Chuong 3
PHUONG PHAP TOA PO TRONG MAT PHANG

§1. PHUONG TRINH TONG QUAT VA PHUONG TRINH
THAM SO CUA PUONG THANG

I. Tém tat Ii thuyét
1. Véc-to chi phuong ctia dudng thing
. ~ . Sos . , N g £ = . .,
Dinh nghia 1. Véc-to u goi la véc-to chi phuong cua duong thang A néu 74 # 0 va gia cua u song song
hodc trung véi A.
2. Phuong trinh tham s6 ctia dudng thing
Pinh nghia 2. Cho dudng thing A di qua My (xo;yo) va ¢6 véc-to chi phuong @ = (u1;uz). Phuong trinh

A X =X0+1tug R £
tham so cuaA:{ 1) (¢ 1a tham s0O).
y=Yo+tup (D )

X =Xxp +1tug

A Nhén xét: M(x; EA@HIER:{

3. Phuong trinh chinh tic ctia dung thing

Pinh nghia 3. Cho dudng thing A di qua Mo (xo;yo) va c6 véc-to chi phuong W = (u;uy), trong d6 u; va
u # 0. Phuong trinh chinh tic ctia dudng thang A 1a

4. Véc-to phap tuyén ctia dung thing

. ~ s LEEEN z , A 2 N 2 A _> N .z 2 A s
Dinh nghia 4. Véc-to w goi la véc-to phap tuyen cua duong thang A néu 7w = (0 vagiacua e vuong goc
véGi A.
5. Phuong trinh tong quat cha dudng thang

Pinh nghia 5. Phuong trinh Ax + By +C = 0 (véi A? + B> # 0) dugc goi la phuong trinh tong quét ctia
dudng thang.

/N Nhdn xét:
e Néu duing thing A cé phiong tinh Ax+ By = C thi duong thing A ¢é véc-to phdp tuyén 7 = (A;B),
véc-to chi phiong la W = (B;—A) hodc u' = (—B;A).
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172 CHUONG 3. TICH VO HUONG CUA HAI VECTO

o Néu duong thing A di qua M (xo;yo) va c6 mdt véc-to phdp tuyén W= (A; B) thi phuong trinh duong
thang A: A (x —xo) +B(y —yo) = 0.

o Duong thing A di qua hai diém A(a;0), B(0;b) (vdi a.b # 0) thi phuong trinh duong thdng A c6 dang:
al + )E] = 1. Ddy goi la phuong trinh duong thdng theo doan chdn.
a

o Duong thing A di qua diéim M (xo:yo) va co hé s6 goc k thi phucong trinh duong thing A la: y — yo =
k (x —xo). Ddy la phuong trinh duong théng theo hé sé goc.

A N 2 - - 2 < ~ . A A - N u . A
o Neu duong thang A co véc-to chi phuong U = (u1;up) thi né cé hé so goc la k = =y Nguoc lai, néu
ui

duong thing A co hé sé goc k = g thi mot véc-to chi phuong ciia né la W = (1;k).

II. Cac dang toan

Dang 1. Viét phuong trinh tham s6 ctia dudng théng

D€ 1ap phuong trinh tham s6 ctia duong thing A ta can xac dinh mot diém M (xo;yo) € A va mot
véc-to chi phuong o = (uy;u2).
X =xo+1tuy

Vay phuong trinh tham s dudng thing A : {
iy phudng gthing Az L0

Vi du 1. Trong mit phang Oxy, viét phuong trinh tham s6 dudng thang A biét A di qua M(1;2) va cé
vec-to chi phuong o = (—1;3).

x=1-—t

Loi giai. Phuong trinh tham s6 duong thang A: { =243

Vi du 2. Trong mit phing Oxy, dudng thang d di qua A (1;2),B(3;1). Viét phuong trinh tham s6
dudng thing d.

Lui gidi. Puong thing d qua A (1;2) va nhan AB = (2;—1) lam véc-to chi phuong.
x=1+42t

Viy phuong trinh tham s6 dudng thang d: { y=2—1

Vi du 3. Trong mit phang Oxy, dudng thang d di qua M(—2;3) va song song v6i dudng thang EF .
Biét E(0; —1),F(—3;0).Viét phuong trinh duong thang d.

Li gidi. EF = (—3;1).
Phuong trinh tham s6 dudng thiang d: { x=-2-3t

y=3+t
BAI TAP TU LUYEN

Bai 1. Trong mit phang Oxy, cho diém A(3;—4), B(0,6). Viét phuong trinh tham sb ctia duong thang AB.
Loi giai. Ta co: AB = (—3;10).

Puong thang (AB) qua A(3; —4) va nhan AB = (—3;10) lam véc-to chi phuong.

x=3-3t

Vay phuong trinh duong thang (AB): { Y4100
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Bai 2. Trong mit phiang Oxy, viét phuong trinh tham s6 ctia dudng thang d di qua diém A(1; —4) c6 mot
véc-to chi phuong 1a o = (5;1).
x=1-—4¢

Loi giai. Phuong trinh dudng thang (d): { Y= 5+t

Bai 3. Trong mit phang Oxy, viét phuong trinh tham s6 clia dudng thang d di qua diém M(1;—1) c6 mot
véc-to chi phuong 1a @ = (0;1).
x=1

Loi giai. Phuong trinh dudng thang (d): { Y= 141

Bai 4. Trong mit phang Oxy, viét phuong trinh tham s dudng thing d di qua di€ém A(0; —4) va song song
x=2017+2t

y=2018 —1

Loi giai. Dudng thing A : ¢6 véc-to chi phuong W = (2;—1).

Vi dudng thing d song song vdi dudng thing A nén d nhan & = (2;—1) 1am véc-to chi phuong.

x=2m

y=—4—m

v6i dudng thang A c6 phuong trinh tham sb {

Lai c6 d di qua diém A(0; —4) nén phucng trinh tham s6 dudng thang d : {

Dang 2. Viét phuong trinh téng quit ciia duong thang

Dé 1ap phuong trinh téng quat ctia dudng thang A ta cin xac dinh mot diém M (xo;yo) € A va mot
véc-to phap tuyén 7 = (A;B).

Vay phuong trinh duong thang A : A (x — xo) + B (y — yo) = 0.

Vay phuong trinh tdng quat dudng thang A: Ax + By = C v6i C = — (Axo + Byo).

Vi du 4. Trong mit phiang Oxy, viét phuong trinh t6ng quat dudng thang A di qua diém M(—1;5) va
¢6 véc-to phap tuyén 77 = (—2;3).

. J

Loi gidi. Phuong trinh dudng thang A: —2(x+1)+3(y—5) =0 —2x+3y—17 =0.
Vay phuong trinh tong quat dudng thang A : —2x+3y— 17 = 0.

Vi du 5. Trong mit phang Oxy, viét phuong trinh tong quit dudng thang A di qua diém N(2;3) va
vuong géc véi dudng thang AB véi A(1;3), B(2;1).

Loi giai. Ta c6: AB = (1;-2).

Puong thang A qua N(2;3) va nhan AB = (1;—2) 1am véc-to phap tuyén.
Phuong trinh dudng thang A: (x —2) —2(y—3) =0 x—2y+4 =0.
Vay phuong trinh tong quat dudng thang A : x — 2y +4 = 0.

Vi du 6. Trong mit phang Oxy, viét phuong trinh tong quat ctia dudng thang d di qua A(—1;2) va
vudng goéc véi duvng thang A: 2x —y+4 = 0.

Li gidi.

Cach 1:

Phuong trinh dudng thing d c6 dang: x+ 2y +C = 0.

Vi d di qua A(—1;2) nén ta c6 phuong trinh: —1+2.2+C = 0 < C = —3. Viy phuong trinh tong quét
dudng thang cta dudng thang d: x+2y —3 = 0.

Cach 2:

Pudng thdng A c6 mot véc-to chi phuong @ = (1;2).

Vi d vudng goc véi A nén d nhan i/ = (1;2) lam véc-to phap tuyén.

Phuong trinh dudng thing d: (x+1) +2(y —2) =0 < x+2y—3 =0.
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. . x= =2t x=-2—-1_
Vidu 7. Trong mat phang Oxy, cho duong thang A : { +t va A : { J .Viéet phuong
y= y=
trinh tham sd ctia dudng thang d d6i xiing véi A’ qua A.
x=1 x=22-171 x=—-6+43l x=—-6+4+71
A.d: . B. . C. . D. .
y=22-17I y=1 y=4 y=4+1
Loi giai. Chon ddp an
Goi M = ANA = M(—6;4)
C6 A(—2;0) € A’ khic M.
) —6 8
Tim toa do hinh chi€éu cia A 1én Ala H <?, §>
A aio A ) . 216
Toa do diém doi xiing ctiaA quaAla A —5; 5 )
o (x=22-T1
Véy duong thang can tim la ; .
y =
BAI TAP TU LUYEN
<. N 2 P N . Jx=1+2t
Bai 5. Cho dudng thang A c6 phuong trinh tham so: 3_q
y==->5-

a) Viét phuong trinh tong quét ctia dudng thang A.

b) Viét phuong trinh tdng quét ctia dudng thang 1 di qua diém N (4;2) va vudng goc véi A.

Loi giai. a) Pudng thing A ¢6 vecto chi phuong 1a i = (2;—1) nén c¢6 véc-to phép tuyén 1a 77 = (1;2).
Chon tham s6 ¢ = 0 ta c¢6 ngay diém A (1;—3) ndm trén A.

Phuong trinh tong quét ctia dudng thang A la:

L.x—=1)+2.[y—(-3)]=0x+2y—-5=0

b) Puong thang / vudng géc véi A nén c6 vecto phap tuyén la nj = (2;—1). Phuong trinh tdng quét cia
dudng thang [ 12: 2 (x —4) =1 (y—2) =0 2x—y—6=0

Bai 6. Trong mit phang Oxy, cho dudng thing d c6 hé s6 géc bang —3 va A (1;2) ndm trén d. Lap phuong
trinh téng quét ctia dudng thang d.

Lui gidi. Puong thiang dcé hé s6 goc bing —3 nén c6 vec-td phap tuyén 1a (3;1).

Puong thang d di qua diém A (1;2) va c6 vec-to phap tuyén la (3;1) nén c6 phuong trinh tdng quat Ia:
3x—1)4+1(y—-2)=0<3x+y—5=0

Bai 7. Trong mit phang Oxy, viét phuong trinh tdng quat ctia duong thing d di qua A (2; —5) va né tao véi
truc Ox mdt géc 60°.

Loi giai. Heé s goc ciia dudng thang d 12 k = tan60° = \/T§

, 3
Phuong trinh dudng thing d 1a: y = g (x—2)—5<V3x—3y—15-2/3=0

Bai 8. Trong mit phang Oxy, cho dudng thang d : y = 2x+ 1, viét phuong trinh dudng thang d’ di qua diém
B 1a diém dbi xting ctia diém A (0; —5) qua dudng thang d va song song v6i duong thang y = —3x + 2.

\,e °?e N 2 A ~ 4. < 2 A s 1
Loi giai. Buong thang AB vudng goc véi duong thang d nén ta co: kap.2 = —1 & kap = —5

. 1 1
Phuong trinh dutng thang AB la: y = —3 (x—=0)-5&y= 3 5.
Vi A va B dbi xiing nhau qua dudng thang d nén trung diém N cilia ching sé la giao diém ctia hai dudng
thang d va AB.
y=2x+1 ( 12 19

Suy ra toa do clia di€ém N 1a nghiém ctia hé phuong trinh: 1 s =N —?; —?) . Tu d6 ta tinh
y=—5x—
2
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24 13 . 0

?; —?> Pudng thang d’ song song véi dudng thang y = —3x+ 2 nén ky = —3.
N N 2 /1> 24 13

Phuong trinh duong thang d' la: y = —3 | x+ 5) "5 Sy=-3x—17

ducc A (—

Bai 9. Trong mit phang Oxy, cho dudng thang d : 2x — 3y + 1 = 0 va diém A (—1;3).Viét phuong trinh
duong thang d’ di qua A va cach diém B(2;5) khoang cach bang 3.
Loi giai. Phuong trinh d’ ¢6 dang: ax+by=c=0.Do A €d’' nén: (—1)a+3b+c=0<c=a—3b(1).

. 2a+5b+c|
Hon nita d (B,d') — 3 < 129730 %¢l 55,
(8.4) ALk
b=0
3a+2b
Thay (1) vao @) tacé: 2022l 3 s taab—0e | 104
a2+b2 b:?

V6ib=0thay vao ()tacoc=a=d :ax+a=0&d :x+1=0
12
Véib:?atach()na:ib: 12 thay vao (1) tadugc: c=5—-3.12=-31=4d": 5x+12y—31=0

Bai 10. Trong mit phang Oxy, viét phuong trinh dudng thang di qua di€ém M (2;5) va cach déu A (—1;2)

va B(5;4).

Loi gidi. Goi phuong trinh dudng thang d can tim 1a ax+ by + ¢ = 0 (a* + b* # —) ().

Do M (2;5) € d nén ta c6: 2a+5b+c =0 < ¢ = —2a — 5b. Thay ¢ = —2a — 5b vao (1) ta c¢6 phuong trinh

dudng thang d tré thanh: ax+ by — 2a —5b = 0 (2).

Vi d cich déu hai diém A va B nén:

((—1)a+2b—2a—5b] |Sa-+4b—2a—5b|
Vaip N

) ) b=0
b* & 8b°+24ab =0« b

& |3a+3b| = [3a—b| < 9a* + 18ab + 9b* = 9a*> — 6ab +

= —3a

Trudng hop 1: Véi b = 0 thay vao (2) ta dudc phuong trinh dudng thang d 1a:
ax+0y—2a—50=0ax—2a=0&x—2=0

Trudng hop 2: V6i b = —3a ta chon a = 1,b = —3 thay vao (2) ta dudc phucng trinh dudng thang d 1a:
Ix—3y—2-5.(-3)=0&x—-3y+13=0

Dang 3. Vi tri tuong dbi va géc gitta hai dudng thing

Cho céc dudng thing A: Ax+By+C =0va A’ : A'x+B'y+C = 0. Khi d6 ta c6 @ = (A,B) va
7 = (A’,B’) 1an lugt 1a véc-to phap tuyén ctia A va A’

ﬁ

a) D& xét vi tri tuong ddi clia A va A’ trude hét ta dua vao cac véc-to 7 va n’. Néu céc vée-to 7

7 7

va n’ khong cong tuyén thi A va A’ cit nhau. Néu véc-to 77 va n’ cong tuyén, nghia Ia

A B
thi A va A’ 1a hai duong thang song song hoic trung nhau. Cu thé ta cé:
. A B .
A cat A’ khi va chi khi i # = hon ntta néu AA"+ BB =0 thi ALA.
. ... A B C
AEA/khlVaChlkhIE ==
.. ... A B C
Al A’khlvachlkhlz =z’ o

b) Néu A cit A’ va goi ¢ 1a goc giita cac dudng thang A, A’ thi cos ¢ = |cos(7.?)\

Chu ¥ rang viéc xét vi tri tuong dbi clia hai dudng thing ciing dudc xét qua s6 diém chung clia A va
A’. Viéc xét vi tri tuong d6i va tinh géc giita hai dudng thang cat nhau ciing dudc thuc hién qua cac
véc-to chi phuong clia A va A’
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Vidu8. Cho ba dudng thang: d; : 2x+y—1=0,dy : x+2y+1=0, d3 : mx —y —7 = 0. Chting
minh rang cic dudng thang d;,d, cat nhau va tim gid tri ctia tham s6 m d€ ba dudng thang trén dong
quy.

e o [y —1=0 =1
Loi giai. Ta co { R {x

= .
x+2y+1=0 y=—1
Tur d6 suy ra d1,d cét nhau tai diém A(1; —1).
Ba duding thang da cho ddng quy khi va chi khi d3 ciing di qua diém A, hay A € d3, suy ra

ml—(—1)—7=0<m=6.

Vidu9. Cho cic dudng thang A : 2x+3y —5=0,A" : 3x — 2y — 1 = 0 va diém M(2;3).

a) Xét vi tri tuong ddi gitta cac dudng thang A va A’

b) Biét d 1a duong thang di qua diém M va tao véi cac dudng thang A, A’ mot tam gidc can. Tinh géc
giifa cac dudng thang A va d.

Loi giai. a) Tacé 7 = (2,3) va W= (3,—2) la céc véc-to phap tuyén ctia A va A'.
2 3 s .
Ta thay 7 va ? khong cung phuong vi 3 * — tr d6 suy ra A va A’ 1a cdc dudng thang cat nhau.
b) Ta cé 7;? =2.3+3.(—2) =0, do d6 A va A’ 1a cic dudng thang vuong géc v6i nhau.
GoiA=ANA,B=ANd,C=dNA.Khidétam gidc ABC 1a vudng tai A do d6 néu tam gidc ABC can thi

~ ~ T
B:C:—.
4

. . T
Tur d6 suy ra goc gitta cac duong thang A va d bang T

Vi du 10. Cho hai dudng thang A: (m+3)x+3y —2m+3=0va A’ : 2x+2y+2—3m = 0. Tim gid
tri ciia tham s6 m dé

a) Pudng thang A song song vdi A

b) Pudng thang A cat dudng thang A'.

N e e e < . N 9 . 3 3
Loi giai. a) A cat A’ khi va chi khi m;— + 5 Em £0.
b) Theo céu a), d€ A song song v6i A’ thi trudc hét ta phai c6 m = 0.
Véi m = 0, khi d6 dé dang nhan thiy A = A',

Vay khong ton tai m d€ A || A'.
Chii y: Ta c6 thé lam theo cdch sau: A song song véi A’ khi va chi khi
m+3 3 2 —2m—+3
2 27 2-3m
2-3m#0

Heé trén vo nghiém, do d6 khong ton tai m d& A || A'.

Vi du 11. Tim cdc gia tri clia k d€ géc gilta cac duong thing A: kx—y-+1=0va A’ : x—y =0 bing
60°.

Loi giai. Taco 7 = (k;1) va ;? = (1;—1) 1a véc-td phap tuyén ctia cic duong thiang A va A,

— k+1 1
Theo bai ra ta ¢6 cos60° = |cos(7, n')| < k+l] 1 & 2(k+1)? = k* + 1. Giai phuong trinh trén
k=-2+V3

VEEF1V2 2
k=-2-3

ta dudc
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BAI TAP TU LUYEN

Bai 11. Timm sao cho hai dudng thang A : x4 5my —4 = 0 va A’ : 2x+ 3y — 2 = 0 song song véi nhau.
Lisi gidi. A& & 2= 2" e

2 3 10
Bai 12. Trong mit phang toa dd Oxy, cho 3 dutng thang di: 2x+y—4 =0, dy: 5x—2y+3 =0, d3:
mx —+ 3y —2 = 0. a) Xét vi tri tuong ddi giita d; va d>.
b) Tim gi4 tri ctia tham s& m dé€ 3 dudng thang trén dong quy.
Loi gidi. a) Nhan thiy % #* —LZ’ tir d6 suy ra cac dudng thing d;,d» cit nhau.

b) Toa do giao diém ctia hai dudng thang d; va d> 12 nghiém ctia hé phuong trinh:

5
2x+y—4=0 =9
~ .
5x—2y+3=0 26
y__
. . 5 26
Viay d va d, cat nhau tai diem M (—; —)
9°9
. 5 26
Vldl,dz,d3df)ngquynénMEa’g,tacé:m.§+3.?—2:0<:>m:—12

Bai 13. Trong mit phang véi hé truc toa do Oxy cho cic dudng thang A; : x+2y—v2=0va Ay : x—y=0.
Tinh cosin ctia goc gitta cic dudng thang A; va As.

Loi gidi. Taco 77 = (1;2) va 0’ = (1;—1) la véc-to phap tuyén ciia cdc dudng thing A va A'.

Goi @ la goc giita cac dudng thang A va A’. Khi d6

cosQp = |cos(7,?)\ =

V10
0
x=10-3¢

Bai 14. Trong mit phang véi hé truc toa dd Oxy cho cac dudng thang A: 3x+5y+15=0vaA’: { 45
y =

Tinh géc ¢ gitia Ay va A;.

Loi gidi. Tacé 77 = (3;5) 1a mot véc-to phap tuyén ciia A.

7 = (—3;5) 1a mdt véc-to chi phuong ctia A’, suy ra A’ ¢6 véc-td phdp tuyén ;’) = (5;3).

Do 7.7 =0= ALA.

Bai 15. Trong mit phang véi hé truc toa dd Oxy cho 2 dudng thang A: x+2y—5=0, A’ : 3x+my—1=0.
Tim m d€ goc gitta hai dudng thang A, A’ bang 45°.

Loi giai. A:x+2y—35=0c6 véc-to phip tuyén 7 = (1;2),

A :3x+my—1=0 c6 véc-to phdp tuyén 7 = (3;m).

_>

‘ n.n ‘ B |3 +2m|

|7|.m V5V EmE

Theo bai ra ta co: cos45° =

m=1

T d6 suy ra [
m=—9

Dang 4. Khoang céch tir mot diém dén mét duvng théng

Cho diém M (xo;yo) va dudng thang A: Ax+ By +C = 0. Khi d6, khoang céch tir diém M dén duong
thang A dudc tinh theo cong thiic

|Ax0+By0—|—C|
d(M,A) =
(1,8 = 0220
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Vi du 12. Tim khoang céch tir diém M(1;2) dén duong thang (D): 4x+ 3y —2 =0.

Lui giai. Ap dung cong thiic tinh khoang céch ta c6
4143222 8

WMD) =" 5

Vi du 13. Tim nhiing diém nam trén dudng thang A: 2x-+y— 1 = 0 va c6 khoang cach dén (D) : 4x+
3y — 10 = 0 bang 2.

Loi giai. Gid st c6 diém M € A, khi d6 M (m;1 —2m).

\ 4m+3(1—2m) — 10
Theo d& d(M,A) =2« P30 =2m) =100, o 71210
V42 +32

| W

2m+7=10 m
& Y )
2m+7=—10 " m

. R 3 17
Vay c¢6 hai di€ém théa man diéu kién la M, (z, —2) va M, (—7; 18).

Vi du 14. Viét phuong trinh ctia dudng thang di qua diém A(1,—3) va c6 khoang cich dén diém
My(2,4) bing 1.

Loi gidi. Gia st dudng thang A di qua diém A(1; —3) c6 hé s6 goéc k. Khi d6 phuong trinh A ¢6 dang:
y+3=k(x—1) < kx—y—k—3=0.
X i |2k —4 — k — 3| 5 212
Theo deé ta c6 d(My,A) = T =lsk-T7=V+1< (k=T =k +1
_|_
24
<:>k2—14k+49:k2+1(:)14k:48<:>k:7.

Vay phuong trinh A: 24x — 7y —45 = 0.

Vi du 15. Viét phuong trinh clia dudng thang (D) song song v6i (D'): 3x+4y — 1 =0 va cach (D')
mot doan bang 2.

Loi gidi. Puong thang (D) || (D) nén phuong trinh dudng thang (D): 3x+4y+c = 0.
Liy diém M(—1;1) € (D'), theo dé ta c6:
| —3+4+¢|
5
V6ic=9tacoD: 3x+4y+9=0.
V6ic=—11tacoD: 3x+4y—11=0.

CcC =
d(D,D')=d(M,D) =2 & =2&c+1=10<
C

=11

Vidu 16. Cho di€ém A(—1,2) va hai dudng (A): x—y—1=0,(A"): x+2y—5=0. Tim trén dudng
thang (A) mot diém M sao cho khoang cach tit M dén (A') bang AM.

L_Bzgiéi. TacoM € A, suyraM(m,m—1).
AM = (m+1;m—3) =AM = \/(m+1)2+ (m — 3)2 = V2m? — 4m + 10.

R 2(m—1)—5
Theo dé I+ (n:/g ) |:\/2m2—4m+10<:>|3m—7!:\/5(2m2—4m—|—10)

& (Bm—7)>=10m*> —20m+50 & m?> +22m+1=0 < m= —11£2+/30.
Vay c6 hai diém thda man 1a M (—11 —2v/30; —12 —21/30) va M>(—11+2+/30; —12 4 21/30).

Vi du 17. Tim phuong trinh ciia dudng thang cach diém M(1,1) mot khoang bang 2 va cich diém
M'(2,3) mot khoang bing 4.
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Loi giai. Gia st phuong trinh can tim 1A A: Ax+By+C = 0.
Theo dé ta c6:

A+B+C|
dMA) =2 —nve " =2 |[A+B+C|=2VA2+B?
(M,4) JE | |

2A+3B+C
dM/,A =4 = — 4 2A+3B+C|=4vVA2+ B2
A=A e s

Tir (1) va (2) ta ¢6 |24 + 3B+ C| = 2JA + B+ C| < 2A+3B+C=2(A+B+C)
va aco —
B—C=0

= .
4A+5B+3C=0

[SS T NG

A
Thay B = C va (1) ta dugc |A +2B| = 2v/AZ + B2 = 342 —4BA = 0 < .

V6i A = 0, chon B = C = 1, ta dugc dudng thang A;: y+1 =0.
4 .
V6i A = §B, chon B=3= A =4,C =3. Tac6 duong thang A,: 4x+3y+3 =0.

1
T 4A +5B43C=0=C=—2(44+5B) va (1) ta duge

|A+2B| = 6V/AZ + B2 = 35A% —4BA +32B = 0.

Giai phuong trinh bac hai theo 4n A, ta c6

A’ =4B>—1020B% = —1016B> < 0.

Truong hop B =0, ta c6 A’ = 0, phuong trinh ¢6 nghiém kép A = 0, vo ly.
Vay c6 hai duong thang théa man yéu cau.

179
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2
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Dang 5. Viét phuong trinh duong phén gidc ctia géc do A; va A, tao thanh

Cho dudng thang A: ax + by +c = 0 va hai diém M (xps;ya),N(xn:yn) € A. Khi do:
a) M,N nim ciing phia so vi A khi va chi khi (axy; + byy +c)(axy +byy +¢) > 0.
b) M,N nidm khic phia so véi A khi va chi khi (axy; + byy + c)(axy + byy +¢) < 0.

Dé viét phuong trinh dudng phan gidc trong clia géc BAC ta c6 nhiéu cich. Dudi day la 3 cach thuong
st dung:

Cach 1:

Dua vao tinh chit dutng phan gidc 1a tip hop cac diém cach déu hai dudng thing AB : ax+by+c=0
vaAC : mx+ny+ p =0, taco:

lax+by+c|  |mx+ny+p|

1/aZ_i_bZ 1/,,nZ_i_nZ

Hai duong thu dudc 1a phan giac trong va phan giac ngoai cta goc ABC.

Sau d6, ta can dua vao vi tri tuong d6i ctia hai diém B,C vé6i hai dudng viia tim dudc dé phan biét
phan gidc trong, phan gidc ngoai. Cu thé, néu B, C & cing mdt phia thi d6 12 phan gidc ngoai, & khac
phia thi 1a phén giac trong.

Cach 2:
Liy B’,C’ 1an lugt thuoc AB, AC sao cho: n
/
— 1 o 1 /
AB = — ABAC = — AC. B
AB AC
— —

Gi st AD = AB' +AC Khi d6 tit gidc AB'DC' 1a hinh thoi. B C
Do do, ﬁ 1a vecto chi phuong ctia dudng phan gidc can tim.
Cach 3:

Gia stt W = (a;b) 1a vecto chi phuong ciia dudng phén gidc cin tim. Ta c6:

ABIl _ AC.W
cos(ﬁ,ﬁ):cos(ﬁ,7)@ ’1@‘ = ‘ﬁ‘

Vi du 18. Viét phuong trinh dudng phan gidc trong goc A clia tam gidc ABC biét A(1;1), B(4;5),
C(—4;—11).

Loi giai. Cach 1. Ta c6 phuong trinh céc canh:
AB:4x—3y—1=0;AC:12x—5y—7=0

Phuong trinh hai dudng phan giac goc A la:
dx—3y—1 12x—5y—7

5 13 N 4X+7y—11=0(d1)
4x—=3y—1 _ 12x—5y—7 56x—32y—24=0(d>)
5 B 13

Ta co:
(4xc+Tyc—11) (dxp+Typ—11) <0

Do d6 B, C khic phia so véi (d;) hay (d;) 1a dudng phan gidc can tim.
— 1 34
Céch 2. Ta c6 AB = (3;4);AB=5;AB' = gﬁ = (5’ §)
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— 12
AC = (=5, —12);AC = 13;AC’ = —R (13 B)

Ta cé‘ﬁ—i—:ﬁC’ = (E—E>
' 65" 65/
Vay vecto chi phuong ctia dudng phan gidc can tim la: U = (7;—4). Do d6 phuong trinh dutng phén giac
can tim la:
4x—1)+7(y—1)=0=4x+7y—11=0
Cach 3. Gia stt W = (a;b) 12 vecto chi phuong ciia dudng phan gidc cn tim.

ABW  ACT 3a—|—4b ~sa-12b 1,

Ta co = S a .

N 8 !
Vay vecto chi phuong ctia dudng phan gidc can tim la: U = (7;—4). Do d6 phuong trinh dutng phan giac
can tim la:

4x—1)+7(y—1)=0<4x+Ty—11=0

BAI TAP TU LUYEN (Cho méi dang)

Bai 16. Tinh khoang cach tit diém M (3;5) dén dudng thang A: x+y+1=0.
Loi giai. Tacé d(M,A) = B—:Z;\/T-:H % = ¥

Bai 17. Tinh khoéng céch tir diém M (4; —5) dén duong thing A: {; i §f+ 3
Loi giai. Viét phuong trinh duéi dang téng quat A: 3x — 2y +4 = 0.

|3:4—2-(— )+4| 26
Khi d6 d(M, A = =2
(.8 = == — =2V

Bai 18. Cho tam giac ABC. Tinh dién tich tam giac ABC, véi: A(—2;14),B(4;—2),C(5;—4).
Loi gidi. Tacé BC = (1;—2) = BC = /5. Phuong trinh dudng thang BC di qua B c6 dang 2(x —4) + 1(y+
2) =0 2x+y—6=0.

2(=2)+14—6| 4v5
Puong cao AH cia tam giac ABC: AH = 2(=2)+ | \/_

V5 5
1 4+/5-/5
Do d6 Sypc = 5 -AH-BD = % — 2(dvdt)
’ 2 . =3t
Bai 19. Viét phuong trinh dudng thang (D) song song v4i dudng thang A: {x 24y ,t € R va cach
y g

dudng thang A mot khoang bang 3.
Ldi gidi. Vi (D) || A nén phuong trinh dudng thang (D) c6 dang:
(D): 4x—3y+c=0.
Chon diém M(0;2) € A, theo dé ta c6
[4-0-3-2+¢ =3&|c-6/=15« c=21 .
5 c=-9

Viy c6 hai phuong trinh théa man la (D;): 4x—3y+21 =0va (D;): 4x—3y—9=0.

d(M,A) =

Bai 20. Viét phuong trinh dudng thiang A di qua A(1;3) va cach diém B(—2; 1) mot khoing bang 3.
Loi giai. Gia st 7 = (a;b), (a* +b* > 0) 1a vecto phap tuyén ciia dudng thing cin tim. Phuong trinh
dudng thang c6 dang:

ax—1)+b(y—3)=0<ax+by—a—3b=0

Khi d6:
b=0
| —2a+b—a—3D| 5
digan=3& =35 —12ab=0< 12
(B:4) N7y b=—a

5
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e h=0,chona=1tacoA;:x—1=0.
12
) b:?a, chona=5b=12tacdé Ay :5x+12y—41 =0.

Vay c6 hai dutng thang théa man yéu cau bai todn la: A; :x— 1 =0;A; : 5x+ 12y —41 = 0.
Bai 21. Cho dudng thang A: 5x — 12y 4 32 = 0 va hai diém A(1;—1),B(5;—3). Tim mot diém M cach A
mot khoang bang 4 va cach déu hai diém A, B.
Loi giai. Goi M (xo;yo) 1a diém can tim, ta c6 hé

(o= 1>+ (yo+1)* = (v —5)*+ (o +3)?

|5x0 — 12y0 + 32| 4

13 B

Giai hé nay ta dugc 29xp — 64 = +52 cho ta hai diém M (4;0) va M’ (

12 108)
297 29
Bai 22. Cho tam gidc ABC c6 A(4;—13),B(4;12),C(—8;3). Viét phuong trinh dudng phan gidc trong géc
B.
Loi giai. Phuong trinh canh BC1a3(x—4) —4(y—12) =0 < 3x—4y+36 =0.
Phuong trinh canh BA lax—4 = 0.
Phuong trinh dudng phéan giac trong va phan giac ngoai cua goc B la
Bx—dy+36] -4  [Br-dy+36=x—4 _ [x=2y+20=0(d))
5 1 3x—4y4+36=—x+4  |x—y+8=0(d)
Ta thdy A va C niam khéc phia so v6i (d,), suy ra dudng phan gidc trong goéc B 1a dudng x —y+8 = 0.

Dang 6. Phuong trinh dudng thing trong tam gidc

Ta c6 cong thiic viét nhanh phucng trinh dudng thing qua hai diém A (xa;v4) va B(xg;yp) la:

X — XA _ y—Ya
XB—XA YB—YA

Chu y: Cong thiic phuong trinh dudng thang A qua M (xo;yo) va vudng goc véi dudng thang d: Ax +
By+C=01a:|B(x—x9) —A(y—y0) =0|.

Vidu 19. Cho tam giac ABC c6 dinh A(3;—4) va hai dudng cao BH va CH c¢6 phuong trinh: 7x —
2y —1=0va2x—7y— 6= 0. Hay tim phuong trinh hai canh AB va AC.

Lui gidi. Canh AC: 1 duong thang di qua A(3; —4) va vudng géc v6i BH: 7x —2y — 1 = 0 nén c6 phuong
trinh: 2(x—3)+7(y+4) =0< 2x+7y+22=0.

Canh AB: 12 dudng thang qua A(3; —4) va vudng géc véi CH : 2x — 7y — 6 = 0 nén c6 phuong trinh: 7(x —
3) £ 2(y+4) =0 e Tx+2y—73 =0.

7

Vi du 20. Cho tam gidc ABC, biét trung diém cac canh 1a M(—1;—1), N(1;9), P(9;1).

a) Lap phuong trinh cac canh cua tam giac ABC.

b) Lap phuong trinh cac dudng trung truc cua tam giac ABC.

Lui gidi.
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a) Canh AB qua diém P(9;1) va song song v6i MN nén nhan véc-td m = (2;10) lam véc-td chi phuong.
— —1
Phuong trinh canh AB la: a 5 ? = yl—O & 5x—y—44=0.
Tuong tu, ta c6 phuong trinh canh BC la: x+y—2 = 0.
Phuong trinh canh AC la: x — 5y +44 = 0.

b) Goi cac dudng trung truc ké tit M, N, P theo thit tu 1a (dy), (dwn), (dp).
Pudng thing (dy) qua diém M(—1;—1) va vudng géc v6i PN nén nhan véc-to PN = (8;—8) lam
véc-to phap tuyén.
Ta c6 phuong trinh dudng thang (dy) 1a: x —y = 0.
Tuong tu, (dy): Sx+y—14=0.
(dp): x+5y—14=0.

Vi du 21. Cho tam gidc ABC, biét dinh A(2;2), cac dudng cao xut phat tif cdc dinh B, C ¢6 phuong
trinh 1an lugt 1a x +y —2 = 0 va 9x — 3y — 4 = 0. Hay 1ap phuong trinh céc canh ctia tam gidc ABC.

Loi gidi. Theo gia thiét ta c6 phuong trinh cic dudng cao: BH: x+y—2=0,CK: 9x —3y—4 =0.

e Lap phuong trinh canh AC.
Canh AC 1a duong thing qua A va vudng géc v6i BH nén phuong trinh AC ¢6 dang: x —y+¢ = 0.
DoA(2;2) € ACnén2—-2+c=0<c=0.
Vay phuong trinh AC la: x —y = 0.

e Phuong trinh canh AB.
Canh AB vudng goc v6i CK nén phuong trinh canh AB c6 dang: 3x+9y+m = 0.
DoA(2;2) €AB<3.24924+m=0< m= —24.
Phuong trinh canh AB 1a: 3x+9y—-24 =0 x+3y—8=0.

e Phuong trinh canh BC:
Ta c6 C = CKNAC nén toa do diém C 1a nghiém ctia hé phuong trinh:

xX—y =0 (2 2)
=Cl=zi5 ).
Ox—3y—4 =0 33

Lai c6: B=ABNBH nén toa do diém B 1a nghiém clia hé phuong trinh

-2 =0 =—1
*y =" = C(—1;3).
x+3y—8 =0 y =3

Phuong trinh canh BC qua hai diém B va C nén c6 phuong trinh:
— — 1 -3
LTI YT I T x5y -8 =0,
Xp—Xc YB—YC _
3 +1 3 3

Vi du 22. Tam giac ABC c¢6 phuong trinh canh AB la 5x — 3y + 2 = 0, cac duong cao qua dinh A va
B lan luot 1a 4x — 3y + 1 = 0; 7x + 2y — 22 = 0. Lap phuong trinh hai canh AC, BC va dudng cao thi
ba.

Loi giai. Toa dd diém A 12 nghiém ctia hé phuong trinh:

5x—=3y+2=0 (AB) UL =-1
4x—-3y+1=0 (AH) =
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Canh AC qua A(—1;—1) va vudng géc v6i BH: 7x+ 2y — 11 = 0 ¢6 phuong trinh:
2x+1)=7y+1)=0&2x—Ty—5=0 (AC)

Toa do diém B 1a nghiém cta hé phuong trinh:

5x=3y+2 =0 =2

¥yt et = B(2:4)

Tx4+2y-22 =0 |y—=4

Canh BC qua B(2;4) va vudng goc v6iAH : 4x —3y+ 1 = 0 c6 phuong trinh:
3(x—2)+4(y—6) =0 3x+4y—22=0 (BC)

Toa do diém C 1a nghiém clia hé phuong trinh:

2x—Ty—5 =0 =6
S =7 = C(6;1)
3x+4y—-22 =0 y=1

Puong cao CH qua C(6;1) va vudng goc v6i AB: 5x — 3y + 2 = 0 ¢6 phuong trinh:
3x—6)+5(y—1)=0&3x+5y—-23=0

Vi du 23. Lap phuong trinh cdc canh ctia tam giac ABC biét B(2; —1), dudng cao va phan gidc trong
qua hai dinh A, C 1an lugt 12 3x — 4y +27 =0 vax+2y—5=0.

Loi giai.
Canh BC 1a dudng thang qua B(2; — 1) va vudng goc v6i phan gidc 3x —4y+27 =0
nén c6 phuong trinh: 4(x —2) +3(y+1) =0 4x+3y—5=0.

Toa do di€ém C 1a nghiém ctia hé phuong trinh: %

4x+3y—5 =0
TS Y (-13) |
x+2y—5 =0 B H C

Pudng phan gidc ing v6i phuong trinh x4 2y — 5 = 0 ¢6 véc-to chi phuong: vV = (2;—1).

Ta co: tan(@,V) =tan(77C_>A) (1)
Biét CB = (—3;4), CA = (x4 + 1;y4 — 3).

3-8 2(ya—3 1 1 2ys—5
Do d6 (1) < _20az3)wlutl) 1 xat2a—s
—6—4 2(xA—|—1)—(yA—3) 2 2xpa—ya+5
Ta co: y4 — yc = 3. Vay phuong trinh duong AC la y = 3.
Thay y4 = 3 vao 3x —4y+27 =0, tacé: A(—5;3).
Suy ra AB = (7;,—4).
Phuong trinh canh AB 1a: 4(x+5)+7(y—3) =0 4x+7y—1=0.

& ys =3.

Vi du 24. Trong mit phang Oxy, cho tam gidc ABC c6 dudng phan gidc trong (AD): x—y = 0, dudong
cao (CH): 2x+y+3 =0, canh AC qua M(0;—1), AB = 2AM. Viét phuong trinh ba canh clia tam
giac ABC.

Loi gidi.
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Goi N la diém dbi xiing ctia M qua AD (theo tinh chét ctia dudng phan giac trong), suy ra N nam trén tia
AB.

Mt khéc ta c6: AN = AM = AB = 2AN. Suy ra N la trung diém cta AB. Do MN 1. AD nén phuong trinh
MN la: x+y+m; =0;

M(0;—1) e MN = —14+m; =0<m; =1.Suyra (MN): x+y+1=0.

Goi K = MNNAD, toa do K la nghiém cta hé phuong trinh:

1
— x=—3 11
P (e RN L)
x—y=0 __ 27 2
Y72
xN:2xK—xM:—1

Vi K 1a trung di€ém ctia MN nén { = N(-1;0).

YN=2yk —ym =0
Do AB L CH nén phuong trinh AB 1a: |2 —2y+m; =0
N(—l;()) EABs —14+m=0mpy=1.

SuyraAB: x—2y+1=0.

ViA =ABNAD nén toa do A 1a nghiém cua hé phuong trinh:

2y =1 —1
{x Y @{x = A(1;1)

x—y =0 y=1

’

Suy ra:|AC: 2x—y—1.]
Vi C =ACNCH nén toa do C la nghi€ém cua hé phuong trinh:

1
2x — =1 = —— 1
Y {772 :c(--;—2>
2x+y =-3 y=-2 2

XB — ZXN—XA =-2

= B(-3;-1).
yB=2yn —ya = —1

Do N la trung di€m ctia AB nén {

2 2 1
Phuong trinh dudng thang BC qua hai diém B(—3;—1) vaC (—5; —2) la:

3 1
X2 YL sy 11=0
1 241
—5+3

Vay |BC: 2x+5y+11=0.

Vi du 25. Trong mit phang Oxy, cho tam gidc ABC c6 dinh A(—1;2). Trung tuyén CM : 5x + 7y —
20 = 0 va dudng cao BH : 5x — 2y — 4 = 0. Viét phuong trinh cdc canh AC va BC.

Loi giai. Do AC | BH nén phuong trinh AC c¢6 dang: 2x + 5y +m = 0.
DoA(—1;2) eAC& —24+10+m=0< m= —8.

Suy ra|AC: 2x+5y—8=0.]

Do C = ACNCM nén toa do C 1a nghiém cua hé phuong trinh:

2x+5y=28 =4
{x+ Y @{x = C(4;0)

Sx+7y =20 y=0

bat B(a;b). Do B € BH nén 5a —2b—4 =0.

. —1 2+b
Vi M la trung di€m ctia AB nén toa do M la M ( ta. st

2 72

. 24 b
>€CM<:>5- ta, 5 2t

—20 =
> > 0=0«&
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5a+7b—31=0
5a—2b=4 =2
Toa dd M la nghiém cua hé: “a o = B(2;3)
5a+7b =31 b=3
Phuong trinh canh BC la| BC: 3x+2y—12=0.|
BAI TAP TU LUYEN

Bai 23. Lap phuong trinh cdc canh ctia tam gidac ABC néu cho B(—4; —5) va hai dudng cao c¢6 phuong trinh
la: 5Sx+3y—4=0va3x+8y+13=0.

Loi gidi. Pap s6: AB: 3x —5y— 13 =0;

BC: 8x—3y+17=0;

AC: 5x+2y—1=0.

Bai 24. Cho AABC, biét dinh C(4;—1), dudng cao va dudng trung tuyén ké tir dinh A c6 phuong trinh
tuong tng la (dy): 2x—3y+ 12 =0va (d»): 2x+ 3y = 0. Lap phuong trinh céac canh cia AABC.

Loi gii.

e Lap phuong trinh canh BC.
Vi BC L (d;) nén phuong trinh (BC) c6 dang: —3x —2y+c¢=0 (1)
ViC € (BC) nén: (=3).4—2.(—1)+c=0<c=10.
Thay ¢ = 10 vao (1) ta dugc phuong trinh (BC): 3x+2y—10=0.

e Lap phuong trinh canh AC.
Ta c6 di€ém A = (d) N (d») nén toa d di€ém A 1a nghiém cta hé:

2x—3y+12 =0
{x Y+ = A(-3;2)

2x+ 3y =0

Phuong trinh dudng théang (AC) qua hai diém A(—3;2) va C(4;1) la:
x+3 y—
= & (AC): 3x+Ty—5=0.
13 Sip T AC): ATy
e Lap phuong trinh canh AB.
Goi M la trung di€ém cta BC, khi d6 diém M = (d,) N (BC).

3x+2y—10 =0
2y = M(6:4).
2x+ 3y =0

Toa do di€ém M 12 nghiém cta hé phuong trinh: {
Toa do diém B dudc xdc dinh béi:

=2 = 2xpy — =8
{XB +xc XM N XB XM — XC o {XB
yBt+yc =2ym Y8 =2ym—Yyc yp=—1
Phuong trinh dudng thang (AB) qua hai diém A(—3;2) va B(8;—7) la:

x—38 y+7
= 11 =
33 2+7<:>9x+ y+5=0

Bai 25. Cho tam gidc ABC, biét A(1;3) va hai trung tuyén c6 phuong trinh lax—2y+1=0vay—1=0.
Lap phuong trinh cac canh cua AABC.
Loi giai.
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A
(d2) (d1)
C
WB

A/
DE c¢6 dugc phuong trinh cdc canh cia AABC ta di xé4c dinh toa do diém B, C.
Y . , . A'B| (d

Goi A’ 1a diém dbi xting v6i A qua trong tim G ctia AABC, khi dé: { , I ()

A'Cl| (d2)
Suy ra: Diém B la giao diém cta (A’B) va (d,).
Di€m (C) 1a giao di€ém cta (A'C) va (dy).
Vay ta 1an ludt thuc hién theo cic budc sau:

e Goi G la trong tam AABC, khi dé6 toa do cua G la nghiém cua hé:

{x—2y—|—1 =0

= G(1;1).
NIRRT

e Diém A’ 1a diém dbi xiing v6i A qua G, toa dd ctia A’ dudc cho bdi:

{XA’ = 2xG — XA

= A'(1;-1)
yar = 2yG —ya

e Tim toa do diém B.
Pudng thang A'B qua di€ém A’(1; —1) va song song véi dudng thing d; nén nhan véc-to Cé = (2:1)
lam véc-to chi phuong.
x—1 y+1

Phuong trinh dudng thing A’B 1a: 5 —T<:>x—2y—3:().
, e o fx—2y-3 =0

biém B = A’BNd>, toa dd diém B 1a nghiém hé: {x ly 0 = B(5;1).
y— —

e Tuong tu, tacd C(—3;—1).
e Phuong trinh dudng thiang AC qua hai di€ém A(1;3) va C(—3;—1) la:
x—1  y-3
-3-1 -1-3
e Tuong tu ta c6: phuong trinh canh AB la: x+2y—7 =0;
Phuong trinh canh BC la: x —4y — 1 = 0.

Sx—y+2=0.

Bai 26. Cho tam giac ABC c6 phan giac ctia goc A ¢6 phuong trinh la: d; : x+y+ 2 = 0; dudng cao veé ti
B c6 phuong trinh lady : 2x—y+ 1 =0, canh AB qua M(1;—1). Tim phuong trinh canh AC cuda tam giac.

Bai 27. Trong mit phang véi hé toa dd Oxy, hdy xac dinh toa dd dinh C clia tam gidc ABC biét ring hinh
chiéu vuong géc ctia C trén duong thang AB la diém H(—1;—1), dudng phan gidc trong clia goc A c6
phuong trinh x —y+2 = 0 va dudng cao ké tu B c6 phuong trinh 4x+3y—1 = 0.

Loi gidi. Phuong trinh dudng thiang d qua H(—1;—1) va vudng géc v6i A: x —y+2 =0 c6 dang 1(x+
+1(y+1)=0.

Giao diém I cla d va A 1a nghiém cta hé phuong trinh:

{x—i—y—f—ZzO

= 1(—2;0)
x—=y+2=0
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Goi K 1a diém ddi xing clia H qua A thi K(—3;1).

AC qua K va vudng goc véi duong cao: 4x+ 3y — 1 =0.
Phuong trinh AC: 3(x+3) —4(y—1)=0<3x—4y+13=0.
Toa do diém A 13 nghiém cta hé phuong trinh:

3x—dy+13 =0
roaT = A(5:7)
x—y+2 =0

i T2
CH qua H va c6 véc-to phap tuyén HA =270 véi 7 = (3;4).
Phuong trinh CH: 3(x+1)+4(y+1) =0.
Toa do C la nghiém cia hé phuong trinh:

3x+4y+7 =0 < 10 3)
=>C|——;~
3x—4y+13 =0 3°4
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§2. PHUONG TRINH PUONG TRON

I. Tém tatly thuyét
1. Phuong trinh dudng tron khi biét tim va ban kinh
Trong mit phang toa dd Oxy, phuong trinh dudng tron nhin diém I(a;b) 1am tdm va c6 ban kinh R 12

(x—a)®+ (y—b)* =R

2. Dang khac caa phuong trinh duong tron
Phuong trinh dang x> + y? — 2ax — 2by + ¢ = 0 la phuong trinh ctia mdt dudng tron khi va chi khi
aA+b*—c>0

Khi d6, tdm 1a I(a;b), ban kinh 1a R = va? + b% —c.

3. Phuong trinh tiép tuyén cta dudng tron
Sau day, ta c6 2 cong thifc phuong trinh tiép tuyén ctia dudng tron tai mot diém thudc dudng tron (cong thiic
tach doi).

e Phuong trinh tiép tuyén ctia dudng tron (x —a)? + (y — b)? = R tai di€ém M (xo;yo) thudc dudng tron
la
(x0 —a).(x—a) + (yo—a).(y—a) = R*.
e Phuong trinh tiép tuyén ctia dudng tron x> 4 y? — 2ax — 2by + ¢ = 0 tai diém M (xo:y,) thudc dudng
tron la
x0x+yoy —a(xo+x) —b(yo+y)+c=0.
Khong dung cong thifc tach doi nay, ta van c6 thé viét dudc phuong trinh tiép tuyén bang cach tim toa doa

s - A 2 < A A N N —>
do véc-to phap tuyen cua tiép tuyen nay 1a IM = (xo —a;yo — a).

II. Cac dang toan

Dang 1. Tim tam va ban kinh duong tron.

Phuong phdp giai:

e Cdch 1. Pua phuong trinh v& dang: (C) : x*> +y* — 2ax — 2by + ¢ = 0 (1). Xét diu biéu thiic
P=a?+b*—c.

- Néu P > 0 thi (1) 1a phuong trinh dudng tron (C) c6 tdm I (a;b) va ban kinh R =
Va*+b?—c.
- Néu P < 0 thi (1) khong phai 1a phuong trinh dudng tron.

e Cdch 2. Pua phuong trinh vé dang: (x —a)? + (y —b)> = P (2).

- Néu P > 0 thi (2) 1a phuong trinh duong tron c6 tim I (a;b) va ban kinh R = /P.
- Néu P < 0 thi (2) khong phai 12 phuong trinh dudng tron.
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Vidu 1. Xét xem cdc phuong trinh sau c6 la phuong trinh cia duong tron khong? Hay xac dinh taim
va ban kinh ciia cac dudng tron dé (néu co).

a) X242 +2x—4y+9=0(1).
b) x> +y? —6x+4y+13=0(2).
c) 2x2+2y> —6x—4y—1=0(3).

d) 2x2 +y*+2x—3y+9=0 (4).

Lui gidi.

a) Phuong trinh (1) ¢6 dang x*> +y? — 2ax —2by+c=0v6ia= —1;b =2;¢ =9.
Tacéa®> +b*—c=1+4-9<0.
Vay phuong trinh (1) khong phai 1a phuong trinh dudng tron.

b) Tacé:a*+b*—c=9+4—-13=0.
Suy ra phuong trinh (2) khong phai 1a phuong trinh dudng tron.

1 3\? 5

&) Taco: (3) 52 42 —3x-2y— 2 =06 (x—2) +(-172=".
3 V10
Vay phuong trinh (3) la phuong trinh dudng tron tam / (E’ 1) ban kinh R = —

d) Phuong trinh (4) khong phai 1a phuong trinh dudng tron vi hé sb ctia x* va y? khac nhau.

Vi du 2. Xét xem cdc phuong trinh sau c6 1a phuong trinh cta duong tron khong? Hay xac dinh tim
va ban kinh ciia cac dudng tron d6 (néu co).

a) x> +y2+2x—6y—15=0(1).

b) 2x2+2y* +4x+8y+14=0(2).

Loi giai.
—2a=2 a=—1
a) Taco: { —2b=—-6 ={b=3 =da*+b>—c=25>0.

c=—15 c=—15
Véy phuong trinh (1) la phuong trinh cta dudng tron (C) ¢6 tam I (—1; 3) va ban kinh R = 5.

—2a=72 a=—1
b) Tacé: 2) & x> +y?+2x+4y+7=0={ 2b=4=>{b=-2=d’+b*—c=-2<0.

c=17 c=17
Viay phuong trinh (2) khong 1a phuong trinh ciia dutng tron.

Vi du 3. Cho phuong trinh x? 4 y? — 2mx — 4(m — 2)y +6 —m = 0 (1). Tim diéu kién cta m d€ (1)
la phuong trinh dudng tron.

Loi gidi. Phuong trinh (1) 1a phuong trinh dudng tron khi va chi khi a® +b% —c¢ > 0, v6i a = m;b =
2(m—2);c=6—m.
m>2

Hay m> +4(m—2)>—6+m>0< 5m*> —15m+ 10> 0 & 1
m
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Dang 2. Lap phuong trinh duong tron.

Phwong phdp giai:
e Cdch 1.
- Tim toa d6 tam I (a;b) cta dudng tron (C)
- Tim ban kinh R ctia dudng tron (C)
- Viét phuong trinh ctia (C) theo dang (x —a)? + (y —b)> = R,
e Cdch 2.
- Gia sit phuong trinh dudng tron (C) 1a: x> +y? — 2ax — 2by + ¢ = 0 (hodc x* +y? 4 2ax +
2by+c =0).
- Tir diéu kién ctia dé bai thiét 1ap hé phuong trinh véi ba 4n 1a a, b, c.
- Gidi hé d€ tim a, b, c, tit d6 tim dudc phuong trinh dudng tron (C).
Chii y:
e Cho duong tron (C) c6 tam I vaban kinh R. A € (C) < IA =R.
e (C) tiép xtic v6i dudng thing A tai A < IA = d (I;A) = R.
e (C) tiép xic v6i hai dudng thang A; va Ay < d(I;A)) =d (I;A;) = R.

2
e (C) ct dudng thing Az theo ddy cung c6 do dai a < (d (I;A3))* + az =R

Vi du 4. Lap phuong trinh dudng tron ¢6 tdm /(3;—5) ban kinh R = 2.

.

Loi gidi. Ta c6 phuong trinh dudng tron 1a (x —3)% + (y+5)? =22 < x? +y? — 6x+ 10y + 30 = 0.

Vi du 5. Lap phuong trinh dudng tron dudng kinh AB v6i A (1;6),B(—3;2).

Loi giai. Pudng tron duong kinh AB c6:
e Tam I (—1;4) la trung di€ém AB.

AB
e Bankinh R = - =24/2.

Do d6 phuong trinh dudng tron la:
2
(+1)2+(y—4)2=(2v2) e x2+)y2+2x—8y+9 =0.

Vi du 6. Viét phuong trinh dudng tron (C) c¢6 tam I (—1;2) va tiép xic v6i duong thang A : x — 2y +
7=0.

Ldi giai. Ban kinh dudng tron (C) chinh 1a khoang cach tir I t6i dudng thang A nén

R=d(a)="""""_

Vay phuong trinh dudng tron (C) 1a: (x+1)>+(y—2)> =
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Vi du 7. Viét phuong trinh dudng tron tim I (—2;1), cit dudng thang A : x — 2y + 3 = 0 tai hai di€ém
A, B thoa man AB = 2.

Loi giai. Goi 4 12 khodng cach tir I dén dudng thang A. Ta c6:

—2-2 1
h=d(I,A) = |—+3|2 -7
124 (=2) S

Goi R 12 ban kinh dudng tron, tif gia thiét suy ra:

AB? 1 22 \ﬁ
R=\R+—— ==+ =1/-.
e O

6

Vay phuong trinh dudng tron la: (x+2)2 4 (y —1)? = 5

[ Vidu 8. Lap phuong trinh dudng tron di qua ba di€ém: M (—2;4),N (5;5),P (6;—2). ]

Loi gidi.

e Cdch 1. Goi phuong trinh dudng tron (C) c6 dang 1a: x> + y> — 2ax — 2by+c¢ = 0.
Do dudng tron di qua ba diém M, N, P nén ta c6 hé phuong trinh:

4+16+4a—8b+c=0 a=2
254+25-10a—-10b+c=0< < b=1
36 +4—-12a+4b+c=0 c=-20

Viy phuong trinh dudng tron can tim 1a: x> +y> —4x — 2y —20 = 0.
e Cdch 2. Goi I (x;y) va R 1a tam va ban kinh dudng tron can tim. Ta suy ra:

IM?* = IN?

IM =IN=IP & 5 5 -
IM~ =1IP

nén ta co hé

Suy ra I(2;1), ban kinh JA = 5.
Vay phuong trinh dutng tron can tim (C) : (x —2)? + (y —1)? = 25.

Vidu 9. Cho hai di€ém A (8;0) va B(0;6).
a) Viét phuong trinh dudng tron ngoai tiép tam gidc OAB.

b) Viét phuong trinh dudng tron ndi tiép tam gidc OAB.

Loi giai.

a) Ta c6 tam gidc OAB vudng & O nén tam I clia dudng tron ngoai tiép tam gidc 13 trung diém clia canh
huyén AB suy ra I (4;3) vabankinh R =1A = /(8 —4)2+ (0—3)2 =5.
Viy phuong trinh dutng tron ngoai tiép tam gidc OAB la: (x —4)% + (y —3)? = 25.
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b) Tacé OA =8;0B = 6;AB = v/8%2 + 62 = 10.
1 .
Mat khac EOA.OB = pr(vi cung bang dién tich tam giac ABC).
OA.OB

2 OA+OB+AB 7 . ) )

De thay dudng tron can tim c6 tam thudc géc phan tu thi nhat va tiép xuc véi hai truc toa do nén tam
cta duong tron c6 toa do 1a (2;2).

Vay phuong trinh dutng tron ndi tiép tam gidc OAB 1a (x —2)> 4 (y —2)> = 4.

Suyrar=

Vi du 10. Trong mit phiang v6i hé toa dd Oxy, cho dudng thang d : 2x —y — 5 = 0 va hai diém
A(1;2),B(4;1). Viét phuong trinh dudng tron (C) c6 tdm thuodc d va di qua hai diém A, B.

Loi gidi.
e Cdch 1. Goillatam cua (C). Dol € d nén I (t;2t—5).
Hai diém A, B cung thudc (C) nén

IA=IB= (1—1)2+(7T—2t)* = (4—1)* + (6 —21)*
sr=1

Suy raI(1;—3) vabankinh R =1A = 5.
Vay phuong trinh dudng tron can tim 1a:

(C): (x—1)*+ (y+3)* =25.

53 o . . s A
e Cdch 2. Goi M (—' —) la trung diém AB. Puong trung truc cua doan AB di qua M va nhéan @ =

2°2
(3;—1) 1am vecto phap tuyén nén c6 phuong trinh A : 3x —y —6 = 0.
A , e, f2x—y=5=0
Toa do tdm I cta (C) la nghiém cuta hé = I(1;-3).
3x—y—6=0

Ban kinh ctia dudng tron bang R = JA = 5.
Vay phuong trinh dudng tron can tim (C) : (x — 1)% 4+ (y +3)? = 25.

Vi du 11. Trong mit phang véi hé toa dd Oxy, cho hai duong thang d; : x +3y+8=0,d, : 3x — 4y +
10 = 0 va diém A (—2;1). Viét phuong trinh dudng tron (C) c6 tam thudc di, di qua diém A va tiép
xuc vii ds.

Loi giai.
Goi I latam cta (C). Dol € d) nén I (-3t —8;t). A
Theo gia thiét bai todn, ta c6

d
13 (3t —8) — 4z + 10| 5
d(I,dy) = IA & = /(=3 —84+2)2+(t—1)2
&= -3,
B

Suy ra I(1;—3) vaban kinh R = JA = 5.
Vay phuong trinh dudng tron can tim 1

(C): (x—1)*+(y+3)*=25.

Vi du 12. Viét phuong trinh dudng tron (C) c6 tim nam trén duong thang d : x — 6y — 10 = 0 va tiép
xtc véi hai dudng thang c6 phuong trinh d : 3x+4y+5=0vad,:4x—3y—5=0.
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Loi giAi.



2.. PHUONG TRINH DUONG TRON 195

Vi dudng tron cin tim ¢6 tim K nam trén duong thang d nén goi K (6a + 10;a)
Mit khac dudng tron tiép xiic v6i di,d> nén khoang cach tir tim K dén hai
dudng thang nay bang nhau va bing ban kinh R suy ra

3(6a+10) +4a+5|  |4(6a+10)—3a—>5|

5 5
& [22a+ 35| = |21a+ 35|
a=0
< | =70
‘T3

e Véia=0thi K(10;0) vaR =7 suyra (C): (x—10)* +y* = 49

. =170 10 =70 7 10\? ( 70)2 (7)2
Véia=——thK(-—;—— | VAR = — (x—— =) =L
A (43’ e )Va 23 S (€) (x 43) AT e

Vay c6 hai dudng tron thdéa man cé phuong trinh la

(C): (x—10)*+y* =49 va (C) : (x—%)2+ <y+ g)z = (%)2.

Vi du 13. Viét phuong trinh dudng tron tim 7 thuoc dudng thang dy : x —y+ 1 = 0, ban kinh R = 2
va cit dudng thang d, : 3x — 4y = 0 tai hai diém A, B thda man AB = 2/3.

Loi gidi. Tam / thudc dudng thang d; nén suy ra I (a;a+1).

AB? 12
d(I,dy)) =\|R?———=\/4— - =1.
4 4

|3a—4(a+1)|
324 (—4)?

Do doé

a=1

:1<:>]—a—4|:5<:>[
a=-9

e V6ia=1tac6I(1;2), phuong trinh dudng tron 1a: (x — )%+ (y —2)> = 4.
e Viia=—9tacéd(—9;—8), phuong trinh dudng tron 1a: (x+9)>+ (y+8)> = 4.
BAI TAP TU LUYEN
Bai 1. Trong mit phing véi hé toa do Oxy, lap phuong trinh dudng tron di qua ba diém A (—1;3), B(1;4),
C(3;2).

Li gidi. Goi phuong trinh dudng tron 1a x? +y? — 2ax—2by+c = 0. Do dudng tron qua A (—1;3) ,B(1;4),C(3;2)
nén ta co

( 5

a=—

(=1 +32=2(=1)a—23.b+c=0 2a—6b+c=—10 6
2442 21a—24btc=014 —2a—8h+c=—17 e {p=11

2 2 6
34+2°-23.a—-22.b+c=0 —6a—4b+c=—-13 )

(‘T3

5 11 2
Phuong trinh dudng tron 1a x> +y*> — =x— —y—= =0.

3 3 3
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Bai 2. Trong mit phang vé6i hé toa dd Oxy, cho dudng thang d : 2x —y — 4 = 0. Viét phuong trinh dudng
tron (C) tiép xic véi cic truc toa do va c6 tim & trén dudng thang d.
Loi gidi. Goi I (m;2m—4) € d 1a tam dudng tron (C). Theo gié thiét bai todn, ta c6

m=4
d(1,0x) =d(I,0y) & 2m—4| = |m| & 4.
"3
4 4 4 4
. V(iim:g, suyral(g;—§>.Bénkinhdu6ng tron R=d(I,0y) = |m| = 3
. . 4\ 4\? 16
Véy phuong trinh dudng tron (C) : x—§ + y+§ =35

e VGim =4, suyral(4;4). Ban kinh dudng tron R = d (1,0y) = |m| = 4.
Vay phuong trinh duong tron (C) : (x —4)? + (y+4)% = 16.

Bai 3. Trong mit phang véi hé toa dd Oxy, cho hai diém A (—1;1), B(3;3) va dudng thang d : 3x —4y+8 =
0. Viét phuong trinh dudng tron (C) di qua hai diém A, B va tiép xtic véi d.
Li gidi.

Pudng trung truc A di qua M (1;2) la trung di€ém AB va nhan AB = (4;2) A

lam vecto phap tuyén nén c6 phuong trinh A : 2x +y—4 = 0. d

Do (C) di qua hai di€m A,B nén tam I cta (C) thudc trung tryc A nén

I(t;4—21). B

Theo gia thiét bai toan, ta c6

IA=d(l,d) & \/(—l—t)z—l—(Zl—S)z: |3t —4(4—2t)+ 8|

V9+16
5512 =100 +10 = [11r — 8| < 212 =37t +93 =0
t=3
= t:ﬂ
2

e VGit =3, suyral(3;—2). Ban kinh R = IA = 5. Khi d6 phuong trinh dudng tron can tim la

(C): (x—3)*+ (y+2)* =25.

31 31 65 5
o VGit = - - suyra 1 (7, —27). BankinhR=1A = > Khi d6 phuong trinh dudng tron can tim la

2
©): (x—%l> + (427 = %.

Bai 4. Trong mit phang v6i hé toa d6 Oxy, cho hai duong thang d : x+2y—3=0vaA:x+3y—5=0.

« A ~ N N , , , v 2 , A A N .« A , )
Viét phuong trinh dudng tron (C) c6 ban kinh bang , ¢0 tdm thudc d va tiep xuc voi A.

Loi gidi. Goi I (—2¢+3;t) € d 1a tam cta (C). Theo gia thiét bai toan, ta c6

a—2| _2v10 _ [a=6
NS a=-2"

d(I,A)=R<&

e Véia =6, suy ra I(—9;6). Phuong trinh dudng tron (C) : (x +9)% + (y — 6)? = 5
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e V6ia = —2, suy ral(7;—2). Phuong trinh dudng tron (C) : (x —7)% + (y+2)> = 3
Bai 5. Trong mit phang toa dd Oxy, cho hai duong thing d; : v3x+y =0. va ds : v/3x —y = 0. Goi (C)
12 dudng tron tiép xic véi d; tai A, cat d tai hai diém B, C sao cho tam gidc ABC vudng tai B. Viét phuong

. N 3 .
trinh cta (C), biét tam giac ABC c6 dién tich bang g va diém A ¢6 hoanh d6 duong.

Loi giai.
Vi A ed = Ale—V3a),a > 0:BC € dy = A
B (b:v/3b),C (c:v/3c). )
Suy ra AB (b—a; \/§(a+b)) ,AA(% (c—a; \/§(c+a)).
Tam giac ABC vudng tai B do d6 AC la dudng kinh cua dudng di
tron (C).
Do d6
AC Ldy = AC.il =0 5 ;

—1.(c—a)+V3.V3(a+c)=
= 2a+c=0(1)
AB L dy = AB.its =
= 1.(b—a)+3(a+b)=0
=2b+a=0(2)

Mat khac Sspc = 2d(A dz) BC# =

?@Za\c—lﬂ:l@)
V3
3

\/ (c—b)+3(c—b)? =
Tt (1), (2) suy ra 2(c — b) = —3a thé vio (3) tadudc a|-3a| =1 < a =

Do d6 b = —?,c: —23£ A (?;-1) ,c(-% —2)

3 3 . AC
Suy ra (C) nhéan [ %7y la trung di€ém ctia AC lam tdm va ban kinh la R = - = 1.

. S Vv3\’ 3)2
Véy phuong trinh dudng tron can tim la (C) : <x+ ?) + <x+ E) =1
Bai 6. Cho badudng thingd; :x—y+1=0,d>:3x—4y=0, d3 : 4x—3y—3 = 0. Viét phuong trinh dudng
tron tam I thudc duong thang d;, cit dudng thing d, tai hai di€ém A, B va cit duong thang d3 tai hai diém
C,DsaochoAB=CD = 24/3.
Loi gidi. Tam / thudc dudng thang d; nén suy ra I (a;a+1).

AB?
d(I,dy) = R2—— V/ R2

AB?
d(I,d3) = R2—— V/ R2

Suy ra

|—a—4| |a—6|

d(l,d»)=d(l,d =

=a=1.

V6ia=1tacé(1;2) va R =2, phuong trinh dudng tron la: (x — 1)% + (y —2)> = 4.
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Dang 3. Viét phuong trinh tiép tuyén ctia duong tron tai mot diém

Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) tam I(a, b), tai diém M(xo,yo) € (C).
Ta c6 IM = (xo — a;yo — b) 12 véc-to phép tuyén clia A.
Do d6 A c6 phuong trinh 1a (xg — a)(x — x9) + (yo — b)(y — yo0) = 0.

Vi du 14. Viét phuong trinh tiép tuyén cda dudng tron (C) : (x —2)?> 4+ (y +3)> = 5 tai diém
M(3;—-1).

Loi giai. Dudng tron (C) ¢6 tam 1(2;—3).
Phuong trinh tiép tuyén cta (C) tai diém M(3;—1) 1a:
3-2)(x=3)+(-1+3)(y+1)=0
&x+2y—1=0.
Vay phuong trinh tiép tuyén ctia (C) tai diém M(3;—1) lax+2y—1=0.

Vi du 15. Cho dudng tron (Cp,) : x* +y? +2(m — 1)x — 2my — 4 = 0. Biét riang khi m thay ddi, duong
tron (G,) ludn di qua diém 7 ¢ dinh c6 hoanh do duong. Tim gia tri clia m sao cho tiép tuyén clia
duong tron (Cp,) tai I song song véi (d) :x—2y—1=0.

Lui giai. Gia st dudng tron (Cy,) ludn di qua diém I(xo;yo) cb dinh khi m thay ddi.
Khi do6 ta co6
x(z) +)’% +2(m—1)xp — 2myo — 4 = 0 v6i moi m

Em(2xg — 2y0) + x5 + 5 — 2x0 — 4 = 0 v6i moi m
X0 = Yo
Xy —2x0—4=0
0TYoT 0=

X0 = Yo
2x3—2x0—4=0
o [ xo=yo=—1

X0 =Yyo = 2.
Vay ta c6 diém 1(2;2).
DPuong tron (Cp,) ¢6 tam J(1 — m;m). Véc-td phép tuyén cia tiép tuyén cta (C,) tai I 1a = (—m—1;m—
2).
Dé tiép tuyén tai I song song v6i (d) : x — 2y — 1 = 0 thi tdn tai k sao cho:

m—1=k — 4
O=k(1;-2) = ™ ="
m—2=—2%k k=3.
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Viy m = —4 théa min yéu cau dé bai.
BAI TAP TU LUYEN

Bai 7. Viét phuong trinh tiép tuyén ctia dudng tron (C) : (x+2)% + (y —3)% = 5 tai diém M(—1;1).
Loi giai. Dudng tron (C) ¢6 tdm 1(—2;3).
Phuong trinh tiép tuyén ctia duong tron (C) tai diém M(—1;1)1a 1(x+1) —2(y—1) =0hay x—2y+3 =0.

Bai 8. Viét phuong trinh tiép tuyén ciia duong tron (C) : x> +y* — 2x = 0 tai di€ém M(1;1).

Loi giai. Pudng tron (C) ¢6 tim I(1;0).

Phuong trinh tiép tuyén ctia (C) tai diém M(1;1) lay = 1.

Bai 9. Cho dudng tron (C) : x> +y? —2x — 4y + 1 = 0 va dudng thang (A) : y —x+ 1 = 0. Goi M, N 1a giao
diém ctia (C) va (A). Tim toa do giao diém cta tiép tuyén cla duong tron (C) ké tai M, N.

Loi giai. Toa do M, N la giao diém cuia hé phuong trinh sau

x=1;y=0
x=3;y=2.

y—x+1=0 y=x—1
=
X4y —2x—4y+1=0 2y> —4y =0

Khong mét téng quat, ta gia sd M(1;0) va N(3;2). Pudng tron (C) c6 tam I(1;2).
Phuong trinh tiép tuyén ctia (C) tai M 1a y = 0.
Phuong trinh tiép tuyén ctia (C) tai N 1a x = 3.

y=0

Toa do giao diém ctia hai tiép tuyén 1a nghiém cta hé phuong trinh { 3
X =

Vay toa do giao diém cta hai tiép tuyén 1a A(3;0).

Bai 10. Cho hai dudng tron (C}) : x> +y?>+2x—2y -3 =0va (Cy) : x> +y? —4x — 14y +33 = 0.
a) Ching minh ring (C;) va (C>) tiép xtic v6i nhau.
b) Viét phuong trinh tiép tuyén chung ctia hai dudng tron tai tiép diém.

Loi giai.
a) Pudng tron (Cy) c6 tam I(—1;1) va ban kinh Ry = /5.

Pudng tron (C>) c6 tam J(2;7) va ban kinh Ry = 2+/5.
Tacd IJ = /(2+1)2+(7—1)2 =3+/5 = R; + Ry. Do d6 (Cy) tiép xtic ngoai véi (Cy).

b) Goi M 1a tiép diém ctia (Cy) va (Cy).
Khi d6 ta c6 1J = 3IM = OM = ~0J

OJ +
—
Suy ra M (0;3) = IM = (1;2).
Phuong trinh tiép tuyén chung ctia hai dudng tron tai M 1a x+2(y —3) = 0 hay x+2y — 6 = 0.

%
ol

W

1
3

Bai 11. Cho dudng tron (C,) : x> 4+y> — (m —2)x +2my — 1 =0.
a) Chiing minh ring khi m thay d6i, dudng tron (C,,) ludn di qua diém cb dinh.

b) Goi I 1a diém cb dinh & cau trén sao cho I ¢6 hoanh do am. Tim m sao cho tiép tuyén clia dudng tron
(Cy) tai I song song v6i dudng thang (d) : x+2y = 0.

Lui gidi.
a) Gia st I(xo;y0) 1a di€ém cd dinh thudc dudng tron (C,,) khi m thay d6i. Khi d6 ta c6

X3+ 3 — (m—2)xg 4 2myo — 1 = 0 v6i moi m.
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Diéu nay tuong duong véi

(2y0 —xo)m+x(2) —|—y% +2x9 — 1 = 0 v6i moi m.

Do d6 (xo;y0) 1a nghiém ctia hé g xz S 2 y
24y +2x—1=0 5y +4y—1=0.

21
Giai hé trén ta dugc hai nghiém (—2;—1) va (g, 5)

Vay (Cy,) 1udn di hai diém c6 dinh 1a (—2;—1) va ( ;

1 .
; g) khi m thay doi.

N

-2
b) Vix; <0nénl(—2;—1). Dudng tron (Cp,) c6 tam J (mT’ —m).

. . < 2
Véc-to phap tuyén cia tiép tuyen tai 7 la 7 = (%, —m+ 1).

DE€ tiép tuyén tai / song song véi (d) : x+2y = 0 thi I ciing phuong véi 7 = (1;2), diéu ndy tuong
duong véi

m+2_—m—|—1
22

1
<:>m—|—2:—m—i—1<:>m:—§.

Dang 4. Viét phuong trinh tiép tuyén ctia duong tron di mét diém

Cho dudng tron (C) 6 tam I(a,b) va ban kinh R. Viét phuong trinh tiép tuyén cta (C) di qua diém
M(x0,Y0)-

a) Néu IM < R thi khong c6 tiép tuyén nao di qua M.
b) Néu IM = R thi ta giai theo dang 1.
c¢) Néu IM > R thi ta thuc hién theo céc bu6c bén dudi.

e Goi phuong trinh tiép tuyén (A) ctia (C) di qua M c6 dang m(x — xo) +n(y —yo) = 0,
trong d6 m? +n* # 0.

e St dung diéu kién tiép xuc cta tiép tuyén v6i dudng tron ta ¢6 d(I,A) = R. Giai phuong
trinh trén ta tim dugc quan hé gitva a, b.

Vi du 16. Viét phuong trinh tiép tuyén (A) ctia duong tron (C) : (x — 1)2 + (y — 2)? = 8 biét tiép
tuyén di qua diém M(3;—2).

Loi giai. Puong tron (C) c6 tam I(1;2) va ban kinh R = /8.
Taco IM = /(3 —1)2+(—2-2)2 =2/5.
Goi phuong trinh tiép tuyén (A) ctia (C) va di qua M(3;—2) 1a a(x —3) +b(y +2) = 0 (a* +b* # 0).

1-3)+b(2+2 —2a+4b
Tacéd(I,A):|a( ) +bC+2| g [Z2at4b g

NZ ) VaZ+? o
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Phuong trinh trén tuong duong véi

| —2a+4b| = V/8a2 + 812
&(2a—4b)* = 8a* + 8b*
=8b% — 16ab—4a* =0
&2b* —4dab—a* =0

246
b= a
PN 2
26
b= > a.

. 2 6
e Neub= +\/_ath‘1tachc.)na:2:>b:2%—\/6.
Khi d6 phuong trinh ctia tiép tuyén (A) la:

2(x—3)+ (2+v6)(y+2) =0 hay 2x+ (2+v6)y+2v6 —2 = 0.

. 6
o Néub= athitachona=2=b=2-6.
Khi d6 phuong trinh ctia tiép tuyén (A) la:

2(x—3)+(2—=v6)(y+2) =0hay 2x+ (2— v6)y —2v/6—2 = 0.

Vi du 17. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cp) : x> +y> —2x+2y+1=0va
(C3) : x2 4+ y? +4x — 2y + 1 = 0 sao cho (C;)va (C;) nam cuing mot nita mét phang bd 1a tiép tuyén
do6 (tiép tuyén nay dudc goi la tiép tuyén chung ngoai).

Loi giai. Duong tron (Cy) ¢6 thm I(1;—1) va ban kinh R; = 1. Pudng tron (C;) ¢6 tim J(—2;1) va bén
kinh Ry = 2.

S

Goi S la giao diém ctia tiép tuyén ngoai va 1J. Goi C,D 1an lugt 1a tiép diém cda tiép tuyén v6i dudng tron
(Cl) va (Cz).
cr 1

ST
Theo dinh ly Thales tac6 — = — = —.
= 5 J_2
Vi vy ta ¢6 8J = 251. Do d6 O = 201 — 0J = §(4;-3).
Goi phuong trinh tiép tuyén (A) tiép xic vé6i (Cy),(Cy) va di qua S 1a a(x —4) + b(y +3) = 0 trong do
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a®+b*>0.
Ta co
126 — 34|
d(IL,A) = 228 _ | = 2b—3a| = V@ + b2
B8 = T == P
= 8a* — 12ab+3b* =0
_3+v3,
= | 4
3-V3,
a= :
4
s _3+V3 o o ST \
Neu a = 2 b thi ta chon b = 4 = a = 3 ++/3. Khi d6 phuong trinh tiép tuyén (A) la
(34+V3)x+4y—4V/3 =0.
" —V3 ’ "
Neu a = b thi ta chon b = 4 = a = 3 — /3. Khi d6 phuong trinh tiép tuyén (A) la

(3—V3)x+4y+4V/3=0.

BAI TAP TU LUYEN

Bai 12. Viét phuong trinh tiép tuyén ctia dudng tron (C) : (x — 3)? +y?> = 9 biét tiép tuyén di qua diém
M(3;5).

Loi giai. Dudng tron (C) ¢6 tdm 1(3;0) va ban kinh R = 3.

Tacéd IM =02 +52=5>R=3.

Goi tiép tuyén (A) ctia dudng tron (C) va di qua M 1a a(x —3) +b(y —5) = 0 v6i a® + b*> > 0.

Ta co

| —5b|
(1,4) s
= |5b] =3V @ + b2
3

. 3 . .

Néu b = —29 thi ta chon @ = 4,b = —3. Khi d6 phuong trinh tiép tuyén (A) 1la 4x—3y+3 =0.
< 3 2 <

Neu b = 7 thi ta chon a = 4,b = 3. Khi d6 phuong trinh tiép tuyén (A) la 4x+ 3y —27 =0.

Bai 13. Viét phuong trinh tiép tuyén ctia dudng tron (C) : x> 4 y? + 2x — 4y + 3 = 0 biét tiép tuyén di qua
di€ém M(—2;5).
Loi gidi. Pudng tron (C) c6 tim I(—1;2) va ban kinh R = /2.
Goi phuong trinh tiép tuyén (A) di qua di€ém M(—2;5) 1a a(x +2) +b(y —5) = 0 véi a® + b*> > 0.
Khi dé ta co
|a —3D|
d(I,A) = ——L =2 & |a—3b| = \/2a? + 2b2
WA= Ew la=3b
& a* —6ab+9b* = 2a* + 21
& a?+6ab—TH* =0

@{a:b
a=—Tb.

Néu a = b thi ta chon a = b = 1. Khi d6 phuong trinh tiép tuyén Alax+y—3 =0.
Néu a = —7b thi ta chon a = 7;b = —1. Khi d6 phuong trinh tiép tuyén A 1a 7x —y+ 19 = 0.
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Bai 14. Cho dudng tron (C) : x> +y? +2x — 2y —2 = 0. Qua diém A(1;2) ké hai tiép tuyén dén dudng tron
(C). Goi tiép diém ctia hai tiép tuyén d6 1a M, N. Tinh MN.

Loi giai. Budng tron (C) ¢6 tdm I(—1;1) va ban kinh R = 2.

Goi tiép tuyén (A) di qua A(1,2) ctia duong tron (C) la a(x — 1) +b(y —2) = 0 v6i a® 4 b* > 0.

Ta co

| —2a—b| 2 2 2 2
ALA) = 2470 o s 4 1 dab 4+ b = 4d? + 4b
(1,A) Va?+b?
N b=0
4q = 3b.

e Néu b = 0 thi ta chon a = 1. Khi d6 phuong trinh (A;) lax = 1.
Tiép diém cta (A1) va (C) 1a nghiém cta hé phuong trinh

=1
T sx=1ly=1.
X +y +2x—2y—2=0

e Néu 4a = 3b thi ta chon a = 3,b = 4. Khi d6 phuong trinh cta (Ay) 1a 3x+4y — 11 = 0.
Tiép diém clia (A;) va (C) 1a nghiém clia hé phuong trinh

11—4y 1
3x+4y—11=0 P A N xz§
2y 25— 2y—2 =0 25y2_130y+169:0 y= 2

9 9 9 5

1\? ( 13)2 4
Vay MN = /(1= 2 1——) =—.
v \/( 5) * 5 V5

Bai 15. Viét phuong trinh tiép tuyén chung trong ctia hai dudng tron (Cy) : x> +y> —2x+2y+1 =0 va
(C) 1 x> +y?> +4x—2y+1=0.

Loi giai. Puong tron (Cy) c6 tdm I(1;—1) va ban kinh R; = 1. Puodng tron (C;) ¢6 tim J(—2;1) va ban
kinh Ry = 2.

Goi S 1a giao diém cda tiép tuyén ngoai va 1J. C, D lan lugt 1a tiép diém cia tiép tuyén véi dudng tron (Cy)
va (Cz).

SI CI 1
Theo dinh ly Thalestacé — = — = —.

SJ  DJ .
Vlvéytac()S_}:—Zﬁ. DodéO?:2—>OI+a>]:S<O;—§>.

< < < 1
Goi phuong trinh tiép tuyén (A) tiép xuic véi (Cy), (Cy) vadiqua Slaax+b (y + §> = 0 trong d6 a® +b*> >
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Ta co

2
~2p
d(1,A) = lazshl 12b—3a| = /942 + 9b2

a’+ b?
& 502 +12ab =0

@[bzo
5b=—12a.

e Néu b = 0 thi ta chon a = 1. Khi d6 phuong trinh tiép tuyén (A) 1a x = 0.

e Néu 5b = —12a thi ta chon b = —12;a = 5. Khi d6 phuong trinh tiép tuyén (A) la

1
5x—12(y+§> =0&5x—12y—-4=0.

Bai 16. Viét phuong trinh tiép tuyén chung ctia hai duong tron (Cy) : x> +y? 4+ 6x—7 =0 va (Cy) : (x —
2)2+y> =4,

Loi giai. Dudng tron (C) ¢6 tim I(—3;0) va ban kinh R; = 4. Pudng tron (C;) ¢6 tam J(2;0) va ban kinh
Ry =2.

Ta c6 1J = 5 < Ry + R, nén hai dudng tron cit nhau. Do d6 chiing chi c6 hai tiép tuyén chung ngoai.

C

Goi S 1a giao diém cda tiép tuyén ngoai va 1J. C,D lan lugt 1a tiép diém cda tiép tuyén véi dudng tron (Cy)
va ().
cl

1
Theo dinh ly Thales ta c6 ;—J =07 = >
Vi vdy ta c6 SI = 251. Do d6 0§ = 20J — Ol = S(7;0).
Goi phuong trinh tiép tuyén (A) tiép xic véi (Cy), (C>) va di qua S 1a a(x —7) + by = 0 trong d6 a® + b* > 0.
Ta co

_ | —10a] _ 2 2 2
& 844° = 16b°
V21
Sbhb=+——a.

2
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. V21 ’ "
e Néub= - thi ta chon a = 2;b = +/21. Khi d6 phuong trinh tiép tuyén (A) 1la 2x+ /21y — 14 =0.

V21

o Néub= ——a thi ta chon a = 2;b = —+/21. Khi d6 phuong trinh tiép tuyén (A) 12 2x—+/21y— 14 =
0.

Dang 5. Viét phuong trinh tiép tuyén ctiia duong tron théa mén diéu kién cho trude

Cho dudng tron (C) ¢6 tdm I(a, b) va ban kinh R. Viét phuong trinh tiép tuyén (A) cta (C) c¢6 phuong
xac dinh trudc.

e Viét dang phuong trinh tdng quat cia A.

e St dung diéu kién cho truéc va d(I,A) = R dé tim phuong trinh tdng quat clia A.

Vi du 18. Tim diéu kién ctia tham s6 a d€ duong thang (A) : x+ (a — 1)y —a = 0 tiép xic véi dudng
tron (C) : x> +y? —2x+4y+2=0.

Loi gidi. Puong tron (C) c¢6 tam I(1;—2) va ban kinh R = /12 +22 —2 = /3.
Dé dudng thang (A) Ia tiép tuyén ctia dudng tron (C) thi

B 1-2(a—1)—a|
d(I,A) =R & ERFET =V3

|3 —3q|
* Ve
& |3—-3al = V3a®?—6a+6
& (3—3a)* =3a*—6a+6
20> —4a+1=0

1

a=14+—

- 5
a=1——.

V2

1 1 N
Viy a = 1 + — hodc a = 1 — —= thoa man de bai.

V2 V2

Vi du 19. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x> 4 y> — 2x + 4y +4 = 0 biét ring
tiép tuyén vudng goc vi duong thang x +2y+5 = 0.

Loi giai. Puong tron (C) ¢6 tim I(1;—2) va ban kinh R = 1.
Vi A vudng géc véi dudng thang x + 2y + 5 = 0 nén phuong trinh A c6 dang 2x — y+m = 0.
Vi A la tiép tuyén cta (C) nén ta c6
1242+ m]| _q
A /12+22
& d4+m| =5
m=+5—4
m=—5—4.

Néu m = /5 — 4 thi phuong trinh ciia A 12 2x — y++/5 —4 = 0.
Néum:\/5—4thiphu0ngtrinhcﬁaAlé2x—y—\/5—4: .

d(I,A)=R <&

=
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Vi du 20. Viét phuong trinh tiép tuyén (A) ctia dudng tron (C) : x> 4 y> — 2x — 4y +4 = 0 biét ring
tiép tuyén hop v6i dudng thang (d) : x +y—5 = 0 mdt goc 45°.

Loi giai. Dudng tron (C) ¢6 tim I(1;2) vaban kinh R=+v/12+4+22 -4 =1.
Goi véc-to phap tuyén ctia A 1a n] = (a;b) trong d6 a® + b2 0.

Véc-to phép tuyén ctia d 1a 75 = (1;1).

Vi (A) tao v6i d mot goc 60° nén ta c6

— o a+D| V2
cos(ni,n3)| =cosd5° & —— = —

& la+bl = Va*+b?

& (a+b)* =a*+b°

< ab=0
o a=20
b=0.

e V6i a =0, phuong trinh A c¢6 dang y+m = 0.
|2+ m| [m: —1
=1l&
m= —3.
Khi d6 phuong trinh tiép tuyén Alay — 1 = 0 hodc y—3 = 0.

C6d(I,A) =R <

e V6i b =0, phuong trinh A c¢6 dang x+m = 0.

1+m m=0
Céd(I,A):R@| T l:l(:)

m=—2.
Khi d6 phuong trinh tiép tuyén A 1a x = 0 hodic x —2 = 0.

Vay phuong trinh tiép tuyén can tim Alay — 1 = 0 hodc y — 3 = 0 hoiic x = 0 hoiic x — 2 = 0.
BAI TAP TU LUYEN

Bai 17. Tim gi4 tri ctia tham s& m sao cho dudng thang (A) : (m — 1)y +mx —2 = 0 12 tiép tuyén ctia dudng
tron (C) : x* +y? —6x+5=0.

Loi giai. Dudng tron (C) ¢6 tim I(3;0) va ban kinh R = 2.

D€ (A) 1a tiép tuyén clia dudng tron (C) thi ta phdi c6

3m—2 m=0
3m—2] =2 402m* —2m+1)=9m* — 2m+4 o m?* —4n=0&

d(1,A) =
(1,4) (m—1)2+m? m=4.

Bai 18. Cho dudng tron (C): x* +y? — 4x — 6y — 12 = 0 va dudng thang d : 3x +4y — 6 = 0. Viét phuong
trinh tiép tuyén ctia (C) thda man:

a) Song song véi duvng thang d.
b) Vudng goc v6i dudng thang d.
Loi giai. (C) c¢6tam 1(2;3), ban kinh R = 5.

a) Phuong trinh dudng thang A; song song véi d c6 dang: 3x+4y +c; = 0.
A tiép xic véi (C) nén d(I,A;) = R.

oy P23l e [ar1s=2s Ta=T
a = =
YT e “l ciH18=-25 " |¢ = —43.

Vay phuong trinh tiép tuyén ctia (C) song song véi d 1a 3x +4y +7 = 0 hodc 3x +4y — 43 = 0.
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b) Phuong trinh dudng thang A, song song véi d ¢6 dang: 4x — 3y + ¢, = 0.
A, tiép xic véi (C) nén d(I,A7) = R.
4.2-33+0 a-1=25 _ [e=26
42+ (-3)2 cp—1=-25 cy = —24.
Vay phuong trinh tiép tuyén ctia (C) vudng goc véi d 1a 4x — 3y + 26 = 0 hoic 4x — 3y — 24 = 0.

Hay :5<:>\C2—1\:25<:>[

Bai 19. Cho dudng tron (C) : (x — 1)? +y? = 9. Viét phuong trinh tiép tuyén ctia dudng tron (C) biét ring
tiép tuyén song song véi dudng thang y = 2x — 1.

Loi giai. Goi phuong trinh tiép tuyén (A) song song v6iy =2x—11ay—2x+n=0.

Puong tron (C) c6 tam I(1;0) va ban kinh R = 3.

Ta co

=2l _ 5 | n=2-3V5
N n=2435.

Phuong trinh tiép tuyén (A) lay —2x42 —3v/5 =0 hoidc y —2x+2+3v/5=0.

Bai 20. Cho dudng tron (C) : x? +y?> = 25. Viét phuong trinh tiép tuyén (A) clia dudng tron (C) biét tiép
tuyén tao v6i hai truc toa do mot tam gidc vudng cé canh géc vudng bang nifa canh huyén va canh géc
vuong nam trén Ox 16n hon canh géc vudng nam trén (Oy).

Loi giai. Vi tiép tuyén tao v6i hai truc toa d6 mot tam gidc vudng c6 canh géc vuong bang nita canh huyén
va canh géc vuong nam trén Ox 16n hon canh géc vudng nam trén (Oy) nén ta suy ra tiép tuyén tao vdi truc
Ox gbc 30°.

Pudng tron (C) c6 tam O(0;0) va ban kinh R = 5.

Goi véc-to phép tuyén ciia (A) 1a 77 = (a,b) v6i a® + b* > 0.

d(1,A) =

. |a V3 2 2
Ta c6 cos(A, Ox) = ———— = c0s30° = — = a? = 3b> = a = +/3b.
( ) Va2 +b? 2
e Néua = +/3b thi ta chon a = v/3;b = 1. Khi d6 phuong trinh tiép tuyén (A) c6 dang v/3x+y+m = 0.
Ta co
d(O;A):ﬂ:5© m =10

V3+1 m = —10.
Viy phuong trinh tiép tuyén (A) trong trudng hdp nay 1 v/3x 4y — 10 = 0 hodc v/3x+y+ 10 = 0.

e Néua = —+/3b thi ta chon a = —/3;b = 1. Khi d6 phuong trinh tiép tuyén (A) c6 dang —/3x+y +
m=0.
Ta co

|m| m=10

V3 1:5@ m = —10.

Viy phuong trinh tiép tuyén (A) trong trudng hop nay 1a —v/3x 4y — 10 = 0 hodc —/3x+y+10=0.

d(0;A) =

Bai 21. Cho dudng tron (C) : x> +y?> — 2x — 4y = 0. Viét phuong trinh tiép tuyén ctia dudng tron sao cho
tiép tuyén dé cat cac truc toa do tao thanh mot tam gidc can.

Loi gidi. Phuong trinh dudng tron (C) ¢6 tam I(1;2) va ban kinh R = /5.

DEé tiép tuyén cling véi cac truc toa do tao thanh tam gidc can thi tiép tuyén phai c6 hé s6 goéc 1a 1 hodc —1.

a) Néu tiép tuyén c6 hé s6 goc biang —1 thi ta c6 thé gia sit phuong trinh tiép tuyén (A) 1a x4y +m = 0.
Ta co

d(1,4) V2 < m=—3++/10.

Do d6 phuong trinh tiép tuyén 1a x +y —3 — /10 =0 hodc x +y—3++/10 = 0.
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b) Néu tiép tuyén c6 hé sb goc bang 1 thi ta c6 thé gia sit phuong trinh tiép tuyén (A) lax —y+m = 0.
Ta co

m— 1 m=1-+/10
d(/,A) = =5 —

Do d6 phuong trinh tiép tuyén 1a x — y+ 1 —+/10 = 0 hodic x —y+ 1+ /10 = 0.

Bai 22. Cho dudng tron (C1): x> +y> —6x—8y—11 = 0 va duong tron (Cp): x* +y> — 2x — 6y — 6 = 0. Viét
phuong trinh tiép tuyén chung cda (Cy) va (C>).

Loi giai.

(Cy) cotam I;(3;4), ban kinh R = 6.

(C) ¢6 tam L (1;3), ban kinh R, = 4

C62=|R—Ry|<lih=+/(1-3)2+(3—-4)2=+/5<R|+Ry = 10.

Do d6 (Cy) va (C>) cét nhau va ¢6 2 tiép tuyén chung.

Phuong trinh tiép tuyén chung A c6 dang ax+by+c =0, (a> +b> #0) (x).

4 . e N N ” . d([lvA):Rl
A tiép xuc véi (Cy) va (Cy) khi va chi khi
d(l,A) =R,
B3a+4b+c| 1)
Va2
la+3b+c]|

=4 (2)
a’ +b?
< 23a+4b+c| =3la+3b+¢|
< 203a+4b+c)=43(a+3b+c)
c=3a—b
A 9a+17b
c=——F"—.
5
+ Thé ¢ = 3a — b vao (2) ta dugc |4a+ 2b| = 4v/a? + b2
& 4a* +dab+b* = 4(a® + b?)

<& b(3b—4a)=0& 4

— 3"
V6i b = 0 thi ¢ = 3a, (*) trd thanh ax+ 3a = 0 hay x+ 3 = 0.

4 5 4 5
V6i b = 3 thic = 3% (%) tré thanh ax + gay+—a =0hay 3x+4y+5=0.

3
2 9a+17b
+Thé ¢ = s vao (2) ta duge | —4a —2b| = 20V a® + b?
& 4a® + dab + b* = 100(a® 4 b?)
& 964 — 4ab +99b* =0 (Vo nghiém).
Vay (Cy) va (C,) ¢6 tiép tuyén chung la x+3 =0 va3x+4y+5=0.

Bai 23. Viét phuong trinh tiép tuyén chung ctia hai dudng tron (Cy) : x> +y> 4+ 2x -2y —3 =0 va (Cy) :
x% +y* —4x— 14y +48 = 0 sao cho 2 dudng tron nim ciing mot nita mét phang bo 1a tiép tuyén chung do..
Loi giai. Dudng tron (Cy) c6 tam I;(—1;1) va ban kinh Ry = /5.

Puong tron (Cz) c6 tam 12(2 7) va ban kinh R, = /5.

Do do tlep tuyén chung can tim ctia hai dudng tron song song véi dudng thang I .

Ta c6 11 I = (3;6). Suy ra véc-to phap tuyén cia ;11> 1a 77 = (2;—1).

Do d6 phuong trinh tiép tuyén chung can tim (A) cta (C)); (C2) c6 dang 2x —y+m = 0.

Ta co

| —3+m)|

d(Il;A) = \/5

V55 m—3]=5
m=—-2

< m=2_.
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Vi vy phuong trinh tiép tuyén chung can tim ctia (C;) va (C;) 14 2x —y —2 = 0 hodc 2x —y+8 = 0.

BAI TAP TONG HOP

Bai 24. Trong mit phang vdi hé toa do Oxy, cho dudng tron (C) : x> 4+ y? — 4x = 0. Tim nhiing diém trén
dudng thang x = 4 ma tif nhiing diém d6 ké dugc dén (C) hai tiép tuyén hop véi nhau géc 30°.

Loi giai.

Goi diém M (4;b) thuoc dudng thang x = 4, (b € R).

(C): (x—2)2+y> =4, (C) c6 tam I(2;0), ban kinh R = 2.

Vi dudng thang x = 4 1a mot tiép tuyén ctia dudng tron

(C),nén yéu cau bai todn 12 tim nhiing diém trén dudng

thang x = 4 sao cho ké dudc qua cic diém d6 cic tiép ’ M
tuyén dén (C) c6 hé sb goc 1a k = +-tan60° = ++/3.

e k=+/3:d la duong thang qua M c6 hé sd géc k = v/3 cé phuong trinh:
y=V3(x—4)+be\V3ix—y—4V/3+b=0.

b=4+2V3

d tiép xiic v6i (C) @ d(I,d) =R < [b—2V/3| =4 =
(€& alta) | | b=—4+2V3.

o k= —+/3:d’" 1a dudng thing qua M c6 hé sb géc k = —/3 ¢ phuong trinh:
y=—V3(x—4)+b=\V3x+y—4V/3—-b=0.

b=—-4-2V3

d tiép xiic v6i (C) & d(I,d) =R< |-b—-23| =4 <
p (C) < d(1.d) | | b—d_2\3

Viy c6 4 diém théa man: (4;4 +2v/3), (4;—4+2v/3), (4:4—21/3), (4;—4—2/3).
Bai 25. Cho dudng tron (C): x> +y? = R? va diém M (xo;yo) nam ngoai (C). Tt M ké hai tiép tuyén M T,
va MT; t6i (C) (T, T» 1a céc tiép diém).

a) Viét phuong trinh duong thang 71 7>.

b) Gia stt M chay trén mot duong thang d cb dinh khong cit (C). Chitng minh rang dudng thang 7 T»
ludn di qua mot diém cb dinh.
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Loi giai.

a) Gia su T1 = (xl;yl), T2 = ()Cz;yz).
Puong tron (C) c6 tam O(0;0), ban kinh R.
Tiép tuyén MT; di qua diém T7, c6 véc to phap tuyén 0?1 = (x1;y1) c6 phuong trinh:

x1x+y1y:R2.

Va tiép tuyén MT c¢6 phuong trinh: xox + yoy = R%.

x1x0 + =R’
C&MEMRMGMB#{IO)WO ,
X2X0 +y2y0 = R”.

Suy ra (x1:y1), (x2;y2) 1a cdc nghiém ciia phuong trinh xox + ygy = R2. (1)
Vi M nim ngoai (C) nén x3 +y3 > 0, do d6 (1) la phuong trinh dudng théng.
Viy phuong trinh dudng thang T T 1a: xox + yoy — R = 0.

b) e Xét trudng hgp dudng thang cb dinh d c6 phuong trinh dang: x = a, (Ja| > R).
Khi d6: M = (a;yo) va phuong trinh 7175 1 ax + yyo — R*> = 0.

: s (R
Vay duong thang 7773 luon di qua diém co dinh (—; ()) .
a

e Xét trudng hop dudng thang cb dinh d c6 phuong trinh dang: y = kx + m.
Do d khong cit (C) nén m # 0. Ta c6 M = (xo; kxo +m).
Phuong trinh dudng thang 7; T» 1a:

xpx ~+ (kxo 4+ m)y — R* = 0 hay xo(x +ky) +my —R> =0.

g A ey s e a2 . [ —kR* R?
Viay diém co dinh ma duong thang 77, ludn di qua la — .
m m
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Dang 6. Vi tri tuong déi ctia duong thing va dudng tron

Cho dudng thang A : ax + by + ¢ = 0 va dudng tron (€) c6 tam I(xo;yo), ban kinh R. Pudng thing A
va dudng tron (%) c¢6 ba vi tri tuong dbi.

e Puong thang A va duong tron (%) c6 hai diém chung, ta néi A va (%) cit nhau.

/\ H¢é thiic lién hé gita bdn kinh va khodng
1 X cdch tir tam duong tron (€') dén duong thding
A:
laxo + by + ¢|
A d([LA) = ——————
B H A (1,4) Va2 + b2

<R.

e Duong thang A va dudng tron (%) c6 mot diém chung, ta néi A tiép xiic v6i (€'). Pudng thang
A con dudc goi 1a tiép tuyén ctia dudng tron (€).

/\ H¢ thiic lién hé gitta bdn kinh va khodng

1 cdch tir tam duong tron (€') dén duong thding
A:
b
R d(I,A) = M —R.

va?+b?

H

e Dudng thang A va dudng tron (%) khong cé diém chung nao, ta néi A va (%) khong cit nhau.

/N He thitc lién hé giita bdn kinh va khodng

1 cdch tir tam duong tron (€) dén duong thing

A:
laxo + byo + ¢|
d(/,A) = ————>R.
R (1,4) VaZz + b2
- A
H
; S 2 2. 5 ;| X=X0+at o 0D Ro a0 5
/N Khi duong thang A cho boi phuong trinh tham so { e Dé xét vi tri tuong doi voi duong
y=>Yo

tron (€) ta cé thé'lam hai cdch:
a) Tit phuong trinh tham sé chuyén vé phuong trinh tong qudt, xét vi tri tuong doi giong nhu trén.

b) Thé phuong trinh tham sé vao phuong trinh ciia duong tron (€) ta dugc phuong trinh bdc hai
c6 dn t, ki hiéu phuong trinh (x).
e Phuong trinh () vo nghiém. Ta néi A va (€') khong cdt nhau.
o Phuong trinh () c6 mot nghiém. Ta noi A tiép xiic voi (€).

o Phuong trinh () c6 hai nghiém. Ta noi A va (€) cdt nhau.

. J . 7 4 . A
/v\ V5 Fo N 4T .5 A adon I cndoevvtirn 40T 423  v1s 54 A o v | vy L o N L it vt pnd A1t e TAS
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Vi du 21 (Lé Qudc Hiép). [0H3B2] Cho dudng thing A : x — 2y +5 = 0 va dudng tron (%) : (x —
2)? +y? = 4. Xét vi tri tuong ddi cda A va (%).

Loi giai. (%) c6 tam 1(2;0) va ban kinh R = 2.
_P-20+5] _7V5

V12422 5
Véy A va (%) khong cat nhau.

Ta c6: d(1,A) 2.

s x=-5-2t
Vi du 22. Cho dudng thiang A : { t va dudng tron (%) : x> +y? — 4x + 2y = 0. Xét vi tri
y =

tuong dbi cla A va (%).

L&i giai. Thé phuong trinh clia A vao phuong trinh (%) ta dugc phuong trinh:
(=520 412 —4(—5-2)+20 =052 +30t +45=0 =1 = —3.

Vay A tiép xtic véi (%).

x =4t
y=2+2t
tuong dbi ctia A va (¢), tim toa do giao diém néu cé.

Vi du 23. Cho duong thang A : { va dudng tron (€) : (x—3)?+ (y—1)? = 10. Xét vi tri

Loi giai. Thé phuong trinh cla A vao phuong trinh (¢’) ta dudc phuong trinh:

t=0
t=1.

2012 —20t =0 <

Vay A cit (7).
. x=0 _ x=4
Véir=0= var=1=
y=2 y=4.
Vay toa do giao di€ém cta A va (%) 1a: A(0;2),B(4;4).

Vi du 24. Cho dudng thing A : 6x+ 8y — 1 = 0 va dudng tron (%) : x> +y> — 2mx +4y +m?> —5=0.
Tim m d& A cit (%) .

Loi giai. (%) c¢6 tam I(m;—2) va ban kinh R = 3.
DE A cit (¢) thid(I,A) <R

6m+8.(—2) — 1 13 47
6m+8.(=2) =1 5 jom—17] <30 —30 < om—17 <30 = < m< 2.
\/36+ 64 6 6
vay 134T
ay ——— m —.
-y 6 6
BAI TAP TU LUYEN

Bai 26. Cho dudng thang A : 4x+ 3y + 1 = 0 va dudng tron (%) : x> +y* — 6x — 8y = 0. Xét vi tri tuong d6i
cia Ava (¢).
Loi giai. (%) c6 tam 1(3;4) va ban kinh R = 5.
Ta c6: d(1,A) = [43+34+1] =5=R.
) V32442
Viay A tiép xic véi (¥).



2.. PHUONG TRINH DUONG TRON 213

. x=1—4t .
Bai 27. Cho dudng thang A : { 2tt va dudng tron () : (x+3)% + (y— 1)? = 2. Xét vi tri tuong dbi
y =
cia Ava (%).
Loi giai. Thé phuong trinh ctia A vao phuong trinh (%) ta dugc phuong trinh:

(4—41)2 +(141)> =2 < 17> =30t + 15 = 0 (vd nghiém) .
Vay A khong cit (7).

Bai 28. Cho dudng thang A : x —y+5 = 0 va dudng tron (%) : x> +y* +6x — 2y — 3 = 0. Tim toa do giao
diém cta A va (%).
Loi giai. Toa do giao di€ém cla A va (%) 1a nghiém ctia hé phuong trinh:

x—y+5=0 x=y—5 x=y—5
2, 2 A 2, 2 = N2
x4y +6x—2y—3=0 (y=5)"+y"+6(y—5)—2y—3=0 2y"—6y—8=0

x=y-5 x=—-1__ [(x=-6

& . = hoac
y=4hoacy=—1 y=4 y=—1.

Vay toa do giao di€ém cta A va (%) la: A(—1;4),B(—6;—1).

Bai 29. Cho dudng thang A : x — 2y +m = 0 va duong tron (¢) : (x—1)>+ (y—2)? = 5. Tim m d€ A khong
cit (%) .

Loi gidi. (¢) c6 tam I(1;2) va ban kinh R = /5.

DE A khong cit (%) thi d(I,A) > R

|1 —2.2+m| m—3>5 m> 8
DZoeTM S e im—3]>5<
Jita V5 |m—3| m—3<—5" |m<—2.

Vay m < —2 hoac m > 8.

Bai 30. Cho dudng thiang A di qua A(—6;0) va dudng tron (€) : (x—3)% + (y—2)? = 25. Viét phuong trinh
duong thing A, biét A cit (%) tai hai diém E, F sao cho EF = 4+/5.

Loi giai.
(¢') c6 tam 1(3;2) va ban kinh R = 5.

Pudng thing A di qua A(—6;0) c6 phuong trinh a(x +6) +by = 0 (a®> +b* > 0).

Goi H 1a trung diém ciia EF, xét tam gidc IEH vudng tai H, ta c6:IH = VIE2 — EH? = /52 — (2¢/5)2 =
V/5. Theo dé ta cé:

la(3+6)+b.2|
d(I,A) =IH =5 [9a+2b| = \/5(a% +b2) < 76a* + 36ab — 1b> = 0 (x).

2 1 1
Do b = 0 khong 12 nghiém ciia (x), (%) < 76 (51) +36 (51) 1=0&%= " hoic = —.

b b b 2 b 38
Chona =1= b= —2hodc b =38.
a=1
Véi =A:x—2y+6=0.
1{b=—2 xX—2y+
a=1

=38
VaiyA:x—2y+6=0,A:x+38y+6=0.

V6 =A:x+38y+6=0.
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BAI TAP TONG HOP

Bai 31. Cho diém A(1;2) va dudng tron (%) : x> 4+ y? — 2x — 9 = 0. Viét phuong trinh dudng thang A cit
(%) tai hai di€m M va N sao cho tam gidc AMN vudng can tai A.

3 !

A

1

O/N x
N —1 i:' M

I
I
I
I
I
I
1
1
5
1

Loi giai.
Pudng tron (%) ¢6 tam I(1;0) va ban kinh R = 1/10.

Taco IM =IN va AM = AN = Al 1 MN, suy ra phuong trinh A c6 dang y = m.

Hoanh do M, N 1a nghiém phuong trinh: x> — 2x4+m? —9 =0 (1).

(1) c6 hai nghiém phan biét x| va x,, khi va chi khi: m?> — 10 < 0 (). Khi d6 ta c6 M (x1;m) va N(xp;m).
AM L AN < AMAN =0 < (x1 — 1)(x2 — 1) + (m—2)2 = 0 < x130 — (11 +x2) +m? —4m+5 = 0. Ap
dung Viét d6i vé6i (1), suy ra: 2m* —4m — 6 = 0 < m = —1 hodc m = 3, thda man ().

Vay phuong trinh A : y = —1 hoac y = 3.

Bai 32. Cho dudng thang A; : x —y-+4 =0va Ay : x— 4y +7 = 0 Viét phuong trinh dudng tron (%) c6 tim
I thudc A, , cét A; tai hai diém E, F sao cho tam gidc IEF vuodng tai I va EF = 31/2.

Loi giai.
Goi I(4t —7;t) thudc A,.
o e y o 1 V2
Goi H la trung diém cua EF, do tam giac /EF vudng can tai I nén IH = EEF = valE =R =

VIE?+1H? =9.

4t —T—t+4] 3v2
Tacé:d(I,Al):IH<:>’ + ’: V2

vIi+1 2
Véit=0=1(-7;0)= (€): (x+7)>+y*=9.

< 3t—3|=3<r=0hodcr=2.
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V6it=2=1(1;2)= (%) : (x—1)>+(y—2)>=09.
Vay (¢) : (x+7)*>+y* =9 hoic (¢): (x—1)>+ (y—2)> =9.

Dang 7. Vi tri tuong d6i ciia hai duong tron.

Phuong phdp gidi: Cho dudng tron (C) ¢ tdm 1, ban kinh R va dudng tron (C') ¢6 tdm I, ban kinh
R

Néu II' > R+ R’ suy ra hai dudng tron khong cit nhau va & ngoai nhau.

Néu II' < |R—R’| suy ra hai dudng tron khong cat nhau va 16ng vao nhau.

Néu II' = |R — R'| suy ra hai dudng tron tiép xic trong vdi nhau.

Néu |R — R'| < II' < R+ R’ suy ra hai dudng tron cat nhau tai hai diém phan biét.

Vi du 25. Trong mit phang Oxy, cho hai dutng tron (C) : x> +y? —2x — 6y — 15 =0va (C') : x> +
y? — 6x — 2y — 3 = 0. Chiing minh rang hai dudng tron cit nhau tai hai diém phén biét A, B.

Li gidi.

e Cach 1. (C)c6tam I(1;3) vaban kinh R =35, (C) ¢6 tam I’ (3;1) va ban kinh R = v/13.
Taco II' = \/(3—1)2+ (1 —-3)2 =2V2.
Ta thiy |Ry — Ry| < 11, < |R1 + R, suy ra hai dudng tron cit nhau.

e Cach 2. Xét hé phuong trinh
{x2+y2—2x—6y—15=0(:){x2+y2—2x—6y—1520

¥4y —6x—2y—3=0 x—y—3=0
y=-2
32 1y2 - 2(y+3)—6y—15=0 2 _y—6=0
@{(er )+;ry (v+3) =6y <:){y y+3 PR
g X =
x=y y —y i3

Suy ra hai dudng tron cit nhau tai hai diém c6 toa do 12 A(1; —2) va B(6;3).

Vi du 26. Cho hai dudng tron: (C) : x> +y> =1 va (Cy) : x> +y> —2(m+ 1)x+4my — 5 = 0. Xac
dinh m dé (C,,) tiép xiic véi (C).

Loi giai. Dé thiy (C) c¢6 tim O (0;0) va ban kinh R = 1.

(Ci) c6 tdm I (m+ 1;—2m) vaban kinh R' = \/(m+1)2 +4m? +5.

Ta thiy OI = \/(m+ 1)2+4m? < R’ diém O nam trong dudng tron tdm I suy ra (C) va (Cy,) chi c6 thé tiép
xuc trong nhau.

Diéu kién d€ hai duong tron tiép xtic trong 12

R —R=0I&\/(m+1)24+4m>+5—1=/(m+1)>+4m>.

Giai phuong trinh ta dugc m = —1 hoac m =

| W

Vi du 27. Cho duong tron (C) : x> +y? — 2x 44y — 4 = 0 c¢6 tam [ va duong thang A : v/2x + my +
1-v2=0.

a) Tim m d€ duong thang A cat dudng tron (C) tai hai diém phan biét A, B.

b) Tim m d& dién tich tam gidc JAB 1a 16n nhét.

Li gidi.
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a) Puong tron (C) ¢6 tdm I(1; —2), ban kinh R =3
A cat (C) tai hai diém phan biét khi va chi khi

V2=2m+1-2
V2 +m?

1 — 9 — 9
b) Tacod Siap = EIA.IB. SinAIB = 3 sinAIB < 7

d(I;A) <R < < 3. 5m® +5m+17 > 0 (ding v6i moi m).

9 —_ —_—
Suy maxSjap = 2 khi va chi khi sinAIB =1 < AIB = 90°.

. — 3
Goi H la hinh chiéu cta I 1én A khi d6 AIH = 45° = IH = IA.cos45° = %
Tacod(l;A)=IHE —=—m +8m+16=0 m=—4.
(£:4) V2+m: V2

Vay v6i m = —4 thdéa man yéu cau bai toan.

Dang 8. Phuong trinh dudng thing chita tham s6

Dbi véi bai todn tim m: Ta dua vao diéu kién bai ra dua vé phuong trinh 4n m.

Vi du 28. Tim m biét dudng thang d : (m+ 1)x —my +2m— 1 = 0 di qua diém A(—1;2).

Lui giai. Puong thang d di qua diém A(—1;2) khi va chi khi

—(m+1)=2m+2m—-1=0m=-2.

Vi du 29. Tim m biét duong thang d : mx — (m — 2)y +3 = 0 song song v6i dudng thang A : 2x +
3y—1=0.

Loi giai. Pudng thang d song song véi dudng thang A khi va chi khi

m —m—|—27,é 3 - 4
— = — s m=—.
2 3 -1 5

[ Vi du 30. Tim m biét duong thang d : x+ (2m -+ 1)y+m vudng géc véi duong thang A : x—y+1=0.

Loi giai. Dudng thing d c6 véc-to phap tuyén 1a 7y = (1;2m+ 1). Pudng thing A ¢6 véc-to phép tuyén 12
Ta=(1;—1).

Pudng thiang d vudng goéc v6i duong thang A khi va chi khi

T Ha=0114+02m+1)(—=1)=0<m=0.

Vi du 31. Tim m biét dudng thang d : 2x —my +2 = 0 tao v6i dudng thang A : x+y+ 1 = 0 mdt géc
60°.

Loi giai. Pudng thing d va A c6 véc-to phap tuyén 1an luot 1a 7y = (2; —m) va s = (1;1).
Theo bai ra ta c6
o |Ta Al 2 —m|
cos 60

Al VR VIS
V2 4+m2 A 12412=2)2—m|
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& 2(m* +4) =4(4—4m+m?)

<:>m2—8m—|—4:0<:>m:4:|:2\/§.

Vi du 32. Tim m d€ dudng thang d,, : mx + (m — 3)y +m? — 3m = 0 tao v6i hai truc toa d mot tam
gidc c6 dién tich bang 1.

Loi giai. Diéu kién dé dudng thang d,, cit hai truc toa do 1a m(m — 3) # 0.
Toa dd giao diém ctia dudng thang d,, v6i Ox va Oy lan lugt 1a A(3 —m;0) va B(0; —m).
Ta co

1 1 |3m — m?|
Soas = EOA'OB = 5\/(3 —m)z.\/(_m)Z == 1
(m =1
5 m=2
m- —3m+2=0
<:>\m2_3m\:2<:> ’ RN m_3—\/17.
3+v17
_m: 2

[ Vi du 33. Tim diém c6 dinh ctia ho dudng thang d,, : (2m —1)x — (m+1)y+3 —m = 0.

Lui gidi. Goi A(xg;y) 1a di€ém cb dinh ctia ho dudng thang, khi d6 ta c6
(2m—1)xo—(m+1)yo+3-m=0,VmeR

< (2x0—yo—1)m+(3—x0—y0) =0,VmeR

4

2x0—yo =1 Xo =3

0—Yo - 3.

Xo+yo =3 _d

Yo =3

3
45
()
Y33

BAI TAP TU LUYEN

Bai 33. Cho ho dudng thing d,, : (2m — 3)x +my —2 = 0. Tim diéu kién clia tham s6 m biét duong thang
dy di qua A(2;3).
Loi giai. Dudng thang d,, di qua A(2;3) khi va chi khi

8
(2m—3)2+3m-2=06Tm-8=0&m=-.

Bai 34. Cho ho dudng thang d,, : (2m — 3)x+my — 2 = 0. Tim diéu kién ctia tham s6 m biét dudng thang
. x=1+42t
d, song song v4i dudng thang A : , ,teR.
y =
Loi giai. Ta c6 phuong trinh tdng quat clia A : x — 2y — 1 = 0.
< 2 P N ” . 2m—13 m -2 6
Duong thang d,, song song vdi A khi va chi khi ) #F—m=—_.
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Bai 35. Cho ho dudng thiang d,, : (2m — 3)x +my —2 = 0. Tim diéu kién ctia tham s6 m biét duong thang
d,, vudng goc véi dudng thang 3x —4y+5=0.
Loi giai. Pudng thing d,, va A 1dn lugt c6 véc to phap tuyén 1a 7y = (2m—3;m) va 75 = (3;—4).

0 C o 9
Dé d,, L Akhivachikhi 74 7a=0<32m—3)—4m= 0<:>m—§

Bai 36. Tim diém cb dinh ctia ho dudng thang d,, : (2m —3)x+my —2=0.
Lui gidi. Goi diém cb dinh ctia ho dudng thing 14 A(xo;yo). Khi d6 ta c6
(2m—3)xg+myo—2=0,Ym
< (2x0+yo)m— (3x9+2) =0, Vm

2
X0 = —75,Y0 =

)=
4
3 3

Dang 9. Phuong trinh duong tron chita tham s6

Dua theo diéu kién bai todn, ta dua vé phuong trinh theo tham sb nao do, tir d6 gidi ra tim dudc diéu
kién ctia tham s6.

Vidu 34. Cho dudng tron (Cy) : x> +y* — (m+2)x— (m+4)y+m+1=0.
a) Chiing minh ring (C,,) ludn 1a dudng tron véi moi gia tri ctia tham s6 m.
b) Tim m d€ dudng tron (Cy,) di qua diém A(2; —3).
¢) Tim tap hgp tdm cdc dudng tron (C,,) khi m thay doi.
d) Ching minh ring khi m thay d6i, ho cac duong tron (C,) ludn di qua hai diém c6 dinh.

e) Tim nhiing diém trong mit phang toa dd ma ho (C,,) khong di qua véi moi gid tri ctia tham s6
m.

Li gidi.

(m+2)>  (m+4)? 2m>+8m+16  m*+ (m+4)?

2 2 2_ — —_ — = —
a) Tacoa“+b"—c 1 + 1 m—1 1 ) >0,Vm € R.

Diéu d6 ching t (C,,) udn 1a phuong trinh dudng tron.
b) b€ (C,,) di qua di€ém A(2; —3) khi va chi khi
224 (=32 =2(m+2)— (m+4)(-3)+m+1=0

&2m+22=0&m=—11.

2 4
c¢) Toa do tdm ctia ho dudng tron (Cy,) 1a I(%,%)
2 4 2
Patx= 2y MR v 11 Vay quy tich tam 7 1a dudng thing y — x 1.

2 2
d) Gid stt A(xg;y0) 1a di€m cb dinh cta ho (Cy,), khi d6 ta ¢6

B4 ys— (m+2)x9— (m+4)yo+m+1=0,Ym

& (1—x0—yo)m+ (6§ +y§ —2x0 —4yo+1) =0, Ym
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l—xp—yo=0

= {x%+y%—2xo—4y0+120
xo=—1
{ yo=2

xo=1
yo=20

e) Gia st A(xo;yo) 1a diém ma ho (C,,) khong di qua v6i moi m, khi d6 ta c6
B4 y5— (m+2)x0 — (m+4)yg+m+1#0,Ym

& (1—x0 —yo)m+ (5§ +y§ — 2x0 —4yo+ 1) £ 0, Vm
l—x0—y0=0
V2, 2
Xp+yy—2x0—4y0o+1#0

Diéu d6 tuong duong véi ho (Cyy,

) khong di qua moi di€ém nidm trong hinh tron x? 4y> —2x —4y+1=0
trit hai di€m A1 (—1;2) va A5(1;0).

Vi du 35. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : x> +y> — 2x—2my+m?> —24 =0
c6 tam I va dudng thang A : mx +4y = 0 (& d6 m 1a tham s6). Tim m biét dudng thang A cit duong
tron (C) tai hai di€ém phan biét A, B thda man dién tich tam gidc IAB bing 12.

Loi giai.

DPudng tron (C) ¢6 tdm I(1;m), ban kinh R = 5. Goi H 1a trung di€ém ctia
day cung AB. Ta c¢6 IH la dudng cao cua tam giac IAB va

lm-+4m|  |5m|

Vm2+16  Vm?2+16

IH =d(I,A) =

(5m)? 20

AH = +\/IA2 —[H? = /25— = .
m>+16  /m2+16

Theo bai ra ta co
SAIAB =12 ZSAIAH =12

& d(I,A).AH = 12 < 25|m| = 3(m* + 16) < 16

Vi du 36. Trong mit phang vé6i hé toa do Oxy, cho ho dudng thang phu thudc tham s6 o 1a dy c6
phuong trinh: (x4 1)cos &+ (y — 1)sina — 1 = 0. Chiing minh ring ho dudng thang da cho luén tiép
xtic véi mot dudng tron cb dinh.

Se  e%e A ) —1 A N 2 A < A . 4t
Loi giai. Lay A(—1;1), ta c6 d(A;dy) = 7 2| | —— = 1. Vay ho duong thang luén ti€p xic véi
COs“ & + sIn” ¢

dudng tron (A;R = 1) ¢b dinh.
BAI TAP TU LUYEN

< 9m? 1
Bai 37. Cho ho dudng tron (C,,) c6 phuong trinh x? 4 y> — 4mx — 2my + % —m—.
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a) Tim tap hop tdm ctia (C,,) khi m thay doi.
b) Chiing minh rang (C,,) ludn tiép xic véi hai duong thang cb dinh.
¢) Tim m dé (C,,) tiép xiic v6i duong thang A: x +y— 2.
Loi giai.
a) Quy tich tim la dudng thang x — 2y = 0.
lm+1]v/2
—

Gia st dudng thang cb dinh cin timla d : Ax+ By +C = 0. Suy rad(I;d) = R, VYm.
Diéu d6 tuong duong véi

b) Ho duong tron (Cy,) c6 tim I(2m;m) va ban kinh R =

2Am+Bm+C|  |m+1|v2 v
= N m
VA? + B2 2
A=1,B=-1,C=
=1,B=-7,C=-5

Giai ra ta dugc

- 2m+m—2 |m+1[v2
V2 2

c¢) D& duong thang A tiép xtic v6i (C,) thi d(I;A) =R

Gidi ra ta dug S v !
idiratadugcm==vam= —.
i 2 4

Bai 38. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x? +y? —4x 48y — 5 = 0. Tim diéu kién

clia tham s& m d€ dudng thang A : x + (m — 1)y +m = 0 tiép xdc v6i dudng tron (C).

Loi giai. Dudng tron (C) ¢6 tdm I(2; —4) va ban kinh R = /22 4 (—4)2 — (-5) =5.

Dé duong thang A tiép xic véi (C) khi va chi khi

2 4(m—1
d(1:A) =R 2=Hm =D 4ml
14 (m—1)>2

& (6—3m)? =252 —2m+m?) < 8m* —Tm+7 = 0(vd nghiém).

Vay dudng thang A khong thé tiép xic dudng tron.

Bai 39. Trong mit phang véi hé toa do Oxy, cho dudng tron (C) : (x —1)2 4 (y+2)? = 9 va dudng thang
d:x+y+m=0. Tim m dé trén dudng thang d c6 duy nhit mot diém A ma tit d6 ké dudc hai tiép tuyén AB,
AC t6i duong tron (C) (B, C 1a hai tiép diém) sao cho tam giac ABC vuong.

Li gii.
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DPuong tron (C) c6 tam I(1; —2) va ban kinh R = 3. Néu tam gidc ABC vudng géc tai A thi khi dé tif gidc
ABIC 1a hinh vudng. Theo tinh chét hinh vuéng tac ¢6 IA = IBV/2. (1)
Néu A ndm trén d thi A(t;—m —1) suy ra IA = \/(t — 1)2 + (t — 2 +m)2. Thay vao (1) ta c6

V=124 =24m)2 =3v26 2% —2(m— 1)t +m> —4m—13 = 0.(2)
D€ trén d c6 ding mot di€ém A thi (2) c6 ding mot nghiém ¢, tir d6 ta ¢
A=—(m*+10m+25) =0 —(m+5)> =0 m=—5.

1 51
Khidé(2)cénghiémképlét1:t2=t0:m2 = —— = 3= A(-3:8).

Bai 40. Trong mit phang toa d v6i hé toa dd Oxy, cho ho dudng tron (Cp,) : x> +y? —2(m+ 1)x — 2(m +
2)y+6m-+7 =0 (v6i m 1a tham sb). Xac dinh toa do tim dudng tron thudc ho da cho tiép xidc vdi truc
tung.

Loi giai. Ho dudng tron (C,,) ¢6 tdm I(m+ 1;m+2) va ban kinh

R=\/(m+1)2+(m+2)2—6m—7=/2m>—2.

D€ (C,,) tiép xuc vdi truc tung thi

— 1
m+1l=v2m 2em—2m-3=0s| .
m=3

Thu lai ta dugc m = 3 thda man, ti d6 ta dugc 1(4;5).

Bai 41. Cho dudng tron (C) : (x —2)% + (y — 1)> =9 va duong thang A : (m+ 1)x +my—1 =0, v6i m 1a
tham sb6.

a) Ching minh ring duong thang A ludn cit (C) tai hai diém phén biét A, B.
b) Tim m d€ do dai doan thang AB dat gia tri 16n nhét.
Loi giai.

a) Puong tron (C) c6 tam /(2;1) va ban kinh R = 3.

12+m—1 1
Tacsd(ra) — Wt V2em 1 midl
(m+1)24+m2  /(m+1)2+m?
(3m+1)?  —9m?—12m—8  —(3m+2)*—4

Xét d*(I;A) — R?> = <0, Vm.

22 +2m+1 ~ (m+1)24m?>  (m+1)2+m?
Viay d(I;A) < R, Vm, suy ra dudng thang A ludn cit dudng tron tai hai diém phan biét A, B.

b) Goi M la trung diém clia day AB suy ra

9m? +12m+8
AB* = 4AMA* = 4(R* — d*(I;A)) = R e e p 4
Tur do ta co
Om® +12m+8 = 2ym> + 2ym+y
& 2y—9)m*+ (2y—12)m+(y—8) =0 (%)
DE€ ton tai m thi phuong trinh (*) phéi c6 nghiém.
Khiy= g thi ta c6 phuong trinh —3m — 5= 0 c6 nghiém.
19—/217 19+ /217

9
Khiy# J axétA = (y=6)* = (2y=9)(y=8) 20 ————<y< ——
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Bai 42. Tim tit c4 cic gid tri ctia tham sb a d€ hé phuong trinh sau c¢6 diing hai nghiém
{ X +y*=2(1+a)

(x+y)> =4
e ens NN o [XTYy—=2=0
Loi giai. Phuong trinh thd hai tuong duong véi .
xX+y+2=0

Nhian thiy d; : x4+y—2=0vad, : x+y+2 = 0 la hai dudng thang d6i xing nhau qua gbc toa do, mit
khac dudng tron (C) : x> +y? = 2(1 +a) (a > —1) ciing dbi xiing qua gdc toa do. Vi vay dé hé ¢ diing hai
nghiém thi dudng tron (C) phai tiép xdc véi d;. Tu d6 ta c6
-2 _
V12412
Bai 43. Trong mit phang v6i hé toa dd Oxy, cho ho dudng tron (Cp,) : x> +y? — 2mx — 2(1 —m)y +2m? —

2m —3 = 0. Tim quy tich tdm cta ho dudng tron (Cy,).
Loi gidi. Quy tich tim dudng tron (C,,) 1a dudng thang y = 1 — x.

21+a) = 1l+a=1<a=0.

Dang 10. Tim toa dé mét diém théa mét diéu kién cho trude

O day, ta xét bai toan tim toa do mot diém théa mot diéu kién cho trude v& do dai, vé& géc, vé khoang
cach, dién tich, lién quan dén dudng tron, tao hinh vudng, tam giac déu, ...

Trong mit phang Oxy, xét duong tron (%) : (x —a)? + (y —b)> = R%.

Tim diém M € (%), ta lam nhu sau:

Cach 1

e Goi M(xg:y0) € (%), ta c6: (xo—a)?+ (yo—b)? = R.

e Dua vao diéu kién cho trudc ta c6 thém hé thiic lién hé giita xo va yo. Ti d6 tim dudc toa do
cia diém M.

Cach 2
2 < N S N . |x=a+ Rsint .
e Chuyén phuong trinh dudng tron (%) vé dang tham so: vGi t € [0;360°).
y = b+ Rcost
) _ [xo=a+Rsint .
e Goi M(xp;y0) € (%), taco: Vvéi r € [0;360°).
yo = b+ Rcost

e St dung diéu kién cho truc dé xac dinh sint va cost. Tit d6 tim dudc toa do cta diém M.

Vi du 37. Trong mit phang Oxy, cho tam gidc ABC vudng can tai A. Biét M(1;—1) la trung diém
2
canh BC va G (5, 0) la trong tdm tam giac ABC. Tim toa dd cac dinh A, B, C cua tam giac ABC.

Loi giai. Vi G la trong tdm tam giac ABC va M 1a trung di€ém canh BC nén ta ¢ AG = %m = A(0;2).
Vi tam giac ABC vudng can tai A nén AM | BC va MA = MB = ]\ic; .
Phuong trinh dudng thang BC di qua diém M(1;—1) va nhan AM = (1;—3) lam véc-to phdp tuyén la:
I(x—1)=3(y+1)=0hayx—3y—4=0.
Vi MA = MB = MC = /10 nén hai diém B, C thudc dudng tron (¢) : (x— 1)+ (y+1)? = 10.
Do do, toa do hai di€ém B, C 1a nghiém ctia hé phuong trinh:

x—3y—4=0 x=4 _ [|[x==-2

& hoac
{(x—1)2+(y+1)2:10 {y:() : {y:—z.

Vay A(0;2), B(4;0), C(—2;—2) hodac A(0;2), B(—2;—2), C(4;0).
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Vi du 38. Trong mit phing Oxy, cho dudng tron (%) : x2 +y> —4x — 6y+5 =0.
a) Tim cdc di€ém thudc (%) c6 toa dd nguyén.

b) Xéc dinh toa do cac dinh B, C clia tam gidc déu ABC ndi tiép dudng tron (%), biét diém A(4;5).

Li gidi.

a) Ta xem phuong trinh dudng tron (%) da cho 1a phuong trinh bac hai véi 4n s 1a y:

¥y —6y+x*—4x+5=0. (1)
Phuong trinh (1) c6 nghiém < A’ >0 —x? +4x+4>02-2v/2 <x <2+2V2. (2)
Tu (2) suy ra cac di€ém thudc (¢’) c6 hoanh do nguyén la: 0; 1; 2; 3; 4. (3)

Lan lugt thay cdc hoanh do nguyén & (3) vao (1) ta tim dudc cac diém thudc (4') c6 toa do nguyén
1a: (0;1), (0;5), (4;1), (4;5).

b) Puong tron (¢) c6 tim 1(2;3) va ban kinh R = 2+/2.
Vi tam gidc ABC déu noi tiép dudng tron (€’) nén tdm I ctia (%) 1a trong tdm, dong thdi 1a truc tim
cua tam giac ABC.
Goi H(x;y) 1a hinh chiéu vudng géc ctia A 1én canh BC, ta c6:

Al =2IH = H(1;2).

Phuong trinh dudng thang BC di qua diém H(1;2) va nhan Al = (—2;—-2) = =2(1;1) lam véc-to
phdp tuyén c6 dang: x+y—3 = 0.
Do dé, toa do hai diém B, C 1a nghiém ctia hé phuong trinh:
x+y—=3=0 x=3-y x=1-3 5 x=1+3
s 9 & ’ = hoac
Xy —dx—6y+5=0  |2y>—8y+2=0 |y=2+3 y=2—-/3.
Vay B(1-+/3:2+V3). C(1+V3:2—V3) hodc B(1++/3:2—/3).C(1-v3:2+V3).

Vi du 39. Trong mit phang Oxy, cho duong tron (%) : x> +y> — 4x — 4y +4 = 0 va dudng thang
(d):x+y—2=0.

a) Chiing minh ring (d) ludn cit (%) tai hai di€ém phan biét A, B. Tinh do dai doan thing AB.

b) Tim diém C thuoc (%) sao cho tam gidc ABC c6 dién tich 16n nhét.

Lui giai.

a) Xét hé phuong trinh:
¥4y —dx—4y+4=0 x=2-y x=2 . fx=0
& ) & hoac
x+y—2=0 2y“—4y=0 y=0 y=2.
Heé phuong trinh trén c6 hai nghiém (2;0) va (0;2) nén suy ra (d) ludn ct (¢) tai hai di€ém phan biét
A(2;0), B(0;2).
Tacé: AB=/(0-2)2+(2—-0)2 =8 =2V2.

b) Tact (€):x2+y* —dx—dy+4=0& (x—2)°+ (y—2)* =4
x=2+2sint
y=2+2cost

Phuong trinh clia (%) dugc viét dudi dang tham s 1a: { véi t € [0;360°).
Vi C € (%) nén suy ra C(2+ 2sint;2 + 2cost).

. 1
Goi H la hinh chiéu vudng goc cua C 1én AB, ta c6: Saapc = EAB.CH =CHV/2.

Suy ra tam giac ABC c6 dién tich 16n nhat khi va chi khi CH ¢6 do dai 16n nht.
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24 2sins +2+2cost —2
Tac6 CH = d(C, (d)) = 12H28int +2 +2cost = 2]
V2

Do d6, CH 16n nhit < sin(t +45°) = 1 &t = 45°.
Vay C(2+v2:2+V2).

= /2|V/2sin(t +45°) +1].

Vi du 40. Trong mit phang Oxy, cho duong tron (%) : (x —2)? + (y — 3)? = 2 va dudng thang (d) :
x—y—2=0.

a) Tim trén (%) di€ém P sao cho khoang cich tit P dén dudng thang (d) dat gid tri 16n nhét, nho
nhAt.

b) Tim di€ém M (xg;yo) thudc (€’) sao cho xo + yo dat gia tri I6n nhét, nhd nhat.

Loi giai.
a) Puong tron (%) ¢6 tam 1(2;3) va ban kinh R = /2.
2-3-2] 3V2 ]
Tacod(I,(d)) = | NG | = \2/_>\/§:R:>(d) khong cat ().

Goi A 1a dudng thang di qua tdm 7 ctia (¢) va vudng géc véi (d). Khi d6 phuong trinh dudng thang
Ala: 1(x—2)+1(y—3)=0hayx+y—5=0.
Toa do giao di€ém cta A va (%) 1a nghiém ctia hé phuong trinh:

{(x—2)2+(y—3)2=2©{x=5—y <:>{x:1hoéc {x:3

x+y—=5=0 y2—6y+8:0 y=4 y=2.
Suy ra A cit (%) tai hai diém phan biét Py (1;4) va Py(3;2).
Ta co:

C[1—4-2] 5V2

am () = =2
ar (@)= P22 v

Viy khi P = P; thi khoang cach tlf P dén dudng thang (d) dat gid tri 16n nhit va khi P = P, thi khoang
cach tlit P dén dudng thang (d) dat gia tri nhd nhit.

x=2+2sint

véit € [0;360°).
y:3+\/§c0st | )

b) Phuong trinh cta (%) dugc viét dudi dang tham sb 1a: {

X0 =2+ \/Esint

yo=3+ V2 cost.
Ta ¢6 xo +yo = 5+ V2(sint +cost) = 5+ 2sin(t +45°).
Do do, ta co:

Vi M(x0;y0) € (¢') nén suy ra {

xo + Yo dat gia tri 16n nhit < sin(t +45°) = 1 &t = 45° = M(1;2).
X0 + Yo dat gia tri nhd nhét < sin(t +45°) = —1 &t = 225° = M(3;4).

BAI TAP TU LUYEN

e v 2 N N N . - R 8
Bai 44. Trong mit phang Oxy, cho duong tron (€) : x*> +y? = 4 va hai di€ém A <1; —§> , B(3;0). Tim toa

. + 20
do6 diém M thudc (%) sao cho tam gidc MAB c6 dién tich bang 3
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N 8\* 1
Loi giai. Taco AB = \/(3 —1)2+ (O—i— 5) =3
< N 2 . R N A ? 8 2 N s 2

Phuong trinh dudng thang AB di qua diém B(3;0) va nhian AB = | 2; 3)= 5(3;4) lam véc-to chi phuong
c6 dang: 4(x—3) —3(y—0) =0 hay 4x —3y—12=0.

20 1 20 1 |[4x—3y—12| 10 20
Goi M(x;y). Ta c6: Sapap = = < ~d(M,AB).AB= = < 1 Jx=3y—12[ 10 _20 dx—3y— 12| =

3 2 3 2 5 3 3
20. (1)
Laico M € (¢) = x> +y* = 4. (2)

2,2
=4
Tu (1) & (2), ta c6 hé phuong trinh: *y .
[4x —3y— 12| =20
14.48>

25°75)°
Bai 45. Trong mit phang Oxy, cho dudng thang A : x4y -+2 = 0 va dudng tron (%) : x> +y*> —4x—2y = 0.
Goi I 1a tim ctia dudng tron (%) va M 1a mot diém thudc dudng thang A. Qua M, ké hai tiép tuyén MA, MB
véi dudng tron (%) (A, B 1a cic tiép di€ém). Tim toa d6 di€ém M sao cho tii gidc MAIB c6 dién tich bang 10.
Loi gidi. Pudng tron (%) c6 tim 1(2;1) va ban kinh R = v/5 = Al = /5.

1
Ta coé Sy = 10 < Sapa; =5 < E.AM.AI =5 AM =24/5.

Suy ra IM? = IA? + AM? = 5420 = 25.
Taco M € A= M(m;—m—2). Do do, ta co:

Giai hé phuong trinh trén, ta tim dugc M(—2;0) hoac M (—

m=-—3

IM?> =20 (m—2)+(m+3)?=20m?>+m—-6=0< 5
m = 2.

Véay M(2;—3) hoac M(—3;1).
Bai 46. Trong mit phang Oxy, cho dudng tron (%) : (x —3)2 4 (y—2)? = 8 va diém A(2;3).
a) Tim cdc di€ém thudc (%) c6 toa dd nguyén.

b) Tim diém M thudc (%€’) sao cho MA dat gia tri 16n nhit, nhd nht.

Loi giai.
a) Ta xem phuong trinh dudng tron (%) da cho 1a phuong trinh bac hai véi 4n s 1a y:
¥ —4y+x>—6x+5=0. (1)
Phuong trinh (1) cé nghiém < A’ > 0< —x?>+6x+1> 043 -2/2 <x<3+2V2. (2)
Tt (2) suy ra cic diém thudc (€) c¢6 hoanh do nguyén la: 1; 2; 3; 4; 5. (3)

Lan lugt thay cdc hoanh do nguyén & (3) vao (1) ta tim dugc cc diém thudc (%) c6 toa dd nguyén
la: (1;0), (1;4), (5;0), (5;4).
x = 3+42+/2sint

véit € [0;360°).
y:2—|—2\/§cost | )

b) Phuong trinh cta (%) dugc viét dudi dang tham sb 1a: {

Vi M € (%) nén suy ra M(342+/2sint;2 +2+v/2cost).
2 2
Ta 6 MA? = (2v/2sint + 1)+ (2v2cost — 1) = 10+ 8sin(r —45°).
Suyra2 < MA? <18 & /2 < MA < 3V/2.
Do do, ta co:
e MA dat gid tri 16n nhit < sin(t —45°) = 1 <t = 135° = M(1;4).
e MA dat gid tri nhd nhit < sin(r —45°) = —1 &t = 315° = M(5;0).
Bai 47. Trong mit phang Oxy, cho hai diém A(1;2), B(4;3). Tim trén truc hoanh di€ém M sao cho AMB =
45°.
Loi giai.
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Gia st da tim dudc diém M € Ox sao cho AMB = 45°. V& dudng tron tam I(x;y) qua ba di€m A, B, M. Khi
do, ta c6 tam gidc ABI vudng can tai I. Do do, ta cé:

Al = BI
{X}.E}:o
{(x—1)2+(y—2)2= (x—4)°+(y—3)
(—DE-4)+-2)(y-3)=0
3x+y=10
{x2+y2—5x—5y+1020

{x=3 . {x:2
hodc

y=1 ) y=4.

Vay 1(3;1) hoac 1(2;4).

Trong ca hai trudng hop nay ta déu c6 IA = /5.

Pudng tron tam 7(2;4), ban kinh V5 khong cat truc hoanh.

Puong tron tim /(3; 1), ban kinh v/5 ¢6 phuong trinh (x —3)2 + (y — 1)> = 5, né cit truc hoanh tai hai diém
(1;0) va (5;0).

Vay M(1;0) hay M(5;0).

BAI TAP TONG HOP

Bai 48. Trong miit phang toa do Oxy, cho tam gidc ABC vudng tai A(2;4) c6 AB > AC va B(8;0). Goi H
1a chan dudng vudng géc ké tir A, diém D nidm trén dudng thang BC sao cho H 1a trung di€ém CD. Goi E 1a
diém niim trén dudng thing AD sao cho BC 12 phan gidc géc ABE. Viét phuong trinh dudng tron ngoai tiép
tam giac ABE.

Loi giai.
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Dé thiy tam gidc ACD can tai A c6 AH 1a dudng cao nén CAH = DAH. Ta ¢6 EBD = ABD = CAH = DAH
nén ti gisdc AHEB ndi tiép. Ma AHB = 90° nén tam gidc ABE ndi tiép dudng tron dudng kinh AB.

Goi I 1a trung diém ctia AB. Ta c6 1(5;2) va IA = v/13. Vay phuong trinh dudng tron can tim la (x — 5)% +
(y-2)2 =13

Bai 49. Trong mit phang toa dd Oxy, cho hai dudng tron (Cp): x +y =13 va (C): (x—6)>+y> =25.
Goi A 1a giao diém ctia (Cy) va (C>) sao cho A c6 tung dd duong. Viét phuong trinh dudng thang di qua A
cit (C1) va (C) theo hai day cung c6 do dai bang nhau.

Loi giai.

Tam va ban kinh ctia hai dudng tron (Cy), (C3) lan lugt 1a 0(0;0), Ry = /13 va 1(6;2), R, = 5. Goi S, H,
K 1an luot 1a trung diém ctia OI, MA, NA.
o . X +y =13 .
Giao diém cuia (Cy) va (C;) 1a nghiém ctia hé { 5 . Giai hé ta suy ra A(2;3) (A c6 tung do
(x—6)"+y =25
duong). Ta c6 OH || IK (cuing vudng goéc véi d), lai theo gia thiét suy ra AH = AK nén SA 1a dudng trung
binh ctia hinh thang HOIK. Do d6 SA 1 d. Puong thang d qua A nhan S_A> 1am véc-to phdp tuyén c6 phuong
trinh x —3y+7 = 0.
Bai 50. Trong mit phang toa do Oxy, cho ba diém A(—1;5), B(—4;—4), C(4;0). Goi D, E, F lan lugt 1a
chan céc dudng cao ha ti A, B, C. Viét phuong trinh dudng tron ndi tiép tam gidc DEF .
Loi giai.
A

R

Loi glal Goi H la truc tam tam gidc ABC. Dé thdy BFHD Va CEHD 1a céc ti gidc noi tiép. Suy ra
HDE = HCE = HBF = HDF do d6 HD la tia phan giac goc EDF. Tuong tu HE 1a tia phan gidc goc
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DEF. Vay H 1a tim dudng tron noi tiép tam gidc DEF.

Ciac dudng thang BC va AC 1an lugt c6 phuong trinh x — 2y —4 = 0 va x +y — 4 = 0. Cac dudng thing AD
va BE 1an lugt di qua A, B va vudng géc véi BC, CA nén chiing 1an lugt c¢6 phuong trinh 12 2x +y —3 =0
vax—y=0.Do H la giao diém ctia AD va BE nén H(1;1). Do D, E lan lugt 1a giao diém cta AD véi BC,
BE v6i CA nén D(2;—1), E(2;2). Suy ra phuong trinh dudng thiang DE 1a y = 2. Do d6 d(H;DE) = 1.
Viy phuong trinh dutng tron can tim 1a (x — 1)+ (y—1)> = 1.

Bai 51. Trong mit phang toa d Oxy, cho dudng thang d : x —y = 0. Pudng tron (C) c6 ban kinh R = /10
cit d tai hai diém AB sao cho AB = 4+/2. Tiép tuyén cta (C)taiAvaB cat nhau tai mot diém trén truc tung.
Viét phuong trinh dudng tron (C).

Li giai.

0

/ X

Dit M(0;m). Goi H 1a trung diém ctia AB, suy ra AH = 2+/2. Ta ¢6 IH = VIA2—AH? = /2, suy ra

AH?

42 = MH = d(M,AB) = LI

V2

e V6i m = 8 ta dugc M(0;8). Gia sit I(a;b). Pudng thang IM di qua M vudng géc AB c6 phuong trinh
x+y—8=0.Taco

(0—8)(a—b) <0

I khic phia M db6i véi AB 5
TeIM N a+bb—8:O ;‘{2_3
d(I,AB) = V2 la=bl_ .3 -

V2

Vay phuong trinh dudng tron can tim 1a (x —5)% + (y — 3)? = 10.
e V6i m = —8, tuong t ta dudc phuong trinh dudng tron can tim 1a (x+5)2 + (y +3)% = 10.

Bai 52. Trong mit phang toa dd Oxy, cho tam gidc ABC c6 truc tam H(2;1) va B(1;3), C(1;0). Viét phuong
trinh dudng tron ngoai tiép tam gidc ABC.
Loi giai.
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D
NZ

Goi D la diém d6i xu’ng voi H qua du dudng thang BC. Dé thiy HBC = 180° — Eﬁl?f, ma D dbi xing véi H qua
BC nén BDC = BHC = 180° — BAC. Suy ra tif gidac ABDC 1a td gidc noi tiép, do d6 dudng tron ngoai tiép
tam gidc ABC ciing 12 dudng tron ngoai tiép tam gidc DBC.
G_La;l stt D(u;v). Phuong trinh dudng thang BC 1a x = 1. Do HD | BC nén duong thang BC nhan véc-to
HA = (u—2;v— 1) lam mot véc-to phap tuyén. Suy rav = 1.
2

= 1 hay u = 0. Vay D(0;1).
Gia st phuong trinh dudng tron ngoai tiép tam giac DBC ¢6 dang x*> + y?> +ax+by+c=0. Do D, B, C
thudc duong tron nén toa do cua chung thoa man phuong trinh dudng tron hay

“ e [ 2 ™M A A u +
Mait khéc trung diém cia HD nam trén BC nén

024+124+a-0+b-14+¢c=0 a=—-3
1°+3%4+a-14b-3+c=0=><{b=-3
1?4+0°+a-14b-04+¢c=0 c=2.

Vay phuong trinh dudng tron ngoai tiép tam gidc ABC 1a x> +y*> —3x —3y+2=0.

Bai 53. Trong mit phang toa do Oxy, cho tam gidc ABC c6 AB < AC ndi tiép dudng tron (C) : (x —3)% +
(y—1)> =8 va B(1;—1), C(5;3). Tia phan gic trong ctia géc BAC cat dudng tron (C) tai K. Hinh chiéu

AH /15
clia A trén dudng thang BC 12 H. Tim toa dd diém A biét K- 5 va A c6 tung do duong.
Loi giai.
A
B ! C
H
K

Puong tron (C) c¢6 tam I(3;1), ban kinh R = 2+/2 va BC 1a duong kinh clia dudng tron (C). DE thiy K 1a
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di€m chinh gitta cung BC nén IK | BC. Ta c6

3 AH* BH-CH
5 HK?2 IH2+IK?
(R—IH)(R+1H)
R2+IH?
_ R*—IH?
- R2+4+1IH?

:>IH—R
=7

Do d6 H 1a trung diém BI, suy ra A nam trén dudng trung truc ciia BI, ¢6 phuong trinh x+y—2=0.Do A
la giao di€ém cua dudng trung truc cta doan BI va dudng tron (C) nén toa do ctia di€m A 1a nghiém ctia hé

x+y=2

(x=3)*+(y—1)7°=8
Gidi h¢ ta duge A (2—+/3;/3).
Bai 54. Trong miit phang toa dd Oxy, cho dudng tron (C) : (x—1)?+ (y+1)?> = 16 c6 tam I va diém A (0;2).
Viét phuong trinh dudng thang d qua A cit (C) tai hai diém phan biét B, C sao cho tam gidc IBC va c6 dién
tich bang 8.
Loi giai.

Dé thiy I = (1;—1) va IA = /10 < 4 nén A nim trong dudng tron (C). Do d6 dudng thang d qua A luén
cit dudng tron (C) tai hai diém phan biét B, C.

1 _— — — .
Ta c6 8 = Sjpc = EIB-ICsinBIC nén sinBIC = 1. Do d6 BIC = 90°. Goi H la trung di€ém BC ta co
[H = 2+/2. Pudng thing di qua A c¢6 phuong trinh dang

ax+b(y—2) =0 (a®>+b*>0).

A — _ |a_3b| _ 2 2 a:—b
Tacod(l,d)_IH_zﬁ:W_zﬁ:a +6ab—bt=0= | .

e Véia= —b,chona=1, b= —1 tadugc duong thflng di:x—y+2=0.
e Véib="7achona=1,b="7,tadudc dusng thang d»: x+ 7y — 14 = 0.

Bai 55. Trong mit phing véi hé toa do Oxy, cho dudng tron (C) : x> 4+ y? +4+/3x — 4 = 0. Tia Oy cit (C)
tai A. Viét phuong trinh dudng tron (C'), ban kinh R’ = 2 va tiép xiic ngoai véi (C) tai A.

Lo gii. Dudng tron (C) ¢6 tam / (~21/3;0), bén kinh R = 4.

X+ +4/3x—4=0

véiy > 0, suyraA(0;2).
x=0

Toa do diém A 1a nghiém cta hé {
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x =231
y=2+2
Pudng tron (C') tiép xtic ngoai v6i (C) nén tam I’ thudc dudng thang IA, suy ra I’ (2\/§t;2t + 2).
~2v3-0=2(0-2v3) 1
=t=—.
0-2=2(2-2t-2) 2
1 2
Vé6it = 7> suy 1a I (\/5;3). Phuong trinh dudng tron (C') : (x— \/§) +(y—3)*=4.

Puong thang /A di qua hai diém I va A nén c6 phuong trinh /A : {
- =
Hon nita, R = 2R nén Al =2I'A & {

Bai 56. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x? +y? — 2x +4y +2 = 0. Viét phuong
trinh dudng tron (C') ¢6 tim M (5;1), biét (C') cit (C) tai hai di€ém A, B sao cho AB = /3.

Loi giai.

Pudng tron (C) c¢6 tam I(1;—2), ban kinh R = /3.

Phuong trinh dudng thang nbi hai tim IM 12 3x —4y — 11 =0.
Goi H (x;y) la trung di€ém cta AB. Ta ¢6

HelM 3x—4y—11=0
= 2 2 9
IH = \/R*>— AH? (x—1)"+(y+2) =7
1 11
X=—— X = —
5 < 5 B
& - 9 hoac B 1
. l(i 29 ’ 1011 11
Suyra (<1522 hoge 1 (1 11).
uy 5°710) €T\ 510

I 29
e VGiH (—3;—1—()). Tacé R”> = MH? + AH? = 43,

Phuong trinh dudng tron (C') : (x —5)? 4 (y—1)? = 43.

(1111 - .
o V6iH ?;—1—0 . TacOR”"=MH~+AH*=13.

Phuong trinh dudng tron (C') : (x—5)>+ (y— 1) = 13.
Bai 57. Trong mit phang v6i hé toa dd Oxy, cho duting thang d : x —y — 1 = 0 va hai dudng tron c6 phuong
trinh (C1) : (x—3)2+(y+4)> =8, (C2) : (x+5)%+ (y —4)? = 32. Viét phuong trinh duong tron (C) ¢6 tim
I thudc d va tiép xic ngoai vé6i (C1) va (Cy).
Loi giai.

Goi I,11,1,R, Ry, R, 1an lugt la tdm va ban kinh cta (C), (Cy) va d
©) | |

Giasu I (r;t — 1) € d. Theo gia thiét bai toan: (C) tiep xic ngoai véi

(Cy) va (Cy) nén

IIi =R+ R
IL =R+R,

Suy ra

Ih—Ry=Ih—Ry & \/(t—=3)2+ (t4+3)2 =22 = /(1 =52+ (a+5)2 —4/2 &1 =0.

V6it=0,suyral(0;—1)vaR=1II; — Ry =2.
Phuong trinh dudng tron (C) : x> 4 (y+1)% = 2.
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§3. PUONG ELIP

I. Tém tat Ii thuyét
1. DPinh nghia

Trong mit phang cho hai diém cb dinh Fi,F> v6i F{F; = 2¢ va mot dd dai khong ddi 2a (0 < ¢ < a). Elip
(E) 1a tap hop tit ca cdc diém M trong mit phang thdéa man MF; + MF, = 2a.
Ta goi:

e F,F lacéc tiéu di€m cua elip;
e FF, =2c: Tiéu cu cua elip;

e MF|,MF,: Ban kinh qua tiéu.

y
M
F o P X

2. Phuong trinh chinh tic cta Elip
Phuong trinh chinh tic cia elip:

2 )

2t =h

a’>  b?

trong d6 a®> = b> + 2.
Chitng minh. Cho Elip c6 hai tiéu diém F; va F»>. Chon hé truc toa dd Oxy sao cho Fi(—c;0),F>(c;0).
Khi d6: MFy = \/(x+¢)2 +y% & MF? = (x+¢)? +)?

MF, = \/(x— )2 +y? & MF} = (x—¢)? +?

2
:ﬁM#—MgbﬂmmmMewy@Mﬂ+M5:mmmMﬂ—M5:J3
a
Ta c6 hé:
MF, —MF, =2
! S 3.1)
MF,+MF, =22a
Suy ra:
CcX
MF, =a+—
& (3.2)
MF2 =a— —
a
2
Lai c6: MF; =a+ & V/ (x+¢)? +y? hay (a—i—g) = (x+c)?+y?
a x2 y2 a
Tit do, phén tich va rut gon ta dugc: — + ———> =1
ac  a*—c
2 2

Do a®> — ¢? > 0 nén dit a® — ¢* = b (b > 0), ta dugc: x_2+27_2:1(*)
a

Phuong trinh (%) goi 12 phuong trinh chinh tic cda elip.
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3. Hinh dang cua elip

P B2 0
AN R o 1339/ 2%
R
By

a) Truc déi xiing ciia elip: Elip c6 phuong trinh (*) nhan cic truc toa do lam truc dbi xiing va nhan gdc
toa do 1am tam ddi xing.

b) Hinh chit nhdt co sd: V& qua A| va A, hai dudng thang song song véi truc tung, vé qua B va B, hai
dudng thang song song vdi truc hoanh. Bén dudng thang d6 tao thanh hinh chit nhat PQRS. Ta goi
hinh chit nhat d6 1a hinh chit nhat cd sé cua elip.

Tir d6 suy ra Moi diém ctia elip néu khong phai 12 dinh déu nam trong hinh chit nhit co s ctia n6,
bdn dinh cia elip 1a trung di€ém céc canh ctia hinh chit nhit co sé.

/\ Cdc diém: A1(—a;0);A2(a;0);B1(0; —b); B2(0;b) goi la cdc dinh clia elip.
A1Ay =2a: Do dai truc lon. BiBy = 2b: D¢ dai truc bé.

¢) Tdm sai cuia elip: Ti sb giiia tiéu cu va do dai truc 16n cia elip goi 1a tAm sai ctia elip va dugc ki hiéu
R c
laeticlaje=—|
a
— Néu tam sai e cang bé (tiic 1a cang gan 0) thi b cang gan a va hinh chif nhit co s& cang gan vdi hinh

vuong, do d6 duong elip cang “béo”.

A . N 2, 2, N N A N .7 A b N X 2,0 N N ~, A 2, N
— Neéu tam sai e cang 16n (tic 1a cang gan 1) thi ti sO — cang gan t6i 1 va hinh chti nhét co s6 cang
a

“det”, do d6 dudng elip cang “giy”.

II. Cac dang toan

Dang 1. Xdc dinh cic yéu tb caa elip

Xéc dinh toa do céc dinh, toa do céc tiéu diém, do dai cic truc, do dai tiéu cu cla elip bang cach dp
dung cac cong thuc:

a) ¢ =a?—b.
b) Do dai truc 16n: AjA» = 2a, d6 dai truc nho: BB, = 2b.

¢) Do dai ti€u cu: Fi F> = 2c.

CAC VIDU
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Vidu 1. Xac dinh toa do cac dinh va do dai cac truc cia cac elip c6 phuong trinh sau:

2 2 _
a)_erZ:1 b) x2+4y% = 1.

Loi giai.
2y
a) Tu phuong trinh 16 + i ltacé:a=4,b=2.

Cac dinh: A|(—4;0), A2(4;0), B1(0;—2), B>(0;2).
b0 dai truc 16n: AjA, =2a =8, BiB, =2b=4.

X 1
b) Taco*+47 =1 = +yT:1.a:1,b:—.
I

1 1
Cac dinh: A} (—1;0), A>(1;0), 1(0;—5), B> (0; 5)

b0 dai truc 16n: AjA, =2a=2,B|B, =2b=1.

Vidu 2. Xac dinh toa do céc tiéu diém va do dai tiéu cu ctia céc elip ¢6 phuong trinh sau:

2 x b) 4x% +25y = 36.
4

y
+—:1
3

Loi giai.
2y
a) Tu phuong trinh 7 + 3= ltacé:a®> =4,b>=3,suyrac=1.

Céc tiéu diém: Fy(—1;0), F»(1;0).
b0 dai tiéu cu: F1F, =2c¢ = 2.

2 2
36 3v21
b) Taco 42 +252 =36 & < + 3 = Lisuyrasa? = 9,02 = =2 = c = .
9 5 25 5
3v21 3v21
Céc tiéu diém: Fl(—— ), Fa( 5 ;0).
6v21
b0 dai tiéu cu: F1F, =2c¢ = —

, ) Y aa gas R s A e e < ans T R
Vidu 3. Cho elip (E) c6 do dai truc 16n bang 10, ti s0 gitta tiéu cu va do dai truc 16n la 5 Tinh do

dai truc nho cua elip.

N ) . 3
Loi gidi. TacoZa:10:>a:5.Ma£:§:>c:3.
a
Do d6 b* = a®> — ¢? = 16 = b = 4. Vay d dai tuc nho 2b = 8.

BAI TAP TU LUYEN
Bai 1. Xéc dinh toa do céc dinh va cdc tiéu di€ém cua cdc elip ¢6 phuong trinh sau:
2 2
X
Q) 4o =1
IOO 64
b) =L Y=1

4
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Loi gidi.

a) Tacé a®> = 100,h> =64 = a=10,b=8,c = 6.

Vay Ay (— 10,0),A2(10,O),Bl(0, 8), B2(0:8),Fi(—6:0),F>(6:0).

b)Tacoa? =4,b>=1=a=2,b=1,c=/3.

Viay A1 (—2;0), A2(2;0), B1(0;—1), B2(0;1), F; (—/3;0), F>(1/3;0).

Bai 2. Xdc dinh toa do cic dinh va céc tiéu di€ém cta céc elip c6 phuong trinh sau:
a) 16x% +25y? =1

b) 0,25x> +9y* = 1.

Loi giai.

x2 y2
a)Taco 16x*+25y" =1 —+ 5 = L.
6 25
Do d6: A (—~:0), As(:0), By (0:—2), Ba(0: 1), Fy (= ==:0), Fa(=e30).
o do: -3 -, s——
1 4’ b 2 4’ b 1 b 5 b 2 5 1 20 2 20
x2 yz
b)TacéO,25x2+9y2:1<:>4+T—l
9
1 1 1 1 3 3
Vay: A1 (——;0), Aa(~; —-),B F F

Bai 3. Tim do dai truc 16n, truc nhé va tiéu cu cia cdc elip ¢6 phuong trinh sau:
a) 16x% + 64y* = 100
2 2
Xy
b) —+—=2.
) 8 + 2
Loi giai.

2 2
5 5v3
a) Ta c6 1632+ 64y2 = 100 = — + 2 — 1. Vay2a=5,2b= 2, 2c = 53,
100 T 100 bR 7
22 2 y216 o
xX° y X
b) T: —4—=2 —=1.Vay2a=8,2b=4,2c =4
)a008+2 <:>16+4 ay 2a c V3.
2 2 2z N N\
Bai 4. Xdc dinh do dai céc truc cua elip (E): —+ﬁ:1,(a>b>0) biet rang (E) c6 do dai tiéu cu bang

6 va di qua di€ém A(5;0).
Loi giai.
Tac62c=6=c=3,a=5=b=4.Vay2a=10,2b =8.

2 2
Bai 5. Xéc dinh toa do cac dinh cua elip (E): x_ + Z—z =1, (@ > b > 0) biét ring (E) di qua hai diém
M(0;—2) va N(2;/3).
Li gii.
Tacé b =2. (E) di qua diém N(2;v/3) néna® = 16 = a = 4.
Véy A1 (—4;0),A2(4;0),B1(0;—2),B>(0;2).

.. : oy . i VTN s o3
Bai 6. Cho elip (E) —+ ke 1. Biét (E) di qua diém M | 21/3; — | vaco tiéu cu bang 1 do dai truc
16n. Tinh do dai truc nho cia (E).

Loi giai.

3 7
Tacéc:Za,bzzaz—czz—az.\ﬁME( ) nén b> = 7. Suy ra 2b = 2/7.

16
<. A o an , . x? y2 A, Y .
Bai 7. Tim toa do cic dinh cta elip (E) ¢6 phuong trinh chinh tic la 5+ 5 2= = 1, biét rang (E) di qua
diém M (2;1) va céc dinh trén truc nho nhin hai tiéu diém dudi mot goc Vuong

Loi giai.
Goi B 1a dinh trén truc nhd, Fj, F> 13 hai tiéu diém.
Khi d6 tam gidc F{ BF> vudng can nén b = ¢. Do d6 a® = b> + ¢* = 2b?.
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4 1
Mat khac M € (E) nén 2+b—_1 Tir d6 suy ra b> = 3, a®> = 6.

Vay A1(—V/6,0), A2(V/6,0), B1(0; —V/3), B2(0:V/3).

2 y2

T
ring (E) di qua diém M(+/5;1) va khoang cach tlI mQt dinh nam trén truc 16n dén mot dinh ndm trén truc
nhd bang tiéu cu.

Li gii.

Goi A(a;0), B(0;b) 12 hai dinh. Khi d6 AB = 2¢ suy ra a® + b*> = 4c?,

Ma ¢* = a* — b* nén 3a* = 5b”.

Bai 8. Cho elip (E) c6 phuong trinh chinh tic la = 1. Xéc dinh toa do cac tiéu diém cla (E) biét

20 2v/6
ViM € (E) suy ra b* = 4, a2:?:>c:%_,
. 2V6 2V6
VayFl(—T;O) Fl(_T 0).

Dang 2. Viét phuong trinh duong Elip

Viét phuong trinh elip 12 qu4 trinh tim cdc dic trung cua elip, d6 1a do dai truc 16n (2a), do dai truc

nho (2b).
2 2
Khi 1am dang bai nay, dau tién can gia st phuong trinh elip c6 dang (E) : x_2 += =1
a

Sau d6 tif nhiing gi thiét bai todn, gidi tim a,b va viét phuong trinh.
* Khi 1am bai can chd y cdc tinh chit sau ctia elip:

a) Elip nhan hai truc Ox, Oy lam truc ddi xtng.
b) Tam sai cua elip e = ¢
a
¢) Ban kinh qua tiéu cta di€ém M(x;y) € (E): MF| = a+ex;MF, = a — ex.

d) Pudng chuin cua elip:
Pudng thang d : x + % — 0 dugc goi 1a dudng chuan cua elip, Gng vdi tiéu diém Fi(—c;0).
e

Puong thang d : x — ) dugc goi 1a dudng chuin cla elip, ing véi tiéu diém F»(c;0).
e

Vi du 4. Lap phuong trinh chinh tic ctia elip (E) ma do dai truc 16n biang 6, d6 dai truc nhé béng 4.
¢ - J
Loi giai. Gia st phuong trinh elip c6 dang (E) : — + 75 = 1.
a

Do dai truc 16n bang 6 = 2a =6 = a = 3.
Do dai truc nhd bang 4 = 2b =4 = b = 2.
2 2

Viy phuong trinh elip la % + % =1.

Vi du 5. Lap phuong trinh chinh tic cta elip (E) c6 do dai truc 16n bang 10, tidu cu c6 do dai bing
6.

2 2
Loi giai. Gid st phuong trinh elip c6 dang (E) : x_2 +
a

Do dai truc 16n bang 10 = 2a =10=a =5.
Do dai tiéu cu bang 6 = 2c =6 = ¢ = 3.

Taco6b? =a*>—c? = b=4.

x2 y2 .
Vay phuong trinh el dang =— + 2 =
ay phuong trinh elip c6 ang25+16
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, 4 . e o 3
Vi du 6. Viét phuong trinh chinh tac cua elip di qua hai di€ém M(1;0),N (%, 1).
. 2y
Loi giai. Gid st phuong trinh elip c6 dang (E) : — + o 1.
a
. 1
PiémMe ()= — =1=a=1.
a
4 3 1
biémNc(E)=-+5=1=b=2.
ietm N € (E) PR
; . 22
Viay phuong trinh chinh tac cua elip c6 dang T + il 1.
BAI TAP TU LUYEN

Bai 9. Lap phuong trinh chinh tic cta elip biét elip di qua di€ém M(8;12) va c6 ban kinh qua tiéu diém bén
phai ctia M bang 20.

22
Loi giai. Gid st phuong trinh elip c6 dang (E) : x_2 + Z—2 =1.
a
64 144

. : 8 2-20
Ban kinh qua tiéu diém bén phai: MF; =20 = a—ex=20=a— % == %.

a
Lai c6 b* = a® — ¢?, thay vao ta dugc phuong trinh 4n a sau khi quy dong va khit mau c6 dang: a* — 404> +
272a* +2560a — 12288 = 0 < (a —4)(a — 16)(a? —20a — 192) = 0.

a=4
a=16

T a=10—2v73’
a=10+2V73

Chiylac>0=a=10+2V73 = c =24 = b> =40\73 — 184.
2 2

" < S SN X y
Vay phuong trinh elip can tim la: + =1.

W PRTenS P (10+2v73)2 | 40v/73 — 184

) ) 8 4 .
Bai 10. Viét phuong trinh chinh tac cua elip di qua M (—; —) va FiMF, = 90°.
P g pdiq 55 1M1

o 22

Loi giai. Gid st phuong trinh elip ¢6 dang (E) : — + o 1.
a
64 16
Me (E)= —+—=1(1).
— —
Ta cod: M = (—+c;—> M = (——c;—)
NV Y-V AV R
M. M =0=c=4.
. 64 16
Lai c6 b*> = a® — ¢?. Thay vao (1), ta c6 phuong trinh 4n a: ) + 5@ 16) =1.
280+ 16V/5
- 80+ 165
Giai phuong trinh trén ta c6 5 .Véia>c=a*>= +—\/_
2 80— 16V/5 5
B 5
br=a*—c%= —16\/5.
5
12 ¥2

=1.

Vay phuong trinh elip can tim 1a: +
W PATERS P 80+16vV5  16V5

5 5
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Bai 11. Viét phuong trinh chinh tic ctia dudng elip biét hinh chi nhit co s6 ctia (E) ¢6 mot canh ndm trén

dudng thang y —2 = 0 va c6 do dai dudng chéo bang 6.
2 P

b? '

Mot canh ctia hinh chif nhat co sé ndm trén dudng thang y = 2 suy ra b = 2.

Pudoing chéo ctia hinh chit nhit co 36 c 2dcf> dai biang 6 suy ra4a’> =36 —16 =20 = a®> =5.

Viy phuong trinh elip can tim 14 xg + % =1.

Bai 12. Trong mit phang toa dd Oxy, cho hinh thoi ABCD c6 AC = 2BD va dudng tron tiép xtic vdi cac canh

ctia hinh thoi c6 phuong trinh x> +y?> = 4. Viét phuong trinh chinh tic cta elip di qua cac dinh A,B,C,D

ctia hinh thoi. Biét di€m A ndm trén tryc Ox.

Loi giai.

Pudng tron ndi tiép hinh thoi ABCD c6 tam trung vdi giao diém cla

B
hai duong chéo AC, BD cua hinh thoi.
Do A € Ox = C € Ox,B,D € Oy. Nén A, B,C, D chinh 12 bén dinh
cia (E).

2
Loi giai. Gié st phuong trinh elip c6 dang (E) : x_2 +
a

A

S
=

M

242
Gia st phuong trinh elip c6 dang (E) : — + Z_Z =1.
Tir viéc bbn dinh ctia hinh thoi 12 bén dlnh ctia hinh thoi va gia thiét
AC = 2BD suy raa = 2b.
Xét tam gidc vudng OAD trong hé mit phang Oxy v6i AD 1a tiép
tuyén ctia dudng tron ndi tiép hinh thoi ABCD, dudng cao xuét phat
tif dinh O clia tam gidc ndy c6 do dai 1a 2 biang ban kinh dudng tron

ndi tiép hinh thoi ABCD.
1 1 1 s
TEICOh2 0A2+w,V(51h:2,0A:(1:2[?:20D.
Tit d6 ta c6 a® = 20,b* = 5.
R X y?
Vay phuong trinh elip can tim la o + 5= 1.

Bai 13. Trong mit phang v6i hé toa dd Oxy, cho diém M(1;2) va dudng tron (C) : x*> +y? = 21. Viét phuong
trinh chinh tic cta elip (E) biét hinh chi nhét co s ctia (E) ndi tiép dudng tron (C) va diém M nhin hai
tiéu diém ctia (E) dudi mot goc 60°.

2 2

Y

Loi giai. Gia st phuong trinh elip cé dang (E) : x_2 + o 1
a

Vi duong tron (C) c6 tam O(0;0) trung véi tdm cla hinh chit nhat co s va tdm cla elip nén ta co
2v/a?+b% = 2R suy ra a® + b*> = 21.
Ta c6 hai tiéu diém F;(—c;0), F>(c;0), lai c6 FIMP> = 60°
= (F1B)? = (MF)? + (MF,)? — 2MF,.MF>.cos 60°
=47 =24’ +14+2—c)?+1—/1+(2+¢)2/1+(2+¢)?
2

=3
=3c" =34 +75=0% | , 25
“T73
¥

Véic?=3=d>=12,0>=9= =1,

ic? a (E): 25 9 :

. 25 44 19 x? y

: 2 2 2 _
Véi ¢ —?:>(1 —?,b —3 ( ) % g—l

Bai 14. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) c6 phuong trinh x* +y? = 9, viét phuong
. 1 £ ’ . )

trinh chinh tac cta cho elip (E) c6 tam sai e = 3 Biét (E) cat (C) tai 4 diém phan biét A, B,C,D sao cho

AB song song v6i Ox va AB = 3BC.

Loi giai. Gid st phuong trinh elip c6 dang (E) : al
a
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o 1 1
Tam sai cua (E) bénggsuyrafz—:Saz—%z:O (1)
a

3
K +y?P=9(2)
Toa do cua A,B,C,D la nghiém cuia hé < 2 y?
S+ 2 =1(3)

Do (E) va (C) cung nhan Ox, Oy lam truc d01 xiing nén ta c6 ABCD la hinh chit nhat.
Gia stt A(x;y), viAB || Ox nén B(—x;y);C(—x;—y); D(x; —y).
Tac6 AB=3BC < x> =9y> (4)

Tir (2) thay vao (4) ta c6: x> = Slg(l),y 190, thay vao (3), ta dugc g + bgz 1 (5)
s -9t =0 (=12
Tir (1) va (5) ta c6 hé sau: 81,9 . & ) 8801
b2 2_ b° = m
Vay phuong trinh elip (E) can tim 12 =55 735 + gj =1.
80 1

Dang 3. Tim diém thuéc elip théa diéu kién cho truéc

2 2

Tt phuong trinh chinh tic cta elip (E ) * = F Zz = 1 suy ra rang néu diém M (xo;yo) € (E) thi toa do

ctia M phai théa phuong trinh trén, tu’c —|— Zﬁ = 1. Két hop véi cac diéu kién khac dé€ tim diém M.

Vi du 7. Trong mit phiang Oxy, cho elip (E) : 9x* + 16y> = 144. Tim tét ca diém M thuoc elip sao
cho géc F{M P> bang 60°.

Lui gidi. Phuong trinh chinh tic cia elip (E) : "y % — 1.Khidé:a=4,b=3,c=/1.

H|}<
(@)

Goi M(x;y) 1a diém can tim. Ta c6:

V7 V7 .

MF1 :4—|— TX; MF2:4—TX, F]FZZ
Ap dung dinh i cosin trong tam gidc F{ MF>, ta dudc:

FIF} = MF? + MF? — 2MF, MF>.cos EMP,

28:2(16+lx ) — (4+£x) (4—£x> @x2=67—4

16 4 4
& 8 hodc 8
X=— X=——.
V1o V7
83\/_ 83\/§)<8 3\/_)<8 3\/§>
Vay ¢6 4 diém thda dé bai la —_ —_ = .
. 2 ¥ ) .
Vi du 8. Trong mat phang Oxy, cho elip (E) : 3 + 5= 1. Tim tat ca cac diém thudc elip c6 toa do
12 s6 nguyén.
Lui giai. Goi M(x;y) la di€m can tim.
2
Khidé > +2 =1 = |x| <22 nén |x| chi ¢6 thé nhan céc gid tri 0, 1 hodc 2.

8 2
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V6i |x| = 0 ta c6 |y| = v/2 (loai).

7
Véi x| =1tacé |y| = Ea (loai).
Véi x| =2taco |y| = 1.
Vay tht ¢4 cic diém thudc (E) c6 toa dd nguyén 1a (2;1),(2;—1),(=2;1),(—2;—1).

X2

9
H, K lan lugt 12 hinh chiéu ctia M 1én céc truc toa do Ox va Oy. Tim tit ca diém M dé ti gidc OHMK
c6 dién tich 16n nhit.

2
Vidu 9. Trong mit phang Oxy, cho elip (E) : — + yz = 1. Goi M 1a diém di dong trén elip. Goi

Lui gidi. Goi M(x;y) 12 di€m cin tim. D& thiy t& gidc OHKM 1a hinh chi nhat. Khi dé,
Sornkm = OH.OK = |x|.|y| = |xy|.

Mat khac, ta c6

2 2
L 1 2
Dau bang xay ra khi va chi khi % =7 =3 Sx= iT\/_ vay = +v/2.
Vay, ti gidc OHMK c6 dién tich 16n nhat khi M nam tai mot trong cac diém

() () () (50)

BAI TAP TU LUYEN

2 2
Bai 15. Trong mit phing Oxy, cho elip (E) : )16—6 + y7 = 1. Goi F|, F> 1an lugt 1a tiéu di€ém bén trdi va bén

phai ctia elip. Tim tit ca diém M thudc elip sao cho:

a) MF, =3.

b) MF, = 3MPF.
Loi gidi. Tacé: a=4;b=+/7;c =3. Goi M (x;y) 1a diém can tim. Khi do:

MF, = 4—}—§x; MF, =4— Ex.
4 4
a) Theo dé bai, ta c6
MF, :3<:>4+§x:3<:>x:—§

2v/14

Thay vao phuong trinh cua elip, ta dugc y = +———.
o 4 2/ 214
Vay, diém can tim la (—3 T) : < )

b) Theo dé bai, ta c6
MFE :3MF2®4+§x:3<4—§x) @ng

4
V35

Thay vao phuong trinh cua elip, ta dugc y = £——.

Viy diém can tim 12 (2 \/3_> ; (— —@)
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Bai 16. Trong mit phang Oxy, cho elip (E) : x> +5y> — 20 = 0, ¢6 F;, F> lan luct 12 tidu diém bén trai va
bén phai. Tim tat ca diém M thudc elip sao cho:

a) FLMF, = 90°.

b) FMP> = 120°.

2 2
Loi giai. Phuong trinh chinh tic (E) : % + % =1.

Tacéa=2V5b=2;c=4,FF =2c = 8. Goi M(x;y) 1a diém can tim. Khi do,

MF1—2\/_+ L X MF, =2V5—

2
NG V5

a) Theo dé bai, ta co

2 \? 2 \?
F1F22:MF12—|—MF22<:>64:<2\/§—}—%x) +<2\/§—ﬁx> <:>x2:15<:>x:j:\/1_5.
Vay diém can tim 1a <\/1_5;1) ; <\/1_5;—1) : (—\/B;l) : (_\/B;_1>_

b) Ap dung dinh Ii cosin trong tam gidc MF,F, ta dugc
F\F} = MF +MF} —2MF,.MF,.cos FMP>

& 64 = <2\/§+ %x)2+<2\/§—%x>2+<2\/§+%x> . (2\/3—%x>
P =5ax=+/5

Vay diém can tim la (V5:v/3): (V5:—v3) 1 (—V5:V3) 1 (—V5:—V3).

22
Bai 17. Trong mit phiang Oxy, cho elip (E) : % + % =1 va diém A(—3;0). Tim tht c& cac diém B, C thudc

elip sao cho tam gidc ABC nhan diém I(—1;0) lam tam dudng trong ngoai tiép.
Loi giai. Goi (C) 1a dudng tron ngoai tiép AABC, ¢6 tam la I(—1;0) va béan kinh /A = 2. Khi d6, phuong
trinh dudng tron (C) 1a (x+ 1)?> +y? = 4. Do B, C thudc elip nén toa do ctia B, C 1a nghiém ctia hé phuong
trinh
(x+1)° 4y =4
2 42 EN
e SR PP

V6i x = —3 thi y =0. Suy ra A, B,C trung nhau (loai).

3
— _3holcx=—>
X oac x 5

3 4+/6 < . RN
Véi x = -3 thiy = j:%—. Vay, tat ca cac diém thda bai toan la

3 46 3 46 3 46 3 46
() e (35)35)

2 2
Bai 18. Choelip (E): % + yT = 1. Tim toa d9 céc diém A va B thudc (E) c6 hoanh do ducng sao cho tam

gidc OAB cn tai O va c6 dién tich 16n nhét.
Loi giai. Goi A(x;y) thi B(x; —y) v6ix > 0. Ta co AB =2|y| = V4 —x2.
Goi H la trung di€m ctia AB thi OH = x suy ra

1
Soap = EOH AB = —xv4 x2 2(4 —x2

Ding thiic xay ra khi x = v/2.

ST e D05)
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2 2
Bai 19. Cho elip (E) : 1% + ;3‘{—6 = 1 va diém M(3;2). Goi A va B 12 hai diém nim trén elip va déi xting
nhau qua M. Viét phuong trinh dudng thang AB.
2 2
e Xy

Lui gidi. Goi A(x;y) € (E),taco — +2 =1

i giai. Goi (x y) € (E),tacé 100+36
Tu M 1a trung diém ctia AB suy ra B(6 —x;4 —y). (1)

6— 2 4 — 2
Ta ciing ¢6 B € (E) nén suy ra (6-x)" 36y) =1. (2
Tu (1) va (2) suy ra 27x+50y — 131 =0.  (¥)
Do toa do ctia A va B déu thda (*) nén (*) chinh 1a phuong trinh dudng thang AB can tim.

2 2
Bai 20. Trong mit phang toa do Oxy, cho di€ém A(2;1/3) va elip (E) : r LY

) = 1. Goi F,F> la cac ti€u

diém cta (E) (F; c6 hoanh d6 am); M 1a giao diém ctia dudng thang AF; véi (E) (M c6 tung dd duong); N
1a diém dbi xing ctia F> qua M. Tim tAm va ban kinh dudng tron ngoai tiép tam gidc ANF>.
Loi giai.

y
N
A
>
X
F 0] 12

Ta c6 F1(—1;0),F>(1;0).
Puong thang AF| c6 phuong trinh x — /3y + 1 = 0.

M 1a giao di€ém c6 tung do duong ctia AF| véi (E) suy ra M (1; 23£) .
Ta tinh dudc MA = MF, = 23£
Do N d6i xiting v6i F> qua M nén MF, = MN, suy ra MA = MF, = MN.
Do d6 dudng tron ngoai tiép tam gidc ANF> 1a dudng tron tAm M, ban kinh MA = %5
. . Xty e ) o A
Bai 21. Choelip (E) : 75 + 9= 1 va hai diém A(—5;3),B(5;—3). Tim trén (E) diém C c6 hoanh do va

tung d6 duong sao cho dién tich tam gidc ABC 16n nhét. Tinh dién tich 16n nhét do.
Ldi gidi. Ta c6 AB = 2+/34 va phuong trinh dudng thang AB : 3x+ 5y = 0.

3% +5
Goi C(x;y) € (E) (x > 0,y > 0), ta c6 d(C,AB) = %. Khi d6 dién tich tam gidc ABC Ia
1 1 |3x+ 5y
Sapc = ~AB.d(C,AB) = ~.2v/38. 12 _ 13,1 5
ABC ) ( ) 2 m | y|

2 2

. Xy X7y
M —1 ’— _(<1,/2 Y ) 2152
a |3x+ 5y S|5+3| <15 (25+9> 5v2

A ix 5
Dau bang xay ra khi )5—6 = % Thay vao phuong trinh cia (E) vachd y x > 0,y > 0 ta tim dugc x = T\/_,y =
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N (S22

BAI TAP TONG HOP

Bai 22. Trong miit phang v6i hé toa do Oxy, viét phuong trinh chinh tic cta elip (E) biét khi M thay ddi
trén (E) thi d6 dai nhé nhit ctia OM bang 4 va d6 dai 16n nhit ctia MF; bang 8 véi F 1a tiéu diém c6 hoanh
do am.
. 2 2
Loi giai. Gid st phuong trinh elip ¢6 dang (E) : — + ol 1
a
M(x;y) € (E) = MF, =a+ < ma—a < x < anén MF; 16n nhét bing a + ¢ khi x = a,y = 0.
a
2 2 2 2 2442 2
X X Xy +y OM
V1a>bnena2 <b =1=— —|—b2 < T
Do d6 gid tri nho nhét cla OM bang b khi x =0,y = +b.

£ o xR b=4 b=4
Keét hgp vdi gia thiet ta co: & .
a+c=38 a=>5

= OM > b.

2 3
Véy phuong trinh cta (E) : 75 + 6= 1

Bai 23. Trong miit phang Oxy, lap phuong trinh chinh tic cta elip (E), biét c6 mot dinh va hai tiéu diém
ctia (E) tao thanh mot tam gidc déu va chu vi hinhzchﬁ’ nzheflt co 58 clia (E) 1a 12(24++/3).

Loi giai. Gid st phuong trinh elip ¢6 dang (E) : ;C—z + Z—z =1

Chu vi cta hinh chit nhét co s6 1a 2(2a + 2b)

Suyra2(2a+2b) =122+V3) ©a+b=32++v3) (1)

Do cic dinh A1(—a;0),A2(a;0) va Fi(—c;0),F>(c;0) cing ndm trén Ox nén theo gia thiét Fi, F, cling véi
dinh By(0,b) trén Oy tao thanh mot tam gidc déu < ByF>, = FiFy = BoF (%)

Lai c6 Fi F> d6i xting nhau qua Oy nén tam gidc B, F; F> uon 1a tam gidc can tai B.

Do d6: (%) < BoF> = FiF> & V2 +b% = 2c < b? = 3¢%.

Lai c6: a> —c? = b* = 3a®> = 4b> (2).

Tir (1) va (2) suyraa =6 va b = 3+/3.
2 2

A . : X7y
Vay phuong trinhelip (E) la —4+—==1
ay phuong trinh elip ( )a36—|—27
2 2
Bai 24. Trong mit phang toa do Oxy, cho elip (E) : % -+ % = 1. Puong thang A : 2x — 3y = 0 cit (E) tai

hai diém B,C. Tim toa dd di€ém A trén (E) sao cho tam gidc ABC c6 dién tich 16n nhét.
Loi giai. Do AN (E) = {B;C} nén B,C cb dinh hay do dai BC khong déi.
Do d6 dién tich AABC 16n nhat khi khoang céch h = d(A, A) 16n nhét.
. £ ) x = 3sint
Phuong trinh tham s6 cta (E) c6 dang: {
y =2cost
MaA € (E) = A(3sint;2cost), khi d6

/3 T
h=(A.A) = |6sint — 6cost| 6]s1nt—cost\ 6 ‘ <_Z>‘ < 6126
| VT3 V13 Vis 13
. T 3n
) - s1n(t—Z):1 t=—+k2n
Dau “=" xay ra khi: ‘sin (t— Z)‘ =1 T & 4ﬂ (keZ)
sin (17 ) =1 1= -2 +kom

2
+ Véit= %Tﬂ+k27r:>A<¥;\/§>

+ Véit=—§+k27r:A( 3V2 f)
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2 2
Bai 25. Trong mit phing toa dd Oxy, cho elip (E) c6 phuong trinh % + % =1vaP(l;—1). Goid la duong
thang di qua P cat (E) tai hai diém M,N. Tim toa do hai diém M, N sao cho PM.PN 16n nhét.
Loi giai.
Ta c6 P(1;—1) thudc mién trong ctia (E) nén d ludn cit (E) tai M,N.

. < < 2 . x=1+mit P 2 2 .
Goi phuong trinh dudng thang d c6 dang L4t voit € Rm*+n* #0. Goi M(1 +mrty;—1+
y=—l+n
nt1);N(1+4mty; — 1+ nty). Trong d6 t1,1, 1a nghiém cta phuong trinh

(14 mt)? N (—1+nt)?

=1 & (m*42n°)* +2(m—2n)t —5=0.

8 4
Theo hé thuc Vi-et tacd ty.tp = -
- 1-12 = m2 +2n2 ) .
. 5(m~+n~) 5
4 — 2 2 2 2 2 2 — —
Khi d6 PM.PN = /(mt1)? + (nt2)2.\/(mt2)? + (ntp)? = (m* +n*) |t o] = RS e —
M2 +n?
m? . m?
Mait khac 0 < ——— < 1, do d6 PM.PN 16n nhat khi va chi khi —— < n=0.
m2 +l’l2 m2+n2

Khi d6 phuong trinh ctia dudng thang d c¢6 dang y = —1, suy ra toa do clia cac diém M, N 1a nghiém ciia hé

2 2 {M(\/&_l)

%+%:1©{x2:6 @{x:i\/gj N(=VE—1)

y= 1 y=-1 " |y=- { (—V6;—1)
N(V6;—1)

Bai 26. Trong mit phang toa do Oxy, cho elip (E) : = + % = 1. Viét phuong trinh dudng thang d cit (E)

x?
2
tai hai di€ém phan biét c6 toa do 1a cac s6 nguyen.

Lis gidi. Goi M(x0:0) € (E) = 2 +y8° 1 (1)
=x3<2=x0€{-10;1}.

V6i xg = £1 = yp = £2 (théa man).

Vé6i xg = 0 = yg = £2+/2 (loai).

Vay c6 bbn diém c6 toa dd nguyén trén (E) 1a My (1;2);Mp(1;—2);M3(—1;2); My(—1;-2).
Do d6 ta sé lap dugc 6 phuong trinh dudng thang d thoa man d& bai la:
y=22x+y=0;—2x4+y=0;x=—-Lx=1;y = 2.

N e I 2 A < A N s 4 2 2 oA . v 4 < A N [N
Bai 27. Trong mit phang toa do Oxy, viét phuong trinh chinh tac ctia (E) c6 tim sai bang 5 Biét rang dién
tich cla t gidc tao bdi cac tiéu di€ém va céc dinh trén truc bé cia (E) 1a 24.

Loi giai.

B 1

F 2]
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Goi phuong trinh chinh tic cta elip (E) c6 dang
2 2
al —l—zz =1v8ia>b>0vaa®>=b>+c.
c 4 5
Tacotamsale:—:§(:)a: i
a
Goi Fi(—c;0), F>(c;0) 1a cdc tiéu diém va By (0; —b),B,(0;b) la cac dinh trén truc bé.
1 1 12
Suy ra FleFsz la hinh thOi, kho do S)zrlj_!;z]r:z]g2 = §F1F2~BIBZ = 52C.2b =2bc=24b=—
c
Khi do
2_12, 2 5 122 2 4 4 4
ac=b"+c<|-c| =(— | 425" =2304+16¢" & ¢ =256 < ¢ =4(do ¢ > 0).
c

: A S 2y
Suy ra a = 5;b = 3. Viy phuong trinh chinh tic cta elip (E) can tim la: o + 9= 1
Bai 28. Trong mit phang toa dd Oxy, cho hai diém A(4;3),B(6,4). Xac dinh diém M thuoc elip (E) :
%2 + % = 1 sao cho dién tich tam gidc MAB dat gi4 tri nho nhat.
Lui gidi. Tacé AB=+/5va phu’Ong trinh dudng thang AB : 2x +y—11=0.
Goi M(xo,y0) € (E). Khldo g (1)

8
Tfi(l)suyra|x0|<\/_y0<2\/_:>2xo+yo<11.

2 —11 11—(2
Ta lai ¢6 d(M,AB) = 1220+ 50 | ( x0+y0).

V5 V5

Ap dung bit dang thitc Cauchy-Schwarz ta c6

°°|é><t\:

2
(2x0+y0)* < (8+8) (3°+ > =16= —4 < 2xp+y0 <4

7 7
Suy ra d(M,AB)lz 7 = (d(M,AB))mH; :7_5 7
Vay minSyap = 3. (d(M,AB))min.AB = 5.—5.¢§ =3 & M(1;2).
) 22 )
Bai 29. Trong mit phang toa do Oxy, cho (E) : 75 + 9 = 1 va diém M(2;3). Viét phuong trinh dudng

thang di qua M, cat (E) tai hai diém phan biét A, B sao cho M 1a trung diém ctia AB.

Loi gidi. Ta c6 M thudc mién trong clia (E), do d6 d ludn cit (E) tai hai di€ém phan biét.
x=24+mt
y=3+nt
Goi A(2 +mty;3 +nty),B(2+ mty;3 + nty). Khi d6 11,1, la nghiém ctia phuong trinh

Goi phuong trinh dudng thang d c6 dang: véit € R,m? +n? #0.

(1+mt)? n (2 +nt)?

>3 g =1 & (9m? +25n%)1> +2(9m+50n)t — 116 = 0

2(9m+50n)

Theo hé thuc Vi-ettacoty, +tHp = ———————
eo hé c Vi-ettacot)+1o 92 + 2572

Miit khdc ta lai c6 M 1a trung diém cta AB, do d6

o {m((tl +15)=0

XA +xp =2xy - 44+ (t1+tr)m=4
ya+yB=2ym 6+ (t1+n)n==6

Sh+H=0 (m2+n27é0)

n l‘1—|—l‘2)=0

2(9m+50n) 50
—_— L = 0& 50n=0 = ——

I - 2572 9m + 50n S m 9n

x=2+9¢

Chon m = 9 = n = —50. Khi d6 phuong trinh dudng thang d 1a { 13— 50z
y=>5-
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Bai 30. Trong mit phang toa dd Oxy, cho diém A(4;0) vaelip (E) : X—6 % = 1. Tim toa do cic diém B,C
thudc (E) sao cho tam giac ABC vudng can tai A.
Loi giai.
y
B
A
0] X
C

Ta c6 B,C thudc (E) va tam giac ABC vudng can tai A. Mat kha A(4;0) € Ox va (E) nhan cac truc
Ox, Oy la truc dbi xung nén B, C d6i xting nhau qua truc Ox.
Do d6 goi B(m;n),C(m;—n) € (E) véin # 0.
2 2 2 2 2 2

zﬁ (m—4;n) m n—zl mon mer -
Suyra{% , khi do 16+9 & 16+9 120@ 16+9 !
AC = (m—4;— ) ABAC =0 (m—4)* —n? n? = (m—4)?
2 2 m=4
4
:>m——i—u:1(:>25m2—128m+112:0<:> 28
16 9 m=—.
25
Vé6im=4=n=0
<28 72) (28 72)
B o2 B —=
Véim = §:>n—j:B Suy ra 25°25 hodc 25 25
"~ 25 25" C(zs_ 72) : C<28.72>
25" 25 25’25/
2 2 )Cz y2 £
Bai 31. Trong mat phang toa dd Oxy, cho dudng thang d : x+y—4 = 0 va elip (E):Z+E:1'Viét

phuong trinh dudng thang A vudng géc véi d va cit (E) tai hai diém A, B sao cho dién tich tam gidc OAB
bing 2.

Loi gidi. Taco A L d do d6 phuong trinh dudng thang A c¢6 dang: x —y+c¢ = 0.

Phuong trinh hoanh do giao diém cta A va (E) la:

2x% +4(x+c)> =8 < 6x> +8cx+4c? —8=0 (1)
Ta lai ¢6 A cit (E) tai hai diém phan biét do d6 (1) phéi c6 hai nghiém phan biét, nghia Ia
AN=48-8c>0& —V6<c<6 (2)

Ta ¢6 A(xy,x1 +¢),B(x2,x2 + ¢) 1a cdc giao di€m cta A véi (E), khi d6 x;,x; 1a cdc nghiém clia phuong
trinh (1).

4c
X1 +xp = ?
Do d6
0o 22— 4
X1.X2 = 3

Mat khac ta lai c6 AB = \/()CZ —X1)2 + ()C2 —x1)2 = \/2()61 -I—xz)2 —8x1.x2

32¢2 16¢2—-32 4
= AB = - =-Vc2+2
\/ 9 9 Vet

el
| V2
Ma Sypc =2= 5 AB.d(0,A) =2

Ta lai c6 d(O,A) =
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14
= 5.5\/& Jrz.‘if‘2 =242 -18=04 c =+ —1++/19 (thda man (2))
Viy dudng thang A can lapla A:x—y++1/—1+v/19=0hodc A:x—y—+/—1+/19=0
2 2
Bai 32. Trong mit phang toa dd Oxy, cho elip (E) : % + yg = 1 ngoai tiép tam gidc déu ABC. Tinh dién
tich tam giac ABC, biét (E) nhan A(0;3) lam dinh va tryc tung lam tryc d6i xtng.

Loi gidi.

Do AABC déu va c6 A(0;3) nén B,C dbi xding v6i nhau qua truc tung, nén goi B(m,n) = C(—m,n) véi
m >0 = a = BC = 2m va chiéu cao clia tam gidc la h = 3 —n.

3
Khidéh:M<:>3—n:\/§m<:>n:3—\/§m:>B(m;3—\/§m)
a

2 3_./3 2

MatkhécBe(E),dodé%Jr#:l@%z—:szﬁm:o
2
@m:%g(théamﬁn) vam = 0 (loai).
%

. -39 19 1 30723
Khidon=—= =S = —-h.BC =
T T 3 T 361



248 CHUONG 3. TICH VO HUONG CUA HAI VECTO

4.  DE KIEM TRA CHUONG 3

I. Pésbla

Bai 1. Cho A(1,5);B(4,—1);C(—4,-5).
a) Viét phuong trinh tdng quat ctia dudng thang chia cdc canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.
¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

Loi giai.

a) TacoAB = (3,—6); BC = (—8,—4), AC = (—5,—10).
Phuong trinh tong quat cﬁa duong thang chUa canh AB 26—1)+(y—5)=0&2x+y—-7=0

.................................................................................. 0,5 diém
Phu0ng trinh tdng quat duong thang chiia canh AC: 2(x+4) — (y+5) =0<2x—y+3=0

.................................................................................. 0,5 di€ém
Phu0ng trinh téng quat duong thang chia canh BC: (x —4) —2(y+1) =0 x—2y—6=0
P 0,5 di€ém

b) Goi I la trung di€ém canh BC. Khi d6 1(0; —3). Phuong trinh dudng trung tryc canh BC 1a 2(x —0) +
(y+3)=0¢2x+y+3=0..0,5diém Goi J la trung diém canh AB. Khi d6 J(3;2). Phuong trinh

dudng trung tric canh AB1a (x—3) —2(y—2) =0 2x—4y+3=0.........coenen... 0,5 diém
¢) Vi tam gidc ABC vudng tai B nén tim dudng tron ngoai tiép 1a trung di€ém O clia canh AC. Ta c6
0(52:0) va ban kinh OA = i COA = (S5=5). 0,5 diém
Phuong trinh dudng tron ngoai tiép tam giac ABC 1a (x+ %)2 +y* = 142 ................ 0,5 diém.

Bai 2. Cho elip (E) c6 phuong trinh %2 +yT2 =1

a) Tim tiéu di€m, tAm sai, dudng chuan cua (E).
b) Tim trén (E) nhiing diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vuong.

Lui gidi.

a) Tacé c? =a’> —b*> =3, suy ra ¢ = /3. Cic tiéu diém F; (—/3;0) va F(v/3;0). .......... 0,5 diém
3 ,
Tam sai e = - £ ............................................................... 0,5 diém
a 2 4
Puong chuin x = o 0,5 diém
e V3
b) Vi EMF; = 90°, do d6 M thude dudng tron dudng kinh FiFy 1a x> +y2 =3, ...o.ooon. .. 0,5 diém.
2 2
Toa do di€m M I nghiém hé phuong trinh % + yT VAR Y =3 0,5 diém.
+21/2 1 ,
Gai hé ta dudc x = —\/_;y o 0,5 diém
V3 V3
e s 272 +1 .
Vay ¢6 bén diém can tim Ia ( :I:i; e 0,5 diém
V3 V3
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Bai 3. Trong mit phang véi hé truc toa dd Oxy cho hai di€ém A(2;0) va B(6;4). Viét phuong trinh dudng
tron (C) tiép xidc vdi truc hoanh tai diém A va khoang céch tir tim ctia (C) dén diém B bing 5.

Loi gidi. Goi I(a;b), R 1a tAm va ban kinh dudng tron (C). Do (C) tiép xtc véi truc hoanh tai di€ém A(2;0)
NEN A =2 VA D] =R 0,75 diém
Do IB=5mal(2;b) vaB(6;4) suyra (b—2)>+(4—b)?> =52 <= b =8h+7=0<b=1,b=7
........................................................................................ 0,75 diém

V6ia=2,bh=1=R=1,tacéphuong trinh ctia (C) 1a (x —2)>+(y—1)>=1............... 0,75 diém
V6ia=2,b=7= R=7tacé phuong trinh ctia (C) 1a (x —2)>+(y—7)2=49 .............. 0,75 diém

IL. Désé1b

Bai 1. Cho A(—5,6);B(—4,—1);C(4,3).
a) Viét phuong trinh tdng quat ctia duong thang chia cic canh ctia tam gidc.
b) Viét phuong trinh dudng trung truc canh BC va AB.
¢) Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.

Loi giai.

a) Ta 6 AB = (1,—7);1?2 (8,4),@2 (9,—

Phuong trinh tong quat clia duong thang chia canh AB: 7(x +5) 4+ (y—6) =0 < Tx +y+29 =0

.................................................................................. 0,5 di€ém
Phu’dng trinh tdng quat duong thang chiia canh AC: (x+5)+3(y—6) =0 < x+3y— 13 =0
.................................................................................. 0,5 di€ém
Phu’dng trinh téng quat dudng thang chiia canh BC: (x+4) —2(y+1) =0 x—2y+2=0
e e e e e e e e e e e 0,5 diém

b) Goi I 1a trung di€ém canh BC. Khi d6 1(0;1). Phuong trinh dudng trung tryc canh BC 1a 2(x — 0) +

(V= 1) =0 2x 4y — L =0 e 0,5 di€ém
Goi J la trung di€ém canh AB. Khi d6 J (79 %) Phuong trinh dudng trung truc canh AB 1a (x + %) —
T(y— 2)—0(i>x Ty 422 =0 0,5 di€ém

¢) Goi O la giao diém hai dudng trung truc cta hai canh AB va BC. Toa do diém O 1a nghiém hé phuong
trinh 2x+y—1=0vax—7y+22=0..0,5 diém Giai hé ta dugc O(—1;3) va oC = (—5;0) suy ra

DANKINN OC = 5. ... 0,5 diém
Phuong trinh dudng tron ngoai tiép tam gidc ABC 1a (x +1)2+(y—3)> =25 ............ 0,5 diém.
x2 y2
Bai 2. Cho elip (E) c6 phuong trinh 9 + i 1.

a) Tim tiéu di€m, tAm sai, dudng chuan cua (E).
b) Tim trén (E) nhiing diém M sao cho M nhin doan thang ndi hai tiéu diém dudi mot géc vuong.

Loi giai.

a) Taco ¢ =a?—b?> =5, suy ra c = /5. Céc tidu diém F,(—/5;0) va F(\/5;0). .......... 0,5 diém
5 .
Tamsaic =S = Y 0,5 diém
a 3 9
PUSNE chudn X = £ = b 0,5 diém
e V5
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b) Vi EME, = 90°, do d6 M thudc dudng tron dudng kinh FiF 1A x2 +92 =5. . .ooovoni. .. 0,5 diém.
2 2
Toa do diém M 1a nghiém hé phuong trinh % + % =1vax>+y> =5 .. 0,5 diém.
+3 +4 .
Gai D ta QUGC X = sy = o 0,5 diém
V5 V6
LA A A a1 3 44 o
Vaycobondiemcantimla [ ——=;—= ) ...t 0,5 diém
V55

Bai 3. Trong mit phang véi hé truc toa d6 Oxy cho tam gidc ABC c6 C(—1;—2), dudng trung tuyén ké tir
A va dudng cao ké tit B 1an lugt c6 phuong trinh 12 5x +y—9 =0 va x + 3y — 5 = 0. Tim toa do cdc dinh A
va B.

Loi giai. Puong thing AC di qua C va vudng géc véi duding thang x+ 3y —5 = 0, suy ra phuong trinh AC

LA 3 — Y L = 0 o e 0,75 diém
Toa dd di€ém A 1a nghiém ciahé 5x+y—9=0va3x—y+1=0,suyraA(1;4) .............. 0,75 di€ém
Diém B thudc dudng thang x 4 3y — 5 = 0 va trung diém ctia canh BC thudc dudng thang Sx+y—9=00,5
diém . 5
Toa do diém B la nghiém ctia hé phuong trinh x+3y—5=0va 5 (%) + y% —9=0, suy ra B(5;0)
0,75 diém
III. Péso2a

N oA o 2 X = 1 +t N S
Bai 1 (2 diem). Trong mat phang Oxy, cho A { . (r € R) vadiém A(3;0). Tim B € A sao cho AAOB

y =

vuong tai O. .
Li gidi. Goi B(1+b;b) € A Khi d6: OB = (1 —b;b); OA = (033). .+ vvveeeeeeeeeii 0,5 diém).
AA% vudng tai O
& Qé L OB . o e (0,5 diém).
e DA OB = 0. (0,5 diém).
S 31D F0.B) Z 0 0,5 diém).
S b=-—1
VY B(0; — 1) oottt et (0,5 di€m).

Bai 2 (2 di€ém). Tim hinh chiéu vudng géc cia gbc toa dd O 1én dudng thing A : x —y+2 = 0, tit d6 tim
diém dbi xiing ctia O qua A.

Loi gidi. Goi H 12 hinh chiéu cta O 1én A.

Vi OH vuodng géc v6i A nén OH nhan vectd phap tuyén (A = (I;—1)) cta A lam vecto chi phuong, tic la

OH nhan ngg = (1;1) 1am vecto phap tuy8n. .. ......ooo e (0,5 diém).
Do d6, OH la dudng thing qua 0(0;0) va nhan ngg = (1;1) 1am vecto phap tuyén; vdy OH c6 phuong
trinh: 1(x—0)4+1(y—0) =0 X+ Y =0 oottt (0,5 diém).
. ) o, . L {x—y+2:0 {x:—l
Tacdé H=ANOH, nén toa do cua H 1a nghiém cua hé:
x+y=0 y=
VAY H (=13 1) oo e 0,5 diém).
Goi O’ 1a diém dbi xting v6i O qua A.
Khi d6, H 1a trung diém cia 0O0'.
Ap dung cong thiic tinh toa do trung diém ta tinh dugc O'(—2;2). ......oooeiiiiiiinn, (0,5 diém).
Bai 3 (2 diém). Viét phuong trinh dudng tron (€) noi tiép AABC biét (€) c6 tam I(1;2) va AB : x — 2y +
7=0.
Loi gidi. Vi AABC ndi tiép (¢) nén (%) c6 ban kinh R = d(I,AB) = % .................... (1,0 di€m).
. 16 o
VAy (B) 1 (x— 1) 24 (1= 2) 2 = oo (1,0 diém).
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Bai 4 (2 diém). Cho AABC noi tiép dudng tron () c6 tam la gbc toa do O. Viét phuong trinh tiép tuyén
clia (%) tai A biét E(—1;0) va F(1;1) 1an lugt 1a chan dudng cao ké tit B va C; A thudc dudng thiang
A: 3x+y—1=0.

Loi giai. Goi Ar 1a tiép tuyén cla (%) tai A.

e Chiing minh OA L EF. A
Tit giac BCEF noi tiép nén EFA = ACB.
Hon nira, BAr = ACB. E
Do do6, EFA = BAt.
MiatkhicAt LOANénEF L OA........... .. (0,5 di€m).
e OA la dudng thang di qua O(0;0) va nhin EF = (2;1) 1am véc-to phdp tuyén. 0
OA : 2x4y =0 . (0,5 diém). C
N -2 5 N ) N ; N ‘A 5 N 3x+y -1=0 N
e A la giao diém cta OA va A. Do do, toa do (x;y) cia A la nghiém cua hé: et 0 . Ta tim
x+y=
AUGC AL =) ettt e (0,5 diém).
e Tiép tuyén At 1a dudng thang qua A(1;—2) va nhan OA = (1,—2) 1am véc-to phap tuyén.
At x = 2y — 5 = 0. o (0,5 diém).
o ¥y
Bai 5 (2 diem). Choelip (E): —+=—=1.
ai 5 (2 diem). Cho elip (E) 25+16

a) Tim do dai truc 16n, do dai truc nhd, tiéu cu cua (E).
b) Viét phuong trinh dudng tron dudng kinh 1a doan ndi hai tiéu diém cia (E).
Chiing minh (E) va (%¢) khong ¢6 di€ém chung nao.
Loi giai.
a) Tacda=v25=5b=V16=4;c=Va2 = b2 =3. .00 (0,5 diém).

bo dai truc 16n: 2a = 10.
Do dai truc bé: 2b = 8.

THBU CUT 20 = 6. o ettt e e e (0,5 diém).
b) Pudng tron (%) c6 tim 1a gbc toa do va ban kinh bing ¢ = 3.
(€) c6 phuong trinh: X2 + 32 = 0. . ... oo (0,5 diém).
2
—+—==1 . o
Vihé ¢ 25 * 16 v0 nghiém nén (E) va (¢') khong c6 diém chung nao............. (0,5 diém).
2., .2
X +y =9

IV. Désb2b

2 2 — 1 —t 2
Bai 1 (2 diem). Trong mat phang Oxy, cho A: {x . (t €R) vadiem A(0;3). Tim B € A sao cho AAOB
y =
vuong tai O.
N . 1l 3
Lo gidi. Goi B(1 — b;b) € A. Khi d6: OB = (1 — b:b); OA = (0;3).
AAOB vudng tai O.

N @ LB (0,5 diém).
B OA OB = 0. (0,5 diém).
S 0.1 = B) £ 3.(B) = 0ur oo e 0,5 diém).
abh=0

VAY B(L10). e e e e e (0,5 diém).
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Bai 2 (2 diém). Tim hinh chiéu vuong géc ciia gbc toa do O 1én duvng thing A : x+y—2 =0, tir d6 tim
diém d6i xting ctia O qua A.

Loi gidi. Goi H 12 hinh chiéu cta O 1én A.

Vi OH vudng goc v6i A nén OH nhan vecto phap tuyén (nx = (1;1)) ciia A lam vecto chi phuong, tic 12

OH nhan nigp = (1;—1) 1am vecto phap tUYEN. ... ...\ttt (0,5 diém).
Do d6, OH la dudng thing qua O(0;0) va nhan iof = (1;—1) 1am vecto phdp tuyén; vdy OH c6 phuong
trinh: 1(x—0) —1(y—0) =0 x =y =0, o\ttt (0,5 di€m).
) . e, X Fy=2=0 X =
Taco H= ANOH, nén toa do cua H la nghiém cua hé: 0
VAY H (L3 1) e e e e 0,5 diém).
Goi O’ 1a diém d6i xting v6i O qua A.
Khi d6, H 1a trung di€ém cta 00’
Ap dung cong thic tinh toa do trung di€ém ta tinh dugc O'(2;2). .......ooviiiiii .., (0,5 diém).
Bai 3 (2 diém). Viét phuong trinh dudng tron (€) ndi tiép AABC biét (€) c6 tam I(—1;2) vaAB : x—2y+
7=0.
e e? e At A A s 3 s 2 R
Loi giai. Vi AABC noi tiép (¢') nén (%) c¢6 ban kinh R = d(I,AB) = TR (1,0 diém).
4 2
Vay () : (x+1)2+(y—2)2 = S (1,0 diém).

Bai 4 (2 diém). Cho AABC noi tiép dudng tron (%) c6 tam la gbc toa do O. Viét phucng trinh tiép tuyén
clia (%) tai A biét E(—1;3) va F(2;3) lan lugt 1a chan dudng cao k& tit B va C va A thudc dudng thang
A: 2x+y—-5=0.

Loi giai. Goi Ar 1a tiép tuyén cla (%) tai A.

e Chiing minh OA L EF. A
Tit gidc BCEF noi tiép nén EFA = ACB.
Hon nira, BAr = ACB. E
Do do6, EFA = BAt.
MiatkhacAr L OAnén EF L OA........ ... (0,5 di€m).
e OA la dudng thang di qua O(0;0) va nhin EF = (3;0) 1am véc-to phap tuyén. 0
OA 0 X =0 (0,5 diém). C
e, . ) R s ria o o J2x+y—=5=0 .
e A la giao diém ctia OA va A. Do do, toa do (x;y) cia A la nghiém cla hé: 0 . Ta tim
X =
QUG A(055) . . ettt e e (0,5 di€m).
2 P N — .
e Tiep tuyén At la dudng thang qua A(0;5) va nhan OA = (0;5) lam véc-to phap tuyen.
Al LY = S (0,5 diém).
0 ¥y
Bai 5 (2 diem). Cho elip (E) : 75 + 9= 1.

a) Tim do dai truc 16n, do dai truc nhd, tiéu cu cua (E).

b) Viét phuong trinh dudng tron dudng kinh 1a doan ndi hai tiéu diém cia (E).
Chiing minh (E) va (%) c6 4 diém chung.

Loi giai.

a) Tacda=vV25=5b=vV9=3c=Va2 —b2 =4 ... .. . (0,5 diém).
Do dai tryc 16n: 2a = 10.
b0 dai truc bé: 2b = 6.
THU CUT 20 = 8. ettt (0,5 diém).
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b) Pudng tron (¢) c6 tam 1a gbc toa dd va ban kinh bing ¢ = 4.

(€) c6 phuong trinh: X2 42 = 16, . . ..ottt e (0,5 diém).
2 5P

Vihé { 25 Ty L o4 nghiém phan biét nén (E) va (€) ¢6 4 diém chung. .......... (0,5 di€m).
x>+ y2 =16

V. DPéso3a
Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam gidc ABC v6i A(—1;3),B(3;1) va C(3;-5).
a) Viét phuong trinh tham s va phuong trinh téng quét ctia dudng thang chia canh AC.

b) Viét phuong trinh téng quat ctia dudng cao xuét phat tif dinh B va tim toa do truc tAm clia tam gidc
ABC.

¢) Viét phuong trinh duong thang d di qua A va cach B mot doan bang 4.
Loi giai.

a) Taco AC = (4;—8) nén dudng thing AC nhan véc-to 1 = (2;1) 1am véc-to phap tuyén. .. 0,5 diém.

. . x=—1+t o
Phuong trinh tham so cua duong thang AC : { g Tt 0,5 diém.
y=3-21.
Phuong trinh tong quat cia duong thang AC : 2x+y—1=0. .............cooveiiin.... 0,5 diém.
b) Phuong trinh ctia dudng cao xuit phat tit B(3;1) va nhin véc-to AC = (4; —8) 1am véc-to phép tuyén
e 0,5 diém.
Phuong trinh dudng cao xut phat ti A(—1;3) va nhan BC— (0; —6) 1am véc-to phéap tuyén lay —3 =
PP 0,5 diém.

Toa do tryc tdm H cia AABC la nghi€ém hé phuong trinh

x—2y=1 x=1
=
y=3 y=3.

................................................................................. 0,25 diém.

¢) Goi A 1a dudng thing cin tim va A c6 véc-to phép tuyén 7 = (a;b) v6i a® + b2 #£ 0.

Pudng thing A cédang a(x+ 1) +5(y —3) = 0. .o ovvrriiiiee e 0,25 diém.
Ta co
3+1)+b(1-3
d(B;A) = 4 o (9B ED FOA =3,
Va*+b?
& 2a—b|=2Va?+b? < dab+3b* =0
< b=0hoac b= _3_a
4
.................................................................................. 1,0 diém.
Khib=0(thia#0),taco phuong trinh Alax+1=0. ............. ..., 0,25 diém.
3 .

Khi b = _Za thi A c6 phuong trinh1a4x —3y+13=0........ ...t 0,25 diem.

B
Cau 2. (2,0 diém) Trong hé toa dd Oxy, cho dudng tron (T) : x*> +y? — 2x+ 6y — 15 =0.

a) Tim toa do tdm va tinh ban kinh cta (7).
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b) Viét phuong trinh tiép tuyén ctia (T'), biét ring tiép tuyén d6 song song v6i dudng thang [ : 3x — 4y +
5=0.

Loi giai.

a) Pudng tron (T) c6tdm I(1;—3) vabankinh R=15. ..... ... ... it 0,5 di€m.
b) Goi A la tiép tuyén can tim.
ViAsongsong/nénAcodang3x—4y+m=0,m=£S. ... i, 0,5 diém.
ViAtiép xtic (T)nénd(ILA) =R&m=10hodcm=—35. ..........ccoviiiiiiaiin. 0,75 di€m.
Vay phuong trinh Ala3x—4y4+10=0va3x—4y—35=0. ... 0,25 diém.
Ciu 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : % + yz —1.

a) Xac dinh toa d9 céc tiéu diém Fy, F> va do dai tiéu cu cta (E).
b) Liy di€ém M tiy y thuoc (E). Chiing minh ring biéu thiic T = MF; - MF, + OM? c6 gi4 tri khong ddi.

Loi gidi.

a) Tacé c? =a’? —b*> =5nénelip E c6 hai tidu diém Fi (—v/5;0), /. (V5;0). .............. 0,5 diém.
Do daitiducuctia (E)1a F1Fy =2c=2v/5. .. o e 0,25 diém.

T e ¢ A ) 5, 0
b) V6i M tuy y thudc E, tacd MF-MF, = (a + xM> (a — —xM> 9— §xM. ............ 0,5 diém.

x2 5 .
Ma OM? = x3, +y3; = x3, +4 34 =35 X 0,5 diém.
VAy T =MF -MPF>+O0M? = 13. .. 0,25 diém.

. ¥y
Cau 4. (2,0 diém) Trong hé toa do Oxy, cho (E) : 75 + 6= 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bing do dai truc nhé cla (E).
b) Tim di€ém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhat.

Loi giai.

a) Elip (E) c6 do dai truc nhd 2b = 8 nén dudng tron can tim cé bankinh r=4............. 0,5 diém.
Vay phuong trinh (C) 1a X2 432 = 16. ... ..o e 0,5 diém.

. N 4
b) ViM(x;y) € (E) vax,y>0néntacéy=4 1—525\/25—)@. ................... 0,25 di€m.

4 4 25 2
Tacéxy = - /x2(25 —x2) < s e TR 0,5 diém.

5 5 2
x> =25—x?

2 ., 5 . x>0 X = % .0

Dang thuc xay ra khi & 2 e 0,25 diém.

2
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VI. Péso3b
Cau 1. (4,0 diém) Trong hé toa dd Oxy, cho tam giac MNP véi M(—1;3),N(3;1) va P(3; -5).
a) Viét phuong trinh tham s6 va phuong trinh tdng quat clia dudng thang chita canh MP.

b) Viét phuong trinh tdng quat ctia dudng cao xuat phat tif dinh N va tim toa do tryc tAm ciia tam gidc
MNP.

¢) Viét phuong trinh duong thang d di qua M va cach N mot doan bang 4.
Loi giai.

a) Taco MP = (4;—8) nén dudng thing MP nhan véc-to ] = (2;1) lam véc-to phép tuyén. .0,5 diém.

£ . x=—1+4t .
Phuong trinh tham so cua dutng thang MP : { g e 0,5 diém.
y=3-2r.
Phuong trinh tong quat ctia duong thang MP : 2x+y—1=0. .........ccccciviiiii.... 0,5 diém.
b) Phuong trinh ctia dudng cao xuét phat tit N(3;1) va nhan véc-to MP = (4; —8) 1am véc-to phap tuyén
R [ P 0,5 diém.
Phuong trinh dudng cao xuét phat tt M(—1;3) va nhan NP = (0;—6) lam véc-to phap tuyén 1a
U T | 0,5 diém.

Toa do truc tam H cuia AMNP la nghiém hé phuong trinh

x—2y=1 x="17
=
y=3 y=3.

................................................................................. 0,25 diém.

¢) Goi A 1a dudng thing cin tim va A c6 véc-to phép tuyén 7 = (a;b) v6i a® + b2 # 0.
Pudng thing A cédang a(x+ 1) +5(y —3) = 0. oo ovvrriiiiee e 0,25 diém.
Ta co
34+1)4+b(1-3
d(N:A) = 4o CBTD O3],
Va?+b?
& 2a—b|=2vVa?+b? < dab+3b* =0

<:>b:Ohoaflcb:—34—a.

Khi b =0 (thi a # 0), tacé phuong trinh Alax+1=0. ................ ... .o ii... 0,25 diém.
3 o
Khi b = _Za thi A c6 phuong trinh [a4x —3y+13=0......... ... ... i . 0,25 diém.
Cau 2. (2,0 diém) Trong hé toa do Oxy, cho dudng tron (C) : x? 4 y> — 2x + 6y — 15 = 0.
a) Tim toa do tdm va tinh ban kinh cta (C).

b) Viét phuong trinh tiép tuyén ctia (C), biét ring tiép tuyén d6 song song véi dudng thang d : 4x — 3y +
1=0.

Loi giai.

a) Puong tron (C) cétim I(1;—3) vabankinhR=5. ..... ... ... ... . ... 0,5 diém.
b) Goi A la tiép tuyén can tim.
ViAsongsongdnén Acédang dx —3y+m=0mF# 1. ... ... .. 0,5 diém.
Vi A tiép xtic (C) nénd(l;A) =R<m=12hodcm=—38. ........ccooiiiiieiin.... 0,75 di€m.

Vay phuong trinh Ala4x —3y4+12=0vadx—3y—38=0. ......... ... 0,25 diém.
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22
Ciu 3. (2,0 diém) Trong hé toa do Oxy, cho elip (E) : )16—2 + % =1.

a) Xac dinh toa do céc tiéu diém F, F> va do dai tiéu cu cta (E).
b) Liy diém M tuy y thudc (E). Chiing minh ring biéu thiic T = MF; - MF> + OM? c6 gia tri khong doi.

Loi giai.

a) Tacé c? =a®? —b*> = 5nénelip E c6 hai tiéu diém Fi (—2v/2;0),F(2v/2;0). ............ 0,5 diém.
Do daitiducucia (E) 1A F{F =2c=4v2. ... o 0,25 diém.
2
b) V6i M tuy y thudc E, tacdé MF,-MF, = ( ) (a — —xM> =12- §x12v1 ........... 0,5 diém.
2 o
MéOMzzx%,,+y,21,,:x]2‘,,+4(l—);—2)—3 B A 0,5 diém.
VAy T = MF; -MF>+O0M? = 16. ... 0,25 diém.
2y
Cau 4. (2,0 diém) Trong hé toa dd Oxy, cho (E) : 16 + 5= 1.

a) Viét phuong trinh dudng tron (C) c6 tim O va dudng kinh bing do dai truc nhé cta (E).
b) Tim diém M (x;y) thudc E c6 toa dd duong sao cho tich x -y dat gid tri 16n nhét.

Loi giAi.

a) Elip (E) c6 do dai tryc nhd 2b = 6 nén dudng tron can tim co bankinh r=3............. 0,5 diém.
Vay phuong trinh (C) IAx? +3% = 0. ...t 0,5 diém.

\ N 23 .
b) ViM(x;y) € (E) vax,y>0néntacdy=23 I—E:Z\/16—x2. ................... 0,25 di€m.

3 3 16 .
Taco xy = 2/ (16—) < )““% 6 0,5 diém.

XX =16—x*

2 . 2 . x>0 = 2\/5 -

Dbang thuc xay ra khi & By/2 e 0,25 diém.
2 = —
y=34/1- r Y 2

16
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