ab+4ac)
24
~(ca+ac-ab-ab)
Mit khac, AC = AB nén (c— a)(E—E) =(b- a)(E—E)
< cc—ca—ac+aa=bb—ba—ab+aa
& ca+ac=ba+ab
< ca+ac—ab—ab=0 hay 1IJ.CD =0.
Diéu phai ching minh.
Vidu7. (IMO 1977).
Cho hinh vuong ABCD. Dung vé phia trong hinh vuong ABCD céc tam giac déu
ABK,BCL,CDM ,DAN. Chirng minh rang, cac trung diém cua cac doan thang
KL,LM ,MN,NK,BK,BL,CL,DM,DN,NA 1a dinh ciia mot da giac déu.
Giai
Gia sir hinh vuong ABCD dinh huéng duong. Chon tim O ciia hinh vudng lam gbc toa d6 va X (x) 1a

mot diém trong mit phang.

Khi d6, b = ai,c = —a,d = —ai. Dit ¢ * =u, ta co:

= (iu +;)a;l =(—u+ iL_l)a; m = (—ui —;);n =(u —;i)a
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|

Pé y rang, da giac FOS,PO,S,PO,S,P,0,S, nhan O lam tam d6i xtmg, do d6 voi f 1a phép quay tAm

O, gbéc quay % thi chi cAn chimg minh f(P)=0,f(0)=S,,f(S,)=PF,, (vé1 k=12) ladu.
Ta co: p, =%(k+l)=%[(i—l)u+(i+l)b_t]
, =%(m+l)=%[—(i+l)u+(z’—l)ﬁ];
1 ar. -7
q, :E[d+m]:—5[1(l+u)+u},

s, :%(a+k):%[l+iu+ﬂ

A

/4

Khi do, véi s =e ¢ thi
ar,. . -
f(p)=¢p, =E[(l—1)8u+(l+l)gu]=ql;
f(g)=¢ep, =%[i€+i€u+£;]=sl;
fs)=es, =3[ evieuteu]=p,.

Tuong tu, ta ciing duoc: f(p,) =4q,,/(q,) =5,;/(s,) = ps.
Vidu8. (IMO 17,1975).
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Cho tam giac ABC, vé phia ngoai ctuia tam giac ABC, lan luot dung céac tam giac ABR, BCP,
CQA sao cho PBC = CAQ = 45", BCP = OCA =30, ABR = RAB =15". Chting minh ring: AORP vuéng
can tai R.
Giai

P

Xét bai toan trong mit phing phtrc. Goi M 1a chan dudng vudng goc ha tir P xudng duong thing BC. Vi
MP=MB va MC=\3MP nén 2=" =i va =" _i\f3.

b—m p—m
Do do, p=c+\/§b+ b-c i
143 1+43
c+Ba a-c .
Tuong ty, g =

+ i
1443 1+43
Piém B nhdn duoc tir diém A bang phép quay tim R, goc quay 150°.

NCI

Do d6, b= a(—7+§ij . Tr d6, bang phép bién doi dai sb, ta duoc:

P_;. Suyra QR L PR va OR = PR hay tam giac PRQ vudng can tai R.
q
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