MOT SO BAT PANG THUC TRONG CAC PE THI HQC SINH GIOIL TUYEN SINH PH-THPT
QUOC GIA VA LOP 10 CHUYEN TOAN
Trong cac ki thi hoc sinh gioi mén Toan THCS, THPT va céc ki thi tuyén sinh 16p 10 chuyén, noi
dung vé bat dang thirc va gia tri 16n nhat, nho nhat xuat hién mét cach déu din trong cac dé thi véi cac bai toan
ngay cang kho hon. Trong chu d& nay, minh di tuyén chon va gidi thiéu mot s bai toan vé bat dang thirc va
gia tri 16n nhét, nho nhét dugc trich trong cac dé thi hoc sinh giodi mén toan cip tinh va cac dé thi chuyén toan

cac nam gan day.

. . 1 1 1
Bai 1. a) Cho cac s0 duong a, b, ¢ tuy y. Chirng minh rang: (a +b+ c)(— + Z+ —j >9
a c

b) Cho cac s6 duong a, b, ¢ thoda man a +b +c¢ < 3. Chimg ming rang:
1 2009

a’+b’>+c* ab+bc+ca
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Hdii Phong ndm 2009 - 2010

2670

Loi giai
. L . . 3 1 1 1 1
a) Ap dung bat dang thirc C6 si cho 3 s6 duwong a+b+c >3/abc; —+—+—2>3

a b ¢ Rabc

I 1 1
Suy ra (a+b+c)(—+—+—j29

a b c
Bt dang thirc duoc chirng minh. Dau déng thirc xy ra khi va chi khi a =b=c

2
a+b+c 2007
b) Ta co: ab+bc+ca£a2+b2+cz:>ab+bc+cas(—)ﬁ3:>—2669
ab+bc+ca

Ap dung bét dang thirc trong céu a, ta co

! + ! + ! (a2+b2+cz+2ab+2bc+20a)29
a’+b*+c¢* ab+bc+ca ab+bc+ca

Suy ra > 12 ~+ ! > 2 -1
a +b +c¢° ab+bc+ca (a+b+c)
Do d6 ta dugc ! + 2009 >670.

a+b*+c* ab+bc+ca

Vay bét dang thirc dugc ching minh. Du dang thirc xdy ra khi va chikhi a=b=c=1.

. . 1
Bai 2. Vi so ty nhién 7 >3 . Ching minh rang S, < E .

Véi S, =

1 1 1
3(1+42) (23] (net)(dn et

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Binh Dinh ndm 2009-2010

Loi giai
Véin=>3 ,tacod

| _m_&_mw<mw_m-¢;_l(l ! )

@n+l)(Vn+nel) 24l advdnsl andedn 2Vneln 2

NCENCES

1 1 1 1 1 1 1 1 |
Dodétaduoc S <—|]l-——4+——"—+ .. +———|=—| | —— | < —
o 2( V2 2 B Jn \/n+1j 2( \/n—i-lj 2

Vay bat dang thirc duoc ching minh.
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v6i moi sO nguyén m, n.

Bai 3. Ching minh ring m_ \/5 ‘ >
n

1
A

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Binh nim 2009-2010

Loi giai
. \ s A PO L SN NS ([
Vim, n la cac s0 nguyén nén — 1a so hitu ti va \/E la s0 vO ti nén ——\/5 #0.
n n
Ta xé&t hai truong hop sau
. m .

+ Trudng hop 1:V61—>\/§,kh1détaduch m’ > 2n* = m* >2n* +1 hay m >+/2n* +1

n

m_plsN2Al po L p T w T ! > 1

1
2+—-2
Tt d6 suy ra ‘

2
n n n 1 2
\/2+2+\E nz(‘/2+12+\/§] (V3 +42)
n n
+ Truong hop 2: V6i 22 <2, khi d6 ta duge m? < 2% = m? < 2n® —1 hay m <~/2n® —1
n

Tur d6 suy ra

m e i F R L]

n \/— ( _an] n(V3+42)

Viy bai toan dugc chung minh.

Bai 4. Cho ba s thuc a, b, ¢ d6i mot phan biét. Chimg minh rang:
2 2 2
b
a >+ >+ ¢ >=>2
(b—c) (c—a) (a—b)

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Vinh Phiicnim 2009-2010

Loi giai
Bat dang thtrc can ching minh twong duong voi

(bichcfa +aibj2 22+2[(b—cc)l?c—a)+(c—a§fa—b)+(a—bc)c(lb—c)]

Ma ta lai co

ab be ca _ab(a-b)+bc(b—c)+ca(c—a) (a-b)(b—c)(c—a)

(b-c)(c—a) (c—a)a—b) (a-b)(b-c)  (a-b)(b—c)(c—a) (a—b)(b—c)(c—a)

2
., b
Do d6 bat ding thitc trén tro thanh | ——+——+ -S| >0.
b-c c¢c—a a-b

Bt dang thirc cudi cung 1a mot bat ding thic dung. Vay bai toan dugc chimg minh.

Bai 5. Cho a, b, ¢ 1a cac sb thyc duong thay ddi thoa man a+b+c=3. Tim gia tri nho nhét cua biéu
thire:
ab+bc+ca
a’b+b’c+c’a
Trich d@é thi tuyén sinh I6p 10 chuyén Todn Tinh Nghé An nam 2009-2010

P=a’+b"+c +

Loi giai
Du doan dugc diu dang thic xay ra tai @ =b =c =1 va gia tri nho nhit cta P 13 4. Ta quy bai
. L ab+bc+ca
toan vé chimg minh bat déng thirc: a* +b* +c” + -5 24
ab+bc+ca
Nguwoi bién sogn: Tran Minh Quang Trang 2/53



That vay, két hop véi gia thiét ta co
3(02+b2+CZ)=(a+b+C)(Cl2+b2+CZ)=Cl3+b3+03+a2b+b26’+€2a+ab2+bC2+Caz
Ap dung bt dingr thirc Cauchy ta co: a’ +ab” >2a’b;b’ + bc* > 2b’c; ¢’ +ca’ >2c’a
Suy ra: 3(a2+b2+cz)23(a2b+b2c+cza)>0
ab+bc+ca ab+bc+ca
- 2a+b+—V——
ab+bc+ca a +b" +c
, ab+bc+ca

Phép chimg minh s& hoan tit néu ta chi ra dwoc a” +b° +¢* + N >4
a +b” +c

Do d6 ta dugc a”+b* +c¢* +

. 9—(a2 +b? +c2)

Hay a’ +b° +¢” + >4
2(a2 +b’ +cz)

Pitt=a’+b*+c*. Tugiathiét a+b+c=3=a>+b" +c* >3, dod6 tadugc >3

Bét dang thirc trén try thanh t+?24<:> 21 +9—128t<:>(t—3)(2t—3) >0
4

Bét dang thic cudi cung ludn dung do ¢ > 3. Vay bai toan duoc chirng minh xong.

Bai 6. Cho biéu thuc P=a’ +b* + ¢’ +d* +ac+bd, trong d6 ad —bc=1.
Chtng minh rang: P > \/g
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Thanh Héa nim 2009-2010

Loi giai

Cach 1: Taco

(ac+bd)2 +(ad —bc)2 =a’c’ +2abcd +b*d’ +a’d’* —2abcd +b*c’
=a’ (c2 +dz)+b2 (dz +c2) :(a2 +b2)(02 +d2)

Vi ad—be=1nén 1+ (ac+bd) =(a*+0%)( +d*) (1)

Ap dung bét ding thie Cauchy ta co: P =a” +b*> +¢* +d* +ac +bd 22\/(a2 +b2)(02 +d2) +ac+bd

Suy ta P>24/1+(ac+bd) +ac+bd .Rorang P>0 vi 2,1+ (ac+bd)’ > |ac+bd|’

biat x =ac+ bd , khi d6 ta dugce
P>2J1+x* +x < P? 24(l+x2)+4xxll+x2 +x° =(1+x2)+4x\/1+x2 +4x* +3

2
Hay P’ > (\/1 +x + Zx) +3>3.Do d6 ta dugc P> V3. Vay bét dang thirc dugc ching minh. Pang

ad —bc =1
thitc x4y ra khi va chi khi{ 2a =/3d —c
2b=—3c-d

Cach 2:

Ta viét lai bt dang thire cin chimg minh thanh a* +b* +¢* +d* +ac+bd > \/g(ad - bc)

Hay: a2+b2+c2+d2+ac+bd2a(ﬁd—c)+b(—ﬁc—d)

Nguwoi bién sogn: Tran Minh Quang Trang 3/53




(*/gd _C)z 3d* —23cd + ¢
a(\/gd—c)ﬁa2+—: 24
Ap dung bét dang thirc Cauchy ta co 4 5 4
—BBe—d 2 2
b(—ﬁc—d)3b2+( ; ) —p2 47 +2f"’d+c

Cong theo vé hai bat ding thirc trén ta dwoc a” +b> + ¢’ +d* +ac+bd > a(\/gd — c)+b(—\/§c —d)

Bai toan dugc chirng minh xong.

Bai 7. Goi a, b, ¢ 1a d6 dai ba canh ctia mdt tam giac cd ba goc nhon. Chirng minh réng v&i moi sd thuc x,
y, z taludn co:
2 2 2 2 2 2
X zt  2xT+2y +2z
—t y_z t=> 2 yz 2
a- b° c a +b +c
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thanh Héa niam 2009-2010

Loi giai
Cach1: Vi ¢’ +b*+¢* >0 néntacod

2 2 2 2 2 2 2 2 2 2 2 2
2,32, 2\ X YV Z 2 b"+c" —a 2 a +c -b 5 a +b"—c
(a +b" +c )(—az+—b2 +—Czj:x [2+—a2 }er (2+—b2 ]+z (2+—C2 ]

2 2 2 2 2 2 2 2 2
:2x2+2y2+222+x2(—b +c2 4 j+y2(—a +Zz b ]+22[—a +b2 ¢ }

a C
Giast a<b<c, khiddo ¢* —a>>0; ¢* —b* > 0. Vi ¢ 1a canh 16n nhit va cac goc déu nhon nén
¢’ <a’+b*. Dodotaco b*+c*—a>>0;a*+c* -b*>0;a° +b* —c* >0

2, 2 2 2, 2 g2 2, 2 2
:>2x2+2y2+222+x2(l)+#}+y2(a+bc—2bj+zz($j>2xz+2y2+222

a c
x2 y2 ZZ
Hay (a2+b2+c2) St > 242y  +27°
a b c
2 2 2 2 2 2
X z5 22X +2y° 42z
Hay —2+y—2+—2> 5 ); >— . Bai toan duoc chitng minh xong
a b ¢ a +b” +c

Ciach 2: Bét ding thirc cAn ching minh tvong duong voi

x2 2x2 y2 2y2 2 222 . O
at at+b*+ct b AP +bP+” A +br+
x’ (b2+02 az) yz(a2+cz—b2) z(a’+b° cz)

= >0

Do a, b, ¢ 1a d6 dai cac canh cia mét tam giac nhon nén a® +b* > c*; b> +¢* >a’; ¢* +a’> > b’
Néntaduge: b>+c*—a>>0;a>+c>=b* >0, a° +b* —c* >0
Do vay bat dang thirc trén ludn dung. Bai toan dugc chimg minh xong.

Bai 8. a) Cho k 14 s6 nguyén duong bat ki. Chig minh bét dang thirc sau:

1 1 1
- <) ———
(k+1)\/% (x/z \/k+1j
. 1 1 1 1 88
b) Chung minh rang: —+ + +oo 4 <—
2 32 43 201052009 45
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh nim 2009-2010

Loi gii

Nguwoi bién soan: Tran Minh Quang Trang 4/53




a) Bat dang thuc can chimng minh twong duwong véi

(k+1)\/z< 2\/Elsz<:>Zk+l—2Jk(k+l) >o@(\/ﬁ—ﬁ)2 >0

Bét ding thirc cudi cung ludn dung v6i moi k nguyén duong. Vay bt ding thirc duoc chimg minh.

b) Ap dung két qua céu a ta co
1 1 1

1 1 1 1 1 1 1
+ + toit————<2| == |2 —=—F |+ +2 -
21 32 43 2010+/2009 (xﬁ \/5] [\/5 «/§j [\/2009 \/2010j
1 1 88
=21- <2|l-—— |=—=VP
( \/2010j ( 45} 45

Vay bat dang thire duoc chimg minh xong.

VT =

Bai 9. Véi a, b, ¢ 1a nhimng s6 thuc dwong. Chirng minh rang:
a’ b ¢’ at+b+c
+ + >
J3a2 +8b> +1dab 3B +8¢> +14be 3¢ +8a> +14ca 5
Trich dé thi tuyén sinh l6p 10 chuyén Toin PHKHTN Ha N$i nim 2009-2010

Loi giai
Ap dung bét dang thirc Cauchy ta dugc
3a’ +8b* +14ab =3a* +8b*> +12ab +2ab < 4a* +9b* +12ab = (2a +3b)2

2 2 2
a a a
>

J3a? +8b* +14ab  (2a+3b)°  2a+3b
Ap dung tuong tu ta thu dugc
a’ b’ ¢’ a’ b’ ¢’
+ - > + -
J3a> +8b% +14ab 36> +8c> +14bc  ~3c> +8a> +14ca 2a+3b 2b+3c 2c+3a
Mit khac theo bat dang thirc Bunhiacopxki dang phan thirc ta dugc

2 2 2 2
a+b+c
a b c >( ) _a+b+c

+ + >
2a+3b 2b+3c 2c+3a 5(a+b+c) 5

Suy ra

a’ N b? N c? >a+b+c
V32 +8b> +14ab  30* +8c* +14be 3> +84* +14ca S

Vay bai toan dugc chimg minh xong. Pang thirc xay ra khi va chikhi a=b=c

Do d6 ta duoc:

Bai 10. Gia sir x, y, z 1a nhiing s6 thyc thoa man diéu kién 0< x, y, z<2 va x+ y+z=3. Tim gia trj
nho nhat va 16n nhat ctia biéu thirc:
M=x"+y"+z* +12(1—x)(1—y)(1—z)
Trich dé thi tuyén sinh l6p 10 chuyén Toin PHKHTN Ha Ngi nim 2009-2010

Loi giai
Pita=x-1;b=y—1l;c=z-1,tadugc —1<a; b; c<1 va a+b+c=0.Biéu thirc M dugc
viét lai thanh M:a4+b4+c4+4(a3+b3+c3)+6(a2+b2+cZ)+4(a+b+c)+3—l2abc
Déylakhi a+b+c=0 thi @’ +b’ + ¢’ —3abc =0 nén biéu thic trén thir thanh
M:a4+b4+c4+6(a2+b2+c2)+3
Theo mot danh gia quen thudc thi
1
a4+b4+c4Zabc(a+b+c):0;a2+b2+czZg(a—i-b—i-c)z:O
Do d6 suy ra M >3 hay gié tri nh6 nhét ctia M 1a 3.
Ding thirc xay rakhi vachikhi a=b=c=0 hay x=y =2z =1.

Nguwoi bién sogn: Tran Minh Quang Trang 5/53



Mat khac do —1< a; b; ¢ <1 nén tacod |a

;b

Suyra M =a* +b* +c4+6(012 +b’ +cz)+3£7(|a|+|b|+|c|)+3

sl <1=a* <a® <|af; b* <b* <|b]; ¢* < <[]

Ma talai c6 a+b+c =0 nén trong ba sba,b,cco mot hoac hai s6 am, tirc 12 ludn ton tai hai )
cling dau. Khong mét tinh tong quét ta gia sir hai s6 d6 1a b va c. Khi d6 ta dugc |b| + |c| = |b + C| = |a|
Dén day ta co M < 14|a| +3 <17 hay gia tri 16n nhat cia M 1a 17. Dang thic xay ra khi va chi khi

a=1;b=-1;c=0 vacachoan vi hay x=2; y=0; z=1 va cac hoan vi

Bai 11. a) Cho 3 s6 thuc a, b, ¢ bat ki. Ching minh rang:

(ab)’ (b-¢)' (c-af
26

a+b*+c*>ab+bc+ca+

6 2009
. s 1.2 8
b) Cho a > 0; b < 0. Ching minh rang —>—+
a b 2a-b
Trich dé thi tuyén sinh l6p 10 chuyén Todn TP Hé Chi Minh nim 2009-2010
Loi gidi

a) Bit dang thirc can chimg minh twong dwong véi

(a=b)’ (b-¢)' (c=a) (a=b) (b=¢)' (e-a)
2 2 2 26 6 2009

12(cz—b)2 N (b—c)2 N 2007(c—a)2
13 3 2

Bét ding thirc cudi cung ludn dung.

>0

Hay

Vay bai toan dugc chimg minh. Dang thirc xdy ra khi va chikhi a=b=c.
. . 1 2 8
b) Bat dang thtc can chiing minh twong duong véi: —+—2
a —-b 2a-b
Pit ¢ =—b,do b <0 nén ta dugc ¢ >0, khi d6 bat ding thirc trén duoc viét lai thanh
I 2 8 r 2 2 2 2.4 8
—+—2 . Theo mot danh gia quen thudce ta duoc: —+—=—+—2= =
a ¢ 2a+c a ¢ 2a c¢ 2a+c 2a+c
Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chi khi 2a =—b.

+2—b=1.Ch1'J:ngminh a’ <t
l+a 1+b 8

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Quéing Binh nim 2015-2016

Bai 12. Cho a, b 1a cac s6 duong thoa min

Loi giai
+—2b =1.Dbat x:L; y:LSuyra a:L; p=—2_
l+a 1+b I+a 1+b l-x I-y

Tir gia thiét

v
- <

(1=x)(1-»)

Tir gia thiét tasuy ra 1—x =2y; 1 — y = x + y nén lai viét bat dang thirc can chimg minh thanh

Khi d6 ta dwgc x+2y =1 va bét dang thirc can chirng minh dugc viét lai thanh:

0|~

2
xy 1 2
— S—<:>4xy£(x+y)
2y (x + y) 8
Panh gia cudi cung 1a mot bat dang thirc ding. Vay bai toan duge chimg minh xong. Pang thirc xay ra
khi va chikhi a=5b.

Bai 13. Cho x, y, z 1a cac sb thuc duong sao cho XyzZ =X +y+2z+2.Chung minh rang:
3

1 1 1
<

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2009-2010
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Loi gii

e Ae . o 1 1
Gia thiét cua bai toan dugc viet lai thanh + + =1.
x+1 y+1 z+1

1 1 1
bat a= ;b= ;C= . Khi d6 ta duoc a+b+c=1. Tu do suy ra
x+1 y+1 z+1
l1-a b+c 1-b c+a l-¢c a+b
X = = ;y: = ; = =
a a b b c a

Bit dang thic can chirng minh dugc viét lai thanh

\/(b+cc)l]()c+a) +\/(c+al)7za+b) +\/(a+bc)c(lb+c) <

Ap dung bét dang thirc Cauchy ta duoc

c

ab <l( b L 4 j bc <l( c_ . b ] ca <l( a_
(b+c)(c+a)_2 b+c c+a) (c+a)(a+b)_2 c+a a+b) (a+b)(b+c)_2 a+b b+c

Cong theo vé cac bat ddng thuc trén ta dugc

\/(b+cc)ll()c+a) +\/(c+al))Za+b) +\/(a+bc)c(lb+c) <3

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c =2

Bai 14. Cho céc sb thuc khong am a, b, ¢ sao cho ab+bc +ca = 3. Ching minh rang:
1 1 1 <1
a+2 b+2 +2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2009-2010

Loi giai
2 2 2
b
2a 5+ ZC >1
a+2 b"+2 ¢ +2
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
2 2 2 +h+c) +h+e)
a b < (a b c) B (a b c)

Bit dang thirc can chirng minh twong dwong véi:

+ > = =1
a+2 b+2 F+2 a+b+cP+6 a’+b’+c*+2(ab+be+ca)
Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c=1.
Bai 15. Cho x, y, z 14 cac s6 duong théa man x + 2y + 3z =18 . Ching minh rang;
2y+3z+ +x+ +2y+ 1
y+3z 5+3Z X 5+x y 525_
1+x 1+2y 1+3z 7
Trich dé thi tuyén sinh I6p 10 chuyén todn Pai hoc Vinh, 2009 — 2010
Loi giai

Dit a = x; b =2y; ¢ =3x, khi d6 gia thiét trd thanh a +b+c =18 va bat dang thirc duoc viét lai

thanh: b+c+5+c+a+5+a+b+5 >5_1

l+a 1+b l+c 7
Bét dang thuc trén twong duong véi: b+c+5+1+c+a+5+1+a+b+5+125_1+3
l+a 1+b I+c 7
Hay (a+b+c+6) ! + ! + ! 22
Il+a 1+b 1+c 7

Nguwoi bién sogn: Tran Minh Quang Trang 7/53
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1 1 1 3

+ + >=

l+a 1+b 1+c 7
That vay theo bat dang thiic Cauchy ta co: ! + ! + ! 2 2 =2=i
l+a 1+b l4+c 3+a+b+c 21 7

Phép chimg minh s& hoan tit néu ta chi ra duoc:

Viy bai toan dugc chung minh.
Dang thirc xay rakhivachikhi a=b=c=6 hay x=6; y=3;z=2.

Bai 16. Gia sir x, y, z 1 cac s6 thuc duong thoa man diéu kién x + y+z=1.

XY +2z +4/2x° +2y2 51

1+/xy
Trich dé thi tuyén sinh 16p 10 chuyén Todn PH KHTN Ha Nji nim 2010-2011

Chirmg minh rang:

Loi gidi
Ta s€ quy bai toan vé viéc chirng minh bat dang thic cung bac la

\/xy+z(x+y+z)+\/2x2+2yz : :
21 + +2) 4420 +2) 2 x4+ y+z+
x+y+z+afxy & \(rrz)(y+2) 220 425" 2xtyh ey

Str dung bat ddng thirc Cauchy ta co +/2x” +2y° > x+y
Do d6 ta chi can ching minh «/(z + x)(z+ y) 2 Z+4[Xxy

Bét dang thire trén twong dwong véi: z° +xy +z(x+y) >z’ +xy+22\/5 & Z(\/;—\/;)z >0

Bai toan dugc chimg minh hoan toan. Pang thirc xay rakhi x=y=—; z=0.

1
2

Bai 17. Cho a, b, ¢ 1a cac s6 duong théa man a+b+c+ab+bc+ca = 6. Chimg minh rang:

3 3 3
a

c
Y+ 2a"+bh+c" 23
b ¢ a

Trich dé thi tuyén sinh 16p 10 chuyén Todn PHNN Ha Ni nam 2010-2011

Loi giai
FERR T R
Trudc hét ta ching minh bat dang thirc 5 +—+—2a*+b +c’
C a
2
, ; a3 b3 C3 (a2+b2+C2)
Thét vay, theo bat dang thitc Bunhiacopxki dang phan thuc ta duwgc: —+—+—2———"—
c a ab+bc+ac

Theo mot danh gia quen thudc ta c6 a’ +b* +c*> > ab+bc +ca

Do d6 ta dugc (a2 +b* +¢? )2 > (a2 +b’ +cz)(ab+bc+ca)

2,722, 2\

(a +b° +c ) a3 b3 C3

A L >a’+b+c* . Dodotasuyra —+—+—>a’ +b> +c
ab+bc+ac b ¢ a

+ Ching minh a” +b° +¢* > 3.

That vay, ap dung bét dang thirc Cauchy ta c6

a’ +b*>2ab; b* +c* > 2bc; 2 +a* > 2ca; a* +1>2a;b* +122b;¢* +1> 2¢

Cong theo vé cac bat dang thirc trén ta duogc: ?a(a2 +b’ +02)+3 > 2(ab+bc+ca +a+b +c) =12

Nén ta co:

3 3 3

. T a> b ¢
Hay a’ +b* +¢* > 3. Két hop hai két qua trén ta duge —+—+—2>a’ +b° +¢*> >3
C a

Vay bai toan dugc chimg minh xong. Dang thirc xay ra khi vachikhi a=b=c=1.

Bai 18. Cho céc sé duong a, b, ¢ thoda mén a +b+c = abc . Tim gia tri 16n nhit cta biéu thic:
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a b c

> \/bc(1+a2) +\/ca(1+b2) +\/ab(1+cz)

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2010-2011

Loi giai
Cach 1: Két hop voi gia thiét ta c6

1/bc(1+az) =\/bc+a2bc :\/bc+a(a +b+c)=\/(a+b)(a+c)
Hoan toan tuong tu ta dugc: 1/ca(l—i—bz) :1/(a+b)(b+c); 1/ba(1+cz) :,/(a+c)(b+c) ;

B N b c _|a _a | b ‘ b L ¢
S_\/(a+b)(a+c) \/(a+b)(b+c)\/(a+c)(b+c) \/a+b a+c \/b+c b+c \/c+b a+c

. L / a a 1 a a
Ap dung bat dang thuc Cauchy ta dugc: . <— +
a+b a+c 2a+b a+c

a a b b c c J 3
+ + + + + ==
at+b a+c b+c a+b a+c b+c 2

1
Hoan toan twong tu ta duge: S < —(

. 3 . .
Vay gia tri 16n nhat cua S 1a E . Bang thirc xay ra khi vachikhi a=b=c = \/g .

. . 1 1 1
Cach 2: Ta viét lai gia thiét thanh —+—+—=1.
ab bc ca

1 1 1 .
bat x =—; y:Z; z =—, khi d6 gia thict tro thanh xy + yz +zx =1
a C
Ta vidt lai biéu thitc S thanh: S:\/ T - \/ 4
x +1 vy +1 z7+1

vz zx xy

(x+y)(x+2) +\/(y+2)(x+2)+\/(Z+X)(y+2)

. Loz 3
Ap dung bat dang thuc Cauchy ta chung minh duoc \/ 2z = 24 < 5

(x+y)(x+2) +\/(y+2)(x+2)+\/(Z+X)(y+2)

Dé y dén gia thiét xy+ yz+zx =1 ta dugc S :\/

. 3
Vay gia tri 16n nhat cua S 1a E .

Bai 19. Cho céc sé duong a, b ¢ .Tim gia tri nho nhat cua biéu thirc
c(ab+l)2 a(bc+l)2 b(ca+1)2
= 2 + 2 + 2
b (bc+1) c (ca+1) a (ab+1)
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii The nim 2010-2011

Loi giai
Cich 1: Ap dung bat dang thirc Cauchy dang x + y +z > 33/xyz ta duoc

2 2 2
§53s c(ab+1) .a(bc+1) .b(ca+1) :3i/(ab+l)(bc+1)(ac+l) 23i/2\/ab,2\/ﬁ,2\/5 6
b (bC+1).02 (ac+1).a2 (ab+1) abc abc
Vay gia tri nho nhat cia S 1a 6, dang thirc xy ra khi vachikhi a=b=c=1
2 2 2
Cach2: par x=S2FL.  Jbetl Al it o bidu thite duoe viét lai thanh § = 2+ 2 4+ 2
b c a y z X

g . . o , Xy (x+y+z)2
Theo bat dang thirc Bunhiacopxki dang phan thircta cé: S =—+—+—2>2-—"—"—"—=x+y+z
y z X xX+y+z
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—

Do d6 ta duge: S > abb+l+bc+1+ca+1 =(a+lj+(b+éj+(0+

C a a

_j26

Vay gia tri nho nhét caa S 13 6, ding thirc xay ra khi va chikhi a=b=c=1

o

Bai 20. Cho x, v, z 1a cac s6 duong thoa mén x+ y+z = 18\/5 . Chimg minh rang:
1 1 1 1

For7) (e foxry) 4

Dé thi tuyén sinh 16p 10 chuyén todn Pai hoc Vinh, 2010 — 2011

Loi giai
N 1 N 1 S 1
\/2x(y+z) \/2y(z+x) \/2z(x+y)_4\/5
1 2
>

1/2x(y+z) S 2x+y+z

Bit dang thirc can chirng minh twong dwong véi:

Ap dung bét dang thirc Cauchy ta co 2, /2x(y + Z) <2x+y+z,dodotadugc

Hoan toan twong tu ta dugc bat dang thirc

S | 22( R SRR ]
\/2x(y+z) \/Zy(z+x) \/2z(x+y) 2x+y+z x+2y+z x+y+2z
1 1 1 1
+ + >
2x+y+z x+2y+z x+y+2z 82

Phép chimg minh s& hoan tit néu ta chi ra duoc:

That vay theo bat dang thirc Cauchy ta duoc
1 1 1 9 9 1
+ + > = =
2x+y+z x+2y+z x+y+2z 4(x+y+z) 4182 82

Vay bai toan dugc chimg minh xong. Dang thirc xay ra khi vachikhi x=y=2z= 6\/5 .

Bai 21: Cho a, b, ¢ 1a cac s thuc duong thoa min abc = 1. Chimg minh rang:
3 > 6
a+b+c a'b+bc+ca
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh vinh Phiic niam 2010-2011

1+

Loi giai
Cich 1: Bit dang thirc da cho tuong duong: (a+b+c)(ab+bc+ca)+3(ab+bc+ca)>6(a+b+c)

D¢ ¥ riang (ab+bc+ca)223abc(a+b+c) 3(a+b+c)

Nén bai toan quy vé chimg minh \/3 a+b+c +3,/3 a+b+c 6 a+b+c

Bit dang thuc trén twong duong véi 3(a +b+c) (\/a+b+c —\/g) >0

Bt dang thirc cudi cung 1a mot bat ding thic dung. Vay bai toan dugc chimg minh.
Ding thirc xdy ra khivachikhi a=b=c=1

1 1 1 3 6
Cich2: bit a=—;b=—;c=—=xyz=1. Khidotaco: 1+ >

X y z a+b+c ab+bc+ca

P 3abc S 6abc o1+ 3 S 6 o1+ 3 S 6

a+b+c ab+bc+ca i+i+i l+l+l Xy+yz+zx x+y+z
ab bc ca a b c

3 9
Theo bt dang thirc Cauchy ta co: 3(xy+yz+zx) (x+y+z) =1+ 21+ 5
xXy+yz+zx (x+y+z)
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2
Mt khae: 14—~ © :(1—Lj >0,¥x, y,z5 014 — > O
(x+y+z) x+y+z X+y+z (x+y+x) x+y+z

3 6
Tir d6 ta dugc bat dang thie 1+ >
Xy+yz+zx x+y+z

Vay bét dang thire duoc ching minh. Pang thirc xay ra khi va chikhi a=b=c=1.

Bai 22. Cho a, b, ¢ 14 cac s6 thyc duong théa min a +b + ¢ < 2 . Ching minh ring:

\/a2+b—12+\/b2 +i2 +\/02 +L2 z@

c a 2
Trich dé thi tuyén sinh 16p 10 chuyén Todn TP Hdi Phong nim 2010-2011
Loi giai

Cich 1: Trudc hét ta ching minh bt dang thirc sau: \/a2 +x7 + \/b2 +y° > \/(a er)2 +(x + y)2

X 2
That vay, bat ding thirc trén tuong dwong voi: (\/a2 +b* + \/x2 +y° ) >(a+ x)2 +(b+ y)2

<:>2\/ a +b2)(x +y )>2ax+2by<:>(a +b° )(x +y ) (ax+by)

Bit dang thic cudi cung 13 bat dang thirc Bunhiacopxki
Ap dung bat dang thirc trén ta c6

2 2
\/a2+%+\/b2+%+\/c2+%2 (a+b)2+(l+lj +,/02+L22 (a+b+c)2+(l+l+lj
b c a a b a a b c

2
Ta can chimg minh (a+b+c)2+(l+l+lj Zﬂ

a b c 4
That vay, ap dung bét dang thirc Cauchy va chii y gia thiét a +b+c <2, ta duoc

2
(abee) +{ gt | 2(asbref et arpref s e BT
a b ¢ (a+b+c) (a+b+c) | (a+b+c)
Bit déng thirc da dugc chirng minh. Déng thirc xay ra khi va chi khi a:b:c=§

2
. Coae 1 81 9 9
Cach 2: Ap dung bat dang thtrc Bunhiacopxki ta duogc: \/ (a + —J (1 +— j (a + —j =a+—

b’ 16 4b 4b
J_ zat

bZ

\/ 9 \/ / 1 9
Ching minh tuong tu ta dugc: —2b+—; —— +—F2c+—
4c’ a

4a

Hay

Cong theo vé cac bat dang thirc trén ta du:qc

ﬁ \/az+%+\/b2+%+\/c2+i2 2a+b+c+2(l+l+lj
4 b c a 4 a b c

l> 9

1
b ¢ a+b+c

Do dé ta duoc: \/a2 +bi2+\/b2 +L2+\/Cz +L2 Zi{a+b+c+L}

. 1
Ma ta lai co —+
a

C
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Hay:a+htet——>2)
RTINS Sl

. _ 4
Ta can chirng minh —|a+b+c+

Jo7 4(a+b+c)

That vay, ap dung bat dang thirc Cauchy ta duoc

81 :|2\/ﬁ 81 97

a+b+c+L=a+b+c+ 4 + 65 22\/(a+b+c)
4(a+b+c) a+b+c 4(a+b+c)

65 _, 65 _97

a+b+c 4_.2_ 8 8

o , 2
Bat dang thitc da dugc ching minh. Pang thirc xay ra khi va chikhi a=b=c = g

Bai 23: Cho cacsb a, b, ce [1;2] . Chimg minhréng;

a+b* b+ F+a’
+ +

<7
ab bc ca
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Ha Tinh nim 2010-2011
Loi giai

Cach 1: Bét ddng thirc cAn ching minh twong duong voi
a’b+ab* +b*c+bc* +c*a+ca’ < Tabc < c(ab—ca b’ +bc)+a(ab—ca—b2 +bc)+5abc—2bc2 —2a’h>0

& (ab—ca—b2 +bc)(c+a)+b(4ca—202 -2a’ +ca)20<:>(a—b)(b—c)(c+a)+b(2a—c)(20—a)2 0

Vi vai tro cua a, b, ¢ nhu nhau nén khéng mét tinh tong quét ta gia sit 2> a > b > ¢ >1 khi d6 ta dugc
2a>2>c;2c>2>a . Do dotadugce: (a—b)(b—c)(c+a) >0; b(2a—c)(20—a) >0
Nén bat dang thirc cudi cung ludn diing. Vay bt déng thirc duoc chimg minh.
Ding thirc x4y ra khi va chikhi @ =b=2; ¢ =1 va cac hoan vi.

(e ; . .a b b c c a
Cach 2: Bat dang thirc can ching minh twong duong véi: —+—+—+—+—+—<7

b a ¢ b a c

Vi vai tro cac bién nhu nhau nén khong mat tinh tong quat ta gia st 2>a>b >c > 1. Khi d6 ta co

3+1—£—£=(£—1}(2—1)20;5+1—9—5=(9—1J(5—1J2o
c b c b c a a b a b

Cong theo vé hai bat dang thirc trén ta duoc

ﬂ+£+2_(ﬁ+2+2+£j20®2(ﬂ+£j+2zﬁ+é+é+£+ﬁ+£
c a c a c a c a b ¢ a

c

Phép chimg minh s& hoan tit néu ta chi ra duoc: 2(£+ j <S5 (2a — c) (a - 2c) <0

c a
Ta 2>a>b>c>1suyra 2a>2>c; 2c > 2> a nén bat dang thirc cudi cung luén dung. Vay bai toan

duoc chirng minh xong.

Bai 24. Cho a, b, ¢ 1a cac s6 thuc dwong khong am théoa man a +b+c = 3. Tim gié tri 16n nhat cta biéu

thire: P= aJZ + bJZ + c\/; —+abc

Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Nghé An niam 2010-2011

Loi giai
Pit x=a; y =+b; z=+Jc . Tir gia thiét ta dugc x> +1° +2° =3 .
Khi nay biéu thirc P tro thanh P=x’y+y’z+z’x—xyz
D@ thiy P >0 theo bat ding thirc Cauchy
Khoéng mat tinh tong quat ta gid st y 1a s6 nam gitra x, z. Khi d6 ta co
z(y—z)(y—x)é 0= yzz+zzx—xyz < 22y
Do doé ta co P:x2y+yzz+zzx—xyZSx2y+zzy=y(x2+22)
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3
. 2x* +2y +27°
Mit khac theo bat dang thirc Cauchy ta c6: 2y’ (x2 +z° )(x2 +z° ) < ( al :J; i 8

Suyra y (x2 +7° ) <2 nénta dugc P <2 .Pang thic xay ra khi va chi khi

X=y=z
a=b=c=1
z=0 va cac hoan vi < va cac hoan vi
5 5 a=2;b=1,¢c=0
x =2y

Vay gia tri 16n nhit cta biéu thirc P 1a 2.
Ding thic x4y ra khiva chikhi a=b=c=1 hoic a=2;b=1; ¢ =0 va cic hoan vi.

Bai 25. Cho ba s6 duong a, b, ¢ théa man ab +bc+ca =1. Chirng minh rr:ing:

\/a +1—a \/ -b \/c +1-— ¢ 1 1

ab a b c
T rtch dé thi tuyén smh lop 10 chuyén Toan Tinh Hung Yén nam 2010-2011

Loi giai
Péyla a2+1=a2+ab+bc+ca:(a+b)(c+a),dodc’)taduorc: \/a2+1 z\/(a+b)(c+a)
Ap dung bét ding thirc Cauchy ta duoc

2a+b+c
Va* +1-a (a+b)(c+a)—a<# a _b+c l(l+lj
bc bc B bc C2be 2\b ¢
b \/ 1
Hoan toan tuong tu ta dugc ———— b +
ab 2 a b
va \/ \/ -c_1 1 1
Cong theo vé ba bat dang thirc trén ta duoc <—+—+-—
ac ab a b c
, . 1
Vay bai toan dugc chirng minh. Pang thitc xay ra khi va chikhi a=b=c= ﬁ
N e A \ ’ . N 1 1 1 1
Bai 26. a) Cho 2 s0 duong a va b. Chirng minh rang : <—| —+—
a+b 4\a b
2 N S N ST
b) Cho 3 s6 duong x, y, z thoa man —+—+—=2010. Tim gia tri 16n nhat cta biéu thirc:
X y z

1 1 1
+ +
2x+y+z x+2y+z x+y+2z
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Phii Yén niam 2010-2011

P=

Loi giai

Sl(l+%j<:>4abs(a+b)2 = 0<(a—b)
a

a) Bién d6i twong duong bat dang thic trén nhu sau: P
a+

Bt dang thirc cudi cung luén dung. Vay bai toan dugc chimg minh. Dang thic xay ra khi va chi khi
a=b

2x+y+z 4\x+y x+z) 16 y z
L 1 I({r 2 1 1 I(r 1 2
Hoan toan tuong ty ta dwopc: —<—| —+—+— |, —— < —| —+—+—
x+2y+z 16 y z) x+y+2z 16\x y z

Cong theo vé cac bat dang thuc trén ta dugc

, Coae 1 1 1 1 1(2 1 1
b) Ap dung bat dang thirc trén ta dugc: < —( + j < —(— +—+ —]
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P= + + <—
2x+y+z x+2y+z x+y+2z 4

1 1 1 1 1+1 1) 2010 1005
4 2

¥y oz

. 5 .
Vay gia tri 16n nhat ctia P la . bang thtre xay ra khi va chi khi x=y =2z=670

Bai 27. Cho a, b, ¢ 1a ba s6 duong théa man diéukién a+b+c <3. Chiing minh ri'lng:
1 1 1

- - >3

I1+ab 1+bc 14+ca 2

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Binh Phudc nam 2011-2012

Loi giai
1 N 1 N 1 S 9
1+ab 1+bc 1+ca 3+ab+bc+ca
2
(a+b+c)
3

Cich 1: Theo bét dang thirc Cauchy ta c6: 4 =

Mit khac dé thiy ab +bc +ca <

9 9 3
Ma a+b+c<3 nén ab+bc+ca<3.Dodotadugc 4> > :5.

3+ab+bc+ca 3+3

l+ab=1+bc=1+ca

Dau bang xay ra khi a=b=c <a=b=c=1
a+b+c=3

Cach 2: Ap dung bat dang thic Cauchy ta co

1 +1+ab22 1 .1+ab:l:> 1 21_1+ab:3—ab
1+ab 4 \l+ab 4 1+ab 4 4

23—ab; 1 23—ca
1+ab 4 1+ca 4
1 1 1 9—(ab+bc+ca)
+ + > :
1+ab 1+bc 1+ca 4
Mat khac ta chirng minh duoc ab+bc+ca <3
1 1 1 >9—(ab+bc+ca)

+ 2
l+ab 1+bc l+ca 4
Vay bat dang thic duoc ching minh.

Hoan toan tuong tu ta co

Do d6 ta duoc

3
Do d6 ta suy ra > )

ab ab \/E

Cich 3: Ap dung bat dang thirc Cauchy ta co: =1- >1- =1-
p aHne D Cne YR T ab 1rab 2dab 2
Tuong tu ta c6 ! ZI—JE; ! > Y
1+bc 2 l+ca 2
Cong theo vé theo vé cac bat dang thirc trén va ap dung bat dang thirc Cauchy ta dugc:
1 1 1 1 I{a+b b+c c+a a+b+c 3
+ + >3——(~ab ++bc+ca)>3-— + + =3- 23—
l+ab 1+bc 1+ca 2( ) 20 2 2 2 2 2

Bai toan dugc chirng minh xong.

Bai 28. Chimg minh bét dang thirc:
1 1 1 1

T dE s e

Trich dé thi tuyén sinh 16p 10 chuyén Todn DPHSP Ha Ngi niam 2011-2012

Loi giai
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1 1 1 1 1

! ; > ; >
N N N RN O 7 N 7 RN T BN R TN

1 1 1 1 1

1
\/I+\/§+\/§+\/Z+m+\/%+\/%>\/5+\6+\/Z+\/§+m+\/%+\/§

1 1 1 1 1 1
S e 2(ﬁ+ﬁ+@+¢z+"'+m+@j> N RN AN NN RN T

1 1 1
Hay 2(\/I+\/§+\6+\/Z+...+m+\/8_0j>\/§—1+\/§—\/§+...+\/ﬁ—\/8—0

1 1 1

\/I+\/§+\/§+\/Z+...+—\/%+\/%>4

Vay bét dang thirc duogc ching minh.

D@ thiy

Do d6 ta duoc:

Nén ta duogc

Bai 29. Cho a, b, ¢ 1a cac sd thuc duong tuy y. Chimg minh rang:
\/(azb +b’c+ cza)(ab2 +bc’ +ca’ ) > abc + i/(cf + abc)(b3 + abc)(c3 + abc)
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Nghé An ndm 2011-2012

_ Loi giai
Cach 1: Bét ddng thirc cAn ching minh twong duong voi

2 2 2
(£+2+£j(é+£+ﬁjzl+s 24 b—+1 £
c a b)\c a b bc ca ab
b

Détx——,y—— :£:>x;y;z>0;xyz:1
b c a

Khi d6 bt dang thirc trén tro thanh

Joo+ yz+zx)(x+y+2) 21+§/(§+1j(§+1j@+1j

+ +z)(z+x)+xyz 21+ (x+2)(r+2)(z+x)
TG a0
<:>\/ )(y+2)( Z+x)+1>1+\/x+y)(y+z)(z+x)

bat r = {/(x+ y)(y + Z)(Z + x) suy ra ¢ > 2. Khi d6 ta viét lai bat dang thirc can chirng minh thanh
Ve +121+1 o +121+ 2+ < t1(1-2)(1+1)20

Bét dang thuc cudi cung luon dung do £ > 2.

Vay bai toan dugc chimg minh xong. Dang thirc xay ra khi vachikhi a=b=c

Cich 2: Bit ddng thirc can chimg minh twong dwong véi
2 2 2
(£+2+£j(é+£+ﬁjzl+s 24 b—+1 £
c a b)\c a b bc ca ab
2 2 2 2 2 2
Hay \/3+b—f+%+@+a—+b—+c—21+3 2 1 b—+1 L
a b° ¢ bc ca ab bc ca ab

Pit x=—; y="—;z="") khidotaco xyz =1
bc ca ab

Bét dang thirc can chimg minh trd thanh: \/3+x+y+z+1+ ! +1 >l+\/ 1+x (1+y)(1+z)
X y z
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Hay \/3+x+y+z+xy+yz+zxZl+{/2+x+y+z+xy+yz+zx

bit l={/2+x+y+z+xy+yz+zx
Ap dung bét dang thirc Cauchy ta co x+ y+z+xy+yz+2zx>6.Doddtacd: t >Y2+6 =2
Bét déng thirc cin chimg minh tro thanh: V£ +1 Zl+t<:>t2+12t2+2t+1<:>t(t+1)(t—2)20

Danh gia cudi cling dang véi moi £ >2.

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi a =b =c.

Bai 30. Cho a, b, ¢ 1a ba s6 thuc duong théa man a +b+c =2 . Tinh gia tri 10n nhét ca biéu thuc:
ab bc ca

P= + +
Jab+2c ~bc+2a ~ca+2b
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thanh Héa nim 2011-2012

Loi giai
Dé y dén gia thiét a+b+c=2 tacod ab+2c=ab+c(a+b+c)=(b+c)(c+a)
o b b 2ab  2ab
Do do theo bat dang thirc Cauchy ta dugc: a = a4 < a + 4
Jab +2c¢ \/(b+c)(c+a) b+c c+a
o bc 2bc  2bc ca 2ca  2ca
Hoan toan tuong ty ta duoc <

< + ; < +
Jbe+2a a+b c+a Jea+2b a+b b+c
Cong theo vé cac bat dang thuc trén ta dugc
ab bc ca 2ab 2ab 2bc 2bc  2ca 2ca

+ + < + + + + +
\/ab+20 \/bc+2a \/ca+2b b+c c¢c+a a+b c+a a+b b+c
Hay P <4 .Vay gia tri 16n nhat cua P 1a 4.

:2(a+b+c):4

, , 2
DPang thirc xay rakhi va chikhia=b=c= 3

. 9 .
Bai 31. Cho a, b, ¢ 1a cac s0 thue duong thoa man abc = Z Chtrng minh rang:

S+ + >ab+c+bJa+c+ea+b
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Vinh Phiic niam 2011-2012

Loi giai

a+b S ab(a+b) ab(a+Db) _ ab(a+b) _ a+b

Cach 1: Ap dung bat dang thtrc Cauchy ta co: >
2 9 abc c
4
3 3
a +b a+b
Tur do ta co c+ 5 >+ >2c\a+b
c
. A+, a+c , b+’ s b+c
Tuong tu ta co: b + >b’+ 5 >2b\a+c,a’ + 5 >a + >2a\b+c
a

Cong vé theo vé céc bat déng thirc trén ta duge: @’ +b° +¢* > avb+c+bJa+c+cda+b
Bai toan dugc chirng minh xong.
Cich 2: Ap dung bét dang thirc Bunhiacopxki ta c6

(a\/b+c +bhJa+c Jrc\/a+b)2 S2(a+b+c)(az+b2 +c2)

<%2(a-|—b+c)(a2 +b° +c2):abc(a+b+c)(a2+b2+cz)
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e 1
Theo mot bat dang thirc quen thudc ta co abc(a +b+ c) < —( b+bc+ ca)2

(O8]

Tur do6 ta duoc
abc(a+b+c)(a +b2+c) (a +b* +c* )(ab-i—bc+ca)2

2 2 2 3 6
<(a +b*+c¢ +ab+bc+ca+ab+bc+ca) (a+b+c)

3* 34
Do d6 ta c6 (an+c+bJa+c+cJa+b)2<£f+§jcf
Hay aNb+c+bJa+c+ca+b <—(a+l3)2+c)3
D& dang chimg minh dugc (a3 +b° + c3) > W

Tur d6 ta dugc bat dang thic saw: @’ +b° +¢* > ab+c+bJa+c+ceda+b
Vay bét dang thirc duogc ching minh.

Bai 32. Cho céc s6 thuc duong a, b, c. Chimg minh rang:

c*a? +b? 2+a2 b +c* 2+b2 c’ +ad? ? > 54(abc)3
‘/ ( Al J ¥ ) (a+b+c) y(ab)’ +(be)' +(ca)’

Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Vinh Phiic niam 2011-2012

Loi giai

Theo bat dang thirc Cauchy ta co

\/02(a2+b2)2+a2(b2+c ) 407 (+a?) 2\¢ (2ab) +a® (2be) +b* (2ca) =\12a°7¢* = 24Babe
(a+b+c) y(ab)’ +(be)' +(ca)’ ) > (3 abc) Yabe | N3ab'e =033a'b'e a'b'e =93arhe?

Nhan theo vé hai bit dang thirc trén ta dugc

\/cz (a2 +b? )2 +a’ (b2 +c* )2 +b’ (02 +a’ )2 (a +b+c)2 \/(ab)4 + (bc)4 +(ca)4 = 2\/§abc.9\/§a2b2 2= 54(czbc)3

Hay y/c?(a®+*) +a(b*+c2) +b* (¢ +a?) > 54(abc)’
R R R O oot N Py

Vay bét dang thirc dugc chig minh. Pang thirc xay ra khi va chikhi a=b=c.

Bai 33. Cho cac sd duong a,b,c thay d6i va thod man3a +4b+5¢c =12 . Tim gia tri 16n nhit cua biéu
ab 2ac 3bc

thirc: S= + +
ab+a+b ac+a+c bc+b+c
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Ba Ria — Viing Tau ndam 2011-2012
Loi giai
K . « R ’ < 1 2 3

Ta viét lai biéu thirc S thanh: S = + +
1 1 1 1 1 1
—+—+1 —+—+1 —+—+1
a b c a b ¢

, Coae 1 {1 1 1
Ap dung bat dang thtc ——— < —| —+—+— | tacod
x+y+z 9\x y =z
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2(c+a+1) 3(b+c+1
§=- 11 - 21 . 31 ca+b+l 2(c+a+l) 3(b+c+l) 6+3a+d4b+sc_18
—+—+1 —+—+1 —+—+1 ? 9 9 9 9
a b c a c

Vay gia tri 16n nhit cta biéu thirc S 14 2. Pang thirc xay ra khi va chikhi a=b=c=1.

Bai 34. Cho a, b 1a cac s6 thuc dwong. Tim gia tri nho nhat cua biéu thirc:

a’ 4p°
P=,l= 3 T 3
a +8b" \[b*+(a+b)

Trich dé thi tuyén sinh I6p 10 chuyén Toan PH KHTN Ha Nji nam 2011-2012

Loi gii

Biéu thirc P duoc viétlaila P =

b - ) [1 4
bat t =— > 0. Khi do6 bat dang thirc dugc viét lai la: P = T+ 3
a 1+8¢ £ +(1+1)

2444
Ap dung bét ding thie Cauchy ta co: 1+ 82’ = (1 + 21)(1 —2t+4¢° ) < % = (l +21 )2

1 1 1
Suy ra > —
Y \/1+8t3 \/(1+2t2)2 1427

ar . 21
z‘3+(1+t)3 1427
That vay, bat dang thirc trén tuong duong véi
4 >( 2 ]2 o (1+26) 2t 4i(141) o (1-1) (262 +141)20
t3+(1+t)3_ 1+2¢ - -

Bét ding thirc cudi cung dung véi moi t.

3 2
Dodétaduqc:P:‘/ ! T+ 4 T2 I >+ 2 ~=1
1+ 8¢ t3+(1+t) 1+2¢° 1+2¢

Vay gia tri nho nht cua biéu thirc P 1a 1. Péang thirc xay ra khi va chi khi a =b

Ta s€ chiing minh

Bai 35. Cho céc sb thuc duong a, b, ¢ théa man ab +bc +ca =5. Tim gia tri nho nhit cua biéu thirc:
3a+3b+2c

\/6(a2 +5) +\/6(b2 +5) N +5

Trich dé thi tuyén sinh 16p 10 chuyén Todn PH KHTN Ha N§i nim 2011-2012

pP=

Loi giai
Tir gia thiét ab+bc+ca =5 tacd: a* +5=a’ +ab+bc+ca=(a+b)(c+a)

Ap dung bat dang thirc Cauchy ta c6

*/6(a2+5)=\/6(a+b)(c+a)§3(a+b);2(c+a)=5a+3f+20

Chirng minh twong tu ta duoc: 6(1)2 +5) SW; Vet +5 S#
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Cong theo vé cac bat ding thirc trén ta dugc: \/6(a2 + 5) + \/6(b2 +5) +/c*+5< &;4-60

2(3a+3b+2
Suy ra 3a+3b+2c N (3a c):§

\/6 (a*+5) \/6 (b +5)+4ci+5  9a+9b+6e

Vay gia tri nho nhat ctia biéu thire P 1a g . bang thtrc xay rakhi vachikhi a=b=1;¢c=2.

Bai 36. Cho a, b, ¢ 1a cac sd thuc dwong théa man a +b+c =1. Tim gié tri 16n nhat cta biéu thirc:

P= \/a2 +abc +\/b2 +abc +\/02 +abc + 9+ abc
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Béic Ninh niam 2011-2012

Loi gidi
Ta co a2+abc:az(a+b+c)+abc=a(a+b)(a+c)

Do d6 ta dugc \/a2 +abc =\/a(a+b)(a+c) < \/;(él+§+a+c) _ \/Z(;H'l)

Chung minh twong tu ta duge: \b* + abe < M; \e* +abe < —\/z (;Jr 1)
\/Z(a+1)+\/3(b+1) Je(e+1)
2

+
2 2

Do d6 ta duoc: \/a2 +abc +\/b2 +abc +\/c2 +abc <

Mit khac theo bat dang thirc Cauchy ta lai c¢6

@J”/%Sﬁ(%ﬂ+b+cj:‘/;(a+b+c+lj:\/;

2 2

1 1

Chung minh twong tu ta duoc: \f( * )+\/abc<\/— f(c+ )+\/abc <

Nhu vay ta co: P:\/a2+abc+\/b2+abc +\/c +abc +9Jabe <a ++/b ++Jc +6abe
3

Ma ta co: \/Z+\/Z+«/ES,/3(a+b+c)=\/§; 6vabc <6 (LBH] _2

3 NE)
2 5 53
Nén ta suy ra PS\/§+—=—:—.
g NN

. 53 : 1
Vay gia tri 16n nhat cia P 1a T . Bang thirc xay ra khi vachikhi a=b=c= g

Bai 37. Cho a, b, ¢ 14 s thyc dwong. Chirng minh rang:
2ab 3bc 3ca Lat 2b+3c

+ + <
3a+8+6¢c 3b+6¢c+a 9c+4a+4b 9
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Phti Tho niam 2011-2012

Loi giai
Cich 1: Bit x = a; y = 2b; z = 3¢, khi d6 bat ding thuc trén duoc viét lai thanh
Xy n yz n zX < xX+y+z
3x+4y+2z 3y+4z+2x 3z+4x+2y 9
Ap dung bét dang thirc Cauchy ta duoc
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xy xy xy( 1 N 2 ]

3x+4y+22 x+2y+x+y+z+x+y+z "9 xX+2y x+y+z

<X 1+ 2x+y 2xy
© 9 9x 9y X+y+z x+y+z)

Hoan toan tuong tu ta dugc
vz <2y+z 2yz zx 2z+x 2zx

< + +
3y+4z+2x 81 9(x+y+z)3z+4x+2y 81  9(x+y+z)

Cong theo cac vé cau ba bat dang thirc trén ta dugc

xy . yz . zx <x+y+z+2(xy+yz+zx)
3x+4y+2z 3y+4z+2x 3z+4x+2y 27 9(x+y+z)
2
\ Ay 42 <z A~ ., (x+y+z)
Ma theo mot danh gia quen thude ta lai c6 xy + yz + zx Sf
2(xy+yz+ 2(x+y+
Dodé tacs XTYFE, (xy+yz zx)gx+y+z+ (x+y+z) _x+y+z
9(x+y+z) 27 27 9
Suy ra xy vz zx XYtz

+ + <
3x+4y+2z 3y+4z+2x 3z+4x+2y 9
Hay bét dang thirc dugc chimg minh. Pang thtrc xay ra khi va chi khi a =2b=3c.
Cach 2: Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta co

2x+
+ vy

I(x+y+z)

xy Xy (6+2+1)2 Xy 18 2 1 2xy
X+y+z y «x

=<7 < +—=4—|=
3x+4y+2z 81 2(x+y+z)+2y+x 81
Hoan toan tuong tu ta dugc
vz <2y+z 2yz zx 2z+xJr 2zx

3y+4z+2x 81 +9(.x+y+z)3z+4x+2y 81  9(x+y+z)
Cong theo vé cac bat dang thuc trén ta dugc
xy . yz . zx Sx+y+z+2(xy+yz+zx)
3x+4y+2z 3y+4z+2x 3z+4x+2y 27 9(x+y+z)

Pén day chimg minh hoan toan twong tu nhu trén.

81

Bai 38. Gia sir a, b, ¢ 1 cac s6 duong thoa man abc =1. Tim gia tri 16n nhat cua biéu thic:
a b c
M =—— T =0
b°+c"+a c +a +b a +b +c

Trich d@é thi tuyén sinh 16p 10 chuyén Todn Tinh Hdii Dwong nim 2011-2012

Loi giai
Ta chirng minh MSI.DétQ/_:x;%zy;i/;:Z, khidé x; y; z>0 va xyz=1

3 3 3
L 5 ) Lo X z
Bat dang thire can chimg minh tr¢ thanh: ————=+— Y — S+t =<1
Y4z +x Z+x"+y x4y +z

Dé thay: (y—Z)(yS—ZS)203y6+Z62y52+yZS.Suyra: y6+26+x4y22yz(x4+y4+z4)

1 1 xtyz x*
Tw do ta dugc: ———(—— < T hayl — )6/ T S E—
Vv +z +x yz(x +y +z) V' 4+z +x x4y +z
3 4
X X
Do d6 ta duoc <

Yo+zl+x ezt
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3 4 3 4
z z

Tuong tu ta co < <
x4y S eyt !

3 3 3
N £ £, 22 , N X Z
Cong theo ve ba bat dang thirc trén ta dugc: ————+— y6 Tt————<I
Yo+l +xt 2 4+x+y’ X+ 42z

Vay gia tri 16n nhat cua M 1a 1. Pang thtic x4y ra khi va chikhi a=b=c=1.

Bai 39. Cho a, b, ¢ 14 cac s6 dwong thoa man abc = 1. Ching minh ring:
a’ b’ c’ 3
- - >=
b(c+a) c(a+b) a(b+c) 2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh nim 2011-2012

, Loi giai
Cach 1: Ap dung bat dang thirc Cauchy cho cac s6 duong ta dugc
a’ b c+a_3 b’ c a+b_3 c’ a b+c_3
+—+ >=qg; ——+—+ > = b; — >
b(c+a) 2 4 2 cla+b) 2 4 2 a(b+c) 2 4 2

Cong theo vé cac bat dang thuc trén ta dugc

a’ b’ c 3(a+b+c)
+ + +a+b+c>2——
b(c+a) c(a+b) a(b+c)
a’ b’ c’ a+b+c
Hay 2

+ + >
b(c+a) c(a+b) a(b+c) 2
Mit khac theo bat dang thirc Cauchy ta lai c6 a+b+c >33/abc =3

a’ b’ c 3

+ + >=
b(c+a) c(a+b) a(b+c) 2
Bit dang thirc duoc chimg minh. Dau déng thic xdy rakhi a=b=c=1.
Cich 2: Ap dung bét dang thirc bunhiacioxki dang phan thtrc ta dugc
2

@ b’ c (a2 +b +cz)

+ + >
b(c+a) c(a+b) a(b+c) a’b+b*c+c*a+3abc

Nén ta duoc

\ 2
Ta can chimg minh dugc 2(a2 +b’ +cz) > 3(a2b+bzc+cza+3abc)
Vi abc =1 nénta duoc a+b+c>3.
(a+b+c)2(a2+b2+cz)
3

Phép chimg minh s& hoan tt néu ta chi ra duoc
Z(a +b+ c)(a2 +b° +cz) > 3(a2b+bzc+cza +3abc)

D@ thiy (a2 +b*+c )2 >

2(a+b+c)(a2 +b* +cz)

Hay
Z(a3 +b’ +c’ +a’h+b’c+cla+ab’ +bc’ +ca2) > 3(a2b+bzc+c2a +3abc)
= 2((13 +b +cz)+2(ab2 +bc? +ca2) >a’b+b’c+c’a+9
Ap dung bat dang thirc Cauchy ta co
a’+ab* >2a’h; b’ +bc* >2b°c; ¢ +ca’ >2c%a

3(a3 +b’ +c3) >9abc=9; 3(ab2 +bc? +ca2) >9abc=9
Cong theo vé cac bat dang thirc trén va thu gon ta duoc

2(a3 +b +cz)+2(ab2 +bc? +ca2)2 a’b+b’c+c’a+9

Vay bét dang thic duoc ching minh.
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Bai 40. Cho ba s6 duong a, b, ¢ théaman a+b+c =1. Tim gia trj nho nhat cva:
b+bc+
A= 14(a2 +b° +c2)+%
ab+bc+ca
Trich dé thi tuyén sinh l6p 10 chuyén Toin DPHQG TP Ho Chi Minh nim 2012-2013

Loi giai
1—(a2+b2+cz)
2
a’+b* +c’ :(a+b+c)(a2+b2+cz):a3+b2a+b3+ch+c3+ca2+a2b+bzc+c2a

Dé dang tinh duoc ab +bc +ca = . Lai c¢6

Ap dung bét ding thirc Cauchy ta co: a’ +b*a>2a’b; b’ +bc” > 2b’c; ¢’ +ca’ >2c’a
Dodosuyra: a+b’+c’=a’ +b’a+b’+bc’+c’ +ca’+a’b+b’c+c’a> 3(a2b+bzc+cza)
1 S 3
a’b+b’c+c’a a’+b*+¢’
+bc + 3-3(a’ +b° +
ab+bct+ca 3(ab+bc+ca) ( )

Hay 2 =
a’b+b*c+c’a a’+b* +c? 2(a2+b2+cz)

Tur d6 ta duoc

Pitt=a’+b*+c* =>t> 3 Khi nay biéu thie dugce viét lai thanh

A:14t+%=& 3 3¢ 27t 3 t 3

2 2% 2 2 2%t 2 2

. . 27t 3 / 27t 3
Ap dung bat dang thirc Cauchy tacé6 —+—2=2,|—.— =9
2 2t 2 2t

Mitkhie L2513 % g us9-2_2
2 2 6 2 3 3 3

. 23 : 1
Vay gia tri nhd nhat cia A la ? DPang thirc xay rakhi vachikhi a=b=c= g

Bai 41. Cho a, b, ¢ 1a cac s thuc duong théamin a <b<3<c;c>b+1;a+b>c
2ab+a+b+c(ab—1)

Tim gi4 tri nho nhét cta biéu thie: O =

(a+1)(b+1)(c+1)
Trich dé thi tuyén sinh I6p 10 chuyén Toin PH KHTN Ha N§i nim 2012-2013
Loi giai
Cach 1: Taco
2ab+a+b+c(ab—1) (a+1)(b+l)+(ab—1)(c+l) 1 ab-1 1 ab—1
= = = + = +
(a+1)(b+1)(c+1) (a+1)(b+1)(c+1) c+1 (a+1)(b+1) a+b+1 ab+a+b+l1

Tir gid thiét: a+b>c2b+1=b2a21=(a-1)(b-1)20=>ab2a+b-12c—-122
1 ab—1 1 x-1

S 02> .Dit x=ab >2,khidotad >
uy ra: Q ab+2+2(ab+1) atx=ab=x , khi d6 ta dugc Q x+2+2(x+l)
Suy ra: Q—iz ! + x 1 —iz (x—2)(x+5) >0 . Do do tacod in.

12 x+2 2(x+1) 12 12(x+1)(x+2) 2

. 5 ,
Vay gia tri nho nhat ctia Q la E Dang thtrc xay ra khi vachi khi a =1;b=2;c =3

Cach 2: Nhan thdy a+b>c>b+1=a>1doddtadugc c>3>b>a>1
Khidé (a—1)(b-1)20<ab>a+b-1>c-1
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2ab+a+b+c(ab—l)>i
(a+1)(b+1)(c+1) 12
Tuong duong voi 7abc+7(a+b)+19ab—50(a+b)—17c—520
Dat A:7abc+7(a+b)+19ab—50(a+b)—17c—5 khi d6 ta céd

5
Ta s€ chirmg minh Q > E . That vay O =

A=Tabc+7(a+b)+19ab—5c(a+b)—17c—5=5abc+2abc+7(a+b)+19ab—5c¢(a+b)—17c—5
Z50(a+b—1)+6(c—1)+7c+19(0—1)—50(a+b)—17c—5=10c—3020:>cz3

Bt dang thirc duoc chimg minh.
. 5 . .
Vay gia tri nho nhat cua Q 1a TR Dbang thurc xay ra khi vachikhi a=1;b=2;¢=3

Ciach3: Tacoa+b>c=a+b—-c>0
Tra+b>c>2b+1=a>1 ma b>a.Do db tadug

ab>a+b-1 ab>c-1
(a—l)(b—1)20:>{ :>{
a+b<ab+1

a+b<ab+1
Khi d6 ta duoc
_2ab+a+b+c(ab—1)_2ab+a+b—c+abc> 2ab + abc
B (a+1)(b+1)(c+1) B (a+1)(b+1)(c+1)  (a+1)(b+1)(c+1)
3 ab(2+c) S ab(2+c) B ab(2+c)
_(ab+a+b+1)(c+1)_(ab+ab+1+1)(c+l)_2(ab+1)(c+1)
1 c+2 1 c+2 (e-1(e+2) 1 1 _5
_2(1+ 1)'c+1‘2(1+1)'c+1_ 2¢(c+1) 2 e 12
ab c—1

. 5 , .
Vay gia tri nho nhat ctia Q la E Dang thtrc xay ra khi vachi khi a =1;b=2;c =3

Bai 42. Cho a, b, ¢ 13 cac s6 thuc duong thoéa man ab +bc +ca = 3abc . Tim gia tri 16n nhat cta biéu
1 1 1
thire: P=— > >
a +1 b +1 ¢ +1
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Binh Phudc nim 2012-2013

Loi giai
Ap dung bét dang thirc Cauchy ta duoc
1 1 1 < 1 1 1 ab+bc+ca 3

r vt T syttt
a+1 b°+1 ¢ +1 2a 2b 2a 2abc 2

. 3 . .
Vay gié tri l6n nhat cua P 1a E . Pang thirc xay ra khi vachi khi a=b=c=1

Bai 43. Cho n s6 thyc x,, X, ..., x, v6i n>3.Kihiéu Max{x,, x,, ..., x,} 1a s6 16n nhét trong céc sb

X;» X, ..., X, .Chirng minh rang:

Max{x,, x, x}>xl+x2+...+xn+|xl—x2|+|x2—x3|+...+|xn—xl|

n 2n
Trich dé thi tuyén sinh 16p 10 chuyén Todn PHSP Ha Ngi nam 2012-2013
Loi giai
Dé v 1a trong hai s6 thyuc x, y bat ki ta ludn c6
. ‘ X+y+[x—y
Min{x, y} < x,y < Max{x, y} va Max{x,y}= —
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X+y+[x—y]

St dung dang thie Max{x, y} = 5 , taco:
xf+x2+m+xn+Ln—xj+h§—xJ+nsﬂxn—%|:xf+@4¢n—xj+xz+x,+h2—%y+ +xn+xf+xn—%|
n 2n 2n 2n 2n

< Max{x,, x,}+ Max{x,,x} + Max{x,,x,}

. <Max{x,; X,;...; X, }

Vay bai toan dugc chimg minh. Pang thirc xay ra khi va chi khi X, =X, =..=X

n

. 3 . A
Bai 44. Cho x, y, z 1a cac s0 khong am thoa mén x+ y+z = E . Tim gié tri nho nhat:

S=x’ +y3 +z° erzyzz2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii The nim 2012-2013

Loi giai
Ap dung bét dang thirc Bunhiacopxki ta c6

(\[;?-F\[;;-F\[;;)((X\[;)z4—(y\[;)2—%(Zx[;)z)zi(xz4—)9—%22)2
Hay %(}f +y +Z3)Z(x2 +y° +zz)2 SxX+y+7 Z%(xz +y° —1—22)2 (*)
Mit khac, dé dang chimg minh duoc

xyzZ(x+y—z)(x+z—y)(y+z—x):(%—ZZJ(%—ZxJ(E—Zyj:2—7—%(x+y+Z)+6(xy+yz+xz)—8xyz

2 8
27 3 X +y' 4z’ ’

SOxyz>2—-3(x*+y +22 ) o xy | - ——

12236 ey e ) @y 2| 3

2
x+y+
Détt=x2+y2+222%2%.Khidétaduoc
2 2 2 2 2

Szzﬁ+(§—4):giqf——i+fi:ZL—£+£1=1@—§)4llﬁ+iizzévngUnmé

3 8 3 3 9 4 64 9 4 64 6\ 4) 8 64 64
nhit ciia S 13 g Ding thirc xdy ra khi va chikhi x=y =z 2%

Bai 45. Cho a,b,c 1a cac s6 duong thoa man ab + bc + ca = 3. Chirng minh ring:
1+3a 1+3h 1+3
?+ ~+ 526
1+b~ 14+c¢° l+a
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2012-2013

Loi giai
Céch 1: Ta viét lai vé trai thanh
1+3a 1+3b 1+3c 1 1 1 3a 3b 3¢
> T > T 2 = >t >t >t >t >t 2
1+ 1+¢° 1+a 1+6° 1+c¢° 1+a” 1+b° 1+c¢° 1+a
Ta di chung minh: >+ 12+ 1223; a2+ b2+ CZZE
1+~ 1+c¢° 1+a 2 1+b6° 1+c¢° 1+a 2

1 N 1 N 1
+b* 1+ 1+d’
Hwéng 1: Khong mat tinh tong quat, giai st a >b>c.Do ab+bc+ca=3=>bc>1

e 1 1 2
Ta ching minh bat dang thtrc sau: Véi x, y > 0; xy 21 ta co: + >

Y+l Z2+1 yz+1

3
> —. Ta c6 cac hudng sau

+ Trude hét ta ching minh
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That vay, ta co: (y2+22+2)(yz+1)2(y2+1)(22+1)<:>(y—z)2(yz—1)20

Do vai trd cia cac bién nhu nhau nén khong mat tinh tong quat ta gia sir a <b <c
Khi d6 ta duge 3bc > ab+bc+ca = bec>1
Khong mat tinh tong quat, giai sit @ >b >c. Do ab+bc+ca=3=bc>1
1 1 1 1 2
T Tt E T 2t
a+l b°+1 ¢ +1 a +1 bc+l
2 .3 2a* +bc+3 3
5 2 - — a ZC 2—<:>a(a+b+c—3abc)20
a+1 bc+l 2 abc+a” +bc+1 2
Tir gia thiét suyra a+b+c>3 va abc<1.Dod6 a+b+c—3abc>0
1 1 1 1 2 3
> + >

Ap dung bat dang thic trén ta duoc: P =

Do d6 ta s& chimg minh:

2 T3 T =" =5
a+1 b°+1 ¢ +1 a +1 bc+l1 2
Hudéng 2: Bién ddi biéu thirc vé trai nhu sau

Do d6 ta duoc

:1+1+1=_[a2+b2+0j
a+1 b +1 I +1 a+1 b +1 +1
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

4a’ 4a’ < a’ a’ a a’

= < + = +
3a*+3 3d*+ab+bc+ca a*+ab+ac 2a*+bc a+b+c 2a’+bc
Ap dung tuong tu voi hai biéu thirc con lai ta duoc

4a® 4p* 4c* a’ b* ¢’
> +— +— <l+—; +— +—
3a+3 3b"+3 3¢ +3 2a°+bc 2b"+ca 2c +ab
2 2 2
b
Ta s€ chitng minh ;Z +— + 2C <
2a°+bc 2b"+ca 2c¢ +ab

Ay A 5, 22 X , . 3 a’ b ¢’ 1
That vay, bat dang thuc can chimg minh twong duong: —— > +— +— >—
2 \2a°+bc 2b"+ca 2c"+ab) 2

bc ca ab 1

2 T2 T332 2
2a”+bc 2b"+ca 2c¢ +ab 2
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

Hay

bc ca ab (bc)2 (ca)2 (ab)2
2 T2 T3 =5 2 a2 T 2 2T 2. 2.2
2a°+bc 2b°+ca 2¢ +ab 2a°bc+bcc 2ab‘c+c’ac 2abc” +a’h
> (ab+be+ca) 1. Nhu viy bat déng thirc trén dugc chimg minh
> =1. Nhu vay bat dang thtc trén duoc chimg minh.
a’b’ +b’c* +c*a’ +2abc(a+b+c) W g ' g
b 3
+ Chimg minh ——+——+——>=
+b~ 1+c¢° 14+a 2
, ., b* b* b
Ap dung bat dang thuc Cauchy ta dugc: za =a- Czl Za—a—:a—a—
b”+1 b”+1 2b 2
b b
Tuong tu ta co 5 Zb——c; 2c >c-
c +1 2 a +1 2
Cong theo vé cac bat dang thuc trén ta duogc:
b b+bc+ 3
2a +— -+2c >a+btco- T i bre—2
b°+1 ¢ +1 a +1 2 2

N b L
1+6° 1+ 1+a’
Vay bét dang thire duoc ching minh xong. Péang thirc xay ra khi va chikhi a=b=c=1.

Cich 2: Ta viét lai vé trai thinh
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1+3a 1+3b 1+3c 1 1 1 3a 3b 3¢

2 2 2 = 2 >t >t >t >t 2

1+ 1+¢° 1+a 1+6° 1+c¢° 1+a” 1+b° 1+c¢° 1+a
Khi d6 4p dung ta ddng thirc Cauchy ta duoc ! 1 b’ >1 b’ 1 b
u u : =1- 2l—-—=1——
pcung fa cung YR T Tl 2 2

1
Hoan toan twong tu ta dugc —; 21—5; > 21—ﬁ
c +1 2 a +1 2
. s 1 1 1 +b+
Khi do ta c6 bt ding thite: ——+—1— 4 1 _»3_470*¢
b"+1 ¢ +1 a +1 2
b b+bc+ 3
Mat khéc ta lai ¢6 za +—5—+ zc 2a+b+c—u=a+b+c——
b°+1 ¢ +1 a +1 2 2
1 1 3 3b 3 5(a+b+c) 9
Do do6 ta dugc: -+ >+ -+ a2+ -+ 0223+¥——26
1+4b° 14c¢” 14a" 146~ 1+c¢° 1+a 2 2

Vay bét dang thirc dugc ching minh.

Bai 46. Cho a, b, ¢ la cac s thuc duong thoa man a+b+c=1. Tim gia tri nho nhét cua biéu thic:
1 1

P= +
abc 1—2(ab+bc+ca)
Trich d@é thi tuyén sinh 16p 10 chuyén Todn Tinh Vinh Phiic niam 2012-2013
Loi giai
Do a+b+c:1:>1—2(ab+bc+ca):az+l?2+c2
1 a+b+c 1 1 1 1
Suy ra P=————+ =t —+—+—
a +b” +c abc a +b°+c” ab bc ca

Dén day ta chimg minh P > 30 bang cac cach sau
Ciach 1: Theo bat ding thirc Cauchy ta c6
1 1 1 9
2 2 2 + + e 2
a +b " +c° ab+bc+ca ab+bc+ca (a+b+c)

=9.

Bét dang thic s& dugc chimg minh néu ta chi ra dugc ————— >21
ab+bc+ca

(a++b+c)2

X oz 1
Tuy nhién, dé thay >ab+bc+ca << ab+bc+ca< 3

7 C
Do d6 ta dugc: —— > 21. Vay bat dang thirc dugc chirng minh.
ab+bc+ca

Cich 2: Sir dung bét dang thirc Bunhiacopxki dang phan thirc ta c6
1 1 1 1 S 16 16

>
Z b+ 3ab 3be 3ea a’+b*+c* +3(ab+bc+ca) _(a+b+c)2+l(a+b+c)2

=12

L . 2(1 1 1
Bat dang thtrc s€ dugc chung minh néu ta chi ra dugc: —| —+—+—|>18
3\ab bc ca

R, 2(1 1 1 6 6
bé y tiép bat dang thirc Bunhiacopxki ta co: —(— +—+ —j > > =18
3\ab bc ca) ab+bc+ca l(a+b+c)2

Vay bét dang thic duoc ching minh.
1 1 9
Cach 3: Theo mdt danh gia quen thuéctac6 —+—+—2 ———
ab bc ca ab+bc+ca
O 1 1 1 1 1 9
Do d6 ta c6 bat dang thac: ————+—+—+—2—FF—5+
a +b°+c° ab bc ca a +b +c ab+bc+ca
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Ap dung tiép danh gié trén ta dugc

1 + ! + ! (a2+b2+cz+2ab+2bc+20a)29
a’+b*+c¢* ab+bc+ca ab+bc+ca

1 2 7
Hay: ————+ > 9. Mit khac ta lai c6: ————— > 21
a +b°+c° ab+bc+ca ab+bc+ca
. 1 1
Cong theo vé cac bat dang thirc trén ta dwgc —————+—+—+—2=>30.

a+b*+c® ab bc ca
Vay bét dang thirc duogc ching minh.

, , , 1
Vay gia tri nhoé nhat cua P 1a 30. Pang thirc xay rakhi vachikhi a=b=c= g

Bai 47. Cho cac s thuc duong a, b, ¢ théa man abc <1. Ching minh rang;
a b ¢
—+—5t+—2a+b+c
b> ¢ a
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Vinh Phiic nim 2012-2013

Loi giai

1 1 1 s .
Détx:—;y:E;Z:—:xyZZI.Khi do6 bat dang thirc dugc viét lai thanh
a c
3 3 3
1 1 1
x_+y_+Z_2_+_+_
z X y X y z

2
) L o ‘ P ys i (X2+y2+22) i
Ap dung bat dang thuc Binhiacopcxki ta dugc: —++—+—2>2-———"—2>x

z X y xXx+yz+zx

) g , 1

Phép chiing minh s€ hoan tat néu ta chi ra dugc X+ y2 420> —+—+—
xX y z

+y +2°

That vay theo mot danh gia quen thudc va gia thiét xyz 21 tacod

Xy+yz+zx :l+l+l
xyz X y z

xz+yz+z2 ZXy+yz+zx 2

Vay bat dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 48. Cho ba s6 duong a, b, ¢ théa man a + b +c =1. Ching minh rang:
(I+a)(1+Db)(1+c)=28(1—a)(1-b)(1-c)
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Bdic Ninh ndm 2012-2013

Loi giai
Via, b, clacacsé duongva a+b+c=1néntacod a,b,c<1.

Ap dung bt dang thirc Cauchy ta duoc: 1+a=1-b+1-c>2 (l—b)(l—c)

Tuong tu ta co 1+b22,/(1—c)(1—a); 1+022,/(1—a)(1—b)

Nhan theo vé ba bét dang thirc trén ta duoc: (l + a)(l +b)(1 + c) > 8(1 —a)(l —b)(l —c)

. . . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi va chikhi a=b=c = 5

Bai 49. Cho3sda, b, cthéamin 0<a<b<c<1.Tim gia trj 16n nhét cta biéu thuc:

A:(a+b+c+U( ! + ! + ! ]

a+l b+1 c+1
Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Hdii Dwong nim 2012-2013

Loi gii
bat x=1+c,y=1+b,z=1+a. T 0<a<b<c<ltadugc 1<x<y<z<2
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. . I 1 1
TaviétlaibiéuthfrcAléA=(x+y+z)[—+—+—j=3+£+£+Z+1+£+£
X y z Yy z X z X Y

(1—1)( —1J>0@1 R A0 AN DA R |
zZ

y z y z yz y z

(1—3J(1—1j20©1—5—1+ V>0 Z+2<Zy

y X y X yX y x X
SN AR AP S AR, JENE SN AP -] <2(x Z]+2
y z y Xx z X y z Xx z Xx ) z X
— 2t-1)(t-2
DéttzzzlStSI.Dodétaduqc:£+£:l+1—t +1 2 5t+2+§:¢+§
z 2 z X t t 2t 2 2t

2t-1)(t-2
w suy ra z+£S§.Tl‘rd(')taduorc AS3+2.§+2=10
2t z X 2

Vay gia tri 16n nhit cua A 1a 10. Pang thtrc x4y ra khi va chi khi.

1
Do Eﬁtél nén ta coO

Bai 50. Cho a, b, ¢ ,d 13 cac s6 thuc duong thoa man diéu kién a +b+c+d =3. Tim gia tri nho nhit cia
_at+bt+ct+d?
a+b+c+d’

Trich dé thi tuyén sinh 16p 10 chuyén Todn Tinh Nam Dinh nim 2012-2013

biéu thue:

Loi gidi

. A a2 .2 . 3 ., . 3
Cich 1: Dy doan dau dang thiuc xay ratai a=b=c=d = 7 Ta di chirng minh P > e
Bty niv uone & (: chine minh at+b' +ct+d* 3

i€u nay twong duong voi ching min > =

a+b+c+d> 4

Bién d6i twong duong bat ding thirc trén ta c6

4(a’ +b'+ct+d)23(a’ +b’ + +d’ ) = 4(a' +b +ct +d' )2 (a+brc+d)(ad+B + 0+ dP)

<:>3(a4+b4+c4 +d4)2a3(b+c+d)+b3(a+c+d)+c3(a+b+d)+d3(a+b+c)
Ap dung bat dang thuc Cauchy ta dugc:

at+at+at +b*=4a’h; at +at +at + ¢t =4d’c; at +at +at +dt =4a’d
Cong theo vé cac bt dang thirc trén ta duoc 9a* +(b4 +c* +d4)2 4a’ (b+c+d)
Hoan toan tuong tu ta dugc
9p* +(a* +c* +d*)24b’ (a+c+d);9¢* +(a* +b* +d* )2 4c’ (a+b+d);:9d* +(a* +b* +c*) 2 4d* (a+b+c)
Do d6 ta dugc:
12(a4+b4+c4+d4)24a3(b+c+d)+4b3(a+c+d)+4c3(a+b+d)+4d3(a+b+c)
Hay: 3(a“+b“+c“+d“)2a3(b+c+al)+b3 (a+c+d)+c(a+b+d)+d*(a+b+c)
Vay bat dang thirc dugc ching minh.
Suy ra gié tri nho nhat cua P 1a %,dat duockhi a=b=c=d :%

Cach 2: Ap dung bat dang thirc Bunhiacopxki ta duoc
4(a' +b' +ct+d")z(a* +b + ¢ +d2) (@' +bt+ct +dt) (@’ + b+ +d) 2 (a4 b+ +d)
Nhén theo vé cac bat dang thirc trén ta duoc
4(a" +b" +c' +d4) >(a’+b' +c’+d° ) (¢ +0* +c* +d°)
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Hay 16(a* +b* +¢* +d“)2 >4(d’ +b +c° +d3)2(a2 +b> 40" +d”)

Mit khac ciing theo bat dang thirc Bunhiacopxki ta co: 4 (a +b*+c’+d? ) (a +b+c+ d) =9

Do vy 4(a*+b +c’ +d3) (a*+b+c*+d*)29(a’ +b°+¢ +d3)
Suy ra ta dugc 16(a4 +b* +c* +d4)2 29((13 +b +c3+d3)2
Hay 4(a4+b4+c4+d4)23(a3+b3+c3+d3)

4 4 4 4
+b"+c +d 3
Do d6 ta duoc P:a3 3 C} 3 >—
a +b’ +c +d 4

. 3 3
Suy ra gia trj nho nhat cua P 1a Z,datdu’qckhi a=b=c:d=Z

Bai 51. Cho tam giac ABC c6 chu vi béng 2. Ky hiéu a, b, c 1a d0 dai ba canh ctia tam giac. Tim gia tri
nho nhat cia biéu thirc:
4b 9
s=—2 4 + <
b+c—a c+a-b a+b-c
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Hdii Dwong nim 2013-2014

Loi giai
Vi a, b, ¢ 1a d0 dai ba canh cua tam giac c6 chu vi b.%mg2nén at+b+c=2.
bat b+c—-a=x; c+a-b=y;a+b—c=2z, doa,b,cladd dai ba canh ciia tam giac nén

x;y;z > 0. Khi do taduge x+y+z=2 via=21Z. b_x;—z c:x'*z‘y
Khi d6
4(x+ 9(x+ 4(x+ 9(x+
s Aere) o) Afyes $(res) 00| [y o), (2,90, (42,00
2x 2y 2z 21 x % z 21lx y [ vz
Taco

v, 4w D QZ_M ﬂ o262 w ﬂ (2512

Dodo §=> 2(4-i-6-i-12)—11 Ding thirc xay ra khi va chi khi:

1

y=2x ng
z=3x 2 5 2 1
Syy=—<a=—;b=—;c=—=
2z=3y 3 6 3 2

xX+y+z=2 z=1

Khi dé6 a® =b” +c¢”. Vay gia tri nho nhét cia S 1a 11 khi AABC vuéng .

Bai 52. Cho x, y, z 12 ba s6 thuc dwong. Tim gia tri nho nhat cta biéu thirc

2 2 2 2 2 2
S:\/x xXy+y +\/y yzZ+z +\/z ZX+x

xX+y+2z y+z+2x zZ+x+2y
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Hdii Duong nim 2013-2014
Loi giai
2 2
3(x+y) ~ (x+)

Taco x?—xp+pt = (x4 y) 3> (v y) - =T
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VX —xy+y° S x+y

Suy ra >
x+y+2z  2(x+z+y+z)

. 1
Ap dung tuong tu ta dugc: § > —
V+z+z+X z+Xx+x+y x+y+y+z

xty . oy+tz . z+x j

1 b
Dr;flta:x+y;b:y+z;c:z+x,khidétaduqc:SZ—( a + + ¢ jz
2\b+c c+a a+b
b c

. 3
Vi theo bat déng thire Neibizt thi ——+ —— 4+ > >
b+c c+a a+b 2

. 3
Vay ta dugc gia tri nhoé nhat ctua S 1a 1 datdugctai x=y==z.

Bai 53. Gia sir a, b, ¢, d 1a cac sb thuc dwong thoéa man abc + bed +cda +dab =1
Tim gi4 tri nho nhat cta biéu thuc P = 4(a3 +b +c ) +9¢°
Trich dé thi tuyén sinh I6p 10 chuyén Todn DPH KHTN Ha N$i nim 2013-2014

Loi giai
Do vai trd ctia a, b, ¢ nhu nhau nén ta di doan diu déng thirc xdyratai a=b=c=kd , vdiklasb
duong.
Khi d6 4p dung bat dang thirc Cauchy cho ba sé duong ta duoc
3 3 3 3 3 3

Lz(cf +b’ +c2) zﬁ;a—+b—+d3 zw;b—+—+d3  3bed LS 3ca

k K Pk IS R S S & K
Cong theo vé cac bat dang thuc trén ta dugc

( 1 2J(a3+b3+cz)+3d323(abc+abd+bcd+cad) 3

3 6 9
Hay (F+F)(a3+b3+c2)+9d32p

. . 3 6 .
Ta can tim k dé F+P:4<:>4k3 —3k—6=0 vatachonk la so6 duong.

2

1 1 o

bat k= E(x + —j thay vao phuong trinh trén va bién ddi ta thu duge x°® —12x° +1=0
X

Giai phuong trinh nay ta dugc x:\3/6i\/§ ,déyla (6+\/§)(6—\/§):1 nén ta tinh dugc
i = %/6—\/E+i/6+\/§

2
36

(%/6—\/§+%/6+\/§)2‘
:3/6—5 +i/6+\/§'d

2

Do do6 ta tinh dugc gia tri nhé nhét cta P 1a

Ding thirc xay ra khi va chikhi a=b=c

Bai 54. Gia str day s6 thuc c6 thir tw x, < x, < x, <...< Xx,,, théa min diéu kién:
X +x,+x;+..+x, =0
{|xl|+|x2|+|x3|+...+|x192| =2013
2013
‘ 7 96
Trich dé thi tuyén sinh lop 10 chuyén Toan DH KHTN Ha Ngi nam 2013-2014

Chirng minh rang: Xigy — X 2
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Loi giai
Trude hét ta chimg minh bai todn phu sau: Véi a, <a, < a, <...<a, thdéa min
{al +a,+a,+..+a,=0

|a1|+|a2|+|a3 =1

. 2
Khi do ta duoc a, —a, = —.
n
That vay, tir diéu kién ctia bai toan ta nhan thiy ton tai s6 tu nhién k dé
a,<a,<a,<..<q,<0<q,, <..<q,

{al+a2+a3+...+an =0
Khi dé tu suy ra
|a1|+|a2|+|a3|+...+|an|:1

a,, +..ta,=—

{(al+a2 +a;+..+a,)+(a, +..+4a,)=0 N

- = 1
(a,+a,+a,+..+a,)+(a,, +...+a,)=1 Gyt at e =t
Cingtr g, <a,<a,;<..<aq,<0<q,,<..<aqa, tadugc
1 1
-—a, <..<a, =>a >——
2k 2(n—k)
1 1 2 2

Dodéa —a>——+—=—""__> n ==

2(n—k) 2k 2(n—k)n (n—k+n) n

Nhu vay bai toan dugc chung minh xong.

a,<a,<a;<..<a,=aq<

X Xy X3 X

+ + +ot
2013 2013 2013 2013

Tur gia thiét cua bai toan trén ta viét lai nhu sau:

| % |+| ! |+| x| o |

12013] " |2013| [2013] 2013
, . ., 2 2013
Ap dung két qua cua bai toan phu ta dugc: 2)89123—23113 ™ = X9y — X ZY

Viy bai toan dugc chirng minh xong.

Bai 55. Cho céc s6 thuc duong a, b, ¢ thoa man a’+b*+c*=1. Chirng minh:

2 2 2
\/ab+2€ +\/ be+2a +\/ ac+2b >2+ab+ba+ca

l+ab-c* l+bc—a’ l+ac—-b*
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Vinh Phiic nim 2013-2014
Loi giai

Do a’+b*+c* =1 néntacod
\/ab+202 _\/ ab +2¢? _\/ ab+2¢c? B ab+2c?
l+ab-c? a+b+ct+ab-c? a’+b*+ab \/(ab+2cz)(a2 + b2 +ab)

Ap dung bat dang thitc Cauchy ta cé

(ab+2c )(a +b2+ab) 20% +a’ +b2+2ab£2(a2+b2+cz)
2 2

ab+2c* ab+2c* ab+2c? )
Suy ra >————=ab+2c
I+ab—c’ \/ab+2c a +b2+ab) a +b"+c

Nguwoi bién sogn: Tran Minh Quang Trang 31/53

=a’+b* +¢?




2 2
Tuong tu ta dugc 1/l)6‘+—2612 > be+2a’; JM > ca +2b*
1+bc—a l+ca—>b

Cong vé theo vé cac bit ding thirc trén két hop a® +b* + ¢ =1 ta co bét dang thire cAn chimg minh.

, , 1
Pang thirc xdy rakhivachikhi a=b=c=—

NR

Bai 56. Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc = 1. Ching minh rang:
a b c 3

(@i D)(611) (b+1)(ct1) (ct1)(atl) 4
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Vinh Phiic nim 2013-2014

Loi giai
Bit dang thirc can chirg minh twrong dwong véi
4a(c+1)+4b(a+1)+4c(b+1)=3(a+1)(b+1)(c+1)
<:>4(ab+bc+ca)+4(a+b+c)23abc+3(ab+bc+ca)+3(a+b+c)+3c>ab+bc+ca+a+b+026
Ap dung bét dang thirc Cauchy cho céac sé duong ta duoc
ab+bc+ca>33 (abc)2 =3;a+b+c>33abc =3

Cong theo vé hai bat dang thuc trén ta dugc ab+bc+ca+a+b+c>6
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 57. Cho a, b, ¢ 1a cac sd thuc dwong théa man a +b +c + ab + bc + ca = 6abc . Ching minh rang;

1 1 1
?+b—2+c—223

Trich dé thi tuyén sinh I6p 10 chuyén Todn TP Ha Ngi nim 2013-2014

Loi giai
NPT S T S T .
Gia thiét cua bai toan duogc viét lai thanh: —+—+—+—+—+—=206
ab bc ca a b c
Ap dung bat dang thuc Cauchy ta dugc

1 1 2 1 1 2 1 1 2 1 2 1 2 1 2

—t—=2>2——t—=2—; —+t—2>2—; —+12—; —+1>2—; —+12>—

a b ab’'b® & be & ab ca d a b’ b’ c

1 1 1 1 1 1 1 1 1

It 7 2 —_— T —_— > —_— _—— —_T— — | = =

Céngtheovécécbétdéngtht’rctréntaduqc3 a2+b2+cz +3_2(ab+bc+ca+a+ +cj 2.6=12
1 1 1

Hay ?+b—2+c—223

Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 58. Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc = 1. Ching minh rang:
1 1 1

+ +
ab+a+2 be+b+2 ca+c+2
Trich dé thi tuyén sinh lop 10 chuyén Toan TP Ha Ngi nam 2013-2014

Loi giai
Pita="2;b=2:c=2 Goi P Iavé tréi, khi d6 ta duoc
y z X

1 1 1 vz zx Xy

= + + = + +
ab+a+2 bc+b+2 ca+c+2 xy+xz+2yz xy+yz+2zx xz+yz+2xy
Bién dbi tuong duong ta duoc
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Y2 +1- = +1- a4
xXy+xz+2yz xXy+yz+2zx Xz +yz+2xy

1 1 1
3—P:(xy+yz+zx) + +
Xy+xz+2yz xy+yz+2zx xz+yz+2xy

3-P=1-

, L 1 1 1 1

Ap dung bat dang thirc Cauchy dang —+ —+—2>——

paune & YO T BT C T A+ B+C

Ta co 3—P:(xy+yz+zx) 2 =2©P§3_2:§
4xy+4yz+3zx 4 4 4

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 59. a) Chimg minh ring: @’ +b° > ab(a+b), véia, b 14 hai s duong.
b) Cho a, b 1a hai s6 dwong théa man a +5b >1. Tim gia tri nho nhat cta biéu thirc:
2 3
F=(a+b) +(a*+b*)+=ab
(a7 +07) +(a*+07)+ 3

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2013-2014

o ‘ Loi giai
a) Bat dang thirc can chirng minh tuong duong voi
(a+b)(a*—ab+b’)—ab(a+b)20< (a+b)(a’~2ab+b*)20 < (a+b)(a-b) 20
Ta thay véi a, b 13 hai s6 duong nén bat dang thirc di cho luon dung.
b) Cach 1: Ap dung bat dang thic da chimg minh trén ta c6 (a3 +b’ )2 > [ab(a + b)]2 nén theo gia
thiét ta duoc (a3 +b’ )2 > [ab(a +b)]2 > (ab)2 .Mitkhactacod a’+b> = (a + b)2 —2ab>1-1ab

2
DodéFZ(ab)z+1—2ab+§ab=(ab)2 —a—b+1=(ab)2—2.ab.l+L+E= ab—l JrEZE
2 2 4 16 16 4 16 16

. s , 1

Dau dang thtrc xay ra khi va chi khi aZbZE

N T & . 1

Vay gia tri nhé nhat cua F 1a bang E,dat duoc khi azb:E.
2 1

Ciach 2: Taco F=(a3+b3) +(a+b)2—5ab

\ 1A, Al , 3 13 (a+b)3
Ma ta luon co6 bat dang thie a” +b” >

, voimoi a, b> 0.

7 e 5 2
Ap dung bat dang thurc trén ta ¢ (a3 + b3) > {

. C +b)’ 7(a+bY
Ap dung bat dang thirc Cauchy ta co: F2i+(a+b)2—(a ) :L—i- (a ) ZL+Z:1_5
16 8 16 8 16 8 16

. . 15 1
Véy gia tri nho nhat cua F 1a bang TR dat dugc khi a =b = 3

, 1 1 1 1 1 1
Bai 60. Cho ba so thuc duong a, b, ¢ thoa man 12(—2+—2+—2js3+—+—+—
a- b ¢ a b ¢
Chtrng minh rﬁng: ! + 1 + ! < l
da+b+c a+4b+c a+b+4c 6
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Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2013-2014

Loi gii

2
Theo mdt danh gia quen thudc ta co: 4(l+l+lj Sl2(%+%+%)£3+l+l+l
a b c a b c a b c

Suy ra: (l+l+l—lj 4(l+l+lJ+3 <0. Do d6 ta dugc: l+l+lél vaia+b+c=>9
a b c a b c a b c
1 1 1

+ +
da+b+c a+4b+c a+b+4c

Pat P=

1 1
<—+— taduoc
xX+y x y

Ap dung bét dang thirc Cauchy dang

-1 + ! - ! _l i+;+L+—+L+;
dag+b+c a+4b+c a+b+4c 4\3a a+b+c 3a a+b+c 3a a+b+c
1/ 1 1 1 3 11 1 1

= —t+—F—F— |<—| == |=—
4\3a 3b 3¢ a+b+c 4\3 3 6

. . . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi va chikhi a=b=c = 5

Bai 61. Cho a, b, ¢ 1a d dai ba canh ciia mot tam giac. Chirng minh rﬁng:
b*+c*—a* cF+a*-b* a+b -
+ +

>2
be ca ab
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thanh Héa niam 2013-2014
Loi giai

Bién doi trong dwong bét dang thirc nhu sau

b+t —a? +c2 +a’-b* _’_a2 +b*=¢?

bc ca ab
& a(b2 +C'2)+2cll7c—cz3 +b(c2 +c12)—2cll7c—b3 +c(a2 +b° —62)—2abC—C3 >0

= a[(b+c)2 —az}+b[(a—c)—b2}+c[(a—b)2—c2}>0
< a(b+c—a)(b+c+a)+b(a—c-b)(a+b-c)+c(a-b-c)(a-b+c)>0
<::>(b+c—a)[a2 —(b—c)z]>O<:>(a+b—c)(b+c—a)(c+a—b)>0

Vi a, b, ¢ 1a @6 dai cac canh cuia mét tam giacnén: a+b—c>0;b+c—a>0,c+a-b>0

>2(:>a(b2 +c? —c12)+l)(c2 +a2—b2)+c(a2+b2—c2)>2abc

Do véy bat ding thirc cubi ciing ludn ding. Vay bai toan duoc chimg minh xong.

Bai 62. Cho céc sb thuc duong x, y, z thoa man x° + y2 +z22 = 3xyz . Ching minh rang;
2 2 2
X 3
4 + 4y T - Y
X'+yz Yy +xz z +xy 2

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Nam Dinh niam 2014-2015

Loi giai
Cich 1: Ap dung bét dang thirc Cauchy ta c6
1 2

1 1 2 _1 1 1 (1 1
2x°Jyz<x*+yz & > —
2x7\yz x4+yz x*+yz 2,/yz ,/yz y Z yz 4\y z

2
L {1 1
Tur hai bat dang thuc trén ta dugc al < —[— + —]

x*+yz 4ly z
- co Y 11 1y, 2 111
Hoan toan tuong tur taco —; S—|—+—1; <—| —+—
yi4xz 4\x z) zZ+xy 4\lx oy
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y z X

4

x’ y? z° <l 1 1 1) 1 xy+yz+zx
x+yz yraxz Ztexy 2

Cong theo vé cac bat dang thuc trén ta dugc + +
2 xyz

X +y 4z _3xyz

Mt khac ta lai ¢6: xy + yz+zx < x° + y*> +z° . Do d6 ta dugc: 3
xXyz xXyz
2 2 2
X 3
Suy ra: — + 4y + 4Z <—
X'+yz Yy +xz z +xy 2
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi x=y=z=1
Cich 2: Tir gia thiét cua bai toan ta duge: 3xyz =x"+y° + 2> > xp+ yz +2x
I 1 1 5 1 1 1 e
Suyra —+—+—<3.Pata=—;b=—; c=—,khidotadugc a+b+c<3
X y z x y z
2 2 2
C \ . a“bc b ca cab 3
Bat dang thire can chimg minh dugc viét lai thanh —; 7 +— <—
a'+bc b +ca c"+ab 2
Ap dung bt ding thirc Cauchy ta duge a” +bc > 2a°/be
2 2
b b b
Do d6 ta duoc il ¢ < A,
a*+bc  2a*\bc 2
2 2 2
a“bc b ca ccab _~Nab++~bc+~ca
Hoan toan tuong ty ta dugc —; +— +— <
a' +bc b +ca c' +ab 2
2 2 2
x 2 a“bc b ca cab 3
De¢ thay vab ++/bc +~/ca <a+b+c <3 néntadugc —; +— +— <—
a'+bc b +ca c"+ab 2

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi x=y=z=1

Bai 63. Cho a, b, ¢ 1a cac s6 thuc duong théa man ab +bc + ca =1. Chimg minh rang:

2abc(a +b+c) S§+a4b2 +b'c* +cta’

Trich dé thi tuyén sinh l6p 10 chuyén Toin PHKHTN Ha N$i nim 2013-2014

Loi gidi
Cich 1: Ap dung bét déng thirc dang x° + y2 vz > xy + yz+zx ta dugc

a‘’b* +b'c* +ctat > abc(a2b+bzc+cza)

; 5
Bai toan quy vé ching minh 2abc(a +b +c) < §+ abc(azb +b’c+ cza)

Ha 2(a+b+c)< +(a’b+b’c+c’a
Y ( ) 9abc ( )
. e 1 _2 1 _2b 1 _2
Ap dung bét ding thire Cauchy ta duge a’b+— Z—a; b’c+—=>"—;c%a >
9 3 9¢ 3 9a 3
. e 1 _2a 2b 2
Cong theo vé cac bat dang thirc trén ta duoc: a’b+b’c+c’a+—+—+—> 4,2,¢

9a 95 9¢ 3 3 3

Hay a2b+bzc+cza+wzg(a+b+c)
9abc 3

Nhu vy ta can chi ra duge 2(a+b+c)< +§(a+b+c)

9abc

4abc(a3+b+c) S%@ 3abc(a+b+c)<1

Panh gia cudi cung 1a mot danh gia ding vi 1 = (ab +bc+ ca)2 > 3abc (a +b+ c)

Hay
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Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c = %
Cach 2: Ta viét lai bat dang thic can chimg minh thanh

2abc(a +b+c)+g <1+a*h’ +b*c* +c*a’
Péyla 1=(ab+bc +ca)2 =a’h’ +b’c’ +c*a’ +2abc(a+b+c)
Nhu vay ta quy bai toan vé chimg minh g <@’ + b+l +a'bP + b +ctd?
Dé y dén gia thiét ta bién d6i twong duong bit dang thirc trén thanh

gﬁ a’b? (a2 +1)+l)2c2 (b2 +1)+cza2 (c2 +1) @%S a’b® (a+b)(a+c)+bzc2 (b+c)(a+b)+cza2 (c+b)(c+a)

212 2.2 2 2
<:>4£9(a+b)(b+c)(c+a)(ab J e ca }

b+c c+a a+b

D dang chimg minh dugc: 9(a+b)(b+c)(c+a)=8(a+b+c)(ab+bc+ca)=8(a+b+c)
a’b? N b’ N cta? S (ab+bc+ca)2 3 1
b+c c+a a+b  2(a+b+c) _2(a+b+c)

21.2 2.2 2 2
. O b* b
Nhan theo vé hai bat dang thire trén ta duoc: 9(a+b)(b+c)(c+a)(;Z s 2L abj24
+c¢ c+a a+

Theo bat ding thirc Bunhiacopxki ta lai c6:

Hay bét dang thirc trén dugc chimg minh.

Bai 64. Cho a, b, ¢ 14 cac s6 thyc khéng 4m. Ching minh ring:
a’+b>+c* +33 (abc)2 > 2(ab+bc+ca)

Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Nghé An nim 2014-2015

Loi giai
bat x=x/a’; y=3b*; z=Rc" .
Suyraa’ =x;b° =y’ ;c* =2, nén a=+x", b=4/y’, c=~z voi x; y;z2>0

Bt dang thirc can chimg minh tro thanh: x° + y° +2° + 3xyz > 2(\/)63_)/3 + \/)/323 + \/23x3 )

Ap dung bt dang thirc Cauchy ta duoc xy (x + y) > 2xp+/xy = 24/x° )’

Tuong tu ta c6 yz(y+z)22 y323;zx(z+x)22 2’x’

Cong theo vé cac bat ddng thuc trén ta dugc
xy(x+y)+yz(y+z)+zx(z+x) > 2(\/x3y3 +\/y3z3 +\/Z3x3 )
Nhu vay phép ching minh s& hoan tat néu ta chi ra dugc
X4y +2 +3xyz 2 xy(x+y)+yz(y+2)+zx(z+x)

Vi vai tro cua cac bién binh ding nén c6 thé gia st x>y >2z>0

Khi d6 x(x—y)2+Z(y—z)2+(Z+x—y)(x—y)(y—z)20

Suy ra x3+y3+z3+3xyzny(x+y)+yz(y+z)+zx(z+x)

Vay bét dang thirc dugc chig minh. Pang thirc xay ra khi va chikhi a=b=c.
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Bai 65. Cho a, b, ¢ 1a 6 dai ba canh cia mot tam giac thoa méan diéu kién 2¢+b = abc. Tim gia tri nho
3 4 5
+ +
b+c—a c+a-b a+b-c
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Bic Ninh nam 2014-2015

nhét ctia biéu thic: S =

Loi giai
Tir gia thiéttaco a+b—c>0;b+c—a>0;c+a—b>0.

, Coae I 1
Ap dung bat dang thirc Cauchy dang —+— 2= ta duoc

X y x+y

1 1 1 1 1 1 2 4 6
S= + +2 + +3 + 2 —+—+—
b+c—a c+a->b b+c—a a+b-c c+a-b a+b-c ¢c b a

2 1 . . 6
Ma 2c¢+b = abc < —+—=a nén két hop véi bat dang thirc Cauchy ta duge: S >2a+—> 43
c a

Vay gia tri nho nhat cia S 1a 4\/5 dau bang xay ra khi vachikhi a=b=c= \/§ .

Bai 66. Cho phuong trinh ax” +bx+c=0 (a # 0) ¢6 hai nghiém thudéc doan [0;2] . Tim gia tri lon

B 8a’ —6ab +b*

" 4a*>—2ab+ac
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Vinh Phiic nim 2014-2015

nhit cua biéu thirc: P

Loi giai
Goi x,;x, (x; <x, ) 1a hai nghiém cta phuong trinh da cho. Theo dinh Ii Vi-ét ta ¢ x, +x, =——; x,x, =<
a a
b (bY
8—6—+| —
o 8a’ —6ab+b’ a (aj 8+6(x1+x2)+(x1+x2)2
Khidé P=— = 5 =
4a*-2ab+ac 4 _,b ¢ 4+2(x, +x,)+xx,

a da

2
Do 0<x, <x, <2=>x7 <x,x,; xzzS4:>xf+x§£x1x2+4:>(xl+x2) <3xx,+4

8+6(x +x,)+3xx, +4
Do d6 ta duoc P< (1 2) 172 =

3
4+2(x1 +x2)+x1x2

, , ) c=-b=4a
bang thirc xay ra khi x;, =x, =2 hodc x, =0; x, =2 hay
b=-2a;c=0
Vay gia tri 16n nhat cta P 1a 3.
Bai 67. Cho a, b, ¢ 1a cac s6 thyc duong théa man a +b +c <2014 . Ching minh rang:
58-0° 5B - 50—
22 2222 2 <014
ab+3a~ bc+3b~ ca+3c
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Lao Cai nim 2014-2015
Loi giai
DE dang chimg minh duge @’ +b° > ab(a+b), ta bién déi tuong dwong bat dang thirc bén nhu sau

a+b> ab(a+b)<:>5a3 -b* <64’ —ab(a+b)<:> 54> b’ Sa(6a2 —ab—bz)

5qa° -b°

<540 -b° Sa(Za—b)(3a+b)<:>—2S2a—b
ab+3a
303 303

Hoan toan tuong tu ta dugc Sb—czs 2b—c; Sc—azﬁ 2c—a
bc+3b ca+3c

5¢°-b 5b°-c 50 -a’

7t 7T 2
ab+3a” bc+3b" ca+3c
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Cong theo vé cac bat ding thirc trén ta dugc:



L . . 2014
Vay bat dang thirc dugc chirng minh. Pang thirc xdy rakhi a=b=c=——

Bai 68. Cho cac s6 duong x, y, z théamén x(x+1)+y(y+1)+z(z+1)<18.
1 1 1

- -
x+y+1l y+z+1 z4+x+1
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh niam 2014-2015

Tim gia tri nho nhét cua biéu thuc: B =

Loi giai
Ta bién d6i gia thiét: x(x+l)+y(y+1)+z(z+l)£18c>x2 +y* + 2 S18—(x+y+z)

Ap dung mét danh gia quen thudc ta duoc (x+ v+ 2)2 < 54—3(x+ v+ Z)

Hay 0<x+y+z<6
. e , I 1 1 9
Ap dung bat dang thuc Cauchy dang —+—+—2>———— ta duoc
a b ¢ a+b+c
B 1 1 1 S 9 S 9 3

x+y+1 y+z+l z+x+1 2(x+y+z)+3 2.6+3 5

3
Hay Bzg.Déubéngxéyrakhivéchikhi xX=y=z=2

. 3 . .
Vay gié tri nho nhat cia B 1a g . Pang thic xayrakhi x=y=2z=2

Bai 69. Cho a, b, ¢ 12 ba sb thuc dwong va c6 tong bang 1. Ching minh ring:
a—-bc b—ca c—ab 3
+ + <=
a+bc b+ca c+ab 2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh niam 2014-2015

Loi giai
. . . -b 2b 2b 2b
Két hop voi gid thit ta ¢ bién déi sau: 20 =1- -2 —1 ¢ ~1- ¢
a+bc a+bc a(a+b+c)+bc (a+b)(a+c)
o b—ca 2ca c—ab 2ab
Hoan toan tuwong tu ta duoc =1- ; =1-

b+ca (b+c)(b+a)’ c+ab (c+a)(b+c)'

Khi d6 ta duge: —0¢  o=ca emab_5 be + - + ab
" a+bc b+ca c+ab (a+b)(a+c) (b+c)(b+a) (c+a)(c+b)
. bc ca ab 3
T bai toan vé chu inh > —
7 quy bt fodn ve chtimg mi (a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b) 4

Bét ding thirc trén tuong duwong voi
4bc(b+c)+4ca(c+a)+4ab(a+b) > 3(a+b)(b+c)(c+a)

b ¢ ¢ a a b
bc+bc* +cta+ca’ +a’tb+ab* > 6abc < —+—+—+—4+—+—-2>6
a a b b ¢ c

@(é+%—2j+(%+é—2j+(5+ﬁ—2jz0@ (a_b)z +(b_c)2 +(c_a)2 >0

a c a c ab bc ca

Bt dang thirc cudi cung luén dung. Vay bai toan duge chimg minh xong.

. . 1
Pang thic xay ra khi va chi khi a=b=C:§.
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Bai 70. Cho a, b, ¢ 1a cac sd thuc duong thoa man 6a +3b+ 2¢ = abc . Tim gia tri 16n nhit cua biéu thic:
1 2 3

B= + +
Ja*+1 b +4 2 +9
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2014-2015

Loi giai
R S ... 6 3 2 . 1 2 3
Gia thiét cua bai toan duoc viét lai thanh —+—+—=1.Dit a=—; b=—; ¢ =—, khi do ta duoc
bc ca ab X y z
Y

xy + yz + zx = 1. Biéu thirc B dugc viét lai thanh B =

X z
+ +
\/x2+1 \/y2+1 \/ZZ—I—I

Dé y dén gia thiét xy+ yz+zx=1tacod X' +1=x +xy+yz+zx=(x+y)(z+x)

X X
Khi d6 ta duoc =
\/xz—i-l \/(x+y)(z+x)
Hoan toan tuong tu ta dugc B = al + Y + z

\/(x+y)(x+z) \/(x+y)(y+z) \/(Z+x)(y+z)

Ap dung bét ding thirc Cauchy ta duoc

\/(x+y);(z+x) S%(xiy+zj-x}\/(x+y);(y+z) S%(xifyiz}\/(xﬂi(yﬂ) S%[Zix V2

Cong theo vé cac bat dang thic trén, suy ra
b y z

JGrs) o) i)

. 3 . .
Vay gia tri 1on nhat ctia B la 5 bang thirc xay ra khi va chi khi a = \/5; b= 2\/5; c=33

B=

3
2

Bai 71. Cho céc sé thuc a, b, ¢ dwong. Chimg minh rang:
a__ b N c
\/b2 +c’ \/c2 +a’ \/a2 +b’
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Quing Tri niam 2014-2015

>2

Loi giai

2 2
. A a a 2a
Ap dung bat dang thuc Cauchy ta dugc = 25—
Vb +¢ \/az(b2+cz) a”+b"+c
2 2
b S 2b : c S 2c
Jt+aq? a+b+ Yyt a+b
+ b T
\/b2+02 \/c2+a2 \/a2+b2
a b c

+ +
\/b2 +c? \/c2 +a’ \/a2 +b’

Hoan toan tuong ty ta duoc

>2

Cong theo vé cac bat dang thuc trén ta dugc

Vi dang thirc khong xay ra nén ta co bat ding thirc >2

Bai toan dugc chirng minh xong.

Bai 72. Gia st a, b, ¢ 1a cac sb thuc duwong thoa man a+b+c =3 . Tim gia tri nho nhét cua biéu thirc:
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A_(b+c—a)3 +(c+a—b)3 +(a+b—c)

2a 2b 2¢
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Dik Lik, 2014 — 2015
Loi giai

Cich 1: Ap dung bét dang thirc Cauchy ta duoc

3 3 3
(b+c—a) +2_a+l>3(b+c—a)'(c+a—b) +2b 1>3(c+a—b).(a+b—c) +£+1 3(a+b-c)

- 9

24 42 2 2 4 27 2
Cong theo vé cac bat dang thuc trén ta dugc
3 3
(b+c—a) Jr(c+a—b) Jr(a+l7—c)+a+b-|-c 323(a+b+c)
2a 2b 2c 2 2 2
(b+c—a)3+(c+a—b)3+(a+b—c)2a+b+c_§:§
2a 2b 2c 2 2

3

2c

Hay

. 3 , .
Vay gia tri nho nhat cua A 1a 5 Pang thirc xdy rakhi vachikhi a=b=c=1.

Cich2: Pit x=b+c—a; y=c+a—b; z=a+b—c,khi d6 ta viét lai gia thiét thanh x+ y+2z=3.
, x3 y3 Z3
Bai toan quy vé tim gia tri nho nhat cta biéu thirc: 4 = + +
2(y+z) 2(z+x) 2(x+y)

Ap dung bét dang thitc Bunhiacopxki dang phén thuc ta duoc
2
3 3 3 X2+ v + 22 2, .2, 2
qo X Ly .z 2( y )Zx+y+z ZE
y+z z+x x+y 2(xy+yz+zx) 2 2

. 3 , .
Vay gia tri nho nhat cua A 1a 5 Pang thirc xdy rakhi vachikhi a=b=c=1.

Bai 73. Cho ba s6 thuc x, y, z thoa man x > —1; y > -2; z>-3 va x+ y+z =—5. Chling minh rang:
1 4 9
+ + >36
x+1 y+2 z+43

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Yén Bdi nim 2014-2015

Loi giai
Dox>-1; y>-2;z>-3nén x+1>0; y+2>0; z+3>0.
4 9 _ (1+2+3)

. 1
Khi d6 ap dung bat dang thirc Bunhiacopxki dang phan thirc ta duoc + + > =36
x+1 y+2 z+3 x+y+z+6

xX+y+z=-5
Bét ding thirc duoc ching minh. Pang thire xay ra khi va chi khi: 12 3
x+1 y+2 z+3

Bai 74. Cho ba sb thuc x, y, z khong am théa man x+ y+z +xyz =4 . Tim gia tri l1on nhét cua biéu
thirc:
P=xy+yz+zx
Trich dé thi tuyén sinh I6p 10 chuyén Todn Pai Hoc Vinh nim 2014-2015

Loi giai
Cach 1: Gia sir x 13 s6 nho nhét trong ba s6 x, y, z. k};gi do6 ta xét cac truong hop sau:
+ Truong hop 1: yz <1.Kho d6 ta dugc xy <1; zx <1 nén P<3
+ Truong hop 2: yz > 1. Khi d6 ta dugc xyz > x.
Do do

4=x+y+z+xy22x+y+z+x22\/(x+y)(x+z) :2\/x2+xy+yz+zx=2\/x2+P22\/F
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Suy ra P <4 . Két hop cac két qua ta dugc gia tri nho nhét ctia P 1a 4.

Ding thirc x4y ra khi va chikhi x =0; y =z =2 va cac hoan vi.

Cich 2: Gia sir x 14 s6 16n nhat trong céc sd x, y, z.

Khi d6 ta dwgc x+ y+2z<3x; xyz<x’.Suyra x’ +3x >4 hay (x—l)(x2 +x+4) >0=>x2>1.

Tacc')P:xy+yz+zx:x(x+y+z)+yz—x2 :x(4—xyz)+yz—x2 :—(x—Z)2 +4+yz(l—x2)S4

Suy ra P <4 . Vay gia tri nh6 nhat ctia P 13 4.
Ding thirc x4y ra khi va chikhi x =0; y =z =2 va cac hoan vi.

Bai 75. Cho a, b, ¢ 12 ba sb thuc dwong théa man a + b+ ¢ = 3. Chimg minh rang;
a’ N b’ N c’ S 3
\/b+3 \/c+3 \/a+3 2
Trich dé thi tuyén sinh lop 10 chuyén Todn Tinh Bac Giang nam 2014-2015

Loi giai
Ap dung bét dang thirc Cauchy ta duoc
a’ b? c? 4a’ 4b* 4c° 4a’ 4b* 4c°
+ + = + + > + +
Jb+3 Ne+3 a+3 4Jb+3 4Jc+3 4Va+3 b+T c+7 a+7
4a> 4 4 _4(a+bic) 49 3

+ > = =
b+7 c¢+7 a+7 a+b+c+21 3+21 2

Ap dung tiép bat dang thirc Bunhiacopxki dang phan thirc ta co

a’ N b’ N c’ 3
\/b+3 \/c+3 \/a+3_2
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c=1

Suy ra ta dugc

Bai 76. 4
1) Cho a, b, ¢ 12 ba s thuc duong tuy y. Chirg minh rang:

a+~Jab +3abe S%(a+b+c)

2) Cho a, b, ¢ 14 ba s6 thyc duong tiy y. Ching minh rang:
b b
> ¢ + 2ca + 2a <1
a +2bc b +2ca c¢ +2ab
Trich dé thi tuyén sinh 16p 10 chuyén Tin - Todn Tinh Tién Giang nim 2014-2015

Loi gidi
‘ P u P v b+dc
1) Sir dung bét ding thtrc Cauchy ta c6: vab =2., /Zb < Z+b; Jabc =} Z.b.4c <4

a
—+b+4c
4(a+b+c
Tir d6 ta c6 a+\/ab+\3/abcéa+%+b+4 3 = ( 3 )
Bai toan duoc ching minh xong. Pang thirc xay ra khi va chi khi @ = 4b =16¢
2 2 2
b
2a + + Zc >1
, a +2bc b"+2ca ¢ +2ab
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc
a’ b? c? (a +b+ C)2
2 T3 T Z =
a +2bc b +2ca ¢ +2ab a +b +c +2ab+2bc+2ca

Bai toan duoc ching minh xong. Pang thirc xay ra khi va chikhi a=b=c

2) Bét dang thirc can chimg minh twong duong véi:

Bai 77. Cho x, y, z 1a ba s6 thuc duong théa man x + y+z=1.Chung minh rang:
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2 2 2
I-x +1 h% +1 Z 56
X+yz y4+zx z+Xxy

Trich dé thi tuyén sinh I6p 10 chuyén Todn Thanh Phé Ha Ngi nam 2014-2015

Loi giai
2 —
Ap dung gia thiét ta duoc: 1-x* _ (1-x)(1+x) :(x+y)(y+z)+(z+x)(y+z)
x+yz (x+y)(z+x) (x+y)(z+x)

Hoan toan tuong ty ta duoc
1-y? :(x+z)(x+y)+(x+z)(y+z)_ 1-2? :(x+y)(y+z)+(x+y)(x+z)
y+zx (x+y)(y+z) Z4xy (y+z)(z+x)

bit a=(x+y)(y+z); b=(y+z)(z+x); c=(x+y)(z+x), khi d6 ta viét lai duoc bat dang thic

a+b b+c c+a
+ +
c a b

thanh: >6

. o b b
Ap dung bat dang thirc Cauchy ta dugc g+—Z2;—+£22;£+£22
b a c b a a

a+b b+c c+a
+ +

Cong theo vé cac bat dang thuc trén ta dugc >6

c a b
Vay bai toan dugc ching minh xong.

Bai 78. Cho x, y, z 1a ba s6 thuc duong thoa méan Xy + yz+ zx =1. Ching minh rang:
3
AN S S
I+ P+l N2+l 2
Trich dé thi tuyén sinh I6p 10 chuyén Todn DHSP TP Ho Chi Minh, 2014-2015

Loi giai
X X

\/x2+1 _\/x2+xy+yz+zx _\/(x+y (x+z)

2
Ap dung bét ding thirc Cauchy ta duoc: al = al < l( al + al j
Jx+y)(x+2) (x+y)(x+z) 2(x+y z+x

Do d6 ta duoc al Sl al + al
+1 2\x+y z+x

1 1
Hoan toan twong tu ta dugc: Y <— Y + Y R z <— z + z
/y2+1 2\x+y y+z \/224_1 2\z+x y+z

Cong theo vé cac bat dang thuc trén ta dugc

1
x+y+zg—(x+x+y+y+Z+ZJ

\/x2+l \/y2+1 \/zz+1 2

xX+y z+x x+y y+z z+x y+z
Vay bat dang thirc dugc ching minh. Pang thirc xay rakhi va chikhi x =y =z =

Ap dung gia thiét ta duoc

3
2

R
N

Bai 79. Cho x, v, z 1a cac s thuc duong thoa man
\/x2 +y° +\/y2 +22 +~2 + x> =2014
. x2 y2 ZZ
Tim gia tri nho nhat cua bicu thic: P = + +
y+z z+x x+Yy
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thanh Héa, 2014 — 2015

Loi giai
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2 2
Dé dang chimg minh duoc 2(y2+22)2x+y do do ta dugc al 2 al .
y+z 2(y2+22)

2 2
X z

2

+ ) +
\/2(y2+zz) \/2(22+x2) \/2(x2+y2)
Détaz\/y2+22;b=\/22+x2;c:\/x2+y2,suyraa+b+c:2014
b*+c*—a’ 2_02+az—bz.Zz_aerbz—c2
2 ’ 2 2
1 bz-i-cz—azJrc2+az—bz+az+bz—c2
22

o b>’+c*—a* F+at-b> a+bP -7 b ¢ at F adh b
Xét biéu thuc Q = + + =—+—+—+—+—+——(a+b+c)
a b c a a b b ¢ c

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

2 2 2 2 2 2 2 2
Q:{a—+b—+c—]+(b—+c—+a—]—(a+b+c)2 (atb+c) +(a+b+c) —(a+b+c)=a+b+c=2014
b ¢ a a b ¢ at+b+c at+tb+c

Hoan toan tuong tu ta dugc: P >

Tir 46 ta duge x° =

>

Khi d6 ta dugc P >
a b c

Do d6 ta dugc P > 2014 . Vay gia tri nho nhat cua P 1a 2014 .
22 22

2014

W2

Ding thirc xay ra khi va chikhi x=y=z=

Bai 80. Gia st a, b, ¢ 1a cac sd thuc duong thoa man ab+bc+ac+abc <4. Ching minh rang:
a’+b*+c’+a+b+c> 2(ab+bc+ac)
Trich dé thi tuyén sinh l6p 10 chuyén Toin PHKHTN Ha Ngi nim 2015-2016

| Lo giai
Ap dung bat dang thitc Cauchy 4 s6 ta c6 :

4> abc+ab+bc+ac>4a’b’c =1>abc=> a+b+c>33Jabc >3a’b’c’
Khi do ta quy bai toan vé chimg minh a® +b° +¢* +3/a’b’c* > Z(ab +bc+ ac)

pat Ya* =x,Ap? = p,c? =2 (x,,z>0), bit ding thitc duoc viét lai thanh

X+ + 20 +3xyz > 2\/)c3y3 +2\/z3x3 +2\/Z3y3

D& dang ching minh duoc X’ +y3 +z’ +3xyz2xy(x+y)+yz(y+z)+xz(x+z)

xy(x+y)+yz(y+z)+xz(x+z)Z2\/x3y3 +2\/z3x3 +2\/23y3

Khi d6 ta dugc : x* +y° +2° +3xyz > 2\/)c3y3 + 2\/z3x3 + 2\/z3y3
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 81. Gia su x, y, z 1a cac ) thyc 16n hon 2. Tim gia tri nho nhét cua biéu thirc:
P= al + Y + z
\/y+z—4 Jz+x—4 \/x+y—4
Trich dé thi tuyén sinh l6p 10 chuyén Toin PHKHTN Ha Ngi nim 2015-2016

Loi giai
4x 4y 4z
+ +
4y+z—4 dz+x—4 4dfx+y-4

Ap dung bat dang thirc Cauchy ta dugc: 4\/y+z—4 :2\/4(y+z—4) Sy+z-4+4=y+z

Taco P=
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‘ 4 4 4
Ap dung tuong tu thi ta dugc P = al + J + i >4 a + 34 + z
4\/y+z—4 4z+x—4 4\/x+y—4 y+z x+z x+y

X 3
D¢ dang chung minh duogc al + b4 + z >—
y+z x+z x+y 2

Do d6 ta dugc P > 6. Vay gia tri nho nhit cua P 1a 6. Pang thire xdy ra khi va chi khi x = y=z=4.

Bai 82. Tim céc s6 thuc khong 4m a va b thoa man:

(az +b+§)(b2 +a+§]=(2a+lj(2b+lj
4 4 2 2

Trich dé thi tuyén sinh I6p 10 chuyén Toin PHSP Ha Néi nam 2015-2016

Loi gii
Ta dé dang ching minh duoc
1Y , 1 , 3 1 1Y , 1 , 3 1
a——| 20a +—2a<a +b+—2a+b+—;|b——| 20b"+—2bb ' +tat+—=2a+b+—
2 4 4 2 2 4 4 2

Ap dung danh gia trén va bat dang thirc Cauchy ta duoc

2
1 1

3 3 1Y 1 Kzﬁz}r(zmzﬂ 1 1
a+b+= || +a+=|>|a+b+— :—(2a+2b+1)2= > 2a+— || 2b+—

4 4 2 4 4 2 2
, 1
Dang thuc xay ra khi va chi khi a=b=§.

. 1 . .
Bai 83. Cho x, y, z 1a cac s6 thyc duong thoa man —2+—2+—2=1. Tim gia tri nho nhat cua biéu thic:
Xy oz

2.2 2.2 2.2

P: yZZ 2 + ZZx 2 ny 2
x(y +z) y(z +x) z(x +y)
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Phii Tho nim 2015-2016
Loi giai
1 1 1
Ta co P= + +
1 1 i_,_i I 1
X ?‘F? y 22 x2 z ?‘f‘?

- 1 1 1 \ \ 2 2 2 © 3r
bata=—;b=—; z=— thi a;b;c>0 va a”+b" + ¢ =1. Khi d6 ta dugc

X y z

2 2 2
p__ 4 b L ¢ __a b c

+ +
b*+c* c+a’ a’+b’ a(l—az) b(l—bz) c(l—cz)
Ap dung bat dang thirc Cosi cho 3 s duong ta co

(-] =L aw (1-a)(1-a) R4 e 2 @ 3
2 ) 3 27 T 33 a(l-a*) 2

b’ S 33.5° o S 33.6°

b(1-07) 2 Te(l-¢?) 2

Hoan toan twong tu ta dugc :

33

. L 343 e 1.
Cong theo vé cac két qua trén ta dugec P > T Vay gia tri nhé nhat ctia P 1a T

Ding thirc xay ra khi va chikhi x=y=z= \/§

Bai 84. Xét céc sb thuc duong a, b, ¢ thoa man abc =1. Tim gia tri 16n nhét cua biéu thue:
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a b c
T'=—— R E—— REE—
b"+c"+a a +c +b a +b +c
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Nam Pinh nim 2015-2016

Loi giai
2
Ta c6 2(b4+c4)2(b2 +cz) 22bc(b2 +cz):>b4 +ct 2bc(b2 +cz)
a B a’ 3 a’

b*+c*+a _bc(b2+cz)+a abc(bzwtcz)+a2 a’+b’ +c’

b* ) c < c?
a'+ct+b AP+ +c at+ b e AP+ +
Cong theo vé cac két qua trén ta duge T'<1.
Vay gia tri 16n nhat cua T 1a 1. Dang thirc xay ra khi va chikhi a=b=c=1.

Do do6 ta duoc:

Hoan toan tuong ty ta duoc:

Bai 85. Cho a, b, ¢ 1a cac s6 thyc duong tiiy y. Chirng minh rang:
4az+(b—c)2 4p* +(c—a)2 4c? +(a—b)2
+ +
20 +b*+c* 20+ +add 20 +at+b
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Nam Dinh niam 2015-2016

>3

Loi gidi
g g A (be) 2(2a° +67+¢*)—(4a’ +b* +¢* = 2bc)  (b+e)’
2a° +b* +¢? 2a° +b° +¢* 2a° +b* +¢?

(b+c)2 (cha)2 (a+b)2

2 2 2 + 2 2 2 + 2 2 2 = 3
2a°+b"+c° 2b°+c"+a” 2c+a +b
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc

2 2 2 2 2 2 2 2 2

(b+c) < b N c : (c+a) < c N a : (a+b) < a N b
20 +b*+¢* a*+b* F+a’ 2P+ +ab b+t b +at 2 +at+bt C+adt 4D

(b+C)2 (c+a)2 (a+b)2

2 2 2 + 2 2 2 + 2 2
2a°+b°+c° 2b°+c" +a” 2c +a +b
Vay bat dang thic duoc chimg minh. Pang thirc xay ra khi va chikhi a =b=c

Ap dung tuong tuy ta viét lai dugc bat ding thic:

Cong theo vé cac bat ding thirc trén ta dugc: -<3

Bai 86. Cho a, b 1a cc s6 duong thoa man didu kién (a+b)’ +4ab <12. Chimg minh ring:

L 201sab <2016

l1+a 1+5b
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Hdii Duong nim 2015-2016

Loi giai
3
Ta co 122(a+b)3+4ab2(2\/ﬁ) +4ab . bat t:\/ﬁ,t>0 thi
1228 +41* <26 +17 -3<0 < (1-1)(2° +3t+3) <0

Do 2t +3t+3>0,Vt nén t—1<0<¢t<1.Vay 0<ab<l1
1 N 1 < 2
l+a 1+b 1+~Jab’
That vay, bat dang thirc trong dwong véi

Dé dang chimg minh duoc Va,b>0,ab<1
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Lot v 1 oo Nab-a  Nab-b
l+a 1+~Jab 1+b 1++Jab (1+a)(1+\/E) (1+b)(1+\/%)_

(5 (5

GJa\(Na b
= - <0< <0
1+ab J\1+a 1+b (1++ab ) (1+a)(1+b)
Do 0 < ab <1 nén bat dang thtc nay ding.
2

Tiép theo ta s& chirng minh +2015ab <2016, Ya,b>0,ab<1

1+\/E

Pit ¢ =vab,0<t <1 ta duoc %+2015t2 <2016
+

2015 +2015¢> —2016¢-2014< 0 < (t—l)(2015t2 +4030t+2014) <0

Do 0<¢<1 nén bét dang thirc trén ding. Vay ! +L+2015abé2016.
l+a 1+b

Bit dang thic duoc ching minh. Dang thirc xay ra khi va chi khi a=b=1.

Bai 87. Cho a,b,c 1a cac sb thuc bat ky . Ching minh rang:

(2 +1)(5* +1)( 1) 2 200

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Nghé An nam 2015-2016

Loi giai
Cach 1: Bét ddng thirc cAn ching minh twong duong voi (Za2 + 2)(2b2 + 2)(202 +2) > 3(\/5a +2b +\/§c)2
bat x = a\/z; y= b\/z; z= c\/z. Bét dang thirc can ching minh trg thénh(x2 + 2)(y2 +2)(z2 +2) > 3(x+y+z)2
Taco (x2 +2)(y2 +2):xzy2 +1+2x° +2y° +3

M+3:§[(x+y)2 +2}

Suy ra (x2+2)(y2+2)22xy+x2+y2+ : .

()c2 +2)(y2 +2)(22 +2)2%[(x+y)2 z’ +4+2(x+y)2 +2zz}2%[4(x+y)z+2(x+y)2 +222J:3(x+y+z)2

2
Do d6 ta dugc (az +1)(b2 +1)(c2 +1) > M

. . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi va chikhi a=b=c= iﬁ.

Cich 2: Bit ding thirc can chimg minh twong dwong véi
4a’b’c’ +4(612b2 +b%c? +C'2c12)+a2 +b+ct 4> 6(ab+bc+ca)

Theo nguyén ly Dirichlet ta gia su

(2a°-1)(26° -1)20 = 7 (2a” ~1)(26° 1) 2 0 = 4a’H°C* + ¢ 2 2d°C7 +2b°C°
Khi dé ta quy bai toan vé chiing minh

4(azb2 +b°c’ +cza2)+ a’+b* +2a°c’ +2b°c* +4> 6(ab+bc+ca)
3(2bc—1)" +3(2ca—1)
2

Bit dang thic cudi cung ludn dung. Vay bai toan duoc chirg minh.

2
& (a—b) +(2ab-1)" + >0
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. 1 1 1
Bai 88. Cho a, b, ¢ 1a cac s0 thuc duong théaman a+b+c = —+Z+—
a c

Chtrng minh ring:
a) a+b+c>3abc

3 3 3
b)\/ 4 +\/ b +\/ ¢ 2é
1+3bc 1+3ca 1+3ab 2

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Ba Ria — Viing Tau, 2015 — 2016

Loi giai

a) Gia thiét cua bai toan dugc viét lai thanh: abc(a+b+c)=ab+bc+ca
2

(a+b+c)

(a+b+c)2

Matalai co: ab+bc+ca< . Do d6 ta dugc: abc(a+b+c)£ < 3abcLa+b+c

Bt dang thirc duoc chimng minh. Dang thirc xay ra khi va chikhi a=b=c=1.

4 4 4
L , , b 3
b) Bét déng thitc cn chimg minh duoc viét lai thanh: \/ A \/ + \/ c 52
a+3abc b+3abc c+3abc 2

Ap dung két qua cau a ta dugc

\/ a* \/ b* \/ c* a’ b’ c’
+ + > + +
a+3abc \b+3abc \c+3abc 2a+b+c ~a+2b+c a+b+2c
a’ b’ c’ 3
+ - > =
J2a+b+c ~Na+2b+c a+b+2c 2
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
7 b? &’ (a+b+c)
+ + >
V2a+b+c Na+2b+c Na+b+2c N2a+b+c+a+2b+c+Ja+b+2c
Ma theo bat dang thirc Bunhiacopxki ta dugc

J2a+b+c+~a+2b+c+~Ja+b+2c < J12(a+b+c)
(a+b+c)2 S (a+b+c)2 _(a+b+c)\/a+b+c

Ta can chi ra duoc:

Suy ra > =
V2a+b+c+a+2b+c+Ja+b+2c 2\/3(a+b+c) 2\/5
Y 1 1 1 1 1 1 9
Ciing tir gia thiét a+b+c=—+—+—tasuyra:a+b+c=—+—+—2>2———=a+b+c23
a b c a b ¢ a+b+c
(a+b+c)\/a+b+c 3
Do do6 <—.
243 2
a’ b* c’

3
+ - > =
V2a+b+c ~Na+2b+c Na+b+2c 2
Vay bét dang thirc duogc chimg minh. Dang thirc xay ra khi va chikhi a=b=c=1.

Tir cac két qua trén ta duoc

Bai 89. Cho cac sé duong a, b, ¢ thoa min ab +bc + ca =3 . Ching minh rang;

Lo, 1.3

A+l P+l 41 2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh nam 2015-2016

Loi giai
Theo mdt danh gia quen thudc ta duoc (a +b+ c)2 > 3(ab+bc+ca) =9=a+b+c23

. L 1
Ap dung bat dang thirc Cauchy ta duoc 1 =1- s2l-—=1-=
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b 1 c

Hoan toan tuong tu ta duoc >21——; >1—-—
P+l 2 241 2
. _ 1 1 1 +b+c_ 3
Cong theo vé cac bat dang thire trén ta dugc: + + >3- arore >—
a+1 b*+1 c*+1 2 2

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c=1.

Bai 90. Cho a, b, ¢ 1a cac s6 thuc duong thoa man abc =1. Ching minh rang:
b & a 9 9
—t—t— >
a b ¢ 2(ab+bc+ca) 2

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Thdi Binh nim 2015-2016

Loi giai
‘ Jp . . . o b F (a+b+c)2
Ap dung bat dang thirc Bunhiacopxki dang phan thie ta ¢6: —+—+—2>-————=a+b+c
a b c a+b+c

Ma theo mét danh gia quen thudc thi a+b+c > \/3 (ab +bc + Ca)

2 2 2
Do d6 ta dugc: b—+c—+a—+ 0 2\/3(ab+bc+ca)+ 0
a b ¢ 2(ab+bc+ca) 2(ab+bc+ca)
Ap dung bét ding thirc Cauchy ta duoc
3(ab+b 3(ab+b f
\/3(ab+bc+ca)+ 0 =\/ (a i c+ca)+\/ (a Bl c+ca)+ 9 2332:2
2(ab+bc+ca) 2 2 2(ab+bc+ca) 8 2
p & al 9 9
Suy ra —t—+—+ —

a b ¢ 2(ab+bc+ca) 2
Bit dang thirc duoc chirng minh. Pang thirc xay ra khi va chikhi a=b=c=1.

Bai 91. Cho a, b, ¢ s thuc duong thoa mén (a + b)(b + c)(c + a) =1. Chiémg minh rang:

ab+ac+bc£%

Trich dé thi tuyén sinh I6p 10 chuyén Todn TP Ha Ni nam 2015-2016

Loi giai

D& dang chimg minh dugc (a+b)(b+c)(c+a)> g(a +b+c)(ab+bc+ca)

That vdy, bat dang thirc trén tuong duong véi: 9(a+b)(b+c)(c+a)=8(a+b+c)(ab+bc+ca)

Ta ¢6 ding thitc (a+b+c)(ab+bc+ca)=(a+b)(b+c)(c+a)+abc

Nén ta duoc: 9(a +b)(b+c)(c+a) > 8(a +b)(b+c)(c+ a)+8abc & (a +b)(b+c)(c+a) > 8abc
Danh gia cudi cung 1a mot danh gia dang. Do d6 bat dang thirc trén dung.

, (s . . 8
Ap dung bat dang thire trén va két hgp véi gia thiét ta duge: 1> 5(61 +b+ c) (ab +bc+ Ca)

Lai co a+b+cz\/3(ab+bc+ca)

2
Nén ta duoc: lzg\/3(ab+bc+ca) (ab+bc+ca) = (gj > 3(ab+bc+ca)3
Hay ab+bc+ca£%

Loz . : 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chikhi a=b=c= E .
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Bai 92. Cho a, b, ¢ 1a cac s6 thuc duong théa man a +b +c =3 . Ching minh rang:

11 1
2+ ++—+—+-2>6
a b c
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Bac Liéu nim 2015-2016

Loi giai

. e 1 1 1
Ap dung bét ding thie Cauchy ta duge: a’ +—>2a%;b° + 5 >2b%; ¢ +—2>2¢
a c

’ ’ ” 1 1 1
Cong theo ve cac bat dang thuc trén ta dugc: a’+b’+¢’ +_+Z+_22(a2 +b2+c2)
a c
(a+b+c)2 c s s 111
~——=3.Dodotadugc 2’ +b” +¢ +—+;+—26
a c

Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a=b=c=1.

D& thdy a’ +b* +c* >

Bai 93. Cho x, v, z 14 cac s thuc dwong théa man x+ y+z = 3\/5 . Ching minh rang;
1 1 1 S 3

+ + >
\/x(3y+52) \/y(3z+5x) \/z(3x+5y) 4
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Binh Thudn nim 2015-2016

Loi giai
Cich 1: Ap dung bt dang thirc Cauchy ta duoc

1 1 1 > 9

+ +
\/x(3y+52) \/y(3z+5x) \/z(3x+5y) \/x(3y+52)+\/y(3z+5x)+\/z(3x+5y)
Ma theo bat dang thirc Bunhiacopxki ta duoc

\/x(3y+52) +\/y(3z+5x) +\/z(3x+5y) S\/3[x(3y+52)+y(3z+5x)+z(3x+5y):| 2\/24(xy+yz+zx)

Ma theo mét danh gia quen thudc thi 3(xy +yz+ zx) < (x +y+ 2)2 =18

Do d6 ta dugc: \/x(3y+52) +\/y(3z+5x)+\/z(3x+5y) <+/8.18=12
1 1 1 9

3
\/x(3y+52) +\/y(3z+5x) +\/z(3x+5y) T12 4

Vay bat déng thirc dugc chimg minh. Ding thirc x4y ra khi va chikhi x=y=2z=+/2 .
Cich 2: Ap dung bét dang thirc Cauchy ta duoc: 2, /8x(3y + 52) <8x+3y+5z

Suy ra

Suy ra ! = 4\/5 > 4\/5
Jx(By+5z) 28x(3y+5z) SBx+3y+5z
42 1 42

Hoan toan twong tu ta dugc: > ; >
y(3z+5x) 8y+3z+5x Z(3x+5y) 8z+3x+5y

Cong theo vé cac bat dang thuc trén ta dugc
1 N 1 N 1 N 42 . 42 N 42
\/x(3y+52) \/y(3z+5x) \/Z(3x+5y) 8x+3y+5z 8y+3z+5x 8z+3x+5y
Ma theo bat dang thirc Cauchy ta co

42 42 W2 94236V 3

+ + > = =—
8x+3y+5z 8y+3z+5x 8z+3x+5y 16(x+y+z) 16.3\/5 4
1 1 1 3
+ + >=
\/x(3y+52) \/y(3z+5x) \/z(3x+5y) 4
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Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi x=y=2z= \/5 .

Bai 94. Cho a, b, ¢ 1a cac sd thyc khong 4m thoa man @ +b+ ¢ =2 . Tim gi tri nho nhét cua biéu thirc:
ab+bc+ca 1
2 a’+b*+c?
Trich dé thi tuyén sinh lop 10 chuyén Todan DH Vinh nam 2015-2016

P=Aa*+b*+* +

Loi giai
, 4—(a2+b2+cz)
Tir gia thiét a+b+c =2 ta dugc ab+bc+ca = 5
) ) — 4—(a2+b2+cz) 1
Do d6 biéu thirc P duoc viét lai thanh: P =+va” +b" +¢” + t—>—F—
4 a +b +c
2
Détlzx/a2+b2+cz:EStSZ.Khidétaduqc
1 7 t t 1 3t r 3 (t=1)(2-1) 3_9
P:t+7——44=—+—+—7+—_—442—+£——K——l+—2—
- 4 8 8 2t 4 4 4 4 2 4

. 9
Vay gia tri nho nhat ctia P 1a Z . Bang thtrc xay ra khi va chi khi @ =b =0; ¢ =2 va cac hoan vi.

Bai 95. a) Cho a, b 14 céc sb thuc duong. Chimg minh rang: (1 + a)(l + b) >1++ab
b) Cho a, b 1a c4c s6 thuc duong thoa man a +b = ab . Tim gia tri nho nhét ciia biéu thirc:
1 1
P= + +\/1+a2 1+b°
a’+2a b*+2b ( )( )
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Binh Phuwéc nim 2015-2016

Loi gii

a) Binh phuong hai vé ta dugc: (1+a)(1+b)=1+2\/E+ab<:>a+b22\/E<:>(\/Z—\/E)2 >0

, Coae I 1
b) Ap dung bat dang thuc cauava —+—2= ta duoc

X y x+y

P> 4 +1+ab= 4 +1+ab=

~a*+2a+b*+2b (a+b) —2ab+2(a+b) a

4 ab ab) Tab 1 1 7ab 7 Tab
=l 55t —t+— [+—+12334— —+—+]=—+—
a’b” 16 16 8 16 16 8 4 8

. 7 74 21
Mat khac tir gia thiét ta cé6 ab=a+b > 2~ ab = ab >4 . Do d6 ta duoc PZZ-%?:T. Vay gia

+ab+1

2b2

. .21 .
tri nho nhat cua P bang . Dang thirc xay rakhi vachikhi a=b=2

. 3 I 1 1 .
Bai 96. Cho ba so duong a, b, ¢ thoa man di€u kién —+ Z +— < 3. Ching minh rang:
a c

a b c ab+bc+ca
2 + 2 2 +
1+b° 14+c¢° 1+a 2
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Ninh Binh nim 2015-2016

>3

Loi gii

. C I 1 1 9
Ap dung bat dang thirc Cauchy ta dugc: 3> —+—+—>2——=a+b+c2>3
a b ¢ a+b+c
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ab® ab® ab

1 2 , ” a
Bién d6i va ap dung bat dang thirc Cauchy ta duoc: s =a- s2a-———=a=——
1+b 1+b 2b 2
o bc c ca
Hoan toan tuong ty ta duoc: >2b——; T2C——
l1+c¢ 2 l+a 2
b b+bc+ b+bc+ b+bc+
Khi d6 ta duoc: a2+ =+ c2+a €Tl avb+e-2 crea 4 €red g
1+b° 1+c¢ l+a 2 2 2

Vay bét dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi a=b=c=1.

Bai 97. Cho ba s6 duong a, b, ¢ théa man diéu kién a +b +c > 3. Ching minh rang;
at b* c* 1
+ + >—
(a+2)(b+2) (b+2)(c+2) (c+2)(a+2) 3
Trich dé thi tuyén sinh l6p 10 chuyén Todn Tinh Bic Giang nam 2015-2016

, Loi giai

Cach 1: Ap dung bat dang thirc Cauchy ta co
at a+2 b+2
+ +
(a+2)(b+2) 27 27
c

4
+éz4_a; b +b+2+c+2+12%;

9 (h+2)(c+2) 27 27 9
C

4
c+2 a+2+12_

(c+2)(a+2) 27 27 99

Cong theo vé cac bat dang thuc trén ta dugc

a’ b* ¢! 2(a+b+c) 1 _4(a+b+c)
+ + + =z
(a+2)(b+2) (b+2)(c+2) (c+2)(a+2) 27 3 3
q a’ N b* N c* >10(a+b+c) 21 1
a > — ==
Y @) (b+2) (b+2)(c+2) (c+2)(a+2) 27 27 3

Vay bét dang thirc dugc ching minh. Pang thirc xay ra khi va chikhi a=b=c=1.
Cich 2: Ap dung bét dang thirc Bunhiacopxki ta dugc

at b* c (a2 +b° +cz)2
(a+2)(b+2) (b+2)(c+2) (c+2)(a+2) abtbetcata(atbte)+i2
Phép chiing minh s€ hoan tat n€u ta chi ra dugc

3(a2 +b* +cz)2 Zab+bc+ca+4(a+b+c)+12<:>3(a2 +b° +cz)2 >ab+bc+ca+24

Theo mot danh gia quen thudc ta co: 3(a2 +b*+¢? )2 > (a+b+c)2 (az +b? +cz) > 9(412 +b? +c2)

8(a+b+c)2

Lai thdy @’ +b” +¢* 2 ab+bc+ca; 8(a” +b* +¢* ) 2 >8.3=24

e ‘ 5 2
Cong theo vé hai bat dang thirc trén ta duoc: 3(a2 +b* + cz) > 9(a2 +b* 4+ ) >ab+bc+ca+24

Vay bat dang thire duoc chimg minh xong. Déang thirc xay ra khi va chikhi a=b=c=1

Bai 98. Cho ba s6 thuc x; y;z > 1. Chirng minh rang:

4 4 4
X b% z

G Gy )

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Tién Giang nim 2015-2016

48

Loi gii

Cach 1: Ap dung bat dang thirc Bunhiacopsxki ta co: + + >—

4 4 4 2 2
x y z I{ x LYz
y—=1 z-1 x-1
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2 2 2

2
Taquybéitoénvéchfrngminh(x Y + z j2144 Hay i +y + z >12

+ =
y=1 z-1 x-1 y=1 z-1 x-1

Ao A Aoap . : o Lox oy 7 (x+y—i—x)2
That vay, theo bat dang thirc Bunhiacopxki dang phan thtrc ta c6: + + >
y—1 z-1 x-1 x+y+z-3

(x+y+x)

Phép chimg minh s& hoan tt néu ta chi ra duoc >12 hay

x+y+z-3
(x+y+z)2 212(x+y+z)—36c>(x+y+z)2—12(x+y+z)+3620c>(x+y+z—6)2 >0
Bat dang thirc cuoi cung ludn dung.
Vay bai toan dugc chirng minh xong. Pang thirc xay ra khi va chi khi x = y=z=2.
Cich 2: Ta di ching minh bt ding thie: V6i a >1 thi a* >16(a —1)2
That vay: a” > l6(a—1)2 <at—-16a*+32a-16>20 = (a—2)2 (a2 +4a—4) >0

Vi a>1 nén a’+4a—-4>0, do dé bt ding thirc trén ding.

4 4
. C 16
Ap dung bat ding thuc trén ta duge  y* >16 ( y— 1)2 do d6 > f
y— 1) y
4 y4 2 ¥ y4 24
Hoan ta twong tu ta duoc: -+ >+ > 16(—4 + —4] >48
V- 1) (Z -1 (x - 1) y z X
o xt oyt 2 C
Vi theo bat dang thire Cauchy thi =~ —+=+—2>3. Vay bat dang thirc dugc chirmg minh.
y' oz X

Bai 99. Cho x, vy, z 1a cac s6 thue duong théa man xy + yz + zx = 2xyz . Tim gia tri nhd nhat cua biéu

thire:
p=—* 7 z
z(z+x) x(x+y) x(x+z)
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Can Tho nim 2015-2016
Loi giai
ST 1 1 1 3 1 1 | AU
Bién doi gia thiét ta dugc —+—+—=2.DPat a =—; b=—; ¢ =—, khi d6 gia thiét tr¢ thanh
X y z X y z
a+b+c=2.
a’ b ¢’

Taviét laibiéu thic Pla P = +— +
a+2b b "+2c¢ c+2a

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

P >(a+b+6)2 _a+b+c 2
a+2b b’ +2c c+2a_3(a+b+c) 3 3

. 2 . 3

Vay gié tri nho nhat cua P 1a 5 Dang thie xay rakhi vachikhi x=y=z= 5
Bai 100. Cho a, b, ¢ 1a cac s6 thuc duong thoa min a + b + ¢ = 3. Chirmg minh rang:

1 1 1
—+ —+ —=1
2+a b 2+b°c 2+c‘a
Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Vinh Phiic nim 2015-2016
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Loi gidi
2 2 2
b b
a —+ i + ci <1
2+ab 2+bc 2+ca
Ap dung bét ding thuc Cauchy ta c6 2+a’b=1+1+a’b>3a’b
a’b < a’b B aiab’
2+a’b 334 3
a’b bc c’a < adab® + blbc* + ¢ ca

Bét dang thirc can chirng minh twong dwong véi:

Do d6 ta duoc

Hoan toan twong tu ta dugc: —+ —+ —=<
24ab 2+4+bc 2+ca 3
S +b+b +2b
Ciing theo bét ding thirc Cauchy ta dwoc /ab’ < a 3 _4 3
ala+2b 24 2ab
Suy ra ailab® < ( ) _4 a
3 3
(a +b+c)2

Hoan toan tuong tu ta duoc ai/ab’ +b/bc* +c3ca < =3

a’b bc c’a

+ + <
24+a’h 2+b*c 2+c*a

Tur d6 ta duoc

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c=1.
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Bai 101. Cho a, b, ¢ 1a cac sb thuc duong théa man ab + bc + ca =11 . Tim gia tri nho nhét cua biéu thirc:
Sa+5b+2c

P=
\/12(a2 +11) +\/12(b2 #11) +4/c +11

Trich dé thi tuyén sinh I6p 10 chuyén Todn Tinh Quéing Binh nim 2015-2016

Loi giai
Déthéy a2+11:a2+ab+ca+ca=(a+b)(a+c),d0d(3tad1100

12(a” +11) =23 (a+b)(a+c) <3(a+b)+(a+c)=4a+3b+c

12( +11) =2,/3(a+b)(b+c) <3(a+b)+(b+c)=3a+4b+c

"1l b Sc+a+b+c:a+b+2c
Jet + \/(c-i-a)( +c) 5 5

Khi dé ta duoc \/12(012 +11)+\/12(b2 +11) +4/c +11 S157a+%+3c

S P> Sa+5b+2c¢ _10a+10b+4c_2
uyra “15a 156 . = 15a+15b+6c 3
—+—+3c

Hoan toan tuong ty ta duoc:

. 2 . . ) ~ (2a+3b=3a+2b=c
Viy gia tri nho nhat ctia P 1a — . Pang thirc xay ra khi va chi khi Sa=b=1;¢c=5
3 ab+bc+ca=11

Bai 102. Cho ba s6 duong a, b, ¢ théa min diéu kién @° +b° +¢* =3. Chimg minh ring:
1 1 1

+ + >1
V1484 1480 148
Trich dé thi HSG tinh Nam Dinh nam 2011-2012

Loi gii

l+2a+122a+4a ] :(HZaz)z

1>1H‘t‘tttd'1>1'1>1
Jivsg 2 e e 1420 (lrge 1426

S DR SRS S DR
J1+84° N1+80 1488 1+2d° 1+2d° 1+24°
+ I + 1 > 9
1+2a> 1+2a° 1+2a2‘3+2(a2+b2+02)
1 1 L,

+ + >
V1484 V1486 1+8¢°
Vay bat dang thirc duoc ching minh. Pang thirc xdy rahi vachikhi a =b =c =1

Ap dung bt ding thirc Cauchy ta co 1+8a” = (1 + Za)(l —2a +4a2) < (

Do d6 ta duoc

Cong theo vé cac bat dang thuc trén ta dugc

Theo bat ding thirc Cauchy ta lai co: =1

Suy ra

x,yeR

. 2V2

Bai 103. Cho x, y thoa man 1 - Chimg minh rang: \/; + \/; < \/_
OSx,ySE I+y 1+x 3

Trich dé thi HSG tinh Thdi Binh nam 2011-2012

Loi gii
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1 1 NG
S S ORI S
_x%;y\/;éy.% =X x+y\/;S%(x+y)

v 4_) 3 v 3 4
X+
VXY gTy g«/xy S%(x-l—y)

Tir cac bét dang thirc trén ta duoc

oy 2,1,

XNX+Yy y+\/;+\/;S7(x+y)+ > 1 +?(x+y)ﬁ

\/;_’_\/; X x+y\/;+ x+\/_ 2\/—

I+y 1+x I+x+y+xy

Tir gia thiét suy ra:

Lai co:

2x/§(1+x+y+xy)
3

Suy ra

Vay bat dang thirc dugc chimg minh xong. Du dang thic xay ra khi x = y = %

Bai 104. Cho a,b,c,d 1a cac sb thuc thoa méan diéu kién
abc +bed + cda + dab = a+b+c+d+\/m
Chimg minh ring: (@ +1)(17 +1)(c? +1)(d” +1) 22012
Trich dé thi HSG tinh Vinh Phiic ndm 2011-2012

Loi giai
Tir gia thiét ta c6 2012 = (abc +bed +cda-i-akzb—a—b—c—a’)2 = [(ab—l)(c+d)+(cd—l)(a —1-17)]2
Mit khac theo bat dang thirc Cauchy ta co
[(ab=1)(c+d)+(cd=1)(a+b)] <[ (ab=1)"+(a+b) || (cd=1) +(c+d)’]
= (azb2 +a’>+b’ +1)(czal2 +ct+d? +1)=(a2 +1)(b2 +1)(c2 +1)(a’2 +1)

Suy ra: (a2 +1)(b2 +1)(02 +1)(d2 + 1) >2012 . Vay bat dang thirc dugc chimg minh.

Bai 105. Cho cac sb thuc duong a, b, ¢ thod man abc + a + b = 3ab . Chitng minh rang:

\/ ab +\/ b +\/ a Z\E
a+b+1 bc+c+1 ca+c+1

Trich dé thi HSG tinh Phii Tho nim 2011-2012

Loi gii

NRTTRY 1 1 N W I N P A 1, . N
Tur gid thiét ta suy ra —+ Z + ¢ =3. Taviét lai vé trai ctia bat dang thirc can chiing minh thanh
a

\/ab \/ b \/ a 1 1 1
+ + = + +
a+b+1 bc+c+1 ca+c+l1 \/1 1 1 \/ c 1 \/ c 1

—t—t— L fet—+—  Jet—+—

a b ab b a a

bat x—l yzé; = ¢ .Khi d6 gia thiét trd thanh X+ y+2z =3 va bat dang thtic can chimg minh dugc viét lai
a

thanh

1 1 1
+ + >3
Jx+y+xy Jy+z+yz zexdzx
Ap dung bét dang thirc Bunhiacopxki ta dugc
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1 1 1 9
+ + >
Jr+y+xy Jyrztyz Jzaxtzx Jxtytxpfytzeyzedzaat

bat A:\/x+y+xy+\/y+z+yz+\/z+x+zx
Theo Bunhiacopxki ta lai ¢o ta co: A’ 33(6+xy+yz+zx):3[6+xy+z(3—z)]

(3-2)

, o 1
Ap dung Bat dang thtrc Cauchy ta dugc xy < Z(x + y)2 = 1

2 2
Khi d6 ta phai chimg minh : 4° S3{6+@+Z(3—2)} =_3(ZT_I)+27S 27

9
Hay A<3/3.Dodota duogc: \/_
Jx+y+xy+fytzeyz Nzt 3\/_

1 1 1
Suy ra + + Z\/g
JX+y+xy Jy+ztyz Azaxdax

Vay bét ding thic duoc chimg minh. Pang thirc xay rakhiba chikhi a =b =c =1

Bai 106. Cho ba s6 duong a, b, ¢ tuy y. Chirmg minh rang:
4 4 4
b
3 a + +— ¢ >1
b*(c+2a) c*(a+2b) a’(b+2c)
Trich dé thi HSG Thanh phé Hdi Phong nam 2011-2012

Loi giai
Cich 1: Ap dung bét dang thirc Cauchy ta duoc

a’ 2a+c 1 _ a b! 2b+a

1
b3(c+2a)+ 9a +§_E’c3(a+2b)+ 9b E

Cong theo vé cac bat dang thuc trén ta dugc

@ b & L c,a. b S.ab.c

b3(c+2a) c3(a+2b) a3(b+2c) 9¢ 9 9¢ 3 b ¢ a
at b! c* 8fa b c 5
H > 242 |22
v b3(c+2a)+c3(a+2b)+a3(b+20) 9(!7 c aj 3

4 4 4
Déytalaicé ﬁ+2+£23.Dodétaducyc: 3 a + b +— ¢ 2§—§=1
c a b(c+2a) c(a+2b) a(b+20) 3 3

Vay bat dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi a = b = ¢
Cich 2: Ap dung bét dang thirc Bunhiacopxki ta dugc

L3(“4 ML )}[b(c+2a)+c(a+2b)+a(b+2c)]2(%2+£+ﬁj2

c+2a) c (a+2b) a (b+2c c a
4 4 o 2 2 2\2
Hay: | — - + b [3 ab+bc+ca)] a_+b_+c_
b(c+2a) c(a+2b) (b+2c b ¢ a
2 B A
Mit khac theo bat dang thirc Bunhiacopxki ta dugc: Z +—+—2=a+b+c2> \/3(6119 +bc+ Ca)
C a

4 4
a b

b3(c+2a)+c3(a+2b) (b+2c

Do do ta suy ra: |: }[3 ab+bc+ca 2[\/3(ab+bc+ca):|2
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a’ b* ¢’
>1
b’ (c+2a) i c3(a+2b) " a3(b+20)

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢

Hay

Bai 107. Cho x, y, z 1a cac s6 thyc duong thoa man Xy + )z +2zx =671. Ching minh rang :
X z 1
2 T3 - T3 =
X —yz+2013 y"—zx+2013 z"—xy+2013 x+y+z
Trich dé thi HSG Thanh Phé Ha Ngi nam 2011-2012

Loi gidi
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

X y z S ()H—y+z)2

2 + 2 + 2 - .3 3 3
x —yz+2013 y"—zx+2013 z—xy+2013 x +y +x —3xyz+2013(x+y+z)

Bién d6i mau so bén ve phai ta dugc

x’ +y3+x3—3xyz+2013(x+y+z):(x+y+z)(x2—|—y2+22—xy—yz—zx)+3(xy+yz+zx)(x+y+z)
:(x+y+z)(x2+y2+22+2xy+2yz+22x):(x+y+z)3

X y z 2()C+y-i-Z)2_ 1

2 T3 T3 3
x —yz+2013 y —zx+2013 z°—xy+2013 (x+y+z) X+y+z

\/2013

3

Suy ra ta co:

Vay bét dang thirc dugc ching minh.Dang thirc xdy ra khi va chi khi x=y=z=

Bai 108. a) Cho ba s6 duong x, y, z théa man Xy +)z+2zx+x+y+z=6. Chimg minh rang:
X +y +z2 >3
b) Cho a, b, c 1a cac s6 thuc duong théa man a + b + ¢ = 3. Tim gia tri nho nhét cua biéu thie:
3 3 3
a b c

= + +
a+b* b+ A +d

Trich dé thi HSG Tinh Ngh¢ An niam 2011-2012

, Loi giai
a) Ap dung bat dang thirc Cauchy ta co
XY 22xy; V2 2 2yz; 2 x 22z x0 +122x; Y122y 22 4122z
Cong theo vé cac bat déng thirc trén ta dugc: 3(x2 +y° +22)+3 >2(xy+yz+zx+x+y+z)=12
Hay X+ 4223

Vay bét dang thirc duoc ching minh. Pang thirc xay ra khi va chi khi x=y=z=1.

b) Ap dung bit ding thire Cauchy ta d a a +ab’ —ab’ . ab’ >4 ab’ ; b
p dung bat dang thirc Cauchy ta duogc: = =a— 2d— =a——
a’ +b a’+b a’+b° 2ab 2
3 3
c c a
Hoan toan tuong ty ta duge ——— 2b——; ———2¢c——
b +c 2 ¢ +a 2
) . a b c a+b+c 3
Cong theo vé cac bat dang thuc trén ta duge: P= st st 2> =—
a+b" b"+c c +a 2 2

Vay gia tri nho nhét ciia P 1a % . Dang thirc xay rakhi vachikhi a =b=c =1.
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1 1 1

e 1
Bai 109. Ching minh bat dang thuc: + + +...+ <2
W1 32 437 20122011
Trich dé thi HSG Tinh Qudng Binh niam 2011-2012

Loi giai

Xét biéu thirc +\/_ V6i n e N *. D& thay 2(n+l)—2,/n(n+1) >1. That vay, ta c6
n+ n

(Jﬁ—&)z>o@n+1—2,/n(n+1)+n>0@2(n+1)—2 n(n+1)>1

2(\/n+ —\/;)
Khi d6 ta c6 L zz(L_;J
(n+l)\/; \/;.\/n+1 \/; Vn+1
Khi d6 ta duoc

1 1 1 1 11 1 1 1 1 1
+ + +...t+ L2]—=——F=+—F=—"""FF+...+ - =2|l-——1<2
W 32 43 201242011 (\ﬁ V2 2B J2011 \/2012] ( \/2012]

Vay bat dang thic duoc ching minh.

Bai 110. Cho x, y, z la cacsd thuc duong thoa mén diéu kién X+ y+2z=1. Tim gia trj nho nhit cua biéu thirc:

o y4 -
F= + +
(x2+y2)(x+y) (y2+zz)(y+z) (22+x2)(z+x)
Trich dé thi HSG tinh Ha Tinh nim 2012-2013

Loi gii
x4 y4
Ta co - =x-y

(x2+y2)(x+y) (x2+y2)(x+y)
Hoan toan tuong tu ta dugc
4 4 4 4

z z X

(y2 +22)(y+z) (y2 +22)(y+z) (22 +x2)(z+x) (22 +x2)(z+x)

2, g2
Ap dung bat dang thirc 2 (a + b)2 ta dugc
B 4 » 4
F_(xz+y2)(x+y)+(y2+zz)(y+z)+(zz+x2)(z+x)
=l x4+y4 N y4+z4 N zt+x?
2 (x2+y2)(x+y) (y2+zz)(y+z) (zz+x2)(z+x)
) ) () | () (742 (240 Do
4(x2+y2)(x+y) (y2+zz)(y+z) (22+x2)(z+x) 4 x+y y+z Z+x
>l{(x+y)2Jf(erZ)2+(Z+x)2 Zl(x+y+z):l
S8 x+y y+z zZ+) 4 4

d6 F dat gid tri nho nhat bang % . Dang thirc xay ra khi va chikhi x =y =z = %

1

véi neN . Chtng minh rang:
(2n+1)v2n-1

Bai 111. Cho 4, =
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A+A+A+L+HA <]
Trich dé thi HSG tinh Hai Dwong nim 2012-2013

Loi giai

Taco
B 1 RV R ER 1
C(2n+1)2n—1 (2n+1)(20-1) 2 (2n—1_2n+J
_M[ L] j( 1 j
2 (Wan-1 V2t )\N2n-1 2n+1

Vi L >0 va ! + 1 < 2

1 -1 V2n+l " i1 an+l N2

1 1
Nén AW<\/2n—l_\/2n+l (VneN*)
Do d6 ta duoc: 4 +A4, +A4, +...+ 4 <1—L+L—L+--~+ L1
' BB AS 2n—1 2n+1

1

N2n+1

<1

Hay A+A,+A4+..+4 <1-

Vay bai toan dugc chirng minh xong.

Bai 112. Cho cac sb thuc duong a, b, ¢ thoda man abc = 1. Chimg minh rang:

b 1
= 2 + 2 + - 2 2
(ab+a+1)" (bc+b+1) (ca+c+l) a+b+c

Trich dé thi HSG tinh Ninh Binh nim 2012-2013

Loi gidi
Ap dung bét dang thirc Bunhiacopxki ta c6

(Ve + bwc—z)( Ja H Vb H Je J S . T

+
ab+a+1 bc+b+1 ca+c+1 ab+a+1 bc+b+1 ca+c+1

( 1 b be T

b+1+bc bc+b+1 1+bc+b

Do d6 ta duoc a =+ b ~+ ¢ ~> 1
(ab+a+1) (bc+b+1) (ca+c+1) a+b+c

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ =h=c =1.

Bai 113. Cho a, b, ¢ 1a c4c s thuc duong. Ching minh rang:

ab N bc N ca At b+c
a+3b+2c b+3c+2a c+3a+2b 6
Trich dé thi HSG tinh Phii Tho nim 2012-2013
Loi giai
. o, 9 1 1 1
Ap dung bat dang thitc Cauchy dang ——— <—+—+— ta dugc

X+y+z x y z

1 B 1 l 1 N 1 +i
a+3b+2c a+c+b+c+2b Y\a+c b+c 2b

ab ab( 1 1 1 1( ab ab a
Do d6 ta duge: —————<— et [=— =
a+3b+2¢ 9 \a+c b+c 2b) 9\a+c b+c 2
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bc 1{ bc bc b ac 1({ ac ac c
Hoan toan twong ty ta dugc: <— + +—1; <— + +—
a+b b+c 2) 3a+2b+c 9\a+b b+c 2

2a+b+3¢ 9
Cong theo vé cac bat dang thuc trén ta dugc
ab bc ca 1{ac+bc ab+ac bc+ab a+b+c) a+b+c
+ + <— + + + =
a+3b+2c¢ b+3c+2a c+3a+2b 9\ a+b b+c a+c 2 6

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢ .

Bai 114. Cho céc sb thuc duong a, b, ¢ thoa man @ +b +c —3abc= 1. Tim gia tri nho nhét cua biéu thuc:
P=a’+b*+¢
Trich dé thi HSG tinh Nghé An nam 2012-2013

Loi giai
eo 1A 2 2 2 .
Tur gia thiet ta duoc (a+b+a)(a +b"+c —ab—bc—ca)—l hay

1 2
f4if+cz:—————+ab+hH1mc32Qf+b2+ﬁ)=—————+2@m+bc+aﬂ
a+b+c a+b+c
2
e3(d+b +)=——+(a+b+c)
a+b+c
Ap dung bét ding thirc Cauchy ta duoc: #+(a+b+c)2 = ! + ! +(a+b+c)2 >3
a+b+c a+b+c a+b+c

Do d6 ta dugc 3(612 +b2+cz)23<:>a2 +b* +c*>1

3 3 3 a=b=0;c=1

o , , ) @ +b +c —3abc =1
Vay gia tri nho nhat ctia P 1a 1. Pang thirc xay ra khi va chi khi ; Sla=c=0;b=1
(a+b+c) =1 el bece0

Bai 115. Cho cac sb thuc duong a, b, ¢ théa man abc = % . Chirng minh rang:

3+i+%+3_02a+2b+3c+l+L+L
2b 3¢ a a 2b 3c
Trich dé thi HSG tinh Vinh Phiic nam 2012-2013
Loi giai
bit a=x; 2b=y; 3c =z khi d6 ta dugc X)z =1 va bét dang thirc can chirng minh duoc viét lai thanh:
X z I 1
3+—+X+—2x+y+z+—+—+—
y z X X y z
n p m _ O _
bat x=—; y=—; z=—_Khi do6 bat dang thuc tré thanh
m n p

m’+n’ + p* +3mnp > m’n+mn® +n’p+np’ +m’ p+mp’
Bién d6i tuong duong ta dugc mnp >(m+n—p)(n+p-m)(p+m-n)

Bit dang thic trén ludn dung. Vay bai toan duoc ching minh.

Bai 116. Cho cac sb thuc duong a, b, ¢ théa man a + b + ¢ = 6 . Ching minh rang;
b+c+5+c+a+4+a+b+3

>6
a+l b+2 c+3
Trich dé thi HSG tinh Qudng Binh nim 2012-2013
Loi giai
Bét dang thirc can ching minh twong dwong véi: bre+3 +1+ cta+d +1+ atb+3 +1>9
a+1 b+2 c+3
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Hay (a+b+c+6)( 11+b12+ 13)29
a+l b+2 c+

Theo bt dang thirc Cauchy ta co: + ! + ! > 0
a+l b+2 c+3 a+b+c+6
1 1 1 9
Do d6 ta duge: (a+b+c+6) +——+ >(a+b+c+6)———=
a+l b+2 c+3 a+b+c+6

Vay bat dang thire duge ching minh xong. Déng thirc x4y ra khi va chi khi a=3;b=2;c=1

Bai 117. Cho cac sb thuc duong a, b, ¢ thoa man l + z + % = 3. Chimg minh ring:
a
274* N b N 8¢? S 3
c(c2 +9a2) a(4a2 +b2) b(%2 +4c2) 2
Trich dé thi HSG Thanh Phé Ha Nji nim 2012-2013

Loi giai
1, 2 3 o
Cach 1: bat a=—; b=—; ¢ =—, khi d6 gia thiét dugc viét lai la x+y+z:3
X y z
A < 4 A 4 . 5 \ x3 y3 Z3 3
Bat dang thire can chimg minh tr¢ thanh ——+—F——+—F——>52—
X +y Yy 4z zZ4+x 2
7 o ) o X’ Y z’ x+y+z 3
Str dung k¥ thuat Cauchy nguoc dau ta ching minh dugc: ——+—F——+—F—5=2 =—
X“+y" Yy 4z z74+x 2 2

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi a=3;b=2; c=1.
Cich 2: Ap dung bét dang thirc Cauchy ta duoc
27a° B 27a* +3c* -3¢ 3 3¢ 3 3¢ 3 1

- -T2 72~ -5
c(cz+9a2) c(cz+9a2) ¢ ¢ +9a" ¢ 2{c*9q4> ¢ 2a
b? _bz+4012—4a2 _l_ 4q l_l
a(4a2+b2) a(4a2+b2) a 4a*+b* a b
8¢? _802+18l)2—18b2 2 18 >2_i
b(96*+4c®)  b(9’+4c%) b 9’ +4c’ b 2
Cone theo vé cde bt dine th . 274’ . b’ . 8¢’ >1(1+2+3j 3
t ic bit ddng thirc trén t : 2o —F—t— | ==
ong theo ve cac bat dang tue fren fa Cuoe c(cz+9a2) a(4a2+b2) b(9b2+4c2) 2a b c¢) 2

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi a=3;b=2; c=1.

Bai 118. Cho cac s6 thuc duong x, y,z thbaman X+)+z =3. Chang minh rang;

2x2+y2+z2 +2y2+z2+x2 +2zz+x2+y2

>4xyz
4—-yz 4-zx 4-xy

Trich dé thi HSG Tinh Phii Tho nim 2013-2014

- Lo giai

Cich 1: Theo bat dang thitc Cauchy ta co 2x* + y* + 27 2 2x(y + z)

Tuong tutacd 2y° + 2% + x° 22y(z+x); 2z +x*+ P > 22(x+y)

x(y+z)+y(z+x)+z(x+y)
4—yz 4—zx 4-xy

Do d6 ta s€ chung minh >2xyz
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ytz o, zEx x4y
(4—yz)2yz (4—2zx)2zx  (4—xy)xy

ytz 2\yz 1

(4_J’Z)2J’Z (2—\/;)(2+ yz)2yz=(2—\/;)\/;(2+ yz)

o iy 0<(2- oz =—{or 1) +151 e (2—&)&(% =) - 2

Bt dang thirc nay tuong dwong voi:

Ta co

ytz 1
(4—yz)2yz 24 vz

Do d6 ta duoc

z+x 1 x+y 1
(4—zx)2zx 24z’ (4-xy)2xy 2+\/E
Cong theo vé ba bat dang thirc trén ta duoc
y+z N zZ+Xx N x+y > 1 N 1 N 1
(4—yz)2yz (4—zx)22x (4—xy)xy 2+\/E 2+.4]yz 2++/zx
Theo mot danh gia quen thudc thi
1 1 9

1 9
+ + > > =
2+\/E 2+./yz 2++/zx 6+\/§+\/;+\/; 6+x+y+z

Hoan toan tuong tu cé

1

+ + +

y+z L= x N xX+y >1
(4—yz)2yz (4—Zx)2zx (4—xy)xy
Vay bét dang thirc dugc ching minh. Pang thirc x4y rakhi va chi khi x=y=z=1.

Do dé6 ta suy ra

Cach 2: Goi vé trai cta bat dang thirc 1a P. Khi d6 bién ddi P nhu sau

2 2 2
P:[ A A j+(x2+y2+zz)( ! + ! 1 J

+
4—yz 4-—xz 4-)x 4—yz 4-—xz 4-)yx

Theo bat dang thirc Bunhiacopxki dang phan thirc ta co

2 2 2 2
-
* 2 zZ(xy+z);1+1+12 )
4—yz 4—xz 4-yx 12—(xy+yz+zx) 4—yz 4-xz 4-)x 12—(xy+yz+zx)

Do d6 ta duoc
ps (x+y+z)2 . 9(x2+y2+z2) g 3(xy+yz+xz) s 9(xy+yz+xz)
_12—(xy+yz+xz) 12—(xy+yz+xz)_12—(xy+yz+xz) 12—(xy+yz+xz)

322 2
N 12(xy+ yz +xz) S 363/x%y’z
12—(xy+yz+xz) 12-33 x2y222

2

XEVTZ | Khidétacod 12362 =4 <127 (1-1)(£ +1-3) 20

bat J/xyz =t <

Panh gia cudi cung luén dang. Bt dang thirc dugc chimg minh xong.

Cach 3: Ta viét lai bat dang thic can chimg minh thanh

XY +xt+zr X4y 4y 4yt axt 4z
xyz(4—yz) xyz(4—xz) xyz(4—yx)

Ap dung bat dang thirc Cauchy ta c6

P= >4
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M > 2xy +2xz N 2xy+2yz N 2xz+2yz _y y+z N xX+z N x+z
xyz(4—yz) xyz(4—xz) xyz(4—yx) yz(4—yz) xz(4—xz) yx(4—yx)

= 2( ! + ! + ! ]+2[ ! + ! + ! j
2(4—yz) x(4—yz) y(4—yx) y(4—yz) Zx(4—yz) x(4—yx)
Ap dung bét dang thirc Cauchy ta co

1 1 1 3
>
z(4—yz) " x(4—yz) " y(4—yx) %/xyz(4—yz)(4—xz)(4—xy)
1 1 1 6
+ + >
y(4 —yz) zx(4—yz) x(4—yx) %/xyz(4—yz)(4—xz)(4—xy)
1233

Do d6 ta dugc P >

Payz(d—y)(d-x2)(4 - )

4
Mat khac ta lai co: 3xyz(4_xz)(4_yz)(4_xy)S(3xyz+12—xz—xy—yz]

4

Ma l+1+12 0 :3<:>W23<:>3xyz—xy—xz—yzﬁ0
X Yy z Xx+ty+z xyz
Suy ra: 3xyz(4-xz)(4-yz)(4—x) <81 33xyz(4—xz) (4 - yz) (4-x0) <33
3
Do d6 ta dugc P > 132%/\/; = 4 . Nhu vay bt ding thirc dwoc chimg minh.

Cich 4: Djt vé trai ciia bat dang thirc 1a P.
2 2
+z xX+ty+z 9
(y ) <( Y ) =—=4-yz>0
4 4 4

Tuong ty ta ciing c6 4—2zx>0; 4—xy>0.

Vé6i X, ¥, z>0taco yz<

Ap dung bét dang thirc Bunhiacopxki ta c6: 4()62 +x° +y2 +7z° ) 2> (x+ xX+y+ 2)2 = (2x+ y+ 2)2

2x* +y* + 2 S (2)c+y+z)2
4—yz 4(4—yz)

Tt d6 suy ra

2y° +20 +x° >(2y+Z+X)2. 222+ X7+’ >(2Z+X+J’)2
4-zx  4(4-z) T 4-xy  4(4-x)

Hoan toan tuong tu ta co:

(2x+y+z)2 (2y+z+x)2 (2Z+x+y)2

H4—y2) | 4(d-z=) | 4(4-x)
Mit khac theo bat dang thirc Cauchy

Do d6 ta dugec P2

-0

%ngH—yz) > 2\/%.%(4—)}2) :§(2x+y+z)
%%;))wtgﬂ—zx)z 2\/%%(4—%) :§(2y+z+x)

%ngH—xy) > ZJM'EM_)W) :§(2z+x+y)

4 (4 - xy) 9
Cong theo vé cac bat dang thuc trén ta dugc
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4 8 8 4
Q+§(12—xy—yz—zx)2§(x+y+z)=8:> Q2§+§(xy+yz+zx)
A < , A ~ , . 4 ) 8 4
Bat dang thtrc trén s€ dugc chirng minh néu ta chi ra dugc: 3 + E(xy +yz+ zx) 2 4xyz
A A - X s 1Ay oal , A A 8 3 4
Thay vay, ta viet lai bat dang thirc trén thanh: a(x +y+ z) + E(x +y+ z)(xy +yz+ Zx) >4xyz
Str dung bat déng thirc Cauchy ta c6: X+ y+2z >33/xyz; xy+ yz+2x >33x° )’z

Suy ra %.(x+y+z)3+24—7(x+y+z)(xy+yz+zx)24xyz

Vay bat dang thire duoc chimg minh xong.
Cach 5: Vé trai cua bat dang thic duoc viét lai thanh

2 2 2
P:(x2+y2+zz)( ! 1 J+[ G A ]

+
4—xy 4-yz 4-zx 4—yz 4-zx 4-xy

Ap dung bt dang Cauchy ta c6

9(x*+y* +2° 18(x% +y* +2°
(x2+y2+zz) LRI S U [N (x Y Z) = (xzyzzz)
4—xy 4-yz 4—-=zx 12—(xy+yz+zx) I5+x +y +z

Theo bat dang thirc Cauchy ta lai co
x(4—yz) I 5x xz 1

2 _ 2 _
X +x(4 yz)_i_lz?)3 X .x(4 yz).l:x:> x o x8mye) 1 5x wz 1
4—yz 9 3 4—yz 9 3 4—yz 9 3 9 9 3

2
>5_y+xyz_1_ z >52 xyz 1

Tuong ty ta co > - >
4—zx 9 9 3 4-xy 9 9 3

2 2 2

. . z 5 /4 2 /4
Cong theo vé ba bat dang thic trén ta dugc: 4 + 2—(x+y+z)+ﬂ—1=—+l
4—yz 4—-zx 4-xy 9 3 3 3
18(x* +y* +2°
Do d6 ta duge 4 > ( . y2 2)+%+%
I5S+x"+y"+z- 3 3
o ) y 18(x2+y2+22)
Tur gia thiét ta dugc x” + y~ +z~ >3. Do dd ta co ———5 23
I5S+x +y +z
Ciing tir gia thiét ta duoc X)z >1.
Twrdosuyra P> 3+£+ﬁzﬂ+ Dz L xyz + 22 4xyz
3 3 3 3 3 3
Vay bét dang thirc dugc chig minh xong
Bai 119. Cho x, y la cac sb thuc dwong thoa man X+ ) =1. Tim gia tri nho nhét cua biéu thirc:
x+y Xy
Trich dé thi HSG Tinh Thanh Héa nim 2013-2014
Loi giai
Taco B = 1 + 1 #4_ 1 _ﬂ

(x+y)3—3xy(X+y) E: 1-3xy  xy xy(1-3xy)

2
C o o ty) g
Theo bat dang thirc Cauchy ta c6 xyST—Z.
. o . . . 1-2xy 2
Goi B, lamot gia tri cua B, khi d6 ludn ton tai x, y d¢ B, 2(1—3)<:>3BO(X}’) —(2+B0)Xy+1=0
XY\L—2Xy
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B,>4+23

Dé ton tai x, y thi phuong trinh trén phai c6 nghiém xy, tic 1a A = Bé -8B, + 420
B, <4-23

Dé y ring voi gia thiét bai toan thi B>0. Do d6 taco B, > 4 +2+/3 .

Véi BO=4+2x/§:>xy:2+B°: 3443 =x(1-x)= 3443
68,  6(2++3) 6(2++/3)
L, 23 243
5 ——1 ——1
<:>x2—x+3+—:0<:>x—

(2+\/_)

Vay gia tri nho nhat cia B 1a 4+ 2\/— dat duoc khi

F

s - hu X= s -
y 2 oac y

Bai 120. Cho a, b, ¢ 14 céc sd thuc duong théa mén 2ab + 6bc + 2ca = Tabc . Tim gia tri nho nhét cua biéu
4ab 9ca 4bc

thuc: C= + +
a+2b a+4c b+c
Trich dé thi HSG tinh Hdii Dwong nim 2013-2014
Loi giai
\ 2 6 2
T 2ab + 6bc + 2ca = Tabe tadugc —+—+—=7
c a b
. 1 1 1 x,y,z>0
bitx=—;y=—;z=—=
a b c 2z4+6x+2y=7

4ab 9a 4bc 4 9 N 4

Khi d6 ta duge C'= + +—= +
' a+2b a+4c b+c 2x+y 4dx+z y+z

Hay

C= +2x+y+ +4x+z+

2x+y 4x+z y+z

Vay gia tri nho nhat cta C 1a 17. Dang thirc xay ra khi va chi khi x = %; y=z=1

+y+z—(2x+y+4x+z+y+z)

Bai 121. Cho a, b, ¢ 1a d9 dai ba canh ctia mot tam gidc. Chirng minh rang:
4a N 9b N l6¢ > 926

b+c—a c+a-b a+b-c

Trich dé thi HSG tinh Qudng Tri nam 2013-2014

Loi giai
Bt dang thirc can chimg minh twong dwong véi: 8a +4+ 185 +9+ 32¢ +16>81
b+c—a cta-b a+b-
4 9 16
Hay (a+b+c) + + > 81
b+c—a c+a-b a+b-c

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
4 9 16 (2+3+4) 81
b+c—a c+a-b a+b—c a+b+c  a+b+c
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4 9 . 16 j>81(a+b+c)_81

Do do6 ta duoc: (a+b+c)£ . =
a+b+c

+
b+c—a c+a-b a+b-c
Vay bét dang thirc dugc ching minh.

Bai 122. Cho a, b, ¢ théamin 0L a;b;c <4 va a+b+c =6 . Tim gia tri 1on nhét cua

P=d"+b*+¢ +ab+bc+ca
Trich dé thi HSG Thanh phé Ha Nji nim 2013-2014

Loi giai
Vi 0<a;b;¢ <4 do @6 ta duoc (a—4)(b—4)(cg—4)£ 0, bién ddi twong duong ta thu duoc
(a—4)(b—4)(c—4)SO<:>abc—4(ab+bc+ca)+16(a+b+c)—64SO
<:>4(ab+bc+ca)2abc+l6(a+b+c)—64
Do abc > 0 néntadugc: 4(ab+bc+ca)>abc+16(a+b+c)—64>16.6—-64=32< ab+bc+ca>8
Taco P=a*+b* +c* +ab+betca=(a+b+c) —(ab+be+ca) <6 —8=28

Vay gi4 tri 16n nhét cua P 13 28. Déang thuc xdy ra khi va chi khi @ =0; b=2; ¢ =4 va cac hoan vi.

Bai 123. Cho x, y, z 1a céc sb thyc duong thoa man X+ y+z=4. Ching minh rang
1 1 1 1
2 Tt T <
X +4yz y +4zx zZ+4xy xz
Trich d@é thi HSG tinh Thira Thién Hué niam 2013-2014

Loi giai
-y 1 11 11 1
De thay x2+4yz<4yz’ y2+4zx<4zx’ 22+4xy<4xy
1 1 1 1 1 1
Do d6 ta duoc +

2 + 3 + 5 < +
X +4yz Yy +4zx z +4xy 4yz 4dzx  4xy
1 1 I x+y+z 1
+—t—= =
4yz 4zx 4xy  4xyz Xz
1 1 1 1
2 + 2 + 2 <
X +4yz y +4zx z"+4xy xz
Vay bét dang thirc dugc ching minh.

Két hop vai gia thiét ta dugc

Suy ra

Bai 124. Cho a, b, ¢ 1a cac s6 thuc dwong tity y. Chimg minh ring
\/012+b2 \/1)2+c2 \/cz+a2 a b c
+ + > + +
c a b \/172+c2 \/c2+a2 \/az+b2
Trich dé thi HSG tinh Bic Giang nim 2013-2014

Loi giai

Ap dung bét dang thirc Cauchy dang 2()62 + yz) > (x + y)2 ta duoc

\/a2+bz +\/b2+cz +\/cz+a2 _\/2(a2+b2)+\/2(b2+cz)+\/2(cz+a2) >a+b+b+c+c+aMﬁt
c a b J2¢ V2a J2b " V2¢ 2a 2p
b c V2a 2b 2c
+ + < + +
>+ NP +ad Nad+bd btc cta a+b
Phép chuing minh s€ hoan tat néu ta chi ra duogc: a+b+b+c+c+a > 2\/§a+2\/§b+2\/§c
J2¢ 2a N2b b+c  c+a  a+b

khac ciing 4p dung bét dang thirc trén ta dugc:
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a+b b+c c+a 4q 4b 4c
+ + >

Hay > + +
c a b b+c c+a a+b

. i 1 1
That vay, Ap dung bat dang thire Cauchy dang —+—2
X y x+y

a+b b+c c+a I 1 I 1 I 1 4a 4b 4c
+ + =a|—+— [+b| —+— |+c| —+— |2 + +
c a b c b a c a b) b+c c+a a+b
Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢ .

, ta duoc

Bai 125. Cho a, b, ¢ 1a c4c s thuc duong. Ching minh rang:
a bp o111
P S P e
bc cca ab a b c
Trich dé thi HSG tinh Vinh Phiic nim 2013-2014

Loi giai

a b 1.3 p a 7
Ap dung bat dang thirc Cauchy ta duoc: b—+T+_——, -t t 5t

b’ ’b

1
a’ b’c a
333
AT

3 1_3

—2> +_Z_

c ca a c ca ab b c b
(az b* czj 1

Cong theo vé ba bat dang thirc trén ta dugc: 2| — + — + —— |+ —
a

1
+—>
b’c c*a a’b c

1
b
Hay — 2=+

Vay bat dang thic duoc ching minh. Pang thirc xay ra khi va chikhi ¢ = 5 = ¢ .

Bai 126. Cho ba s duong @,b,c thoa min N +B P+ N +d =1, Chitng minh

. a b’ ¢ 1
rang: + + >
b+c c+a a+b 22

Trich dé thi HSG tinh Hii Dwong nim 2014-2015

Loi giai
D@ thiy Z(a +b%)< ) (a + b) Ap dung tuong tu ta dugc
a2 b2 c2 2 2

b+c+c+a+a+b \/2 +c? \/20 +a’ +\/2(c2+a2)

pat x=\b' +c’, y \/c +a*, z=Na’ +b

b’ ¢’ +z20-x? Z+x -yt XF+y -7
Khi d6 ta dugc suy ra: + + y + Y . Y

b+c c+a a+b 2\/§x 2\/§y 2\/52

Ap dung tiép bét dang thirc trén thi ta duoc
V+z2i=x Z4xt-yt X +y -7 S 1 [()/Jrz)2 B

+ + >
22x 22y 22z 22| 2«

1 {(J/Jrz)2 } ((z%—x)2 ] ((er ]
= +2x-3x |+| ——+2y-3y +2z— 32
22| 2x 2y 2
1

>—[2y+z 3x+2(z+x) 3y+2(x+y 32] \1/_(x+y+z —T

22

) a’ b’ c’ 1
Do d6 ta duoc + + >
b+c c+a a+b 22
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o . . 1
Vay bat dang thirc dugc chimg minh. Pang thirc xay ra khi va chi khi @ = b=c= m

Bai 127. Véi a, b, ¢ 1a cac s6 thuc duong. Chimg minh rang

a b’ c a+b+c
2 2+ 2 2+ 2 2Z
a +ab+b~ b +bc+c” ¢ +ca+a 3
Trich dé thi HSG tinh Thdi Binh nam 2013-2014
Loi giai
Cach 1: Ta co:
a 2a—-b 3 2 2 313 2 2 2
> > < 3a Z(2a—b)(a +ab+b )<:>a +b Zab(a+b)<:>a —ab+b 2ab<:>(a—b) >0
a +ab+b
Dinh w4 cudi cine lusn ding. Do dd a >2a—b<:> a >2a3—a2b
an 1a CuO01 cung luon dung. Do do = = .
g 8 g a* +ab+b* 3 a* +ab+b* 3
Chirng minh tuong ty ta dugc
a N b N c >a3+b3+c3+a3+b3+c3—a2b—bzc—czaM o
2 at khac vi vai tro a,
a*+ab+b* b +bc+c A +ca+d 3 3 ’

b,cnhunhaunéngidst a>b>c >0
a3+b3+c3—azb—bzc—cza:az(a—b)+b2 (b—c)+c2(c—a)=(a—b)2(a+b)+(a—c)(b—c)(b+c)20
a b’ c’ a+b+c
2 2 + 2 2 + 2 2 2
a +ab+b" b +bc+c ¢ +ca+ta 3
Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢

Tt d6 suy ra

Cach 2: Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta co
a’ b’ c’ a® b° c®
2 2+ 2 2+ 2 2: 3 2 2+ 3 2 2+ 3 2 2
a - +ab+b° b +bc+c” ¢ +ca+a a +ab+ab” b’ +bc+bc” ¢’ +ca+ca
3,73, 3)\?
(a +b’+c )
>

T+ +E +atb+ab* +bre+ bt + fa+cat

Mt khac ta ¢6 (a—b)2 >0 a’ —ab+b’ >ab<a’ +b’ > ab(a+b)
Ching minh tuong tu b° + ¢ > bc(b+c); c+a’> ca(c+a)

Suy ra 3(a3 +b’ +c3) >a’ +b' +c +ab(a+b)+bc(b+c)+ca(c+a)

3,13, 3\2
(a +b +c ) a+b +c
>
@ +b +c +a’b+ab® +b*c+bc’ +cta+ca’ 3
Vay bét dang thic duoc ching minh.

Bai 128. Cho cac sd thuc duong a, b, c théamén a + b + ¢ = 1. Tim gia tri 16n nhét cia biéu thirc:
a b c
P=— 2 T3 2 T3 2
9a°+3b"+c 9b°+3c"+a 9c’+3a"+b

Trich dé thi HSG tinh Vinh Phiic nam 2014-2015

Loi gidi
3a 3b 3c
3 2 + 3 2 + 3 2
27a” +9b° +3¢ 27b°+9¢c” +3a 27¢’+9a” +3b
xX+y+z=3

Cach1: Tacdé P=

Datx=3a;y=3b;z=3c:{
x; y;z>0
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. A s " Y z
Khi d6 ta viét lai dwgc P=———F—+——F—+—5——;
X4y 4z Yz Hx ZH+Xx 4y

Theo bat ding thirc Bunhiacopxki va chii y dén gia thiét ta co

1
—+1+z
(X3+y2+2)(1+1+zj2(x+y+z)2:> : 12 <X - x2 < 1+x+zx2:1+x+zx
X X +y +z (x+y+z) X +y +z (x+y+z) 9

I+y+ l+z+yz
Hoan toan twong tu thu dugec — y2 < yr > 3 y2 < Y
V 4z +x 9 Z+Xx 4y 9

34x+y+z+(xy+yz+ax)  6+(xp+)z+2x)

Tadosuyra P<

9 - 9
. 1
D¢ dang chung minh dugc xy+yz+zxSg(xﬁLquz)2 =3
6+(xy+yz+2zx) 643 .
Do do P< ( )< =1. Diu déng thic xay rakhi x= y=z=1<a=b=c=—

9 9
Vay gia tri 16n nhit cua P 1a 1 dat dugctai a =b=c =—
Cach 2: Ap dung bat dang thirc Cauchy ta co
9a° +%+%Z3a;9b2 +%2 2b=9a’ +9b* +c>3a+2b+c—1=2a+b

Hoan toan twong tu ta duge: 9b° +9¢* +a >2b+c; 9¢® +9a> +b>2c+a

Do dé pc_ @ b L_C 1 N 1 N 1
odotasuyra P< =
2a+b 2b+c 2c+a 2+é 1 € o9
a b c
1 1 1
D:;Tltx:é;y:£ z=% = xyz =1.Khi dé ta duge P< + +
a b c 2+x 24y 24z
1 1 1
Ta chitng minh + + <1l.

2+x 24y 2+z
That vay, bat dang thirc trong dwong véi
(2+2)(2+y)+(2+y)(2+2)+(2+2)(2+x) <(2+x)(2+y)(2+2)
<:>xy+yz+zx+4(x+y+z)+12Sxyz+2(xy+yz+zx)+4(x+y+z)+8<:>x+y+x23

Bét dang thic cudi cung ludn dung do x + y+z233xyz =3

Do d6 bat déng thirc trén dugc chimg minh. Vay gia tri 16n nhat cia P 1a 1 dat duoctai a =b = ¢ = %

Bai 129. Cho cac sb thuc duong x, v, z thdo man x” + y2 +z* =3. Chtng minh rang:

X Yy . .z

2XY+yz+xz

Trich dé thi HSG tinh Phii Tho nim 2014-2015

Lin' giai
Taco 4= z y f

R e

Ap dung bat déng thirc Cauchy ta co 3=x"+)" +2° >33x*)’2° <:>xyz£1.:>A2x%/;+y3y+ZQ/;
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Ap dung bét dang thirc Bunhiacopxki: ()C3 X+ y+Z€/;)(%/x_2+%/?+%/Z_2)Z(x+y+Z)2 23(xy+yz+xz)

2 2 2
) o x +1+1 +1+1 z7+1+1
Lai thy theo bét ding thic Cauchy thi: ¥x°.1.1 S Y211 SyT; Jz2.11 <=

Nen 3/?+%/7+%/z_2§x2+y2+22+6=3

3

X z
Do d6 ta duge 4> x3/x + y3fy + 230z > xp + yz + xz Hay3 +€/y—+3 ZXy+yz+xz
Jyz Rxz JYxy

x2=y2=22=1

Viy bit déng thitc duoc chimg minh, Ding thirc xdy ra khi va chi khi {/x =3[y =z @ x=y=z=1

X+ +z7 =3

Bai 130. Cho ba sb thuc khong am x, y, z thoa man X+ y+2z =3. Tim gia tri nho nhit cua biéu thirc:

A=122° +3xp+2)7 +1/2)% +3y2+22° +322% +32x + 207
Trich dé thi HSG tinh Ninh Binh niam 2014-2015

Loi giai
Ta viét lai biéu thirc A thanh: 4 = \/2(x+ y)2 - Xy + \/2(y+ z)2 -yz+ \/2(z+x)2 —zx

2 2
Theo mdt danh gia quen thudc ta co: 2(x+y)2 —-Xy 2 2(x—i-y)2 - (x+y) = 7(x+y)

4 4
ﬁ(x+y)
2

Do d6 ta duoc 2(x+y)2—xy >

Hoan toan tuong ty ta thu duoc
A=22% +3xp+2)7 +4/2)7 43324227 44222 432042 27 (x4 y+2) =37
Vay gia tri nho nhat cua A la 3\/7 . Dang thirc x4y ra khi va chi khi x=y=z=1

Bai 131. Cho cac s6 dwong @,b,C ¢c6 tong bang 3. Ching minh rang:
a+6a+9 b +6b+9 c+6c+9

2 + 2 + 2
a —2a+3 b"-2b+3 ¢ —2¢c+3
Trich dé thi HSG tinh Gia Lai nim 2014-2015

<24

Loi giai
2 ~1)’ +8a+8
Ta cb: a2+6a+9:(a ) : at8 8a+26 <1, 886 4y
a’=2a+3  (a-1) +2 (a-1) +2
b* +6b+9 ¢’ +6¢+9
Hoan toan twong tu ta dugc: 2—S4b+4;2—S4C+4
b"=2b+3 ¢ —2c+3

Cong theo vé cac bat dang thuc trén va két hop vai gia thiét ta dugc
a’+6a+9 b*+6b+9 *+6¢c+9
2 + 2 + 2
a —2a+3 b"-2b+3 ¢ —2c+3
Vay bat ding thic duoc chimg minh. Pang thirc xay ra khiva chikhi a =b =c =1

<4(a+b+c)+34=24

Bai 132. Cho a, b, ¢ 1a cic s6 thuc duong thoa man abc = 1. Tim gia trj 16n nhat cta biéu thirc:
1 1 1

= + +
a+2b+3 b+2¢c+3 c+2a+3
Trich dé thi HSG tinh Nghé An nam 2014-2015
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Loi giai
Pit a =x"; b=y"; z=c” khi d6 ta dugc X)Z =1 va béu thuc P duoc viét lai thanh
1 1 1
= 2 2 + 2 2 + 2 2
X +2y°4+3 Yy +2z°+3 7 4+2x 43

1 1 1
Tacod x’+y?22xpy; p°+122y=x"+2y* +322(xy+ y+1). Do do ta dugc x2+2y2+3£§'xy+y+1
1 1 1 1 1 1
<—- ; <—-
V42243 2 yz4z+1 242X +3 2 zx+z+1

Ching minh tuong tu ta co:

. e 1 1 1 1
Cong theo vé cac bat dang thirc trén ta duge: P < — + +
2\xy+y+1 yz4+z+1 zx+x+1

1 1 1

+ + =
ab+b+1 bc+c+1l ca+a+l
1 1 1

+ +
xy+y+1l yz+z+1 zx+x+1

Ta can chimg minh 1

Dén day ta c6 hai huéng danh gia

Hwéng 1: Do X)z =1, nén ton tai cac sé duong m, n, pdé X=—; y = zZ=
n

n.,_P
p m
1 1 1
+ + S O
x+y+1l yz+z+1 zx+x+1 m4+n+p m+n+p m+n+p

1 1 1 zx X 1
+ + = + + =1
xy+y+l yz4+z+1 zx+x+1 z+14+zx l4+zx+z zx+z+1

Khi d6 ta co:

Huwoéng 2: Do X)z =1, nén ta dugc:

Tir d6 ta duge P < % Vay gi tri 16n nhat cua P 1a % . Pang thirc xay rakhi vachikhi ¢ =bh=c=1.

Bai 133. Cho céc s duong x, y, z thay di thoa man xy + yz + zx = xyz . Tim gia tri 16n nhét cta biéu thirc:
1 1 1
= + +
4x+3y+z x+4y+3z 3x+y+4z

Trich dé thi HSG Tinh Hai Dwong nam 2014-2015

Loi giai

Tir gia thiét ta c6 —+—+—=1. Ap dung bét ding thirc Bunhiacopxki ta duoc

X y z
6y 16 16 4. 4 4 431
4x+3y+z 4x 3y+z x 2y y+z x y z
64 1 4 3 64 3 1 4
Tuong ty tadwugc —————— <—+—+—; —————— < —+—+—
x+4y+3z x y z 3x+y+4z x y z
Do d6 tadugec M = ! + ! + ! _l l+l+l :l
4x+3y+z x+4y+3z 3x+y+4z 8\x y z) 8

Vay M dat gia trj 16n nhét 1a % . Pang thirc x4y ra khi vachi khi x=y=z=3.

Bai 134. Cho cac s duong x, y, z thay doi théa man X+ y+2z =3. Chimg minh rang:

X y z
+ + <1
X++3x+yz y+3y+zx z+3z+xp

Trich dé thi HSG Tinh Ha Nam nim 2014-2015
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Loi giai
Ap dung gia thiét ta cha y dén phép bién doi: 3x + yz = x(x+ y+2z)+ yz=(x+y)(x +z)

2
Ap dung bét dang thirc Bunhiacopxki ta dugc: (x+y) (x+ Z) 2 (\/xy + xz)

X < X _ Jx
X+3x+yz X+ Xy +~/xz \/;+\/;+\/;

T T ~
y+\/3y+zx_\/;+\/;+\/;,Z+\/3Z+xy_\/;+\/;+\/;

. . X b% z
Cong theo vé cac bat dang thire trén ta duogc: + + <1
X++3x+yz y+3y+zx z+3z+xp

Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chi khi x=y=z=1.

Do d6 ta duogc:

Ap dung tuong tu ta duoc:

Bai 135. Cho cac s6 duong a, b, ¢ thay ddi thoa man l+%+l= 3. Tim gia tri 16n nhét cta biéu thirc:
a C

1 1 1

P= + +
\/a2 —ab+b’ \/b2 —bc+c? \/02 —ca+d*

Trich dé thi HSG Thanh Phé Ha Ngi nam 2014-2015

Loi giai
2 2
Cach 1: Taco a’ —ab+b’ =(a+b)2 —3abZ(a+b)2 —3(a1b) = (azb)

, 1 2 1(1 1
Do d6 ta dugc < <] 4=
Jat —ab+b* a+b 2\a b

1 1(1 lj 1 1(1 lj
Hoan toan tuong ty ta c6: ———=<—| —+— ;—< +—

b*—bc+c* 2\b ¢ c’—ca+a’ 2\c a
Cong theo vé cac bat dang thuc trén ta dugc
1 1 1 1 1 1
P= + + S—+—+—=3

\/az—alﬂ—b2 \/1)2—Z70+02 \/cz—ccH—a2 a b c
Vay gia tri 16n nhét ctia P 1a 3. Dang thirc xdy rakhi va chikhi a =b=c =1.

Cich 2: Ap dung bat ding thirc Cauchy ta dugc @” —ab+b” >2ab—ab=ab

1 1
Do d6 ta dugc <
Na’—ab+b*> ~Nab
Hoan toan tuwong tu ta cé ! < L. ! < !
oan toan tuong tu ta co: s 5 s
b —be+c* Nbe N —ca+a® Nca

Cong theo vé cac bat dang thuc trén ta dugc

1 1 1 1 1 1
P= + < + +
\/a b+b \/b2 bc+c? \/cz—ca+a2 Nab ~bc ~ca
1 1 1 1 1
D@ thay: ,— ,— ,— —+—+—=3 Do d6 taduoc P < 3. Vay gia trj 16n nhét ctia P 1a 3.

Bai 136. Cho a, b, ¢ 1a cac cac s thuc khéng am théa min a + b + ¢ = 3 . Ching minh rang:

@ +b+ +ab+bc+ca>6
Trich dé thi HSG Tinh Dik Lk nim 2014-2015

Loi gii
Cich 1: Bé y dén gia thiét ¢ + b+ ¢ = 3 taco
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2
(a+b+c) —2(a2+b2+c2) :a3+b3+c3+9_(a2 J;b2+c2)Ap

dung bét dang thirc Cauchy ta duoc: @’ +a’ +1>3a’; b* +b° +1>3b%; ¢’ +* +1>3¢?

a+b+c +ab+bc+ca=a’+b+c +

Cong theo vé cac bat dang thirc trén ta duogc: 2(613 +b' +c ) +32 3(612 +b° +c2)

9—(a*+b” +¢?
Do d6 taduge a’+b° +¢ + ( 5 )2a2+b2+cz+3

9—(a2+b2+cz)
2

(a+b—i—c)2

Lai thiy: a’> +b>+¢*> > =3. Do d6 taduoc: a’+b° +* + >6

Hay @ +b +c +ab+bc+ca>6
Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a =b=c =1.
’ e 5 2

Cach 2: Ap dung bat dang thirc Bunhiacopxki ta dugc: 3(a3+b3+c3):(a+b+c)(a +b’+¢’ ) (a +b*+¢? )
D& thiy @° +b° +¢” >3, do d6 ta duoc: 3>(a3+b3+c3)23(a2 +b +c2)<:>a3 +b+ 2ad +b +
Khi d¢ ta suy ra

3,73, 3 2,72, 2 _ 2

a +b’ +c +ab+bc+ca>a +b +c +ab+bc+ca—(a+b+c) —(ab+bc+ca)

)2_(a+b+c)2

3
Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khiva chikhi a =b=c =1.

>(a+b+c ~=9-3=6

Bai 137. Cho a, b, ¢ la cic sb thuc duong théa min a<1;b<2;a+b+c=6. Ching minh ring:
(a + 1)(1) + 1)(C + 1) > 4abc
Trich dé thi HSG Tinh Bic Giang niam 2014-2015

Loi giai
Bat dang thirc can chiing minh tuong duong voi

1+l 1+l 1+l 24<:>1+l+l+l+L+L+L+L24
a b c a b ¢ ab bc ca abc

©l+l+l+a+b+c+123 l+1+1+ 7 >3
a b c abc ¢ abc
b c bc
Ap dung bét ding thirc Cauchy ta duoc: a+ >2 5 52

2 2 3
Do d6 ta dugc 6= a+b+b+£ _c>2 \/E ab
2 V 2 \/ 108

Do d6 ta duge ab’c® <108, ma theo gia thiét a<1;p<2 suyra a’b<2

Suyrataco  21621084°h> ab’c’a’b=(abc) = abc <6
Ap dung bét dang thirc Cauchy va cac gia thiét ta lai co

12355368 532,15, 1537377
a b c abc a b 2 2 abc 6 2

. . 1 1 1 7 5 7 1 1 1 7
Cong theo vé cac bat dang thuc trén ta duge: 3| —+—+—+—— [23+—+— Hay —+—+—+—2>3
a b ¢ abc 2 2 a b c¢ abc

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi a=1;6=2; ¢=3.
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Bai 138. Cho a, b, ¢ 13 cac sb thuc duong thoa man ab + be + ca = 3. Tim gia trj nho nhit cua biéu thuc:
19a+3 196+3 19¢c+3

T = 2 + 2 + 2
1+5 l+c 1+a

Trich dé thi HSG Tinh Hung Yén nam 2014-2015

4 | Loi giai
Cach 1: Bién d6i va ap dung bat dang thirc Cauchy ta duoc
19a+3 b*(19a+3 b(19a+3) 38a+6—-19ab—-3b
ans :19a+3—(—2)219a+3— (19a+3) 38 @
1+b 1+b 2 2
L 195+3 _38b+6—19bc—3c 19c¢+3 _ 38¢c+6—-19ca—3a
Hoan toan tuong ty dugc: > > ; 3 >
l+c 2 1+a 2

Cong theo vé cac bat dang thuc trén ta dugc

p_19a+3 196+3 19c+3 35(atb+c)+18-19(ab+bctac) 35./3(ab+bc+ca) +18-19.3 1
1+b6*  1+c*  1+a® 7 2 2

Vay gia tri nho nhat ctia T 1a 33. Pang thirc xay rakhivachikhi a =b=c =1

19a+3  16a  3(a+l)

5 1+b  14b

Cich 2: D& thay . Ap dung bat dang thirc Cauchy ta duoc

2 2
16“2 :16a—16ab2 >16a— 9" _164_8ab
1+b 1+b
2 2
3(a+21):3(a+1)—wZ3(a+1)—M=3(a+l)—M
1+b 1+b 2b

Hoan toan tuong tu ta dugc

p_19a+3 19h+3 19c+3>35(a+b+c)+l8—19(ab+bc+ac)>35.\/3(ab+bc+ca)+18—l9.3_33
14 1+ 144 2 N 2 -
Vay gia tri nho nhat caa T 1a 33.

Bai 139. Cho x, y, z la céc sb thuc duong thoa min xXyz = 242 Chung minh ring:

8 8 8 8 8 8
X + +z zZ +X
Y Y + >8

'y ex’yt Yty x4y’
Trich dé thi chon HS dw thi HSGQG Tinh Hdi Dwong nim hoc 2013-2014

Loi giai
Pit a=x"; b= yz; c=1z suyra abc = 8 . Bit déng thire can ching minh duogc viét lai thanh
a* +b* b +c* ct+a
2, 42 T TS >8
a +b"+ab b +c +bc c +a +ca
2
x 4, 14 (a2+b2) 2, 2 3(a2+b2)
D@ dang ching minh minh dugc: @ +b" 2——; a" +b"+ab<———
a'+b* a+b
Suyra ——— 2 . Hoan toan tuong tu ta duoc
a +b +ab 3
2 2 2
a*+b* b* +c* ct+a >2(a +b +C)
a*+b*+ab b +c*+bc I +a’+ca 3

Mit khac 4p dung bat dang thire Cauchy ta duge: a? + b + ¢? > 33/a’bc? =12
Do d6 ta dugc 2a4+b4 + b + d >3
' a+b*+ab b+t +bc F+a’+ca
Vay bt ding thirc duge chimg minh. Dang thirc x4y ra khi va chi khi x =y =2z =~/2
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Bai 140. Cho a, b, ¢ 1a cac s thuc duong thoa man ab + be + ca = 3 . Ching minh ring:

b+c c+a a+b 3
a.|— +b., | +eu |5 <—
a +bc b +ca ¢ +ab abc

Trich dé thi chon HS duw thi HSGQG Tinh Bic Giang nim hoc 2013-2014

Loi gii

. , b+c \/_ ab+ac C i £, 32 , TV Sy
Cach 1: Taco a.,|— =Na.,|— . Khi d6 ap dung bat dang thirc Cauchy va chu y dén gia thiét
a” +bc a +bc

ab+bc+ca =3 taco: a’ +bc+ab’c® >3abc = a* +bc > abc(3—bc)= abc(ab+ac)

ab+ac \/— ab+ac b+c 1

2

a +bc ab a +bc a’* +bc \/_

/ + / +b
Ap dung hoan toan tuong tu ta duogc: b. crad a
> +ca ¢’ +ab \/

b+c +b.\/ c+a +c'\/ a+b <\/Z+\/Z+\/E

a’ +bc b* +ca c*+ab abc

Do d6 ta duogc:

Cong theo vé cac bat ding thirc trén ta dugc: a.\/

Phép chung minh s hoéntétnéutachiraduqc: \/Z-l_\/i—i_\/zﬁ Z & abc(\/g+\/5+\/;)£3
abc abc

Pénh gia cudi cing 1a mot danh gig dang vi: 3 = ab +be + ca > \Jabe (JZ +/b+e )

Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a =b=c =1.
Cich 2: Ap dung bét dang thirc Bunhiacopxki ta dugc

b+c c+a a+b ’ ab+ac bc+ab ca+ac
a.|— +b.|— +e4|5 <(a+b+c)| 5—+— +—
a” +bc b" +ca ¢ +ab a +bc b+ca c¢ +a

Ta can chimg minh dugc

2
(a+b+c)(ab+ac+bc+ab+ca+ac]s( 3 j <:>(abc)z(a+b+c)(ab+ac+bc+ab+Ca+ac]§9
abc

a’+bc b*+ca c+a b a*+bc b +ca c*+a

x 2 1 ok
D¢ thay abc(a+b+c) Sg(ab+bc+ca)2 =3 va cling tir gia thiét ta suy ra abc <1.

Do d6 ta dugc (abC)2 (a+b+c) <3.

ab+ac bc+ab ca+ac

Nhu vay phép chimg minh s& hoan tat néu ta chi ra dugc > +— +— <3
a " +bc b +ca c +a

That vay, bién d6i twong duong bit dang thic trén ta dugc

a?+ac L4 bc+ab 1+caz+ac_lgo<:>(a—lz)(a—C)+(b—§)(b—a)+(c—az)(c—b)ZO
a” +bc b* +ca c +a a” +bc b" +ca c +a
c>(a—b)[(a—c)(bz—i—ca)—(b—c)(az-i-bc)]+(c_a)(c b) “0

(a2+bc)(b2+ca) c’+a

Do vai tro cta cac bién nhu nhau nén khong mat tinh tong quat ta gia st

Bai 141. Cho a, b, ¢, d 14 cac sb thuc duong thdéa man:
1 N 1 N 1 N 1
l+d° 1+ 1+ 1+4d°
l-a 1-b l-c 1-d
2+ 2+ 2+ 2 =
l-a+a” 1-b+b" l-c+c¢” 1-d+d

Nguwoi bién sogn: Tran Minh Quang Trang 22/58

Chimng minh rang;




Trich dé thi chon HS duw thi HSGQG Tinh Péong Thdp nim hoc 2013-2014

Loi giai
1-a> 1-b* 1-¢ la’2

Bién d6i twong duwong bt dang thirc can chirmg minh + +
g g g & l+a® 146 1+ 1+a’3

2 2 2 2
1 1 1 1>a b c d

Ha + + + > + + +

Y14 146 1+ 14d  1+d 146 146 1+
T nid dune bt dine thite Cauch 1 N 1 N 1 5 1 1+2a’3 3d>
U gia thiét va ap dung bat dang thirc Cauchy ta co: =

g P aung g Y l+d’ 1+ 1+ 1+d° 1+d° 1+d3

. 1 . 1 . L 3d?
» l+d® 1+b 1+ 1+d°

Hoan toan twong tu ta dugc
1 1 1 3@ 1 1 1 31 1 1 3c?
7T 3T 3Z 3> 3T 3T 3Z 3> 7T 3T 32 3
1+ 14+c¢ 1+d° l1+a 1+a 1+c¢ 1+d° 1+b 1+a 146 1+d 1+c
Cong theo vé bon bat dang thirc trén ta duoc
1 1 1 1 a’ b’ ¢’ d’
7T 3T Tt 3 2 3T 3T 3T 3
l+a 1+b 1+c¢ 1+d 1+a 1+b 1+c¢ 1+d
Bit dang thic duoc ching minh. Pang thirc xay rakhivachikhi a =b=c=d =1.

. \ , A 5 ~ 3 1 .7 . 5 A 5 - R I
Bai 142. Cho a, b, ¢ 1a cac s6 thuc duong thoa man a+b+c < E Tim gié tri nho nhat cta biéu thirc:

S:\/az+i2+\/b2 +i2+\/c2+i2
a b c

Trich dé thi chon HS duw thi HSGQG Tinh Tra Vinh nim hoc 2013-2014

Loi gii

2
1 1 4 4
Cich 1: Chu y dén diu ding thirc xay ra ta dugc: \/17( j \/(1+42)( —zj (a+ ] =a+—
a a a

Ap dung tuong tu ta duoc (17 b2+— >b+%, f17 Lz Zc+—
Khi d6 ta duoc: 17[a2+%j+ 17[b2+%)+ 17[02+sz2a+b+c+i+i+i
a b c a b ¢

Theo mot danh gia quen thugc ta co l+l+lzi
a b ¢ a+b+c

Nén ta duoc a+b+c+i+i+i2a+b+c+ 36
, a b c a+b+c
Ap dung bét dang thirc Cauchy va két hop voi gia thiét ta dugc
a+b+c+L:a+b+c+ ? + 135 >2. [(a+b+c). 2 +135:3+135:5—1
a+b+c 4(a+b+c) 4(a+b+c) 4(a+b+c) 42 6 2
2

e 1 1 1 51 2, | 2, 1 , 1 3\/ﬁ
Tu’dotasuyra\/ﬂ[az+?]+\/l7(52+b_2j \/17[ +c—j>7Hay\/ ?4‘\/ +?+\/C +c—22 )

Nhu vay gia tri nho nhét ciia S 14

. Dang thirc x4y ra khi va chi khi a=b=c=%.

Cach 2: Dé dang ching minh duoc: Véi a, b, x, y 1a cac sb thuc duong ta luén co:
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\/a2 +x’ +\/b2 +y’ > \/(a+b)2 +(x+y)2
Ap dung bét dang thirc trén ta duoc

2 2
S=\/a2+i2+\/b2+i2+\/c2+i22 (a+b)2+(l+lj +,/c2+i22 (a+b+c)2+(l+l+lj
a b c a b c a b c

o (1.1 1Y 9 Y 81
Theo bat dang thic Cauchytacd | —+—+—| = = 5
a b c a+b+c (a+b+c)
2
Do d6 ta duoc (a+b+c)2+(l+l+l) z(a+b+c)2+L2
a b c (a+b+c)

Ap dung bét dang thirc Cauchy va gia thiét ta c6

81 9 9 1215 1215 135
(a+b+c)2+—222,_:_; > _
16(a+b+c) 4 2 16(a+b+c) 16.2 4
Cong theo vé hai bat ddng thuc trén ta dugc (a +b+ 6)2 + 81 =2 2+E = 153
(a+b+c) 2 4 4
. 153 3417
Tir céc két qua 6 ta duge S >, [—= =£.
4 2
Nhu vay gia tri nho nhét ciia S 1a . Dang thirc xdy ra khi va chikhi a =b = ¢ = %
Bai 143. Cho a, b, ¢ 1a cac sb thuc duong théa man abc =1. Tim gia tri nho nhét cua biéu thirc:
bc ca ab
P= +

+
a’ (b+c) b (c+a) c? (a+b)
Trich dé thi chon HS duw thi HSGQG Tinh Lim Péng nim hoc 2013-2014

Loi giai
b’c? ca a’b’
+ +
ab+ac ab+bc ca+bc
Ap dung bét dang thirc Bunhiacopxki dang phén thuc ta duoc
b’c’ c’a’ a’b’ (ab+bc+ca)2 _ab+bc+ca

P= + + > =
ab+ac ab+bc ca+bc 2(ab+bc+ca) 2

Két hop véi gia thiét ta viét lai biéu thirc P thanh P =

Mit khac ciing theo bat dang thirc Cauchy ta duoc ab + be + ca > 33/a*bc? =3

Suy ra ta dugc P 2% hay gia tri nho nhat cta P 1a % . Pang thic xdy rakhi g =h=c =1.

Bai 144. Cho a, b, ¢ 14 cac sb thuc théa man 0 < a; b;c<I. Chung minh rr:ing:
a b c

+ -
b+c+l c+a+l a+b+l1
Trich dé thi chon HS duw thi HSGQG Tinh An Giang nim hoc 2014-2015

+(1-a)(1-b)(2-c) <2

Loi giai
Tir gia thiét ta dwoc 0<1—a; 1-b<1; a+b+1>1.
(1-a)+(1-b)+(a+b+1)

Ap dung bat dang thirc Cauchy ta duogc: 1= 3 Zi/(l—a)(l—b)(a +b+l)

Suy ta 12(1-a)(1-b)(a+b+1)
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Vi2-c¢>0 nénkhidotadugc: 2—c>(1-a)(1-b)(a+b+1)(2-¢)

2-c c 2
S l-a)(1-b)(2-c)s—— H l-a)(1-b)(2-c)< 1
wra (1-a)(1-5)(2=c) a+b+1 Y a+b+1+( a)(1=b)(2=¢) a+b+1 M
2a

Ta di chimg minh . That vay, bién ddi twong dwong bit ding thirc trén ta duoc

b+c+1 a+b+1
2b

a(a+b+1)<2a(b+c+1)< a(b+2c+1-a)<0.Tuong tu ta dugc <
a+tc+l a+b+1

Tir cac két qua trén ta dugc
a b c 2a 2b
+ + + + =
b+c+l c+a+1 a+b+l1 a+b+1 a+b+1 a+b+1
Vay bat diang thire duge ching minh. Déng thirc x4y ra khi va chi khi a=b=0; c=1.

+(1-a)(1-b)(2-c) <

Bai 145. Cho a, b, ¢ 1a c4c s thuc duong thoa man @ + b + ¢ = 3 . Ching minh ring:

a+b+c +2(l+l+lj23(ab+bc+ca)
a b c

Trich dé thi chon HS duw thi HSGQG Tinh Lim Péng nim hoc 2014-2015

Loi giai
x I 1T 1 18
Dé thay 2| —+—+— |2————=6.Dodo taduoc ¢’ +b> +c> + 6 > 3(ab+bc+ca)
a b c) a+b+c
Ap dung bt ding thirc Cauchy ta duoc @’ +1+1>3a; b* +1+1>3b; ¢* +1+1> 3¢
Ta quy bai toan vé chirng minh 3(a+b+c)=23(ab+bc+ca)
2
Hay (a—l—b-l—c) 23(ab+bc+ca), day la mot danh gia dung.
Vay bat dang thic duoc chimg minh. Pang thirc xay ra khiva chikhi a =b =c =1

Bai 146. Cho a, b, ¢ 1a c4c s thuc duong. Ching minh rang:
a(b+c) . b(c+a) N c(a+b) < 6
a’ +(b—i—c)2 b’ —i—(c—i—a)2 c? +(a+b)2 5
Trich d@é thi chon HS dw thi HSGQG Tinh Thdi Binh nim hoc 2014-2015

Loi giai
Ap dung bét dang thirc Cauchy ta co

3

a2+(b+c)2:{az+(bzc) }+Z(b+c)22a(b+c)+%(b+c)z:(b+c)(4a+3b+3c)

4

a(b+c) < 4a(b+c) 3 4a
@ +(b+c)  (4a+3b+3c)(b+c) 4a+3b+3c
Ap dung bét dang thirc Bunhiacopxki dang phén thuc ta duoc

40 a (941 <a(%+l]

4a+3b+3c_g'4a+3b+3c_g a+b+c) al

b+
Suy ra ta duoc 2a( c) < 27a +L

a+(b+c) 25(a+b+c) 25
Ap dung hoan toan tuong tu ta dugc

blc+a) _  27b 1. cle+a) _ 27c 1

5 7= +—; 2 > S
b +(c+a) 25(a+b+c) 25 Is +(c+a) 25(a+b+c) 25

Cong vé theo vé cac bat dang thirc trén ta duoc

Suy ra ta duoc
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a(b+c) . b(a+c) . c(a+b) <27(a+b+c)+i_§
(b+c) +a* (c+a) +b (a+b) +c* 25(a+b+c) 25 5

Vay bét dang thirc dugc chig minh xong.

Bai 147. Cho a, b, ¢ 1a cac s thuc khong 4m sao cho @ + b + ¢ = 1. Chung minh ring:
a b c S 1

+ + >
1+9bc+4(b—c)’ 1+9ca+4(c—a)’ 1+9ab+4(a—b) 2
Trich dé thi chon HS duw thi HSGQG Thanh Phé hdii Phongndm hoc 2014-2015

, Loi giai
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc

a b c
+

_+_
14+9bc+4(b—c)” 1+9ca+4(c—a) 1+9ab+4(a—b)
(a+b+c)2

>
(a+b+c)+27abc+4a(b—c)2 +4b(c—a)2 +4c(a—b)2

Phép chimg minh sé& hoan tat néu ta chi ra dugc: 2(61 +b+C)2 > 1+27abC+4a(b—c)2 +4b(c—a)2 +4c(a —b)2

Hay 1> 4ab(a+b)+4bc(b+c)+4ca(c+ a)+3abc

Dé § dén gia thiét ta viét lai dugc bt ding thire trén thanh: (a+b+c)’ > 4ab(a+b)+4bc(b+c)+4ca(c+a)+3abe
Hay a3+b3+c3+3achab(a+b)+bc(b+c)+ca(c+a)

Bién doi twong duong ta dwoc abc > (a+b—c)(b+c—a)(c+a—b)

Bét dang thuc trén 1a mot bat dang thirc dung va dé dang chimg minh duoc.

Vay bai toan dugc ching minh. Pang thirc xdy ra khi va chikhi a =b =c =1 hoic a=b = %; ¢ =0 va céc hoan vi.
Bai 148. Cho x, v, z 1a cic s6 thuc khong duong. Chimg minh rang:
xy'z’ N yz'x’ zx’y’ < 3
2 2 2 -
(x2 +yz) (y3 +z3) (y2 +zx) (23 +x3) (z2 +xy) (x3 +y3) 8
Trich dé thi chon HS duw thi HSGQG Truwong DPHKHTN Ha N$i nim hoc 2014-2015

Loi giai
Dé dang chimg minh dugc 2()/3 +Z3) 2(y+Z)(y2 +Zz) 22 yZ(y2 +Zz)
Valaico x* + yz > 2x\/y—z. Nhan theo vé hai két qua trén ta dugc: (x2 +)/Z)(y3 +Z3) 2 2xyZ(y2 +Zz)
Suy ra ta dugc

xy3Z3 - xy3Z3 B yZZZ yZZ2

(xz +yz)2 (y3 +Z3) B 2()c2 erz)xyz(y2 +Zz) - 2(x2y2 +x°z° +y3z+yz3) < 2()c2y2 +x°z° +2y222)
Hoan toan tuong tu ta dugc

xy323 y23x3 . Zx3y3

(o) (7 +2) () (242) (Zrm) (2 10)
yZZZ xZZZ x2y2

2(x2y2 +x°z° +2y222) ’ 2(x2y2 +2x°2° +y222) ’ 2(2xzy2 +x°z° +2y222)

<

2.2 2_2 2_2
yz Xz Xy 3

Ta can chi ra duogc: + + <
xzy2 +x%z* +2y222 x2y2 +2x%2* +yzz2 2xzy2 +x%z* +2yzz2 4
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a N b N c
2a+b+c a+2b+c a+b+2c

Pit a = x*y*; b= y’z*; ¢ = z’x* . Khi d6 bt dang thirc duoc viét lai thanh

+c N a+c N a+b

2a+b+c a+2b+c a+b+2c
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
b+c L_ate a+b S (2a+2b+2c)2

2a+b+c a+2b+c a+b+2c_2(a2+b2+c2)+6(ab+bc+ca)

Bt dang thirc trén tuong dwong voi

>3
2

Phép chimg minh s& hoan tit néu ta chi ra duoc

2(2a+2b+2c) 23[2(a’ +b*+¢*)+6(ab+be-+ca) |

<:>4(01+b+c)2 23(a+b+c)2 +3(ab+ba+ca) <::>(01+b+c)2 > 3(ab+bc+ca)
Panh gi4 cudi clng 1a mot danh gia dung.
Vay bat dang thirc dugc chimg minh. Dang thirc xay ra khi va chikhi x = y = z

<3

4

Bai 149. Cho x, y, z la céc sb thuc duong théa man X+ y+z =1. Tim gia tri 16n nhit cta biéu thirc

2 2 2
P Xy yz +\/ z°x
4x+5y 4y +5z 4z+5x

Trich dé thi chon HS duw thi HSGQG Truwong DPHKHTN Ha N$i nim hoc 2014-2015

Loi gii

Ap dung bét dang thirc Bunhiacopxki ta dugc PZS(xy+yz+Zx)(4 x5 +4 y5 +4 ZS j
x+5y 4y+5z 4z+5x

it O = x Ly .z _ 1y, Sy N 5z N Sx
4x+5y 4y+5z 4z+5x 4 4x+5y 4y+5z 4z+5x
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc

5y 5z Sx o 5(x+y+z)

+ + >
4x+5y 4y+5z 4z+5x 4(xy+yZ+zx)+5(x2+y2+z2)
5 5

5(x+y+z) —6(xw+yz+zx) 5-6(xy+yz+zx)
5

1 1
Do d6 ta dugc QSZ|:3— } Khi d6 ta suy ra P’ SZ(xy+yZ+ZX)|:3—

5 jz a(5-9a)

5—6a

5—6(xy+yz+zx)

Dat a=xy+yz+zx:0<a£%.Khid()taduqc P? S%a(3—

a(5—9a)<l‘

Ta s€ chirng minh <
2 (5 - 6a) 9

(e ) ) 1
That vy, bat dang thirc nay twong dwong véi (1-3a)(10-27a)2 0, day la mot danh gia dung do 0 < a < 3
Do d6 bat dang thiic trén dugc chimg minh.

Suyra P< % hay gia tri 16n nhét ctia P 1a % . Dang thirc xay ra khi va chi khi x= y=z= 3

Bai 150. Cho a, b, ¢ 1a cac s thuc duong thoa man ab + be + ca = 1 . Ching minh ring:
3 3 3 3
b a+b+c
. ot T : 52 ( )
1+9b°ca 14+9c’ab 1+9a°bc 18
Trich dé thi chon HS duw thi HSGQG Tinh Thira Thién Hué nam hoc 2014-2015
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, Loi giai
Ap dung bét ding thirc Bunhiacopxki dang phén thuc ta duoc

a’ b’ ¢’ (a2 +b° +c’ )2
+ + >
1+9b%ca 1+9c*ab 1+9a’bc a+b+c+9abc(ab+bc+ca)
(a+b+ c)2

D& thdy a’ +b*> +c¢* > va dé y dén gia thiét ab + be + ca =1 ta duoc

(az+bz+cz)2 (a+b+c)4
>
a+b+c+9abc(ab+bc+ca) 9(a+b+c+9abc)
a N b’ N c S (a+b+c)4
1+9b%ca 1+9c%ab 1+9a2bc_9(a+b+c+9abc)
(a+b+c)4 (a+b+c)3
>
9(a+b+c+9abc) 18
Hay a + b+ c > 9abc . Dé y dén gia thiét ab + be + ca = 1, ap dung bét dang thirc Cauchy ta dugc
01+b+c=(a+b+c)(ab+bc+ac)2.’5\3/abc.3\3’/c12b2 2 =9abc

_ , . |
Vay bét ding thirc duge chimg minh xong. Ding thire x4y ra khi va chi khi a=b=c :ﬁ

Do do ta co

Phép chimg minh sé& hoan tat néu ta chi ra dugc

Bai 151. Cho a, b, ¢ 1a cac sb thuc duong tiy y. Chirng minh rang;
\/Sa2 +4bc + \/sz +4ca + \/502 +4ab

2\/3(a2+b2+c2)+2(\/ﬁ+\/5+«/5)

Trich dé thi chon HS duw thi HSGQG Tinh Qudng Nam niam hoc 2014-2015

Loi giai
Bat dang thirc can chiing minh tuong duong voi

J5a® + 4be —2-be +~/5h% + dca — 2Jca +~/5¢* + dab —2-Jab > 1/3((12 e cz)

Hay Sa” + 5b° n 5t > 3(a2 +b? +Cz)
\/5a2+4bc+2\/E \/5b2+4ca +2\/£ \/502+4ab +2\/%_
2 2 2
Hay 1 [ 5a . 5b N 5¢ J21
\/3(a2 +b? +c?) V502 +4be +23Jbe  \5b? +4ca +2\Jca  N5¢t +4ab +2ab

Ap dung bét dang thirc Cauchy ta co
2+/5a% + 4bc 3((12 +b° + cz) <8a’ +3b* +3c* +4bc

’ 2 2 2 2 2 2
4\/5113(a2+b2+c2)=4.3\/a. 3(: e )S2(3a +3b 3+3c +9bc):2(a2+b2+c2+3bc)

Cong theo vé hai bat dang thuc trén ta dugc

2(\/5a2+4bc+2@) 3(a 457 +) <100 + 56 +56 +10be

104> 104>
Suy ra > . ~ .
2(\/50,2+4bc+2\/ﬁ)\/3(az+bz+cz) 104’ +5b% + 5¢% +10bc
104* 104> &

Lai c6 10bc <5b° +5¢* nén ta duoc: 2 =
#eo T e O 02 +552 +5¢ +10bc 1082 106> +108 &+ +¢
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104> a’
>
2(\/5a2+4bc +2\/bc)\/3(a2+b2+cz) a’+b*+c’

Chtrng minh hoan toan tuong ty ta dugc

Do d6 ta duoc

1 ( 54> N 5h° . 5¢7 j
\/3(a2 +b%+¢? ) \/Sa2 +4bc + 2+/bc \/Sb2 +4ca +2+/ca \/502 +4ab +2+Jab
a’ b? ¢’
2 S 5 2 T2 2. 2t a2 2
a +b°+c¢ b +a +c¢” c +b +a
Vay bét dang thirc duogc chig minh xong. Pang thirc xay ra khi va chi khi ¢ = b = ¢ .

Bai 152. Cho a, b, ¢ 1a cac s thuc duong tiy y. Tim gia tri nho nhat cta biéu thirc:
2a+3b N 4b 8c

a+2b+c a+b+2c a+b+3c
Trich dé thi chon HS duw thi HSGQG Tinh Qudng Nam niam hoc 2014-2015

Loi giai
bit x=a+2b+c, y=a+b+2c;, z=a+b+3c.Khidotaduwoc a=5y—x—-3z;b=x+z-2y;c=z—x

. . 4x 2y 8y 4z
Biéu thuc P duoc viét lai thanh P=— +—y +—y +—-17

y o x z )y
Ap dung bt dang thirc Cauchy ta duoc P = 4_x+2_y+8_y+£_17 > 2\/4_x2_y +2\/8—y.£ ~17=1242-17
y x z Yy y X z y
4x 2y
] , ] 7_7 2x? :y2
Vay gia tri nho nhat cua P 1a 1242 -17. Dang thirc xay ra khi va chi khi = Sz= \/Ey =2x
8y _4z (=7
z Yy
Bai 153. Cho x, y, z 14 cac s6 thuc duong théa min 2./xy + /xz = 1. Xh]ngs minh ring:

3yz 4zx 5
P2 L 2y
X y z
Trich d@é thi chon HS dw thi HSGQG Tinh Tuyén Quang nim hoc 2014-2015

Loi giai
3yz+4zx+5xy:£+2_x+2yz+2xy+3zx+3xy
X y z X Yy X z y oz

Bién d6i vé trai cua bat dang thirc nhu sau:

o zx 2vz 2 3zx 3
Khi d6 ap dung bat dang thuc Cauchy ta dugc: E+—22Z; y + xy24y; + xy26x
Xy X oz y oz
3yz 4zx 5
Do d6 ta dugc L= xy26x+4y+22

X h% z
Mit khéac cling theo bat dang thirc Cauchy ta duoc
6x+4y+22=4(x+y)+2(x+z)28 xy+4\/x>:4(2 xy+\/x>z):4
3 4zx 5
yZ+ z + xy24
X h% z

Do d6 ta suy ra
Bit dang thirc dugc chimg minh. Dang thirc xay ra khi va chikhi x = y =z = 3

Nguwoi bién sogn: Tran Minh Quang Trang 29/58



Bai 154. Cho x, y, z 1a cac s6 thuc duong théa man diéu kién:
3(x4 +y' +z4)—7(x2 +)° +zz)+12:0,

2 2 2
X y z

Tim gia tri n6 nhat cua biéu thic: P =
y+2z z+2x x+2y

Trich dé thi chon HS dw thi HSGQG Tinh Yén Bdi nim hoc 2014-2015

Loi giai
Trudce hét ta don gian hoa gia thiét cua bai toan.
, 2
Ap dung mot danh gia quen thudc ta co x* + y4 +z' >3 (xz + y2 +z° )

2
Khi d6 ta dugc 3(x2+y2+zz) —7(x2+y2+22)+12S0 Hay x*+)>+z°2>3
Ap dung bét dang thirc Bunhiacopxki dang phén thuc ta duoc
) ) ) 2, 2, 2)?

X N y z (.x +y +z )

P= >
y+2z z+2x x+2y x2y+y22+22x+2(xy2+Zx2+y22)

Ap dung bét dang thirc Bunhiacopxki ta dugc

X' y+yz+2°x< \/(xz +3° +zz)(x2y2 +y°2° +22x2)

2, 2, 2\(w2, 2, 2
X +y +tz (x"+y +z 242472
) J( ) Y Ty
3 3
N 2 2 2 2 a2 (XY
Hoan toan tuong tu ta dugc: 2(xy +yz" +zx )Z2(x +y 4z ) 3
2, 2, 2V
X +y +z 2_|_ 2_|_ 2
Do d6 ta dugc P > ( ) :Jx Y T2
X +y 4z 3

3(x2+y2+22)\/ 3

Vay gia tri nho nhat caa P 1a 1. Pang thic xdy ra khi va chi khi x=y=z=1.

Bai 155. Cho a, b, ¢ 1a cac s6 thuc duong tiy y. Chirng minh rang;
(a+b—c)2 N (b+c—a)2 N (c+a—b)2 >§
(a+b)2 +c’ (b+c)2 +a’ (c—i-a)2 +b* 5

Trich dé thi chon HS duw thi HSGQG Tinh Dik Lik nim hoc 2014-2015

Loi giai
L (a+b—c)2 (a+b)2+cz—2c(a+b) 2c(a+b)
beéyla 5 = T, =1- R
(a+b) +c (a+b) +c (a+b) +c

a(b+c) . b(c+a) . c(a+b)

Ap dung tuong tu ta quy bai toan vé ching minh: 3 2 3
a’ +(b+c) b +(c+a) c? +(a+b)

<0
5

Ap dung bat dang thirc Cauchy ta c6

) 2 | (b+c)' | 3 2 3 > (b+c)(4a+3b+3c)
a’+(b+c) —{a +T}_Z(b+6) _a(b+c)+z(b+c) = Z
a(b+c) - 4a(b+c) 4a

Suy ra ta dugc

@ +(bvey  (4at3b+3c)(brc) da+3b+3c
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Ap dung bét ding thirc Bunhiacopxki dang phén thuc ta duoc
4a a (9+ 1)2 a 9’ 1
=— QS
4a+3b+3c 25 4a+3b+3c 25 3(

a+b+c) al
b+
Suy ra ta duoc a( c) < 27a +L

a’ +(b+c) B 25(a +b+c) 25
Ap dung hoan toan tuong tu ta dugc
b(c+a) L 2 1 ¢(c+a) . 2% 1
b +(c+a)’  25(a+b+c) 25" 4(c+a)’ 25(a+b+c) 25
Cong vé theo vé cac bit ding thirc trén ta duoc

a(b+c) . b(a+c) . c(a+b) <27(a+b+c)+i_§
(b+c) +a* (c+a) +b (a+b) +c* 25(a+b+c) 25 5

Vay bét dang thirc duogc ching minh xong.

Bai 156. Cho x, y, z la cac sb thuc dwong théa min Xy + )z +2zx =2xyz . Ching minh ring:

X v z
22 + 2 2 + 2 2 =1
2y°z" +xyz 2z°x" + xyz 2x°y +xyz

Trich dé thi chon HS duw thi HSGQG Tinh Gia Lai niam hoc 2014-2015

Loi giai

PSSR SR UNS SRS DR DR S
Gia thiét cua bai toan dugce viét lai thanh —+—+—=2 . Pat x =—;y=—; z=— thitaduoc a + b +c =2 .Khido bat

X y z a b c
, . . bc ca ab
dang thirc can chirng minh dugc viét lai thanh: + + <1

V2a+bec N2b+ca ~N2c+ab

Chi ¢ dé i be be bec <bc( 1 1 j
uydeéngidthiet a+b+c=2,taco = = S—

J2a+be \/a(a+b+c)+bc \/(a+b)(a+c) 2\a+b c+a

Hodn todn trone tu ta d ca <ca( 1 N 1 j ab <ab( 1 N 1 j
oan toan tuvong tu ta duQCc: —F7—mm =~ N >—
en " \2b+ca 2\b+c a+b) \2c+ab 2\c+a b+c

Cong theo vé cac bat dang thuc trén ta dugc

bc ca ab be( 1 1 cal 1 1 ab( 1 1 a+b+c
+ + <— + +— + +— + = =1
J2a+bc 2b+ca 2c+ab 2\a+b c+a 2\b+c a+b 2\c+a b+c 2
Nhu vay bét dang thirc dwoc chimg minh. Dang thirc xay ra khi va chikhi x =y =z =%

Bai 157. Cho x, v, z 1a cic s6 thuc duong théa man X)z =1. Tim gia trj nho nhét cua biéu thuc:
x+2 y+2 z+2
3 + 3 + 3
X (y+z) y(z+x) ' (x+y)
Trich dé thi chon HS duw thi HSGQG Tinh Cin Tho nim hoc 2015-2016

P=

Loi giai
1

; Z=—,suyra abc = 1. Biéu thirc P dugc viét lai thanh
C

P azbc(1+2a) N bzca(1+2b) N czab(1+2c)

b+c c+a a+b
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Hay P:a(1+2a)+b(1+2b)+c(1+2c)
b+c c+a a+b

L a b c 24 20 27
Ta viét biéu thirc P thanh P = + + + + +
+c¢ c+a a+b b+c c+a a+b
Dé dang chimg minh dugc 4 b +—< 22
b+c c+a a+b 2

Mit khac theo bat dang thirc Bunhiacopxki dang phan thirc ta duoc
2
a b & _(a+b+c) a+b+c_3abe 3
+ + > = = =—

b+c c+a a+b_2(a+b+c) 2 2 2

DO @6 ta dugc P > %+ 2.% =%. Viy gi4 tri nho nhat cua P 1a % .

Ding thuc xdy ra khi va chi khi a=b=c=1<x=y=z=1

Bai 158. Cho a, b, ¢ 1a cac s thue duong bét ky. Ching minh rang:

(a+b+cj3 S ab+bc+ca /az+b2+c2
3 B 3 3

Trich dé thi chon HS dw thi HSGQG Tinh Kién Giang nim hoc 2015-2016

Loi giai

P 3 . (a+b+e\ _(ab+bc+ca) a*+b*+c?
Bat dang thirc can chtrng minh twong duong voi: T > 3 . 3

6
MZ (ab+bc+ca)2 (a2 +b° +c2)
27
Ap dung bét dang thirc Cauchy ta c6
(ab+bc+ca)2 (az +b* +CZ) =(ab+bc+ca)(ab+bc+ca)(a2 +b* +cz)

. (ab+bc+ca)+(ab+bc+ca)+(a2 +b’ +c2) 3 ~ (a+b+c)6 Véy bét dang thitc duge

3 27

Hay

chtng minh. Pang thirc xay ra khi va chikhi ¢ = b = c.

Bai 159. Cho a, b, ¢ 1a cac s thuc khong am trong d6 khong c6 hai s6 ndo cung bang 0. Ching minh rang:
1 1 1 3
2 2 + 2 2 + 2 2 2
a —ab+b” b —bc+c” c¢"—ca+a” ab+bc+ca
Trich dé thi chon HS duw thi HSGQG Tinh Thanh Héa nim hoc 2015-2016

Loi gidi
Vi vai trd cua cac bién nhur nhau nén khong mat tinh tong quat ta gia sir ¢ 1a s nho nhét trong ba sé a, b, ¢. Khi
do ta duoc
b* —bc+c? =b2—c(b—c)sbz;az—ac-i-c2 =az—c(a—c)saz;ab+bc+ca=ab+c(a+b)2ab

< as , 1 1 3 1 1
Tur do6 ta co: > >+ -+ =2 — -+t —+—
a —ab+b~ b —bc+c” ¢ —ca+a a- —ab+b” a b
Va o 3 L
ab+bc+ca ab
. , . o a2 , 1 1 1 3
Phép chimg minh s€ hoan tat néu ta chi ra duge: —+ —+————-2

a> b° a’—ab+b’ ab
That vay, bat ding thirc trén tuong dwong véi
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1 1 1 1 1 1

2 t = —20

a- ab b~ ab a —ab+b- ab

ab-a* ab-b* 2ab—-a*-b* (a—b)4
3 + 3 + 2 2 ZO@ 212 2 2
a’b ab (a —ab+b )ab ab (a —ab+b )

Bt dang thirc cudi cung luén dung. Vay bai toan duge chimg minh xong.

20

<~

Bai 160. Cho a, b, ¢ 1a d6 dai ba canh ctia mot tam gidc va a + b + ¢ = 1. Chirng minh rang:

4 4 4 1 1 1
+ + <—+—+—+9
a+b b+c c+a a b c

Trich dé thi chon HS dy thi HSGOG Thanh Phé Ha Nji nim hoc 2015-2016

Loi giai
Ciach 1: Dé y dén gia thiét lai viét lai dugc bét dang thire trén thanh
4(a+b+c) 4(a+b+c) 4(a+b+c) _a+b+c a+b+c a+b+c
+ + < + +

+9
a+b b+c c+a a b c Ap
4c 4aq 4p b+c a+c a+b 4c 4da 4  b+c a+c a+b
+ + +12< + + +12 < + + < + +
a+b b+c c+a a b c a+b b+c c+a a b c
. 1 1
dung bat ding thic Cauchy dang —+— 2 , ta dugc

Xy x+y
a+b b+c c+a 1 1 1 1 1 1 4a  4b 4c
+ + =a|—+— [+b| —+— |+c| —+— |2 + +
c a b c b a c a b) b+c c+a a+b
Vay bat dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi ¢ = 5 = ¢ .
4 4 1 1 1

L . ) . 4
Cach 2: Bat dang thirc can ching minh tuong duong voi + + <—+—+—+49
l-¢c 1l-a 1-b a b c

1 L .
1o o <18c¢ —3 . That vay, bat dang thuc trén tuong duong voi
-c ¢

Ta s€ chiing minh

50—1£c(1—c)(180—3)<:>50—1£2102—3c—18c3 <:>(3c—1)2(20—1)£0
Do a, b, c 1a ba canh cia mét tam gidc va a + b+c =1 nén 2c—1=2c—(a+b+c)=c—(a+b)<0

Do d6 bat dang thiic trén dang. Vay bai toan duoc chimg minh xong.

. sk , ~ a b c \ Ry £, . A ,
Bai 161. Cho a, b, ¢ 1a cac so0 thyc duong thoa man a + b + ¢ = —+ —+ —. Tim gia tri 16n nhat cua bicu thuec:
c a

a+b+1 b+c+1 c+a+l
=73 3 TS5 T 3
a’+b’+1 b’+c’+1 ¢ +a +1
Trich dé thi chon HS dw thi HSGQG Trwong Dai hoc Vinh nim hoc 2015-2016

Loi giai

Ap dung bét dang thirc Cauchy cho gia thiét ta dugc a +b + ¢ = a4 b +£>3
c a

Mit khac 4p dung bat dang thirc Bunhiacopxki dang phan thic cho gia thiét ta dugc

2
a+b+c:£+é+£>w

> =ab+bctca>a+b+c
¢c a ab+bc+ca

2( 2 2
X AP a+b+1) (a” +b" +1
Ap dung bat dang thirc Bnhiacopxki ta co: (a3+b3+1)(a+b+1)2(a2+b2+1)2Z( ) ( )
Do d6 ta duogc atb+l < 3
a+b’+1 a’+b*+1
3 3 3

Hoan toan tuong ty ta thu dugc P <

+ +
a+b’+1 b +cP+1 C+a’+1
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1 1 1
TR PRI =1
a +b°+1 b°+c +1 c" +a +1
™ bt dine i 4 L b a’+b’ N b’ +c N c+a’ )
at vay, bat dang thirc trén duoc viét lai thanh: 2
e 8 a+b’+1 P+ +1 I +a’+1
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
2
24b? b2+l 2+ a? (\/az—}—bz +\/b2+C2 +\/c2+a2)

a?+b*+1 b +ct+1 F+ai+l 2(a2+b2+c2)+3

Ta s€ chitng minh

Phép chimg minh s& hoan tt néu ta chi ra duoc
(\/aZer2 b+ i+ d )2 24(a2+b2+c2)+6
& \/(a2 +l)2)(b2 +cz) +\/(b2 +(:2)(c2 +a2) +\/(c2 +a2)(02 +a2) >a’ +b*+c* +3

Ap dung bt ding thirc Bunhiacopxki ta duoc \/(az +b’ )(b2 + cz) >b’ +ac

Ap dung twong tu ta dugc
\/(az +l)2)(b2 +cz)+\/(b2 +c2)(c2 +a2)+\/(02 +a2)(02 +a2) >a’+b*+c*+ab+bc+ca
Ma tir gia thiét ta duoc ab + be + ca > 3 . Do vay ta duoc
\/(a2 erz)(b2 +c2)+\/(b2 Jrcz)(c2 +az)+\/(c2 +c12)(c2 +a2) >a’+b>+c*+3

Vay bét dang thirc dugc ching minh.
Suy ra gié tri nho nhat caa P 1a 3. Pang thirc xay rakhi vachikhi a = =c =1.

Bai 162. Cho a, b, ¢ 1a cac s6 thuc khong am. Ching minh rang;
(a +bc)2 +(b+ca)2 +(c+ab)2 > \/E(a+b)(b+c)(c+a)
Trich dé thi chon HS duw thi HSGQG Tinh Dik Lik nim hoc 2015-2016

Loi giai
2 2 2
Ap dung bét dang thirc Cauchy ta duoc: (a +bc)2 —i—(b+ca)2 > (a+bc —;b+ca) = (a +b)2(c+l)
2 2
Khi d6 ta duoc (a+bc)2 —1—(b+ca)2 —i—(c+ab)2 > (a+b)2(c+1) +(c—i-ab)2
Ciing theo bat ding thirc Cauchy ta c6
(a+b)2 (c+l)2 (a+b)(c+l)(c+ab)

+(c+ab)2 >2

:\/E(a+b)(c+l)(c+ab)

2

2
Bai toan quy vé chig minh
J2(a+b)(c+1)(c+ab)2N2(a+b)(b+c)(c+a)
@(c+1)(c+ab)2(b+c)(c+a)<:>c+abc:bc+ca<:>c(a—l)(b—l)ZO

Theo nguyén li Dirrichlet thi trong ba s6 a, b, ¢ lu6n tim dugc hai s6 ciing phia véi 1. Vi vai trd ciia a, b, ¢
nhu nhau nén khong mét tinh téng quat ta c6 thé gia sir hai s d6 1a a va b. Khi d6 bat dang thirc cudi cung luon
ding. Vay bai toan dugc chirng minh xong.

Bai 163. Cho x, y, z la cac s6 thuc duong théa man X+ y+z =1. Chirng minh rang:
X —2x° +x_|_y3 -2y° +y_|_z3 27" +z < 23
Vx(y+z)  Jy(z+x)  Vz(x+y) 3

Trich dé thi chon HS dw thi HSGQG Tinh Kién Giang nim hoc 2015-2016
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Loi gii

, ; 39,2 1— 2
Apdunggiéthiétx+y+2=1taduqcx 2x +x=x( x) =\/;(1—x)=\/;—)m/;

Ja(y+z)  Va(l-x)

Ap dung tuwong tu ta duoc

362 3 4.2 362
X 2x +x+y 2y +)y z 2z°+z \/;+\/;+\/;_(x 4 y+x\/;)

SOtz i) a(rry)

. 2
Ta can chirng minh \/;+ y+\/;—(x X+Xx y+x\/;)3£

Tw x+y+z:1:>\/; +\/; ++/z </3. Theo bét drfmg thirc Bunhiacopxki ta c
\/g(x x+y y+z\/;)2(\/;+\/;+\/;)(x x+y y+Z\/;)2(x+y+z)2
: NI 1 _2V3
Do d6 ta dugc XNX+ Yy +Z Z>—.Tu:dotaco:x/;+\/;+\/;—(x X+x y+x\/;)ﬁx/_——:—

> N

Viy bat dang thirc dugc chirng minh. Pang thirc xay ra khi vachikhi x=y =z = % .

Bai 164. Cho a, b, ¢ 1a cac s6 thuc duong thoa méin a’+b*+c* =3. Chtng minh rang:
a’b*+b’c +c’a’ <a+b+c
Trich dé thi chon HS duw thi HSGQG Tinh Thiva Thién Hué nim hoc 2015-2016

Loi giai
Str dung k¥ thuat thém bt ta co bt dang thirc twong duong voi
2(a+b+c) > Z(czzb2 +b7c? +cza2) < (a4 +b* +c4)+2(a+b+c) 2(a4 +b* +c4)+2(azb2 +b%c? +cza2)
2
<:>(a4+b4+c4)+2(a+b+c)2(a2+b2+cz) >9
Vay ta can chimg minh ¢* + p* + ¢* +2(a+b+c)29
Hay la (a4+a+a)+(b4+b+b)+(c4+c+c)29
Diéu nay hién nhién dung vi theo bat dang thirc Cauchy bo ba s ta co

a'+a+a>XRa'aa=3a"b" +b+b>R/b*bb =3b*;c" +c+c >3 cc =3¢

Bai toan duoc giai quyét. Bt dang thirc xay ra khi vachikhi a =b=c =1

Bai 165. Cho a, b, ¢ 1a cac s thuc duong tha man abc = 1. Ching minh rang:

a bt et ratber—2 4 b 2% >9
b*+c* a*+ct a’+b’
Trich d@é thi chon HS dw thi HSGQG Tinh Thdi Nguyén niam hoc 2015-2016
Loi giai
a +b
D& dang chtmg minh dwoc @ +b* > ab(az +b2) = -

, 4 4 o\ ad+b B+ C+d
Ap dung hoan toan tuong tu ta duoc: 2(0 +b" +c )2 + +

c a b
B o o a2+b2+b2+02+c2+a2+2(a+b+c)+ 4a N 4p N 4c 18
ai toan quy vé chirng minh: Z
amw g c a b b+ d*+ct at+b
Ap dung bét ding thirc Caychy ta duoc
2 2 2 2 2 2
a +b 4c b " +c 4a ¢ +a 4b
+———24 +—5——24 +——— =24
c a +b a b”+c b ¢ +a

Cong theo vé cac bat dang thuc trén ta dugc
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a+b b+ C+d 4a 4b 4c
+ + t——t+—5——+ > =12
c a b b’+c a+c a+b
Phép chimg minh s& hoan tit néu ta chi ra dugc a + b + ¢ > 3, danh gia cudi cung ding theo bt dang thirc
Cauchy. Véy bai toan dugc chimg minh xong

Bai 166. Cho a, b, ¢ 1a cac s6 khong 4m théoa man M in {a+b; b+ c; c+a} >0 va
a’+b>+c’ =2(ab+bc+ca).

. ab bc ca 1
Chung minh rang: + + >—
s s \/a2 +b’ \/b2 +c? \/c2 +a* 2

Phan tich va loi gidi
Trudc hét ta phan tich cc gia thiét ciia bai toan, tir A in {a +b;b+c;c+ a} > 0 ta suy ra dugc trong
cac tong trén khong co tong nao bang khong va tir gia thiét thi hai ta thu duoc trong cac bién a, b, ¢ chi c6 co thé
c6 mot bién bang 0. Do d6 ta du doan dau dang thirc xay ra tai @ =0; ¢ =0 va cac hoan vi ctia n6. Quan sat bat
dang thirc ta nhan thdy khong thé danh gia truc tiép tir hodc mau cua cac biéu thic. Do d6 ta huéng dén bién ddi

[ a \ /ab a’+ b2
cac biéu thirc trude. Chu ¥ phép bién ddi b2 . Bé dam bao dau ding thirc x4y ra ta nhan
a +

a’+b*

\/2ab a +b2 \/2bc +c \/2ca c +a )

v6iv2 . Khi d6 bit ding thitc dugc viét lai thanh: . = >1
a’+b A +ad
2

, L \/2ab @ +b’) _N2ab2ab _ 2ab

bén day ap dung bat dang thirec Cauchy ta duoc: 5 2 3 >
a*+b a’+b a*+b
2bc(b2 +cz) 2be A /2ca(c2 +a2)

Ap dung tuong tu ta dugc: 2> ; >

b ung s ' b+ b* +¢? c+a A +a

Cong theo vé cac bat dang thuc trén ta dugc
\/2ab a +b2 \/2bc b2+c \/2ca c +a ) 2ab 2he 2ca
> + +
a’+b° b* +¢2 ’+a’ a+b b+ F+d’
2ab 2bc 2ca

Khi d6 phép chimg minh s& hoan tit néu ta chi ra duoc: ——t 55— t5——21
a +b° b +c° ¢ +a
2 2 2
L 2ab 2bc 2ca (a+b) (b+c) (c+a)
beyla ot ot a3ttt
a - +b° b +c” ¢ +a a +b b +c c +a

Luc nay ap dung bt dang thirc Bunhiacopxki ta dugc
(a+b)’ (b+e) (eta) (2a+2b+2c) 2(a’+b’+c’+2ab+2be+2ca) 8(ab+be+ca)

a+b* b+’ cz+a2_2(a2+b2+cz): 2(a2+b2+c2) _2(ab+bc+ca):

Do dotacd 2ab + 2be + 2ca >1

at+b* b+t P+ dl

Vay bai toan dugc chimg minh xong. Dang thirc xay ra khi va chi khi @ =b; ¢ =0 va cac hoan vi.

Bai 167. Cho a, b, ¢ 1a cac s6 thuc duong thoa mén \/Z + \/g + JE =1. Chtng minh rang;

\/ ab \/ bc \/ ca 1
+ + <—
a+b+2c b+c+2a cta+2b 2

Phan tich va loi giai
Quan sat bat dang thirc trén ta thady dugc mot sO y tudng tiep can nhu sir dung cac bat dang thuc Cauchy,
Bunhiacopxki dé khir cac can bac hai, doi bién dé don gian hoa gi thiét,...
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Cich 1: Trudc hét véi ¥ tudng khir cac cin bac hai, ta cht y dén danh gia bang bat dang thirc Bunhiacopxki nhu
2
sau: 4(a+b+2c)=(1+1+2)(a+b+2c) z(&+ b +2\/E)

Khi d6 két hop vé6i bat déng thirc Cauchy ta dugc

[ ab 2Jab <1( Jab_ ab ]
a+b+2c \/4 a+b+2c) “alb2de 2\Jasde Jbive

, N N R N i A A
Ap dung tuong tu ta co: brotdn (\/;_h/_ \/_+\/_j c+a+2b_2(\/;+\/g \/Z+\/E]

A L o ab bc ca 1 1
Cong theo ve cac bat dang thuc trén ta dugc + + (\/; +~+b+ \/— ) =—
a+b+2c b+c+2a c+a+2b 2 2
Bét dang thirc duoc chirng minh. Pang thirc xay ra khi va chikhi a =b=c¢ = é .
Cach 2: Pat x =a; y =+/b; z=+/c . Tir gia thiét ta suyra x+y+z=1.
Khi do bt ddng thite duoc viét lai thanh: ald + Yz + = <L

\/)c2+yz+2z2 \/yz+zz+2x2 \/zz+)c2+2y2 2
Ap dung bét ding thirc Cauchy ta duoc: 4()62 +y +2zz)= (1—|—1+2)()c2 +y° +222) > (x+y+2z)2

Do d6 ta co: i = 2xy < 2xy Sl aid + aid
xX+z y+z

N \/4(x2+y2+222) Xt+y+2z 2

) z 1 74 z zX I zx X
Ap dyng tuong ty ta duge: ——= yz - S—( Z j; — - S—( + j
Y4+ 42xt 2\x+y x+z) [ 4xP+2y0 2\x+y y+z
Cong theo vé cac bat dang thuc trén ta dugc
Xy N yz N zx < xX+y+z :l
\/x2+yz+222 \/y2+z2+2x2 \/zz+xz+2y2 2 2

Bét dang thirc duoc chirng minh xong.

Bai 168. Cho a, b, ¢ 1a cac s thuc duong théa mén l + l + l = 1. Chung minh ring;

a b c
b+c c+a a+b
2+2+222
a b c

Phan tich va loi giai

Tir gia thiét ctia bai toan thi suy nghi rat ty nhién 1a d6i bién x = — ;Y= % = l , khi d6 gia thiét tro thanh
a c
2 2
Loz ‘ X +z zZ+Xx z +
X+ y+z=1 va bat dang thirc dugc viét lai 1a (y )+y ( )+ ( y) >2
vz zX xy
Quan sat bt dang thuc trén ta ¢6 cac cach xur 1y nhu sau
2 2 2
] o .. ) o (x+) (y+2) (z+x)
Cach 1: Chu y dén dung bat dang thirc Cauchy ta dugc cac danh gia: xy < y ; ¥z < y ;zx < 2
2 2 2 2 2 2
o + + +
Khi d6 ta dugc bat dang thic sau: al (y Z) + Y (Z x) + z (x y) > 4x + 4y + 4z
vz zx Xy (y+z) (z+x) (x+y)

Ap dung bét dang thirc Bunhiacopxki dang cong mau ta co
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2 2 2 2
e A LA 24(x+y+z) =2(x+y+z)=2
y+z z4+x x+y 2(x+y+z)

Vay bai toan dugc chimg minh. Dang thirc xdy rakhivachikhi ¢ = b =c =3 .

o 1 1 11 1 1)1
Cach 2: Bién dbi bit dang thuc thanh: x> (— +—j +y° (— +—] +2° (—+—) >

y z z X x y) 2

2 2

xz(l+l =2 (y+z)(l+l]2 4x
y z) y+z y z) y+z

I 1 : I 1 4y°
Theo mét danh gia quen thudc ta co: y2 (— +—|= J (Z + x)(—+—j > Y
z x) z+x

2 2
z l+l == (x+y)(l+lJ2 4z
X y) x+y X y) x+y

Cong theo vé cac bat dang thuc trén ta dugc

2 2 2
xz(l+l}ty2 11 +zz(l+1]2 o Ay | 4z
vy z z X X y) y+z z+x x+y

Dén day danh gia twong ty nhu cach 1 hodc c6 thé ap dung bat dang thirc Bunhiacopxki nhu sau day
4x>  4y° 477 4x>  4y* 47
T A = =2[(x+y)+(y+z)+(z+x)] T A =
y+z z+x x+y y+z z+x x+y

2
x y z 2
>2 JyHz+—2—zrx+———Jx+y | =2(x+y+z) =2

Vay bai toan dugc chirng minh xong.

Bai 169. Cho a, b, ¢ 1a cic s6 thuc duong. Ching minh rang:

2 2 2 2
(1+2b_aj +(1+&) +(1+£j ZM

c a ab+bc +ca

Phan tich va loi gidi
D¢ ¥ dén cac dai lugng vé trai clia bat dang thirc ta nhan thdy cac y tuong tiép can bai toan nhu khai trién

r0i danh gia bang bét dang thirc Cauchy hodc sir dung dénh gia quen thudc

3()62 +° +zz) Z(x+y+z)2.
Ta di phan tich cac y twong do6 theo cac cach sau

2 2 2
. o 2a 2b 2c a b c a b

Cich 1: Trién khai vé trai ta duoc: | 1+— | +| 1+— | +| 1+— | =3+4| —+—+— |+4 Sttt

b c a b ¢ a b ¢ a

Ap dung bét ding thirc Cauchy ta duoc

2 2 2 2 2 2 2
1+a_2 + 1+b—2 + 1+C—2 22(ﬁ+é+£j:3 a_2+b_2+c_2 2(ﬁ+é+£) 23(ﬁ+é+£j
b c a b ¢ a b ¢ a b ¢ a b ¢ a

2 2 2
Tu d6 ta dugc: 3+4(£+2+£j+4 a_2+b_2+c_2 Zg(ﬁ.,.é.,.ﬁ}
b ¢ a b ¢ a b ¢ a

: ¢ L : . a b ¢ a b (a+b+c)2
bé y 1a theo bat dang thirc Bunhiacopxki ta dugc: —+—+—=—+—+—2——
c a ab bc ca ab+bc+ca
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2 2 2 2
9(a+b+
Suy ra (1+—2baj +(1+—2bj +(1+—2Cj 2—(a )

c a ab+bc+ca
Vay bat dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi a = 5 = ¢

Cach 2: Ap dung bat dang thurc 3(x2 +y2 +22) 2> (x +y +Z)2ta duogc

2 2 2 2
(1+2—aj +(1+%j +[1+£) 21 3+2(£+2+£j
b c a 3 b ¢ a
a b c

An ch havoe | 342[ 4424 "y Olarbre)
T X , . _ _— 4 — z
a can chung minh Quoc b ¢ a ab+bc+ca

= L £, a2 , . . a b c (a +b+c )2
Mait khéc &p dung bat dang thic Bunhiacopxki ta dugc: —+ —4+ —2 ———
b ¢ a ab+bc+ca

2
Nhu vay phép chimg minh sé& hoan tat néu ta chi ra dugc: {3 +2 (£+ é + EH >27 (ﬁ + 2+ Ej
c a

That vay, dat ¢ = %—k b +< = t>3.Khido bat dang thirc can chimg minh trd thanh
c a

(3+21)" 227t & (-3)(4t-3) 20

Bét dang thuc cudi cung ludn dung do ¢ > 3 .
Vay bat dang thire duoc chimg minh. Pang thirc xay ra khi va chi khi

Bai 170. Cho a, b, ¢, d 1a cac s6 thyc duong tiry y. Chirng minh rang;

a b’ c >a+b+c

+ + >
a+ab+b* b +bc+ct A +ac+d’ 3

Phan tich va loi gidi
Quan sét bat dang thirc thi suy nghi d4u tién d6 1a sir dung bat ding thirc Bunhiacopxki dang phan thirc.
Do d6 ta thir tiép can bai toan voi bat dang thirc xem nhu thé nao?
Cich 1: Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

a’ N b’ N c’
a+ab+b*> b +bc+ct P tac+d
2 2
(a2+b2+cz) (a2+b2+cz)

A+ +atb+ab? + b e+ bt +atc+ca’ (a+b+c)(a2+b2 +c2)
a+b’+c S a+b+c

a+b+c 3
Bt dang thirc cudi cung 1a mot danh gia quen thudc.

| 2

Ta can chirmg minh Hay 3(a2+b2+c2)2(a +b+c)

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢ .

Ngoai ra dé ¥ dén mbi lién hé giira tr va miu ta cha y dén hing dang thac biac ba quen thudc
a b’ a-b

a* +ab+b* & +ab+b’ o +ab+b’

a-b :(a—b)(a2 +ab+b2). Do d6 ta c6 phép bién ddi a-b

Hoan toan tuong tu ta c6

24’ 2b° 2¢ B a+b’ b+ c+a
2 2+ 2 2+ 2 27 2 2+ 2 2 + 2 2
a +ab+b” b +bc+c ¢ +ac+a a +ab+b” b +bc+c” ¢ +ac+a
. a+b)(a’ +ab+b*
Pé ¥ 1a a3+b3=(a+b)(a2—ab+b2)2( I )

3
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a+b >a+b
a*+ab+b* 3

Khi nay ta dugc , dén day bai toan xem nhu duoc ching minh va ta trinh bay lai 1oi giai

nhu sau
. , a b _a-pr
Cach 2: Ta co: & +ab+b’ & +ab+b @ +ab+b =ash
b’ c c a
Ap dung twong tu ta dugc: =b—c; - =c—a

b*+bc+c* b +be+c? " ract+dd Frac+d

Cong theo vé cac dang thirc trén ta duoc

a’ b’ c? b’ c? a’
2 > T3 >t 2 |7 T2 >t 3 > T > |=0
a-+ab+b° b +bc+c” ¢ +ac+a a +ab+b~ b +bc+c ¢ +ac+a

a b’ c b’ c a
Hay a’ +ab+b’ +b2 +bc+c’ +02 tac+a’ - a’ +ab+b’ +b2+bc+c2 +02 tac+a’
, 24’ 2b’ 2¢ B a+b b +c c+a

Do 46 ta duge: a’ +ab+b’ +b2+bc+c2 +cz+ac+a2 & tab+ b —i_b2+bc+c2 +02 tac+a’

. . s s , , (a+b)(a2+ab+b2) ) a +b a+b
bé y ta thay: a” +b :(a+b)(a —ab+b )2 3 . Do d6 ta duoc > 72

a +ab+b 3

Ao d taoe: a +b . b +c N c+a >2(a+b+c)

p dung tong tir ta duge: a’ +ab+b> b +bc+c® I +ac+a 3

2d° 2b° 28 2(a+b+c)
Suy ra a’ +ab+b’ Jrb2 +bc+c’ +c2 tac+a’ 3
a b’ c >a+b+c
Hay a’ +ab+b’ +b2 +bc+c +02 tac+a® 3

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢

Cach 3: Ngoai hai 101 giai trén ta c6 thé tham khao thém 10i giai bang phuong phap bién ddi twong duong nhu
sau

Via, b la cac sd thuc duong nén ta cé

34’

(a—b)2 (a +b) >0<3a’ 2(2a—b)(a2 +ab+b2) <:>—b2 >2a-b

a* +ab+

) 3’ 3¢
Ap dung tuong tu ta dugc: 54— 22b—c; ——522c—a
b”+bc+c c +ac+a
a b’ c a+b+c
2 >t 2t 72
a +ab+b~ b +bc+c” ¢ +ac+a 3
Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b = ¢ .

Cong theo vé cac bat dang thuc trén ta duogc:

1 1

Bai 171. Cho tam giac co ba canh a, b, ¢ théa man 21 +—5—+— = 2. Chimg minh rang:
a+1 b +1 c +1

(a+b+c)(a+b—c)(b+c—a)(c+a—b)S

AW

) ' Phﬁp tich va loi gi{li’ 7
Khi tiép cén bai toan nay co 1€ an tugng dau tién 1a gia thiet cua bai toan la mot dang thirc phuc tap. Tuy
nhién khi nhin bt dang thirc can chimg minh ta thay tich cac dai luong a+b—c; b+c—a; c+a—>b thi thay tu
tin ’hon ti vi it nhiéu lién twong dén mot sd danh gia quen thude. Dé c6 cac budc di hop li ta di danh gia lai gia
thiet trudc.
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1 1 ) ad a’ N b’ N ¢’
=2, ta dugc =
a+1 b +1 *+1
2 2 2 2
a b c a+b+c
2 + 2 + 2 Z 2( 2 2)
a+1 b°+1 ¢ +1 a +b +c" +3

. 1
T gia thiet + +
a’+1 b*+1 c*+1

Ap dung bét dang thirc Bunhia copxki ta dugc: 1=

Suyra @’ +b*+c* +3 Z(a+b+c)2 hay ab+bc+ca§%.
Quan sit tich cac dai lugng duéi déu cin ta lién twong dén mot bat dang thirc kha 1a hay gip
(a+b—c)(b+c—a)(c+a—b)<abc. Nhuviy ta thu duge bt dang thirc
(a+b+c)(a+b—c)(b+c—a)(c+a—b)s(a+b+c)abc
(ab+bc+ca)2
3

(ab+bc-|—ca)2

3
Vay bat dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi ¢ = 5 = ¢ .

Dén day ta chu y dén dnh gia abc(a+b+c)<

Khi d6 ta duoc: (a+b+c)(a+b—c)(b+c—a)(c+a—b)S S%

Bai 172. Cho a, b, ¢ 1a cac s6 thuc duong thoa méin g + b + ¢ = 3 . Chirg minh rang:

3(a2 +b’ +c2)+4ab0213

Phan tich va loi giai
Trudce hét ta doan duge dau dang thirc xay ra tai a = b = ¢ = 1. Quan sat bat dang thirc ta thay xuat hién

. 2 2 2 N A Y A 5 - . N N N 2 , A
dai luong (a +b" +c ) lién hé véi gia thiet cia bai toan bang mot hang dang thuc quen thudc

2 . >
(a+b+c) :a2+b2+cz+2(ab+bc+ca). Nhu vay khi d6 ta trong bat ding thirc s& c6 dai lugng

ab +be +ca va abe . Hai dai luong nay 1am ta lién tuéng dén phép sip thir tw dé giam bién, hodc sir dung bét
dang thirc phu quen thudc, hoic sir dung nguyén 1i Dirichlet. Tir sy phan tich d6 ta c6 cac 1o giai sau

s . 2
Cich 1: Bat ding thic can ching minh tuong duong véi: 3(a +b +C) —6(ab +bc +ca) +4abc>13

Hay 3(ab+bc+ca)—2abc$ 7
Khong mét tinh tong quét ta gia st @ < b < ¢, do d6 ta dugc a <1.
Khi d6 ta co

(b+c)2 (3—2a)
4

3(ab+bc+ca)—2abc=3a(b+c)+bc(3—2a)S3a(b+c)+

+(3—a)2(3—2a) _27+3d’ -2d°
4 - 4

=3a(3—a)

27+3a> -2a’
4

Bét dang thic cudi cung ludn dung.

Bt dang thirc duoc chimng minh. Dang thirc xay ra khi va chikhi a=b=c=1.

Cach 2: Taco

Ta can chimng minh <7.Hay 2a’ -3a’ +120<:>((1—1)2 (2a+1) >0

(a+b—c)(b+c—a)(c+a—b)=(3—2c)(3—2b)(3—2a)
:27—18(a+b+c)+12(ab+bc+ca)—8abc=12(ab+bc+ca)—27—8abc
Mit khac ta dé dang chimg minh dugc abe > (a+b—c)(b+c-a)(c+a-b)
4(ab+bc+ca)

Do d6 tadugc abe >12(ab + be + ca)— 27— Tabe Hay abc 2 3 -
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16(ab+bc+ca)
3

-12

Do d6 ta ¢ ?)(cz2 +b* +c2)+4abcz3(at2 +b +c2)+

16(ab+bc+ca) 12513

Ta can chimng minh 3(612 +b*+¢° ) +

Hay 9(a2 +b2+cz)+16(ab+bc+ca)275
That vay, ap dung mét danh gia quen thude ta co
9(a2 +b’ +cz)+l6(ab+bc+ca) =a’+b*+¢? +8[a2 +b*+¢? +2(ab+bc+ca)]

(a+b+c) 2
> ——+8(a+b+c) =3+72=75

Bt ding thirc dugc chimg minh. Ding thirc xdy ra khi va chikhi a=b=c=1.
Cach 3: Trong ba ) duong bat ki a, b, ¢ ludn ton tai hai sd cung phia so véi 1.
Khong mat tinh tong quat ta gia sir hai s6 d6 1a a va b. khi d6 ta co: c(l-a)(1-0)20< abc2c(a+b)-c

Ta co
2 2
3(c12+b2 +cz)+4abc23{@+02}+4c(cz+b)—4c:3[@+02}+4c(3—6)—4c=

Bt ding thirc dugc chimg minh. Ding thirc xay ra khi va chikhi a=b=c=1.

Bai 173. Cho a, b, ¢ 1a cac s thuc duong thoa man ab + be + ca = 2abc . Chirng minh rang:
1 1 1 1

2+ 2+ 2 =
a(2a—1) b(2b—1) c(2c—1) 2

4 Phén tich va 10i giai ‘
Bét dang thic trén dd duoc chirmg minh bang k§ thuat doi bién trong bat dang thire Cauchy. O day ta thuc
hién doi bién va ap dung bat dang thirc Bunhiacopxki xem c6 thé chimg minh dugc khong.

ik I 1 1
Tur gid thiét ab + bc + ca = 2abc suyra —+—+—=2.

a b c
Détx:l; y:l; z:l,khidétac() X+y+z=2.
a b c
o ’ 3 ys 3 >1 © ys 3 >1
Bat dang thtre d iet lai 13 + + Z— H + + ==
at dang thuc duoc viet lai la (2_x)2 (2—y)2 (2_2)2 B ay (y+z)2 (Z+x)2 (x+y)2 >

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc

e y3 E § (x2+y2+22)2 (x2+y2+22)2
+ + > =
(y+z)2 (z+x)2 (x+y)2 x(y+z)2 +y(z+x)2 +Z(x+y)2 Xy+y’ x+x'z+2x+y’z+2"y +6xyz

(x2+yz+zz)2 1
>
XY+ x+xz+ x4+ Y z+ 2y +6xpz 2

Ta can chiing minh:

2
Hay 2(x2+y2+zz) >x’y+ yx+x’z+ 2 x+yz+ 20y +6xyz
That vay, theo mot danh gid quen thudce ta co
2( 2(.2 2 2
x+y+z) (x +y* 4z )
3
Ma ta lai c6: (x+y+z)(x2 +y2+zz):x3+y3+z3 +x2y+y2x+xzz+zzx+yzz+zzy

2()62+y2+22)2 :2(x2+y2+22)(x2+y2+22)2
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2(x+y+z)2(x2+y2+22)> 4(x3+y3+Z3+x2y+y2x+xzz+22x+yzz+zzy)
3 B 3

Suy ra ta co:

Ta cén chi ra dugc
4(x3 +y' +2° +x2y+y2x+x22+22x+y22+22y) Z3(x2y+y2x+xzz+22x+y22+22y+6xyz)
Hay 4(x3 +y’ +23)+x2y+y2x+xzz+zzx+yzz+zzy >18xyz
Ap dung bét dang thirc Cauchy ta duoc
4(x3 +y’ +z3) >12xz; Xy + VX +X° 2235z, Z°x+yz+2°y>3x)2
Cong theo vé cac bat dang thirc trén ta duogc: 4(363 +y3 +z ) +x2y +y2x+x22 +sz+yzz+zzy >18xyz

Vay bét dang thirc dugc chimg minh. Dang thirc xay ra khi va chikhi a =b=c = % .

Bai 174. Cho a, b, ¢ 1a c4c s thuc duong thoa man a + b + ¢ = 1. Ching minh rang:

53

\/az +abc +\/b2 +abc +\/c2 +abc +9 abc ST

Phéin tich: Cha y dén phép bién doi a® + abe =a’ (a+b+c)+abc=a(a+b)(a+c),dod6 taco danh gia

\/Z(a+b+a+c)_«/5(a+l)'

\/a2 +abc =\/a(a+b)(a+c) <

2 2
Loi giai
Taco a2+abc=az(a+b+c)+abc=a(a+b)(a+c)
Do dé ta duoc: \a® +abe =\/a(a+b)(a+c) < \/Z(a+b+a+c) _ \/Z(GJFI)

2 2
b(b+1 1
Chitng minh tuong ty ta duge: \b* +abc g@; [+ abe S\/;(g"' )
Ja(a+1) b(b+1) Ve(e+1)

2 2 2

P +1
Mait khéc theo bat dang thirc Cauchy ta lai co: % ++Jabce < \/Z(agl + b ;L cj = ﬁ(%j = \/Z

Do d6 ta dugc: \/a2 +abc+\/b2 +abc +\/c2 +abc <

b 1
Ching minh tuong tu ta dugc: \/—( il )+\/abc \/_ \/_(c+ )+\/abc<\/_
Nhu vay ta co: \/a2 +abc +\/b2 +abc +\/c +abc +9+abc < \/E+\/l7+\/;+ 6Nabc

Ma ta co: \/_+\/E+\/E<1/3 a+b+c \/_ 6abe <6 /(a+b+cj —%
5 —_—

2 53

Nén ta suy ra: \/az+abc+\/b2+abc+\/cz+abc+9\/abcS\/§+—=———.
g NN

Vay bai toan dugc ching minh xong. Dang thirc xay ra khi vachikhi a =b=c ==

Bai 175. Cho a, b, ¢ 1a cac s6 thuc duong thoa min abe = 1. Ching minh rang:

a b c <1

3 3+ 3 3+ 3 =
a+b’+c b+cP+ad c+a+b

Phin tich: Dé dong bac mau ta chi ¥ dén danh gia theo bat dang thirc Bunhiacopxki
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(aer3 +c3)(a3 +b+c) > (a2 +b’ +cz)2
Loi giai
Ap dung bat dang thirc Bunhiacopxki ta duoc (a +b + 03)(613 +b+ c) > (az +b* 4+ )2

a a(a3+b+c) < a* +ab+ac
a+b’+¢ (a+b+c)(a’ +b+c) (a*+0° +c2)

Suy ra 2

b*+ab+bc c < ¢t +ca+bc

Chung minh tuong tu ta duoc: —— = =5 —5 < >
bt+c +a (a2+b2+cz) cta +b (a2+b2+c2)

b c <a4+b4+c4+2(ab+bc+ca)
+ + <
a+b’+c® b+ +d c+ad +b’ (a2+b2+02)2

Do d6 ta duoc bat dang thuc sau:

a4+b4+c4+2(ab+bc+ca)

2,12, 2)\? <1
(a +b +c)

Ta can chung minh

Hay a’b’ +b’c +c’a’ >ab+bc+ca
That vay, ap dung bét dang thirc Bunhiacopxki va bat déng thirc Cauchy ta dugc

3 (azb2 +b%c?* +c*a’ ) > (ab +bc+ ca)2 s ath? +bic +cta’ > 3,3/(abc)4 =3
’ ’ 5 2
Nhén theo vé hai bat ding thirc trén ta duoc: (azb2 +b%c” + czaz) > (ab+bc+ ca)2

Hay a’b’ +b’c* +c’a’ > ab+bc+ca
Vay bét dang thirc duogc ching minh. Dang thirc xay ra khi va chikhi ¢ =h=c =1.

Bai 176. Cho a, b, ¢ 1a cic s thuc duong thoa man ab + be + ca = 3 . Ching minh ring:
1 1 1 3
+ <

at+1 b*+1 c*+1 2

Phén tich: Quan sat bat ding thirc ta chu y dén ddi chiéu bat dang thirc. Ngoai ra ta c6 thé sap thi tu cac bién dé
chirng minh bai toan.
Loi giai
Cich 1: Khong mét tinh tong quét, gidisit @ > b > ¢ . Do ab+bc+ca=3= be>1
1 1 2
ot 2
v+l z2+1 yz+1

Ta ching minh bét dang thirc sau: Véi X, ¥ >0; xy >1 ta co:

Thit viy, tacd (y*+2°+2)(yz+1) 2(y* +1)(22 +1) = (y-2) (»2—1)20
Khong mit tinh tong quat, giai sit ¢ > b > ¢ . Do ab+bc+ca=3= bc 21
1 1 1 2
2 + 2 + 2 2 2 +
a+1 b"+1 ¢ +1 a +1 bc+1
2 3
—+ 2—<:>a2+3—bc—3a2b020<:>a(a+b+c—3abc)20
a +1 bc+1 2
Tur gia thiét ab+ be+ca=3,suyraa+b+c>3 va abc<1.

1 1>1 2>

3
2 T3 T =73 + =5
a+1l b°+1 ¢ +1 a +1 bc+l 2
Vay bai toan duoc ching minh xong. Pang thirc xay rakhi vachikhi a =b=c =1.

Ap dung bét ding thirc trén ta duoc:

Do d6 ta s& ching minh:

Dodbé a+b+c—3abc>0.Dodétadugc:

Cich 2: Goi biéu thirc vé trai 1a P, ta bién ddi biéu thirc P nhu sau

1 N 1 N 1 3 a’ N b? L ¢
a’+1 b +1 c*+1 a+1 b +1 c*+1
Ap dung bét dang thitc Bunhiacopxki dang phén thuc ta duoc
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4q° B 4q° < a* N a* _a N a*
3a*+3 3d*+ab+bc+ca a*+ab+ac 2a°+bc a+b+c 2a* +bc

Ap dung tuong ty v6i hai biéu thirc con lai ta duoc

4a 4p* 4¢c° a’ b* &
——t——t+-—5—<l+—; +— +—
3a+3 3b"+3 3¢ +3 2a - +bc 2b +ca 2c¢ +ab
Ta sé chu inh a2 + b2 + 02 <1
a s& chirng min <
g 2a° +bc 2b°+ca 2¢* +ab
A A 4 2 , A , . /e 3 az bz 6‘2 1
That vay, bat dang thtrc can chiing minh twong duong véi —— > +— +— > —
2 2a°+bc 2b"+ca 2c¢ +ab 2
Hay 2bC + zca + Zab > l
, 2a°+bc 2b"+ca 2¢ +ab 2
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc
2 2 2
bc ca ab (be) (ca) (ab)
2 T3 33 =52 2 2 2 2 2 2 272
2a°+bc 2b"+ca 2c +ab 2a°bc+bcc 2ab’c+c’ac 2abc”+a’b
2
(ab +bc+ ca)
> =1

a’b* +b*c* +cta’ +2abc(a+b+c)

Vay bai toan dugc chirng minh xong.

Bai 177. Cho a, b, ¢ 1a c4c s thuc duong thoa man abc > 1. Chimg minh rang:
1 1 1
4 3 2 + 4 3 2 + 4 3 2 Sl
a +b +c° b'+c’+a c"+a +b

Phin tich: D¢ y 1a theo bat dang thirc Bunhiacopxki ta c6 danh gia (a4 +b +¢? )(1 +b+ cz) > (a2 +b* +¢? )2
Loi gidi
Ap dung bat dang thirc Bunhiacopxki ta duoc (a4 +b + ¢ )(1 +b+ cz) > (a2 +b*+c? )2
1 _ 1+b+c’ . l+b+e
at+b +¢’ (a4 +5b +c2)(1+b+c2) B (a2 e +cz)2

Do d6 ta co

1 1 <3+a+b+c+az+b2+c2
4

Ap dung tuong tu ta duoc bat dang thic: + + <
a+b’+c* b+ +ad t+a+b’ (a2+b2+cz)2

3+a+b+c+a’ +b*+c?

(a2 +b*+¢° )2

A , : 2,72, 2\ 2,72, 2
Ta can chimg minh <1 Hay (a +b"+c ) >3+a+b+c+a +b +c
C 2
That vay, ap dung bat dang thuc Cauchy ta co (a2 +b’ +cz) >33/ a’b*c? (az +b° +cz) > 3((12 +b’ +cz)
Tir gia thiét abe >1 suyra a+b+c >3 .

(a+b+c)2

Do d6 ta dugc a” +b* +¢ > >a+b+c; a’ +b*+c* >3a’h’c? >3

Suy ra 3(a2+b2+c2)2a2+b2+c2+a+b+c+3

Vay bat ding thirc duoc chimg minh. Pang thirc xay rakhi ¢ =b = ¢ = 1

Bai 178. Cho a, b, ¢ 1a cac s6 thuc duong thoa méin g + b + ¢ = 3 . Chirg minh rang:
a b’ c 3

+ + >=

a+bc b+ca c+ab 2
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Phan tich: Ap dung bat dang thirc Cauchy ta dé y dén cac danh gia
a a+bc 1 \/ a@ a+bc 1 3a (a+b+c)2
+ 3 P S

+—2>3 ) —=—vaab+bc+ca<
a+bc 4 2 a+bc 4 2 2

Loi giai
a’ a+bc 1 \/ a a+bc 1 3a
+ 3 =

+—2>3
a+bc 4 2

Ap dung bit dang thirc Cauchy ta duoc: . .
b ung s v atbe 4 2 2

Suy ra

b’ >5b ca 1 ¢ >5€ ab 1

btca 4 4 2 c+ab 4 4 2

Cong theo vé cac bat dang thuc trén ta dugc
a N b’ N ¢’ >5(a+b+c) ab+bc+ca 3 9 ab+bc+ca

a+bc b+ca c+ab 4 4 2 4 4

(a+b+c)2 a b’ ¢ 9
~ 7 =9 Dodobtaco: + + >——
a+bc b+ca c+ab 4

Vay bét dang thirc duoc chimg minh. Pang thirc xay ra khi va chikhi a =b=c =1.

Chirng minh tuong ty ta dugc:

Mat khéc ta lai c6: ab +bc+ca <

3.3
4 2

Bai 179. Cho a, b 1a cac s6 thuc duong théa mén ab + a + b = 3 . Ching minh rang;
3a 3b

+ +
b+1 a+1 a+b

<a’+b’ )
2

. 2 . .
Phan tich: Chu y dén danh gia (a +b) >4ab , khi d6 ta viét lai dugc gia thiét ctia bai toan 1a
(a+b) +4(a+b)-12>0 vadit (= a+b

Loi giai
Tur gia thiét ab+a+b=3 suyra3—(a+b)=ab.
2

" A, 4% , B (a+b) 2
Apdungbatdangthu'cCauchytaco:3—(a+b):abST<:>(a+b) +4(a+b)—1220:>2£a+b£3

Bit dang thirc can chimg minh twrong dwong véi

3[(a+b)2 —2ab}+3(a+b)+ 3—(a+b)

s(a+b)2—2ab+%

ab+a+b+1 a+b
3| (a+b) —6+2(a+b)|+3(a+b _
= [( ) 4(1 )} ( )+3 (:;b)s(a+b)2—6+2(a+b)+%
a

Dit 1 = a + b = 2 <t <3 .Khi d6 bat dang thirc can chimg minh try thanh
3(£2—6+2t)+3t 3_¢ 3
( ) + <t —6+2t+=
4 t 2

36 +98 —18t+12-41 <48 + 67 —18t < (1 -2) (£ +1+6) 20

Bit dang thic cudi cung ludn dung voi ¢ > 2.

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi ¢ = b =1.

Bai 180. Cho a, b, ¢ 1a cac s thuc duong théa ména + b + ¢ = 1 . Chimg minh rang:

l+a 1+b l+c (a b cj
+ + <2l —+—+—
b+c c+a a+b

Phan tich: Dé y dén gia thiét a + b + ¢ = 1 ta c6 cac phép bién do6i sau
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1+a 2a+b+c 2a a a ac
= = +1 va ——

btc  b+c  btc b b+c b(b+c)

Loi gii

Bién doi trong dwong bét dang thirc ta duoc
1+ 1+ 1+ 2 2 2
2+ b+ c<g b+£ o= b +—2C +3<2 ﬂ+é+£
b+c c+a a+b b ¢ a b+c c+a a+b
a a b b c c 3 ac bc ab 3
—— +—— +—— > & + + > =
b b+c ¢ a+c a a+b 2  b(b+c) a(a+b) c(c+a) 2
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
ac N bc N ab S (ab+bc-+—ca)2
b(b+c) a(a+b) c(c+a)_2abc(a+b+c)

2
(ab+be+ca) Zé.Hay (ab+bc+ca)2 >3abc(a+b+c)
2abc(a+b+c) 2

Panh gi4 cudi cung diing theo bét dang thirc Cauchy

Ta can chtrng minh

Vay bét dang thirc duogc chig minh. Bat dang thirc xay ra khi va chikhi ¢ =b = ¢ = %

Bai 181. Cho a, b, ¢ 1a cac s6 thuc khéng am tuy y. Chimg minh rang:

1 1 1
(ab bc ca){(a_b)2 (b—c)2 (c—a)zl_

Phan tich: Bit ding thirc c6 cac dai lugng (a —b)z; (b—c)z; (c—a)2 du6i mau, do d6 dang thuc khong thé

xdy ra tai @ =b = c. Ta du doan ding thirc xay ra tai mot bién bang 0. Do d6 ta nghi dén sap thir tu cac bién dé
giam bién cho bai toan.

Loi giai
1 1 1 1
Khong mit tinh tong quat ta gia sit @ > b > ¢, khi d6 ta co: ab +bc +ca > ab; b —2; )2 >—
. Z, ag , 1 1 1 1
Do d6 ta dugc bat dang thirc sau: (ab +bc+ca) =+ -1-—2-i-—2
(a—b) (b c b” a
Ao : 1 1 1
Ta can ching minh ab| ——+—+— |24
(a-b) b a
-bY
That vay, ta c6: ab ! 2+%+L2 = ab 2+3+2= ab 2+(a ) +2
(a—b) b~ a (a—b) b a (a—b) ab
2 2
. . b a—-b b a—b
Ap dung bat dang thirc Cauchy ta duoc a > +( ) >2 4 > ( ) =2
a—b) ab (a-b) ab
1 1 A A < 4 ’ :
Suyra ab| ———+—+— |2 4. Vay bat dang thirc dugc ching minh.
(a-b) b a

c=0

c=0
Ding thirc xy ra khi va chi khi {(a_b)zzab@ a=(3+\/§)b
2
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Bai 182. Cho a, b, ¢ 1a cac s thuce duong tily y. Ching minh ring:

Jab_ b e 3
c+3Jab a+3Jbc b+3Jea 4

Phan tich: Quan sét bit déing thitc ta chi y dén phép dbi bién x =va; y =~/b; z=+/c va dé c6 cac danh gia
hop li ta c¢6 thé d6i chiéu bat dang thic.
Loi giai
Pit x = a; y =+b; z=+/c . Khi d6 bt ding thirc cin chimg minh tré thanh
Xy vz > . 3

2 T T3 =
zZ24+3xy a +3yz y +3zx 4
Ta bién ddi bieu thie vé trai nhu sau
po_ W vz zx 1( 3xy N 3yz N 3zx j

2 t— Tt 21 2 2 2
z24+3xy a +3yz y +3zx 3z +3xy a +3yz y +3zx

2 2 2 2 2 2
:l 1- 22 +1- zx +1- 2y = L 22 + 2x + zy
3 z°+3xy X +3yz V- +3zx 30z°+3xy x"+3yz y +3zx
2 2 2
bat 0= z + i + Y

Z24+3xy x*+3yz  y +3zx
Ap dung bét dang thirc Bunhiacopxki dang phan thirc va mot danh gia quen thudc ta dugc
2
+y+
e
(x+y+z) 4
3

_Z N x’ N y? S (x+y+z)2
22 +3xy x*+3yz y2+3zx_x2+y2+zz+3(xy+yz+zx)_

(x+y+z) +

13 3 . .
Do d6 ta duge P <1- EZ = Z Vay bai toan dugc chirng minh. Dang thirc xay ra khi va chikhi a=b=c.

Bai 183. Cho a, b, ¢ 1a cac s6 thuc khéng am théa man a + b +c > 0 . Ching minh rang:
a’+b’+16c _ 16
(a+b+c) 81

3 3 3 3 3 3
. +b”+16 b 16 . .
Phén tich: Dé y la 2 c-_ 2 —+——° _ Khi d6 ta nghi dén phép dbi
(a+b+c) (a+b+c) (a+b+c) (a+b+c)
. a b c
bién x = ;Y= ; Z= .
at+b+c a+b+c at+b+c
Loi giai
5 b c e
bit x= ; V= ; Z= . Khi d6 ta dugc x+y+z=1.
at+b+c a+b+c at+b+c
3 3 3
C . b 16 16
Bat dang thirc dugc viét lai thanh: a4 T+ T+ ¢ 3 =x3+y3+16z32—
(a+b+c) (a+b+c) (a+b+c) 81

. e 1
Ap dung bat dang thirc Bunhiacopxki ta dugc: (x2 +y>+47° )(l +1+ Zj > (x +y+ 2)2 =1
2 2 2 4
Suy ra X +y +4z 25
2 4 ?
Mit khac, ciing theo bat dang thiic Bunhiacopxki ta dugc: (x +y+ z)()c3 +y + 1623) > (x2 +y + 422) > (gj
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Hay x3+y3+16z3218—?

x_y_ 4z
Vay bat dang thirc duoc chimg minh. Pang thirc xay ra khi va chi khi< 1 1

1 Sx=y=4za=b=4c
x> =y> =16z

. 3 .
Bai 184. Cho a, b, ¢ 1a cac s6 thuc duwong théa man a+b+c¢ < 5 Chung minh rang:

(a+b)\/1+ zlbz +\/c2+L22 3\/2ﬁ

a C

Phin tich: Dé y dén phép bién dbi

(a+l))\/@=\/(a+b)2 (l+ azlsz :\/(a+b)2 +(é+%)2

Khi d6 bt dang thirc can chirng minh lam ta lién tuéng dén danh gia

\/x2 +m’ Jr\/y2 +n® > \/(x+y)2 Jr(ern)2
Loi giai
Dé dang chiing minh dugc: Véi cac $6 thyc duong x, y, m, n ta luén co

\/xz+m2 +\/y2+l’l2 2\/(x+y)2 Jr(ern)2

That vay, binh phuong hai vé va rat gon ta dugc \/(xz +m? )(y2 + nz) 2 xy+mn

2
Hay (x2+m2)(y2+n2)2(xy+mn)
Bit dang thic cudi cung 13 bat dang thirc Bunhiacopxki quen thudc.
Goi vé trai ciia bat dang thirc trén 1a P, ap dung bat dang thirc trén ta duge

P=(a+b)\/l+#+\/c2+cl—z=\/(a+b)2(l+a1b J+,/c +—

2
= (a+b)2+(l+lj + fc2+L2 (a+b+c) [l+l+lj
a b c a b c
Ma ta lai co l-1-1+1>LN€:ntadu()rc P> (a+b+c)2+ 81 >
a b ¢ a+b+c (a+b+c)
Ap dung bét ding thirc Cauchy ta duoc
P> (a+b+c)2+—81 == (a+b+c)2+ 81 ~+ 1215 =2 |2 §+ 12152=3\/ﬁ
(a+b+c) 16(a+b+c) 16(a+b+c) 16 3 2
16 )

Hay P>

317
2

, . 1
. Pang thirc xay ra khi va chi khi aZbZCZE.

Bai 185. Cho céc sb thuc a,b,c € [0;1] . Chimg minh rang:

ﬁz%ﬂl—a)(l—b)(l—c)

Loi gii

. . 1
Khéng mat tinh tong quat ta gia st 1>a>b>c >0, khi do ta co —
a+b+c 3
Ap dung bat dang thirc Cauchy ta duoc: 3=1-b+1— c+1+b+c>3\/1 b( )(1+b+c)
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Suy ra 12(1—b)(1—c)(1+b+c)

1—
¢ l—a>(1- 1- 1- 1 >(1- - —
Do d6 ta duoc a ( a)( b)( c)( +b+c) Hay 1+b+c>(1 a)(l b)(l c)
Mat khéc ta lai ¢6 I-a > 1-a . Nén ta dugc 1_—aZ(l—a)(l—b)(l—c)
a+b+c 1+b+c at+b+c
1 a 1
Suyra. mZ(l—a)(l—b)(l—C)'FmZ§+(1—a)(l—b)(l—C)

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 186. Cho a, b 13 hai s6 thuc duong théa min a” +2b* = 1. Chtng minh ring:

a 4b
—+ >33
b a’+b’
Loi giai
4 a4 a4
Ap dung bat dang thirc Cauchy ta c6 = 2 =27a*
p dung g y a2b4 a2b2b2 a2+2b2 3
3
© 5 274" hay &> 33a’
Suy ra b—4_ a ayb—z_ a
Mit khac ciing theo bat dang thirc Cauchy ta c6
16b* 4 4
2( 2 6? TN ) 7= ¢ 32108b4
2b (a +b )(0 +b) (2b2+a2+b2+a2+b2j (2a2+4b2j
3 3

2
Suy ra Lz >108b* hay 4—bbz > 6:/3b

(a2+b2) a’+

. a 4b
Dodotaduge o+ s >33 (a® +2b%) =33
V3

Vay bét dang thirc duogc ching minh. Dang thirc xay ra khi va chikhi a =b = T

Bai 187. Cho a, b 1a cac s thuc dwong. Chimg minh rang :

a’ 4p°
3 S 3 >1
a’ +8b b*+(a+b)

Phan tich: Biéu thirc vé trai dugc viét lai thanh - . Dén day ta nghi dén phép doi bién

~
I
I

Biéu thirc vé trai dugc viét lai 1a
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b . ) 1 4
bat t =— > 0. Khi do6 bat dang thirc dugc viét lai la: T+ =1
a 1+8¢ £ +(1+1)
2
(2+47)

Ap dung bét ding thie Cauchy ta co: 1482’ = (1 + 21)(1 —2t+4¢ ) < = (l +21 )2

1 1 1 ar 21
Suy ra \/ T2 > = 5. Ta s€ chirng minh T2 5
1+ 8¢ (1+2t2) 1+2¢ t3+(1+t) 1+2¢
That vay, bat dang thirc trén tuong duong véi

4r° 2 Y N 4 X o
F(e) 2| e (1+26) 2t +1(1+1) < (1-1) (20 +1+1)20

Bét dang thic cudi cung dung véi moi t.

3 2
Do do6 ta dugc N ! T+ 4 T2 ! -+ 2 =1
1+ 8¢ t3+(1+t) 1+2¢t~ 142t

Vay bét dang thirc duogc chig minh. Pang thirc xay ra khi va chikhi a=b.

. 3 .
Bai 188. Cho cac so thuc duwong a, b, ¢ thda man a +b+c = Z . Chiing minh rang;:

1 1 1
+ + >3
Ja+3b Yb+3c Yc+3a

L 2 1 (e
Phén tich: Dy doan duoc dau dang thirc xay ra tai a=b=c= Z Khi d6 ta c6 danh gia theo bat dang thuc

+3b+2
Cauchy 1a Ya+3b =3f(a+3b).1.1 <2127 2
uchy J/(a+3b) 3
Loi giai
, . 3b+2
Ap dung bat ding thirc Cauchy ta duoc: \3/a+3b=1/ a+3b .1.1£a+—
p dung g y ; ( ) 3
1 S 3
Ja+3h a+3b+2
1.3 1 3
Ib+3¢ b+3¢+2° Ye+3a c+3a+2
1 1 1 3 3 3
+ + > + +
Ja+3b Yp+3c Ye+3a a+3b+2 b+3c+2 c+3a+2
3 3 3.9
+ + >
a+3b+2 b+3c+2 c+3a+2 4(a+b+c)+6
1 N 1 N 1 >3
Ja+3b Yb+3c Yc+3a

Do d6 ta duoc

Ap dung tuong tu ta duoc

Cong theo vé cac bat dang thuc trén ta duogc:

Mit khac theo bat dang thirc Bunhiacopxki ta duoc

Do d6 ta duoc

Vay bat dang thirc duoc chimg minh. Pang thirc xdy ra khi va chikhi a=b=c=

-

Bai 189. Cho a, b, ¢ 1a cac s6 thuc duong thoa mén a + b+ ¢ =1. Chimg minh rang:

ab bc ca \/ ab \/ bc \/ ca
2 + + > + +
c+ab a+bc a+ca c+ab a+bc a+ca
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Loi gii

2
, . b b ab+bc+ca
Ap dung bat dang thirc Bunhiacopxki ta dugc: a + ¢ cd 2— 2( > 2)
c+ab a+bc a+ca a'b +bc +ca” +3abc
2 2
ab+bc+ca ab+bc+ca
Matacd a’b®+b°c*+c*a* < ( 3 ) Va abc(a +b+c) < ( 3 )

Nén ta duogc
a’b® +b*c* +c*a’ +3abc = a’b* +b** +Pa’ + 3abc(a +b+ c)

b+bc+ca) 4(ab+bc+ca)’
S(a ¢ ca) +(ab+bc+ca)2= (a ¢ ca)
3 3
Do d6 ta co ab + be + ca ZE
c+ab a+bc a+ca 4

Mit khac ciing theo bat déng thirc Bunhiacopxki ta c6

ab bc ca \/ ab \/ bc \/ ca ’
3 + + > + +
c+ab a+bc a+ca c+ab a+bc a+ca

, . b b b b
Két hop hai bat dang thirc trén ta dugc: 2 a + ¢ + cd > \/ 4 + \/ ¢ + \/ ca
c+ab a+bc a+ca c+ab a+bc a+ca

. . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi a =b=c = 5

Bai 190. Cho a, b, ¢ 1a cac s thuc duong théoa man a + b + ¢ = abc . Ching minh ring:

2 N 1 N 1 <i
Vi+a® 146> 1+ 9
Al o NP I 1 1 5 1 1 .
Phén tich: Tt gia thiéttasuyra —+—+—=1.Pat x=—; y=—; z=—,khidb tadugc xy+yz+zx=1.
ab bc ca a b c

Khi d6 dé y dén phép bién doi: x2+1=x2+xy+yz+zx:(x+y)(x+z)

Loi giai
NP 1 I 1 5 1 1 1
Tu gia thiettasuyra —+—+—=1.Pat x=—; y=—; z=—.
ab bc ca a b c
Khi do6 ta dugc xy+ yz+zx =1
e N 2 4
Bat dang thirc can chtrng minh tré thanh al + J + z <—
VP +1 P+l N2+l 9
D¢ ¥ ta thay X Hl=x+xy+yz+zx=(x+y)(x+z)
. . 2 4
Ap dung tuong tu bat dang thiure trd thanh: al + J + z <—
\/(x+y)(x+z) \/(x+y)(y+z) \/(y+z)(z+x) 9

Ap dung bét dang thirc Cauchy ta dugc
2x h% z

+ +
\/(x+y)(x+z) \/(x+y)(y+z) \/(y+z)(z+x)
<x 1 + ! +y ! + ! +z ! + ! =x+y+ yrz +Z+x:1+l+1:
xX+y x4z xX+y 4(y+z) 4(y+z) xX+z| x+y 4(y+z) zZ+Xx 4

o , 1
Vay bat dang thiic dugc chung minh. Pang thic xay ra khi va chi khi (a; b; c) = [g, \/E ; \/E j

NG NG
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Bai 191. Cho a, b, ¢ 1a cac s thuce duong tiy y. Ching minh ring:

a b c ab+bc+ca _ 5

+ + 3 3 3 > —

b+c c+a a+b a +b +c 2
Loi giai

Ap dung bét dang thirc Bunhiacopxki dang cong mau ta duoc

2
a b c o (a+b+c) a’ +b*+ ¢

+ + >
b+c c+a a+b 2(ab+bc+ca) 2(ab+bc+ca)

. a b c ab+bc+ca a’ +b* +¢? ab+bc+ca
Khi d6 ta dugc bat dang thirc: + + 2 +l+,
b+c c+a a+b a +b +c 2(ab+bc+ca) a +b +c

N . a’+b’ +c’ ab+bc+ca _ 5
Ta can chiing minh + Y5 527
2(ab+bc+ca) a +b +c° 2
b+bc+ (s 1 5
gt £ = [ =% = 0 <7< 1. Khi 6 bt ding thirc trén tro thanh —+/+1>2 <> (1=1)’ (26+1)>0
a +b +c 2t 2

B4 dang thirc cudi cung ludn ding véi 0 <¢<1.
Bit dang thirc duoc chimg minh. Dang thirc xay ra khi va chikhi a=b=c.

Bai 192. Cho a, b, ¢ 1a cac s6 thuc duong khong 4m. Chiémg minh rang:

ab+bc+ca_’_(a+b—i-c)3

>
a’+b>+c’ abc 28
Loi giai
3
Ta c6: M:(az+b2+cz)(L+i+L)+2(ab+bc+ca)(a+b+c)
abc ab bc ca abc

Ap dung bét dang thirc Bunhiacopxki va cauchy ta dugc

(a2+b2+cz)(L+i+iJ29(a2+b2+cz).2(ab+bc+ca)(a+b+c)22.3.\3/a2b202.3.\3/abc _

18

ab bc ca ab+bc+ca ’ abc abc

(a+b+c)3 S 9(a2 +b* +c2)

Do d6 ta dugc > +18
abc ab+bc+ca
3 2 2 2
o b+bc+ a+b+c b+bc+ 9a +b" +c
Suy ra ta c6 bat dang thuc: az f C?Jr( )zaz f Cf ( )+18
a - +b +c abe a - +b +c ab+bc+ca

ab+bc+ca 9(az+bz+cz)>
a’ +b*+¢? ab+bc+ca
That vay, ap dung bat dang thirc Cauchy ta co

ab+bc+ca a’+b*+c’ S .8(a2+b2+02)>8(ab+bc+ca)_

Ta can chtrng minh

a?+b*+c* ab+bc+ac  ab+bc+ca  ab+bc+ca

ab+bc+ca 9(‘12 +b? "‘Cz)
a’+b* +c? ab+bc+ca

Vay bét dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi a=b=c.

>10

Cong theo vé cua hai bat dang thirc trén ta duoc:

. 3 :
Bai 193. Cho a, b, ¢ 1a céc s0 thuc duwong thoa man a +b+c¢ < E Chirng minh rang;:

1 1
a+b+c+—2+b—2+c—227
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Loi giai
1 4 1 4 1
Ap dung bét dang thirc Cauchy ta duoc: —+42—; S+4>2—; —+42>
a’ a b b ¢
1 1 1_4 4 4
Do do6 ta dugc S+t —+—+—-12
a b" ¢ a b c

4
C

Khi d6 ta c6 a+b+c+%+%+i22a+b+c+i+i+i—12
a- b ¢ a b c

4 4 4 36
Va theo bat ding thirc Bunhiacopxki ta lai c6 —+—+— >

a b ¢ a+b+c

Tur d6 ta suy ra: a+b+c+%+%+%2a+b+c+i—l2
a b c a+b+c

Tac?mchﬁ:ngminha+b+c+i—1222—7 Hay gibrer—20 531

a+b+c 2 a+b+c 2

That vay, ap dung bét dang thirc Cauchy ta duoc a+b+c+$2 2\/§:3; 135 > 135 =£
(a+b+c) 4 4(a+b+c) 43 2
2

3651

Cong theo vé hai bat ddng thuc trén ta dugc a+b+c+ >
a+b+c 2

Loz . : 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chikhi a=b=c= 5

Bai 194. Cho a, b, ¢ 1a cac s thuc duong théa mén abc = 1. Chimg minh rang:
3
(a2 +b° +cz) 29(413 +b’ +c3)

Loi giai

/ - . / 3
Bét déng thirc cén chimg minh duoc viét lai thanh (a” +5° +¢*) > 9abe(a’ +b* +c)

3,13, .3 3,23, 3)
. Lo +b" + +b" +
Ap dung bat dang thirc Cauchy ta duoc: 9abc (a3 +b+c ) = 27.ab.ac.a3—c < [ab +ab + a3—c]
a a
Mataco
e +b+c @ +b+c —3abe (a+b+c)(a2+b2+02—ab—bc—ca)
ab+ab+——  =ab+bc+ca+ =ab+bc+ca+
3a 3a 3a
3
s s s (a+b+c)(a2+b2+cz—ab—bc—ca)
Suy ra: 9abc(a +b’ +c )S ab+bc+ca+ 3
a
. (a+b+c)(a2+b2+c2—ab—bc—ca) s .,
Nhur vay ta can ching minh duoc: ab+ bc + ca + 3 <a +b +c
a
+b+
Hay (a2+b2+cz—ab—bc—ca)(l—uJZO

Panh gia trén ludn dung do ta c6 thé gia sir a 14 s6 16n nhat trong ba sd a, b, c.
Vay bét ding thirc duoc ching minh. Pang thirc xay ra khi va chikhi a =b=c.

Bai 195. Cho a, b, ¢ 1a cac s thuc duong théoa mén a” +b” +¢* = 3. Ching minh ring:

Jab  Jbe J—
4~ab A

nglal
Pat x =+Ja; y =+/b; z=+/c . Khi d6 ta viét lai gia thiét 1a x* + y* +2* =3
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Xy ,_yz o=
4-xy 4-yz 4d-—zx
xy+1+yz+1+zx=4+4+4
4-xy 4-yz 4—zx 4-xy 4-yz 4-zx

Bét ding thirc duoc viét lai la

Khi d6 goi vé trai 1a P thi ta co: P+3 =1+

_ 2_ 2_|_ 25,2 25,2 2.2
Ta co: =1_2 Xyzl—( xy)( xJ’)zl_ 4 Xy 2S1_4 Xy :§+xy
4—xy 4—xy (4—xy)(2+xy) 9—(xy-1) 9 9 9
2 2.2
Tuong tu ta dugc 2 <§ Yz ; 2 g§+x z
4-yz 9 9 4-zx 9 9
15 xy+yz+zx 15 x+y+z
Do d6 ta dugc: P+3<2| — 9 5 <2 —= 5 T =4

Suy ra P <1. Vay bat dang thirc dugc chirmg minh. Pang thirc xay ra khi va chikhi a=b=c=1.

Bai 196. cho a, b, ¢ 1a ba s6 thuc duwong. Ching minh rang
(a+2)(b+2) (b+2)(c+2) (c+2)(a+2)

B0 (b+5)  (cil)(css)  (atD)(ars)

O

(b+2) .3

(b+1)(b+5) 4(b+2)

Loi giai
(b+2) .3

(b+1)(b+5)  4(b+2)

(a+2)(b+2) 3(a+2)

(b+1)(b+5)  4(b+2)

(b+2)(c+2) 3(b+2) (c+2)(a+2)23(c+2)

(c+1)(c+5) 4(c+2) (a+1)(a+5) 4(a+2)

Cong vé voi vé cac bit ding thirc trén, va sir dung bat dang thirc Cauchy cho 3 s, ta duoc:
(a+2)(b+2)+(b+2)(c+2)+(c+2)(a+2)>§(a+2+b+2+c+2j>2
(b+1)(b+5)  (c+1)(c+5) (a+1)(a+5) 4\b+2 c+2 a+2) 4

Bit dang thirc duoc chirng minh. Pang thirc xay ra khi va chikhi a=b=c=1.

Phan tich: Chu y dén danh gia

& 4b> +16b+16>3b* +18b+15 < (b—1)" 20

Ta c6 bat dang thirc ludn dang sau

Tur 46 ta suy ra

Tuong tu:

Bai 197. Cho a, b, ¢ 1a cac s thuc duong. Ching minh rang:

a+b N b+c N c+a 16
a+b+c b+c+4a a+c+16b 15
Loi giai
x=a+b+c 3a=y—-x

biat {y=b+c+4a =15h=z—x
z=c+a+16b 15¢=21x-5y—-z

Khi d6 biéu thiic vé trdi P duge viét lai 1a p= —0X 2y +2, 20x=5y [16x-z _y 3x =z  16x 4
15x 15y 15z 3x 4y 15x 15z 5

4x _ 4 16 8
Ap dung bét dang thirc Cauchy ta co: X + al 2 — i + 250

3x 3y 3715x 15z 15
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yzﬂ 5c

2 a==—
Do d6 ta dugc P2i+§—i=E Ding thirc xay ra khi va chi khi: x 3y & 7
3 15 5 15 z lé6x b_3_C

15x 15z 7

5 3
Vay bét dang thic duoc chimg minh. Dang thirc xay ra khi va chi khi a = 76 b= 76

. 1 1 1 .
Bai 198. Cho a, b, ¢ 1a cac s6 thuc duong théa man — + —=+—= =2 . Chirng minh rang:
Ja b e

1 1 1
+ +
Ja+3b Jb+3c e+3a

<1

Phan tich: Quan sat gia thiét ta chu y dén phép ddi bién x =a; y =/b; z =+ . Dén day ta c6 thé danh gia
cac can bac hai theo bat diang thirc Cauchy hodc Bunhiacopxki nhu sau

x2+3y2:x2+y2+y2+y224\4/x2y6;4(x2+3y2):(1+1+1+1)(x +y +y 4y ) (x+3y)2

Loi giai
I 1 1
Cach 1: bit x:\/;; y=\/3; Z=\/Z.Khid(’)taduqc —+—+—=2
X y z
£, 1% LA , . Y1 1 1 1
Bat dang thirc can chiing minh tré thanh: + + <1

\/x2 +3y? \/y2 +32° \/z2 +3y?
Ap dung bét dang thirc Cauchy ta duge: x* +3y° = x>+ y* + y* + y* > 4{/x*)°
Ap dung mét bat déng thirc Cauchy khac ta duoc
1

1 1 Ifr 1 2 I{1 3

S = = —| — J—

W +37 o il 2\/WW {(‘/ﬁ \/7] (x y+y} 8(x+yj
Tuong tu ta co ;Sl{l+§j, ;gl(l_kzj
¥ +32° 8\y z Jz22+3)° 8\z x

. (o 1 1 1 Ifr 1 1
Cong theo vé cac bat dang thire trén ta co: + + < —(— +—+ —j =1
\/xz+3y2 \/y2+322 \/zz+3y2 2\x y =z
L , . 9
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chikhi a=b=c= Z
. < e I 1 1
Cach 2: Dat x:\/;; y :\/3; ZI\/Z . Khi d6 ta dugc —+—+—=2
X y z
A < 4 A , . 5 \ 1 1 1
Bat dang thirc can chiing minh tré thanh: + + <1

\/x2+3y2 \/yz+3z2 \/zz+3y2
Ap dung bét dang thirc Bunhiacopxki ta dugc: 4(x2+3y2):(1+1+1+1)(x +y +y 4y ) (x+3y)

, 1 2 2 2 1(1 3]
Do d6 ta dugc: = < <) 4=
Jx2+3y° \/2(x2+3y2) \/(x+3y) Tx+3y 8lxy

Tuong tu ta co ;<l{l+§j ;<l(l+§j
' ¥ +32° 8y =z ’ Jz2+3)° 8lz x
Cong theo vé cac bat déng thic trén ta co: ! + ! + ! Sl(l+l+lj=1

\/x2 +3y° \/y2 +32° \/z2 +3y* 2
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L . . 9
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chikhi a=b=c= Z

Bai 199. Cho a, b, ¢ 1a cac s thuc duong thoa min ab + bc + ca = 3abc . Chimg minh rang:

a’ N b* N ¢
ca’+2c*  ab*+2a’ b’ +2b7
Loi gii
© ea gk I 1 1
Tur gia thiét ab+ bc+ ca = abc ta dugc —+—+—=3.
a b c
. 1 1 1 el
bat x=—; y=—; z=—.Khido6 tadugc x+y+z=3.
a b c
. x2 y2 ZZ
Bat dang thirc can chirng minh tré thanh + + 21

x+2y° y+2z° z+2x
Ap dung bét dang thirc Cauchy ta duoc

2 2 2 2 2 2 2.2
+2xy” -2 2 2 23
X 2:x xy 2xy e xzy >y L X'y
x+2y x+2y X+y +y 23xy* 3
) 2 22 2_2 2 22 2.2
Ap dung tuong tu ta duoc J T2y Yz ; z > 2Z— ZX
y+2z 3 z+2x 3

Cong theo vé cac bat ddng thuc trén ta dugc
2 2 2
X Y z 2(322322 %/22)
+ + Z(x+y+z)——(fx"y + zZ°+NzZ°x
12y y422 z12x (x+y+2)=3 Uyt +3ly
Mat khéc theo bat dang thirc Cauchy ta lai c¢6

Wﬁ)@/+;@/+1:2x);+l;%/ﬁéyz+;/z+1:2y§+l;wgzx+§x+1:2zx+l

3
2(xy+yz+ 2(x+y+z)
o B B LS I LS5
2 2 2
Do d6 ta dugc al ~+ Y ~+ z 223—221.
x+2y° y+2z° z+4+2x 3

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c=1.

Bai 200. Cho a, b, ¢ 1a cic sé thuc duong. Ching minh rang:
1 6 3
+ 2 Z 3 3 3
a+b+c (a2+b2+c2) a+b +c

Loi giai
Ap dung bét dang thirc Bunhiacopxki ta dugc
(a3 +b’ +c3)(a+b+c)2(a2 +b° +cz)2;3(a2 +b* +cz)2 a+b+c)2

Nhan theo vé hai bit dang thirc trén ta dugc 3(a3 +b’ +c3) > (a+b +c)(a2 +b° +cz)
3 3 3 2 2 2
a+b +c _a +b +c
Suy ra > (1)
a+b+c 3

e 2 3
Ciing tir hai bat dang thurc trén ta dugc 3(a3 +b + 03) > (az +b + cz)

(a3+b3+c3)2 S 1 (a +b’ + )> 23
=>

Suy ra: (a2+b2+02)4 _3(a2+b2+c2)<:> (a T ) \/m (2)
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a+b +c’ NG NG
+ +

3 N +8 + a* +b> +¢
a3+b3+c3+6(a3+b3+c3)
atb+c (az+b2+cz)2

1 6 3

+ 22 3 3 3

a+b+c (a2+b2+c2) a+b +c

Ap dung bét dang thirc Cauchy ta dugc >3

>3

Cong theo vé cac bat ding thic (1), (2), (3) ta duoc

Hay

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a=b=c=1.
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Bai 201. Cho a, b, ¢ 1a cic s thuc duong. Ching minh rang:
b
R < !
4a+4b+c 4b+4c+a 4c+4a+b 3

. L 2 T 4a(a+b+c) a(4a+4b+c)+3ca 3ca
Phén tich: D& y dén phép bién doi: = =q+———
4a+4b+c 4a+4b+c 4a+4b+c
Loi giai
4a(a+b+c)+4b(a+b+c)+4c(a+b+c)<4(a+b+c)

Bt dang thirc can chimg minh twong duong véi:
4a+4b+c 4b+4c+a 4c+4a+b 3

) 4a(a+b+c) a(4a+4b+c)+3ca 3ca
Taco = —a+
4a+4b+c 4a+4b+c 4a+4b+c

_ 4b(a+b+c) 3bc 4c(a+b+c) 3ba
Tuong tu ta co: =D+ ; =Cc+—m—
4b+4c+a 4b+4c+a 4c+4da+b 4b+4c+a

9ca N 9ab N 9bc
’ o 4a+4b+a 4b+4c+a 4b+4c+a
Ap dung bat dang thirc Bunhiacopxki dang phan thure ta duoc
9o  (2+1) 4 v 2
4a+4b+c  2(2a+b)+(2b+c) 2(2a+b) 2b+c 2a+b 2b+c
9ca < 2ca ca

< +
da+4b+c 2a+b 2b+c
9ab 2ab ab 9bhc 2bc bc
< + R < +
4b+4c+a 2b+c 2c+a 4b+4c+a 2c+a 2a+b
Cong theo vé cac bat dang thuc trén ta dugc
9ca 9ab 9b¢ < 2ca ca 2ab ab 2bc bc

<a+b+c

Bit dang thirc can chirng minh trg thanh:

Do d6 ta duoc

Hoan toan tuong tu:

+ + < + + + + + =a+b+c
4a+4b+a 4b+4c+a 4b+4c+a 2a+b 2b+c 2b+c 2c+a 2c+a 2a+b
Vay bat dang thic dugc ching minh. Pang thirc xay ra khi va chikhi a =b=c.
Bai 202. Cho a, b, ¢ 1a cac s thuc duong théa mén a + b + ¢ = 1. Ching minh rang:
1 1
+ > 30
a’+b>+c*  abc
L 1 +b+ I 1 1 9
Phan tich: Cha ¥ 14 theo bét déing thirc Cauchy taco: —— =2 - 2 2 4 "5 7
abc abc ab bc ca ab+bc+ca
. 1 9
Ta quy bai toan vé chirng minh + >30
aw s a’*+b*+c¢* ab+bc+ca
Loi giai
Cich 1: Sir dung bt déng thirc Cauchy ta dugc
(ab +bc + ca)2 > 3abc (a +b+ c) = 3abc(a +b+ 0)3 >3abc.27abc = 81(abc)2
Suy ra ab+bc+ca>9abc
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
1 1 1 1 1 7 9 7
> 2. 2 =5 2. 27 + + 25 + 3
a +b"+c¢° abc a +b"+c” 9abc 9abc 9abc a +b°+c” +2.9abc (a+b+c)
3
9

> +21=30
at+b*+c? +2(ab+bc+ca)

. . . 1
Vay bat dang thirc duoc chirng minh. Dang thirc xay ra khi va chikhi a=b=c= 5
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Cich 2: V6i gia thiét a + b+ ¢ =1, biéu thic P duoc viét lai thanh
1 1 1 a+b+c 1 I 1 1
T =S a2 =S, At et
a +b°+c° abc a +b" +c abc a +b"+c° ab bc ca
1 1 9
Theo moét danh gia quen thuéctacé —+—+—2 ——
ab bc ca ab+bc+ca

1 1 1 9
Do do ta co 3 3 >+ > 3 > >+
a +b " +c° abc a +b +c° ab+bc+ca
2
It X M , . . N A N ’ (a+b+c)
Ap dung bat dang thirc Bunhiacopxki va bat dang thic ab+bc+ca > ~——
1 9 1 1 1 7
Ta duoc 3 5 >+ =— > >+ + +
a +b"+c° ab+bc+ca a +b"+c° ab+bc+ca ab+bc+ca ab+bc+ca
9 7 9 7.3

2z 2 2 2 + 2 2+ 2:30
a +b +c +2(ab+bc+ca) ab+bc+ca (a+b+c) (a+b+c)

Bat dang thirc dugc chirng minh. Dang thirc xay ra khi va chikhi a=b=c=—

Bai 203. Cho a, b, ¢ 1a cac s thuc duong tily y. Ching minh ring:

1 1 1 b+c c+a a+b
—t =2

a b ¢ da*+bc b*+ca +ab

Phin tich: Cha y dén danh gia theo bét dang thirc Bunhiacopxi
a+b (a+b)2 (a+b)2 a’ b?
= = < +
c* +ab (a+b)(c2+ab) b(a2+c2)+a(b2+cz) b(a2+cz) a(b2+cz)

Hoic phép bién d6i twong duong.

Loi giai
Cach 1: Ap dung 4t ddng thirc Bunhiacopxki dang phan thirc ta duoc
a+b B (a+b)2 3 (a+b)2 < a’ N b’
c’+ab (a+b)(c2+ab) b(a2+c2)+a(b2+cz)_b(a2+cz) a(b2+cz)

. b+c b’ c’ c+a c? a’
Apd dugc: < ; <

p dung tuong tirta duge a’ +bc c(a2+b2)+b(a2+c2) b* +ca a(b2+cz)+c(cz+a2)

T 5 ¢’ ¢ a’ a’ b? 111
Ma ta lai co: + + + + + =—+—+—

c(a2+b2) b(a2+cz) a(b2+cz) c(b2+a2) b(a2+cz) a(b2+cz) a b c
1 1 1_ b+c c+a a+b

—t—t+t—2— +— +—

a b ¢ a+bc b +ca c +ab

Vay bat dang thirc dugc ching minh. Pang thirc x4y ra khi va chikhi a =b =c.

Cich 2: Bién dbi tuong duong bit ding thirc nhu sau

1 1 1 b+c c+a a+b 1 a+b 1 b+c 1 c+a
—t—+t—2— +- +— S| —— + === + === >0
a b ¢ a +bc b +ca c +ab a c +ab c a +bc b b +ca

<:>(cz—a2) 1 B 1 +(b—c)(b—a)20c>(c—a)z(c+a)(bc+ab—ab)+(b—c)(b—a)
a(02 +ab) c(a2 +bc) b’ +abc ca(a2 +bc)(c2 +ab) b’ +abc

Khong mit tinh tong quat ta gia sir b 1a s6 1on nhit trong ba s a, b, ¢ khi d6 ta duoc

Do d6 ta duoc

>0

bc+ab—ca=>0; WZO
b’ +abc

Do vay bat dang thirc cudi cung ludn ding.
Vay bat dang thirc dugc ching minh. Pang thirc xay ra khi va chikhi a =b=c.
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Bai 204. Cho a, b, ¢ 1a cac s thuce duong tily y. Ching minh ring:
a’ —bc b* —ca c¢* —ab
> +— +— <0
2a°+ab+ac 2b°+bc+ba 2c¢ +ca+ch
o o bc-a’ > +ab+bc+ a+b)(c+a
Phan tich: D¢ ¥ dén pheép bién ddi: ————+1 =" ca_| _ )e+a)
2a-+ab+ac 2a”-+ab+ac 2a”+ab+ac
| Loi giai
Cach 1: Bét ddng thirc cAn ching minh twong duong voi
bc—d* -b’ b—c? bc—a* —-b* b—c?
26 a + zca + 2“ ¢ >0 zc a +1+ fa +1+ za ¢ +1>3
2a”+ab+ac 2b°+bc+ba 2c¢ +ca+ch 2a” +ab+ac 2b° +bc+ba 2¢” +ca+ch

(a+b)(a+c) N (a+b)(b+c) N (b+c)(c+a)
a(2a+b+c) b(a+2b+c) c(a+b+20)
Ap dung bét dang thirc Cauchy ta duoc

(a+b)(a+c)+(a+b)(b+c)+(b+c)(c+a)>3i/ (a+b)2(b+c2)(c+a)2

a(2a+b+c) b(a+2b+c) c(a+b+2c)_ abc(2a+b+c)(a+2b+c)(a+b+2c)
(a+b)2(b+cz)(c+a)2

abc(2a+b+c)(a+2b+c)(a+b+2c)_

Hay (a+b)2(b+cz)(c+a)2Zabc(Za+b+c)(a+2b+c)(a+b+2c)

>3

Ta can chtrng minh

Hay (ab+bc +ca)2 (a +b+c) > 2abc(a +b+c)2 +3abc(ab+bc+ca)
That vay, ap dung bat dang thirc Cauchy ta duoc
(ab +bc+ca)2 (a +b+ c) S 9abc(ab+bc+ca)
3 3
2(ab+bc+ca)2 (a+b+c)
3

Cong theo vé hai bat dang thuc trén ta dugc
(ab+bc+ca)2 (a +b+c) > 2abc(a+b+c)2 +3abc(ab +bc+ca)

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a =b=c.

=3abc(ab+bc+ca)

Z2abc(a +b+c)(a+b+c)=3abc(a —i—b+c)2

Cich 2: Bit ding thirc can chimg minh twong dwong véi
be ca ab a b c
- +— +— > - -
2a°+ab+ac 2b"+bc+ba 2c¢ +ca+chb 2a+b+c 2b+c+a 2c+a+b

Ap dung bét dang thirc Bunhiacopxki dang phén thuc ta duoc
bc ca ab
2 + 2 + 2
2a”+ab+ac 2b°+bc+ba 2c”+ca+ch

N (ab+bc+ca)2 B (ab+bc+ca)2
- bc(2a2 +ab+ac)+ca(2b2 +bc+ba)+ab(2€2 +ca+cb) B 4abc(a+b+c)

>3
4

N b 3
Ta can chiing minh a + + ¢ <—
2a+b+c 2b+c+a 2c+a+b 4

That vay, ap dung bat dang thirc Cauchy ta duoc

1 B 1 l 1 N 1 N a l a N a
2a+b+c a+b+a+c 4\a+b a+c 2a+b+c 4\a+b a+c
Ap dung twong tu ta dugc
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a b c I({ a a 1( b b 1 c c 3

+ + <— + +— + +— + ==

2a+b+c 2b+c+a 2c+a+b 4\a+b a+c) 4\a+b b+c) 4\a+c b+c) 4
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c.

Bai 205. Cho a, b, ¢ 1a cic s6 thuc duong thoa man a + b + ¢ = 3. Ching minh ring;
3 3 3
a + b +—° >1
b(2c+a) c(2a+b) a(2b+c)
Loi giai
3 3
. L b 2c+ 8a—3b-2
Cach 1: Ap dung bat dang thuc Cauchy ta duogc: a—+_ + =ra za= a 2 a <
b(2c+a) 3 9 b(2c+a) 9

b’ 8b—3c—2 ’ 8c—3a-2

Chirng minh tuong ty ta dugc: > i ; ¢ > cToam e
c(2a+b) 9 a(2b+c) 9
3 3 3
. C b +b+
Cong theo vé cac bat dang thire trén ta duogc: a + + ¢ > a € - 1
b(20+a) c(2a +b) a(2b+c) 3

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a =b=c=1.
Cich 2: Ap dung bét dang thirc Bunhiacopxki ta dugc
2 2 2 2
e e e W@ (W) (R (@)
+ + = + + >
b(2c+a) c(2a+b) a(2b+c) b(20+a) c(2a+b) a(2b+c) 3(ab+bc+ca)
Mit khac theo bat dang thirc Bunhiacopxki ta duoc

(\/a_3+\/b_3+\/c_3)(\/;+\/3+\/2)2(a+b+c)2 =33(a+b+c) 23(\/Z+ b+\/z)
Nén \/;+\/b_3+\/c_323

Ma theo mét danh gia quen thudc ta co: 3(ab+bc+ca) < (a+b+c)2 =9=ab+bc+ca<3

(V& +5 +42 )

3(ab+bc+ca)

Do dé ta dugc >1 hay bat dang thirc dugc chirng minh.

a’ b* c*
+ +
ab(2c+a) bc(2a +b) ca(2b+c)
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc
at b* ot (a2 +b*+¢? )2
+ + 2 2 2 2 2 2 2
ab(2c+a) bc(2a+b) ca(2b+c) ab+ba+ac+ca+bc+cb+6abc

Mataco: a’b+b*a+a’c+cta+b’c+c*b+6abc = (a+b+c)(ab+bc+ca)+3abc = 3(ab+bc+ca)+3abc

Cach 3: Biéu thirc vé trai duoc viét lai thanh

Ap dung mot bat dang thirc quen thudc ta dugc:

2, 22, 2\ 2
(a +b +c) (ab+bc+ca)
3 > 3 2abc(a+b+c)=3abc
2(a? +b* + ) +b+c) (a*+b* +c
(a ‘ ) Z(a c) (a ‘ )23(ab+bc+ca)
3 9
Cong theo vé hai bat ddng thuc trén ta dugc (6124-b2+cz)2 23(ab+bc+ca)+3abc
3 3 3
Do d6 ta duogc a b ¢ >1.

b(20+a) +c(2a+b)Jr a(2b+c)
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Ding thic xay rakhivachikhi a=b=c=1.

Bai 206. Chimg minh rang véi moi a, b, ¢ khong am ta cé:

\/T #<a+b)(b;c)(c+a)

Loi giai
Str dung bat dang thirc Cauchy ta thu duoc:

abc:%.W<a+b+c ab+bc+caz(ab+bC+CG)(a+b+C)
-3 03 9 '

Déthdy  (ab+bc+ca)(a+b+c)=(a+b)(b+c)(c+a)+abc.

Do d6 ta co 8(ab+bc+ca)(a+b+c)£9(a +b)(b+c)(c+a)

Mit khac, sir dung bat dang thirc Cauchy ta co: {/(a +b)(b +c)(c+a) < (a +b)+(b +c)+(c +a) = Z(a +b +c)

tir d6 suy ra: (a+b)(b+c)(c+a) Zg(ab+bc+ca)(a +b+c) 2g(ab+bc+ca)%{/(a+b)(b+c)(c+a)

/ b+bc+ a+b)(b+c)(c+a
Hay tuwong duong 4 3c ca Si/ ( )( 2 )( ).Béi todn duoc chirng minh xong.

Bai 207. Cho a, b 13 hai s thuc duong thoa mén (a + b)3 +4ab > 2. Cing minh rang:

3(a4+b4+a2b2)—2(a2 +b2)+12%

Loi giai
D@ thiy véi moi a, b ta ludn co (a +b)2 > 4ab . Két hop voi bat dang thirc gia thiét (a + b)3 +4ab>2,

2

a+b 1

ta duoc (a+b)3 +(a+b)2 >2 < a+b>1. Do dotadugca’® + b zuzg
Khi d6 ta dugc bat dang thirc

3(a4 +b* +a2b2)—2(a2 +bz)+1=3[(a2 +b2)2—a2b2J—2(a2 +b2)+1

2, 122
>3!(a2+b2)2@}2(a2+b2)+1—%(a2+b2)22(a2+b2)+1
Ma ta lai co
2 2
2(a2+b2)2—2(a2+b2)+1:(a2+b2) +4(a2+b2) —4(a2+b2)+l+l
4 4 2 2
2
T e
Do d6 ta duoc 3(a4+b4+a2b2)—2(a2+b2)+122.
16

L . . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay ra khi va chi khi a =b = 5 .

Bai 208. Cho a, b, ¢ 1a cac s6 thuc duong tiy y. Ching minh rang:
ab+bc+ca+21 +§i/(a+b)(b+c)(c+a)
(a+b+c+1) 8

>1

abc
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Phan tich va loi giai
Tru6e hét ta du doan dau dang thirc xay ra khi va chi khi @ =b = ¢ = 1. Bét déng thiic c6 chira cin bic ba
nén suy nghi rt tu nhién la danh gia 1am mét cin bac ba. Tuy nhién ta khong danh gia theo hudng d6 duoc vi dai
lwong trong cin c6 dang tich nén khong thé dung bét dang thire Cauchy dé danh gid, ngoai ra ta ciing khong thé
sir dung phép dit 4n phu vi nhu vay dai lugng ngoai cin s& c6 bic cao.

(a+b)(b+c)(c+a)

5 trong can bac ba, néu ta danh gia duoc dai lugng
abc

Dé ¥ dén dai luong

ab+bc+ca+1 v abc
(a+b+c+l)2 (a+b)(b+c)(c+a)

dang thirc. Vi ¥ tuong nhu vay va chil y dén du dang thirc x4y ra ta tap trung chimg minh bat dang thirc
ab+bc+ca+1> 2abc

(a+b+c+1)2 _(a+b)(b+c)(c+a)
+ Hudng 1: Ta bién doi twong duwong bét dang thirc trén thi duoc
(az +b* +¢? +1—ab—bc—ca)(a+b+c+abc)+2abc(ab +bc+ca)

thi khi d6 ta c6 thé sir dung bét dang thirc Cauchy dé chimg minh bat

+(ab+bc+ca)(a+b+c)24abc(a+b+c)+3abc
D@ thiy (az+bz+c2 +1—ab—bc—ca)(a+b+c+abc)20

Ap dung bét ding thirc Cauchy ta duoc

2
2abc(ab+bc+ca)+ 2(ab+bc+ga)(a+b+c) S 2\/4abc(ab+bc+3ca) (a +b +c)
S 4\/abc.3abc(a+b3+c)(a+b+c) _ 4abc(a+b+c)
Ciing theo bat ding thirc Cauchy ta dugc: (ab+be +c;z)(a+b+c) >3/a’b*c? Jabc = 3abc

Cong theo vé cuia ba bat dang thuc trén ta duoc
(az +b° +¢? +1—ab—bc—ca)(a+b+c+abc)+2abc(ab+bc+ca)
+(ab+bc+ca)(a+b+c)24abc(a +b+c)+3abc
ab+bc+ca+l> 2abc
(a+b+c+l)2 a (a+b)(b+c)(c+a)

Nhu vay bt ding thirc dugc ching minh.

b
(ab+bc+ca+l)(%+—+£+lj2(a +h+c+l)
, L c a
+ Hudng 2: Ap dung bat dang thitc Bunhiacopxki ta duoc:

(ab+bc+ca+l)(2+£+g+lj2(b+c+a+1)2
a b ¢

)(a+b)(b+c)(c+a)

22(a+b+c+1)2
abc

Cong theo vé hai bat ddng thirc nay ta dugc: (ab +bc+ca+l1

ab+bc+ca+l> 2abc
(a+b+c+l)2 a (a+b)(b+c)(c+a)

Tu d6 suy ra

ab+bc+ca+l> 2abc
(a+b+c+l)2 a (a+b)(b+c)(c+a)

2abc +§i/(a+b)(b+c)(c+a) S

(a+b)(b+c)(c+a) 8 abc
Ap dung bét dang thirc Cauchy ta duoc

ta quy bai toan vé chirng minh

Nhu vay véi bat dang thirc
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2abc 1 [(a+b)(b+c)(c+a) N 2abc 1 [(a+b)(b+c)(c+a)
\/ _2\/(a+b)( \/

(a+b)(b+c)(c+a) 8 abc b+c)(c+a)'§ abc

_\/i/ a’b’c’ :i/ abc
(a+b)2(b+c)2(c+a)2 (a+b)(b+c)(c+a)

Ciing theo bat ding thirc Cauchy ta dugc: i/ abe +l.i/(a +b)(b - c)(c+ a) >2 1 =1

(a+b)(b+c)(c+a) 4 abc 4
Do do ta suy ra dugc: 2abe +§i/(a +b)(b+c)(c+ a) >1
(a+b)(b+c)(c+a) 8 abc

Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chikhi a =b=c=1.

Bai 209. Cho a, b, ¢ 1a cac s thuc duong théa mén a’+b*+c*=3. Chtng minh ring:

a b c
+ + <3
Ji@+b+c b +b+c N +a+b

Phan tich va loi giai
Cach 1: Du doan dugc diu ding thire x4y ra khi va chi khi a =b =c =1.Dé y dén dai luong a” +b+c c6 thé
danh gia bang bat dang thirc Bunhiacopxki nhu sau: (a2 +b+ c) (1 +b+ c) > (a +b+ c)2

a <a\/1+b+c

Khi d6 ta duoc < .
Na’+b+c atb+c
. b 1+b+c+bVvl+c+a+cVl+a+b
Ap dung tuong tu ta duoc: a + + ¢ Sa\/ ¢ \/ crd C\/ a
V& +b+c b +b+c N +a+b a+b+c
-y l+b+c+byl+c+a+cil+a+b
Phép chirmg minh s€ hoan tat n€u ta chi ra dugc: a\/ ¢ \/ cra C\/ a S\/g
a+b+c
Hay a\/l+b+c+b\/l+c+a+c\/l+a+bS\/g(a+b+c)

Ap dung bét dang thirc Bunhiacopxki ta dugc

a\/l+b+c +b\/l+c+a +c\/1+a+b S\/(a+b+c)(a+ab+ac+b+bc+ab+c+ca+bc)

:\/(a+b+c)[a+b+c+2(ab+cb+ca):|
Theo mot danh gia quen thudc ta co: (a+b+c)2 S3(a2 +b +c2)=9:>a+b+cﬁ3

) 2(a—i—b+c)2
Do d6 ta dugc 2(ab+cb+ca)£f

Suy ra \/(a+b+c)[a+b+c+2(ab+cb+ca)] SJS(a+b+c)2 =\/§(a+b+c)

Tu do6 ta co a\/l+b+c+b\/l+c+a+c\/l+a+b S\/g(a+b+c)

Vay bét dang thirc dugc ching minh.
Cich 2: Trudc hét dé 1am mat cac dau can bac hai ta cha y dén danh gia

SZ(a+b+c)

a b c a b c
+ + < J(a+b+c)| — +— +—
Ja* +b+c b +b+c N +a+b a’+b+c b +cta c +a+b

. a b c
Ta quy bai toan vé chimg minh: (a +b+ c)( + + j <3

a+b+c b*+c+a c+a+b

Theo danh gia nhu cach 1 tacd a+b+c <3 nén ta dugc
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(a+b+c)( -

b c a b c
2 + 2 + 2 S 2 + 2 + 2
a +b+c b +c+a c +a+b a +b+c b +c+a c +a+b

. N1 N AL A \ a b c
Phép ching minh s€ hoan tat néu ta chi ra duge: — +— +— <1
a +b+c b +c+a c +a+b

Theo bat dang thirc Bunhiacopxki ta dugc

a | b L« <a(1+b+c)+b(1+c+a)+c(l+a+b)
a+b+c b*+c+a c+a+b (a+b+c)2
Theo mét danh gia quen thudc ta co: a+b+c$1/3(a2 +b’ +cz) =3=a’+b" +¢’
Khi d6 ta duoc
a(l+b+c)+b(l+c+a)+c(1+a+b) B a+b+c+2(ab+bc+ca) < a’+b* +cz+2(ab+bc+ca) B
(a+b+c)2 (a+b+c)2 B (a+b+c)2
Tu d6 ta duoc a + b + ¢ <1

a+b+c b*+c+a c+a+b

Vay bét dang thirc duogc ching minh.

Bai 210. Cho a, b, ¢ 1a cac s thuc duong théa mén a+b>+c*=1. Chung minh ring:
1—ab 1-bc l—-ca >3

(a+b) (b+c)  (cta) 2

Phan tich va loi giai
Cich 1: Cha y dén gia thiét a® +b° +¢” =1, khi d6 ta c6

1—ab _2(az+bz+02)—261l?_az+bz+cz+(a—b)2Jr c’ s ¢

(a+b)  2(a+bY 2(a+b) (a+b)  2(a+b) 2(a+b)
Khi d6 ta duoc
l-ab  1-bc l-ca _1 1 1 1 c? a’ b’
>t >t 2= 5 >t >t >t >t >t 2
(a+b) (b+c) (c+a) 2 (a+b) (b+c) (c+a) (a+b) (b+c) (c+a)
2 2 2
Phép chimg minh s& hoan tit néu ta chi ra duoc: ! + ! + ! + ¢ + a + b =23

(a+b)2 (b+c)2 (c+a)2 (a+b)2 (b+c)2 (c+a)
Ap dung bét dang thirc Bunhiacopxki ta dugc

1 1 1 9 9 9
+ + > > =2
(a+b)2 (b+c)2 (cha)2 (a+b)2+(b+c)2+(c+a)2 4(a2+b2+cz) 4
c’ N a’ N b’ >l(a N b L_C j2>12:§
(a+b)2 (b+c)2 (c+a)2_3 b+c c+a a+b) 34 4
2 2 2
Cong theo vé hai bat ddng thirc trén ta duogc: ! >+ ! >+ ! >+ ¢ >+ a >+ b =23
(a+b) (b+c) (c+a) (a+b) (b+c) (c+a)

_ . . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi vachikhi a=b=c=—

NE

a+b)2 1—ab

suy ra > = ——

—~

Cach 2: Dé ¥ ta thiy ab <
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Ap dung tuong tu ta duoc: 1-ab + 1-be + I-ca > ! + L + 1 _3
. ' o (a+b)2 (b+c)2 (cha)2 _(a+b)2 (b+c)2 (c+a)2 4
Ma ta lai co: ! >+ ! >+ ! > > 7 = > ; 92 - :2
(a+b)  (b+c) (c+a) (a+b) +(b+c) +(c+a) 4(a’+b'+c*) 4

Do dé ta dugc l—ab2+ 1_b02+ I=ca 22—323 Vay bét dang thirc duoc chimg minh.
(a+b)" (b+c) (c+a) 4 4 2
Céach 3: Dé y dén danh gia @ +b” + ¢ > ab+bc +ca , khi d6 ta duoc: 2> a” +b° + ¢ +ab+bc +ca
1—ab _a *+b° +c* +ab+bc+ca—2ab (a—b)2+(b+c)(c+a)>(b+c)(c+a)
(a+b) 2(a+b) 2(a+b)2 - 2(a+b)2
Ap dung twong tu ta dugc bat dang thic
1—ab 1-bc . l—ca >(b+c)(c+a)+(a+b)(c+a) (b+c)(a+D)

Do d6 ta duoc:

=+ - - > - — + —= Ma theo bét dang thirc
(a+b) (b+c) (c+a) 2(a+D) 2(b+c) 2(c+a)
Cauchy ta c6: (b+c)(c+2a)+(a+b)(c+2a)+(b+c)(a+2b) 23
2(a+D) 2(b+c) 2(c+a) 2
Do d6 ta dugc 1-ab + 1=be + I-ca g . Véy bat dang thire dugc ching minh.

(a+b)2 (b—l—c)2 (c+a)2 - 2

Bai 211. Cho a, b, ¢ 1a cic s6 thuc duong thoa man a + b + ¢ = abc . Ching minh rang;
1 1 1 1
2 T3 T s—
a (1+bc) b (1+ca) c (1+ab) 4

Phan tich va loi giai
. , ., , 1 1 1
Cach 1: Dy doan duoc dau dang thirc xay ratai a=b=c = \/§ . Bién d6i gia thiét ta dugc _b +b—+ —=1.
a c ca

1 1 1 .
Dén day rat ty nhién ta nghi dén phép d6i bién x=—; y = Z; z =—, khi d6 gia thiét tro thanh xy + yz+zx =1
a c
o , . x’yz  y'zx  Zxy 1
va bat dang thirc can chiing minh dugc viét lai thanh: + + <—
I+yz l4+zx 14+xy 4
Hay x’yz N Y zx N z2°xy < 1

Xy+yz+xz+yz xy+yz+xz4+zx xy+yz+xz+xy 4
Diat m=xy; n=yz; p=zx = m+n+ p =1 va bat dang thic trén trd thanh
mp mn np <1

+ + <—
m+n+n+p m+p+n+p m+n+m+p 4

Ap dung bét dang thirc Cauchy ta duoc
mp Sl[ mp__ mpj mn <l( mn___mn ] np <l( np___np j

m+n+n+p 4\m+n n+p) m+p+n+p 4\m+p n+p) m+n+m+p 4\m+n m+p
. o m mn n m+n+

Cong theo vé cac bat dang thire trén ta duogc: P + + P < P =1
m+n+n+p m+p+n+p m+n+m+p 4

Vay bét dang thirc duogc chimg minh. Pang thirc xay ra khi va chikhi a=b=c = \/§ .
L s . 1 1 1
Cach 2: Dé y dén gid thi€t a + b + ¢ = abc ta dugc: — = =
a (1+bc) a(a+abc) a(a+b+a+c)

Theo bat ding thirc Cauchy ta dugc: ! Sl ! + ! SL g+l+l
a+b+a+c 4\a+b a+c) 16\a b c
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1 1 1 1
S <—
e a2(1+bc) 4[a(a+b)+a(a+c)j

1 11 1 ! _1 !
Hoan to? duge: =— ' =%
oan toan tuong tu ta dugc e (1+ca) 4{b(b+c)+b(a+b)]’ 02(1+ab) 4(c(c+b)+c(c+a)J

Cong theo vé cac bat dang thuc trén ta dugc

1 1 1 1 1 1 1 1 1 1
< _
a’ (1+bc)+bz(1+ca)+c2 (l+ab) B 4(a(a+b)+a(a+c)+b(b+c)+b(a+b)+c(c+b)+c(c+a)]
1 1

Lai cé + =—do d6 ta duoc
a(a+b) b(a+b) ab
1+1+1+1+1+1:L+L+L
a(a+b) a(a+c) b(b+c) b(a+b) c(c+b) c(c+a) ab bc ca
Suy ra ta duoc: ! + ! + ! SL(L L L]_a+b+c:l
' a2(1+bc) b2(1+ca) cz(l+ab) 4\ ab bc ca 4abc 4

Vay bét dang thirc duogc ching minh.

Bai 212. Cho a, b, ¢ 1a cic s6 thuc duong thoa man ab + be + ca = 1. Chimg minh rang:

a N b N c >2
b(l+a2) c(1+b2) a(1+c2) 4

Phan tich va loi gidi
Trudce hét ta du doan dau dang thirc xay ratai a=b=c = ﬁ . Bat dang thirc can chtrng minh c6 dau hiéu
sir dung bat dang thirc Bunhiacopxki dang phén thirc, do d6 ta thir tiép can véi bat dang thirc d6 xem sao?

a N b N c S (a+b+c)2
b(1+a2) c(1+b2) a(1+cz) - ab(1+a2)+bc(l+b2)+ca(1+c2)

Phép chimg minh s& hoan tat néu ta chi ra duoc: 9(a+b+ c)2 > 4[ab(1 +a’ ) + bc(l +b’ ) +ca (1 +c’ )}
Bit dang thuc trén khong dong bac va ta can phai danh gia dai luong c6 bac 4 vé phai vé dai luong troi
hon, tuy nhién danh gia khong kha thi, nén ta tam ding danh gia nay & day.
Chu y dén gia thiét ab+bc+ca =1 khi d6 ta viét duoc 1+a° = (a + b)(c + a) , hoan toan twong tu ta
b c 9

SR 1o 1A, al ;oA , . \ a
viet lai bat dang thirc can chirng minh thanhg: + + >—

b(a+b)(a+c) c(a+b)(b+c) a(c+a)(b+c) 4

Hay bét dang thirc trong dwong véi
a’c(b+c)+b*a(c+a)+c’b(a+b)
abc(a+b)(a+c)(b+c)

a’b® +b’c* +cta’ + abc(a +b+ c)
abc(a+b)(a+c)(b+c)

>0 o >2

4 4
D& thiy a’b’ +b*c* +c’a’ +abc(a +b+c) = (ab+bc+ca)2 —abc(a +b+c)
Ap dung bét dang thirc Cauchy ta duoc

3
)S 8(ab+bc+ca) 8
27 27

(ab—i—bc+ca)2 1

b b < =—
abc(a+b+c) 3 3

abc(a+b)(b+c)(c+a
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27 1—l
a’b’ +b*c* +cta’ +abc(a +b+c) S 3

abc(a+b)(a+c)(b+c) a 8

Khi d6 ta duoc: = %

. . . 1
Vay bat dang thirc dugc chirng minh. Pang thirc xay rakhi vachikhi a=b=c=—

NE

Bai 213. Cho a, b, ¢ 1a cic s6 thuc duong thoa man a + b + ¢ = 3. Ching minh ring;

\/a2+b2+c+\/b2+cz+a+\/cz+a2+b>3
a+b+c’ b+c+d? c+a+b*

Phan tich va loi giai
Trude hét ta du doan duoc diu dang thic xdy ratai a = b = ¢ =1. Quan st bat dang thirc can chirng minh
thi suy nghi dau tién la 1am mét cac cin bac hai. D& y dén chiéu bat dang thirc ta c6 cac danh gia nhu sau

\/a2+b2+c+\/b2+cz+a+\/cz+a2+b >33\/a2+b2+c b*+c*+a > +a*+b
a+b+c? b+c+ad cta+b® a+b+c* b+c+a® c+a+b?

a+b+c a’+b’ +c S 2(a2+b2+c)
a+b+c? \/(a+b+62)(a2+b2+c)_a+b+c2+a2+b2+c
Ta di tim hiéu xem trong cac danh gia trén thi danh gia nao giai quyét dugc bai toan
a+b +c b+’ +a C'2+c12+b>1
a+b+c® b+c+ad® c+a+b®
Hay (a2+b2+c)(b2+cz+a)(cz+a2+b)2(a+b+cz)(b+c+a2)(c+a+b2)
Tuy nhién danh gia qua phuc tap, nh}r vay cach thir nhat khong kha thi.
+ V&1 danh gia thir hai ta dugc bat dang thirc
a+b’+c  |PP+ct+a [P +a’+b 4(a2+b2+cz)+2(a+b+c)
\/a+b+c2 Jr\/b+c+a2 Jr\/c+a+b2 - a+b*+c+a+b+c
4(a2+b2+cz)+2(a+b+c)
a+b*+c*+a+b+c
Hay ta phai chirng minh dugc: 4(a2+b2+cz)+623(a2+b2+cz+3)C>a2+b2+02 >3

Hodac la

+ Vi danh tht nhat ta quy bai toan vé chimg minh:

>3

Ta quy bai toan vé chimg minh:

Lz , o o (a—i-b+c)2
Danh gia cuoi cung la mot danh gia dang vi a” +b” +¢” 2 # =
Nhu vay bai toan dugc ching minh.

Bai 214. Cho a, b, ¢ 1a cic s6 thuc duong thoa man a + b + ¢ = 3abc . Ching minh rang;

(1 1 1}2 a* b* ¢ 27
—t—+— + + >—
a b ¢ (ab+l)(ac+l) (bc+l)(ab+1) (ca+1)(bc+1) 4

Phan tich va loi giai
Dy doan duoc ddu ding thirc xdy ra tai @ =b = c =1. Quan sat bat dang thirc ta nhan thay duoc su phuc
tap clia bai toan. Bat dang thirc trén c6 mot s y tuong tiép can nhu d6i bién, str dung bat dang thirc Bunhiacopxki
dang phan thac
Cich 1: Trudc hét ta tiép can bai toan véi y tudng doi bién
Nhén thay gia thiét cua bai toan co thé viét lai duoc ib + ™ +— =3, dén day hoan toan tu nhién ta nghi
a c ca

. e 1 1 . . (e 5
deén phép doi bien x=—; y = Z; z =— khi d6 gia thiét dugc viét lai thanh xy+ yz +zx =1 va bat dang thirc can
c

Q |~
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vz N zx N xy S 27
x’ (1+xy)(1+xz) ¥ (1+yz)(1+xy) z° (1+ zx)(1+yz) 4
Ta thay sau khi d6i biét thi thu dugc mot bat dang thirc con phirc tap hon ca bat dang thirc ban dau nén ta
tam dung y tudng nay lai.

chung minh tr¢ thanh (x +y+ z)2

1

Ciing tur gia thiét ta thur di bién x = —; y=—; z=—— xem sao? Viéc ta can lam d6 1a danh gia sao
bc ca ab
cho xuét hién cac dai luong ab; bc; ca .
.. 1 11 9 3 T T ST
D¢ thay —+—+—2= = , khi do6 goi P 1a vé€ trai cuia bat dang thirc thi ta thu dugc danh gia
a b ¢ a+b+c abc
9 4 b 4
Pz2——0— a + + ¢
abc (ab+1)(ac+1) (bc+1)(ab+l) (ca+1)(bc+1)
B 9_ 4 N b2 N 2
b*c? (ab + l)(ac + 1) ca’ (bc + 1)(ab + 1) a’b’ (ca +1)(bc + 1)

=9

i a’be N b*ca N c’ab
_b3c3(ab+1)(ac+l) ca’(be+1)(ab+1)  a’b*(ca+1)(bc+1)

Dén day ta co thé thay ab = l; bc = l; ca= 1 vao bat ding thire trén thi bt dang thic tré thanh
z b y
x3 y3 Z3
P>9
@+)ﬁﬂ+z)+@+zﬂl+xy+@+xﬂl+yi

3 3 3

b o >3
(1+y)(1+z) (l+z)(l+x) (1+x)(l+y) 4
Bt dang thirc trén da dugc chimg minh trong k¥ thuat thém bét trong bat dang thirc Cauchy.
Cich 2: Nhan thiy bat dang thirc c6 ddu higu sir dung bat dang thirc Bunhiacopxki dang phan thirc, khi d6 p
dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
at b* ot . (az +b*+¢? )2
(ab+1)(ac+1)  (be+1)(ab+1)  (ca+1)(be+1) (ab+1)(ac+1)+(be+1)(ab+1)+(ca+1)(bc+1)

Phép chimg minh s& hoan tt néu ta chi ra dugc:

a’ b* ct (az +b*+¢? )2
+ + >
(ab+1)(ac+1) (bc+l)(ab+1) (ca+1)(bc+1) abc(a+b+c)+2(ab+bc+ca)+3

(a+b+c)2

Hay ta duoc:

~ . 1 1 1 9
D& thiy —+—+—>
a b ¢ a+b+c

Do d6 ta duoc

vaai+b*+ct>

(l+l+1]2|: a4 b4 . c4
a b c¢)|(ab+1)(ac+1) (bc+1)(ab+1) (ca+1)(bc+1)

+
. 9 V2 ;(a+b+c)2(a2+b2+cz) 27(a2+192 +c2)
_(a+b+cj abc(a+b+c)+2(ab+bc+ca)+3 _abc(a+b+c)+2(ab+bc+ca)+3

27(a2+b2+cz) >27
abc(a+b+c)+2(ab+bc+ca)+3 _T

Phép chirg minh s& hoan tit néu ta chi ra duoc:

Hay ta can chirng minh 4(a2 +b’ +cz)Zabc(a+b+c)+2(ab+bc+ca)+3
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Dé y dén gia thiét a + b + ¢ = 3abc ta quy bai toan vé chimg minh
12(a2 +b° +cz)2 (a+b+c)2 +6(ab+bc+ca)+9
Theo bat déng thirc Cauchy ta co 3abc:a+b+023M:> abc>1.
D@ thay: 3(a2 +b* +cz) 2(cz+b+c)2 ;6(a2 +b* +cz) > 6(ab+bc+ca);3(a2 +b* +cz) >93/a’h*c* >9
Cong theo vé cac bat dang thirc trén ta dugc: 12((12 +b’ +c2)2 (a+b+c)2 +6(ab+bc+ca)+9

Vay bai toan dugc chirng minh xong.

Bai 215. Cho a, b, ¢ 1a cic s6 thuc duong thoa man a + b + ¢ = 3. Ching minh ring;

I D DO
N3d® +4b7 +5 N3 +4c’+5 N3P +4a>+5 2 Vabe

Phan tich va loi giai
D@ dang du doan dugc dau dang thic xdy ra tai a =b =c =1. Trude hét ta viét lai bit ding thirc can
abc N \/ abc N \/ abc < ﬁ
3a° +4b* +5 N3’ +4c*+5 N3P +4a°+5 2
Quan sat bat dang thirc trén thi suy nghi rat tu nhién 1a danh gia lam mat cac du can béc hai, chi ¥ dén
chiéu bat dang thirc ta c6 danh gia theo bat dang thirc Bunhiacopxki 1a

abc abc abe abe abc abc
2 2 + 2 2 + 2 2 S 3 2 2 + 2 2 + 2 2
3a” +4b" +5 3b"+4c” +5 3¢ +4a” +5 3a+4b"+5 3b +4c"+5 3¢ +4a +5
abc abc abc 1
2 2 t e 2 T2 2 s—
3a°+4b"+5 3b " +4c"+5 3¢ +4a +5 4
Ap dung bat ddng thirc Cauchy ta dugc 3a” +4b° +5> 2ab+4a +6b
abc abc

<
3a® +4b° +5 2ab+4a+6b
Ciing theo bt ding thirc Cauchy ta duoc

chung minh thanh: \/

Dén déy ta quy bai toan vé chirng minh:

Do d6 ta duogc

1 1 1 1 1(1 2 1 1 1 1
<— t— |S—| —+= |[+—= +—+
2ab+4a+6b 4\ 2ab+4a 6b 72\ab a) 24b 7T2ab 36a 24b

) abc ¢ bc ac
Do @6 ta dugc —— S —+—+—
3a+4b°+5 72 36 24
o abc a ca ba abc b ab bc
Hoan toan twong tu ta dugc: < + < + +

3244 +5 72 36 24 3 +4a2+5 T2 36 24
Cong theo vé cac bat dang thuc trén ta dugc
abc abc abc a+b+c 5(ab+bc+ca)
2 2 + 2 2 + 2 2 S +
3a+4b°+5 3b°+4c"+5 3¢ +4a +5 72 72

5(ab+bc+
a+b+c+ (a 720 Ca)é%@ab+bc+ca£3

U U (a+b+c)
banh gia cuoi cung la mot danh gia dang vi ab+bc+ca < ~——=

Phép chimg minh s& hoan tt néu ta chi ra duoc:

Vay bét dang thirc dugc chimg minh xong.

Bai 216. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang:

a+b+c +3ab(22ab\/2(a2 +b2)+bc\/2(b2 +cz) +ca1/2(c2 +a2)

Dy doan dugc diu dang thirc xay ra khi va chi khi a =b = c¢. Quan sat bat dang thirc trén ta c6 mot sd

hudng tiep cén nhu sau
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Cach 1: Khong mat tinh tong quat ta c6 thé gia st ¢ 1a s nho nhat trong ba s6 a, b, c. Khi d6 ta c¢b gang danh gia
bét ddng thirc xoay quanh bién c. Ap dung bét ding thirc Cauchy ta dugc

2, 2 .
bC\/2(b2+cz)=c\/2b2(b2+cz)Sc(3b2+c );ca\/z(cz"'az)=C\/2a2(cz+a2)gc(3a2+c )
: A . 3 3 3 3C(Clz+b2)
Ta quy bai toan vé chimg minh: a” +b” +c¢” +3abc > ab 2(a2+b2)+#+c3

3c(a’ +b
Hay: @’ +b’ +3abc > ab, /2((12 +b2) +¥ & 2a’ +2b° —2ab, /2(a2 +b2) > 3c(a —b)2
Ta can bién d6i vé trai cua bat dﬁng thirc trén sao cho xuat hién dai luong (a - b)2 .

2a’ +2b° —2abJ2(a2 +b2) = 2(a +b)(a2 +b’ —ab)—Zab,/Z(a2 +b2)
:(a+b)(a—b)2 +(a+b)(a2 —i—bz)—2ab,/2(cz2 +b2)

—(a+b)(a-bY /“ b [ Lo +07) - 4ab}

Theo gia st trén ta c6 a+b > 2¢ do d6 ta dugc: (a+b)(a b) >20(a b)
2
Mat khic: | ;b >2; (a+b)2(a’ +b) ~4ab>(a+b)(a+b)-4ab=(a-b)

2 2
a ;b [(a+b) 2(612+bz)—4ab}23c(a—b)2

Vay bat dang thirc dugc ching minh. Pang thirc xay ra khi va chikhi a =b =c.

Ta co

Suy ra ta dugc

Cich 2: Ciing voi ¥ tudng sap thir ty cac bién, ta gia sir @ > b > ¢ . Khi d6 ta chii y dén cic danh gia sau

2 2
2abJ2(a2 +b2) Sa(a2 +b2)+2ab2;2bc 2(1)2 +cz) Sc(b2 +cz)+20bz;2cw/2(c2 +a2) Sw(cT—i_a)+2abc

Cong theo vé cac bat dang thuc trén ta dugc

+
2ab1/2 a +b2 +2bc,|2 b2+c +2ca1/2 c +a’ <a +c +3b2(a+c) (Cb ¢ )+2abc

. X . 3 3 3 3 3 2 ca(02 +a2)
Ta quy bai toan vé chimg minh: @” +b” +¢” +3abc>a” +c +3b (a +c) + + 2abc
2 2
calc” +a
Hay ' +2b° +¢’ +4abc >3b° (a+c)+¥
2 2
Lk 2. X 2 , n a +c
Bién do6i twong duong bat dang thirc trén ta dugc: (a —b) (b - c)( —-2b+a+ cj >0
a’+c’ g

Danh gia trén la mot danh gia ding vi: (a—b)(b—c)=0;

—2b+c+a2%+a—2b20

Viy bai toan dugc chirng minh xong.

Bai 217. Cho a, b, ¢ 1a cac s6 thuc duong. Ching minh rang:
(a2 +l)2)(l)2 +cz)(c2 —i—a2)(ab+bc—i-ca)2 >8a’b’c? (a2 +b*+¢? )2

Phan tich va loi giai
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Cach 1: Bét dfmg thire can chting minh dugc viét lai thanh:
2ab 2bc 2ca ab+bc+ca

Khong thé d4nh gia bat ding thic trén bang bat dang thirc Cauchy hay Bunhiacopxki vi s& thu dugc nhing

2
a+b* b+ A +dl >(a2+b2+02]

danh gia nguoc chidu nhau. Do d6 ta hudng dén phép bién doi twong duwong. Khi d6 bat dang thic trén tuong

{H (a—b)2"1+(b—c)z}{“_(c—a)z}z{“_(a—b)z +(b=c) +(c-a) }
2ab 2bc 2ca 2(ab+bc+ca)

Dén day dé c6 cach danh gia dé dang hon ta c6 thé sap thir tu cac bién, khong mét tinh tong quat ta c6 thé

» 5 (a7 | (=o' ], (a=bf (b= . (a—c)
gia st a > b > ¢, khi do ta duoc: |1+ 1+ >1+ + >1+
2ab 2bc 2ab 2bc 2(ab + bc)

duong véi

Nhu vy ta cling can danh gia vé phai vé dai luong (a - 0)2

Ta co (a—b)2+(b—c)2:(a—c)z—2(a—b)(b—c)$(a—c)2

) T N (o i I e A N P e

Bai toan quy vé ching minh: | 1+ 1+ 2 1+——
2(ab+bc) 2ca ab+bc+ca

. L ) . . (a—c)2 (c—at)2 (c—a)2
Ap dung bat dang thirc Bunhiacopxki ta dugc: | 1+ 1+ > 1+
2(ab+bc) I 2ca 2\/ca(ab+bc)

Ma theo bat dang thire Cauchy ta duoc 2./ca (ab + bc) <ab+bc+ca néntaco

(=) . (c-ay

1+ >
2,/ca(ab+bc) ab+bc+ca
2 2 2 2
Do d6 ta dugc 1+ (a—c) 1+(c—a) > 1+ﬂ
2(ab+bc) 2ca ab+bc+ca

Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c.

Cach 2: Bét dfmg thirc can ching minh dugc viét lai thanh

(L+L)(L+LJ(L+LJ(1+1+1T>8(L+L+L)
a PN\ AN A )N\a b o) &t b P

1 | ) L
z =—, khi d6 bat dang thuc trén tré thanh
c

. 1

Péndaytadit x=—; y=—;

a b
(x2 +y2)(y2 +zz)(z2 +x2)(x+y+z)2 > 8(x2y2 +y°2 +zzz2)

Ta thiy vé trai cua bat dang thirc c6 chira dai luong (x +y+z )2 nén ta danh gia n6 vé x°, y°, z*> dé c6 thé doi

bién tiép. DE thdy (x+y + 2)2 =Xx"+y° + 2" +2xy+2yz+2zx va theo bit ding thirc Cauchy ta dugc

2.2 2.2 2.2
X 4y°z 4z°x
2y+ Yy +

2xy+2yz+2zx >
Yy T2y, N +y2 y2+22 22 1 52

Do d6 ta duoc
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(x2 +y2)(y2 +Zz)(22+x2)(x+y+z)2

2(x2+y2)(y2+zz)(zz+x2)[x2+y2+zz+ 4xy + 4y222 + 4z°x j

X +y Vy+zh P +x
Ta quy bai toan vé chirng minh.
2.2

(x2+y2)(y2+22)(22+x2)(x2+y2+22+ wy 4y’z” + 4z"x" jZS(x2y2+yzzz+zzx2)

¥ +yt Y+ 24X
bat m=x"; n=y*; p=2z>, khi d6 ta cin ching minh
4mn  4np N 4 pm

(m+n)(n+p)(p+m)(m+n+p+m+n+n+p e

jZS(mn—i-np—i-pm)

Khai trién va thu gon ta duoc mn(m—n)2 +np(n —p)2 +pm(p—m)2 >0

Panh gia cudi cung 1a mot danh gia ding. Vay bai toan dugc chimg minh xong.

Bai 218. Cho a, b, ¢ 1a cic s thuc duong. Ching minh rang:
ab bc ca a b c
+ + > + +
c(c+a) a(a+b) b(b+c) cta a+b b+c

Phan tich va loi giai

Cach1: Béyla % 1, khi 6 bét dang thirc can chimg minh duoc viét lai thanh
at+tc c+a
ab c bc a ca b c*+ab a*+bc b +ca
+ + + + + >3 Hay + >
c(c+a) c+a a(a+b) a+b b(b+c) b+c c(c+a) a(a+b) b(b+c)

2 2 2 2 2 2
. C c+ab a +bc b +ca c’+ab a +bc b +ca
Ap dung bat dang thirc Cauchy ta dugc: >3 \/

c(c+a)+a(a+b)+b(b+c) '3c(c+a)'a(a+b)'b(b+c)
> +ab a’+bc b +ca
c(c+a)'a(a+b)'b(b+c)_
Hay ta can ching minh: (az +bc)(b2 +ca)(02 +ab) > abc(a+b)(b+c)(c+a)

Phép chimg minh s& hoan tit néu ta chi ra duoc:

Ta co (a2 +bc)(b2 +ca)—ab(a +c)(b+c) = c(a +b)(a —b)2 do do ta duoc
(az +bc)(b2 +ca) > ab(a +c)(b+c)
Hoan toan twong ty ta duoc: (b2 +ca)(02 +ab) > bc(a +b)(a +c); (02 +ab)(a2 +bc) > ca(a+b)(b+c)

Nhan theo vé cac bat dang thirc trén ta dugc: (a2 +bc)(b2 +ca)(02 + ab) >abc(a+b)(b+c)(c+a)

Vay bét ding thirc duoc ching minh. Pang thirc xy ra khi va chikhi a =b=c.

b e a
, L, 42 A , . NI c a b 1 1 1
Cach 2: Bat dang thirc can chung minh dugc viét lai thanh: + + 2 + +
c a b c a b
I+— I+~ I+— 1+— I+~ I+—
a b c a b c

c C .
z =—,khi d6 ta dugc xyz =1. Bat dang thirc dugc viét lai thanh
a

bat x=

b
V==
c

a
b
y .z x:1+1+1
I+z 1+x I+y 14z l+x 14y

x—1+y—1+z—1

>0 hay
I+y 14z 1+x

Bit dang thuc trén tuong duong véi
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(x2 —1)(Z+1)+(y2 —1)(x+1)+(z2 —1)(y+1) >0
Khai trién va thu gon ta duoc xy2 +yz2 +zx’ +x° -i-y2 +2° >2x+y+z+3.
Ap dung bét dang thirc Cauchy va mot danh gia quen thudc thi ta dugc
(x+y+z)(x+y+2)
3
Cong theo v& hai bt ddng thirc trén ta duge: xp° + yz° +zx° +x° +y* +2° 2 x+y+2z+3

4y o 2% Yy 42 2x+y+z

Vay bat dang thic duoc ching minh.
ab a a (b —-C

Ciach 3: Dé thay - =
c(c+a) cta C

A . a+b b+c c+a
bén day ta dat x = % sy = sz = .

5 2 . 1 o L
Dé thay xyz >1, khi d6 ta duoc = = . Hoan toan twong tu ta viét lai dugc bat dang thic

5 -1 -1 z-1 I 1 1
can chung minh thanh: S Y| hay L AR
b% z X y z X X y z

Ap dung bét dang thirc Cauchy ta dugc

£+£+£Z3,3/x_§zi;x+z+£23,3/22=§;£+£+1,3/y_j=§
y y X y y Zz z y z z X X Z X X

. e X z_1 1 1
Cong theo ve cac bat dang thirc trén va thu gon ta duge: —+ 4 +t—2—+—+—
y z X x y z

Vay bét dang thirc duoc ching minh. Pang thirc xy ra khi va chikhi a =b=c.

Bai 219. Cho a, b, ¢ 1a cac s thuc duong théa mén a +b + ¢ = 1. Ching minh rang:
ab bc ca V2
+ + <—
Jab+be bc+ca ~ca+ab 2

Phan tich va loi gidi
ab a\/g < a~2b

Ciach 1: DBé ¥ 1a theo bat dang thirc Bunhiacopxki ta ludn co: =

Jab+bc - Ja+c JZ+JZ

ab N bc L ¢ Sa\/%+b\/z+c2a
Jab+be ~betca Nea+ab  NJa+\e Na+b b+
2ab 2bJc  2cda
Ja+de Na+b Jbve

2 2 2
2xy+2yz+22x

Hoan toan tuong tu ta duoc bét dang thirc:

<l=a+b+c

Ta quy bai toan vé chirng minh:

Pat x=+a; y=+/b; z=+/c , khi d6 bit déng thic tré thanh: <X+ i 4z

X+z x+y y+z

zZ+Xx zZ+X

x’y 2y 2xyz

Dé y dén phép bién dbi nén bat dang thirc trén tro thanh
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2 2 2
Xyz  2xyz  2xyz

2xy+2yz+22x—( jﬁxz—kyz+z2

xX+z x+y y+z
1

Hay x2+y2+22+2xyz( 1 + + 1 j22xy+2yz+2zx
xX+z x+y y+z

Hay 2(x2+y2+22)+2xyz[ ! + ! + ! jZ(x+y+z)2
xX+z x+y y+z

2xyz _ 2x(xy+ yz+xz)

Lai thdy 2x* + , hoan toan tuong ty ta thu duoc bat dang thirc

y+z y+z

2(xy+yz+zx)( *r Xy E jZ(x+y+z)2
y+z z+x x+y

Theo bat dang thirc Bunhiacopxki ta dugc

2(xy+yz+zx){yiz+ zi;erxiyj:[x(y+z)+y(z+x)+z(x+y)](yiz+Zi;x+xiyj2(x+y+z)z

Nhu vy bat dang thirc trén dugc chirmg minh xong. Pang thirc xay ra khi va chi khi a=b=c=—.
Cach 2: Ap dung bat dang thirc Bunhacopxki ta duoc
2
ab bc ca ab bc ca
+ + S(ab+bc+ca)( + + j
Jab+be ~bc+ca Nca+ab ab+bc bc+ca ca+ab

ab®>  bc? ca’
=ab+bc+ca+ + +
a+b b+c c+a

. b2 b 2 2
Ta quy bai toan vé chirng minh 2(ab+bc+ca)+2 @ ¢ Slz(a +b+c)2
a+b b+c c+a

2 2 2
Hay 2 ab + be TR PPy S
a+b b+c c+a
, - 2ab> _b(a+b) b(a+b)
Ap dung bat dang thirc Cauchy ta dugc < =
a+b  2(a+b) 2

. . ab’ bc? ca’ a’+b*+c*+ab+bc+ca
Hoan toan tuong tu ta dugc 2 + + <
a+b b+c c+a 2

2 2 2
. . , a +b +c +ab+bc+ca
Phép chiing minh s€ hoan tat n€u ta chi ra dugc <a’+b+c’

2
Hay ab+bc+ca<a’+b" +c”, danh gia cudi cung 1a mot danh gia dung.
Vay bat dang thic duoc ching minh.

Cach 3: Ap dung bat dang thirc Bunhiacopxki ta duoc

( ab be ca T
+ -
\/ab+bc \/bc+ca \/ca+ab

_{\/—b (a+b)(a+c) Vbre (a+b)(b+c) Jeta (b+c)(c+a)J
ab’ bc® ca’

S2(a+b+c)(

(a+b)(a+c)+(a+b)(b+c)+(b+c)(c+a)]
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ab’® N bc’ N ca’
(a+b)(a+c) (a+b)(b+c) (b+c)(c+a)

ab’® N bc’ N ca’ L a +b+c
(a+b)(a+c) (a+b)(b+c) (b+c)(c+a) 4

Bét dang thuc trén tuong duong véi 4a’b(b+c)+4b’c(c+a)+4c’a(a+b)<(a+b)(b+c)(c+a)(a+b+c)

5 1
Bai toan quy vé chirng minh < Z

Hay

Khai trién va thu gon ta duoc ab(a —b)2 +bc(b —0)2 + ca(c —a)2 >0

Bt dang thirc cudi cung luén dung. Vay bat dang thirc duoc chirng minh.

Bai 220. Cho a, b, ¢ 1a cac sé thuc duong théa mén abc = 1. Ching minh ring:
1 1 1

(a+1) (b+c) (b+1) (ca) (c+1) (ath)

<3
8

Phan tich va loi giai

I3 \ .o <A . 7oA - , A y Z X
Cach 1: Tur gia thiet abc =1, khi d6 ton tai cac s6 duong saocho a ==; b=—; c=—
X Y
(e 5 x’yz yizx Z°xy 3
Khi d6 bat dang thirc can chung minh tr¢ thanh > + 3 + < g

(x+y) (xy-i—zz) (y+2) (yz+x2) (z+x)2(zx+y2)
xy+22222\/5

Ap dung bét dang tic Cauchy ta co: s
(x+y) =x>+ Y +2xy> 2,/2xy(x2 +y2)

2
xX“yz

(x+») (xy+2*) - 42(x +5%)

Do d6 ta duoc

z .3

A S
\/x2+y2 \/y2+zz JZ2+ 2

2x? 2y? 2z°
Hay \/2 2+\/ 2y 2+\/ > 233
X +y y +z z +Xx

Bét dang thirc trén da dugc chimg minh bang bat déng thirc Bunhiacopxki bang cach ddi ximg hoa bat
dang thirc hoan vi.

Hoan toan twong tu ta quy bai toan vé chirng minh

Cach2: Pit a=x"; b= yz; c=z" v6i x; y; z>0,suyra xyz=1.Khido bét dang thirc can chirng minh tre

thanh ! + ! + ! < 3

(241 (P +22) (P+1) (2+2) (Z+1) (2+y7) 8

Ap dung bét dang thirc Bunhiaopxki ta c6

\/(x2+1)(y2+22)2xy+z:é+z:Zzz+1;\/(l+x2)(y2+zz)Zy+zx:y+%:yy+1
) (y2+1)(22+1) 1 yz
2 2 2
Do do ta duoc (x +1)(y +z )Z = . Suy ra (x2+1)2<y2+22)g(x2+l)(y2+1)<22+1)

Hoan toan tuong ty ta duoc

1 1 N 1 < Xy + yz+zx

(xz +1)2(y2 +Zz)+(y2 +1)2 (zz +x2) (22 +1)2 (x2+y2) - (x2+1)(y2+1)(22+1)
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Ta quy bai toan vé chimg minh: (xz + 1)()/2 +1)(22 +1) >

w | oo

(xy +yz+2x)

Ap dung bét dang thirc Bunhiacopxki ta ¢6
(x2+1)(y2+l)2(x+y)2;(y2+1)(z2+1)2(y+z)2; (zz+l)(x2+l)2(z+x)2

Nhan theo vé cac bat dang thirc trén ta dugc: (x2 +1)(y2 + 1)(22 +1) > (x+ y)(y + Z)(Z + x)

Déydénbétdéngthl’rc (x+y)(y+z)(z+x)Zg(x+y+z)(xy+yz+zx)

.2 8 8
Phép chirng minh s€ hoan tat n€u ta chi ra dugc: §(x +y+ Z)(xy +yz+ Zx) 3 (xy +yz+ zx)

Hay x+ y+z >3, danh gia cudi cing 1a mot danh gia dang do xyz = 1. Vay bét dang thirc dugc ching minh.

Bai 221. Cho a, b, ¢ 1a cac s thuc duong bat ki. Chimg minh rang:

a’ b? c’ 3
2 ? T 2 2 T 2 2 =
b +(c+a) c +(a+b) a +(b+c) \/g

Loi giai
Bat dang thtrc can ching minh twong duong voi

A—\/ a’ +\/ b’ +\/ c’ <
5[b2+(c+a)2} 5[cz+(a+b)2} 5[a2+(b+c)2}

Ap dung bét dang thirc Bunhiacopxki ta dugc: 5[172 +(c+a)2]=(1+4)[b2 (c+a ] [b+2 c+a)]

WD | W

. a’ a’ a
Do d6 ta duoc > < > =
5[b2+(c+a) } |:b+2(c+a)] b+2(c+a)

b’ b c? c
Chung minh tuong ty ta duoc: < ; <
\/5[0 +(a+b)} c+2(a+D) \/5[ 2+(b+c)2J a+2(b+c)

T d6 ta duge 4 <

b c
b+2(c+a) c+2(a+b) a+2(b+c)’

Ta can chimg minh a + b + ¢ < g hay
b+2(c+a) c+2(a+b) a+2(b+c) 5
b+2c¢ c+2a a+2b 9

+ + >,
b+2(c+a) c+2(a+b) a+2(b+c) 5

That vay, ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
b+2c N c+2a N a+2b
b+2(c+a) c+2(a+b) a+2(b+c)
B (b+20)2 N (c+2a)2 N (a—i—2b)2
_(b+2c)[b+2(c+a)} (c+2a)[c+2(a+b)] (a+2b)[a+2(b+c)]
S 9(a+b+c)2
~(b+2c)[b+2(c+a)]+(c+2a) c+2(a+b)|+(a+2b) a+2(b+c)]

B 9(a+b+c)2
- S(a2 +b*+¢? +2ab+2bc+2ca)

2
5
Nhu vay bat dang thirc dugc chimg minh. Dau dang thirc xdy ratai a=b=c.
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Bai 222. Cho a, b, ¢ 1a cac s thuc duong tily y. Ching minh ring:
4Ha'+0°+¢") 9(a+b)(b+c)(cta)
a+b*+c (a+b+c)

24(a+b+c)

Loi giai
’ e 5 2
Ap dung bat dang thirc Bunhiacopxki ta duoc (a3 +b+ 03)((1 +b+ c) > (a2 +b* + cz)

4(a3+b3+c3) 4(a3+b3+c3)(a+b+c) 4(az+b2+cz)2 4(a2+b2+02)

Do d6 ta d = = -
oo T (a2+b2+cz)(a+b+c) (a2+b2+cz)(a+b+c) a+b+c

Mat khéc ta lai co (a+b)(b+c)(c+a)28abc, cho nén
8(a+b+c)(ab+bc+ca):8(a+b)(b+c)(c+a)+8abcS9(a+b)(b+c)(c+a)
9(a+b)(b+c)(c+a) S 8(a+b+c)(ab+bc+ca) 8(ab+bc+ca)

Do do > 2> > =
(a+b+c) (a+b+c) a+b+c

Tir cac bét dang thirc trén ta duoc
4(613 +b’ +C3) +9(a+b)(b+c)(c+a) 4(612 +b’ +Cz)+8(ab+bc+ca)
a’ +b* +c? (a+b+c)2 a+b+c a+b+c

v

=4(a+b+c)

Nhu vay bat dang thirc dugc chimg minh. Dau dang thirc xdy ratai a=b=c.

Bai 223. Cho a, b, ¢ 1a cac s6 thuc duong thoa min a + b + ¢ = abc . Ching minh rang:
b c a S 3

+ + >
a\/b2+1 b\/cz+1 cx/a2+1 2

Loi giai
NP, 1 1
Tur gia thiet a+b+c =abc suyra —+—+—=1.

ab bc ca

1 . o . .
z =—, Khi d6 gia thiét ctia bai toan tré thanh xy+ yz+zx =1.
c

Détx—l' —l'
3 aay ba

X y z
+ + >
\/y2+1 \/22+1 \/x2+1

DA thiy Vx> +1 :\/x2+xy+yz+zx :\/(x—i-y)(x—i-z)

Bét dang thic can chirng minh tré thanh

3
>

Tuong tu ta dugc \/y2 +1 :\/(y+z)(y+x); \/z2 +1 =\/(Z+x)(z+y)
Ap dung bét ding thirc Cauchy ta duoc

X z X z
+ 4 +

y
+ + =

\/y2+1 \/zz+l \/x2+1 \/(y+x)(y+z) \/(z+x)(z+y) \/(x+y)(x+z)
> 2x N 2y N 2z

X+2y+z x+y+2z 2x+y+z

2x N 2y N 2z 23
x+2y+z x+y+2z 2x+y+z 2
That vay, ap dung bat dang thirc Bunhiacopxki dang phan thirc ta duoc

Ta can chung minh
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2x 2y 2z 2x° 2y° 277
+ + = + +
xX+2y+z x+y+2z 2x+y+z x(x+2y+z) y(x+y+2z) Z(2x+y+z)

. 2(x+y+z)2 N 2(x+y+z)2 3

_(x+y+ﬂ2+@qu+zx_

(x+y+zf 2
3
Nhu vay bat dang thic ban ddu duoc ching minh. Dau déng thirc xay ratai a=b=c = \/g .

(x+y+zf+

Bai 224. Cho a, b, ¢ 1a d9 dai ba canh clia tam gidc. Chimg minh rang;

a b c 3
+ + > =
\/a2 +3bc \/b2 +3ca \/02 +3ab 2
Loi gii
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
a N b N c B a’ N b? N c?
\/a2 +3bc \/b2 +3ca \/c2 +3ab a\/a2 +3bc b\/b2 +3ca cx/c2 +3ab
(a +b+ 0)2
>

aNa® +3bc + by +3ca + e +3ab
Mit khéc ciing theo bat dang thirc Bunhiacopxki ta dugc

a\/a2+3bc +b\/b2+3ca +cx/cz+3ab
= JaNa® +3abe +Jbb* +3abe +~JeNE +3abe S\/(a +b+c)(a3 +b’+ ¢ +9abc)

a b c (a+b+c)2

+ + >
\/a2+3bc \/b2+30a \/cz+3ab \/(a+b+c)(a3+b3+03+9abc)

Do vay ta duogc:

2 3
a+b+c 3 a+b+c 9
(a+b+e) SR (LY M
\/(a+b+c)(a3+b3+c3+9abc) 2 a +b"+c +9abc 4
Thuc hién bién d6i twong dwong bat dang thirc ta duoc

12[ab(a+b)+bc(b+c)+ca(c+a)] > S(az3 +b° +c3)+57abc

Ta can chung minh

Theo bét ding thic Cauchy ta lai co @’ +b° +¢’ > 3abc

Do d6 6(a3+b3+c3+9abc)25(a3+b3+c3)+57abc

Nhu vay ta can chirng minh: 2[ab(a +b)+bc(b+c) +ca(c+a)] >a’ +b’ +¢’ +9abc
Hay (3a—b—c)(b—c)2+(b+c—a)(a—b)(a—c)20

Do a, b, ¢ ¢6 tinh d6i xtmg, nén khong mét tinh tong quat ta chon a 16n nhét, khi d6 bat dang thirc cudi cung 1a
mot bat dang thirc diing. Vay bat ding thirc dugc chimg minh. Dau ding thirc xay ratai a=b=c.

Bai 225. Cho a, b, ¢ 1a d0 dai ba canh ctia mét tam giac. Chirng minh rr:ing:

\/ abc \/ abc \/ abc
+ + >a+b+c
a+b-c b+c—a c+a->b

Loi giai
x=b+c—a 2a=y+z

bat yv=c+a-b=42b=z+x
z=a+b-c 2c=x+y
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Khi d6 bat dang thirc can minh twong duong véi

J<x+y>(y;z>(z+x>{} + I]mw

Binh phuong hai vé va quy dong ta duoc: (x+y)(y+z)(z+x)(\/g+\/;+ Zx) ZSxyz(x+y+z)2

(x+y)(y+z)(z+x)>{ Xtytz ]

Ha 2
Y 8xyz \/E+\/;+ zx
D& ¢ ring v6i m > 1> 0 k > 0. ta b tinh cht 7> K
n n+k
, , SXtytz  y+z xX+y+z  z+4x X+y+z
Do d6 ta co:
2\/— 2 y+z 2\yz +x 2\/;+x 2\/;+y 2\/;+y
3
Nhén theo vé cac bat dang thirc trén ta duoc: (x-i-y)(y " Z)(Z +x) > (x+ yr Z)
8xyz (2 xy+z)(2 yz+x)(2\/;+y)

Ta can ching minh:

()c+y+z)3 [ X+y+z ]2
(2 xy+z)(2 yz+x)(2\/;+y) \/E+\/;+\/;

Hay (2\/5+z)(2 yz+x)(2\/;+y)ﬁ(x+y+z)(\/5+\/;+ Zx)
Khai trién va thu gon ta dugc (\/;—\/;)2(\/;—\/;)2(\/;—\/;)2 >0

Bt dang thirc cudi cung 1a mot bat dang thirc dung.
Vay bat dang thirc duoc ching minh. Diu dang thirc xdy ratai a =b =c.

Bai 226. Cho a, b, ¢ 1a cac s thuc duong tily y. Ching minh ring:
2 2 2
atb+c (a=b) +(b—c) +(c—a)

> +3/abc
3 12(a+b+c)

Loi gii
Céch 1: Nhén hai vé v6i 12(a +b+c), khi d6 bt ding thirc tré thanh
a’+b*+c* +5(ab+c+ca)>63abe(a+b+c)
Hay (a+b+c)2+3(ab+c+ca)26\3/abc(a+b+c)
Ap dung bét ding thirc Cauchy ta duoc
(a +b+c)2 +3(ab+c+ca) > 2(a+b+c)\/3(ab+c+ca) > 6i/abc(a +b+c)

Vay bét dang thirc duoc ching minh. Dau déng thirc xdy ratai a =b =c.
Ciach 2: Bét ding thirc cAn ching minh twong duong voi

2(a+b+c)2 _a’+b’+c’ —ab—bc—ca _,

> 3/abc
6(a+b+c) 6(a+b+c)
Hay (a+b+c)2 +3(ab+bc+ca)>63/abc(a+b+c)
. 3a 3b 3¢
bat x= V= ;Z= =>x+y+z=3
a+b+c a+b+c a+b+c
Nhan ca hai vé ctia bat ding thirc véi —————— va d6i bién ta dugc bat ding thirc sau
(a+b+c)

(x+y+z)2 +3(xy+yz+zx)263 xyz(x+y+z) Hay 3+xy+ yz+2zx > 63/xyz
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Matkhactalaico  xy+yz+zx 2 \/3xyz(x+ y+ z) =3\xyz
Ta can chimng minh 1+xyz 2 23/xyz
Pt ¢ = §/xyz = ¢ <1, khi d6 bét déng thirc cin chimg minh tré thanh 1+£° > 2¢£* < (1—t)(l+t—tz) >0

Bt dang thirc cudi cung 1a mot bat dang thirc dung.
Vay bét dang thirc duoc chimng minh. Dau déng thirc xdy ratai a =b =c.

Bai 227. Cho a, b, ¢ 1a cac s thuc duong théoa mén ab + be + ca = 3. Chirng minh rang:

a+2b N b+2¢ N c+2a
2a+4b+3¢® 2b+4c+3d> 2c+4a+3b*
Loi giai

2(a+2b) . 2(b+20) N 2(c+2a)
2a+4b+3¢* 2b+4c+3a> 2c+4a+3b7
2(a+2b) 2(b+20) 2(c+2a)
- -1+ S +1- > 2
2a+4b+3c 2b+4c+3a 2c+4a+3b
¢’ a’ b 1

Hay >+ >+ T2
2a+4b+3¢” 2b+4c+3a- 2c+4a+3b" 3

Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
2 a2 B> & & »

Bién doi trong duong bét dang thirc ta duoc:

Hay

+ + = + +
2a+4b+3c*  2b+dc+3a’ 2c+4a+3b’  c(2a+4b+3c’) a(2b+4c+3a’) b(2c+4a+3b’)
2
(& 15+
_3(a3+b3+03)+6(ab+bc+ca)

(\/§+ b3+\/c_3)2 1
3(a3+b3+c3)+6(ab+bc+ca) 5
That vay, ap dung bét dang thirc Cauchy ta duoc

\/a3b3+\/b3c3+\/c3a3:(\/a3b3+\/£)+( bc + bc) ( ca’ + ca) ( b+\/E+ ca)

22(ab+bc+ca)—(@+@+ ca)Zab+bc+ca+3—\/3(ab+bc+ca) =ab+bc+ca

Hay \/a3b3+\/b3c3+\/c >ab+bc+ca

Ta can chung minh

Vay bat dang thirc duoc ching minh. Dau dang thirc xdy ratai a=b=c=1.

Bai 228. Cho a, b, ¢ 1a cac s thuc khong 4m théa mén a + b + ¢ = 1. Ching minh rang:
10(a’ +b°+c*)=9(a’ +b* +¢*) 21

Loi giai
Bt dang thirc can chimg minh twong duong véi: (lOa3 —5a° - a) + (IOb3 —5b° —b) + (lOc3 -5 —c) >0
Dé y rang 10a’ —9a° —a = a(l—az)(9a2 —1)
Do dé bat ding thitc tro thanh: a(1-a’)(9a” —1)+b(1-5)(96* —1)+c(1-c*)(9¢* 1) 20

Dé v tiép ta lai thiy: (1+a)(9a2—1)—§(3a—1):%(3 +5)(3a-1)" >0
(3a—1)

Do d6 ta co a(l—az)<9a2 —l)za(l—a)(lJra)(9a2 —1)2 a(l—a).§(3a—l)

Hay (1+a)(9a>-1)>

w | oo
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Ap dung tuong tu ta duoc
a(l—az)(9a2 —1)+b(1—b2)

—

95* —1)+c(1-c*)(9¢* -1)
(3b-1)+e(1-¢)-5 (3e-1)
(1-¢)(3c=1)20

Zau-a)ipa 1) +b(1-b).

wloo

Ta cén chimg minh a(1-a)(3a—1)+b(1-b)(3b-1)+c
Hay 4(a2+b2+c2)—3(a3+b3+c )2

Do a+b+c=1 nén bat dang thirc trén tro thanh: 4(a’ +b” +¢*)(a+b+c)-3(a’ +b +¢’ )2 (a+b+c)

Trién khai va thu gon ta dugc: ab(a+b)+bc(b+c)+ca(c+a)> 6abc

a+b b+c c+a
Hay + + >6
c a b

Bt dang thirc cudi cung 1a mot bat dang thirc dung.

L o . 1
Vay bat dang thirc dugc chirng minh. Dau dang thirc xay ratai a=b=c = 5

Bai 229. Chirng minh rang véi moi sb thuc duong a,b,c ta co:

\/ a’ +\/ b’ +\/ ¢ >1
a* +7ab+b* b* +7bc+c? +Tca+a’

| Loi giai
Trudc hét ta chirng minh bd dé sau:
2 . 1 1 1
Bo deé: V6i a,b,c>0 va abc=1taco P=—; +— +— >1.
a +a+1 b +b+1 c +c+1
4 4 4
e one s (e T Yz, > Xy X Y z
That vay, dat (a,b,c)=(—2,—2,—2j:>P= N R U S R R S AR S R S
Xy oz X' +yz+xyz Yy Hzx +yzx zZ+xy +z7x

(x2+y2+22)2 N (x2+y2+zz)2

> =1.
xt+ytazt +(x2y2 +2°x° +y222)+xyz(x+y+z) x*t+yt +z4+2(x2y2+zzx2+yzzz)

Tacd: P>

Cch 1: Quay lai bai todn:Ta dat (x;y;z) = (Q%;ﬁJ = xpz=1.
a C

1 1
+ + :
\/x2+7x+1 \/y2+7y+1 \/22+7z+1

Mit khac #2 +7t+1—(t+\/;+1)2 :—2\/;(\/;—1)2 <O0=>P+T7t+1 §t+\/;+1, V>0,

Ap dung voi ¢ lan luot 1a x, vy, z tadugc:

1 1 1 © s
VT > + + >1 (Theo bo de).
X+Vx+1 y+y+l z+vz+1

Khi d6 vé trai bat dang thirc da cho tré thanh V7T =

Dau “=" xdy rakhivachikhi x= y=z=1hay a=b=c.

z ZX X
Cach 2: Pat (a;b;c):[y—z;—z; );J Véi Vx,y,z>0 taco z
Xy oz cye

1
xt+x’yz+ 972

->1(%).

That vay, theo bat ding thirc AM-GM ta co:
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2
by > )
z 1 > cyc — cyc > oye —
St xyzayis Z(x“ +x2yz+y222) Z(x4)+ xyzy (x)+ Z(yzzz) B Z(x“) + 22(}/222)
Suy ra (*) ding, khi do bz; dang thic ban dau cﬁngc}(;ﬁng. h h . "
Cach 3: Cho di va nhén lai

Tadat: (a;b;c) = [— Ea —J:z

=> = ~>1(%)

y z X e ‘ra+l Cycx +xy+ )’
2 2 2
. x z . L
Ta dattiep | — R J — > =(A;B;C).Kh1do,tala1co:
X +xy+y y +yz+z zi4zx+x

el ) e
B I r

1 1 1 a b a b
Ma —+—+—>0 luén dingnénsuyra —+—+—-120< —+—+—2=1
A B C A B C A B C

Vay khi bat dang thirc (*) diing thi bat dang thirc ban dau dﬁng

=Y = >1 (%)

Cich 4: Chia dé tri. Ta dat (a;b;c) = [— = —jzz 1
a +a-+ Lﬂx +xy+y

y z X cyc

Nhan hai vé cho (x2 +y2 +2z° +xy+yz+zx) ta co:

2( .2 2 2 2
(*)—Z(x (x M +yZ+ZX)J—Z(x2+—x Z(x+y+z)]2(x2+y2+zz+xy+yz+ZX)

2 2 2 2
e X +xy+y cye X +xy+y

S\ X +xy+y S\ +xy+)yt X+y+z

@Z(x Z(X+y+Z)J>xy+yZ+ZX<:>Z( x’z ]ny+yz+zx

That vy ta nhan thay: Z

cyc

X’z > (xy+yz+zx)2 _ xXy+yz+zx
X xy+y? ZZ(x2+xy+y2) X+y+z
cyc

Vay khi bat dang thirc (*) ding thi bat dang thic ban dau dung

Bai 230. Cho ba s6 thuc duong a,b,c théa min 4(a3 +b3)+c3 = Z(a +b+c)(ac+bc —2) . Tim gia tri 16n nhat

2

24° . b+c _(a+b)2+c
3¢ +b*+2a(c+2) a+b+c+2 16

cua biéu thac P =

Loi giai
Do a,b,c>0va 4(a3 +b3)+c3 =2(a+b+c)(ac+bc—2) =ac+bc-2>0

+) Taco: a’ +b° :(a+b)3—3ab(a+b)2(a+b)3—3(a;bj (a+b):%(a+b)3

=4(a* +b')2(a+b) :>4(a3+b3)+c32(a+b)3+c3=(a+b+c)[(a+b)2+c2—(a+b)c}
<:>2(a+b+c)(ac+bc—2)2(a+b+c)[(a+b)2+cz—(a+b)cJ
<:>2(a+b)c—42(a+b)2+02—(a+b)c<:>3(a+b)cz(a+b)2+cz+4
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(a+b)+c

+)Laic():3(a+b)c£3( )

2
j :%(a+b+c)2 va (a+b)2+cz+42%(a+b+c)2+4

:%(a+b+c)2 2%(a+b+c)2+4 <:>(a+b+c)2 >16 =>a+b+c>4
+) Mat khac: 3a” +b° +2a(c+2) =2a’ +(a2 +b2)+2a(c+2)
>24° +2ab+2a(c+2)=2a(a+b+c+2)

1

2
. p< 24’ L b+ 5(a+b+c) _a+b+c (a+b+c)2
" 2a(a+b+c+2) a+b+c+2 16 Ca+b+c+2 32
2
Pt t=a+b+c, dk: r24:P3f(t):L_t_
t+2 32
3 2
Co f’(l): 2 _L:32 t 4¢ 4t<0,vt>4

(t+2)" 16 16(r+2)

= f(l) nghich bién va lién tuc trén doan [4;+OO) = f(t) < f(4) :é = PS%.

1 e
Vay MaXPZE .Dau bang xdy rakhivachikhi a=b=1,c=2.

Bai 231. Cho a,b, ¢ 1a céc sb thuc khong am thay déi thoa man didu kién v1+a® ++1+2b ++/1+2¢ =5. Tim

gi tri 16n nhét ctia biéu thirc P =24’ +b° + ¢

Ta chimg minh 1+ x +/1+y >1+/1+x+y Vx,L;n zg(l)a.l

That vay v1+x + 1+y21+m<:>(l+x)+(l+y)+2 (l+x)(1+y)22+x+y+2m
& J+x)(1+y) 2 fltx+y & (1+x)(1+y) 2 1+x+y & 120 (ding Vx,y20).

Ap dung: Ta c6 5=m+(\/l+2b+\/l+2c)2@+1+M21+1+J1+a2+2b+2c

2
—1+a* +2b+2¢ <3 <:>b+cs4—%.

~Laico 521+a> +1+1 (do b,e>0)=>1+a* <3=0<a<242.
2 3
Khidé P=2a’+b*+¢* S2a3+(b+c)332a3+(4—%j .

P 3
- Xét ham s g(a)=2a3+(4—%] , ae[O;Z\/E].

2

2 2 2
o g'(a)=6a2—3a(4—%j —3a[2a—(4—%] }—%a(a—z)(cf+2a2—12a—32).

g'(a):0<:>a:2 6[0;2\/5]

- Bang bién thién
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Suy ra maXP=g(O)=64 khia=b=0,c=4 hodc a=c=0,b=4.

Bai 232. Cho a,b,c 14 cac sb thue dwong théa man a® +b° +¢* =3. Tim gia tri nho nhat cua biéu thirc

1 2
2pr & abe
Loi giai

Cach 1:
+ Khong mit tinh tong quatta giasir a >b>c>0=>ac [1;\/5] .
Ap dung bét dang thirc Cauchy, ta c6

P_L+L+L_L>L+£_L_L_£(1_lj>L_ 4 (1_lj
a b & abc a® be abe a* be T a b+ '

2_
:>P2L2+ 42(1—1J=%.
a 3—-a a —a” +3a

2
* Xét ham s6 f(a):%,vé’i ae[l;\/g].
—a a

6(a'—2a"+2d’ +2a-3) 6(a-1)(a+1)(a’ -2a+3)

Ta 6: f’(a): a3(a2_3)2 = a3(a2_3)2 >0, Vae[l;\/g]
Bang bién thién:
a 1 V3
f'(a) +
+o0
. /
1

Vaymin P =1khi a=b=c=1.
Cich 2: Theo bt ding thirc Cauchy, ta c6: 3=a’ +b* +c* 23R/a’h’c’ => abc <1.
Apdungbdt(x+y+z)2Z3(xy+yz+zx);Vx,y,zeR.Tacé:
B e e e
P bt Cd’ a’b’c’? a’b’c®> a® b’ ¢ abc
1 1 1 2 1 Lo D
= P=—+—+————2=——21.Dau bang xay ra khi vachi khi a=b=c=1.
a- b~ ¢ abc abc
VayminP=1khi a=b=c=1.

Bai 233. Cho 3 s6 thuc x, y,z thoa méan —1—2\/§<x<—1+2\/§ ,y>0,z>0va x+ y+z=-1.Tim gia tri
1 1 1
2+ 2+ 2
(x+y) (x+z) 8—(y+2z)

nho nhét cta biéu thire P =
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Loi giai
Taco: P= ! >+ ! =+ ! = ! =+ ! ~+ 1
(—l—z) (—l—y) 8—(l+x) (1+Z) (1+y) 8—(1+x)
Ta ching minh ! >+ ! > 2 ! .
(1+y) (l+Z) I+ yz

1 o (1 yz)[(1+2) +(1+3) |2 [(42) (14 2)T

+ >
(l+y)2 (1+Z)2 1+ yz

7.

That vay:

<:>(1+yz)(2+2z+2y+z2 +y2)2(1+y+z+yz)2
& 2(Z+y)(l+yz)+2(1+yz)+(1+yz)(y—z)2 +2yz(1+yz)2(1+yz)2 +2(1+yz)(y+z)+(y+z)2
c>(1+yz)(y—z)2+2+4yz+2y222—(l+yz)2—(y—z)2—4y220

c:>yz(y—z)2+(1—yz)2 >0 (luon diing). Diu "=" xayrakhi y=z=1.

2 2 2
Lai c6 y;ZZ\/;:yzg(erZJ :(—l—x) :(l—i-x) .

2 4 4
1 1 1 1 4
Do do >+ > 2 > = 5
(I+y) (1+z) 1+yz 1+(1+x) 4+(1+x)
4
Suyra P> 4 >+ ! -
4+(1+x)" 8—(x+1)
Vi xe(-1-292:-14242) nén (x-+1)’ €[0:8). Dt 1 = (x-+1)’ = r € [058). Xet f(t):i+ﬁ

t=4
=20 (1)

2
voi t € [0;8) . Ta co: f'(l) = _(jt+:)3?;_ ?;120 . Cho f'(t) =0 {

Lap BBT cho ham s f(t) trén [0;8) ta tim duoc r[rongr)lf(t) :% khi t=4=>x=-3.

. 3 ...
Vay m1nP=Z khi x=-3, y=z=1.

Bai 234. Cho a,b,cla cac sb thuc duong théa min @+ b +c +2 = abc . Chirng minh rang:
1 1 1 3

+——=t+—F=<=
Jab  Jbe ea 2

Loi giai

. e ea gk I 1 1 2

Cach 1: Ta co: T gia thiet a+b+c+2=abc=> —+—+—+—=1 (1)
ab bc ca abc

1 1
=X —— =2z Khidé

1
Jab " be  Vea
x:—yz+\/(1—y2)(1—zz)

([

Do x=—yz—\/(1—y2)(1—zz) <0 nén loai.

Pat

(e x+y’ +27+2xz-1=0<
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Vayx:—yZ+\/(1—y2)(1—22)<:>x+yZ:\/(1_y2)(1_Zz)S2_y;_22
(r+2)
2

2(y+z)—1

Suy ra x + <1,laico (y+z)2+122(y+z) nén ta co

3
X+ Slex+y+z< 5 tlicsuy ra diéu phai chirng minh.

Ding thirc xay ra khi va chikhi a=b=c=2.
1 2

1 1
Cach2: Tacé: a+b+c+2=abc=> —+—+—+—=1
ab bc ca abc )

1

Jab

2 2 2
cos” x+cos” y+cos” z+2cosxcos ycosz =1

Ton tai x,y,z € (O;Ej thda cosx = ,CO8 Y =

1
——,C08Z va
b
Vbc \ea
2 2 2 2 2 2 2
& cos” z+2c0SxCoS yCcosz+cos” xcos” y=1—cos’ x—cos” y+cos” xcos’ y
2 . .
< (cosz+cosxcos y) =(1—cos2 x)(l—cos2 y):sm2 xsin® y
<> €08z +CO0SXCOs y =sinxsin y <> cosz=—cos(x+y)

@cosz:cos[ﬁ—()ﬁyﬂ<:>x+y+z:7r.

Ta co:

1

Jab

. . 1 2 1 ) .2
=(cosx+cosy)+smxsmy—cosxcosyS5[1+(cosx+cosy) J+E(sm x+sin y)—cosxcosy

1 1
+ + = COS X +COS y +COS Z = COS X + €08 y — s (x + )
\Nbc  Aca

N | W

= 5+%(cos2 X +sin’ )C)+%(COSZ y+sin’ J’) =

T
Suy ra diéu phai chirng minh. Pang thirc say ra khi va chi khi X =V =2 = 3 Sa=b=c=12

Bai 235. Cho a,b,cla cac sd thuc duong thoa min abc =1. Chirg minh rang

2 1 + 2 1 + 2 1 Sl
a +ab—a+5 b +bc—c+5 c¢ +ca-a+5 2
Loi giai
Tacc'):az+ab—a+5=(a—1)2+(ab+a+l)+3
(a—1)">0;Va
Do: ( theo BDT C6 Si)

(ab+a+1)+322/3(ab+a+1)
1 1 1(1 1
vab-a+5>2/3(ab+a+1 < <73 :
— @ tab=d (ab+a ):a2+ab—a+5 23~ a+ab+1 4(3+a+ab+1j

1 1(1 1
SN S 1 L WU S
1 11 1 b"+bc—c+5 4\3 b+bc+l1
> <~ | -+t—— (1).Tu0’ngtu::>
a +ab—a+5 4\3 a+ab+1

1 1(1 1
s3] )
¢ +ca—-a+5 4\3 c+ca+l
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Cong vé v6i vé cua (1),(2),(3) ta co

- 1 +— ! +— ! <L (l+ ! j+(l+ ! j+(l+ ! j
a +ab—a+5 b +bc—c+5 c¢ +ca—a+5 4|\3 a+ab+l1 3 b+bc+1 3 c+ca+l

VT31+1( ! + ! + ! j:>VT31+l( ! + a + azb j
4 4\a+ab+1 b+bc+1 c+ca+l 4 4\ a+ab+1 ab+abc+a abc+a’bc+ab

1 a ab
+ +
at+ab+1 ab+1+a l1+a+ab

:>VT£1+1(
4 4

Bai 236. Cho a,b,c,d 1a cac sb thuc duong. Ching minh rang:

| I
j:VTSE.Déub?mgxéyra Sa=b=c.

\/ 3a bc 2b°d 25
2 +33 +4, 3 <—
a+b+c (a+b)(a+b+c+d) 81(a+b) (a+b+c+d) ©

Loi giai

Véi a,b,c,d 1a cac so thuc duong, ta co:

"2 3a _» 2a . 3(a+b) < 2a N 3(a+b)
a+b 2(a+b+c) a+b 2(a+b+c)

at+b+c

bc b 3c 2(a+b+c)
+)33 =33 . .
(a+b)(a+b+c+d) a+b 2(a+b+c) 3(a+b+c+d)

b 3¢ 2(a+b+c)
< + +
a+b 2(a+b+c) 3(a+b+c+d)

2b°d b Y 2d b 2d
+)44 3 :44 . S3. +
81(a+b) (a+b+c+d) 3(a+b)) 3(a+b+c+d) 3(a+b) 3(a+b+c+d)

Do d6: P < 2a + 3a+h) + b + 3¢ + 2a+b+e) + b + 2d _2
a+b 2(a+b+c) a+b 2(a+b+c) 3(a+b+c+d) (a+b) 3(a+b+c+d) 6
Déau " =" xdy ra khi va chi khi
2a _ 3(a+b) (1)
2 3(a+b) a+b 2(a+b+c)
a+b 2(a+b+c) bo_ 3¢ )
b _ 3c _ 2(a+b+c) - a+b 2(a+b+c)
a+b 2(a+b+c) 3(a+b+c+d) b _ 2a+b+c) ()
b 2d a+b 3(a+b+c+d)
3(a+b) 3(a+b+c+d) b 2d ()
3(a+b) 3(a+b+c+d)
(4)+(3) suy ra (;ib)——Qa:b
Thaya:blénluqtvéo(l) duqc:z—a:6—a<:>azc.
2a 2(2a+c)
ThaybzaVéczavéo(4),duqc:i:LQaZd.
6a 3(3a+d)
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25 .
Vay PS? voimoi a,b,c,d lanhing s6 thuc dwong khi vachikhi a=b=c=d.

Bai 237. Cho a,b,c1a cac s6 thuc duong théa min a + b + ¢ > 3. Ching minh ring:

a3_a2 b3_b2 CS_CZ

2+ 2—|— 220
(a+b) (b+c) (c+a)
Loi gidi
Ta co:
3 2 3_p2 3_c? —a -b -
g _a2+b _b2+ < _cz >0 2 _a2+1+b —b2+1+ - _62+123
(a+b)  (b+c) (c+a) (axb) — (bre)  (exa)

a +2ab+b*> b +2bc+c’ & +2ac+d?
2 + 2 + 2 2
(a+b) (b+c) (c+a)

Ap dung bat dang thirc Cauchy Schwarz, ta co:
+) [(\/a_3)2 +(\/2ab)2 +b2}.[(\/2)2 +(\/2ab)2 +b2} > (\/a_4+2ab+b2)

@ +2ab+b> (a+b)
(a+b)2 a+2ab+ b’

<::>(a3 -1-2czb+192)(a-i—2ab+l)2)Z(a2 +2ab-|—bz)2 =(a+b)4:>

173+2bc+cz> (b+c)2 .c3+2ac+a2> (a+c)2
(b+c)2 " b+2bc+c*’ (c+a)2 T c+2ac+a’

Tuong tu:

(a+b)2 (b+c)2 (a+c)2
+ + >3
a+2ab+b*> b+2bc+c’  c+2ac+ad’
(a +b)2 (b+C)2 (a +c)2
+ +
a+2ab+b> b+2bc+c? c+2ac+a’

S (a+b+b+cra+rc) _ 4(a+b+c) _ 4 S 4 5

_(a+b+c)+(a2+b2+c2+2ab+2ac+2bc) (a+b+c)+(a+b+c)2 1 1 41
(a+b+c) 3

Chuyén vé bai toan chimg minh:

Theo Bét dang thirc Schwarz, ta co:

Déu "=" xdy ra khi va chi khi ¢ \/p 2be coa=b=c=

Vay voi a,b,c 1a cac sb thuc duong thoa a +b+c¢ >3, ta ludn co

3_ 2 3 g2 32
‘ —a2+ b _b2+ < —02 >0, dau bang xdyrakhi a=b=c =1.
(a+b)  (b+c) (c+a)

Bai 238. Cho x,y,zla cac s6 thuc duong théa min x + y+ z =1. Ching minh rang:

I

4 4
X z 1
P=—a——+— yz L S— e

X+y 4zt Yy 4z +x" x4y 7
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Loi gii

) o 4 9 x3+yz+z2
Cach 1: Ap dung bit ding thirc AM — GM, ta c6: —————+ ( )ngz(l)
X +y +z 49 7
4 9(y’+z° +x° 4 9z +x*+y°
Tuong t: 3 yz 7t (y )ZgyZ(z); 3 Zz 2 ( 4 )—222(3)
V+zi+x 49 7 Z+x 4y 49

T (1),(2),(3) suyra: P> g(x2 +y° +Zz)—419[(x3 +y +Z3)+2(x2 +y° +22)}

@PZ%:S(x2+y2+ZZ)—3(x3+y3+23)]

@PZ%_%S()CZ +y° +22)—3[(x+y+z)(x2 +y +2° —xy—yz—zx)+3xyzﬂ

@PZ% 5(x2 +y° +Zz)+3(xy+yz+zx)—9xyz} <:>P243—9[%(x+y+z)2 +%(x2 +y° +z2)_9xy2}

3|3 » 7 » (x+y+zY 3(3 7 1
SPz2—|=(x+y+z) +—=(x+y+z) -9 ——| | ©SPZ2—|—+———|=
g F e gy ) ( 3 ” ( J

L 1 3
Daubang xdy rakhi: x=y=z= g (Pbiéu phai chirmg minh).
Cich 2: Ap dung bét dang thirc Schwarz, ta co:

x4 y4 Z4 (X2+y2+22 )2
P= + + >

> 1).
)c3+)/2+z2 y3+22+x2 z3+xz+y2 x3+y3+z3+2(x2+y2+22) ()

Taco: X’ +y +2° =(x+y+z)(x2 +y*+2° —xy—yz—zx)+3xyz

=x"+y’+z° —%[(x+y+z)2 —(x2 +y° +Zz)}+3xyz

2 2
Tu (1), (2) suyra P> 6;§t_7,véi t=x2+y2+222@:%.

187 1 187 -9r+1 (3r—1)(6r-1)
qa———= =
63t—7 7 71(9-1) 7(91-1)

1 .
>0,Vt> 3 nén ta suy ra diéu phai chirng minh

Bai 238. Cho a,b,cla cac sd thuc dwong. Ching minh rang:
a+b b+ C+a
——t—5——5t—5—5=2atb+c
b"+c™ ¢ +a a +b

Loi giai
Ta co:
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a@+b b+ C+a’ a’ b’ c’ b’ c’ a’
+ + 2a+tb+tco| — + + + + >a+b+c

b*+c* F+a’t aP+b br+c? r+a’ aP+b? bP+c? F+a’ P +b
2 2
b’ b(b”+c bc? bc? c
Tacd: —— = (2 2)— —2b- =b—— (vi b> +c* > 2bc).
b +c b +c b +c 2bc 2
3 a a3
Tuong tu: ; ——

>c—— >a .
cc+a’ 2’ a* +b? 2

3 3 3
C a

Suyra:(bz S+ jz%(a+b+c).(*)

+c? F+dd A +b?

(e p e V[ (@) () (<)
Tacungco'[b2+cz+cz+a2+a2+b2]{a(bz+c2)+b(c2+a2)+0(a2+bz)

\ A, 32 , . . C 1A £ a’ b’ c? \
Dung bat dang thirc Bunhiacopxki cho hai bg ba s6 \/a(b2+cz) , \/b(c2+a2)’ \/C(a2+b2) va
\/a(b2+cz),\/b(cz+a2),\/c(a2+b2) thi duoc;

2)\? 2)? 2)\?
[ (a ) + (b ) + (C ) )}(a(b2+c2)+b(cz+a )+c(a +b’ )) (a +b* +c )2

a(b2 +cz) b(02 +a2) c(a2 +b?

alp? +cz)+b(c2+a2)+c(a2 +b2) - (a(b2 +c2)+b(c2 +az)+c(a2 +b2)) 0

_— { ((a2)2 ®y (@) } (@ +b*+*)

Lai co: (bat dang thirc Bunhiacopxki)

a(b2+c2)+b(02+a2)+c(a2+b2) ( ab c+ bc c+(ca) a)+((ac)c+(ba)a+(cb)b)
S\/(a2 +b +cz)(azb2 +b’c* +c’a )+\/(a +b* +c )( b+ b’ +cza2)

= 2\/(412 +b* + cz)(azb2 +bc? +cza2)

Ma (azb2 +b’c’ +cza2) < %(az +b° +cz) (dung bat dang thirc: ()c+y+z)2 > 3(xy+ yz+ zx))

\S)

Nén a(b2 +c2)+b(c2 +612)+C(612 +l)2)£—(a2 +b2+cz) 3(612 +b2+cz)

[98)

%(a +b+c) , (%%)

Két hop (1), suy ra ( ) ( ) ( ) >l 3(a*+b>+c) >
op (1), {a(bzwtcz) b( s ) (a e )Jz ( b )_

3 3 3 3 3 3
. . a b c b c a
Cong (*) va (**) v theo ve, taduoc: | ———+———+—5—5 |+| 75+ 5 5+t >a+b+c
b>+c™ ¢ +a a +b b"+c™ ¢ +a” a +b

3,43 3, 3
a+b b+ C+ad . )
— — 22a+b+c Déu “=" xay ra khi va chikhi a=b=c.
br+c* F+at at+b

Suy ra:

Bai 239. Cho a,b,cla cac sd thyc khong 4m thoa man a +b+c =3. Ching minh rang;

aN1+b° +b1+E +e1+ad° <5

Loi giai
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Cich 1: Do BDT can chimg minh bat bién khi hoan vi vong quanh a,b,c¢ nén khong mit tinh tong quat ta gia st
b nam giira hai sé a va ¢
= ((b-a)b-c)<0b* +ac<b(a+c)=ab’ +bc’ +ca’ = a(b® +ac)+bc’ < ab(a+c) +bc’

2 2 , 1 , 1 (2a+2b+2c :
=b(a” +ac+c’)<b(a+c) :E.Zb.(a+c) SE. — =4 ( Theo AM-GM)

2 2
s ab” +be® +ca’ < 4. Theo AM-GM taco V145" =1+ b)1—b+57) < 20

1 1 1
= aV1+b’ Sa+§ab2.Tu’orng tutacod bVl+c’ Sb+§bc2 va eNl+a’ Sc+Eca2

Cong theo vé 3 bit ding thirc trén ta duoc

a1+ +b1+¢ +edl+d’ Sa+b+c+%(ab2 +bc® +ca2)S3+%.4=5

Déu “=" xay ra khi va chi khi (a;b;c) la mot trong cac hoan vi cua 0;1;2 .

Cach 2:

Taco:aVl+b' +b\1+c +el+a’ = aJ(1+b)1-b+b*) + b1+ c)(1-c+c?) + /(I +a)(1-a+a?)
2+ 2+ 2+d’

<a. +b. +c. :a+b+c+l(ab2+bcz+ca2)=3+l(ab2+bcz+ca2) (1)
2 2 2 2 2

Ta sé chimg minh ab’ +bc” +ca’ < 4

Khong mét tinh téng quét, gia st 0<a<b<c = a(b—a)(b—c)<0=ab’ +a’c<a’b+abc
= ab’ +bc® +ca’ < a’b+abc +bc” =b(a’ +ac+c?)
=b(a+c)’ —abc <b(3-b)* (do abc >0,Va;b;c >0)

=—2b(3 b)(3- b)<12i(2b+3 b+3- b) (Cauchy)——4 6’ =4 = ab> +bc* +ca’ <4 (2)

Ta () vi(2) = a1 +b° + b1+ + e+’ s3+%.4=5

Dau “=" xay ra khi va chi khi a =0;b =1;c =2 va cic hoan vi cia vong quanh.

Bai 240. Cho a,b,c1a cac s6 thuc khong 4m théa méin a +b + ¢ +3vabc >15 . Ching minh ring:

2 2 2 2 272 2 2.2
\/—+% L %+9i+ab +\/§2+9L+bc > 66
4 b 2 4 c 2 4

Loi gii

Ta c6 (§+9_bz+czazj((\/—) (3\/_) +22) (4+9b+caj2

a 2 4

2 2
:s\/ ECA \/2+18+4>/ +9b+ca
a’
02 2192 9a b22 4
Tuong tu b N2+18+4 > +9c+ab —+— N2+18+4 > +9a+bc

Do do
2 2 2 2 272 2 2.2
\/%+%+Ca +\/£2+9i+ab +\/§2+9L+bc .2\/6Zi+i+i+9(a+b+c)+ab+ac+bc
a 2 4 b 2 4 c 2 4 a b c

Ta can ching minh:
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i+i+ﬂ+9(a+b+c)+ab+ac+bc272

a b c

i+i+i+9(a+b+c)+ab+ac+bc:i+a+%+b+i+c+8(a+b+c)+ab+ac+bc
C

That vay, ta c6: ¢ ¢ a
>(4+4+4)+4(a+b+c)+(4a+bc)+(4b+ac)+(4c+ab)=212+4(a+b+c)+3.4Vabc

=12+4(a+b+c+3vabc)=212+4.15=72

izt
Vay tir d6 suy ra: \/a2 2 4 PR J

2 2 2 2 21.2 2 2 2
E% ca 8 9¢° a'b \/%4_9%_’_[)0 26\/6
c

Bai 241. Cho a,b,c1a cic s6 thuc duong. Ching minh ring:
a(a—2b+c)+b(b—20+a) +c(c—2a+b)
ab+1 bc+1 ca+1

>0

Loi giai
a(a—2b+c) b(b—2c+a) c(c—2a+b)
Cach 1: Ta co: + + >0
ab+1 bc+1 ca+1

a’*-2ab+ac b*—2bc+ba c*—2ca+ch
+ + >0
ab+1 bc+1 ca+1
a+1)+(ca+1)=(2ab+2) (b*+1)+(ab+1)=(2bc+2) (c*+1)+(bc+1)=(2ca+2
(@) (ar)-(@ab2) (o) e(ab)=(berd) (G r)(ber)-(aar2)
ab+1 bc+1 ca+1
a+1 ca+l b*+1 ab+1 *+1 be+l
+ -2+ + -2+ - -
ab+1 ab+1 bc+1 bc+1 ca+1 ca+1
a+1 b*+1 A+1 ca+1 ab+1 bc+1
+ + + + +
ab+1 be+1 ca+1 ab+1 bc+1 ca+l

220 ().

26

Ta di ching minh bt ding thuc (*).

Tur d6 ap dung BDT AM-GM ta co:

a+1 b +1 c*+1
+ + >
ab+1 bc+1 ca+1

ca+1 ab+1 be+1 S

ca+1 ab+1 bc+1
+ + >33 =
ab+1 bc+1 ca+1

3 ) ) =
ab+1 bc+1 ca+1

Mat khac, ap dung BDT AM-GM ta c6:

3(2).
Cong vé (1) va (2) ta co:

a+1 bP+1 *+1 ca+l ab+1 be+1
+ - + + -
ab+1 bec+1 ca+1 ab+1 bc+1 ca+1

j > 6 hay (*) duoc chimg minh.
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a(a—2b+c) b(b-2c+a) c(c—2a+b)

Vay + + >0.
ab+1 bc+1 ca+1
a(a—2b+c) b(b—20+a) c(c—2a+b)
Cach 2:Ta cé: + + >0
ab+1 bc+1 ca+1
a’*-2ab+ac b*—-2bc+ba c*-2ca+ch
+ + >0
ab+1 bc+1 ca+1
2414 —=(2ab+2) b*+1 b+1)—(2bc+2 241+ (bc+1)—(2 2
<:>a (ca+)(a+)+ ++(a+)(c+)+c++(c+)(ca+)20
ab+1 bc+1 ca+1
a* 1 ca+1 b? 1 ab+1 ¢’ 1 bc+1_

+ + -2+ + + -2+ + + 220
ab+1 ab+1 ab+1 be+1 bc+1 be+1 ca+l ca+1 ca+1

a’ b* ¢’ 1 1 1 ca+1 ab+1 be+1
& + + + + + + + + >6 (*).
ab+1 bc+1 ca+l ab+1 bc+1 ca+1 ab+1 bc+1 ca+l

Ta di ching minh bt ding thuc (*).

a’ b’ N c? . (a+b+c)2

+ 2
ab+1 bc+1 ca+1 ab+bc+ca+3

Ap dung BDT Cauchy - Schwarz dang cong mau ta cé:

1 1 1 (1+1+1)
va + > .
ab+1 bc+1l ca+l ab+bc+ca+3

a’ b* c’ J_{ 1 1 N 1 )>(a+b+c)2+9

+ - + > :
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1 ab+bc+ca+3

Cong vé ta duoc: (

Vé6i Va;b;c >0 taco: (a—b)2+(b—c)2+(c—a)220:>a2+b2+022ab+bc+ca.
Suy ra: (a+b+c)2+9:a2+b2+02+2ab+2bc+20a+923ab+3bc+3ca+9=3(ab+bc+ca+3)

(a+b+c)2 +9 S 3(ab+bc+ca+3)

ab+bc+ca+3  ab+bc+ca+3

2 2 2
Tir dé ta cb: | ——+ b PR, ! + ! + ! >3(1).
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1

ca+1 ab+1 bc+1 \/ca+1 ab+1 bc+1
+ >33 =
1

Mait khéc, ap dung BDT AM-GM ta c6:

3(2).

2 2 2
Céngvé(l) Vé(2) tacé:( a b c j_{ 1 1 j+(ca+1 ab+1 bc+lj26

+ > . . =
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1

- - - + - -
ab+1 bc+1 ca+1 ab+1 bc+1 ca+1 ab+1 bc+1 ca+l

a(a—2b+c)+b(b—2c+a)+c(c—2a+b) ~0

hay (*) duoc chimg minh. Vay ab+1 bc+1 ca+l

Bai 242. Cho a,b,c1a cac sd thuc duwong. Ching minh rang:

(a2 +bc)(b2 +ac)(c2 +ab) > (a2 +ab)(b2 +bc)(02 +ca)

Loi giai
Cach 1: Ta cc’):(a2 +bc)(b+c) :b(a2 +cz)+c(a2 +b2)AM;M 2\/bc(a2 +cz)(a2 +b2) )
(ate) (a+b)
Mit khac (f.,.&)zl va (a2+b2)2 ? nén suy ra
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2\/bca +c a +b2 \/ a+c a+b =\/§.(a+c).(a+b).
Tir d6 ta co: (a +bc)(b+c)2\/b—(a+c)( +b) (1)

| {(buca)(cw) >Vea (b+e)(b+a) (2)

Chtrng minh tuong tu ta co:
(¢’ +ab)(a+b)2ab.(c+a).(c+b) (3)

Nhan vé (1),(2),(3)ta co:
(a2 +bc)(b2 +ac)(c2 +ab)(a+b)(b+c)(c+a) > abe(a+b) (b+c) (c+a)
=S (a2 +bc)(b2 +ac)(c2 +ab) >abc(a+b)(b+c)(c+a)= (a2 +ab)(b2 +bc)(c2 +ca) :
Vay (a2+bc)(b2 +ac)(c2 +ab) (a +ab)( +bc)(cz+ca).
Cich 2: Ta co: (a2 +bc)(b2 +ac)(c +ab) (a2 +a )(b2 +bc)(c2 +ca)
<:>(a2+bc)(b2+ac)(c2+ab) be(a+b)(b+c)(c+a).
Giast a=2b=c>0.
Xét (a* +bc) (b +ac)—(a’ +ca)(b’ +bc) =a’b’ + a’c +b’c +abc® —a’h’ —a’be —ab’c - abc®
=d’ct+b’c—a’be—ab’c=c(a-b) (a+b)>0;Yasb;c > 0.
Suy ra: (a2 +bc)(b2 +ac) > (a2 +ca)(b2 +bc) = (a2 +bc)(b2 +ac)(c2 +ab) > (a2 +ca)(b2 +bc)(c2 +ab)
Mitkhacdo a>b>c¢>0=(c—a)(c—b)20=c’+ab>c(a+b).
Do dé: (a” +ca)(b” +bc)(c* +ab) 2 (a’ +ca)(b” +bc)c(a+b)=abe(a+b)(b+c)(c+a).
Vay (a2 +bc)(b2 +ac)(c2 +ab) > (a2 +ab)(b2 +bc)(c2 +ca).

Bai 243. Cho a,b,c 1a cac sd thyc duong thoéa man a+b+c =1. Chimg minh rang:

_ Ba+2be .\ J3b +2ac . J3c +2Jab
1+\/E+3«/a+bc 1+\/E+3\/b+ac 1+\/%+3\/c+ab

Loi giai
Ta ¢6: \a+bc =\/a(a+b+c)+bc do a+b+c=1.

= J(@a+b)a+c)=a++/bc (theo BDT bunhiacopxki )
Dod('):1+\/§+3\/a+bc21+\/E+3(a+\/E)=1+3a+4\/E (l)

Mat khac: a+%2 2@2%@ (theo BDT Cési )

= 3a s%(m%)@ 3a+2 ch%[a+%J+2\/b_:%(3a+l+4\/E) (2)

o s2be ;(3a+1+4ﬂ) ;(3a+1+4\/E) .
< ——

B <
1+\/E+3\/a+bc 1+\/E+3\/a+bc 3a+1+4\/ﬁ

b +2Jac 1 Be+2dab |
<= <—
1+ac +3b+ac 2 1+Jab+3Jc+ab ~ 2

T (1) va (2) suy ra

Ching minh tuong tu:
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L 1
Khi do SS%.D@ubéngxéyrakhi a:b:c=§.

3
Vay gia tri 16n nhat cia S =

2

Bai244. Cho 0<x, y, z<2va x+y+z=3. Biét K:\/x+l+\/y+l+\/z+l va min K = a,bcdef voi
(a, b,c, d,e, fe{O;l;Z;...;9}).Khidé, tong S=a+b+c+d+e+ f bing

Loi giai
Ciach 1: Khong mét tinh téng quat gia sir 0 < x < y<z<L2.

Ta co:

( x+1+ y+1)2:x+y+2+2\/m2(3—z)+2+2\/(3—ﬁ25—z+2x/4Tz(x/EH)2
Sx+l+fy+12Vd—z 1= K >Va—z +/z+1+1, 1<2<2.

Lai c6, VA—z +z+1>/2++/3, 1<2<2 (%)

Thatvay,(*)<:>4—z+z+1+2\/m25+2\/3

@(4—2)(z+1)26<:>22—3Z+2SOC>(Z—1)(Z—2)SO (ludn dang voi moi 1<2<2)

Suyra K >/3++2+1. Vay min K =3 +/2 +1~4,14626.
Dau “="xayrakhivachikhi z=2, y=1, x=0=a+b+c+d+e+ f=4+1+4+6+2+6=23.
Cich 2: Khong mat tinh tong quét gid st 0< z< y<x<2.

Tacé:K=\/x+l+\/y+l+\/z+12\/x+§+l+\/y+§+l+l (1)
Thatvay,(1)<:>(\/z+1—1)—[,/x+§+1—\/x+1J—[ y+§+1—,/y+1]20

z 1 1 1 1

J— p— + p—
ARN N
z+l+d x+g+1+\/x+1 z+l+d y+§+1+1/y+1

0<z<y<x<2).

2 0 (ludn dting véi moi

*) TH1: x+§£2:>KZ\/x+%+1+\/y+§+1+121:>(1(—1)2 =5+2y/(a+1)(b+1) vei a:x+§,
a+b=3

b= y+5 Do0<x, y,z<2 vax+y+z=3nén s 4 EZ .
2

= (K-1) =5+2,| = —%) >5+ 2/2_ —% :5+2f Suyra K>3 +42+1.

Dau “="xayrakhi x=2, y=1, z=0.

*) TH2: x+§22:>%£y§1:>122y—120.

=S K=Vx+1+y+1+Vz 412241+ [y +1+B—y-2+1=B+ [y+1+2-y.
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:>K2\/§:>(K—\/§)2 —34y—4)> +4y+8=3+,/9—(2y—1)" 23+22 . Suyra K>3 +32+1.

Dau“="xayrakhi x=2, y=1,z=0=a+b+c+d+e+ f=4+1+4+6+2+6=23.

a=+x+1 x:az—]

1< <
Cich3: Pt 1h=+[y+1 =1 y=b>—1 va{ : a’f’cz \/g.Suyra K=a+b+c.
a +b"+c" =6
c=+z+1 z=c’-1
Ta co: (a—l)(b—l)(c—1)20<:>abc—(ab+bc+ca)+(a+b+c)—lZO. (1)

(\/g—a)(\/g—b)(\/g—c)20<:>3\/5—3(a+b+c)+\/§(ab+bc+ca)—abc20. 2
Cong vé voi vé cua (1) va (2) ta dugc: 3\/5—1—2(a+b+c)+(\/§—1)(ab+bc+ca)20. 3)
Lai co: (a+b+c)2 :c12+l)2+cz+2(ab+bc+ca)<:>K2 :6+2(ab+bc+ca)

K*-6 K*-6

< ab+be+ca= thay vao (3) ta duogc 3\/§—I—ZK+(\/§—1). >0

S (VB-1)K -4k +420. @)

2+\/§( 3

J3-1
K<2—J5( 3
L B

Vay min K =+/3 + 2+1~4,14626 > a+b+c+d+e+ f=4+1+4+6+2+6=23.

QI

_1)=\/§+1+\/§

K>

Xét (4) co A'=4-4(V3-1)=8-4/3=2(V3 1) . Suyra

Al

_1)=\/§+1—\/5

Bai 245. Cho a,b,c1a cac s6 thuc duong thoa méin a’+b*+c* =27. Chtng minh ring;

1 1 1 12 12 12
+ + > — +— +—
a+b b+c c+a a +63 b +63 ¢ +63
Loi giai
Cach 1: Ta co: > ! = 6 > > 62
a+b 22 +20* 218(2+p) @ +b7+18
1 6 1 6
Tuong tu: > ; >
gt b+c b +c*+18 a+c a*+c*+18
1 1
Do do: + + 2— 62 +— 62 +— 62
a+b b+c c+a a +b"+18 b +c +18 a” +c”+18

Loz 1 1 4
Ta &p dung bat dang thuc: —+— 2
X y Xx+y

1 1 4 4
+ > =
a+b*+18 b '+ +18 a*+b*+c*+b*+36 b*+63
3 3 12 3 3 12 3 3 12
+ 2 ; + 2 ; + 2
a+b*+18 b+ +18 b2 +63° @’ +b*+18 a*+c*+18 a*+63 a*+c*+18 b +c*+18 ¢ +63
) 1 1 1 6 6 6 12 12 12
Vay suy ra: + 2 2

+ - 2 2 + 2 2 + 2 2 - 2 + 2 + 2
a+b b+c c+a a +b"+18 b +c +18 a +c +18 a +63 b +63 ¢ +63
Dau bing xdyra <>a=b=c=3.
2 2 2
+y +z°=3
Cach 2: Dat: (x;y;z)=(£;2;£j:> vy
333 x+y+z<3
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A, a2 , s 1 1 1 4 4 4
Bat dang thirc tré thanh + + 22— +— +—
x+y y+z z+x x+7 y +7 z°+7
. 4 2 2 2
Taco: — == < < =
xX*+7 xX*+146 x+3 x+x+y+z (x+y)+(x+2)
4 2 1 1 1 1 1 1 4 4 4
== < <= + = + + >— +— S
x+7 x+x+y+z 2\x+ty x+z xX+y y+z z4+x x+7 y +7 z°+7

Dau bing xdyra <>a=b=c=3.

. 1 1 4 12 12

Cach 3: Ta co: + > = > > >
a+b a+c 2a+b+c 2.a3+b3+c3 ) b°+9 ¢ +9
a +9+ +
2
1 1 24

Suy ra: + > 1

W a+b a+c a*+63 W
Tuong tu: + ! > 24 (2); ! + ! > 24 (3)

g a+b b+c b*+63 ‘a+c b+c A +63
1 1 1 12 12 12

Tu (1), (2), (3) tacod: + + > + +

W), (2), Q) a+b b+c c+a a*+63 b*+63 *+63

Déaubiang xdyra < a=b=c=3.

Bai 246. Cho a,b,c 1a cac sd thyc duong bét ki thoa méan ¢ = 8ab . Chirmg minh rang:

1 N c N c Sl
4a+2b+3 4bc+3¢c+2 2ac+3¢c+4 2
Loi giai

2 2
Tt c=8ab < 2a.2b.==1.Dit 2a=x"2b=y*; = =7 = xyz=1.
C C

1 1 1 1 1 1
+ + =P
4a+2b+3

4b+3+% 2a+3+i
C C

Taco: P =

= + +
2x°+y 43 2y°+7+3 27 +x7 43

Taco:2x> +y> +3=(x"+y )+ (x> +1)+2>2xy+2x+2

Tuong tu: 2y° + 27 +3>2yz+2y +2;27° + x> +3>2zx +27+2

Suy ra
1 1 1 1 1 1
S oi2rt2 Dyir2ye2 2exe2ie2 2mi2xe2 2 ’ 1
xy+2x+ yz+2y+ x+2z+ xXy+2x+ 210y+2 2z(x+140)
X Z
_ 1 N X N Xy :l 1 N X LW :l
2xy+2x+2 242xy+2x 2(x+1+xy) 2 xy+x+1 xy+x+1 xy+x+1) 2

Bai 247. Cho a,b,c1a cac s6 thuc duong bt ki théa man ab ¢ = 1. Ching minh rang:

a b c
3 + 3 + 3 -
2a°+1 2b°+1 2¢ +1
Loi giai

a b c
3 + 3 + 3
2a+1 2b°+1 2¢7+1

Tacd: (a—1)20=2a<a’ +1<2a° +2a° +2a<2a’ +2a’ +a* +1

bat P = Ta can chimg minh: P<1<2P <2
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2a a’+1 a’

2aat +a* +) < (@ +DQd’ +1) < < =l-——
2 +1 a*+a*+1 at+a*+1
2b b* 2¢ ¢t
Tuong tu: <1l- ; <l-
8t 2b° +1 b*+b*+1 2¢° +1 ct+ct+1

a* b o
Do do: 2P <3— + +
[a4+a2+1 b*+b*+1 ct+ct+1

4 4
5 b
Ta chi can chirng minh: 3 —( a } < 2. That vay, ta co:
2

a*+a’ +1 b4+b2+1 ct+c+1
2
i = i +i+1
b’ 2 c? c?
Doabc=1nénténtaix,y,z>0théamﬁnazz—,bz— ; =

y_
Xy vz x

a' b* c*

< 4 2 + 4 2 + 4 2 21@
a+a +1 b"+b"+1 ¢ +c +1 [lj 1
2 7

a

21 (@

1
OR= +— + >1
yz yz X X

x2y2 +xyZ2 +Z4 y2z2 +yzx2 +x4 Z2x2 +ny2 +y4
Ap dung hé qua cia BDT Cauchy — Schwarz dang phan thirc. Ta cé:

4 4 4 2 2 242
< + +2Z
X Yy > (x"+y )

2.2 2 4 2. 2 2 4 2.2 2 4 4 4 4 2.2 2. 2 2.2 2 2 2
XY +xyz 4+ Y4yt +x ZxTHy 4y x4y 7 (XY +y T+ xT) Xy Hyx” +zxy
2 2 252 2 2 25\2

(x> +y +2°) B (x"+y " +27)
x4+y4+z4+(x2y2+yzzz+zzx2)+(x2y2+y222+z2x2 x4+y4+z4+2(x2y2+yzzz+zzx2

2

(xyz® + yzx? + zxy? < x%y? + 2% + 22 x® Do bét ding thirc phu ab+bc+ca<a’ +b* +c*)

«_9

(1) Puge chimg minh < BPT duoc chimg minh. Dau xayrakhi a=b=c=1.

Bai 248. Cho a,b,c la cac s6 thyc khong 4m bat ki thoa rnan a+b b+c)(c+a)> Ova a >max{b c}

. / / / / +7(b+
Chtng minh rang: a 1 ! [ j ¢ c) > %
a+c a+b

Loi giai

b c o .
+Pat —=x,—=y khido x<1, y <1 va bat dang thirc can chirng minh tré thanh
"a

a
/ / f 15

2 1 7 *

X+y 2( I+y 1+xJJr " x+y) 2 )

+ Bang bién phap bién doi trong duong ta d& dang ching t6 dugc: [ 1 al > al va Y > Y

\/x+y 1+x_\/x+y
2

That vay ta co: /lx > o X 57 <:>x(x+y—x(1+y))20<:>xy(l—x)20
+

b% \/x+y I+y x+y
(dingvi 0<x,y<1)
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Hoan toan tuong tu ta ciing chirng té dugc . > J

1+x x+y'

, 1 11
+ Khi d6 vé trai cua BDT (*) dugc danh gia nhu sau: V7., = +—x+y+2./1+7(x+y).
(*) dug g o LA Sl Ca)

xX+y
+ Xét ham sb f(t):%+%t+2 1+7¢% 5 (0<t<2). f'(r)=—tlz+%+%=o (1)

Giai phuong trinh (1) bang phép bién dbi thanh phuong trinh hé qua nhu sau:
142 (11 1Y 1 1

()= —=|l——— | = =—=1t== (vi0<t<2)
1+7¢ 2 ¢t 9 3

. 1 .
Thur lai ta thay ¢ = 3 la nghiém duy nhat cua (l) trén (O; 2]

Ma ta lai thay f'(2)>0 va f'(t) lién tuc trén (0;2]. Do d6 f'(t)>0<:>%<t$2 va

f'(t)<0<:>0<t<%.T1‘rd()suyra f(l)Zf(%j:%.Khidé VT(*)Zf(t)Zl—S.

. X . 15
Dau “=” xdy ra khi va chi khi @ =b = ¢ =0 méu thuan gia thiét nén V7T, = f(t) > >

Bai 249. Cho a,b,c 1a cac sb thuc duong thoa man b” > acva ¢* > ab . Tim gia tri 16n nhit va nho nhit cia
a b 3¢
+ +
a+b b+c a+c

Loi giai
b c 1A
Dit x=—;y=— tac6 gia thiét x> 0;y>0;x* > y;y* > x. Trdé tacd Vx <y <x’nén x>1.
a a
1 X 3
+ +22

. Truéc hét coi P 1a ham an y véi tham s6
x+1 x+y 1I+y

Véi x=1thi y=1va P=%.Tacé P=

x> 1, ta xét tinh bién thién cia ham P trén [\/Z : xz} véimoi x>1.

Tacs P'e_ % . 3 : :(3 x)y +421x.y+3;c X _ gz(y) _
(x+y) (y+1) (x+y) (y+1) (x+y) (y+1)
Véi x=3 thi pl=— 12224 Wy e[ Vx;x* | nén P déng bién trén [Vir;x’ ],
(x+y) (y+1)

V6i x#3 thi g(») ¢6 A'=3x(x—1)" >0 Vx>1nén g(y) ludn co hai nghiém phan biét ,; ,
3-x<0

Néu x>3 thi 1g(vVx)=(3-x)x+dxfx+3x’=x>0  Vx>3
g(x*)=(3-x)x" +4xx’ +3x* = x>0

nén g(y)>0 Vye[\/;;xz} hay P'>0 Vye[\/;;xz} nén P dong bién trén [\/;;xz].

—4x
J’1+J’2:3_x<0
Néu 1< x <3 thi . vxe(1;3) nén y, <y, <0<x <x’
x'—x
Ny = >0
3-x
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nén g(y)>0 Vye[\/;;xz] hay P'>0 Vye[\/;;xz] nén P dong bién trén [\/;;xz]

Vay véi moi x > 1 ta lubn co P ddng bién trén [\E X } do d6

1 x 31 4x
inP=P = + + = + Ditx=1tad
N e APy i Ve Loy

minP:u(z‘)z tzl—i-lJr% . Khao sat u(t)= T +% trén [1;+oo) ta co
4 3 2
”'(’f): i =4t 2 A _2t+4>0 ‘v’xe(l;+oo) do do u(t)déngbiéntrén [1;+oo],m2‘1

(t+1)’ (t2 +1)2 (1+1) (t2 +1)2

u(l)=§nén u(t)>§ Vi e(1;+00) tic P>% Vx e (l;+0). Vay minP=§ khi x=y=1<a=b=c.

Bai 250. Cho x,y,zla cac s6 thuc duong. Ching minh ring:

2x% +xy N 2y +yz N 22% +zx

>1
(y+\/;+z)2 (z+ )cy+x)2 (x+ yz+y)2
Loi giai

, 2 2
Ap dung bét dang thirc Bunhiakovsky ta co: (y+\/;+z) :(\/;\/;+\/;\/;+\/;\/;) S(y+22)(x+y+z)

2 2 2
Do do: 2x° +xy > 1 .2x Xy 1 ‘(2)6 +2xy+2xz_xJ _ 2x  x mn

(y+\/;+z) X+y+z y+2z x+y+z y+2z y+2z x+y+z
2 2
Tuong tu ta co: 2y +yz > 2 2y -7 .(2); 22 +2x > 2 2 - z .(3)
(Z+ xy+x) z+2x x+y+z (x+ yz+y) X+2y x+y+z

Cong vé theo vé ba bat dang thirc (1), (2), (3) ta dugc
2x7 +xy N 2y +yz N 22° + zx >9 X . y L= 1
: : g +2 +2 +2
(y+\/;+z) (z+ xy+x) (x+ yz+y) yrezr rmex XTay
x° y2 z° ()C+y+z)2

Ap dung céc bat dang thic —+-—+—>~~—"——7 véi q, b, ¢ duong va (x+y+z)2 23(xy+yz+zx),
a b c a+b+c

y z x’ N ¥ z . (x+y+z)2

+ + = > >1.
y+2z z+2x x+2y xy+2xz  yz+2xy xz+2yz 3(xy+yz+zx)

ta co:

2 2 2
Vi 2x" +xy 2y°+yz : 2z° +zx

> >22.1-1=1 (diéu phai chimg minh).
(y+ Zx+z) (z+ xy+x) (x+ yz+y)
Pang thirc xay ra khi va chi khi x=y=z.

Bai 251. Cho a,b,c la cac s thuc duong thoa man abc = 1. Ching minh rang:

a\/b+c b\/c+a c\/a+b
+ + >
b+c+l c+a+l a+b+1

V2

Loi giai
2
2
aJb+c +b\/c+a +c\/a+bj [za(b+c+1)

b+c+1 c+a+1 a+b+1 - b+c

Ap dung bét dang thirc Holder ta co: ( ] >(a+b+c)

Do d6 ta can phai chimg minh

Nguwoi bién soan: Tran Minh Quang Trang 44/75



(a+b+c)3222a(b;c+l) e +3Z +3Z

cyc cyc cyc cyc cyc cye cyc

Ap dung bét dang thic AM-GM ta co: z >Z ab Z >Z ab 22

Tt do6 ta co

VT -VP>Y a’+= Zb 22——4201[) ~4>a+6>> a’+> ab-4> a+6=>

e o o e oo e e e
1

X X
Néu x <1 thi %z%,néu x21:1>% dodo f'(x)=0=x=1

< . . 1
Tir d6 d& dang kiém trarang f(x)> £(1)=0,Vx >0 Hay x’ —4x+—+2>-2Inx,Vx >0

X

Nhu vay ta co: Z(cf —4a+l+2j2—221na =0
a

cyc cyc

Bai toan dugc giai quyét. Dang thirc xay ra khi vachikhi a=b=c=1.

<— Zb 22_

cyc cyc cyc cyc cyc b tc cyc cye

(a —4a+— +2j

Xéthamsé f(x)=x" —4x+l+2+21nx voi x>0 ta céf'(x):(x—l)(3x+3+%——
X

Bai 252. Cho a,b,c1a cac s6 thuc duong théa min abc = 1. Ching minh ring:

1 1 1
+ +
3a° +(a-1° 3b>+(b-1) 3c*+(c-1)
Loi giai

Xét hai truong hop sau

+ Truong hop 1. Néu trong ba s0 a,b,c ton tai it nhat mot s6 khong 16n hon 5 Gia st s0 do 1a a. Ta co

1 . .
a< Eind 3a” +(a—1)* <1. Khi d6 bit ding thirc hién nhién dung.

. 3 1 .
+ Truong hop 2. Caba sd a,b,c déu khong nho hon 5 khi d6 ta xét ham so6 sau

Giong nhu cac phan trudc ta co ciing s€ thiét lap mot bat dang thirc phu dang:

O day ta co qui vé ham sd mii vacha y Inx+Iny+Inz=0.

—2_1+k1nx
3 +(x—1" 3

Tiép tuc quan sat thay dang thirc xay ra khi va chi khi a=b=c=1. Tir d6 ta c6 phai xac dinh k sao cho

1 21
1) =0v6i f(X)=——— + = Inx—
SO=0ve JO) = T T3 S
2(16x* —16x° —x+1) _ 2(x—1)(16x° ~1)

3x(4x> —2x+1)>  3x(4x? —2x+1)?

1
Véi x >E. Khi do ta co: f'(x)=

Tudaysuyra f/(x)=0< x =1, d0x>%

« . 1 ; 1
Dé dang kiém tra duge f(x) > f(1)=0,Vx > 5 biéu nay twong duong voi:

St dung bat dang thirc phu trén theo timg bién a,b, ¢ rdi cong vé theo vé ta co

. ! St — ! R ! 2ZI—EZInazzl
3 +(a-1) 3 +(b-17 3¢ +(c-1) 34

3x° +(x=1)°

1 2

>———Inx, ‘v’x>l
2

Bét dang thirc duoc ching minh. Pang thirc xay ra khi va chi khi a=b=c =1, hoic a = 0,b - 0,c — 0" va

cac hoan vi.

Bai 253. Cho a,b,c la cac sb thuc khoéng 4m thoa man a +b + ¢ = 2 . Chirng minh réng:
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\/a+b—2ab +\/b+c—2bc +\/c+a—2ca >2.

| Loi gidi

Dé giai bai toan ta can bo dé sau

B6 dé. Vi cac s6 thuc khong am x, y va z ta co: Zx4 + Z:xyz2 > Zx3 (y+2).

Chitng minh.Day chinh 1a bat dang thirc Schur.

Tré lai bai toan. Bat dang thirc can chimg minh twong duong véi: Z\/ c(a+b)+(a—b) > 22
hay Y \Je(a+b)+(a—b)* yfbla+e)+(a—c)* 223 ab (1)

Theo bt dang thirc Cauchy - Schwarz ta co: z\/c(a +b)+(a—b)’ .\/b(a +c)+(a—c)’ >
Z(\/bc(a +hY(a+c)+(a—b)a— c)) > Z(bc +avlbe +(a—b)a— c)),

boi vay nén (1) s& duge chirmg minh néu ta chi ra: Za2 + Za\/bc > 22 bc.(2)

Ap dung b6 d& cho x = \/Z,y = \/3, z= \/Z ta co vé trai ciia (2) 16n hon hoic bang

> aa(b ++c) = (bbe + Neb) 2 2 .

e . 2
Bat dang thitc dugc ching minh. Pang thirc xay ra khi va chi khi a=b=c= g

Bai 254. Cho a,b,cla cac s6 thuc duong bét ki. Ching minh rang:

2 2 2 4 4 4 4 4 4
a_+b_+c_2§/a+b+</b+c+</c+a
b ¢ a 2 2 2

Loi gii
., a b
Ta chitng minh bat dang thirc sau: 7+—+—2\/a2 —ab+b* +\/b2 —bc+c? +\/62 —ca+d*
c a
2 2 2 2 2 2
Ta co: VT:a—+b—+c—: (a——a+b)+b + (b——b+c)+c + (C——c+a)+a —(a+b+c)
b ¢ a b c a

Ap dung bét dang thirc AM-GM

2 2 2 2 2 2
a —ab+b b"—bc+c ¢ —ca+a
T+b22\/a2—ab+b2 ;—————+c220b —bc+c’ ;———+a22Vc’ —ca+a’
c

a
Suy ra
a2 2 CZ
?+—+—22\/a2—ab+b2+2\/b2—bc+cz+2\/cz—ca+a2—(a+b+c)
c a
2 2 2 2 2 2
:a—+—+c—22\/a2—ab+b2+2\/b2—bc+cz+2\/cz—ca+a2—(a—+b—+c—)
b ¢ a b ¢ a
a b
:7+—+—2\/a2—ab+b2+\/b2—bc+c2+\/cz—ca+a2
c a

4 4 4 4
a +b a +b
Ta ching minh: @® —ab+b* > & (a’ —ab+b*) >

< (a—b)" >0 (ludn ding)

Bt dang thirc duoc chirng minh. Pang thirc xay ra khi va chikhi a=b=c

Bai 255. Cho a,b,c1a cac s6 thuc duong théa mén ab + bc + ca < 3abc . Chirng minh rang:

2 2 2 2 2 2
\/E(Ja+b+\/b+c+\/c+a)2\/a i +\/b e +\/C 43

a+b b+c c+a

Loi gii
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a+b b+c c+a

2 2 2 2 2 2
Taos: ﬁ.(Ja+b+Jb+c+Jc+a)=ﬁN“ th +2“b+Jb re +2bc+\/c ra +2a0}

\/a2 +b* \/bz +c? \/cz +a? \/Zab \/Zbc \/20a
> + + + + +
a+b b+c c+a \/a+b \/b+c \/c+a

\/ +b \/ \/c +a’ \/— 2 2
+ + +
a+b b+c c+a 1 \/1 1 \/1 1
a b b ¢ c a
\/a +b’ _’_\/b2 +\/c +a’
a+b b+ c+a \/
\/a +b* \/bz \/c +a’
+ +
a+b b+c c+a
+ +
a b

92 92

Theo gia thiét ab +bc +ca < 3abc nen—+ + <3 do do: > =3.
a b c \/(1 1 1) V18
6. —+—+—
a b c

Vay bét dang thic duoc chimg minh. Dau bang xay rakhi a=b=c=1.

Bai 256. Cho x,y,zlacéac sb thuc thoa man x + y+z =0.Chiang minh réng:
x(x+2)+y(y+2) z(z+2)>
2x°+1  2y°+1 2z°41

Loi giai
R& rang trong trudng hop xyz =0 thi bdt dung, diu bang xay ra khi va chi khi x = y =z =0. That vay, gia st
2

2y
2

>0, luon dung ( D4u bang xay ra <> y =0,
2y°+1

x=0,khi d6 z=—y va BDT can ching minh trd thanh

khido x=y=2z=0).

Ta xét truong hop xyz # 0. Khi d6 nhan 2 vao BDT va cong thém 3 vao 2 vé ta c6 BPT tuong duong:
(2x+1)°

Z 2x% +1

2y+1)° N (2z+1)° 2(y+z+l) 2(x 1)? 2(x 1)*

2% +1 22°+1 Y +22+1 X —2yz+1 x+1

Nhu vay dé chirng minh BDT ban dau ta chi can chi ra

>3. Do trong 3 s6 c¢6 2 s6 cung ddu nén ta gia sat yz > 0.

Khi d6

2x+1)  2(x-1)’ , 257 (x—1)

( x2 ) (x2 ) > 3. Nhung diéu nay twong duong 2x (x 2) > (0. Do d6 ta co BPCM.
2x°+1 x”+1 Cx +D(x"+1)
s 11

Dau bang xay ra khi va chi khi (x;y;z) = (1; —5;—§j va céc hoan vi ctia né.

Bai 257. Cho a, b, c1a cac s6 thuc duong tiy y. Chirng minh ring:
(a+b+c)3 (a+b—c)(b+c—a)(c+a—b) <27a*b*c?

Loi giai
Xéttruong hop (a+b—c)(b+c—a)(c+a—b) <0, bat ding thirc hién nhién ding.
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Xét truong hop (a+b—c)(b+c—a)(c+a—b) >0, khi d6 dé dang chirmg minh dugc
(a+b—c)20; (b+c—a)20; (c+a—b)20.
Bit dang thic can chirng minh twong dwong véi: 27abc(a+b+c)3(a+b—c)(b+c—a)(c+a—b) <9a’b’c’
Ap dung bét ding thirc Cauchy ta duoc
27abc(a+b—c)(b+c—a)(c+a—b)S[a(b+c—a)+b(c+a—b)+c(a+b—c)]3
Hay 27abc(a+b—c)(b+c—a)(c+a—b)S[Z(ab+bc+ca)—(aZ+b2+czﬂ3
Khi d6 ta duoc
27abc(a+b—c)(b+c—a)(c+a—b)(a+b+c)3 S[Z(ab+bc+ca)—(az+b2Jrcz)T(a+b+c)3
Nhu vay ta can chimg minh (a+b+c)[2(ab+bc+ca)—(a2 +b”+c )] <9abc

9abc

Hay a’+b>+c’ +
a+b+c

>2(ab+bc+ca)

Khai trién va rat gon ta dugc
a*+b’+c* +3abc > a’ (b+c)+b* (c+a)+c’ (a+b) < abe>(a+b—c)(b+c—a)(c+a—c)

Bt dang thirc cudi cung ding v6i moi a, b, c. Bat déng thirc dugc chimg minh.

Bai 258. Cho a,b,c1a cac sb thuc duong thoa mén ab + bc + ca = 1. Chimg minh rang:
(1+ ab)2 N (l—l-bc)2 N (1+ca)
(l—ab)2 (l—bc)2 (1-ca)

2

~>12

Loi giai
(1+ab)'  (1+be)’  (1+ca) i/(1+ab)2 (1+bc)’ (1+ca)’
(l—ab)2 (l—bc)2 (1-ca)

Ap dung bét dang thirc Cauchy ta duoc:

2

(1+ab)2 (1+bc)2 (1+ca)
(l—ab)2 (l—bc)2 (l—ca)
(1+ab)(1+bc)(1+ca)28(1—ab)(1—bc)(1—ca).

it x=ab;y=bc;z=ca,khi d6 x,y,z>0 va x+y+z=1. Bit dang thic can chimg minh tré thanh

Nhu vy ta can chimg minh > 2> 64 hay ta can chimg minh bat dang thirc

(1+ x)(1+y)(l + Z) > 8(1—x)(1 —y)(l—z), tuong duong véi bat dang thirc sau 9xyz > 7(xy +yz+zx)—2

Oxyz
X+y+z

Ta d& dang chimg minh dugc x° + y2 +20+ 2 2(xy +yz+ Zx).

Ma x+ y+z =1 nén ta suy ra dugc 9xyzZ4(xy+yz+zx)—l.
Vi x+y+z=1 nén 3(xy+yz+zx)£l,dod(') 4(xy+yz+zx)—lZ7(xy+yz+zx)—2

Diéu nay dan t6i Oxyz>17 (xy +yz+ Zx) —2 . Nhu vay bat dang thirc ban dau dugc chimg minh.

Bai 259. Cho a, b, ¢ 1a cac s6 thuc duong tiy y. Chirng minh ring:
(a*+2)(b*+2)(c* +2)23(a+b+c)

Loi giai
Bt dang thirc can chimg minh twong duong véi
a’b’c? +2(c12b2 +b7c? +02c12)+4(c12 +b’ +cz)+8 > S(a2 +b’ +cz)+6(ab+bc+ca)
Hay a’b’c? +2(c12b2 +b%c? +czaz)+a2 +b*+c7+8> 6(ab+bc+ca)
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Ap dung bét ding thirc Caychy ta duoc

a’b*c* + 2(c12b2 +b%*c? Jrczaz)+a2 +b*+c* +8
=a’b’c? +1+2[(azb2 +1)+(b202 +1)+(c2a2 +l)]+a2 +b* +c* +122abc+4(ab+bc+ca)+a’ +b° +c* +1
Phép chimg minh hoan tit néu ta chi ra duoc

2abc+4(ab+bc+ca)+a2 +b*+ct +1> 6(ab+bc+ca) Sat+b P+ +1+2abe > 2(ab+bc+ca)

9abc S

D& dang chung minh duge a” +b° +c¢* + >2(ab+bc+ca)
a+b+c
N 9abc
Ta can chi ra dugc 1+ 2abc > T & (1 + Zabc)(a +b +c) >9abc
at+o+c

Danh gia cudi cung ludn ding vi theo bat ding tirc Cauchy thi
1+ 2abc =1+abc +abc >33 a’b*c*; a+b+c >33 abe
Vay bai toan dugc ching minh. Pang thirc xy ra khi va chikhi a=b=c=1.

Bai 260. Cho a, b, c 1a cac sé thuc duong tiy y. Chimg minh ring:

2(a’ +b* +c*)+abc+825(a+b+c)

Loi giai
(a+b+c)2 +9

Ap dung bét dang thirc Cauchy ta cé a+b+c < s

Bai toan quy vé chimg minh: 2((12 +b’ +cz)+abc+8 2%[(a+b+c)2 +9}
T/, 2 5 1.5
Hay —(a +b" +c )+abc+—2—(ab+bc+ca)
6 2 3

e 1 2abc+1 3\/2b“ 9ab 9ab
Theo bat dang thirc Cauchy ta co: abc+§: ane ax_> e

2 2 23\/abc 2(a+b+c)
. 1 , . I , T2 2 5 9abc 5
Do d6 phép chiing minh s€ hoan tat néu ta chi ra dugc: —(a +b +c )+—2—(ab+bc+ca)
6 2(a+b+c)
Hay 7(a2+b2+cz)+Labc (ab+bc+ca)
a+b+c
Theo mdt danh gia quen thudc thi 4(a +b*+c? ) 4 ab+bc+ca) nén ta dugc
7(a2+b2+cz) 39abc ( 2)—kM—k4(ab+bc—i—ca)
a+b+c a+b+c
Ta can chi ra dugc
3(a2+b2+cz)+m+4(ab+bc+ca)ZlO(ab+bc+ca)
a+b+c
9abc

Sat+b +c’+ 22(ab+bc+ca)
a+b+c
Danh gi4 cudi cung di duoc chimg minh.

Vay bét dang thirc duoc ching minh. Pang thirc xay ra khi va chikhi a=b=c=1

Bai 261. Cho a, b, c1a cac s6 thuc duong tiy y. Chirng minh ring:

(a+b+cj2+ 14abc
b+c c+a a+b (a+b)(b+c)(c+a)_

Loi giai
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5 a b c ., 1 1 1
bat x = Y= ;Z= , khi do ta duogc + + =2&xy+yz+zx+2xyz=1
b+c c+a a+b x+1 y+1 z+1

< 3 .. 3
Dé dang chung minh dugc x+y+z 2> 5 Bat dang thirc can chirng minh tr¢ thanh (x+ y+ 2)2 +14xyz >4

Dé ta chirng minh dugc

(x+y+z)2+9£24(xy+yz+zx):>(x+y+z)2+14xy2214xyz+4(xy+yz+zx)— dxyz
X+y+z X+y+z
3 9
T1‘J:x+y+zZ—suyraﬂﬁmyz,dodétaduqc
2 X+y+z
9
14xyz+4(xy+yz+zx)— w2l 24(xy+yz+zx)+8xyz=4
X+y+z
Do d6 ta dugc (x+y+z)2 +14xyz > 4

Vay bat ding thirc duoc chimg minh. Pang thirc xy ra khi va chikhi a =b=c.

Bai 262. Cho a,b,c la cac s thuc duong thoa man a + b+ c =1. Ching minh ring:

a L b - c : Zl
1+9bc+4(b—c) 1+9ca+4(c—a) 1+9ab+4(a—b) 2
Loi giai
Ap dung bét dang thirc Bunhiacopxki dang phan thirc ta duoc
a b c
7T 7t 2
1+9bc+4(b—c) l+9ca+4(c—a) l+9ab+4(a—b)
(a+b+c)2

: (a+b+c)+27abe+4a(b—c) +4b(c—a) +4c(a—b)
Phép chimg minh s& hoan tat néu ta chi ra duge 2(a+b+c)’ >1+27abc +4a(b—c) +4b(c—a) +4c(a-b)’
Hay 12> 4ab(a +b)+4bc(b+c)+4ca(c+ a)+3abc
Pé y dén gia thiét ta viét lai duoc bit déing thic trén thanh (@ +b+c)’ > 4ab(a+b)+4be(b+c)+dea(c+a)+3abe
Hay a’+b* +c’ +3abc > ab(a+b)+bc(b+c)+ca(c+a)
Bién ddi twong duong ta duoc abc > (a+b—c)(b+c—a)(c+a—b)
Bét ding thirc trén 1a mot bat dang thie dung va d& dang chimg minh dugc.

. . 1
Vay bai toan duge chirng minh. Pang thirc xay ra khi va chikhi a=b=c=1 hoac a=b = 5; ¢ =0 va cac hoan vi.

Bai 263. Cho x, y,z 1a cac s6 thuc duong théa man xyz +x +z = y. Tim gia tri 16n nhét ciia biéu thirc

P 2 2 4 N 3z
R N B P (zz+1)\/22+1

Loi giai
Ciach 1: Dat x=tanA,y=tanB,z=tanC,(O<A,B,C<%j.

. -z tan B—tan C
Theo gia thiét ta c6: x = ) Stand=———7—=
1+ yz I+tan Btan C

tan(B-C)<> A=B-C+kr.
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Do —%<A—B+C<7r:>k=0:A:B—C<:>A—B:—C.

Khi db. P=2( 1 1 )_ 4tan C 3tanC

I+tan®A 1+tan’B V1+tan® C +(1+tan2 C)\/1+tan2 C

=2(0032 A—cos’ B)—4sinC+3sinCcos2 C =c0s2A4—cos2B—4sin C +3sinCcos’ C
=-2sin( A+ B)sin(A—B)—4sinC +3sinCcos’ C =2sin Csin( A+ B)—4sin C +3sinCcos’ C
< 2sin C —4sin C +3sinCcos” C:sinC(Qacos2 C—Z):sinC(1—3sin2 C)

L 3 . 3 O
Néu sin C > EY = P<0xétvéi sinC < 3 str dung bat dang thic AM — GM ta c6:

\/[6sin2C+1—3sin2C+1—3sin2CJ3
2

6sin® C(1-3sin*C)(1-3sin* C 3

P:\/sinzC(1—3sin2C)2 :\/ ( )( )S
J6 J6 9

Dr?ingthﬁ:cxéyrakhivéchikhisinCz%@tanC=g,tanA=g,tanB=\/§<:>x=\/§,y=g,z=g.
Vay gia tri 16n nhét cﬁanﬁng %dat tai x=ﬁ,y=%,22g.
Cich 2: Theo gia thiét ta co: x = y—2 = P= 2 —— 22 - 4z + 32 .

1+ yz y-z | N (zz+l)\/zz+1

1+ yz
2(1+yz) 2 4z 3z 2:(20+(*-1)z) 4z 3z

P= + = - +

TP ) e (el (P)(EA) VEA (2R

L 22(2y+(y2—1 z) 22\/(4y2+(y2—1)2)(1+zz) 5.
Str dung bat dang thirc Cauchy—Schwarz ta co6 < =

(y2+1)(22+1) (y2+1)(zz+l) m

2z 4z 3z

3
Suyra P< - + :—3( z j TS
\/1+z2 \/22+1 (zz+1)\/zz+l \/ZZ-I-l \/zz+1

Dit ¢ = (1€ (0:1))khido P< f(f)==3t"+t.Taco f'(z)=—9z2+1;f'(z)=0<&>t=%.

z

Vz'+1
. 2. ik . e I L | . .

Ta c6 f°(t) d61 dau duong sang am khi di qua ¢ = g nén f(t) dat cuc dai tai £ = g trén khoang (O; l) hay

5

f(l)Sf(%jzg.Véygiétrildnnhétcﬁanéng %dattai x:%,y:ﬁ,Z:Tz.

Bai 264. Cho a,b,c 1a cac sb thue duong théa man a® +b° + ¢ +2abc =1. Ching minh ring

a+b*+ct> 4(622192 +b%c? +cza2)

Loi giai
Cich 1: Theo gia thiét ton tai ba goc nhon ctia mot tam giac thoéa min: a = cos A,b = cos B,c = cos C .

Ta can chiing minh:
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cos®> A+cos® B+cos* C > 4(cos2 Acos® B+ cos® Bcos® C +cos’ C cos? A)

cot’ 4 cot* Acot’ B
AN
< §1+C0t2 A ;(1+C0t2 A)(l+cot2 B)

z cot> 4 . 42 cot’ Acot’ B
=N > - .
S (cotA+cotB)(cot A+cotC) 42 (cot A+cotB)” (cot C +cot A)(cotC+cot B)

cot’ Acot’ B
<) (cotB+cotC)cot’> 4>4) ——"— — (luén diing).
Z( ) Z:cotA+cotB ( &

cyc cyc

Do 4;22114‘4:2;?<écotAcotB(cotAﬁtcotB)=§(c0t3+cotc)cotzA‘

, 1
Dang thire xay ra khi va chikhi a=b=c= 5

Ciach 2: Ta dua vé ching minh
(a2+b2+cz+2abc)(a2+b2+c ) ( 2bz+b202+c2az)
2

>
sat+bt+ ¢t +2abc(a +b2+c) ( 2b2+b202+cza2)'

Ta co: abcé%,a+b+c£§:> 2(a’+b* +c*)—a—b—c=2-4abc—a—b-c>0.

Do d6 2abc(a’ +b” +¢*) 2 abc(a+b+c).

Ta dua vé chimg minh bét dang thite: @' +5* +¢* +abe(a+b+c)22(a’h’ +b°c* +’a’).

& a*(a-b)(a-c)+b* (b—c)(b-a)+c*(c—a)(c-b)>0.

Khéng mét tinh téng quét gia st @ > b > ckhi dé ¢’ (¢ —a)(c—b)>0va

a*(a—b)(a—c)+b* (b—c)(b—a)=(a—b)|a* (a—c)-b*(b—c)|2(a=b)|a* (b—c)-b* (b—c)]
=(a=b)(b=c)(a*~b")20 '

Bit dang thirc duoc chirng minh. Pang thirc xay ra khi va chikhi a =b=c.

Bai 265. Cho x, ),z lacac sb thuc duong nho hon 1 théa man
4(3x+1)+6(y+2z)

[2(x+y)+x+z+1][2(x+2)+x+y+1] —x(y+z)=x"+yz

2(x+3)Y +y>+z°-16
2x*+y° +2°

Tim gia tri 16n nhat cta biéu thic P =

Loi gii
2 2

3x+2y+z+1+3x+22+y+1 =(x+r)(rez).

* Tur gia thiét ta co

, L a2 , I 1 4
¢ Sir dung bat dang thire —+—2 ;Vx,y>0:>(x+y)(y+z)22- .
X y x+y 6x+3y+3z+2

)c+y+x+zj2 _(2x+y+z)2
2 - 4

¢ Mat khac (x+y)(x+z)£(

2 2
2x+y+
(x J Z) > 8 .Détt:2x+y+z,tadu'qct—2 8
4 6x+3y+3z+2 4 3t+2
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©30+20 =3220 < (1-2)(37 -4+16)20 <122 = 2x+y+z22= y+222-2x

2

* Taco y2+222@22(1—x)2
P14 212)642-2 <1+ 12x+2 -1+ 6x+1 14 26x+1

2xX" 4y +z 2x2+2(1—x) x2+(l—x) 2x" —2x+1

. 6x+1 —12x* —4x+8
¢ Xéthamso f(x)=———— véi x€(0;1).Taco f'(x)=—— va f'(x)=0<

)=y Y x0T ()= 2 )
+ Bang bién thién ctia ham s trén (0; 1) :
X 0 2 1
3
/(%)

/(%) \ ,

1
+ Tir bang bién thién, ta co f(x)S9, Vxe(O;l) :>P£1+f(x)£10.

z:é.Véy max P=10.

s 2 1
Dau bang xay ra khi x=§, y=§,

Bai 266. Cho a,b,c 1a cac s6 thuc duong bét ki. Chirng minh rang
a(a—2b+c) +b(b—2c+a) N c(c—2a+b) >0
ab+1 bc+1 ca+1

Loi giai
a(a—2b+c) a’+1+ac+1-2(ab+1) a*+1 ac+1
Ta co: = = + —
z ab+1 ; ab+1 Zab+1 Zab+1

cyc cye cye
, (e . ac+1 ac+1
Ap dung bat dang thirc AM-GM cho 3 s0 ta co: >33

; ab+1 1;[ ab+1

=3 (1)

Mit khac 4p dung bat déng thirc Cauchy-Swcharz ta co: (a” +1)(b° +1) > (ab+1)°

Thiét 1ap cac bat dang thirc twong tr ta suy ra: H @+)(b* +1)= H (ab+1)
cye cye
2
a +1 51
ab+1

= (1@ +)y = J@+)y = (@ +) =@+ =[]

cyc cye cyc cye cyc

2 2
. i a +1 a +1
Ap dung bat dang thrc AM —GM ta lai co: E >33 | | >3 (2)
o ab+1 oe ab+1

Tir (1) va (2) ta c6 diéu phai chimg minh. Dau ‘=" xay ra khi va chi khi a =b=c

Bai 267. Cho a,b,c 1a cac s6 thuc duong théa mén a +b + ¢ = 2018 . Chimg minh ring
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2018a—a® 2018b—-0b> 2018c—c* 2018 —a 2018-5 2018 —-¢
+ + >.2 + +
bc ca ab a b c

Loi gii

oro dlbre) bleta) e(a+h) (\/b+c\/ meJ

bc ca

b+c c+a a+b>\/—(\/b+c \/ \/a+bJ b+c c+a a+b [\/b+c \/c+a \/a+b]
a b b

DO3+b+c+c+a+a+b22\/b+c+2\/c+a +2\/a+b

2a 2b 2c 2a 2b 2c
; + + + + + + + + +
Néntacénchfmgminh:b T b23+b T b<:>b L b26.
a b c 2a 2b 2¢ a b c
b+ + +b b b
Taco ——+ T2 870 12, 2 1 24804 S48 >2+2+2 = dpem.
a b c b a c b a c
, , 2018
Dang thirc xay ra khi a=b=c=T.
Bai 268. Cho a,b,c la cac s6 thyc duong théa man a + b +c = 3. Ching minh ring
4da+5 4b+5 dc+5 162
3 2 + 3 2 + 3 2 Z 2 2 2
a +ab”+3abc b’ +bc”+3abc ¢ +ca +3abc a +b +c +27
Loi giai
Str dung BDT Cauchy-Shwarz, ta c6
1 1 1
4 4 4 > 7 .
VT =——3 T3 T +5| — czl 2 ? T f
a - +b"+3bc b +c +3ac ¢ +a +3ab a +b +3bc b*+c " +3ac ¢ +a +3ab

g (2+2+2) s (}ﬁfj

a 2(a2 +b* +cz)+3(ab+bc+ca) Z(a2 +b* +cz)+3(ab+bc+ca)

(L+L+LT>( 9 j 8L 8L g
Ja b o) \Wa+b+e (\/Z+\/Z+\/Z)2_3(a+b+c) '
36+5.9 162
Tu () va@)tacoVT > = ad .
r()va(2)taco a+b’+c* 3 2 at+b +ct+27 (dpom)
f‘f‘g(a“‘b‘i‘C)

Déau ““="" xayrakhi a=b=c=1.

Bai 269. Cho a,b,c 1a cac sd thyc duong bét ki. Chimg minh rang

a't bt 3 a® +b° +c*+9
—t—t—t+t—5552
bc ca ab abc 2

Loi giai

11 12 12 11
a a f a a
Ta ¢6: — + abc =——+abc > 2,|— .abc =2a° = —>2a° —abc
bc abc abc bc

Nguwoi bién soan: Tran Minh Quang Trang 54/75



Bl o
Chimg minh tuong ty, ta cb: — > 2b° —abc;— > 2¢° —abe

ca ab
11 bll Cll 3 . . . 3
Cong vé theo vé, ta suy ra: —+t—+—+—5522a +2b" +2¢" +——5—5—3abc
bc ca ab abc ab’c
. 3(a6+b6+cé) 3 9
Luc nay ta can chirng minh: +——5 —3abc = —
2 abc 2
A A , 6 6 6 3 2 3 2 3
That vay, taco: a” +b” +c¢ +ﬁ23(abc) + 22 3(abc) . ==6 (1)
a’b’c abc) (abc
" o 6,76, 6 6 6,6 6 a’+b°+c° 3
Tiép theo, taco: a” +b° +c” +1+1+1>63a".b’. :6ab62>#—3ab02—5 )
3(a6+b6+c6) 3 - 9
Tu (1) va(2) ta suy ra: + —3abc 2 —
1o 1l 3 a® +b° +c° 6, 7.6, .6 6, 76, .6
Tur d6 suy ra: a—+b—+c—+ 232 =2 ( )+ 232 2—3abc+a th e >4 th+c 49
bc ca ab a'bc 2 abc 2 2

Chimg minh hoan tat. Dang thirc xay rakhi a =b =c.

Bai 270. Cho a,b,c 1a cac s6 thuc duong théa méin a + b +c = 3. Ching minh rang

a b c 3
4 to3 T Sz
a +bc+3 b"+ca+3 c"+ab+3 5
Loi giai
Taco: a* +bhe+3=a’ +1+1+1+bc>4Ya" +be =4a+be=(3a+bc)+a
a < a Sﬁ( 16 lj_& a +L
Khido: 4 a* +bc+3 (3a+bc)+a 25\3a+bc a) 25 (a+b)(a+c) 25

3a+bc=(a+b+c)a+bc=(a+b)(a+c)

Chtrng minh tuong tu, ta co: b 16 b 1 ¢ 16 ;Jri
¢ O a+3 25 (brc)(bra) 25 ¢ tab+3 25 (cta)erd) 25

Cong vé theo Vvé, suy ra:
a b c 16 a b c 3
+ + <—. + -
a*+bc+3 b*+ca+3 c+ab+3 25 [(a+b)(a+c) (b+c)(b+a) (c+a)(c+b)J 25

16 a 3
Thu gon lai bién d& Y2 <2y 2 . q
u gon lal ién 46, ta co: a +bc+3 25 (a+b)(a+c)+25 M
a _a(b+c)+b(c+a)+c(a+b)_ 2(ab+bc+ca)

B ) (av) . (asb)(bre)lera) (arb)(bre)icra)

Ap dung bat déng thire: (a+b)(b+c)(c+a)> g(a +b+c)(ab+bc+ca)

a 2(ab+bc+ca) 9 9
S : = S 2
v Z(a+b)(a+c) (a+b)(b+c)(c+a) 4(a+b+c) 43 4()
16 a 3163 3 _15_3
Tur (1) va (2 < PP ARETRET 25 3
u (1) va (2) ta suy ra: Za T het3 252(a+b)(a+0) 25 254 25 25 5

Chtrng minh bat dang thirc hoan tat. Dau bang xay ra khi va chikhi a=b=c¢

‘ Bai 271. Cho a,b,c 1a cac sd thuc duong bét ki. Chimg minh rang
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oo e . Nab__3
a+3Jbc b+3Jea c+3Jab 4
Loi giai
Cach 1: Jbe Jea Jab SEDN 1(1— a_ g b ji
a+3\/§ b+3\/a c+3Jab 4 a+~bc h+3Jca c+3\/_ 4
c 3
@ —_

a+3\/E b+3\/5 c+3\/> 4

Ta c6: S a B 2a Tuone tu: b 2b ¢ 2
'a+3\/E_a+3a+b 2a+3b+3c 0 bidea 2b+3c+3a’c+3ab  3a+3b
2

a:l(—5x+3y+3z)
2a+3b+3c=x f
Pit:{2b+3c+3a=y < b=§(3x—5y+3z) ..

2c+3a+3b=z

=é(3x+3y—52)

Khidé:le —5+3—y+3—z 3—X—S 3z 3—x 3_y_5 1( 1546+6+6)=
4 X x y y z oz 4

-lklw

Diu “="xayrakhi a=b=c_

rrrsl(l_a b Js

Cach 2: a+3Jbe b+3Jca c+3Jab 4 + bc+1_b+3\/5+1 c+3\/> 4
& a__ . P 22.
a+3be b+3\/a c+3Jab 4
a 2a b 2b ) c S 2c

Ta co: 2 = . Tuong tu: > ; 2
a+3be , 3a+b 2a+3b+3c’ 0 bi3Jea 2b+3c+3a’c+3Jab  3a+3b
2

Ta ching minh:

2a 2b 2¢ E a N b c E
2a+3b+3c 2b+3c+3a 2c+3a+3b 4 2a+3b+3¢c 2b+3c+3a 2c+3a+3b 8
. a b c
bat P= + + .
2a+3b+3¢ 2b+3c+3a 2c+3a+3b
Khi do:
(a+b+c)= z\/(2a+3b+3c)aL 2SP(Z(2a+3b+3c)a)
abc N2a+3b+3c a.bc
2 2 2
o P> (a+b+c) B : (a+b+c) B (a2+b+c)
Za(2a+3b+3c) 2(a +b" +c )+6(ab+bc+ca) (a+b+c) +2(ab+bc+ca)
a,b,c
2
> (a+b+2€) :E .Dau“="xayrakhi a=b=c
2(a+b+c)2+§(a+b+c)2 8
Cich 3: Jbe + Jea + Jab 33@1(1— a4 b 4 c jsé
a+3Jbc b+3Jeca c+3Jab 4 ++/bc b+3Jea c+3Jab ) 4
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a 2a

3 a
= + + =—.Taco: 2 =
a+3Jbe b+3Jea c+3Jab 4 a+3be 4039tD 2a+3b+3c
2

2b c 2c
Tuong tu: 2> ; >
S i3Vea  2b+3c+3a ci3Jab  3a+3b
6(a+b+
Ta chirng minh: Z—>§<:>z 2—a+2 2§+3.2<:> Zuzﬂ
abe2a+3b+3c 4 abe\2a+3b+3c 4 abec2a+3a+3b 4

Ap dung BPT Cbsi cho ba sb dugc:

2. (2a+3b+3c). z;_3i/n(2a+3b+3c)\/ 1

> - -
abe abe2a+3b+3c H2a+3b+3c

a,b,c
o z 8(a+b+c) 50 z 6(a+b+c)
ane 2a+3b+3c B ane2a+3b+3c

@+@+@_3_[a b J
a+3«/§ b+3\/a c+3\/£ a+3«/§ b+3\/a c+3\/£

4 b c (\/Z+\/3+\/Z)
+ + >
a+3Jbc b+3Jca c+3Jab a+b+c+3(x/£+x/§+ ca)

(\/Z+ b+\/2)2 3

(\/;+ b+\/z)2+(\/2+\/5+\/;)2_4
3

A ( a b c J 3 \be Nea ~Nab
Do vay 3— + + B——-<
a+3vJbc b+3vJca c+3Vab 4  a+3bc b+ 3\/ca c+3vab

Déu “="xayrakhi a=b=c.

a,b,c

>27 = diéu phai ching minh. Dau “=" xdy rakhi a=b=c_

Cach 4: 3[

Ap dung BPT Cauchy-Schwarz:

) (Va +b ++e) §
(Va5 e} +(ab + b +Jea)

<3
T4

Bai 272. Cho a,b,c 1a cac sd thyc khong am théa man ab + be +ca > 0 . Chirng minh ring

1 1 1 1 S 12

5 + 3 + 3 + 2 2
2a°+bc 2b"+ca 2c”+ab ab+bc+ca (a+b+c)

Loi giai
Dau tién, theo bat dang thirc AM-GM ta co:

Z(a2 +ab +b2)(a+b+c) = (2b+a)(2a2 +bc)—i—(2a-|—b)(2b2 +ca) > 2\/(2l)—i-a)(2a2 -1-bc)(2a—i—b)(2b2 +ca)

c? (2a+b) c* (2b+a) c* (2a+b)(2b+a) (2a+b)(2b+a)
+ >2 >
2a* +be 2b% +ca (2a2+bc)(2b2+ca) (a +ab+b* )(a+b+c)

B 42 N 6abc( c j
a+b+c a+b+c\a*+ab+b?

Tur do6 ta suy ra:

Nguwoi bién sogn: Tran Minh Quang Trang 57/75



2c’a+bc? +2ab* +b*e 2a+b 2b+a 4c* 6abc c
2 =¥° ) 2 + ;

2a* +be 2a +bc 2b* +ca a+b+c a+b+c\a*+ab+b*

_4(a2+b2+cz)+ 6abc z c >4(a2+b2+c2)+ 6abc (a+b+c)2
~ a+b+c a+b+c“=a*+ab+b>  a+b+c a+b+c ZC(a2+ab+b2)

4(a2 +b° +c2) ,_6abe

a+b+c a+b+c
Suy ra:

z 2(azb+ab2 +b*c+bc? +cza+ca2)

> (b+c)+

1 1 4(a2+b2+c2+ab+bc+ca) 12
:Z 2 + 2 2 2 2 2
2a° +bc ab+bc+ca (a+b+c)2(a b+ab ) (a+b+c)

Bét dang thic chimg minh hoan tit. Ddu bang xay ra khi va chikhi a=b=c¢

2(cza+ab2)+bc2 +b’c
2a* +bc :Z(b+c)+z 2a* +bc

4(az+bz+cz)+ 6abc _8(a2+b2+cz+ab+bc+ca)_22(a2b+ab2)

a+b+c ab+bc+ca a+b+c ab+bc+ca

Bai 273. Cho a,b,c 1a cac sé thuc dwong théa man abc >1. Ching minh rang
1 1 1
4 3 2 + 4 3 2 + 4 3 2 _1
a+b’+c- b'+c +a” c"+a +b

Loi giai
Dau tién, str dung bat dang thirc Cauchy-Schwarz, ta co:
1 1+b+c? 1+b+c2 3+(a+b+c)+(a2+b2+cz)
D e Dy ermrr aePd 7= 2
a +b +c (a +b +c )(1+b+c ) (a2+b2+cz) (a2+b2+cz)

Tiép theo, st dung bét ding thire AM-GM, ta c6: a+b+c > 33abe >3;a° +b* +¢* 23/ a’b’c* 23

1 1
3+(a+b+c)+(a2+b2+c2)<3(a+b+c)2+3(a+b+c)2+(a2+b2+cz)< ; .
(a2+b2+c2)2 ) (a2+b2+c2)2 T a4t

Bt dang thirc chimg minh hoan tit. Ddu bang xay ra khi va chikhi a=b=c

Bai 274. Cho a,b,c 1a cac s6 thuc dwong théa man abc =1. Ching minh rang

I U SR
(a+1)2(b+c) (b+1)2(c+a) (c+1)2(a+b)_8
Loi giai

Pau tién, ta dat (a;b;c) = (xz;yz;zz) voi x,y,z lacac s6 thuc duong, khi d6 bat dang thirc can ching minh tre

thanh: 21 + ! + ! < E

(x2+1) (y2+zz) (y2+1)2(22+x2) (Zz+l)2(x2+y2) 8

\/(x2+1)(y2+22) 2xy+z=—+z=

Ap dung bét dang thirc Cauchy-Schwarz, ta co: z ‘
2 2 2 1 x*+1
\/(x +1)(y +z ) >X+yz=—+Xx=
X X

241 X+ (o +1)(2* +1)
z  x Xz
Nguwoi bién sogn: Tran Minh Quang Trang 58/75

Tur d6 ta suy ra: (x2 +1)2 (yz +zz) >



(F+1) (<) Ry pee

Tiép theo ta d& dang chimg minh dugc: (xz +1)(y2 + 1)(22 + 1) >

Khi d6 ta c6 duoc: Z

(xy+ yz +2x)

w | o0

That vay, theo bat déng thirc Cauchy-Schwarz, ta co:

\/(x2+l)(y2 +1) Zx+y;\/(y2 +1)(z2 +l) 2y+z;\/(z2 +1)(x2 +1) >z+x;

Nhan vé theo vé, suy ra: (két hop véi x+ y +z > 3,/xyz =3abc =1

(xz +1)(y2 +1)(z2 +1)2(x+y)(y+z)(z+x)Zg(x+y+z)(xy+yz+zx)Zg(xy+yz+zx)

1 <§ vz _3 xyt+yz+zx E
(x2+l)2(y2+zz)_8 (xy+yz+zx) 8 xy+yz+zx 8

Tu do suy ra: Z

Bit dang thirc chimg minh hoan tit. Ddu bang xay ra khi va chikhi a=b=c=1

. I 1 1 .
Bai 275. Cho a,b,c 1a cac s6 thuc duong thoa man l6(a +b+ c) > —+—+— . Ching minh rang

a b c
1 1 1 8
(a+b+1/2(a+c))3 +(b+c+,/2(b+a))3 +(c+a+\/m)3 S9
Loi giai

Dau tién, theo bat dang thirc AM-GM, ta co:

/ / / / b)(
a+b+,/2(a+c)—a+b+2 arce =(a+b)+ are | |9¥¢ 3, a+b)(a+c)
<

T < Tuong tu cho hai phan s con lai, ta suy ra:
(a+b+1/2(a+c)) 27(a+b)(a+c)
4(a+b+c)

1 2 -
jz(a+b+\/m)3 _227(a+b)(0+0) 27(a+b)(b+c)(c+a)

Suy ra:

Tiép theo ta c6 bt dang thuc sau: (a+b)(b+c)(c+a)=—(a+b+c)(ab+bc+ca) (*)

O | 0

Chung minh (*), ta co:

(a+b)(b+c)(c+a) (2\/_)(2\/5)(2\/5) 8abc

(a+b)(b+c)(c+a)+abc=(a+b+c)(ab+bc+ca) (1—1— ;j(a+b)(b+c)(c+a)

Suy ra:
(a+b+c)(ab+bc+ca) < %(a+b)(b+c)(c+a) = (a+b)(b+c)(c+a) > g(a+b+c)(ab+bc+ca)
Nhu vay bat dang thuc (*) dung nén suy ra: Z ! < !

(a+b+1/2(a+c))3 6(ab+bc+ca)

(ab +bc+ca)2 > 3abc(a+b+c)

X 3
Dén day ta lai co: a+btc) = ab+tbc+caz—
6(arbic)z Lol Ly 3larbre) 16

a b ¢ ab+bc+ca
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1 1 .18
9

< <
(a+b+1/2(a+c))3 6(ab+be+ca) 6.136

(e s 1
Bat dang thtrc chirng minh hoan tat. Dau bang xay ra khi va chikhi a=b=c = Z

Suy ra: z

Bai 276. Cho a,b,c 1a cac sd thuc duong bét ki. Chimg minh rang
\/bc+4ab+4ac +\/ca+4bc+4ba +\/ab+4ca+4cb S 3 {\/b+c +\/c+a +\/a+bJ

b+c c+a a+b
Loi giai
. Abcraab+dac  [16a  4bc  |16a (b+c) _ [l6a+b+c
Pau tién, ta co: = + 5 + > <
b+c b+c (b+c) b+c (b+c) b+c

Tiép theo ta cin ching minh: 235 z\/b—;c Zz\/ 16abibc+c . That véy, binh phuong hai vé, ta co:

b+c b+c (a+b)(a+c) b+c b+c

+2 +2 +2

e P SN CUICDNS o S il s

b+c 1 1 a a
> —+— +4
Z a (b cj c z b+c
Bt dang thirc can chimg minh 1 dtng, khi d6 4p dung vao bai trén ta suy ra:

16a+b+c 16a+b+c  |(16a+b+c)(16b+c+a)
R

b+c b+c (a+c)(b+c)
16a+b+c 16a+b+c 16b+c+a
_z b+c z( a+c " b+c j_

b+c 16a+b+c
S
e \/_Z\/ Z\/ b+c \/

6) > 182% +54 (*) 12 bai toan két thuc
+cC

Luc ndy ta can chimg minh — (

. > . a
That vay, bit ddng thtc trén tvong duong v6i zb— > = (%)
+c

2
2 2 2
(a+b+c)( a , b ¢ j: @ b +(a+b+c)
_ b+c c+a a+b) b+c c+a a+b Z a 3
a Co: = Z—
a b c (a+b+c)2 b+c 2
(a+b+c) + + > +(a+b+c)
b+c c+a a+b) 2(a+b+c)

Nhu vay (**) diing thi bat dang thirc (*) dung tirc bat dang thirc chimg minh hoan tit. Ddu bang xay ra khi va chi
khia=b=c

Bai 277. Cho a,b,c 1a cac s6 thuc duong bét ki. Chirng minh rang

at b ¢!
>
i/b2 (a2 —ab+b2) +i/c2(b2 —bc+c2) Jri/a2 (c2 —ca+a2) =3

Loi gii
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Ta co:

a’ B a’ _ a’ S 3a’ _ 3a’
\ &° (az—ab+b2) 3 azbz(a2 —ab+b2) {/ab.ab.(az —ab+b2) -~ a’—ab+b*+ab+ab a’+ab+b’

: b 3b? o 302
Chtrng minh tuong ty, ta cd: 3 75 ~ 2 =375 ~>— -
c (b —bc+c ) b”+bc+c a (c —ca+a ) ¢ +ca+a

4 2
, , a 3a
Cong vé theo ve, suy ra: >y ———— >3
e g zi/bz(az—ab+b2) za2+ab+b2
a’ b? c’

Téi day ta chi can chimg minh: > >1 (*) 1a két thic bai toan

2+ 2 2+ 2 2
a " +ab+b” b +bc+c® ¢ +cata
Thét vay, nhan hai vé cho (@” +b +c* +ab +bc +ca) ta co:

®=3

az(a2 +ab+b*+¢? +bc+ca)

2
=Z(a2 +MJZ(02 +b*+¢? +ab+bc+ca)

2 2 2 2
- a +ab+b p” a +ab+b
5 azc(a+b+c) a’c ab+bc+ca
<:>Z a +————> 2ab+bc+ca<:>z 5 > =
- a +ab+b oo\ a +ab+b a+b+c

That vy ta nhan thdy:

cyc

a’c . (ab+bc+ca)2 _ab+bc+ca
a’*+ab+b’ _Zc(a2+ab+b2) a+b+c
cye

Vay khi bat dang thirc (*) dung tirc bat dang thirc chimg minh hoan tat. Diu bang xay ra khi va chikhi a=b=c

Bai 278. Cho a,b,c 1a cac sd thuc duong va 1 ba do dai canh ctia mot tam giac. Ching minh rang
a b c 6a 6b 6¢
+

+ + + + 26
b+c c+a a+b 2a+b+c 2b+c+a 2c+a+b

Loi giai
Dau tién, ta c6 bat dang thirc ban dau twong duong Véri'

a 3.9 6a (a b a b)2
22 Ny % >3
Zb+c 2 2 Z:2a+b+c<:>z(b+c) b+a) Z (2a+b+c)(2b+c+a)
. 2b* +2¢* +2bc - 24’

(a+c)(a+b)(2b+a+c)(2c+a+b)

2 2 2
Pit an S.0.S nhu sau: (giasit a >b>c>0): S, = 2a” +2¢ +2ac—2b
(a+b)(b+c)(2a+b+c)(2c+a+b)
2a* +2b* +2ab -2¢*
S’ =
¢ (b+c)(c+a)(2a+b+c)(2b+a+c)

Giast a>b>c khidé S,,S. >0 do d6 ching ta cin chimg minh S, +S, >0.
(2b2+202+2bc—2a2)(b+c)(2a+b+c)+(2a2+202+2ac—2b2)(a+c)(2b+a+c)
(a+c)(a+b)(b+c)(2b+a+c)(2c+a+b)(2a+b+c)

Bt dang thirc vira néu hién nhién ding vi:

(2b2 +2¢2 +2bc—2az)(b+c)(2a+b+c)+(2a2 +2c2 +2ac—2b2)(a+c)(2b+a+c)

>0

That vay, ta co:

:(202 +24° —2b2)(a2 —bZ)ZO
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Cing véi: (a+c)(a+b)(b+c)(2b+a+c)(2c+a+b)(2a+b+c)=](a+b)[[(2a+b+c)=0
Do d6 bat dang thirc chimg minh hoan tat. Diu bang xay ra khi va chikhi a=b=c

Bai 279. Cho a,b,c 1a cac s6 thuc duong bét ki. Chirng minh rang

1 1 1 3
+ + >
aN3b+2a b\/3c +2b c\/3a +2c \/Sabc
Loi giai

, \abc 1 1 )
CO. = = N
J5a3b+2a 3 2 5(3 2
\/ga 7+b7 a |—| —
ac C

c\a b

. . s 1 1 1 3
Tu do, ta viét lai bat dang thuc trén thanh: + + > g

Va3 oG

Pau tién ta dat: (x; y;z):(l;% lj khi d6 bat dang thirc tré thanh:
a c
al + 2 + z >3
\/52(3x+2y) \/Sx(3y+2z) \/Sy(3z+2x) 5
X S 2x

Theo bét ding thitc AM-GM ta ¢6: /52 (3x+2y) < l(52 +3x+2y)= >
2 52(3x+2y) 52+3x+2y

2x

X
>
\5z(3x+2y) Z52+3x+2y

. 2x 3 .
Luc nay ta chi can chtrng minh zﬁ 2> g (*) 1a ket thuc bai toan. That vay ta co:
z+3x+2y

Tu do6 suy ra: z

xXy+yz+zx < xt+ y2 +z%. Tudo suy ra (ap dung Cauchy-Schwarz dang phan thuc):

Z Z S 2(x+y+z)2
52+3x+2y Sz+3x+2y) x(5z43x+2y)+y(5x+3y+2z)+z(5y+3z+2x)
2(x+y+z) 2(x+y+z)2

= >
3(x2 +y +Zz)+7(xy+yz+zx) 3(x2+y2+zz)+;(xy+yz+zx)+230(xy+yz+zx)

N 2(x+y+z) _ 3(x+y+z) :3(x+y+z)2:§
5

_3(x2+y2+Zz)+;(xz+y2+22)+230(xy+yz+zx) 5[x2+y2+22+2(xy+yz+zx)] 5(x+y+z)2

Vay khi bat dang thirc (*) dung tirc bat dang thirc chimg minh hoan tat. Diu bang xay ra khi va chikhi a=b=c

. I 1 .
Bai 280. Cho a,b,c la cac so thuc duong théa man — +E+ — < 3. Chirng minh rang
a c
1 1 1 3
+ + <=
\/az—ab+3b2+l \/bz—bc+3cz+l \/cz—ca+3a2+1 2
Loi giai

: . 1
Péu tién ta cn chimg minh: a® —ab+3b% +1> Z(a +5b+2) (*). That vy, ta cé:

e 1
Bét déng thirc twong duong v6i: a’ —ab+3b” +1= E(a +5b+ 2)2
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< 16a” —16ab+48b* +16 = a’ +25b> +4+10ab + 20b + 4a
& 15a® —26ab+23b* —4a—20b+1220 <> 13(a-b) +2(a-1)" +10(b-1)" 20

Bit dang thic vira phan tich luén ding v6i moi a,b 1a sé thuc duwong nén bat ding thirc (*) ding

1 4
Tur d6 ta suy ra: <
g Z:\/az—ab+3bz+1 Za+5[9+2
Tiép theo ta lai co: 4 = 4 < ! + ! Sl( ! +L+L+lj
a+5b+2 a+3b+2b+2 a+3b 2b+2 4\a+b 2b 2b 2
1(1 1 1 1 lj 1 5 1 1 4 1 5 1
S| —4—F—+—+— |=—+—+—-> < < +—t—
4\4a 4b 2b 2b 2) 16a 16b 8 \/az—ab+3b2+1 a+5h+2 16a 16b 8
Chung minh tuong tu ta co: ! < ! + > +l; ! < ! + > +l
Jb* —bc+3c>+1 160 16c 8 > —ca+3q>+1 16c 16a 8
Céngvétheové,suyra:z ! Sé(l l lj+§£§.3+§=E
Ja—ab+3+1 8la b c) 8 87 8 2

Bét dang thirc chimg minh hoan tat.

Bai 281. Cho a,b,c la cac s6 thyc duong théa man a +b + ¢ = abc . Chimg minh rang

b ¢ a_(1 1 1Y
3ttt —+—t— | +4/3
a b (a b c]

Loi giai
bat (x;y;z)z(é;%;%) tacod: xy+ yz+zx=1.Suyra: (x+y+z)2 23(xy+yz+zx):3

Truong hop 1: Khi d6 ta ¢6 duge: x+ y+ 2z —+/3 > 0. Tir d6 bt déng thirc cAn chimg minh duoc viét lai thanh:

2 2 2 2 2 2
34+t s (ke 4B o T+ e PP 2B ()
y z X y z X
_ <1
. , . xy <1 Y 2 C .
Khong mat tinh tong quat, gia sir x > 2 thi tir ! = L Tur d6 bat dang thue (*) twong duong voi:
<
Xz oL
2

o A>x’ ll—l =x’>4
®x2(l_1j+y_+2_2x2+y2+\/§—l.Trongdé: A

y z X 1 2 1 2
A<|=| +|=| +3-1<4
' @ @

Truong hop 2: 0 < x, y,z <2, khi dé ta co:

2 2 2
<:>(x—+y—2xj+[y—+z—2yj+(z—+x—22j+(x+y+z—\/§)sz +y* +2° —(xy+ yz + zx)
y z X

(*)C>(x_yy) +(y_ZZ) +(Z_xx) +(x+y+z—x/§)2(x_2y) +(y_2z) +(Z_2x)

o (x—y) (%—%j+(y—z)2 (l—%]+(z—x)2 (l_%J+(x+y+z—\/§)20

z X

Bét ding thirc vira néu hién nhién ding v6i 0<x,7,2<2 va x+ y+z-~/3>0
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Bét dang thirc chimg minh hoan tit. Ddu bang xayrakhi x=y=z=a=b=c= \/g

Bai 282. Cho a,b,c 1a cac sd thuc duong bét ki. Chimg minh rang
1 1 1 3
T T 7 1
a+3+1 b+—+1 c+—+1 Rlabc+——+1

c a labc

Loi gii

) 1 1 1 1
Dau tién ta dit: (x;y;z;t):[a+—;b+—;c+—;x3/abc +—j khi d6 ta c6: xyz—(x+y+z)=1 -3t
b Jabc

c a
Suy ra ta chuyén sang chimg minh: 1 + 1 + 1 = ! + ! + ! > 3
a4ial belal cadyp XL oyalozHl vl
b c a
(xy+yz+zx)+2(x+y+z)+3:1+xyz—(x+y+z)+2> 3 o £ =3t+2 >2—t
(x+1)(y+1)(z+1) (x+1)(y+1)(z+1) 41 (x+1)(y+1)(z+1) +1

@(Xﬁ)‘(fy)fl;(lzﬂ)z 2L s (1=2) (w4 1) (1) (41) 2 (1-2) (1+1)

Do a+%+b+l+c+l:(a+b+c)+[l+%+lj23(\3/61[90+
a c

j26<:>122
C a

1
labc
1 1 1 1 ’
Nén ta suy ra: (a+—+lj(b+—+lj(c+—+lj2 Jabc + +1
b c a labc

Bt dang thirc trén dung voi bat dang thirc Holder nén ta hoan tat chimg minh. Dau bang xdy rakhi a=b=c

Bai 283. Cho a,b,c 1a cac s thuc khong am théa a + b + ¢ =3 . Chirng minh ring
a-1 N b-1 N c—1
Jb+3 Ne+3 Na+3

Loi giai
Dau tién ta phan tich nhu sau:

eT il areyiloy? J;j;w SRR R PR

Jb+3 Jbi3 Jbi3 T i)’
a—b)(ﬁ—\/bT) (a—b)(c— b) .
e (b+3)(c+3) Z \/b+3+\/c+3 >0 (%)

Tadét(xy)( R

' ’ Ja+3+b+3 " b+3+c+3 Je+3+a+3

Zx(a—b)(a—c 20@2[ x+y—z)+(z+x—y)](a—b)(a—c)20

<:>Z[(x+y—z)(a—b)(a—c)+(x+y—z)(b—c)(b—a)]ZO@Z(x+y—z)(a—b)220
J3

24343

j khi d6 bat dang thirc (*) tr¢' thanh:

Ma v6i moi a,b,c1a cac sb thuc thuoe [0;3] théa a+b+c=3 thi x+y>2

=z nén ta suy ra

x+y-z20tic O (x+y-z)(a—b) 20 1 hién nhién ding
Khi 4y bat ddng thirc hoan tat chimg minh. Dau bang xdy rakhi a=b=c=1

Nguwoi bién soan: Tran Minh Quang Trang 64/75




Bai 283. Cho a,b,c la cac s6 thuc duong théa min a +b +c = 7 . Chimg minh rang
2 2 2
a b c 2
—t—t—2 {/(a2 +b° +c2) +6abc
b ¢ a

Loi giai
2
2 2 2
. ’ . , P R N X B (a +b +c )
Dau tién ta 4p dung bat dang thic sau: —+—+—=—-+—-+—F—2— > 3
b ¢ a ab ac ca ab+bc+ca
Tiép theo, thong qua bat dang thirc AM-GM, ta co:

a3+ab2+a2b=(a+b+c)(a2+b2+cz)zz( 2+b2+cz>
3 3 3

Tir d6 ta suy ra: (ap dung bat dang thirc CBS)
2 2 2 3 3 2
b 3 3 3 3 (a+b+c 2
a—+—+c—2—(a2 +b +cz) :i/—3(a2 +b° +cz) > i/—.g.(a2 +b° +cz)
7 7 3

b ¢ a 7
) 7.3.\3/czl7c.3.(\/3 abc)2
+=.

3

a’b+b’c+cta< Z

23(a2+b2+cz) :{/(a2+b2+02)2+6abc

L a e . L s 7
Khi ay bat dang thtrc hoan tat chirng minh. Dau bang xay rakhi a=b=c = 5

Bai 284. Cho a,b,c 1a cac sd thyc duong bét ki. Chimg minh rang

2
a b c¢c\(b ¢ a a’ b* c*
—t—+— || === [ 1+ l+— || 1+ — || 1 +—
b ¢ a/)la b c bc ca ab

Loi giai
. a> b ¢ (e 5
Pau tién ta dat: (x; ¥ Z) = b—;—;—b voi xyz = 1. Khi d6 bat dang thirc can chirng minh tré thanh:
c ca a

I 1 1 2
3 —+—+—2>(1+3/(1 1 1
+x+y+z+x+y+z ( +\/( +x)(1+y)( +z))

<:>3+x+y+z+xy+yz+zx2(1+{/2+x+y+z+xy+yz+zx)2
Dit a =3+ x+ y+z+xy+ yz+zx khi d6 bat dang thic tro thanh: l+a2(1+3/2)2
@a—z%—(%)z20@%/2(2/2“)(%/5—2)20:%/222

2 2 2
Suy ra: 2+x+y+z+xy+yz+zx28<:>(x+lj +(y+lj +(z+lJ >0 (ludn ding)
X v z

Khi ay bat dang thirc hoan tit chimg minh. Dau bang xay rakhi a=b=c

Bai 285. Cho a,b,c 1a cac s thyc khong am thoa a +b + ¢ = ab + bc + ca = k . Ching minh rang

aNJAa® +5b> +bNAD? +5¢% + At +5a% <2k —k—6

Loi giai
Dau tién, ap dung bét dang thirc AM-GM, ta co:

2 2 2 2
aaa® 1567 < i p = BE(at5b) |+ da+6b = da+6b— 22
2a+b 2a+b 2a+b

Chung minh tuong tu, tir d6 ta suy ra:
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Z:a\/4az+5b2 SZa(2a+3b—26ab j:Z(a+b+c)2—(ab+bc+ca)
a+
(0zb+bc+ca)2
<2k* -k 6. =2k —k—-6= a\4a’ +5b* <2k* —k -

(a +b+ c)2
Khi 4y bat dang thirc hoan tat chimg minh. Dau bang xay rakhi a =b =c

(ab)
b(2a + b)

—62

6

Bai 286. Cho a,b,c 1a cac sé thuc duong théa man abc =1. Ching minh rang

b c

a

+ +
a+6b+2bc \/b+6c+20a \/

J

c+6a+2ab

Loi gii

>

N

Pau tién, ta dat (a;b;c) = (ﬁ
Yy

z N Y , . 1ex
;—j . Khi d6 bat dang thurc can chung minh tr¢ thanh:
X

2.3
a X z

_>1

z sz _
X’z+6y’z+2y°z

2.3
X z
2.2.2 2.3 —

Vyzi+2xyz

z a+6b+2bc B

Luc nay ta chi can chirng minh
Z X’z +6x

That vay, bat dang thic trén tuong duong véi:

(xy+yz+zx)% ()cy+yz+zx)3

z \/x323 +6x°y°z" +2xy°z

>1 1a bai toan két thic.

>1

l21<:>

+ ZZ:(xyzz3))E

(Z:(xy)3 +18x%y%2°

- > (xy) +3Z(xyzz3)+3Z(x2y32)+6x2y222 e Z(xyzz3)+32(x2y32)

Z:(xy)3 +18x%y°z" + 22(xy223)

Z:(xy)3 +18x%y* 2" + 22(xy223)

2.2_2

>12x°y°z

2
X

3
z >1 luon dung

Ma Z(xyzz3 ) + 3Z(x2y3z) >12x%y*z* lu6n ding nén z\/

X’z +6x°y° 2" +2xy

2.3
z

Khi ay bat dang thirc hoan tit chimg minh. Ddu bang xay rakhi a=b=c=1

Bai 287. Cho a,b,c 1a cac sd thuc duong bét ki. Chimg minh rang
l+b l+c l+a
q + +-< >32
\/1 \/1 \/1
—+a ,|-+b | —+c
a b c
Loi giai
Ta co:
1 1 1 1 1
“4b Na|—+b Ja| = +b Ja| = +b Ja| —+b
a a a > a a

- \/a2+1

\/1
—+a
a

:(m+@)—\/ﬂ - \/(1+1)(a2+1+2a)

~2a :\/E(a+1—\/5)

ﬁ(jﬁbj V2(a+1-va) | V2(a+1-a)

R(aria)  a Ja

= zzﬁ—ﬁ(ﬁ—nﬁj
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zﬁ[L+@j-ﬁ[¢;_1+La

-+ fj:ﬁ(@-ﬁ)m

1
—+b
Tur d6 ta suy ra: al > \/5 (\/Z - \/Z ) + \/5 . Chung minh tuong tu hai phéan thirc con lai, suy ra:
—+a
a
1 +b 1 +c 1 +a

a +-£ 2\/5(\/5—\/;)+\/§(\/E—\/3)+\/§(\/;—\/E)+3\/§=3\/§

+
\/1+a \/1+b \/1+c
a b c

Bai 288. Cho a, b, ¢ 1a cac s thuc duong bét ki. Ching minh ring:
2 2 2
a c
LS s+ —ab+\bB + S —be+P +a’ —ca
b ¢ a
Loi giai
Quan sat bat dang thic ta nhan thay dau hiéu sir dung bt ding thirc Bunhiacopxki dang phén thuc, khi d6 ta duoc
2 2 2
a b° ¢ e .
7 +—+—2>a+b+c. Bat dang thirc s& dugc chirng minh néu ta chi ra dugc
c a

a+b+c2\/a2 +b* —ab +\/b2 +c’ —bc+\/c2 +a’ —ca
Tuy nhién danh gia trén khong ding, nén ta s di sang hudng khac.

2 2 g2
+b"—ab
Nho lai cach danh gia tao ra dai luong Va® +b° —ab taco %—a+b+b=(u+b]22\/a2+b2—ab

b

2 2 2

. a c
Ap dung tuong tu ta dugc 7—%——-1——+a+b—i—cz2\/az+b2—czl)+2\/172+c2 —bc+2\/cz+a2 —ca
c a

2 2 2 2 2 2
3 , a b° ¢ a c

Nhu vay ta can chi ta dugc 2[—+—+—]2—+—+—+a+b+c
c a c a

Va day 1a mot danh gia hoan toan ding. Vay bat dang thirc dugc chimg minh.

Bai 289. Cho a, b, ¢ 1a cac s6 thuc duong thoa min a + b + ¢ = 1. Chimg minh rang:

\/a2+L2+\/b2 +biz+\/c2 +Ci2 > /82

a

Loi giai
Dé loai bo cac can bac hai trong truong hop biéu thirc dudi dau cin duoc viét dang tong, ta thuong dung bat dang
thirc Bunhiacopxki, rat may trong truong hop nay ta c6 danh gia cung chiéu. Chu y dén dau dang thirc xay ra ta

2
duoc: \/82(a2+%j:\/(1+92)(a2+%j2 (a+2J =a+2
a a a a
] , 1 9 , 1 9
Ap dung twong tu ta dugc (82| b"+— | 2b+—; 82| c"+— |Zc+—
b b c c
L , 1 , 1 , 1 1 1 1
Khi d6 ta dugce (82| a” +— |+ ,[82| b"+— [+,[82| ¢"+— | Za+b+c+—+—+—
a b c a b ¢

Hay \/a2+iz+\/b2+i2+\/c2+iz ZL(a+b+c+l+l+lj
a b a b ¢

C 1 9 9 9 9 9 9
Phép chirng minh s& hoan tat néu co: (a+b+c+—+—+—j2\/82 hay a+b+c+—+g+—282
a

\/872 a b ¢ c
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. . , 9 9 9 9.9
Chu y dén gia thiét a +b+c =1 két hgp vi mot danh gia quen thudc ta co6: —+—+—> ———— =81
a ¢ a+b+c
Nhu vy dénh gia cudi cung ding. Vay bét dang thirc duoc chimg minh. Déng thirc xdy ra khi va chi khi

azbzc:l.

Bai 290. Cho a, b, ¢ 1a cic s thuc duong thoa man a (a +b+ c) =3bc . Ching minh ring:

(a+b)3 +(a+c)3 +3(a+b)(a+c)(b+c)S5(b+c)3

Loi giai
Trude hét ta viét lai gia thiét: a(a+b+c)=3bc < a’ +ab+bc+ca=4bc < (a+b)(a+c)=4bc

Luc nay tadat x =a+b; y =a+c thi dugc xy = 4bc . Bé y dén danh gia

¥+’ :(x+y)(x2 —xy+y2)S 1/2(x2 erz).[(x—y)2 +xy}
= \/2[(x—y)2 +2xy}.[(x—y)2 +xy} = \/2[(b—c)2 +8bc}.[(b—c)2 +4bc}

:\/2[(b+c)2+4bc].(b+c)2 <J4(b+c) (b+c) =2(b+c)

Do d6 ta dugc: (a+b)3 +(a+c)3 SZ(b+c)3. Ta can chimg minh: (a+b)(a+c)(b+c)£(b+c)3.

That vay (a+b)(a+c)(b+c) = 4bc(b+c)$(b+c)2 (b+c) :(b+c)3
Vay bét dang thirc duoc chig minh. Pang thirc xay ra khi va chikhi a=b=c.

Bai 291. Cho a, b, c 1a cac s thuc duong théoa man a + b +c =9 . Ching minh ring:
3 3 3 3 3 3
+b° b+ +
a + € L8779 59
ab+9 bc+9 ca+9

Loi gidi

3513 A ap 3
a’+b’ _ (a )2 (a+b)
ab+9  4ab+36  4ab+36
Miit khéc, theo bét ddng thirc Cauchy ta c64ab < (a+b)’ va (a+b) +36>12(a+b)

3 13 3,13 3
@+ M@ +b)  (a+h) . 36(a+h)

Cich 1: Sir dung bét dang thic quen thudce 4()63 + y3) > (x + y)3 taco

36(a+b)
Do d6 ta dugc Za+b——b=a+b—3

ab+9  4ab+36 ~ (a+b) +36 (a+b) +36 12(a+b)
3 3 3 3
X + +
Ap dung tuong tu ta co ¢ >b+c-3; €74 s etra-3
bc+9 ca+9
3 3 3 3 3 3
. . C +b” b+ +
Cong veé theo vé ba bat dang thirc trén, ta duoc: a + ¢ +c a 22(a+b+c)—9:9

ab+9 bc+9 ca+9
Vay bat dang thirc dugc ching minh. Pang thirc xay ra khi va chikhi a =b=c =3.

Cach 2: St dung bit dang thic quen thudc 4()63 + y3) > (x + y)3 ta co

a+b _ (a+b) {(mf +4ab+6+3} ab 9

ab+9  4ab+36 | 4ab+36 24 6 2

b) bY
(a+b) +4ab+6+323i/3'(a+ ) 4ab+6 _ a+h
4ab+36 24 4ab+36 24 2
a3+b323(a+b)_a_b_2
bc+9 2 6 2

Ap dung bét dang thirc Cauchy ta duoc:

Do d6 ta duoc
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b+ 3(b+c) be 9 F+ad’ _3(c+a) ca 9
Tuong tu ta co > - > = _Z

bc+9 2 6 2 ca+9 2 6 2
Cong vé theo vé ba bat ding thirc trén va két hop véi danh gia quen thudc , ta dugc
3,13 3,03 3,03 2
+b b+ + b+bc+ 27 atb+c) 27
e Y PSS WL 2 e YOS B G ) e B
ab+9 bc+9 ca+9 6 2 18 2
Vay bét dang thirc dugc ching minh. Dang thirc xay ra khi va chi khi a =b =c = 3.
Bai 292. Cho a,b 1a cac sb thuc duong thoa man a +b+1=3ab . Ching minh ring;
3 3b I 1
b(a+l) a(b+1) a b
Loi giai
Cx e . 3ab 3ab 1 1 b+(a+l) a+(b+1) 1 1
Bién d6i biéu thirc vé trai ta duoc P = > a +— a —— 5= 2( )+ 2( )——2——2
b (a+1) a (b+1) a b b (a+1) a (b+1) a b
b a 1 1

H P: =
v B (at1) @ (b+1) bla+l) a(b+1)

y 1 |
bat x =—; y:Z,tuglathlettasuyra x+y+xy=3
a

Apdungbétdéngth&cCauchytac()3:x+y+xy2xy+2\/5<:>xy+2\/E—3SO<:>(\/E—1)(\/E+3)SO
Turdo tasuyra xy <1.Khidotaco
PN N (A SR S N S0 ' S o)
x+1 y+l1 x+1 y+l1 (x+l)(y+1) (xy+x+y)+1

_ xy(5—xy) _ —(xy)2 +5xy _ [_(xy)z +2xy—1}+3xy+1 _ —(xy—l)2 +3xp+1 J3+1

4 4 4 4 4
Bai toan duoc ching minh xong. Pang thic xay ra khi va chi khi x = y=1lhaya=b=1

Bai 293. Cho a, b, c 1a cac s thuc duong tiy y. Chimg minh rang:

3 3 3 b 2
a N b N c 2(a-i- +C)
b+2¢c c+2a a+2b 9

, Loi giai
Cach 1: Ap dung bat dang thirc Bunhiacopxki dang phan thirc ta dugc
2
a N b’ N c  d N b . c* . (a2+b2+cz)
b+2c c+2a a+2b ab+2ca bc+2ab ca+2bc_3(ab+bc+ca)
2 2, 2\ 2
a +b +c
( ) >(a+b+c)

3(ab+bc+ca)_ 9

Phép chimg minh sé& hoan tat néu ta chi ra dugc:

\ o 1
That vay, ta can cha ¥ hai bat dang thirc quen thude: a” +b° + ¢ > g(a +b+ c)2 >ab+bc+ca

(az+bz+cz)2 (az+bz+cz)(a+b+c)2 (a+b+c)2
Tur 46 ta co: = =
3(ab+bc+ca) 9(ab+bc+ca) 9
Bt dang thirc da duoc chimg minh. Pang thirc xay ra khi va chikhi a=b=c.
2 2
a’ N a +(b+2c) 23i/ a’ a’ '(b+2c) _
b+2c b+2c 27

Cich 2: Ap dung bét dang thirc Cauchy ta duoc: .
b+2c b+2c 27
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3 3 2 3 3 2
Chung minh tuong tu: b + b +(c+2a) >b*; ¢ + ¢ +(a+2b) >
c+2a c+2a 27 a+2b a+2b 27
24° 2b° 2¢° (b+2€)2 (c+2a)2 (a+2b)2
+ + + + +
b+2¢c c+2a a+2b 27 27 27
3 3 3 11 2 2 2 _2
a_, b L (a +b +c) (ab+bc+ca)
b+2¢ c+2a a+2b 27
11(a2+b2+02)—2(ab+bc+ca)Z(a+b+c)2
27 9
Hay 11(c12+l)2+cz)—2(ab+bc+ca)23(a+b+c)2

>a’+b* +¢?

Cong theo vé ta duoc

Hay

Ta can chirng minh dugc:

Trién khai va thu gon ta dwoc  a”> +b* + ¢ > ab + bc + ca . Bét ddng thire cudi cung ludn dung. Vay bat dang
thirc da dugc chimg minh.

Bai 294. Cho a, b, c 14 cac s thuc duong thoa man abc = 1. Chimg minh rang:
a b’ c’
+ +
(1+b)(1+c) (I+c)(1+a) (1+a)(1+b)

53
4

Loi giai
Ap dung bét dang thitrc Bunhiacopxki dang phén thuc ta duoc
@ b’ é N (a2 +b*+ ¢ )2
(1+b)(1+c) (1+c)(1+a) (1+a)(1+b) a(1+b)(1+e)+b(1+c)(1+a)+c(l+a)(1+5)
(a2 +b’ +cz)2

2(ab+bc+ca)+a+b+c+3abc

(aerb2+02)2 >3
2(ab+bc+ca)+a+b+c+3abc 4

Phép chimg minh s& hoan tt néu ta chi ra duoc:

Hay 4(a2+b2+cz)226(ab+bc+ca)+3(a+b+c)+9abc
PP 2, 12, 2\ 2
That vay, ap dung bat dang thirc Cauchy ta dugc (a +b"+c ) Z(ab+bc+ca) 23abc(a+b+c)=3(a+b+c)
Do do6 ta c6: 6(ab+bc+ca)+3(a+b+c)+9S6(ab+bc+ca)+(ab+bc+ca)2+9
Ta can chtng minh dugc: 6(ab+bc+ca)+(ab+bc+ca)2+9S4(ab+bc+ca)2
<:>(ab+bc+ca)2—2(ab+bc+ca)—3Z0<:>(ab+bc+ca+1)(ab+bc+ca—3)ZO

Pénh gia cudi cung ludn dang vi ab +bc +ca >33 a’b*c* =3 .
Bét dang thic di dugc chimg minh. Pang thirc xay rakhi vachikhi a=b=c=1

. 1 1 .
Bai 295. Cho a,b,c1a céc so thyc duong théa mén —-+ = +— =3 . Chiing minh rang:
a

&
1 1 1 3
3 * 3 * 3 <7
1+\/(a+b) +abc 1+\/(b+c) +abc 1+\/(c+a) +abe 4
Loi giai
Cich 1: Ap dung bét dang thirc Cauchy vao gia thiét ta d -3—1+1+1> 3 be>1
ac + Ap dung bat dang thuc Caucny vao gia thiet ta duQc: _a_2 b—2 c_z_m:a C =2
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(a+b)3+1—1

1 1
< =
1+y(a+b) +abc 1+y(a+b) +1 (a+b)

Péylakhi a=b=1 thi (1+a+b):[1—(a+b)+(a+b)2},do d6 ap dung bat ding thirc Cauchy ta co

Do do

(1+a+b)+[1—(a+b)+(a+b)2} (a+bY

\/(a+b)3+1:\/(1+a+b)[1—(a+b)+(a+b)2}S 5 =1+ 5

(a+b)3+1—1 1

(a+b)3 a+b \/ a+b +abc a+b

Suy ra: (a+b)3 +1-1< (a-;b) Hay

Hoan toan tuong tu ta dugc

1 : N 13 . 13 Sl( 1 N 1 N j
1+\/(a+b) +abc 1+\/(b+c) +abc 1+ (c+a) +abe 2\a+b b+c c+a
Ta can chimg minh ! + ! + ! < i

at+b b+c c+a 2

. . 1 1 1 (1 1 1 3
That vay, theo m¢t danh gia quen thudc ket hop véi gia thiét ta dugc: + + =] —+—+—|<—
a+b b+c c+a 2\a b c¢) 2

Bit dang thic duoc ching minh. Pang thirc xay ra khi va chi khia=b=c=1.
Cach 2: Dé ¥ thiy c¢6 s6 1 ¢ dudi mau nén dé d& danh mau hon ta co thé ap dung bat dang thirc Bunhiacopxki
dang phan thirc dé tach s6 mot ra khoi mau s6. Cha y dén diu déng thic x4y ra ta duoc

1+3
<— 1+ 4

1+1/a+b +abc 16 1+\/a+b +abe 16 a+b)3+abc

A <1 X XA ) . A 1 . . s 3 s g A
D¢ ¥ lai thiy trong miu s6 c6 chira dai lugng abc nén néu ta danh gia dugc (a + b) vé ab thi co thé

dat duoc nhan tir chung. Ap dung bét dang thirc Cauchy ta co (a + b)2 > 4ab , khi d6 ta duge
1 < 1 _ 1
\/(a+b)3+abc _\/(a+b)4ab+abc \/ab(4a+4b+c)

Bay go dé triét tiéu cin béc hai ta dé y dén bat ding thire Cauchy dang 24/xy < x+ y. Cha ¥ 1a cAn bao

toan dau dang thirc nén ta co: ! = 3 gz( ! + 1 )
\/ab(4a+4b+c) \/9ab(4a+4b+c) 3\9ab 4a+4b+c
—_— foar : : 1 1(4+4+1)1441
Mat khac theo bat dang thuc Bunhiacopxki dang phén thic ta c6 —M—=—~——— —+—
4a+4b+c 8l 4a+4b+c 8l \a b c
. 1 1 3 l 4 4 1
Do do6 ta dugc = <—+ SR
1+\/(a+b) tabe 16 32ab 9%6\a b c

Ap dung tuwong tu ta duoc

1 1 1 3 3 ( I 1 1 j 9 [1 1 lj
+ + St | —+—+— |+ = =+ —+—
1+\/(a+b)3+abc l+\/(b+c)3+abc 1+ (c+a)3+abc 16 32\ab be ca) 96\a b ¢

N , ) 3 3(1 1 1 91 1 1 3
Ta can chiing minh —+ —| —+—+— |+ —| —+—+— |<—
16 32\ab bc ca) 96\a b c¢ 4

That vay, Ap dung hai bat dang thirc quen thudc ta dugc
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Lbibe b(Leded]on Dolo Lol Lt

a b ab bc ca da* b*
1

3 3(1 1 9(1 1 1 3 9 27 3
Trdéosuyra —+—| —+—+ +—|—Ft—F+—|Sf—Ft—=+—==—
16 32\ab bc ca) 96\a b c¢) 16 32 96 4

Bét ding thirc duoc chimg minh xong.

Bai 296. Cho a, b, c 14 cac s thuc duong thoa man a +b +c =1. Ching minh rang;

aA+b*+2 b+t +2 F+at+2
+ + >12
a+b—-ab b+c—-bc c+a-—ca

Loi giai
Cach 1: Quan sat bat dang thirc ta nhan thiy cac mau sé khong dong bac, chi y dén gia thiét ctia bai toan ta viét
a’+b*+2 B a’+b’+2
(a+b)(a+b+c)—ab a’+b’ +ab+bc+ca
P a’+b*+2 2—ab—bc—ca
béyla T —l=——::
a +b"+ab+bc+ca a +b°"+ab+bc+ca
Khi d6 ap dung tuong tu ta dugc bat dang thirc cin chimg minh tr¢ thanh
2—ab—bc—ca N 2—ab—bc—-ca N 2—ab—bc—ca
a’*+b*+ab+bc+ca b*+c*+ab+bc+ca ¢’ +a*+ab+bc+ca
Bét dang thic c6 cac tir gidng nhau nén ap dung mét danh gia quen thudc ta duoc

lai duoc:

2—ab—bc—ca N 2—ab—bc—ca N 2—ab—bc—ca S 9(2—ab—bc—ca)
a’+b*+ab+bc+ca b*+c*+ab+bc+ca cz+a2+ab+bc+ca_2(a2+b2+cz)+3(ab+bc+ca)
g 2—ab—bc—
Phép chirmg minh s€ hoan tat n€u ta chi ra dugc: a e =1

2(a2+b2+cz)+3(ab+bc+ca)
R 2R ptAr stAL g Aos A A o K Y 2
be de tri¢t ti€u cac dai lugng am trén tr s6 ta chu y dén (a+b+c) =1, khi d6 ta co

2—ab—bc—ca (a+b+c)2—ab bc—ca B
2(a2+b2+cz)+3(ab+bc+ca) (a +b* +¢? )+3 ab+bc+ca)

1
Vay bat dang thirc dugc ching minh. Pang thirc xdy rakhi a =b=c = 5
Cach 2: Két hop voi gia thiét ta c6 bién d6i nhu sau
a+b—ab:(a+b)(a+b+c)—ab:a2+b2+ab+bc+ca
a+b*+2 a’+b*+2 _ a’+1 . b +1
a+b—ab a’+b*+ab+bc+ca a’+b’+ab+bc+ca a’+b>+ab+bc+ca
Ap dung tuwong tu ta duoc

Do d6 ta c6”

b*+c*+2 b’ +1 . c+1
b+c—bc b*+c*+ab+bc+ca b*+c* +ab+bc+ca
cz+ba+2_ c*+1 a’+1

= +
c+a—ca c+at+ab+bc+ca ¢ +a’+ab+bc+ca
Mit khac theo bat dang thirc Cauchy ta duogc
@t +1 . @t +1 N 4(a” +1) 4@+ »
a’* +b*+ab+bc+ca cz+a2+ab+bc+ca_2a2+b2+c2+2(ab+bc+ca) a2+(a+b+c)2
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2 2
_ b +1 A b° +1 >4
b*+c +ab+bc+ca b +a +ab+bc+ca
2 2
+1 +1
2 2 - + 2 2 - 24
b*+c +ab+bc+ca ¢ +a +ab+bc+ca

Ap dung tuong tu ta duoc :

A +b*+2 b+t +2 A +ba+2
+ >12

Cong theo vé cac két qua trén ta dugc: +
a+b—ab b+c—bc c+a-ca
1

Vay bét dang thirc duogc ching minh. Pang thirc xay rakhi a =b=c = E

Bai 297. Cho cac sb thuc théa man a,b,c € (0; 1) va abc = (l—a)(l —b)(l—c).
a+bt b+t F+at 15
- + > =
b c a 8

Chirng minh rang:

Loi giai
Quan sat bat dang thc ta nhan thay can phai doi bién dé 1am mat di cac dau trir bén vé phai, do d6 rat ty
nhién ta nghi dén phép ddi bién x =a—b; y =b—1; z =c—1, tuy nhién quan sat k¥ gia thiét thi ta c6 thé bién

(1=a)(1-b)(1~c)
doi: abc=(1-a)(1-b)(1- =1
iz abe =(1-a)(1-b)(1-¢) < —
Béndéytadeitx:l_a;yzl_b;Z:l_c.Khid()tacéxyz=1Vél a= ! ; b= ! ;C= !
a b c 1+x I+y 1+z

Do xyz =1 nén trong cac so X, y, z ¢6 hai s0O nam cung phia so véi 1, gia sir hai s6 do la x va y. Khi do ta co

+z

(x—l)(y—1)20<:>x+y£1+xy:1

Ap dung bét dang thirc Bunhiacopxki ta dugc

1 N 1 S 1 N 1 _ b% N X _ 1 __z
(1+x)2 (1+y)2 (1+xy)(1+xj (1+xy)(1+y) (I+xy)(x+y) (1+xp)(x+y) 1+xp 1+z
¥ X
2
Trdotaco: a’ +b> +c” = 1 =+ ! >+ ! - > 4 ! 2:Z(1+2)j1:(22_1)2+322
(I+x)” (1+y) (1+z) I+z (1+z) (1+z) 4(1+z) 4 4
2 2 2
Bét ding thirc trén viét lai duoc thanh: a—+—+—+a3+b3+c321§5
c a

2 2 2 4 4 4 2 2 2)?
. o a b° ¢ a b c (a +b"+c )
Ap dung bat dang thirc Bunhiacopxki ta dugc: — +—+—=—-+— >

c a ab bc ca a’b+bc+ca
Ma ciing theo bat dang thirc Bunhiacopxki dang phan thtrc ta dugc

a’b+b’c+c’a< \/(a2 +b’ +c2)(azb2 +b°c? +cza2) < \/é(az +b* +C'2)(cl2 +b* +¢? )2

2 2 2 2 bz 2 2
a b c a + +c
Tudosuyra: —+—+—2=

= 3(a2+b2+c2)2
c ¢ \/;(2+b2+c2)(a2+b2+c2)2

3
2

(a3+b3 +c3)(a+b+c)2(a2 +b’ +02)2
Mat khac ta lai c6 :
3(a2 +b* +c2)2(a+b+c)2

3
Do d6 ta dugc: 3((13+b3+c3)2 Z(az +b2+cz)3 Z(%j =a+b+c 2%
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a b , 3.3 3 15
Tir cac két qua trén ta dugc —+—+—+a +b +¢c >2—+—=—
c a 2 8 8

Vay bét dang thirc dugc chimg minh. Pang thirc xay ra khi va chikhi a=b=c = E .

Bai 298. Cho a, b, ¢ 1a cac s6 thue duong thoa mén 0 < a,b,c <1 va ab+ bc+ca =1. Ching minh rang:

a’ +b? N b*+¢? N +a’ >2
(l—az)(l—bz) (1—b2)(1—c2) (1—c2)(1—a2) 2
Loi giai

Quan sat bat dang thirc ta nhan thiy dugc sy phirc tap ciia bai toan, dé c6 cac danh gia hop 1y truwde hét ta

Bét dang thic co tinh dbi ximg nén ta s& di phan tich mot biéu

dy doan déu ddng thirc xdy ratai a=b=c = ﬁ )
thire r0i 4p dung twong tu

. a’ +b* . . C
Quan sat biéu thirc (1 > ) (1 E ) ta thay dugc dau hi€u st dung bat dang thirc quen thudc
_— a J—

2 (a +b7)> ) (a + b) nhu vay trén tir xuat hién binh phuong ding nén rat ty nhién ta nghi dén bat dang thirc
Bunhiacopxki dang phén thirc. Tuy nhién dé y 1a ta viét mau s6 thanh 1—a’ —b” +a’b” lai tréi hon nén mudn
danh gia vé dai lugng 16n hon sé rat kho khan. Tir d6 ta nghi dén viéc tim ra méi lién h¢ giita tir va mau. Dé y 1a
ta chirng minh duoc (1 -a’ )(1 -b’ ) < (1 - ab)2 , nén ta can danh gia tir s6 vé (1 - ab)2 hodc (1 + ab)2 . Nhén

2 2
thiy (1 ~ Zz )4_(?2_ I ) +% = 2((1;__2 2))((11+_bb 2)) , nén chi y dén bat dang thirc Bunhiacopxki ta lai ¢6
1+a*)(1+b*) (1+ab)’
(1+a2)(1+b2)2 (1+ab)2 suy ra El—azggl—bzg > Elizbiz )
Ban dau, bat dang thirc can chimg minh twong dwong véi (1 - Zj )"'(fz_ . b +c? c’+a 3 56

<:>(1+az) 1+b2)+(1+b2)
(1-a*)(1-2*) (1-p7)(1-¢*) (1-¢*)(1-a*)
? 1+ab) (1+5° 1+Cz) (1+bc)2_ (1+02)(1+az)2(1+ca)2

( N ) (1+ca
(l—ab)2 (l—bc)2 ( —ca

)
)
2(
(

1+ca)
1- ca)

Nhu vay phép chimg minh sé& hoan tat néu ta chi ra dugc: > >
(1-ab) (1-bc) (1-ca

Hay ta can ching minh (1+ab)(1+bc)(1+ca)>8(1—-ab)(1-bc)(1-ca).

bat x=ab;y=bc;z=ca, khi d6 x,y,z>0 va x+y+z=1. Bit dang thirc can chimg minh tré thanh

(l+x)(1+y)(1+ z) > 8(1—x)(l—y)(1—z), tuong duong voi bat dang thic sau 9xyz > 7(xy+yz+zx)—2
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Oxyz
X+y+z

Ta d& dang chimg minh duoc x° + y* +2° + >2(xy+yz+zx).

Ma x+ y+z =1 nén ta suy ra dugc 9xyzZ4(xy+yz+zx)—1.Vi X+ y+z=1nén
3(xy+yz+zx)£l,dod() 4(xy+yz+zx)—127(xy+yz+zx)—2

Diéu nay dan t6i 9xyz > 7 (xy +yz+ Zx) —2 . Nhu vay bat dang thirc ban dau dugc chirg minh xong.

Bai 299. Cho a, b, c la cac s6 thuc théa man a,b, c €[1; 2]. Ching minh rang:

a +b* +c <5abc

Bét dang thic can chirng minh c6 tinh dbi ximg giﬁalggz E;Z:l, do d6 ta khong mat tinh tong quat, ta gia sir
1<c¢<b<a<2.Khidédéthdy (b—a)(b—c)<0 Hay b> <b(a+c)—ac.

Tir day ta suy ra: b° < b* (a+c)—abc < [b(a+c)—ac](a+c)—abc =b(a—i-c)2 —ac(a +c)—abc

Nhu vay ta cAn ching minh a’ + ¢ +b(a+c)2 —ac(a +c)—abc <Sabc & (a —c)2 (a+c)+b(a +c)2 < 6abc
Péyrangdo a,b,ce[l;2] nén a<2<2c<b+c,trddodindén 0<a—c<b

Nhu vay ta cc’):(a—c)2 (a+c)+b(a+c)2 < b(a—c)(a+c)+b(a+c)2 = 2ab(a+c) < 2ab(20+c) =6abc

Vay bat dang thirc dugc ching minh. Dau dang thic xy ratai @ =2; b =c =1 va cac hoan vi ciia nd.

Bai 300. Cho a,b,c 1a cac s6 thuc duong théa min abc = 1. Chimg minh rang:
4 4 4
a , b ¢ 21(a+b+c)
b+3c c+3a a+3b 4
Loi giai
4 4
Y Lbrze)z2ar |2 s002 - L(paae)
b+3c 4 b+3c 4
4 4
Ap dyng bat dang thirc C6 — si: 4 +l(b+3c)22b2 1P o —l(c+3a)
c+3a c+3a 4
4 4
te +l(b+3c)zzc2 4 zzcz—l(a+3b)
a+3b 4 a+3b 4

4a*  4b* 4
+ +
b+3c c+3a a+3b
Ta can chimg minh 2((12+192+c2)—(a+b+c)Za+b+c<:>az+l)2+c2 >a+b+c

Cong theo vé ta c6 duge > 2(a2 +b* +cz)—(a+b+c)
Ta co 3((12+b2+cz)2az+bz+(:2Jr2ab+2bc+2ac:(a+b+c)2

(a+b+c)2

Khi d6 ta can chimg minh : >a+b+c

(a+b+c)2

= —(a+b+c)20@%(a+b+c)(a+b+c—3)20 do a+b+c>33Jabc =3

Ding thic xay ra khiva chikhi a =b=c=1.
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