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Céc chuyén dé va bai tap hinh hoc 9 ning cao

Ladi néi dau
Hinh hoc 1a mon hoc dic biét gin lién v6i mdi hoc sinh ching ta. Hinh hoc phing xuét hién trong moi mit cia
dsi séng, tit hinh vudng, hinh tam gidc, hinh tron... Ban than clia ching ta tit bé da dugc tiép can véi nhitng
loai hinh Ay thong qua cudc séng diéu ki. Khi buée dén caAp bac THCS, hinh hoc dugc gidng day bai ban, thé
hién thoéng qua céc dinh Iy nhu Pythagoras, Thales,... Cang hoc hinh nhiéu, ngudi ta cing say mé véi vé dep
ctia b6 mon nay. C6 1é vi vay, rat nhiéu ban hoc sinh yéu thich bo mon hinh hoc, vi t6i ciing vay. Tt nhitng
ngay dau cip hai, toi da cé thé danh nhiéu gio dé chi dé vé hinh, tim hiéu nhing van dé hinh hoc thd vi tit co
ban dén nang cao. Nhitng van dé &y dut d& dang hay khé khan déu mang cho t6i mot cdm gidc thich tha dén la

ki. Dé roi gidi duge mot bai toan hinh, t6i lai cang cam thay vui suéng hon.

Niém say mé vdi cidi mon dy da theo t6i dén mai trudng cip ba va cudn tai lidu cdc ban dang doc chinh 1a
két tinh clia niém dam mé dy. La mot hoc sinh duéi méi trusng THPT Chuyén DHSPHN, toi da dugc tiép can
v6i nhitng kién thitc hinh sau sic hon, 1i thd hon. Chinh vi vay, t6i da ap 1 riéng cho minh mot dy an - mot du
an vé hinh hoc. Té6i luén mudén lan tod nhitng kién thitc minh da hoc hdi dudge, va c6 18 khong c6 ai phit hap

hon 1a nhitng hoc sinh 16p 9 - nhitng hoc sinh chuan bi budc vao ki thi tuyén sinh vao 16p 10.

Hinh hoc 1a mo6t phan quan trong trong céc ki thi, diic biét 1a ki thi vao 16p 10. Hinh hoc ciing 1a mot khia
canh TAt sidu sic vé toan, 1a noi ma cac ban hoc sinh luén tim duge cho minh nhing huéng di méi la, tham chi
c6 phan "khong giéng ai". Do d6, cubn tai lieu nay sé cang trd nén cé ich hon trén con dudng ciia cic ban hoc
sinh chinh phuc ki thi tuyén sinh vao 16p 10 cac truong THPT cong lap dai tra va THPT chuyén.

Trong tai liéu nay, ching ta sé cing nhau kham ph4, luyén tap nhing chuyén dé hinh hoc 16p 9
1. Heé thiic lugng trong tam giac vuong - Lugng giac.

2. Duong tron.

3. Bai tap tong hop.

Toi hi vong tai lieu nay sé 1a mot tai lieu thiét thuc va bd ich gitp cac ban hoc sinh tim hiéu sau sic nhiing

kién thitc toan da hoc, gitp cic em nang cao kha ning ciia ban than v6i bé mén hinh hoc.

Trong qua trinh bién soan, t6i da hét sitc nghiém tiic v can than song van khong thé tranh khoéi nhitng

thiéu sét. Vi vay, tac gid mong nhan dude gép ¥ va danh gid tit phia doc gia.

Tac gia: Nguyén Ngoc Son
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1 Heé thic lugng trong tam giac vuong - Luong giac

1.1 Heé thic lugng trong tam giac vuodng

A

Cho tam giac ABC vuong tai A, duong cao AH. Goi do dai cac doan thing BC, AC, AB,CH, BH va AH lan
lugt 1a a, b, c,b’, ¢’ va h. Tt day, ta c6 nhitng hé thic sau

1. a® =b% + 2.

2. ¥ =V.a =".a.

3. 2 =0b.c.
4. a.h = b.c.

1 1 1
5 — 4+ —= =

b2 2 p2

Céc cong thitc trén déu c6 thé duge chiing minh bing tam giac dong dang.

1.2 Luogng giac

Dinh nghia

canh ké canh doi

canh huyén

e Ti s6 gitta canh ddi v canh huyén duge goi 1 sin clia géc o, ki hiéu 1a sin o

e Ti s6 gitta canh ké v& canh huyén dudc goi 13 cos clia géc «, ki hiéu 1a cos a.

e Ti sb gitta canh ddi va canh ké dugce goi 1a tang cia géc a, ki hiéu 13 tan a.

e Ti sb gitta canh ké va canh déi dugc goi 1a cotang clia goc o, ki higu 1a cot a.
Nhu hinh trén, ta c6

. AC AB
sina = — , cosa = — , tana = — , cota = —

BC’ BC AB AC’
Ti sb6 luong giac ctia géc nhon

Ta ¢6 cac tinh chit sau
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e 0<sina<l, 0<cosa <1.

sin «v Cos «
o tana = —— |, cota = —
COS (v sin o
e tana.cota = 1.
e sina+cos?a=1.
2 2 1
o l+tan"v=———, l+cota=——5—.
COs* « sin” «

e 2 g6c a va B thod méan o+ = 90°. Khi d6, sinaw = cos 8, tana = cot 5, cot a = tan 5.
Hé thiic vé canh va géc trong tam giac vudng

A

° b:a.sinfB\C:a.COS@.
. b:c.tanXB\C:c.cotm.
) c:a.sin@:a.cos@.

e c= b.tanm: b.cot@.

1.3 Cac vi du
Vidu 1. Cho tam giac ABC vuong tai A, duong cao AH. Biét AB = 3 cm, AC = 4cm. Tinh BC,AH, BH,CH.

Lai giai

Ta co

e BC? =AB?>+ AC?=32+4+4>=25= BC =5 cm.

12 12

BHBC:AW:9$BH:§:L8mL

CH=BC—-BH=5-1,8=3,2cm.
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Vi du 2. Cho hinh vuéng ABCD c6 canh bing 2v/5 cm. Goi M, N lan lugt 1 trung diém ctia AD, DC va I
la giao diém ctia AN va BM.

1. Chiing minh AN vuodng goc véi M B.
2. Tinh AI, M.

3. Tinh dién tich t@ gidc BINC.

Lai giai
A o ,)B
1
M ¢
o o) o)
D N C

1. Xét hai tam gidc ADN va BAM ¢6 A = D = 90°, AD = AB,DN = AM. Suy rta AADN = ABAM
(c-g-¢), do do DAN = ABM. Suy ra

MATI +AMI = DAN + AMB = ABM + AMB = 90°.

2. Tac6 BM? = AM? + AB? =5+20=25= BM =5 cm.

AM?
Suy ra M1 = B =1lecm, AI? = AM? - MI?>=5—-1=4= Al =2 cm.

1
3. Ta c6 Spenyr = SpenN + SpIn = i(BI.IN+ BC.CN) =11 cm?.

Vi du 3. Cho tam gidc nhon ABC, dudng cao CK; H la tric tam ciia tam giac ABC.Goi M 1a mot diém
tren C'K sao cho AMB = 90°. Goi S, S1, S» theo thit ti la dien tich cdc tam gidac AMB, ABC vi ABH. Chiing
minh ring S = 1/5:.55.

Lai giai
Tam gidac AM B vuong tai M, c6 MK 1. ABnén MK? = BK.AK (1). Mat khac, AAHK ~ ACBK (g-g). Suy
AK HK
A S = o do d6 AK.KB =CK.KH (2). Tt (1) va (2) suy ra MK? = CK.KH nén MK = VCK.KH.

Ta co

S=Samp = %AB.MK = %AB.\/CK.KH = \/;AB.CK.;AB.HK = /57.5%.
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. ., HD 1
Vi du 4. Cho tam gidc nhon ABC, hai dudng cao AD va BE cat nhau tai H. Biét HA = 3 chiing minh
ring tan ABC.tan ACB = 3.
Loi giai
A
E
H
O
B D C
—— AD —— AD — — AD?
Ta c¢6 tan ABC = BD’ tan ACB = D SuyDrIa;tanng;C.tanACB = BDCD (1).
Mit khac, ta c6 ABDH ~ AADC (g-g), suy ra e = AD’ do d6 BD.DC = DH.AD (2). Tit (1) va (2) suy
—— _—— AD . U HD 1 _AD ) X )
ra tan ABC'.tan ACB = DH (3). Theo dé bai, ta co A= 3 Do do, DH = 3 (4). Két hop (3) va (4), ta co

didu phai ching minh.

Vi du 5. Cho tam giac ABC véi ba géc nhon. Dat BC = a, AC =b,AB =c.

a b c

1. Chiing minh réng —— = — = ————.
sin BAC  sin ABC  sin ACB

2. Chitng minh cac ding thiic sau
a? = b2 + 2 — 2be. cos BAC

b? = a? + 2 — 2ac. COS@

® = a? + b2 — 2ab. cos A/CE
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Lai giai

B C

1. Ké AK | BC,ta c6 AK = c.sin ABC = b.sin ACB. Suy ra sin ABC = A—K,sm@ - ATK. Chia theo
C

vé, ta dugc
smABC AK b b b c
—_— = = - = — = /\(1)
sin ACB ¢ AK ¢ sinABC sinACB
Tuong ty, ké BH 1 AC, ta cling ching minh duge 4 = ¢ (2). Tu (1) va (2), ta suy ra

sin BAC sin @
diéu phai ching minh.

2. Ap dung dinh ly Pythagoras cho hai tam giac vuong ACH va ABH, ta ¢6 AH?> + CH? = AC? va
AH? + BH? = AB?. Trit theo vé ctia 2 déng thiic trén, ta dugce

CH? — BH? = AC? - AB? = BC? —-2BC.BH = AC? — AB2.

Hay
2 2 b2
BH = L (1)
2a
—_ DBH __, EeYal ? v
Trong tam gidc vuong ABH ¢6 cos ABC = A5 Két hgp véi (1), ta suy ra cos ABC' = % hay
ac

b? = a? + ¢ — 2ac. cos ABC. Tuong ty, ta cing chiing minh dugc 2 hé thic con lai.

1.4 Bai tap tu luyén

Bai toan 1. Cho tam gidac ABC nhon, tric tam H. Trén doan BH lay diém M va trén doan CH lay diém N
sao cho AMC = ANB = 90°. Chitng minh réng AM = AN.

Bai toan 2. Cho tam gidc ABC vuong tai A, dudng cao AH. Goi D, E lan lugt 13 hinh chiéu ctia H lén
AB, AC. Ching minh ring v BC? = v/BD? + v/ CE2.

Bai toan 3. Cho hinh thang can ABCD, day 16n CD = 10, AH la duong cao, AH = AB, dutng chéo vudng

gbc v6i canh bén. Tinh do dai dudng cao ctia hinh thang can do.

Bai toan 4. Cho tam gidc ABC vuong tai A, dudng cao AH. Ké HE, HF 1an lugt vuong géc véi AB, AC.
Chitng minh ring

| BB _ (AB\
" FC  \AC)
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2. BO.BE.CF = AH3.
Bai toan 5. Cho hinh chit nhat ABCD va mot diém O ndm trong hinh chit nhat. Chitng minh ring
OA% + 0C? = 0B? + 0OD?.

Bai toan 6. Cho hinh vuong ABCD va diém I thay déi ndm giita A va B. Tia DI cit BC tai E. Duong thing

. N . 1 1
ké qua D vuéng goc v6i DE cat BC tai F. Ching minh rang tong D2 + DE? khong phu thudc vao vi tri ctia
diém 1.
Bai toan 7. Cho tam gidc ABC, cac dudng cao tng véi cdc canh a,b,c 1an lugt 1a hg, hy, he (trong d6
N .1 1 1
BC =a,CA =b, AB = ¢). Chiing minh ring néu 2= + 72 khi va chi khi tam giac ABC vuong tai A.
a b c

Bai toan 8. Cho tam giac ABC vuong tai A, dudng cao AH. Ké HE | AB,HF 1 AC. Goi O la giao diém
ctia AH va EF. Chitng minh ring HB.HC = 4OE.OF.

Bai toan 9. Cho hinh vuéng ABCD c6 canh bing a.
1. M 13 mot diém trén canh AD sao cho ABM = 30°. Tinh AM, BM theo a.

2. Qua A ké dudng thing vuong géc v6i BM tai F, dudng thang nay cit CD tai N. Tinh do dai cac doan
thing AF, M F, BF theo a.

Bai toan 10. Chitng minh réng dién tich clia mot tam gidc bing mot nia tich cia hai canh véi sin clia géc
nhon tao bdi hai duong thing chia hai canh y.

b .
Bai toan 11. Cho tam gidc ABC nhon, dit BC = a,CA = b, AB = C. Dat p — # Chitng minh ring

Sapc =+/p(p—a)(p—b)(p — c). (Cong thitc Heron)

12
Bai toan 12. Cho sina.cosa = % Tinh sin o, cos a.

Bai toan 13. Cho tam gidac ABC nhon, dit BC = a,CA = b, AB = c. Goi hq, hs, h. 1an lugt 13 cac duong cao
ing v6i cac canh a, b, c. Chitng minh cac hé thitc sau
h, = 2y/p(p —a)(p —b)(p — ©)
hy = 2v/p(p — a)(} -0
L 2/l —a)p-b)p -

c
Cc

Bai toan 14. Cho tam gidac ABC khong phai tam giac ti. Goi AM 13 dudng trung tuyén tng véi canh BC

) . . ) . N , 202 +2¢% —a?
ctia tam gidc ABC. Goi BC = a,AC = b, AB = ¢, AM = m,. Chiing minh rang m; = —
e . 3 - 2
Bai toan 15. 1. Cho sina = 3 Tinh A = 5sin” o + 6 cos* a.

2. Cho cosa = —. Tinh B = 4sin? « — 5 cos? .

Ol >

Bai toan 16. Tim géc nhon a, biét sin . cosa =

|5

Bai toan 17. Cho tam giac ABC vudng tai A, ACB=a < 45°, trung tuyén AM, dudng cao AH, BC = a.

Chiing minh céc cong thic sau
1. sin2a = 2sin a. cos a.
2. 14 cos2a = 2cos? a.

3. 1—cos2a = 2sin® a.
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2

2.1

1.

2.2

Dudng tron

Kién thic co ban

Dudng tron tam O, ban kinh R 1a hinh gom cac diém cach déu O mot khoang béng R. Mot dudng tron
duge xéac dinh khi biét tam va ban kinh, hodc khi biét mot doan théng 1a duong kinh ctia noé.

Qua ba diém khong théng hang, ta chi vé duge duy nhat mot dudng tron di qua cd 3 diém n6 (tam ctia

dudng tron nay giao diém ciia ba dudgng trung tric tao béi cac doan thing ndi cac diém cho trudc).
Tam ctia dudng tron 1a tam doi xing ciia dudng tron do.

Bat ki duong thing nao chita mot duong kinh ciia dudng tron ciing 1a truc doi zing ctia dudng tron do.
Trong cac day, day 16n nhat 14 dudng kinh.

Trong dudng tron

(a) Dudng kinh vuong goc véi mot day thi di qua trung diém ctia day y.

(b) Duong kinh di qua trung diém ctia mot day (khong phai dudng kinh) thi vuong géc véi day Ay.

Tam gidc ndi tiép duong tron c6 mot canh 1 dudng kinh ctia dudng tron khi va chi khi tam gidc do 1a

tam gidc vuong.
Trong mot duong tron hay hai dudng tron bing nhau:

(a) Hai day cung bing nhau khi va chi khi ching cdch déu tam.

(b) Trong hai day cung khong béng nhau, day cung lén hon khi va chi khi n6 gan tam hon.

Vi tri tuong dbi ciia dudng thing va dudng tron, dudng tron va dudng tron

Vi tri tuong déi ctia dudng thing va dudng tron

. Khi dudng thang a va duong tron (O) c6 hai diém chung, ta néi dudng thing a va dudng tron (O) cit

nhau. Puong thing a con goi 1 cat tuyén.

Khi duong thang a va dudng tron (O) chi c6 mot diém chung, ta néi dudng thang a v dudng tron (O)
tiép xtic nhau. Duong thing a la tiép tuyén ctia dudng tron (O). Diém chung goi la tiép diém.

Khi duong théng a la tiép tuyén clia mot dudng tron thi né vuong goéc véi ban kinh di qua tiép diém.

. Khi dudng thing a vh dusng tron (O) khong c6 diém chung, ta néi dudng thing a va dudng tron (O)

khong giao nhau.

Néu mot duong thing di qua mot tiép diém clia dudng tron va vudng géc véi ban kinh di qua diém dé

thi dudng thang Ay la tiép tuyén ciia dudng tron.
Néu hai tiép tuyén ctia mot dudng tron cit nhau tai mot diém thi:

(a) Diém dé cach déu hai tiép diém.
(b) Tia ké tit diém dé di qua tam la tia phan gidc clia gc tao bdi hai tiép tuyén.

(c) Tia ké tit tam di qua diém dé 1a tia phan giac ctia géc tao bdi hai ban kinh di qua cac tiép diém.
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7. Tiép tuyén chung ctia hai dudng tron

Hinh 1: Tiép tuyén chung ngoai

Hinh 2: Tiép tuyén chung trong

8. Dudng tron tiép xtc v6i ba canh clia tam giac goi 1a dudng tron noi tiép tam gidc, con tam giac goi la
tam gidc ngoai tiép duong tron. Tam ciia dudng tron noi tiép 1a giao diém cac dudng phan gic trong ciia

tam giac.

9. Dudng tron tiép xiic véi mot canh tam gidc va tiép xtic v6i cac phan kéo dai ciia hai canh kia duge goi 1a
dudng tron bang tiép tam gidc. V6i mot tam gide ¢6 ba dudng tron bang tiép tng vdi ba géc tam giac.
Tam ciia dudng tron bang tiép 1a giao diém ciia hai duong phan gidc ngoai, hodc dudng phan gidc trong

va mot dudng phan giac ngoai.
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Kién thiic bd sung

-~

. . — A
1. Néu I la tam dudng tron noi tiép tam giac ABC thi BIC = 90° + CR

) . — A — ABC
2. Néu I la diém nam trong tam giac ABC va BIC = 90° + 3 AIC = 90° + — thi I 14 tam dudng
tron noi tiép tam giac ABC.

. . — A
3. Néu J la tam duong tron bang tiép géc A cua tam giac ABC thi BJC = 90° — 7

4. Cho tam giac ABC, dat BC = a,CA=0b,AB = c,a + b+ c = 2p;r 1a ban kinh dudng tron noi tiép, S la

A B C
dién tich tam gidc ABC thi r = (p — a) tan 5= (p—b)tan 5= (p —¢)tan PR S =pr.

5. Néu dudng tron noi tiép tam giac ABC tiép xtc v6i AB, AC tai F, E thi

AB+AC—-BC btc—a

AE = AF = > >

5 kién thic bo sung trén dugc cot nhu bai tdp. Ban doc ty ching minh.
Vi tri tuong déi ctia hai dudng tron

1. Hai dudng tron cat nhau: Cho hai duong tron (O1; Ry) va (Og; Rg). Ta néi dudng tron (Oq; Ry) cat duong
tron (02; RQ) khi va chi khi R1 + RQ < 0102.

2. Hai duong tron tiép xtic nhau: Cho hai dudng tron (O1; Ry) va (O2; Ry) véi Ry > Ry. Ta néi hai duong
tron nay tiép xic nhau khi va chi khi O;05 = Ry + Ry (tiép xtic ngoai) hoiic O105 = Ry — Ry (tiép xtc
trong).

3. Hai dudng tron khong giao nhau: Cho hai dudng tron (O1; R1) va (Og; Ry) véi Ry > Rs. Ta néi dudng
tron (O1) v duong tron (Oz) nim ngoai nhau khi va chi khi 0105 < Ry + Rs. Ta néi dudng tron (O1)
dung duong tron (Oz) khi va chi khi O105 < Ry — Ry. Ta néi hai dudng tron nay dong tam khi va chi khi
0,05 = 0.

2.3 Cac gobc v6i dudng tron

(Kién thitc co ban, ban doc tim hiéu trong sich gido khoa)
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2.4 T giac noi tiép

Dinh nghia: La mot ti giac 16i c6 bén dinh cting thuoc mot dudng tron duge goi 1a ti gidc noi tiép.

DAu hiéu nhan biét:
-Tt gidc co tong cic goc doi bing 180°.
-Tit gidc cé goc ngoai tai mot dinh bing géc trong cia dinh dos dien.
-Tit gidc c6 hai dinh ké nhau nhin canh chita hai dinh con lai dudi mot géc o
-Ti gidc c6 4 dinh cdach déu mot diém cé dinh (cé thé zdac dinh dugc). Diém nay la tam dudng tron ngoai tiép
t gidc do.
Tinh chat (Diéu kién can va da) Cho tit gidac ABCD. Goi AB giao CD tai E. AD giao BC tai F. AC giao
BD tai G. Ta c6 cac diéu kién sau 1a tuong duong:

Tinh chat vé goéc

1. Tt giac ABCD nai tiép mot dudng tron.
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2. ABD = ACD (Tinh chat géc ké nhau).
3. ABC + ADC = 180° (Tinh chat géc dbi nhau).
4. FBA = ADC (Tinh chit géc ngoai).

Tinh chat vé lugng
Véi ban kinh dudng tron ngoai tiép tam O c6 do dai la R

1. EALEB = ED.EC = OE? - R? (Tinh chat lugng ctia canh dbi).
2. FB.FC = FA.FD = OF? - R? (Tinh chat lugng ctia canh d6i)
3. GA.GC = GB.GD = R? - OG? (Tinh chit lugng ctia dudng chéo).

MG rong tinh chat lugng:

MGd rong tinh chat ligng cia canh doi gg ig gg
MGé rong tinh chdt lugng cia canh doi % gg gg
MGd rong tinh chat ligng cia canh doi % = gg gg
MGé rong tinh chdt lugng cia canh doi % jg gg
M¢ rong tinh chat lugng cia duong chéo % = %%
GB BA DA

M6 rong tinh chat lugng cia dudng chéo ——

GD ~ BC DC

Tinh chat lién quan dén tiép tuyén:

1. Duong thing T A tiép xtic duong tron (O).
9. TAB = ACB (Tinh chat goc clia tiép tuyén).

3. TA%2 = TB.TC (Tinh chat lugng ctia tiép tuyén).

TB  AB?

TC = 07 (Tinh chat lugng ctia tiép tuyén).

2.5 Cac vi du

Vi du 1. Cho dudng tron (O; R) va day AB. Kéo dai AB vé phia B, lay diém C sao cho BC = R. Chiing
minh ring A0C = 180° — 3ACO.
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Lai giai

Ta c¢6 cac tam giac OAB va OBC can, OBA Ia gbc ngoai dinh B cua tam giac OBC nén OBA = OAB =
9ACO. Ta c6 bién déi g6c nhu sau

AOC = AOB + OBC = 180° — 20BA + ACO = 180° — 4AC0O + ACO = 180° — 3ACO.

N b
Vi du 2. Cho tam giac ABC nhon. Dit BC' = a, AC = b, AB = c. Chiing minh rang a,\ = = =
c sin A sin B
=~ = 2R.
sin C
Lai giai
2 s 1o o . LG BC _ )
Ké duong kinh BD cta duong tron (O). Khi dé, ~ = = BD = 2R. Tuong ty, ta cing chiing

sind sin W
minh dugc cac hé thic con lai.

Vi du 3 (Bai todn Napoleon) Cho tam gidc ABC nhon. Dyng vé phia ngoai ctia tam gidc ABC céac tam
déu ABD, ACE va BCF.

1. Chitng minh ring cac dudng thing AF, BE,CD dong quy tai mot diém. (Diém Fermat - Torricelli)
2. Goi G, H, I lan lugt 1 tam dudng tron ngoai tiép tam giac ABD, ACE, BCF. Chiing minh ring tam giac
GHI 13 tam gidc déu.
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1.

2.6

Lai giai

F

Goi giao diém thit hai ciia duong tron (ABD) va (ACE) 1a J. Ta c6 AJB = 180° — ADB = 180° — 60° =
120°. Tuong ty AJC' = 120°. Do d6, ta ciing c6 BJC = 360° — AJB — AJC = 120°. Vay nén, J € (BJC).
Mit khéc, ta c6 BJE = BCF = 60° = 180° — 120° = 180° — AJB nén ba diém A, J, F thing hang.
Chitng minh tuong tu, ta ciing c¢6 bo ba diém (B, J, E) va (C, J, D) thing hang.

. Déthiy GH L AJ va AI 1 BJ nen HGI = 180° — AJB = 60°. Tuong tu, ta ciing c6 GHI = GIH = 60°.

Do d6, tam giac GHI 13 tam gidc déu. Ta két thic bai toan tai day.

Mot s6 mé hinh co ban ciia hinh hoc phing THCS

2.6.1 M5 hinh tryc tam

Van dé. Cho tam gidgc ABC noi tiép (O) c6 cac duong cao AD, BE,CF cét nhau tai H, cic dudng thing
AH,BH,CH kéo dai cit (O) tai giao diém thit hai 1a P,Q, R (P khac B,Q khac C, R khac A). Goi M, I lan
lugt 1a trung diém ciia BC, AH, duong thing EF cit AH tai K. Chitng minh ring

1.

Cac tt giac BFHD,CEHD, BFEC nbi tiép.
H 13 tam dudng tron ndi tiép tam giac DEF.

Dung duong kinh AN ctia (O). Khi d6 tit gisac BHCN la hinh binh hanh. Suy ra H, M, N thing hang.
H,G,O thang hang (Duong thing Euler) va HO = 3GO vé6i G 1a trong tam clia tam giac ABC.

P,Q, R 1a cac diém dbi xing véi H qua BC,CA, AB.
OA vudng géc EF, tam giac AQR can.

Dudng thing EF kéo dai cat dudng tron (O) lan lugt tai £y, Fy (E nam gitta £, va F). Khi d6 AE,, AF}
lan lugt 13 tiép tuyén ciia dudng tron ngoai tiép cic tam gidc CEE,, BFF).

Goi X,Y, Z, T lan lugt 1 trung diém ctia AB, AC,HB,HC. Khi d6 9 diém D, E, F,X,Y,M,I,Z, T nim

trén cling mot dudng tron c6 tam 1a trung diém ctia OH (goi la duong tron Euler cia tam gide ABO).
K la tryc tam cta tam giac IBC.

ME,MF la cac tiép tuyén ciia dudng tron ngoai tiép tam giac AEF.
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10. Goi W la giao diém thit hai ctia duong tron (AEF) va dudng tron (O). Khi dé, bén diém W, H, M, N
thang hang.

11. Ba duong thang AW, EF, BC dong quy tai mot diém.

1. Ban doc ty ching minh.

2. Ta c6 céc tit gisc BDHF,CDHE va BFEC i tiép nen HDF = HBF = HCE = HDE. Do d6, DH
la tia phan giac ctia FDE. Tuong ty, ta cing c6 EFH la tia phan giac cia F/E\D, FH la tia phan giac cta
EFD. Suy ra H la tam dudng tron noi tiép tam gisac DFE.

3. Ta ¢c6 ABN = 90° vi n6 la géc noi tiép chén nita dudng tron duong kinh AN. Do d6, AB L BN. Ma
CH 1L AB nén BN || CH. Tuong tu, ta cing ¢c6 BH || CN. Tu day suy ra ti gidc BHCN la hinh binh
hanh. Két hop v6i M 1a trung diém ctia BC, ta suy ra M ciing la trung diém ctia HN.

Dé chitng minh AH = 20M theo tinh chit dudng trung binh. Goi AM N OH = G’. Theo dinh Iy Thales,
AG’ AH AG

ta co G’iM = oM~ 2.» Mit khéc, vi G la trong tam cta tam giac ABC nén oM 2. Suy ra G = G,

hay ba diem H, G, O thang hang va HO = 3GO.

4. Tac6 OBP = CAP = HBC. Do dé6, H déi xting v6i P qua BC. Céc diém con lai ciing chitng minh tuong
tu.

— 1 — — —
5. C6 OAE = 90° — iAOC =90° — ABC = 90° — AEF. Do d6, OA 1 EF. Mit khac, theo chitng minh
trén, ta c6 R d6i xting H qua AB va @Q dbi xing H qua AC nén AR = AH = AQ. Suy ra tam gidc ARQ

can tai A.

6. ViOA L EF nén AE, = AF,. Vivay, dé thay AAEE ~ AACE; (g-g) nén AE? = AE.AC. Do d6, AE;
12 tiép tuyén ctia dudng tron (CEE;). Chiing minh tuong tu, AFy 1a tiép tuyén clia duong tron (BFF).

7. Goi E, la trung diém ctia OH. Dé thay t gidc HIOM la hinh binh hanh nén E,, 1a trung diém ctia TM.
Tuong tu, ta c6 E, 1a trung diém ciia XT vh Y Z. Bing tinh chat clia dudng trung binh, ta ching minh
duge IM =Y Z = XT = R véi R 1a do dai ban kinh ctia duong tron (O). Tit day dé dang suy ra 9 diém
D,E.F,X,Y,M,I,Z,T cing thuoc mot duong tron.
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8. Ta 6 IBC = IBE + EBC = 90° — ACB (1).
Chu ¥ ring cac ti gidc EIBP, EKPC noi tiép nén ta co bién déi géc nhu sau

BE — IPE = KCE — ACB - KOB (2).

T (1) va (2) suy ra IBC + KCB = 90°. Do dé, K la tryc tam cta tam giac IBC.

9. Ta ¢co
ﬁ?:goo—%zﬁzgof)—m:@:ﬁﬁ:. (Vi sa0?)

Do d6, IE | ME (Vi sao?). Tuong ty, ta ciing ¢6 IF 1. MF.

10. Ta c6 AWH = 90°. Ma AWN = 90° nén ba diém W, M, N thing hang. Ma ba diém H, M, N thing hang
nén bén diém W, H, M, N théng hang.

11. Goi EF N BC = {S},ASN (0) = {W'} (W' # A). Theo phuong tich, ta c¢6
SF.SE = SB.SC = SW'.SA.
Do do, tit giac AW'FE noi tiép. Suy ra W = W', ta c6 diéu phai chitng minh.

2.6.2 M5 hinh tam dudng tron nodi tiép

Van dé. Cho tam gidgc ABC noi tiép dudng tron (O; R) va ngoai tiép dudng tron (I;7), H la tiép diém clia
dudng tron (1) véi AB. Goi D la giao diém thit hai ctia AT va dudng tron (O), DK la dudng kinh ctia dutng
tron (O). Goi d 1a do dai ctia doan thang OI. Chitng minh ring

1. Tam giac AHI va tam giac KCD dong dang.
2. DI=DB=DC.
3. IAID = R? — d°.

4. (He thic Euler) d* = R?> — 2R.r.

Lai giai
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Hai tam giac KCD va AHI c6 KCD = AHT = 90° va DKC = DAC = ITAH nén hai tam gidc nay dong
dang theo truong hop gbc - goc.

. TacéEI\B:E\M—I—@:m—i—@:@—l—@:lﬁnéntamgiéﬁDBIcantaiD. Suy ra

DB = DI. Tuong ty, ta ciing ching minh dugc DI = DC. Vay DB = DI = DC.

Ké duong kinh M N di qua diém I ctia dudng tron (O). Ta c6

TA.ID = IM.IN = (R —d)(R+d) = R> — d2.

IA.DC = DK.IH = 2Rr. (3)

Mit khac, theo cau (2.), ta ¢c6 DI = DC nén IA.DC = [A.ID = R? — d? (4). Tu (3) va (4) suy ra
R? — d? = 2Rr hay d*> = R* — 2Rr.

Mé hinh tam dwong tron noi tiép nang cao
Van dé. Cho tam giac ABC, D, E, F thit tu la cac tiép diém ctia duong tron noi tiép (I) tam gidc ABC véi
cac canh BC,CA, AB; H 13 hinh chiéu ctia D trén EF. Chitng minh

1.

2.

HD la tia phan giac cia goc BHC.
Dudng thing BI,CI cit EF lan lugt tai M, N. Khi d6 bén diém I, E, M, C ciing nim trén mot dudng
tron; bon diém I, N, F, B cting nim trén mot dudng tron.
Goi giao ctia AI, BI,CI v6i duong tron (O) lan lugt 1a K, X, Y. Dudng thing KY cit AB, BC, BI lan
luct tai By, Ba, Bs. Dudng thing KX cit AC, BC,CT lan lugt tai C1, Ca, C3. Khi d6

e BB1By,CC (5 la cac tam giac can.

e By,I,C; thing hang.

e [ la tryc tam tam gidc K XY.

Goi J la trung diém IK, Az 1a giao diém ctia XY va AI. Khi d6 bén diém A, Bs,C3,J ciing nim trén
mot dudng tron.

Lai giai
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1.

2.

3.

4.

Goi S, G 1an lugt 14 hinh chiéu ctia B, C' lén EF. Ta c6 tam gidc AFE 1a tam gidc can nén BFS = AFE =
AEF = CEG. Két hgp véi BIF = CGE = 90°, ta dugc hai tam gidc BF'S v CEG ddong dang. Suy ra

BF _CE_ BS BD_SH
BS CG CG CD HG

Suy ra ABHS ~ ACHG. Vay nén BHS = CHG. Do do, BHD = CHD hay HD la tia phan giac cta

géc BHC. Ta két thtc bai toan.

— —_ 1/\ _ —_— z
Ta c6 MIC = 180° — BIC = 90° — iBAC = AEF = MEC. Do d6, tit giac M EIC ndi tiep. Tuong tu,

ta ciing c6 tit giac IN F B noi tiép.

e Bing tinh chét ciia tam gidc can, dé dang chiing minh duge KX 1 CI ={Cs} va KY 1 BI = {B3}.

Do do, cac tam giac BB1Bs va CC1C5 1a cac tam giac can.

e Do cac tam gidc Y BI va BBjBs can nén ta suy ra duge Bs la trung didm ctia BBy va BI. Ma
B1By | BI = {B3} nén tt giac BB1IB> 1a hinh thoi. Suy ra B[ || BC. Tuong tu, ta ciing thay

C1I | BC nén ba diém By, I,C; thing hang.

e Vi XB; L KY va Y(C3 L KX nén hién nhién I 1a tryc tam ctia tam giac KXY

Vi As, B3, Cs 1a ba chan dudng cao trong tam gidac KXY va J la trung diém ctia KT nén bén diém nay

cung thudoc duong tron Euler cia tam giac K XY

2.6.3 MO hinh tiép tuyén

Van dé

hoc sau

1.

10.

11.

5 diéem M, A, E,O, B ndm trén mot dudng tron.

ME la tia phan giac ctia géc AEB.

AC  BC N
= — 2= (T gige ACBD 1o i gide dicu hod
D~ BD (T gige ACBD duge goi la tit gige diéu hoa)
I 13 tam dudng tron noi tiép tam gidc MAB.

T giac CHOD noi tiép.

. AB chia duong phan giac cua goc CHD.

CAD = BHD.

OF kéo dai cat AB tai K thi KC va KD la tiép tuyén cia (O).

AFE cit (O) tai giao diém thi hai la F' (F # A). Khi d6 BF || CD.

Tia CH cat dudng tron (O) tai giao diém thit hai la P (P # C) thi DP || AB.

Dudng thang qua E song song v6i BD cit AB tai N. Khi d6 CN L OB.
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10.

11.

Lai giai
K
A
D
E
g
Y H|
~
1 N 0]
F
P
B

. Vi E la trung diém ciia CD nén OF L CD = {E}. Do d6, OEM = 90°. Vi vay, d& dang suy ra 5 diém

M, A, E, O, B cung thudc duong tron dusng kinh OM.

Trong dudng tron (OM) ¢c6 M A = M B nén sd]\/fB = sd]\/fB. Vi vay AEM = B/ETL nén FM la tia phan

giac cta AEB.

Ta c6 cac cip tam giac dong dang 1a AMCB ~ AMBD (g-g) va AMCA ~ AMAD (g-g) nén ta c6
ac_mc _wmc _pe
AD MA MB BD’

— 1 — 1/\ — —_ = z

Ta ¢c6 MAI = §AOI = 5[03 = IAB. Do d6, AI la tia phan giac M AB. Két hgp véi M1 1a tia phan

giac clia A/]W\B, ta c6 diéu phai ching minh.

Ta c6 MH.MO = MA? = MC.MD nén tit giac CHOD noi tiép theo phuong tich.

Ta c6 MHC = MDO = OCD = OHD. Suyra(TH\D:900—Z\7H\C=9O°—O/ﬁ):A/H\D. Ta c6 didu
phéi chiing minh.

TacéB/fﬁz180°—ﬁf??:180°—%@:1800—%@:1800—@:@.

Dé thay tit giac KEHM nai tiép duong tron dudng kinh AM nén OE.OK = ON.OM = OA? = OD?.
Ma OK L CD = {E} nén dé dang suy ra KC, KD la hai tiép tuyén ctia (O).

e .

Ta c6 AEM = AOM = §AOB = AFB. Ma hai goc nay 6 vi tri dong vi nén BF || CD.
1l 1l = N

Tac6 CHA = §CHD = §COD = C'PD. Ma hai gbc nay 6 vi tri dong vi nén DP || AB.

Ta c6 CEN = OCDB = CAB. Suy ra tit gidc AENC nai tiép. Do do, AHC = AEC = ABM. Ma hai gbéC
nay 6 vi trf dong vi nén CN || MB. Suy ra CN | OB.
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2.7 Nhitng dinh 1y hinh hoc ndi tiéng trong dudng tron
2.7.1 Dinh ly Ptolemy
Dinh ly phat biéu: Cho tit gidc ABCD ndi tiép trong dudng tron (O) Khi d6 ta co:

AB.CD + AD.BC = AC.BD.

Chiing minh

Trén duong chéo BD lay diém E sao cho DAE = BAC. Ta ¢6 DAE = BAC va ADE = ACB (cting chan
cung AB) nén

AD DE

NADE ~ MACB (g8) = 55 = B

= AD.BC = AC.DE (1).

Do DAE = BAC nén DAC = m, lai c6 ABE = ACD (cting chan cung AD) suy ra

AB BE
T (1) va (2) suy ra AB.CD + AD.BC = AC(BE + DE) = AC.BD
Bai toan dugc chiing minh. M& rong hon cho t giac bat ky: AB.CD + AB.BC > AC.BD.

Mot s6 bai todn 1ng dung cia dinh lj Ptolemy

Bai toan 18. (Hong Kong TST 2000) Cho tam gidc ABC ¢6 BC > CA > AB. Goi D la mot diém trén canh
BC, FE la mot diém trén canh AB kéo dai vé phia diém A sao cho BD = BE = CA. Goi P la mot diém trén
canh AC sao cho bén diém E, B, D, P dong vién. @ la giao diém thit hai ctia BP v6i dudng tron ngoai tiép tam
gidc ABC. Chiing minh réing AQ + CQ = BP.

Bai toan 19. (Quang Tri 2005) Cho tam gidc déu ABC' ¢6 do dai cac canh bang a (a > 0). Trén doan AC
lay diém Q di dong, trén tia déi ciia tia CB lay diém P di dong sao cho AQ.BP = a?. Goi M la giao diém ctia
BQ va AP. Chiing minh rdng AM + MC = BM.

Bai toan 20. (Vii Hitu Binh) Van dung dinh Iy Ptolemy dé giai bai toan sau: Chiing minh ring tdng khoing
cac tit tam clia dudng tron ngoai tiép mot tam gidc nhon dén cic canh ciia tam gidc bing téng cac ban kinh

clia dudng tron ngoai tiép va dudng tron noi tiép tam gidc d6. (Dinh ly Carnot)
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Bai toan 21. Cho tam giac ABC noi tiép duong tron (O). Duong tron (O’) tiép xic trong véi (O) tai T' thuoc
cung nhé BC. Ké cac tiép tuyén AA’, BB',CC’ t6i (O’). Chiing minh réing AA’.BC = BB'.AC + CC'.AB.

Bai toan 22. (HSG cac ving ctia Mi 1987) Cho mot tit gidc noi tiép 6 céc canh 1a a,b,c,d (a d6i dien ¢, b
déi dien d). Goi p,q la do dai hai dudng chéo ciia tit gidc tren. Chitng minh rang pg < /(a2 + b2)(c2 + d2).

2.7.2 Dinh ly Brocard

Dinh 1y phat biéu: Cho tit gisc ABCD noi tiép duong tron (O). Goi M la giao diém ctia AB va CD; N
la giao diém ciia AD va BC; I 1 giao diém ctia AC' va BD. Suy ra I la tryc tam ctia tam gidc OMN.

Ching minh
Goi E la giao diém thit hai ctia dudng tron ngoai tiép tam gidc ABI va CDI.
Trudc tién ta ching minh E, I, M thing hang. That vay gid sit M T cit dudng tron ngoai tiép tam gidc AIB tai
E' thi MI.ME' = MB.MA = MC.MD. Suy ra 4 diém D, E’,I,C nim trén mot dudng tron suy ra £’ tring
E suy ra M, I, E thing hang. Ta co:

AED = 360° — DET — AET = 180° — DEI + 180° — AEI = ABD + ACD = AOD
nén tit gisdc AEOD noi tiép. Ta cling co:
BEC = BEI + IEC = BAC + BDC = BOC

nén tt gidc BEOC noi tiép. Tt dé ta ciing suy ra N, E, O thing hang. Ta co:

+BDC = 90°

 _— _— _ __— 180° - BOC
OEM = OEC + CEM = OBC + BDC — M

suy ra M E 1 ON. Chitng minh tuong tu ta ciing c6: NI L OM. Suy ra I la truc tam cta tam giac OM N. Bai
toan dugc ching minh.

Mot 56 bai tap wng dung dinh Iy Brocard

Bai toan 23. (CSP V1 2013) Cho tam gidac ABC khong can c6 ba géc nhon, noi tiép (O), cdc dudng cao
AA,,BB;,CC cit nhau tai H. Cac duong thing A,C;, AC cit nhau tai D. Goi X la giao diém ctia BD véi
(0).

1. Ching minh DX.DB = DC,.DA;.
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2. Goi M la trung diém AC. Chitng minh DH vuong géc BM.

Bai toan 24. (HSG TPHCM 2013) Cho tit giac ABC'D noi tiép duong tron O. Céc tia AB, DC céat nhau tai
E, cac tia AD, BC cit nhau tai F. Dudng tron ngoai tiép tam gidc BCE cit dudng tron ngoai tiép tam giac
CDF tai M. Ching minh ring

1. Ba diém E, M, F thing hang va boén diém A, D, M, E nim trén mot dudng tron.
2. OM vuong goc véi EF.
3. Ba duong thdng OM, AC, BD dong quy tai mot diém 1.

Bai toan 25. (Hai Duong 2008) Cho tam giac nhon ABC (AB < AC) c6 cac duong cao BD, CE cit nhau tai
H. Goi I la trung diém ctia BC, dudng tron ngoai tiép tam giac BET cit dudng tron ngoai tiép tam gidc CDI
tai K khac I. Dudng thing DE cit BC tai M. Chiing minh riang ba diém M, H, K thing hang.

2.7.3 Diém Miquel - Dinh 1y Miquel

a) Piém Miquel cta tii giac:
Dinh 1y phat biéu: Cho tit gidc ABCD c6 canh AB,CD cit nhau tai M, canh AD, BC' cit nhau tai N. Céc
duong tron ngoai tiép cac tam giac ABN, BOM, MAD, NCD cung di qua mot diém E (Goi la diém Miquel
cla ti giac ABCD).

Chiéng minh
Gi sit dudng tron ngoai tiép tam gidc M AD, NCD cat nhau tai giao diém thit hai 1a E (khac D). Ta chitng
minh E thuoc dudng tron ngoai tiép cic tam gidc M BC, N AB.
Tt la chitng minh cac ti gisc MBCE, NBAE noi tiép. That vay t gisc DONE noi tiép nen: MDE=CNE.
Tt gidc ADEM noi tiép nén MAE = MDE kéo theo MAE = CNE suy ra ABNE noi tiép. Mat khac ta
ciing co: ECN = EDN va EDN = AME. Tit 46 AME = ECN suy ra BM EC noi tiép. Nhu vay cac duong
tron ngoai tiép cac tam giac ABN, BCM, MAD, NCD cung di qua mot diém E. Bai toan dugce chiing minh.

b) Dinh 1y Miquel déi véi tam giac:
Dinh 1y phat biéu: Dinh 1y Miquel d6i véi tam giac: Trén cac canh AB, BC, C A lan luot lay cac diém F, D, E.
Khi dé ba dudng tron ngoai tiép cac tam giac AFE, BDF,CED cit nhau tai mot diém M (Goi la diém Miquel
trong tam gidac ABC).
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Chiing minh

Gia sit duong tron ngoai tiép cac tam giac AEF vd BDF cit nhau tai M. Ta co:
EMD =360° — EMF — DMF = 180° — FAE +180° — EMF = A+ B =180° - C

Vay EMDC la tit gidc noi tiép. Suy ra ba duong tron ngoai tiép cac tam gidc AFE, BDF, CED céat nhau tai
mot diém M. Bai toan dugc ching minh.

Mot s6 bai todn ting dung cta dinh lj Miquel

Bai toan 26. Cho tit gisc ABCD c6 E la giao diém ctia AB va CD, F la giao diém ctia AD va BC. Goi M
la diém Miquel va Oy, O3, O3, 04 1an lugt 1a tam duong tron ngoai tiép cac tam giac EBC,CDF, EAD, ABF.
Chimg minh rang 5 diém M, Oy, 02, O3, 04 cing thuoc mot dudng tron.

Bai toan 27. (Ha Noi TST 2017) Cho tam giac ABC (AB < AC) nhon noi tiép duong tron (O). Goi M 1a
trung diém ctia BC. AM cat (O) tai cac diém A, D. Gia st BDNAC = {F},CDNAB = {E},(ABF)N(ACE) =
{P} (P # A). Goi (S1) la duong tron di qua C' tiép xtc v6i AB tai A. Goi (S2) 1a dudng tron di qua B va tiép
xiic v6i AC tai A, (S1) N (S2) = {Q} (Q # A). Chitng minh ring tam giac OPQ la tam gidc vuong.

2.7.4 Dinh ly con buém

Dinh 1y phat biéu: Cho tit gidc ABCD nai tiép dudng tron (O). Goi E la giao diém ctia AC' va BD.
Duong thang qua E cit AD, BC tai M, N thi E la trung diém ctia M N khi va chi khi MN 1 OF.

Ching minh
Goi M, va M, lan lugt 1a hinh chiéu vuong géc ciia M trén cac doan thang AE va DE. Tuong tu goi N; va
No lan lugt 1a hinh chiéu ctia N trén doan thiang BE va CE. Kéo dai M N cit dudng tron tam (O) tai 2 diém
P,Q. Do MN 1 OFE, ma P,(Q thuoc duong thing M N nén OEF L PQ suy ra E la trung diém PQ. Do

EM MM,
AEMM; ~ AENN = o = S
EM  MD>M,
AM MM
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DM MM,
ADMM; ~ ACNN = G = S

Tit cac ding thitc trén, ta co:

EM?> MM, MM, AM DM _PM.QN PM.QN
EN? ~ NN, NN, CN BN PNQN PN.QN

_ (PE-ME).(EQ+ME) PE?—-EM?
~ (PE+EN).(QE—-EN) PE?2—- EN2

(theo phuong tich va E la trung diém PQ) Theo tinh chat ciia day ti s6 bing nhau:

EM? PE?*-EM? PE? )
EN2 ~ PE2_EN2 PE?2

Suy ra EM = EN nén E la trung diém M N Bai toan dugc chitng minh.

Mot s6 bai todn wng dung dinh lij con budém

Bai toan 28. (Moldova TST 2010) Cho tam giac nhon ABC c¢6 H la truc tam va M la trung diém BC. Ké
dudng thing qua H vuong géc véi HM va cit AB, AC lan lugt tai P va Q. Chitng minh ring M P = MQ.

Bai toan 29. Cho dudng tron (O) va day AB. Lay I 1a mot diém bat ki thuoc day AB, vé hai day CD, EF
cting di qua I (C va E nim vé cting mot phia véi AB). Goi giao diém ctia CF, DE v6i AB lan lugt 1a M va N.
N 1 1 1
Chuw inh rang — + — = — + —.
ne M TS T T IN T 1B T IM
Bai toan 30. Cho tam gidc nhon ABC c6 AD la dudng cao, O va H lan lugt 1 tam dudng tron ngoai tiép va
trire tam ctia tam giac ABC. Ké dudng thang qua D va vudng géc véi OD |, cit AB ¢ K. Chitng minh ring

DHE + AHC = 180°.

Bai toan 31. (Singapore 2011) Cho tam gidc ABC nhon, khong can, O, H lan lugt 1a tam dudng tron ngoai
tiép va truc tam cta tam gidc ABC, AB > AC. Q la diém trén AC, kéo dai HQ cit BC & P sao cho DP = DB
véi D 1a chan dudng vuong géc ha tit A xuéng BC. Chitng minh ring ODQ = 90°.

Bai toan 32. (Dinh lyj con budm md rong) Cho boén diém A, B, C, D nim trén duong trong tam O. Goi P la
giao diém ctia AC va BD. Mot duong théng d tuy § di qua P sao cho P la hinh chiéu vuong géc ciia O lén
duong thing d. Goi X la giao diém ctia d va AB, Z la giao diém ctia d vd CD. Ching minh P la trung diém
XZ.
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Bai toan 33. (Mong C6 TST 2008) Cho tam gidc nhon ABC ¢6 CD la duong cao, H 1a tryc tam va O 1a tam
dudng tron ngoai tiép tam giac ABC. Mot dudng thing di qua diém D, vuong géc véi OD va cat BC tai E.
Chitng minh ring DHE = ABC.

Bai toan 34. (MOP 1998) Cho hai dudng tron (C) va (C’) ¢6 ciing ban kinh, cit nhau tai hai diém A, B. Goi
O la trung diém AB. Day cung C'D ciia duong tron (C) qua diém O. Lay P la giao diém ciia doan thing C'D
v6i (C'). EF 1a day cung (C') qua O vi doan thing EF cit (C’) tai Q. Chiing minh réing AB,CQ, EP dong
quy-

2.7.5 Dinh ly vé dudng thing Simson

Dinh 1y phat biéu: Cho tam gidc ABC nai tiép trong duong tron tam O. Gia sit S 1a mot diém nim
trén (O) sao cho S khong trimg v6i ba dinh ctia tam giac. Khi d6 hinh chiéu vuong goc A’, B, C’ ctia diém S
lan lugt trén BC, C A, AB ciing nam trén ciing mot dudng thang. (Dudng thing nay goi la dudng thing Simson
ctia diém S d6i v6i tam giac ABC).

Ching minh
Ta c6: CB'S = CAD'S = 90°, suy ra tit giac A’B'C'S noi tiép, suy ra B A'C=B'SC. Mat khac vi ABSC noi
tiép nén

C'BS = ACS = B'CS = ASC'B ~ ASB'S (g.9)
— BSC' = CSB = BSC' = BA'C

Nhung vi A’BC’S 1a tit gidc noi tiép ( BA'S = BC'S = 90° ) nén BSC" = BA'C' suy ra B'A'C = BA'C'
Vay A’, B',C’ ciing thuoc mot dudng thing. Bai toan duge chitng minh.

2.7.6 Dinh ly vé dudng thang Steiner

Dinh ly phat biéu: Cho tam gidc ABC nai tiép dudng tron tam O, diém S bat ki thuoc dudng tron sao
cho S khong triing véi cac dinh ctia tam gidc. Goi A’, B/, C’ lan lugt 1 diém ddi xing véi S qua cic dudng
thing BC,CA, AB. Khi d6 ba diém A’, B’,C" va tryc tam H ciia tam giac ABC ciing nim trén mot dudng
thang (Duong thing nay la dudng thing Steiner ciia diém S déi véi tam gidgc ABC).

26 Hudng téi ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

Chiing minh

Ta c6: AC'B + AHB = A/S\B—l—(ISOO—A/C@) ma ASB = ACB nén AC'B + AHB = 180°, suy ra
AHBC" 1a tit gidc noi tiép. Tit d6 AHC" = ABC" = ABS Hoan toan tuong tu, tit gisc AHCB' noi tiép nén
AHB = ACB’ = ACS Lai c6 ACS + ABS = 180° (t gisac ABSC noi tiép). Do d6 AHB' + AHC" = 180°,
suy ra H, B',C’ thdng hang. Vay A’, B',C’, H ciing thuoc mot duong thing. Bai toan duge ching minh.

Mot s6 bai todn ing dung duong thing Simson, dwong thing Steiner

Bai toan 35. Cho tam gidc ABC nhon (AB < AC) noi tiép dudng tron tam O. Diém M thuoc cung nhé BC.
Vé ME, MF lan lugt vuong goc AC, AB tai E, F.Goi H la tryc tam ctia tam gidac ABC, duong thing FF cit
HM tai I. Chting minh 7 1a trung diém HM.

Bai toan 36. Cho duong tron (O) va ba day cung AB, AC, AD bat ki. Cac duong tron duong kinh AB, AC, AD
doi mot cit nhau lan thit hai tai M, N, P. Chiing minh ring ba diém M, N, P thing hang.

Bai toan 37. Cho tam gidc ABC, cac dudng cao AD,BE,CF. Tit E ké EH, EK lan lugt vudng géc véi
CF, BC. Chiing minh ring HK di qua trung diém EF.

Bai toan 38. Cho tam gidac ABC noi tiép dudng tron (O). P la mot diém bat ki nim trén cung nhé BC ciia
(0). Ké duong thang qua P vuong goc v6i BC, cit (O) tai diém thit hai K. Chitng minh ring AK song song
v6i dudng thing Simson clia P ting véi tam giac ABC.

Bai toan 39. Cho ti gidc ABCD noi tiép duong tron (O). Goi X,Y,Z lan lugt 1a hinh chiéu ctia D trén
BC,CA,AB. Goi M, N lan lugt 1 trung diém AB, XY . Ching minh ring MND = 90°.

2.7.7 Diém Humpty - Diém Dumpty

Piém Humpty
Dinh nghia: Cho tam giac ABC. Diém P, nim trong tam gidc thod man m = m, m’ = m
duge goi 1a diém A - Humpty ctia tam gidc ABC. Khi d6, dé thiy giao diém ctia dudong tron di qua A, B va
tiép xtc BC tai B véi dudng tron di qua A, C va tiép xiic véi BC tai C chinh la diém A - Humpty. Cac diém
B - Humpty va C' - Humpty dudc dinh nghia tuong tu.
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Cac tinh chat:
Tinh chéat 1: Goi H la tryc tam clia tam gidc ABC. Khi dé, giao diém thit hai ctia duong tron (AH) va
duong tron (BHC) 1a diém A - Humpty.

Chiing minh
Goi CHN AB = {E},(AH) N (BHC) = {P4}. Khi d6, PABC = P,HC = P,AB. Tuong tu, ta c6 PACB =
m’ nén P, la diém A - Humpty ciia tam gidc ABC.

Tinh chat 2: P, thuoc dudng trung tuyén AM cilia tam giac ABC.

Chiing minh
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Ké duong kinh HA' ctia duong tron (BHC'). D& thay tit gidc ABA’C 1a hinh binh hanh va M la trung diém
ctia BC nén M la trung diém ctia AA’ hay ba diém A, M, A’ thing hang. Theo tinh chét 2, ta c6 /ﬁDA\H = 90°.
Do P4 € (BHC) nén HP4A' = 90°. Tit day, ta sé c6 dugc ba diém A, P4, M thing hang.

Tinh chat 3: Goi BF,CFE la hai dudng cao clia tam giac ABC, tryc tam H, M la trung diém ciia BC.
Khi d6 (MBE)N (MCF) = {Pa}.

Chiing minh

Theo tinh chét 3, ta c6 HP4M = 90°. Ké dudng cao AD ciia tam gidgc ABC. Suy ra t gide HP4MD noi
tiép. Do d6, theo phuong tich, ta c6 AP4. AM = AH.AD = AE.AB. Vay nén tit gidc EP4M B noi tiép. Tuong
tu, ta ciing c6 ti giac FP,MC noi tiép.
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Tinh chéat 4: Tia phan giac ctia BAC cit tia phéan giac cia BP/A\C tai mot diém trén BC.

Chiing minh

— . AB  PsB
Goi AK la tia phan gidc cia BAC, K € BC. Dieu phéi chiing minh tuong duong véi a0 = PLC" Dua
A
P . AB A

vao tinh chat 3, ta biét tit gihc ABA’C 1a hinh binh hanh nén Toln Alg' Mzt khéc, vi t giac BP4C A’ noi
A'C MC MB A’'B A'C PaB .
= = = = . D d, t O d.A h7- hl/I i h.

P.B 1P, MPa PAC’:>A’B PAC o do6, ta c6 dieu phéi chiing min

tiép nén ta co

Piém Dumpty
Dinh nghia: Cho tam gidc ABC. Diém Q4 thod man Q/A-A\B = m, Q/A-E‘l = Q/AA\C duge goi 1a diém A
- Dumpty. Khi d6, dé thay Q4 1a giao diém thit hai ctia dudng tron di qua A, C' va tiép xic AB tai A v6i dudng
tron di qua A, B tiép xic v6i AC tai A. Cac diém B - Dumpty va C - Dumpty dugc dinh nghia tuong ti.

Cac tinh chat:
Tinh chit 1: Cho tam gidc ABC véi diém Q4 1a diém A - Dumpty. Goi M la trung diém ctia BC. Khi do,
BAQa = CAM.
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Chiing minh

Goi C1,Co,0 lan lugt 1a tam dudng tron ngoai tiép cac tam gidc AQaB, AQAC, ABC. Qua A ké duong
théng song song véi BC cit (C1), (Cy) lan luot tai E, F, lay P 1 giao diém ctia EB va FC. Ap dung dinh
Iy Miquel cho tam gidc EPF, ta dudc tt gidc Q4 BPC nai tiép. Mat khac, ta c6 BEF = BAC = CFE nén
tit gisac BEFC la hinh thang can. Chi ¥y cac tt giac EAQaB, FAQ4C, BQACP ndi tiép nén ta cé bién ddi
gbéc nhu sau @3 = BCP = AFC = BEA = 180° — m. Do dé, ba diém A, Q4, P thing hang. Ngoai
va, PBC = AFC = BAC nen PB la tiép tuyén ctia duong tron (O). Tuong tu, ta ciing ¢c6 PC la tiép tuyén
ctia duong tron (O). Goi AP N (O) = {L}, theo mé hinh tiép tuyén, ta c6 ABL = AMC. Két hop véi
ALB = m, ta thu duge m — CAM. Ta két thic bai toan.

QuB  AB?

Tinh chat 2: 0.C =10

Chiing minh

C

QaB _ AB QA _ AB
QaA  AC’QiC  AC’

Theo dinh nghia ctia diém A - Dumpty, ta dugec AQ4AB ~ AQ4AC (g-g). Do d6

QuB _ AB?
QiC — AC?

Suy ra

Tinh chat 3: Goi Q la giao diém clia AQ 4 va duong tron (ABC). Khi dé, Q4 1 trung diém clia AQ.
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Chiing minh

Ké PB va PC la tiép tuyén clia dusng tron (ABC). Theo tinh chat 1, ta c6 tit gidc BQ4OC ndi tiép va
bén diém A, Q 4, Q, P thing hang. Do do, @ = 90°. Vay nén Q4 la trung diém ciia AQ.

Tinh chat 4: Q4 la giao diém thit hai ctia dudng tron (BOC) va duong tron dudng kinh AO (véi O la
tam dudng tron ngoai tiép ABC).

Chiing minh
Tinh chat nay hién nhién theo tinh chét 3 va tinh chat 1.

Mot s6 bai tap wng dung diém Humpty - diém Dumpty

Bai toan 40. (Romania 2016) Cho hai dutng tron (O) va (O') cit nhau tai hai diém A, B. Mot tiép tuyén
chung ctia (O) va (O') (n&m gan vé phia B) tiép xtc véi (O) va (O') lan lugt tai P va Q. Goi C la diém déi
xting véi B qua PQ. Chiing minh ring CAP = m

Bai toan 41. (Olympic Toan hoc tré Thd Nhi Ky 2015) Cho tam giac ABC noi tiép dudng tron (O), D la
trung diém ciia BC. Goi (wy) la duong tron di qua D va tiép xic véi AB tai B, (wo) 1a dudng tron di qua D va
tiép xtc véi AC tai C. Hai dudng tron nay cit nhau tai diém thi hai 1a M. Lay M’ d6i xing véi M qua BC.
Chting minh ring ba diém A, M’, D thing hang.

Bai toan 42. (Brazil 2017) Cho tam gidc nhon ABC, hai duong cao BD, CE cit nhau tai H. Goi giao diém
thit hai ctia dudng tron (ABC) va (ADFE) la F. Chiing minh ring cAc dudng phan gidc trong ctia F/B>C, BHC
va BC dong quy tai mot diém.

Bai toan 43. (Bic Macedonia 2017) Cho tam giac nhon ABC (AB < AC') noi tiép (O). Goi D la hinh chiéu
vuong goc ciia A len BC, M 1a trung diém ctia BC. BO va CO lan lugt cit AD tai E, F. P la giao diém thit
hai ctia dudng tron (ABE) va (ACF). Chiing minh ring dudng phan giac trong cta PAM di qua tam dudng
tron noi tiép tam gidc ABC.
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Bai toan 44. (Mi TST 2008) Cho tam giac ABC. P la diém di dong trén canh BC. @, R lan lugt thuoc AC
va AB sao cho PQ || AB, PR || AC. Chitng minh ring dudng tron (AQR) luon di qua mot diém ¢ dinh khi P
thay doi.

2.8 Bai tap tu luyén

Bai toan 45. Cho tam giac ABC noi tiép (O). Mot duong tron (J) tiép xic véi AC, AB lan lugt tai E, F va
tiép xic trong véi (O) tai T

1. Chitng minh réing TF di qua diém M chinh giita cung nhé AB.
2. MC cit EF tai I. Chiing minh ring tit gidsc TIEC noi tiép.

3. Chting minh ring I 13 tam dudng tron noi tiép tam giac ABC.
4. Chitng minh ring 71 di qua diém chinh gita cung BAC.

Bai toan 46. (HSG TP Ha Noi 2023) Cho tam gidc ABC vuong tai A (AB < AC) noi tiép dudng tron (O).
Céc tiép tuyén tai A va C ciia duong tron (O) cit nhau tai S. Trén tia doi ctia tia CA lay diém M (M # C).
Qua S ké duong thang vuong géc v6i OM, cit dudng tron (O) tai hai diém phan biét E va F (E nam gitta S
va F).

1. Chitng minh rdng ME 1a tiép tuyén ctia dudng tron (O).

2. Goi D la chan duong vuong goc ké tit M xudng duong thang BC. Chiing minh EC la tia phan giac cta
FED.

3. Goi P,Q lan lugt 1a giao diém ctia M D véi hai dudng thing BE va BF. Goi K la tam dudng tron ngoai
tiép tam gidgc BPQ. Chitng minh ring SDK = 90°.

Bai toan 47. Cho tam giac ABC, c6 AB < BC < CA. Goi I 14 tam dudng tron noi tiép tam giac ABC. Cac
diém E, F 1an lugt thuoc tia CA, AB sao cho BF = BC = CE. K& BE ct CF tai G.

1. Chitng minh bén diém C, I, E, G ciing thudoc mot dudng tron.
2. Goi K thuoc AC sao cho CK = AB. Chitng minh tam giac GIE dong dang v6i tam giac GCK.

3. Trén nita mit phang bd BG khong chiia C, ké GH song song v6i AC va GH = AF. Chiing minh
— 11—
GHE = §BAC.

Bai toan 48. (CSP V2 2023) Cho tam gidac ABC. Dudng tron (I) noi tiép tam gidc ABC tiép xtc v6i cac
canh BC,CA, AB tai cac diém D, E,G. Hai dudng thing DE, DG lan luot cit dudng phan giac ngoai cia goéc
BAC tai M, N. Hai duong thing MG, NE cit nhau tai P. Chting minh

1. EG song song v6i M N.
2. Diém P thuoc dusng tron (I).

Bai toan 49. (CSP V2 2015) Cho hinh vuong ABCD véi tam O. Goi M la trung diém AB, cic diém N,P
thuoc BC,CD sao cho M N song song v6i AP. Chitng minh ring

1. Tam giac BNO dong dang vé6i tam giac DOP va NOP = 45°.
2. Tam dudng tron ngoai tiép tam gidc NOP thude OC.

3. Ba dudng thing BD, AN, PM ddng quy.
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Bai toan 50. (Vinh Phuc 2024) Cho tam gidc ABC nhon, khong can noi tiép duong tron (O) va BAC = 60o.
Céc duong thing qua hai diém C va B song song v6i dudng thang AO cat dudng tron (O) lan lugt tai E va F
(E # C,F # B). Goi H la tryc tam tam gidac ABC. Duong thang BH cit duong tron (O) tai diém tht hai 1a
X (X # B); dudng thing CH cit dudng tron (O) tai diém thi hai la Y (Y # O).

1. Chiing minh ring tam giac AEF dong dang vé6i tam giac HBC.

2. Goi M la giao diém ctia hai dudng thang XF va AC; N la giao diém ctia hai dudng thang YE va AB.
Chitng minh ring dudng thang M N song song véi duong thing BC.

3. Ching minh ring ba duong thing M N, XY va FE dong quy.

Bai toan 51. (IMO 2024) Cho tam gidc ABC thod man AB < AC < BC'. Tam dudng tron noi tiép va duong
tron noi tiép ciia tam giac ABC lan lugt 1a I va w. X 13 mot diém nidm trén BC sao cho duong thing di qua X
song song vdi AC 1a tiép tuyén ctia (w). Tuong ty, Y 14 mot diém nim trén BC sao cho dudng thang di qua Y
song song véi AB la tiép tuyén clia (w). Goi giao diém thit hai ctia AT va dudong tron ngoai tiép tam gidc ABC
la diém P khéac A. Goi trung diém ciia AC, AB 1an luot 1a K, L. Chitng minh ting KIL + Y PX = 180°.

Bai toan 52. Cho tam giac ABC nhon khong can c6 [ 1a phan giac ctua BAC. Mot duong tron tam O thay
déi di qua B, C va cét cac canh AB, AC theo thtt tu & D, E. Goi T la giao diém ctia BE va CD. Dyng hinh
binh hanh DTEK. Ching minh ring AT, AK ddi xting nhau qua .

3 Loi giai

Bai toan 1. Cho tam giac ABC nhon, truc tam H. Trén doan BH lay diém M va trén doan CH lay diém N
sao cho AMC = ANB = 90°. Chtng minh réng AM = AN.

Lo giai
Goi E, F lan lugt 13 hinh chiéu ctia B, C tuong ting len AC va AB. Theo hé thitc lugng trong tam giac vuong,
ta c6 AM? = AE.AC va AN? = AF.AB. Mat khéc, hai tam gidc AFC vi ANB dong dang (g-g) nén ta c6

AF AFE B 5 9 rm B
AC — AR Suy ra AE.AC = AF.AB, hay AM* = AN*. Vay AM = AN.

Bai toan 2. Cho tam gidc ABC vuoéng tai A, duong cao AH. Goi D, E lan lugt 13 hinh chiéu ctia H lén
AB, AC. Chitng minh ring v BC? = VBD? + v/CEZ2.
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Lai giai

B H
3 BH? AB?
TacoBD—ﬁ7BC—BH né

BD*> BH* BH> BH® _,[BD> BH?> BH> _ BH

BC? ~ AR AB* A’ ~ \'BC? T AB® T BHBC _ BC

n

CE? _ CH
BC?  BC’

s/ BD® | CE? J 2 — 24 9 2
\V Bez t\| 5oz = 1= VBC? = VBD? + VCE?.

Bai toan 3. Cho hinh thang can ABCD, day 16n CD = 10, AH 1a duong cao, AH = AB, dudng chéo vudng
gbc v6i canh bén. Tinh do dai dudng cao ctia hinh thang can do.

Do dé, ta c6

Tuong tu, ta ciing ¢6 |

Lai giai

5
D 1 c
Goi do dai dudng cao 1a AH = z. Suy ra
10 — 10— z\°
HD = 02 T o AD? = HD? + AH? = <02”3> + 22 ().

Mait khac, tam giac DAC vudng tai A nén
10—z

AD? = DH.DC =10 ( ) =5.(10 — ) (2).

10—z
2

2
T (1) va (2) suy ra 5.(10 — x) = ( ) + 22 Ta giai ra duge x = 21/5.

Bai toan 4. Cho tam gidc ABC vuong tai A, dudng cao AH. Ké HE, HF 1an lugt vuong géc véi AB, AC.
Chitng minh ring

| BB _ (AB\
" FC  \AC)
2. BO.BE.CF = AH3.

35 Hudng téi Ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

Lai giai

B H C

1. Ap dung he thic lugng trong tam gidc vuong vao cac tam giac AHB va AHC, ta dugc BH? = BE.BA

BH\? BE AB
3 CH? = CF.CA. Do 6, | == | =222
va C CF.C o do, (CH) CF AC

vuong tai A, ta c6 AB?> = BH.BC va AC? = CH.BC

= g—g = <ig)2 (2).

T (1) va (2), ta suy ra diéu phai ching minh.

(1). Mat khéc, theo he thic lugng trong tam gidc ABC

) _ BE BH BH.BA _ . 5 AB3?
2. Ta c6 AABC ~ AEBH (g—gl)qgin BA= BC = BE = 5O M:BBféBC = AB”® nén BFE = Bo?
Tuong tu, ta cing c6 CF = Bo2 Ma AH.BC = AB.AC = AH = Tl Suy ra

AC® AB3 AB.AC\?
BC.BE.CF = A€ C = ( C) — AH3.

BC? BC?’ BC
Bai toan 5. Cho hinh chit nhat ABCD va mot diém O ndm trong hinh chit nhat. Chitng minh ring

OA%2 +0C? =0B? + 0D?.

Lai giai
A D
Q |_C O
a
b d |
] 0 O
C
B(J C—l OC

Goi khoang cach tit O t6i cac canh AC, AB, BD,CD lan luct 1a a, b, ¢, d nhu hinh trén. Theo Pythagoras,
ta c6 OA? + 0C? = (a®> + b?) + (2 + d?) = (b* + 2) + (a®> + d*) = OB* + OD?.
Bai toan 6. Cho hinh vuong ABCD va diém I thay d6i nim giita A va B. Tia DI cit BC tai E. Dudng thing

khong phu thudc vao vi tri cua

. N . 1 1
ké qua D vuodng goc v6i DE cat BC tai F. Ching minh rang tong D2 + DE?

diém I.
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Lai giai
Ta c6 ADIA = ADFC (g-c-g) nén DI = DF. Lai ¢6 DC 1 EF nén
(khong ddi). Vay ta c6 didu phai chiing minh.

LR B 1 1
DIZ " DE?

- DF? + DE?  DC?

b y
O
1
] [ E
F C B

Bai toan 7. Cho tam gidac ABC, cac dudng cao tng véi cdc canh a,b,c 1lan lugt 1a hg, hy, he (trong do6

. .1 1
BC =a,CA =b, AB = ¢). Chiing minh réng néu 2= + 72 khi va chi khi tam gidc ABC vudng tai A.
a b c
Lai giai
Goi S 1a dién tich caa tam giac ABC, ta ¢6
1 28, 482
Szia.haéa:h—aia = nz .
452 452
Tuong tu, ta ciing c6 b = h—g,c2 =7 Suy ra
b2+6274s2 <1+1) 7452 ia2
h? = h2 h2

Do d6, didu nay chi xay ra khi tam giac ABC vuong tai A.

Bai toan 8. Cho tam gidac ABC vuong tai A, dudng cao AH. Ké HE | AB,HF 1 AC. Goi O la giao diém
cta AH va EF. Chting minh ring HB.HC = 4OE.OF.

Lai giai

B H C

Theo hé thitc lugng trong tam giac vuong, ta ¢6 HB.HC = AH? (1). Mat khéc, dé thay tit gidc AEHF la
hinh ch nhat néen OA = OH = OE = OF (2). Két hop (1) va (2), ta dugc HB.HC = 20E.20F = 40E.OF.

Bai toan 9. Cho hinh vuéng ABCD c6 canh bing a.
1. M la mot diém trén canh AD sao cho ABM = 30°. Tinh AM, BM theo a.

2. Qua A ké duong thang vuong goc véi BM tai F, duong thang nay cit CD tai N. Tinh do dai cac doan
théng AF, M F, BF theo a.
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Lai giai

M ¢

0

A B

1. Ta c6 tam giac ABM vuodng tai A cé ABM = 30° nén BM = 2AM. Do d6

(2AM)? = AM? 4 a®> = 3AM? = a®> = AM = Lf = BM = 2“*@

3
2. Ta c6 MAF = ABF = 30° (ciing phu vdi FAB). Tit d6 ta c6
AB a AM a\f 9 AM? a3
AP =2 = 5 MF === = =2 AF? = FM.FB = FB = —— = =~

Bai toan 10. Chitng minh réng dién tich clia mot tam gidc bang mot nia tich cia hai canh véi sin clia géc
nhon tao béi hai duong thang chia hai canh y.
Loi giai

B

| a
,,,,,, -
&
B C H C

Ké BH | AC, goi a la géc nhon tao bdi hai dusng thang AB, AC. Ta c6

1 BH
fABA =—-.—AB.A _fBHA
C.sina 5 1B C 5 C = Sagc-
Do dé, ta c6 diéu phai chiing minh.
ss g 4 . . . a+b+c 3 ) N
Bai toan 11. Cho tam gidc ABC nhon, dat BC = a,CA=b,AB =C. Dat p = — Chiing minh rang

Sapc =+/p(p—a)(p—b)(p —c). (Cong thitc Heron)
L&i giai
Tit dinh Iy Cosin (Vi du 5 - Phan 1), ta c6

~ a2
5C = ————.
o8 2ab

T do, ta co

€ = 10 = VI (@ 112 -

2ab
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Tw bai toan 10, ta c6 cong thic tinh dién tich tam giac ABC nhu sau

1 ~ 1 1
Sapc = §ab. sinC = Z\/4a2b2 —(a®>+ 02 —c2)2 = Z\/[2ab — (a® + 0% — 2)][2ab + (a® + b? — ¢?)]

= Ve athleta—Batb-aatbia= - ap-Hp-— o

12
Bai toan 12. Cho sina.cosa = % Tinh sin o, cos a.

Lai giai

Ta c6
12 49
(sina + cosa)? = sin® a + cos? a + 2sina.cosa = 1 +2.— = —.
25 25
. 7T 1l )
Suy ra sina + cosa = o énsina = o —cosa. Tu do, ta c6

7 12
cosa. | - —cosa | = —.
5 25

4 3

Suy ra cosa = — hodc cosa = —.
5 5

. 4 3

Ne = — thisina = —.

e Néu cosa 5 1sina 5

P 3 4
Ne = — thisina = —.
* Newcosar= = thisina = ¢

. 3 4 4 3
Vay sina = —,cosa = — hoéic sina = —,cosa = —.
5 5 5 5

Bai toan 13. Cho tam gidac ABC nhon, dit BC = a,CA = b, AB = c. Goi hq, hs, h. 1an lugt 13 cac duong cao

ing vGi cac canh a, b, c. Chitng minh cac hé thitc sau

L 2V —a)p - b)p—0)

a

a
2V —a)p—b)(p — )
b b
ho 2y/plp—a)(p—b)(p—¢)
c c .
Loi giai
1 28 2 — —-b)(p—
Ta c6 Sapc = §ha.a. Do d6, h, = ABC _ \/p(p )b —b)(p C). Cac hé thic con lai cling tuong tu.
a a

Bai toan 14. Cho tam gidac ABC khong phai tam giac ti. Goi AM 13 dudng trung tuyén tng véi canh BC
2b% 4 2¢? — a?

clia tam gidc ABC. Goi BC = a, AC = b, AB = ¢, AM = m,. Chiing minh ring m?2 = 1

Loi giai
Néu tam giac ABC vuong tai A thi déng thitc trén hién nhién ding.

e Néu tam gidc ABC la tam gidc nhon.
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A
-
B H M ¢
Gid sit AB < AC thi BH < BM nén
2, 2 32 2 2
HM—BM-_pH-&_ 0 tc-b b —c
2 2a 2a

Tu dé

a’? 4+ —b? 2+ b% — 2 2_2b2+202—a2
2a 2a N 4 '

m2 = AM? = AH*+ MH? = AB>-~BH*+MH? = c2—(

3
Bai toan 15. 1. Cho sina = 5 Tinh A = 5sin® a + 6 cos? a.

4
2. Cho cosa = 5 Tinh B = 4sin® @ — 5cos® .
Lo giai
141
TacéA:5sin2a—|—6c032a:5sin2a+6(1—cos2a):6—sin2a:§.
- 2 2 2 2 2 —44
2. Ta c¢6 B =4sin” —5cos® o = 4(1 — cos® @) — 5 cos® a = 4 — 9 cos a= 5=

V3

Bai toan 16. Tim goéc nhon «, biét sina. cosa = o

L&i giai
V341
2

3+1 3
sin? a — (f;— )sina—f— % =0.

. T do, ta ¢6 phuong trinh

Dé dang tinh dugce sina + cosa =

. o V3
Suy ra sina = 3 hoac sina = —.

. 1
e Néu sina = 3 thi a = 30°.

P 3
e Néu sina = % thi o = 60°.
Vay a = 30° hodac o = 60°.

Bai toan 17. Cho tam giac ABC vudng tai A, ACB =a < 45°, trung tuyén AM, duong cao AH, BC = a.

Ching minh cac cong thitc sau

1. sin2a = 2sin «v. cos av.
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2. 14 cos2a = 2cos? a.

3. 1 —cos2a = 2sin a.

Loi giai
A
b
h
rl 20, a
C
B H M
h b AH  2h
1. Ta c6 sina = —,cosa = —. Mit khac, sin2a = —— = —. Do d6, sin 2a = 2sin a. cos a.
b a AM a
CH\® 2CH? 2HC HM 2HM
2. TacéQcosQa:2<AC> =HoBO = .Métkhée,talaicél+cos2a:1+AM=a+a =

2CH

a

. Do d6 1 + cos2a = 2cos? a.

2

3. Thay cos? o b&i 1 —sin? & vio 1 4 cos 2a = 2cos? a, ta duge 1+ cos 2o = 2 — 2sin” @, suy ra 1 — cos 2a =

2sin? a.

Bai toan 18. (Hong Kong TST 2000) Cho tam gidc ABC ¢6 BC > CA > AB. Goi D la mot diém trén canh
BC, E la mot diém trén canh AB kéo dai vé phia diém A sao cho BD = BE = CA. Goi P la mot diém trén
canh AC sao cho bén diém E, B, D, P dong vién. @ la giao diém thit hai ctia BP v6i dudng tron ngoai tiép tam
giac ABC. Chitng minh ring AQ + CQ = BP.

Lai giai

Vi céc tit gidc ABCQ va BEPD noi tiép nen CAQ = CBQ = DEP. Do d6, dé thay AAQC ~ AEPD
(g-g). Do do, ta co

AC  QC

55 = pp = ED-QC = AC.PD = BE.PD (1).

AQ EP

6= pp = AQED = AC.EP = EP.BD (2).
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Mait khac, 4p dung dinh 1y Ptolemy cho ti¢ giac noi tiép BEPD, ta ¢c6 EP.BD + BE.PD = ED.BP (3).
Tit (1), (2) va (3) suy ra AQ.ED + QC.ED = ED.BP. Do d6, QC + AQ = BP.

Bai toan 19. (Quang Tri 2005) Cho tam giac déu ABC' ¢6 do dai cac canh bang a (a > 0). Trén doan AC
lay diém @ di dong, trén tia déi ciia tia CB lay diém P di dong sao cho AQ.BP = a?. Goi M la giao diém ctia
BQ va AP. Chiing minh ring AM + MC = BM.

Lai giai

) A AB . R

T gia thiét AQ.BP = a2, ta c6 dudc % = 5P Két hgp véi BAQ = PBA = 60°, ta dugec AAQB ~
ABAP (c-g-c). Suy ram:@. Mam+m: 60° vi APB + MAC = ACB = 60° nén MBC =
MAC. Néi cach khac, M € ABC. Ap dung dinh 1§ Ptolemy cho ti gidc noi tiép ABCM cing gia thiét

AB = BC = CA, ta dugc
AB.MC + BC.AM = BM.AC = AM + MC = BM.

Bai toan 20. (Vii Hitu Binh) Van dung dinh Iy Ptolemy dé gidi bai toan sau: Chiing minh ring tong khoang
céc tit tam ctia duong tron ngoai tiép mot tam gidc nhon dén cac canh clia tam gidc bing téng cac ban kinh

clia dudng tron ngoai tiép va dudng tron noi tiép tam gidc d6. (Dinh ly Carnot)

Lai giai

Xét tam gidc ABC noi tiép duong tron (O; R). Goi OD,OFE,OF lan lugt la khoang cach tit O dén
BC,AC, AB. Dat BC = a,AC = b,AB = ¢,0D = z,0E = y,OF = z. Ap dung dinh ly Ptolemy vao t&
gidc noi tiép AEOF, ta c6
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OA.EF = AF.OE + AE.OF = R.g - gy + gz = aR = cy + bz.

Tuong tu ta ¢c6 bR = az + cx,cR = ay + bx. Suy ra
Rla+b+c)=aly+z)+blz+z2)+clx+y) (1).
Goi r 1a ban kinh clia duong tron noi tiép tam giac ABC, ta c6
rla+b+c)=2Sapc = ax + by + cz (2).
T (1) va (2) suy ra
(a+b+c)(R+r)=alz+y+2)+blx+y+z)+clr+y+=2).
Do d6 R+ 1 =z + y + 2. Ta két thic bai toan.

Bai toan 21. Cho tam gidc ABC noi tiép duong tron (O). Dudng tron (O’) tiép xic trong vé6i (O) tai T thuoc
cung nho BC. Ké céc tiép tuyén AA’, BB',CC’ t6i (O'). Chiing minh réng AA’.BC = BB'.AC + CC’'.AB.

L&i giai

Goi K, L, N lan lugt 1a giao diém ctia AT, BT, CT véi dudng tron (O'). Suy ra AA? = AK.AT,BB”? =
BL.BT,CC" = CN.CT. Khi dé, diéu can chiing minh tuong duong véi
BC.VAK.AT = CANBL.BT + ABCN.CT (1).
AK _BL_CN
AT BT CT
BCNk.AT? = CANk.BT? + ABNk.CT? = CB.AT = AB.CT + AC.BT.

That vay, dé thiy LN || BC, LK || AB, KN || AC. Suy ra — k. Khi do, (1) tuong duong véi
Déng thitc cudi ding do dinh 1§ Ptolemy. Ta két thic bai toan.

Bai toan 22. (HSG cac vung ctia Mi 1987) Cho mot ti gidc noi tiép c6 cac canh 1a a,b,c,d (a dbi dién ¢, b
déi dien d). Goi p, ¢ 1a do dai hai dudng chéo ctia t1i giac tren. Ching minh ring pg < /(a2 + b2)(c? + d2).

Loi giai
Ap dung dinh 1y Ptolemy cho t gidc d6, ta c6 pa = ac + bd. Khi dé, bat déng thitc can chimg minh tuong
duong véi

p?q* = (ac + bd)? < (a® + b?)(c? + d?).
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Day 1 bat ddng thic Bunyakovsky quen thudc. Ta cé diéu phai ching minh.

Bai toan 23. (CSP V1 2013) Cho tam gidac ABC khong can c6 ba géc nhon, noi tiép (0), cadc dudng cao
AA,,BB;,CC cit nhau tai H. Cac duong thang A,C}, AC c&t nhau tai D. Goi X la giao diém ctia BD véi
(0).

1. Chimg minh DX.DB = DC;.DA;.

2. Goi M la trung diém AC. Chitng minh DH vuong géc BM.
Lai giai

B

1. Day la mo hinh trye tam, ban doc c¢6 thé xem lai v tu tim cach chitng minh.

2. Ap dung dinh 1y Brocard véi tit gidc AC; A;C noi tiép dudng tron tam M va AC) NCA, = {B}, A1C1 N
AC = {D}, ta dugc M la tryc tam ctia tam gidc DBH. Suy ra DH vudng gbc véi BM.

Bai toan 24. (HSG TPHCM 2013) Cho tit giac ABCD noi tiép dudng tron O. Céc tia AB, DC cit nhau tai
E, cac tia AD, BC cit nhau tai F. Dudng tron ngoai tiép tam giac BCE cit dudng tron ngoai tiép tam giac
CDF tai M. Chiing minh ring

1. Ba diém E, M, F théng hang va bén diém A, D, M, E ndm trén mot dudng tron.
2. OM vuong goc véi EF.
3. Ba dudng thing OM, AC, BD dong quy tai mot diém 1.

Loi giai
Ta c6 FMC = FDC = 180° — ABC = 180° — EMC. Suy ra ba diém E, M, F thing hang. Do dé, theo
phuong tich, ta thu dugce

FAFD=FBFC=FM.FE.

Suy ra tt giac M ADE noi tiép.

2. Dé théy t gisc AMFB noi tiép. Do d6, MBA = MFA = MCD. Két hop véi MAB = MDC (cing bit
]\YF\C), ta dugc AMAB ~ AMDC (g-g). Goi X,Y lan lugt la trung diém ctia AB,CD, ta dugc cip tam
gidc dong dang mdi la AMBX ~ AMCY (c-g-c). Suy ra MXB=MYC = MXE = MYE. Vay nén t@
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giac M XY E noi tiép. Mat khac, ti giac OX EY noi tiép duong tron dudng kinh OF nén ta suy ra dugc
5 didm O, X, M, E,Y cing thuoc dudng tron dudng kinh OF. Do d6, OME = 90°. Ta c6 diéu phai chitng

minh.

3. Goi ACNBD = {I}, theo dinh 1y Brocard, ta ¢6 O la tryc tam cta tam giac FIE. Suy ra Ol 1 EF. Ma
OM 1 EF nén ba diém O, I, M thing hang. Ta két thiic bai toan tai day.

Bai toan 25. (Hai Duong 2008) Cho tam giac nhon ABC (AB < AC) c6 cac duong cao BD, CE cat nhau tai
H. Goi I 1a trung diém ctia BC, dudng tron ngoai tiép tam giac BET cit dudng tron ngoai tiép tam gidc CDI
tai K khac I. Dudng thing DE cit BC tai M. Chiing minh ring ba diém M, H, K thing hang.

Lai giai

Ap dung dinh 1y Brocard cho tit gidc BEDC noi tiép dudng tron tam I véi BENCD = {A}, DENBC = {M},
ta dugce I la tryc tam clia tam giac AHM. Do d6, MH 1 AT (1).
Goi AIN(BEI)={K'}, AN la dudng cao ctia tam gidc ABC'. Theo phuong tich, ta ¢
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AK'.AI = AE.AB = AF.AC.
Do dé, ti giac DK'IC noi tiép. Néi cach khac, K = K’ nén ba diém A, K,I thing hang. Mit khac, c6
AK.AI = AE.AB = AH.AN nén ti giac HNIK ndi tiép. Suy ra HK 1 Al (2).
Tit (1) va (2) suy ra ba diém M, H, K thing hang.
Bai toan 26. Cho tit giac ABCD c6 F la giao diém ciia AB va CD, F 1a giao diém ctia AD va BC. Goi M
la diém Miquel va Oy, O3, O3, 04 lan lugt 1a tam duong tron ngoai tiép cac tam giac EBC,CDF, EAD, ABF.
Chtng minh ring 5 diém M, O1, Os, O3, 04 cling thuoc mot dudng tron.

Lai giai

Ta c6 M/O4\Ol = %]\4/0-4\3 — MFC = %JW/O-Q\C = M/O-Q\Ol nén ti gidc M 04050, ndi tiép. Tuong ty, ta
ciing c6 tit gidc M 04030, noi tiép nén 5 diem M, O, Oz, O3, O, ciing thuoc mot dudng tron.
Bai toan 27. (Ha Noi TST 2017) Cho tam giac ABC (AB < AC) nhon nai tiép duong tron (O). Goi M 1a
trung diém ctia BC. AM cét (O) tai cac diém A, D. Gia st BDNAC = {F},CDNAB = {E},(ABF)N(ACE) =
{P} (P # A). Goi (S1) la duong tron di qua C tiép xtc v6i AB tai A. Goi (S2) 1a dudng tron di qua B va tiép
xic véi AC tai A4, (S1) N (S2) = {Q} (Q # A). Chiing minh réng tam giac OPQ la tam gidc vuong.

Lai giai
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Dé thay P la diém Miquel ctia tit gidc ABCD nén ta ciing ¢ cac tit gidc BDPE,CDPF nai tiép. Ta c6
APE = ACE = 180° — ABF = 180° — APF nén ba diém P, E, F thing hang. Theo dinh 1y Brocard, ta
c6 OM L EF. Ma OM L BC nén BC | EF. Do d6, BCD = DEP = DBP nén PB la tiép tuyén ciia
dudng tron (O). Tuong ti, ta ciing c6 PC la tiép tuyén ctia duong tron (O). Vi vay, bén diém P, B,O,C
cing thudc dudng tron dusng kinh OP. Ké AX, AY lan lugt 14 dudng kinh ciia dudng tron (Ss), (S1). Ta 6
AQB = 180° — AXB = 180° — AS,0. Tuwong tu, ta ciing c6 AQC = 180° — AS,0. Vay nén

AQB + AQC = 360° — 245,0 = 360° — 2BAC (Vi sa0?)
Do do, EQ\C’ = 2BAC. Suy ra 5 diém O, Q, B, P,C cung thuoc mot dudng tron. Ta dé& dang suy ra diéu phai
ching minh.
Bai toan 28. (Moldova TST 2010) Cho tam giac nhon ABC ¢6 H la tryc tam va M la trung diém BC. Ké
dudng thing qua H vuong géc v6i HM va cit AB, AC lan lugt tai P va Q. Chitng minh ring M P = MQ.

Lai giai

Ké cac dudng cao BD, CE clia tam giac ABC. Suy ra ti giac BEDC nai tiép duong tron dudng kinh BC.
Theo dinh 1y con buém, dé thiy H la trung diém ctia PQ nén MP = MQ.

Bai toan 29. Cho dudng tron (O) va day AB. Lay I 1a mot diém bat ki thuoc day AB, vé hai day CD, EF
ciing di qua I (C va E nim vé ciing mot phia véi AB). Goi giao diém ctia CF, DE v6i AB lan lugt 13 M va N.
1

N 1 1

hit inh rang — + — = — + —.

Ching minh rang IA+IN IB+IM
Loi giai
. . AM.IB BN.IA ¢ .
Tru6ce hét, ta ching minh két qua sau: M - IN (Bo dé Haruki). That vay, vé dudng tron ngoai tiép
tam giac C M D, duong tron nay cit AB tai diém thi hai 14 K. Theo phuong tich, ta co
AM.IB
IMIK =1IC.ID=1AIB=IM.(IB+ BK)=(AM+IM).IB = iy BK.

Mait khéc, vi IKD = FCD = IED nén tt giac EK DI nai tiép. Ap dung phuong tich tuong tuw nhu trén, ta

. . BN.TA _ BK. Do dé AM.IB  BN.IA
cling c6 = -Dod6, —— = —+—.

Dit TA = a, 1B = b IM = m, IN = n, ta duge (2—"™b _ b=n)a
m n
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(a —m).bn = (b —n).am = abn — bmn = abm — amn.

Chia ca hai vé cho abmn, ta dugc
1 1 1 1

1
e n b IATIN 1B IM

1 1
a n

1
m

Bai toan 30. Cho tam gidc nhon ABC c6 AD la dudng cao, O va H lan lugt 14 tam dudng tron ngoai tiép va
trire tam ctia tam giac ABC. Ké dudng thang qua D va vudng géc véi OD |, cit AB ¢ K. Chitng minh ring
DHEK + AHC = 180°.

Lai giai

Goi giao diém thtt hai ctia AD va dudng tron (O). Khi d6 E déi xing v6i H qua D. Lay KD N EC = {L}.
Theo dinh 1§ con buém, ta c6 DK = DL. Suy ra ADHK = ADEL (c-g-c). Do 46, DHK = DEL = DHC =
180° — AHC'. Ta c6 didu phai ching minh.

Bai toan 31. (Singapore 2011) Cho tam gidc ABC nhon, khong can, O, H 1an lugt 13 tam dudng tron ngoai
tiép va truc tam cia tam gidc ABC, AB > AC. @ la diém trén AC, kéo dai HQ cit BC & P sao cho DP = DB
v6i D 1a chan dudng vuong géc ha tit A xuéng BC. Chitng minh ring O/D\Q = 90°.
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Lai giai
y

G

Goi giao diém thit hai ciia AH va duong tron (O) 1a G, khi d46 G déi xting H qua BC. Ta c6 QPD =
HBD = RBD, két hop véi DP = DB, ta dugc ADPQ = ADBR (g-c-g). Do d6, DR = DQ. Theo dinh 1§ con
buém thi OD L QR hay ODQ = 90°.

Bai toan 32. (Dinh lyj con budm md rong) Cho boén diém A, B, C, D nim trén duong trong tam O. Goi P la
giao diém ctia AC va BD. Mot duong théng d tuy ¥ di qua P sao cho P la hinh chiéu vuong géc ciia O len
dudng thang d. Goi X 1a giao diém ctia d va AB, Z la giao diém ctia d vd CD. Chiing minh P 1a trung diém
XZ.

Lai giai

Ta xét thé hinh nhu sau

Goi I,.J lan lugt 1a trung diém ctia AB,CD. Ta dudc cac tit gisc OPZ.J, OPIX noi tiép. Do do, OZP =0JP
va OXP = OIP. Mit khic, c6 APAB ~ APDC (g-g), ma I,.J tuong tng la trung diém ciia AB,C'D neén
AITAP ~ AJDP (c-g-¢). Vay nén AIP = DJP. Suy ra OIP = O/J\P, hay OZP = OXP. Tit dé, ta duge P la

trung diém ctia X Z.

Bai toan 33. (Mong C6 TST 2008) Cho tam gidc nhon ABC ¢6 CD la dudng cao, H la tryc tam va O la tam
dudng tron ngoai tiép tam gidc ABC. Mot dudng thing di qua diém D, vuong goc véi OD va cit BC tai E.
Chiing minh ring DHE = ABC.
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Lai giai

Goi F 1a giao diém clia duong tron (O) va CD, K la giao diém ctia AF va DE. Ap dung dinh 1y con buém,
ta duge DE = DK. Két hop véi DH = DF, ta dugc ADHE = ADFK (c-g-c) nen DHE = DFK = ABC.

Bai toan 34. (MOP 1998) Cho hai dudng tron (C) va (C’) ¢6 ciing ban kinh, cit nhau tai hai diém A, B. Goi
O la trung diém AB. Day cung C'D ciia duong tron (C) qua diém O. Lay P la giao diém ciia doan thing C'D
v6i (C'). EF 1a day cung (C') qua O vi doan thing EF cit (C’) tai Q. Chiing minh ring AB, CQ, EP dong
quy.

Lai giai

Goi giao diém ctia CQ, EP v6i AB lan lugt 1a S,S’, M la giao diém ctia DK va AB. Theo dinh 1y con
buém, ta c6 O la trung diém ciia SM. Mat khac, dé thiy O ciing phai 1 trung diém ctia PD, EK nén tit giac
PEDK 1a hinh binh hanh. Do d6, d& dang suy ra AOS'Q = AOMK (g-c-g) nén O la trung diém ciia MS'.
Vay nén S = 9’, ta c6 diéu phai chiing minh.

Bai toan 35. Cho tam gidc ABC nhon (AB < AC) noi tiép dudng tron tam O. Diém M thuoc cung nhé BC.
Vé ME, MF lan lugt vuong goc AC, AB tai E,F.Goi H la tryc tam ctia tam gidac ABC, duong thing EF cit
HM tai I. Chiing minh I 13 trung diém H M.

Lai giai
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Goi E', F" lan lugt 1a diém ddi xting véi M qua AC, AB. Suy ra E'F’ la duong thang Steiner ctia diém M
déi v6i tam giac ABC. Do dé, ba diém E’, H, F' thing hang. Két hop véi viec F 1a trung diém cta F'M va E
la trung diém ctia E'M, ta d& dang ching minh duge I 13 trung diém ctia HM.

Bai toan 36. Cho duong tron (O) va ba day cung AB, AC, AD bat ki. Cac dudng tron duong kinh AB, AC, AD
doi mot cit nhau lan thd hai tai M, N, P. Ching minh ring ba diém M, N, P thing hang.

Lai giai

Lay (AB)N(AC) = {M}, (AB)N(AD) = {N}, (AC)N(AD) = {P}. Dé thay cac bo diém (M, B, C), (C, P, D), (B, N, D)
thang hang. Do A € (BCD),AM | BC,AN | BD,AD | CP nén ba diém M, N, P thing hang theo dinh ly
ve dudng thing Simson.

Bai toan 37. Cho tam gidc ABC, cac dudng cao AD,BE,CF. Tit E ké EH,EK lan lugt vudng géc véi
CF, BC. Chiing minh ring HK di qua trung diém EF.

Lai giai
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C

Goi I 1a hinh chiéu ctia E lén AB, J la trung diém ctia EF. Ta ¢6 E € (BFC) nén theo dinh ly vé dutng
thing Simson, ba diém I, H, K théng hang. Mit khac, ta c6 ti giac F1F H 1a hinh chit nhat nén ba diém I, H, J
théng hang. Tt day, ta suy ra diéu phai ching minh.

Bai toan 38. Cho tam giac ABC noi tiép duong tron (O). P la mot diém bat ki ndm trén cung nhoé BC ciia
(0). Ké dudng thang qua P vuong goc véi BO, cat (O) tai diém thit hai K. Chitng minh réing AK song song
v6i dudng thing Simson ctia P tng véi tam giac ABC.

Loi giai
Xét thé hinh nhu sau

Goi I, J, K lan lugt 14 hinh chiéu ctia P len AB, BC, AC. Khi dé, ba diém I,.J, K thang hang. Ta c6 KAC =
KPC = AKJ. Ma hai géc nay & vi trf so le trong nen AK || IK, ta ¢6 didu phai ching minh.

Bai toan 39. Cho ti gidc ABCD noi tiép duong tron (O). Goi X,Y,Z lan lugt 1a hinh chiéu ctia D trén
BC,CA,AB. Goi M, N lan lugt 1 trung diém AB, XY . Ching minh ring MND = 90°.

Lot giai
Xét thé hinh nhu sau
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Dé thiy AADB ~ AY DX (g-g). Ma M va N lan lugt la trung diém ctia AB vi XY nén ADAM ~ ADY N
(c-g-¢). Do do, MDA = NDY = ADY = MDN. Két hop véi ADY = m, ta dugc MDN = MZN hay tit
gisc MZDN i tiép. Vay nen MND = 180° — MZD = 180° — 90° = 90°.

Bai toan 40. (Romania 2016) Cho hai dudng tron (O) va (O’) cit nhau tai hai diém A, B. Mot tiép tuyén
chung ctia (O) va (O’) (ndm gan vé phia B) tiép xtc véi (O) va (O') lan lugt tai P va Q. Goi C la diém déi
xitng véi B qua PQ. Chitng minh ring CAP = BAQ.

Lai giai

Ta c6 B la diém A - Humpty clia tam giac APQ. Vi C d6i xing v6i B qua PQ nén @ = P/BE =
180° — PAQ. Do d6, C € (APQ). Do d6, CAP = CQP = BQP = BAQ.

Bai toan 41. (Olympic Toan hoc tré Thd Nhi Ky 2015) Cho tam gidc ABC noi tiép dudng tron (O), D la
trung diém ciia BC. Goi (w1 ) la duong tron di qua D va tiép xic véi AB tai B, (wo) 1a dudng tron di qua D va
tiép xic véi AC tai C. Hai dudng tron nay cit nhau tai diém thi hai la M. Lay M’ d6i xing véi M qua BC.
Chitng minh ring ba diém A, M’, D thang hang.
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Lai giai

Bing cong goc, dé thay M € (O). Trén dudng tron (O), lay diém K sao cho BAK = CAD. Goi giao diém
thit hai cia AD vé6i duong tron (O) la G, ta dusc ADMB = ADGC (c-g-¢) nén BDM = CDG. Do do,
CDM = BDG = ADC. Vi vay, AMB = DMC. Tit day, ta dé dang thay AB tiép xtc véi (BDK), AC tiép
xtic véi (CDK) nén ta suy ra K = M. Vi vay, theo tinh chit ctia diém Humpty, ta duge M’ 1a diém A -
Humpty ctia tam gidc ABC nén ba diém A, M’, B thing hang.

Bai toan 42. (Brazil 2017) Cho tam giac nhon ABC, hai dudng cao BD,CE cat nhau tai H. Goi giao diém
thit hai ctia duong tron (ABC) va (ADE) 1a F. Chitng minh ring cdc duong phan gidc trong clia @, BHC
va BC dong quy tai mot diém.

Lai giai
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Goi K 1a giao diém ctia AF va BC, P4 la diém A - Humpty clia tam gidc ABC. Dé thay ba diém K, H, P4
5 N FB HB
thang hang. Dieu phai ching minh tuwong duong véi C - Ho
Ta c6 cac cdp tam gidc dong dang la AKBF ~ AKAC (g-g) va AKCF ~ AKAB (g-g) nén
e _ ke
AB KA’

FB KB
AC KA ™

FB _ AC.KB )
FC  AB.KC

Mit khac, ta lai c6 AKBH ~ AKPAC (g-g) via AKCH ~ AKPyB (g-g) nén ta duge

HB  KB.P4C

HC ~ KC.PsB (2)

. A P
Vi P4 la diem A - Humpty cta tam gidc ABC nén é = Pjg

(3)-

T (1), (2), (3) suy ra diéu phai ching minh.

Bai toan 43. (Biac Macedonia 2017) Cho tam giac nhon ABC (AB < AC) nai tiép (O). Goi D la hinh chiéu
vuong goc ciia A len BC, M 1a trung diém ctia BC. BO va CO lan lugt cit AD tai E, F. P la giao diém thit
hai ctia duong tron (ABE) va (ACF). Chitng minh ring dudng phan gidc trong clia PAM di qua tam dudng
tron noi tiép tam giac ABC.

Lai giai

Ta chi can chitng minh P la diém A - Dumpty ctia tam gidac ABC, khi d6, AP sé dbi xiing véi AM qua
duong phan giac BAC.
That vay, ta c6 ABD = %A/O\O —=90° — ACF. Ma ABD = 90° — BAF nén ta dusc BAF = ACF. Do d6, AB
la tiép tuyén ctia duong tron (ACF). Tuong tu, ta ciing ¢c6 AC la tiép tuyén ctia dudng tron (ABE) nén P la
diém A - Dumpty ctia tam gidc ABC. Ta két thiic bai toan tai day.

Bai toan 44. (Mi TST 2008) Cho tam gidc ABC. P la diém di dong trén canh BC. Q, R lan lugt thuoc AC
va AB sao cho PQ || AB, PR || AC. Chitng minh ring dudng tron (AQR) luon di qua mot diém ¢ dinh khi P
thay déi.

Lai giai
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B P C

Goi X la diém A - Dumpty ciia tam giac ABC. Khi d6, X 1a diém c6 dinh.

) __AB XB
Ta c6 AAXB ~ ACX A (g-g) nén ﬁ—% = % (1)].%3
Mt khéac, theo dinh 1y Thales nén — AC RP - OA (2).
Tw (1) va (2), ta duge % = @ Két hop véi XBR = XAQ, ta dugc AXBR ~ AXAQ (c-g-c). Suy ra

XRB = XQA. Vay nén, ta dé dang suy ra X € (ARQ).

Bai toan 45. Cho tam giac ABC noi tiép (O). Mot duong tron (J) tiép xic véi AC, AB lan lugt tai E, F va
tiép xic trong véi (O) tai T.

1. Chitng minh ring TF di qua diém M chinh giita cung nhé AB.
2. MC cit EF tai I. Chiing minh ring tit giac TIEC noi tiép.
3. Chiing minh ring I 13 tam dudng tron noi tiép tam giac ABC.
4. Chting minh réing 71 di qua diém chinh gitta cung BAC.
Lai giai
Goi giao diém thtt hai ciia TF v dudng tron (0) 1a M. Vi du’dng tron (J ) tiép xtc trong véi dudng tron

(O) tai diém T nén ba diém O, J, T thang hang. Do do, JFT = JTF = OMT. Ma hai gbc nay 6 vi tri
dong vinén JF | OM. Ma JF 1 AB nén OM 1 AB, suy ra M la diém chinh giita cung nh6 AB.

2. Ké tiép tuyén chung Tl ctia dudng (J) va (O). Ta c6 TET = ITF = TCT. Do do, tit giac TIEC noi tiép.

3. Ta co
§T\I:B/T\C—I/TE:180%@—@?:18@%90%%@:@.
Do do, tit giac BFIT noi tiép. Do dé, ta c6 bién déi géc nhu sau
@:ﬁ:@—@—ﬁ:1800—3/@—%@—9004—@:90"—%.(@—A/C’E).

Do d6, dé dang suy ra BI 1a tia phan giac ciia ABC. Vi vay, I 13 tam dudng tron noi tiép tam giac ABC.

4. Diéu phai chiing minh tuong duong v6i TL la tia phan giac clia BTC véi TIN (0) ={L}. Co BTI =
AFE = AEF = ITC nén TL la tia phan gidc ctia BTC. Do d6, L la diém chinh giita cung BAC.
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Bai toan 46. (HSG TP Ha Noi 2023) Cho tam giac ABC vuong tai A (AB < AC) noi tiép duong tron (O).
Céc tiép tuyén tai A va C ciia duong tron (O) cit nhau tai S. Trén tia doi clia tia CA lay diém M (M # C).
Qua S ké dudng thang vuong goc v6i OM, cit dudng tron (O) tai hai diém phan biet E va F (F nam gitta S
va F).

1. Chitng minh rang ME 1a tiép tuyén ctia dudng tron (O).

2. Goi D la chan duong vuong goc ké tit M xudng duong thang BC. Chiing minh EC la tia phan gidc cta
FED.

3. Goi P,Q lan lugt 1a giao diém ctia M D véi hai duong thing BE va BF. Goi K 1a tam duong tron ngoai
tiép tam gidc BPQ. Ching minh ring SDK = 90°.
Lai giai
Goi OSNAC = {T},OMNEF = {N}. D& thay tit giac TN M S ndi tiép nen OT.OS = ON.OM = OC? =
OFE?. Do d6, tam giac OEM vuong tai E hay M E la tiép tuyén ctia dudng tron (O).

2. Dé thay 5 diém O, E, D, M, F cing thudc duong tron dusng kinh OM nén ta c6 bién déi goc nhu sau
OCE = CED + EDO = CED + OEF = CED + OCE — FEC.

Do do, CED = FEC. Hay EC' la tia phan giac cua FED.

3. Ta co
MEP = 90° — OEB = 90° — OBE = MPE.

Do do, tam giac M EP can tai M. Suy ra M E = M P. Ching minh tuong ty, ta c6 M F = MQ. Vay nén
tit gisc PEFQ nai tiép duong tron dudng kinh PQ. Tu diéu nay, ta dé dang suy ra C la triyc tam cla
tam gidc BPQ. Ma K 1a tam dudng tron ngoai tiép tam gidc BPQ nén BC = 2M K. Do d6, OC = MK.
Do DCM = OCT = OSC nén ACDM ~ ASCO (g-g). Do dé

CD SC _ sC
DM~ CO MK’
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Suy ra ASCD ~ AKMD (c-g-c), kéo theo SDC = MDEK. Tit do, SDK = CDM = 90°.

o

Bai toan 47. Cho tam giac ABC, c6 AB < BC < CA. Goi I 14 tam dudng tron noi tiép tam giac ABC. Cac
diém E, F 1an lugt thuoc tia CA, AB sao cho BF = BC = CE. Ké BE cit CF tai G.

1. Chitng minh bén diém C, I, E, G ciing thuoc mot duong tron.
2. Goi K thuéc AC sao cho CK = AB. Chitng minh tam gidac GIE dong dang v6i tam giac GCK.
3. Trén nita mit phang bd BG khong chiia C, ké GH song song v6i AC va GH = AF. Chiing minh

CTHTE:%W.

Lai giai

1. Ta c6 bién déi géc nhu sau

e 1o 11—
ICG=BCG—-1ICB=90° — iABC — §ACB = §BAC.
N — 1= .
Do do, ta can ching minh BET = §BAC hay t@ giac AEIB ndi tiep. Mit khac, ta lai co
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@:@_@zgm_%m_%@:%m.

Nen tit gide AETB noi tiép, do d6 ta dé dang suy ra tit gidc CIEG noi tiép.
9. Taco AIB = AEB = GEC = CIG va BAI = GCT nén AIAB ~ AICG (g-g). Theo d6, ta dugc

IB I1G IFE
AB-C0C - CK (do IE =IB,AB = CK).
két hgp véi GIE = GCK , ta thu dugc diéu phai chitng minh.

3. Ta sé di ching minh tit giAc GHEK Ia hinh binh hanh. Ta c6
EK=CE—-CK=BC—-AB=BF—-AB=AF =GH.

Két hop véi GH || EK ta duge tit gide GHEK la hinh binh hanh. Do d6 GHE = GKE = 180° — GEI =
— 1—— N
GCI = §BAC’. Vay nén ta c6 dugce dieu phai ching minh.

Bai toan 48. (CSP V2 2023) Cho tam gidc ABC. Duong tron (I) noi tiép tam gidc ABC tiép xtic véi cac
canh BC,CA, AB tai cac diém D, E,G. Hai duong thing DE, DG 1an lugt cit dudng phan gidc ngoai cia goc
BAC tai M, N. Hai duong thing MG, NE cit nhau tai P. Chting minh

1. EG song song v6i M N.

2. Diém P thuoc dusng tron (I).

Lai giai

B D C
1. Ta thay AT 1 MN vi AI 1 EG nén MN || EG.
2. Goi P’ 1a giao diém thit hai ctia dudng tron (AGN) va (AEN). Ta cé

AP'N = AGN = BGD = GED = AME = 180° — AP'E.

Suy ra ba diém N, P’, E thing hang. Tuong ty, ta ciing chitng minh duge ba diém G, P/, M thing hang.
Do d6 P = P'. Vay nén ta c6 bién ddi géc nhut sau

PGD + PED = NAP + MAP = 180°.
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Do dé6 tit gisc GPED noi tiép, hay P € (I).

Bai toan 49. (CSP V2 2015) Cho hinh vuong ABCD vé6i tam O. Goi M la trung diém AB, cic diém N,P
thuoc BC,CD sao cho M N song song v6i AP. Chitng minh ring

1. Tam gidac BNO doéng dang v6i tam giac DOP va NOP = 45°.
2. Tam dudng tron ngoai tiép tam gidc NOP thudc OC.

3. Ba dudng thing BD, AN, PM ddng quy.

(e % O

D P C

1. Dat AB = a, ta c6 AC = ay/2. Ta thay dugc AMBN ~ APDA (g-g). Suy ra

BM BN a®
—— =——=DP.BN = —.
DP ~ 4D 2
. B a® DpP OB _._ ..
Két hop v6i OB.OD = ER ta dugc DP.BN = OB.OD. Hay oD - BN Twu day, suy ra duge ADOP ~

ABNO (c-g-c). Tit d6 tinh duge NOP = 45°.
2. T cau (1), ta ¢

OB ON OD @ & —— —— o

T d6, suy ra ADOP ~ AONP (c-g-c). Do d6 DOP = ONP. Vay nén OD 1 tiép tuyén ctia dudng tron
(ONP). Tt day, ta dé thay tam dudng tron (ON P) phai nam trén OC.
3. Goi giao diém ctia BD v6i M N va AP lan lugt 1a Q va K. Theo tinh chit ctia tia phan giac, ta c6

QM _BM KP _DP_ QM _KP
QN BN’ KA AP ~ QN KA’

Goi MP cit AN tai I, KI cit M N tai H. Suy ra

HM _HN HM _KP
KP ~ AK ~ HN =~ KA

(%)
Tu () va (xx), ta suy ra H = Q. Ta suy ra dugc diéu phai chiing minh.
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Bai toan 50. (Vinh Phiic 2024) Cho tam gidc ABC nhon, khong can noi tiép duong tron (O) va BAC = 60°.
Céc duong thing qua hai diém C va B song song v6i dudng thang AO cat dudng tron (O) lan lugt tai E va F
(E # C,F # B). Goi H la tryc tam tam gidac ABC. Duong thang BH cit duong tron (O) tai diém tht hai 1a
X (X # B); dudng thing CH cit dudng tron (O) tai diém thi hai la Y (Y # O).

1. Chiing minh ring tam giac AEF dong dang vé6i tam giac HBC.

2. Goi M la giao diém ctia hai dudng thing X F vd AC; N la giao diém ctia hai dudng thing YE va AB.
Chitng minh ring dudng thang M N song song véi duong thing BC.

3. Chitng minh ring ba duong thing M N, XY va FE dong quy.

Lai giai

Ta xét thé hinh nhu sau

— — — ]_ — — —
1. Ta c6 AFE = ACE = OAC = 90° — §AOC = 90° — ABC = HBC. Hoan toan tuong tu, ta cing co
AEF = HBC. Tit do suy ra hai tam gidc AEF va HBC dong dang (g-g).
2. Vi BF | CE nén EF = BC. Ma hai tam giac AEF va HBC dong dang nén hai tam gidc nay ciing

bang nhau, suy ra AE = HB va AF = HC. Ma HB = BY va HC = CX (tinh chat ctia tryc tam) nén
AE=HB=DBY va AF =HC =CX.

AN AY
Vi AE = BY nén tit gidc AEBY la hinh thang can, suy ra ~NB - BE Chtng minh tuong tu, ta ciing
AM  AX .
co WUC = CF Mt khac, ta lai ¢c6 AY = AX = AH (theo tinh chat tryc ctia tryc tam) v BE = CF
AN AM
¥ giac BFCFE 1a hinh th. a fn — = ——. MN || BC.
(do ttt gidc CE la hinh thang can) nén NB = MC Suy ra | BC

3. T giac AXCF la hinh thang can nén
FCY = FCA—YCA=CAX —-YCA=HBC - YCA.
Mam=90°-@=90°—%§é\02@nén
FCY = HBC — OBC = HBO.
Chiing minh tuong ty, ta ciing ¢6 XCE = HCO. Mit khac, ta lai c6

BHC = 180° — BAC = 120° = BOC.
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Nen tit gidec BHOC nai tiép. Vi thé HCO = HBO. Tt day, ta suy ra
FCY = HBO = HCO = XCE.

Nhu vay XE = FY. Tu d6 YFE || FX. Bay gio, st dung dinh 1y Thales, ta c6

MX _AX _AY YN
MF FC BE NE'

Két hop véi YE || FX, ta dé dang suy ra ba duong thing M N, XY, FE dong quy.

Bai toan 51. (IMO 2024) Cho tam gidc ABC thod man AB < AC < BC'. Tam dudng tron noi tiép va dudng
tron noi tiép ciia tam giac ABC lan lugt 1a I va w. X 1a mot diém nim trén BC sao cho duong thing di qua X
song song véi AC la tiép tuyén ctia (w). Tuong ty, Y 1a mot diém nim trén BC sao cho dudng thang di qua Y
song song véi AB la tiép tuyén ciia (w). Goi giao diém thit hai ctia AT vi dudng tron ngoai tiép tam gidc ABC
la diém P khac A. Goi trung diém ctia AC, AB lan lugt 13 K, L. Chiing minh ring KIL + YPX = 180°.

Lai giai

Lay diém A’ dbi xting v6i A qua I. D& thay, A’X va A’Y la hai tiép tuyén ciia duong tron (w). Ta c6 két qua
quen thudéc PB = PC = PI, va vi BAP = PAC > 30° néen PB = PC 16n hon ban kinh duong tron (ABC).
1 . .
Do do, PI > §AP > AI. Suy ra A’ ndm trén doan thang AP.

Ta c6 APB = ACB = OX A nén tit gidgc BX A’P noi tiép. Tuong tu, ta co ti gide PA'YC noi tiép. Mat khac,
taco IL || A’B,IK || A’C nén KIL = BA'C. Vay nén

KIL+YPX = BA'C + (YPA + APX)=CA'B + ABX + AICY = 180°.
Do do, ta c6 diéu phai ching minh.
Bai toan 52. Cho tam gidc ABC nhon khong can c6 [ 1a phan giac cta BAC. Mot duong tron tam O thay

déi di qua B, C va cit cac canh AB, AC theo tht tuw 6 D, E. Goi T 13 giao diém ctia BE va CD. Dung hinh
binh hanh DTEK. Ching minh ring AT, AK dbi xting nhau qua .
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Lai giai

AE DE TD KE _, —_— =
5 ~ NAB - én — = — = — = ——. Két h 6i ABT = ACT = AEK
Ta c6 ANAED C (g-g) neE\AB ~BC _TB~ BC ét hop véi C , ta duge
NABT ~ AAEK (c-g-c). Vay nén BAT = EAK, hay AT, AK d6i xting nhau qua [.
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4 Bai tap tong hop

Bai toan 53. (Dong Thap TST 2024) Cho tam gidc nhon, khong can ABC c6 cac dudng cao BE,CF (véi
E € AC,F € AB). Dudng tron duong kinh BE va dudng tron duong kinh CF cit nhau tai cac diém X,Y.
Doan thiéng BE cit dudng tron dudng kinh C'F tai diém N. Doan thing CF cit dudng tron duong kinh BE
tai diém P. Cac duong thing XY va EF cit nhau tai M. Chitng minh ring

1. Cac dudng BE,CF, XY dong quy.

2. MN = MP.

L&i giai

1. Goi giao diém thit hai ctia Y H va (BE) la X'. Theo phuong tich, ta c6
HY.HX'=HB.HE =HC.HF.

Do dé, 4 diém C, F,Y, X' dong vien. N6i cach khac, X' = (BE) N (CF). Do d6 X = X', ta c6 diéu phai
chiing minh.

2. Goi trung diém ctia BE,CF, EF lan lugt 1a J, K, M’. D& thay H la tryc tam ctia tam giac M’, I, K. Do
d6, M'H L JK (1). Mt khac, XY la day cung chung ctia (J) v (K) nen JK L XY (2). Tit (1) va (2)
suy ra 3 diém X, M’,Y thing hang, hay M = M’.

Goi giao diém thit hai ctia CP va (J) 1a I, G 1a giao diém thi hai ctia BN va (K). Tacé MJ || BF L IK
nén MI = MP hay M nim trén dudng trung tryc ciia IP (3). Tuong ty, ta ciing ¢6 M nim trén dudng
trung tryc ctia GN (4). Ta lai c6

HN.HG=HCHF =HB.HE=HP.HI.

Do do, ti giac GPNT noi tiép (5).
T (3),(4),(5) suy ra M la tam cia (GPNI). Vay nén MN = MP.
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Bai toan 54. Cho tt giac 16i ABCD. Goi E, F lan lugt 1a giao diém ctia AB va CD, ctia AD va BC. Goi
M, N, L lan lugt 1a trung diém ctia AC, EF va BD. Chitng minh ring ba diém M, N, L thang hang. (Duong
thang Gauss)

Lai giai

E

Goi X,Y, Z lan lugt 1a trung diém ciia BE, EC, BC. Khi d6 d& thay (N,Y, X), (X, L, Z),(Z,M.,Y) la cac

PR 2 . < L . ) . NX FB MY AE LZ . )
bd diem thang hang. Mat khéc, theo dinh 1y Thales, ta c6 NY - FCMZ - AB'IX - DE Do do, ta c6

NX MY LZ FB AE DC

NY MZ LX FC AB DE’

Mt khac, 4p dung dinh 1y Menelaus cho tam giac EBC véi cat tuyén FAD, ta dudc

FB AE DCiléNX MY LZ
FC AB'DE NY MZ LX

Theo dinh 1y Menelaus, ba diém M, N, L 1a ba diém théng hang.

Bai toan 55. (IMO 2004) Cho tam gidc ABC nhon, khong can (AB < AC), dudng tron dudng kinh BC' cat
AB,AC tai M va N. Goi O la trung diém ctia BC. Dudng phan giac BAC va MON cit nhau tai P. Chiing
minh ring cidc dudng tron ngoai tiép tam gidc PM B vi PNC giao nhau trén canh BC.

Loi giai
Goi F la giao diém ciia AP va BC, H la tryc tam ciia tam gidc ABC, I 1a trung diém ctia AH vh AH cit BC
tai D. Dé thiy ba diém O, P, I thing hang. Goi giao diém ctia AF va M N 14 Y, giao diém ctia OI va M N la
X. Ta can di chiing minh ti giic PFCN la tit gidc noi tiép. Diéu nay tuong ducng véi viéc chitng minh 5 diém
A, M, H, P, N cung thuoc mot duong tron. That vay, ta co

m:m:moofmfm:lgooféﬁf@:%B/@+m:@+@:@.

Suy ra JTAP = IPA, hay tam gidc IAP can tai I. Vay nén IA = IP. Do d6, P thuoc dudng tron (AMHN).
Tt didu nay, ta dé dang suy ra diéu phai ching minh.
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Bai toan 56. (CSP V2 2024) Cho duong tron (O; R) va day cung BC ¢6 dinh khong di qua tam O. A la mot
diém di dong trén dudng tron (O; R) sao cho tam gidc ABC nhon va AB # AC. Cac dudng cao AD, BE,CF
clia tam gidc ABC' cit nhau tai diém H. Dudng thing EF cit duong tron (O) tai hai diém P va Q sao cho F
nim gitta P va E. Goi M la trung diém ciia doan thing BC. Chting minh ring

1. AP? = AQ? = AH.AD.
2. Bén diém P,Q, M, D cung thuoc dudng tron (w).
3. Tam I ctia dudng tron (w) luon thuoc mot dusng tron cb dinh.

Lai giai

1. Ta c6 két qua quen thuoc AO L EF nén AO L PQ. Tit dé, ta suy ra A 1a diém chinh giita cung PQ, vay
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nén AP = AQ. Mat khac, ta c6 1@ = IQ\P — ABP nén ta suy ra AP? = AF.AB = AH.AD. Tu day
ta suy ra duge diéu phai chitng minh.

. Goi PQ giao v6i BC tai diém S. Ta c6

SP.S5Q =SB.SC =SF.SE=5D.SM.
Do do, tit gisc PQM D noi tiép duong tron (w).

Ta c6 I 1a tam clia dudng tron (w) nén I thugc dudng trung tryc cia PQ. Két hop véi OA la trung triyc

ctia PQ, ta dugc ba diém O, A, I thang hang. Ké IN L BC = {N}, suy ra N la trung diém ctia DM.

Trong hinh thang OADM c6 N la trung diém ctia DM vi OM || IN || AD nén I 1 trung diém ciia OA.
OA R

Do d6 OI = 7 5 (CO dll’lh)

Vay I € <O; 1;)

Bai toan 57. (Ha Noi 2022) Cho tam gidc ABC nhon véi AB < AC. Dudng tron (I) noi tiép tam giac ABC,
tiép xtc véi ba canh BC,CA va AB lan lugt tai ba diém D, E va F.

1.

2.

1.

Goi M 1 giao diém ctia hai dudng thing AI vd DF. Chting minh ring CM vudng géc véi Al.

Goi N la giao diém ctia hai dudng thang AI va DE. Goi K la trung diém ctia doan thing BC. Chiing

minh ring tam giac KM N la tam giac can.

Céc tiép tuyén tai cac diém M va N ctia duong tron (K, K M) cit nhau tai diém S. Ching minh ring
dudng thang AS song song véi dudng thang ID.

Lai giai

Ta c6 bién d6i géc nhu sau
TND = BFD ~ BAM = 90° — JABC — [ BAC = [ ACB = TOD.

Do dé, tit giac IDMC nai tiép, vay nén IDC = TMC = 90°. Tit day, ta suy ra dugc diéu phai ching

minh.
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2. Goi L la trung diém ctia AC, khi d6 tam giac LAM can tai L. Do dé
LMA = LAM = BAM.

Ma hai géc nay & vi tri so le trong nén AB || M L. Ta lai ¢6 KL 1a dudng trung binh ctia tam giac ABC
nén KL | AB. Tit day, ta duge ba diém M, K, L thing hang. Vay nén

m:m:%@ﬁ(*)

Mt khéac, tuong tu cau (1), ta cling ching minh duge BN L AI. Ching minh tuong tu nhu trén, ta duge
ba diém K, N, Q thing hang v6i Q 1a trung diém ctia AB. Do d6, ta cling c6

m:m:mzéw.(w

T () va (xx), ta duge tam gidc KM N can tai K.

3. Goi H la hinh chiéu ctia A trén BC, ta dugc tt giac AHMC i tit giac noi tiép. Ta duge
MHC = MAC = %W.
Mit khac, ta co
MSK = RMN = MAC = [ BAC.

Do dé ta dugc tit giac HSMK noi tiép. Ngoai ra, ta ¢6 S 1a giao diém ciia hai tiép tuyén tai M va N
ciia (K, KM) nén tit gidc SKM N noi tiép. Tit day, ta c6 nam diém H, S, M, K, N cing thuoc mot dudng
tron. Suy ra tit giac NHSK noi tiép. Vay nén ta cé bién ddi géc nhu sau

J@:1800—@:1800—%ngoum:gou%@:gou@:1800—@:
180° — AHN.

Do d6, ba diém A, H, S thdng hang. Ta thu dugc diéu phai chiing minh.

Bai toan 58. (Bic Ninh 2022) Cho dugng tron (O) c6 dudng kinh AB. Lay diém C thuoc doan AO (C khac
A, 0). Vé duong tron (I) duong kinh BC. Vé tiép tuyén AD va cat tuyén AEF v6i duong tron (I) (E nam gitta
A, F) sao cho tia AO ndm giita 2 tia AD, AE. Dudng thing vuong goc véi AB vé tit C cat dudng tron (O) tai
2 diém, goi mot trong hai giao diém 14 N sao cho N va D thuoc hai nita mit phang déi nhau bo AB. Goi S la
giao diém ctia hai duong thang DI va NB. Goi R la giao DN va AS. Goi J la trung diém SD.

1. Ching minh tam gidgc AN D can.

2. Goi L, T lan lugt 1a tam dudng tron ngoai tiép cac tam giac SBC va SEF. Chiing minh ba diém J, L, T
thang hang
Lo giai
Vi AD la tiép tuyén ctia (I) nén ta c6 két qua quen thuoc AD? = AC.AB (1). Mat khac, ta c6 tam giac
AN B vuong tai N nén theo hé thic lugng, ta c6 AN? = AC.AB (2). Tit (1) va (2), ta suy ra dudc diéu
phai chitng minh.

2. Ta c6 AADS = ANANS (canh huyén - canh géc vuong) nén SD = SN. Suy ra AS la trung tryc ctia doan
ND. Do d6, AS L ND = {R}. Ma J la trung diém ctia DS nén J thudc trung tryc ciia doan RS (3).
Mzt khac, theo hé thic lugng trong tam giac vudng, ta c6

AR.AS = AD? = AC.AB.

68 Hudng téi Ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

Do d6, tit giac CRSB ndi tiép, hay R € (SCB). Do d6, L ciing thugc trung tric ctia doan RS (4). Tuong
ty, ta ciing ¢6 T’ thudc trung truc ctia doan RS (5). T (3), (4), (5), ta suy ra duge diéu phéi ching minh.

Bai toan 59. (CSP V2 2020) Cho tam gidc nhon ABC noi tiép dudng tron (O) ¢c6 AB > BC'. Mot dudng tron
di qua hai diém A, C ctia tam gidc ABC' lan lugt cit cac canh AB, BC tai K, N (K, N khéc cic dinh ciia tam
giac ABC). Gia sit duong tron (O) va dudng tron ngoai tiép clia tam gidc BKN cit nhau tai diém thit hai la
M (M khac B). Ching minh ring

1. Ba duong thing BM, KN, AC dong quy tai mot diém P.
2. Tt gidc MNCP noi tiép.
3. BM? — PM? = BK.BA — PC.PA.

Lai giai

1. Goi P la giao diém ctia NK va AC, M’ 1a giao diém thit hai ctia PB va duong tron (0O). Khi d6, ta c6
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PN.PK = PC.PA = PM.PB = Ti giac M'BK N noi tiép.

Néi cach khac, M’ la giao diém thit hai ctia dudng tron (BNK) va dudng tron (O). Vay nén, ta duge
M = M’, ta c6 dugc diéu phai chitng minh.

2. Chi ¥ ring céc tit giic BMNK,CNK A noi tiép nén ta cé bién déi goc nhu sau
BMN =180° — BKN = AKN = 180° — NCA = NCP.
Do d6, tit giac MNCP la t giac noi tiép.

3. Tit cac tit gisac ACNK, MNCP noi tiép, ta duge BK.BA = BN.BC = BM.BP. Tit tit gidc noi tiép
ABMC, ta suy ra PC.PA = PM.PB. Vi vay, ta thu dugc

BK.BA— PC.PA=BM.BP—PM.PB =BP(BM—-PM)=(BM—-PM)(BM+PM) = BM?—-PM?.
Do do, ta c6 diéu phai chimg minh.
Bai toan 60. Cho tam gidc ABC nhon nai tiép dudng tron (O) véi trie tam H. Mot duong thang bat ki qua

H cat AC, AB lan lugt tai B, F. Dudng thing qua E, F lan lugt vuong goc véi OC, OB cit nhau tai X. Chiing
minh ring dudng tron ngoai tiép cac tam giac BFH,CEH, EF X va dudng tron (O) dong quy tai mot diém.

Lai giai

Goi T la giao diém cia (BFH) va (CEH). Ta c6 FTE = FTH+ETH = FBH+ ECH = BHC — BAC =
EXF. Suyra T € (EXF). Déng thoi BTC = BTH + CTH = AFH + AEH = 180° — BAC nén T € (O).

Bai toan 61. (Ha Noi TST 2022) Cho tam gidc ABC nhon (AB > AC) ¢6 ba dudng cao AD, BE,CF dong
quy tai diém H. Goi M la hinh chiéu vuong goc ciia diém H trén duong thing FF. Ching minh ring dudng
tron ngoai tiép tam gidc DFM di qua trung diém ctia doan BF.
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Lai giai

Goi I,J lan lugt 1 trung diém ctia doan BF va BC, O la tam dudng tron ngoai tiép tam gidc ABC. Ta
c6 OA | MH(L EF),0J || HD(L BC) nén AOJ = DHM. Mit khéc, ta c6 cdc cip tam gidc dong dang sau:
ANHME ~ ANHDC (g-g), AHEF ~ AHCB (g-g) va AAEF ~ AABC (g-g) nén ta c6 bién doi ti s6 nhu sau

MH HE FEF AF — —— oJ oJ

MD 0O BC - Ac ~ stAC=cosBOT=GE =54
Do dé, ta thu dude AOJA ~ AHMD (c-g-c). Vay nen HMD = OJA = JAD. Suy ra AJD = DME. Ma ti
giac AIJD noi tiép nén AJD = AID. Ta thu duge DME = AID. Do do, tit giac IFM D nbi tiép, ta c6 duge
diéu phai ching minh.

Bai toan 62. (HSG 10 HSGS 2024) Cho tam gidc ABC nhon c6 tam dudng tron noi tiép 1a I. Goi M 13 trung
diém ctia BC. Lay N d6i ximg véi I qua M. Lay P la mot diém bat ky ndm trong tam giac ABC sao cho
BPC = 180° — BAC. Goi X, Y, Z 1an luot 1 hinh chiéu ctia N lén cac dudng thing BC, CP, PB. Goi K 1a tam
dudng tron noi tiép tam giac XY Z.

1. Chitng minh ring YKZ =YPZ.
2. Chitng minh ring K luon nim trén mot dudng tron cd dinh khi P di chuyén.
Loi giai

Ta c6 céac tit gisc BZXN, NXYC, NZPY noi tiép va hinh binh hanh BICN nén ta c6 bién ddi géc nhu

sau

YKZ =2(180° — ZXY) = 2(BXZ + CXY) = 2(BNZ + CNY) = 2(BNC — ZNY) =
S(BIC — BAC) = 180° — BAC = ZPV.

2. Goi W, T lan lugt 1a trung diém ctia doan BN va NC. Suy ra W, T ciing lan lugt 14 tam ctia (BZXN) va
_— — 11—
(NXYC). Do d6, KW L XZ va KT 1 XY. Suy ra WKT = 180° — ZXY = 90° — §BAC. Mit khéc,

— — 11— — —
talai c6 WNT = BIC = 90° + iBAC nén WKT + WNT = 180°. Vay nén K € (WNT) la mot dudng

tron ¢ dinh.
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Bai toan 63. (Thi thit HSGS V2 dgt 1 2024) Cho tam gidc ABC nhon c¢6 duong cao BE, CF cit nhau tai H
(E, F lan lugt nam trén canh CA, AB). Goi M 1a trung diém BC. Goi K la hinh chiéu ctia H trén AM.

1.

2.

Ching minh ring bén diém B, C, K, H cing thudoc mot dudng tron.

Goi (J) va (L) lan lugt 1a dudng tron ngoai tiép cac tam giac M BF va MCE. Chiing minh réng (J) va
(L) cing di qua K.

Goi P la diém dbi xitng véi A qua BC. Chiing minh riing phan giac ciia BPC va JML dong quy vé6i JL.
Lai giai

Lay D d6i xiing A qua M. D& thiy ti gisac ABDC 1a hinh binh hanh do d6 CD || AB L CH, suy ra C
ndm trén dudng tron dudng kinh HD. Tuong ty B ciing nam trén dudng tron duong kinh HD. Tt gid
thiét HK 1 AM nén K ciing nim trén dudng tron dudng kinh HD. Vay cac diém B, C, K ciing nim trén
duong tron duong kinh HD.

Goi giao diém ctia AH va BC 1a N. Tit HKM = 90° d& thay ti gidgc H KM N noi tiép. Dong thoi tit giac
HECN noi tiép, ta suy ra

AK.AM = AH.AN = AE.AC.

T do6 t giac KMCOE noi tiép. Tuong tu tit giac KM BF noi tiép.
Goi S la trung diém cung BC chita H ctia (BHC). Goi I 1a giao diém ciia phan giac JMLva JL. Ta sé
chting minh P,I,S théng hang thi PI chinh la tia phan giac BPC. That vay, tu cac tam giac M BF va
MCE can tai M dé thay MJ L. BF 1. HC va ML | CE L HB. Ta suy ra phan giac TML va phan giac
ngoai BHC vuong goc, néi cach khac MI L HS. Két hop véi HK L MK, ta suy ra

IMEK = KHS = KHT — 90° = (180° — KST) — 90° = 90° — K SM,
G d6 ST la dudng kinh cia (BHC). Vi tam giac IKM can tai I nén
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KIM = 180° — 2TMK = 2K SM.

T day két hop v6i IK = IM, ta suy ra I 13 tam dudng tron ngoai tiép cia tam giac MK S. Tu d6 véi
cac chi y MI || HT (do ciing vuong goc HS) vi HP || ST, ta c¢6 bién ddi géc nhu sau

IST = ISM = IMS = HTS = PHT = PST.

Tt do6 S, I, P thang hang. Ta hoan tat chitng minh.

Bai toan 64. (Crux M230 2024) Cho tam gidc ABC can tai A véi ba dudng cao AD, BE,CF c&t nhau tai
H. Dudng tron dudng kinh CE cit BC va CF lan lugt tai M va N. Duong thang M N cit AD tai P. Chiing
minh ring DP = ME.

Loi giai .
Néu tam gidc ABC vuong can tai A thi cac diém H, E,F, N, P déu tring v6i diém A. Do d6, hai doan
théng DP va M E trung nhau. Vay DP = ME.

o Néu BAC < 90°, ta ¢6 hinh sau
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D M C
Ta ¢6 PDE = HCE = PME. Do d6, tit giac PEM D n6i tiép. Ma PDM = DME = 90° nén tt gic
PEMD 1a hinh chi nhat. Vay DP = ME.

o Néu BAC > 90°. Ta c6 DPM = PME = NCE = DPE = DEM. Ma PDM = EMD = 90° nén ti gidc
PEMD la hinh chi nhat. Do d6, DP = ME.

Bai toan 65. (Ha Noi 2024) Cho hinh vuong ABCD nai tiép duong tron (O), diém M nim gitta hai diém B
va C. Hai duong thing AM va DC cit nhau tai P. Hai duong thing DM va AB cit nhau tai K.

1. Chiing minh tam giac BCK déng dang vé6i tam giac CPB.

2. Hai dusng thing BP va CK cit nhau tai H. Tiép tuyén tai B ciia dudng tron (O) cit dudng thang M H
tai R. Ching minh tam giac BRK la tam giac vudng can.

3. Cac duong thing vuong géc véi OH ké tit O va H, cit duong thing AB lan lugt tai X va Y. Lay diém
Q thuoc tia dbéi ciia tia BC sao cho BQ = C'M. Chitng minh hai duong thing QR, DK cit nhau tai mot
diém thuoc duong tron ngoai tiép tam gidac MXY.
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Lai giai
0

BK BK
1. Do tit gide ABCD 1a hinh vuong nén AB = BC = CD = AD va AB || CD. Ta lai c6 BC ~ CD —
MB AB BC
%o CP CP nén ABCK ~ ACPB (c-g-c).

— N HB (B MB
Tt can (1. _ . _ DE ¢ 1y _ _ R .
2. Tu cau (1.) suiriBCK EP\C nén CKiTD {H}. De y réng Vilolmiel 2 /Qnenﬂ la tia
phan gidc cia BHC. Tt d6 MHC = 45° = RBK nén tii gidc BRH K noi tiép. Suy ra RBK = RHC = 45°

va RKB = RHB = 45° nén tam giac BRK vudng can.

3. T gidc BHCO noi tiép v6i OB = OC nén HO la tia phan gidc clia EJ\C, suy ra H, M, O thing hang.
Goi N la giao diém ctia DK vi RQ. Do ti giac BMOX noi tiép vi BO la tia phan giac MBXnén
OM = OX. Tuong tu, ti gisc BMHY noi tiép c6 HB la tia phan gidgc MHY nén BM = BY. Cha ¥
rang ABOX = ACOM (c-g-c) nen CM = BX = BQ. Do dé6 tit gidc MY QX noi tiép. Qua K ké dudng
théng vuong géc véi KH, cit MH tai L thi tam gidc KHL vudng can tai K néen KH = KL. Ta c6
KRL = KBH = KOB néen AKRL ~ AMCH (g-g), suy ra

@_MCéBR_BQ
KL MH ~KH MH’

Do d6 ABQR ~ AHMK (c-g-¢) nén AMK = gQT%, suy ra
RNM = RMQ. Tit d6 QNM = BMO = 45° + BMX = BYM + BYQ = MY Q.
Vay nén tit gidc MQY N ndi tiép, do dé ta cé diéu phai ching minh.

Bai toan 66. (IMO 1985) Cho tam gidac ABC, mot dudng tron tam O di qua A, C vA cit lai cac canh BA, BC
tai K, N. Gia stt cdc dudng tron (BKN) va (ABC) cit nhau tai hai diém B va M, chting minh ring BM vuong
gbéc v6i MO.

Lai giai
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Goi T v R lan lugt 1 tam ctia duong tron (ABC) va (BKN). Ta c6 bién ddi goc nhu sau
g 1— p— o
CBR =90° — iBNR =90° — BKN =90° — BCA.

Do d6, BR L AC. Tuong ty, ta cing ¢6 BT | NK. Suy ra t& giac BROT la hinh binh hanh. Ké duong kinh
BL ctia duong tron (BNK), ta cing suy ra dugce t@ giac RLOT 1a hinh binh hanh. Do d6, OL L BM(|| RT).
Mit khac, ta ciing c6 LM 1| BM nén ba diém O, L, M thing hang. Tt day, ta suy ra dugc OM L BM.

Bai toan 67. Cho tam gidc ABC (AB < AC), c¢6 tam ngoai tiép O va tam noi tiép I. D 1a hinh chiéu cta [
len BC, M la trung diém BC. N, T lan lugt 1a trung diém ctia cung BC khong chita A va chita A.

1. Lay K d6i xitng v6i M qua AI. Chting minh ring NI? = NB? = NC? = NM.NT va KD vuéng goc v6i
OlI.

2. Lay P dbi xtiing D qua M, NP cit dudng tron (O) tai diém tht hai 13 Q. OQ cit dudng thing qua P
vuong goéc véi BC tai X. Ching minh ring X thudc dudng trung binh clia tam gidc ABC tng véi BC.

Loi giai
Goi ION DK = {Y'}, G 1a hinh chiéu cta M len AI. Ta c6

NIB = BAI + ABI = TAC + IBC = NBC + IBC = NBI.

Do d6 tam giac NBI can tai N suy ra NB = NI, két hop v6i két qua quen thuoc NB = NC, ta
duge NB = NC = NI. Mat khac, theo hé thic lugng, ta dugc NC? = NM.NT. Do d6 ta dugc
NI? = NB? = NC? = NM.NT = GIM = ITN. Mat khac, ta ¢c6 MGI = MDI = 90° nén ti
giac MGDI noi tiép. Suy ra MDG = MIG = NIT. Két hgp véi DMG = DIG = I/N\T7 ta dudc
ADMG ~ AINT (g-g). Do do, ta ¢

MG _ NI _ 2MG _2NI MK _ NI
MD ~ NT ~ MD ~2NO ~ MD NO

Do do, ta dugc AMDK ~ ANOI (c-g-c), suy ra MDEK = NOI. Vay nén t giac OY DM 1a tit giac ndi
tiép, tit d6 ta suy ra OYD = 180° — OMD = 180° — 90° = 90°. Vay nén ta thu dudc didu phai chitng

minh.
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2. Goi J la tam dudng tron bang tiép géc A ciia tam gidc ABC. Theo két qua quen thudc thi P l1a hinh
chiéu ctia J len BC (chitng minh bing tam giac dong dang). Goi JP cit dudng thing qua A song song
véi BC tai A’ va cit AT tai U. Ta c6 AJA' = UAA', AUA’ = JVP dan dén AJPV ~ AAA'U (g-g).
Mat khéc, d& thdy N la trung diém IJ nén ta cé thé suy ra nhu sau

NJ NA
NJ2=NI?=NM.NT=NV.NA= — = —_.
/ VNA= v = N7
Mit khac, theo dinh 1y Thales, ta c6

NA_TA _NJ _TA
NJ TU ~ NV TU’

Két hop véi AJPV ~ AAA'U, ta dugc AA'TU ~ APNV = UA'T + NPJ = 90°. Suy ra ba diém
Q, A, T thang hang. Tt d6 ta c6 QO chia doi TN nén QO chia doi PA’ dan dén diéu phai chiing minh.

Bai toan 68. (Thi thit CSP V2 dgt 2 2024) Cho tam giac nhon, khong can ABC ndi tiép duong tron (O), ¢6
AD la dudng phan giac trong (D thuoec BC). E 1a mot diém di dong trén canh AB (E khac A). Duong tron
ngoai tiép tam gidc ADE cit AC tai diém thit hai la F (F khac A), cit dusng thing BC tai diém thit hai la
K (K khac D). Ching minh ring

1. BEKC =CF.KB.

2. BE + CF khong doi khi E thay ddi trén canh AB (khac A) cia tam giac ABC.
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Lai giai

1. Taco BK.BD = BE.BAva CK.CD = CF.FA, suy ra

BK.BD _ BE.BA
CK.CD ~ CFCA’

= . . £ N L . BD BA . BK BE
Mit khac, theo tinh chat duong phan giac, ta c6 D= oA do dé K- CF Ta suy ra

BEKC=CFKB

2. Tu BK.CF = CK.BE, ta suy ra

BK CK BK+CK  BC
BE CF BE+CF BE+CF

BE BD .

Vay ta c6 dude diéu phai ching minh.

Bai toan 69. (PTNK 2024) Cho ti giac ABC'D noi tiép dudng tron (O) ¢6 tam gidc ABD la tam giac nhon
va dusng chéo AC di qua tam O ctia dudng tron (O). Goi I la trung diém BD, H la truc tam ctia tam gidc
ABD, E la giao diém khac A ctia AI v6i dudng tron (O) va K 1a hinh chiéu vuong géc ctia H lén Al

1. Chitng minh ring t gidc CEHK 1a hinh binh hanh va IB? = ID? = TA.IK.

2. Lay diém F trén cung nhé BD ciia dudng tron (O) sao cho BAF = DAL Chting minh ring céc diém K
va F déi xing nhau qua dudng thing BD.

3. Chting minh cic dudng phan gidc trong cic goc BAD va BK D cat nhau trén BD.

4. Trén duong thing qua H va song song véi AC lay diém T sao cho TH = TK. Chting minh céc diém
O, K, F,T cung thuoc mot dudng tron.
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Lai giai

0

1. D& thay tit giac BHDC 1a hinh binh hanh nén I 1 trung diém ctia CH. Két hgp véi HK || CE nén ta c6
AIKH = ATEC (g-c-g). Do d6, CE = HK. Két hop véi CE || HK, ta c6 tt gidc CEHK 1a hinh binh
hanh. Suy ra IK = IE, ta dugc IK.IA=IE.IA=1IB.ID = IB? = ID?

2. Ta c6 két qua quen thuoc riang ti gidc BHDC 1a hinh binh hanh. Ma I 1 trung diém ctia doan BD nén
I 1a trung diém ctia CH. T day, két hop véi KH || CE (cing vuong géc v6i AI), ta chiing minh duge
ANIKH = AIEC (g-c-g). Suy ra I 1a trung diém ctia FK. Két hgp vé6i I 1a trung diém ciia BD, ta duge
t@ giac BKDE la hinh binh hanh nén ta c6

BK = DE,DK = BE (x).
Mit khéac, ta c6 BAF = DAE nén DE = BF. Ngoai ra, cling vi BAF = DAFE neén ta c6 dugc CF = BE.
Két hop vdi (x), ta ¢6 duge DK = DF, BK = BF, do d6 K va F d6i xting nhau qua BC.
3. Goi R la chan dudng phan giac ké tit dinh A ctia tam gidc ABD. Khi do, ta ¢6

AB_ BB
AD  RD ’

Miit khac, ta c6 tit giadc BKDE la hinh binh hanh nén ta c6 bién déi ti s6 nhu sau

KB _ED
KD EB '

Mzt khac, t¢ gisc ABED nai tiép nén ta c6

ED _ID _IB_EB_ ED _AB .
AB IA TIA AD EB AD ’
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KB B . —
Tw (1),(2),(3), ta suy ra %D = ]R;—D Tu day, ta c¢6 thé suy ra KR la tia phan gidc cia BKD. Do d6

ta thu dugc diéu phai ching minh.

4. Goi Q la giao diém ctia AE va HT. Tit HKQ = 90° va TH = TK, ta d& dang chiing minh duge T' la
trung diém cta HQ.
Chi ¥ raing I la trung diém ctia HC va AC || HQ, ta dé thay ti giac ACQH la hinh binh hanh. Ma
T, O, I tuong tng la trung diém ciia cac doan thing HQ, AC, BC nén ba diém T, 0, I thing hang va I
1 trung diém ctia OT. Tit day, dé thdy OBTD la hinh binh hanh. Ma OB = OD nén ti giac OBTD la
hinh thoi, suy ra OT L BD. Do d6, ta c6 thé suy ra TE = TF.
Mat khac, t@ gisac OETK c6 hai dudng chéo cit nhau tai trung diém ctia méi dudng nén la hinh binh
hanh, suy ra OK = TE. Két hgp v6i TE = TF, ta dugc OK = TF. Diéu nay dan dén AOKF = ATFK
(c-c-c), suy ra KOF = FTK. Do d6, tit giac OK FT noi tiép. Ta hoan tat phan chitng minh ctia bai toan.

Bai toan 70. Cho tam giac ABC. Goi do dai cdc canh BC, AC, AB lan luot 1a a, b, c. Duong tron (I) noi tiép
tam giac ABC, tiép xic cac canh BC,CA, AB lan lugt tai D, E, F. Goi J, 13 tam dudng tron bang tiép goc A
clia tam gidc ABC, (J,) tiép xtc v6i BC,CA, AB lan lugt tai D', X, Y.

1. Tinh BD’ vi AX theo a,b,c.

2. Céc diém E', F' lan lugt la tiép diém ciia (Jp) va (J,.) véi AC va AB tuong ting. Chiing minh ring ba
dudng thing AD’, BE',CF' dong quy tai mot diém goi 1a N. (Diém Nagel)

3. Goi G la trong tam ctia tam gidc ABC. Chiing minh ring ba diém I, G, N thing hang.

Lai giai

Ja

1. D@ thay céc cip tam gidc dong dang 1a AJ,D'C ~ ACDI (g-g) va AJ,D'B ~ ABDI (g-g) nén ta c6

CD'  BD

D'B~ DC’
SuyraCD’:BDvéBD’:CD:%b_C. Ngoai ra, AX:AC+CX=b+BD=%C_b+b:
a+b+ec
—
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BF' AF _AE' CE

2. Tuong tu cau (1.), ta cing ching minh duge PA-BF * Bo - An Do d6

CD'" BF'" AE' BD AF CE _

D'B'F'A'E'C _ DC BF AE

Do d6, theo dinh 1y Ceva, ta duge ba duong thing AD’, BE', CF' dong quy tai mot diém N.

IK Al 1E
3. Goi IDN AD’' = {K}. Theo dinh 1y Thales, ta c6 D AL JX

hay K € (I). Mit khéc, 4p dung dinh 1y Menelaus véi tam gidc AD’'B va cat tuyén CNF'| ta duge

Ma J,D' = J, X nen IE = IK,

CD' BF' AN AF ND' ND’ AF AF a+b+c
— - Véip=—fFf— (1).

CB FAND ~  BC AN ~ AD _ AF+BC

Mat khac, theo dinh 1y Thales, ta c6

AK AL _AE_AE
AD' ~ AJ,  AX  p

Tit (1) va (2) suy rta AK = ND'. Goi M la trung diém ctia doan BC. Suy ra M ciing la trung diém ctia
. KD AN _,
doan DD’. Do d6, theo tinh chat duong trung binh, ta ¢6 IM || AD' va IM = 5= 5 Dén day, chi

can 4p dung dinh 1y Thales dao, ta dé dang suy ra ba diém I, G, N thing hang.

Bai toan 71. (DH & DBBB 2022) Cho tam gidc ABC noi tiép dudng tron (O) véi AB < AC va dudng phan
gidc trong ctia BAC cit BC, (0) 1an lugt tai D, E (E # A). Goi M la trung diém ciia AD. BM cit (O) tai
diém thtt hai 1a P khac B. EP cit AC tai diém N.

1. Chitng minh ring N la trung diém ctia AC.

2. Gia st dudng tron ngoai tiép tam gidc EM N cat BM tai R khac M. Ching minh ring RA 1L RC.

Lai giai

1. Ta ¢6 MAN = BPE = MPN nen tt gidc AM N P noi tiép. Suy ra ANM = APM = ACB. Ma hai gbc
nay & vi trf dong vi nen M N || BC. Vay nén N la trung diém ctia AC.
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2. Goi (EMN) cit AC tai diém tht hai 1a Q khac N. Ta ¢6

AN.AQ = AM.AE = AC.AQ = AD.AE (1).

Mat khéc, c6 AADB ~ AACE (g-g) nén j—g = j—g Suy ra AD.AE = AB.AC (2). Tit (1) va (2) suy
ra AB.AC = AC.AQ. Vay nén AB = AQ. Do d6, B dbi xting véi Q qua AD. Vay nén EB = EQ = EC.
Ma ]\m = ANM = ACB nén tt gidc BOQR noi tiép. Suy ra E 1a tam dudng tron ngoai tiép tit giac
BCQR hay EC = ER. Hon nita, REN = PMN = PAC = PEC nén suy ra dugc R d6i xing véi C' qua

1 P
EN.Do dé, NR=NC = QAC. Suy ra tam giac ARC vudng tai R. Ta két thic bai toan.

Bai toan 72. (Ha Noi 2023) Cho tam giac ABC nhon (AB < AC) noi tiép duong tron (O). Ba dudng cao
AD,BE,CF clia tam giac ABC cung di qua diém H. Duong thing EF cit duong thing AD tai diém Q. Goi
M va I lan lugt 1a trung diém céc doan théng BC vi AH. Duong thing IM cit duong thing EF tai diém K.

1. Chitng minh tam gidc AEK dong dang véi tam gidac ABM.

2. Dudng thing EF cit BC tai diém S, duong thing SI cit duong thing MQ tai diém 7. Chitng minh bén
diém A, T, H va M cing thuoc mot dudng tron.

3. Tia TH cit dudng tron (O) tai diém P. Chitng minh ba diém A, K, P thing hang.

Lai giai

1. Xét tam gidac BFC va BEC lan lugt vuong tai F va E v6i céc trung tuyén tuong tng 1a FM vd EM,
khi do6 ta dugc MF = ME = ? Twong ty, ta cing duge [F = IE = ATH T day, ta thiy duge IM
1 duong trung tryc ctia EF, vay nén K 1a trung diém ctia EF. Mat khéc, ta c6 AAEF ~ AABC (g-g),
K va M tuong ting la trung diém ctia EF vi BC nén ta dé dang suy ra AAEK ~ AABM (c-g-c).

2. Trong tam gidc ISM c6 ID 1 SM va SK | IM nén ta c6 thé suy ra Q la truc tam ciia tam giac ISM.
Do d6 MT L IS, tit d6 dan dén ITM = 90°. Két hop v6i IFM = TEM = 90°, ta dudc nim diém
I,T,F,E, M cung thuoc dudng tron dudng kinh IM. Do dé, theo phuong tich, ta c6 thé bién ddi nhu sau

QT.QM = QF.QF = QA.QH.

Diéu nay din dén t¢ giac ATHM nodi tiép, ta thu duge diéu phai ching minh.
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3. Tréen tia TH lay diém P’ sao cho HT.HP' = HA.HD. Khi d6, ta ciing duge HI.HP' = HB.HE =
HC.HF, v do d6 cac tit gisc TBP'E va TCP'F 1a cac t gidc noi tiép. Khi d6, ta c6 BP'T = BET =
HET va CP'T = CFT = HFT. Tt d6, cht y réng tit giac TIEF noi tiép nén ETF = EIF = 2@,
ta thu dugc

BP'C = BP'T +CP'T = HET + HFT = 360° — EHF — ETF = 360° — 180° — BAC — 2BAC =
180° — BAC.

Do d6 P’ € (O) va kéo theo P = P'. Nhu vay HA.HD = HP.HT nén ttt gidc ATDP noi tiép va DAP =
DTH. Mt khac, ta ¢6 két qua quen thuoc BAO = CAH va AO L EF, két hop véi AAEK ~ AABM,
ta thu dugc OAM = BAO — BAM = CAH — FAK = DAK va IM | AO. Lai chu ¥ réng cac ti gidc
ATHM va ITDM la céc ti¢ gidc nai tiép, ta duge

DTH = AHT — IDT = AMT — IMT = AMI = OAM = DAK.
Do do, DAP = W, tit d6 suy ra A, P, K thing hang.
Bai toan 73. (VMO 2004) Cho tam gidc ABC ndi tiép (O; R) ¢6 tryc tam 1a H. D la diém trén cung nhd

BC, lay E sao cho C'E song song va bing AD, goi K 1a tryc tam tam gidc ACE. Goi P, @ 1a hinh chiéu vuong
goc clia K trén BC, AB. Chiing minh: PQ di qua trung diém ctia HK.

Lai giai

Do K la true tam clia tam gidsc AEC va ti gide AECD la hinh binh hanh néen AKC = 180° — AEC =
180° — ADC. Do de, tit giac AKC'D ndi tiép, hay K € (0O). Goi giao diém ciia EK va AC 1a I, ta c6 ba diém
P, I,Q thing hang theo dudng thing Simson tng véi diém K. Mat khac, goi giao diém ctia AH véi (O), PQ
1an lugt 1a M, N. Chi ¥ riing cac tt gidc KQBP va ABMK 1oi tiép néen K PQ = KBQ = KMN. Do do, tit
gidc KPMN noi tiép. Ma KP | MN nén tt giac K PMN 1a hinh thang can. Ta c6 két qui quen thuoc la M
déi xitng véi H qua BC nen PHM = PMH = KNM. Do dé, PH || NK. Két hop véi KP || HN, ta dugc tit
giac K NHP la hinh binh hanh nén PQ sé di qua trung diém ctia AH.
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Bai toan 74. (THCS Archimedes Academy 2024) Cho tam gidc ABC nhon (AB < AC) ¢6 cac dinh thuoc
dudng tron (O), duong cao AD. Goi cac diem E va F lan lugt 14 chan duong vuong goc ké tit diém D xubng
cac duong thang AB vi AC. Dudng thing EF cit dudng tron (O) tai cac diém P va Q (diém F nam gitta hai
diém @ va F). Cac dudng thing AD va EF cit nhau tai diém G. Goi diém I 13 trung diém ciia doan thang
AD. Dudng thang AO cit BC tai diém K.

1. Chiing minh ring AP = AQ = AD.
2. Chiing minh ring duong thing OI song song véi dudng thaing KG.

3. Goi diém H la tryc tam ctia tam gidc ABC va diém M la trung diém ctia doan thang BC. Diém S 1a
giao diém ba duong trung triyc ctia tam giac HBC. Lay diém T trén duong thing DS sao cho tia KD la
tia phan giac ctia géc GKT. Chting minh ring cac dudng thing AD va MT cit nhau tai mot diém thuoc
duong tron (O).

Lai giai

1. Ta c6 AF.AC = AD? = AE.AB nén tit giac BEFC nai tiép. Do d6, ta c6 thé suy ra nhu sau OAC =
90° — %A/O\C = 90° —~ ABC = 90° — AFE. Vay nén AO L EF, hay AO L PQ. Suy ra AP = AQ. Tit day,
ta dé& dang ching minh duge AP? = AF.AC va AQ? = AE.AB. Két hop v6i AD? = AE.AB = AF.AC,
ta dugec AP = AD = AQ.

2. Ké dudng kinh AX ctia duong tron (O), goi giao diém ctia AX va EF la J. Ta c6 cac tit giac JGDK
va JFCX noi tiép. Do d6, AJAX = AE.AC = AD? Suy ra AAJD ~ AADX (c-g-c). Ta dugc
ADJ = AXD. Ma JKG = JDG (tt gidgc JGDK noi tiép) nen JKG = AXD. Ma hai goc nay & vi trf
dong vi nén GK || DX. Mit khac, theo tinh chat dudng trung binh, ta ciing ¢6 OI || KD neén ta suy ra
duge OI | KG.

3. Trudc hét, ta chitng minh ba dudng thang OD, HM,GK dong quy. That vay, goi GK N OD = {U} va

ouU OK OK
MHNOD = {U’}.OT;/sé chOlIAI;g minh UOEUIIJ’. Vi Gé(jwﬂ DX nén o0 - 0xX = 04 Mit khac, ta
c6 OM || HD nén 7D = HD Suy ra oD = OM < HD Goi V 1a trung diém ctia AH, ta c6 két

ou’ OM AV
= = ——. Dé thay tit gisac BHCX 1a
0D OM + HD VD € thay tu giac CX la
AV MK

hinh binh hanh nén M la trung diém ctia HX. Theo tinh chit dudng trung binh, ta cé VD~ WD

qué quen thuoc 1a AV = VH = OM. Do d6,
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Ma@:%:%nén%:OU/.

MD OA OD OD OD
KTNAD ={N},ADN(0) = {M}. Do DO, HM,GK tuong ting dbi xiing véi DS, RM, NK qua BC nén
ba dudng thing NK, DS, MR dong quy. Néi cach khéac, ba diém M, T, R thing hang. Ta c6 duge diéu
phéi chiing minh.

Do dé, U = U’, ba dudng thing OD, HM,GK déng quy. Goi

Bai toan 75. (THCS Cau Gidy 2024) Cho tam gisc ABC can tai A (BAC < 90°) noi tiép duong tron (O).
Trén duong thang qua A song song véi BC lay diém D sao cho DB > DC, diém E thay déi trén cung nhé BC
ctia duong tron (O). Duong thang DE cit BC tai G, duong tron ngoai tiép tam gidc GEB cit AB tai diém
thit hai la K, dudng tron ngoai tiép tam gidac GEC cit AC tai diém thit hai 1a J.

1. Chitng minh nam diém D, K, A, E,J ciing thuoc mot dudng tron.
2. Lay diém F trén tia BC sao cho ADE = DFE. Chtng minh tam gidc DK F' can.

3. Goi F'D cat AB, AC lan lugt tai P, Q. Chitng minh BAC = 2P/E\Q.

Lai giai

1. Tac6 KGE = 180° — KBE = ACE = 180° — EC'J = 180° — EG.J. Vay nén ba diém K, G, J thing hang.
Ta c6 EK\J = ﬁ(\G = @ = E/Z] nén ti gidc EK AJ nai tiép. Mit khac ta cling c6 m = m =
DGC = AJE neén ta ciing c6 t1t gide ADEJ noi tiép, két hgp véi phan chiing minh trén, ta c6 duge nam
diém D, K, A, E, J ciing thudoc mot dudng tron.

2. Ta c6 DKJ = DAJ = ACB = ABC = [7E\G7 vay nen ADKG ~ ADKE (g-g) dan dén DK? =
DG.DE (). Mat khac /DFE = ADE = DGF néen ADFG ~ ADEF (g-g) dan dén DF? = DG.DE (++).
Tt (%) va (x+) ta dugec DK = DF nén tam gidc DK F la tam gidc can.

3. Ta ¢6 DJK = DEK = DKG = DKJ nén tam giac DK J can tai D, tu day, ta ¢c6 DF = DJ = DK.
Mat khac, ta c6 PFE = DGF = EJC = PJE nén ta gidc PFJE noi tiép. Mit khac, ta ciing c6
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QFFE = PFE = PJE = AJE = 180° — AKE = 180° — QK E neén tit gisc QFEK noi tiép. Vay nen, ta
¢6 bién déi géc nhu sau
—_— —_— —_— —_— —_— —_— —_— —_— 1 —_— —_— —_— —_—
PEQ = PEF — QEF = FJP — QKF = FJD + DJP - QKF = -QDJ + CGJ — QKD — DKF =
50D +CGJ — QDK — QKD = SKDJ +CGJ — AKD = SBAC + CGJ — OGJ = JBAC.
Bai toan 76. Cho tam gidc ABC noi tiép dudng tron O va ngoai tiép duong tron I. Goi tiép diém ciia duong
tron (I) v6i BC,CA, AB lan lugt 1a D, E, F. G la giao diém ctia AI va BC.

1. Goi L la giao diém thit hai ctia AG va dudng tron (I) (AL < AI). Chitng minh L 1a tam dudng tron noi
tiép tam giac AFE.

2. Goi (J) 1a dudng tron ngoai tiép tam gidc ADG, S la giao diém thi hai ctia (J) va (O). K& dudng kinh
AZ ctia duong tron (O). Chiing minh ring ba diém S, I, Z thing hang.

Lai giai

1. Ta c6 bién ddi géc nhu sau
LFE = LDE = LDF = AFL.

Do dé, FL la tia phan giac cia AFE. Két hop v6i AL la tia phan gidc cia FAFE, ta ¢6 duge didu phai
chiing minh.

2. Goi giao diém thtt hai ctia (AFE) va (0) 1a ', ta sé chitng minh S = S’. That vay, tacé AS'FB ~ AS'EC
SB  SC _ . __SB _SC ., e o TaA

(g-g), ta dtrcjc BF = ﬁ Ma BF = BD,CE = CD nén 5D - CD Do do,DSD la tia phain giac BSC.

Goi P, Q@ lan lugt 1a diém chinh gitta cung nho va cung 16n BC, ta dugc ba diem S, D, P thang hang. Dé
chitng minh PS’.PD = PI? = PG.PA nén tit gidc AS’DG noi tiép. Do d6 S’ = S. Vay nen AST = 90°.

Ma ASZ = 90° nén ba diém S, I, Z thing hang.

Bai toan 77. (Nghé An 2024) Cho tam gidc nhon ABC ¢6 AB < BC < CA, nai tiép duong tron (0). Cac
duong cao AD, BE va CF cét nhau tai H. Tia AD cat dudng tron (O) tai diém G, tia GE cit dudng tron (O)
tai diém I (G khac A va I khac G). Goi J 1a giao diém ciia cia BI va EF, K 1a giao diém ciia OA va EF.
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1. Ching minh HF.CE.BC = HC.BF.EF.
2. Ching minh JE = JF va HJ song song véi DK.

3. Goi P la diém dbi xting véi O qua duong thing CF, Q la diém dbi xting véi O qua duong thing BE va
N la trung diém doan thing PQ. Ching minh N.J vuong géc v6i EF.

Lai giai

1. Dé thay ti giac BFEC noi tiép nén ta c6 cac cap tam giac dong dang 1o AHEF ~ AHCB (g-g) va
AHCE ~ AHFB (g-g). Do d6

HF CE _HB HC _HC
EF BF BC HB BC’

Vay HF.CE.BC' = HC.BF.EF.

2. Ta c6 két qua quen thudc rang G doi xting véi H qua D. Ta co BEF = BOF = DEH va BFE =
180° — BCE = DHE. Trong dudng tron (O), ta thay ABT = AGT neén ta thu dugc cac cap tam gidc dong
dang 14 AFBE ~ AHDE (g-g) va AFBJ ~ AHGE (g-g). Suy ra

FJ HE HE _FE

FB  HG 2HD 2FB’

Do d6 FE = 2FJ, nén J la trung diém ctia EF hay JE = JF.

Goi L la tryc tam clia tam giac AEF. Tit tinh chat quen thuoc AO L EF tai K, ta dugc ba diém A, L, K
thang hang. Ngoai ra, ta c6 tit gidc HELF 13 hinh binh hanh 1a mot két qua quen thudc. Do d6 J 1a
trung diém ctiia HL. Vi AAEF ~ AABC (g-g) nén

AL AH

3. Goi OP cat CF tai S, OQ cit BE tai T. Tasuy ra OP L. CF va OQ L BE, S va T lan lugt 1 trung diém
ctia OP vA 0Q. Tac6 NS || OQ va NT || OP (tinh chat duong trung binh). Suy ra ti gidc OSNT 1a hinh
binh hanh. Goi U,V lan lugt 1a trung diém ctia AC, AB. Suy ra OU L AC va OV L AB. Ta c6 cac ti
giac OUET va OV F'S la cac hinh chi nhat. Tw d6, suy ra NS || OT || EU va NS = OT = EU. Do dé6 ti
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giac NSUFE 1a hinh binh hanh. Suy ra NE = SU. Tuong tu, ta ciing ching minh duge NF =TV. Ta ¢6
OTB =0OVB = 0SC = OUC = 90°. Suy ra bén diém O, B, T,V ciing thuoc dusng tron dusng kinh OB
va bén diém O, C, S, U cing thude dudng tron dudng kinh OC. Két hop véi OB = OC va TBV = §CU,
ta thady TV = SU. Tu cac két qua trén, ta thu dugc NE = NF. Suy ra tam giac NEF can tai N. Két
hop véi J 1a trung diém ctia EF, ta duge NJ L EF.

Bai toan 78. Cho tam giac ABC nhon noi tiép dudng tron (O). Dudng tron (I) noi tiép tam giac ABC tiép
xtic v6i BC tai D, M la trung diém ciia dudng cao AH (H € BC). Goi giao diém thit hai cia M D va (I) la P.
Dudng thang qua I vuong géc véi M D cit BC tai N, vé tiép tuyén NR va NS v6i dusng tron (O).

1. Goi J la tam dudng tron bang tiép géc A. Chitng minh ba diém M, D, J thang hang.

2. Chitng minh ring bén diém R, P, D, S ciing thudoc mot dudng tron.

Lai giai

1. Goi L la tiép diém ctia (J) véi BC, ké dudng kinh DT clia dudng tron (I). Ta c6 két quéa quen thudc ring
ba diém A, T, L thang hang (ban doc c6 thé xem lai bai toan 70). Do dé, ba diém L, I, M thing hang
theo bo dé hinh thang. Goi M D N AI = {J'}, ta chitng minh J = J'. That vay, ta c6

ID _MI_AT _IT
Ly IL TL LJ

Ma IT = ID nén LJ' = LJ. Do d6, J' = J, ta c¢6 diéu phai chitng minh.

2. Vi IN la trung tryc ctia doan DP nén NP = ND. Ta ching minh NR = NP = ND = NS. That vay,
goi PJNIN = {Q}. Ta ¢6 nam diém B,Q,I,C,J cing thuoc dudng tron dusng kinh I.J. Do d6, theo
phuong tich, ta c6

NQ.NI = NB.NC = NR?> = NS2.

Ma NQ.NI = ND? theo hé thitc lugng trong tam gidc vuong nén NS = ND = NP = NR. Do d6, bon
diém R, P,Q, S ciing thudoc mot dudng tron.
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Bai toan 79. (Hai Phong TST 2020) Cho tam gidc ABC noi tiép dudng tron (O), D la diém chinh gitta cung
BC khong chita A. E la diém dbi xting v6i B qua AD. BE cit (O) tai F khac B. Diém P di chuyén trén canh
AC. BP cit (O) tai Q khac B. Dudng thing qua C song song véi AQ cat FD tai diém G.

1. Goi H la giao diém ctia EG va BC. Chitng minh réing B, P, E, H ciing thudoc mot dudng tron, goi dudng

tron nay 1a (K).
2. (K) cat (O) tai L khac B. Chiing minh ring LP luon di qua mot diém S ¢6 dinh khi P di chuyén.

3. Goi T la trung diém PE. Ching minh ring dudng thing qua T song song véi LS di qua trung diém ciia
AF.

1. Tacé: AB = AE suy ra FC = FE nén FD la trung tryc ciia CE. Vi thé GC = GE nén GEC =GCE =
C% = @ Tit d6 suy ra, ti gidc BPEH noi tiép.

2. Goi LP cat (O) tai S. Ta c6

BLS = pLp = ppp = 2 PAC _ BIE
Suy ra LS 1a tia phan gisac BLC. Vi vay S la diém chinh giita cung BAC.
3. Ta c6 AS vudng géc véi AD nén AS song song véi EF. Do d6
SAC = CEF = ECF = 180° — ASF.

Hay SF song song v6i AE. Tit d6 ta c6 ASFE 13 hinh binh hanh. Nen M la trung diém ES dong nghia
v6i M'T song song véi SP. Bai toan duge chitng minh.

Bai toan 80. Cho tam giac ABC c6 tryc tam H. Goi I 1 trung diém BC. Dudng thing qua A vuong goc Al
cit BH,CH tai M, N.

1. Ching minh IM = IN.
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2. Dudng tron ngoai tiép tam gidac HM N lan lugt cit dudng tron duong kinh AH, (HBC) tai P, Q. Ching
minh IP =1Q.

Lai giai

1. Goi G 1a trung diém ctia AH. K& GH | AI = {X}, dudng thing nay cat HM va HN lan lugt tai K va
L. Ba dudng cao clia tam gidc ABC 1a AD, BE,CF. Ta c6 tt giac AXEK noi tiép nén IXE = AKE.
Mit khac, X € dudng tron Euler ctia tam giac ABC nén IDE = IXE. Két hgp véi IDE = BAE
nen BAE = AKE. Suy ra AK | AB. Ma HL 1 AB nén AK || HL. Do d6, d& ching minh dugc
NAAGK = ALGH nén G la trung diém ctia LH. Theo b6 dé hinh thang, ta thu duge A la trung diém ctia
MN nén IM =1IN.

2. Do tit gidac AFPE nai tiép nén CEP = AFP. Suy ra MEP = NFP. Két hop véi EMP = FNP, ta
PN FN QM MB

AFNP ~ AEMP (g-g). Do d6, — = —— (1).T b 6 —— = —— (2).

dugc (g-g). Do do, P BM (1).Tuwong tu, ta cing c6 ON ~ NC (2)

Ké BU 1L MN,CV 1 MN, ta dugc A la trung diém ctia UV. Vi cac ti giadc AFCU va AEBU noi

tiép nen NA.NV = NF.NC vi MAMU = ME.MB. Ma NA = MA va NV = MU nén NF.NC =

FN BM
MEMB = — = — .
= &~ v,
N N PN QM X . N
T (1),(2) va (3) suy ra PM - ON = PN =QM va PM = QN. Do d6, AP = AQ. Suy ra Al la trung

tryc cua doan PQ nén IP = IQ).

Bai toan 81. Cho tam giac ABC va cac diém B’,C’ thuoc BC (khac B, C). Cac diém E, F theo thit tu thuoc
AC,AB sao cho BE | B'’A,CF || C'"A. X 1a giao diém thit hai ctia duong tron ngoai tiép cac tam giac ABC
va AB’C’. Chiing minh réng AX || EF.

Lai giai
Goi K, L theo thtt tu 14 giao diém thit hai ctia AE, AF va (AB'C"). Vi A, B',C', L, K dong vien va BF | B'A;CE || C'A
nén
BL _BLBA CA _BB.BC' CA _BA BA CA _AE
CK CKCA BA CC'.CB"BA CA FA'BA AF’

. P . BL XL __AE XL __ v E T
Mit khéc, dé thay AXLB ~ AXKC (g-g). Do do, K ;ﬁ Vay nem}A—E = XK Két hgp véi FAF =

LAK = LXK, ta duge AAEF ~ AXLK (c-g-c). Vivay, XAL = XKL = AFE. Ma hai goc nay & vi tri dong
vinén AX || EF.
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Bai toan 82. (Thi thit CSP V2 dgt 1 2024) Cho tam gidc nhon ABC noi tiép dudng tron (O), c6 AB < AC.
Trén dudng tron (O) lay diém M khac A sao cho AM song song véi BC. Vé dudng tron (K) tiép xic véi AO
tai A, vi di qua diém M. Dudng tron (K) cit cac duong thing AB, AC tai cac diém thi hai F, E (F, E khac
A). Cac dudng thing OM va BC cit nhau tai diém D.

1. Chitng minh cac diém D, E, F thang hang.

2. Goi H la tryc tam ctia tam giac ABC. Cac duong thing AO va DE cit nhau tai diém L. Chitng minh tit
giac AHDL la hinh binh hanh.
Lol giai
Ta c¢6 O, K cach déu A, M nén OK la trung tryc ciia AM. Do d6, theo tinh dbéi xing, ta duge OM
la tiép tuyén ciia (K). Tit d6, ta c6 EMD = MAE = ECD. Vay ttt giac EMCD nai tiép. Suy ra
MED + MCB = 180°. Mit khac, theo tinh chét cta ti gidc noi tiép FEM = FAM = MCB. Vay
MED + FEM = 180°, do d6 ba diém F, E, D thing hang.

2. Kéo dai M D cat (O) tai diém thit hai G. Do AG la dudng kinh ctia dudng tron (O) nén AM L AG. Két
hgp v6i AM || BC, ta duge AG L BC. Vay A, H, G thiang hang. Tt d6 G, H déi xitng nhau qua BC. Suy

ra
GHD = HGD = OAG.
Vay AL || DH (1). Mat khac, ta co

@:@:9()0*;@:900*@.
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Do d6 FE 1 BC hay FD 1 BC. Két hop véi AH | BC, ta dugc AH || DL (2).
T (1) va (2) suy ra t¢ gidc AHDL la hinh binh hanh.

F

G

Bai toan 83. (Ha Noi 2018) Cho tit giac ABC'D (khong ¢6 hai canh nao song song) noi tiép dudng tron (O).
Céc tia BA va CD cit nhau tai diém F. Goi E la giao diém ciia hai dudng chéo AC va BD. Vé hinh binh hanh
AFEDK.

1. Chitng minh ring tam gidc F KD dong dang vdi tam giac FEB.

2. Goi M, N tuong tng la trung diém ciia cac canh AD, BC. Chitng minh ring dudng thing M N di qua
trung diém ctia doan thing EF.

3. Chiing minh ring duong thing EF tiép xtc véi dudng tron ngoai tiép tam giac EMN.

Lai giai
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1. Do tt gidc AEDK la hinh binh hanh nén DK || AC, suy ra
FDK = DCA = DBA.

Ta c6 AFDA ~ AFBC (g-g) va AEDA ~ AECB (g-g) nén
DF_AD _EA_ DK
BF BC EB EB’

DF  BF
DK  BE’
T do, ta c6 cac tam giac FKD va FEB dong dang (c-g-c) (1).
2. Goi I la trung diém ciia doan EF. Do tit gidc DK AE la hinh binh hanh nén M la trung diém ctia K F,
tit d6 suy ra M1 || FK. Bay gio, dung hinh binh hanh BECL, ta c¢6

FCL = 180° — BDC = 180° — BAC = FAC.

Lai c6AFDA ~ AFBC (g-g) va AEDA ~ AECB (g-g) nén
FC BC FEB CL
FA~ AD EA AE
Tu d6 suy ra tam giac FCL va FAE dong dang (c-g-c) (2).
T (1) va (2), ta co KFD = EFA = LFC nén ba diém F, K, L thing hang. Lai c6 N 1a trung diém EL
nén IL || FL. Tit d6 suy ra ba diém I, M, N thing hang.

3. Goi T la didm déi xing véi M qua I. Ta c6 tt gise METF 1a hinh binh hanh nen FTE = FME. Lai
c6 ANFAD ~ AFCB va M, N lan lugt 1a trung diém ctia AD, BC nén AFAM ~ AFCN (c-g-c). Tt d6
suy ra FMA = FNC.

Ching minh tuong ty, ta c6 AEDA ~ AECB nén AEMA ~ AENB, suy ra EMA =ENB =CNL.
Tit d6, ta c6 FME = FNL = 180° — FNE, suy ra FTE = 180° — FNE. Do d6 tit giac ETEFN noi tiép,
suy ra ENM = EFT = MEF. Vay EF i tiép tuyén ctia dudng tron ngoai tiép tam gidc EMN.

Bai toan 84. Cho tam giac nhon ABC khong can noi tiép dudng tron (0), dudng cao AH va tam dudng tron
noi tiép la I. Duong thing Al cit lai dudng tron (O) tai diém thit hai M. Goi A’ la diém déi xing véi A qua
O. Duong thing M A’ cit cac dudng thing AH, BC theo thit tit tai N va K.
1. Chitng minh ring t1t gidc NHIK noi tiép.
2. Dudng thing A'I cit lai dudng tron (O) tai diém thit hai D, hai duong thing AD va BC cit nhau tai
diém S. Chitng minh ring néu AB + AC = 2BC thi I la trong tam ciia tam giac AKS.

Lai giai
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1. Goi AM N BC = {L}. Ta c6 AI la tia phan giac cia HAO 1a mot két qua quen thuoc. Vi vay, tam giac
AA'N can tai A’ nén MN = MA’. Ta c6 ti gidc AHMK ndi tiép nén A'AL = HAM = LKA'. Do do,
tit gidc ALA’K nai tiép. Suy ra

MNMK=MA" MK =ML.MA

Mat khéc, ta ciing ¢6 ML.MA = MC? = MI? (két qua co ban) néen MN.MK = MI?. Suy ra tam giac
NIK vuong tai I. Tt day, ta dudc tit giac NHIK nai tiép.

2. Vi tit gidc NHIK noi tiép nén ta c6
THK = INA = TA'M = [AS.

Do d6, tit giac ATHS noi tiép. Vay nen AIS = AHS = 90°.

Goi T la trung diém ctia AS, ta c6
TTA =TAI = ITHK = INK = MIK.

Do d6, ba diém T, I, K thing hang. Ta sé chitng minh L la trung diém ctia SK. Trong tam gidc ABC c6

AL la tia phan giac trong cia BAC neén ta c6 bién déi ti s6 nhu sau

BL AB AB
— =— = BL.AC =AB.(BC - BL BL.A AB.BL = AB.B — =2
0= Ac = C (BC ) = C+ C= B
N Cs s S . =3 . Al AB
Ma BI lai la tia phan gidc trong cuia ABL nén I = BL "

Ap dung dinh 1§ Menelaus cho tam giac ASL véi cat tuyén TIK, ta duge

TAIL SK _ _ SK _

TSTAKL ‘7 xL ™%

Do do, L la trung diém ctia SK, ta c6 diéu phai chitng minh.

Bai toan 85. (IMO 2023 P2) Cho tam giac ABC nhon v6i AB < AC. Goi 2 1a dudng tron ngoai tiép clia tam
gidc ABC. S la diém chinh giita cung BC ctia €2 chita A. Dudng cao ké tit A xubng BC cit BS tai D va cit Q
tai £ # A. Duong thing qua D song song v6i BC cit BE tai L. Goi dudng tron ngoai tiép ctia tam giac BDL
13 w. Goi w cat  tai P # B. Chitng minh ring tiép tuyén clia w tai P , phan gidc clia BAC va BS dong quy.

Loi giai
Goi duong phan giac géc BAC cit doan thing BS tai diém I va cit duong tron ngoai tiép tam giac ABC tai
diém M. Do tit giac BDPL noi tiép va DL || BC nén
BDL = BPL = DBC = SCB = 180° — SPC

Suy ra ba diém S, P, L 1a ba diém thing hang. Ké AF la dudng kinh ciia dudng tron ngoai tiép tam giac ABC.
Suy ra diém E déi xing véi diém F qua doan thing SM. Ta c6 SPD = DBL = SCE = SPF kéo theo ba
diém P, D, F 1a ba diém théng hang. Goi doan thing DP cit doan thing AM tai diém Q. Ta cé:

BPD =BLD = EBC =90° — AEB = 90° — AMB = BIM = BIQ

Nén tit gidc BPIQ nai tiép. Ta c6 IDA = BSM = BAM suy ra IA%2 = ID-IB. Ké doan thing K(Q vuong géc
v6i doan théng AE thi DK - DA = DP-DQ = DI - DB. Do d6 tit giac AIK B noi tiép. Ma IA2 = ID-IB nén
ITA=1IK. Laico m = 90° nén I 1 trung diém ciia doan thing AQ suy ra IP = I A, kéo theo IP2 = ID-IB.
Vay doan thang IP la tiép tuyén ctia duong tron ngoai tiép tam gidc BDL Bai toan dugc chiing minh.
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Bai toan 86. (DH & DBBB 2019) Cho tam gidc ABC can tai A, cic diém D, E, F lan lugt ndm trén cac canh
BC,CA, AB sao cho DE || AB, DF || AC. Dudng tron ngoai tiép tam gidc ABC' cit dudng tron ngoai tiép tam
gidgc AEF tai cac diém A, G. Duong thing DE cit dudng tron ngoai tiép tam giac AEF tai diém H (H # E).
Duong thing qua G vuong géc véi GH cit duong tron ngoai tiép tam giac ABC tai diem K (K # G), dusng
thang qua G vuong goc véi GC cat dudng tron ngoai tiép tam gidc AEF tai diém L (L # G). Goi P, Q lan lugt
la tam dudng tron ngoai tiép tam gidc GDK, GDL. Chiing minh ring khi diém D thay déi trén canh BC thi

1. Duong tron ngoai tiép tam gidac GEF luon di qua hai diém ¢ dinh.
2. Dudng tron ngoai tiép tam gidc GPQ luon di qua mot diém cb dinh.

Lai giai
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1. Goi O, O’ lan lugt 1a tam dudng tron ngoai tiép cac tam gidac ABC, AEF. Goi E’ ddi xting véi E qua AO.
Dé thay tam gidac DF B can tai F nén FB = FD = AE = AF’, vi vay AOAE' = AOBF (c-g-c). Do d6,
OF = OF' = OFE. Két hgp véi AO la tia phan gidc cia }*{A\E7 ta duge O € (GEF). Do d6, dudng tron
(GEF) di qua hai diém cb dinh A, O.

2. Ta c6 FDG = %A/O\G = %IE’\G Do dé, tam giac FBG can tai F. Két hgp v6i tam giac FBD can tai F,
ta duge F 1a tam dudng tron ngoai tiép tam giac GDB. Tuong ti, ta cling c6 E 13 tam dudng tron ngoai
tiép tam giac GDC. Do d6, EF 1 GD.

Mt khac, dé thdy AG L GD. Vi vay, EF 1 GA. Ta c6 FHD = EAF = EDF nén tam giac FDH can
tai F. Do d6, H € (GBD).

Dé thay OP || GH,O'Q || GC va bén diém F, P,Q, E thing hang. Do d6, OO’ L PQ. Ta c6 OE 1 O'Q
nén QF = QO. Tuong ty, ta cling ¢c6 PO = PF. Ma OF = OF nén OP = OQ. Vi vay, OO’ 1a trung tryc
clia ctia doan PQ. Két hop véi OO’ 1a trung tryc ctia doan GA, ta dudc ti gisc AGPQ 13 hinh thang
can. Do dé, (GPQ) di qua diém A c6 dinh.

Bai toan 87. Cho tam gidc ABC nhon v6i AB < AC, noi tiép duong tron tam O. Goi M la trung diém ctia
BC. Lay diém X nam trong tam gidac ABC sao cho BAX = CAM. Trén dudng tron ngoai tiép tam giac X BC,
lay diém Z sao cho CXM = BXZ. Lay T la diém déi xitng v6i Z qua tia phan gidc BAC. Chiing minh ring
AT song song v6i X M.

Lai giai

Goi giao diém thit hai ciia AX, AM v6i dudng tron (ABC) lan lugt 1a K, W. Dé thiy MK = MW. Do do,
MAMK = MA.MW = MB?. Tuong ty, ta ciing c6 MX.MZ = MB?. Suy ra

MX MK
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Mat khéc, ta co AMB =KMB va ZMB = X/]\/I\B, suy ra AMX = ZMK. Tit day, ta dé dang c6 ANAMX ~
AZMEK (c-g-c). Do d6, ta thu duge MAX = MZK, hay tt giac AMKZ noi tiép. Suy ra

MAT = ZAK = ZMK = AMX.
Do d6 AT || XM, ta dugc diéu phai chiing minh.

Bai toan 88. (Chuyen Tin Ha Noi 2024) Cho tam giac nhon ABC (AB < AC), ndi tiép duong tron (O).
Duong thang di qua A va song song véi duong thing BC cit dudng tron (O) tai diém thi hai 1a D. Goi M 1a
trung diém ctia doan thang BC. Duong thang DM cit duong tron (O) tai diém thit hai 1a S.

1. Chiing minh tam giac AC'S dong dang vé6i tam giac BMS.

2. Goi J la trung diém doan thang AS. Duong thing BJ cit dudng tron (O) tai giao diém thit hai 1a 7.
Chitng minh rang dudng thing CT song song véi dudng thing AS.

3. Cac dudng cao DE, BF,CK clia tam gidc BCD dong quy tai H. Goi L 1a chan dudng vudng géc ké ti
diém H dén duong thing K F. Chiing minh ring céc dudng thang AE va DL cit nhau tai mot diém nim
trén dudng tron (O).

Lai giai

1. Ta c6 MSB = DSB = ASC. Két hop véi MBS = CAS, ta duge AACS ~ ABMS (g-g).

2. Goi N la trung diém ctia SC. Tuong tu cau (1.), ta chitng minh duge AABS ~ ACMS (g-g), do do ta
dugc
AS_AB _ AJ
cS CM CN

va BAJ = MCN. Do d6, Ta duge AABJ ~ ACMN (c-g-c), do d6 ABJ = CMN (1).
Mt khac ta c6 M N la dudng trung binh trong tam gidc BC'S nén M N || BS, vay nén ta dugc CMN =
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CBS (2).
T (1) va (2) ta duge ABJ = CBS hay ABT = OBS. Tit day, ta dé& dang suy ra dudc diéu phai chitng
minh.

3. Goi giao diém ctia AE va DL la Q. Ké duong kinh AP ctia (O). Ta c6
PDB = PAB = 90° — ABP = 90° — ACB = EDB.
Do d6 ba diém D, E, P thing hang. Két hop véi tit giac DK HF noi tiép, ta c6
HFL = HAK = FCE va HKL = HDF = PBE.

Do d6, ta duge céac cip tam gidc dong dang 1la AHFL ~ APCE (g-g) va AHKL ~ APBE (g-g). Tt d6
ta co
L _HL KL_1L
EC PE’ BE PE’
Suy ra
LF KL _LF4KL _KF
EC BE EC+BE BC
Mat khéac ta c6 két qua quen thuoc ADKF ~ ADCB (g-g) va ADCB = AABC, ta dugc hai tam giac
DKF va ABC dong dang véi nhau. T dé suy ra
DF KF
ac =~ po W
T (3) va (4) suy ra
LE _DF _LF _EC
EC  AC DF  AC’
Két hop véi DFL = 1@, ta duge ADFL ~ AACE (c-g-c). Suy ra LDF = EAC hay Q/l-)\C = CjA\C
Ta thu duge tit gide ADCQ noi tiép. T day, ta dé dang c6 dude didu phai chitng minh.

Bai toan 89. (Nguyén Van Linh) Cho hai dudng tron (O;) va (O2) cit nhau tai hai diém A, B. dy,ds 12 hai
duong thang qua A va déi xing nhau qua AB. d; cit (O1),(O3) tai G, E phan biét. dy cit (O1), (O2) lan lugt
tai cac diém F, H. Gia sit F nam gitta A,G va F nam giita A, H. EH cit FG tai diém J. BJ cit (01),(O2)
tai cac diém K, L phan bigt va O1 K cit OoL tai diém N. Ching minh ring (NKL) tiép xic v6i AB.

Lai giai
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S 1— S ) )
Ta ¢c6 NLA = 90° — 5AO2L =90° — ABK = AKO; nén ta dugc tit giac NLAK ndi tiép. Mat khac, dé
thay B la diém Miquel ciia ti gidac AEJF nén c6 bién déi goéc nhu sau

540 = BAT + KAF + KAD = BAE 1 KBF + G;AB = BAE 1 ATE 4 90° — AO0, = 90°. (V1 sa0?)
Ta thu duge diéu phai ching minh.

Bai toan 90. (HSGS V2 2015) Cho tam giac nhon ABC khong can véi AB < AC. Goi M la trung diém ctia
doan théng BC. Goi H 1a hinh chiéu vuong géc clia B trén doan thing AM. Trén tia doi ctia tia AM lay diém
N sao cho AN =2MH.

1. Chitng minh ring BN = AC.

2. Goi @ la diém déi xing véi A qua N. Duong thing AC cit BQ tai D. Chitng minh ring bén diém
B, D, N, C cung thudoc mot duong tron, goi dudng tron nay la (O).

3. Duong tron ngoai tiép tam giac AQD cat (O) tai G khac D. Chitng minh rang NG song song véi BC.

Lai giai

1. Goi P la diém dbi xing véi A qua M. Ta c6
HP=HM+ MB =2HM + AH = HN = H la trung diém PN.

Két hop vé6i BH 1 PN nén tam gidc BPN can tai B. Suy ra BN = BP. Mit khéc, ta dé dang thay ti
giac ABPC 13 hinh binh hanh nén BP = AC. Két hgp vé6i BN = BP, ta thu dudc diéu phai ching minh.

2. Do tit giac AC'PB 1a hinh binh hanh nén PAC = APB. Két hop véi tam gidc BPN can tai B nén PAC =
ANB = CAN = BNQ. Do hai tam giac QBN va NCA ¢6 QN = AN, BN = AC va BNQ = CAN
nén ching bang nhau. Tt d6 suy ra CTBTV —NCA hay DBN = DCN. Do d6 bén diém B,D,N,C cung

thudéc mot duong tron.
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3. Ta c6 CAG = B/Q\G Két hop vdi @ = GCA ta duge AGBQ ~ AGCA, tit d6 suy ra

GA GQ GA GQ

AC QB ' NB NC
Két hop véi BNC = BDC = AGQ = ANBC ~ AGAQ = GQA = NCB = NCB = GDC.
= GC = NB = NG || BC.

Bai toan 91. (Thi thit CSP V2 dot 1 2023) Cho tam giac ABC, v6i AB < AC va ngoai tiép duong tron (I).
Goi D, E, F lan lugt 1a tiép diém ctia BC,CA, AB vé6i dudng tron (I). Dudng thing qua D vuong goc véi EF,
cat dudng tron (1) tai diém thi hai K (khéc D). Goi L 1a hinh chiéu ctia vuong géc clia A trén IK. Cac dudng
thang AI, BC cit nhau tai H; cdc duong thing I K, EF cit nhau tai J. Chting minh ring

1. KIF = ACB va AL la tiép tuyén ctia dudng tron ngoai tiép tam gidc ABC.
2. LK.BC = AI.EF.

3. Cac duong thing DK, H.J, AL dong quy.

1. Ta c6
KIF = 2KDF =2.90° — DFE = 2.90° — EDC = ACB.
Do AL1KT nén L nam trén dudng tron (AEF). Do d6
LAF = LIF = ACB.

Do d6 AL la tiép tuyén cia dudng tron (ABC).

2. Tac6 L nam trén dudng tron (AEF). Do d6 LEF = LIF = ACBva ELF = EAF. Vay ALEF ~ AABC.
Vi IE = IF nén LI 1 tia phan giac ELF. Mit khac, LEF = KIF = 2KEF, ta suy ra EK la tia phan
giédc LEF. Vay K la tam dudng tron noi tiép tam giac LEF. T d6 ALKF ~ AAIB (g-g), ta suy ra

LK _LF _EF
Al  AB  BC’
Suy ra LK.BC = AI.EF.
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3. Goi G la giao diém ctia DK va AL. Ta c6

IJLK =1JLI - IJIK =IK? - IJIK = IK.KJ.

Su mﬁ—E MéutkhécG—K—ﬂ Su mG—K—gﬂ
YRR T T GLIg_ALII' YR T T
N o2 2 Lan oo 44
ViIlJ.LI =1FE* =1K", nén %7 A-%K (EA L
T (1) va (2) suy ra %717 Suy ra G,.J, H thing hang, ta thu dugc diéu phai chiing minh.

Bai toan 92. (Hai Phong 2022) Cho tam giac ABC can (AB = AC > BC') noi tiép duong tron (O). Cac
dudng phan gidc trong BD,CE cia tam gidc ABC cat nhau tai I, BI cat (O) tai F # B. Diém H d6i xiing
véi C qua D. Dudng tron ngoai tiép tam giac HBC cat BI tai K # B.

1. Chitng minh ring DC? = DI.DB va D la trung diém ctia doan thing K.
2. Ké KM song song v6i AC v6i M € FC. Chitng minh ring M d6i xing véi I qua AC.

3. Goi N la giao diém ctia FC va AI, J la tam clia dudng tron ngoai tiép tam giac I BE. Chiing minh ring
bén diém M, N, J, D cing nim trén mot dudng tron.

Lai giai
A

1. Ta 6 DCT = DBC nén ADCI ~ ADBC (g-g). Do d6, DC? = DI.DB. Mit khéc, ta c6 DCT = DBC =
DHEK nén HK | IC. Két hop véi D la trung diém ciia CH, ta dé chitng minh duge D la trung diém ctia
IK.
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2. Ta co
FMK = FCA=FBA=KBC.

Do dé, M € (BHC). Suy ra tt gidc K M CH la hinh thang can. Vi vay, ta thu dugc DHM = KCH = DHI
va DOM = KHC = DCI. Tit day, ta dé chiing minh dugc I déi xing v6i M qua AC.
3. Goi P la trung diém ctia BC. Ta c6

BNM + BDM = 2PNC + 2BDC = 2.(BCF — 90°) + 2.(180° — DCB — DBC) = 180°.

Do d6, bén diém M, N, B, D cung thuoc mot dusng tron (1).
Mat khac, ta co

BJI = 2BEI = 2BDC = IDM.

Két hop v6i hai tam gidc can BJI va IDM, ta duge ba diém J, I, M thing hang. Do dé, BJM = BDM.
Vay nén ti gidc BJDM nai tiép (2).

T (1) va (2) suy ra nam diem N, B,J, D, M ciing thuoc mot dudng tron. Do vay, tit gisdc M NJD noi
tiép, ta c6 duge diéu phai chitng minh.

Bai toan 93. (HSGS V2 2022) Cho tam giac ABC nhon, khong can, nodi tiép duong tron (O). Diém P nim
trong tam gidc ABC. Goi E, F 1an lugt 1a hinh chiéu vuong géc clia P len AC, AB. Gia st tit gisc BCEF noi
tiép duong tron (K).

1. Chitng minh ring AP vuong géc véi BC.
2. Ching minh ring AP = 20K.

3. Duong thing qua P vuong goéc v6i AP cat dudng tron (O) tai hai diém @ va R. Chiing minh ring dudng
tron tam A ban kinh AP tiép xtc v6i dudng tron ngoai tiép tam gisc KQR.

Lai giai

102 Hudng téi ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

1. Dé y cac tit giac AFDE va BCEF nai tiép nén ta co6 APF = AEF = ABC. Tit day, ta dé dang suy ra
AP 1 BC.

2. Ta thay OK la trung tryc ctia doan thing BC néen OK 1 BC, kéo theo dé ta duge AP || OK. Mit khéc,

ta co
(7/?0:90%%@:90%@:900—@.

Vay nén OA L EF. Goi J la trung diém ctia AP, khi d6 J, K lan lugt 13 tam ctia duong tron (AFPE)

va (BCEF) nén JK L EF. T day ta suy ra OA || JK. Két hop véi OK || AP, ta dugc ti giac AJKO
AP

la hinh binh hanh. Vi vay OK = AJ = - hay AP =20K.

3. Dung dudng kinh AT cta duong tron (O), khi d6 OJ 1a dudng trung binh trong tam gidc APT nén
OJ || PT. Mat khac, tit tit giac AJKO la hinh binh hanh, ta c6 thé suy ra ti giac PJOK la hinh binh
hanh, do d6 OJ || PK. Két hgp v6i OJ || PT, ta dugc ba diém P, K, T thang hang va K 1a trung diém
ctia PT. Goi D la giao diém thit hai ctia PT dudng tron (O), khi d6 ADP = ADT = 90°.

Goi X la diém déi xiing v6i P qua D. Khi do6, ta dé dang thay tam giac APX can tai A nén AX = AP,
suy ra X € (A, AP). Mat khc, ta ¢6 PX.PK = 2PD.PK = PD, PT = PQ.PR nén X € (KQR).

Dung tia tiép tuyén Xt ctia (A, AP), khi d6 Xt L AX. D& thiy OK la trung tric ctia doan thing QR
nen KQ = KR nén XK 1a tia phan gidgc QX R. Suy ra AXQP ~ AXKR, do d6 ta c6

XRE = XPQ =90° - XAP = 90° - AXP = IXK.
Do d6, Xt la tiép tuyén ctia duong tron (KQR). Tt d6, ta c6 diéu phai chiing minh.
Bai toan 94. Cho dudng tron (O) va day cung BC c¢6 dinh (BC khéac dudng kinh). Diém A thuoc cung 16n
BC sao cho tam gidc ABC nhon vi AB < AC. Duong tron (I) noi tiép tam gidac ABC tiép xic véi cic canh
BC, AB lan lugt tai D, E. Duong thing AD cit duong tron (I) tai diém thit hai 1a M; BM cat dudng tron (I)
tai diém thit hai 1a Q; BI cit DFE tai P.
1. Chiing minh tt giac IPQM noi tiép.
2. Chitng minh BME = DMP.
3. Duong tron di qua C tiép xtc véi Al tai I cit BC tai H va cat (O) tai diém K. Ching minh ring khi A
di dong trén cung 16n BC thi dudong thing HK luon di qua mot diém cb dinh.

Lai giai
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1. Ta cb
BQ.BM = BE? = BP.BI.

Do doé, tit giac IPQM nai tiép.
2. Day 1a két qua quen thudc dudc suy ra tit mé hinh tiép tuyén.

3. Goi L 1 diém chinh giita cung nhé BC, Oy la tam dudng tron di qua C va tiép xic v6i Al tai I. Ta dinh
nghia lai diém H la giao diém ctia LK va BC va ta sé chimg minh H € (O7). That vay, ta co

LCH = LAB = LAC = LKC.

Do dé, ta duge ALCH ~ ALKC (g-g). Suy ra LC? = LH.LK. Ma LC = LI nén LI?> = LH.LK. Do dé,
H € (0y), ta thu dugc diéu phai ching minh.

Bai toan 95. (Thi thit CSP V2 dgt 3 2024) Cho tam gidc nhon ABC noi tiép duong tron (O) va AB < AC.
Diém M thay ddi trén canh BC (M khac B, M khac C). Dudng thing AM cit duong tron (O) tai diém thi
hai D. Dudng tron dudng kinh AM cit dudng tron (O) tai diém thit hai E (E khac A) va cat BC tai diém thi
hai H. Gi st dudng thang AE cit duong thing BC tai diém S; duong thing SD cit duong tron (O) tai diém
thit hai K. Chitng minh riing

1. SH.SM = SB.SC.
2. Cac diém M, H, K, D cung thuoc mot duong tron (w).
3. Tam duong tron (w) chay trén mot duong thang cb dinh.

Lai giai
A

1. Theo phuong tich, ta ¢6 SH.SM = SE.SA = SB.SC.
2. Tac6 SH.SM = SB.SC = SK.SD. Do d6, tt gisc KHM D noi tiép. Ta thu duge diéu phai chiing minh.

3. Goi giao diém thit hai ctia K H véi duong tron (O) 1a T. Ta ¢6 ATK = ADK = THC.
Do d6 AT || BC, vay nén T la diém c6 dinh. Dé thay H la hinh chiéu ctia A léen BC nén H cb dinh. Ti
day, ta suy ra K 1a diém c6 dinh. Vay tam ciia dudng tron (w) thudc dudng trung tryc cia K H (cd dinh).
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Bai toan 96. (Chuyen Tin Ha Noi 2022) Cho tam giac ABC v6i AB < AC, noi tiép duong tron (O). Ba
dudng cao AD, BE,CF cia tam giac ABC cing di qua diém H. Goi I va K lan lugt 1 trung diém ctia céc
doan thing EF va BC.

Al HI

2. Chiing minh duong thing AH 1a tiép tuyén ctia duong tron ngoai tiép tam giac IHK.

3. Goi P la chan dudng vuong goc ké tit diém H dén EF. Ching minh ring duong thang DP song song véi
duong thing Al

Lai giai

1. Ta c6 két qua quen thuoc AAEF ~ AABC (g-g), ma I va K tuong tng la trung diém ctia EF va BC
nén ta ciung dugc AAEI ~ ANABK. Suy ra

AL BB
AK BK CK '

Mit khac, ta ciing ¢c6 AHFE ~ AHBC (g-g) nén

HE _EF _ EI
HC BC KC’

Két hop véi HEI = HCK, ta dusc AHEI ~ AHCK. Vay nén

1)
HK CK ‘7

T (1) va (2), ta thu duge diéu phai chitng minh.

2. T céc tam gidc dong dang & cau (1.), ta c6 bién ddi goc nhu sau
HIK = HIE —90° = HKC — 90° = DHK.

Do d6, HD la tiép tuyén ciia duong tron (IHK). Hay AH 13 tiép tuyén ctia dudng tron (IHK).

3. Goi giao diém ctia EF va BC la L, G 1a giao diém thit hai ctia LA va (O). Ta ¢6

LE.LF =LB.LC = LG.LA.
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Do dé, tit giac AGEF ndi tiép, hay G 1a giao diém thit hai ctia dudng tron dudng kinh AH va (O). Vay
nén ta duge mot két qua quen thuoc la ba diém G, H, K thing hang va KG 1 AL. Tit day, dé dang suy
ra H la tryc tam cia tam giac AK L. Do d6

TPD =90° + HPD = 90° + HLD = 90° +90° — AKL = 180° — AKL = AKC = AIF.
Do d6 tit giac AI || PD. Day 1a diéu phai chting minh.

Bai toan 97. (Thi thit THPT Chuyén Lam Son - Thanh Ho4 2023) Cho tam gidac ABC nhon ¢6 AB < AC noi
tiép duong tron (O). Phan giac trong cia BAC cit BC tai D va cét (0) tai Q (Q # A). Tut D dung DE, DF
lan lugt vuong goc véi AC, AB (E € AC,F € AB). Goi M la trung diém ctia doan BC, tia QM cit (O) tai
giao diém thit hai 1a P.

1. Ching minh QM.QP = QD.QA.
2. Goi N la giao diém ctia PD va EF. Chiting minh ring M N song song v6i AD.

3. Dung dudng kinh AK clia dudng tron (O). Céc dudng tron ngoai tiép cac tam gisc BFN va CEN cit
nhau tai diém R (R # N). Chitng minh ring ba diém P, D, R thing hang.

Lai giai
P

1. Vi QMD = DAP = 90° nén tit gisc DMPA néi tiép. Do d6, theo phuong tich, ta dwge QM.QP =
QD.QA.

2. Goi I la giao diém ctia AD va EF. Ta c6 AAED ~ APCQ (g-g). Ma EI, CM la hai dudng cao tuong

@ QM DI (1)
ng nén —— = —— (1).
UM Op T DA
DI DN
Tu (1) va (2) suy ra %—P = 5p Vi vay, MN || AD theo dinh ly Thales déo.

3. Trudce hét, ta ching minh R € (O). That vay, ta c6
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BRC = BRN + NRC = AFN + AEN = 180° — BAC.
Do d6, tit giac ABRC noi tiép, hay R € (O). Luc nay, ta c6
NRC = AEN = CAP = PRC.
Do do, ta dugc ba diém P, N, R thing hang. Suy ra ba diém P, D, R thang hang.

Bai toan 98. (TPHCM 2024) Cho tam gidac ABC nhon, AB < AC, noi tiép duong tron (O). Goi E 1a mot
diém bat ki thuoc cung nhé BC clia dudng tron (O) sao cho BE < BA. Trén cac canh AB, AC ciia tam giéc
ABC lan lugt 1ay cac diém K, L sao cho BK = BE va CL = CE. Goi M, N lan lugt 1a trung diém ctia BC,
KL.

1. Chitng minh ring BNC = 90°.

2. Goi F 1a mot diém thuoc dudng tron (O) sao cho dusng thing EF song song véi dudng thing BC. Chiing
minh ring dudng thing M N song song v6i dudng thing AF.

Lai giai

1. Lay diém H déi xtng v6i B qua N. Khi d6, tt gidc BK HL 13 hinh binh hanh. Do d6, HL = BK = BE.
Mit khac, chi ¥ ring tit gidc ABEC 1a hinh binh hanh va HL || BK nén ta cé bién d6i goc nhu sau

CLH = 180° — AHL = 180° — BAC = CEB.

Két hop véi CL = CE, ta duge ACEB = ACLH (c-g-c). Do d6, CH = C'B nén tam giac C HB can tai
C. Ma N la trung diém ctia BH nén CN L BH. Vi vay, BNC = 90°.

2. Trong duong tron (O) c6 EF || BC nén CAE = BOE. Ma BOE = HCL nén CAE = HCL. Do do,
CH || AF. Ma theo tinh chat dudng trung binh thi M N || CH nén ta suy ra MN || AF. Day la diéu can
chiing minh.

Bai toan 99. (Ha Noi 2021) Cho tam gidc nhon ABC noi tiép dudng tron (O), véi BAC = 60° va AB < AC.
Céc dudng thing BO,CO lan lugt cit cac doan thdng AC, AB tai M, N. Goi F la diém chinh gitta ctia cung
BC 16n.
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1. Chitng minh nam diém A, N,O, M va F cing thuoc mot dudng tron.

2. Goi P,Q lan lugt la cic giao diém thit hai ctia hai tia FN, FM v6i dudng tron (O). Goi J la giao diém
ciia dudng thing BC va duong thing PQ. Chiing minh tia A.J 13 tia phan gidc ciia BAC.

3. Goi K la giao diém ctia dudng thing OJ va duong thing CF. Chitng minh AB vuong goc véi AK.

Lai giai

/S
YARIAN

7

1. Ta co
MON = BOC = 2BAC = 120° = 180° — MAN

Do d6, tit gise AMON nai tiép (1). Mit khéc, ta c6 NBM = NAO = NMO. Vay nén tam gidac NBM
can tai N. Suy ra NB = NM. Tuong ty, ta ciing chiing minh dugc NM = NC. Tu day, ta suy ra dugc
AFNB = AFMC (c-g-c). Do d6, ta thu dugc NFB = MFC. Cha ¥, ta c6 bién déi goc sau

NFM = NFB+ BFM = MFC + MFB = BFC = 60° = 180° — MON.

Do d6 tit giac NFMO nai tiép (2). Tu (1) va (2), ta suy ra duge diéu phai chiing minh.

2. T hai tam giac FNB va FMC bang nhau, ta dugc FN = FM. Hay tam giac FNM can tai F. Két hop
voi NFM = 60°, ta suy ra dugc tam gidc FNM 1a tam gidc déu. Vay nén MF = MN = MC. Tu day,
ta d& dang suy ra s6 do cic cung AF,CQ, PB la bing nhau.

Ta dé dang suy ra dugc cac ti gidc noi tiép 1a QJMC va BPNJ. Mat khac, ta c6

MOC = BAC = 60° = MQC.
Do do, tit gidc MOQC noi tiép. Hay nam diém M, O, J,Q, C cing thuoc mot dudng tron. Tuong tu, ta

ciing ¢6 nam diém N, B, P, J,O ciing thuoc mot dudng tron. Tt day, ta suy ra cac tit giac MJB va ANJC
noi tiép. Suy ra MAJ =MBJ =NCJ = NAJ. Vay nén AJ la tia phan giac cla BAC.

3. Theo cau (2.), ta c6 tit giac PBQC la hinh thang can v6i OJ la trung tryc cia CP. Mit khac
ﬁ:@f%@:@7300:ﬁ7@:@7@:ﬁ.
Nen tit gidc AKJP la ti giac noi tiép. Do d6, JAK = JPK = JCK = 60°. Chu ¥ riing
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BAK = JAK + JAP = 60° + 30° = 90°.
Vay nén AB 1 AK, ta hoan tat bai toan.

Bai toan 100. (HSGS V2 2018) Cho ngii gidc 16i ABCDE noi tiép duong tron (O) c6 CD song song v6i BE.
Hai dwong chéo CE vi BD cit nhau tai P. Diém M thuoc doan thing BE sao cho MAB = PAE. Diém K
thuoc dudng thing AC sao cho MK song song véi AD, diém L thudc dusng thang AD sao cho M L song song
véi AC. Dudng tron ngoai tiép tam gidc K BC lan lugt BD,CFE tai Q, S (Q khic B, S khac C).

1. Chitng minh ring ba diém K, M, Q thang hang.

2. Duong tron ngoai tiép tam giac LDE 1an lugt cit BD,CFE tai T, R (T khac D, R khac E). Chitng minh
rang nam diém M, S,Q, R, T ciing thuoc mot dudng tron.

3. Chitng minh ring dudng tron ngoai tiép tam gidc PQR tiép xtc véi dudng tron (O).

Lai giai

1. Do céc tit gidc BOQK vi BODA ni tiép nen CKQ = CBQ = CAD. Suy ra KQ || AD. Mit khéc ta lai
c6 MK || AD nén ba diém K, M, Q thing hang.

2. Chitng minh tuong ty nhu cau (1.), ta ciing c¢6 ba diém R, M, L thang hang. Ta ¢6 MQ || AD nén
]ﬁJ\Q =RLD = R/TB, suy ra ti giac RT'MQ noi tiép. Chiing minh tuong ty, ta cling c6 tit gide RMSQ
noi tiép. Do d6, nam diém M, S,Q, R, T cung thuoc mot dudng tron.

3. Goi G la giao diém thit hai ctia duong thing AM vé6i (O). Ta cé MR || AC nén RMG = CAG = @,
suy ra tit gide RM EG noi tiép. Chitng minh tuong ti, ta ciing c6 tit gidc QM BG noi tiép. Ta c6

RGQ = RGM + QGM = REM + QBM = 180° — BPE = 180° — RPQ

nén tit gidc RPQG nai tiép. Bay gio goi I 1a giao diém tht hai ctia duong thing AG véi dudng tron
(PQR), X la giao diém thit hai ctia duong thing AP va dudng tron (O). Ta c6
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BAM = EAP va BAC = EAD do CD || BE.

Nen CAG = m, suy ra CDG = XGD. Tt do, ta c6 GX || CD.

Do XG || CD nén t gisc GCDX 1a hinh thang can, ma PC = PD nén PG = PX. Ta c6 RPT = RGI =
REB = RCD nen PI | CD hay PI || GX.

Ké tiép tuyén Gy cta (O). Ta c6 )?C?y — XAG va PGX = PXG = APT nén

GIP = GAX + API = XGy + PGX = PGy.
Suy ra Gy la tiép tuyén ciia dudng tron (PQR). Do d6 Gy la tiép tuyén chung ciia cdc dudng tron (O) va
(PQR). Vay nén duong tron (O) va (PQR) tiép xtc v6i nhau tai G.

Bai toan 101. (Nghe An 2023) Cho tam gidc ABC vuong tai A (AB < AC) noi tiép duong tron tam O. Trén
duong tron (O) lay diém D khac phia A so véi dusng thang BC. Qua B ké dudng thang d song song véi CD.
Dudng thang d cat duong thing AC tai F, cit dudng tron (O) tai F (F khac B).

1. Goi J la trung diém ctia EC. Chitng minh ring bén diém A, F, O, J cing thudc mot dusng tron.
2. Duong thang OF cit dudng thing AD tai I. Chiing minh ring IBA = BDA.

3. Trén tia BD lay diém M sao cho BM = BA. Duong thing AM cit dudng thang DC tai N, duong thing
BN cit duong tron (O) tai K (K khac B). Goi H 1a hinh chiéu vuong goc ciia A trén BC. Duong thing
BD cat cac duong thing NH, CK lan lugt tai P,Q. Chitng minh ring

11 N 1
PM MQ BM’

Loi giai
Chi y ring OJ || BE nén ta c6 bién ddi goc nhu sau

EAF = FBC = BFO = FOJ.
Do dé, tit gise AFO.J noi tiép.

2. Lay T la trung diém ctia AD. Vi BF || CD nén EBC = BCD = BAD. Két hop véi ECB = BDA, ta dugc
AEBC ~ ABAD (g-g). Ma O, T tuong tng la trung diém ctia BC, AD nén ta duge AABT ~ ABEO
(c-g-¢). Do do, BOE = BTA. Suy ra ti giac BOTI noi tiép. Vi vay, OBI = 180° — OTT = 90°. Vay nén
BI 1a tiép tuyén ciia duong tron (O), nen IBA = BDA.

3. Ta c6 tam gidc BAM can tai B nén BAM = BMA = NMD. Mat khac
BAM + MAC =90° = NMD + MND.

Vi vay, tam giac ACN can tai C. Suy ra CN2? = CA? = CH.CB. Do d6, dé dang suy ra ACHN ~ ACNB
(c-g-c). Suy ra

CHN =CNB = CQD.
Vay nén tit gidac HPQC noi tiép. Theo phuong tich, ta duge BH.BC = BP.BQ. Suy ra
BM? = BH.BC = BP.BQ = (BM — PM).(BM + MQ) = BM? + BM.MQ — PM.BM — PM.MQ

L1
PM ~ MQ ' BM’

BM.MQ = PM.BM + PM.MQ =
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N

Bai toan 102. (HSGS V1 2024) Cho hinh vuong ABCD. Lay diém P thuoc canh AB (P khac A va B). Goi
J 1a tam dudng tron noi tiép clia tam gidc PAD.

1.

2.

Chitng minh ring tit gidc PJDB ndi tiép.

Goi H la tryc tam ctia tam giac PJD, S la giao diém ctia hai dudng thing JH va AD. Ching minh ring
SH = SD.

Goi L 1a tam dudng tron nodi tiép clia tam giac PBC, K i tryc tam ctia LPC. Dudng tron noi tiép ciia
tam giac PCD tiép xic v6i dudng thing CD tai diém E. Lay diém F thuoc doan thing C'D sao cho
CF = DE. Chiing minh ring tam gidac FHK 1a tam gidc vuong can.

Loi giai
Hai tam giac AJD va AJB bing nhau (c-g-c) nén ADJ = ABJ = PDJ. Tit d6 suy ra t giac PJDB
noi tiép.
Goi M la giao didm cfia hai dudng thing PJ vi HD. Vi DBP = 45° nén MJD = 45°, suy ra MDJ = 45°.
Tit day, ta c6 DHP = 45°. Mit khac, ta lai 6 JHP = JDP = JDS nén DHP — SHP = MDJ — JDS.
Do doé, SHD = ﬁ, suy ra SH = SD.
Goi Z la giao diém ciia duong thing KL va duong thing PC; X la giao diém ctia duong thing H.J
va PD. Goi G, T tuong ting 1a hinh chiéu vuong géc ciia cac diém H, K trén dudng thing CD. Ta c6
DHG = SDH = SHD, do d6

111 Hudng téi ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

DG — DX — DA+D2P_AP-
CP+CB - BP DC+DP-CP _,
Hoan toan tuong tu, ta ciing ¢6 CT = CZ = + 5 va CF = DE + 5 . bén day,

cha § tam gidc HPD c6 PHD = 45° va J la tryc tam ctia tam gide, ta dé ching minh duge HJ = DP.

AP+ AD — DP
Lai co JX = + 5 nén

_ AD+ AP+ DP
o 2

X =CF+CT =TF.

Chitng minh tuong tu, ta ¢c6 KT = FG. Tu d6, AGHF = ATFK (c-g-c). Do d6, dé dang suy ra tam
giac FFH K vudng can.

Bai toan 103. (Chuyén Tin Ha Noi 2023) Cho hai dudng tron (O; R) va (O’; R') cit nhau tai hai diém phan
biet A va B (R < R' < O0’). Goi PQ la tiép tuyén chung ctia hai dudng tron (O) va (0') véi P € (O) va
Q € (0'). Duong thing PQ cit duong thing OO’ tai diém S. Qua diém S vé mot dudng thang cit dudng tron
(O) tai hai diém E, F va cat duong tron (O') tai hai diém G, H sao cho SE < SF < SG < SH.

1. Chitng minh dudng thing OFE song song véi duong thing O'G.
2. Chiing minh SA% = SP.SQ.

3. Tiép tuyén tai diém A ctia duong tron (O) cat dudng thing OO’ tai diem M. Tiép tuyén tai diém A cla

dudng tron (O') cat dudng thing OO’ tai diém N. Dudng thang ME cit doan thing AB tai diém I.
EA? TA . )
5B 1B va ba diem N, I, H thiang hang.

Chtng minh

Lai giai
P
50 _ 0P R yio6 | oF, ¢ e SH. Kni do

Ta thay OP || O'Q nén SO - 00" R

E
(20/ = g = 0'G' =R &G (0

Mait khéc, ta lai c6 OFEF + O'HG < 180° nén O'H J OFE. Vay nén G = G’, ta thu dugc diéu phai chiing

minh.
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2. Ké O'K | OA, K € AS. Lap luan tuong ty nhu trén, ta ciing c6 K € (O'). Lai ¢6 ring SAP = ﬁ(b =
SQA nén ta duge ASAP ~ ASQA (g-g). Vay nen SA? = SP.SQ. Day la diéu cin phai ching minh.

3. D& thay cd M A vi M B déu la tiép tuyén ctia dudng tron (O). Goi M E cit dudng tron (O) tai diém thi
. < DA N
hai 14 D. Theo mo hinh tiép tuyén, ta c6 B = DB Mait khac, chia y rang ATAD ~ AIEB (g-g) va
AIBD ~ AITEA (g-g) nén ta c6 bién doi ti s6 nhu sau

IA_IAID_EAAD_EA
IB ID'IB BD EB EB?2 ‘7"

SA SO SE

Mt khic, ta 6 oo = <o = oz nen AE | KG. Suy ra SAE = ADG = AHG. Do d6, ASAE ~ ASHA
, . AE _SA _SB _BE EA _HA
(g—g) Tu’dng tlr7 tac6 ASBE ~ ASHB (g—g) Do dO7 ﬂ = SiH = SiH/; ﬁj;y ra ﬁ = ﬁ ( )
. ~ I H
Goi I’ 1a giao diém ctia NH va AB. Tuong tiu, ta dé ching minh dugc 7B~ OB (3).

T (1), (2) va (3) suy ra I = I’ ta c6 diéu phai chitng minh.

Bai toan 104. (Thai Nguyén 2023) Cho tam gidc ABC (AB > BC) c¢6 ba géc nhon, noi tiép duong tron (O).
Vé cac duong cao AD, BE, CF clia tam gidac ABC. Goi diém H 1a tric tam ciia tam giac ABC, I 1a trung diém
ctia doan thang DF'. Tia AI cit dudng tron (O) tai K (K # A), tia BE cat dudng tron (O) tai J (J # B).
Chitng minh ring

1. E la trung diém ctia doan théng H.J.
2. Tam dudng tron ngoai tiép tam gidc KD nim trén duong thing BC.
Loi giai
Day 13 két qua quen thudc dya vao mé hinh truc tam.

2. D& chitng minh ADHE ~ ADFA (g-g). Cung véi viec E, I lan lugt 1 trung diém ctia HJ, FD, ta c6
bién ddi ti s6

HD HE _2HD 2HE HD HJ _FA HJ

FD _FA  FD  FA ~ FI FA FI _HD

Cung v6i DHJ = IFA (cting bu @)7 ta duge AJHD ~ AAFT (c-g-c). Tu day, dé dang suy ra ba
diém J, E, K thang hang. Do do, ta c6
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KD = ABH = ADI.

Suy ra AD la tiép tuyén ctia duong tron (/K D). Ma AD 1 BC nén tam dudng tron (IKD) nam trén
duong thing BC.

K

Bai toan 105. (CSP V2 2022) Cho tam gidc déu ABC ngoai tiép duong tron (O). Cung nhé OB ctia dudng
tron ngoai tiép tam gidc tam gidc OBC cat dudng tron (O) tai diém E. Tia BE cit dudng tron (O) tai diém
thit hai F.

1. Chiing minh EO la tia phan gidc ciia géc CEF.
2. Chitng minh t gidc ABOF noi tiép.
3. Goi D la giao diém thit hai ctia CE v6i dudng tron (O). Chitng minh ba diém A, F, D thing hang.
Lai giai
A

1. Vi tam giac ABC 13 tam gidc déu nén O ciing 13 tam dudng tron ngoai tiép tam gidc ABC. Ta c6
FEO = OCB = OBC = OEC.
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Suy ra EO la tia phan giac cua CEF.
Ta c6 OFB = OEF = OCB = 30° = OAB nén ti giac ABOF noi tiép.

Ta c6 AOEF = AOED (c-g-c) nén EF = ED. Suy ra tam giac DEF can tai E. Ma DEF = 20ED = 60°
nén tam gisac DEF la tam gigc déu. Do d6, DFE = 60° (1).

Mit khac, tit gisc ABOF noi tiép nen AFB = AOB = 120° (2).

Tit (1) va (2) suy ra ba diém A, F, D thing hang.

Bai toan 106. (PTNK 2020) Cho dudng tron (O), day cung BC khong chita tam O va diém A thay ddi trén
cung 16n BC. Ly cac diém E, F thoa man ABE = CAE = ACF = BAF = 90°.

1.

2.

1.

Chitng minh ring AE.AC = AF.AB va O la trung diém ctia EF.

Ha AD vuong goc v6i EF (D € EF). Chitng minh ring cdc tam gidc DAB va DCA dong dang vd D

thudc mot dudng tron cd dinh.

Goi G 1a giao diém ctia AD va duong tron (O) (G # A). Chitng minh ring AD di qua mot diém c6 dinh
va GB.AC = GC.AB.

Goi K la tam duong tron ngoai tiép clia tam giac AEF. Ching minh ring AK di qua mot diém c6 dinh.

Lai giai

T

Ké duong kinh AX ctia dudng tron (O). Khi d6 dé thay cac bo diem (E, B, X) va (X, C, F) thang hang.
Suy ra ti gisc AEXF la hinh binh hanh. Do d6, AEB = AFC. Vi vay, ta duge AABE ~ AACFE (g-g).
_ AFE AF

Do dO, EiﬁéAEAC7AFAB 7 ?

Mat khéc, vi tit gihc AEX F 1a hinh binh hanh va O 1a trung diem ctia AX nén O 1a trung diém cta EF.
Dé théy céc tit gisic ADBE, ADCF noi tiép nén BAD = BED = AFD = ACD va DAC = DFC =
AED = ABD. Do d6, theo dinh nghia ctia diém Dumpty, ta duge D la diém A - Dumpty ctia tam giac
ABC. Do d6, ADAB ~ ADCA (g-g). Ngoai ra, D € (BOC) la mot dudng tron c6 dinh. (cac tinh chét
nay déu khéng dugc sit dung truc tiép trong bai thi, hoc sinh can phai chitng minh lai)
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3.

K& hai tiép tuyén tai B, C ciia (O), hai tiép tuyén nay cit nhau tai T’ (c6 dinh). Theo tinh chat ctia diém
. . P P GB AB
Dumpty, ta c6 ba diem A, D, T thang hang. Mat khac, theo mé hinh tiép tuyen, ta dugc oc = ac

nén GB.AC = GC.AB.

. Goi M la trung diém ctia BC (c6 dinh), ta sé chitng minh ba diém A, M, K thing hang. That vay, goi Q, R

lan lugt 1a trung diém cta AE, AF, KQNAB = {I}, KRN AC = {J}. Déd thiy KQ | AE,KR | AF.
Suy ra AAIQ ~ AARJ (g-g). Suy ra

Al AQ AE AB
AJ AR~ AF ~ AC
Do d6, IJ || BC nen tit gidgc BIJC la hinh thang. Mat khac, dé thiy ti gidc ATKJ 1a hinh binh hanh

néen AK di qua trung diém ctia IJ. Ma tt giac BIJC la hinh thang nén theo bé dé hinh thang, ta dugc
AK di qua trung diém ctia BC. Do vay, ta c6 duge diéu phai chitng minh.

Bai toan 107. (Phid Tho 2022) Cho hai duong tron (O; R) va (O'; R') cit nhau tai hai diém A va B (R > R’
va O, 0’ thuoc hai nita mat phang d6i nhau bs AB). Dudng thing AO cat (O) va (O’) lan lugt tai C va M,
duong thing AO’ cat (O) va (O') lan lugt tai N va D (C,D, M, N khac A). Goi K la trung diém ctia CD; H
la giao diém ctia CN va DM.

1.

2.

Chitng minh ring nam diém M, N, K, O, B cing thuoc mot dudng tron.

Goi (I) la duong tron ngoai tiép tam giac HCD; E la diém déi xing véi C qua B; P la giao diém ciia
AE va HD; F la giao diém ctia BH va (I) (F khac H); Q 1a giao diém ctia CF va BP. Chitng minh ring
BP = BQ.

Chitng minh ring IBP = 90°.

Lai giai

Xét thé hinh nhu sau, cac thé hinh khéic chiing minh tuong tu

1.

2.

Dé thay ba diém C, B, D thang hang. D& thay A Ia tric tam ctia tam giac HCD; B, N, M lan lugt 1 ba
chan duong cao ké tit H, D, C. Khi d6, nam diém M, N, K, O, B ciing nim trén dudng tron Euler clia tam
giac HCD.

Ta thay ti gidc AEFC 1a hinh thoi nén ta dé chiing minh duge ABCG = ABEP (g-c-g). Suy ra
BP = BQ.
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3. Goi giao diém ctia PQ véi (I) 1a S va T nhu hinh vé. Theo phuong tich, ta c6 PS.PT = PD.PH (1).
Mit khéc, dé thay PA = QF, PE = CQ nén ta c6 QS.QT = QF.QC = PA.PE (2).
Ngoai ra, d& thiy tt gidc HADE noi tiép nen PD.PH = PA.PE (3).
Tu (1), (2) va (3) suy ra QS.QT = PS.PT.

= QS.PQ+ QS.PT = PT.PQ + PT.QS = QS.PQ = PT.PQ = QS = PT.
Do d6, ta suy ra duge B la trung diém ctia ST. Do dé, IBP = 90°.
Nhan xét: Vai g (3.), day chinh la phan ddo ctia dinh lj con budm, ban doc cé thé tham khdo thém cdc cich
chiing minh khac.

Bai toan 108. (HSGS V2 2024) Cho tam gidc ABC nhon, khong can noi tiép dusng tron (0), c6 E, F lan
lugt 1a trung diém ciia cdc canh CA, AB. Diém P di chuyén trén cung nhé BC (P khac B,C). Goi M, N lan
lugt 1a giao diém ciia cac duong thang PC, PB véi duong thing EF. Cac duong thing AM, AN cit duong tron
(O) theo thit tu tai @, R (Q, R khac A).

1. Chiing minh ring ti gidc AFPM nai tiép va EPF = aP\R
2. Chitng minh ring giao diém ctia hai dudng thing QF va RF nim trén dudng tron (O).

3. Lay cac diém S, T lan lugt thuoc cac dudng thing C A, AB sao cho ba duong thing ET, FS, AP song
song vdi nhau. Goi K va L 1an lugt 14 tam dudng tron ngoai tiép clia cac tam gidc NF'S vi M ET. Duong
thing di qua K vudng goéc véi duong thing AB cit dudng thang qua L vudng géc véi duong thing AC
tai diém .J. Chitng minh ring diém J luén nim trén mot dudng thang ¢ dinh khi diém P thay doi.

Lai giai

1. Ta ¢6 EF || BC nén PMF = PCB = PAB. Do d6, tit gidc AFPM noi tiép. Chiing minh tuong tu, ta
c6 tit giac AEPN noi tiép. Suy ra

EPF = APF + APE = AMF + ANF = 180° — RAQ = QPR.

2. Ta ¢6 PFE = PAM = PRQ. Ké hop véi EPF = QPR, ta dude AEPF ~ AQPR (g-g). Tit day, dé
ching minh duge APEQ ~ APFR (c-g-c). Goi PFNEQ = {L,}, ta 6 PQL; = PRL; nén tit gidc
PQRL; noi tiép. Vay Ly € (O).
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3. Trudc hét, ta can chiing minh bd dé sau
Bb dé: Cho tit gidgc ABCD noi tiép duong tron (O), cic duong chéo AC va BD cit nhau tai diem I. Goi
H la hinh chiéu vuong goc ciia diém I trén duong thing CD va M la trung diém cia CD. Cac diém N, P
lan gt thuoc cdic duong thang BC, AD sao cho MN || AC va MP || BD. Dudng tron ngogi tiép tam
gidgc MNP cit duong thing CD lan thit hai tei diém K. Khi dé, M la trung diém cia doan thing HEK .
Chitng minh bé dé:

Goi X,Y lan lugt 1a giao diém ctia duong thing M N va céc duong thang DI, DA; Z,T lan lugt 1 giao
diém ctia duong thang M P v6i CI,CB. Ta thay X,Y, Z T lan luct 1a trung diém cta DI, AD,CI,CB
va tit giac M HY Z 1a hinh thang can.

T/ﬁ:\ﬁjﬁ/ — HZT, ta lai ¢6 % = % = % = % nen AHXY ~ AHZT (c—g—c).B_o\dé, H//Y\z\\4 =
HTM nén ti gidc YTMH noi tiép. Mat khac, cha y rang NY || AC, PT || BD nén NYP = CAD =
DBC = PTN. Do d6, tit gisc YT NP ni tiép.

Goi J 1a tam dudng tron (YTNP). Vi M 1a trung diém ctia C'D nén theo dinh Iy con buém, ta dugc
JM L CD. Goi giao diém ctia CD v6i YT, PN lan lugt 1a V,U. Van theo dinh ly con buém, ta c6
JM 1 VU nén M la trung diém cta VU.

Dé& dang chiing minh dudc hai ti giac VY KN vi Y HNU noi tiép nén theo phuong tich, ta c6
MKMV =MNMY = MHMU = MH = MK.

Ta hoan thanh viéc chitng minh bd dé. Ta ap dung bd dé vé6i vi tri cdc diém nhu hinh vé (cac trudng hgp
khéc tuong tu).

Goi X la giao diém khac F clia dudng tron (K) va dudng thiang AB. Qua diém D, ké duong thing vuong
goc véi dudng thang AB tai diém Y. Goi Z, G lan lugt la giao diém ctia duong thing KJ véi cac dudng
thing AB, EF. Goi H la giao diém ctia hai dudng thing LJ va EF tai H. Goi U,V lan lugt 1a giao diém
ciia duong thing BC va OF,OF.

Theo bd dé trén, ta duge F la trung diém ctia XY. Do % = % = % va FY = FX = 2FZ nén
FG = % Lap luan tuong tu, ta c6 EH = % Suy ra

GH = EF — FG — EH = w (cb dinh).

Ta c6 tam gidgc JGH c6 cac goc khong déi va do dai canh GH ¢b dinh nén do dai dudong cao JW khong
déi. Vay diém J thudc duong thing song song véi EF va cach EF mot khoang JW.
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P
Bai toan 109. (HSGS V2 2023) Cho tam gidc ABC nhon v6i AB < AC noi tiép dudng tron (O) c¢6 tiép tuyén
tai A ctia (O) cat BC & T sao cho TB > BC. Goi P va E lan lugt la trung diém ctia TA va TC.
1. Chiing minh ring tit gidc APEB noi tiép.

2. Goi giao diém thit hai ctia AFE vé6i (O) 1a F. Lay G thuoc (O) sao cho FG song song véi AC. Chitng minh
ring ATG = TAF.

3. Goi H la truc tam ctia tam giac ABC, D la giao diém ctia AH va BC. M la trung diém BC. K déi
xitng A qua BC. N thuoc duong thing AM sao cho KN song song véi HM. Lay S thuoc BC sao cho
NS L NK. Duyng R thuoc tia AK sao cho AR.AH = AD?. @) 1a diém sao cho PQ L AS va SQ L AO.
Chitng minh ring diém déi xing véi A qua QR thuoc duong tron duong kinh DN.

Lai giai

1. Do AT la tiép tuyén ctia duong tron (O) nén ta c6
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1 1
TA?2=TBTC = §TA2 = iTB.TC' = TPTA=TE.TB.
Vay nén ti gidac APEDB noi tiép.

2. Vi EP la dudng trung binh ctia tam gidc ATC, tit giac AFGC la hinh thang can va AT 1a tiép clia dudng

tron (O) nén ta c6

AEP = EAC = FAC = GCA,

Va
GAC = FCA = TAF = PAE.
- o= AE AP o .
Nhu vay, ta duge AAEP ~ AACG (g-g) va dan dén 10 = A Lai cha y rang AT = 2AP vas AC = 2EP,
AE 2AE 24P AT . T
ta thu du,diﬁ :E = TG = TG Ket hdp voi AEP = TAG ta thu dlde ANAEP ~ ANTAG (C—g—C)

va vi thé ATG = TAF.

3. Xét cac didm c¢6 vi tri nhu trén hinh vé

Goi AJ 1a dudng kinh ciia dutng tron (O). Ta c6 tit gidc BHCJ 1a hinh binh hanh nén M I3 trung diém
ctia HJ. Goi AJ cat KN tai L. Do M la trung diém ctia HJ va HJ | KL nén N la trung diém ctia KL.
Ma NS | NK nén SL = SK, ma SA = SK (do D la trung diém AK) nén SA = SL. Lai c6 SQ L AL
neén SQ la trung truc cia AL hay SQ L AL tai trung diém X ctia AL.
Goi U la diém déi xting véi A qua R. Ta c6 AH.AR = AD? = AH.AU = AD.AK.

AM AH  AD

jﬁzﬁ_ﬁéDMHUNéNULAU.

Ta c6 NX || AK (tinh chat dudng trung binh) nén NX | OM, ma M D || NU nén

AO AM  AD
AxX AN~ ap Corlvx.
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Ta c6 AH.AU = 2AD? nén OM.AU = AD?. Ta c6 tit giac OMTA noi tiép dudng tron (OT). Goi (OT)
cat AD tai A’ (A’ khac A). C6 tit gifc AOM A’ 1a hinh thang can nen DA — DA’ = OM.
Do DT.DM = DA'.DA = DA.(DA -~ OM) = AD?> — AD.OM = OM.AU — AD.OM = OM.DU

_ DT _ M0

DU  MD’
Nen ADTU ~ AMOD (c-g-c) = DTU = MOD néen OD L. TU. Ma OD || UX nén TUX = 90°. Ta goi
NX | BC tai V nén nam diém T, A, V, X, U thuoc dusng tron (O) duong kinh TX.
= O'R la trung tryc ctia AU nén O'R || ST nén O'R di qua trung diém Y ctia SX. Goi PO’ cit QX tai
P'. Ta c6 AT || QX ma O’ 1a trung diém ctia TX nén O’ la trung diém ctia PP’. Ta ciing c6 PO’ || AX
nén PP’ 1 XQ, ma PQ L AS nén AP'PQ ~ AXSA (g-g); ma O, Y lan lugt 1a trung diém ctia PP’ va
XS nen AP'QO" ~ AXAY (c-g-c) nén
QO'P=XYA= QO' LAY ={Z}.
Suyra YRYO' =YAYZ =Y X.YQ nén tt gidc QO'RX noi tiép. Nén
O'RQ=0XQ=XTA=XUA=VAU (do ti gisc AVXU noi tiép va XV || AU).

Ma ARO’ = 90° nén QR L AV. Goi I 1a diém déi xitng véi A qua QR thi QR L AI. Do d6 A, V, I théng
hang. Do RI = RA = RU nén AIU = 90° dan dén AADV ~ AAIU (g-g). Do d6, ta dudc

IA_DA_DA:AD_UN
IU DV UN Al UI

Ma AUN = ATU = 90° nén TUN = TAU. Tit d6 AADI ~ AUNT (c-g-c).
= AID = UIN = DIN = AIU = 90°.
Vay nén ta c6 duge di¢u phai ching minh.

Bai toan 110. Cho tam gidc nhon ABC v6i BC ¢b dinh va AB < AC. Goi AD, BE, CF la cac dudng cao ciia
tam gidc ABC. Duong thing di qua D va song song v6i EF cit AB, AC lan lugt tai @, R. Dudng thang EF
cit BC tai P. Chitng minh ring dudng tron ngoai tiép tam gidc PQR luon di qua mot diém cb dinh.

L&i giai
A

D@ thay tit giac QBRC ndi tiép nen DQ.DR = DB.DC (1).
Goi M 1a trung diém ctia BC. Tt giac BFEC noi tiép duong tron tam M nén

121 Hudng téi ki thi tuyén sinh vao 10 2024 - 2025



Céc chuyén dé va bai tap hinh hoc 9 ning cao

DB.DC = MB? — MD? (2).

Ta thiy F'C va FB la hai dudng phan gidc trong va ngoai tai dinh F cla tam giac FPD.

Mat khac, MFB = MBF = BFP + BPF = BFD + BPF. Ma MFB = BFD + MFD nen MFD = BPF.
Suy ra F'M la tiép tuyén ctia duong tron (DFP). Vi vay, MD.MP = MF? = MB? (3).

Tit (2) va (3) suy ra DB.DC = MB? — MD? = MD.MP — MD? = MD.DP (4).

Tit (1) va (4) suy ra DM.DP = DQ.DR nén tit gidac QM RB noi tiép. Vay dudng tron (PQR) luon di qua diém
M cb dinh.

Bai toan 111. Cho tam gidc nhon ABC can tai A, ndi tiép dudsng tron (O). N la mot diém trén cung nhd
AB ctia dusng tron (O) (N khac A va B). Trén tia déi clia tia N A, lay diém I khac N. Goi D, E, F lan lugt
1 hinh chiéu vuong géc ctia diém I trén cac dudng thing BC,CN va NB.

1. Ching minh IE =IF.

2. Ké duong kinh AK ctia dudng tron (O). Goi Q 1 giao diém ciia cac duong thang EF va KI; va M la
trung diém ctia doan thing BC. Chitng minh ring dudng thing MQ song song v6i dudng thing AN.

3. Goi G la giao diém ciia cac duong thang BC va KI; va J 1 giao diém ctia cdc dudng thing NG va EF.
Chitng minh ring DJ vuong goc véi EF.

Lai giai

1. Ta cé
INE = ANC = ABC = ACB = INF.

Do d6, hai tam gidc vuong INE vd INF bang nhau theo truong hop canh huyén — géc nhon, suy ra
IE=1F.

2. Tit cau (1.), ta suy ra duge IN la trung tryc ciia EF. Do d6, IN vuong goc véi EF tai trung diém H
ctia EF, tuong ti, ta ciing thay AK L BC. Mit khéc

INE = ANC = AKC.

. MA  HI
Nén AIEN ~ ANACK (g-g). Tu day, két hop v6i EH L NI va CM 1 AK, ta suy ra VK- ON
— — HI I P P
Ta ¢c6 THQ = INK = 90° nén HQ || NK, suy ra TN = g—K Két hgp v6i két qué trén, ta dugc
MA Qr . . .
W = Q7K Tu day, ta co MQ || AN
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3. Goi P la giao diém ctia cac duong thang AN va BC, L la giao diém ctia ID va KP. Do IL | AK nén

br_ MA Tu doé tacc’)E _ e suy ra DQ || PK. Tu day, két hop véi QJ || NK, ta dugc
DL - MK 9 DL - QK’ y . Ys .pV 9 v
GD GQ GJ .
@7G77G7N SuyraDJHPN, dOdODJJ_EF

Bai toan 112. (CSP V2 2019) Cho tam giac ABC' ¢6 ba géc nhon noi tiép dudng tron (O) va AB > AC. Goi

D, E lan lugt 1 chan cac dudng cao ciia tam gidc ABC ha tit A, B. Goi F' 1a chan dudng vuong goc ha tit B

len dudng thing AO.

1. Ching minh ring B, D, E, F 13 bén dinh ciia mot hinh thang can.
2. Chiing minh ring EF di qua trung diém ctia BC.

3. Goi P la giao diém thit hai ctia duong thing AO va dudng tron (O), M va N lan lugt 1a trung diém ctia
EF va CP. Tinh géc BMN.

Lai giai

1. Dé& thay nam diém A, E, D, F, B ciing thuoc dudng tron dudng kinh AB. Ta c6 FDB =FAB = CAD =
EBD nen FD | BE. Ma tt giac BEDF noi tiép nén t1¢ gidc BEDF la hinh thang can.

2. Goi K la giao diém ctia EF va BC. Do tit gisc BFDE la hinh thang can nén KE = K B. Ma tam giac
BEC vuong tai F nén ta dé dang suy ra K la trung diém ctia BC.

3. Do tt gisc ABFE va ABPC i tiép nen BFE = 180° — BAC = BPC va FBE = FAC = PBC

. BM BE

nén ABFE ~ ABPC (g-g). Ma M, N tuong tng la trung diém cta FE va PC nén BN = BO

va MBN = MBC + NBC = MBC + MBE = EBC. Suy ra AEBC ~ AMBN (c-g-c). Vay nén
BMN = BEC = 90°.

Bai toan 113. (D¢ thi vio 10 THPT Chuyén Dai hoc Vinh 2024) Cho dudng tron (O) dudng kinh AB. Dudng
thang A tiép xtc véi (O) tai A, I 1a diém cb dinh trén doan AB va CD la day cung thay ddi ctia (O) luon di
qua I. Cac duong thang BC, BD cat A lan lugt tai M, N.

1. Chiing minh rang CDNM la tit giac nai tiép.
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2. Goi K la giao diém thtt hai ctia dudng tron ngoai tiép tam giac BM N véi duong thang AB. Ching minh
ring K MC1T 1a t¢ gidc noi tiép va tich AM.AN khong doi.

3. Goi T la tam duong tron ngoai tiép ti gisc CDNM. Tim vi trf ctia CD sao cho do dai doan thfmg BT

nhé nhéat.

Lai giai

Xét vi tri cac didm nhu hinh vé

1. Theo hé thitc Iugng, ta c6 BC.BM = BA? = BD.BN. Vi vay, theo phuong tich, ta c6 ti gihc CDMN

ndi tiép.
2. Ta c6 bién doi goc MKB = MNB = DCB nén tt gidac KM CI noi tiép. Suy ra
BI.BK = BC.BM = BA?.

Suy ra K la diém cb dinh. Do d6, AM.AN = AK.AB khong doi.

3. Goi r 1a ban kinh ctia dudng tron (T') thi 2 — TA? = AM.AN = a khong ddi. Tuong ty, ta ciing c6
ID.IC = b=1r? — TI? khong d6i. Suy ra TI?> — TA? = a — b. Goi H 13 hinh chiéu ciia K léen AB. Theo
dinh ly Pythagoras, ta c6

(AT +2AH). AT = HI? — HA? = (TI? — TH?) — (TA% — TH?) = TI> — TA% = a — b,

T day, két hop véi AT khong ddi, ta duge H khong d6i. Do d6, BH c¢6 dinh. Vi vay BT? > BH? (cb
dinh). Ta s& chi ra dau béng.

Dau ding thiic x4y ra khi va chi khi T tring H tiic 1a BA la trung tryc cia CD. Vay CD L AB = {I}
thi BT c6 gi4 tri nhé nhat.

Bai toan 114. (Thita Thién Hué 2022) Cho duong tron (O) va day BC ¢b dinh khong di qua O. Diém A thay
ddi tréen cung l6n BC sao cho tam gidc ABC' 1a tam giac nhon (AB < AC). Goi AD, BE,CF la cac dudng cao
va H la tryc tam ciia tam giac ABC. Goi K 1a giao diém ciia hai duong thing BC va EF; I 1a giao diém thit
hai ctia KA vé6i (O); M 1a trung diém BC; N la giao diém tht hai ciia AH va (O). Chiing minh

1. Tt giac AIFE noi tiép.

2. Ba diém M, H, I thing hang.
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3. T gidc IMNO nai tiép.
4. Puong thing IN di qua mot diém cé dinh khi A thay déi.

Lai giai
A

‘\E
A\

Yo

1. Ban doc ty xem lai mo hinh tryc tam va tim cach ching minh.
2. Ban doc tu xem lai mé hinh truc tam va tim cich ching minh.

3. Ké duong kinh AT ctia dudng tron (O). Khi d6, bén diém M, H, I, T thing hang va N, T dbi xitng nhau
qua OM. Ta c6 bién déi goc

m:m:%m:m.

Suy ra t& giac IMNO noi tiép.

4. Ké hai tiép tuyén tai B va C clia duong tron (O), hai tiép tuyén nay cit nhau tai diém S c6 dinh. Ta
sé chitng minh ba diém I, N, S thdng hang hay tit giac IBNC la ti gidc diéu hoa. That vay, dé thiy

IB BF
ANIEC ~ AIFB (g-g) nén C=CB (1). Mt khéac, ta lai ¢c6 ABHF ~ ACHE (g-g) nén ta co6
BE _BH BN
CE CH CN
IB NB

T (1) va (2) suy ra Do d6, tit giac IBNC la tt gidc diéu hoa, ta c6 diéu phéi chiing minh.

c ~ NC
Bai toan 115. (HSGS V2 2019) Cho tam gidc ABC can tai A, c6 dudng tron noi tiép (). Cac diém E, F
theo thit tur thuoc cdc canh CA, AB (E khéc C va A; F khac B va A) sao cho EF tiép xtc véi duong tron (1)
tai diém P. Goi K, L lan luot hinh chiéu vuong géc ctia E, F len BC. Gia st FK cit EL tai J. Goi H 1a hinh
chiéu ctia J len BC.

1. Chiing minh rang HJ 13 phan giac goc EHF.
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2. Ki higu S1, Se 1an lugt 1a dién tich ciia cac ti¢ gidc BFJL va CEJK. Ching minh ring

Si  BF?

Sy,  CE?

3. Goi D la trung diém ciia canh BC. Chiing minh ring ba diém P, .J, D thing hang.

Loi giai
LOT GIAT 1.
A

SM

1. St dung dinh 1y Thales trong tam giac LK E véi JH || EK, ta c6

7
St dung dinh 1y Thales trong tam gidc JKFE véi FL || EK, ta cing c6
FL

FL _LJ

EK ~ JE’
EK HK’ i o
Hai tam giac FLH va EKH ¢6 FLH = EKH = 90° v

n gide FLH v PRI = 90" va o) = K@ niimg ﬁrf v6i nhau (c-g-c).
Suy ra LFFH = KEH. Mat khéc, ta lai ¢c6 LFH = FHJ (so le trong) va KEH = EHJ (so le trong) nén
FHJ =EHJ. Do d6 HJ la tia phan gidc cia EHF.

2. Do HJ || FL nén Spj;, = Spryg. Suy ra
S1=SBrL + SrLu = SBFH.
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Ching minh tuong ty, ta cling ¢6 Sy = Scepy.
Theo chiing minh & cau (1.), hai tam gidc FLH vh EK H ddng dang vdi nhau nén

FHB =FHL = EHK = EHC.

Hai tam giac FHB va EHC ¢c6 FHB = EHC va FBH = ECH nén dong dang v6i nhau (g-g), tit d6 ta

co
Spup _ BF? N Sy Spup BF?
SEHC ~ CE2 So o SeHC T CE*
3. Khong mat tinh téng quat, ta c6 thé gia sit P nam cling phia v6i B so v6i AD nhu hinh vé & trén.
Goi M la giao diém ctia P.J vh EK. Ap dung dinh 1y Menelaus cho tam gidc KF'E v6i cat tuyén MJP,

ta co
MK PE JF _1

ME PF' JK
Ma hai tam gidc BFH vi CEH dong dang véi nhau c¢6 FL va EK 13 hai dudng cao tuong tng nén

JE _FL _BF
JK EK CE’

= 1(x). D& chitng minh ba diém P, J, D thing hang, ta chi can ching minh M, D, J

g ra M PE BF
WY NME PFCE \
thang hang. Theo dinh 1y Menelaus déo 4p dung cho tam giac LK FE, diéu nay tuong duong véi ta phai
chitng minh
MK JE DL _ 1
ME JL' DK
Lai c6
JE EFK CFE

JL  FL BF

va
_ DL DC DB _ AF AC | _ AF

DL
DK~ DB DK DC  AB AE" ~ AE

Do dé, ta can ching minh
MK CE AF
¢ = 1(x%).

ME BF AE

Két hgp (%) va (%), ta can chiitng minh
PE BF _ 05 AF
PF'CE BF AE’

AF PF BF?
AE PE ~ cEE )

Goi T, N lan lugt 13 tiép diém ctia dudng tron (I) véi AB, AC. Dit a = AB = AC,2 = BD = CD,y =

BF =TF,z=PE = EN. Ta sé chitng minh
a= —x(x+y)(x+z)(****)
2 —yz

That vay, st dung dinh 1y Cosin trong cac tam giac ABC, AEF, ta c¢6
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AE? + AF? — EF?  AB? + AC? — BC?

2cos A =
o AE.AF AB.AC
Suy ra
(a—z—y)>’+(a—z—2)°—(y+2)° _ 2a% — 4z?
(a—z—y)la—z—2) N a?

Tu day, ta co

Yz x
a2 —2x+y+z2)at+(x+y)(z+z) a2

(2 —yz)a* =2 2x+y+2)a+2®(z+y) (z+2)=0.
Nhu thé, ta c6
(a—z)[(2* —yz)a—z(z+y)(z+2)] =0.
Do a > x nén két qua (x x xx) dugc chitng minh. S dung két qua (x x ), ta c6

z(z+y)(z+2)

AF PF _a-a—yy_— o2—y: " 'y _(a+y’ BF
AE'PE a—-z—-22 x(@+y) (z+2) _x_z'zi (x+2)> CE?*
2 —yz

Két qua (* * *) duge chiimg minh, do d6 ta c6 diéu phai ching minh.

LOI GIAT 2.

B

1. Tuong tu LOI GIAI 1.
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2. Tuong tu LOI GIAT 1.

3. Goi @, R lan lugt la tiép diém ciia dudng tron (1) véi AC, AB. X,Y lan lugt la giao diém ctia QP, RP
v6i AD. Ta c6 bién déi géc

ﬁ:;@:mim:mm@:m.

Do dé, XPE = m = ATF nen ti giac FPXI noi tiép. Suy ra FXI=FPI =90°. Vi vay, FX 1 AD.
Ching minh twong ty, ta c6 EY L AD. T d6, cac ti giac FLDX, EFY DK la cac hinh ch@ nhat nén
DX =FL,DY = FK.
Mit khac, dé thay IP? = IX.IY. Dung duong kinh DM ctia dudng tron (I). Tiép tuyén tai M cit EF
tai N. Tt d6, ta duge ID? = IP? = IX.IY. Vi vay
IX ID IX+ID DX FL FJ
ID Iy ID+1Y DY EK JK'
IX 1M MX _FN
IM IY MY NE’

FJ FN N . .
T d6 suy ra Ik = NE = JN || EK. Theo tién dée Euclid, ba diem N, J, H thang hang. Tu day suy ra
JN FJ LJ JH .
ti giac M N HD la hinh chit nhat. Hon niia, ta ¢6 — = — = —— suy ra J la trung diem cta

EK FK LE EK
NH. Ta suy ra hai ti gidc MNJI,IJHD la cac hinh chit nhat. T do6, suy ra JN = IM = ID nén ti

gidc NJDI 1a hinh binh hanh. Suy ra JD || IN. Mat khac, dé thay TN la tia phan gidc ngoai dinh I clia
tam gidc PID nén IN || PD. Do d6, ba diém P, .J, D thing hang.

5 Bai tap ban doc tu giai

Bai toan 116. Cho hai dudng tron (Oq; R;1) va (Og; Ry) (véi Ry > Ry) cit nhau tai hai diém phan bigt A, B.
Qua A ké dudng thang cit (O1),(O2) lan lugt tai C, D (déu khac A) sao cho A la trung diém ctia doan CD.
Dudng tron ngoai tiép tam gidc BC'D cit dudng thing AB tai diém E (khac B), dudng thing EC cit dudng
tron (Oy) tai diém P (khac C), duong thing ED cit duong tron (Oy) tai diém Q (khac D).

1. Chitng minh ring ABCP ~ ABDQ.
2. Chitng minh ring ba diém A, P, Q thing hang.

3. Vé duong phan giac trong EI clia tam gidc EPQ. Vé PM,QN lan lugt 14 cAc phan giac trong clia cac
tam giac CPI va DQI. Chiing minh rang M N || C'D.

Bai toan 117. Cho tam giac ABC nhon v6i AB < AC. Duong tron (1) noi tiép tam gidc ABC, tiép xtic véi
canh BC tai D. M, N la cac diém thuoc céc canh AB, AC ctia tam gidc ABC sao cho M N song song v6i BC
va M'N khong cit (I). Duong tron (J) bang tiép géc A cia tam giac AM N, tiép xic véi canh M N tai H.

1. Chitng minh tam giac ABJ dong dang véi tam gidac AIN.

2. Tu B ké tiép tuyén thit hai khac BA cta (J), tiép xtc véi (J) tai L; tit N ké tiép tuyén thit hai khac NC
caa (I), tiép xtc vé6i (I) tai K. Chiing minh rang

ABL + TAB = INK + AIN.

3. Chiing minh ring DK song song véi HL.

Bai toan 118. Cho tam giac ABC nhon nai tiép dusng tron (O) va AB < AC. Goi I 1a tam dudng tron noi
tiép tam gidc ABC. Duong thing Al cit dudng tron (O) tai diém thit hai la M (M khac A). Goi D, E, F lan
lugt 14 céc hinh chiéu ctia I trén cic dudng thing BC,CA, AB.
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1. Ching minh tam gidc M BI 1a tam giac can.

2. Dudng tron ngoai tiép tam gidac AEF cit dusng tron (O) tai diém thi hai P (P khac A). Chitng minh
ba diém P, M, D thing hang.

3. Goi H la giao diém clia duong thang I P va dudng thing EF. Ching minh ring HD song song v6i AM.
Bai toan 119. Cho tam gidc nhon ABC nai tiép trong dudng tron (O). Cac diém E va F lan lugt nim trén
cac canh CA vi AB sao cho EF song song v6i BC. Cac duong thing BE ca CF theo thit tu cit tiép tuyén tai
C va B cta (O) lan thit hai tai K va L.

1. Dudng thing qua B va song song v6i AC theo thit tit cit KC v KA tai X va Y. Chitng minh ring hai

tam gidac X BC va BCA dong dang.

2. Dudng thang qua C song song v6i AB theo tht ty cit LB va LA lan lugt tai Z va T. Chitng minh ring

XB AF
ZC  AE’

3. Dudng thing qua E song song v6i AB lan lugt cit AK va AL tai M va N. Dudng thing qua F song song
véi AC lan lugt cit AK va AL tai P va Q. Chting minh ring bon diém M, N, P, Q ciing thuoc mot dudng
tron.

Bai toan 120. Cho tam gidc nhon ABC noi tiép duong tron (O). Cac dudng cao AD, BE,CF clia tam giac
ABC cit nhau tai H.
1. Ching minh DA 1a tia phan gidc ctia goc EDF.

. .. HD HE HF
2. Chu‘ngmlnhﬁ—ﬁ-ﬁ-l-ﬁ—l.

3. Goi M la giao diém ciia tia EF v6i duong tron (O). Goi P, @ lan lugt la tam dudng tron ngoai tiép tam
giac BMF va CME. Ching minh AM 1 PQ.

Bai toan 121. Cho hai dudng tron (O) v (O) cét nhau tai A vA B sao cho O ndm ngoai (O’) va O’ nim
ngoai (0O). Trén dudng tron (O') lay diém P di chuyén sao cho P ndm trong dudng tron (O). Dudng thing AP
cat (O) tai C khac A.

1. Chitng minh ring hai tam giac OBP va O'BC dong dang.
2. Goi Q la giao diém thit hai ciia duong thing OP va O'C. Chiing minh ring
QBC + ABP = 90°.
3. Lay diém D thuoc (O) sao cho AD vuéng géc véi OC. Chitng minh ring trung diém ciia doan thing DQ
luon ndm trén mot duong tron c¢d dinh khi P thay déi.

Bai toan 122. Cho hinh vuong ABCD noi tiép duong tron (O). Diém P di chuyén trén cung nhé AD. Goi
giao diém ctia PB va BC v6i AD lan lugt 1a M v N; giao diém ctia PB va AC 1a Q; giao diém ctia PC va
BD la R.

1. Chiing minh réing MR 1 NQ.

2. Chiing minh ring tam gidc AMQ va DRN dong dang.

3. Goi S 1a hinh chiéu vuong géc clia Q léen AB; goi T 1a hinh chiéu vudng géc ctia R len CD; I 1a giao diém
ciia QR va ST. Chting minh ring PI luon di qua diém c6 dinh khi P thay déi.

Bai toan 123. Cho dudng tron (O) duong kinh AB. Ké tiép tuyén d ciia (O) tai B. Goi H la trung diém ctia
OB. Cac diém M, N thay déi trén d, khong tring véi B sao cho H 1a tryc tam ctia tam giac AMN. Goi E, F
lan lugt 1a giao diém thit hai ctia AM, AN vé6i dudng tron (O). Chitng minh ring

1. Tt gidc MNFE nai tiép.

2. Dudng thang EF luon di qua mot diém ¢ dinh.
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