PS7. CHUYEN PE 3 - Ti LE THUC TINH CHAT DAY Ti SO BANG NHAU
PHAN I. TOM TAT Li THUYET.
A. Ti 1§ thirc

1. Dinh nghfa: Ti 18 thitc 1a mot déng thire cia hai ti s6 % - g(a, b,c,d €Q;b0,d %0)

Trong d6: Céc sd hang a va d dugc goi 1a cac ngoai ti, cac s6 hang b va ¢ duogc goi la trung ti
2. Tinh chét:
a) Tinh chét 1: (Tinh chét co ban cua ti 18 thirc)

., a ¢
Néu —=— thi ad =bc
cu b d

b) Tinh chit 2: Néu ad =bc va a,b,c,d =0 thi ta c6: %:

Nhu vay trong ti 1¢ thuc, ta cé thé hoén vi cac trung ti voi nhau, hodn vi cac ngoai ti véi nhau, hoan vi ca
trung ti v4i nhau, cd ngoia ti véi nhau.

B. Tinh chit ciia diy ti s6 bang nhau

1. Tinh chét cua day ti s bang nhau

pa_ta_t_axc_a-c

b d b d b+d b-d

+) E=£=E:>E=£=E= arcte _a-c+e (gia thiét c4c ti s6 déu co nghia).
b d f b f b+d+f b-d+f

2. Cht y: Khi ta ndi cac sd X, Y,z tilé véi cac sé a,b,c, tuc la:
5:X:Ehoacx:y:z=a:b:c

a b c

PHAN II.CAC DANG BAI.

Dang 1. Ti I¢ thirc, tinh chit day ti s6 bang nhau
I. Phwong phap giai.

1. Ty Ié thirc: La dang thirc cua hai ti s6 %zg(b,d #0) hoac a:b=c:d

Trong d6: a,b,c,d 1a cac sé hang cua ty 1é thic

- a va d la céc sé hang ngoai hay ngoai ti

- b va c la céc sb hang trong hay trung ti

Cac s a va d duoc goi 1a ngoai ti; cac s6 b va ¢ duoc goi la trung ti
2. Tinh chét cua ti lé thic

a) Tinh chét 1: Néu % - % — ad =bc

b) Tinh chat 2: Néu ad:bc;«rs0:>§:£;9:9;9:3;3:E
b dc ab ac d

3. Tinh chat cua dy ti s6 bang nhau

NG 22820 _a%C_a7C il thiét cac phan sé déu co nghia)
b d b d b+d b-d

- M& rong:

FNGu2-£_c£_a_C_¢€ _2arc+e a-C+e (gia thiét cac phan s6 déu co nghia)
b d f b d f b+d+f b-d+f

Vi du: E:fzﬁz2+4+6:ﬂ;22ﬂ:§:2+4—6:9 (do 0 khong co nghia) nén tinh chat khdng con
3 6 9 3+6+49 63 6 9 3+6-9 O 0

ding
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- Néng cao:

+ Néu EZE:E:k thi k,a+k,c+kse _
b d f kb +k,d +Kk, f
+ + + +
+ Néu a:Eth‘l a_bzc_d ; a_b=c_d
b d b d a c
(Tinh chét nay goi la tinh chét téng hoac hiéu ti 1§)
4. Cha y: Khi co day ti s6 g=%=g,ta noi cac so X, Y,z tilé vgi cac so a,b,c

C P e 2 A .z ~Z £
=—, tandicac so a,b,c ti lé voi cac so 2,3,5

Vi du: Khi c6 day ti s6 & =
2 3 5

w| T

Taciing viét a:b:c=2:3:5

- X : N . . a ¢
+) Vi ti 1€ thirc 1a mot dang thirc nén no ¢o tinh chat cua dang thuec, tur ti 1€ thic b4 suy ra

T XY 2 (XY _(y Y
a b c a b b
I1. Bai toan.
Bai 1: Chtng minh rang néu a_+b: c+d (c+d # 0) thi
b+c d+ a+b+c+d=0
Loi giai
Chu y: Trong bai toan c6 chir néu thi khéng can dat diéu kién mau khac 0 nira
., a+b c+d a+b b+c a+b b+c a+b+c+d a+b+c+d
Ta co: = = = S +1= +ls =
b+c d+a <c¢+d d+a c+d a+d c+d a+d
11 atb+c+d=0 r, hiced=0
o (a+b+c+d) —-———1|=0| 1 1 = = dpcm
c+d d+a — = a=c
c+d d+a
Bai 2: Cho (x—y):(x+Yy):xy=1:9:30. VGi X,y #0 hdy tinh xy?
Loi giai
Theo gia thiét ta co: (x—Yy):(x+Yy):xy=1:9: 30:%=%=%(x,y¢0)(1)
Te) =Y Xy _X=y _ Xty _X-y+X+y X _ xy_X X_1:>y 6
30 1 9 10 5 30 6
Lai co: %:Ty—g(*), thay y =6 vao (*) ta duoc:
ﬁzx—6:§ X—(X—6) g §:>xy 3:>xy 45
30 1 5 5-1 4 2 30 2
Vay xy =45
N S a-1 a,-2 A, —99 a,,—100
Bai 3: Timcacso a;;a,;.. , biét =—t—=_.= =
O Bl B0 DI 5 057 o9 2 1

va a +a, +...+3a,, =10100
Lo gidi
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Theo bai ra tinh chit cua ddy ti sé6 bang nhau va ta  co:

a,-1 a,-2 = 23,-99 a,-100 (a +..+ay)-1+2+..+100)
100 9 2 1 100+99+...+1
10100 — (1+100).100

2
- =l=a =a,=..=a,=101
(1+100).100: 2 %=8 %00

Viy a =a, =...= a,,, =101

Bai 4: Cho cac s6 a,b,c,d=0 va théa man b*=ac;c’=bd;b*+c®*+d*=0. Chang minh ring
a’+b’+c’ _a

b*+c*+d® d

Lai giai: Vi cac s a,b,c,d 20, ta co:

bZ:aC:E:E;CZ:bd 2.t 2_
b ¢ d b

a® b ¢ al+p’+c?

Bai 5: Cho (a+b):(b+c):(c+a)=6:7:8;a+b+c=42. Hay tim c?

Loi giai
Cach 1: tir dé bai suy ra a+h :b;c = c;a =k =a+b=6k;b+c=7k;c+a=8k
=2(@a+b+c)=2k =k=4

a+b=24

=c=18

a+b+c=42

Cacho: 3¥P_b+c_c+a_2@tb+c) 84, atb_, . oip-_o4—c-18
6 7 8 21 21 6

Bai 6: Cho %z%. Chuang minh rang:

a+b c+d
Q) —=——
b d
b) a—c=b—d
c d
a-b c-d
c) —=——
a c
Loi giai
a)Tacé:E:E:>E+l=E 1 atb_c+d
b d b d b d
b)Tacs: 2=t@ D3 g B 4 8-C b=d (o khaco)
b d c d c d c d
C)T&C(’)ZE=£:>9:9:>1—9:1—9:a—_b:ﬂ(V(')’iaVéCkhéCO)
b d a ¢ a Cc a c
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Bai 7.1: Cho %z%. Chtng minh rang:

a+c a+b c+d
Q) o= b) ——-=——
b b+d a-b c-d
7.2) V6i @ =be thi ib:ﬂl
a-b c-a
Loi giai
a) Tacégzgzt?—(tlnh chat day ti s6 bang nhau)
b)§=33§=9 a+b a-b a+b=c+d (dpem)
b d ¢ d c+d c- d a-b c-d

C)Tuglathlet:>il:E a+b_a- b:>a+b cra (dpcm) (v6i a,b,c d6i mot khac nhau va khéac 0)
b a c+ta c-a a-b c-a

Bai 8:
2 2
2) N&U E:Ethi 7a2+3at22 7(:2+3c:ol2
b d —8b° 11c--8d
2
b) Vi b7 —ac thi 202
y+c® ¢
Néu 228 gy 2 _3ar2cC
b d b 3b+2d
Loi giai
a ¢ a b a b*> ab 7a°+3ab 11a°-8b°
a)Tacd —=—=>—=—>S=—=—=— =— 5 (dpcm)
b d ¢ d ¢ d cd 7¢c°+3cd 11c"—-8d

Céch khac: dat % = % =k suy ra a=bk, c=dk, thay vao tirng vé ciia dang thirc can chang minh, rdt gon,

tinh m&i vé theo Kk suy ra diéu phai chitng minh

a b a b® ab a+b* a
T = T =@ b e e o P

a c 3a_ 2c 3a+20 a_ 3a+2c

¢) Theo gia thiét = —
b d 30 2d 3b+2d b 3b+2d

(dpcm)

) a c . a*+c? ac
Bai 9: Cho —=—. Chang minh rang — = —
b d 9 M b
Loi giai
2
Taco: 2=2=2 E:(E—l) —az()
d bd b b
., a ¢ a ¢ a’+c
Lai co: —= - = 2
e O
a+c ac
Tu (1)(2) arde :@ (dpem)

Céach 2: dat B = a =k suyra a=bk, c=dk , thay vao tirng vé cua dang thirc can chirng minh, rit gon, tinh

mdi vé theo kK suy ra diéu phai chang minh.
5a+3b 5c+3d
5a-3b 5c-3d

Bai 10: Cho %z % Chung minh rang

Léi giai
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.. a 335_3 3c_5a+3b_5a-3b_ 5a+3b_5c+3d
b

Taco: —=
b d

= = =
3d 5c+3d 5¢c-3d 5a-3b 5c-3d
Cach 2: dat %: % =k suyra a=bk, c=dk, thay vao tirng vé caa ding thirc can chitng minh, rit gon, tinh

mdi vé theo K suy ra diéu phai ching minh.

Bai 11:

a ¢ _, o , . xa+yb xc+yd
Cho —=—,Céacso x,y,zt thoa man xa+ yb=0,zc+td # 0. Ching minh: =

b d ¢ XL ¥ Hnd za+tb  zo+td
Loi giai

N a b ax by ax+by az_tb_az+tb
Tugiathiet > —=—=> —=— — =
c d cx dy cx+dy cz td cz+td

N xa+yb xc+yd

= d
za+tb zc+td (dpem)
2 2 2 2 2
Bai 12: Chotiléth&c:E:E.Chfrng minhré‘mg:a’—d:az_b2 va atb :a2+b2
b d cd c°—d c+d c +d
Loi giai
.a c a b ab a b a-b
Tt -=-=—="s—="="b="—07
b d ¢ d cd ¢ d° c°-d
a b a+b & b (atb) a+b?
Va —=—=——"=—F="75= 2 2,42
c d c+d ¢ d (c+d) c +d

Cach 2: dat %z %:k suy ra a=bk, c=dk , thay vao ting vé ciia dang thac can ching minh, rt gon, tinh

mdi vé theo k suy ra didu phai ching minh.

Bai 13: Cho 4 s6 a,,a,,a,,a, théamén: a2 =a _a,, a>=a,.a,.

Chuang minh rang: al % +2, &
a+a+a a,

Loi giai
3 3 3 3 3 3
et oA % B A3 & a4 @ & & @radid 8 a_a
8 a4 @ a a4 q a4 & Q qt+tay;t+ta @ a4 9,

. a c b a+ci-p® a
Bai 14: Cho —=—=—. Cht hra =
ai oC 174 rng minh rang: o P g
Léi giai

a ¢ _ b a ¢ b a
Tach: — =—=—> —=—=—5=—

cbd & b & d
. ) - a® ¢ b a a+c-p’
Ap dung tinh chat day ti s6 bang nhau ta duvoc: — =— :— dpcm
p dung y g nhau R s S (dpem)

Bai 15: Cho ti Ié thire: 2= <.
b d
2 2 2 2 . .
Chuang minh rang: 2a 23ab+5b _x S’Cd+5d (voi dieu kién mau thae xac dinh)
2b° +3ab 2d“ + 3cd

Léi giai
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=kb ,
thgzgzk: a , thay vao biéu thuic ta dugc:
b d c=kd
2a’—3ab+5b* k*-3k+5 . 2c¢®—-3cd+5d*> k*-3k+5
2 = (1) va 2 = (2)
2b” +3ab 2+ 3k 2d“ +3cd 2+3k
2a’—3ab+5b* 2c¢?—3cd+5d?
Tu (1)(2 = d
(D@ == 3 2P +3d (e

ac 2009a” + 2010c?
bd 2009b2 +2010d?

Bai 16: Cho %z% Chtrng minh rang:

Loi giai
a c ac (a) (c) ac a ¢
T gia thiét ta co: —:—:—.—:(—j :[—j = —=—==—
b d bd \b d bd b° d
_, ac_ 2010c®> 2009a° ~ 2010c’ + 20098’
bd 2010d2 2009b2 2010d? + 2009b*
K 4 4
Bai 17: Chang minh rang: Néu 2=5 thi | 2 b :a4+b4
b d c—-d c'+d
Loi giai
Ta co: g__jg_g__a—b:a_“__“_(a—b] _a+b (dpem)
'b d ¢ d c-d ¢ d le-d) c+d T
a+b)’
Bai 18: Cho —=—(h,c,d,c+d = 0). Chung minh rang ab_(ax )2
(c+d)
Loi giai
a+b)’
Tace: 8-D_atb_ab_a+barb_(a+ )2 (dpem)
c d c+d c¢cd c+d c+d (c+d
i 10 Che b e NA _ _ X-y_y-<¢
Bai 19: Chung minh rang: Néu 2(x+y)=5(y+z)=3(z+Xx) thi 2 c
Loi giai
Tace: XHY_ZEX_Xty-z-X_ . Y¥Z_Z4X_-y-Z+ZiX_X-y
2 3-2 3 5 -3+5 5
X_y:Z+X:>X—y:2(Z+X):>X_y:Z+X(1)Vél Z+x:y_Z:>y—z=z+x()
2 5 5 4 10 2 5
X X L X-Yy Y-z
To (1) va(2)taco: —=—
u (1) va (2) ) 5

Bai 20: Chang minh rang: Néu ¢ a,b,c,d théa man [ab(ab—ch)+c2d2][ab(ab—2)+2(ab+1)] =0 thi

chung lap thanh mat ti 1€ thic.
Loi giai
Tir gia thiét ta xét 2 trudng hop:

+) TH1: ab(ab-2cd)+c*d? :O:>(ab—cd)2 :0:>ab:cd:>§:g (dpcm)
C
+) TH2: [ab(ab—2)+2(ab+1)]=0:> a’p’ —2ab+2ab+2=0< a’b* =-2 (Vo ly)

b
2009 2011 2013°

2
Bai 21: Cho day . Chting minh rang: @ =(a-b)(b-c).

Léi giai
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. a b C _a-c_a- b b-c
Ta cb: =k
2009 2011 2013 -4 -2 -2
a-c=-4k ) )
- a—b:—2k:>(a_4c) :(“;k) = 4Kk? va (a—b)(b—c)=4K?
b-c=-2k

= VT =VP = (dpcm)

2 2
Bai 22: Cho a, b duong théa man: a®® +b** =a*® +b* . Chang minh a+b <2*
Loi giai
2 2
Giast a=1mb=1=2 "2 _o+
Néu a=1=b=1, giasir a>b= a™*(a’-1)=b™ (1-b?)
2004 2
azom 1- b Via>b=1-b*>a’-1=a’+b*<2
b 1-a°
a+b’
<——2 dpcm
2 3 o (e
Bai 23: Cho a,b,c#0 va l+1+}—0 Chuang minh rang i+i+i<0
a b c ab bc ca
Loi giai
fogiéthiét:iz— 1+1 :>1 1+1 <O:>i+i<0
a b c alb c ab ac
Tuong tu: i+i 0i+i<0
bc ab ac bc
N £ ) 1 1 1
Cong theo vé ta dugc: 2| —+-—+— [<0 (dpcm)
ab bc ca
. 2000 y2000 2
Bai 24: Cho x* +y* =1 va b.x* =ay®. Chttng minh ring:

a1000 blOOO (a+ b)lOOO
Loi giai
Tu bx2+ay2:>X—2=£= Xhyn 1
a b a+b a+b
y

X B 2000 B 1 X2OOO y2000

= = = d
alOOO blOOO (a+ b)lOOO = 1000 + bZOOO (a+ b)lOOO ( pcm)

2000

a

Bai 25: Chung minh rang néu x = a_b,y= b_c,z: €72 i ta co:
a+b b+c c+a

(1+x)(1+y)(1+2) =(1-x)(1-y)(1-2)

Loi giai
Xét x+1=a;b+1=ﬁ.Tuo'ng tur: y+1:2—b;z+1=£
a+b a+b b+c c+a
Khi dé VT = 8abc
(a+b)(b+c)(c+a)
Tuong tu: 1-X= 1—a—b=2—b 1—y=£,1—z=ﬁ
a+b a+b’ b+c c+a
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. 8abc
Khi d6: VP = =VT (d
OV = ) (bro)(cra) T P

2 2
Bai 26: Biét a2+ab+b§:15; cz+%:6 va a+ac+c®=9(ac=0a=—c). Chung minh ring

2c_b+c
a a+c
Loi gidi

2 2
Ta co: a2+ab+%=15=6+9=(a2+ac+c2)+[c2+%j

= 2c’=ab—ac= 2c* =ab+ac—2ac = 2c° + 2ac=ab+ac

:>2c(c+a):a(b+c):>§:w
a a+c

Bai 27: Cho 3* =9 va 8 —2*®¥ =0. Chang minh rang:

< | x
wlo

Loi gidi
Tu 8 =2 <=2¥=2"=3y=x+8 (1)

Va3 =91=30"Y = x=2y-2
Thay x=2y-2 vao (1) ta duogc: 3y=2y-2+8< y=6= x=10.

Bai 28: Cho 3 s6 a,b,c doi 1 khac nhau. Ching minh rang:

b-c N c—-a N a-b _ 2 N 2 N 2
(a—-b)(a—c) (b-c)(b-a) (c-a)(c-b) a-b b-c c-a
Loi giai

1 1 1 -1
a-b a-b a-b a-b b-a
1 -1 . 2 1 -1

= , va = +
b-c b-c c-b c-a c-a a-c

Cong theo vé: —2— 4+ 242 ( 1 1 j+( 1 -1 ]+[ 1 _1J=VT

Ta co:

Tinh tuong tu ta co:

a-b b-c c—a= a—b_a—c b—c+b—a c—-a c-b
3a+2b+c 3a-2b+c

Bai 29: Cho ty I€ thuc =
y e e a+2b-c a-2b-c

(b#0). Ching minhrang a+c=0

Lo gisi
. 3a+2b+c 3a-2b+c (3a+2b+c)-(3a-2b+c) 4b {3a+ 2b+c=a+2b-c

Taco = —=1b#0)=
a+2b-c a-2b-c (a+2b-c)-(a-2b-c) 4b 3a-2b+c=a-2b-c

= a+c=0= (dpcm)
Bai 30: Cho 2 sé hitu ty % va %vdi b>0; d>0.Chang minh rang: %<§<:> ad < bc
Loi giai
a _c
+C6 b d :>Z—3<;—E:>ad<bc
b>0,d>0

. ad<bc } ad bc

a ¢
+ Co: = —<—=—<—
b>0d>0 bd do b d
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Bai31:Néub>0;d >0 thitr o< =287 ©

b d b b+ d

Loi giai
a_c

+C6 b d = ad <hc (1) thém vao 2 vé cua (1) véi ab ta co:
b>0,d>0

ad+ab<bc+ab = a(b+d)<b(c+a)= z<%(z)
+
+ Thém vao hai vé cua (1) véi dc ta co:
(1)=ad+dc< bc+dc:>d(a+c)<c(b+d):>% %(3)
+
+ T (2) va (3) ta co:
T 2«22 272 2 (dpom)
b d b b+d d
a b c d

+ + +
a+b+c b+c+d c+d+a d+a+b

Bai 32. Cho a,b,c,c>0. Chang minh rang: 1<
Loi gidi
Lueu y: sir dung tinh chat: Véi a,b,c 1a cac s6 duong ta co:
Néu S<ath 2 2EC

b b b+c
Néu S>1thi 25 35C

b b b+c
Ap dung vai bai

+Tu

<1 theo tinh chét (3) ta co:
a+b+c

a+d S a
a+b+c+d a+b+c

(1) (do d >0)

Mit khéc: —o—>—2(2)
a+b+c a+b+c+d

+Tir (1) va (2) ta co: 2 . ard g
a+b+c+d a+b+c a+b+c+d
+ Tuong tu ta co:
b - b - b+a (4)
a+b+c+d b+c+d a+b+c+d
c c c+b
< < ()
a+b+c+d c+d+a c+d+a+b
d - d - d+c (6)
d+a+b+c d+a+b a+b+c+d
+ Cong bat dang thuc kép (3); (4); (5); (6) theo tung vé thi dugc:
a b c d
< + + +
a+b+c b+c+d c+d+a d+a+b

<2

Bai 33. Cho < Zva b;d > 0. Chang minh ring §<ab+c(;] ¢
b d b b+d® d

Léi giai
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Taco a Cva b;d > 0nén a_b<ﬂ ﬂ;<C—CZI
b d bb dd b° d

. ab ab+cd cd a ab+cd c
Theo tinh chat (2) taco: — <S> —<—><—

e B i # b bid d
Dang 2: Chitng minh day ti sé6 bang nhau
I. Phuong phap giai
Cach 1: Str dung dinh nghia
Vi dy: Cho 2= 2

b d
Ta sé dat %: % =k = a=bk;c=dk rdi thay a,c vao biéu thirc can ching minh
Cach 2: Str dung phuong phap nhan chéo
Pé chirng minh %z% ta di chirng minh ad = bc

Céch 3: Ap dung tinh chat cua ddy ty sé bang nhau
a C X_,.a C X _ a+C+C a-C+x

Vidu: Tacé —=—=— thi —

bdy bdyb+d+ybd+y
[ajm [ij ( ) a"_c"_x"_a'+c"+x"
Wl Tla == = —-— - =
b d b™ d™ y" b"+d"+y"
I1. Bai toan.
Bai 1:

a C ) ) . ad _pPv a+2b 2017
Cho Bza(b,dio,C¢d,C+2d¢O)_ Ching minh rang ¢ _ g2 :£C+2dJ
Loi giai
Céch 1: Tir gia thiét ===

b d
b2017
-Néu c=0=a=0=VT=VP= FEy

_ Né'u Ciocezg:kja:kc;b:kd:aZOﬂ_bZOﬂ =k2017(02017—d2017):>\/T=k2017
C

a+2b
c+2d

Ta lai c6: a+2b=k(c+2d) = —k= VP =K =VT

Cach 2: - Xétvegi ¢=0
a b 2b a+ 2b a202].7 b2017 ( a+ 2b) 2017 a.2017 _ b2017

- Xetvoi c# 036 =a 2d C+2d = ey - g (C+2d)2017 C2017 g = (dpem)
Bai 2:
Cho 22-% _x—az_ay—bx Ching minh ring > =% =2
a b a b c
Loi giai

*) Phén tich: 5:X:E:ay—bx:o;bz—yc:o
a b c

bz-cy a(bz-cy) abz-acy cx-az cxb-azb ay-bx acy-bcx

Ta co: = : = X =
aco a’ a’ b b? c c?
bz cy _ (abz—acy) + (bcx 2abz)+(acy bcx) 0= bz-cy=0= y_z
a a®+b’+c? b ¢
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