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DANG I: RUT GON BIEU THUC

Cau 1: (4 diem) Cho biéu thirc:
7

P=\/;—\/ﬁ+\/x__l_\/§ + \/x;—l

a. Tim di€u kién xac dinh va rut gon P.

b. Tim gidatri cua x khi P=1.

7 7 2 5% 1 Jx -1
Cau 2: (4,0 diem). Cho biéu thuc: A=1- — — :
A2: (4,0 diém). Cho bicu thite Coavs a1 1245 axravisl

a) Rut gon A;

b) Tim gié tri nguyén cua x dé A dat gia tri nguyén;

¢) Tinh gi4 tri ciia A véi x = —7%/ 49(5+42)(3+ 241+ 24/2)3 =241+ 24/2) .
Bai 3: (4,0 diém)

Cho biéu thtrc: P =

X —+Jx _2x+«/;+2(x—1)

x++/x+1 \/; \/;—1 '

a. Rat gon P.

b. Tim gié tr1 nho nhat ctua P.

C. Xét biéu thirc: Qzé, ching to 0 <Q < 2.

2\/;_9 2\/;+1 \/;+3/XZO,X¢4,X¢9)

+ +
x=5Jx 46 Jx-3 2-+x

Bai 4: (4,0 diém) Cho A=
a) Rut gon biéu thirc A.

b) Tim gia tri ctia x 4 A = —%.

7 7 2 5% 1 Jx -1
Cau 5: (4,0 diém). Cho biéu thic: 4=1- - - :
auS: (4.0 diem). Cho bicu thire ooy a1 1205 axravisl

a) Rat gon A;
b) Tim gié tri nguyén cua x dé A dat gia tri nguyén;

¢) Tinh gi trj ctia A véi X = —7%/49(5+4@)(3+2\/1+2ﬁ)(3—2 d+2:8)

Bai 6: (4,0 diém).

2x+4x -1 2xdx—x+x x—x
1-x 1-x/x )'2\/5—1’

6-6

5

Cho biéu thitc 4=1+(

a) Tim cac giatri ciax dé 4=
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4 . “-’ 2 r.* . 2 ~ 1
h) Fhlmg minh rang..4.>~.v41.moi xthod man x>0, x#1 x#—

Bai 7: (4,0 diém).Cho biéu thic :

P_( Vr o 8Jx+8 J}+2J( x++x+3 1}

etz xiodx VxSl xas s

a) Tim x dé P c6 nghia va chirng minh rang P<1 .
b) Tim x thoa mén : («/; + 1)P =1
Bai 8: (4,0 diém).Cho biéu thuc:
b (f—e» VX2  9-x },(1_3f—9J
2-Vx 3+Ux x++Vx-6) X -9
a) Rut gon biéu thuc P. 7
b) Tim cac gia tri nguyén cua x dé P nguyén.

Bai 9: (4,0 diém).
6x+4  Bx ] 14343 o
3@—8 3x+2\/§+4 1+\/§
1. Rt gon biéu thic 4. o
2. Tim cac gia tri nguyén cua x dé biéu thirc 4 nhan gia tri nguyén.
Bai 10: (4,0 diem).

Cho biéu thirc: A = [1 - NZJ ;( L 2a J

Cho biéu thic: 4 :(

a+1l 1+\/; a\/;+\/;+a+l
a.Rut gon biéu thuc A.
b.Tinh gia tri biéu thirc A khi a =2011-2+2010 .
6x+4  \Bx J[1+3x/37 \/7}
3@—8 3x+23x +4 ) 1+Bx

Bai 11: (4 diém) Cho biéu thtc: 4 :(

a) Rut gon biéu thirc 4.
b) Tim céc gia tri nguyén cia x dé€ biéu thirc 4 nhan gia tri nguyén.
Bai 12: (4 diém)Cho bi€u thtrc:

A:{MHM%HJ:[I_M% ml]
xy

xy+1  1- \/E—l - xy +1
a. Ruat gon biéu thirc.
b. Cho— =6 Tim Max A.

N

Bai 13. Cho biéu thuc :
Jx 1 N
A=|1+ : - .
x+1 \/;—1 X x+\/;—x—1
a.Rut gon A.

b.Tinh A biét x=4+24/3.
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c.Timxdé A>1.

.. 2 3m+~9m =3 Jm - 2, 1
Bai 14. Cho biéuthuc: P= Y ey i \/n_1_1 1.
a.Rut gon P.
b.Tim m dé |P|=
c.Timm e NdéP e N.
1 3

Bail5. Cho biéuthic: P=

a.Rut gon P
b.Chimg minh 0 <P < 1.

Bai 16. Cho biéu thirc: M=

(&—2)(x/;+1)

- +
\/;+1 xvx+1 x-

Jx-1

a.Tim diéu kién ctia x dé M c6 nghia.

b.Rut gon M.

c.Chimg minhM <

~(Vx+2)

Jx +1

[y

2

2 2 p— 2_
Bai 17. Cho biéu thic : D=( 2Fr_ v 2-x . X o
2—-x x -4 2+x 2x"—Xx
a) Rut gon biéu thirc D.
b) Tinh gia tri ciia D khi |x-35| =2
. X Ja+1 a-1 [ 1}
Bai 18. Cho biéu thuc : A= +4 -——
Bails. [f e
a.Rut gon A.
b.Tinh A véi : a=(4+«/ﬁ)(«/ﬁ—\/g)(x/4—\/l?)

2a-9  Ja+3 2Ja+1

Bai 19. Cho : A=

a.Rut gon A.
b.Timadé A<1.
b.Timadé A ¢ Z.

a—-5Ja+6 ~Ja-2

3 -a
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Bai 20. Cho : A=

a—\/;+7+ 1 ) (Na+2 a-2 2a
a—4 Ja -2

a.Rut gon A.
b.So sanh : A véi %

2Jx 1—x
\/_ 2y x+\/_ 2\xy — 2\/7 1-Jx

Tinh A biét : 2x2+y?-4x-2xy +4=0

e CA — L.,.l 2 1 \/_+y\/;+x\/7+\/7
Bai 22. Cho: A K\/; \/;]\/;+\/)7 . y} \/; F .

Bai 21. Cho : A=

a.Rut gon A.
b.Cho xy = 16. Tim minA.

a b a+b

+ —
\/E+b @—a \/%

a, Rut gon biéu thirc N.

b, Tinh Nkhia= 4+2/3 ,b=+4-23

23: Cho biéu thitc: N =

¢, CMR néu £=2 *l Th1 N ¢6 gia tri khong doi.
24: Cho biéu thuc: M=|-2 + a’ : a a’
a+b b’-a’ a+b a’*+b’+2ab

a, Rut gon biéu thirc M.
b, Tinh M khi a=1++2 vab=1-+2

¢, Tim a, b trong trudng hop %:% thi M = 1.

L +\/x_3—x
Vi—1-+x Jx-1+4dx x-1

a, Rut gon biéu thuc H.

. 53
b, Tinh H khi x = .
9-27

¢, Timx khi H=16.

25: Cho biéu thuc: H=

\Va—2 Ja+2 a-2)
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HUONG DAN

biéu kién dé P x4c dinh va rat gon
x2>0 x2>0 0,5
x—120 a4 x2>1 = x>1
Jx-120 x#1
0.5
P= Y v ‘/x—l+\/7 XA/ X — X
a \/7 o x—-1-x ’ \/?—l 0.5
N e Bl s S N U E ) 0.5
Jx -1
1
= —2Jx-1+x
Véi x>1, P=1 o —-24x-1+x =1 0.5
< (x-1)-24x-1=0
( ) 0.5
Pit Jx—-1=t (t>0),taco: t2-2t=0 < t(t-2)=0,
b
tinh duge t1=0 , t=2. 0.5
*Voi t=4x—-1=0 = x=1 (biloaivi x >1)
0.5
*Voit=4x—-1=2 = x-1=4 = x=5.
Cau 2 4,0 d
a. PbK: x> ();x;tl;x;tl 0,5d
(2,0d) 4
A—p.|_2 5vx O B 054
2/x +1 (24 +1)2x -1 23 -1 '(2\/;“)2 ’
o A —2-50x + 205 +1 (2x +1)
A=1- . 0,5d
2Jx +1)(2Vx —1) Jx -1
Ao Nr-l 2wl 2dke1 2
2Jx -1 x-1 2 -1 1-2+x 0,5d
b. 2
AeZ & e/
(1,0d) 1-2x 0,25
2 o A1~ o d
Do e Z nén 1-2+/x 1a so hiru ti.
Suy ra x 1 so chinh phuong, do d6 1-2v/x e Z =>1-2/x e U(2) d
Do x>0;x#LxeZ val1-2JxeUQR)=>x=0
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Vay x = 0 thi A c6 gia tri nguyén.

0,5d

(lc(id) Voix = —7%/49(5+4\/§)(3+2\/1+2\/5)(3—2\/1+2\/§)
’ X = - 73[49G5+ 12)(5-82) = 739+ 2042) 0,5d
= x = §/7°.(39+20,5) . Vay A= 2 0.5d
1-24/7°.(39+205)
a.(2,0d) Dk: x>0x#1. 0,25
\/;(X\/;—l) &(2\/;+1) 2(«/§+1)(«/§—1)
P= - - 0,5
x+\/;+1 \/; \/;—1
=Vx (Vi -1)-(2vx + 1)+ 2(Vr+1) 0.5
=x—+x+1 0.5
Vay P:x—\/;+l,VOfl x>0;x#1. 0.25
2 0,5
b. (1,0d) p:x_J;H:[J;_lj L33 :
2) 474
L1 , 1 0,25
3 dau bang xay ra Sx=g ( théa man)
VayGTNNcﬁaPlé% khi x:%. 0,25
. . 2x
. 1,0d).V 0;x=1thiQ= >0. (1
C ( ) 01 x>0;x# 1Q x—\/;+1 () 0,25
Xét 2 2 2y >0 0,25
x—~/x+1 x—\/;Jrl
Déu bang khong xay ra vi diéu kién x =1 . 0,25
Nén Q <2.(2) 0,25
T (1) va(2) suyra 0 < Q < 2. 0,25
2x -9 2Vx +1 Jx +3
a(2,0d) A= _
(20d) Wx-3)x-2) Jx-3 k-2
2% =9+ (2Vx +D(Vx —2) = (Vx +3)(+vx —3)
= 0,5
x =3)x -2)
4 C2Vx-942x -4k 44k -2-x+9  x-+k-2 0,5
(Vx=3)x -2) (Vx =3)(vx -2)
_ (x-2)(x+D) Vx4l 0,5
Wx-3)(Vx-2) Jx-3
Vay A:\/\/gj; VOl (x20,x #4,x #9). 0,5
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b(2,0d) Vo1 (x20,x 24,x 29) Ta co:
1 Jx+l1
A:—E@&_3=—5@2\/§+2=—\/Q+3 0.5
<:>3\/;:1<:>x:é(t/m) 1,0
. 1 1
VaYA:—E @ng. 0’5
Caus 4,0
d
a. 5 bK: XZO;xil;xil 0,5
Ae7Z & e’/ 4 d
1-2Vx Aoq.l2 5vx D S BT
(2,0a) 2Wx +1 (2J}+1)(2&_1) 24x -1 '(2\/;“)2 05
A=, Wr-2-5Vx42dx 41 @Vx 1y’ d
QVx+D@2Vx-1) x-1
P S W S TS S 0.5
2Jx -1 Jx -1 20 -1 1-2 d
0,5
d
b 0,25
(1,0d) Do 2 e Z nén 1-2+/x 1a sb hitu ti. ’ d
1-24x
Suy ra x 1a s6 chinh phwong, do d6 1-2v/x €Z 0.25
=>1-2/xeU(2) d
Do x> 0;x#LxeZ va 1-2JxeUQ2)=>x=0
Vay x =0 thi A c6 gié tri nguyén.
0,5
d
(lcdd) Voix = —7%/49(5+4J§)(3+2\/1+2J§)(3—2\/1+2\/§)
x = - 73495+ 4V2)5-82) = 7 (39 +2042) 093
= Jx = {7°.(39+20,/5) . Vay A= 2
1-24/7°.(39+20,5) 0.5
d
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Cau 6.2)

(2x+f 1 2x&—&+x) x=Vx @V =D+ Vr@dx DD | Vrx -
1-x l-xJx " 2dx -1 (1- \F)(1+\F) A-V)x+vx+1) | 2dx -1

{ f(fﬂ)}/— Ak X+l

A=1+

x+Jx+1 x+\/;+1_x+\/;+l
Ta c6 A:6_5\/7<:> xt 1=6_5*£@x—\/€.\/§+1=0.Ttrdégiéiduc_m:%ﬁ;x:z—ﬁ
X+x+

L2 o410 (e =1)7> 0

b)Ta co: RSP
3 x++x+1

Do x#1nén vx-1#0= (Vx-1)’>0. Vay A>§
()’ + @V +8) - (r+2)’ (xtx+3)+(x+2)

Cau7.a)Diéukién x>0 Tacd: P=

Vr.(Jx +2) Vr.(Jx +2)
4x + 4 4x +4 —(Wx -1)? A
P:— P_ - vy _1:—_ V P_l
x+24x +5 - x+24/x +5 (x +1)2 +4 ay P<

b) Wx+DP=1c 4(x+1f =x+2/x+53x+64x -1 =0

_ﬂ (loat)

[,/x_ 5 v oai R 4\/_
—_—3+243 (thda

a 3

(thod man diéu kién x>0) .

. ) x>0 XZO
Cau 8.a) Diéu ki¢n dé P c6 nghia: Jx 22 Ix 24 Taco
Xx#9 Xx#9
(x=9)+ (4 - x) 9 —-x
-k +3) -2k +3)
Vx(x -3)
(Vx = 3)(Vx +3)
<:>P:(x—9)+(4—x)+(9—x).\/;+3<:>P: 4 —x :2+\/§.
—Vx)(Vx +3) Jx 2-vxx  Wx
b).Theocéuatacc'):p:2+\/;:1+L.DodédéPeZthitacénieZQ
Jx Jx Jx
Jx =1
JX =2 (loai)

< x = 1.Vay voi x = 1 thi P c6 gia tri nguyén.
2 A * A A J4
Bai 9: . a)Ta co: 3x+2«/§+4=(«/3_x+1) +3>0;1++3x >0,vx>0 , nén diéu kién dé A co

nghia la (\/5)3 ~8=(\Bx-2)(3x+2Bx+4)#0,x20 = Br 22 0<x# %
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(obnd G 1) ((6x+d-(Bx-2)\3x |
A:L(\/ﬁf—? 3x+2«/§+4JL 1+3x \/3XJ.A:L(@—z)(sxu\/ﬂw)J(3x_\/3x+l_\/3x)
3x+4+23x Vax-1) 4
A_{(\/ﬁ 3x+2\/§+4)}(3x 23 41): (\/TT(OSX¢3)
) (2] ea(Er2)en !
Bx-2 Br-2 J3_ 2
b).Véi x 1a s6 nguyén khong am, dé A 13 s6 nguyén thi
[@:3 [3x=9 ‘ : .
Br-2=tle o o x=3 (vixel va x>0).Khido: 4=4
Bx =1 3x=1
Bai 10: 1. Diéu kién: a>0. A =
(1_2\/2}( I 2Va jza—2\/5+1.( 1 2 J
a+l ) \1+Ja ava+Ja+a+1 a+l  \1+Ja (a+1)1+a)

_(Wa-1' a+1-2Va _(Ja-1)*(+a)a+1) 1z

a+l (1+a)a+1) (a+1)Ha 1)
2 oA .« A A 7
Baill.a) Ta co: 3x+2\/§+4:(\/37x+1) +3>0;1+Bx >0,vx>0 , nén diéu kién dé A co

nghia 13 (\/5)3 ~8=(\Bx-2)(3x+2Bx+4)#0,x20 = Br 22 = 0<x# g

4 (\/36%;4233“;/\3/_%%}{11? \/QJ

A= (\6/;_142_)((;/2;\2/2_)6\/2)}(3%\/5“—\/5)

s @3;(‘;35%%)}(3”@1) PG g

by () () e

V6i x>0, dé A 13 sé nguyén thi a2 gxxj 3’?@)6:3 (virel va x>0).Khi dé: 4=4

Bail12: . a)Pk:x>0;y>0;x.y#1.
Quy dong rut gon ta dugc: A = \/1_
xX.y

b) — A—1 \/__9:>MaxA 9<:>L=L—3©x—y—

ff Jro Ly

Bai 13.a. - Can chi rd PKXD cia A 1d: x> 0;x = +1.

1
9

- Rut gon A timg phan ta dugc két qua
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x++x+1

-
b.Bién dbi : x=4+2J§=(J§+1)2.

A

- Thay vao varat gon Atacd: 4=23+3.

x+2

SN

PEA>1thc:A-1>0ma: x>0 budc: Jr-1>0x>1.
Bai 14.a. DK : m>0:m=1.

c.Xét hiéu : A-1

- Bién doi rut gon : P:\/ZH.
Jm -1
b. |P|=2.Taco:
m=9
‘\/EH‘:z‘\/nj—l‘@ 1
"9
X . 2
c. Viét P dudi dang : P=1+ )
ne Jm 1

Suy ra : Vm -1 1a w6c ctia 2. Tir d6 tim ra m = 4 hoiic 9.

Bai 15. Piéu kién x > 0.

Rut gon P = _x
x—+x+1
b.Chiing to : P>0 va I-P >0
Bai 16.

a.Biéu thiic c¢6 nghia khi va chi khi:

x >0vaxzl

b.Rat gon : M =x-x
c.Tacé: M:&—le_(f_ljzgl
4 2) "4
Bai 17.

a.Hoc sinh c6 thé rat gon timg phan hodc ca bai cung luc.
-Picu kién : x#+2;x = 0;x = 3.

- Rut gon biéu thirc bi chia ta o :
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2+4x  4x°  2-x _ (2+x)2+4x2—(2—x)2_ 4x2+x)  4x

2-x xX'—4 2+x 4—x _(2+x)(2—x)_2—x'
Vay :
_ 4x .xz —3x _ 4x.x*(2-x) _ 4x°
2—x 2x°-x" (2-x)x(x-3) x-3
b) [x=5] =2 @[i:§232©[j:2 .
o Véi x =7 tinh dugc D = 49.
o V61 x =3 thi D khong xac dinh.
Bai I8.

a.Rut gon ta dugc két qua: A = 4a.

b.Bién ddi a nhu sau :
a= N2 (V5B ) (4415 ) (45 )= VE (5~ 5 o 5
2[5 (44 4i5) =2, [ 5 )fa— 5 )2

Viay: A=8.
\. ., \/g+1
Bai 19. a.Rut gon : A= )
Bai 19. a.Rut g 3
: 4
b.Xéthicu:A-1= .
' Ja-3
PEA<1DbudcA-1<0=+2a-3<0=0<a<9,a%2.
4

c.Taco:A=1+ — a -3 la ubc cua 4.

Va-3
Cacudccuadla: £1;4£2;+4.
Xét cac truong hop ta ¢6 cac gia tri sau ciia a thoa man :
16;4;25;1;49.
a+9

6Ja

Bai 20. aRut gon Ataco: A=

1 (a-9) I
b.Xét hiéu : A_Z:—Z 0= A4>—.

a\/g(a +9) A
Bai 21. - Trudce tién can rat gon A trude.
-Tach:2x*+y?-4x-2xy+4=(x-y)P*+(x-2)>=0
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— [x_y:() o YN /g 1
—/Ix_zzox—/A V="z""A \/2 T
Bai 22. a. R0t gon A = Vrayy
J
16 x+4
b. xy=16=>x=—= 4= ,
g y 4/x

£ +4

4¢

bit: Jx =t>0taco: A= ot —44r+4=0. (1)

Phuong trinh (1) phai c6 nghiém < A' =44 -4>0< 4" >1=> min4=1
Khidot=2tlclax=4;y=4.
a b a+b _

+ —_ =
\/E+b \/E—a \/%

Bai 23. a, Riit gon biéu thirc N. N =

a.(\Jab—a)+b(Jab +b) a+b
(Jab +b)(Nab —a)  ~ab
_ (a+bWab+b’—a®  a+b_ (a+bWab+(b-a)b+a) a+b

ab+bJab —aab—ab Jab Jab(b-a) Jab
_(a+b)Wab+b—a) a+b _(a+b)Nab+b—a)— (> —a?)
- \/E(b—a) _\/E_ \/E(b—a)
_(a+bWab +b* —a® —b* +a* _ (a+b)Wab _a+b

B Jab(b-a)  Jab(b-a) b-a

b, Tinh N:Tacoa=4+2J3 = J3+1)> =3+1,b=+4-23 =3 -1)> =31
a+b_ \/§+1+\/§—1_2\/§__\/§

N= = =
b—a 3-1-3-1 -2
c,épdungdﬁyt}’/sébéngnhautacé:3=a+1=a+1_a=l:>b=5aThayb=5aVéoN=
b b+5 b+5-b 5
9D ta duge N= 440 —a+3a_0a 3 yay N khong dbi 1aN =2 khi £=4"]
—-a b—a S5a—a 4a 2‘ 2 b b+5
Bai 24. a, Rut gon bi€u thirc M. Diéu kién: a # 0;a = +b

M=|_9 a’ | a a’ _[a(-a)+a’) (a’(a+b)-a’
o too | o 2 o 2 2 : 2
a+b b”—a a+b a° +b° +2ab b —a (a+Db)

_ ab (a+b)2_ a+b

(b-a)b+a) a’b  alb—a)

b, Tinh Mkhi a=1++2 vab=1-42

a+b _  1+42+41-42 2 =1—\/5=1_\5
ab—a) (1+42).(1-2-2-1) -2.(0++2) 2-1
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1 M=
>

a
b

c.. Tim.a. b.trong truxdone. hon
v b () ) e I

ey

a 1
s ‘ b 2
Ta giai hé phuong trinh sau:
a+b Q)l
a.(b-a)

Tt phuong trinh (1) rit ra b = 2a thay vao phuong trinh (2) ctia h¢ ta dugc: —?; 2a ) =
al\ca—a

5 154 =30 o a(@-3)=0 a=3 (TMPK)va a= 0 (Loai)

a

a=3 =>b=6.Vaya=3,b=6thi M = 1

Bai 25. a, Riit gon biéu thirc H.  Diéu kién: x >1
1 1 Jx —x

H=
S l—vx Arl+vx -1
R T R s ey +x(\/;—1):2 NP o
Wx—1-v0).(x=T+4x)  Vx-1  x-l-x
, .53 53.(9+247) 53.9+247)
b, Tinh H; t IX= = = =9+247
in aco:x oo s-adr) 3 +27

H=x-2Vx-1=9427 =249+ 247 -1 =9+ 2J7 =21 +7)* =7

¢, Timx khi H=16.
H=16 < x-2Jx-1=16 ©x-2J/x-1-16=0=(x-1)-2J/x-1-15=0
bit: Vx-1=a ; a>0
a’-2a-15=0
A= 1+15=16 =42
aln=1+4 < a;=5vaa=-3(loai)
a=5=Jxr-1=5 ox1=25 ox=26

DANG II : PO THI HAM SO
Pé bai 1: Cho ham s bac nhat : y=(2m—5)x+3 véim = % c¢6 d thi 1a duong thang

d .Tim gia tri cua m dé
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a. Goc tao bai (d) va va truc Ox 1 goc nhon, goc ti ( hodc ham sé dong bién,
nghich bién) 7
b. (d)diquadiém (2;-1)

C. (d) song song v6i dudng thang y = 3x — 4
d. (d) song song véi duong thang 3x + 2y = 1
e. (d) ludn cét duong thang 2x — 4y —3 =0
f. (d) cat duong thang 2x + y = -3 tai diém c6 hoanh d6 14 -2
g. (d) cat tryc hoanh tai diém & bén trai truc tung ( c6 hoanh do am)
h. (d) cat duong thang y=3x+1 tai diém c6 hoanh d6 am (hodc ¢ bén trai truc
tung)
i.  (d) cat duong thang y = 5x — 3 tai diém c6 tung do duong ( hodc & trén truc
hoanh)
] Chung t6 (d ) ludn di qua mot diém cb dinh trén truc tung
Gidi :Him s coa=2m—5;b=3
a.  Goc tao boi dwong thing d va va truc Ox l1a géc nhon, géc ti

Goc tao boi duong thang d va va truc Ox 1a goc nhon khi duong thang d c6 hé sé a > 0
<2m-5>0 om> % ( thoa man)
Goc tao boi duong thang d va va truc Ox 1a goc ti khi dudng thang d cohé sba <0

<2m-—5<0 ©m<§ ( thoa man )

Viy gbc tao boi dudng thang d va va truc Ox 13 goc nhon khi m > %
goc tao boi duong thang d va va tryc Ox la goc tikhi  m < %

b. (d)diquadiém (2;-1) 7
Thay x =2 ; y =-1 vao phuong trinh dudong thang d ta c6

1=2.(2m-5)+3 «4m—-10+3=-1 o m=§ ( thoa man)

Vay voi m = % thi (d ) di qua diém (2 ; -1)

Chi ¥ : Phdiviétla “Thay x = 2 ; y = -1 vao phwong trinh dwong thang d ”, khéng dwoc
vietla “Thay x =2 ; y = -1 vao_dwong thang d ”

c. (d) song song v6i dwong thing y = 3x - 4
2m-5=3 P {m =4
34 34

(d) song song véi duong thang y =3x - 4 < { < m=4( théa man)
Vay m = 4 13 gi tri can tim ]

d. (d) song song véi duwong thang 3x + 2y =1
Taco3x+2y=1 < y=—%x+%

(d) song song véi duong thang 3x + 2y = 1 < (d) song song véi dudng thing y = —%x +%
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[2m S [m—7 7 i 3
o | 2@1 14<:>m:— ( thda man) . Vay m=— la gia tri can tim
4 4
3#£— 3+ —
2 2
e. (d) luon cat dwong thang 2x -4y -3 =0
Tacé2x-4y-3=0<:>y:%x—%

(d) ludn cat dudng thang 2x - 4y - 3 =0 < (d) ludn cit dudong thing y = %x —%

1 A rr 4sA 1 i . \ N ssoe A s
c>2m—5¢5<:>m¢14—1. Két hop voi di€u kién ta coO m = gva m¢14—1 la gia tri can tim.

f.  (d) cat dwong thiang 2x + y = -3 tai diém c6 hoanh d 1a -2
Thay x = -2 vao phuong trinh duong thang 2x +y = -3 ta duoc 2. (-(2) +y=-3 < y=1
= (d) cat duong thang 2x +y = -3 tai diém (-2 ; 1 ). Thay x =-2 ; y = | vao phuong trinh
duong thaingdtaco 1 =(2m—5).(-2)+3 < -4m+ 10 +3 =1 < m = 3 ( théa mén).
Vay m = 3 1a gid tri can tim.
g. (d) cit truc hoanh tai diém & bén trai truc tung ( c6 hoanh d¢ am)
Thay y = 0 vao phuong trinh dudong thing dtacé 0 =(2m-5)x+3 o x = 3

2m-5

(d) cit truc hoanh tai diém ¢ bén trai truc tung < <02m-5>0<m> %( thoa

2m-5
man).

Vay m >§ 1a gi4 tri can tim.

h.  (d) cit dwong thing y = 3x + 1 tai diém c6 hoanh dd am (hodc & bén trai
truc tung)
(d) cat duong thaingy =3x+ 1 ©2m—5 = 3 o m =4
Hoanh d¢ giao diém cua (d) va dudng thang y = 3x + 1 1a nghiém ctia phuong trinh 4n x
sau :

(2m—5)x+3 =3x+1 <:>(2m—8)x=—2<:>x=2_—28(v‘1m¢4)
(d) cat duong thang y = 3x + 1 tai diém c6 hoanh do am

=

5 8<0<:>2m—8>0<:>m>4 ( thoa man cac diéu kién m = % va m =4 )
m_

Vay m > 4 13 gia tri can tim.
i (d) cit dwong thing y = 5x - 3 tai diém c6 tung dd dwong ( hoic & trén
truc hoanh)
*(d) cat duong thingy =5x -3 <2m—5 # 5 <m #5
* Hoanh do giao diém cua (d) va dudng thang y = 5x - 3 1a nghiém ctia phuong trinh 4n x
sau :

(2m—5)x+3 =5x-3e (2m-10)x=-6 < x=— 0 = (vim 25)

2m-10 m-5
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-3

Thny Y:—S vao phlmmg trinh ﬁn’(‘mg ‘rh%mg Yo =X 3 ta..ch Y. =
m

5 -3 3 -15- 3m+15 —-3m

‘m-5 m-—35 m-35

(d) cat duong thang y = 5x - 3 tai diém c6 tung do duong

—3m
&
m->5

>0 -3m(m-5)>0< m(m-5)<0<0<m<5
Két hop véi cac didukiéntaco6 0<m<5va m = ; 1a gia tri can tim
je Chiing té (d ) ludn di qua mot diém cd dinh trén truc tung

Gia str (d) luon di qua diém co dinh c6 toa d6 ( Xo ; yo). Khi d6 :
yo=(2m—35)xo+ 3 v61 moi m < 2xom — 5x9 — yo + 3 = 0 v41 moi m

2X :O X :0

5%, —y, +3=0 |y, =3
Vay (d ) ludn di qua mot diém cb dinh trén truc tung c6 toa do 14 (0; 3)
Chu y dé bai 1:

A . \ re A g e S S 5 o2 R
* Ta luon so sanh m tim dwoc voi diéu kién cua dé bai la m = 5 ( diéu nay rat rat hay

quén)
* Néu dé bai chi “Cho phwong trinh bdc nhét” ma khong cho diéu ki¢n ta vén phdi dit
diéu ki¢n dé phwong trinh la phwong trinh bdc nhit ( ticc la phdi c6 a = 0 va ldy diéu
kién dé dé so sanh truwéc khi két lugn)
D@ bai 2:
Cho duong thang d c6 phuong trinh y=(m+ 1)x—3n+6. Timm van dé :
a. (d) song song véi duong thang y = -2x +5vadiqua diém (2;-1)
b, (d) song song véi dudng thang y = 3x + 1 Va cit truc hoanh tai diém co hoanh dola-1

c, (d) cit truc hoanh tai diém c6 hoanh db 1a 5 va cét truc tung tai diém co tung do 1a 1

d, (d) song song v4i duong thing y = 2x + 3 va cit dudng thiang y= 3x + 2 tai diém co
hoanh d§ 1a 1
e, (d) di qua diém (-3;-3)va cit truc tung tai diém c6 tung do 1a 3
f, (d) di qua (2 ; -5 ) va c6 tung do gbc 1a -3
g, (d) di qua hai diém (-1;3)va(-3;1)
Gidi :
a. (d) song song v6i dwong thing y = -2x + 5 va di qua diém ( 2 ; -1)
, m=-3
. (d) song song v4i duong thangy =-2x + 5 < {?3; Er p ¢25 = {n i%
. (d)di quadiém (2;-1) & -1=(m+1).2-3n+6 < 2m -3n=-9
Thaym=-3vaotaco2.(-3)-3n=-9 < n=1(thoaman)
Vaym=-3,n=1
b.  (d) song song véi dwong thiang y = 3x + 1 va cit truc hoanh tai diém cé6
hoanh d¢ la -1
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. e L2 ~ - (rtl1—72 [m=2
O (d)song song vol duong thang y=3X"+ 1<:>i—3n+6¢1®1n¢§

o (d) cat truc hoanh tai diém c6 hoanh d61a -1 & 0=(m+1).(-1)-3n+6
sm+3n=95

Thaym=2vaotadugc2+3n=5 <n=1(théaman).Vaym=2 ,n=1
c. (d) cit truc hoanh tai diém c6 hoanh do 1a % va cit truc tung tai diém cé
tung dgla 1
* (d) cét tryc hoanh tai diém c6 hoanh d¢ 1a % o 0=(m+1). %—3n+6 om-2n=-5

o (d) cit truc tung tai diém c6 tung d9 131 < 1=-3n+6 o n= % :

Thay vao phuong trinh m - 2n=-5tacé m - 2. % =-5 <:>m=-§.Vélyn= % , =-§
d.  (d) song song voi duong thing y = 2x + 3 va cit dwong thang y=3x + 2 tai
diém c6 hoanh d¢ 1a 1

) (d) song song véi duong thing y = 2x + 3 < {m +1=2 {m =1

3n+6%3 |n=1
o (d) cat duong thang y= 3x + 2 tai diém c6 hoanh d 1a 1
< (m+1).1-3n+6=3.1+2 < m-3n=-2.
Thaym=1vaotacd 1 -3n=-2 < n=1(khong théa man )
Vay khong c6 gia tri nao ctia m va n théa man diéu ki¢n de bai.
Chuy : Ta thwong quén so sanh voi diéu kién n =1 nén din dén két ludn sai

e. (d) di qua diém (-3 ; -3 ) va cit truc tung tai diém cé tung do 1a 3
) (d)diquadiém (-3;-3) & -3=(m+1).(-3)-3n+6 <> m+n=2
. (d) cit tryc tung tai diém c6 tung d6 13 3 <3=-3n+6<n=1
Thay vao phuong trinhm+n=2tadugcm+1=2 om=1
Viym=1,n=1

f.  (d)diqua(2;-5)vacétung dj gbcla -3
e (d)diquadiém(2;-5) ©-5=(m+1)2-3n+6<2m-3n=-13
o (d) c6 tung d6 gbc 14 -3 < -3=-3n+6<n=3
Thay vao phuong trinh 2m - 3n =-13 ta dugc 2Zm -3.3=-13 &om=-2
Vaym=-2 ,n=3

g. (d)diguahaidiém(-l;3)V£1(-3;1)
(d)diquahaidiém (-1;3)va(-3;1)
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[m=0__,
C2UVAY =0 =S
3

(3=(m+1).(= 1)=3n+6_. (m+3n=2 (2=
1=(m+1).(-3)-3n+6 < Bm+3n=2 |3 e 1

=

Dé bai 3:
Cho hai ham s6 bac nhit y = (m + 3 )x + 2m + 1 v y = 2mx - 3m - 4 ¢6 db thi tuong Gng
1a (dy) va (d2). Tim m dé :

a. (d)) va (d2) song song voi nhau , ¢t nhau , tring nhau

b. (d)) va (d2) cét nhau tai mot diém nam trén truc tung

c. (d1) cét (dy) tai mot diém trén truc hoanh

d. (di) cét (d2) tai mot diém nam bén phai truc tung

e. (d)) cdt (do) tai mot diém nam bén dudi truc hoanh

f. (d)) cit (dy) tai diém (1 ;-2)

g. Chung t6 khi m thay d01 thi duong thang (d)) ludn di qua mot diém cd dinh , dudng
thang (dy) ludn di qua mot diém cb dinh.

2m #0 m#0
Chii ¥ : Diéu kién trén luén dwoc ding so sanh truée khi dwa ra mét két lugn vé m
a. (d1) va (dz) song song v&i nhau , cat nhau , trung nhau

m+3=2m m =3
2m+1#-3m-4 m #—1

(d)) va (d») cat nhau < m+3#2m <> m #3
(d1) va (d2) trung nhau < {m +3=2m o {m 31 ( v nghiém )

Gii :Pé cac ham sé di cho 13 cac ham s bac nhét ta phai o : {m+3 *0 {m >3

(d1) va (d2) song song véi nhau <:>{ < m=3

2m+1=-3m—-4
Két hop véi cac diéu kién ta co:
V6im =3 thi (dy) va (dz) song song véi nhau
m#-3 , m#0, m=3thi (di) va (d2) cit nhau
Khong c6 gid tri nao ciia m dé ((d1) va (d2) trung nhau
b. (d1) va (dz) cit nhau tai mot diém niam trén truc tung
o (d)) va (d») cat nhau < m+3+2m < m =3
) (d) va (d2) cit nhau tai mot diém nam trén truc tung khi
2Zm+1=-3m-4 ©&m=-1
Két hop véi cac diéu kién ta c6 voi m = -1 thi (d) va (d2) cat nhau tai mot diém nam trén
truc tung.
Chi y : Giao diém ciia ( dy) va ( da) véi truc tung lan lwot la (0 ; 2m + 1) va (0 ; -3m -4)
nén chiing ciit nhau tai 1 diém trén truc tung khi hai dtem do trung nhau, tirc la 2m+1 =
-3m — 4. Do dé 1oi gidgi trén nhanh ma khong phdi lam tdt.
c. (dy) cit (dy) tai mot diém trén truc hoanh
o (di)va(d)cdtnhau ©m+3#2m e m=3
e  Thayy = 0 vao phuong trinh dudng thang (di) va (dz) ta co

X_2m+1
(m+3)x+2m+1=0 =3 . )
dmx-3m-4=0 __dm+4 (Vi m#-3, m#0)
2m
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o (dy) cit (dy) tai mot diém trén truc hoanh khi
2m+1 3m+4
m+3  2m
Phuong trinh trén 1a phuong trinh bac hai c6 a - b + ¢ = 0 nén c6 hai nghi¢m m; =-1 ; my =
12
Két hop voi cac diéu kién ta co6 m = -1 hodc m = 12 thi di) cét (d2) tai mot diém trén truc
hoanh
Chii ¥ : Phdi két hop véi cd ba diéu kién la m=-3 , m =0, m =3 roi mdi két ludn.
d. (di) cit (d2) tai mot diém nam bén phai truc tung

e (d)) va(dy) cat nhau < m+3#2m < m=3

e  Hoanh d6 giao diém cua (di) va (d2) 1a nghiém ciia phuong trinh 4n x sau :
Sm+5

=2m(2m+1)=(m+3)(3m+4) < 4m’ +2m =3m’ +13m+12 < m’ - 11m-12=0

(m+3)x+2m+1=2mx-3m-4 < (m-3)x=5m+5< x = (vim=#3)

e (d)) cit (d2) tai mot diém nam bén phai tryc tung khi hoanh d¢ giao diém
duong
Sm+35

>O<:>(5m+5)(m—3)>0<:>m<—1 hoac m >3
m—

Két hop v6i cac diéu kién ta c6 m =—3,m <—1 hodc m >3
e. (dy) cit (dz) tai mot diém nim bén duéi truc hoanh
e  (di) va(dy) cit nhau & m+3%2m<m#3
e  Hoanh d6 giao diém cta (d;) va (d2) 1a nghiém ctia phuong trinh 4n x sau :

(m+3)x+2m+1=2mx—3m—4<:>(m—3)x=5m+5<:>x=% (vim #3)
m_

Thay x =22 +35 vao phuong trinh dudng thang ( d)) ta c6

5m+5 5m’+20m+15+2m”~5m—-3 7m’+15m+12
y=(m+3). +2m+1= =

m— m-—3 m-—3

* (d)) cat (dy) tai diém nam bén dudi truc hoanh khi tung d6 giao diém am
2

<:>7m +15m+12<0(*)
m-—3

2
Ta c67m’* +15m+12=6m° +12m+6+m> +3m+%+$:6(m+1)2 +(m+%) +%>O

Nén (*) twong duong voi m-3<0 < m<3
Két hop véi cac diéu kién ta cd : m<3,m#-3,m=0 13 gia trj can tim
f. (di) cit (d2) tai diém (1;-2)

e (d)) va(dy) cat nhau <:>m+3¢2m<:>m¢3

< Y m+3)+2m+1 m=-2 _
o (di)cat(dy)taidiem(1;-2) <" - (2m 3)m 4 @{m:_zam_—z

Két hop voi cac dicu kién ta co m = -2 1a gia tri can tim.
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g. Chirng t6 khi m thay ddi thi dwong thang (di) luén di qua mot diém cd dinh ,
dwong thang (d:) luon di qua mot diém co dinh.
Gia st khi m thay d6i cac dudng thang (di) ludn di qua diém ( xo; yo ) , tirc 13 :
Yo :(m+3)x0 +2m+1 vé6imoi m & (x0 +2)m+3x0 -y, +1=0 v6i moi m
X, +2=0  _ [x,=-2
3x, =y, +1=0 =—

Vay khi ma thay doi th1 cac duong thang (d;) ludn di qua diém (-2 ; -5 ) ¢d dinh

Chu v : Vi dwong thing ( d:) ta lam twong tw , diém cé dinh la (5 —4]
P& bai Cho hai dudng thang d; va d 1an lugt ¢6 phuong trinhy =-2x +4 vay =2x -2

a. Tim toa d6 giao diém A cia hai duong thang trén.

b. V& trén cung mot h¢ truc toa do cac duong thang divad,

c.  Goi BvaC lan luot 1a giao diém cta d; va d; véi truc hoanh; D va E lan lugt
la giao diém cta d; va d» v6i truc tung.Tinh dién tich cic tam giac ABC , ADE ,
ABE.

d. Tinh cac goc tao bai duong thang d; va dz v6i truc hoanh.

Giai :a, Tim toa d0 giao diém A ciia hai duwong thang trén.
Giao diém cua hai duong thang 1a nghiém cua h¢é phuong trinh sau :
4-y 4-1 3
=-2x+4 X=—" X = —
{z —2x-2 < 2 < 2 2
2y =2 y=1

Vay giao diém A cia hai duong thang 13 A(%;lj

b, Vé trén cung mdt hé truc toa dd cac dwong thing d; va d;
J Xét duong thang (di): y=-2x+4
Véix=0 =>y=4; y=0 = x =2. Puong thang (d) di qua hai diém (0;4)va(2;0)
e Xét duong thang (d2): y=2x-2
Véix=0=y=-2; y=0 = x= 1. Duong thang (d,) di qua hai diém (0;-2)va(1;0)




e. Goi BvaC lan ot 12 giao diém ciia d; va dz véi truc hoanh; D va E lan
lwrgt 1a giao diém cia d; va d; v6i truc tung.Tinh dién tich cac tam giac ABC ,
ADE , ABE.

Tac():A(%;lJ , B(2;0),C(1;0),D(0;4) va E(0;-2)
Dodo:BC=[|2-1|=1,DE=[4-(-2)|=6,BO=|2-0|=2
Goi AH Ia dudng cao cia AABC , AK la dudong cao cia AADE = AH=1 ,AK=%

GOi S,uc 5 Saog » Sups » Sage 180 luot 12 dién tich cia cac tam giac ABC , ADE , BDE,
ABE.

Taco:
S, :%AH.BC :%.1.1 :% ( don vi dién tich )
S, —~AKDE=1.36-2 (donvi dién tich)
2 22 2 T
S, = %BO.DE _ %.2.6 _6  (donvidién tich)
9 3 e qen L
Sase = Sepe —Sape =6 =5 ( don vi dién tich )
f. Tinh cac géc tao béi dwdng thing d; va d véi truc hoanh.
Goc tao boi duong thang d; va d» v6i truc hoanh 1an lugt 13 DBx va ACx

Tam giac OBD vuong tai O ¢6 : TgOBD = 8—1; = % =2= OBD ~63,4°

— BDx =180° —63,4° =116,6"

Tam giac OCE vudng tai O ¢6 : TgOCE = OF _

—2 = OCE = 63,4
oC

— | N

= ACx = 63,4°
Vay goc tao boi duong thang di va da vai truc hoanh cung 1a 63,4°.

II. CHU Y : Khi dé bai khéng cho diéu kién ciia tham sé m ma néi la cho ham sé bic
nhdt thi khi lam bai ta vin phdi tim diéu kién dé c6 phwong trinh bic nhit va diing diéu
kién nay dé so sdnh trude khi két lugn

BAI TAP TU LUYEN

Cau 1: (3,0 diém).
Cho duong thang (m —2)x + (m— 1)y =1 (d).
a) Chuing minh rang dudng thang (d) luon di qua mot diém cb dinh voi moi gia tri ciia m.
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b) Tinh gia tri cia m dé khoang cach tir gbc toa 6 O dén duong thang (d) 12 16n nhat.
Bai 2 (1,5 diém)
Tim hai sb thuc duong a, b sao diém M c6 toa do (a;b?>+3)va diém N
Co toa dd (Vab ;2 ) cung thudc d6 thi cia ham s6 : y = x2
Bai 3 (2,5 diém)
Trong mat phang toa do Oxy cho parabol (P): y = x? va diém D(0;1).
1. Viét phuong trinh dudng thang (d) di qua diém D(0;1) v a c6 hé s6 goc k.
2. Chung minh rang dudng thang (d) ludn cat parabol (P) tai hai diém phan biét
G va H vo1 moi k.
3. Goi hoanh d6 cta hai diém G va H 1an luot 1 x; va x2. Ching minh rang: xi x»
= -1, tor d6 suy ra tam gidc GOH la tam giac vudng.
Cau 4 (1 diém)
Trong mit phing toa do Oxy cho dudng thing (d): y = (m? — 3m)x +m va dudng thang (d):
y = 4x + 4. Tim m dé duong thang (d) song song voi dudng thing (d).
Bai 5 (2.0 diém)
Trong mit phing toa do Oxy cho parabol (P): y = x? va cac diém C, D thudc parabol
(P)vél xc=-1,xp=2
1.Tim toa do cac diém C, D va viét phuong trinh dudng thang CD.
2.Tim p dé duong thang (d): y = (2p?-p)x-+p+1(vdi p 1a tham sd) song song v6i dudng

thang CD. )

Cau 6: Cho ham s6 : y=ax+b (1) , 7
a)  Xac dinh gia tri cia a va b dé do thi cua ham s6 (7)di qua diém A(1;5) va B(-
2:-1)

b)  Chung to rang cac dudng thing AB va cac dudng thangy =x + 5 ,
y =3x + | dong quy.
Céu 7: Cho Parabol (P) : y = 1/4 x* va duong thang (d) : y = 1/2 x + 2.
a) V€ (P) va (d) trén cung hé truc toa do Oxy.
b) Goi A, B 1a giao diém cua (P) va (d). Tim diém M trén cung AB cua (P) sao cho
dién tich tam gidc MAB 16n nhat.
¢) Tim diém N trén truc hoanh sao cho NA + NB ngin nhét.
Céu 8: (2 diém)
1.Cho ham sb: y=x-2m—1; v&i m tham sb.
a) Tinh theo m toa do cac giao diém A; B ctia d6 thi ham s6 véi cac truc Ox; Oy. H 13 hinh
chiéu cua O trén AB. Xéac dinh gia tri cia m dé on = %
b) Tim quy tich (tip hop) trung diém I cta doan thang AB.
Ciu 9: (2diém)Trong mit phang toa do Oxy, cho duong thang(d): y = mx +1 va parabol(P):
y = 2x2.
1)  Timm dé (d) di qua A(1;3)
2)  Chimg minh rang (d) ludn cét (P) tai 2 diém phan biét A(x1;y1) va B(x2;y2).
Hay tinh gia tri cia T = xix2 + y1y2
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Céu 10 (2 diém): Trong mit phing toa dd Oxy cho dudng thang (d) : y=x+n—1va

parabol (P) : y = x?

2.

1. Timn d (d) di qua diém B(0;2)

lan luot 13 x1, x, thoa man: 4 (i +Lj —xx,+3=0

XX

HUONG DAN

Tim n dé duong thang (d) cit parabol (P) tai hai diém phan biét c6 hoanh d6

Caul

3,0d

(1,5d)

Diéu kién can va du dé duong thang (m —2)x + (m — )y =1 (d) di qua
diém cb dinh N(xo,y0) 1a:

(m—2)x,+ (m— 1)y, =1, vd1 moi m

< MmXo — 2Xo + My, — Yo — 1 =0, v61 moi m

< (Xo T Yo)m — (2Xo + Yo + 1) = 0 v&i moi m

{quryo =0 {xo =-1
=
o (2x,+y,+1=0 v, =1

Vay cac duong thang (d) ludn di qua diém ¢ dinh N (-1; 1).

0,5d

0,5d

0,5d

(1,5d)

+ Véim =2, ta c6 duong théng y=1
do do khoang cach tir O dén (d) 1a 1 (1)
+V6im =1, ta co duong thang x = -1
do d6 khoang cach ttr O dén (d) 1a 1 (2)
+Vc’rim¢1vérp¢2 q
Goi A 1a giao diém cﬁa duong thang (d) véi tryc tung.
Taco: x=0=y=——,dodo OA = 1
m— |m 1|
Goi B 1a giao diém cta du’ong thang (d) véi truc hoanh.
Taco:y=0=x=——,dod6OB= —— !
m— |m 2|
Goi h 1a khoang cach Tir O dén duong thing (d). Ta co:

1 1 1 11
h2:0A2+OBZ_(m )’ +(m—-2)° =2m> —6m+5= 2(m——) +2>E_

Suy rah? < 2, max h = 2 khivéchikhim=%. 3)

Tur (1), (2) va (3) suy ra Max h = 2 khi va chi khi m = %

0,5d

0,5d

0,5d

Tim duoc toa d§ giao di€ém A ctia d6 thi ham so6 véi truc Ox:

a | A(2m+1,0)

0,25 |,
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Giao diém B ctia d6 thi ham sb véi truc Oy: B(0;,-2m-1)

Ta c6: A AOB vuong tai O va c6 OH la duong cao nén:

=0
L payaeta s 2 [
m=-1 0,5

YIRS 2= Tl
OH® 0A~ OB X, Yy (2m +1)

Hoanh d trung diém I cia AB: x, =247 2m +1

2 2 0,25
Y4 +yB — _(2m+1)
2 2

Tung d6 trung diém I cua AB: y, =

[

Ta co: y, =—x, = Quy tich trung diém I ctia doan thang AB 1a 0,25

duong thang y = —x

Hé ludn c6 nghiém duy nhat
Vit (2) = y=—m’+mx+2
Thay vao (1) ta duogc:
(m+1)x + m(- m?> +mx +2) = 2m -1
Sm?+m+Dx=m’-1

Mam?>+m+1= (m+l)2+i>0Vm
| 2 4 0,25
H¢ c6 nghiém duy nhat la:

x=m-1 025
y=-m+?2

TacoP=xy=(m-1)2-m)=-m?>+2m+m -2

= —(mz—?’m+2)+l
4= 4

I 1
=—(m ——=)" +—<-—
( ) 257

. 3 3
Dau “=" xayra & m —E:Ocmzz

Vay gia tri 16n nhat cta P 1a MaxP =% & m :% 0,25

Cau9
1) Thayx=1;y=3vao (d)tadugc: m.1 +1 =3 suyram=2
2)  Xét phuong trinh hoanh d6 giao diém cua (d) va (P): 2x2=mx + 1 <
2x2-mx -1=0
Tacoa=2,b=-m,c=-1& A=b"-dac=(-m)’ -42.(-1)=m’ +8>0Vm < phuong trinh
ludn 6 2 nghiém phan biét véi moi m nén (d) ludn cat (P) tai 2 diém pha
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{Y +-X. —ﬂ
P v

)
-1
X, X, = —

biét A(x1;y1) va B(x2.y2) voi moi m. Ap dung hé thirc Vi-ét ta c6:

Tacd T =x1.x2+ y1y2 Ma y1= 2x:2 va y2 = 2x2> nén T = x1x2 + 2x2.2%x,% =
1 _
—+4(—l)2 _ligtlt

2 2 2 4 2

1. Thay x = 0; y =2 vao phuong trinh duong thang (d) ta dugc: n =3
2. Phuong trinh hoanh d¢ giao diém cua (d) va (P) la: x2—x—(n-1)=0 (*)
bé (d) cat (P) tai hai diém phéan biét thi phuong trinh (*) phai c6 2 nghiém phan biét x1; x2
<:>A=4n—3>0c>n>—%.
x+x,=1

Khi dé theo dinh ly Vi ét ta co: {

xx, =—(n—1)

Theo dé bai: 4(i+ij—xlx2 +3=0 @4()‘1 +x2}—x1x2 +3=0

XX XXy

= +n+2=0

-n+1
oSn'+n-6=0DK :n#1)
=>n, =2(TM);n, =3(L)
Vay n =2 1a gia trj can tim.

DANG III: PHUONG TRINH BAC HAI VA PINH Li VIET

1. viDuy
Pé bai 1: Cho phuong trinh x> — 2m-1)x +m—1=0
a. Giai phuong trinh véi m :g
b. Chting minh phuong trinh luén c6 hai nghiém phan biét
c. Tim m dé phuong trinh ¢6 hai nghiém trai dau
d. Tim m dé phuong trinh ¢6 hai nghiém cung dau
€. Tim m dé phuong trinh c¢6 hai nghiém cung duong
f. Tim m dé phuong trinh ¢6 hai nghiém ctng 4m
g. Tim m dé phuong trinh ¢6 nghiém duong
h. Tim m dé phuong trinh ¢6 hai nghiém 14 hai s6 nghich ddo cta nhau
1. Tim m dé phuong trinh ¢6 hai nghiém théa man 2x; + 5x2 = -1
J- Tim m dé phuong trinh c6 hai nghiém théa man x> +x2 =1
k. Tim h¢ thtrc 1ién hé gitra hai nghiém x; va x, ciia phuong trinh
1. Tim GTNN cua [x, —x,|
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m.  Tim GTLN cia x*(1-x2)+x2(1-4x2)

n. Khi phuong trinh c¢6 hai nghiém x; va x» , ching minh biéu thirc sau khong

phu thudc vao m

x, -1 x, -1
_M 2
B= 2 + 2

XX, XX

Giai :
a. Giai phwong trinh véi m =§

Voi ng ta co phuong trinh : x2—§x+§:0c>3x2—7x+2:0

A=( 7) ~432=49-24=25>0;+/A =5 phuong trinh c6 hai nghiém phan biét :
(IS L 745

6 3’ 6
Vay voi m = § phuong trinh da cho c6 hai nghiém phan biét 1a %va 2

b. Chirng minh phwong trinh luén c6 hai nghiém phan biét
Phuong trinh da cho 1a phuong trinh bac haicba=1; b=2m-1; c=m-1
A=(2m-1) —4.1.(m-1)=4m> —4m+1-4m +4 =4m*> ~8m +4+1=(2m-2) +1

Vi (2m—1)220v6imc_>im:> A:(Zm—1)2+121>0v6im()im nén phuong trinh luén c6 hai

nghiém phan bi¢t voi moi m

c. Tim m dé phwong trinh c6 hai nghiém trai diu
Phuong trinh da cho 1a phuong trinh bac haicoa=1; b=2m-1; c=m-1
Phuong trinh c6 hai nghiém trai dau khi ac<0<1.(m-1)<0<m-1<0< m<1

Vay v6i m<1 thi phuong trinh d4 cho c¢6 hai nghiém trai dau.

d. Tim m dé phwong trinh cé hai nghiém cung diu
Phuong trinh dé cho la phuong trinh bachaicoa=1; b=2m-1; c=m-1
Phuong trinh co hai nghiém cung dau
A>0 (2m—2) +1>0(1ludn dung)
{ac>0 {m 1>0 m-1>0< m>1

Vay voi m > 1 thi phuong trinh d4 cho c6 hai nghiém cung dau.

e. Tim m dé phwong trinh c¢6é hai nghiém ciing dwong
Phuong trinh da cho la phuong trinh bac haicoba=1; b=2m-1; c=m-1
Phuong trinh ¢6 hai nghiém cung duong khi

A>0 (2m-2)’ +1>0 . [m>1
ac>0 < m-1>0 < {M>1 o lem>1

a

khi
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Vay véi m > 1 thi phuong trinh da cho c6 hai nghiém cung duong.

f. Tim m dé phuwong trinh c6 hai nghiém cing 4m
Phuong trinh da cho 1a phuong trinh bac haicba=1; b=2m-1; c=m-1
Phuong trinh ¢6 hai nghiém cuing am khi

A0 (2m-2) +120 , [m>1
aa>0 <! m-1>0 < {2m><1@ 1 (vonghiém )
LI 2m-1<0 m ™3

a
Vay khong c6 gia tri ndo cia m dé phuong trinh da cho c6 hai nghiém ciing am.
g. Tim m dé phwong trinh ¢é nghiém dwong
Phuong trinh da cho la phuong trinh bac haicba=1; b=2m-1; c=m-1
Dé phuong trinh c6 nghiém duong ta ¢ cac trudng hop sau
o Phuong trinh c6 mét nghiém duong va mot nghiém bang 0
Thay x = 0 vao phuong trinh ta c6 m - 1 =0 hay m = 1. Thay m = 1 vao phuong trinh ta
duoc
x?-x=0 ©x(x-1)=0< x=0 hodcx =1( thoa man )

. Phuong trinh ¢ hai nghiém cing duong, diéu kién 1a :
A0 f(2m-2)"+120 [ [m>1
ac>0 <1 m-1>0 @{2m>1@ lom>1
b 2m—1>0 m=Lm=3
—>0
a
o Phuong trinh ¢6 hai nghiém trai dau, di€u kién 1a :

ac<0< 1. (m 1)<0<:>m <0 m<l1

Két hop ca ba truong hop ta c6 v6i moi m thi phuong trinh da cho ¢6 nghiém duong
h. Tim m dé phwong trinh c6 hai nghiém 1a hai s6 nghich dio ciia nhau
Phuong trinh da cho la phuong trinh bac haicoba=1; b=2m-1; c=m-1

A=(2m-1) —4.1.(m-1)=4m? —4m+1-4m+4 =4m’ ~8m+4+1=(2m-2) +1
Vi (2m-1) >0v6imoim= A=(2m~-1)’ +1>1>0véimoim nén phuong trinh ludn c6 hai
nghiém phan biét x; va X2 vé1 moi m

Theo dinh 1i Viet ta cd x1.x2= S=m—1
a

Phuong trinh c¢6 hai nghiém 13 hai s nghich dao ciia nhau khi x;.x2=1 ©m-I1=1<m=2
Vay véi m = 2 thi phuong trinh da cho c6 hai nghiém la hai s6 nghich ddo cta nhau.

i. Tim m dé phuwong trinh cé hai nghiém théa man 2x; + 5x; = -1
Phuong trinh da cho la phuong trinh bac haicoba=1; b=2m-1; c=m-1
A=(2m-1) —4.1.(m~1)=4m? —4m+1-4m+4 =4m’ -8m+4+1=(2m-2) +1
Vi (2m-1)" 20v6imoim= A=(2m-1)" +1>1>0véimoim nén phuong trinh luén c6 hai

nghiém phan bi¢t x; va X2 vd1 moi m
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) ) L [X1+X2=2m—1 4]
Theo dinh i Viet vade baita co 3% X, =m =1 2)
12)(1 +5x, =-1 3)
Nhan hai vé cta (1) véi 5 sau do trir cac vé twong tmg cho (3) ta dugc :
10m -4
4)

10m -4 I0m-4 6m-3-10m+4 1-4m
+X, =2m-1<x, =2m—-1- = 3 = 3

Sxi1+5x2-2x1-5x=10m-5+1 ©3x,=10m-4 & x, =

Thay (4) vao (1) ta co6 :
(5)

Thay (4) va (5) vao (2) ta dugc phuong trinh :

Om =4 I dm 1 (10m—4).(1-4m)=9 (m ~1 )< 10m —40m 4+ 16m =9m -9

3 s 3
< 40m " —-17m-5=0

A=(~17) —4.40.(-5)=1089 > 0; VA =33
7-33 1 17+33 5
m, = =—; m, = =—
80 5 80 8

Vay v6i m :% hodc m =§ thi phuong trinh di cho ¢6 hai nghiém thoa man didu kién d& bai.

i Tim m dé phwong trinh c6 hai nghiém théa méin x> +x2=1
Phuong trinh da cho la phuong trinh bac haicba=1; b=2m-1; c=m-1
A=(2m-1) -4.1.(m-1)=4m’ —4m +1-4m+4 =4m> -8m +4+1=(2m-2)" +1
Vi (2m-1)" 20véimoim= A=(2m-1)" +1>1>0véimoim nén phuong trinh luén c6 hai
nghiém phan bi¢t x; va x> véi moi m

Theo dinh li Viet ta c6 : { X1 7% =2m=1 ()
X,.X, =m-—1 (2)

Theo dé bai : xf +x§ =l x]2 +x§ +2Xx,X, =2X X, =1 < (xl +X, )2 -2xx, =1 (3)
Thay (1) va (2) vao 3)tacé 2m—1)>-2(m—1)=1
2m-1)Y -2(m-1)=1 <4m’ —4m+1-2m+2=1<4m° -6m+2=0<2m° -3m+1=0

Phuong trinh ¢c6 dang a + b + ¢ = 0 nén c6 hai nghiém lam; =1 ; my = ¢ =%
a

Vay voi m =1 hodc m :% thi phuong trinh d3 cho ¢6 hai nghiém thoa man diéu kién dé bai.
k. Tim h¢ thirc lién hé giira hai nghiém x; va x; ciia phwong trinh

Phuong trinh da cho la phuong trinh bac haicba=1; b=2m-1; c=m-1

A=(2m-1) —4.1.(m-1)=4m> —4m+1-4m+4 = 4m* -8m+4+1=(2m -2} +1

Vi (2m—1)2 >0 v6imoim=> A :(Zm—l)2 +1>1>0v6imoim nén phuong trinh luén c6 hai

nghiém phan biét x; va x> v&di moi m. Theo dinh i Viet ta c6 :

X +Xx,+1
P _X5TX X, +x,+1
X, +X,=2m-1 — JMm > =1 2 —xx, +l<x +x, -2X,.x, =1
X, .X,=m-—1 2 2 b v
122 m=Xx,X,+1

Vay h¢ thtre can tim 1a x, +x, —2x,.x, =1
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1. Tim GTNN cia [x, —x,|
Phuong trinh da cho 1a phuong trinh bac haicoa=1; b=2m-1; c=m-1
A=(2m-1) —4.1.(m-1)=4m? —4m+1-4m+4 = 4m’> -8m+4+1=(2m-2) +1

Vi (2m-1) 20v6imoim=> A=(2m~-1) +1>1>0véimoim nén phuong trinh ludén c6 hai
nghiém phan bi¢t x; va x> véi moi m

Theo dinh li Viet ta co : {Xl +x,=2m-1 ()
XX, =m -1 (2)

bat A= |x1 —x2|20:> A’ :|X1 —x2|2 =(x, —x2)2 =x; —2X,X, +X; =(X, +x2)2 —4x X,
Thay (1) va (2) vao ta co
A’=(2m-1)" -4(m-1)=4m’ —4m+1-4m+4=4m’ -8m+4+1=(2m-2) +1>1 v6imoi m (3)
Ma A>0néntir(3)= A >1v6i moi m
Dau bang xay ra khi 2m-2)2=0 < m=1
Vay GTNN cua A =[x, —x,| 1a | xay rakhim =1
m. Tim GTLN cua x’ (1—x§)+x§ (1—4X12)

Phuong trinh da cho la phuong trinh bac haicba=1; b=2m-1; c=m-1

A=(2m-1) -4.1.(m-1)=4m’ —4m +1-4m+4 =4m> -8m +4+1=(2m-2)" +1
Vi (2m-1) >0v6imoim=> A=(2m 1)’ +1>1>0véimoim nén phuong trinh luén c6 hai
nghiém phan bi¢t x; va x> v&éi moi m

Theo dinh Ii Viet ta 6 : {Xl #x; =2m-1 (]
XX, =m-—1 2)

Ta co A:Xf(l—xi)+x§(1—4x?):xf+X§—5xfxi=(x1+x2)2—2xlx2—5(xlx2)2 (3)
Thay (1) va (2) vao (3) ta dugc :
A=(2m-1) -5(m-1) -2(m-1)=4m’~4m+1-5m°+10m -5-2m+2 = —m’+4m -2
=2-(m’—4m+4)=2-(m-2)
Vi (m—2)2 >0 v6imoi m:>A:2—(m—2)2£2V6iin m
Dau bang xay ra khi (m —2)? = 0 hay m =2
Vay GTLN clia A=x; (1-x; )+x; (1-4x; ) 1a 2 khi m =2

n. Khi phuwong trinh cé hai nghiém x; va xz,

chirng minh biéu thirc sau khong phu thudc vio m : B=

2
172
Phuong trinh da cho la phuong trinh bac haicoba=1; b=2m-1; c=m-1
A=(2m-1) —4.1.(m-1)=4m> —4m+1-4m+4 = 4m* -8m+4+1=(2m -2} +1
Vi (2m—1)220v6imoim:> A:(Zm—1)2+121>0v6imoim nén phuong trinh luén c6 hai

X, +X,=2m-1 (1)

nghiém phan bi¢t x; va x> vdi moi m. Theo dinh 1i Viet ta co : X%, =m—1 2)

Trang 30



x. =l x =1 _(x.=1).x, +(x,=1).X, (X|2+X3)_(X1+X7)
Taco: B=——5-+ = —— - - -

XXX X% XiX;
(x1 +>(2)2 —(xl +xz)—2xlx2 (2m—1)2 - (2m—1)—2 (m—l )
- 2.2 - P
X; X, (m—1)

4m’—4m+1-2m+1-2m+2  4m>—8m+4  4(m-1)"

(m-1) (m-1)  (m-1)

Vay biéu thirc B khong phu thudc vao gid tri cia m.

P& bai 2. Cho phwong trinh (m+1)x? - 2(m+2)x + m+5=0
a. Giai phuong trinh véi m = -5
Tim m dé phuong trinh ¢ nghiém
Tim m dé phuong trinh c¢6 nghiém duy nhat
Tim m dé phuong trinh c¢6 hai nghiém phén biét
Tim m dé phuong trinh ¢6 hai nghiém trai dau
*Tim m dé phuong trinh ¢6 hai nghiém cing duong
Tim m dé phuong trinh ¢6 hai nghiém x , x> théa man x; + 3x, =4
Tim m dé phuong trinh c6 hai nghiém ma tich ctia ching bang -1
Khi phuong trinh ¢6 hai nghiém x; , X, .Tinh theo m gia tri cia A =x; +x;
Timmdé A=6

Tim m dé phuong trinh c6 hai nghiém x; , x» trong d6 c6 mot nghiém 14 % :

N

~

Khi d6 hdy 14p phuong trinh c6 hai nghiém 1a Ox, +1 5 8% +1

3x, 3x,
Giai :
a. Giai phwong trinh véi m = -5

x=0
Thay m = -5 vao phuong trinh ta ¢6 : -4x? + 6x =0 < -2x(2x-3)=0< [nggo =N [X 3
2
Vay v6i m = -5 , phuong trinh c6 hai nghiém 13 0 va %
b.  Tim m dé phwong trinh ¢é nghiém
o V61 m = -1 phuong trinh tr¢ thanh -2x + 4 = 0 < x=2. Phuong trinh c6 mot

nghiém x =2
o V61 m -1 phuong trinh 1a phuong trinh bac hai c6 a=m+1 ,b=-2(m+2), c
=m+5

A =(m+2)2 —(m+1)(m+5)=m2 +4m+4-m’—6m-5=-—2m-1

Phuong trinh ¢6 nghiém khi -2m-1>0< m< _71

Toém lai phuong trinh c6 nghiém khi m < _71
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c. Tim m dé phwong trinh c6 nghiém duy nhat
o V61 m = -1 phuong trinh trd thanh -2x +4 =0 < x=2. P.trinh c6 mot nghiém
duy nhat x =2
. V61 m = -1 phuong trinh 1a phuong trinh bac hai c6 a=m+1 ,b=-2(m+2), c
=m+5

A =(m+2) —(m+1)(m+5)=m’ +4m+4-m’ —6m—5=—2m—1

Phuong trinh ¢6 nghiém duy nhat khi -2m-1=0<m= _71 ( thoa man )

Tom lai phuong trinh ¢6 nghiém duy nhat khi m=-1 hodc m = _71
Chu y : Truwong hop phwong trinh bdc hai c6 A=0 ciing dwoc coi la co nghi¢m duy
nhat

d. Tim m dé phwong trinh cé hai nghiém phén biét
o V61 m = -1 phuong trinh tré thanh -2x +4 =0 < x=2. P.trinh c6 mt nghiém
duy nhat x =2
o V6im #-1 phuong trinh 1a phuong trinh bac hai co a=m+1, b =-2(m+2), c
=m+5

A =(m+2)2 —(m+1)(m+5)=m2 +4m+4-m’—6m-5=-2m-1

Phuong trinh ¢6 hai nghiém phan biét khi —2m—1>0 < m < ‘71

Tém lai phuong trinh ¢6 hai nghi¢m phan biét khi m < _?1 vam#-1

e. Tim m dé phwong trinh c6 hai nghiém trai diu
o Véi m = -1 phuong trinh tré thanh -2x + 4 =0 < x=2. P.trinh ¢c6 mot nghiém
duy nhét x =2
o Véim #-1 phuong trinh 1a phuong trinh bac hai co a=m+1,b =-2(m+2), c
=m+5

Phuong trinh ¢6 hai nghiém trai dau khi ac <0

m+1>0 m > ;(vonghlem)

m+5<0

< (m+1)(m+5)<0e= m+1<0 m<—1 < -5<m<-1
m+5>0 m > -5

Vay véi -5 < m < -1 thi phuong trinh ¢ hai nghiém trai dau

Chuy:
Giai BPT(m +1)(m+5)<0(1)cocdach nhanh hon nhw sau :
Dé (1) xiy ra thi m + 1 va m + 5 la hai 56 trdi ddu. Ta luén c6 m +1<m + 5 nén (1)
{m +1<0 {m< 1
xa?y ra khi m+5>0 m>-5
Tru’o’ng hop chi can biét két qua ciia cdc BPT dang nhw (1), hiy hoc thugc tir
“ngoai cung trong khdc” va dich nhw sau : ngoai khodng hai nghiém thi vé trdi c cung
diu vdi hé sé a, trong khodng hai nghiém thi vé trdi khdc diu véi hé sé a ( hé so a la

&-5<m<-—1
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hé sé liiy thiva bdc hai ciia vé trdi khi khai trién, nghiém ¢ day la nghi¢m ciia da thivc
Vvé trdi )

Vi du véi BPT (1) thi vé trdi c6 hai nghiém la -1 va -5 , dang khai trién la m?> + 6m +
5 nén hé sé a la 1 >0. BPT cdin vé trdi < 0 tirc la khdc ddu véi hé sé a nén m phdi
trong khodng hai nghi¢m, tirc la -5 <m <-1. Con BPT (m+1)(m+5) >0 (2) sé
can m ngodi khodng hai nghi¢m (ciing déu véi hé sé a), ticc la m < -5 hodc m > -1
Mt s6 vi du minh hoa :

m—3)(m+7)>0<:>m<—7hoacm>3; (2m—4 (3m+9)<0<:>—3<m<2
2m—6)(1—m)20©1£m£3; (S—m) 2m—8)£0c>m£4hoacm25

f. *Tim m dé phwong trinh c6 hai nghiém ciung dwong

o V6i m = -1 phuong trinh tré thanh -2x +4 =0 < x=2. P.trinh ¢6 mot nghiém

duy nhat x =2
o Véim #-1 phuong trinh 1a phuong trinh bac hai co a=m+1,b =-2(m+2), c
=m+5
A =(m+2) —(m+1)(m+5)=m’ +4m+4-m’ —6m—5=-2m—1
Phuong trinh c6 hai nghiém cung duong khi

<) s
ac>0 << (m+1)(m+5)>0<< (m+1)(m+5)>0<<m<—-5hodicm>-1Q) ()
_b>0 2(m+2) (m+2)(m+l)>0 m<—2hoacm>—1(3)
——>0

a m+1

<:>m<—5hoac—1<m<—%

Chuy:
Be tim nghiém ciia hé bit phwong trinh (I) ta ldy nhap vé mot truc sé, dién cdc sé
méoc lén dé va ldy cdc ving nghiém. Sau do quan sdat dé tim ra ving nghiém chung va

két ludn. Viéc lam do dién ti nhw sau :

1)

Zo—, 7 e ——

5 2 1 ’

1
2
¢ hinh trén cic dwong (1) ; (2) ; (3) lan lwot la cdc dwong ldy nghiém ciia cdc bit
phuong trinh (1) ; (2) ; (3) trén truc sé. Qua dé ta thidy m<-5 hodc -1 <m < —%Id cdc

gid tri chung théa man ca ba bt phwong trinh (1) ; (2) ; (3) nén dé la tiap nghiém ciia
hé bat phwong trinh (1)
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g. Tim m dé phwong trinh c¢é hai nghiém x; , x, théa mén x; + 3x; = 4
o Véi m = -1 phuong trinh tré thanh -2x + 4 =0 < x =2. P.trinh ¢c6 mot nghiém
duy nhat x =2
o V61 m = -1 phuong trinh 1a phuong trinh bac hai c6 a=m+1 ,b=-2(m+2), c
=m+5
A =(m+2) —(m+1)(m+5)=m’ +4m+4-m’ —6m—5=-2m—1
Phuong trinh ¢6 hai nghiém x; , x2 khi n6 1a phuong trinh bac hai c6 A>0

Toac 1a {m*! o m¢11
—-1>20

—2m m<——
2
b 2(m+2)
X, +X,=——= 1
b a m +1 ()
Khi d6 theo dé bai va dinh 1i Viet ta co xl.x2=5=m+1 (2)
a m+
X, +3x, =4 3

Tu (1) va (3) ta ¢6 h¢ phuong trinh

2m+4 2m+4 2m+4 m m+4
2m+4 X, +X, = X, = -X, X, = =
Xp+X, = PN m+1 o m+1 PN m+l m+1 m+l
m+1 j 2m+4 m m
Xl+3X2=4 2X2=4— X, = X, =
L m+ 1 L m+1 L m+1

Thay vao (2) ta c6 phuong trinh :

m+4 m _m+5

R — <:>(m+4).m=(m+5)(m+1) (do m;t—l)

<:>m2+4m=m2+5m+m+5<:>2m+5=0<:>m=—g(théa mén)

Vay m = —% 1a gi tri cAn tim.

h.  Tim m dé phwong trinh cé hai nghiém ma tich ciia chiing bang -1
o V6i m = -1 phuong trinh tré thanh -2x +4 =0 < x=2. P.trinh ¢6 mot nghiém

duy nhét x =2
o Véim #-1 phuong trinh 1a phuong trinh bac hai co a=m+1,b =-2(m+2), c
=m+5
A =(m+2) —(m+1)(m+5)=m’ +4m+4-m’ —6m—5=-2m—1
Phuong trinh c¢6 hai nghi€ém x; , x2 khi n6 1a phuong trinh bac hai c6 A>0
m#1

Tirc 1a {millzoa{ L)

—2m m<——
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Khi.dé.theo.dinh 1{ Viet ta c6.x,.xp. = 2F2
’ m+1

Vay dé phuong trinh di cho c6 hai nghiém thoa mén tich hai nghiém bang -1 thi m phai

thoa mén didu kién (1) va B2

=—1=m+5=-m—-1< m=-3(théa mén)

Vay m = -3 14 gid tri can tim.
i. Khi phwong trinh ¢6 hai nghiém x; , x; .Tinh theo m gia tri cia A=x +x;
o V61 m = -1 phuong trinh tré thanh -2x +4 =0 < x=2. P.trinh c6 mot nghiém
duy nhét x =2
o Véim #-1 phuong trinh la phuong trinh bac hai co a=m+1,b =-2(m+2), c
=m+5

A =(m+2)2 —(m+1)(m+5)=m2 +4m+4-m’—6m-5=-2m-1
Phuong trinh ¢6 hai nghiém x; , x> khi n6 1a phuong trinh bac hai c6 A>0

2(m+2
r1a #1 m # 1 -4, . 7 X1+X2:_E: ( )(l)
Tac 1a (™M = 1 (1) Khi d6 theo dinh li Viet : a m+l
—2m-12>0 m<—— c m+5
2 XX, =—= 2)
a m+l1
2
2(m+5

Tacé A =x; +x. =X12+2X1X2+X§—2X1X2=(X1+X2 )2—2x1x2 = (212111-:-14} - (m+1 )
C(2m+4) -2(m+5)(m+1)  4m>+16m+16-2m> —12m—10 _ 2m’ +4m+6

(m+1)2 (m+1)2 (m+l)z

2
VayA:w(véimi—lvémS—l—J

(m+1) 2

j. TimmdéA=6

2
Taco Azw(wﬁm;&—lvémﬁ—l—j

(m+1) 2

2

Véim;t—lvéms—% tacs A=6e2 TIMEO0_ 6o 4 dm+6=6(m+1)’

(m + 1)
<2m’ +4m+6=6m’ +12m+6 < 4m’ +8m =0 < 4m(m+2)=0< m =0hodcm = -2
Két hop véi diéu kién ta c6 m = -2 1a gia tri can tim.
k. Tim m dé phwong trinh c¢6 hai nghiém x; , x; trong dé c6 mot nghiém la

%. Khi dé hay l1ap phwong trinh ¢6 hai nghiém 1a Ox, +1 5 0%+l

3x, 3x,
o Véim = -1 phuong trinh tr¢ thanh -2x +4 =0 < x=2. P.trinh ¢6 mot nghiém
duy nhat x =2
o Véim #-1 phuong trinh 1a phuong trinh bac hai co a=m+1,b =-2(m+2), c
=m+5

A =(m+2) —(m+1)(m+5)=m* +4m+4-m’ —6m-5=-2m—1
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Phuong trinh c¢6 hai nghi€ém x; , x2 khi n6 1a phuong trinh bac hai c6 A>0

Tt 1a (M *1 m¢11 1
uc la 1509 %m (1)

—2m <——
Thay x = % vao phuong trinh da cho ta c6

(m+1).( %)2—2(m+2). % tm+5=0emtl -4m-8+4m+20=0 < m=-13 ( thoa
man (1))
Vay v6i m = -13 thi phuong trinh c6 hai nghiém x; , x> trong d6 c6 mot nghi¢m la % :

Thay m = -13 phuong trinh trd thanh -12x> +22x-8=0 < 6x?> - 11x +4=0

Theo dinh Ii Viet :x]+x2:16—1: x,xf%:% . Khido:
2 6.[11j —12.% L
6x, +1+6x2+1 :6x]2+x] +6X) +X, _ 6(x, +x,) —12X1X2+(X1+X2): 6 3 614 .
3x, 3x, 3x,X, 3x,X, 3.% 2
3
2 11
6x, +1 6x,+1 36)(1)(24-6()(1 +x2)+1 B 36'§+6‘€+1_ 36_6
3,  3x, 9x,X, - 9.2 6
3
Do d6 phuong trinh can tim ¢6 dang y2- 7y + 6 =0 (2)
Chuy:

Phwong trinh (2) khong nén ldy an la x vi dé gdy nham ldn véi phwong trinh ciia dé bai
I.CHU Y :
Khi gap phwong trinh c6 tham so (thwong la m) o hé s6 a (hé so ciia liiy thiva bdc hai)ta
can xét riéng trwong hop hé s6 a = 0 dé két ludn trwong hop nay co thoa man yéu ciu
ciia dé bai hay khong. Sau dé xét trwong hop a khdc 0, khing dinh dé la phwong trinh
bdc hai réi méi dwoc tinh A.

I1: BAI TAP TU LUYEN
Bai 1 :(3.0 diém) Gi¥i ph-—ng trxnh

(4x —DVx> +1=2x" +2x+1

Bui 2:

Cho ph-—ng trxnh x>+ (2m - 1)x - m = 0 ¢ 2 nghiOm x, x.
Txm m ®O0 x;%+ x2? - 6 X; X2 ®'t gi, trP nha nhEt.
Bai 3: (5,0 diem).Giai cac phuong trinh.
1 1 1 1 1
a) - T T3 T ~z
X +4x+3  x +8x+15 x  +12x+35 x +16x+63 5

b) Va+6-4Vx+2 +Vx+11-6Vx+2 =1
Bai 4: (5,0 diém).
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Cho-phuene-trinh- 2++x + 2-x _ /3
' \/§+\/2+\/; \/5—\/2—\/; o
a) Tim diéu kién cta x dé phuong trinh c6 nghia .

b) Giai phuong trinh .

Céu 5: (6,0 diém).

3a+1 a-1_2a(a’ -1

2

1) Cho phuong trinh : (a la tham sd)

a+x a-x X -—a
a) Giai phuong trinh trén.
b ) Tim céc gi4 tri nguyén duong cua a dé phuong trinh c¢6 nghiém x 1a s6 nguyén t6.
Cau 6 :(5,0 diém).
1.Cho phuong trinh x> +2(m—2)x+m* —2m+4=0. Tim m dé phuong trinh

c0 hai nghiém thyc phéan biét x,, x, thoa man — 2 - — Lt
X, +x;, xx, 15m

Cou 7 :(Cho phuong trinh: x2-2(m-1)x-3-m=0

a, Chtrng t6 rang phuong trinh ludn c6 nghiém véi moi m.

b, Tim m sao cho nghiém x; ; x, thod man diéu kién: x;2 +x22 > 10 .
Cou 8 :Cho phuong trinh: x*-2mx+2m-1=0

a, Chumg t0 rang phuong trinh ludn c6 nghiém x;; X2 voi moi m.

b, Dat A=2 (x> +x2%2) - 5x1X2

- Chimg minh : A=8m?- 18m + 9

- Tim m sao cho A =27

¢, Tim m sao cho phuong trinh c6 nghiém nay bang hai 1an nghiém kia .
Cou 9 :. Cho phuong trinh: (m-1)x2-2(m-1) x -m =0

a, Xac dinh m dé phuong trinh c6 nghiém kép, tim nghiém kép do.

b, Tim m sao cho phuong trinh ¢6 2 nghiém phén biét déu am.

Cou 10 :. Cho phuong trinh: x!-2m-3)x+m?+3m =10

a, Ching minh rang phuong trinh ludn luén c6 hai nghiém khi m thay doi.
b, Tim m sao cho nghiém x; ; x, thod man diéu kién: 1<x; <x2<6 .

Cou 11 :. Cho phuong trinh: (m+2)x2-2m-1)x -3+ m=0

a, Chung minh rang phuong trinh  ¢6 nghiém véi moi gié tri ctia m.

b, Tim m sao cho phuong trinh c6 hai nghi¢m phan biét x; ; x> va khi d6 hay tim gié tri cua
m dé nghiém nay gip hai 1an nghiém kia.

Cou 12 :. . Cho phuong trinh: X2-4x+m+1=0

a, Xac dinh m dé phuong trinh luén c6 nghiém.

b, Tim m sao cho phuong trinh ¢6 2 nghiém thod man x;? + x2> =10

Céu 13 :. Cho phuong trinh : (m—1)x* -2mx+m-4=0 c6 2 nghiém x;x,.Lap hé thuc lién

hé gitta x;x, sao cho chiung khong phu thudc vao m.
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Cau 14 :. : Goi x;x, 1a nghiém cua phuong trinh : (m—1)x*—2mx+m—-4=0. Ching minh

rdng biéu thitc 4=3(x, +x,)+2xx, -8 khong phy thuc gid trj cua m.

Cau 15: (2.0 diém)
Cho phuong trinh 4n x : x* —2(2m+ Dx*> +4m> =0 (1)
1) Giai phuong trinh (1) khim =2.
2) Tim diéu kién cia m dé phwong trinh (1) c6 bén nghiém phan biét
X;,X,,X5,X,thod man x,* +x,* +x,* +x,* =17.
Céu 16: (2.0 diém)

2 2 5
1) Giai phuong trinh : 10(2_") +(2+xj _11x-44

x+1 I-x x*—1
2) Cho x,;x, 1a hai nghiém cta phuong trinh x* -6x+1=0.
Pit S, =x," +x,". Tim s6 du khi chia S,,, cho 5.
Bai 17:Cho phuong trinh : x? -2m+1)x + m*+m -1= 0
1.Chirmg minh phuong trinh lu6én ¢6 nghi€ém v6i moi m.
2.Chting minh c6 mot h¢ thirc gitra hai nghiém s6 khong phu thudc vao m.

HUONG DAN

Bai 3 Phuong trinh (2) an t co cac nghiém la:
B0d) | =x1va tfé (loai)

Phuong trinh da cho tuong duong v&i phuong trinh:
(Ax—DVx> +1=2(x> +D)+2x—1 (1) 0,5d

bit t=+/x"+1 (dk t>1), phuong trinh (1) trd thanh:
(4x-DHt=260242x-1 < 2t2—(4x-1)}+2x—1=0 (2)

Coi (2) 1a phuong trinh béc hai an t, khi dé6 phuong trinh (2) co6:
A=4x—-1)"-82x—1)=(4x-3)*>0,Vxe R 0,5d

2x—120 x>l 1,0d

V6i ti=2x-1,tacd: Vx’+1=2x-1 <1 , &
x +1=02x-1)

0,75
d

Trang 38




o1
"2
4
&9 x=0 &S x=—
4 3 0,25
X=— d
3
4
Vay phuong trinh di cho c¢6 nghiém la: X = 5
Phuong trinh da cho tuong duong vé6i phuong trinh:
(4x —Wx? +1=2(x* + 1)+ 2x -1 (1) 0,5d
bit t=+/x*+1 (dk t >1), phuong trinh (1) tr& thanh:
(Ax-DHt=20242x-1 < 2t%-(4x-1)t+2x-1=0 (2)
Coi (2) 1a phuong trinh bac hai 4n t, khi d6 phuong trinh (2) c6:
A=(4x-1)>-82x-1)=(4x-3)* 20,VxeR 0,5d
Phuong trinh (2) 4n t ¢6 cac nghiém la:
t;=2x-1 va t2=l (loai)
Bai 3 2 1
(3.0d) . . 5 2x—-120 x>— 1,0d
Véit1=2x-1,tacod: Vx +1=2x-1 < 5 , &
XX +1=(2x-1) NER
1
X2 5
4 0,75
&9 x=0 &S x=—
3 d
4
X =—
3
4
Vay phuong trinh di cho c6 nghiém la: X = g 3’25
Bai 2:
Tacd x>+ x22 -6 x1X2= (X1 +x2)* - 8 X1X2
=(1-2m)’>+ 8m
=4m?>+4m+ 1
=2m+1)’>0

khi d6 x12+ x2? - 6 X1 x2 dat gia tri nho nhat 13 0 khi m=-1/2

Ciu3l:.a) x*+4x+3=(x+1)(x+3)

X2+ 8x + 15 =(x +3)(x+5)

X2+ 12x +35=(x+5)(x +7)

X2+ 16x+63=(x+7)(x+9)
=>DKXD:x#-1;x#-3;x#-5;x#-7;x#-9
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pt = ! + ! + ! + ! =
(x+D(x+3) (x+3)x+5) (x+5)N(x+7) (x+7)x+9) 5

1 1 1 1 1 1 1 1 1 1 1 1 1
S (- + - + )= =« ) =

2 x+1 x+3 x+3 x+5 x+5 x+7 x+7 x+9 5 2 x+1 x+9 %
=5(x+9-x-1)=2(x+1)(x1t9)=2x* +20x + 18 -40 =0 x>+ 10x - 11 =
Phuong trinh c6 danga+b+c¢=0= x1 =1; x2 =-11 x1; X2 thoa man DKXD.
Vay tap nghi¢m cua phuong trinh [a: S= {- 11;1}
b) PKXD: x > -2. (0,5 diém)
Pt o JWxi2-2 +(Wx12-3)  =1<=>|Jxr2-2] +|Vxr2-3/=1
o |Wx+2-21+]3-Vx+2|=1
ap dung BPT |[A[+ B| > A+B| taco: |[vx+2-2|+|3-Vx+2|>1
Dau"="xayrakhi: (Vx+2-2)(3-vx+2)20=2<Vx+2<3 <2<x<7
Vay tap nghiém cua phuong trinh la: S={x/2<x<7}
Ciu 4:. a) diéu kién : 0<x<4

2++/x 2-x 2++/x 2-x _2(1)
V2 42 ++/x \E—\/z \f 2+\/4+2 2—\/4 2\x
bit V4+2Jx =a; yJ4-2Jx =b(a;b=0).

a’+b?> =8
Ta co: a’ b2

+
2+a 2-b

0

b)

a>+b> =8 a’* +b> =8 a’+b> =8 a
2(a2+b2)—ab(a—b):8+4(a—b)—2abc> (a—b)(ab+4)—2(ab+4):0<:> (a—b-2)(ab+4)=0 )
Viab+4>0nén:
p=2 b=

(a—b) +2ab=8 _ [ab=2 T b=
(1)< = = =
a-b=2 a-b=2 2_, a=1+3
a

a’ —2a—2 0
Lz—l—\f (loaivia < 0)

@{a:\/g+1 Vaeae =Vae
b=+3-1 Ja-2dx =3 -1
Caus 4,0 d
a. 2 a(a+1) .. o . . 0,5d
2,0d) Déx = Chd) la nghiém cta phuong trinh (1) thi :
a(a+1) 42 ) va a(a+1) 42 (3)

2 0,5d
Giai(2)tadugca # 1l,a# 0 ’
Giai(3)taco: a# 0, a# -3

Vay : a =0 phuong trinh c6 v6 s6 nghiém x # 0
a=-3;a= 1 phuong trinh v6 nghiém. ,
a#l; a# -3va a=# 0 phuong trinh c6 nghi¢ém duy nhat 0,5d
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_a(a+l)
T2
0,5d
b. Theo céu a:
(2,0d) | Voi a= 0 thi phuong trinh ¢ vo sd nghiém x =0 (loai do a >0)
Véia #1; a# -3va a # 0 phuong trinh c¢6 nghiém duy nhat 0,5d
_a(a+1)
2
Vi a 1a s6 nguyén duong va a # Inén: 0,5d
Néu a =2thi x=3,1a s6 nguyén té (théa man)
Néu a>2thia=2khoica=2k+1 véik eN, k> 1 0,5d
Xét a =2k thi x =k(2k + 1) 1a tich cua hai sd tw nhién 16n hon 1 nén x 1a
hop sb. (loai)
Xét a=2k +1 thi x = (2k +1)(k+1) 1a tich ctia hai s6 ty nhién 1én hon 1
nén x la hop sd. ( loai)
Vay a =2 thi nghiém ctia phuong trinh x = 3 13 s6 nguyén td. 0,5d
6 1 | PT di cho c6 hai nghiém phan biét cé diéu kién:
(5,08) | (2,5d) | A'>0 < (m—2) —(m* —2m+4)>0 < m<0 (*) 0,50
L . , | X tXx,=4—-2m
V61 m <0 theo Vi-et ta co: { , :
XX, =m” —2m+4 0,25
P Z 1 1 Z 1 1
Taco xXp xS XX, 15m i (x1 +x2)2 -2x,x, XX, 15m 1
0,50
1 1 1
= 5 - =
m-—6bm+4 m"-2m+4 15m
0,50
& 2 - 2 =L . Patm+r=t dom<0=¢<0
m+——6 m+—-2 > "
m m
0,50

Cou 7:Giai:
a, Churng to rang phwong trinh luén co nghiém voi moi m.
Taco: x*-2(m-1)x-3+m)=0
1

2
Cobictsd: A'=(m-1)2+(m+3) :A'=(m—5) SRR VAN

4 4
= A" >0 vo1 moi gid tri m = P. trinh luén c6 hai nghiém vé&i moi m.
b, Tim m sao cho nghiém x; ; x> thod mén diéu kién: x> +x° > 10.
Ta co: xi2+x22 > 10 o (x1+x2)?-2x1%2 > 10
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& 4m-12+2m+3)>10 < 4m?-6m > 0

2
o m-mt 2 x> o (m=2] 2
2 16 16 16
3 3 m_izé m>§
m——<—— m<0
47 4
Cou 8:Giai:

a, Taco: A=m?>-(2m-1)=(m-1)> = A" > 0v6i moi m = Phuong trinh luén céd
nghiém x;; X2 vOi moi m.
b, Pdt A=2 (x+x7°)-5x1x2
ap dung dinh ly Vi ét: x; +x2 = 2m ; x1x2 = 2m-1
- Chitng minh : A = 8m? - 18m + 9
A =2 (x12+x2%) - 5x1 X2 = 2(X1 + X2)? - 4x1X2- 5X1 X2 = 2(X1 + X2)? - 9X1 X2
=2 (2m)?-9 (2m - 1) = 8m?2 -18m +9
-Timm sao cho A =27
A=27 = 8m?-18m+9 =27 =8m?-18m-18=0 =4m?>-9m-9=0
A =99 +4.4.9=205=152

9415 |™ 73

mipn =

3
m, = 2
¢, Tim m sao cho phuong trinh c6 nghiém nay bang hai 1an nghiém kia .
Gia su: x1 =2x2 = 3x2=2m )
2x2=2m-1 ¢

) x, =1
Lay @ Triudi ) tacd2x?-3x2 +1=0 < 1
Xy, = E
Véixo=1=x=2= ng
| _ _3
Véixo=— =>xi=1=>m==
2 4
Cou 9:Giai:
a, Xac dinh m dé phwong trinh co nghiém kép, tim nghiém kép do.
) ; -1)=#0 0
P.trinh c6 nghiém kép néu: (m = M om= L
AN=m-1)°+mm-1)=0 (m—-1)2m-1)=0 2

Vay: m= % thi phuong trinh ¢6 nghi¢m kép:

b = -
)" 2Am—1)

b, Dé phirong trinh c6 2 nghiém phdn biét déu ém thi.

2m-1) __,

X1 =x2=(
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m—-1#0
A'=(m-1)2m-1)>0 m>1
XX, =— >0 ollm<t Viay: 0<m<1
m—1 2
2(m—1) O<m<l1
X AX, =——————
m—-1<0

Cou 10:Giai:
a, Chitng minh rang phwong trinh luén luén cé hai nghiém khi m thay doi.
Xét: A=(2m +3)? -4 (m?-3m)=9>0

= Phuong trinh ludn luén c6 hai nghiém phan biét.

_ 2m-3%3 _ N

xl/z——z = Xx1=m-3 vaxx=m
b, Tim m sao cho nghiém x;, x> thoa man diéu kién: 1<x; < x2<6.
V&i moi m ta déu co6: m - 3 <m ta chi cAn xac dinh m dé :
I<m-3<m<6 < 4 <m<6
Viay voi 4 <m < 6 thi phuong trinh c¢6 hai nghiém x; ; x2 thoa man diéu kién:
I<x1 <x2<6.
Cou 11 :. Giai:
a, Xét 2 truong hop.
*Truong hop 1: m+2=0 = m = -2 = Phuong trinh tr¢ thanh 5x =5 = x =1 1a nghiém
*Truong hop 1: m+2 20 = m = -2 = Ta c6 phuong trinh bac hai:
A=(2m - 1)? -4(m+2)(m-3) = 1= 25 = 5 = Phuong trinh ¢6 2 nghiém phan biét.

b, Khi m = -2 Phuong trinh c¢6 2 nghiém phén biét: x;= 2=

3 A 2
;x, =1 . Can tim m deé
m+

cho x;=2x5 hoac x» = 2x.

*X1=2X) < m=3 =2 m-3=2m+2)<m=-7
m+2

x2=2x10 273 | am-3)=m42 > m=8
m+

Cou 12 :. Giar:

a, Xet A'=2"-(m+1)=3-m
Phuong trinh ¢6 nghiém <3 -m >0 m<3
b, Ta c6 khi m < 3 thi phuong trinh c6 2 nghiém thod man x; + x, =4 va x;.x> = m+1

A, . 2 m<3 m<3 m<3
Ta can xac dinh m dé: , =2 =S
(x, +x,)" =2x,x, =10 4 -2(m+1)=10 2m=4

Céu 13 :. DBé phuong trinh trén c¢6 2 nghiém x; vaxa thi:

m-120 [m=1 m#1 mzl
= = = 4
a'20 m’ —(m—-1)(m—-4)>0 S5m-4>0 ng

Sm=2

Theo hé th ttc VI- ET ta ¢ :
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Rat mtir (1)taco:

—=x+tx,-2m-1=— 3)
m—1 X +x,—2

Ratm tir (2) taco :
i:1—)c1)c2<::>m—1: 3 4)
m—1 1-xx,

Ddng nhit cac vé cua (3) va (4) ta co:

2 3
X +X2 -2 B l—xlxz <:>2(1_X1xz):3(xl +x2 _2)<:>3(X1 +x2)+2x1x2 -8=0

Céu 14 :. Bé phuong trinh trén ¢ 2 nghiém x; va xa thi :

m—-120 [(m=1 m#1 m#1
& & & 4
A'>0 m* —(m-1)(m—-4)>0 5m—-4>0 ng

Theo hé thic VI-ET tac 6 :

2m
X X, =——
m- thay vao A ta co:
O )
1*72 m—l
A=3(x +x,)+ 2y, ~8=3. 2 4o M4 g bmy2m-8-%m-D) _ 0 _,

m-—1 m—1 m—1 m—1

VayA=0voimoi m=1va m> % Do d6 biéu thirc A khong phu thudc vao m

cau 15 1) Véim =2 phuong trinh (1) ¢6 dang: x* —10x* +16 =0(2)

2 1,0diém | Paty = x? (y>0)thi pt (2) c6 dang y* —10y +16 =0 (3) 0.25
diém Giai pt (3) ta dugc y, =2; y, =8 (thoa man) 0.25
{yl =2 {xz =2 | x=+2
&, e

=8 |[x’=8 |x=12\2 0.25

Phuong trinh d cho c6 bon nghiém
X] :\/59 XZZ_\/E; X3:2\/2_; X4:_2\5 0.25

2) bit y =x(y 20) thi pt (1) trd thanh
1,0diém y?=22m+1)y+4m> =0 (4) c6 A'=(2m+1) —4m* =4m+1 0.25
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Pé phuong trinh (1) c6 bén nghiém x,,x,,x,,x, phan biét thi pt (4)

phai c6 hai nghiém duong y,,y, phan biét

A>0 4m+1>0 ( 1
> —_—
1550 ! am’>0 <1"7 T4 ™
a
22m+1)>0 [ m=0
b
—>0
a 0.25
Giastr x,” =x," =y;; Xy =x,” =y, =2x," =x," =y,; x," =x," =y,
Do d6 : X14+x24+x34+x44:17<:>2(y12+y22):17 0.25
<2[4(2m+1) -8m* |=17 & 16m’+32m -9 =0
& m=—2 hoac m =~ két hop véi PK (*) ta duge m =
4 4 ] ] 4 0.25
aul6 | 1 —2Y ’ 2
cauv )q 10(){ 2) +(X+2J N X2 4 o
2 diem | 1,0diém x+1 x—1 X" —1
DK:x=L;x#2.Data= X_z;b: X+2 ta c6 phuong trinh:
x+1 x—1
s s a=>b
10a” +b —llab:O<:>(10a—b)(a—b)=0©
b =10a
. ,X—2 X+2 L
+)Véia=btaco = = x =0 (thod man DK)
x+1 x-1
. O X+2 X—=2 N
+) V61 b =10a ta co =10. =3x"-11x+6=0
x—1 x+1
Gidi phuong trinh ta dugc : x, =3; X, :g (Péu thoa man PK)
Vay phuong trinh da cho ¢6 ba nghiém x, =3; x, = %; x,=0 10
2) Ta tinh duoc
1.0didm | Swe = X" +x,"? = (XIHH +x,"! )(x1 +X, )- (XI“ +x," )Xlx2 =6S_.,-S,
Chung minh twong tutacd S, =6S ., =S, . Do do:
Sn+3 = 6(6Sn+1 - Sn)_Sn+1 = 35Sn+1 _6Sn
=S, .. va S_ cung s6 du khi chia cho 5= S,,,,va S, cling s6 du khi chia
cho 5ma S, =308, +5S, —6S, = S, va 5S, —6S, cung s6 du khi chia cho
5ma 5S, —6S, =786 vivdy = S,,,khi chia cho 5 ¢6 s6 du 1a 1 1.0
Bai 17:Giai:

l.Taco: A=Cm+1)?-4(m>+m-1)=5>0
suy ra phuong trinh luén ¢6 nghi€ém véi moi m
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X, +x, =2m+1(1)

[
Lx,x, =m? +m—12)

X, +x, =

! thay vao (2) ta co:

2 2
XX, :(—xl +;2 _1] +(—x1 +;2 _IJ—1:>x1.x2 —[xl +;C2 _IJ —(xl +;2 _IJZI.

Ta c6 dpcm.

Tu (1) suyra: m=

DANG1V: HE PHUONG TRINH

Pé bai 1: Giai ciac hé phuong trinh sau :

S5x-2y=-9 +2y=5 3 7:3 7
a){xy b){xy C){x+xy+y

4x+3y=2 x*+2y° -2xy=5 X +yi=x+y+2

1 3

5 =2 X+Yy+Xxy=-7

2_ - 2 A , .

d) | X y ( bat an phu ) e) { , ( doi xing loai 1)

o) 1 . X°+y —-3x-3y=16

X 2—y_

2x° +y=3y* -2 . . 3x*+2xy+y’ =11 ) . :
f) y=y ( doi xtng loai 2 ) g) y+y ( dang cap bac hai )

2y° +x=3x"-2 X* +2xy +5y* =25
Giai :

=-1

Sx—2y=-9 _ [15x—6y=-27 _ [23x=-23 __[x=-1 *

a) {4x+3y:2 {8x+6y:4 {4X+3y:2 {4(—1)+3y=2<:> {F%:z

Vay hé¢ coO motnghiémla: (x;y)=(-1;2)
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L [x+2y=5 N [X=5—2Y N [x=5-2y

TxXT+2y —2xy=5 " L(S—Zy) +2y —2(5-2y)y=5 " |25-20y+4y +2y —10y+4y =5
x=5-2y x=5-2y (1)
10y* =30y +20=0 — |y’ =3y+2=0 (2)

Phuong trinh (2) 1a phuong trinh bac hai c6 a + b + ¢ = 0 nén c¢6 hai nghiém la

C
=Ly, =—=2
a

h
154

V6iy=y =1thayvao(l)tac6x=5—2.1=3
Véiy=y,=2thayvao(l)tacox=5—22=1
Vay hé phuong trinh ¢6 hai nghiém (x;y)la(3;1)va(1;2)

3 3 3.3 2 2 _
) {x2+7)2(iy +7y c>{xz—y27:7x—7y:0{i}%[();—yz(x +Xy+y )+7(x—y)—0
X +y =x+y+2 X" +y =x+y+2 LX +y =x+y+2
2 2 _
@{();—y)(x +Xy+y +7)—0 (1)

X +y =x+y+2 (2)
Tu (1) => x-y=0hoac x*+xy +y*+7=0

) Néux —y=0 < x=ythayvio (2)tacd: x’+x’ =x+x+2<x —x-1=0
A=(~1)~4.1.(-1)=5>0. Phuong trinh c6 hai nghiém phan biet : ~ x, =# x, = ”f
= Hé c6 nghiém x:y:1_2\/g va x:y:1+2\/g

) Néu x>+ xy + y>+ 7 =0 két hop v6i (2 tacé hé :
X4y 4xy+7=0 _ [x+y+2+xy+7=0 4(x+y+2xy+9=0
X4y =x+y+2 X4y’ =x+y+2 L(x+y) —2Xy=x+y+2

P=-S-9
S+P+9:0 P=_s_9

Datx+y=S,xy=Ptacéhé{2 S _
S —2P=S+2 " |S -2(-S-9)=S+2 & S +S+16=0 (%)

Phuong trinh (*) 1a phuong trinh bac hai c6 A=1°-4.1.16 =63 <0 nén (*) vo nghiém. Hé vo

nghiém
Vay hé phuong trinh da cho ¢6 hai nghiém 12 x=y=1‘f va x=y=1+2\/§
[
dy Jx 2-Y bicu kién x 20,y =2
2 1
L |
X 2-y
bat l:a,21 =b ta co hé phuong trinh :
X -y
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1 3

{a—3b=2 {a—3b=2 {Sazl N
PR Tan - Rt Ch— S
2a—b=1"16a-3b=3"" Ra-b=1 Tb2a—12.§—1—§

1

- Xx=5
Do do 1%, 3 @{ 5 11 (théa man céc diéu kién )
y:2—|——: .

| =

3

2—y_ 5

Vay hé phuong trinh c6 nghiém la (x;y) = (5;%)

X+Yy+Xy=-7 [X+y+xy=—7
&
x> +y® —3x—-3y =16 [(x+y)2—2xy—3(x+y):16

3 B B 1A [S+P=-7 P=-7-S P=-7-§
Patx+y=S,xy=P ta coh¢ {Sz—2P—3S=16©{Sz—2(—7—8)—3S=16<:> §_S_2-0

Phuong trinh S —S—2 =0cddanga-b+c=0 nén c6 hai nghiémla S, =-1, S,=2

& V6iS=S =-1tac6P=-7+1=-6 :{X+_y=—1 .
Xy =—6

x va y la nghiém ctia phuong trinh bac hai sau: A+ A -6=0
A=1"-4.1.(-6)=25>0=> v/A = 5. Phuong trinh c6 hai nghiém :

LI SN :%:_3 => Hé phuong trinh c6 nghiém (2 ;-3 ) va (-3:2)

1 2 4 2
o V6iS=S=2tacoP=-7-2=-9 .=>Tu lam ti€p.
Két luan : Hé phuong trinh da cho c6 4 nghiém la :

(2:3),(-3:2), (14%;145),(1416;1416)

2x*+y=3y*-2 (1)
{Zy2 +x=3x"-2 (2)
Trir ting v€ hai phuong trinh clia hé ta ¢c6 :
2(X2— yz)—(x—y )= 3(y2—x2) =2 (x —y)(x +y )— (x -y )+3 (x -y (X +y ):0

@(x—y)(2x+2y—1+3x+3y):0c> (x—y)(5x+5y—1):O<:> g;y:gy—l ~0

% Néux-y=0&x=ythayvao(l)tacéd 2x*+x=3x*-2 &x*-x-2=0
Phuong trinh c6 dang a— b + ¢ = 0 nén c6 hai nghiém la x; =-1 ,x, =2
=  He¢ phuong trinh c6 hai nghitm x =y =-1vax=y=2

& NeusSx+5y—1=0 :y:% thay vao (1) ta ¢6 :

2
2x” + 1_55" :3.(1_55Xj 26 507 +5-25x =3(1-10x +25%" ) - 50 ¢ 25x" —5x =52 =0
A=5"-425(-52)=5225>0

Phuong trinh ¢6 hai nghiém x, = 5—«/53225 _ 1—\/10209 x, = 5+\5/f)225 _ 1+\1/0209
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~ 1-~/209 2 1-4209 o 144209
10

---------- Vi =X = a6 y=(h—5. 5=
1 n y= T
VO’IX—X2=1+1— ‘0209tacéy=(1 .1+'2O ):5= 1_10209

Két luan : Hé phuong trinh da cho cé 4 ngh1¢m (x;y)la
(1) | (22) 1-4209 144209 ) (1++209 1-+/209
S e T 10 )7L 10 710
Chi v : Néu hé doi xitng bdc 3 thi cach lam van thé nhung loi gidai dai va khé hon rdt
nhiéu cdn quan sdt ki xem ¢ buéc thit hai co6 cdch nao don gian khong

3 +2xy+y? =11 (1) (25-(3X2 +2xy+y?)=25.11  |[75x2 +50xy + 25y% = 275
SN =
x*+2xy +5y* =25 (2) [11.(x2+2xy+5y2):11.25 [11x* +22xy +55y* = 275
= 75%* + 50Xy + 25y* =11x* + 22Xy + 55y* <> 64x* + 28xy —30y* = 0 < 32x* +14xy —15y* =0 ()

Véi y = 0 thay vao hé phuong trinh ta c6 : {ix 211 ( hé vo nghiém)
Vé6iy =0 chia hai v€ cua (*) cho y? ta dugc phuong trinh :

2
32’2‘ I s_0e 3 ( J +14.5-15=0
y y y y
Patt= 2 ta c6 phuong trinh : 322 + 14t — 15=0
y
Phuong trinh trén c6 A'=7"-32.(-15)=529>0= JA'=23
Phuong trinh ¢6 hai nghiém : t, = -8 _ D, t, = 723 1
' 32 16 32 2

X VéGit=t, Lo x_ B, —Ey Thay vao phuong trinh (2) ta c6 :

16 y 16 16

2
( 12 y) + 2-(_%3’))% By’ = 25> 225y” — 480y° +1280y° = 6400

256 16 16

& 1025y? = 6400 <> y? = 2 y = —— hoacy = —
41 Ja1 Ja1
15 16 15

. 16
Vol y=— = x=--_"—— -~
Y= 16 V41 41
Vé6i y=- 16 :x:—E (_ﬁj:_lf)
Va1 16\ 41) a1

= Xx= %y . Thay vao phuong trinh (2) ta c6 :

x 1
:>_ —_
2 y 2

2
=2
(%yj +2(1y)y+5y =25 y? +4y° +20y° =100 < 25y° =100 < y? _4<:{y

y=-2

2=1

Véiy =2 :x—%
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Vé’1y=—7 = X= (—?\:—1

7

1
2
Tom lai hé phuong trinh da cho c6 4 nghiém (x;y ) la:

(_j%;j%j ’Uj_l;_jf—lj  (52), (-3-2)

Chi v : Néu trong hé co cdc biéu thiic can diéu kién thi trudc khi gidi ta phdi tim diéu
kién ciia bién trudc, sau dé dung diéu kién nay dé so sanh trucc khi két ludn vé nghiém
cua hé

Pé bai 2: Cho hé phuong trinh: {f;*_(lf;‘:zgy:j 9
Giai hé phuong trinh v6i m = 2
Giai va bién luan hé phuong trinh.
Tim m dé hé phuong trinh ¢6 mot nghiém duy nhat (X ; y ) sao cho x <.
Tim m dé hé c6 nghiém duy nhat am.
e. Tim m dé hé c6 nghiém duy nhat thod man x +y > 1
f.Tim m dé€ hé c6 nghiém duy nhat théa man x +y = -1.
g. Tim m nguyén dé hé c6 nghiém duy nhat 12 nghiém nguyén
h. Véi (x ;y)langhiém duy nhit ctia hé .Tim dang thic lién hé giita x va y khong
phu thudc vao m.
Giai :
a. Giai hé phuong trinh v6i m = 2 (tulam)

;a0 oe

b. Giai va bién luan hé phuong trinh.

3x+(m-1)y=12 (1) _ [36x+12(m~1)y=144
{(m—l)x+12y=24 (2)<:>{(m—l)zx+12(m—1)y=24(m—1)

Tru tig vé€ cua hai phuong trinh trén ta c6 :

(m=1)'x=36x =24 (m ~1)~144 & [ (m ~1) =36 |« =24m - 24~ 144
@(m—7)(m+5)x=24m—168 (3)

X Né&u m = 7 thay vao hé phuong trinh ban dau ta c6 :

{3X+6y=12 {X+2y=4<:>x+2y=4<:>x=4—2y

6x +12y =24 Xx+2y=4

Hé vo sO nghiém dang (4 — 2t ;t) v6i t eR

- Néu m = -5 thay vao hé phuong trinh ban du ta c6 :
3x -6y =12 x—2y =4 o L
{—6x +12y =24 {X _2y=-4 Hé vo nghiém
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24m —168 24(m—-7) 24

»
L/ '0

7

—

AN P P
FtaCo X =

(m—7)(m+5) _(m—7)(m+5) m+5

Thay vao (2) ta co:
24(m —1 2(m-—1
(m—1). 24 +12y=24<:>12y=24—gc>y=2—g@y: 12
m+5 m+5 m+5 m+5

Toém lai :
v" Néu m = -5 hé phuong trinh da cho vo nghiém
v" Néu m = -7 hé phuong trinh da cho ¢6 vo s6 nghiem x =4 —2t ,y =t vGit
eR
v' Né&u m=#=-5 va m=7 hé phuong trinh di cho cé nghiém duy nhat:

24 12
X = ’y=
m+5 m+5

24

m+5
vdn con m va ta lai phdi xét cdc truong hop hé sé dé bang va khdc 0 dé tim y

Chu y : Khi tim duoc x = ta khong nén thay vao (1) dé tim y vi khi dé hé so cua y

c¢. Tim m dé hé phuong trinh c6 mot nghiém duy nhat (x ;y ) saochox < y.

X/

- Theo cau trén, phuong trinh c6 mot nghiém duy nhat khi
m#-5 vam=#7.

24 12

o Khi dé nghlém cua hé la: x= Y =
m+5 m+5

24 - 12
m+5 m+5

(1)

V6i m#-5 vam=7 tacé (X +5)*>>0. Nhan hai vé€ cua (1) véi (x + 5)* >0 ta duoc bat

X <y

phuong trinh
24(m+5) < 12(m+5) S 24m+120<12m+60 < 12m < —-60 < m < =5

Két hop véi cdc diéu kién ta cé m < -5 1a gid tri cAn tim

s, 2

Chuy:

o Khi nhdn cd hai vé cua mét bat phuong trinh véi cung mot biéu thiic ta phdi
chit ¥ xem biéu thirc dé duong hay am dé doi chiéu hay khong doi chiéu bdt ddng
thirc
) Néu dé bai cho lam cdu c ( hodc d, e, f, g ) ma khong cho cdu b thi khi lam,
budc 1 ta phdi tim diéu kién dé hé c6 nghiém duy nhdt, khi do ta trinh bay nhu

Trang 51



ciu b toi (3) va ldp luin hé cé nghiém duy nhdt khi (3) c6 nghiém duy nhdt
Sm#-5 va m#7/

d. Tim m dé hé c6 nghiém duy nhat am.

X/
0’0

Theo cau trén, phuong trinh c6 mot nghiém duy nhat khi

m#-5 vam=#7.

& Khid6 nghiém chia he 1a: x =4y =12
m+5 m+35

. . . > <0 5<0
Heé c6 mot nghiém duy nhat am khi { m +5 {m o<
0

0 m+5<0<:>m+5<0<:>m<—5
m+5

Keét hop véi cdc diéu kién ta c6 m < -5 12 gid tri can tim

Chia vy : Nghiém ( x ; y ) cua hé duoc goi la dm néu x < 0 va y < 0. Nghiém duong,
khong dm, khong duong cua hé ciing tuong tu.

e. Tim m dé hé c6 nghiém duy nhat thoA man x +y > 1

R/
0‘0

Theo cau trén, phuong trinh c6 mot nghiém duy nhat khi
m#-5 vam=#7.

R/
0‘0

Khi d6 nghiém ctia hé 3 : x = —22—  y =12
) ’ m+35 m+35

Hé c6 nghiém duy nhét thoa man x +y > 1

24 12 36-m-5 31-m
+ >leo—m—->0 >0
m+5 m+5 m+5 m+35
31-m>0 m < 31
m+5>0 m > -5 m <31
3 —m <0 = m > 31 - = m>_5c>—5< m< 31
m+5<0 m < -5 (Vong 1¢m)

Két hop v6i cdc dieu kién ta c6 —5<m <31 va m # 7 1a gia tri can tim

f. Timm dé hé c6 nghiém duy nhat théa man x + y = -1.

0‘0

Theo cau trén, phuong trinh c6 mot nghiém duy nhat khi
m#-5 vam=#7.
& Khid6 nghiem chiahé 1 : x = —2+ 12

m+5 ’y_m+5

Hé c¢6 nghiém duy nhat thoa man x +y = -1
24 12 36 +2m+10 46+ 2m
+ S DI L ) =

= = —0<:>46+2m=0(dom¢—5)<:>m=—23
m+5 m+5 m+5 m+5

Két hop céc di€u kién ta c6 m = - 23 1a gid tri can tim
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g. Tim m nguyén dé hé c6 nghiém duy nhat 12 nghiém nguyén

X/

- Theo cau trén, phuong trinh c6 mot nghiém duy nhat khi
m#-5 vam=#7.

24 12

<> Khi dé nghiém ciahé¢ la: x = Y=
) ’ m+5 m+5

Hé c6 nghiém duy nhat 1a nghiém nguyén khi 24 5 va 2 : 1a cac sO nguyén
m + m+

Vi m nguyén nén m + 5 la uéc ctia 24 va 12

oS m+Se {—12;—6;—4;—3;—2;—1; 1;2;3; 4; 6; 12}

&me {—17;—1 1;-9;,-8;,-7,-6; —4; —=3; = 2; —1; 1; 7}
Két hop diéu kién ta c6 me {—17;—1 1;-9;-8;,-7;—-6; —4; —3; —2; —1; 1} la cdc gia tri can tim
h. Véi(x ;y)Ilanghiém duy nhat cia hé. Tim dang thic lién hé giitax va y
khong phu thuéc vao m.

. [3x+(m-1)y=12 3X+my-y=12 my=y-3x+12
Taco {(m—l)x+l2y=24 <:>{m)<—)<+12y:24 mx —x+12y =24 (I)

fhayy=0vioh taco: {(31);:—11§X =24 {Xm=:47

< x+2y=4 (hé vo s6 nghiém )

Thay m = 7 vao hé ta dugc {3X+6y:12 {X+2yz4

6x +12y =24 X+2y=4
Do d6 néu hé c6 nghiém duy nhat (x ;y ) thi y#0
_y—3x+12 B
U S YA =24

y
mx—-x+12=24 y
S xy-3x"+12x—xy+ 12y =24y & -3x" +12x - 12y =0 = x* —4x + 4y =0
Vay biéu thic cin tim 1a x> —4x + 4y =0

Bai tap tu lam

Bui 1 Giai cac hé phuong trinh sau :
3 {x2+xy+y2:4 5 {x+y+xy:—7 3 {xy+x+y=ll 4 {x2+y2:13

X +y?-3x-3y=16 x*y+xp® =30 3(x+y)+2xy+9=0

5) {x2y+xy2=30 6) {x y+ylx =6 7 {\/;ﬂ/;“ 8){x4+y4=34

x’+y’ =35

xXy+x+y=2

x*y+xy’ =20 X+y—+xy =4 x+y=2

P

p an

o)
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1) (0;2); (2;0)

2) (2;-3),(=3:2),d+/10;1-+10),(1-~10;1+~/10)  3)
(1;5),(5;1),(2:3),(3;2)

J0,_y S0, 0,

) (= 2—— -2+ —)

4) (3;-2),(-2;3),(-2+ 5) (2;3):(3;2)

(1;4),(41)
Bai 2 Giayi cauc heo phitung trdnh sau ( dang cap bac hai ):
0 {3x2+2xy+y2=11 ’) {6x2—xy—2y2 =56
x* +2xy +5y* =25 5x> —xy—y* =49
Bai 3. Cho hé phuong trinh:
X—2y=3-m
{2X+y =3(m+2)
a) Giai hé phuong trinh khi thay m = -1.

6)

{Zx3 +3x%y =5

y*+6xy° =7

b) Goi nghiém clia hé phuong trinh 1a (x, y). Tim m dé x* + y? dat gi4 tri nho nhat.

Bai 4. Cho hé phuong trinh {(a FUX+Y =4 1 tham s6).

ax+y=2a
a) Giai he khia = 1.

b) Chitng minh rang v6i moi a hé luén cé nghiém duy nhét (x ; y) thoAman x +y > 2.

Bai 5 _Tim cdc gia tri cha m va n dé cdc hé phuong trinh
2(m+1)x-7(n-2)y=6
a) Y m+1
x+
6 6
b) (4m+1)x+8(n+2)y:11
(3m+2)x+5(n+1)y=4

c6 nghiém (x ; y) =(1; 2)

y=2

c6 nghiém (x ; y) = (-1;3)

Bai 6 Giai cac hé phuong trinh sau :

2 2 3 1 3

BRI 3 +y7 =5 1 x+2 4
a) " DR ¢)1” d)

2 _ 3 . x2—3y2=1 5 + 3 _§

x=2 y-1 y—1 x+2 12

x—y=-1 x+y=3 2 2

x=1) —(x+2) =9y T+u) —

€)1 y—z=-1 f)3y+z=6 g) {( )2 ( )2 h) ( )2

z+x=38 z+x=1 (y=3) —(y+2) =5x (2-v) -
Cau 7: (2.0 diém)

Cho hé phuong trinh :
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[\/X+1+\‘/9—V =m

(vorm la tham SO )

1\/y+1+\/9—x =m

1) Giéi hé phuong trinh khi m = 2+/5 .

2) Tim m dé hé trén c6 nghiém duy nhat.

cau 111

2 diém

1)

1,0diém

Thaym=2x/§ ta dugc hé pt :
Jx 1409y =245 (1)
{\/y+1+\/9—X=2\/§(2)
Picu kién: —1<x<9; —1<y<9. Gia st hé pt c6 nghiém (x; y)
Tirhé pttrén = Vx+1+9—y =y +1+/9-x (3)

0.25

Giasu x>y taco Jx +1 >\/y+1 Vé\/9—y > 9 —x suy ra
\/x+1+\/9—y >\/y+1+\/9—x mau thuan véi (3)
Tuong tu x <y ciing suy ra mau thuan . Viy x =y

0.25

Thay x =y vaopt (1) taco:
Jx+1+/9—x =2+/5 binh phuong hai vé ta dugc

10+2«/(x+1)(9—x):2()<:> «/(x+1)(9—x):5

0.25

Sx -8x+16=0=x=4.Dodox=y=4.
H¢ phuong trinh c6 mot nghiém : (x; y) = (4; 4)

0.25

2)
1,0diém

Theo cach chirng minh tuong ty nhu trén ta chimmg minh duoc : néu hé co
nghiém (x; y) thix =y.

y=X

VX+1+4/9-x =m (4)

Khi d6 hé phuong trinh da cho < (II){

0.25

Gia sir Xo 4 nghiém duy nhét cua phuong trinh (4) =
JXo+1+4/9—%, =m & {J(8—x,)+1 +/9-(8-x,) =m = 8—x, cling
1a nghiém cua pt (4) do tinh duy nhat

:>8—x0:x0:>x0:4:>m:2\/5_

0.25

y=xX
Jx+144/9-x =245

Khi m =2+/5 thay vao hé (II) ta c6 {

0.25

Giai hé phuong trinh trén ta dugce nghiém duy nhat (x; y) = (4; 4).
Vay voi m = 2/5 thi hé phuong trinh da cho c6 nghiém duy nhét.

0.25

I11. GIAI VA BIEN LUAN HE PHUONG TRINH BAC NHAT HAI AN
1. Giai va bién luian h¢ phwong trinh

Phwong phap giai:

Cich 1: Tir mot phuong trinh cta hé tim y theo x rdi thé vao phuong trinh tht hai dé duoc
phuong trinh bac nhat ddi véi x

Gia st phuong trinh bac nhat ddi véi x c6 dang: ax =b (1)
Bién luan phuong trinh (1) ta s€ c6 sy bién luén ctia hé

i) Néu a=0: (1) tro thanh 0x =b
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- Néu b = 0 thi hé ¢6 v6 s6 nghiém
- Néu b= 0 thi hé v6 nghiém

ii)yNéua =0thi(1) = x= b , Thay vao biéu thirc cia x ta tim y, luc d6 hé phuong trinh
a

c¢6 nghiém duy nhat. 7
Cach 2: Dung dinh thuc dé giai va bién luan hpt
Vi du 1: Giai va bién luan hé phuong trinh: {mx —y=2m)
4x—my =m+6(2)
Tu (1) = y=mx — 2m, thay vao (2) ta duoc:

4x —m(mx —2m)=m+6 < (m?-4)x=2m+3)(m-2) (3)
2m+3)(m-2) 2m+3

m* —4 C om+2
Zm+3 . m )

Néum?—4 = 0 hay m= +2 thix =

Khi d6y=- —" . Hé c6 nghiém duy nhat: (

m+2 m+2" m+2

ii) Néu m = 2 thi (3) thoa mén véi moi x, khi d6 y = mx -2m = 2x — 4
H¢ c6 vo ) nghiém (x, 2x-4) voi moi X € R
iii) Néu m = -2 thi (3) tr& thanh Ox = 4 . Hé v6 nghiém
Zm+3 . m )
m+2" m+2
- Néum =2 thi hé c6 vo s6 nghiém (x, 2x-4) véimoi x e R
- Néu m = -2 thi hé vé6 nghiém
Bai tap: Giai va bién luan cac hé phuong trinh sau:
1 {mx+y:3m—l 7 {mx+4y=10—m 3) {(m—l)x—my:3m—1

Vay: - Néum# +2 thi hé c6 nghiém duy nhat: x,y) = (

x+my=m+1 x+my=4 2x—y=m+5
2. Xdc dinh gia trj ciia tham s6 dé hé c6 nghiém théa mén diéu kién cho trude

Phwong phap giai:

o Giai hé phuong trinh theo tham s6

o Viét x, y ctia hé vé dang: n + L) v6in, k nguyén
m

o Tim m nguyén dé f(m) 1 u6c cia k

Vi du 1: Pinh m nguyén dé hé c6 nghiém duy nhat 13 nghiém nguyén:
mx+2y=m+1
{2x+my:2m—1

HD Gii:

{mx+2y=m+l <:>{2imc+4y=2m+2

2x+my =2m—1 2mx+m’y =2m’* —m
- {(m2 —4y=2m* -3m-2=(m—-2)2m+1)
2x+my=2m—1
dé hé c6 nghiém duy nhat thi m>—4 =0hay m = +2
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Vay v6i m = +2 hé phuong trinh c6 nghiém duy nhat

_(m—2)(2m+l)_2m+1_2_ 3
Y m* —4 m+2 m+2
m—1 3
X = :1—
m+2 m+2

Pé x, y la nhiing s6 nguyén thi m + 2 € U(3) = {1;-1;3-3}
Vaym+2=+1,+3=>m=-1;-3;1;-5 )
VD 2: Dinh m d€ h¢ phuong trinh c6 nghiém duy nhat (x;y) thdéa man hé thue cho trude

Cho hé phuong trinh: {mx Hay=9

xX+my=38
Vi gia tri nao cia m dé hé co nghiém (X ; y) thoa man h¢ thirc:
38
2x +y+ =3

Y m* —4

HD Giai: ,
- bi€u kién dé h¢ phuong trinh c6 nghiém duy nhat: m = +2
- Giai h¢ phuong trinh theo m

y_8m—9

+4y=9 mx+4y =9 2 =8m— Com?

mx+4y - y - (m~—4)y=8m 9@ m* —4

xX+my=38 mx+m’y =8m xX+my =38 x:9m—32
m* —4

- Thay x = 9’712;32 [y = 8"21 =9 vio h¢ thirc da cho ta dugc:

m° —4 m-—4
2.9m—32 n 8m—9+ 38 _3
m* —4 m*—4 m’ -4

=> 18m — 64 +8m — 9 + 38 =3m? - 12
< 3m?-26m+23=0

osm =1;m =23—3 (ca hai gié tri cia m déu thoa man diéu kién)
Vaym=1;m= ?
IV. BAI TAP VE NHA (Bai tip tong hop)
Bai 1:
Cho hé phuong trinh {

4y=10— .
mrt 4y =10=m 14 tham sb)
x+my=4
a) Giai hé phuong trinh khi m = 2
b) Giai va bién luan h¢ phuong trinh theo m ,
¢) Xac dinh cac gia tri nguyén cuia m dé h¢ c6 nghiém duy nhat (x;y) sao cho x>0,y >0
d) V61 gid tri nao ctia m thi hé c6 nghiém (x;y) véi x, y 1a cac s6 nguyén duong
Bai 2:

—Dx—=mv=3m—
Cho hé phuong trinh : {(m Jx—my =3m -1

2x—y=m+5

a) Giai va bién luan hé phuong trinh theo m
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b) Vi gia tri nguyén ndo cia m dé hai duong thing ctia hé cit nhau tai mot diém
nam trong géc phan tu thir IV cia hé toa do Oxy
¢)  Dinh m dé hé c6 nghiém duy nhat (x ; y) sao cho P = x2 + y? dat gi4 tri nho
nhit.

Bai 3:

Cho h¢ phuong trinh {

3x+2y=4
2x—y=m
a) Giai h¢ phuong trinh khi m =5
b)  Tim m nguyén sao cho hé c6 nghiém (x; y) véix <1,y <1
¢)  Véi gia tri ndo cia m thi ba dudng thang
3x +2y =4; 2x —y =m; X + 2y = 3 dong quy
Bai 4:
" . mx+4y=9
Cho hé phuong trinh: {
X+my=38
a) Giai hé phuong trinh khi m =1
b)  Véi gia tri ndo ciia m dé hé c6 nghiém (-1 ; 3)
c) V6i gia tri ndo cia m thi hé c6 nghiém duy nhit, vo nghiém
Bai 5:
Cho hé phuong trinh: {x
mx—-3y=4

+my =9

a) Giai hé phuong trinh khi m =3

b)  Véi gia tri ndo ciia m dé hé c6 nghiém (-1 ; 3)

c) Chung t6 rang hé phuong trinh ludn ludn c6 nghiém duy nhét véi moi m
d) Vi gid tri ndo ctia m dé hé c6 nghiém (x ; y) thoa mén hé thirc:

X-3y= 283
m* +3
Bai 6:
Cho hé phuong trinh: {mx Ty=2
3x+my=>5
a) Giai h¢ phuong trinh khi m=+2.
b) Tim gi4 tri cua m dé hé phuong trinh da cho c6 nghiém (x; y) thoa man h¢ thic
2
m
=1- .
Ty m’ +3
Bai 7:
Cho h¢ phuong trinh { —my=-9
mx+2y=16

a) Giai h¢ phuong trinh khim =5

b)  Chung t6 rang h¢ phuong trinh lu6n ludén 6 nghiém duy nhat vdi moi m

c) Dinh m dé hé c6 nghiém (x ; y)=(14;6,0)

d)  Tim gia tri nguyén cua m dé hai duong thang ctia hé cit nhau tai mot diém
nam trong goc phan tu thir IV trén miat phang toa do Oxy
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DANG V: PHUONG TRINH VO TY ’
1. Phuong phap 1: Str dung cong thirc cua dinh nghia can bic hai so
hoc

x>0
a=x <

2
X =d

Vidu I: Giai phwong trinh V3x+4 =x
Giai
x>0

Taco: \/3x+4=x<:>{

Giai x’=3x+4 ta duwgc x=-1 ; x=4. D6i chiéu véi diéu kién x>0 thi nghiém cia phwong
trinh la x=4

2. Phuong phap 2: Sir dung hing ding thirc V4 -|4 dé dwa phwong
trinh vo ty vé phwong trinh chira diu gia tri tuyét doi .
Vi dy 2: Gidi phwong trinh : \x+4Jx—4 +Jx-4/x—4 =4 (2)

Gidi :

x* =3x+4

Véi diéu kién : x> 4 ta o :
(2) & Vx—d+d/x—d+d+x—d-aJx—4+4=4

o JWa—ar2f +Wrd-2f =4

<:>‘\/x—4+2‘ +‘«/x—4—2‘:4
ox—44+2 +‘\/x—4—2‘=4 Vi VX—4+2)0 Vx> 4
*Néu Vx-4-2>0<x>8 thitaco: 2J/x—4 =4 x=38 (thoa man)
*Néu Vx-4-2<0< x<8 thitacod: Vx—4+2+2-x—4 =4 < 4=4, Vay phuong trinh cé
v s0 nghiém x thod min 4<x<8
Chu y: HS c6 theé sai lam khi két ludn nghi¢m
3. Phuong phap 3: Binh phwong hai vé cia phwong trinh vo ty da cho
dé co phwong trinh hiru ty .
Vi du 3: Giai phwong trinh : V2x+5-3x-5=2 (3)

Giai

oA oA 2x+5=20 = s
Diéu Kki¢n: g = 2 <:>x2§
3x-520 ) 3

3
Taco (3) <=> V2x+5=3x-5+2 (3°)
Hai vé ciaa (3’) khong am, binh phwong hai vé cia (3’) ta dwge:
2x+5 =3x-5+ 443x-5+4
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&S 43x-5=6-x (3)
V6i PK: 6-x>0 < x<6. Hai vé caa(3’’) khong 4m nén ta binh phwong hai vé cia (3”)
ta dwoe: 16( 3x-5) =36+x2 -12x

o x?- 60x+116=0 < x=2 ; x=58.

Ke 3 sk re x  geX 7 en 5 . \ <A - \ \
Doi chiéu voi cac dieu kién x> 3 va x <6 thi nghi¢ém cua phuwong trinh la : x=2

Chii y: & cach giai nay néu khong dit diéu kién cho hai vé ciia phwong trinh déu khong
am thi s€ dé mac sai 1am, béi c¢6 su xuat hién cia nghi€ém ngoai lai. Thit vay & trong vi

du nay néu cho diéu kién x zg rdi binh phwong hai vé ciia (3) thi ta sé dwogc 2x+5 +3x-5-

22x+5)3x-5)=4 < 2J2x+5)(3x-5)=5x-4(3"")
Binh phuwong hai vé ciia phwong trinh (3°*°) ta dwoc : x? - 60x+116 =0 <=> x=2 ; x=58.
Poi chiéu véi cac didu kién x zg thi phuwong trinh ¢6 hai nghiém x=2 ; x=58.Ma khi thir
lai ta thiy x=2 13 nghiém.
Bai todn 7: Giai phuong trinh: \/x(x—Z) +\/x(x—5) =\/x(x+3) (1)
Diéu kién dé phuong trinh co nghiala : -3<x<0 ;0<x<5. Binh phuong hai vé cua
phuong trinh (1) ta dugc: x(x—2)+x(x—5)+2\x* (x=2)(x=5) =x (x+3)

& 2% (x-2)(x=5)=10x-2" & 42° (x~2)(x~5) = (10x~2*)’
& 4x? (x=2)(x=5)=100x" =20x +x* <> 4x7 (" = 7x+10) =100x" —20x" + x < 3x* —8x" —60x” =0

=% (3 x?—8x-— 60) =0. Giai phuong trinh nay dugc xe {—%;O; 6} . Thtr lai chi ¢6 hai

nghiém x = 0; x = 6 thoa mén dé cho.

4. Phuong phap 4: Phan tich thanh nhan tw dé xuét hién nhirng
phuwong trinh vo ty don gian hon.

Vi du 4: Giai phwong trinh : /(x +1)x—3)+Vx+2 = /(x +1)x+2) +v/x -3 (4)

Taco (4) ©Vx* —2x-3+Jx+2=x"+3x+2 + Jx-3 @)

Véi diéu kién : x>3 tacé :

@) SVx+lx=3+Jx+2 =Jx+1Jx+2+/x-3

o Wrr1-1Vx+2-vx-3)=0

@{M—I:O
Jx+2-4x-3=0
o
Jx+2=4x-3
(loai)
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[x=0<3

ThTTTTVe)
vay phwong trinh da cho v6 nghiém

.y \ 42
Bai todn 6: Giai phuong trinh: /5— +
—X

Phuong trinh (1) c6 nghia khi x <5 nén (1)@(3— 42 J+(3— 00 ]=0

=6 (1)

5—x T—x
= x + * e S—x T-x __
3+ 3+ 60 3+ 42 3+ 60
5-x T—x 5—x T—x
9(5-x)-42 ~x)-60
[3+ [42 ] [ 60 ]
7T—x
1 3x + 1 :0C>3(1—3X):0 Vi
60
7 3
,/ | a2
1 >0 nén x=—. Thu lai ding nén nghiém cua phuong

trinh 1a x = l

3

Bai todn 17: Giai phuong trinh vx? —3x+2 +Vx+3 =Jx—=2+Vx*+2x-3 .

Piéu kién ctia phuwong trinh: x>2

Tacd Vx> =3x+2+Vx+3=x=-2+/x*+2x-3 c>\/x—l.\/x—2+\/x+3: \/x—2+ \/x—l.\/x+3
-1 (\/x—2—\/x—3)—(\/x—2—\/x—3)=0<:>(\/x—Z—\/x—3)(\/x—1—1)=0
<:>(\/x—2—\/x—3)h0.§lcx/x—l—1:0<:>x—2=x—3 hodc x-1=1<0x=-1 hodc x=2.<x=2

1a mot nghiém ctia phuong trinh.

5. Phuong phap 5: Dat an phu.
a) Dat an phu dé co phwong trinh bdc hai
Vi dy 5 : Giai phwong trinh : 3x2 +6x+20 =+/x*> +2x+8 (5)
Giai
Ta c6 (5) <=> 3( x*® +2x+8)- 4=+/x*> + 2x +8
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Vi X24+2x+8=(x+1)? +7 => TXD : Moi x

Dit t=+x* +2x+8 =>t >/7. Khi d6 ta c6 : 32 - 4=t
o3 —t-4=0=t=-1</7 loai

4 16 63 .
t=—=—<,—=+7 loai
R R

b) Pt dan phu dé cé phwong trinh hivu ty bic cao
Vidy 6 : Gidi phwong trinh x° +x+12v/x+1=36
Giai

DK : x+1>0 <=> x>-1
Pit Vx+1=r=1>0 =>x+1 =t? => x=t2-1 => x? =t* -2t +1.
Khi d6 ta cé : t* -2t +1 +t2 -1+ 12t -36=0
St =t +12t-36=0
ottt =200 +26° — 47 +3t7 -6t =18t-36=0
o 3t —2)+ 267 (1 —2)+3t(t —2)+18(t —2) =0
e (t=2) +207 +3t+18)=0
=2

t
< ~ ~
{ﬁ +262+3t+18=0 vu nghiém vo > 0= ¢’ + 2> +3t+18>18 >0
<=> t=2 => x+1=4 => x=3>-1. Vay nghi¢ém cia phwong trinh la x=3

¢) Dit an phu dé cé hé phwong trinh hivu ty don giin
Vidu 7: Giai phwong trinh x+2-/x-6=2
Gidi
Piéu kién: x> 6
Pita=/x+6 ;b=+vx-6 (a,bkhong am). Tir dé ta c6 hé:
{a—sz {a—b:Z {a=3 {\/x-i-—2=3 {x+2:9
= =

= o < x=7 (TMDK) nén la nghiém
a2_b2:8 a+b:4 b:1 /—x—6=1 X ( ) g .

x—6=1

cua phuwong trinh

Vi du 8: Giai phwong trinh : ¥/x -1 -3/x-3 =12
Gidi

Pata=3x-1 ;b=3x-3.Twdo ta co hé:

a-b=32 a-b=32 a-b=32 {a—bzva {a=0 - {azﬂ?

= = = =

a*-b’=2  |a*+ab+b* =34  |(a-b) +3ab=34 |ab=0 b
Néu a=0; b=-12 =>x=1
a=312 ; b=0 =>x=3
Vay phuwong trinh ¢6 hai nghiém : x=1 ; x=3

Bai toan 5: Giai phuong trinh: 5v1+x* =2(x*+2) (1)
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Giai:
Dicukién 1+x* >0 (x+1)(x —x+1)>0 Do x*—x+1>0 v6i moi X nén x+1>0 < x>-1

bat a=vx+1 ; b=+x’—x+1 v&i a>0;b>0. Nén phuong trinh (1) trd thanh :

Sab=2(a* +b*) < 2(%)2 - 5(%)+ 2 =0. Giai phuong trinh nay duoc %= 2 hoic % - %
Vi %: 2 thi phuong trinh (1) v nghiém
Vi %:% thi 23 +1=vx’—x+1 < {if_‘;_3 _,,- Phuong trinh ¢6 hai nghi¢m thoa diéu
kién x S‘jﬁ x, = 5*;/?

Bai todn 8: Giai phuong trinh: (\/x+5 —\/x+2)(1+\/x2 +7x+10) =3 (1)

Pat a=Vx+2=a’=x+2; b=vVx+5=b’=x+50nén b*—a’=x+5-x-2=3 .Do do
2_ 2 _

phuong trinh (1) trd thanh: bima =3 *)
(b—a)(1+ab)=3

Tu hé (*) suy ra b’ —a’ =(b—a)(1+ab) = (b—a)(a+b—ab-1)=0

b—a=0 a=b . as ~ .

“ & < a=b=1 khidob tacling co x =-1.

a+b—ab-1=0 (a—l)(b—l)zO

Cdch giai khdc:

biéu kién x > -2 va x’ +7x+10=(x+2)(x+5). Nhan hai vé cia phuong trinh (1) véi

(\/xfzh/)W) tadu’(yc:[(x+2)—(x+5)](l+ (x+2)(x+5))=3 (\/xj+\/E)
<:>3(1+ (x+2)(x+5))=3(ﬁ+ﬁ)<:> x+2+ﬁ—m—1:0
& x+5(1—ﬁ)—(1—ﬁ):0<:>(ﬁ—l)(l—ﬁ)=0

C{ﬁ—lzo {x+5=1 {xz 4

N " Do x>-2nén x = -4 (loai). Vay nghiém cua phuon
RN P ad P _ (loai). Vay nghig phuong
trinh x = -1.
Bai toan 9: Giai phuong trinh: v25- x> —y10—x* =3 (1)

e A 1Al |25=X720 ?<25
Giai: Diéu kién { ¥ {x o x* <10 /10 <x <10 (*).

=
10-x*>0 x> <10

Dit 0<a=+25-x" ; V10-x* =b>0 = a’ —b> =25-x> 10+ x> =15. Nén phuong trinh (1) tr&

. a-b=3 a-b=3 a=4
thanh o =
a’-b* =15 a+b=>5 b=1
Néub=1thi 10-x’ =1 x> =9 < x=+3 so véi diéu kién (*) x=13 thoa

Néua=4thi 25-x’=16 x’ =9 < x =13 so v4i diéu kién (*) x =13 thoa.
Vay phuong trinh ¢6 nghiém la x=43.
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Bai todn 10: Giai phuong trinh: J/x+1+3/x—1=3/5x (*)
Lap phuong hai vé cia phuong trinh (*) ta duogc:

5x:x+1+x—1+3,3/(x+1)(x—1)[3x+1+ \3/x—1} & 5x=2x+33x* —13/5x
J5

= x2—1.3/§:x<:>x3=5x(x2—1><:> 4x’ -5x=0<x=0 hodac x=i75. Thur lai tathéy

phuong trinh c6 ding ba nghi¢m trén.

Bai toan 11: Giai phuwong trinh/1+vx +1-vx =2 (1)
Diéukién: x20.Pat Y1+vx =a; J1-vx =b = a*=1+Jx ; = b’ =1-x nén phuong trinh
(1) tré thanh

{a+b=2 {a+b=2 {a+b:2 Jfa=2—b
= =

@ +b'=2" \(a+b)(a’—ab+b*)=2 az—ab+b2=1<:>[(2—b)2—b(2—b)+b2—1=0

a=2-b a=2-b (a=2-b
= , . ST =2 , & a=b=
4-4b+b>=2b+b*+b*=1=0  (b°-2b+1=0 |(b-1) =
Néua=1thi 1+/x=1Vx=0<x=0
Néub=1thi 1-Vx=1=Jx=0<x=0.
Vay x =0 la m0t nghi¢m ctia phuong trinh.
Bai todn 12: Giai phuong trinh 32 -x ++/x-1=1 (1)

Giai: TXD x-1>0<x>1.Dit 2-x=a; Jx—1=b>0. Nén phuong trinh da cho tr&
a+b=1 f[a+b=1 a=1-b a=1-b J(azl—b
@ +b' =1 {a3+b2=1©{(1—b)3+b2=1©{1—3b2+3b—b3+bz=1® |b(b*—4b+3)=0
Nén b e{0;1;3} Do d6 (a;b)={(l;0);(0;1);(—2;3)}
Néu a=0thi 32-x=02-x=0x=2 ; b=1thi Jx-l=lex-l=lex=2
Néu a=1thi 32-x=12-x=lex=1; b=0thi Jx-1=0x-1=0x=1
Néua=-2thi2-x=2c2-x=-8=x=10; b=3 thi Vx-1=3x-1=9x=10
Vay phuong trinh c6 ba nghiém la x e{1;2;10}
Bai todn 14: Giai phuong trinh : 3/3x* —x+2001 —/3x* — 7x +2002 —/6x — 2003 =3/2002 .

Giai: Dat : I3x> —x+2001 =a = a® =3x> —x+2001

3332 —7x+2002 =b = b* =-3x> +7x— 2002

—36x=2003 = ¢ = ¢* = —6x+2003

Suy ra o’ +5° +¢* =2002 . Do d6 phuong trinh da cho s& 13 (a+b+c¢)’ =a’ +b* +¢* nén
(a+b+c) —(@® +b* +c*) =0 Khai trién va thu gon dugc: 3(a+b)(b+c)(c+a)=0.

thanh: {

o NéUu a+bh=0 35> —x+2001 = 335> —=Tx+2002 < 3x% — x +2001 = 3x> — 7x + 2002
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S b=l x=—

o Néu b+c=0<e 322 —7x+2002 =—36x—2003 < 3x> —Tx +2002 = —6x + 2003
1+\/E'1—\/§}
6 b

< 3x* —x—1=0. Phuong trinh ndy c6 nghi¢m x e { p

e Néu a+c=0< 3x* —x+2001 = /6x—2003 < 3x% — x +2001 = 6x— 2003

& 3x*~7x+4004=0. Phuong trinh ndy vo nghi¢m
Vay phuong trinh ¢6 ba nghiém x e {% 1+;/E ; 1 —g/ﬁ}

Bai todn_16: Giai phuong trinh: x* — x —1000+/1+8000x = 1000

Giai: Pat +1+8000x +1=2y=>/1+8000x =2y —1=1+8000x = 4> 4y +1=> 43> —4y = 8000x
=y’ —y=2000x . Do d6 phuong trinh da cho trd thanh hé phuong trinh:

x> —x=2000y
{yz—y:ZOOOx
x=x—=y"+y=2000(y-x) < (x—y)(x+y)—(x—y)+2000(x—y)=0(2)
<:>(x—y)(x+y—1+2000)=O<:>(x—y)(x+y+1999)=0
Tt h¢ phuong trinh (1)
suy ra:x’ +y° —(x+y) = 2000(x+y):> 2001(x+y) =X+ >0=>x+y>0.
Nén x+y+1999>0.Do do tir (2) suyra x—y=0 hay x =y. Thay vao hé (1) ta dugc
x* —x=2000x = x(x—2001)=0=>x =0 hodc x=2001. Nhung x = 0 khong la nghiém cua

(1).Twr h¢ phuong trinh (1) ta suy ra

phuong trinh nén phuong trinh c6 nghi¢ém 1a x = 2001.
Bai todn 30: Tim X, y, Z biét \Jx—y+z =Jx—\[y +/z.
Diéu kién: x;y;2>0;x—y+2z20. Pdtx=a>;y=b>;z=c>. Doa.b.c >0 nén ta co
Na' —b* +c =a—b+c<:>a2—b2+cz=(a—b+c)2<:>a2—b2+02:a2+b2+cz—2ab+2ac—2bc
& —2b% +2ab—2ac+2bc =0 < 2b(a-b)-2c(a—b)=0<2(a-b)(b—c)=0

a-b=0 a=>b , \ < \ <
c{ B @[ B Dodox=y vaztuyy sy y=zvaxtuyy

b—c=0 b=c
Hodc cach giai khadc:
\/m:\/;—\/;+«/;:>\/m+\/;:\/;+x/;:>x—y+z+y+2\/m:x+z+2\/x_z
:>,/y(x—y+z):\/E3y(x—y+z):xZ:>y(x—y)+yz—xz:O

= y(x-y)-z(x-y)=0=>(x-y)(y-2z)=0 Dodéx=y vaztuyy hodcy=zvaxtuyy

6. Phuong phap 6: Nham nghiém va chitng minh d6 14 nghiém duy
nhat.
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Vi dy 9: Giai phwong trinh : \x(x—1)+/x(x-2) =2/x(x-3) (9)
Giai

Ta thay véi x=0 thi gia tri vé trai=,/0(0-1)+./0(0-2)=0 .
Gia tri vé phai =,/2(0-3) =0 => x=0 13 nghiém
Gia sir phwong trinh ¢é nghiém x>0. Tién hanh chia hai vé ctia (9) cho x ta cé
Vx—1++4x-2=2Jx-3 9)
Ma x-1)>Jx-3)=Vx-2>Vx-3=Vx-1+J/x=2>2Jx-3=(9%) v6 nghiém=> phuong
trinh (9) khong c6 nghiém x>0
Gia sir phwong trinh cé nghiém x<0. Tién hanh chia hai vé ciia (9) cho V- x ta cé
VI-x+42-x=23-x (9”)
Ma Vi-x<\3-x => 2-x<B-x = Jl-x+42-x <2/3-x=(9”’) v6 nghiém => phuwong
trinh (9) khong c6 nghiém x<0
Vay x=0 la nghiém duy nhat ctia phwong trinh da cho

Bai toan 13:Giai phuong trinh \/g - 2x+’§2 (*)

1+x

Giai: Piéu kién dé phuong trinh c6 nghia 1a x=0 va =x50 hay 0<x<1
X
1 —X 2X - 1 9 A 1 \ A *A 2. b %k
(*) = =1+ oy Thur thay x = 5 la mot nghiém cta phuong trinh (*)
X +Xx

Véi 0<x<l thi 1-x>x>0 va 2x-1<0 .Suy ra ‘/1_—x>1>1+2x_21
2 X I+x

Vi %<x£l thi 0<1-x<x va 2x-1>0 .Suyra /1_—x<1<1+2x_21
X

1+x

Vay x = % la nghi¢m cta phuong trinh.

7. Phuong phap 7:St& dung bat dang thirc.
a) Chirng t6 tip gia tri ciia hai vé khong giao nhau, khi dé phwong trinh vé nghiém
Vi du 10: Giai phwong trinh : x —v/x+1=/x-3
Gidi

x>0
PK: {x+1>20 <x>3

x—-32>0
Khi d6 ta ¢6 : Vx <+/x+1 => gia trj clia vé trai nhin gia tri Aam. Ma x—3 > 0=> gia trj vé
phai lai khong am. Do dé phwong trinh da cho v6 nghiém
b) Chirng to tip gia tri ciia hai vé khong giao nhau tai cing mot gia tri. Khi d6 phuwong
trinh ¢é nghiém tai chinh gia tri dé ciia an.
Vi dy 11: Giai phwong trinh : Vx* +2x+2 +/3x* +6x+7 =2 - 2x—x
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Giai
Ta 6 : vx? +2x+2 =/(x+1) +1> V1. DAu “=” xdy ra< x=-1
Bx+6x+7 =43(x+1) +4 > 4. Dau “=” xay ra< x=-1
=> Gi4 tri vé trai >1+4 =3.Dau “=” xdy ra x=-1
Ma 2- 2x- x? =-(x? +2x+1)+3=- (x+1)* +3<-3. Dau “=" xdy ra < x=-1
Vi thé x=-1 1a nghiém cia phwong trinh da cho
¢) Stir dung dau bang xay ra trong bat dang thirc:
Vi du 12: Giai phwong trinh : 4 +4x-2=4

AVx—2
Giai
PK: x>2 . Ta ¢6 — 5 >0 ;+/x-2>0.4p dung bat ding thirc cd-sy cho hai s6 khong 4m
x —
ta co:
4 +Alx—22>2. 4 x—-2 =4
x—=2 x—2

ap dung a+b>2Vab Va,b>0.Déau “=" xay ra < a=b

Ta co 4 2+«/x—2 =4

=

4
&

e ((x-2) =4

= 4 =Jx-2 & 4 +Vx—222J 4 Ax=-2=4

x—=2 x—=2 x—2
4 Vr__ 4
=Vx-2 < +4Vx-2=4
x—2 Vx—=2

(x-2)’ =4 & x=6>2(TM). Viy nghiém cia phwong trinh la x=6
Bai toan 1: Giai phuong trinh Vx—2 ++10—x = x> -12x+40
Bédé:\hﬁ az>20;b20 a+b:J@rﬂﬂ2SJ@+bf+(a—bf:>a+bSJ2@2+bﬂ
Gigi: Diukién : 2<x<10, Ta ¢6 Vx-2+v10-x <[2(x~2+10-x) =4 ma
¥’ —12x+40=(x*~12x+36)+4=(x—6) +4>4. Dau bang xay ra khi va chi khi
x—2=10-x
x—6=0
Hodc: Ap dung bat dang thirc C6 si cho hai s6 khong 4m ta co

-2).4 10—x).4 - _
[—2 + /—10_x:\/(x2) +\/( x) X 2+4+10 x+4:4.

2 4 4

< x=6. Vay phuong trinh ¢6 nghiém x = 6

£ o1x \ Loy e [x—2=4
Dau bang xay ra khi va chi khi {fo L o= 6.
_x:
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Bdi toan 2: Giai phuong trinh: va? +x—1+yx—x’+1=x—x+2
Vi x> +x-1>0 va x—x*+1>0 nén Ap dung bat dang thirc C6 si moi s6 hang cua vé trai ta
x2+x—1+1_x2+x

duoc:,/(x* +x-1).1< = 1
N (M
2 42
(x—x2+1).1£x X +1+l:x X +2 )
2 2

X Hx x—x"+2
+
2
ta co sz—x+2£x+1:>(x—1)2 <0. bang thuc xdy ra khi x =1 . Thir lai ta thay x = 1 thoa

— x+1 nén theo dé

Cong (1) va (2) vé theo vé ta cO: Vx> +x—1+x—x>+1<

m-n. Vay phuong trinh c6 nghiém la x = 1.

Bai toan 3: Giai phuong trinh: 2x -3 +/5-2x =3x>—12x+14 (1
bai toan 5. p g

>
e a o [2x-320  |FF
bicu kién ton tai phuong trinh: ¥ =S 2 o 3oy (*)
5-2x2>0 5 2 2
x<—
2

V& phai caa (1): 3x*> —12x+14 :3(x2 —4x+4)+2 =3(x-2)"+2>2. Ding thirc xay ra khi va chi
khix=2.

Ap dung bat dang thirc Bunhiacopxki thod man (*) thi vé trai ciia phuong trinh (1):
V2x—-3+4/5-2x S\/(12 +17)(2x—3+5-2x) =+/4 =2. Dang thirc xdy ra khi va chi khi

2x-3=5-2x< x=2. Dang thirc xay ra & phuong trinh (1) 142 nén x = 2 13 nghiém cia
phuong trinh. ’
Hoac Ap dung bat dang thirc Co si cho hai s6 khong am ta

, 2x=3+1 5-2x+1
J(2x=3).1 5-2x).1<
CO \/( X ) +\/( x) > + 5

= 2. Pang thuc xay ra khi va chi khi

2x-3=1 ) .
{Sx e & 2. Pang thtic xay ra & phuong trinh (1) 12 2 nén x =2 l1a nghiém cuta
—2x=

phuong trinh.

Bai todn 4: Giai phuong trinh: x* —2x+3=+2x —x +4/1+3x-3x> . (1)
e A pea |2X7—x20
Giai: Diéu kién vt (2).
1+3x-3x*>0
Vé trai ciia phuong trinh (1): x> —2x+3 = (x-1)"+2>2 v&imoixed . dang thirc xay ra khi
x = 1. Theo bat dang thirc Bunhiacopxki v6i moi x thoa mén (2) thi vé phai ciia phuong
trinh (1) thoa:

V2x? = x 41435 3% <\/(12+12)<2x2—x+1+3x—3x2 )= \Brdx—2¢ = \i- (c—1)’<2 . ding

thirc xay ra khi 2x> —x =1+3x—3x> . Dé dang thic xdy ra ¢ phuong trinh (1) thi ca hai vé
ctia phuong trinh (1) déu bang 2. Nén x = 1. Thir lai thdy x = 1 1a nghiém ctia phwong trinh.
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Toan BDHSG phwong trinh va hé phwong trinh. (lop 9)

Bai todn 1: Giai phuong trinh v/x—2 +v10—x =x>—12x+40
Bbdé: V&i a>0:b>0 a+b:\/(a+b)2 S\/(a+b)2+(a—b)2 =a+b< 1/2((12+bz)
Gidi: Piéukién: 2<x<10, Taco m+\/l()——xs\/2(x—2+l()—x) =4 ma

x* —12x+40=(x*~12x+36)+4=(x—6) +4>4. Dau bang xay ra khi va chi khi
{x—2:10—x

x—6=0
Hodc: Ap dung bat dang thirc C6 si cho hai s6 khong 4m ta co

-2)4 10—-x).4 - —
\/x—2+\/10—x:\/(x2) +\/( x) < 2+4+10 x+4:4.

2 4 4

< x=6. Vay phuong trinh c6 nghiém x =6

£ o1s \ Loy e [x=2=4
Dau bang xay ra khi va chi khi {fo 4©x:6.
—X=

Bai todn 2: Giai phuong trinh: Vx? +x—1++/x—x* +1=x> —x+2
Vi x> +x-1>0 va x—x’+1>0 nén Ap dung bat dang thirc C6 si moi sO hang cua vé trai ta

2 2
duge: (x> +x-1).1< > Fxolrl (1)
) 2 2
42 42
(x—x2+1),1gx x2+1+1:x x2+2 )

X 4Hx x—x"+2
+
2
ta co :x’ —x+2<x+1=(x—1)’ <0. Dang thirc xdy ra khi x =1 . Tht lai ta thdy x = 1 thoa
m-n. Vay phuong trinh c6 nghiém la x = 1.

Cong (1) va (2) vé theo vé ta cO: Vx> +x—1+x—x> +1< =x+1 nén theo dé

Bai todn 3: Giai phuong trinh: 2x-3 ++/5-2x =3x>=12x+14 (1
bai toan 5. p g

2320 |¥%3

=
5-2x20 5
x<—

Diéu kién ton tai phuong trinh:{ =S %s x< % (™)

V& phai cta (1): 3x* —12x+14 :3(x2 —4x+4)+2 :3(x—2)2 +2>2. Pang thirc xay ra khi va chi
khi x = 2.

Ap dung bat dang thirc Bunhiacopxki thod man (*) thi vé trai ctia phuong trinh (1):
V2x-3+45-2x < \/(12 +17)(2x—3+5-2x) =+/4 =2. Dang thirc xdy ra khi va chi khi
2x-3=5-2x< x=2. Pang thirc xay ra & phuong trinh (1) 142 nén x = 2 13 nghiém cia
phuong trinh. ’

Hoac Ap dung bat dang thirc Co si cho hai s6 khong am ta

cO:\(2x=3).1+,/(5-2x).1 < 2"_23” + 5_22“1 — 2. Ding thirc xay ra khi va chi khi
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2x-3=1 > .
-{--é--)-C---i-----------1--<E>--x—--z---2--.---Béng—-t—h&e--x—éy—-r—a—-é—phweng--t—r—inh-(—-l—-}----l-é--2----nén—-x—-:—--z--lé--nghiém—-e—éa -------------------
—2xXx=

phuong trinh.

Bai todn 4: Giai phuong trinh: x* —2x+3=+2x —x +4/1+3x-3x" . (1)
e A 1Al |2X=x20
Giai: Biéu kién v (2).
1+3x-3x* 20
Vé trai ciia phuong trinh (1): x> —2x+3 = (x-1)"+2>2 v&imoixed . dang thirc xay ra khi
x = 1. Theo bat dang thirc Bunhiacopxki v6i moi x thoa mén (2) thi vé phai ciia phuong
trinh (1) thoa:

Vax e e300 < [P 41 ) (2x' x4 3307 )= R dx 20’ = - (i-1)'<2 . ding

thirc xay ra khi 2x* —x=1+3x-3x" . Pé dang thirc xay ra ¢ phuong trinh (1) thi ca hai vé
cua phuong trinh (1) déu bang 2. Nén x = 1. Thur lai thay x = 1 1a nghiém cua phuong trinh.

Bai toan 5: Giai phuong trinh: 5v1+x* =2(x*+2) (1)
Giai:
biéu kién 1+x° 20<:>(x+1)(x2—x+1)20 Do x*—x+1>0 vOimoi X nén x+1>0< x>-1

bat a=vx+1 ; b=+x’—x+1 v&i a>0;b>0. Nén phuong trinh (1) trd thanh :

2
5ab=2(a2+b2)<:>2(%j —5(%)+2=0. Giai phuong trinh nay duoc %:2 hogc %:%
Vi %:2 thi phuong trinh (1) v nghiém
. 1 x=-1 \ , . “ A 2 e A
Vi %:% thi 2\/x+1:\/x2—x+1<:>{ » s 30" Phuong trinh c¢6 hai nghiém thoa diéu
x =5x-3=
Kign x = 3=Y37 . _5+V3T
2 2
Bai todn 6: Giai phuong trinh: ,/£+,/ 60 =6 (1)
S—x 7T—x
\ . ~ . n 42 60
Phuong trinh (1) ¢6 nghia khi x <5 nén (1)@[3— 5 j+(3— Z J:o
—X —X
3 A e (YA PPRC
- X - X - X —X
= + =0 S—x T=x__

SE R
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9(5-x)—42 9(7-x)-60

c/(5x)[3+\/zl | (7—x)(3+ 76_0)6}

(o)

& 3(1-3x) ! —+ ! _ _0=3(1-3x)=0 vi
(5—x)(3+ S—xj (7—x)[3+ 7_)(}
! + ! >0 nén x=. Thit lai ding nén nghiém cua phuong
(5-2) 3+ | 22| (7-x)| 34,2 .
S5-x 7—x
trinh 13 x= .
3

Bai todn 7: Giai phuong trinh: \/x(x—Z) +\/x(x—5) =\/x(x+3) (1)
Diéu kién dé phuong trinh c6 nghiala : -3<x<0 ;0<x<5. Binh phuwong hai vé cua
phuong trinh (1) ta dugc: x(x—2)+x(x—5)+2\x* (x=2)(x=5) =x (x+3)

2% (x-2)(x=5)=10x-2" & 42° (x~2)(x~5) = (10x~2*)’
& 4x’ (x=2)(x=5)=100x" =20x +x* < 4x7 (" = 7x+10) =100x" —20x" + x < 3x* —8x" —60x" =0
=% (3 x? —8x—60) =0. Giai phuong trinh nay dugc xe {—?;0;6}. Thir lai chi ¢6 hai

nghiém x = 0; x = 6 thoa mén dé cho.

Bai todn 8: Giai phuong trinh: (vVx+5 —x+2 )(1 X+ Tx+ 10) =3 (1)
Diéu kién x > -2 va x> +7x+10=(x+2)(x+5). Nhan hai vé ctia phuong trinh (1) v&i

(V=24 Vx+5) ta duoc:[(x+2)~(xr+5)](1+(x+2)(x+5) | =3 (Ve=2+x+5)
<:>3(1+ (x+2)(x+5))=3(ﬁ+ﬁ)<:> x+2+ﬁ—m—1=0
e r+5(1-Vr+2)-(1-vx+2)= 0 (Vx5 -1) (1= k2 )= 0

@{\/ﬁq:o {x+5=1©{x= 4

N x+220<:> e x=:1 Do x > -2 nén x = -4 (loai). Vay nghi¢m cua phuong
trinh x = -1.
Cach gidi khac:
Pat a=Vx+2=a’=x+2; b=VJx+5=b>=x+5nén b’ -a*=x+5-x-2=3 Do do
b’ —a’ =3
huong trinh (1) tré thanh: *
P & 1 {(b—a)(l+ab):3 )
T hé (*) suy ra b’ —a’ =(b—a)(1+ab) = (b—a)(a+b—ab-1)=0
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(b—a:O (a:b Lhi-da-tao

b ab 120 [(a-1)(b-1)=0 = T NrGoTIeing ebx=t:

Bai todn 9: Giai phuong trinh: v25- x> —y10—x* =3 (1)
25-x2>0 {xz <25

= & x* <10 /10 <x <10 (*).
10—x*>0 x* <10

Giai: Diéu kién {

Dit 0<a=+25-x" ; V10-x* =b>0 = a’ —b> =25-x> 10+ x> =15. Nén phuong trinh (1) tr&
. a-b=3 -b=3 =4
thanh = @ = a
@ -b =15  la+b=5 |b=1
Néub=1thi 10-x’ =1 x> =9 < x=+3 so véi diéu kién (*) x=13 thoa
Neéua=4thi 25-x’ =16 < x* =9 < x =43 so voi di€u kién (*) x =43 thoa.
Vay phuong trinh c6 nghiém 14 x=43.

Bai todn 10: Giai phuong trinh: I/x+1+3/x—1=3/5x (*)
Lap phuong hai vé cta phuong trinh (*) ta duoc:

Sx=x+l+x—1+33(x+1) (x—1) [+ 1+ k-1 | & Sx=2x+3x" ~135x
NG

= 3)c2—1.3/§:)c<:>x3=5x(x2—1><:> 4x’ -5x=0< x=0 hodac x=i75. Thur lai tathéy

phuong trinh c6 ding ba nghiém trén.

Bai todn 11: Giai phuong trinh/1++/x +1-vx =2 (1)
Diéukién: x20.Pat Y1+x =a; J1-vx =b = a*=1+Jx ; = b’ =1-x nén phuong trinh
(1) tré thanh
a+b=2 a+b=2 a+b=2 J(a=2—b
= = =
a'+b' =2 |(a+b)(a®—ab+b’)=2"" |a’—ab+b’ =1 '|(2-b) ~b(2-b)+b'~1=0
a=2-b a=2-b (a=2-b
< 2 2 2 At 2 <:>% 2
4-4b+b*=2b+b*+b*~1=0  (b*-2b+1=0  |(b-1) =0
Néua=1thi 1+/x=1oJx=0cx=0
Néub=1thi I-Jx=1Jx=0=x=0.
Vay x =0 1a mdt nghiém cta phuong trinh.

< a= b=1

Bai todn 12: Gidi phuong trinh 32— x +/x-1=1 (1)
Giai: TXD x-1>0<x>1.Dit 2-x=a; Jx—1=b>0. Nén phuong trinh da cho tr&
a+b=1 [a+b=1 a=1-b a=1-b Jfa=l—b
a’+b’ =1 {a3+b2=1©{(1—b)3+b2=1©{1—3b2+3b—b3+b2=1® |b(6*~4b+3)=0
Nén b €{0;1;3} Do d6 (a;b):{(I;O);(O;l);(—2;3)}

thanh: {
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Néu a=0thi 2-x=02-x=0cx=2; b=1thi Jx-l=1lx-1=lcx=2

Néu a=1 thi 2-x=1o2-x=1ex=1; b=0thi Jx-1=0x-1=0=x=1
Néua=—2thi2-x=—22-x=-8x=10; b=3 thi Jx-1=3x-1=9c x=10
Vay phuong trinh ¢6 ba nghiém 1a x e {1;2;10}

Bai todn 13:Gidi phuong trinh /=% = 2575 ()
X

1+x°

Giai: Piéu kién dé phuong trinh c6 nghia 1 x#0 va =x50 hay 0<x<1
X
1 —X 2x _1 9 A 1 \ A ‘A 9 1 F3
(*) = =1+ e Thur thay x = 3 la mot nghiém cia phuong trinh (*)
X +Xx

2x—1

2

Vi 0<x<% thi 1-x>x>0 va 2x-1<0 .Suy ra ,/1_—x>1>1+

X 1+x
2x—1
1+ x?

Vi %<x£1 thi 0<1-x<x va 2x-1>0 .Suyra ‘/1_—x<1<1+
X

Vay x = % l1a nghiém cua phuong trinh.

Bai toan 14: Giai phuong trinh : 33x* —x+2001 —/3x* — 7x +2002 —/6x — 2003 =3/2002 .

Giai: Bat : J3x* —x+2001 =a = a’ =3x> —x+2001
“Y3x% —7x+2002 = b= b* =—3x% + Tx—2002
—3/6x—2003 =c = ¢*>=—-6x+2003

Suy ra a’ +5* +¢* =2002. Do d6 phwong trinh da cho s& 14 (a+b+c)’ =a’ +b* +¢* nén

(a+b+c) —(a* +b +c*) =0 Khai trién va thu gon duoc: 3(a+b)(b+c)(c+a)=0.

o Néu a+b=0 Y322 —x+2001 = 3/3x% = 7x+2002 < 3x> — x+2001 = 3x> — 7x + 2002

<:>6x:1c>x:l

o Néu b+c=0e P32 —7x+2002 =—6x—2003 < 3x> —Tx +2002 = —6x + 2003

1+\/§'1—\/§}
6 9

< 3x* —x-1=0. Phuong trinh ndy c6 nghi¢m x e { .

e Néu a+c=0< 3x* —x+2001 = /6x—2003 < 3x% — x +2001 = 6x— 2003

& 3x* = 7x+4004 = 0. Phuong trinh nay v6 nghiém

Vay phuong trinh ¢6 ba nghiém x e {é 1 +g/ﬁ : ! _g/ﬁ} :

Bai toan 15: Tinh gia tri ctia biéu thic:
a+l

Va*+a+1-

~ trong d6 a 1a nghiém d-—ng ctia phuong trinh 4x> ++/2x—-+/2 =0
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Giai : Phuong trinh 4x> ++/2x—+/2 =0 ¢6 ac = - 44/2 <0 nén co hai nghiém phan biét véi a
12 nghiém duong cua phuong trinh nén ta c6: 44’ +v2a-+2=0 (1) .
Via >0néntu(1)co:
z_x/i—a\/z_\/i(l—a)_l—a . 1-2a+d’
T4 T o T s
4 2 4 2
a+1 _(a+1)Na'+a+1+a®  (a+1)Va'+a+l+a N e

- 2 4 4
Jat+a+1-d* ( /a4+a+1) 4 a*+a+l-a

\/l—2a+a2+a+l+l—a_ 1-2a+a’+8a+8 1-a _ |a+6a+9 1-a_a+3 l-a_ 4 _

) 202 8 Y 8 202 22 202 22

Goi S =

Bai todn 16: Giai phuong trinh: x* — x —1000~/1+8000x = 1000

Giai: Dat v1+8000x +1=2y = 1+8000x =2y —1=>1+8000x=4)* -4y +1= 4y’ —4y =8000x
= y*—y=2000x . Do d6 phuong trinh da cho tré thanh h¢ phuong trinh:
{xi ~x=2000y (1).Twr h¢ phuong trinh (1) ta suy ra

y° =y =2000x
x> =x=y"+y=2000(y—x) = (x—y)(x+y)—(x—y)+2000(x—-y)=0(2)
<:>(x—y)(x+y—1+2000):O<:>(x—y)(x+y+l999):O
Twr hé phuong trinh (1)
suy ra: x> +y’ —(x+y) = 2000(x+y) = 2001(x+y) =X+’ >0=>x+y>0.
Nén x+y+1999 >0.Do dé tir (2) suyra x-y=0 hay x =y. Thay vao h¢ (1) ta duoc
x* —x=2000x = x(x—2001)=0=>x =0 hodc x=2001. Nhung x = 0 khong la nghiém cua
phuong trinh nén phuong trinh c6 nghi¢ém 1a x = 2001.

Bdi todn 17: Giai phuong trinh v/x* —=3x+2 +vx+3 =vx-2 +/x* +2x-3.

Piéu kién cua phuong trinh: x>2

Taco Vx* =3x+2+Vx+3=Vx=-2+x>+2x-3 & Jx—1/x=2+x+3=Vx=2+ Jx—1.4x+3
o Jx-1 (\/x—Z—\/x—3)—(\/x—2—\/x—3):0<:>(\/x—2—x/x—3)(\/x—1—1):0
<:>(x/x—2—\/x—3)hoécx/x—l—1:0<:>x—2=x—3 hodc x—1=1<0x=-1 hodc x=2.< x=2

1a mdt nghiém ctuia phuong trinh.

Bai todn 18: Giai phuong trinh 12 +— 1 =— 1
5x° x"—=9x+36 x"—4x+16
Giat :

PKXD: x#0
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1 4 9

Tir phuong trinh trén.ta co + = Vo1.x20.nén chia
5x 4x” —-36x+12° 9x” —36x+12°
hai vé ctia phuong trinh cho x* ¢ miu ta dugc Ly 4 == 2 -. Dat
5 36 [12) 36 (12]
424125 92422
X X X X
(2) 230, Khidotaco 4t O Quy d6ng khir mau ta dugc:
X X 5 44+t 9+¢

£ -120436=0(1-6) =0=1=6

2
Do do KEJ _36 ¢ Quy dong khtr miu ta dugce x> +6x-24=0

X X
Giai phuong trinh x* +6x-24=0 ta dugc nghiém: x,, =-3++/33
Vay phuong trinh ¢6 hai nghiém la x, =-3+ Y33

Bdi todn 30: Tim X, y, z biét Jx—y+z =\/;—\/;+\/Z.

Diéu kién: x;y;z2>0;x—y+z>0.Patx=a;y=b>;z=c’. Do a.b.c 20 nén tacod
Ja' =b* + ¢ :a—b+c<:>a2—b2+62:(a—b+c)2<:>a2—b2+cz=a2+b2+c2—2ab+2ac—2bc
<:>—2b2+2ab—2ac+2bc:0<:>2b(a—b)—2c(a—b)=0<:>2(a—b)(b—c):O

a_b:() a:b y N N s \ A

= = Dodéx=y vaztuyy s y=zvaxtuyy
b—c=0 b=c

Hoac cach giai khdc:

w/x—y+z:\/;—\/;+\/;:>1/x—y+z+\/;:\/;+\/;:>x—y+z+y+21/y(x—y+x):x+z+2\/x_z

:Jy(x—y+z :\/;:y x—y+z)=xz:>y(x—y)+yz—xz=0

= y(x-y)-z(x-y)=0=>(x-y)(y-z)=0 Dodéx=y vaztuyy hodcy=zvaxtuyy

Bai todn 33: Cho phuong trinh x*+2mx*+4=0 (*). Tim gi4 tri cia tham s6 m dé phuong
trinh c6 4 nghiém phén bi€t x;x,;x,;x, thod man x +x) +x; +x; =32.

Giai:
bat x* =¢>0 khi d6 phuong trinh (*) tré thanh #* +2m¢+4=0 (1). Phuong trinh (*) co6
nghiém phan bi¢t nén phuong trinh (1) c6 hai nghiém duong phan biét ¢;¢, nghial a:

A'=m’—4>0 m| > 2
(m>2Am<-2

L+, ="2m>0{m<0 <A >m<-2
lm<0

tt,=4 ity =4

Khi m <-2 thi phuong trinh (*) ¢6 4 nghiém x,, =+, ; x,, =+, va
x4 x4 x) =24 +1,) — 41, =8m* —16. Tix gia thiét suy ra 8m*—13=32 < m=—+6 Vi

m<-2
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Bai todn 34 )
Chirng minh rang néu phuong trinh ax* +bx” +ex” =2bx+4a =0 (a#0) (*) co6 hai nghiém
x,;x, thod man x,.x, =1 thi 5¢* =2b* +ac.
Giai:
Néu phuong trinh (*) ¢6 hai nghiém x;;x, thi da thirc bac bdn & vé trai ciia phwong trinh

phan tich dugc :  ax*+bx’ +cx® —2bx +4a = ()c—xl)(x—xz)(ax2 +mx+n) =
=(x2—px+1)(ax2+mx+n) (Vi x,x,=1va p=x,+x,)

=ax" +(m—ap)x* +(a—mp+n)x* +(m—pn)x+n. Pong nhat thirc hai vé ctia phuong trinh trén
n=4a 1))

m—pn=-2b (2)

m—ap=>b 3)

a-mp+n=c (4)

Giai h¢ phuong trinh trén ta dugc 54° =26 +ac.

ta duoc :

Cach gidgi 2: Vi x, 20 va x, = 1 qduna nghiém cua phuong trinh (*) nén ta co:

1
ax; +bx; +cx} —2bx, +4a =0<:>a(x14 —1)—bxl(x12 —1)=0<:>()c12 —1)(axf—bx1 +a)=0

=(x,—1)(x +1)(ax,2 —bx, +a).

Co ba truong hop xay ra
Truong hop 1: Néu x, =-1=x,=x,=-1. Da thirc ve trai chia hét cho

(x+1)" =x*+2x+1 nén da thirc du d6ng nhat phai bang 0. Bing phép chia da thirc cho da

thire ta duoc:
—4a+b-2c=0 b=-2a 5 5
& = 5a"=2b"+ac

a+2b—c=0

Truong hop 2: Néu x, =1= x, =x, =1. Tuong ty trudng hop (1) ta cling ¢ 5a° =2b> +ac

c=-3a

Trudong hop 3: Néu [x| =1 thi x;x, 1a nghiém cta phuong trinh ax’ —bx+a =0. Chia da thirc

*)cho ax’ —bx+a ta dll.’Q’C da thic du dé)n nhét bELlIl 0co
g g
(a —bx)(Sa2 —-2b° — ac) =0= 5a° =2b" +ac.

Cdch gigi 3: Vi x=0 khong la nghiém cua phwong trinh (*) nén chia hai vé cho »* ta

ducyc:a[x2+xizj+b(x—§j+c=0 (). bat y=x—%©x2+%:y2+4 nén phuong trinh trg

thanh ay’ +by+4a+c=0 (2).Pat y, =x, _2 YV, =X, _2 (3). Ap dung dinh 1y Viet cho

X X,
phuong trinh (2) y, +y, = b VLY, = date Thay vao (3) va bién doi ta dugc 54> =2b> +ac.
a a
Phuong trinh (2) ¢6 hai nghiém y;y,. Néu y, =y, < x, =x, méi chi 1 mot nghiém cia
phuong trinh (2) vay ta phai xét thém céc truong hop 1) 2) nhu cach giai 2:
Bai tdp vé nha : Giai cac phuong trinh sau:
a)(x+3\/;+2)(x+9\/;+18):168x KQ: x=1;x=36
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, [ 5+/61]

Iyt 2 14 Q-ooe [ 2 D) o
U/ NIoXA T1IaX T 7 VA X LU = OV A T1 X ey06,
"2
1) V10—2x —\2x+3 =1 2) J48—x' +35-x =13
3)32-x —V1-x* =4 4)fx-1+3=482-x
5)Vx+420-x =4 6)x+317—x* +x3/17—x> =9
7% +1=232x -1 8)V8+x +4/5-/x =5

DANG VI: PHUONG TRINH NGHIEM NGUYEN
1. Mot s6 dinh nghia, dinh li, tinh chét va kién thirc lién quan dén cac phwong phap

gidi phwong trinh nghiém nguyén

1. Phuong trinh ax?> + bx + ¢ =0

Néu c6 nghiém nguyén 1 xo thi ¢ xo

Phuong trinh c6 nghiém nguyén khi A (A') 13 s6 chinh phuong, hodc A (A') khong am.
2. Phuong trinh dugc dua vé dang fi(x).g(x) = k voi f(x) va g(x) 1a cac da thirc hé s6 nguyén.
Ta phan tich k ra thira s6 nguyén t6 rdi giai cac hé phwong trinh.

{f (x)=m
g(x)=n

vOoi m.n = k.

2. Mt s6 phwong phép giai phwong trinh nghiém nguyén

Phuong trinh nghiém nguyén rt da dang va phong phu. Khéng c6 cach giai chung cho moi
phuong trinh, tuy nhién dé giai cac phuong trinh d6 ta thuong dwa vao mot sé phuong
phap gidi nhu sau:

Phuong phap 1 : Phuong phap dwa vé dang tich

Bién doi phwong trinh vé dang: Vé trdi la tich cia cia cdc da thire chiva an, vé phdi la
tich ciia cdc s6 nguyén.
Vi du 1: Tim nghiém nguyén duong cua phuong trinh: 2(x+y)+5=3xy
Loi giai:
Tacod: 2(x+y)+5=3xy < 3xy—-2x-2y=5

— y(3x—2)—§(3x—2) =5+§ < Bx-2)3y-2)=19
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Do x, y nguyén duong nén 3x—-221; 3y—-22>1 ma 19=1.19 = 19.1 nén ta ¢ cac kha

3Ix-2=1 3x-2=19
nang sau: {3)/ _2-19 @) ; {
Giai cac h¢ phuong trinh trén, ta duoc 2 nghiém nguyén ctia phuong trinh 1a
(x;y) € {(; 7); (75 1)}
Vi du 2: Tim nghiém nguyén ctia phuong trinh: x> + x + 6 = y?

Loi gidi:

Taco: x> +x+6=y> < 4x2+4x+24=4y> < 2x+ 1) —4y>=-23
S(2x-2y+1D2x+2y+1)=-23
2x-2y+l=-l {2X—2y+1:23

Suy ra:
2x+2y+1=23 2xH2y+1=—1

1 2x=2y+1=1 o 2x=2y+1=-23
hoac hoac
2x+2y+1=-23 2x+2y+1=1
Giai cac trudng hop trén va két hop véi didu kién x, y nguyén ta dugc cac nghiém nguyén
(x,y) 14 (5; 6); (55 -6) ; (-6;- 6); (- 6; 6)
Vi du 3: Tim nghiém nguyén ctiia phuong trinh: x* + 4x3+ 6x>+ 4x = y?
Loi giai:

Ta co: x* + 43+ 6x2+ 4x = y?&< x* HAx3+6x2+H4x +1- y =1 (x+H1) —y?=1

I (x+1)2 y = —
1) - ] _ _ 1 _
o [t oyl yy] =1 | 0D Y :{ Sy
(X+1)2 y =1 Il +y=1-y
i (x+1)2+ y =1

= y=0= (xt1)’)=1< x+1 =+1 = x =0 hodc x = -2. Thir lai cac gia tri twong (g cua
X va y ta thdy déu thoa man phuong trinh da cho.

Vay phuong trinh da cho c6 nghiém nguyénla (x,y) €{(0,0); (-2,0)}

Vi du 4 : Tim nghiém nguyén cta phuong trinh : y* - x> =91 (1)
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Loi giai
Ta c6 (1) twong duwong véi (y - X)(x2 +xy +y?) =91 (%)

Vi x? + xy +y?> 0 v6i moi X, y nén tir (*) =>y - x > 0.
Mitkhac91=1.91=7.13vay-x; x*+xy + y* déu c6 gia tri nguyén duong nén ta co
bbn kha ning sau:

y-x=9lvax’+xy+y>=1 ()

y-x=1lvax>+xy+y>=91 (I)

y-x=3vax>+xy+y*=7 (I

y-x=7vax’*+xy+y>=13 (IV)

Dén day, bai toan coi nhu duoc giai quyét.

Phwong phap II : St dung tinh chét chia hét

- St dung tinh chdt chia hét @é chitng minh phwong trinh vé nghiém hodc tim
nghiém cua phuong trinh.
- Hai vé ciia phirong trinh nghiém nguyén khi chia cho ciing mét sé ¢6 so dw khdc nhau thi
phuong trinh do khong co nghiém nguyeén.
Vidu I : Tim nghiém nguyén cuia phuong trinh : xy + x -2y =3 (3)

Loi giai
Ta c6 (3) tuong duong y(x - 2) =- x + 3. Vi x = 2 khong théa man phuong trinh nén (3)
- —-x+3
tuong duong voi: y= Sy=—-1+
X—2 X—2

Ta thay: y 1a sd nguyén nén x - 2 la udc cia l hayx-2=1hodcx-2=-1 & véix=1
hoac x = 3. Tur do6 ta c6 nghiém nguyén (x ; y)la (1;-2)va(3;0).

Chii y: C6 thé dung phuong phép 1 dé giai bai toan nay, nhd dwa phuong trinh (3) vé dang :
x(y+1)-2(y+1)=1tuwong duong (x - 2)(y + 1)=1.

Vi du 2: Tim nghiém nguyén cua phuong trinh sau. x* =2y* (4)
Loi giai
Ta thiy: x =y = 0 12 nghiém cta (4).
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Néu...x(;.,..yﬁ..;t.o...Vé,..(.x.o..,%.).132,..nghiém..cﬁa..(..él.),..(.}@i...d..:.(xu.g.yu.).,..suy..ra.(ﬁ %):1(* ...................................

2

2 2
Taco: x; =2y, = (%] = 2(%} = % chan va 2(%) ‘4 (mAu thuan véi (¥) )

Vay phuong trinh (4) chi c6 nghiém nguyén duy nhét 1a (0; 0).
Vi du 3: Tim cac nghiém nguyén ctia phuong trinh: 2x? + 4x = 19 - 3y?
Loi giai:
Taco: 2x> +4x +2 =21 - 3y?
S2x+12=3(7-y) (@)
Tathiy 3(7-y?) 2 = 7-y2:2 =ylé
Ta lai ¢ 7 - y> >0 nén chi c6 thé y* =
Khi d6 (2) c6 dang: 2(x + 1)>=18
Taduoc:x+1=+3dodoxi=2,x2=-4
Céc cap s6 (2;1), (2;-1), (-4;1), (-4;-1) thod man nén la cac nghi€ém nguyén cua pt
Phwong phap V: Pua vé dang tong

Bién doi phirong trinh vé dang : Vé trdi la tong ciia cdc binh phwong, vé phdi la tong
clia cdc s6 chinh phwong.
Vidu 1 : Tim nghiém nguyén cua phuong trinh x? +y?-x -y =8 (1)

Loi giai

(1) ©4x?+4y? -4x - 4y =32
& @x2-4x+ 1)+ (@y* -4y +1)=34
< 2x— 1P+ QRy—-1)Y =34
Bang phuong phap thir chon ta thiy 34 chi c6 duy nhat mot dang phan tich thanh tong cta
hai s6 chinh phuong 32 va 52.

Do d6 phuong trinh théa man chi trong hai kha nang :
2x-1=3 2x —1|=5
hoac
2y-1]=5 2y-1=3
Giai cac hé trén, suy ra phuong trinh (1) ¢6 bén nghiém nguyén 1a

(x;y)€{2;3);3:2);(-1;-2);(-2;-1)}
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Vi du 2: Tim nghiém nguyén ctia phwong trinh x> — 4xy + 5y? = 169

Loi giai
Ta co: x> —4xy + 5y? = 169 (x — 2y)? + y> = 169 Ta thdy 169 =02+ 132=52 + 122
Do d6 phuong trinh thoa mén chi trong bon kha nang :

{‘X—2y‘20 {‘X—2y‘:13 {‘X—2y‘:5
= hoac =

hos
C ‘y‘:O M:12 oac

x—2y|=12
{M =5

Giai ra ta dugc cac nghiém nguyén ctua phuong trinh 1a
(x,y) € {(29, 12); (19, 12); (-19, -12); (22, 5); (-2, 5) ;(2, -5); (-22, -5); (26, 13); (-26, -13);
(-13.0); (13, 0)}

Phwong phép VIII: Sir dung tinh chéit nghiém ciia phwong trinh béc 2

Bién doi phwong trinh vé dang phirong trinh bédc 2 ciia mét an coi cdc an khdc la tham so,
sir dung cdc tinh chat vé nghiém ciia phiong trinh bdc 2 dé xdc dinh gid tri ciia tham so.
Vi du 1: Giai phuong trinh nghiém nguyén: 3x? + y? + 4xy + 4x + 2y +5=0
Loi giai

Ta c6 phuong trinh: 3x?+y? +4xy +4x + 2y + 5=0
Sy +H(Ex+2)y +3x2+4x+5=0 (%)
Coi x 12 tham sb ctia phuong trinh bac 2 (*) véi an v, ta c6:
y=-2x+1)=* \/Aj . Do y nguyén, x nguyén = \/Aj nguyeén
MaA =2x+1)P-Bx*+4x+5)=x>-4=x>-4=n’(neZ)
= (x-n) (x+n)=4 = x =22 (do x - n va x + n cung tinh chan 1¢)

Vay phuong trinh c6 2 nghiém nguyén 1a (x; y) € {(2; -5); (-2, 3)}
Vi du 2 : Tim nghiém nguyén cua phuong trinh: x> — (y+5)x + 5y +2 =0

Loi gidi

Ta co: x2 — (y+5)x + 5y + 2 = 0 coi y 1a tham s6 ta c6 phuong trinh bac 2 4n x. Gia sir

phuong trinh bac 2 c6 2 nghiém xi, x»
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e A Xt X, =y + 5 [5%+ 5x,= Sy + 25
Theo dinh Ty Viet; ta 00:1

XX, = 5y + 2 :1X1X2= Sy + 2

= 5x1+5x20 —x1Xx2 =23

< X1-5)(x2-5)=2ma2=1.2=(-1)(-2)

= x1+x2=13hodcxi+x2=7=y=8hoacy=2
Thay vao phuong trinh ta tim duoc cac cap sd (7; 8); (6; 8); (4; 2); (3; 2) 1a cac nghiém
nguyén cua phuong trinh.
Vi du 3: Tim cac nghiém nguyén ctia phuong trinh: x +y + xy =x>+y? (1)
Viét (1) thanh phuong trinh bac 2 d6i véi x

X -(y+ Dx+(y*-y)=0(2)
Diéu kién can dé (2) c6 nghiém1a A > 0
A=(y+ 1P -4 -y)=y>+2y +1-4y*+4y

=-3y?+ 6y + 1
*A> 03y’ -6y-1<0 < 3(y-1)><4
Dodd(y-1)Y?<1.Suyra -1<y-1<1
y-1 -1 0 1
y 0 1 2

Véiy =0, thay vao (2) tadugc x> -x=0Tacox;=0;x2=1
Véiy =1, thay vao (2) duoc x> -2x=0Tacd x3=0; x4 =2

Véiy =2, thay vao (2) taduocx?*-3x+2=0TacOxs=1;x¢=2
Thir lai, cac gia tri trén déu nghiém ding phwong trinh.

Vay phuong trinh da cho c6 6 nghi€ém nguyén 1a (0;0), (1;0), (0;1), (2;1), (1;2), (2;2)

CHUYEN PE VII: CAC PHUONG PHAP CHUNG MINH BAT PANG THUC
I. PHUONG PHAP 1 : DUNG PINH NGHIiA
Kién thirc: Dé chirng minh A > B. Ta chirng minh A —B > 0

Luu y ding hing bat dang M?> > 0 véiV M
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Vidul V x,y,zchimg minh rang :
a)x’*+y’+z*> xytyz+zx; b)x’+y’+z’>2xy-2xz+2yz
O)x’+y*+z2°+3 >2(x+y+2z)

Gidi: a) Ta xét hi¢u: x> +y* + z°-xy —yz — ZX_Z% 2.(x*+y’+2z°-Xy—yz—2zX)

:% (6= )2 + (x—2)* + (v - 2)*|> 0 dung v6i moi x; y; ze R

Vay x> +y> +z> > xy+ yz + zx. Dau bang xay ra khi x =y =z
b)Taxét hi€u: x> +y’ +z°-(2xy—2xz+2yz)=x>+y* +2z°- 2xy +2xz 2yz
=(x—y+2z)’ >0 dung voi moi X;y;ze R
Vay x> +y> +z° > 2xy —2xz + 2yz dang v6i moi x;y;ze R . Ddu bang xay ra khi x+y=z
c) Taxéthiéu: x> +y* +z*+3 -2(x+ty+z)=x’-2x+1+y’ -2y +1 + z* -2z +1
= (x-1)+ (y-1) H(z-1)>> 0. Dau(=)xay ra khi x=y=z=1
Vi du 2: ching minh rang :
2) a2+b22(a+bjz; b) a2+b2+022(a+b+cj2
2 2 3 3
Giai:

2 2 2 2 2
a+b :2(a +b )_a +2ab+b 21(2a2+2b2—a2—b2—2ab)
2 4 4 4

2 2
a) Taxéthicu 2 erb —(

2 2 2 , .
~Ha-bf 20. Viy 25 (“22): Du bing xiy ra khi a<b

2 2 2 2
b)Ta xét higu: 42 *¢ _(“i“j =a=b) +(o-e +(c-a 20

Vay—— 3
11. PHUONG PHAP 2 : DUNG PHEP BIEN POI TUONG DPUONG ,
Ta bién doi bat dang thirc can ching minh twong duong voi bat dang thirc dung hodc bat
dang thirc da dugc chirng minh la dang.

Chu ¥ cac hang dang thirc sau: (AiB)2 =A*+2AB+ B’

(A4+B+C) = 4>+ B> +C* +24B+24C+2BC;  (A+B) = A +34’B+34B*+ B’

Vidul: Choa,b,c, d, e la cac sb thuc chuing minh rf?lng:
2
a) a2+%2ab b)a> +b* +1>ab+a+b C)a’ +b* +c’ +d* +e* >alb+c+d+e)

2 2 2 2
a +b" +c a+b+c L3 \ .
2( j;Daubangxayrakhl a=b=c

2
Giai:a) o’ +% > ab < 4a”> +b* > 4ab < 4a’ —4ab+b* >0 < (2a—b)* > 0(BDT nay luén ding)
2 14 \ .
Vaya® + % > gb (dau bang xay ra khi 2a=b)
b) a’ +b* +1>ab+a+b < 2(a”> +b* +1 )>2(ab+a+b)

< a’-2ab+b” +a’ -2a+1+b>-2b+1>20 < (a—b)’ +(a-1)> +(b-1)> > 0(BPTnayludn dung)
VAy a’ +b> +12 ab+a+b. Diu bang xay ra khi a=b=1
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C)a’+b’+c’+d’+e’ 2alb+c+d+e) = 4 a’ +b* +c? +d* +e* )>4dalb+c+d+e)
= (a2—4ab+4b2)+(a2—4ac+4cz)+(a2—4ad+4d2)+(a2—4ac+4cz)20
< (a-2b) +(a—2¢)’ +(a-2d) +(a—2c)’ >0(BDT nay luon dung)

Viy ta c¢6 diéu phai chirng minh

1 4
+—2—

a+1 b+1 3

Vidu 2: Cho a, b 14 hai s6 duong c6 tong bang 1 . Chtrng minh rang :

Giai: Dung phép bién d6i tuong duong ;
3@a+1+b+1)>4@+1)(b+1)= 9=>4@b+ta+tb+1)(viatb=1)
=9>4ab+8«< 1 >4ab < (a+b)?> > 4ab (BDT nay ludn dung)
Viy ta c¢6 diéu phai chirng minh

Vidu3:Cho2sba, bthoamina+b=1.CMR a3+b’+ab > %

.o , 1 1
Gidai: Taco:a*+b*+ab > Tl a3+b3+ab—5 >0

= (a+b)(a2—ab+b2)+ab—l 20c>a2+b2—%20.V‘1a+b=1<:>2a2+2b2—1 > 0

22 +2(1-a) - 1>0(V1b—a )= 4a’-4a+1>0=(2a-1)>20
Bit dang thirc cudi cung ding .
Véay a’+b*+ab > 5° Dau"="xéyrakhia=b=%

1IL. PHUONG yHAP 3: DUNG BAT PANG THUC QUEN THUOC
1. M6t so bat dang thirc hay dung

1) Cac bat dang thirc phu:
a) x> +y’ =2xy b) (x+y) >4xy C)%+222
a
2) Bt déng thirc Co si: L7 a3 Tt o a Véi a, >0

n

3) Bét dang thirc Bunhiacopski: (a22 +a;+...+a )(xl 12t )2 (@, + ayx, +.tayx, )
2. Cacvidu , ‘
Vidu 1: Cho a, b, ¢ 1a cac s0 khong am chiing minh rang: (a+b)(b+c)(c+a)>8abc
Giai: Dung bat dang thtc phu: (x+y)* > 4xy
Taco (a+b) >4ab; (b+c) 24bc ; (c+a) >4ac
= (a+b) (b+c) (c+a) >64a’h’c? = (8abc)’ = (atb)(b+c)(ct+a)>8abe
Dau “="xayrakhia=b=c
Vi du2: Chox,yla2sbthuc thodman: x2+y2= xy/l-y> + yy/1-x°

Chtng minh rang : 3x + 4y < 5
Gidi : Ap dung bat dang thirc Bunhiacopxki ta 6 :
(R H Y= (1= + 1= P (W <15 <) < K +Hy)A -y +1-x)=>x2+y? < |
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Talaico: (Bx+4y)? < (B2 +4)(x*>+y?) <25=>3x+4y<5

X +yr=1 x:E
Pang thiic xay ra < {x>0,y>0 < Z.Diéukién:%stg
x_r Y=3
3 4
Vidu3: Choa,b,c20;a+b+c=1.Cht’rngminhr§ng:
a,\/a+b+\/b+c+\/c+a£\/g; b,\/a+l+\/b+1+\/c+1<3,5

Gidi : a, Ap dung bat dang thirc Bunhiacopxki v&i 2 bo 3 sé ta ¢
(«/a+b.1+\/b+c.l+\/c+a.l)ﬁ(1+1+1)[(\/a+b)2 +(\/b+c)2 +(«/c+a)2:|

=> (\/a+b +b+c +\/c+a)2 <3.2a+2b+ac)=6 => Ja+b+b+c+e+ra<q6 .

Déu"="xéyrakhi:a=b=c=%
b, Ap dung bt dang thirc Cosi , ta cd : va+1 sw=%+l

Tuong tu : «/b+1£§+1 ; «/c+1£§+1

Cong timg vé cua 3 bat dang thirc trén ta dugc : Va+1+vVb+1+/c+1< a+§+c+3:3,5

Dau ding thic xay ra khi a =b = ¢ =0 trai v6i gia thiét:a+b+c= 1

Vay : Ja+1++b+1++/c+1<35

Vidu4 : Cho cic s6 duonga,b,c thoamin:a+b+c=1.Ching minh : LIMLINE S

a b c

Giéi:Tac():%+é>0,a,b>O
a

Taco: l+1+1=(l+l+l).l =(l+l+l).(a+b+c)
a b ¢ a b c a b c

=l+£+ﬁ+é+l+é+£+£+1= 3+(£+2)+(é+£)+(£+3)2 3+2+2+2=9
c a c a b b a c b a c

I 1

=> _+_+129D§u "="xdyrakhi:a=b=c= 1
a b ¢ 3

Vidu 5: Cho 4 s6 a,b,c,d bat ky chimg minh rang: \/(a +e) +(b+d)? <a’ +b> +c? +d>

Giai: Dung bat dang thic Bunhiacopski ta co: ac + bd <+a> +5> /e +d>
ma (a+c) +(b+d) =a® +b> +2ac+bd)+c* +d> <(a® +b* )+ 2Ma® + 6> Ne? +d* +* +d°
= J(a+0)* +(b+d)’ <a* +b> +c? +d*
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Vidu 6: Chtng minh rang: a® +b> +¢2 > ab + be + ac
Giai: Dung bat dang thirc Bunhiacopski. Xét cap s6 (1,1,1) va (a,b,c) tacé :
(12 +1° +12)(a2 +b*+c*) > (1.a+1.b+1.c)2 = 3((12 +b° +cz)2 a’+b*+c? +2(ab+bc+ac)
= a’+b>+c> 2ab+bc+ac Diéu phai chimg minh Dau bang xay ra khi a=b=c
IV. PHUONG PHAP 4: DUNG BAT PANG THUC TRONG TAM GIAC
Kién thic: Néu a; b; ¢ 1a s6 do ba canh cua tam giac thi: a; b; ¢> 0; va |b-¢c| <a <b+c ; |a-|
<b<atc |a-b|<c<b+ta
Vidu 1: Cho a; b; ¢ 13 s6 do ba canh ctia tam giac chimg minh rang:

a, a’+b’+c*< 2(ab + bc + ac) b, abc>(a+b-c)(b+c-a)c+a-b)
Giai: a)Vi a,b,c 1a s06 do 3 canh cua mdt tam giac nén ta co

O<a<b+c a*<a(b+c)

O<b<a+c = b* <b(a+c)

O<c<a+b ¢’ <c(a+b)

Cong timg vé cac bat dang thirc trén ta c6 : a>+b*+c2< 2(ab+be+ac) (dpem)
b) Ta cod a>|bc| = a?>a?—(h-0)*>0
b>lac| = b >p—(c—a)*>0
C >| a-b | = >’ —(a-b)’ >0
Nhan vé cac bat ddng thire ta dugc
=a’bh’c’ > [az —(b-c) lb2 —(c—a) 102 ~(a —b)zJ
=a’b’c* >(a+b—c)(b+c—a)(c+a-b)
= abc>(a+b—c)(b+c—a)(c+a—b)
Vidu 2: Cho tam gidc ABCcoéchuvi 2p=a+b+c (a,b,cladddaicac canh ctia tam
1 1 1

giac) . Chimg minh rang : L s + 22(l+_+l)
p—-a p-b p-c a b c

. b+c—a
Giai: Taco:p-a=

>0; Twongtu:p-b>0; p-¢c>0;

ap dung bat dang thirc 1.1, 4 ta duoc ; L, 1ty 4 _4
X oy o x+y p-a p-b (p-a)+(p-b) c
Tuong tu : - zi; L4
p-b p-c a p-a p-c b
B 1 1 1 NP .
=> 2( + + ) > 4(—+—+—) => di€u phai ching minh .
p—a p—-c p-c a b c

Dau"="xayrakhi:p-a=p-b=p-c ® a=b=c. Khi d6 tam giac ABC la déu .
V. PHUONG PHAP 5: POI BIEN SO
a b c

Vidu1:Chfrngminhréng:Néua,b,c>0 thi : + + 23
b+c c¢c+a b+a 2

X+y+z

Giai: bat:b+c=x,c+a=y,a+b=z=>a+b+c=
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g, Ytzox . zZ4x-—y c= Xty-—z

2 ’ 2 ’ 2
Khidé:VT=_% 4, b ¢ _ytz=x zHx-y x+y=-z
b+c c+a b+a 2x 2y 2z
:l(l+£)+l(£+£)+l(i+l)_i21+1+1_i:3
2x y 2x z 2y z 2 2 2

Vidu2:Choa,b,c>0 vaa+b +c<1.Cmr SRR S S (1)

a’*+2bc b*+2ac ¢ +2ab
Gidi: Datx = 4> +2bc ; y=b*+2ac ; z=c*+2ab Tacd x+y+z=(a+b+c) <1
(1) PR Vo1 x+y+z<1 vax,y,z>0
X vy z

Theo bat ddng thirc Cosi ta ¢o: x+ y+z>3.3/xyz

LI SN TP AL (x+y+z).[l+l+lJZ9 Ma x+y+z < 1. Vay LI (dpcm)
xyz X y z X y z

VI. BAI TAP VAN DUNG:

2

2
Bai 1: Cho x >y va xy =1. Chung minh rang: ()(C +y)2 >8
xX=y

Gidi:Tacod x* +y° = (x—y)2 +2xy = (x—y)2 +2 (vixy=1)= (x2 +y2)2 = (x—y)4 +4.(x—y)2 +4
Do d6 BPT can chimg minh twong du’ong V6i(x—y) +4(x—y)f +4>8(x—y)
o (x—y) -4x-yy+4>20 [x y) 2]2 >0 BDT cudi dung nén ta c6 didu phai cm
1 2
>

Bai 2: Cho xy > 1 .Chung minh ring: 27
+y +Xy

1+x°

<o .1 1 2 1 1 1 1
Giai : Taco -+ -2 = - = |+ ~— >0
I+x° 1+y° 14+xp I+x° 1+y I+y" 1+xy

xy—x xy—y* x(y—x) y(x-y)
(1+x )1+xy (1+y )(1+xy)20<:> (1+x2)(1+xy)+(1+y2)(1+xy)20

(y2 ) (x (zy -1) >0 BDT cubi ndy dung do xy > 1. Vay ta c6 diéu phai ching minh.
(1+x )(l+y )(1+xy)

Bai 3: Choa, b, ¢ 1a cac s thuc vaa + b +c =1. Chiing minh rf?lng: a’+b’+c’ 2%

Giai : Ap dung BDT BunhiaCopski cho 3 s6 (1,1,1) va (a,b,c)
Tacod (la+lb+lcf <(+141)a*+b +c*) = (a+b+cf <3(a®+b>+c?)

< a’+bi+c’ zé(vi atb+c =1) (dpcm)
Bii 4: Cho a,b,c 1 céc sé dwong, Chimg minh ring: (4 +b+c)[1 _ 1] 1)
a

Gidai: (1) 1+%+£+2+1+2+£+£+129® 3+(%+2j+( j+(— %J
c

c a c a a a
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Ap d{mg BT phl} X Ys0 Vi X, V.= 0

y X
Ta c6 BDT cubi cung ludn ding. Vay (a+b+ c){l +%+1) >9 (dpcm)
a C
Bai5: Choa,b,c,d>0 .Chlﬁ:ngminhrﬁng:2< a+h + be + ct+d + d+a <3

a+b+c b+c+d c+d+a d+a+b
a+b a+b a+b+d
< < (1)

a+b+c+d a+b+c a+b+c+d

Gidi: Via,b,c,d>0néntacod

b++c b+c b+c+a d+a d+a d+a+c
< < (2) < < (3)
a+b+c+g’ b+c+’d qa+b+c+d a+b+c+d d+a+b a+b+c+d
Cong cac ve cua 4 bat dang thuc trén ta c6 :
9 a+b N b+c N c+d N d+a <3 (@NHD
a+b+c b+c+d c+d+a d+a+b
Bai 6: Cho a ,b,c 13 s6 do ba canh tam giéc. Chﬁ’ngminhréng:k S b - 2

b+c c+a a+b
Giai: Via,b ,claso do bacanh cua tam gidc néntacod a,b,c>0
Vaa<b+c;b<atc;c<a+tb

T ()=-% <974 29 Mt khac % > ¢
b+c a+b+c a+b+c b+c a+b+c
Vay ta co 8 2 Tuong tu ta co b b %
a+b+c b+c a+b+c a+b+c a+c a+b+c

c c 2c
< <
a+b+c b+a a+b+c

Cong timg vé ba bat dang thirc trén ta co:
PP A Y| (dpcm)
b+c c+a a+b

CHUYEN PE VIII: CAC PHUONG PHAP GIAI BAI TOAN CUC TRI
I. KIEN THUC CO BAN
1. Cac kién thirc thuong dung
1.1. Luy thira:
a)x>>20 Vxe R =>x*>20Vxe|R kez =-x*<0
Tong quat : [f(x)]*>0 Vx e R, ke z=-[f(x)]*<0
T dé suyra: [f(X)]*+m=>m Vx e Rk ez
M- [f(x)]* <M
b)Jx 20 Vx>0 = (Jx )*>20 Vx>0 ;k ez
Toéng quat: (VA)Y*>0 VA>=0  (Alal biéu thirc)
1.2 Bit diing thire chiva diu gid tri tuyét doi:
a)|x]>0  VxelR
b) [x +y| <|x| +|y| ; néu
¢) [x-yl=]x|-[y| ;néu
1.3. Bat dang thirc cosi :

n_n

xay ra <> x.y =20
Xay ra <> x.y > 0 va [x| > |y]

n_n
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. . a +a, +..+a E—
...\v_al > 0 ; 1= Ln : 1 2 no.>.n n] n2 a (71"ICNT’ n.>"2
== s = byl Vb Ny -
n

dau Xdyra<>a; =ay=.. = an

1.4. Bt ding thirc BunhiacopxKki :

Véin cap sb bat ky ai,az,...,an ; b1, b, ...,bnta cod :

(aibit+ asby +...4anbn)? < (a? + a2 +...+a?).(b} +b? + ... +b?)

n_n

Dau "=" xay ra < Z— = Const (i=1n)
1.5. Mot sé Bat ding thire don gian thwong gip dwoc suy ra tir bat dang thic
(A+B)2 2> 0.
a?+b’>>2ab; (at+b)>>4ab; 2(@>+b*)=(atb)
II. MOT SO PHUONG PHAP CO BAN
+ Phwong phip 01: Sir dung phép bién d6i dong nhat
Bang cach nhom, thém, bét, tach cac hang tor mot cach hop 1y, ta bién d6i biéu thic da
cho v& tong cac biéu thirec khong 4m (hodc khong duong) va nhiing hang sd. Tir d6 :

4
a+b

a b 1 1
—+—22 —+— 2
b a b a

1.Dé tim Max f(x, y....) trén mién |D ta chira :

V)M
{f(xy ) sao cho f(xo, yo,...) =M
A(xy,q---) €| R
2. Bé tim Min f(x, y....) trén mién |D ta chira :
L)
{f(x’y )z m sao cho f(x0,y0,...) =m
A(xy, .- €| R
I. Cac vi du:
, \ cr o1 A, » .2 , _2x? —10x -1
1. Vidu 1 : Tim gia tri 1én nhat ctia bi€u thirc As= ECETYTe (x#1)
X" —4x+
. 2 —10x - - —6(x—1)-
Gl ‘Ta c6: Ag= 25 —105=1 A “2x+D6e=D=9 _, 6 9
x°—=2x+1 (x-1) x=1 (x-=1
2 2
=- (iﬂj +3<3vi - (iﬂj <0 Vx
x—1 x—1

= AsMax=3 < > 11=0 < x=-2 Viy: AsMax =3 < x = -2

x—
2. Vidu 2 : Tim gia tri nho nhat ctia As = \/_ \/_ —Jx —fy véix,y>0
x4y —xy —pdx =y -y -y)

Vo o

vx,y >0

Gidi :Ta co:As=——+ L —Jx—[y= il

AR
A= == _ =) o
NE NE

> Asmn=0& Jx—4/y=0 &©x=y Viay:Asmin= 0 x=y >0
2 2.2
-y

3. Vidu 3 : Tim gia tri 16n nhat ciia A7 =Xy + yz + zx - X -z
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Giai:Taco  Az=xy+yz+zx -xz-v2-72=-l(7¥2+ 2v2i+ 272 - Oxy .- 2yz - 2XZ)
— o o o 2\ o %4 o 7

AF'%{(X-y)2+(y-2)2+(Z-X)2}SO,Vx,y,ZDA7MaX=0©X:Y:Z

Viy: A7 Max=0&x=y=z
4. Vi du 4 : Tim GTLN cua biéu thirc: y =

X +x+1
‘a2 LA A 1 1
Giai: Ta c6 thé viet: y=— = -
x +x+1 1 3
x+—| +>
( 2] 4

(1Y 3.3 4 o
Vi (x+§) +4>Z Do doé ta co: y<§ Dau Xdyra & x=——

Vay: GTLN ciia y=7 tai x=—-

II. Nhén xét: Phuong phap giai toan cuc tri dai sé bang cach sir dung cac phép bién doi
d6ng nhat duoc ap dung cho nhiéu bai tap, nhidu dang bai tap khac nhau. Song déi khi hoc
sinh thuong gip kho khin trong cong viée bién doi dé dat duge muc dich.

I11. Bai tap vé nha:

1. Tim gia tri nho nhét ctia cac biéu thuc sau:

2
a. A =(x- 1)(x+2)(x+3)x+6) b.B= % (x #1)
c.C=X3+y3+xybjétx+y=1 7
2. Tim gia tri Ién nhat cua cac biéu thuc :
2
a. A=-x*+2x3 - 3x2 + 4x + 2002 b.B=x2+12
X~ +

+ Phwong phip 02: Sir dung cac bat ding thirc co béan.
Ta biét rang: Tir mot bat déng thirc, bang cach chuyén vé bao gio ta cling dua vé 1 bt dang
thirc co ban va cac phép bién doi trong duong ma mot vé 1a hang s6. Vi vay: Sir dung cac
bat dang thirc co ban va cac phép bién doi twong duong ta c6 thé tim duoc cuc tri cua 1
biéu thirc ndo do.
I. Cac vi du:

1. Vidul: Choa>b>0. TimGTNN cuaB;=a+

1
b(a —b)
1 1 b(a —b)

Giai: Taco:Bi=a+ =b+(a-b)+ > 3.3
E— b(a — b) b(a - b) b.(a -b)

(theo Cosi).

a=2
b=1

Bi23=B mn=3<b=ab= ! @{azzvay:Blmin=3<:>{
b(a —b) b=1

2. Vidu2:Cho ab>0vaa+b=1.TimGTNNciaBy= - + ' _
ab a +b

Giﬁi:Theobdtcasi:(x+y)(l+l)22\/ﬂ.2\r 4(Wix,y>0)= L4 lx 1
X )y Xy X y x+y

(1)
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Tam’w'ah<(a+b\2 213L>4 (7)(10 atb=1;ab>0

2 7 4 ab
Ap dung bt dang thirc (1) va két qua (2) ta co :
B L, 1l 2 1 b b1 4 4

ab a*+b* 2ab a*+b*> 2ab 2ab a*+b>" 2 2ab+a’ +b’

4
(a+b)
3. Vidu 3: Cho xy + xz+yz=4.Tim GTNN cta B; = x* + y* + z*
Gidi :Do xy + xz +yz=4 = 16 = (xy + xz + yz)? < (x>+y*+2?) (x*+y*+2?)
(Theo Bunhiacopxki) <> 16 < (x> +y?+2%)? < (x* + y* + z%) (12+1%+1?)
> By=x*+yt+z*> % = Bsmin = ? Sx=y=z=+% %

243
3

B,>2+

Véy:Bgmin=?<:>x=y=z=i

4. Vidu 4: Choxyz=1vax+y+z=23.Tim GTNN cia Bg= x!6+ y!®+ 716
Gidi: Ciach1:Taco: (a-b)’+(b-c)>+(c-a)*>0 Vab,.c
Sa?+b?+c?>ab+ac+be (1)
Ap dung bét dang thirc (1) ta c6 :
Bs= x'6+y16 + 216 = (x8)2 + (y8)2 + (z5)2 > xByS + y828 + 78x8
< Bg > x%y? + y8z8 + 288
< Bs > (xy4)? + (yiz*)? + (2442 > xAy4 yizit xtydh 244 + izt 2
& Bs > x4y8z4 + xByzt + xiytzs
& Bs > (XY + (x*y222)2 + (x2y2Z4)2 > x6ybz4 + x6yz6 + x4y676
& Bs > (Fy32) + (232 + (Cy22) > x5y075 + xby575 + x0y 578
< Bg > (xyz)’.x + (xyz)’.y + (xyz)’.z=x+y+z=3
(doxyz=1lvax+y+z=3)=Bmin=3<x=y=z=1
Cich 2: (Khong sir dung gia thiét xyz = 1)
Ap dung bat dang thirc bunhiacépxki nhiéu 1an ta o :
3=x+y+tz=>9=(xt+ty+z) < (x>+y*+27%).3
SI<XKHYH ) SIS (X HY?+ 22 < (x+yt+ 23
S3I<X+y e IS Yy 2 S (X +yB +28).3
SIS+ + e 9<S(XE+y8 + 282 < (x16 +y'0+216).3
< By=x"0+yl6+7I6>3 = Bmin=3<x=y=z=1
Vay :Bsmin=3 < x=y=z=1
5. Vi du 5: Cho hai s6 thuc x, y thoa man diéu kién: x>+ y> =1,
Tim GTLN va GTNN cua x +y.
Gigi: Taco: (x +yP +(x—y)? > (x +y)?
<2(x2+y?) 2 (xty)
Ma x?+y?’=1= (x+y) <2

=6 d0a+b=1:>Bzmin=6<:>a=b=%Véy: Bomin=6<<a=b=

1
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c>|x+y|S\/§<:>—\/§Sx+yS\/5

A AL 69 2 X=Yy 2
- Xét x+y<+2. Dau “=" xdy ra < <::>x:y:£
x+y:\/§ 2
A A 69 2 x:y - 2
- Xét x+y>—2. Dau “=" xay ra < <:>x:y:i
x+y=—\/§ 2
A \ -2
Vay x +y dat GTNN [a —/2 <:>x=y=T\/_,

6. Vi du 6: Tim GTLN cta ham sb: y=+x-2+/4-x .
.o Y x—2>0
Giai: Diéu kién: { & 2< x<4(%)
4—x>0

Ap dung bat dang thirc Bunhiacopxki: (ac + bd)? < (a® + b?)(c2 + d?)
Dau “=" x4y ra khi va chi khi 2. 2.
C

Chon a=+x-2;c=1;b=V4-x;d =1 vOi 2<x<4 . Tacd:
v =(\/x—2+x/4—x)2S [(\/x—2)2+ (Va-x )2}.(12 +17)
<:>y2S[(x—2)+(4—x)].2
ey <do|y<2
Viy>0Onéntacod: 0<y<2
Dau “=" Xay ra <> x-2=+4-x < x-2=4-x< x=3 (Thdéa man (*))
Vay GTLN cuay la 2 tai x = 3.
7. Vidu 7: Tim GTNN cta bidu thire: M = y/(x=1994)° +/(x+1995)’

Gidi: M = [(x—~1994)" +/(x+1995)* = [x~1994|+|x+1995]

ap dung bét dang thirc: |a|+|b|>|a+5| ta co:
M = |x—1994|+|x +1995| =[x —1994|+[1995+x| =>M =|x—-1994+1995—x|=1

Dau “=" xay ra khi va chi khi (x — 1994) . (1995 —x) > 0

<=>1994 <x<1995 VayGTNNcuaM=1 & 1994 <x<1995

I1. Nhan xét:
RG rang khi dp dung mot sé bat dang thire co bdn, bai todn dwoc gidi quyét nhanh
hon. Song viéc van dung bdt dang thirc ndo thudn loi con tuy thugc vao gia thiét bai
todan va sw vgn dung linh hoat cdc bdt dang thire do. Mot van dé dat ra la: Hai
phwong phdp vira néu van chua du dé giai quyét dwoc hét cac bai toan cyc tri dai s6
THCS. Chinh vi 1é d6 nhu cau phai c6 nhitng phirong phdp khéc t6i wu hon va thuc
hién duoc yéu cau bai todn.

II1. Bai tap vé nha:

1.Choa,b,c>0vaa+b+c=1. Tim GTNN ctia A = (1+2) (1+%) (1+1)
a C
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7Phnn7h’ Ovaatb=.1 TimGTNNm”mRzi-u- 3

ab a’ +b*

3.Choa,b,c>0

a) Tim GTNN cia C= -4 4 b ¢
b+c c¢c+a a+b

b) Tim GTNN ciaD= — 4, 0, ¢  b¥c cta a+b
b+c c¢c+a a+b a b c

4.Chox,vy,z 2—% va x+y+z =1.Tim GTLN cia E=+v4x+3+/4y+3 + 4z +3

5.Choabc>0vaa+b+c=1TImGTLNcuaF= va+b+~a+c+Jb+c
6. Cho 0<X<§ . Tim GTLN cua G = 4x2 - 3x3

7.Cho 0<x<3;Cho 0<y<4.Tim GTLN H=3-x)(4-y)(2x + 3y)
8.Chox,y,z t>0va2x+xy+z+yzt=1. Tim GTLN cua I = x>y?z>.t
9.Chox,y,z, t>0vaxt+xy+z+yzt=1. Tim GTLN cua K = xyzt
10. Tim GTNN cuaM =] x-2 |+ |y-3 |+ |x+y - 2007 |
+ Phwong phap 03: Sir dung phwong phap dit bién phu.
Bang cach dit bién phu va sir dung cac phép bién dbi trong duong. Sir dung cac bat dang
thirc co ban ta co thé chuyén bién thic di cho vé biéu thirc don gian hon, dé x4c dinh cuc
tri hon.
I. Cac vi du:
1. Vidu I: Tim GTNN cua C; = x*+6x3 + 13x> + 12x + 12
Gidi: Ci=x*+6x3+13x> + 12x + 12
Ci=x*+6x+19x>+30x+25)-6 (x> +3x+5)+ 17
=(x*+3x+572-6(x*+3x+5)+17
bat: x> +3x+5=a
Ci=a’-6a+17=a’+6a+9+8
=(a-3)>+8>8 do(a-3)*>0 Va.

:>C1rnin=8<:>a—3=0<:>a=3<:>x2+3x+2=0<:>[

x=-1
x=-2
x=-1

x==2

Vay : Cimin =8<:>{

2. Vidu 2: Tim GTNN cta C, =2 (’“— J 5(—+—J+6 voix, y> 0
x

Giai: Dat: il =ax :>—+—=
y X yioox

= (C,=2(a%-2)-5a+6=2a%*-5a+2

Tathiy:a>2= Cr=2a>-5a+22>0

> Cmn=0<a=2< x=y>0

Vay : Comin=0<x=y >0
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3 Vi-du-3+ Tim GTNN-¢tia-Cy =L p-Loa \f ------- \f L B —
y X

Giﬁi:f)ét:\/E+\/Z=az2<:>£+1=a2—2.Khid(): Cs;=(a%?-2)-3a+2004
y X y X
C;=a?-3a+2004 =a’-3a+2+2002=(a-1) (a-2) + 2000
Dotacé:a>2=a-1>0;a-2>0 = (a-1)(a-2)>0

= C3=(a-1) (a-2) + 2000 =2 2000= C; min=2000 a=2 < x=y;xy >0

Véay C; min =2000 < x =y vaxy >0

I1. Bai tap vé nha:

1. Tim GTNN ctia A= x? + 4 - x + ——
x"—x+1

2. Tim GTLN cta B = va+1++2a -3+ 50 _3a véiac B?}

3.Choaz-%;b2-%;cz-% vaatb+c=1

Tim GTLN cta C = vV2a+1 + +J2b+1++/2c+1

2 2
4. Chox,y>0. Tim GTNN cua D = x—2+y—2—3(£+1J+4
Y X y X
Phwong phap 04: Sir dung biéu thirc phu.
Dé tim cuec trj cua 1 biéu thirc nao do, doi khi nguoi ta xét cyc tri cua 1 biéu thirc
khéc c6 thé so sanh duge vdi nd, néu biéu thirc phu dé tim cyc trj hon.

Vi du: Bé tim cuc tri ctia biéu thitc A véi A > 0, ta ¢6 thé xét cuc tri cua biéu thire: %, -A,

kA, k+A, |A], A2 (k 12 hang s6).
I. Cac vi du:
2

1. Vidul: Tim GTLN ctaA= —*

xt+x? +1

Gidi: a) Xét x =0 = A =0 gid tr1 nay khong phai 1a GTLN cua A vivéix = 0taco A > 0.
b) Xét x = 0 dit P = % khi d6 Amax <> Prin

x4l , 1
—_— =X

+—+1
x’ x’

taco: X2+L>2,/x L =2 (theo co6si)=>P22+1=3=Pmnn =3<x=1
X x

Dod():AmaX=%<:> x=1

voicach dattréntaco: P =

2. Vidu2: TimGTNNciaB= — " véi x>0
(x+2002)

Giai: Dét Pi=-B nhu Vﬁy Pimax < Mmin

Tacé:P1=%V6iX>O:>P>O
(x +2002)
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Bﬁf P = L > 0.vo1.x>.0.kh1.d0 P2 Min<= P Max

A
P, = (x+2002)>  x? +2.x.2002 + 2002°
2 = =
X X
P, = x® —2.x.2002 + 2002 + 4.x.2002
, =
X
2
P, = (x=2002)7 | 4 2002 > 42002 = 8008
X
_ 2
(do (¥=2002)° 5 Vx> 0)

X
— Py pin = 8008 < x = 2002 = P} pax = ﬁ o x = 2002

& Buin=- —— <> x=2002 Viy Byin = - —— <> x = 2002
8008 8008

3. Vidu3: Choa,b,cduongvaa+b+c=3
Tim GTLN cua C = \J5a+4b ++/5b + 4c ++/5¢ + 4a

Giai: Doa,b,c>0=C>0
bat: P=C?khi d6 /P, < Cwmax

2
Taco:P= (\/5a+4b +\/5b+4c +\/SC+4a)

< P<(12+12+12) (5a +4b + 5b + 4¢ + 5¢ + 4a) theo Bunhiacopxki
P<39@+b+c)=81 doat+tb+c=3

= Pux=8l<a=b=c=1<C;, =8l<a=b=c=1

S Cux=9<<=a=b=c=1VayCux =9 < a=b=c=1

4. Vidu4:Chox,y,z,t>0

3 ’ X +1 t+x t X+
Tim GTNN cua D = AL S n LX)

v+t  x t+x y  x+y t
Gidi : batP=2Dtaco:
2
X =2(y+t)+ 2y +2(t+x)+ 2t +2(x+y)
y+t X r+x y X+y t

2 +1 2 2 + +1

p= x Y L2 +t+x N t LXty +§ y +t+x+x+t
y+t  2x t+x 2y X+y 2t 2\ x b% t
2 +1 2 2 +

p=| X 7 ) R I P S S +E ryrrx xy
y+t  2x t+x 2y X+y 2t 2{x x y y t t

P> 2+2+2+%.6(theocési)

P215:>PMin=15<:>X:y:t>0:>DMin:%@X:y:tbvayDMiH:%<:>X:y:t

I1. Cac bai tap :
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1.Chox,y,z >0vax?+y>+2z2=1.Tim GTNN cia A XA

z x Yy
8 4
2. Cho x #0. Tim GTNN cia B= * ¥ *!
X
8
3.Chox#0. Tim GTLN cla C= — >
x° +x" +1

4. Choa?+b*+c2=1.TimGTLN cuaD=a+2b+ 3¢

5.Choab>0vaa+b=2.Tim GTNN cua E = (l—ij(l—bij
a

6.Choa,b,c,d>0. TimGTNN cia F = _¢*> __brc  c+d d+a
b+c+d c+d+a d+a+b a+b+c

7.Cho a)b € [R. Tim GTNN ctia G = y/a* + (1-b)* +4/b* +(1—a)’
» Phwong phap 05: Phwong phap mién gia tri.
Trong mot sO truong hop dac biét, biéu thtrc dai sé da cho chi c6 thé c6 mot hodc hai bién
s0 va dua dugc v€ dang tam thirc bac 2 thi ta 6 thé sir dung kién thirc vé mién gia tri cta
ham s6 dé giai.
** Phuwong phap chung:

Giai sir ta phai tim cuc tri cia ham s6 f(x) c6 mién gia tri D. Goi y 13 mot gid tri nao d6 cta
f(x) voi x € D. Diéu nay ¢ nghia la diéu kién dé phuong trinh f(x) =y c6 nghiém. Sau do
giai diéu kién dé phu’orng trinh f(x) =y c6 nghiém (x 13 bién, coi y 13 tham sd).
Thudng dua dén biéu thic sau: m <y<M
Trdo = Minf(x)=m voix € D.

= Max f(x)=M voix € D.
I. Cac vi du:
1. Vidu I: Tim GTNN cia f(x) =x?>+4x + 5
Gidi: Goi y 1a mot gia tri cua f(x) .
Taco: y=x>+4x+5

< X2 +4x+5-y=0 (co6 nghiém)

< AN=4-5+y2>0

& y21
Vayfx) mn=1 < x=-2
2. Vidu 2: Tim GTLN cua f(x) =- x>+ 2x - 7
Giai: Goi y la mot gia tri cua f(x). Tacd: y=-x>+2x-7

& xXP-2x+y+7 (c6 nghiém)

< AN=1-y-120

& y<-6
Vay f(X)max =-6 & x =1

2
3. Vi du 3: Tim GTLN, GTNN cua f(x) = X 4¥*6
== X" +2x+3

Giai: Goi y 1a mot gia tri cua f(x) .
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x2+4x+6

Ta Cé : y — > yvz =+ 2‘7X -+ ’2‘7 v2 4X 6 = 0
x* +2x+3
<S(y-Dx2+2(y-2)x+3y-6=0 (c6nghiém)

*Neuy—ljx—-%

*Néuy=1=A=(y-2?2+QBy-6)(1-y)=0
Sy -4y+4-3y2+3y+6y-620-2y°+5y+2> 0

Tathéy:%<1<2

Do vay : f(X)Min:%C}X:-:;;f(X)Max:z <x=0

1
— <2
> <y

CHUYEN PE IX: GIAI BAI TOAN BANG CACH LAP PHUONG TRINH,

HE PHUONG TRINH.

A) TOM TAT Li THUYET
Budre 1: Lap phuong trinh hodc hé phuong trinh:
a) Chon an va dat diéu kién cho an.

b) Biéu dién cac dai lugng chua biét thong qua an va cac dia luong da biét.
c¢) Lap phuong trinh biéu thi moi quan h¢ gitra cac dai lugng.

Bugre 2: Giai phuong trinh.

Budéc 3: D6i chiéu nghiém cta pt, hé phuong trinh (néu c6) voi didu kién ctia 4n s6 dé tra 1ot
Chu y: Tuy timg bai tap cu thé ma ta co thé lap phuong trinh bac nhit mot an, hé

phuong trinh hay phuong trinh béc hai.

Khi dat diéu kién cho an ta phai dua vao ndi dung bai toan va nhimg kién thire thyc té....

B) CAC DANG TOAN
Dang 1: Toan vé quan hé cac s0.
Nhirng kién thirc can nho:

+ Biéu dién s6 c6 hai chit s6: ab=10a+b (v6i0<a<9; 0<b<9;a,be N)
+ Biéu dién sd c6 ba chit sb: abc = 100a+10b +c (v6i 0<a < 9; 0 < b,c <9;a,b,c € N)

+Tong hai sé x; y la: x +y
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+ Tong binh phuong hai 6 x, y 1a: x* + y?

+ Binh phuong cua tong hai s6 x, y la: (x + y)?
+ Tong nghich dao hai s6 x, y 1a: Ly

XY
Vi du 1: Mot s6 ctia mot phan sé 16n hon tir sé ctia nd 1a 3 don vi. Néu ting ca tir va

x ) A C s A A A re 13 1 ~ A 3~ \
mau cua no6 thém 1 don vi thi dugc mot phan s6 moi bang 5 phan s6 da cho. Tim

phan s6 do?

Giai:
Goi tir s6 ctia phan s6 d6 1a x (dk:x =3)
Mau s cta phan s6 d6 1a x + 3.

Néu ting ca tir va mau thém 1 don vi thi:
Tirsdlax+1
Miusblax+3+1=x+4

Pugc phan sb mai bang % ta ¢ phuong trinh = w1

x+4 2
& 2(x+1)=x+4

<> x =2( Thoa man diéu kién clia bai todn)

V ph s@ban $bL Fcho 10%

Vidu 2: Téng céac chir sO cua | 86 ¢6 hai chir s6 12 9. Néu thém vao sb d6 63 don vi

thi s6 thu duoc cling viét bang hai chitr s6 d6 nhung theo thir tw nguoc lai. Hay tim so

do?

Giai

Goi chit sb hang chuc la x ((0<x<9,xeN)

Chés€h g Tn vy (0<y<9,yeN)

Vitong 2 chitsdé1a9tacox +y=9 (1)

S6 d6 1a xy =10x+y

S6 viét nguge lai 1a yx =10y +x

Vi thém vao sb d6 63 don vi thi duoc sb viét theo thir tu nguoc lai ta co

g+63:y_X:> 10x+y+63=10y+x

& 9x—9y = —63(2)

Tir (1) va (2) ta ¢6 hé phuong trinh {“y =7 @{”y =7 @{2" =2
9x —9y =—63 x—-y=7 X+y=9

x=1 -
S { ) (thoa man diéu kién)
y =
Vay s6 phai tim 1a 18, , 7
Vi du 3: Tim hai s6 ty nhién lién ti€p c6 tong cac binh phuong cua no 1a 85.
Giai
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Goi s bé1ax (xeN). Sb tu nhién ké sau la x + 1.

Vi tong cac binh phuong cua no la 85 nén ta c6 phuong trinh: x* + (x + 1)* = 85
SXHX +2x+1=85=2x"+2x-84=0

SX+x-42=0

A=b>—dac=1"-4.1.(-42)=169 > 0= JA = \169 =13

Phuong trinh ¢4 hai nghiém

X, = -1 ;— 13 _ 6(thoa man diéu kién)
X, = - ; 13 =—T(loai)

Vay hai sd phai tim 13 6 va 7.

Bai tap:
Bai 1: Dem mot s6 nhan véi 3 rdi trir di 7 thi duge 50. Héi s6 d6 14 bao nhiéu?
Bai 2: Tong hai s6 bang 51. Tim hai s6 d6 biét rang % sO thtr nhat thi bang % sO thr

hai.

Bai 3: Tim mét s6 tu nhién ¢6 hai chit s6, biét téng céc chir sb cta no 1a 7. Néu doi
chd hai chit sb hang don vi va hang chuccho nhau thi s6 do giam di 45 don vi.

Bai 4: Tim hai s6 hon kém nhau 5 don vi va tich ctia chung bang 150.

Bai 5: Tim sb tu nhién ¢ 2 chir sb, biét rang s6 d6 bang lap phuong cia sb tao bai
chir s6 hang van va chit s6 hang nghin cta s6 da cho theo thir ty do.

PAP SO:

Bai 1: S6 d6 1a 19;

Bai 2: Hai s6 d6 1a 15 va 36

Bai 3: S6 d6 1a 61

Bai 4: Hai s6 d6 12 10 va 15 hodc -10 va -15;

Bai 5: S6 d6 1a 32.

Tiét 2:
Dang 2: Toan chuyén dong
Nhirng kién thirc can nho:

Néu goi quang duong 13 S; Van tdc 1a v; thoi gian 1a t thi:
S=v.t;v=gt=",

t \

Goi van toc thue cua ca nd 1a vi véan tde dong nudc 1a v ti van tdc ca nd khi xudi
dong nuoc la
v =vi + v2. Vén tdc ca nd khi nguge dong 1a v =vi - v2
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Vi du 1: Xe may thi nhét di trén quang dudng tir Ha Noi vé Thai Binh hét 3 gio 20 phit. Xe

may thir hai di hét 3 gio 40 phuat. Moi gio xe may thtr nhat di nhanh hon xe may thir hai 3 km.
Tinh van téc ciia mdi xe may va quang dudng tir Ha Noi dén Thai Binh?

Giai: ,
Goi vén toc x thtr nhat 1a x (km/h), dk: x>3;
Van toc cua xe tir hai 1a x - 3 (km/h).

Trong 3 gi¢s 20 phut (=§ gi®y) xe may thtr nhat di duoc %;(km)

Trong 3 gi¢s 40 phut (=% gi®r) xe may thtr nhat di duoc 13—1()( ~3)(km)

bo 1a quéng duong tir Ha ndi d¢én Thai Binh nén ta c6 phuong trinh
?x = ?(x 3) < x =33 (thoa man diéu kién bai toan).
Vay van téc ctia xe may thtr nhat 13 33 km/h. Vén téc ctia xe may thir hai 1a 30 km/h.
Quang duodng tir Ha Noi dén Thai Binh 1a 110 km.
Vidu 2: DPoan duong AB dai 180 km . Cung mdt luc xe may di tir A va 6 t6 di tu B
xe may gip 6 to tai C cach A 80 km. Néu xe may khoi hanh sau 54 phut thi ching
gip nhau tai D cach A 1a 60 km. Tinh van tdc ctia 6 t va xe mdy ?

Giai
Goi van tdc ctia 6 to 1a x (km/h), dk: x > 0.
Goi van toc ctia xe mayla y (km/h), dk: y > 0.

Thoi gian xe méy di dé gip 6 t6 1a 22 (gid)
y
Quang dudng 6 t6 di 14 100 km nén thai gian 6 t6 di 1a 120 (gi&y)
y

ta co phuong trinh 100 _ & (1)
X

Quéang duong xe may di 1a 60 km nén thoi gian xe may di la o0 (g10)
y
Quing dudng 6 t6 di lag 120 km nén thoi gian 6 t6 di 13 122 (gid)
y

Vi 0 t6 di trudc xe may 54 phit = %nén ta c6 phuong trinh

120 60 9
——=—(2).
x 'y 10

100 _ 80 100 80 _

T (1) va (2) ta ¢c6 hé phuong trinh
()Va()aco ©p g tin 120 60 9© 40 20 3
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Vay van tdc cta 6 t6 1a 50 km/h. Van tdc clia xe may 13 40 km/h.

Vi du 3: Mot 6 t6 di trén quang duong dai 520 km. Khi di dugc 240 km thi 6 t6 tang
van toc thém 10 km/h nira va di hét quang duong con lai. T inh véan tdc ban dau cua
6 t6 biét thoi gian di hét quang duong 13 8 gio.
Giai:

Goi van tdc ban dau cua 6 t6 1a x (km/h), dk: x>0.
Vian toc lic sau cia 6 t6 1a x+10 (km/h).

Thoi gian 6 t6 di hét quang duong dau 1a @ (gi(‘)’)

(glo’)
Vi thoi gian 6 t6 di hét quang duong 1a 8 glo nén ta c6 phuong trinh
E+ 280 _ 8= x*-55x-300=0
X x+10
A =b> —dac = (=55)> —4.(=300) = 4225 > 0 = /A =+/4225 =65

55+65—6O(TMDK), X, = 55-65

Thoi gian 6 to di hét quang duong dau 1a
X+

Phuong trinh c¢6 hai nghiém x, = = —5(loai)

Vay van toc ban dau cta 6 t6 13 60 km/h.

Bai tap:

1. Mot 6 t6 khoi hanh tir A véi van tde 50 km/h. Qua 1 gio 15 phat 6 to thi hai ciing
khoi hanh tir A di cting huéng vé6i 6 t6 thir nhat véi van tde 40 km/h. Hoi sau miy
gio thi 6 to gip nhau, diém gip nhau cach A bao nhiéu km?

2. Mot ca nd xudi dong 50 km rdi nguoc dong 30 km. Biét thoi gian di xudi dong lau
hon thoi gian ngugc dong 1a 30 phut va van tdc di xudi dong 16n hon vén toc di
ngugc dong 1a 5 km/h.

Tinh vén toc lac di xudi dong?

3. Hai 6 t6 cung khai hanh cing mot luc tir A dén B cach nhau 150 km. Biét
van toc 6 t6 thir nhat 16n hon van toc 6 t6 thir hai 1a 10 km/h va 6 to thit nhét dén B
trude 6 t6 thir hai 13 30 phut. Tinh vanl tdc ctia mdi 6 to.

4. Mot chiéc thuyén di trén dong song dai 50 km. Téng thot gian xu6i dong
va nguoc dong la 4 gio 10 phut. Tinh van téc thuc ciia thuyén biét rang mot chiée be
tha n6i phai mat 10 gio mai xudi hét dong song.

5. Mot nguoi di xe dap tir A d&én B cach nhau 108 km. Cung lac d6 mot 6 t6
khéi hanh tir B d@én A véi véan téc hon vén tde xe dap 1a 18 km/h. Sau khi hai xe gap
nhau xe dap phai di mat 4 gid nita méi téi B. Tinh van toc ctia mdi xe?

6. Mot ca n6 xuo6i dong tr A dén B cach nhau 100 km. Cung luc d6 mot be
ntra troi tr do tir A dén B. Ca nd dén B thi quay lai A ngay, thoi gian ca xudi dong
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va nguoc dong hét 15 gid. Trén dudng ca nd nguoc vé A thi gip bé nira tai mot diém

cach A 1a 50 km. Tim van téc riéng ctia ca n6 va van toc cua dong nudc?
Dap an:
3 ..
1. 4§(g10)

2.20 krn/h , ’

3. Van toc cua 6 t6 thir nhat 60 km/h. Van toc cua 6 t6 thir hai 1a 50 km/h.
4.25 km/h

5.

6. Van tbc ctia ca no 1a 15 km/h. Van tde cua dong nudc 1a 5 km/h.

Tiét 3:

Dang 3: Toan lam chung cong viéc

Nhiing kién thirc can nho:

- Néu mét d6i lam xong cong viéc trong x gio' thi mot ngy doi d6 lam duoc ! cong
X

viéc.

- Xem toan b cong viéc 1a 1

Vidu 1:

Hai nguoi tho cung lam mot cong viéc trong 16 gio thi xong. Néu nguoi thu
nhat [am 3 gio, nguoi thr hai [am 6 gio thi chi hoan thanh dugc 25% cong viéc. Hoi
néu lam riéng thi moi ngudi hoan thanh cong viéc trong bao lau?

Giadi:
Tacd 25% = %.

Goi thoi gian mot minh ngudi thir nhat hoan thanh cong viée 13 x(x > 0; gio)
Goi thoi gian mQt minh nguo1 thir hai hoan thanh cong viéce 1a y(y > 0; gi10)

AL iy N A1 | B - A
Trong mot gid nguoi thir nhat 1am duge — cong viée
X

~ * N\ N\ L4 . \ 1 A A
Trong mot gid nguoi thur hai lam duge — cong vigc.
y

Hai ngudi cting 1am thi xong trong 16 gio. Vay trong 1 gid cd hai nguoi cing lam duoc % cong
Vic.
Ta c6 phuong trinh: 1.1 L(1)

X 16

y

Nguoi thir nhat 1am trong 3 gio, ngudi thir hai 1am trong 6 gid thi 25%= % cong vigc.

Ta c6 phuong trinh 3.8 l(2)
x y 4
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x=24 S
& (thoa man diéu kién) .
y =48

Vay néu 1am riéng thi ngudi thir nhat hoan thanh cong viéc trong 24 gid. Nguoi thi
hai hoan thanh cong viéc trong 48 gio.
Vidu 2:

Hai thg cing dao mot con muong thi sau 2gio 55 phut thi xong viée. Néu ho
1am riéng thi d6i 1 hoan thanh cong viéc nhanh hon d6i 2 1a 2 gid. Hoi néu 1am riéng
thi mdi doi phai lam trong bao nhiéu gid thi xong cong viéc?

Giai:

Goi thot gian doi 1 [am mdt minh xong cong viée 1a x (x > 0; gio)
Goi thot gian doi 2 lam mdt minh xong cong viée 1a x + 2 (gio)

Xe en an- . 1 .
Moi gio doi 1 [am dugc — cong viec
X

Mbi gio d6i 2 1am dugc

cong viéc
X+2

Vi ca hai doi thi sau 2 gid 55 phit =2% - %(gi(‘r) xong.
Trong 1 gid cé hai d6i [am duoc % cong vi¢e

1 1 12

Theo bai ra ta c6 phuong trinh ~ —+ = & 35x+70+35=12x" +24x
x x+2 35
< 12x* -46x-70=0 < 6x* -23x-35=0
Ta co
A =(-23)"—4.6.(-35)=529+840=1369 > 0 = JA =/1369 =37
23437 23-37

V  ph&wg tr h c@hai nghi

X, = 1 = 5(thoa man); x, = =—2(loai)

Vay d6i thir nhat hoan thanh cong viée trong 5 gior. Doi hai hoan thanh cong viéc trong 7 gio.

Chuy:

+ Néu c6 hai ddi twong cing 1am mot cong viée néu biét thoi gian cua dai
luong nay hon, kém dai lugng kia ta nén chon mot an va dua vé phuong trinh bac
hai.

+ Néu thoi gian cta hai dai lwong nay khong phu thudc vao nhau ta nén chon
hai 4n 1am thoi gian cta hai d6i roi dua vé dang hé phuong trinh dé giai.

Vidu 3:

Hai nguoi the cung son ctra cho mot ngdi nha thi 2 ngay xong viéc. Néu
ngudi thir nhét lam trong 4 ngay roi nghi nguoi thir hai 1am tiép trong 1 ngay nira thi
xong viéc. Hoi mdi ngudi 1am mot minh thi bao 14u xong cong viéc?

Giai:

Trang 103



Goi thoi gian dé mot minh nguoi thir nhat hoan thanh cong viée 14 x (x > 2; ngay)

Goi thoi gian dé mdt minh nguoi thr hai hoan thanh cong viée 1a y (x > 2; ngay).

Trong mot ngay ngudi thir nhat lam duoc ! cong viéc
X

A \ N l4 . 1 1 A N
Trong mot ngay nguoi thir hai lam dugc — cong viée
y

Ca hai nguoi lam xong trong 2 ngay nén trong 1 ngady cé hai ngudi lam dugce % cong
1 1

_ = 1
SREA0

Nguoi thtr nhat 1am trong 4 ngdy rdi ngudi thir hai 1am trong 1 ngay thi xong cong
viéc ta co pt:

vide. Tir do ta co pt - +
X

LA
Xy
LIl i
Ta()va@)tacohept 1 ¥ “<* YV 27 (thoa man dk)
4 1 3 1 ly =3
—+—=1 ==
Xy x 2
Vay nguodi thr nhat lam mdt minh xong cong viéc trong 6 ngay. Nguoi thir hai lam

mot minh xong cong viéc trong 3 ngay.
Bai tap:

1. Hai nguoi tho cung 1am mot cong viée thi xong trong 18 gio. Néu nguoi
thir nhat 1am trong 4 gio, ngudi thi hai 1am trong 7 gid thi dugc 1/3 cong viée. Hoi
mdi ngudi lam mot minh thi mat bao 14u s& xong cong viéc?

2. Pé hoan thanh mot cong viée hai to phai 1am trong 6 gid. Sau 2 gio lam
chung thi t6 hai dugc diéu di lam viéc khac. T6 mot da hoan thanh cong viéc con lai
trong 10 gio. Hoi néu mdi td 1am riéng thi bao 1au xong cong viée d6?

3. Hai d6i cong nhan cung dao mot con muong. Néu ho cung lam thi trong 2
ngay s& xong cong viéc. Néu lam riéng thi doi haihoan thanh céng viéc nhanh hon
d6i mot 1a 3 ngay. Hoi néu lam riéng thi mdi doi phai 1am trong bao nhiéu ngay dé
xong cong viéc?

4. Hai chiéc binh rdng gidong nhau c¢6 ciing dung tich 1a 375 lit. O mdi binh c6
mot voi nude chdy vao va dung lugng nude chdy trong mot gio 1a nhu nhau. Nguoi
ta m¢& cho hai voi cung chdy vao binh nhung sau 2 gi¢ thi khoa voi thir hai lai va sau
45 phut méi tiép tuc mo lai. Dé hai binh cing ddy mot lic ngudi ta phai ting dung
lugng voi thur hai thém 25 lit/gio.

Tinh xem mdi gid voi thir nhat chay dugc bao nhiéu lit nudc.
Két qua:

1) Nguoi thir nhat 1am mot minh trong 54 gidr. Ngudi thi hai lam mot minh trong 27 gio.

2) To thtr nhat 1am mot minh trong 10 gid. To thir hai 1am mot minh trong 15
gio.
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3) Poi thir nhat lam mot minh trong 6 ngdy. Poi thir hai lam mot minh trong 3

ngay.. ,
4) Moi gio voi thtr nhat chay duogc 75 lit.

Tiét 4:
Dang 4: Toan c6 ngi dung hinh hoc:
Kién thtrc cAn nhé:
- Dién tich hinh chir nhat S = x.y (x 1a chiéu rong; y 1a chiéu dai)

- Dién tich tam giac S= %X.y (x 1a chiéu cao, y 13 canh doy tuong tmg)

- Do dai canh huyén: ¢? = a + b? (¢ 1a canh huyén; a, b 1a cac canh goc vudng)

- S6 dudng chéo cia mot da giac n(nz_ 5) (n 12 s6 dinh)

Vi du 1: Tinh céc kich thudc cua hinh chit nhat c6 dién tich 40 cm?, biét rﬁng néu
ting mdi kich thudc thém 3 cm thi dién tich ting thém 48 cm?.

Giai:

Goi cac kich thudc cta hinh chir nhat 1an luot 1a x va y (cm; x, y > 0).

Dién tich hinh chit nhat lic dau 13 x.y (cm?). Theo baira ta co pt x.y =40 (1)

Khi ting mdi chiéu thém 3 cm thi dién tich hinh chit nhat 1. Theo bai ra ta ¢ pt
x+3)(y+3)—xy=48 & 3x+3y+9=48 &x+y=13(2)

Tur (1) va (2) suy rax vay la nghiém cua pt X2 — 13 X +40=0

Tacod A=(-13>-4.40=9>0=+A =3

1343 _8X, = 132—3 _s

Phuong trinh ¢6 hai nghiém X, =

Vay céc kich thudc cua hinh chit nhat 1a 5 (cm) va 8 (cm)
Vi du 2: Canh huyén ctiia mot tam giac vudng bang 5 m. Hai canh géc vudng hon
kém nhau Im. Tinh cdc canh gbéc vudng cta tam giac?
Giai:
Goi canh goc vudng thir nhat 1a x (m) (5> x > 0)
Canh goc vuong thtr haila x + 1 (m)
Vi canh huyén bang 5m nén theo dinh Iy pi — ta — go ta c¢6 phuong trinh
X2+ (x+1)72=52 o2x’ +2x-24 & x> +x-12=0
A=1>—4.(-12)=49= VA =7
Ph&wg tr hc@hainghi ph bi

~1+47 ~1-

X, = 5 =3 (thod man); x, = 2—: —4(loai)

Vay kich thudc cac canh goc vuong ctuia tam gidc vuong 1a 3 m va 4 m.
Bai tap:
Bai 1: Mot hinh chir nht c6 dudng chéo bang 13 m, chiéu dai hon chiéu rong 7 m.
Tinh dién tich hinh chit nhat d6?
Bai 2: Mot thira rudong hinh chitr nhat ¢6 chu vi 1a 250 m. Tinh di¢n tich cia thira ruong biét
rang chiéu dai giam 3 1an va chiéu rong tang 2 1an thi chu vi thira rudng khong thay doi
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Bai 3: Mot da giac 10i 6 tat ca 35 duong chéo. Hoi da gidc d6 ¢ bao nhiéu dinh?

Bai 4: Mot cai san hinh tam giac c6 dién tich 180 m*. Tinh canh day cua san biét rang néu
tang canh day 4 m va giam chiéu cao twong Gmg 1 m thi dién tich khéng d6i?

Bai 5: Mot miéng dét hinh thang cin ¢ chidu cao 13 35 m hai dy 1an luot bang 30 m va 50
m nguoi ta 1am hai doan dudng 6 cung chiéu rong. Cac tim dimg 1an luot 1a dudng trung
binh ctia hinh thang va doan thang néi hai trung diém cta hai ddy. Tinh chiéu rong doan

duong d6 biét rang dién tich phan 1am dudng bing % dién tich hinh thang.

Pap s: Bai 1: Dién tich hinh chit nhat 13 60 m?
Bai 2: Dién tich hinh chit nhat 1a 3750 m?
Bai 3: ba giac c6 10 dinh
Bai 4: Canh day cua tam gidc 1a 36 m.
Bai 5: Chiéu rong ctia doan duong 1a 5 m.
Dang 5: Toan ldi suit, ting truong:
Nhirng kién thirc can nho:
+x% = —
100
+ Dan s tinh A nim ngodi 13 a, ty 1¢ gia ting dan sb 1a x% thi dan s6 nim nay ctia tinh A 13
X
at+a.——

100
S6 dan nam sau la (a+a.i)+ (a+a.i).i
100 100" 100
Vi du 1: Bai 42 - SGK tr 58
Goi 1ai suat cho vay 1a x (%), dk: x>0

Tién l4i suat sau 1 nim 1a 2000000.& =20000 (dong)

Sau 1 nam ca von 13n 13i 1a 200000 + 20000 x (ddng)
Riéng tién 14i ndm thi hai 13 (2000000 + 2oooox).% = 20000x +200x° ( 7/ng)

S tién sau hai nim Bac Thoi phai tra 1a 2000000 +20000x + 20000x + 200x%(d6ng)
200x2 + 40000x +2000000 (ddng)
Theo bai ra ta c6 phuong trinh 200x2 + 40 000x + 2000000 = 2420000
< x2+200x —2100=0.
Giai phuong trinh ta dugc x; = 10 (thoa man); x, = -210 (khong thoa man)
Vay 13i suit cho vay 1a 10 % trong mot nam.

Vi du 2: Theo ké hoach hai t6 san xudt 600 san pham trong mot thdi gian nhat dinh.
Do 4p dung k¥ thuit méi nén t6 I dd san xudt vuot muac ké hoach 1a 18% va to II
vuot mic 21%. Vi vay trong thoi gian quy dinh ho da hoan thanh vugt muc 120 san
pham. Hoi s6 san pham duoc giao cia mdi t6 1a bao nhiéu.
Giai
Goi x 12 s6 san phém t6 I hoan thanh theo ké hoach (san phém), dk 0 <x < 600.
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S6 san pham t6 1T hoan thanh theo ké hoach 14 600 — x (san pham).

S6 san pham vugt mirc cta to I 13 x.% (san pham).

S6 san pham vuot mirc cia to I1 13 (600 - x).lzo—lo (san pham).

Vi s6 san pham vuot mirc ké hoach cta hai t6 1a 120 san pham ta c6 pt

18x N 21(600 —x)

100 00
Vay s6 san pham theo ké hoach ctia to I 1 200 (san pham)

Vay s6 san pham theo ké hoach cta t6 II 1a 400 (san pham)
Bai tap:

Bai 1: Dan s6 cta thanh phd Ha Noi sau 2 ndm ting tir 200000 1én 2048288
ngudi. Tinh xem hang nam trung binh dan s ting bao nhiéu phan tram.

Bai 2: Bac An vay 10 000 000 dong ctia ngan hang dé lam kinh té. Trong mot
nam dau bac chua tra duge nén sd tién 14i trong ndm dau dugce chuyén thanh von dé
tinh 13i ndm sau. Sau 2 nim bac An phai tra 13 11 881 000 dong. Hoi 14i sudt cho vay
13 bao nhiéu phan trim trong mot nim?

Bai 3: Theo ké hoach hai t6 san xuit 1000 san pham trong mot thoi gian du
dinh. Do 4p dung k¥ thuat méi nén t6 I vuot mure ké hoach 15% va té hai vugt murc
17%. Vi vay trong thoi gian quy dinh ca hai t6 da san xuét dugc tat ca duoc 1162
san pham. Hoi s6 san phim cta mdi to 14 bao nhiéu?

Két qua:

Bai 1: Trung binh dan s6 ting 1,2%

Bai 2: Lai suat cho vay 1a 9% trong 1 nim

Bai 3: T6 I dugc giao 400 san pham. T6 II duoc giao 600 san pham
Dang 6: Cac dang toan khac

Nhiing kién thirc can nho :

- V= % (V 1a thé tich dung dich; m [akh6iluv  g; DI1gkh IGahgri g)

=120 < x =20 (thoa man yéu ciu cua bai toan)

Kh [Ssgch tan
Kh [Eshgdungm (mt g)

- Khéi lugng nong do dung dich =

Vi du : (Bai 5 trang 59 SGK) ?

Goi trong lugng nudc trong dung dich trude khi d6 thém nude 1a x (g). dk x > 0.
40 %

x+40

Nong 6 mudi ctia dung dich khi d6 1a

40
x +240

Néu d6 thém 200g nude vao dung dich thi trong luong cta dung dich 1a: %

Vi ndng d6 giam 10% nén ta c6 phuong trinh

40 40 = 10 & x” +280x — 70400 =0
x+40 x+240 100
Giai pt ta dugc x1 = -440 (loai); x2 = 160 (thoa man dk cua bai toan)
Vay trude khi d6 thém nudce trong dung dich ¢6 160 g nudc.
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Vi du 2: Nguoi ta tron 8g chét long nay véi 6g chat 1ong khac c6 khéi luong

riéng nho hon no la 0,2g/cm’ d€ dugc hoén hop co khoi Iugng riéng 0,7g/cm’. Tim
khéi lugng riéng cia mdi chét long.
Giai
Goi khdi luogng riéng cta chat 1ong thtr nhét 1a x (g/cm?). Pk x > 0,2
Khéi luong riéng cta chét 1ong thi nhat 1a x — 0,2 (g/cm?).

Thé tich cta chat long thur nhét 1a §(cm3)
X

Thé tich cua chat long thir hai la 6 (cm®)
< —

b

(cm?)

Thé tich ciia hdn hop 1a >+

x x+0,2

Theo bai ra ta co pt 8,6 1 14x>—12,6x+1,12= 0 . Giai pt ta dugc két qua

x x+0,2 0,7

x1=0,1 (loai) ; x2 = 0,8 (t/m dk)
Vay khéi lugng riéng cta chét 16ng thi nhat 13 0,8 (g/cm?)
Khéi luong riéng cta chét 16ng tha hai 12 0,6 (g/cm?).
Bai tap:
Bai 1: Mot phong hop c6 240 ghe dugc xép thanh cac day co s6 ghé bang nhau. Néu
mdi diy bot di mot ghé thi phai xép thém 20 diy mdi hét sé ghé. Hoi phong hop lic
dau dugc xép thanh bao nhiéu day ghé.
Bai 2: Hai gia sach c6 400 cuén. Néu chuyén tir gia thtr nhét sang gia thir hai 30

4 v A N 27 el R 3 ) < , J— A pA
cuodn thi so sach ¢ gia thir nhat bang 5 80 sach ¢ ngan thtr hai. Tinh s6 sach ban dau

ctia mdi ngin?

Bai 3: Nguoi ta trong 35 ciy dira trén mot thira dat hinh chit nhat ¢ chiéu dai 30 m
chiéu rong 1a 20 m thanh nhimg hang song song cach déu nhau theo ca hai chiéu.
Hang cdy ngoai cting trong ngay trén bién cua thira dat. Hay tinh khoang cach gitra
hai hang lién tiép?

Bai 4: Hai nguoi nong dan mang 100 qua trimg ra chg ban. S tring ctia hai ngudi
khong bang nhau nhung s tién thu duoc cia hai nguoi lai bang nhau. Mot ngudi noi
v6i nguoi kia: “ Néu so trimg cua toi bang sd trang cua anh thi toi ban dugc 15
dong . Nguoi kia noi “ Néu sb tring cia toi bang sd trrmg ctia anh toi chi ban

duoc 6% ddng thoi”. Hoi mdi ngudi c¢6 bao nhiéu qua trimg?

Bai 5: Mot hop kim gom dong va kém trong d6 co 5 gam kém. Néu thém 15 gam
k&m vao hop kim nay thi dugc mot hop kim méi ma trong d6 lugng dong da giam so
v6i lac dau 13 30%. Tim khéi luong ban dau cia hop kim?

Két qua:

Bai 1: C6 60 diy ghé

Bai 2: Gia thi nhat ¢6 180 quyén. Gia tha hai c6 220 quyén.

Bai 3: Khoang cach gitra hai hang 1a Sm
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Bai 4: Nguoi thir nhat c6 40 qua. Ngudi tht hai ¢6 60 qua.
Bai 5: 25 gam hoac 10 gam.

DANG X: HINH HQC

Bai 1. Cho tam giac ABC c6 ba goc nhon noi tiép dudng tron (0). Cac dudng cao AD, BE,
CF cat nhau tai H va cat duong tron (O) lan luot tai M,N,P.
Chtrng minh rang:

1.  Ta giac CEHD, noi tiép .

2. Bén diém B,C,E.F cung nam trén mot duong tron.

3. AE.AC = AH.AD; AD.BC = BE.AC.

4. H va M déi xtng nhau qua BC.

3. Xac dinh tdm duong tron ndi tiép tam giac DEF.
Loi gidi:

1. Xét tir giac CEHD ta co:
£ CEH =90°( Vi BE la duong cao)
2 CDH =90°( Vi AD la duong cao)
=> / CEH + £ CDH = 180°

Ma ~ CEH va Z CDH la hai goc ddi cua tr giac CEHD , Do d6 CEHD la tir giac noi tiép

2. Theo gia thiét: BE 1a duong cao => BE 1. AC => /BEC = 90°.

CF la duong cao => CF L AB => Z/BFC =90°.

Nhu véy E va F cting nhin BC duéi mot goc 90° => E va F ciing nam trén dudng tron
duong kinh BC.

Vay bon diém B,C,E,F cung nam trén mot duodng tron.

3. Xét hai tam giac AEH va ADC ta c6: £ AEH =2 ADC =90° ; A 13 gbc chung

=> A AEH ~ AADC => “4E _ A% — AF AC = AH.AD.

AD AC

* Xét hai tam giac BEC va ADC ta c6: £ BEC = Z ADC =90° ; ZC la gbc chung

—> ABEC ~ AADC => ZE _BC _ ADBC =BE.AC.
AD AC
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4. Taco £Ci= LA (vi cung phu v6i goc ABC)
ZCy= /Ay (vilahai goc noi tiép ciing chan cung BM)
=> /C; = £ C,=> CB la tia phan giac cua gbc HCM; lai c6 CB L HM => A CHM cén tai
C
=> CB ciing la duong trung tryc cia HM vay H va M d6i xting nhau qua BC.
5. Theo chirng minh trén bdn diém B,C,E,F cung nam trén mot duong tron
=> /C; = £E, (vi 14 hai gbc ndi tiép cung chin cung BF)
Ciing theo chirng minh trén CEHD 1a tt giac ndi tiép
= ZCi = ZE; (vila hai goc ndi tiép cung chin cung HD)
=  ZEi;= ZE; => EB la tia phan gidc ctua goc FED.
Chung minh twong ti ta ciing c6 FC 12 tia phan giac ctia goc DFE ma BE va CF cit nhau
tai H do d6 H 1a tam dudng tron ndi tiép tam gidc DEF.

Bai 2. Cho tam giac cén’ABC (AB = AC), cac duong cao AD, BE, cit nhau tai H. Goi O 1a
tam duong tron ngoai ti€p tam giac AHE. ,
1. Ching minh tr giac CEHD ndi tiép .

2. Bén diém A, E, D, B cing nam trén mot dudng tron.
3. Chtng minh ED = %BC.
4. Ching minh DE la tiép tuyén cua duong tron (O).
5. Tinh d6 dai DE bi¢t DH=2 Cm, AH =6 Cm.

Loi gidi:

1. Xét tir giac CEHD ta co:
£ CEH =90°( Vi BE la duong cao)

2/ CDH =90°( Vi AD la duong cao)

=> / CEH + £ CDH = 180°

Ma ~ CEH va / CDH la hai goc ddi cta t giac CEHD , Do 6 CEHD la ttr giac ndi

2. Theo gia thiét: BE la dudng cao => BE L. AC => Z/BEA = 90°.

AD la duong cao => AD | BC => ZBDA =90°.

Nhu vay E va D cung nhin AB duéi mot goc 90° => E va D cing nam trén duong tron
duong kinh AB.

Vay bon diém A, E, D, B cung nam trén mot dudng tron.
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3. Theo gia thiét tam gidc ABC can tai A c¢6 AD la dudng cao nén ciing 1a dudng trung
tuyén
=> D la trung diém ctia BC. Theo trén ta c6 ZBEC =90° .

Vay tam giac BEC vudng tai E c¢6 ED 1a trung tuyén => DE = %BC.

4. Vi O 1a tam duong tron ngoai tiép tam giac AHE nén O 1a trung diém ciia AH => OA
= OE => tam gidc AOE can tai O => ZE; = ZA; (1).

Theo trén DE = lBC =>tam gidc DBE can tai D => ZE; = ZB; (2)

Ma /B, = LA ( vi cung phu v6i goc ACB) => LB = LE; => ZE1 + ZE>, = ZE> + ZE3
Ma ZE; + ZE; = ZBEA = 90°=> /E, + ZE;=90°= ZOED => DE | OE tai E.
Vay DE 14 tiép tuyén cua duong tron (O) tai E.
5. Theo gia thiét AH =6 Cm => OH = OE =3 cm.; DH =2 Cm => OD = 5 cm. Ap dung
dinh li Pitago cho tam giac OED vudng tai E ta ¢c6 ED? = OD? — OE? < ED? = 5% — 32
<~ ED=4cm
Bai 3 Cho nua duong tron dudng kinh AB = 2R. Tir A va B ké hai tiép tuyén Ax, By.
Qua diém M thudc nira duong tron ké tiép tuyén thir ba cat cac tiép tuyén Ax , By lan luot
& C va D. Cac duong thang AD va BC cit nhau tai N
1. Chimg minh AC + BD = CD.
2. ChL'rng minh ZCOD = 90°.
_ AR’

4.Chung minh OC // BM

5.Chting minh AB 14 tiép tuyén cta duong tron duong kinh CD.

5.Ching minh MN | AB.

6.Xac dinh vi tri cia M dé chu vi tr giac ACDB dat gia tri nho nhat.
Loi gidi:

y

1. A o Theo tinh chét hai tiép tuyén cit nhau ta c6: CA = CM;
DB =DM => AC+BD=CM + DM.
MaCM+DM=CD=>AC+BD=CD
2. Theo tinh chat hai tiép tuyén cét nhau ta c6: OC 1 tia phan gidc cua goc AOM;
OD 1a tia phan giac ciia goc BOM, ma ZAOM va Z/BOM la hai goc ké bu => ZCOD
=90°,
3. Theo trén ZCOD = 90° nén tam giac COD vudng tai O ¢c6 OM L CD ( OM la
tiép tuyén ).
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Ap dung hé thuc gitta canh va dudng cao trong tam giic vudng ta c6 OM? = CM.
DM,
AB?

Ma OM =R; CA=CM; DB =DM => AC. BD=R?=>AC. BD = 7

4. Theo trén ZCOD =90° nén OC L OD .(1)
Theo tinh chat hai tiép tuyén cit nhau ta c6: DB = DM; lai c6 OM = OB =R => 0D la
trung tryc cua BM => BM L OD .(2). Tu (1) Va (2) => OC // BM ( Vi cung vudng
gbc vo1 OD).
5. Goi I 1a trung diém cta CD ta c6 I 1a tam duong tron ngoai tiép tam gidc
COD duong kinh CD ¢6 10 la ban kinh.
Theo tinh chat tiép tuyén ta c6 AC L AB; BD 1. AB => AC // BD => tit gis<c ACDB
14 hinh thang. Lai ¢6 I 14 trung diém cua CD; O 1a trung diém ciia AB => 10 la dudng
trung binh ctia hinh thang ACDB
— 10 // AC,ma AC L AB=>10 L AB tai O => AB la tiép tuyén tai O ciia duong tron
duong kinh CD
CN AC CN CM

6. Theo trén AC//BD=> —=-"——_ma CA=CM; DB=DM nén suy ra —=——
BN BD BN DM

=> MN // BD ma BD 1. AB=>MN L AB.
7. (HD): Ta c6 chu vi tir giac ACDB = AB + AC + CD + BD ma AC + BD = CD nén suy
ra chu vi tr gidac ACDB = AB + 2CD ma AB khong d6i nén chu vi tir giac ACDB nho nhét
khi CD nho nhét , ma CD nho nhat khi CD 14 khoang cach giit Ax va By ttc 1a CD vudng
goc véi Ax va By. Khi d6 CD // AB => M phiai la trung diém ctia cung AB.
Bai 4 Cho tam giac can ABC (AB = AC), I 1a tim dudng tron ndi tiép, K 1a tim dudng
tron bang tiép goc A , O 14 trung diém cua IK.

1. Chung minh B, C, I, K cung nam trén mot duodng tron.

2. Chimg minh AC Ia tiép tuyén cta duong tron (O).

3. Tinh ban kinh duong tron (O) Biét AB = AC =20 Cm, BC =24 Cm.
Loi gidi: (HD)
1. Villatam duong tron noi tiép, K 1 tim duong tron bang tiép goc A nén BI va BK 1a
hai tia phan giac cta hai goc ké bu dinh B
Do d6 BI L BK hayZIBK =90° .
Tuong ty ta cling ¢c6 ZICK = 90° nhu vay B va C cing nam trén dudng tron duong kinh
IK dodo B, C, I, K cung nam trén mot duong tron.

2. Taco ZCi = ZCy (1) (vi CI 1a phan gidc cuia goc ACH.

ZCy+ £1;=90° (2) (vi LIHC =90°).
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>

‘ /11 = 2 1CO (3) ( vi tam gigc OIC cén tai O)

Tu (1), (2), (3)=> ZC; + ZICO = 90° hay AC L OC. Vay AC 1a tiép tuyén cua duong
tron (O).
3. Tir gia thiét AB=AC =20 Cm, BC =24 Cm=>CH = 12 cm.
AH? = AC? - HC?=> AH = 420* 12> =16 ( cm)
CH? = AHOH => OH= S _12° _ g (¢m)
AH 16

OC = VOH? + HC? = \]9* +12% =225 =15 (cm)

Bai S Cho duong tron (O; R), tir mot diém A trén (O) ké tiép tuyén d véi (O). Trén dudng
thang d lay diém M bat ki (M khac A) ké cat tuyén MNP va goi K 14 trung diém ctia NP,
ké tiép tuyén MB (B 1a tiép diém). Ké AC L MB, BD L. MA, goi H 1a giao diém ctia AC
va BD, I 1a giao diém cia OM va AB.

1. Chung minh tr giac AMBO ndi tiép.

2 Chung minh nam diém O, K, A, M, B cung nam trén mot dudng tron .

3. Chirng minh OI.OM = R?; OL. IM =1A2.

4. Chting minh OAHB 14 hinh thoi.

5 Chung minh ba diém O, H, M thang hang.
6 Tim quy tich cta diém H khi M di chuyén trén duong thang d
L o1 gia
(HS tu lam).
Vi K 1a trung diém NP nén OK L NP ( quan hé duong kinh

0 gidi:
1.
2.

Va day cung) => ZOKM = 90°. Theo tinh chét tiép tuyén ta
c6 ZOAM =90% ~OBM = 90°. nhu vay K, A, B cung nhin OM dudi mét goc 90° nén
cung nam trén duong tron dudng kinh OM.

Vay nam diém O, K, A, M, B cung nam trén mot duong tron.
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3. Tacd MA = MB ( t/c hai tiép tuyén cit nhau); OA = OB =R
=> OM la trung truc cia AB=>0OM L ABtail.
Theo tinh chit tiép tuyén ta c06 ZOAM = 90° nén tam gidc OAM vudng tai A co Al
la dudng cao.
Ap dung hé thirc gitta canh va duong cao => OL.OM = OA? hay OL.OM = R?; va OL
IM =1A2.
4. Ta c6 OB L MB (tinh chat tiép tuyén) ; AC L MB (gt) => OB // AC hay OB // AH.
OA L MA (tinh chét tiép tuyén) ; BD L MA (gt) => OA // BD hay OA // BH.
=> Tu gidc OAHB la hinh binh hanh; lai c6 OA = OB (=R) => OAHB Ia hinh thoi.
5. Theo trén OAHB 1a hinh thoi. => OH L AB; ciling theo trén OM L AB => O, H, M
thang hang( Vi qua O chi c6 mot dudng thang vudng goc voi AB).
6. (HD) Theo trén OAHB Ia hinh thoi. => AH = AO = R. Vay khi M di dong trén d thi H
cling di dong nhung luon cach A ¢b dinh mot khoang bang R. Do d6 quy tich cua diém H
khi M di chuyén trén duong thang d 1a nira duong tron tdm A ban kinh AH =R

Bai 6 Cho tam giac ABC vudng & A, duong cao AH. Vé duong tron tam A ban kinh AH.
Goi HD 1a duong kinh ctia duong tron (A; AH). Tiép tuyén ctia dudng tron tai D cit CA &
E.
1. Chtng minh tam gidc BEC can.
2. Goi I 1a hinh chiéu cta A trén BE, Ching minh rang AI = AH.
3. Chtng minh rang BE 1a tiép tuyén cua duong tron (A; AH).
4. Chtmng minh BE = BH + DE.
Loi gidi: (HD)
1. A AHC =AADE (g.c.g)=ED=HC (1) va AE = AC (2).
Vi AB LCE (gt), do d6 AB vira 1a duong cao vira 1a dudng trung tuyén cia ABEC => BEC 1a
tam giac can. => /B = 4B,
E D

B H
2. Hai tam gidc vudéng ABI va ABH c6 canh huyén AB chung,
/ZB1=/B>,=>A AHB = AAIB => Al = AH.
3. Al = AH va BE L Al tai I => BE la tiép tuyén ciia (A; AH) tai .
4. DE = IE va Bl = BH => BE = BI+IE = BH + ED
Bai 7 Cho duong tron (O; R) duong kinh AB. Ke tiép tuyén Ax va lay trén tiép tuyén do
mot diém P sao cho AP >R, tu P ke tiép tuyén tlep xuc véi (O) tai M.
l. Chung minh rang t&r gidc APMO ndi tiép duoc mot duong tron.
2. Ching minh BM // OP.
3. Puong thang vudng goc voi AB & O cit tia BM tai N. Chimg minh tr giac OBNP 1a
hinh binh hanh.
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4. Biét AN cit OP tai K, PM cit ON tai I; PN va OM kéo dai cét nhau tai J. Chung minh I,

J, K thang hang.
Loi giai:
1. (HS tu lam).
2.Ta c6 £ ABM ndi tiép chan cung AM; £ AOM la goc & tAm

chin cung AM => / ABM = £A0M (1) OP 12 tia phan giac £ AOM ( t/c hai tiép tuyén

ZAOM

cit nhau ) => ~ AOP = (2)

Tt (1) va(2)=> £ ABM = 4 AOP (3)

N
o J

1
I

Ma Z ABM va 2 AOP 1a hai goc ddng vi nén suy ra BM // OP. (4)
3.Xét hai tam giac AOP va OBN ta c6 : ZPAO=90° (vi PA 1a tiép tuyén ); /NOB = 90° (gt
NOLAB).

=> /PAO = ZNOB =90% OA = OB =R; ZAOP = ZOBN (theo (3)) => AAOP = AOBN =>
OP =BN (5)
Tir (4) va (5) => OBNP 1a hinh binh hanh ( vi ¢6 hai canh ddi song song va bang nhau).
4. Tt giac OBNP 1a hinh binh hanh => PN // OB hay PJ // AB, ma ON L AB=>ON L PJ
Ta ciing c6 PM L OJ ( PM la tiép tuyén ), ma ON va PM cit nhau tai I nén I 13 tryc tim tam
giac POJ. (6)
D@ thay tir giac AONP 14 hinh chir nhat vi c6 ZPAO = ZAON = ZONP =90°=>K la
trung diém cua PO ( t/c dudng chéo hinh chir nhat). (6)
AONP la hinh chit nhat == ZAPO = Z NOP ( so le) (7)
Theo t/c hai tiép tuyén cit nhau Ta c¢6 PO 14 tia phan giac ZAPM => ZAPO = /MPO
(8).
T (7) va (8) => AIPO can tai I ¢6 IK 14 trung tuyén dong thoi 1a dudng cao => IK L PO.
)
T (6) va (9) =>1, J, K thang hang.

Bai 8 Cho nira duong tron tim O duong kinh AB va diém M bat ki trén nira duong tron
( M khac A,B). Trén nira mat phang bo AB chtra nira duong tron ke tiép tuyén Ax. Tia BM
cat Ax tai I; tia phan giac clia goc IAM cit nira duong tron tai E; cat tia BM tai F tia BE cat
Ax tai H, cit AM tai K.
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1) Chirng minh rang: EFMK 14 tir giac noi tiép.
2) Chirng minh rang: AI° =IM . IB.
3) Chimng minh BAF la tam giac can.
4) Chirmg minh rang : Tt gidc AKFH 1a hinh thoi.
5) Xéc dinh vi tri M dé tir giac AKFI ndi tiép duge mot duong tron.
Loi gidi:
1. Ta co : ZAMB = 90° ( n6i tiép chan nira dudng tron )
=> /KMF = 90° (vi 14 hai goc ké bu).
ZAEB =90° ( noi tiép chan nira dudng tron )
=> /KEF = 90° (vi 1a hai goc k& bu).
=> /KMF + ZKEF = 180° . Ma ZKMF va ZKEF la hai goc ddi cta t giac EFMK do d6
EFMK 1a tt giac noi tiép.

M
H
K
2. 4 5 P Taco ZIAB=90° (vi Al Ia tiép tuyén ) => AAIB
vuong tai A ¢c6 AM L IB ( theo trén).
Ap dung hé thuc gitta canh va dudng cao => AI?=IM . IB. —
3. Theo gia thiét AE 1a tia phan gidc goc IAM => ZIAE = Z/ZMAE => AE =
ME (lido ...... )

=> /ABE =/MBE ( hai géc ndi tiép chin hai cung bang nhau) => BE 14 tia phan giac goc
ABF. (1)
Theo trén ta c6 ZAEB =90° => BE L AF hay BE la duong cao cta tam gidc ABF (2).
Tu (1) va (2) => BAF la tam gidc can. tai B .
4. BAF la tam giac can. tai B c6 BE 1a dudng cao nén dong thoi 1a dwong trung
tuyén => E 13 trung diém cua AF. (3)
Tu BE L AF => AF | HK (4), theo trén AE la tia phan gidc géc IAM hay AE 1a tia phan
giac ZHAK (5)
Tu (4) va (5) => HAK la tam giac can. tai A c6 AE la duong cao nén dong thoi 1a duong
trung tuyén => E 1a trung diém ctua HK. (6).
T (3), (4) va (6) => AKFH la hinh thoi ( vi ¢6 hai duong chéo vudng goc voi nhau tai
trung diém ctia mdi duong).
5. (HD). Theo trén AKFH 1a hinh thoi => HA // FK hay IA // FK => t gidc
AKFT Ia hinh thang.
Pé tir giac AKFI noi tiép duoc mot duong tron thi AKFI phai 1a hinh thang can.
AKFI 12 hinh thang can khi M 1a trung diém cua cung AB.
That vay: M 1a trung diém ctia cung AB => ZABM = /MAI = 45° (t/c goc ndi tiép ). (7)
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Tam giac ABI vuong tai A c6 ZABI =45°=> /AIB = 45° (8)

T (7) va (8) => LIAK = ZAIF = 45° => AKFI 14 hinh thang can (hinh thang c6 hai goc
day bang nhau).

Vay khi M 1a trung diém ctia cung AB thi tt giac AKFI n6i tiép duge mot dudng tron.

Bai 9 Cho nira duong tron (O; R) dudng kinh AB. Ké tiép tuyén Bx va ldy hai diém C va
D thudc nira duong tron. Céc tia AC va AD cat Bx 1an lugt ¢ E, F (F ¢ gitta B va E).

1. Chung minh AC. AE khéng doi.

2. Chtng minh £ ABD = Z DFB.

3. Chung minh rang CEFD 1a tir giac noi tiép.

Loi giai:
1. C thudc ntra duong tron nén ZACB = 90° ( ndi tiép chan nira duong tron ) => BC
1 AE.
ZABE =90° ( Bx 14 tiép tuyén ) => tam giac ABE vuéng tai B c6 BC 1a dudng cao => AC.
AE = AB? (hé thiic giita canh va duong cao ), ma AB 1a duong kinh nén AB = 2R khong d6i
do d6 AC. AE khong doi.
2. A ADB ¢6 ZADB = 90° ( ndi tiép chin nira dudng tron ).
=> /ABD + Z/BAD = 90° (vi tong ba goc ctia mot tam giac bang 180°)(1)
A ABF c6 ZABF =90° ( BF 1a tiép tuyén ).
=> /AFB + ZBAF = 90° (vi tong ba goc ctia mot tam giac bang 180°) (2)
Tu (1) va (2)=> LABD = ZDFB ( cung phu v61 ZBAD)

E

3. KX o T giac ACDB noi tiép (0) => ZABD + ZACD =
180° .
ZECD + ZACD = 180° ( Vi 1 hai goc ké bu) => ZECD = ZABD ( cung bu véi ZACD).
Theo trén ZABD = /DFB => /ECD = /DFB. Ma ZEFD + ZDFB = 180° ( Vi 1 hai goc
ké bu) nén suy ra ZECD + ZEFD = 180°, mat khac ZECD va ZEFD la hai géc doi cua tir
giac CDFE do d6 tr giac CEFD la tir giac noi ti€p.
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Bai 10 Cho dudng tron tim O dudng kinh AB va diém M bat ki trén nira duong tron sao cho
AM < MB. Goi M’ 1a diém d61 ximg cua M qua AB va S 1a giao diém cua hai tia BM, M’A. Goi
P 13 chan dudng vudng goc tir S dén AB.
1.Goi S’ 1a giao diém cua MA va SP. Chtrng minh rang A PS’M can. 2.Chimg minh PM la
tiép tuyén cua duong tron .
Loi gidi:
1. Taco SP L AB (gt) => ZSPA =90° ; ZAMB = 90° ( ndi tlep chan ntra duong tron ) =>
ZAMS =90° . Nhu vay P va M cuing nhln AS dudi mot goc bang 90° nén cing ndm trén
duong tron duong kinh AS.
Vay bon diém A, M, S, P cung nam trén mot duong tron.
2. Vi M’dbi xtmg M qua AB ma M nam trén duong tron nén M’ ciing nam trén dudng tron
=> hai cung AM va AM’ ¢6 sb do bang nhau

S|

=> Z/AMM’ = ZAM’M ( Hai géc ndi tiép chan hai cung bang nhau)
(1)
Ciing vi M’d6i xttng M qua AB nén MM’ L AB tai H=>MM"// SS’ ( cling vudng goc vai
AB)
= /AMM’ = ZAS’S; ZAM’M = ZASS’ (vi so le trong) (2).
=>Tu (1) va (2) => LAS’S = LASS’.
Theo trén bon diém A, M, S, P cung nam trén mot d/ tron => L ASP=/AMP (no1 ti/é’p\cfmg
chin AP )
= /AS’P = ZAMP => tam giac PMS’ cén tai P.
3. Tam giac SPB vudng tai P; tam gidc SMS’ vuong tai M => /B = £S’; (cung phu véi
ZS). (3)
Tam giac PMS’ can tai P => £S’1 = ZM; (4)
Tam gidc OBM cén tai O ( vi co OM = OB =R) => /B = ZM; (5).
Tu (3), (4) va (5) => LM = LMz => LM + LMy = LM3 + LMy ma LMz + LM, = ZAMB
=90° nén suy ra ZM,; + ZM, = ZPMO = 90° => PM L OM tai M => PM la tiép tuyén cta
dudng tron tai M

Bai 11. Cho tam giac ABC (AB = AC). Canh AB, BC, CA tiép xtic voi duodng tron (O) tai
cac diem D, E, F . BF cat (O) tai I, DI cat BC tai M. Chung minh :
1. Tam gidc DEF c6 ba géc nhon.

2. DF//BC. 3. Tir gitc BDFC ndi tiép. 8D _BM

CB CF
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Loi gidi:

1. (HD) Theo t/c hai tiép tuyén cét nhau ta c6 AD = AF => tam giac ADF cén tai A
=> /ADF = ZAFD < 90° => sd cung DF < 180° => ZDEF < 90° ( vi goc DEF ndi tiép
chan cung DE).

Chirng minh twong tu ta c6 ZDFE < 90% ZEDF < 90°. Nhu vay tam giac DEF c6 ba goc
nhon.

2. Taco AB = AC (gt); AD = AF (theo trén) => j—lz:j—g => DF // BC.

3. DF // BC => BDFC la hinh thang lai c6 £ B = ZC (vi tam giac ABC cén)
=> BDFC la hinh thang can do d6 BDFC ndi ti€p dugc mot dudng tron .

B M E © 4 Xéthaitam gisc BDM vi CBF Ta c6 £ DBM = /BCF ( hai

gbc day cua tam gidc can).
Z/BDM = /BFD (ni tiép cung chin cung DI); 2 CBF = /BFD (vi so le) => /BDM =
ZCBF .
=~ ABDM ~ACBF => 50 _8M
CB CF

Bai 12 Cho duong tron (O) ban kinh R ¢6 hai duong kinh AB va CD vudng goc voi nhau.
Trén doan thang AB ldy diém M (M khac O). CM cit (O) tai N. Puong thang vudng goc
v6i AB tai M cit tiép tuyén tai N ctiia duong tron ¢ P. Ching minh :

1. Tu giac OMNP ndi tiép.

2. Tt giac CMPO 14 hinh binh hanh.

3. CM. CN khéong phu thudc vao vi tri ciia diém M.

4. Khi M di chuyén trén doan thang AB thi P chay trén doan thang c¢6 dinh nao.
Loi gidi:
1. Ta cd6 ZOMP =90° (vi PM L AB); ZONP = 90° (vi NP 1a tiép tuyén ):
Nhu vay M va N cung nhin OP du6i mot goc bang 90° => M va N cung nam trén duong
tron duong kinh OP => T giac OMNP ndi tiép.
2. Tir gihc OMNP ndi tiép => ZOPM = £ ONM (ndi tiép chin cung OM)
Tam gidc ONC cén tai O vi c6 ON = OC =R => ZONC = ZOCN
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¥ = ZOPM = ZOCM.
Xét hai tam giac OMC va MOP ta ¢c6 ZMOC = ZOMP = 90% ZOPM = ZOCM =>
ZCMO = ZPOM lai ¢6 MO la canh chung => AOMC = AMOP => OC = MP. (1)
Theo gia thiét Ta c6 CD L AB; PM L AB => CO//PM (2).
Tu (1) va (2) => Tt giac CMPO la hinh binh hanh.
3. Xét hai tam gidc OMC va NDC ta c6 ZMOC = 90° ( gt CD L AB); ZDNC = 90° (ndi
tiép chan nira dudng tron ) => ZMOC =£DNC = 90° lai ¢c6 ZC 1a goc chung => AOMC
~ANDC

CM CO . o2 A aRs
=> DN => CM. CN = CO.CD ma CO =R; CD = 2R nén CO.CD = 2R~* khong d61 =>
CM.CN =2R? khong doi hay tich CM. CN khong phu thudc vao vi tri ctia diém M.
4. ( HD) D& thdy AOMC = ADPO (c.g.c) => ZODP = 90° => P chay trén duong thang cd
dinh vudng goc véi CD tai D.
ViM chi chay trén doan thang AB nén P chi chay trén doan thang A’ B’ song song va
bang AB.

Bai 13 Cho tam giac ABC vudng ¢ A (AB > AC), duong cao AH. Trén nira mat phang bo
BC chua dién A , V& nua duong tron duong kinh BH cit AB tai E, Ntra dudng tron
duong kinh HC cat AC tai F.
1. Chting minh AFHE la hinh chir nhat.
2. BEFC la tt giac noi tiép.
3. AE. AB = AF. AC.
4 Chung minh EF 1a tiép tuyén chung cua hai nira dudng tron .
Loi giai:
1. Ta co : ZBEH = 90° ( ndi tiép chin nirc duong tron )
=> /AEH = 90° (vi 14 hai goc ké bu). (1)
ZCFH = 90° ( ndi tiép chan nirc dudng tron )
=> /AFH = 90° (vi 13 hai goc ké bu).(2)
ZEAF =90° ( Vi tam giac ABC vudng tai A) (3)
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B O; H 0, £ Tu(l),(2),(3)=>ttgiac AFHE la hinh chit nhat ( vi c6 ba goc
vuong).
2. Tu giac AFHE la hinh chitr nhat nén noi tiép duoc mot duong tron =>~LF=ZH; (nodi
tiép chian cung AE) . Theo gia thiét AH 1BC nén AH I tiép tuyén chung cua hai nira
duong tron (O)) va (02)
=> /B = ZH, (hai gboc ndi tiép cung chin cung HE) => /B\= £F, => ZEBC+/EFC =
ZAFE + ZEFC ma ZAFE + ZEFC = 180° (vi 12 hai goc ké bu) => ZEBC+/EFC = 180°
mit khac ZEBC va ZEFC 14 hai goc ddi cta tir gisc BEFC do d6 BEFC 1a tr giac noi tiép.
3. Xét hai tam gidc AEF va ACB tac6 ZA =90° 1a goc chung; ZAFE = ZABC ( theo Chirng
minh trén)
=> AAEF ~AACB => £ _AF" . Ap AB = AF. AC.
AC A4B
* HD cdch 2: Tam giac AHB vuéng tai H c6 HE L AB => AH? = AE.AB (*)
Tam giac AHC vuéng tai H c6 HF L AC => AH? = AF.AC (*%)
Tu (*) va (**) => AE. AB = AF. AC
4. Ttr gidc AFHE 1a hinh cht nhat => IE = EH => AIEH can tai [ => ZE; = ZH; .
AO:EH can tai O1 (vi c6 O:E vaOH cung la ban kinh) => ZE> = ZHo.
=> /B + /B, = /H, + ZH, ma /H, + ZH, = ZAHB =90° => /E, + ZE, = Z0,EF = 90°
= OiE LEF .
Chtrng minh tuong ty ta cling c6 O.F L EF. Vay EF 14 tiép tuyén chung ctia hai nira dudng
tron .

Bai 14 Cho diém C thudc doan thang AB sao cho AC = 10 Cm, CB =40 Cm. V& vé mdt phia
cua AB cac ntra duong tron c6 duong kinh theo thur tu 1a AB, AC, CB va c¢6 tam theo tht tu 1a O,
I, K.
Pudng vudng goc voi AB tai C cat nira duong tron (O) tai E. Goi M. N theo thir tir 13 giao diém
cua EA, EB vi cac nira duong tron (1), (K).

1.Ching minh EC = MN.

2.Ch/minh MN 14 tiép tuyén chung cta cac nia d/tron (1), (K).

3.Tinh MN.

4.Tinh dién tich hinh dugc gioi han boi ba ntra dudng tron
Loi giai:

1. Ta ¢6: ZBNC= 90°( ndi tiép chin nira dudng tron tim K)
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F—F o X =B => ZENC =90° (vi la hai goc k& bu). (1)
ZAMC =90° ( ndi tiép chin nirc duong tron tim I) => ZEMC = 90° (vi 1a hai goc ké bu).(2)
ZAEB =90° (n6i tiép chan ntra dudng tron tim O) hay ZMEN = 90° (3)
T (1), (2), (3) => ti giac CMEN 1a hinh chir nhat => EC = MN (tinh chat duong chéo hinh
chir nhat )
2. Theo gia thiét EC LAB tai C nén EC 1a tiép tuyén chung cua hai nira duong tron (I) va (K)
=> /B = /C; (hai goc ndi tiép cung chian cung CN). Tt gidc CMEN 14 hinh chir nhat nén
= /C1= £4Nj3
=> /B1 = £ZN3.(4) Lai c6 KB =KN (cung la ban kinh) => tam gidc KBN can tai K => /B;
= /N (5)
T (4) va (5) => 4N; = £N3ma £AN; + £LN> = ZCNB =90° => /N3 + /N, = ZMNK =
90° hay MN L KN tai N => MN la tiép tuyén cta (K) tai N.
Chung minh twong tu ta ciing c6 MN 1a tiép tuyén cua (I) tai M,
Vay MN 4 tiép tuyén chung cua cac nira duong tron (1), (K).
3. Ta c6 ZAEB = 90° (ndi tiép chin nirc duong tron tim O) => AAEB vuédng tai A c6 EC
1 AB (gt)
=>EC?= AC. BC < EC?=10.40 =400 => EC = 20 cm. Theo trén EC = MN => MN = 20
cm.
4. Theo gia thiét AC =10 Cm, CB =40 Cm => AB = 50cm => OA =25 cm
Tacd Sy = 7.0A>= 7252=6257;Siy=n.1A>= .52 =257; Sw= n.KB>= .20%=
4007 .

Ta c6 dién tich phan hinh dugc gidi han boi ba nira dudong tron 1a S = % ( S)- Say - Sw))

S= %(6257:- 257-4007) = %.200 7 =1007 ~314 (cm?)

Bai 15 Cho tam giac ABC vudng ¢ A. Trén canh AC ldy diém M, dung duong tron (O)
c6 duong kinh MC. dudng thing BM cit dudng tron (O) tai D. dudng thang AD cat
duong tron (O) tai S.

1.  Chiémg minh ABCD la t&r giac noi tiép .

2. Chtng minh CA 1a tia phan giac cua goc SCB.

3. Goi E 1a giao diém cua BC v6i dudng tron (O). Chimg minh rang cac duong

thaing BA, EM, CD ddng quy.

4. Chting minh DM 1a tia phan giac cia géc ADE.

5. Chung minh diém M 1a tim dudng tron ndi tiép tam giac ADE.
Loi gidi:
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1. Taco ZCAB =90° (vi tam giac ABC vudng tai A); ZMDC = 90° ( goc ndi tiép
chén nira dudng tron ) => ZCDB = 90° nhu vay D va A cung nhin BC dudi mot goc
bang 90° nén A va D cung nam trén dudng tron duong kinh BC => ABCD 1a ttr giac
noi tiép.
2. ABCD la tir gidc ndi tiép => /D= ZCs( ndi tiép cung chin cung AB).

/D= £C3=> SM=EM=> /Cy= /C; (hai goc noi tiép dudng tron (O) chin hai cung

bang nhau)

=> CA la tia phan giac cua goc SCB.

3. Xét ACMB Ta c6 BALCM; CD L BM; ME 1 BC nhu vay BA, EM, CD la ba duong

cao cua tam giac CMB nén BA, EM, CD déng quy.

4. Theo trén Ta ¢6 SM =EM => /D= /D, => DM la tia phan giac ctia goc ADE.(1)

5. Ta c6 ZMEC = 90° (ndi tiép chan nira dudng tron (0)) => ZMEB = 90°.

Tu giac AMEB ¢c6 Z/MAB =90° ; /MEB =90° => /MAB + /MEB = 180° ma day 1a hai

goc dbi nén tir giac AMEB noi tiép mot dudng tron => LA, = /B, .

T gidc ABCD 1a tir giac noi tiép => ZA = ZBa( ndi tiép cuing chan cung CD)

= /A= ZA; => AM la tia phan gidc cia goc DAE (2)

Tur (1) va (2) Ta c6 M 1a tam duong tron ndi tiép tam giac ADE

TH2 (Hinh b)

Cau 2 : ZABC = ZCME (cung phu ZACB); ZABC = ZCDS (cung bu ZADC) =>

Z/CME = ZCDS

=> CE=CS =>SM =EM => /SCM = /ECM => CA 14 tia phan giac cta goc SCB.

Bai 16 Cho tam giac ABC vudng ¢ A.va mot diém D nam giira A va B. Puong tron duong
kinh BD cét BC tai E. Céc duong thrflng CD, AE lan luot cat duong tron tai F, G.
Chtng minh :
1. Tam gidc ABC dong dang v6i tam giac EBD.
2. T giac ADEC va AFBC ndi tiép .

3. AC//FG. ‘
4. Céc duong thang AC, DE, FB dong quy.
Loi giai:
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1. Xét hai tam gidc ABC va EDB Ta c6 ZBAC =90° ( vi tam gidc ABC vudng tai A); Z/DEB
=90° ( goc ndi ti€p chan nira duong tron )

=> /DEB = ZBAC =90° ; lai c6 ZABC la géc chung => ADEB ~ A CAB .

2. Theo trén ZDEB = 90° => /DEC = 90° (vi hai goc ké bu); ZBAC = 90° ( vi AABC vudng
tai A) hay ZDAC = 90° => /DEC + ZDAC = 180° ma day 14 hai goc d6i nén ADEC la tir giac
ndi ti€p .

e

* ZBAC =90° ( vi tam giac ABC vuong tai A); ZDFB = 90°
( goc nodi tiép chian ntra dudng tron ) hay ZBFC = 90° nhu vay F va A cung nhin BC duéi
mot goc bang 90° nén A va F ciing nam trén dudng tron duong kinh BC => AFBC 1a tir giac
noi tiép.
3. Theo trén ADEC la ttr giac noi tiép => £E;= £C; lai ¢6 ZEi= ZF; => /F,= Z/C; ma day la
hai goc so le trong nén suy ra AC // FG.
4. (HD) D@ thiy CA, DE, BF 1a ba dudng cao cua tam gidc DBC nén CA, DE, BF dong quy tai
S.

Bai 17. Cho tam giac déu ABC c6 dudng cao 1a AH. Trén canh BC lay diém M bat ki (M
khong trung B. C, H) ; tr M ké MP, MQ vudng goc voi cac canh AB. AC.
1. Chimg minh APMQ 1a tir giac ndi tiép va hiy xac dinh tdm O ctia dudng tron ngoai tiép tir
giac do.
2. Chimg minh rang MP + MQ = AH.
3. Ching minh OH 1 PQ.
Loi gidi:
1. TacO MP L AB (gt) => ZAPM = 90° MQ L AC (gt)
=> /AQM = 90° nhu vay P va Q ciing nhin BC duéi mot goc bang 90° nén P va Q cling nam
trén duong tron dudng kinh AM => APMQ 1a tir giac ndi tiép.
* Vi AM la duong kinh cua duong tron ngoai tiép tir gidc APMQ tdm O cua dudng tron ngoai
tiép tir giac APMQ 1 trung diém ctia AM.

2. Tam giac ABC ¢6 AH 1a duong cao => Sapc = %BC.AH.
Tam giac ABM c6 MP la duong cao => Sapm = %AB.MP

Tam gitdc ACM c6 MQ 13 dudng cao => Sacy = %AC.MQ
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B H M ¢ 1 1
Ta c6 Sapm + Sacm = Sasc => EAB-MP + EAC-MQ =

%BC.AH —> AB.MP + AC.MQ = BC.AH

Ma AB =BC = CA (vi tam giac ABC déu)=> MP + MQ = AH.
3. Tam giac ABC c6 AH 1a duong cao nén cling la duong phan giac => LZHAP = ZHAQ =>
HP=HO ( tinh chét goc ndi tiép ) => ZHOP = ZHOQ (t/c goc & tam) => OH 1a tia phan giac
gboc POQ. Ma tam giac POQ can tai O ( vi OP va OQ cung la ban kinh) nén suy ra OH ciing
la duong cao => OH L PQ
Bai 18 Cho duong tron (O) duong kinh AB. Trén doan thang OB ldy diém H bat ki (H
khong tring O, B) ; trén dudng thing vudng goc véi OB tai H, iy mot diém M & ngoai
duong tron ; MA va MB thir tir cat duong tron (O) tai C va D. Goi I 13 giao diém ctia AD
va BC.
1. Chimg minh MCID 1a tir gidc ndi tiép .
2. Chting minh céc duong thang AD, BC, MH dong quy tai L.
3. Goi K 1a tim dudng tron ngoai tiép tir gidc MCID, Chimg minh KCOH 1a tir giac
noi tiép .
Loi gidi:
1. Tacod : ZACB =90° ( noi tiép chin nirc dudng tron )
=> /MCI = 90° (vi 1a hai gbc k& bu).
ZADB =90 ( ndi tiép chin nirc duong tron )
=> /MDI = 90° (vi 14 hai goc ké bu).
=> /MCI + ZMDI = 180° ma déy 14 hai goc ddi cta tir giac MCID nén MCID 1a tr giac
noi tiép.
2. Theo trén Ta ¢c6 BC L MA; AD 1 MB nén BC va AD la hai dudng cao cia tam giac
MAB ma BC va AD cit nhau tai I nén I 13 tryc tAm ctia tam giac MAB. Theo gia thiét thi
MH L AB nén MH ciing 1 duong cao cua tam giac MAB => AD, BC, MH dong quy tai L.
3. AOAC can tai O ( vi OA va OC la ban kinh) => ZA| = £C4
AKCM can tai K ( vi KC va KM la ban kinh) => ZM; = ZC; .
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Ma ZA; + ZM; =90° ( do tam giac AHM vuong tai H) => /C,

+ £C4=90"=> £C3+ £C2=90° ( vi goc ACM la goc bet) hay ZOCK =90° .
Xét tir gidc KCOH Ta ¢6 ZOHK =90% ZOCK =90° => ZOHK + ZOCK = 180° ma
ZOHK va ZOCK 1a hai gbc d6i nén KCOH la tir giac ndi tiép.

Bai 19. Cho duong tron (O) duong kinh AC. Trén ban kinh OC liy diém B tuy ¥ (B khac
0, C). Goi M 1a trung diém cua doan AB. Qua M ké day cung DE vudng goc v6i AB. Nbi
CD, K¢ BI vudng goc voi CD.
1. Chung minh tr giac BMDI noi tiép .
Ching minh tr giac ADBE 14 hinh thoi.
Chting minh BI // AD.
Chung minh I, B, E thang hang.
5. Chung minh MI 14 tiép tuyén caa (O”).
Loi gidi:
1. ZBIC = 90° ( ndi tiép chan nira duong tron ) => ZBID = 90° (vi 14 hai goc ké bu);
DE 1 AB tai M => ZBMD = 9(0°
=> /BID + /BMD = 180° ma day 1a hai goc dbi cua tir giac MBID nén MBID 14 tir giac
noi tiép.
2. Theo gia thiét M 1a trung diém ctiia AB; DE L AB tai M nén M ciing 14 trung diém
cua DE (quan h¢ duong kinh va day cung)

el el

- =>Tirgiac ADBE Ia hinh thoi vi c6 hai duong ch¢o vudng
gbc voi nhau tai trung diém cia moi duong .
3. ZADC = 90° ( ndi tiép chan nira duong tron ) => AD L DC; theo trén BI L DC => BI
// AD. (1)
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4. Theo gia thiét ADBE 14 hinh thoi => EB // AD (2).

Tu (1) va (2) => 1, B, E thang hang (vi qua B chi c6 mdt duong thang song song vdi1 AD
ma thoi.)

5.1, B, E thang hang nén tam giac IDE vudng tai [ => IM 1a trung tuyén ( vi M 1a trung
diém cua DE) =>MI = ME => AMIE can tai M => /I, = ZE; ; AO’IC can tai O’ (vi O’C
va O’l cung 1a ban kinh ) = /I3 =/ZCima £C; = ZE; ( Cung phu vo6i goc EDC ) =>
lLi=/L=/l1+/ZL=/L+/,. Ma/Zl+ /ZI,=/BIC=90°=> /I, + £, =90° =
ZMIO’ hay MI L O’I tai I => MI 14 tiép tuyén cua (O”).

Bai 20. Cho duong tron (O; R) va (O’; R”) c6 R>R’ tiép xtc ngoai nhau tai C. Goi AC va
BC la hai duong kinh di qua diém C cua (O) va (O’). DE la day cung cua (O) vudng goc voi
AB tai trung dlem M ctia AB. Goi giao diém thir hai cua DC vé6i (O) 1a F, BD cét (O°) tai G.
Chung minh rang:

1.
2. Béndiém M, D, B, F cung nam trén mot duong tron
3. Tt giac ADBE la hinh thoi.

4.
5
6
7

T giac MDGC i tiép .

B, E, F thang hang

. DF, EG, AB ddng quy.
. MF=1/2DE.
. MF la tiép tuyén cua (O’).

Loi giai:

1. ZBGC =90° ( noi tiép chin nira dudng tron )
=> /CGD = 90° (vi 13 hai goc ké bu)

! G

A o TR o 1°
y Theo gia thiét DE L AB tai M => ZCMD = 90°
=> /CGD + ZCMD = 180° ma day 14 hai goc d6i cta tir gilc MCGD nén MCGD 14 tir giac
noi tiep
2. /BFC =90° ( ndi tiép chan ntra duong tron ) => ZBFD = 90°; /BMD = 90° (vi DE 1

AB tai M) nhu vay F va M cung nhin BD dudi mét goc bang 900 nén F va M clng nam
trén duong tron duong kinh BD => M, D, B, F cung nam trén mot duong tron .

3. Theo gia thiét M 1a trung diém ctia AB; DE L AB tai M nén M ciing 13 trung diém cua
DE (quan hé duong kinh va day cung)

=> Tt gidc ADBE 14 hinh thoi vi ¢6 hai duong chéo vudng goc véi nhau tai trung diém cua
moi dudng .

4. ZADC = 90° ( noi tiép chan ntra duong tron ) => AD L DF ; theo trén tir gidc ADBE la
hinh thoi

=> BE // AD ma AD L DF nén suy ra BE 1L DF .
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Theo trén ZBFC = 90° ( ndi tiép chin nira dudng tron ) => BF L DF ma qua B chi ¢c6 mot
duong thang vudng goc véi DF do do B, E, F thang hang.
5. Theo trén DF L BE; BM L DE ma DF va BM cét nhau tai C nén C 1a truc tam cua tam
giac BDE
=> EC ciing 1a duong cao => EC1BD; theo trén CGLBD => E,C,G thang hang. Vay DF,
EG, AB dong quy
6. Theo trén DF L BE => ADEF vudng tai F ¢6 FM 1a trung tuyén (vi M 1a trung diém cta
DE) suy ra
MF = 1/2 DE ( vi trong tam giac vudng trung tuyén thudc canh huyén bang nira canh
huyén).
7. (HD) theo trén MF = 1/2 DE => MD = MF => AMDF céan tai M => /D, = ZF,
AO’BF can tai O’ ( vi O’B va O’F cung la ban kinh ) => ZF3 = /B1 ma £ZB; = £ZD; (Cung phu
v6i Z/DEB ) => /F| = /F3=> /F, + /F, = /F3 + /F, . Ma /Fs + /F, = ZBFC = 90° =>
ZF1+ ZF;=90"= /MFO’ hay MF L O’F tai F => MF la tiép tuyén cta (O’).
Bai 21. Cho duong tron (O) duong kinh AB. Goi I'1a trung diém cua OA . V& dudng tron tim I
di qua A, trén (I) liy P bat ki, AP cit (O) tai Q.
1. Chtng minh rang cac duong tron (I) va (O) tiép xic nhau tai A.
2. Chiimg minh IP // OQ.
3. Chitng minh rang AP = PQ.
4. Xac dinh vi tri ciia P dé tam gidc AQB c6 dién tich 16n nhat.
Loi giai:
1. Ta c6 Ol = OA — IA ma OA va IA lan luot 1a cac ban kinh cta d/ tron (O) va dudng tron
(I). Vay d/ tron (O) va dudng tron (I) tiép xic nhau tai A .
2. AOAQ can tai O ( vi OA va OQ cung la ban kinh ) => ZA; = ZQ:
AIAP can tai I ( vi IA va IP cung 1a ban kinh ) => ZA; = /P,
=> /P = /Q; ma day 13 hai goc ddng vi nén suy ra IP // OQ.
Q

3. ZAPO = 90° (ndi tiép chan nira dudng tron ) => OP L AQ =>

OP 1a dudng cao cia AOAQ ma AOAQ can tai O nén OP 1a dudng trung tuyén => AP =

PQ.
4. (HD) K¢ QH L AB taco Sags = %AB.QH. ma AB 1a duong kinh khong d6i nén Sags
16n nhat khi QH 16n nhat. QH 16n nhat khi Q tring véi trung diém cta cung AB. B¢ Q
trung véi trung diém cua cung AB thi P phai 14 trung diém cua cung AO.
That vay P la trung diém cua cung AO => PT L AO ma theo trén PT// QO => QO L AB tai
O => Q la trung diém cua cung AB va khi d6 H trung v6i O; OQ 16n nhat nén QH 16n nhat.
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Bai 22. Cho hinh vuéng ABCD, diém E thugc canh BC. Qua B k¢ duong thang vudng
goc voi DE, duong thang nay cat cac duong thang DE va DC theo thu ty 6 H va K.

1. Chting minh BHCD Ia tir gidc ndi ti€p .

2. Tinh goc CHK.

3. Chting minh KC. KD = KH.KB

4. Khi E di chuyén trén canh BC thi H di chuyén trén duong nao?

Loi gidi:

1. Theo gia thiét ABCD Ia hinh vuéng nén /BCD = 90°; BH L DE tai H nén /BHD = 9(0°
=> nhu viy H va C ciing nhin BD dudi mét goc bang 90° nén H va C cing nam trén dudng
tron duong kinh BD => BHCD 14 tir gi4c noi tiép.

2. BHCD la ti giac ndi tiép => #BDC + ZBHC = 180°. (1)

/BHK 1la goc bet nén ZKHC + ZBHC = 180° (2).

A B

D C K
Tu (1) va (2) => ZCHK = ZBDC ma ZBDC = 45° (vi ABCD
la hinh vuéng) => ZCHK =450
3. Xét AKHC va AKDB ta ¢c6 ZCHK = ZBDC =45° ; /K la goc chung
KC KH

=> AKHC ~ AKDB => TR => KC. KD = KH.KB.
4. (HD) Ta luén c6 «BHD = 90° va BD ¢ dinh nén khi E chuyén dong trén canh BC cd
dinh thi H chuyén dong trén cung BC (E=B thi H=B; E=C thi H=C).

Bai 23. Cho tam giac ABC vudng & A. Dyng & mién ngoai tam giac ABC cac hinh
vuong ABHK, ACDE.
l. Chtng minh ba diém H, A, D thang hang.
2. Puong thing HD cit dudng tron ngoai tiép tam giac ABC tai F, chirng minh
FBC Ia tam giac vudng can.
3. Cho biét ZABC > 45°; goi M la giao diém cua BF va ED, Ching minh 5
diém B, K, E, M, C cung nam trén mot duong tron.
4. Chung minh MC 14 tiép tuyén cta duong tron ngoai tiép tam giac ABC.
Loi gidi:
1. Theo gia thiét ABHK 1a hinh vuéng => Z/BAH = 45°
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B 0 £ Tu giac AEDC 1a hinh vuéng => ZCAD = 45°; tam giac
ABC vuong 6 A => ZBAC =90°
=> /BAH + Z/BAC + ZCAD = 45° + 90° + 45° = 180° => ba diém H, A, D thang hang.
2. Ta c6 ZBEC = 90° (ndi tiép chan ntra duong tron ) nén tam giac BFC vudng tai F. (1).
ZFBC = ZFAC ( ndi tiép ciing chin cung FC) ma theo trén ZCAD = 45° hay ZFAC = 45°
(2).
Tu (1) va (2) suy ra AFBC la tam giac vuong can tai F.
3. Theo trén Z/BFC =90° => ZCFM = 90° ( vi 12 hai goc k& bu1); ZCDM = 90° (t/c hinh
vuong).
=> /CFM + ZCDM = 180° ma déy 14 hai goc ddi nén tir giac CDMF ndi tiép mot duong
tron suy ra ZCDF = ZCMF , ma ZCDF = 45° (vi AEDC la hinh vuéng) => ZCMF =
45% hay Z/CMB = 45°.
Ta ciing c6 ZCEB = 45° (vi AEDC la hinh vuéng); Z/BKC = 45° (vi ABHK 14 hinh
vuong).
Nhu vay K, E, M ctiing nhin BC dudi mot goc bang 45° nén ciing nam trén cung chira goc
45°% dyng trén BC => 5 diém B, K, E, M, C cung nam trén mot duong tron.
4. ACBM c¢6 /B =45°; /M =45"=> /BCM =45° hay MC L BC tai C => MC la tiép tuyén
ctia dudng tron ngoai tiép tam giac ABC.
Bai 24. Cho tam giac nhon ABC c6 £ZB =45° . V& duong tron duong kinh AC ¢6 tm O,
duong tron nay cat BA va BC tai D va E.
1. Ching minh AE = EB.
2. Goi H 1a giao diém cua CD va AE, Chirng minh rang dudng trung truc ctia doan HE di qua
trung diém I ctia BH.
3.Chtng minh OD 14 tiép tuyén ctia duong tron ngoai tiép A BDE.
Loi gidi:
1. ZAEC = 90° (ndi tiép chin ntra dudng tron )
=> /AEB = 90° (vi 14 hai gbc k& bu); Theo gia thiét ZABE = 45°
=> AAEB la tam gidc vuong can tai E => EA = EB.
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¢ 2.GoiK la trung diém cua HE (1) ; I 14 trung diém ctia HB => IK

la duong trung binh cta tam giac HBE => 1K // BE ma ZAEC = 90° nén BE | HE tai E =>
IK 1 HE tai K (2).
Tur (1) va (2) => IK 1a trung truc cua HE . Vay trung tryc ctua doan HE di qua trung diém I caa
BH.
3. theo trén I thudc trung truc cua HE => IE = IH ma I 1a trung diém cua BH => [E = IB.
Z ADC = 90° (ndi tiép chédn nira duong tron ) => /BDH = 90° (k& bu ZADC) => tam giac
BDH vudng tai D ¢ DI 14 trung tuyén (do I 13 trung diém ctia BH) => ID = 1/2 BH hay ID
=B =>IE =IB = ID =>1 1a tdm dudng tron ngoai tiép tam gidc BDE ban kinh ID.
Ta c6 AODC can tai O (vi OD va OC la ban kinh ) => /D, = ZC. (3)
AIBD can tai I (vi ID va IB 1a ban kinh ) => ZD, = ZB; . (4)
Theo trén ta c6 CD va AE Ia hai duong cao cua tam gidc ABC => H la tryc tdm cua tam
giac ABC => BH ciing la duong cao cua tam gidc ABC => BH L AC tai F => AAEB c6
ZAFB=90° .
Theo trén AADC ¢6 ZADC =90°=> /B, = ZC, ( cung phu ZBAC) (5).
Tu (3), (4), (5) =>4£Di = ZD> ma ZDz +/IDH =/BDC = 90°=> /D, +ZIDH = 90° = ZIDO
=> 0D L ID tai D => OD la tiép tuyén ciia duong tron ngoai tlep tam giac BDE.
Bai 25. Cho duong tron (O), BC la day bat ki (BC< 2R). K¢ cac tlep tuyen v6i duong tron
(O) tai B va C chung cit nhau tai A. Trén cung nho BC ldy mot diém M rdi ké cac dudng
vudng goc MI, MH, MK xudng céc canh tuong tmg BC, AC, AB. Goi giao diém ciia BM, IK
la P; giao diém cua CM, IH 1a Q.
1. Chting minh tam giac ABC can. 2. Céc tir giac BIMK, CIMH ndi tiép .
3. Ching minh MI?> = MH.MK. 4. Chirng minh PQ L MI.
Loi gidi:
1. Theo tinh chat hai tiép tuyén cat nhau ta cd6 AB = AC => AABC cén tai A.
2. Theo gia thiét MI L BC => /MIB = 90°; MK L AB => /MKB = 90°.
=> /MIB + /MKB = 180° ma day 1a hai goc ddi => ttr gidc BIMK ndi tiép
* ( Chikng minh tir gidc CIMH ngi tiép twong tw tir gidc BIMK )
3. Theo trén tir gidc BIMK noi tiép => ZKMI + ZKBI = 180°; tir giac CHMI noi tiép => ~/HMI
+ ZHCI = 180°. ma ZKBI = ZHCI ( vi tam gidc ABC cén tai A) => ZKMI = ZHMI (1).
Theo trén tir giac BIMK ndi tiép => /B = /I (n6i tiép ciing chin cung KM); tir giac CHMI
noi tiép => /H, = ZC, ( ndi tiép cung chin cung IM). Ma /B, = ZC, (= 1/2sd BM)=> /I, =
ZH1 (2).
Ml MK

Tu (1) va (2) => AMKI  AMIH => 222 M2 — V12 = MH.MK
MH M
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4. Theo trén ta c6 ZI; = ZCy; cling chung minh tuong tu ta c6 £I>
= /By ma £C + £B2 + ZBMC = 180° => /I, + LI, + ZBMC = 180° hay ZPIQ + ZPMQ
= 180° ma day 1a hai goc d6i => tir gidc PMQI noi tiép => £Q; = £y ma /I, = £C; =>
ZQ1=2£C;=>PQ // BC (i co hai gbc dong vi bang nhau) . Theo gia thiét MI L BC nén
suy ra IM L PQ.

Bai 26. Cho duong tron (O), duong kinh AB =2R. V& day cung CD L AB ¢ H. Goi M 1a
diém chinh gitra ca cung CB, I 14 giao diém ctia CB va OM. K 14 giao diém ctia AM va
CB. Ching minh :

1. %2% 2. AM la tia phan gidc cia ZCMD. 3. Tw gise OHCI ni tiép
4. Chirmg minh duong vudng goc ké tir M dén AC ciing 12 tiép tuyén ctia dudng tron tai M.
Loi giai: 1. Theo gia thiét M 14 trung diém cua BC => MB=MC
=> /CAM = /BAM (hai goc noi tiép chan hai cung bang nhau) => AK 14 tia phan giac

cua goc CAB => %:% (t/c tia phan gidc cua tam gidc )

2. (HD) Theo gia thiét CD 1. AB => A 1a trung diém cua CD =>
ZCMA = ZDMA => MA la tia phan gidc cua goc CMD.

3. (HD) Theo gia thiét M 14 trung diém ctia BC =>OM L BC tai I => Z0IC =90° ; CD
1L ABtaiH =>~/0HC =90°=> /OIC + ZOHC = 180° ma déy 14 hai goc dbi => tir
giac OHCI ndi tiép

4. Ké MJ L AC ta co MJ // BC ( vi cung vuong géc voi AC). Theo trén OM L BC == OM
1 MJ tai J suy ra MJ 1a tiép tuyén cua duong tron tai M.
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Bai 27 Cho duong tron (O) va mot diém A & ngoai duong tron . Céc tiép tuyén voi
duong tron (O) ké tur A ti€p xuc voi duong tron (O) tai B va C. Goi M 1a diém tuy y trén
duong tron ( M khac B, C), tir M ké MH L BC, MK L CA, MI L AB. Chimg minh :

1. T giac ABOC noi tiép. 2. ZBAO=~/BCO. 3. AMIH ~ AMHK.
4. MI.MK = MH2,
Loi gidi:
B
H M M
A A
K /
C C

1. (HS tu giai)
2. T gidc ABOC ndi tiép => ZBAO = £ BCO (ndi tiép cung chin cung BO).
3. Theo gia thiét MH L BC => Z/MHC = 90°; MK L CA => /MKC = 90°
=> /MHC + /MKC = 180° ma day 1a hai goc ddi => tir gisc MHCK noi tiép => ZHCM
= ZHKM (ndi tiép cting chin cung HM).
Chung minh twong tu ta c6 tir giic MHBI ndi tiép => /MHI = /MBI (ndi tiép cung chin

cung IM).

Ma ZHCM = /MBI (=1/2 sd¢ BM)=> Z/ZHKM = /MHI (1). Chimg minh tuwong tu ta
cling co

ZKHM = ZHIM (2). Tir (1) va (2) => A HIM ~ A KHM.

4. Theo trén A HIM ~ A KHM => 2L _MH _ iy VK = MH?
MH MK
Bai 28 Cho tam giac ABC noi tiép (O). Goi H 1a truc tdm ctia tam gidc ABC; E 1a diém ddi
xung cia H qua BC; F 1a diém d6i xtmg ctia H qua trung diém I ctia BC.
1. Chung minh tir gidc BHCF la hinh binh hanh.
2. E, F ndm trén duong tron (O).
3. Chung minh tir gidc BCFE 1a hinh thang cén.
4. Goi G la giao diém cua Al va OH. Chtrng minh G 14 trong tAm cua tam giac ABC.
Loi gidi:
1. Theo gia thiét F 1a diém d6i xtng ctia H qua trung diém I cuia BC => I 1a trung diém BC va
HE => BHCF 14 hinh binh hanh vi c6 hai dudng chéo cit nhau tai trung diém ctia mdi duong .
2. (HD) Tt giac AB’HC’ néi tiép => /BAC + /B HC’ = 180° ma
/BHC = /B’HC’ (d6i dinh) => Z/BAC + ZBHC = 180°. Theo trén BHCF 14 hinh binh hanh
=> /BHC = /BFC => /BFC + ZBAC = 180°
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=> T gidc ABFC noi tiép => F thudc (O).
* H va E d6i xtg nhau qua BC => ABHC = ABEC (c.c.c) => /BHC = /BEC => / BEC
+ /BAC = 180° => ABEC i tiép => E thudc (O) .
3. Ta c6 H va E d6i xtimg nhau qua BC => BC L HE (1) va IH = IE ma I Ia trung
diém cua cia HF
=> EI = 1/2 HE => tam gidc HEF vudng tai E hay FE L HE (2)
Tu (1) va (2) => EF // BC => BEFC Ia hinh thang. (3)
Theo trén E €(0) => ZCBE = ZCAE ( ndi tiép cing chian cung CE) (4).
Theo trén F € (0) va ZFEA =90° => AF la duong kinh ctua (O) => ZACF = 90° =>
/BCF = ZCAE
( vi cung phu ZACB) (5).
T (4) va (5) => ZBCF = ZCBE (6).
Tu (3) va (6) => tr giac BEFC 1a hinh thang can.
4. Theo trén AF la duong kinh cia (O) => O la trung diém ctia AF; BHCF 1a hinh binh
hanh => I 1 trung diém caa HF => OI la duong trung binh ciia tam gidc AHF =>O0I=1/2
AH.
Theo gia thiét I 1a trung diém cta BC => OI L BC ( Quan hé dudng kinh va diy cung) =>
Z0IG = ZHAG (vi so le trong); lai c6 ZOGI = 2 HGA (dbi dinh) => AOGI ~ AHGA =>
O _OL ma o1=1 AH
GA HA 2
=> %:%mé Al 13 trung tuyén ctua A ABC (do I 14 trung diém cua BC) => G 14 trong tim
cua A ABC.
Bai 29 BC la mot day cung ciia duong tron (O; R) (BC = 2R). Piém A di dong trén cung
16n BC sao cho O ludén nam trong tam giac ABC. Cac duong cao AD, BE, CF cia tam
gidc ABC déng quy tai H.
l. Chung minh tam gidc AEF dong dang voi tam giac ABC.
2. Goi A’ 1a trung diém ctua BC, Chirng minh AH = 20A”.
3. Goi A la trung diém cia EF, Chtrng minh R.AA; = AA’. OA’.
4. Chtng minh R(EF + FD + DE) = 2Sasc suy ra vi tri cia A dé
tong EF + FD + DE dat gié tri 10n nhét.
Loi gidi: (HD)
1. Tt giac BFEC ndi tiép => ZAEF = ZACB (cung bu /BFE)
ZAEF = ZABC (cung bu ZCEF) => A AEF ~ A ABC.
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2. V€ duong kinh AK => KB // CH ( cung vudng géc AB); KC // BH (cung vuéng goc AC) =>
BHKC 14 hinh binh hanh => A’ 1a trung diém cua HK => OK la duong trung binh cia AAHK
=> AH = 20A’

, , 3. Ap dung tinh chat : néu hai tam gidc Jéng dang thi ti s6 giira hia
trung tuyén, ti so gitta hai ban kinh cac duwong tron ngoaqi tiép bang ti s6 dong dang. ta co :

A AEF ~ A ABC = %:% (1) trong d6 R 1a ban kinh duong tron ngoai tiép AABC; R’

1

1a ban kinh duong tron ngoai tiép A AEF; AA’ 14 trung tuyén cia AABC; AA; 14 trung

tuyén cua AAEF.

T giac AEHF ndi tiép duong tron duong kinh AH nén day cling 1a duong tron ngoai tiép

AAEF

Tir (1) => RAA; = AA”. R’ = AA % — AA’ #

Vay R.AAI=AA’ . A0 (2)

4. Go1 B’, C’lan luot 1a trung diém ctua AC, AB, ta c6 OB’ LAC ; OC’LAB (ban kinh di
qua trung diém cua mot day khong qua tam) => OA’, OB’, OC” 1an luot 1 cac duong cao
cua cac tam giac OBC, OCA, OAB.

Sasc = Sosct Soca + Soas =%( OA’ . BC’+OB’. AC+0C’ . AB)
2Sapc = OA’ . BC + OB’ . AC’ + OC’ . AB (3)

Theo (2)=>0OA’=R.. AAIV ma jjl' 1a ti s6 giita 2 trung tuyén cua hai tam giac dong dang
AEF va ABCnén 4 = EE pyongtutaco: OB’ =R.F2.0C =R . 2 Thay vao
AA'"  BC AC AB
(3) ta duogc
FD E

2Sasc =R (EE g+ T2 40+ EL 4B) & 2Sasc = R(EF + FD + DE)
BC AC AB

* R(EF + FD + DE) = 2Sagc ma R khong d6i nén (EF + FD + DE) dat gi trj 16n nhat khi
Sagc.

Ta c6 Sasc = %AD.BC do BC khong ddi nén Sasc 16n nhat khi AD 16n nhét, ma AD 16n
nhat khi A 13 diém chinh gida cta cung 1én BC.

Bai30 Cho tam giac ABC noi tiép (O; R), tia phan giac cta goc BAC cit (O) tai M. V&
duong cao AH va ban kinh OA.
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l. Chiing minh AM 14 phan giac cuia goc OAH.
2. Gia st «B > ZC. Chiing minh ZOAH = 4B - £C.
3. Cho ZBAC = 60° va ZOAH = 20°. Tinh:
a) /B va ZC cua tam giac ABC.
b) Dién tich hinh vién phan giéi han béi day BC va cung nho BC theo R
Loi gidi: (HD)
1. AM la phén gi4c cua ZBAC => /BAM = ZCAM => BM =CM => M la trung diém cua
cung BC => OM L BC; Theo gia thiét AH | BC => OM // AH => ZHAM = ZOMA ( so
le). Ma ZOMA = ZOAM ( vi tam gidc OAM cén tai O do c6 OM = OA =R) = LZHAM
= OAM => AM la tia phan giac cua goc OAH.
A

D

H

B \-/C
" 2. V&day BD L OA => 4B=AD=> /ABD = ZACB.

Ta c6 LOAH = £ DBC ( gbc ¢6 canh tuong irng vudng goc cung nhon) => ZOAH =
/ABC - ZABD => Z0OAH = ZABC - ZACB hay ZOAH = /B - ZC.
3. a) Theo gia thiét Z/BAC =60°=> /B + /C =120 ; theo trén /B ~/C = ZOAH =>

/B-,C=20°.
/B+./C=120° /B=70°
/B-,/C=20" /C=50°
B _ TRA1200 1 R_ 7R R*AB R .(4r-33)
b) Svp - SqBOC - SABOC - W—ERJ??— 3 — 4 = B

Bai 31 Cho tam giac ABC c6 ba goc nhon ndi tiép (O; R), biét LBAC = 60°.
1. Tinh s6 do goc BOC va d6 dai BC theo R.
2. V& dudng kinh CD cua (O; R); goi H 14 giao diém ctia ba dudng cao ciia tam giac ABC
Chimg minh BD // AH va AD // BH.
3. Tinh AH theo R.
Loi gidi:
1. Theo gia thiét /BAC = 60° => sd BC=120° ( t/c goc ndi tiép )
=> /BOC = 120° ( t/c goc & tAm) .
* Theo trén sd BC=120° => BC 1a canh ctia mot tam giac déu noi tiép (O; R) => BC =R+/3.
2. CD la duong kinh => Z/DBC = 90° hay DB L BC; theo gia thiét AH 1a
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duong cao => AH L BC=>BD // AH. Chung minh tuwong tu ta ciing
duwoc AD // BH.
3. Theo trén ZDBC = 90° => ADBC vudng tai B c6 BC =R+/3; CD = 2R.
=>BD? = CD? - BC? =>BD?= (2R)?>— (R+3)?=4R?2-3R2=R?=>BD =R.
Theo trén BD // AH; AD // BH => BDAH Ia hinh binh hanh => AH = BD => AH =R.
Bai 32 Cho dudng tron (O), duong kinh AB = 2R. M6t cat tuyén MN quay quanh trung diém H
cua OB.
1. Chtmg minh khi MN di dong , trung diém I ctia MN ludn nam trén mot duong tron ¢d
dinh.
2. Tir A ké Ax L MN, tia BI cat Ax tai C. Chirng minh tir gisc CMBN 1a hinh binh hanh.
3. Chtrng minh C 1a tryc tdm cua tam gidc AMN.
4. Khi MN quay quanh H thi C di dong trén duong nao.
5.Cho AM. AN =3R2, AN =R +/3. Tinh dién tich phan hinh tron (O) ndm ngoai tam giac
AMN.
Loi gidi: (HD)
1.1 14 trung diém ctia MN => OI L MN tai I ( quan hé duong kinh va day cung) => ZOIH =

OH c6 dimh nén khi MN di dong thi I cling di dong nhung ludn
nhin OH c¢b dinh dudi mot goc 90° do d6 I di dong trén duong tron dudng kinh OH. Vay
khi MN di dong , trung diém I cia MN lu6n nam trén mot duong tron ¢d dinh.

2. Theo gia thiét Ax L MN; theo trén OI L MN tai I => OI // Ax hay OI / AC ma O la
trung diém ciia AB => I 13 trung diém cta BC, lai co I 1a trung diém cua MN (gt) =>
CMBN 14 hinh binh hanh ( Vi ¢ hai duong chéo cat nhau tai trung diém ctia mdi dudng ).
3. CMBN la hinh binh hanh => MC // BN ma BN L AN ( vi ZANB =90° do la goc noi
tiép chin nira dudong tron ) => MC L AN; theo trén AC L MN => C 1a tryc tdm cta tam
giac AMN.
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4. Ta ¢6 H 1a trung diém cua OB; I 1a trung diém cua BC => IH 1a dudng tung binh cua
AOBC =>1H // OC Theo gia thiet Ax L MN hay IH 1. Ax =>OC L Ax tai C => ZOCA =
90° => C thudc duong tron duong kinh OA cb dinh. Vay khi MN quay quanh H thi C di
dong trén duong tron duong kinh OA c¢b dinh.
5. Taco AM. AN =3R?, AN =R+3.=>AM =AN = Ry/3=> AAMN can tai A. (1)
Xét AABN vuodng tai N tac6 AB =2R; AN=R+3 =>BN=R => ZABN = 60" .
ZABN = ZAMN (ndi tiép cting chan cung AN) => ZAMN = 60° (2).

3R*\3

Tir (1) va (2) => AAMN la tam gidc déu => Spaamn = .

=> S = S(0) - Saamn = 7R* - 2

3R*3 _ R'(47-33
4
Bai 33 Cho tam giac ABC ndi tiép (O; R), tia phan giac ctia goc BAC cit BC tai I, ct
duodng tron tai M.
1. Chtirng minh OM L BC.
2. Ching minh MC? = ML.LMA.
3. Ké dudng kinh MN, cac tia phan giac ctia goc B va C cit dudng thang AN tai
P va Q. Ching minh bbn diém P, C , B, Q cung thudéc mdt duong tron .
Loi gidi:
1. AM la phan giac cua ZBAC => ZBAM = ZCAM
=> BM =CM => M 1 trung diém cta cung BC => OM L BC
2. Xét AMCI va AMAC c6 Z/MCI =/MAC (hai goc ndi tiép chin hai cung bang nhau);
/M la goc chung

= AMCI ~ AMAC => MC_MI[ __ vic2 = MILMA.
MA  MC

3. (HD) ZMAN = 90° (ndi tiép chan nira duong tron )
=> /P =90° — ZK; ma ZK; la gbc ngoai cua tam giac AKB nén /K= LA+ £/B; =

%+%(t/c phéan gidc ctia mot goc ) => £P; =90° - (%A+%)-(l)

CQ 14 tia phan gi4c cta goc ACB => /C; = §= %(1800 /A - /B)=90° (%ﬂ%).

(2).
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T (1) va (2) = £ZP; = ZC; hay ZQPB = ZQCB ma P va C nim cung vé mdt nira mit

phang bd BQ nén cung ndm trén cung chira goc 90° — (%4‘%) dung trén BQ.

Vay bon diém P, C, B, Q cung thuoc mdt duong tron .

Bai 34 Cho tam giac ABC can ( AB = AC), BC = 6 Cm, chiéu cao AH =4 Cm, ndi tiép
duong tron (O) duong kinh AA’.

1. Tinh béan kinh cua duong tron (O).

2. K¢ duong kinh CC’, tir gidc CAC’ A’ 1a hinh gi? Tai sao?

3. Ké AK L CC’ tr gidc AKHC 1a hinh gi? Tai sao?

4. Tinh dién tich phan hinh tron (O) ndm ngoai tam giac ABC.
Loi gidi:
1. (HD) Vi AABC can tai A nén duong kinh AA” ctia duong tron ngoai tiép va dudng cao
AH xuét phat tir dinh A tring nhau, tirc 1a AA’di qua H. => AACA’ vuong tai C c6 dudng

BC 6 _ CH* 3 9

caoCH=""=—-= 3cm; AH =4cm=> CH’=AH.A’H=>A’H= ==—=-=25
2 2 AH 4 4
= AA’
A
o
K (o]
1__I 12
o =>AA’=AH+HA’=4+2,5=6,59cm)=>R=AA’:2=6,5:
2=325(cm).

2. Vi AA’ va CC’ 1 hai duong kinh nén cét nhau tai trung diém O ctua mdi duong =>
ACA’C’ 1a hinh binh hanh. Lai ¢c6 ZACA’ = 90° (ndi tiép chin nira duong tron ) nén suy
ra tir gidc ACA’C’ 1a hinh chi¥ nhat.
3. Theo gia thiét AH 1. BC; AK L CC’ => K va H cing nhin AC dudi méot goc bang 90°
nén cing nam trén duong tron duong kinh AC hay tir giac ACHK noi tiép (1) => £C, =
ZH; (n6i tiép cung chian cung AK) ; AAOC cén tai O ( vi OA=0C=R) => £C, = LA, =>
/Ay = /H, =>HK // AC ( vi ¢6 hai géc so le trong bang nhau) => tir gisc ACHK 1a hinh
thang (2). Tt (1) va (2) suy ra tr gidc ACHK 1a hinh thang can.
Bai 35 Cho duong tron (O), duong kinh AB ¢ dinh, diém I nam gitta A va O sao cho Al =
2/3 AO. Ké didy MN vudng goc voi AB tai I, goi C 1a diém tuy y thudc cung 16n MN sao cho
C khong trung véi M, N va B. Nbi AC cit MN tai E.
1. Chtrng minh t&r giac IECB noi tiép .
2. Chung minh tam gidc AME d6ng dang véi tam giac ACM.
3. Chung minh AM? = AE.AC.
4. Chirng minh AE. AC - ALIB = AI”.
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5. Hay xéac dinh vi trf cta C sao cho khoang cach tir N dén tim dudng tron ngoai tiép
tam giac CME la nho nhat.
Loi gidi:
1. Theo gia thiét MN LAB tai I => ZEIB = 90% £ ACB ndi tiép chin nira duong tron nén
ZACB =90° hay ZECB = 90°
=> ZEIB + ZECB = 180° ma day 1a hai goc dbi cua ttr gidc IECB nén tir giac IECB 1a tir giac
noi tiép .

(2]

2. Theo gia thiét MN LAB => A 14 trung diém ctia cung MN =>
ZAMN = ZACM ( hai goc ndi tiép chin hai cung bang nhau) hay ZAME = ZACM. Lai
thdy ZCAM la goc chung cta hai tam gidc AME va AMC do d6 tam gidc AME dong
dang vdi tam giac ACM.

3. Theo trén AAME ~A ACM => 2 _ A% - Anp2 = AR AC
AC  AM

4. ZAMB = 90° (ndi tiép chin nira dudong tron ); MN LAB tai [ => AAMB vudng tai M ¢

MI 1a dudng cao => MI? = AL.BI ( hé thirc gilra canh va duong cao trong tam giac vuodng) .
Ap dung dinh 1i Pitago trong tam giac AIM vuodng tai I ta c6 AI> = AM2 — MI?> => AI? = AE.AC
- ALBI.
5. Theo trén ZAMN = ZACM => AM Ia tiép tuyén cta duong tron ngoai tiép A ECM; Nbi
MB ta ¢c6 ZAMB =90° , do d6 tim O; ctia dudng tron ngoai tiép A ECM phai nam trén BM.
Ta thdy NO; nho nhat khi NO; 1 khoang cach tir N dén BM => NO; LBM.
Goi O 1 chan duong vudng goc ké tir N dén BM ta duoc O la tam duong tron ngoai tlep A
ECM co ban kinh la O:M. Do d6 dé khoang cach tir N dén tdm duodng tron ngoai tiép tam
gidc CME 1a nho nhat thi C phai 14 giao diém cua duong tron tdm O; ban kinh OM véi
duong tron (O) trong d6 Oy 14 hinh chiéu vudng goc ciia N trén BM.

Bai 36 Cho tam gidc nhon ABC , K¢ cac duong cao AD, BE, CF. Goi H Ia tryc tam cua

tam giac. Goi M, N, P, Q lan ot 1a cac hinh chiéu vudng goc cua D 1én AB, BE, CF, AC.

Chimg minh :

1. Céc tir giac DMFP, DNEQ Ia hinh chir nhat.
2. Céc tr gilc BMND; DNHP; DPQC noi tiép .
3. Hai tam giac HNP va HCB ddng dang.
4, Bén diém M, N, P, Q théng hang.
Loi gidi: 1. & 2. (HS tw lam)
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3. Theo chimg minh trén DNHP néi tiép => /N, = /D; (ndi tiép cung chan cung HP); AHDC c6
ZHDC =90° (do AH 1a duong cao) A HDP c¢6 ZHPD = 90° (do DP L HC) => ZCi= ZD4 (cung
phu v&1 ZDHC)=>/ZC=4Nx> (1) chirng minh tuong tu ta c6 £B1=£P; (2)
Tu (1) va (2) == AHNP ~ A HCB

A

° 4. Theo chirng minh trén DNMB ndi tiép => /N; = /D (ndi
tiép cung chin cung BM).(3)

DM // CF ( cung vudng goc v6i AB) => £Ci1= £D; ( hai goc dong vi).(4)

Theo ching minh trén ZCi = £ZN> (5)

Tir (3), (4), (5) => £Ni = ZN> ma B, N, H thang hang => M, N, P thang hang. (6)

Chtrng minh tuong tu ta cung ¢6 N, P, Q thang hang . ()

Tw (6), (7) => Bén diém M, N, P, Q thing hang

Bai37  Cho hai duong tron (O) va (O’) tiép xtic ngoai tai A. Ké tiép tuyén chung ngoai
BC, B € (0), C € (0O’). Tiép tuyén chung trong tai A cat ti€p tuyén chung ngoai BC &

L.
1. Chung minh céc tr giac OBIA, AICO’ ndi tiép .
2. Ching minh £ BAC=90°.
3. Tinh s do goc OIO’.
4. Tinh d¢ dai BC biét OA = 9cm, O’A = 4cm.
Loi gidi:
1. ( HS tw lam)
2. Theo tinh chat hai tiép tuyén cat nhau ta c6 IB=1A , IA =IC

AABC c6 Al = %BC =>/\ABC vuong tai A hay ZBAC =90°

S

3. Theo tinh chat hai tiép tuyén cét nhau ta c6 IO 1a tia phan giac
ZBIA; 10’12 tia phan gidc ZCIA . ma hai goc BIA va CIA 14 hai goc ké bu =>10 L 10’=>
Z010°=90°
4. Theo trén ta cd A0I0’ vudng tai I co IA 13 duong cao (do Al 1a tiép tuyén chung nén Al
100’)
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=>]A2=A0.A0"=9.4=36=>1A=6=>BC=2.1A=2. 6= 12(cm)

Bai 38 Cho hai du:ong tron (0) ; (O”) tiép xuc ngoai tai A, BC 12 tiép tuyén chung ngoai,
Be(0), Ce (O°). Tiép tuyén chung trong tai A ci tiép tuyén chung ngoai BC ¢ M. Goi E 1a
giao diém cua OM va AB, F 1a giao diém ctia O’M va AC. Ching minh :

1. Chung minh céc tir gilc OBMA, AMCO’ noi tiép .

2. Tt giac AEMF 1a hinh chir nhét.

3. ME.MO=MF.MO’.

4. 00’ 1a tiép tuyén ctia dudng tron duong kinh BC.

5. BC la tiép tuyén cua duong tron duong kinh OO’.
Loi gidi:

1. (HS tw lam)
2. Theo tinh chat hai tiép tuyén cit nhau ta c6 MA = MB

B
24 3NL C
E
o A o

=>/\MAB can tai M. Lai c6 ME Ia tia phan gidc => ME L AB
(D).
Ching minh tuong tu ta cling c6 MF L AC (2).
Theo tinh cht hai tiép tuyén cit nhau ta ciing c6 MO va MO’ 1a tia phan giic cta hai goc
ké bu BMA va CMA =>MO L MO’ (3).
T (1), (2) va (3) suy ra tor gidc MEAF 1a hinh chir nhat

3. Theo gia thiét AM 1a tiép tuyén chung cua hai duong tron => MA L 00’=>
AMAO vuong tai A ¢6 AE L MO ( theo trén ME | AB) = MA? = ME. MO (4)

Tuong tu ta c6 tam giac vuéng MAO’ ¢c6 AFLMO’= MA? = MF.MO’ (5)
Tu (4) va (5) = ME.MO = MF. MO’

4. Puong tron duong kinh BC ¢6 tam 1a M vi theo trén MB = MC = MA, duong tron
nay di qua Ava co MA 1a ban kinh . Theo trén OO’ L MA tai A = OO’ 1a tiép tuyén tai A
cua duong tron duong kinh BC.

5. (HD) Goi I 1a trung diém ctua OO’ ta c6 IM 1a dudng trung binh cta hinh thang
BCO’0O
=> [M_LBC tai M (*) .Ta cung ching minh dugc ZOMO’ vuéng nén M thudc dudong tron
duong kinh OO’ => IM 1la ban kinh duong tron duong kinh OO’ (**)

Tir (*) va (**) => BC 1a tiép tuyén ctia dudng tron duong kinh OO’

Bai 39 Cho duong tron (O) duong kinh BC, day AD vuodng goc voi BC tai H. Goi E, F
theo thir tir 1a chan cac duong vudng goc ke tir H dén AB, AC. Goi (1), (K) theo thir tu la
cac duong tron ngoai ti€p tam giac HBE, HCF.
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Hay xéc dinh vi tri twong d6i ctia cac dudng tron (I) va (0); (K) va (0); (I) va

Tt giac AEHF 1a hinh gi? Vi sao?.

Chtimg minh AE. AB = AF. AC.

Chtng minh EF 13 tiép tuyén chung cua hai duong tron (I) va (K).
Xéc dinh vi tri cia H dé EF c¢6 d6 dai 1on nhat.

[, I SR TS I O R
Z

Loi giai:
1.(HD) OI = OB — IB => (I) tiép xuc (O)
OK = OC — KC => (K) tiép xuc (O)
IK =1IH + KH => (I) tiép xtic (K)
2.Tac6 : ZBEH = 90° ( ndi tiép chin nira duong tron )
=> /AEH = 90° (vi 14 hai goc ké bu). (1)
ZCFH = 90° ( ndi tiép chan nira dudng tron )
=> /AFH = 90° (vi 13 hai goc ké bu).(2)

ZBAC =90 ( ndi tiép chin nira duong tron hay ZEAF = 90° (3)
Tu (1), (2), (3) => tir gidc AFHE 1a hinh chit nhat ( vi c6 ba géc vuong).
3. Theo gia thiét ADLBC tai H nén AAHB vuéng tai H c6 HE L AB ( Z/BEH =90°) => AH? =
AE.AB (*)
Tam giac AHC vuong tai H c6 HF L AC (theo trén ZCFH = 90° ) => AH? = AF.AC (**)
Tu (*) va (**) => AE. AB= AF. AC (= AH?)
4. Theo chirng minh trén t giac AFHE 14 hinh chit nhat, goi G 13 giao diém cta hai dudng
chéo AH va EF ta c6 GF = GH (tinh chat duong chéo hinh chit nhat) => AGFH can tai G
= /F,=/H; .
AKFH cén tai K (vi ¢6 KF va KH cung la ban kinh) => £F, = ZH,.

=> /F + /F,= /H; + ZH, ma /H, + Z/H, = ZAHC =90° => /F, + /F, = ZKFE = 90° =>
KF LEF.

Chtng minh twong tu ta ciing ¢6 IE L EF. Vay EF 1a tiép tuyén chung ctia hai duong tron (1)
va (K).

e) Theo chung minh trén tor gidc AFHE Ia hinh chit nhat == EF = AH < OA (OA la ban kinh
duong tron (O) c6 do dai khong d6i) nén EF = OA <=> AH = OA <=> H trung véi O.

Vay khi H tring v6i O tuc 1a diy AD vudng goc voi BC tai O thi EF ¢6 d6 dai 1on nhat.

Bai 40 Cho nura duong tron duong kinh AB =2R. Tur A va B ke hai tiép tuyén Ax, By. Trén Ax
lay diém M r6i ké tiép tuyén MP cét By tai N.
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1. Chtrng minh tam giac MON ddng dang véi tam giac APB.

2.

Ching minh AM. BN = R?,

3. Tinh i $6 2¥0% khi AM = g.

APB

4. Tinh thé tich cta hinh do nira hinh tron APB quay quanh canh AB sinh ra.
Loi gidi:
1. Theo tinh chat hai tiép tuyén cét nhau ta c6: OM la tia phan giac cua goc AOP ; ON la tia
phan giac cuia goc BOP, ma

N e

X

N

A

0 ZAOP va /BOP 14 hai goc ké bu => ZMON = 90°. hay tam gic

MON vuong tai O.
ZAPB = 90°((ndi tiép chin nira dudng tron) hay tam giac APB vuong tai P.

Theo tinh chit tiép tuyén ta c6 NB L OB => ZOBN = 90% NP L OP => ZOPN = 9(°

=>/0BN+~/0PN =180° ma ZOBN va ZOPN 14 hai goc dbi => tir giac OBNP ndi tiép
=>/0BP = ZPNO
Xét hai tam giac vudng APB va MON ¢6 ZAPB = Z MON =90% ZOBP = Z/PNO => AAPB
~ A MON

2. Theo trén AMON vuéng tai O c¢6 OP L MN ( OP 1a tiép tuyén ).
Ap dung hé thire gita canh va dudng cao trong tam giac vuong ta c6 OP2 = PM. PM
Ma OP = R; AM = PM; BN = NP (tinh chit hai tiép tuyén cit nhau ) => AM. BN = R2

3. Theo trén OP? = PM. PM hay PM. PM = R2 ma PM = AM = g —>PM = §=> PN = R% §=

2R

=>MN = MP + NP = §+2R= %TheotrénAAPB ~ AMON => % = %: IR = % =
k(klati sd dong dang).Vi ti s6 dién tich giita hai tam gidc dong dang bang binh phuong
ti s6 dong dang nén ta co:
Svion =k = Svion — (ijz :2_5
S 4pp S ipp 4 16
Bai 41 Cho tam gidc déu ABC, O la trung diém cua BC. Trén cac canh AB, AC lan
luot 1ay cac diém D, E sao cho £ DOE = 60° .
1)Chimg minh tich BD. CE khong doi.
2)Chtrng minh hai tam gidc BOD; OED dong dang. Ttr d6 suy ra tia DO la tia phan
giac cua goc BDE ’ ‘
3)V& duong tron tam O ti€p xuc voi AB. Ching minh rang duong tron nay ludn
tiép xtic voi DE.
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Loi gidi:

1. Tam gidc ABC déu=> ZABC = £ ACB =60° (1);

Z DOE = 60° (gt) =>~/DOB + ZEOC = 120° (2).

ADBO ¢6 ZDOB = 60° => /BDO + ZBOD = 120° (3) .

Tu (2) va (3) => ZBDO = £ COE (4)

T (2) va (4) => ABOD ~ ACEO => %zi—g=> BD.CE=B0O.COma OB=0C=R

khong d6i => BD.CE = R? khéng d6i.
A

2. Theo trén ABOD ~ ACEO => 32 _9P .3 cO = BO =>
CO OE
BD_OD__BD_BO

BO OE OD OE )

Lai ¢c6 #DBO = ZDOE = 60° (6).

Tir (5) va (6) => ADBO ~ ADOE => /BDO = ZODE => DO la tia phan gi4ac £ BDE.
3. Theo trén DO 14 tia phan giac £ BDE => O cach déu DB va DE => O 14 tim duong
tron tiép xuc véi DB va DE. Vay dudng tron tam O tiép xtc véi AB ludn tiép xtc véi
DE

Bai 42 Cho tam gidc ABC can tai A. c6 canh day nho hon canh bén, ndi tiép duong
tron (O). Tiép tuyén tai B va C 1an luot cat AC, AB & D va E. Ching minh :

1.BD? = AD.CD.

2. Tt gidc BCDE ndi tiép .
3. BC song song v&i DE.

Loi gidi:

1. Xét hai tam gidc BCD va ABD ta c6 ZCBD = ZBAD ( Vi la gbc noi tiép va goc

giira tiép tuyén voi mot day cung chan mot cung), lai ¢c6 D chung => ABCD ~ AABD
BD CD

AD BD

2. Theo gia thiét tam gidc ABC can tai A => ZABC = Z/ACB
=> /EBC = /DCB ma ZCBD = /BCD (gbc giira tiép tuyén vi mot diy cung chin
mot cung) => LZEBD = ZDCE => B va C nhin DE du6i cung
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E D

mot goc do d6 B va C cing nam trén cung tron dung trén DE
=> Tt giac BCDE noi tiép
3. Tt giac BCDE ndi tiép => /BCE = /BDE ( ndi tiép cing chin cung BE) ma
/BCE = ZCBD (theo trén ) = ZCBD = ZBDE ma day la hai géc so le trong nén
suy ra BC// DE.

Bai 43 Cho dudng tron (O) dudng kinh AB, diém M thudc duong tron . V& diém N ddi xing

vol A qua M, 7
BN cat (O) tai C. Goi E 1a giao diém cua AC va BM.
1. Chtrng minh tir giac MNCE ndi ti€p .

2. Chtng minh NE L AB.
3. Goi F 1a diém ddi xtmg voi E qua M. Chimg minh FA 14 tiép tuyén cua (O).
4. Chung minh FN 1a tiép tuyén ciia dudng tron (B; BA).
Loi gidi: 1. (HS tw lam)
2. (HD) D@ thiy E 1a tryc tAm ctia tam giac NAB => NE L AB.
3.Theo gia thiét A va N dbi xtng nhau qua M nén M 1a trung diém cua AN; F va E xtng
nhau qua M nén M 14 trung diém ctia EF => AENF 1a hinh binh hanh =>FA // NE ma NE L
AB =>FA 1 AB tai A =>FA la tiép tuyén cua (O) tai A.
4. Theo trén tr gidc AENF la hinh binh hanh => FN // AE hay FN // AC ma AC L BN =>
FN L BN tai N

>

(@]

- =z
3]

w

ABAN c6 BM la dudng cao dong thoi 1a dudng trung tuyén ( do M 13
trung diém cta AN) nén ABAN can tai B => BA = BN => BN 1a ban kinh ctia dudng tron
(B; BA) => FN la tiép tuyén tai N cua (B; BA).

Biai 44 AB va AC 14 hai tiép tuyén cia duong tron tim O ban kinh R (B, C 14 tiép diém ).

V& CH vudng goc AB tai H, cat (O) tai E va cat OA tai D.
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l. Chiing minh CO = CD.
2. Chting minh tr gidc OBCD la hinh thoi.
3. Goi M 1a trung diém ctua CE, Bm cit OH tai I. Chimg minh I 13 trung diém cua OH.
4. Tiép tuyén tai E v6i (O) cit AC tai K. Chimg minh ba diém O, M, K thing hang.
Loi gidi:
1. Theo gia thiét AB va AC 14 hai tiép tuyén cua duong tron tdm O => OA 1a tia phan giac
cua ZBOC => ZBOA = ZCOA (1)

OB L AB ( AB la tiép tuyén ); CH L AB (gt) => OB // CH =>
/BOA = ZCDO (2)
Twr (1) va (2) => ACOD cén tai C => CO = CD.(3)
2. theo trén ta c6 CO = CD ma CO =BO (=R)=>CD =BO (4) lai ¢c6 OB // CH hay OB //
CD (5)
Tur (4) va (5) => BOCD la hinh binh hanh (6) . Ttr (6) va (3) = BOCD Ia hinh thoi.
3. M la trung diém cua CE => OM L CE ( quan hé duong kinh va day cung) => ZOMH = 90°.
theo trén ta cling c6 ZOBH =90°, /BHM =90° => tir giac OBHM 1a hinh chir nhat =>1 la
trung diém cua OH.
4. M 1a trung diém ctia CE; KE va KC 14 hai tiép tuyén => O, M, K thang hang.
Bai 45 Cho tam giac cAn ABC ( AB = AC) néi tiép duong tron (O). Goi D 1a trung diém
ctia AC; tiép tuyén cua duong tron (O) tai A cat tia BD tai E. Tia CE cat (O) tai F.
1. Chting minh BC // AE.
2. Chiing minh ABCE la hinh binh hanh.
3. Goi I 1a trung diém cua CF va G la giao diém cua BC va OL
So sanh ZBAC va ZBGO.
Loi gidi: 1. (HS tw lam)
2).X¢ét hai tam giac ADE va CDB ta c6 LZEAD = ZBCD (vi so le trong )
AD = CD (gt); ZADE = ZCDB (d6i dinh) => AADE = ACDB => AE = CB (1)

A E

""" ® Theo trén AE // CB (2) .Tix (1) va (2) = AECB 14 hinh binh hanh.
.3) 114 trung diém ctia CF => OI L CF (quan hé duong kinh va day cung). Theo trén AECB
1a hinh binh hanh => AB // EC => OI L AB tai K, => ABKG vuong tai K. Ta cung c6 ABHA
vuong tai H

Trang 147



= /BGK =/BAH ( cung ph].] vOl ARH) ma.ZBAH = % BAC (dn AABC can.nén.AH.la

phan giac) == ZBAC = 2/BGO.
Bai 46: Cho dudng triin (O) va mot diém P ¢ ngoai duong triin. Ké hai tiép tuyén PA, PB (A; B
1a tiép diém). Tir A vé tia song song v6i PB cit (O) tai C (C = A). Poan PC cit duong triin tai
diém tht hai D. Tia AD cit PB tai E.

a. Ching minh AEAB ~ AEBD.

b. Chimg minh AE 1a trung tuyén ctia APAB.
HD: a) AEAB ~ AEBD (g.g) v&: BEA chung

EAB = EBD (guc nodi tlep va guc tao boi tia tlep tuyen 1; ‘0

_ EB_ED _ EB2—EA.ED (1) C
EA EB

* EPD= PCA (s.l.t) ; EAP = PCA (glic ndi tiép va guc tao bai tia tiép tuyén. A
— EPD= EAP ; PEA chung = AEPD ~ AEAP (g.g)

Ei EI; EP2=EAED (2)Tr | &2 = EB2=EP? = EB=EP = AE la trung tuyén

A PAB.

B

Bai 47: Cho AABC vudng ¢ A. Ly trén canh AC mét diém D. Dung CE vudng goc BD.
a. Chimg minh AABD ~ AECD.
b. Chtng minh ti gioc ABCE 1a tir gidc noi tiép.
c. Chirng minh FD vudng goc BC, trong d6 F 1a giao diém cua BA va CE.
d. Cho ABC = 60° BC = 2a; AD = a. Tinh AC; duong cao AH cua AABC va ban kinh
duong triin ngoai tiép tr gioc ADEF. C
HD: a) AABD ~ AECD (g.g)
b) tir gioc ABCE 1 tr gioc noi tiép (Qui téch cung chira g
¢) Chtirng minh D 1a tryc tom A CBF.
V3

d) AC = BC.sinABC = 2a.sin60° = 2a T a3

AB = BC.cos ABC= 2a.cos60° = 2a. % =a

AH = AB.sin ABC = a.sin60° = ag - A FKB vuung tai K , ¢t ABC = 60°= BFK = 30°

— AD = FD.sinBFK = AD = FD.sin30° = a=FD.0,5 = FD=a:0,5="2a.

Bai 48: Cho AABC vuung (ABC = 90° BC > BA) ndi tiép trong duong trin duting konh AC.
Ké ddy cung BD vuung gic AC. H 1a giao dlem AC va BD. Trén HC lay diém E sao cho E ddi
xtng voi A qua H. Puong triin dudng kinh EC cit BC tai I (1= C). B
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CI _CE

a Fhlrnq minh — =

CB CA
b. Ching minh D; E; I thang hang. I
c. Chung minh HI 1a mot tiép tuyén ctia dudng triin dudong kinh EC.
HD:; a) AB // EI (cung L BC) A H C
_ CL_CE (i Ta-1ét) OE O
CB CA

b) chimg minh ABED la hdnh thoi = DE // AB ma EI //AB
= D, E, I cung nam trén duong thang di qua E // AB
= D, E, I thang hang. D
¢) EIO' = [EO' (v& A EO’I ¢dn ; O’I=0’E =R(0)
IEO' = HED (d/d) ; ABID vuéng ; IH 14 trung tuyén = AHID cdn = HIE= HDI
Ma HDI + HED = 90° = dpcm.

Bai 49: Cho duong trin (O; R) va mét duong thang (d) ¢ dinh khong cat (O; R). Ha OH L (d)
(H d). M 1a mot diém thay d6i trén (d) (M= H). Ta M ke 2 tiép tuyén MP va MQ (P, Q 1a tiép
diém) vai (O; R). Day cung PQ cat OH ¢ I; cat OM ¢ K.

a. Ching minh 5 diém O, Q, H, M, P cung nam trén 1 dudng triin.

b. Chung minh IH.IO =1Q.IP

c. Gia stt PMQ= 60°. Ténh ti s6 dién téch 2 tam gidc: AMPQva AOPQ
HD:a)5 diém O, Q,H, M, P cung nam trén 1 duong triin

(Dua vao qui tdch cung chira giic 90°) M

b) A OIP ~ A QIH (g.g) = gIQ [H.IO = IQ.IP

¢) Av MKQ ¢t : MK = KQ.tg MQK = KQ.tg60° = ?I _PQV3.

B H

Av OKQ cti:  OK =KQ.tgOQK = KQ.tg30° = KQ_? _PQ 3 _PQV3

23 6
= MPQ PQ\/7 PQ\/7
Soro 2 6

Bai 50: Cho ntra duong trin (O), duong kinh AB=2R. Trén tia d6i cua tia AB lay diém E
(E=A). Tu E, A, B ke cac tiép tuyén voi nira duong triin. Tiép tuyén ké tir E cat hai tiép
tuyén ké tir A va B theo thir tu tai C va D.
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a. Goi M 1a tiép diém cua tiép tuyén ké tir E téi nira duong triin. Chimg minh tir gidc
ACMO noi tiép dugc trong mot dudng triin.

b. Chirng minh AEAC ~ AEBD, tir 46 suy ra % = ((::—1;/[
c. Goi N 1a giao diém ctia AD va BC. Chtrng minh MN // BD. 1

d. Chung minh: EA%?=EC.EM - EA.AO.
e. it AOC = 6. Ténh theo R va 6 cac doan AC va BD.
Chung t6 rang téch AC.BD chi phu thudc gio tri cia R,
khung phu thudc vao 0.

v D

HD:a) ACMO noi tiép (Dua vao qui téch cung chira gﬁ%900) A : 04 B
b) AC //BD (cung L EB) =AEAC ~ AEBD
CE_AC 1)ma AC = CM ; BD = MD (T/c hai tiép tuyén cit nhau) = SE-M ()
DE BD DE DM
DM CM
DE CE

¢) AC // BD (cmt) =ANAC ~ ANBD = NC _AC 3y 1y 1;2:3 - NCLM N/ BD
NB BD NB M

R S

d) 0,=0,; 0,=0, ma O,+0,+0,+0,=180° = 0,+0, =90°; 0,+ D,=90°(....)
—~ D, = 0,=0, =6.Viy: DthO—B =ti;Lai cti: AC = OA.tg6 = R.tgo = AC.DB = R.tgo.
ga ga
R
tga

= AC.DB = R? (Bpcm)

Bai 51: Cho AABC ¢6 3 goc nhon. Goi H la giao diém cua 3 dudong cao AA;; BBi; CCi.
a. Ching minh tr gioc HA1BC, ndi tiép dugc trong duong trin. Xoc dinh tdm I cua
duodng triin ay.
b. Chtrng minh A;A 1a phon gioc cia BAC, .
c. Goi J 14 trung diém ctia AC. Ching minh IJ 13 trung truc ctia A/
d. Trén doan HC ldy 1 diém M sao cho ?AA—I; = %
So sonh dién toch cua 2 tam gioc: AHAC va AHIM.
HD: a) HA|BC, ndi tiép (qui toch cung chira guc 90°)
Tam I 1a trung diém BH.
b) C/m: HA,C, = HBC, ; HAB,= HCB, ;

—_— e ——

HBC, = HCB, = HA,C, = HAB, = dpcm.
c) IAi=1C;=Rq; JA=JA=AC/2 ... } o )

= 1J 1a trung truc cta A,Ci. B A C
d) Sum = %HM.JK; SHac = %HC.AC]
S S = HCAC g M1 HC _BMIMC | MC_,_ AC, y ac,

HML.JK MC 3 HM HM
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= SHac: Sum =8

Bai 52: Cho diém C ¢ dinh trén mot duong thang xy. Dung nira duong thang Cz vudng goc
v6i Xy va lay trén do 2 diém c6 dinh A, B (A ¢ gitra C va B). M 1a mot di€m di dong trén xy.

Puong vudng goc véi AM tai A va voi BM tai B cét nhau tai P.

a. Chirg minh t&r gioc MABP noi tiép duogc va tim O cua dudng triin ndy nam tron

mot duong thing ¢ dinh di qua diém gitia L cua AB.
b. K¢ PI 1L Cz. Chtirng minh I 1a mét diém c¢6 dinh.

c. BM va AP cit nhau ¢ H; BP va AM cit nhau & K. Ching minh rang KH 1 PM.
d. Cho N 1a trung diém ctia KH. Ching minh cac diém N; L; O thang hang.

HD: a) MABP ndi tiép d/triin d/k MP.(qui téch cung chira guc 90°... ¥

OA = OB = R(0) = O thuc duong trung truc ABdiquaL  I|----;

1a trung diém AB...
b) IP //CM (L Cz) = MPIC la honh thang. = IL = LC khong
vo A,B,C ¢c0 dinh. = 1 ¢0 dinh.

¢)PA LKM; PK 1L MB = H la tryc tom A PKM Q
K

= KH 1 PM
d) AHBK noi tiép d/triin d/k KH (qui téch cung chira guc...)
— N 14 tAm d/triin ngoai tiép ... = NE = NA =Ry A
= N thudc duong trung truc AB
= O,LN théng hang. X C

Bai 53: Cho ntra duong triin (O) duong kinh AB va K la diém chinh giita cua cung AB. Trén
cung AB 1ay mot diém M (khac K; B). Trén tia AM ldy diém N sao cho AN = BM. K¢ day
BP song song véi KM. Goi Q 14 giao diém ctia cac duong thang AP, BM.

a. So sonh hai tam gidc: AAKN va ABKM.
b. Chung minh: AKMN vuung con.
c. Tt gioc ANKP 1a hdnh g&? V& sao?

HD: a) A AKN = A BKM(c.g.c)
b) HS tu ¢/m. A KMN vuung con.
¢) A KMN vuung = KN 1 KM ma KM // BP = KN 1 BP
APB = 90° (glic ndi tiép...) = AP L BP
= KN // AP (1L BP)
KM // BP = KMN =PAT =45°

Ma mzﬁzyﬂso




PKN =45°; KNM =45" = PK // AN . Vay ANPK 1a hdnh bdnh hanh.

Bai 54: Cho duong triin tdm O, bon kénh R, ct hai duong kinh AB, CD vudng gbéc véi nhau. M
14 mot diém tuy y thudc cung nho AC. Noi MB, cat CD ¢ N.
a. Chung minh: tia MD 1a phdn gioc cua gic AMB.
b. Chimg minh:ABOM ~ ABNA. Chimng minh: BM.BN khéng doi.
c. Chtrng minh: t&r giic ONMA noi tiép. Goi I 1a tim duong triin ngoai tiép tr gioc
ONMA, I di dong nhu thé nao? C
HD: a) AMD =DMB =45° (chdn cung Y d/triin)
— MD la tia phdn gidc AMB
b) A OMB con vo OM = OB = R0
A NAB cén ¢6 NO vira 1a d/cao vira 1a dudng trung tuyén.

= A OMB ~ A NAB A \ B

0
EX BO _, BM.BN = BO.BA = 2R? khong dbi.

¢) ONMA noi tiép d/triin d¢/k AN. Goi I 14 tdm d/triin ngoai tiép
= [ cach déu A va O c6 dinh = I thudc duong trung truc OA
Goi E va F 1a trung diém cua AO; AC

V& M chay tron cung nhd AC non tap hop I 1a doan EF

w)

Bai 55: Cho AABC can (AB = AC) ndi tiép mot duong trin (O). Goi D 1a trung diém cua AC;
tia BD cit tiép tuyén tai A voi duong tron (O) tai diém E; EC cit (O) tai F.
a. Chirng minh: BC song song vdi tiép tuyén ciia duong triin (O) tai A.
b. Tt gidc ABCE 1a hi nh gi? Tai sao?
c. Goi I 1a trung diém cta CF va G 1a giao diém cua cac tia BC; OI. So sénh BGO v4i BAC.
d. Cho biét DF // BC. Ténh cos ABC. A E
HD:a) Goi H 14 trung diém BC= AH L BC (A ABC cén tai
l1ap luén chira AHL AE= BC// AE. (1)
b) AADE = A CDB (g.c.g) = AE=BC (2) N M
Tur 1 va 2 = ABCE la hdnh bonh hanh. 0] F
¢) Theo c.m.t == AB// CF = GO L AB.

:B’&)=900—KB\C=1§H=%B’A\C

—

d) Tia FD cét AB taijM, cit (O) tai N.; DF // BC va AH 1Btryc C G
doi1 xung cuarBC va d/triin (O) non F, D thtr tu d61 xtrmg vo1 N, M qua AH.

— FD=MN =MD = %BC — LND=BH ; ANDA ~ A CDF (g.g) = DF.DN = DA.DC
V2 BH_ V2

 2BH?2= L AC? = BH= Y2 AC = cos ABC =
4 4 AB 4
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Bai 56: Cho 2 dudng triin (O) va (O’) cat nhau tai hai diém A va B. Cac dudng thang AO;
AQ’ cat duong triin (O) lan luot tai cac diém C; D va cat (O’) 1an luot tai EgF.
a. Chtirng minh: C; B; F thang hang.
b. Chimg minh: Tt giac CDEF ni tiép dugc.
¢. Ching minh: A 14 tim duong triin ndi tiép ABDE.
d. Tom diéu kién dé DE 1a tiép tuyén chung cua (O)
HD: a) CBA =90° = FBA (gbc ndi tiép chin nira d/trii
— CBA + FBA = 180" = C, B, F thing hang.
b) CDF =90° = CEF = CDEF ni tiép (qui téch .. ) F
c) CDEF noi tlep:> ADE = ECB (cung chin cung EF)
Xot (O) cu: ADB = ECB (cung chin cung AB)
— ADE = ADB = DA la tia phon giéc BDE . Tuong tu EA 14 tia phan gidc DEB
Vay A 1a tim duong triin noi tiép ABDE..
d) ODEO’ noi tiép. Thuc vy : DOA =2DCA ; EOA = 2EFA ma DCA = EFA (guc noi tiép
chin cung DE) = DOA = EO'A ; mit khoc: DAO = EAO' (d/d) = ODO' = OEO = ODEO’
noi tiép.
Néu DE tiép xyc v6i (0) va (0’) thd ODEO’ 1a hdnh chit nhat = AO = AO’ = AB.
Dao lai : AO = AO’ = AB ciing két luan dugc DE 14 tiép tuyén chung cta (O) va (O’)
Két luan : Diéu kién dé DE 1a tiép tuyén chung cua (O) va (0’)1a: AO = AO’ = AB.

Bai 57: Cho duodng triin (O; R) ¢t 2 duong kinh ¢b dinh AB_L CD.
a) Chung minh: ACBD la honh vuyng.
b). Lay diém E di chuyén trén cung nhé BC (E = B; E= C). Trén tia ddi cua tia EA 1ay doan
EM = EB. Chung to: ED 14 tia phan giac ciia AEB va ED // MB.
¢). Suy ra CE 1a duong trung truc ciia BM va M di chuyén trén duong triin ma ta phai xoc
dinh tam va ban kinh theo R.

HD: a) AB L CD.; OA=0B=0C=0D =R C

= ACBD la honh vuung. M

b) A/ET)=% K&)=450;5E73=%6673=450

— AED = DEB = ED la tia phdn gidc ctia AEB. A - B
AED = 45°; EMB = 45° (A EMB vuung cdn tai E)
— AED = EMB (2 goc dong vi) = ED // MB.
c¢) AEMB vuung c¢on tai E va CE 1L DE ; ED / BM
= CE 1LBM = CE la duong trung tryc BM. D
d) V& CE la duong trung truc BM non CM = CB =R+/2
Vay M chay trén duong triin (C ; R’ = R+2)
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Bai 58: Cho AABC déu, dudng cao AH. Qua A v& mdt duong thing vé phia ngoai cua tam giac,
tao vo1 canh AC mot goc 40°. Puong thang nay cat canh BC kéo dai ¢ D. Puong trin tom O
duong kinh CD cit AD & E. Pudng thiang vudng goc voi CD tai O cit AD & M.
a. Chimg minh: AHCE ni tiép dugc. Xac dinh tim I cua duong triin do.
b. Ching minh: CA = CM.
c. Puong thang HE cét duong triin tdm O ¢ K, duong thang HI cat dudng triin tdm [ & N
va cat duong thang DK ¢ P. Chtng minh: Tt gidc NPKE néi tiép.

Bai 59: BC 1a mot diy cung cua dudng triin (O; R) (BC=2R). Piém A di dong trén cung 1én BC
sao cho O ludn nam trong AABC. Cac duong cao AD; BE; CF dong quy tai H.
a. Ching minh:AAEF ~ AABC.
b. Goi A’ 1a trung diém BC. Chimg minh: AH = 2.A°O.
c. Goi A 14 trung diém EF. Chimg minh: R.AA; = AA’.OA’.
d. Chung minh: R.(EF + FD + DE) = 2.Sagc.
Suy ra vi tri diém A dé tong (EF + FD + DE) dat GTLN.

Bai 60: Cho duong triin tdm (O; R) ct AB 1a duong kinh ¢ dinh ciin CD 1a dudng kinh thay doi.
Goi (A) 1a tiép tuyén v6i duong triin tai B va AD, AC lan luot cit (A) tai Q va P.

a. Chtirng minh: Tt giac CPQD noi tiép duoc.

b. Chtrng minh: Trung tuyén Al ciia AAQP vuung giic véi DC.

c. Tdm tap hop coc tdm E ctia duong triin ngoai tiép ACPD.

Bai 61: Cho AABC cdn (AB = AC; A< 90°), mdt cung triin BC nam bon trong AABC tiép xyc
v6i AB, AC tai B va C. Tron cung BC lay diém M r6i ha cac dudng vudng goc MI, MH, MK
xudng cac canh tuong tng BC, CA, AB. Goi Q 1a giao diém cia MB, IK.

a. Ching minh: Cac tir gidc BIMK, CIMH ndi1 tiép duoc.

b. Ching minh: tia d6i cua tia MI 14 phan gidc AMK .

c. Chtrng minh: Tt giac MPIQ ndi tiép dugc = PQ // BC.

Bai 62: Cho nira duong triin (O), dudng kinh AB, C 1 trung diém cua cung AB; N 14 trung
diém ctia BC. Puong thang AN cat nira duong triin (O) tai M. Ha CI L &M (Ie AM).
a. Chtrng minh: Tt giac CIOA noi tiép duoc trong 1 dudng trilp
b. Chung minh: Tt gidc BMCI 1a hinh binh hanh.
c. Chtrng minh: MOI = CAI .
d. Chtiirng minh: MA = 3.MB.
HD: a) COA =90°(...); CIA=90°(...)
— Tu gidc CIOA noi tiép (qui téch cung chira gac 90°) N 0 B
b) MB // CI (LBM). (1)
A CIN=ABMN (g.c.g) N, = N, (d/d) ; NC =NB ; NCI=NBM (slt)
= CI=BM (2). Tur 1 va 2 = BMCI Ia hdnh bdnh hanh.

h 4
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¢).A-CIM vuung_cdn (CIA =on°;(ﬁ:%(ﬂ =45°)=.ML=.CL;..AIOM.=A.I0C v&.0l

chung ;
IC =IM (c.m.t) ; OC = OM = R(0) = MOI =I0C ma: I0C = CAI = MOI = CAI
d)AACNvuungcﬁ:AC=R\/§;NC—¥ AC(0’1R AO)
2 2
Til:d():AN=\/AC2+CN2=‘/2R2+R—=R\ﬁ=£;NI—II\I\I(; RIJO— MNz%
2
= MB=JNC-MN* = |52 2R R*/_ = AM = AN + MN = RP+R£—O=3RSM

= AM =3 BM.

Bai 63: Cho AABC ct A=60" ndi tiép trong duong triin (O), dudng cao AH cat dudong triin

0 D, duong cao BK cat AH ¢ E.
a. Chtirng minh: BKH =BCD .
b. Tinh BEC.

c. Biét canh BC ¢6 dinh, diém A chuyén dong trén cung 16n BC. Hoi tim I ctia duongtriin ndi tiép
AABC chuyén dong trén duong nao? Néu cach dung duong d6 (chi néu cach dung) va cach xac
dinh rtr n1 (gidi han duong do).

d. Ching minh: AIOE ¢6n ¢ L.

HD: a) ABHK ndi tiép = BKH =BAH;

BCD =BAH ( cung chin cung BD) = BCD = BKH
b) CE cit ABGOF. ;
AFEK nbi tiép= FEK 180 A —180°—60° =120 = BEC = 120
B+C 120°

A

c) BIC =180° — =180° - =120°

Vay 1 chuyén dong trén cung chtra goc 120° dung trén doan BC c ~C
nay nam trong duong triin tom (O).

d) Trong d/triin (O) ¢t DAS = sd DTS; trong d/triin (S) ¢ I1SO = sd % D ¢

—_

v DAS = ISO (so le trong) non: DTS—% ma DS = IE = I0 = IE = dpcm.
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Bai 64: Cho honh vuung ABCD, phéa trong hdnh vuung dung cung mot phan tu dudng triin tdm
B, bon kénh AB va nua duong triin duong kinh AB. Lay 1 diém P bat ky trén cung AC, vé
PK L AD va PH 1 AB. Néi PA, cit nira duong triin duong kinh Aﬁ tai I va PB cdt nira dugng triin
nay tai M. Chung minh rang:

a. 1 1a trung diém cta AP.

b. Cac duong PH, BI va AM dong quy.

c. PM =PK = AH.

d. Ttr gioc APMH la honh thang con.
HD: a) A ABP cdn tai B. (AB = PB = R)) ma AIB = 90" (guc noi gé 7

= BIL AP = BI la duong cao ciing la duong trung tuyén M
— 11a trung diém cta AP
b) HS tu ¢/m. 7 .
c) A ABP con tai B=> AM =PH ; AP chung = AvAHP = Av PMA
= AH =PM ; AHPK la honh chit nhat == AH=KP = PM—PK—A(—J
d) PMAH nam tron d/triin ¢/k AP ma PM = AH (c.m.t) A H B

= PM = AH =PA//MH
Vay APMH Ia honh thang con.

Bai 65: Cho duong triin tdm O, duong kinh AB = 2R. Ké tia tiép tuyén Bx, M 1a diém thay d6i
trén Bx;. AM cit (O) tai N. Goi I 1a trung diém cta AN.

a. Chung minh: Tu giac BOIM ndi tiép duoc trong 1 duong triin.

b. Chiing minh:AIBN ~ AOMB.

c. Tom vi tré cua diém M trén tia Bx dé dién tich tam giac AIO c¢6 GTLN,

HD: a) BOIM ndi1 tiép duoc vo OIM = OBM = 90° A B
b) INB=0BM =90°; NIB=BOM (2 gtc ndi tiép cung chin cung BM HO
= A IBN ~AOMB. I

¢) Sa0 = %AO.IH; Sao 16m nhit < IH 16n nhit v& AO = R(o)

Khi M chay tron tia Bx thd I chay tron nira dudng triin ¢/k AO. Do d6 Saio 16n it
Khi IH 1a ban kinh, khi d6 A AIH vudng can, tirc HAI=45"
Vay khi M cach B mét doan BM = AB = 2R0) thd Saio 16n nhat .

Bai 66: Cho A ABC déu, noi tiép trong dudng triin (O; R). Goi Al 1a mot dudng kinh ¢

dinh va D 1a diém di dong trén cung nhd AC (D= A va D= C). A
a. Tinh canh ctia AABC theo R va chiing to Al 1a tia phdn gidc clia BAC.
b. Trén tia DB 14y doan DE = DC. Chimg t6 ACDE déu va DI L C
c. Suy ra E di dong trén duodng triin ma ta phai xdc dinh tam va gidi h:
d. Tinh theo R dién tich AADI luc D 13 diém chonh giita cung nhd A

HD: a) A ABC déu, n6i tiép trong dudng triin (O; R). HS tw ¢/m :

= AB=AC=BC=R\3 .
Trong d/triin (O; R) ci: AB=AC = Tam O cich déu 2 canh AB VE‘I\&J
= AO hay Al la tia phon gioc ciia BAC. B
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b) Ta ca : DE =DC (gt) = A DEC ¢6n; BDC = BAC =60° (cung chin BC) _

— ACDE déu. I 1a diém giita BC = IB = IC = BDI = IDC :

— DI 1a tia phdn gioc BDC = ACDE déu c6 DI 1 tia phan giac nén ciing 1a duong cao = DI
1LCE

¢) ACDE déu co DI 1a duong cao cling la duong trung tryc cia CE = IE=ICmalvaC cd
dinh = IC khong d6i = E di dong trén 1 d/trtin c6 dinh tadm I, ban kinh = IC. Giéi han : I €
AC (cung nho )

D—->CthdE—-C;D—AthdE—B = E didong trén BC nho cua d/t (I; R = IC) chira trong
A ABC déu.

Bai 67: (6,0 diém).
1) Cho AABC vuéng tai A, duong cao AH. Goi (P), (Q) theo thtr tir 1a dudng tron ndi tiép
hai tam giac AHB va AHC. Ké tiép tuyén chung ngoai (khac BC) cua (P) va (Q) cit AB,
AH, AC theo tu M, K, N. Ching minh réng.
a. AHPQ <» AABC
b. KP // AB, KQ // AC.
c. Tr giac BMNC noi tiép duoc
2) Cho a, b, cla d¢ dai 3 canh cua AABC. Goi m, n, k 1a d6 dai cac dudong phan gidc trong
ctia ba goc cia AABC. Chirng minh rang: B ) I i
m n k a b c i

Gidi 1) a. AAHB <» ACHA mat khac P va Q lan luot 1a tAm duong tron ndi ticpA AHB va
AAHC
__ HP 4B .y _ _ o0

> o~ 4C (1)laic6 «BAC = 2PHQ =90° (2)
Tu (1) va (2) suy ra AHPQ <= A ABC
b. Theo caua.tac6 «PQH= 2ACB (3)
/PKQ= ~PHQ =90° => tir gi\c PKQH noi tiép duoc => ~PKH= ~PQH (4)
T (3)va(4)=> «PKH= 2ACB
lai c6 «BAH = 2~ ACB=> #PKH = #~BAH => PK // AB chiing minh tuong tu ta cling c6
KQ //AC.
c. TacoACB= «PKH= #MKP = ~ AMK

=> /BMN + «NCB = ZBMN + 2 AMK = 180° => tir gidc BMNC noi tiép dugc
A




2) Qua diém C v& dudng thang song song AD cit AB tai M
ZA1= LMy, £A2=2Cy,Ma ZA1= ZA,, (AD latia phan giac cua goc A )
Nén #M;= 2Ci, = AM = AC. Xét AAMC : MC < AM + AC =2AM

Xét ABMC tach: AD/MC =AD —=AB - AB
MC BM AB+AM

NénAD— AB.MC _AB.2AC _, 1 .1 1 , 1,
AB+AM AB+ AC AD 2 AC AD
el >l i1

m 2 b ¢
Tu‘o’ngtu’;l >l (l +l);l>l (l—i—l)Vﬁyl l—l—l >l l—i—l
n 2 a ¢ k 2 a b m n k a b c

4.1)a. AAHB > A CHA mit khac P va Q lan luot 1 tAm duong tron ndi tiép A AHB va
A AHC
__ HP 4B .y _ — 90
> o~ 4C (1)lai c6 «BAC= 2PHQ =90 (2)
T (1) va (2) suy ra AHPQ «» AABC
b. Theo caua.tacdé «PQH= ZACB 3)
ZPKQ = 2PHQ =90° => &t giac PKQH ndi tiép dugc => ~PKH= ~PQH (4)
T (3) va (4)=> ~PKH= ~ ACB
lai c6 «BAH = # ACB=> #PKH = #BAH => PK // AB chiing minh tuong tu ta cling c6
KQ //AC.
c. TacoLACB= PKH= ~MKP = 2 AMK
=> /BMN + #NCB = #BMN + £ AMK = 180° => tir gi~c BMNC ndi tiép duoc

A

B H C
2) Qua diém C vé& duong thiang song song AD cét AB tai M
/A= 2ZMy, £ A= 2Cyy,Ma 2Ai1= A, (AD latia phan giac cua goc A )
Nén M= 2Ci, = AM = AC. Xét AAMC : MC < AM + AC =2AM

Xét ABMC taco: AD/MC = AD —AB . AB
MC BM AB+AM




NénAD=AB.MC _AB.2AC _ 1 1,1 , 1,

—

AB+AM AB+AC AD 2 AC AD’
ol sl

m 2 b ¢
Tuong tu : = >1 (1 + = ) 151 (l l).ValerlJrl S G §
n 2 a ¢ k 2 a b m n k a b c

Bai 68: (6,0 d‘iém)

Cho AABC ndi tiép duong tron tim O. Tia phan giac trong goc A cat (O) tai D. Mot duong
tron (L) thay doi nhung ludn di qua A, D cit AB, AC tai diém thu hai lan luot tai M, N.

a) CMR: BM =CN

b) Tim quy tich trung diém K ctia MN

¢) Tim vi trf ctia (L) sao cho MN ngén nhét.

Giai:4.a) Xét ABMD va ACND:

+. BD=CD (vi AD la phan giac goc A) +. ZACD =% sd cung AD

ZMBD = A1+D1=% sd cung AB +% sd cung BD =% sd cung AD

= LACD=/MBD . Trong (L), vi A1 = A, = DM = DN
= ABMD = ACND = BM =CN.
b). Goi I 1a trung diém BC = I ¢6 dinh
V€ hinh binh hanh: IBMM’, ICNN’ = MM’ NN’ 14 hinh binh hanh.
— K 4 trung diém M’N’
ViIM’=BM =CN =IN’ = IM’=IN’= IK la phan giac cua « M’IN’

IM'/| MB L. .
o {IN' /// / 2 = IM', IN' cb dinh. Viy: Quy tich K 13 dong phan gide ~M'IN’

¢) ADMN cantai D ¢c6 « MDN = 180° - ~BAC = Const

— MN ngin nhit < DM nho nhit< DM L AB < khi AD la dong kinh cuaa (L).
5.2.Go1 S1=SaB;S2=Scm;S3=SBIc;S4=S am

Ké 4AH 1 BD;CK 1 BD

S,y = AH.BI S.,, =~ CK.DI

Ta co: ? @%=%(l)vé f @S—3=—(2)
Sup =5 AHDI S = CK BI
\ \ . Sl S3
Tu (1) va (2) suy ra: o S,.S,=85,.5,03)

4 2

Ta co: S aBcp =S1 + So+ S5+ S4> 8, + 8, +24S,.5, (4)

Tu (3) va (4) tasuyra: S>S,+85, +24/S,. _(\/7+\/7) <:>\/—>\/_+
(dpcm)

b. Khi tr gidc ABCD 14 hinh thang ta xét:

* Néu AB / CD ta c6: Sacp = Seep suy ra: S3=S4=+/S =S, +./S,
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DAu bing sy ra khi: S; =S2=S3;=S4= % < ABCD 1 hinh binh hanh

Bai 69: (2,0 diém). Cho ba diém cb dinh A,B,C thang hang theo thir tw d6.v& dudng tron
tam O qua B va C.Qua A v& tiép tuyén AE,AF véi duong tron (O); Goi I 13 trung diém

BC N la trung diém EF .

a.Chimg minh rang cac diém E, F ludn nim trén mot dudng tron cd dinh khi duong tron
(O) thay doi.

b.Pudng thang FI cit duong tron (O) tai K .Chirng minh rang :EK song song v6i AB .
¢.Chimg minh rang tim duong tron ngoai tiép tam giac ONI chay trén mot dudng thang cb
dinh khi duong tron(O) thay doi.

Bai 70: (2,0 diém). Goi O 1a tim dudng tron ngoai tiép tam gidc ABC, céc tiép diém cta
(O) va cac canh BC, CA, AB lan lugt 1a D, E, F. K& BB, L 40, AA, L BO

Chtng minh rang 4 diém D,E,A, B théng hang.

Giai:69. 3) A ABF va AAFC df‘)ng dang (g_g). Tacd: AB/ AF=AF/AC < AF=AB.AC
— AF=J4B.AC Ma AE=AF nén AE=AF=4B.4AC khong d6i

Vay E,F thuoc duong tron (A;v4B.AC) ¢b dinh.

b) Tt giac AOIF ndi tiép duong tron. Ta ¢ : 2 AIF =~ AOF (1)

~ AOF = %4 EOF va ~ EKF =%4 EOF

= ZEKF =2 AOF (2).Tu(l)va(2) = ZAIF=2EKF E
Do do : EK vaAB song song voi nhau
¢) Cm duoc A,N,O tbéng hang va AOLEF ;
Goi H la giao diém cua BC va EF .
N
Tacd:A ANH va A AIO dong dang nén % = % A =

Suy ra :AH.AI =AN.AO. Lai ¢6 :AN .AO=AE? =AB.AC
Do d6 : ALAH =AB.AC = 4H = 2B84C  \hong ddi . Vay H ¢b dinfi

T giac OIHN 1a ttr gidc noi tiép dudng tron nén duong tron ngoai tiép OINF
luén qua I va H ;Do d6 tam duong f tron ndy nam trén dudng trung truc cia IH

70. Theo bai ra ta c6: A4 B = AB, B=90°
Suy ra tr giac AA;1 B1 B noi tiép trong mot duong tron
— BA,B, = ABB, cung chin cung BB,
Mitkhéc:  AE,0=A44,0 =1 =t gidc AEA,0 ndi tiép
— EA A=EOA, cung chin cung AE)
BAB, =B, AE
OAE + EOA=90" = E, A4,, B,

ma
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thang hang (*)
Tuong tu:  ta co tor gidc AA1B1B noi tiép
Theo bai ra ta co:
AA B = AB, B=90"
Suy ra tir gidc AA| B1 B noi tiép trong mot duong tron

— A,B,A=4,84 cing chin cung AA,
Talaicé:  OD,B=0BB =1V = tit gidc OB DB noi tiép
— DB,B =DOB (cung chén cung BD)
DOB =DBO
ma  DBO+DOB =90"

__ DBO=0b4,
Tinh chat 2 tiép tuyén cat nhau

VAy DB,B+ BB A+ AB 4 =180° =3 diém D, Bi, A, thang hang (**)

Tir (*), (**) suy ra A1, D, By, E thang hang

Bai 71: Bai 5: (6 diém) Cho duong tron (O; R) va mot diém A 6 ngoai duong tron. Ttr mot

diém M di dong trén duong thang d L OA tai A, vé& cac tiép tuyén MB, MC véi duong tron

(B, C 1a cac tiép dlem) Day BC cat OM va OA lan luot tai H va K.

a) Ching minh rang OA.OK khong doi, tir 46 suy ra BC ludn di qua mot diém cd dinh.

b) Chitng minh rang H di dong trén mot dudng tron c¢b dinh.

c¢) Cho biét OA = 2R, hay xac dinh vi tri cua diém M dé dién tich ta giac MBOC nhé nhat.

Tim gi4 tri nho nhat do.

Xét ABOM vudng tai B nén : OB?=OH.OM )

T (1) va (2) suy ra A. OK = R? (khong dbi)

Giai :a) D& thiy OM L. BCAHOK <= AAOM
OH OK

2 — OA.OK = OH.OM (1)
OA OM

=> OK = a (khong d6i) do d6 K c6 dinh trén OA

b)Ta c6 OHK = 90° => H nam trén dudng tron duong kinh OK ¢d dinbe
¢) Tt gite MBOC ¢6 hai dudng chéo vudng goc nén Swmsoc = %OM.BC

=> S nhé nhit <> OM nho nhét va BC nho nhat.
+ OM nho nhat < M tring voi A
+ BC nh6 nhit & BC L OK < H tring véi K < M tring voi A

) . .. R? R _ _ 2 R’
Néu OA = 2R thi: OK === BC=2BK=2,/R -T:Rﬁ

Vay Smsoc = %2R. R3=R*\3
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Bai 72: (6 diém) Cho tam gidc ABC ndi tiép duong tron ( O;R ) . Diém M thudc cung nho
BC. goi ILK,H theo thtr tu 1a hinh chiéu vudng gbc cua M trén AB; AC; BC. Goi P, Q lan
luot 12 trung diém cua AB; HK.

a) Chung minh MQ L PQ.

b) Chung minh : A8  AC _ BC
Ml MK MH

¢) Cho tam gidc ABC déu. Xac dinh vi tri cua diém M trén cung BC dé MA + MB +
MC dat gi4 tri 1on nhat
Giai: . a) T giac MCKH noi tiép = BCM = HKM = BAM; HMK = BCA = BMA
= ABMA< A HMK.

Mit khac MP, MQ 1a trung tuyén cia A BMA, A HMK

_, MP _MB s BMH=PMQ = ABMH <> A PMQ
MO MH

Mit khdac BHM =90° = PQM =90° = PQ L MQ.
b) Gia st AC > AB ta co:

AB A8 | AC Al -BI AK+KC Al Al AKX AK (1)
MI MK Ml MK — MI MK
Bl KC
(Do MBI = MCK - cotg MBI = cotgMCK = — =——)
Ml MK
Do Ci = A nén cotgA; = cotgCi = AL _cH (2)
MI MH
A = Bi nén cotgAz = coth1 = A—K=ﬁ 3)
MK MH

AB N AC CH BH BC

Ml MK MH MH MH
Goi D la giao diém cua MA véi BD ta c6 :

c) Tu(1),(2) va(3) suyra

AMBD «» A MAC (EMT):A/M\C, 5374:617\4) _ MB_BD
MA AC
Tuong tu ta co : Mc _cD odo MB MC _,
AB MA MA

Suy ra MA + MB + MC =2MA < 4R 7
Vay max (MA + MB + MC) = 4R khi AM la duong kinh khi d6 M 1a trung diém cua cung
BC

Bai 73: (2,0 diém).Cho tam giac ABC nhon c6 3 duong cao: AAi, BB, CC; dong qui tai H.
Chung minh rang: HA | HB | HC ¢ | Dau "=" xay ra khi nao?

HA, HB, HC, A
Giai: . Do tam gidc ABC nhon, nén H nim trong tam giac. B,

* Dat S = Saasc; S1 =

Suec; S2 = Snac; S3 = Suas.
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1
SAABC s m s e

)
Taco:—= = = LD
S ;HA.BC H. H4 S, HB, S, HC,

HA HB H 1 1 1 1 1 1
Suy ra: - LS =S +—4+— =3 =(S,+5,+S)| —+—+—|-3
HA,  HB, HC, S, S, S, S S, S,
Theo bat dang thirc Cosy:
=(S +5,+58,) L+L+L 29:>HA+HB+HC29—3=6
s, S, S, HA, HB, HC,
Dau "=" xay ra khi tam gioc ABC déu
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