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Ly thuyét xac suat va théng ké toan 1a mot nganh khoa hoc ngay
cang git vi tri quan trong trong cac linh vuc khoa hoc ciing nhu trong cudc
sbng con ngudi. Ly thuyét xac suit nghién ctu nhiing qui luat ngau nhién
cta cac hién tuong sb 16n, viéec ndm bat cac qui luat nay sé cho phép du béo
céac hién tudng ngiu nhién dé sé xay ra nhu thé nao. Dua vao cac thanh tuu
caa Iy thuyét xac suit, thong ké toan xay dung cac phuong phap thu thap
va xtt Iy cac s6 liéu théng ké nham rit ra cac két luan khoa hoc va thuc tién.

Véi muc dich cung cap tai liéu hoc tap cling nhu tai liéu tham khao
phl hdp cho sinh vién nganh k§ thuat ma cu thé 14 sinh vién trudng Dai
hoc Cong nghé Théng tin va Truyén théng, Pai hoc Thai Nguyén, bai giang
dudc bién soan theo quan diém dng dung dua trén chuong trinh chi tiét caa
hoc phan X4c suét théng ké. M6i khai niém, van dé hay phuong phap déu
dude minh hoa bang nhiéu vi du tuong tng. Ludng kién thic dudc trinh bay
gon nhe khong qua phic tap, véi cac bai tap da dang gitp sinh vién luyén
tap va cung cb 1y thuyét.

Bai giang chia thanh 5 chudng:

Chuong 1: Céc khai niém cd ban vé xéac suét.

Chuong 2: Dai ludng ngau nhién.

Chuodng 3: Ly thuyét mau va udc luong.

Chuodng 4: Kiém dinh gia thiét théng keé.

Chuong 5: Phan tich tuong quan va hoi quy.

Trong qua trinh bién soan ching t6i da nhan dudc nhiéu y kién déng



Loi noi dau v

g6p qui bau cta cac dong nghiép thuéec Bé6 mon Khoa hoc tu nhién trudng

PH CNTT va TT, ching t6i xin chan thanh cam on. Tuy vay chic chin cubén

bai giang nay khong tranh khéi nhitng han ché va thiéu sé6t. Ching to6i rat

mong nhan dude cac y kién gép y dé tiép tuc hoan thién néi dung cudn bai

giang cho phu hgp véi cac nganh dao tao trong truong PH CNTT va TT.
Chung t6i xin chan thanh cam on!

Thai Nguyén, ngay 02 thang 03 nam 2022

B6 mon Khoa Hoc Tu Nhién



Bang ki hiéu

Trong bai giang nay ta dung nhting ki hiéu véi cac y nghia xac dinh trong

bang dudi day

Khéng gian mau

S6 t6 hop chap k cta n phan ti

S6 chinh hdp chap k ctia n phan ti

Xac suat cta bién co A

Ky vong ciia dai ludng ngau nhién X

Phuong sai ctia dai luong ngau nhién X

Ham phan phéi cta dai luong ngau nhién X

Do léch tiéu chudn cta dai luong ngau nhién X
Hiép phuong sai ctia dai lugng ngiu nhién hai chiéu
Hé s6 thuong quan cta dai lugng ngdu nhién hai chiéu
Trung binh téng thé

Phuong sai ctia tong thé

Trung binh mau

Phuong sai mau

Phuong sai mau hiéu chinh

D6 1éch mau

D6 léch mau hiéu chinh



Chuong 1
NHUNG KHAI NIEM CO BAN VE XAC
SUAT

Chuong nay cung cap nhiing kién thitc co ban nhat vé dai sb t6 hop
va ly thuyét xac suat. Gitp sinh vién hiéu r6 hon vé xac suit theo cic quan
diém c6 dién, quan diém thong ké va quan diém hinh hoc. Ngoai ra, chuong
nay ciing xay dung céc cong thic tinh xac suat gitp sinh vién c6 thé giai
quyét dudc cac bai toan 1y thuyét, cac bai toan thuc té va cung cip cac kién

thic dé giai quyét cac van dé trong cac chuong tiép theo.

1.1. Giai tich t6 hop

1.1.1. Quy tac cong va quy tac nhan

Quy tdc céng: PE hoan thanh mét viéc, ta c¢6 thé thuc hién béi mot
trong nhiéu phuong an. Phuong an thi nhét ¢6 m; cach thuc hién; phuong
an tha hai c6 m, cach thuc hién,. .., phuong an thi k ¢6 m; cach thuc hién.

Khi dé s6 cach hoan thanh céng viée dé 1a
mq —|—m2 + ...+ my.

Vi du 1.1. Déi tuyén van nghé cta trudng dai hoc X ¢6 5 sinh vién nam
va 8 sinh vién nit. Hoi c¢6 bao nhiéu cach chon mot em trong doi dé lam doi

trudng, (biét ring em nao ciing c6 thé lam ddi truéng).

Giai. Dé chon mot em 1am d6i trudng ta c6 thé chon mét em nam hosc mot

em nit. Ap quy tic cong ta ¢6 5 + 8 = 13 (céch).
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Quy tdc nhan: Gia sit mot cong viée nao d6 sé dude hoan thanh néu ta
thuc hién lién tiép k cong doan. Néu céng doan thi nhat c6 m, cach thuc
hién, cong doan thi 2 c6 m, cach thuc hién, ..., cong doan thi & c6 m,, cach

thuc hién. Khi d6, so cach hoan thanh cong viéc la
mi.MmMo... M.

Vi du 1.2. Doi tuyén vin nghé cta truong dai hoc X ¢6 5 sinh vién nam va
8 sinh vién nit. Héi ¢6 bao nhiéu cach chon mét cip nam nii trong doi dé hat

song ca ?

Giai. Dé chon mot cap nam nit trong d6i dé hat song ca thi ta phai thuc hién
lién tiép hai cong doan 1a chon mot sinh vién nam va chon mét sinh vién ni.

Ap dung quy tic nhan ta c6 5.8 = 40 (cach).

1.1.2. Hoan vi, chinh hdp, t6 hop

Dinh nghia 1.3. (Hodn vi) Cho tip A c6 n phan tiz, mdi cdch xép n phan

tit clia tdp A vao n vi tri khdc nhau dude goi la mét hodn vi ciia n phan ti.

Vay hai hoan vi 1a khéac nhau néu thi tu sip xép cac phan tit cia ching
la khac nhau.

S6 hoan vi ctia n phan tit 1a p, = n! = n(n — 1).(n — 2)...2.1.

Vi du 1.4. Mot doi tuyén hoc sinh gidi ¢6 6 hoc sinh trong dé c6 hai ban A
va B.

a. Héi c6 bao nhiéu cach xép 6 hoc sinh trong d6i vao mot hang ghé gom 6
chiéc xép theo hang ngang sao cho méi ghé ¢ ding mot hoc sinh ngbi.

b. Héi c6 bao nhiéu cach xép 6 hoc sinh trong doi vao mot hang ghé gom 6
chiéc xép theo hang ngang sao cho méi ghé ¢6 ding mét hoc sinh ngbi va hai

ban A, B ngbi canh nhau.
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Giai. a. M6i cach xép 6 hoc sinh caa ddi tuyén vao hang ghé trén 1a mét
hoan vi ctia 6 phan ti. Vay sb cach xép 1a 6! = 720 (cach).

b.

e Ghép hai ban A, B v6i nhau ¢6 2 cach.

e Xép 2 ban A, B da ghép va 4 ban con lai vao hang ghé c¢6 5! = 120 cach.

Ap dung quy tic nhan ta c6 2.120 = 240 (cach).

DPinh nghia 1.5. (Chinh hop) Cho tdp A cé n phan tiz. Méi mot cdch chon
k phan ti tiz n phan ti cia A (v6i 0 < k < n) va xép vao k vi tri khdc nhau

duoc goi la mot chinh hop chdp k ciia n phan ti clia A.

Vay hai chinh hdp chap k ctia n phan ti 1a khac nhau néu cac phan ti
cta chung khéac nhau hodc thi tu sp xép caa cac phan ti 1a khac nhau. S6

chinh hdp chap k cia n phan ti cta tap A la

=nn—1)..(n—k+1).

Dinh nghia 1.6. (T6 hop) Cho tap A c6 n phan tit, mbi mét tdp con cé k
phan ti cia tdp A (v6i 0 < k < n) dudc goi la mot to hop chdp k cia n phan

tu.

Mo4i mét cach chon k phan tit tit » phan ti cia tap A cho ta mét tap con
¢6 k phan t& caa tap A. Do d6 mot t6 hop chép k ciia n phan ti chinh 14 mét
cach chon % p'hén tt tit n phan t ctia tap A. S6 t6 hop chap k ctia n phan t
1a C* = ﬁ
Tinh chat cta C*
onj:C’:f_k, VO<k<n; k,néeZ.

o CFr=Cr14+C" V1<k<n-1, k,ncZ

n

Vi du 1.7. Mot 16 hang gom 8 san pham. Tit 16 hang d6 lay ra cing mét lic

3 san pham. Héi c6 bao nhiéu cach lay ?
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Giai. M6i mot cach liy dong thoi 3 san pham tir 8 san pham 14 mot t6 hop
chap 3 cia 8 phan ti. Vay sb cach lay 1a

8!

3_—:
08_3!(8—3)!

56.

Vi du 1.8. Mot 16 linh kién dién ti c6 100 linh kién tot va 10 linh kién bi
héng. Ngudi ta lay dong thsi 3 linh kién trong 16 hang dé kiém tra.

a. Héi c6 bao nhiéu cach 14y sao cho khong c6 linh kién nao bi hong ?

b. Héi ¢6 bao nhiéu cach 14y sao cho c6 ca linh kién bi héng va linh kién t6t ?

c. Héi ¢6 bao nhiéu cach lay sao cho c¢6 it nhat mét linh kién t6t ?

Giai. a. S6 cach 14y 3 linh kién trong 16 hang sao cho khong ¢6 linh kién nao
bi héng 1a O}y, = 161700 cach.

b. S6 cach 14y 3 linh kién trong 16 hang sao cho cé ca linh kién bi héng va
linh kién t6t 1a 3, — C3,, — C3, = 54000 céch.

c. S6 cach 14y 3 linh kién trong 16 hang sao cho ¢6 it nhat mot linh kién tét

1a ¢}, — C3, = 215700 cach.

1.2. Bién co va moi quan hé cua biéen co

1.2.1. Phép thi va bién cbd

Pinh nghia 1.9. Viéc thuc hién mot nhom cdc diéu kién co ban dé quan sdt
mot hién tuong nao do cé xay ra hay khong duoc goi la thuc hién mot phép
thit. Cdc két qud cé thé xdy ra cia phép thit dude goi la bién cb (su kién).

e Phép thiz ngdu nhién la phép thit ma két qia clia né khong thé du bdo
trudc.

e Tép hop tat cd cdc két qud co thé cé ciia phép thi duoc goi la khéng gian

mau ctia phép thiz va thuong ki hiéu bdi .

Vi du 1.10. 1. San xuét 1 san pham la thuc hién 1 phép thit. Két qua 1 san

pham san xuat ra dat tiéu chuan hay khong dat tiéu chuan la cac biéen co.
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2. Tung 1 dong xu la thuc hién 1 phép thit. Hién tudng dong xu xuét hién
mét sdp hay xuit hién mit ngiia 1a cac bién cb. Trong phép thit nay ta cé
Q={S N}.

3. Gieo 1 con xtc sic 1a thuc hién mot phép thi. Hién tudng xuc sic xuit
hién mit 3 chdm; xdc sic xuit hién mét 6 chdm; xdc sic xuat hién mat ¢6
s6 chAm 16n hon 6; xdc sic xuit hién mat c¢6 s6 chAm nho hon 4 1a cac bién

c6. Trong phép thit nay ta c6 Q = {1,2,3,4,5,6}.

1.2.2. Cac loai bién c6

Mot bién cb chi c6 thé xay ra khi mot phép thit gan lién véi né duge
thuc hién. Trong thuc té c6 thé xay ra cac loai bién c6 sau day:
e Bién c6 ngdu nhién: La bién cb c6 thé xay ra hodc khéng xay ra
khi phép thit dudc thuc hién. Céac bién c¢6 ngdu nhién thuong ky hiéu
A,B,C, A, Ay, By, Bo...
e Bién ¢6 chdc chan: La bién c¢b ludn xay ra khi phép thit duge thuc hién,
ky hiéu la Q hoac U.
e Bién c6 khéng thé: La bién cb khong bao gio xay ra khi phép thit duge
thuc hién, ky hiéu 1a () hoac V.

e Bién ¢é so cap: La bién cb khong thé phan tich dudc nita.

Vi du 1.11. Xét phép thi: Gieo mot con xic sac mét lan. Khi d6

Bién c¢6 A:" Con xtc sic xuit hién mit c6 sé chdm 14 chan" 1a bién cb
ngiu nhién. Céc két qua ctia phép thit 1a {2, 4,6} lam bién c6 A xay ra dudc
goi 14 cac két qua thén 1¢i ctia bién cb A.

Bién c¢6 B: "Con xuc sic xuit hién mat c6 sé chAm 1a sb6 tu nhién nhé
hon 7" 1a bién ¢b chac chan.

Bién ¢6 C "Con xtic sdc xuat hién mat c6 s6 chAm 16n hon 7" 14 bién cb
khong thé.

Neu goi A; 1a bién co: "con xdc xac xuat hién mat i cham (i = 1,..,6) " thi
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Ay, Ay, Az, Ay, As, Ag 1a cac bién co so cap.

1.2.3. Moi quan hé giuwa cac bién co
a. Bién c6 giao (Bién cé tich)

Pinh nghia 1.12. Bién cb chi xdy ra khi tat cd cdc bién cé Ay, A,, ..., A, cung
xdy ra dudc goi la bién cb giao (hay bién cb tich) clia cdc bién cb A, A,, ..., A,

va duge ky hidu la Ay Ay... A, hode A, N Ay ... N A,

Vi du 1.13. Hai xa thi méi ngudi ban mét vién dan vao bia.
Goi A;:"Xa tha thi nhat ban tring bia"; A,:"Xa tha thi hai ban tring bia"
va A: " Ca hai xa tha cung ban tring bia". Bién c¢b A chi xay ra khi ca hai

bién cb A; va A, cung xay ra. Do d6 A = A4,.A,.
b. Bién cé6 tong (bién cé hop)

DPinh nghia 1.14. Bién c6 chi xdy ra khi cé it nhat mét trong cdc bién cb A,
hodc A, ... hodc A, xdy ra dudc goi la bién cb tong clia cdc bién cb A, A,, ..., A,

va duoc ky hiéu A, + Ay + ... + A, hode A, UA, U ... U A,.

Vi du 1.15. Hai ngudi the sin cing ban vao mét con thd. Goi A 1a bién cb
“ngudi thi nhat ban tring”, B 1a bién ¢6 “ngudi thi hai ban tring” va C la
bién ¢b “con thu bi ban tring”. Khi d6 C chi xay ra khi c6 it nhat mét trong

hai bién c6 A hoac B xay ra. Do d6 C = A + B.

Vi du 1.16. Xét phép thir: Sdn xuét 3 san pham.

Goi A; 1a bién cb san pham thi i san xuit ra dat tiéu chuén (i =1,2,3). Goi
A 12 bién c6 ca 3 san pham san xuat ra déu dat tiéu chuén, B 1a bién cb c6
it nhat 1 sdn phdm san xuat ra dat tiéu chuidn, Theo dinh nghia ciia tong
va tich céc bién cb, ta c6 thé bidu dién céc bién c6 A va B theo céac bién cb

Al, Ag, Ag nhu sau: A = Al.AQ.Ag va B = Al + AQ + A3.

c. Bien co xung khac
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Dinh nghia 1.17. Hai bién c6 Ava B goi la xung khdc néu ching khong thé
dong thoi xdy ra trong moét phép thit. Noi cdch khdc, néu bién c¢6 A xdy ra thi
bién c¢6 B khéong xdy ra va ngudc lai. Nhu vdy néu A va B la hai bién cb xung
khdc thi A.B = 0.

e Nhém n bién cb A;, A, ..., A, goi la xung khdc ting doi néu bét ky hai
bién c6 nao trong nhém nay cing xung khdc véi nhau, nghia la A Aj =D vdi
i # j.

e Cdc bién cb Ay, A,, ..., A, dudc goi la nhém bién c6 day du néu trong
két qud clia phép thit sé xdy ra mét va chi mot trong cde bién c¢6 do. Néi cdch
khdc, cdc bién cb néi trén sé tao nén moét nhom day di cdc bién cb néu ching
xung khdc tung doéi véi nhau va tong cia ching la moét bién cé chdc chén.

Nhu vdy, cac bién co Ay, As, ..., A, la nhom bién co day du néu

A1+A2—|—+An:Q,
A Ay A, = ¢

Vi du 1.18. Mét doi tuyén vin nghé cta trusng THPT A c6 5 em khéi 10, 7
em khé 11 va 10 em khéi 12. Chon ngiu nhién 1 em trong doi.
Goi A 1a bién c¢6: “Chon dudc em khdi 10”; B 1a bién cb: “Chon dudc em khoi
117; C' 1a bién c6: “Chon dudc em khdi 12”.

e Ta c6 A va B 14 2 bién cb xung khic.

e Cac bién cb A, B, C 1a 3 bién ¢ d6i mot xung khic.

e Cac bién cb A, B, C 1ap thanh mo6t nhém bién ¢6 day da.
d. Bién cé6 déi

Pinh nghia 1.19. Hai bién c6 A va A goi la dbi ldp véi nhau néu chiing tao

nén moét nhom day du cdc bién co, tiuc la

|

+A=0Q

A
AA=

Y

-
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Vi du 1.20. 1. San xuét 1 san phadm. Goi A 14 bién c6 “san pham san xuit
ra dat tiéu chudn” thi A 1a bién c6 “san phdm san xuit ra khong dat tiéu
chuan”.
2. Mét xa tht ban lién tiép 3 vién dan vao bia. Goi A 1a bién ¢b :“Cé it nhét
mot vién dan tring bia”, khi d6 A 1a bién ¢6 :“Khong c6 vién dan nao tring
bia ”.

Chu y

e Tt dinh nghia bién ¢ d6i 1ap va bién cb xung khéc ta suy ra rang néu
hai bién c6 d6i 1ap thi ching xung khic. Piéu ngudc lai chua chic dung.

e Véihaibién co Ava Btac6 A+ B=ABvaADB=A+B.
Ta c6 thé stt dung biéu dé Ven dé biéu dién méi quan hé caa céac bién cb nhu

sau:

Q Q Q
Bién ¢0 chic chan A+B AB
Q Q A,
O® z
A1 A;
Bién ¢6 xung khiic Bi¢n co doi Nhom cac bién ¢ day di

Hinh 1.1 Mbi quan hé gitta céc bién cb
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1.3. Cac dinh nghia veé xac suat
Nhu trén da thay, viéc bién c6 ngiu nhién xay ra hay khéng xay ra

trong két qua cta phép thi 1a diéu khong thé doan trude dude, tuy nhién,
bang truc quan ta cé thé nhan thiy cac bién c¢6 ngiu nhién khac nhau c6
nhiing kha niang xay ra khac nhau. Hon nita, khi ldp di lap lai nhiéu lan
cung mot phép thit trong nhitng diéu kién nhu nhau, ngusi ta thay tinh
chat ngau nhién ctia bién c6 mat dan di va kha ning xay ra ca bién cb sé
dudc thé hién theo nhitng quy luat nhat dinh. T d6 ta thay c6 kha nang
dinh luong (do luong) kha nang khach quan xuét hién mot bién ¢b nao do.

Xdc sudt ciia mot bién cb la mot con sé ddic trung khd nang khdch quan
xudt hién bién cb dé khi thuc hién phép thit.

Nhu vay ban chat xéac suit ciia mét bién cb 12 mot con sb xac dinh. P&
tinh xac suit cia mot bién cb, nguvi ta xay dung cac dinh nghia va dinh Iy

sau day.

1.3.1. Pinh nghia xac suat theo quan diém c6 dién

Dinh nghia 1.21. Xét mot phép thi: cé hitu han két qua va dong khd ndng
xdy ra. Xdc sudt xudt hién bién c6 A la moét sb6 dudc ky hiéu la P(A) va dudce

xdc dinh bdi cong thic

trong do n (Q) la sé phan ti ciia khong gian mdu va n(A) la sb trong hop

thudn loi ctia biéen co A.

Vi du 1.22. Tung 1 con xuc sac can doi va dong chat. Tinh xac suat dé con

xuc xac xuat hién mat chan cham.

Giai. Ta c6 Q = {1;2;3;4;5;6} = n(Q) = 6.

Goi A la bién co: “con xuc xac xuat hién mat chan cham”.
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Céc két qua thuan 10i ctia A 1a {2;4;6}, suy ra (A4) = 3.
Dods p(A)= A 3 _1

n(Q) 6 2
Vi du 1.23. Mot ngudi dit mat khdu nhung lai quén 2 s6 cudi ciia mat khau,
chi nhé dé 1a 2 chit s6 khac nhau. Tim xac xuat dé ngusi d6 g6 ngau nhién

mot 1an ding mat khau.

Giai. S6 két qua c6 thé xay ra ctia phép thit 1a: n (Q) = 42, = 90.
Goi A 1a bién cb: “ngudi d6 g6 ngau nhién mot 1an ding mat khau”. Ta cé

1
n(A)=1,suyra P(A) = 90"

Vi du 1.24. Mot doi tuyén hoc sinh gidi c6 5 em khéi 12, 4 em khéi 11 va 3
em khoi 10. Chon ngiu nhién 4 em trong doi tuyén dé tham du ky thi hoc
sinh giéi quoc gia. Tinh xéc suat sao cho :

a. Bén em dudc chon ¢6 dung 2 em khéi 12 ?

b. Bén em dudc chon ¢ dii ca 3 khéi ?

Giai. Chon dong thoi 4 em trong ddi tuyén cé C}, = 495 cach, suy ra

n () = 495.
a. Goi A 1a bién c6 : “ Bén em dudc chon ¢6 dung hai em khéi 12”.
210 4
Tacon(A) =C2.C? =21 P(A) = —=—.
acon(A) =C5.C7 0, suy ra P (A) 195 = 33

b. Goi B 1a bién ¢6 : “ Bén em dudc chon ¢6 du ca 3 khoi ”.
Ta c6 n(B) = C2.C}.C5 + C;.C2.C5 + C:.C}.C3 = 270, suy ra

py=20_6
495 117

Vi du 1.25. Trong hop c6 10 san phdm trong dé c6 6 chinh pham va phé
phiam. Lay ngau nhién 3 san phdm cung mot lic. Tinh xac suat dé:
a. Ba san phdm lay ra déu la chinh phdm

b. Trong 3 san pham lay ra c6 2 chinh pham.

Giai. Ta c6 n(Q) = C}, = 120.

a. Goi A 12 bién c6 “ca 3 san pham lay ra déu la chinh pham”.
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S6 trudng hop thuan 1¢i cho viéc xuét hién bién ¢b A 1a n(A) = C3 = 20, suy
20 1

raP(A):}TO,:g. o 9

b. Goi B biéen co “trong 3 san pham lay ra c6 2 chinh pham”.

S6 trudng hgp thuén lgi cho viéc xuat hién bién ¢6 B 1a n(B) = C2.C} = 60,

suy ra P(B) = % = %

Uu diém va han ché cua dinh nghia xac suét theo 16i ¢6 dién

e D¢ tim xac suit ctia bién c¢6 khong can phai tién hanh phép thi (phép
thit chi tién hanh mot cach gia dinh) ma ta van cé thé tim dude mot cach
chinh xac gi4 tri ctia xac suét.

e Tuy nhién, dinh nghia c6 dién vé xac suat doi héi s6 két qua ctia phép
thi phai 1a hitu han va dong kha ning xay ra. Trong thuc té nhiéu phép thi
khong c6 s6 két qua 1a hitu han va ciing khong dong kha nang xay ra.

Vi nhiing Iy do trén ma ngoai dinh nghia c¢g dién vé xac suit, trong thuc
té ngudi ta con st dung dinh nghia xac suit theo quan diém théng ké sau

day.

1.3.2. Pinh nghia xac suit theo quan diém théng ké

Dinh nghia 1.26. Thuc hién n lan phép thi: T. Gid si; bién c¢6 A xudt hién
m lan, khi dé6 m dudc goi la tan sé ctia bién c6 A. Ty sb % goi la tan sudt
xudt hién bién cé A trong loat phép thit va dudc ky hiéu f(A).

Khi cho sb phép thi: ting lén v6 han tan sudt xudt hién bién c6 A dan vé
mot sé xdc dinh goi la xdc sudt clia bién cb A.

Vay P(A) = lim .

n—oo N

Vi du 1.27. Mot xa th ban 1000 vién dan vao bia. C6 xap xi 50 vién tring
bia. Khi d6 xdc suit dé xa thit ban tring bia 1a - - = 5%

Ngudi ta nhan thiy néu tién hanh céac thi nghiém trong nhiing diéu
kién nhu nhau va s6 phép thit kha 16n thi tan suat thé hién tinh 6n dinh

ctia n6 kha r6 rang. Tinh chéit nay thé hién & ché 1a trong nhiing loat thi
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nghiém khéc nhau nhung sé phép thiz khd lon thi tan sudt dao dong rat it
xung quanh mat gia tri nao do.

Vi du 1.28. Dé nghién citu kha ning xuét hién mit sap khi tung mot dong
tién, ngudi ta tién hanh tung dong tién nhiéu lan va thu dudc két qua cho &

bang dudi day:

Nguoi thu S6 lan tung (n) | S6 lan xuat hién Tan suat xuat

nghiém mat sap hién mat sap
Buyffon 4040 2.048 0,5069
Pearson 12000 6019 0,5016
Pearson 24000 12012 0,5016

Qua thi du trén ta thay khi s6 phép thit tang lén thi tan suit xuét hién
mit sip sé dao dong ngay cang it hon xung quanh gia tri khong d6i 14 0, 5.
Piéu d6 cho phép hy vong ring khi sé phép thit ting lén v6 han, tan suit sé
héi tu vé gia tri 0, 5. Nhu vay vé mat thuc té, véi s6 phép thi n du 16n ta c6
thé lay P(A) = f(A).

Dé dang nhén thiy rang dinh nghia x4c suit theo quan diém théng ké,
xéc suat cling c6 day di nhiing tinh chéit nhu trong dinh nghia c6 dién.

Pinh nghia théng ké ctia xac suit da khac phuc dude mét nhude diém
ctia dinh nghia c¢6 dién (dinh nghia nay khong dung dén khai niém dong kha
nang), vi vy dinh nghia nay dudc st dung nhiéu trong thuc té. Bén canh
uu diém trén, ta nhan thiy dinh nghié nay con c¢6 nhitng han ché, né khéng
gitp ta tim dudc gia tri chinh xéc cia xac suat, ma chi tim dudc gia tri gan
dang.

Tuy nhién bang dinh nghia nay, ngudi ta da tim dude xac suit dé sinh
con trai trong méi 1an sinh 12 0, 518, s6 con nay hau nhu khéng thay déi theo

thoi gian, dia phuong va ching toc. Nha toan hoc Laplatxo (Laplace) trong



1.4. Cdc cong thuc tinh xdc sudt 13

10 nam lién theo déi 6 cac thanh phd Pétecbua, Luan dén va Beclin thay ty
s6 dé 1a 121_?) Ong ciing da theo déi 40 nam lién & Pari thay ty s6 1a 421_3 Nha
toan hoc Crame theo d6i ¢ Thuy dién trong nidm 1935 ciing thay ty sb6 d6 1a
0,518.

Cac dinh nghia trén day cta xac suat da giip ta mét cach tich cuc trong
viéc tinh xéc suat, nhung méi dinh nghia déu c6 nhude diém ctia né. PE khic
phuc nhitng nhudc diém dé, nam 1933 nha toan hoc X6 viét Canmogdrdp da
dua ra xac suat theo phuong phap tién dé. Trong pham vi cia gido trinh, ta
khong dé cap dén dinh nghia dé.

Nguyén ly xac suit 16n va xac suat nho

e Néu mot bién ¢ c¢6 x4c suit rat nho thi thuc té c6 thé cho rang trong
mot phép thi bién cb dé sé khong xay ra.

e Néu bién ¢6 nglu nhién c6é xac suit gan bang 1 thi thuc té c¢6 thé cho
rang bién c¢b d6 sé xay ra trong mot phép thit.
Tinh chét ctia xac suét

e P())=0va P(Q2) = 1.

e 0 < P(A) <.

1.4. Céc cong thite tinh xac suét

1.4.1. Xac suat co6 diéu kién, cong thic nhan xac suat

a. Xac suit cé diéu kién
DPinh nghia 1.29. Trong thuc té c6 nhiing truong hop ta phdi tinh xdc sudt
ctia bién cb A khi bién c6 B da xdy ra, xdc sudt dé ky hiéu la P(A/B) va dude
goi la xdc sudt cé diéu kién ciia bién cb A vdi diéu kién bién cb B da xdy ra.
Vi du 1.30. Trong hop c6 5 vién bi trang, 3 vién bi den. Lay 1an lugt ra 2
vién bi (khong hoan lai). Tim xac suat dé lan thit hai lay dudc vién bi trang

biét 1an thi nhat da 14y dudc vién bi trang.
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Giai. Goi A 1a bién cb 1an thi hai 14y dude vién bi trang, B 1a bién cb lan
thi nhat 14y dudc vién bi trang. Vay xéc suat can tinh 1a P(A/B). Ta thay
1an thi nhat 14y dude vién bi trang (B da xay ra) nén trong hop con 7 vién

. L . cl 4
bi trong d6 c6 4 vién bi trang. Do d6 P(A/B) = —& =

cror

Vi du 1.31. C6 hai hop linh kién, hop 1 ¢6 10 linh kién tét va 4 linh kién
héng; hop 2 c6 8 linh kién tot va 4 linh kién héng. Lay ngau nhién mét linh
kién tit hop 1 bd vao hop 2 sau d6 1y mot linh kién tir hop 2 ra ngoai. Tinh
xéc suat dé linh kién 14y ra tir hop 2 1a linh kién t6t biét rang linh kién lay

tu hop 1 bo vao hop 2 1a linh kién hong.

Giai. Goi B 1a bién c6: " Linh kién 14y tit hop 1 bé vao hop 2 1a linh kién
hong " va A 1a bién c6: " Linh kién 14y tit hop 2 ra ngoai 1a linh kién tot".
Khi d6 x4c suat can tinh 1a P(A/B).

Khi B xay ra thi hop 2 ¢6 8 linh kién t6t va 5 linh kién héng. Do dé xac suat
dé 14y dugc 1 linh kién t6t ti hop 2 1a % Vay, P(A/B) = % Chung ta c6 thé

chiing minh dudc céng thic xac suat cé diéu kién dude xac dinh nhu sau:

PUA/B) = T (P(B) £0)
va
P/ =T (p(4) 2 0)

b. Bién c6 doc lap
Pinh nghia 1.32. Hai bién c¢6 A va B dudc goi la doc lap vdi nhau, néu bién
cb nay xudt hién hay khong, cing khéng dnh hudng dén xdc sudt xudt hién
ctia bién cb kia.
Nhan xét:
e Hai bién ¢ A, B doc lap néu P(A/B) = P(A/B) = P(A) va
P(BJ/A) = P(B/A) = P(B).

e Neu A va B la hai bien ¢o doc lap v6i nhau thi cac cap bién co sau cing
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doc 1ap véi nhau: A va B; Ava B; Ava B.

e Dé x4c dinh tinh doc 1ap cta cac bién cb, trong thuc té it khi ngudi ta
dung cach kiém nghiém xem nhiing dang thic trén c6 dudc thuc hién hay
khong, ma thong thuong nguoi ta can ca vao kinh nghiém, vao truc giac.
Chang han, khi tung hai déng xu phan biét, ré rang dong xu nay cé xuat
hién mat sap hay khong ciing khong anh hudng t6i xac suat dé dong xu kia
xuat hién mat sap (hay ngtta); Viéc ba me nay sinh con trai (hay gai) cling
khong anh hudng t6i xac suit sinh con trai (gii) cia ba me khéc...Vay cac
bién cb doc lap thuong xuat hién trén cac cht thé riéng biét nhau.

e Céc bién ¢b A;, A, ..., A, goi 1a doc lap ting d6i véi nhau néu mdi cip
hai trong n bién c6 doc lap véi nhau.

e Céc bién ¢b Ay, A, ..., A, goi 1a doc 1ap toan phan néu su xay ra hay
khong xay ra ctia bién ¢ nay 1a khong anh hudéng dén xac suat xay ra cta c
bién c6 c lai.

c. Cong thic nhan xac suat
DPinh 1i 1.33. V4i hai bién c6 Ava B ta cé
P(A.B) =P(B).P(A/B) = P(A).P(B/A).
Téng qudt, véi n bién cb A;, A,, ..., A, ta cé
P(A;.As.. Ay) = P(A1.P(AyJA)). . P(Ay JA) As. Ay ).
Hé qua 1.34. 1. Néu A va B la hai bién cé déc lap véi nhau thi ta cé
P(A.B) = P(A).P(B).
2. Néu Ay, As, ..., A, la cdc bién ¢ doc lap toan phan thi ta cé
P(A;.Ay...A,) =P (A)).P(Ay)..P(A,).

Vi du 1.35. C6 hai may hoat dong doc 1ap nhau. Xac suit dé may thit nhéat,

may thit hai khong bi héng trong 1 ca lam viéc lan luot 12 0,9 va 0,8.
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a. Tinh xéc suit d€ ca hai may déu khong bi héng trong 1 ca lam viéc ?

b. Tinh x4c suat dé c6 it nhat mét may khong bi hong trong 1 ca lam viéc ?

Giai. a. Goi A 1a bién c¢b “ca hai may déu khong bi hong trong 1 ca lam viéc”,
A; 1a bién cb “may thit i khéng héng trong 1 ca lam viéc” (i = 1,2).
Khi dé ta c6 A = A;.A,. Theo gia thiét A, va A, 14 hai bién c6 doc 1ap nhau
nén

P(A) = P(A;.Ay) = P(A;).P(A3) =0,9.0,8 =0, 72.
b. Goi B 1a bién cb: "Cé it nhat mot may khong bi hong trong 1 ca lam viéc",
khi d6 B la bién c6:"Ca hai may déu bi héng trong 1 ca lam viéc". Ta c6
B = A,.A,. Ap dung quy téc nhan xdc suAt véi hai bién ¢b 4, va A, doc lap
ta c6: P(B) = P (4;) .P (A3) =0,1.0,2 = 0,02.
Vay P(B) =1—0,02 = 0, 98.

Vi du 1.36. Mot tap gom 10 ching tit trong d6 c6 2 chiing tit khong hop 1é.
Mot can bo ké toan rut ngau nhién lan ludt khong hoan lai 2 ching tu dé
kiém tra.

a. Tinh xéc suit d€ ca hai ching ti rat ra déu hop 16 ?

b. Nguoi dé rat tiép ching tit thi ba. Tinh xdc suit dé trong 3 ching ti rit

ra chi c6 ching tu tha 3 khong hgp 1€ ?

Giai. a. Goi A 1 bién c6 “ca 2 chiing tu rit ra déu hop 18”

Goi A; 1a bién ¢6 “ching ti rat ra lan i 1a hop 1&” (1 =1,2,3) thi A; 1a bién cb
“Ching tit rat ra lan i 12 khéng hop 16”. Khi d6 A = A;.A,, 4p dung cong
thic nhan xac suat ta dude

8
10

P(4) = P(ALAs) = P(A)P(As/ Ar) = = L= 2 =23

b. Goi B 1a bién ¢ “trong 3 chiing ti rit ra, chi ¢6 ching tit thit 3 khong hop
18”. Khi d6 B = A, A, A, 4p dung cong thitc nhan xac suat ta dude

P(B) = P(AAsAy) = P(Ay).P(As)Ay).P( A5/ Ay Ay) — %g; _ %
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1.4.2. Coéng thiic cong xac suit

DPinh li 1.37. V6i hai bién c6 A va B ta c6
P(A+B)=P(A)+ P(B)—P(AB).
Téng qudt, véi n bién cb A;, A,, ..., A, ta co:

P(Aj+ Ay + .+ A) = Y P(A)— ) P4, A+ ..

1<i1<n 1<i1<i2<n

+ (=1)kHt > P(Ai Aiya,) + o+ (1) P(AL Ay L A).

1<i1 <2< .. <1 <n

Hé qua 1.38. 1. Néu A va B la hai bién cé xung khac thi
P(A+ B) = P(A)+ P(B).
2. Néu A, As, ..., A, la mot hé cdce bién cb xung khdc ting doi mot thi
P(A1 + A2 + ...+ An) = P(Al) + P(A2) + ... + P(An).
3. Néu Ay, A, ..., A, la mét nhém cdc bién cé day du thi
P(A1) 4+ P(A2)+ ...+ P(An) = 1.
4. P(A) =1- P(A).

Vi du 1.39. Ba van dong vién béng ré, méi ngusi ném 1 qua vao ro. Gia st
xac sudt ném trung ré ctua van d6i vién thi 1, 2, 3 1an lugt 14 0,7; 0,8; 0,9.
Tinh xac suat dé”:

a. Cé6 dung 1 van dong vién ném trang ré ?

b. C6 dung 2 van dong vién ném trang ré ?

c. C6 it nhat 1 van d6éng vién ném trung ro ?

d. C6 van déng vién thi 1 ném tring ré biét rang c6 2 ngudi ném trung ro ?
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Giai. a. Goi A, 1a bién ¢b “Van dong vién thi i ném tring ré” (i=1,2,3), va A
12 bién ¢6 “C6 ding 1 van déng vién ném trung ro”.
Khi d6, A = A1 A, A5 + A, Ay As + A, Ay A, ap dung cong thidc cong xac suat ta

2,

co

P(A) = P(A A Ay 1+ Ay Ay Ay + A, Ay dy)
P(AAsAy) + P(A Ay Ay) + P(ALAsAy)

P(A1)P(A2)P(/_13) + P(A1)P(A2)P(/_13) + P(A1)P(A2)P(A3)
0

, 092.

l

I

b. Goi B 1a bién ¢6 “Cé dung 2 van doéng vién ném tring ré”.

Khi 46 B = AjA,A; + A1 A, A3 + A1 A A3 lam tuong tu nhu trén ta dudc
P(B) = 0, 398.

c. Goi C 14 bién cb “Cé it nhat 1 van dong vién ném tring ré”. Khi d6 C la
bién cb: “Khong c6 van dong vién nao ném tring ré”. Ta c6 C = A; A, A5. Ap

dung quy téc nhan xac suat ta dudc:

Vay P(C) =1—P(C) =1-0,006 = 0,994. d. Xac suét can tinh 1a P(A,/B) =

P(A;B) .
P(B) = :
PB) , trong d6 P(B) = 0, 398

Ta co AlB = A1A2/_13 + A1A2A3, do d6

P(AB) = P(A Ay Ay + Ay Ay Ay)
L P(A))P(A3)P(A3) + P(A))P(Ay) P(As)
~0,7.0,8.(1—0,9)+0,7(1 — 0,8).0,9
= 0,182.

Vi du 1.40. Mot nguoi bén 1 vién dan vao mét bia da dudc chia lam 3 vong.
Gia st x4c sult dé nguvi d6 ban tring vong 10, vong 9, vong 8 caa bia lan
luot 14 0,2; 0,3 va 0,4. Tinh x4c suit dé nguoi dé:

a. Ban tring vong 10 hodc vong 9 cua bia ?
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b. Ban tring bia ?

c. Bin khéng tring bia ?

Giai. a. Goi A; 1a bién ¢b “ban tring vong i ctia bia” (i =10, 9, 8), A 14 bién cb
“ban trung vong 10 hodc vong 9 cia bia”. Khi d6 A = A, + A,, ap dung cong

thitc cong xac suat véi hai bién cb A, va A, xung khic ta dugdc:
P(A) = P(A; + Ay) = P(A1) + P(A3) = 0,2+ 0,3 =0,5.

b.Goi B 1a bién ¢b "Ngudi d6 ban tring bia", khi dé6 B = A; + A, + A;. Ap
dung cong thic tinh x4c suit véi cac bién cb A;, A,, A; 361 mot xung khic ta
c6: P(B) = P(Al+ A2+ A3) = P(A1)+ P(A2)+ P(A3) = 0,2+0,3+0,4 = 0,9.
c. Goi C 1a bién cb "Ngudi d6 ban khong tring bia", khi d6 ¢ = B, do d6
P(C)=1-P(B)=0,1.

1.4.3. Cong thiic xac suit toan phan va cong thiic Bayes
a. Cong thitc xac suit toan phan

DPinh li 1.41. Gid st Ay, A,, ..., A, la nhém cdc bién cb day dii va A la mot
bién cb bdt ky nao dé cé thé xdy ra dong thoi véi moét va chi mot trong cdc

bién cb trén. Khi do xdc sudt ciia bién cb A dugc tinh béi cong thiic:
P(A) =) P(A)P(A/A)).
=1

Chitng minh: Vi A,, A, ..., A, 1ap thanh hé day di nén ta c6 A; + A, +
...+ A, = Qva A cé thé xay ra dong thoi véi mot trong cac bién c¢b dé nén

i=1

=1
Céc bién ¢b 4;, (i = 1, ...,n) xung khic tiing ddi nén cac bién cb A, A, (i =
1,...,n) ciing xung khac ting doi. Ap dung cong thic cong va nhan xéc suét
ta dudc:

n

P(A) = P(Y_Aid) = 3 P(Aid) =} P(A)P(A/A).

=1
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Vi du 1.42. C6 hai 16 san pham: L6 1 ¢6 2 san pham t6t va 5 san pham xau.
L6 2 c¢6 3 san pham t6t va 6 san phdm xau. LAy ngdu nhién mot san pham
tir 16 1 bd vao 16 2 roi lay ngau nhién 1 san pham tit 16 2 ra ngoai. Tinh xac

suat dé€ san pham lay ra tir 16 2 14 san pham t6t?

Giai. Goi A 1a bién cb “san pham lay ra tu 16 2 1a t6t”; A, 1a bién cb “san
pham lay tir 161 bd vao 16 2 1a tot”; A, 12 bién cb “san pham lay tit 16 1 bd
vao 16 2 1a xau”.

Khi d6 A;, A, lap thanh nhém bién c¢6 day da va A chi xay ra dong
thoi v6i 1 trong 2 bién cb do. Ap dung céng thic xac suit toan phan
ta c6 P(A) = P(A1).P(A/Al) + P(A2).P(A/A2). Trong d6, ta tinh dugdc

2 5 . 4 2 3

P(A) = = P (Ay) = ?VaP(A/Al) = 19" 5 P(A/Ay) = o
22 53 23
3 P A - —-.= _——— = —
Vay PA) =25+ 270=

Vi du 1.43. Mot nha m4y c6 3 phan xudéng san xuat ra cing mot loai san
pham. Xéc suat d€ phan xudng 1, phan xudng 2, va phan xudng 3 san xuit
dude san phdm loai I 1an lugt 14 0,7; 0,8; 0,6. Tut 1 16 hang gom 20% san
pham cta phan xuéng 1; 50% san phdm ctia phan xuéng 2; 30% san pham
ctia phan xudng 3 ngudi ta lay ra 1 san phdm dé kiém tra. Tinh xéc suat dé

san pham dudc kiém tra 14 loai 1

Giai. Goi A 1a bién ¢ “san pham dudc kiém tra 12 loai 17, A4; 1a bién c6 “san
pham dudc kiém tra do phan xudng i san xuat” (i = 1,2,3).

Ta c6 Ay, Ay, A3 1ap thanh mét nhém day da cac bién cb va A chi xay ra
ddng thoi véi 1 trong 3 bién ¢b d6. Ap dung cong thic x4c sut toan phan ta

co

P(A) = P(A1)P(AJAL) + P(A2)p(A/A2) + P(A3)P(A/A3).

Trong d6, ta tinh duge P(A;) = 20% = 0,2; P(A/A;) = 0,7; P(As) = 50% =
0,5; P(A/As) = 0,8; P(A3) = 30% = 0,3; P(A/A3) = 0,6.
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Vay P(A) = 0,2.0,7+0,5.0,8 +0,3.0,6 = 0, 72.
b. Cong thuc Bayes

Dinh li 1.44. Gid st A, As, ..., A, la nhém cdc bién c6 day di va A la mot
bién cb bat ky nao dé cé thé xdy ra dong thoi véi mét trong cdc bién cb trén.
Khi do:
P(A;).P(A/4)
1
P(A) ’

P(AZ/A) = = 1,2,...,n,

trong dé P(A) = > P(A;)P(A/A;).
=1
Chitng minh: Ap dung cong thic x4c sult c6 didu kién ta c6 :
P(ARA) _ P(Ap)P(A/Ar)  P(Ax)P(A/A)
Pa) P4) > P(A)P(A/A)
=1

P(Ak/A) =

Vay ta c6 diéu phai chiing minh.

Vi du 1.45. M6t nha may c6 3 phan xudéng san xuat ra cing mot loai san
pham. Xéc suat d€ phan xudng 1, phan xudng 2, va phan xudng 3 san xuit
dugc san pham loai I 1an lugt 14 0,7; 0,8; 0,6. T 1 16 hang géom 20% san
phidm ctia phan xuéng 1; 50% san phdm ctia phan xudng 2; 30% san pham
ctia phan xudéng 3 ngudi ta 1ay ra 1 san pham dé kiém tra. Biét san phdm
dudc kiém tra 1a loai 1.

a. Tinh x4c sut dé san phdm d6 thudc phan xudéng 2?

b. Héi san phdm d6 c6 kha ning thudc phan xudng nao nhat?

Giai. Goi A 1a bién cb “san phadm dudc kiém tra 14 loai 17, A4; 1a bién c6 “san
pham dudc kiém tra do phan xudng i san xuét” (i = 1,2, 3).

Ta c6 Ay, Ay, A3 1ap thanh mét nhém céc bién cb day da va A chi xay ra
dong thoi véi 1 trong 3 bién cb dé.

Theo Vi du 1.43 ta ¢6 P(A;) =20% = 0,2; P(A/A;) = 0,7; P(A3) = 50% =
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0,5; P(A/Ay) =0,8; P(A3) =30% = 0,3; P(A/A3) = 0,6. va P(A) =0, 72.
a. Ap dung cong thic Bayes ta c6

P(A;)P(A/A;)  0,5.0,8 20

P(A2/4) = P(A) ~ 0,72 36

b. Ap dung cong thic Bayes ta c6

P(A;/A) = P(A;)P(A/A) _ 0,2.0,7 _ 1

P(A) 0,72 36’

_ P(A)P(A/Ay)  0,5.0,8 20

P(Az/4) = P(A) 0,72 36
_ P(A3)P(A/A3)  0,3.0,6 9

P(As/4) = P(A) 0,72 36

Ta thay P(Ay/A) > P(As/A) > P(A,/A) do d6 san pham loai 1 do c6 kha

nang thudc phan xudéng 2 nhiéu hon.

1.4.4. Cong thuc Bernoulli
a. Day phép thu doc lap

DPinh nghia 1.46. Mot day cdc phép thi dudc goi la déc ldp véi nhau néu
xdc sudt dé xdy ra mot bién cé nao dé trong ting phép thi sé khong phu

thudc vao viéc bién cb do cé xdy ra 6 cdc phép thit khdc hay khong.

Vi du 1.47. 1. Tung nhiéu lan mot dong xu sé tao nén cac phép thi doc 1ap.
2. LAy nhiéu 1an san phdm tit mot 16 san pham theo phuong thiic c¢6 hoan

lai cting tao nén cac phép thi doc lap.
b. Day phép thu Bernoulli

Dinh nghia 1.48. Tién hanh mét day n phép thiz déc lap. Trong méi phép
thit chi c6 thé xdy ra mot trong hai truong hop: hodc bién cb A xdy ra hodc
bién c6 A khéng xdy ra. Xdc sudt dé’ A xdy ra trong méi phép thit déu bang
p, xdc sudt khéng xdy ra cia bién cé6 A trong mdi phép thit déu bing q =1-p.
Day phép thit théa man cd 3 dieu gid thiét trén duoc goi la day phép thi

Bernoulli hay lude do Bernoulli .
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Vi du 1.49. 1. Xét mot day phép thit doc 1ap: gieo mot dong xu 10 lan. Trong
mdi phép thi, xac suit xay ra bién c¢6 A : "Pong xu xuat hién mat sip" déu
nhu nhau va bang 0,5, Xac suit dé bién c6 A khéng xay ra, tic 1a dong xu
xudt hién méit nglra trong mdi pheps thit ciing déu bang 0, 5. Do d6 day 10
phép thit trén 1a moét day phép thir Bernoulli.

2. Mot dé thi trac nghiém mén Toan c6 50 cau, mdi cau c6 4 phuong an tra
16i trong d6 c6 ding mot phuong an tra 18i ding. Mét hoc sinh X lam hét
bai thi bang cach chon dép an ngau nhién. Khi d6 hoc sinh X da thuc hién
50 phép thit doc 1ap. Trong mdi phép thit nay, xac suit tra 18i ding ctia mbi
cau 1a nhu nhau va bang i, con xac xuit tra 16i sai déu bang 2 Do do day

phép thit nay la day phép thi Bernoulli.
c. Cong thuc Bernoulli

DPinh li 1.50. Cho mét day n phép thit Bernoulli véi xdc sudt xudt hién bién
cb A trong mbi phép thit la p. Khi do:
1. Xdc sudt dé'bién cb A xudt hién dung k lan trong day n phép thit Bernoulli
la P,(k) = C* pFq" % v6i k=0,1,....n.

2. Xdc sudt dé bién c6 A xudt hién ti k, dén ko lan trong day n phép thi
ko

Bernoulli la P, (ky, ko) = Z Cﬁpkq”_k.

k=k
Vi du 1.51. Trong phan xuéng c6 5 may hoat dong doc 1ap. Xac suat dé
trong méi ca mbi may bi héng déu bang 0,1. Tim xac suat dé trong ca dé cé

dung 2 may hong.

Giai. Coi su hoat dong ctia méi may 14 mét phép thi, ta c6 5 phép thi doc
lap. Trong moi phép thi chi c6 hai truong hop hoidc may héng, hoidc may
chay t6t. X4c suit hong cia méi may déu bang 0,1. Nhu vy bai toan thoa
mén lude d6 Bernoulli. Do d6 xéc suat dé trong ca c6 ding 2 may héng dudc

tinh bang cong thic Bernoulli nhu sau:
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Ps(2) = C2.p*¢® = C2(0,1)%.(0,9) = 10.(0,1)%(0,9)* = 0,0729.

Vi du 1.52. Mot bac si c6 xac suat chita khéi bénh 1a 0,8. C6 ngudi néi rang
ct 10 nguoi dén chita bénh thi chac chan c¢é 8 nguvi khoi bénh. Piéu khang
dinh d6 c6 dang khong?

Giai. Ta xem viéc chita bénh cho 10 ngusi 1a mét day 10 phép thi doc lap.
Goi A 1a bién cb chita khoi bénh cho mot ngudi thi P(A) = 0,8. Do d6 xac

suat dé trong 10 ngudi dén chita c6 8 ngudi khéi bénh la:
Pio(8) = C%,.(0,8)%.(0,2)* = 0, 3108.
Vay, diéu khang dinh d6 14 sai.

Vi du 1.53. Mot xa tha ban l1an lugt 6 vién dan vao bia mét cach oc lap véi
xéc suat tring dich ctia mdi vién 1a 0,7. Tim x4c suat dé
a. Co 3 vién trung bia.

b. Cé it nhat 3 vién tring bia.

Giai. Xa tha ban 6 vién dan vao bia chinh 1a thuc hién mot day 6 phép thi
Bernoulli.

a. Ap dung cong thiic Bernoulli: P;(3) = C2(0,7)%(0,3)* = 0, 18522.

b. Ap dung cong thic Bernoulli:

P5(3;6) = Fs(3) + Fs(4) + Ps(5) + Fs(6)
= C2(0,7)%(0,3)* + C5(0,7)*(0, 3)*
=0, 83229.

d. S6 c6 kha ning nhit (trong lude d6 Bernoulli)

Dinh nghia 1.54. S z( ma tai dé xdc sudt dat gid tri l6n nhat goi la s6 cé

khd ndng (hay sb lan xudt hién chdc chdan nhat).
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Dinh 1i 1.55. Cho mét day n phép thi Bernoulli vdi xdc sudt xudt hién bién
cb6 A trong mébi phép thi: la p va xdc sudt khong xudt hién bién cd A trong
méi phép thit la ¢ = 1 — p. Khi do:

o Néu np — q € Z thi sé c6 khd ndng nhdt dugc xdc dinh la ©o = np — g
hodc xo =np —q+ 1.

o Néu np—q ¢ Z thi sb c6 khd nang nhdt duoc xdc dinh la zo = [np — q]+1,

trong do [np — q| la phan nguyén ciia np — q.

Vi du 1.56. Xac suat dé mdi con lon khi tiém phong bang mot loai vacxin
dudc mién dich 14 0,9. C6 50 con lon dudc tiém phong. Tim s6 lon dudc mién

dich c6 kha ning nhiéu nhat?

Giai. Tiém phong cho 50 con lon chinh la thuc hién moét day 50 phép thu
Bernoulli véi p =0,9vaq¢=0,1. Tacé np — ¢ =50.0,9—0,1 = 44,9 ¢ Z nén
o= [np —q] +1=1[44,9] + 1 = 45.

Vay s6 1on c¢6 kha nang mién dich nhét 14 45 con.

1.5. Bai tap chuong 1

Bai 1.1. Mot nhém hoc sinh gom 12 em trong d6 ¢6 5 em 16p 10A, 4 hoc sinh
16p 10B va 3 hoc sinh 16p 10C. Chon ngiu nhién dong thoi 4 em trong nhém.
a. Tinh xac suét sao cho 4 em dudc chon khong thudc cung mot 16p.

b. Tinh xéc suit sao cho 4 em dudc chon c6 s6 hoc sinh 16p 10A bang s6 hoc

sinh 16p 10C .

Bai 1.2. Mot hop dung 5 qua cau xanh, 4 qua cau dd, 3 qua cau vang. Lay
ngau nhién doéng thoi 4 qua trong hop.
a. Tinh x4c suat dé 4 qua lay ra c6 2 qua dé, 1 qua xanh va 1 qua vang ?

b. Tinh x4c suat dé 4 qua lay dudc thudc ca 3 mau néi trén ?

Bai 1.3. C6 2 hop phan biét dung cac qua cau. Hop I dung 4 qua cau xanh,

3 qua cau d6. Hop II dung 3 qua cau xanh, 5 qua cau dé. LAy ngiu nhién
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méi hop mot qua cau.
a. Tinh xac suat dé hai qua lay dudc déu 1a mau xanh?

b. Tinh x4c suat dé hai qua 1ay dudc c6 1 qua mau xanh va 1 qua mau d6?

Bai 1.4. Mot hop kin dung 16 tAm thé dudc danh s6 tir 1 dén 16. Lay ngiu
nhién dong thoi 4 tAm thé trong hop.
a. Tinh xéc suat sao cho 4 tam thé lay ra déu dudc danh sb 18?

b. Tinh x4c suat sao cho 4 tAm thé 1iy ra c6 ding 2 tdm dudc danh s6 chin?

Bai 1.5. Mot chiéc kim ctia banh xe trong tro choi  Chiée nén ky diéu” ¢6
thé ditng lai 8 mot trong 7 vi tri v6i kha ning nhu nhau.

a.Tinh xac suat dé trong 3 lan quay lién tiép chiéc kim ctia banh xe d6 lan
lugt dung lai 6 3 vi tri khac nhau ?

b.Tinh xéc suat dé trong 3 1an quay lién tiép chiéc kim ctia banh xe d6 ding

lai 6 dung mot vi tri.

Bai 1.6. Ba van d6ng vién ném béng rd, mbi ngusi ném mot qua véi xac suat
ném trang ré ciia tung ngusi 1a 0.7, 0.9, 0.8 tuong tng. Tinh xac suit dé:

a. Cé dung 2 ngudi ném trung ro ?

b. C6 it nhat moét nudi ném tring ré ?

c¢. Ngudi thit 2 ném tring ré biét rang c6 2 ngudi ném trang ré ?

Bai 1.7. Trong mo6t phan xuéng c¢6 3 may (I, I1, ITI) hoat dong doc 1ap nhau
v6i xac suat hong trong mot ca lam viéc ctia cac may tuong tng 1a 0,01; 0.1;
0,5. Tinh xéc suat dé trong mot ca lam viéc c6:

a. It nhAt mot may bi héng ?

b. C6 dang mo6t may khong bi hong ?

c. Gia st trong ca lam viéc dé c6 ding 1 may khéng bi hong, tinh xac suat
dé d6 1a may 1.

Bai 1.8. Ba xa tht, m6i ngusi ban mot vién dan vao mot muc tiéu mot cach

doc lap. Xac sut ban tring dich ctia méi ngudi tudng tng la 0,8; 0,85 va
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0,9.

a. Tinh xéc suat dé c6 hai vién dan tring dich ?

b. Gia st muc tiéu bi tiéu diét véi xdc suat 0,7 néu cé 1 vién dan trang dich;
0,9 néu c6 2 vién dan tring dich va chic chin bi tiéu diét néu ca ba vién

trung dich. Tinh xac suat dé muc tiéu bi tiéu diét ?

Bai 1.9. Mot thanh phd ¢6 45% dan s6 12 nam va 55% dan s6 1a nit. Biét rang
nam gidi trong thanh phé c¢é 20% t6t nghiép dai hoc con nit gidi 1a 15%. Vao
thanh phé ban gip 1 ngudi.

a. Tinh xac suat dé ngudi dé t6t nghiép dai hoc ?

b. Tinh x4c suit d€ nguvi d6 1a nam biét réing ngudvi dé da t6t nghiép dai hoc
o

Bai 1.10. C6 2 16 san pham cung loai, cung kich thuéc. Lo I c6 12 chinh
phdm va 3 phé pham, 16 II c¢6 15 chinh phdm va 3 phé phdm. Liy ngau
nhién 1 san pham tit 16 I bé sang 16 II, sau d6 tir 16 II lay ra 2 san pham.

Tinh xéc suit sao cho 2 san pham 14y ra tit 16 IT déu 1a chinh phdm ?

Bai 1.11. Ty 1é hit thude 14 8 mot vung 1a 35%. Theo thong ké cho biét, ty
1é viém hong trong s6 ngusi hit thubce 1a 65%, con trong s6 khong hut thube
12 30%. Kham ngau nhién mét ngudi thi thay anh ta bi viém hong, tinh xac

suat d€ anh ta 1a nguoi hiat thude 1a ?

Bai 1.12. Mot thanh phd c6 45% dan s6 1a nam va 55% dan sb6 la nit. Biét
rang nam gidi trong thanh phé c6 20% t6t nghiép dai hoc con nit gidi 1a 15%.
Vao thanh phé ban gip 1 ngusi. Tinh xdc suit dé ngusi d6 tot nghiép dai

hoc ?

Bai 1.13. Mot may phat di 5 tin hiéu véi xdc suat phat thanh cong mot tin
hiéu 14 0.99. Tai m6t may thu, xdc sudt nhan dung tin hiéu phat 1a 0.95.
Tinh xac suat d& trong 5 tin hiéu da phat c6 4 tin hiéu phat thanh céng va

may thu nhan dudc 3 tin hiéu chinh xac ?
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Bai 1.14. C6 hai thu muc. Thu muc thi nhéat ¢6 3 file .doc va 3 file .xIs. Thu
muc thi hai c6 6 file .doc va 4 file .xIs. Di chuyén ngau nhién 4file tir thu
muc thi nhat sang thu muc thi hai r6i chon ngiu nhién mét 1 file 6 thu

muc thi hai. Tinh xdc suat d€ chon dudc file .xIs 6 thu muc thi hai ?

Bai 1.15. M6t tram chi phéat hai loai tin hiéu A va B véi x4c suét tuong tng
0,8 va 0,2. Do c6 nhiéu trén dudng truyén nén 1/5 tin hiéu A bi méo va dudc
thu nhu 1a tin hiéu B, con 1/8 tin hiéu B bi méo thanh tin hiéu A.

a. Tim xac suit thu dudc tin hiéu A ? b. Gia st thu dudc tin hiéu A, tim xac

suat dé thu dudc ding tin hiéu lic phat ?

Bai 1.16. Ty 1é hit thubc 14 8 mot vung 1a 35%. Theo théng ké cho biét, ty
1é viém hong trong s6 ngusi hut thube 14 65%, con trong s6 khéng hit thude
12 30%. Kham ngau nhién mét ngudi thi thay anh ta bi viém hong, tinh xac
suat d€ anh ta 1a ngudi hut thubée. Néu anh ta khong bi viém hong thi xac

suat d6 bang bao nhiéu ?

Bai 1.17. Mot cong ty bao hiém chia d6i tudng bao hiém lam 3 loai: it rai
ro (chiém 20%), rii ro trung binh (chiém 50%), rii ro cao (chiém 30%). Biét
ty 1é khach hang gip rai ro trong mot niam tuong dng véi cac doi tuong trén
la: 0,05; 0,15 va 0,3.

a. Tinh ty 1€ khach hang gap rui ro trong 1 nam ?

b. Gép mot khach hang bi rii ro, tinh xac suat dé ngusi dé thudc loai it rai

ro?

Bai 1.18. Mot xi nghiép may c6 hai phan xuéng véi ty 1é phé phdm tuong
ung la: 1%;2% ,

- Phan xudng 1: san xuit 40% san phim

- Phan xudng 2: san xuit 60% san phim

a. Tim xac suat dé tit 1 16 san pham cta xi nghiép chon ngau nhién duge 1

phé phéam ?



1.5. Bai tap chuong 1 29

b. Gia stt lay dudc 1 phé phdm. Tim xac suat dé phé phdm nay do phan

xuéng 1 san xuit; phan xudng 2 san xuat ?

Bai 1.19. Mot thanh phé c6 45% dan s6 1a nam va 55% dan sb 1a nit. Biét
rang nam gidi trong thanh phé c¢6 20% t6t nghiép dai hoc con nit giéi 1a 15%.
Vao thanh phé ban gip 1 ngusi. Vao thanh phé gép dude ngusi t6t nghiép

dai hoc. Tinh xac suat dé ngusi dé 1a nit giéi ?

Bai 1.20. C6 2 16 hang, 16 I ¢6 30 chinh phdm va 10 phé pham. L6 II ¢6 25
chinh phdm va 15 phé phdm. T 16 I 1y ngdu nhién ra 1 san pham bd sang
16 II, sau d6 ti 16 II 1y ngau nhién ra 2 san pham.

a. Tinh xac suat d€ dudc ca 2 chinh pham ?

b. Tinh x4c suat dé lay dugc 1 phé phdm va 1 chinh phdm ?

Bai 1.21. Mot xuéng c6 hai may cung san xuat mot loai san pham. X4c suat
dé san xuat ra phé phdm ctia méi may tuong tng la 0,1 va 0,2. Pong thoi
cong suat ctia may 2 gip déi cong sudt may 1.

a. Tinh ty 1é phé pham ctia xudéng d6 ?

b. LAy ngau nhién 2 san phim cta xudng thi thay chi c6 mét san pham t6t.

Tinh xac suit dé san pham tot dé 1a cia may 1 ?

Bai 1.22. Mot nha may c6 3 phan xudng 1, 2, 3. Biét phan xudng 1 chiém
40% san phdm ctia nha mdy, phan xudng 2 chiém 30% san phdm cta nha
may va phan xudéng 3 chiém 30% san phdm c@a nha may. Biét ti 1é phé
phdm ctia phan xuéng 1, 2, 3 1an lugt 1a 10%, 20% va 15%. Ly ngau nhién
mot san phdm cia nha may va dudc mét phé pham, tinh xac suit sao cho

san pham lay dudc 1a thudc phan xudng 1 ?

Bai 1.23. Mot nha may c6 3 phan xuéng cung san xuit ra mét loai san
pham. San phdm ctia phan xudéng I chiém 40% , phan xuéng II chiém 30%

san luong ctia nha may. Ty 1é chinh phdm cta tiing phan xudng tuong tng
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12 94%, 96%, 95%. LAy ngiu nhién 1 san phdm ctia nha may, tinh xac suat dé

san pham d6 14 chinh phdm ?

Bai 1.24. Mot dé thi trac nghiém gom 10 ciu héi, mdi cau c6 4 phuong an
tra 18i, trong dé6 chi c6 mot phuong an tra 18i ding. Méi cau tra 18i ding dude
5 diém, moéi cau tra 16i sai bi trir 2 diém. Mot thi sinh chon cach tra 16i mot
cach hoan toan hu hoa.

a. Tinh x4c suét d€ thi sinh duge 15 diém ?

b. Tinh x4c suat dé thi sinh d6 d6, biét rang dé d6 phai dudc it nhat 28 diém?

Bai 1.25. Mot ngudi say rudu bude 8 bude. Mbi bude anh ta tién 1én phia
trude 1 mét hodc lui lai phia sau 1 mét véi xac suat nhu nhau. Tinh x4c suat
dé sau 8 budc:

a. Anh ta tré lai diém xuét phat ?

b. Anh ta cach diém xuét phat hon 4m ?



Chuong 2
PAI LUONG NGAU NHIEN

Trong chuong nay ta khao sat cac bién ¢ cia dai luong nhan cac gia
tri nao dé, khi céac gia tri nay thay d6i ta dudc cac bién ngiu nhién. Khai
niém bién ngau nhién va cac dic trung ctia ching 1a nhitng khai niém quan

trong cta ly thuyét xac suét.

2.1. Pai lwong ngiu nhién va bang phan phoi
xac suat

2.1.1. Pai luong ngau nhién va phan loai

DPinh nghia 2.1. Dai luong ngdu nhién (DLNN) la dai lugng bién doi bicu

thi gid tri két qud ciia mét phép thit ngdu nhién.

Ky hiéu: X,Y, Z... hoac Xy, ..., X,,,.Y1, Y5, ... Y, ...
Céc gia tri c6 thé c6 ctia ching dude ky hiéu z1, 2o, ..., Tn, Y1, Y2, ..., Yn.

Chu y: X goi 1a dai lugng ngdu nhién vi trude khi tién hanh phép thi ta
chua c6 thé néi mét cach chic chin né sé nhan gia tri bang bao nhiéu, ma
chi du doan diéu dé véi mot xac suat nhat dinh. N6i cach khac, viéc X nhan
mét gia tri nao d6 (X = z;); (X = 22);...; (X = z,,) vé thuc chat l1a cac bién
¢6 ngiu nhién. Hon nita, trong két qua ctia phép thi dai luong ngau nhién
X nhét dinh sé nhan mét va chi mét trong cac gia tri ¢6 thé cé ctia né, do dé

cac bién ¢6 (X = z1); (X = 23);...; (X = x,,) tao nén nhém day du cac bién cb.

Vi du 2.2. Tung mét con xuc x4c. Goi X 14 “sb chAm xuét hién” thi X 14 mot
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dai luong ngdu nhién vi trong két qua cia phép th né sé nhan 1 trong 6

gia tri c6 thé c6 1a 1,2,3,4,5,6.

Vi du 2.3. Trong hop c6 4 bi trang, 2 bi den. Lay ngau nhién 2 bi, goi X la
s6 bi trang thi X1a dai luong ngu nhién vi X ¢6thé1a 0, 1, 2.

Dai ludng ngiu nhién dudc chia ra 1am hai loai: Dai luong ngau nhién
rdi rac va dai lugng ngau nhién lién tuc.

% Pai luong ngau nhién roi rac

DPinh nghia 2.4. Dai luong ngau nhién goi la roi rac néu né chi nhan mot

s0 hitu han hodc mét so vé6 han dém duoc cdc giad tri.

No6i cach khéac dai lugng ngau nhién sé 1a roi rac néu ta cé thé liét ké
dudc tat ca cac gid tri c6 thé cé cia no.
Ta ky hiéu dai luong ngau nhién X nhén gia tri z,, 1a X = z,, va xac suat

dé X nhan gia tri z, 1a P(X = z,,).

Vi du 2.5. S0 cham xuat hién trén mat con xdc xac, so hoc sinh vang mat

trong mot budi hoc. .. 1a cac dai luong ngau nhién roi rac.

Vi du 2.6. Goi Y 12 “s6 ngudi vao mua hang tai mét ctia hang trong mot
ngay”. Y la dai luong ngau nhién roi rac véi cac gid tri c6 thé c6 ctia né lap

nén mot tap dém dudec Y =0,1,2, ...

Vi du 2.7. Mot phan xuéng c6 5 may hoat dong. Goi X 1a “s6 may héng trong
mot ca”. X 1a dai luong ngiu nhién roi rac véi cac gia tri c6 thé c6 ctia né la

X =0,1,2,3,4,5.
% Pai luong ngau nhién lién tuc

Dinh nghia 2.8. Dai luong ngdu nhién goi la lién tuc néu cdc gid tri cé thé

co cua no lap day moét khoang trén truc so.
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Nhu vay, d6i véi dai luong ngau nhién lién tuc ta khong thé liét ké dudc

tat ca cac gia tri c6 thé cé ctia né.

Vi du 2.9. Goi X 12 thoi gian dén diém hen clia A tit 7 dén 8 gio thi X 1a
dai lugng ngau nhién lién tuc vi ta khéng thé ké ra dudc tat ca cac gia tri ¢
thé c6 cta né. Ta c6 thé néi rang cac gia tri c¢6 thé cé cia Xnim trong mot

khoang (7;8).

Vi du 2.10. Goi Y la “néng suat lia vu mua mét tinh”, ¥ 1a dai luong ngau

nhién lién tuc.

2.1.2. Bang phan phéi xac suat

Bang phan phdi xac suat chi dung dé thiét 1ap quy luat phan phéi xac

suat cta dai luong ngau nhién roi rac.

Dinh nghia 2.11. Gid s dai luong ngdu nhién roi rac X cé thé nhan
mot trong cdc gid tri cé thé ¢é la x1, s, ..., z, VOi cde xdc sudt tuong ung
1a p1,pa, ..., pn. Khi d6 bdng phdn phéi cdc xdc sudt cia dai luong ngdu nhién

roi rac X co dang:

X T1 | Lo | X3 | «.o | Tp

P(X:%') b1 | P2 | P3| - | Pn

Néu cac gia tri c6 thé c6 ctia dai luong ngau nhién X gom hitu han so6
x1,%9,...,2T, thicacbién co X =z, X = x9,..., X = z,, 1ap thanh mot nhém

n
cdc bién 6 day di. Do d6: 0 <p; < 1véimeii=1,2,...nva Y p =1
i=1

Vi du 2.12. Tung mét con xuic sac. Goi X 1a “s6 chdm xuét hién”. Lap bang

phan phoi xac suat cua X.

Giai. Vi X 1a dai luong ngau nhién rdi rac véi cac gia tri c6 thé c¢6 1,2,3,4,5,6

v6i cac xéc suat tuong tng déu bang 1/6, do d6 bang phan phbi xac suit cua
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X c6 dang
X 1/2(3/4|5|6
oo | LTI T[T
61616161616

6
Kiém tra: Zpi =1.

=1
Vi du 2.13. Trong hop c¢6 10 san ph4dm trong d6 c6 6 chinh pham. Liy ngau
nhién 2 san phadm. Lap bang phan phéi xac suat ctia s6 chinh phdm dudc

14y ra.

Giai. Goi Y 1a “s6 chinh pham dudc 14y ra trong 2 san pham, Y 1a dai luong
ngau nhién roi rac véi cac gia tri c6 thé c6 14 0,1,2 . Ta tinh x4c suit tuong
ang:

¢z 2 ol s ¢z 5

PlY =0)= —4 = —
(Y =0=gt =

015

Vay quy luat phan phdi xac suat cia Y 1a

Y 0
PY) | =

1] 2
815
15 5t

—

5)

—

Kiém tra: 2/15 +8/15+ 5/15 = 1.

Vi du 2.14. X4ac suat dé xa thii ban tring bia 1a 0,8. Xa tht dudc phat tiing
vién dan dé€ ban cho dén khi tring bia. Lap bang phan phdi xéc suat caa sb

vién dan dudc phat.

Giai. Goi X 1a “s6 vién dan ma xa tha dudc phat”. X la dai luong ngau
nhién roi rac véi cac gia tri c6 thé c¢6 1a 1,2,3,...,n, .. Tinh xéc suat tuong
ing p(X =1) = 0,8;p(X = 2) = 0,2.0,8;...;p(X = n) = (0,2)"1.0,8... Vay

bang phan phéi xac suit caa X 1a

X 1 2 n
PX) |0,8(0,2.0,8]..|(0,2)""0,8
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Kiém tra: 0,8 +0,2.0,8 + ... +(0,2)"71.0,8...

Pay la tong clia mot cap s6 nhan lui vo han véi cong boi ¢ = 0,2, do dé
oo

0,8
2)"10,8= ——— =
;(0, 10,8 03

Han ché ctia bang phan phéi xac suat 1a né chi thiét 1ap dudc quy luat phan

phoéi xac suat ctia dai ludng ngau nhién rdi rac ma thoi.

2.2. Ham phan phdi xac suat

2.2.1. Pinh nghia ham phan phéi xac suét

Khai niém ham phan phdi xéc suat ap dung dudc ddi véi ca dai luong
ngau nhién rdi rac va lién tuc. Gia st X 1a dai luong ngiu nhién bat ky, «
12 mot s6 thuc nao d6. Xét bién c6 “dai luong ngau nhién X nhan gia tri nhé
hon 27, ky hiéu (X < z) . Hién nhién khi z thay déi thi xac suat P(X < z)

ciing thay déi. Nhu vay xac suat nay 12 mot ham sé cia z.

Pinh nghia 2.15. Ham phdn phéi xdc sudt ciia dai luong ngdu nhién X, ky

hiéu la Fx(x) la ham dudc xdc dinh nhu sau: Fx (r) = P (X < x).

- Néu X la dai ludng ngiu nhién roi rac nhan céic gia tri c6 thé

T1,T2y...,Tp thi
0 khi x < xq,
F(x)=q pi+p2+ .. +p1 khiziy <x <,
1 khit x > x;.

- Néu X la dai lugng ngau nhién lién tuc thi ham phan phéi xac suat dudc

xac dinh béi cong thic:

Fx(x) = /xf(u)du,

trong d6 f(u) 12 ham méat d6 xac suét ctia dai lugng ngau nhién lién tuc X.
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Vi du 2.16. Dai lugng ngiu nhién roi rac X c6 bang phan phbi xac suat

X 1 3 | 4
PX) |01]05|04

Hay xay dung ham phan phéi xac suat va vé do thi.
Giai. - Néu z < 1 thi bién ¢6 (X < z) 1a bién ¢6 khong thé c6 do dé:
Fx(z)=P(X <z)=P(p)=0

-Néul<z<3thi Fy(zx)=P(X <z)=P
-Néu3d <z <4thi Fx(z)=P(X <z)=P
-Néu z > 4 thi Fx(z) = P(X < z) = P(x
0,1+0,5+0,4=1.

T

1) =0, 1.
1)+ Pz =3)=0,1+0,5.
1)+ Plx =3)+ Pz =4) =

(
(

T

Vay ham phan phdi xac suit cta X 1a

(

0 khi x <1,
0,1 khil<ux<3,
0,6 khi3<ux<A4,
1 khi x > 4.

Fal(x )t
1 1 T .
o1l
1 3

Hinh 2.1 D6 thi cta F(x)

Nhu vy d6 thi cia ham phan phéi xac suit cta dai lugng ngau nhién

rdi rac ¢6 dang bac thang véi s6 diém gian doan chinh bang s6 gia tri ¢6 thé
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c6 cia X. Néu X 1a dai luong ngau nhién lién tuc thi ham phan phéi xac
suat ctia né lién tuc va kha vi tai moi diém ctia X, do d6 do thi ctia né 14 mot

duong cong lién tuc.

2.2.2. Cac tinh chit ctia ham phan phdi xac suat

Tinh chat 1: 0 < Fx(z) < 1 v6i moi z.

That vay: Vi Fx(z) = P(X < ), suy ra diéu phai ching minh.

Tinh chét 2: Ham phéan phdi x4c suit 13 ham khong giam. Tic 1a néu
T1 < To thi Fx(l'l) < Fx(l'g).

That vay: Gia st z; < x,. Xét bién cb
(X <x9) = (X <) + (21 <X < x9).
Khi dé6
P(X <az)=P[(X <z1)+ (11 <X <x9)] = P(X < 1) + P(z1 < X < 9).

Hay P(X <x3) — P(X <x) = P(x; < X <x9) >0,
hay Fx(JZg) — Fx(l’l) Z 0 hay Fx(l’g) Z Fx<x1) (dpcm)
Hé qua 1: P(a < X <b) = Fx(b) — Fx(a).
Hé qua nay suy ra truc tiép tit qua trinh chiing minh tinh chat 2.
Hé qua 2: Néu X 1a dai lugng ngiu nhién lién tuc thi P(X = z) = 0.
That vay, néu dat a = z,b = = + Az thi
Pla<xz<b)=Plax<X<z+Azx)=Fx(z+ Azx) — Fx(z).

Do d6

lim P(x < X <2+ Azx) = lim Fx(x + Az) — Fx(z) = F(z) — F(z) = 0.

Az—0 Az—0
(Vi X lién tuc nén Fx(z) lién tuc lin% F(z 4+ Az) = F(x)).

T—

Hé qua 3: Néu X 1a dai luong ngiu nhién lién tuc thi

Pla<z<b)=Pla<z<b)=Pla<z<b) =Pla<z<b).
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Hé qua nay dudc suy ra tu hé qua 2
Tinh chét 3: lim F(z)=1; lim F(z)=0.

T—>—+00 T—r+—00
That vay:
Fx(=00) = P(X < —00) = P(¢) = 0, Fx(+00) = P(X < 4+00) = P() = 1.

2.2.3. Y nghia cua ham phan phdi

Ham phan phdi xac suat phan anh mic dé tap trung xac suit vé phia

bén trai mot so thuc x nao do.

Vi du 2.17. Dai lugng ngiu nhién X c6 ham phan phdi xac suit

0 khi x < —1,
3 3 1

1

1 khi x > -.

X 3

Tim xac suat dé trong két qua ctia phép thit X nhan gia tri trong khoang
[0,1/3).

Giai. Theo tinh chit 2 ta c6

3, 3 3, 1
Z]_[_'0+_]:_'

* 4 4 4

PO < a < 1/3) = Fx(1/3) ~ Fx(0) = [

LWl

Vi du 2.18. Cho dai lugng ngéu nhién lién tuc X c6 ham phan phéi

0 khi x < —a,
Fx (z) = A—i—B.arcsin% khi —a <z <a,
1 khi x > a,

trong do a > 0. Hay tim A, B?

Giai. Theo tinh chat cia ham phan phéi xac suat 0 < Fy (x) < 1.

O§A+Barcsin£§1
a
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Mat khac vi X lién tuc nén Fx(x) lién tuc. Do d6

lim Fx(zr)= lim Fx(z)=Fx(—a)< lim (A—l—Barcsin{):O

r——a+0 rz——a—0 r——a—+0 a

™

& A+ B(=35)=0. 2.1)

lim Fy(zx)= lim Fx(z)= Fx(a) < lim (A4 Barcsin z) =1

rz—a+0 x—a—0 x—a—0 a
s
& A+B(3) =1 (2.2)
N N 1 1
Tu (2.1) va (2.2) suyra A = 3 B=-—.
m

2.3. Ham mat d6 xac suat

2.3.1. Pinh nghia ham mat d6 xac suit va vi du
Ham mat d6 xac suit dic trung cho quy luat phan phéi caa dai luong

ngau nhién lién tuc X.

Dinh nghia 2.19. Ham mdt dé xdc sudt ciia dai luong ngdu nhién lién tuc
X (ky hiéu la f(x)) la dao ham bdc nhdt clia ham phdn phdi xdc sudt clia
dai luong ngdu nhién do.

Vay: f(z) = Fx(x).

2.3.2. Cac tinh chéit ciia ham mat dé xac suat

Tinh chat 1: f(x) > 0 v6i moi .
That vay, vi F(z) 1a ham khéng giam, do d6 F'(z) = f(x) la ham khong am.
Vé mit hinh hoc, d6 thi cia ham f(z) khéng nam thap hon truc Ox.

b

Tinh chét 2: P(a < X < b) — / F(@)de.
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That vay, ta co

Pla< X <)X Pla < X <b)=Fx(b) — Fx(a)

Tinh chét 3: F(z) — / F(w)da.
That vay: Theo dinh r;ghia ham phan phéi xac suat ta co:
Fz)=P(X <z)=P(-o0 < X <x).
Theo tinh chat 2, ta dit a« = —co va b = z, ta cé:
Pl—o< X <z)= / f(x)dx.
Cong thic trén cho phép tim ham phan phdi xac suit cia dai luong ngau

nhién lién tuc khi da biét ham mat doé xac suat ciia no.

+o0o
Tinh chét 4: / f(z)dx =1.

“+oo
That vay: / f(z)dz = P(—00 < X < +00) = P(Q) — P (¢) = 1.

Chii y: D€ f(z) 1a ham mat d6 xac suat cia dai lugng ngau nhién lién tuc
nao d6 thi né phai thod méan hai diéu kién:

/() > 0,
/f(x)dx = 1.

Vi du 2.20. Cho dai lugng ngiu nhién lién tuc X c6 ham mat do xac suat

k(32> +2) khi z€[0,1],
flz) = { ,
0 khi x ¢ [0,1].
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a. Tim hang so k.

b. Xay dung ham phan phéi xac suat cia X.

Giai. a. Vi f(z) 12 ham mat do xac suat cia dai luong ngau nhién lién tuc

X nén no6 phai thoa man:

f(x) > 0,
400
/ flx)de =1

- Piéu kién tht nhat < k > 0.
0

—+00

1
-Diéukiénthﬁhai@/f(m)der/f dx+/f )dz =1
0

—00

1 1
<:>/k:(3z2+2)dx:1<:>k:_1——§(th6aman).

[ (322 +2)d

0
b. - Neua:<0:>FX /f

0

_Neu0<x<1:>FX /f d:[;_/f dm+/f

T

]

0
0

-Néuz>1= Fx (x /f dx—/f d:c—l—/lf d:c—l—/f dz
0

—00

(33v2 + 2) dx (x + 23:)

Wl
C»J|H

Vay
0 khi z <0,
F(z) = %(w3+23}) khi0 <z <1,
1 khi x > 1.

Vi du 2.21. Cho dai luong ngiu nhién lién tuc X c6 ham mat do xac suat
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Ccosx khi x € [i, z],
_ 22
f(z) = Lhi -7 T
0 Lz ¢ [77 5]-
a. Tim hang s6 C.
b. Xay dung ham phan phdi xac suat caa X.

c. Tim x4c suat dé dai luong ngau nhién X nhéan gia tri trong (0; 7 /4).

Giai. a. Vi f(z) 12 ham méat do xac suat cta dai luong ngau nhién lién tuc
X nén no6 phai thoa man:

() >0,

f
+oo
/f(x)dx =1.

- Piéu kién thu nhat < C > 0.
Giai diéu kién thu hai ta cé :
—+o0
1

1—/f d$_/OdI+/CCOS$dSL‘+/OdZE—CSIHZE %5220@025‘

Ny

Két hop hai diéu kién, vay C = %

b. Fx(z / f(uw)du, trong doé,

1cosx khi z € [_—W, E],
_ )2 2 2
) = . -7

T

Neux<——th1FX( ) = /Od:)s—O

1
Neu—§<x<—th1FX /f du-/Odu+/§cosudu

w\:!
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1
= §(sinx +1).

™

Wl

, f 1 f
Neu z > gthi Fx(x) = /f(u)du: Odu+/§cosudu+/0du
1

—0o0 —

[ME]
N

Eis 1
2 = — =
’x —2(1+1) 1.

=3 sin u
Vay ham phan phdi xac suat cta X 1a
0 khi z < _TW,
1 .=
F(x) = 5@mﬂ&)kh—£<x§g

2
1 kMx>g.

IS

1
(sinz +1)— =(sin0+1) =

c. Tinh P(0 < X < =) = F( y .

. )~ F(0) =

=13
SIcEN

4 Zl 1 .
Cach khac: P(0 < X < %):/f(x)dx:/icosxdx: Qsinx G =
0 0

Vi du 2.22. Ham phan phéi xéc suit cia dai lugng ngau nhién lién tuc X
c6 dang Fx(x) = a+ b.arctgr vl —oo < x < +00.

a. Tim heé s6 a, b.

b. Tim ham mat do xac suat f(x).

c. Tim xac suat dé khi tién hanh 3 phép thit doc lap c6 2 lan X nhan gia tri
trong khoang (—1,1).

Giai. a. Theo tinh chit ciia ham phan phéi xac suat ta ¢6

Fy (—00) =0, a + b. arctan (—oo) = 0,
=
Fx (+00) =0 a + b.arctan (+00) =
™ 1
a<__>: , _ L
a-+ 5 0 a 5
< &
T
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b. Ta c6

flz) = Fy(z) = (% + %arctg:c) = %(1 —|—1x2) = 7r(1—1|—:1c2)'

c. Bai toan thod méan luge d6 Bernoulli, ta phai tinh P5(2) = C2p?q', trong d6

1

p:P(—1<X<1)t:C/

-1

1?1\

Y nghia cia ham mdt doé xac suat

L de 1 ; 1
- = —arctgx = _,
ml+x2 7w 9T 11 2

Ham mat do xac suat cia dai luong ngau nhién lién tuc X tai méi diém

x cho biét mic d6 tap trung xac suat tai diém dé.

2.4. Cac tham sé dic trung

2.4.1. Ky vong

Dinh nghia 2.23. Néu X la dai luong ngdu nhién roi rac cé bang phan phbi

xdc suat la

X T1 | Ty | X3 | ... | X,

PX =) |p1|p2|Dp3]| - |Dn

thi ky vong toan cua X dudc ky hiéu va xdc dinh bdi cong thuc E(X) =
inpi-
i=1

“+oo

- Truong hop X roi rac cé vé han dém dudc phan ti thi E(X) = Z x;p; (VOL
=1

diéu kién chudi nay héi tu tuyét doi)

- Néu X la dai lugng ngdu nhién lién tuc c6 ham mat do xdc sudt la f(z) thi
—+00

ky vong todn cua X la E(X) = / x.f(z)d.

—0o0



2.4. Cdc tham s ddc trung 45

Chii y: Néu f(z) chi duong trong khoang (a, b) thi

b

B(X) = / v f(z)d.

a

Vi du 2.24. Tim ky vong toan ctia dai lugng ngiu nhién rvi rac X c6 bang

phan phoi xac suat nhu sau

X 1 3 | 4
PX) |0,1]056]|04

Giai. Theo dinh nghia ky vong toan ctia dai luong ngau nhién rdi rac ta cé

E(X)=) xipi=10,1+30,5+40,4=32.

Vi du 2.25. Tim ky vong toan ctia dai luong nngiu nhién lién tuc X c6 ham
mat d6 xac suit:

1

f)={ T —a
0 khi x ¢ [a,b]

khi x € [a,]

Giai. Theo dinh nghia ta cé

b

it 1 x? , a+b
(X) /xb—ax 2(b—a)|a 2

a

Ta thay, F(X) trung véi diém giita ca [a, b].

Chau y: Ky vong toan caa dai luong ngau nhién 14 s6 xac dinh.

% Cac tinh chit caa ky vong toan

Tinh chat 1: E(C) = C(C 1a hang sb).

That vay, ta coi C nhu mét dai lugng ngau nhién rdi rac, dic biét, véi mot
gia tri c6 thé c6 1a C va xac suit tudng tng bang 1. Theo dinh nghia cta ky
vong toan ta c6 £(C) = C.

Tinh chét 2: E(C.X) = C.E(X) (C - hang sb).
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That vay, gia st X 1a dai lugng ngiu nhién roi rac c6 bang phan phdi xac

suat la

X
P

Ty | T2 | X3 T

b1 | P2 | P3 DPn

Do d6 C.X sé la mot dai luong ngau nhién rdi rac ma cac gia tri cé thé c6

ctua né 1a Cx, ..., Cz,. V6i xac sult tuong tng la:

p(cX =cxy) =p(X =21) =p1, ..., p(cX = cx,) = p(X = z,) = pp.

Vay bang phan phéi xéc suat cia dai luong ngau nhién c¢X c¢6 dang

cX

CI1

CTo

CI3

CT,

P

y4

D2

b3

Pn

Khi dé theo dinh nghia ky vong ta cé:

E(cX) = cxip1 + cxaps + ... + cxypn = c(x1p1 + ... Zppn) = ¢.E(X).

Tinh chét 3: E(X +Y) = BE(X) + E(Y).

That vay, gia st cac dai luong ngau nhién X, Y roi rac c6 bang phan phéi xac

suat nhu sau:

X Ty | Lo | T3 Tp
P p1| P2 | P3 Pn
Y YL | Y2 | Y3 Ym
q q1 | 92 | 93 qm
lic d6 bang phan phéi xac suat cia X +Y la
X+Y Ti+y | T2+ Yo | T3+ Y3 T, + Um
P P11 D12 D13 Pnm

Trong d6 p;; 12 x4c suat d€ X + Y nhan gi4 tri bing

rit+y;(E=1,..,n7

1.

,m)
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Theo dinh nghia kjr vong ta co

E(X+Y)= ZZ i + Y;)pij

=1 j=1

= Z Z Zipij + Z Z YjDij

i=1 j=1 i=1 j=1

= sz sz‘j + Zyj Zpij = Z%‘pz‘ + Zyj%‘ = E(X) + E(Y)
i=1 =1 j=1 =1 i=1 j=1

(Trong do: Zpij = qj; sz‘j =p;-)

i—1 j=1

Hé qua: E() x;) =Y E().
=1 =1

Tinh chat 4: E(X.Y) = E(X).E(Y), véi X,Y 1a hai dai lusng ngiu nhién

doc lap.

That vay, gia st X, Y roi rac, doc 1ap c6 bang phan phdi xac suat sau

X 1| o | ... | Ty, Y Y1 | Y2 | oo | Ym
p Pr | P2 || DPn q Q| q2 |- | 9m
ldc d6 X, Y ¢6 quy luat phan phéi nhu sau (vi X,Y doc lap)
XY T1Y1 | T2Y2 | - | Tulm
P PGy | P2g2 | - | Palm

n m

Taco E(X.Y) Z szyjp,qj szpl Zyjqj = E(X).E(Y).
i=1 j=1 i=1 j=1

Hé qua:
E(J] X H E(X;), véi X1, X5, .., X,, doc 1ap véi nhau.

% Ban chat va y nghia cua ky vong toan
Gia st dbi véi dai lugng ngau nhién X, tién hanh n phép thi, trong d6 n,

lan X nhan gia tri x;,n, lan X nhan gia tri z,,...,n; lan X nhan gia tri
k

Gia jcri trung binh ctia dai luong ngiu nhién X trong n phép thi nay la:

— N1T1 + NoZo + ... + NpTy nq N9 ny
X = =T1— + T+ T
n n n n
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Trong do %(i =1,..,k) chinh 1a tan suét xuat hién cac gia tri xi trong n phép
thi trén, do dé

X =a1fi+zafo+ ..+ apfr
Theo dinh nghia thong ké ve xac suat khi n — oo, cac tan suat sé hoi tu theo

xéc suat vé cac xac suat tudng ting, do d6 véi n du 16n ta c6 thé viét

X = T1P1 + TaP2 + ...+ TPk = E(X)

Vay ky vong toan cta dai luong ngiu nhién gan béng trung binh sb hoc cta
cac gia tri quan sat cia dai luong ngiu nhién. N6 phan anh gia tri trung

tam ctia phan phoéi xac suat ctia dai ludng ngau nhién.

Vi du 2.26. Tung con xtc sic n lan. Tim ky vong toan ctia tdng s6 cham thu

dudc.

Giai. Goi X;(i = 1,2,...,n) 1a s6 cham thu dudc 6 lan tung thit i va goi X 1a

tong s6 cham thu dudc trong n lan tung. Vay X = Z X;. Theo tinh chat cta

i=1

ky vong E(X) = E()_X;) = ) E(X;). Méi dai lugng X; déu ¢6 bang phan
=1 1=1

phoi xac suat

X 123|456
oo [T L[TTT T 1
61616161616

Do dé E(X;) =1/6(1+2+34+44+5+6)=7/2.

B(X) = ZE(XZ-) = gn

2.4.2. Phuong sai va d6 léch tiéu chuan

Trong thuc té nhiéu khi chi xac dinh ky vong toan ctia dai luong ngiu
nhién thi chua dua dé xac dinh dai luong ngiu nhién d6. Ta con phai xac
dinh mic d6 phan tan ctia cac gia tri ciia dai ludng ngau nhién xung quanh

cac gia tri trung binh ctia n6 nta.
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Dinh nghia 2.27. Phuong sai ctia dai luong ngdu nhién X, ky hiéu la D(X)
la ky vong todn ctia binh phuong do lénh cua dai luong ngdu nhién so véi ky
vong cua no.

D(X) = E[X — BE(X)]%

Néu X 1a dai luong ngau nhién rdi rac c6 bang phan phdi xac suat la

X T1 | Lo | T3 | ... | Ty

P PL| P2 | P3| | Pn

thi phuong sai dudc tinh béi cong thic D(X) =) _ [z; — E(X)’p.
i=1
Néu X la dai ludng ngau nhién lién tuc c6 ham mat do xac suat f(x) thi

phuong sai dudc thi phuong sai dudc tinh béi cong thiec.

“+oo

D(X) = / v — BOOPf(2).da.

Trong thuc té viéc tinh phudng sai bang cong thic dinh nghia trén c6 thé
gip kho khan. Ngudi ta thuong tinh phuong sai bang céng thic sau

D(X) = BE(X?) - [E(X)]".
That vay, theo dinh nghia:
D(X) = FE[X — BE(X))? = B[X? - 2X.E(X) + (E(X))?
— B(X?) - 2(X).E(Xn) + (15(2)())2 — B(X?) — (B(X))%
Néu X roirac thi D(X) =Y a?p; — () _xipi) -

+oo +oo
Néu X lién tuc thi D(X) = / 2? f(z)dx — (/ o f (x)dz).

Vi du 2.28. Tim phuong sai cia DLNN rdi rac X ¢6 bang phan phdi xac suat

nhu sau

X 1|3 | 4
PX) 10,1|05]|04
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Giai. Ap dung cong thic: D(X) = E(X?) — [E(X)]%.
Tinh E(X) =1.0,1+3.0,5+4.0,4 = 3,2,

E(X*) =1%.0,143%0,5+4%.0,4 = 11.

Vay D(X) =11 — (3,2)* =0, 76.

Vi du 2.29. Dai lugng ngiu nhién lién tuc X c¢6 ham méat dé xac suat nhu

sau

322 khi z € (0,1),
-
0 khiz ¢ (0,1).

Tim phuong sai ctia dai lugng ngiu nhién X?

Giai. Ap dung cong thic D(X) = E(X?) — [E(X)]?

Trong d6
+o00 1
It 4 3
0L [ es@ar= [earter =200 =3
S o
+00 1 ; . ;
—00 0

Vay D(X) = g - G)z — 0.0375.

Chu y: Phuong sai cta dai luong ngiu nhién 1a mot gia tri xac dinh khong
am.

% Cac tinh chét cua phuong sai

Tinh chat 1: D(C) = 0 (C = const).

That vay, theo dinh nghia cia phuong sai
D(C)=E[C - E(CO))?=E(C-0)=0.

Tinh chdt 2: D(C.X) = C2D(X) (C = const).
That vay, D(C.X) = E[CX — E(CX)]* = E[CX — CE(X))?
= C’E[X — BE(X)* = C*D(X).
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Tinh chét 3: D(X +Y) = D(X)+D(Y) véi X, Y la hai dai lugng ngiu nhién

doc lap.

That vay :

DIX+Y)=E[(X+Y) |- [BE(X+Y)P? = E(X?+2XY +Y?) — (E(X)+ E(Y))?
(X?) + 2B(X)E(Y) + E(Y?) — (E(X))? —2E(X)E(Y) — (E(Y))’

(X2) = (B(X))* + E(Y?) = (E(Y))? = D(X) + D(Y).

n

E
E

Hé qua 1: D(Y_X;) = Y D(X;), véi X1, Xy,..., X, 1a cac dai lugng ngiu
=1

=1 1=

=

nhién doc lap.

Hé qua 2: D(C + X) = D(X) (C= const).

Hé qua 3: D(X —Y)=D(X)+ D(Y).

% Y nghia ctia phuong sai

Xuét phat ti dinh nghia cta phuong sai, ta thiy phuong sai chinh 1a trung
binh s6 hoc ctia binh phudng cac do lénh gifta cac gia tri c6 thé c6 ciia dai
lugng ngau nhién so véi gia tri trung binh ctia ciia cac gia tri d6. Do dé né
phan anh mtc d6 phan tan cta cac gia tri cia dai luong ngau nhién xung

quanh gia tri trung tam cua no la ky vong toan.

Vi du 2.30. Tung mdt con xuc sac n 1an. Tim phudng sai cta tong sé chAm

thu dudc

Giai. Goi X;(i = 1,2,...,n) 1a “s6 chAm thu dudc 6 con xtc sic thi i” Goi X

1a “tong s6 cham thu dudc” § ca n con xic xac. Khi d6

X = Xn:X,» = D(X)Z Xn: D(X;)

=1

véi D(X;) = E(X?) — (E(X;))*. Méi dai luong ngdu nhién X; ¢6 bang phan

1

phoi xac suat nhu sau

X 1123|456
oo | L[ L[TTT T T
61616161616
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Do d6 E(X;) = 1/6(14+2+3+4+5+6) = 7/2.

1 1
E(X}) = 6(12+22+32+42+52+62) = %
1 2
Suy ra D(XZ) = % — (g) = i’—;, (1 =1,...,n).

Vay D(X) = Z D(X;) = i)—gn
% D6 léch tidu chuin o(x)

Ngoai phuong sai, ngudi ta con st dung mot vai tham sbé d€ dic trung cho
muc d6 phan tan cta dai luong ngau nhién, trong d6 cé do léch tiéu chun.
Do 1éch tiéu chuén cta dai lugng ngau nhién X: o(x) = v/ D(X).

Ta thay don vi do ctia phuong sai bang binh phuong don vi do ctia dai luong
ngau nhién. Vi vay khi phai danh gia mic d6 phan tan cta dai ludng ngiu
nhién theo don vi do cia né ngudi ta thuong tinh do 1éch tiéu chuén, vi né
¢6 cung don vi do véi dai luong ngau nhién can nghién citu.

Do 1éch tiéu chuan dic trung cho mic d6 phan tan trung binh cta céc gia

tri ctia dai luong ngau nhién xung quanh ky vong ctia né.

Vi du 2.31. Tién hanh n phép thit doc lap, xac suit xuat hién bién c6 A
trong méi phép thit déu bang p va P (4) = 1 — p = ¢. Goi X 1a s6 lan xuat
hién bién cb A trong n phép thit trén. Hay tinh E(X); D(X);0(x).

Giai. Goi X; 1 s6 1an xuat hién A trong phép thit thiti(i = 1,...,n). Ta cé:
E(X;) = 0.+ 1p = p,

D(X;) = (0% +1%p) p*=p(1—p) = pq.

Suyra B(X) = E(X;+..+X,) = E(X)) +..+E(X,) = np,
D(X) = D(Xi+ ..+ X,) = D(X)) +..+D(Xn) =npg.

ox) = v D(X) = \/npq.

2.4.3. Mode

Dinh nghia 2.32. Mod(X) la gid tri ctia dai luong ngdu nhién X cé khd ndng

xuat hién lon nhat trong moét lan can nao do cua no.
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Poi véi dai luong ngau nhién roi rac mod(X) 1a gia tri ctia X tng véi xac
suat 16n nhat, con d6i v6i dai luong ngau nhién lién tuc thi mod(X) 14 gia tri
cua X tai d6 ham méat do dat gia tri cuc dai.

Chu y: Mot dai luong ngiu nhién c6 thé c¢6 moét mode hodc nhiéu mode.

Vi du 2.33. Gia stt X 1a diém trung binh ctia sinh vién trong trutng thi

Mod(X) 1a diém ma nhiéu sinh vién dat dudc nhat.

2.5. Mot so0 quy luat phan phoi xac suat
thuong gap

2.5.1. Phéan phbi khong - mét

DPinh nghia 2.34. Dai luong ngdu nhién roi rac X phan phéi theo quy ludt

khong — mét véi tham sb p néu né cé bang phin phéi xdc sudt (Vi p +q = 1).

X | 0|1

P |plq

% Cac tham sb dic trung cta quy luat khéng - mot
Theo bang phan phéi xéac suat cia X, dé dang tinh dudc
E(X) =p,D(X) = py,

Suy ra o(x) = /pq.

Vi du 2.35. M6t may tién hanh san xuat thit 1 sdn phdm. X4c suat dé san
phdm d6 dat tiéu chuén 14 0,7. Goi X 14 sb6 san phdm khong dat tiéu chuén.
X ¢6 phan phoi gi? Trung binh ¢6é may san pham khong dat tiéu chudn. Tinh
phuong sai cua X.

Giai. X nhan gia tri 0, 1. Vi xac suit tuong tng
P(X=0)=1-0,7=0,3,P(X =1)=0,7.
Vay X ¢6 quy luat khong - mét véi tham sé p = 0, 3.
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Khi do E(X) =p = 0,3, (EX) la trung binh)
D(X)=p.q=0,3.0,7=0,21.

2.5.2. Phan phéi nhi thic

DPinh nghia 2.36. Dai luong ngdu nhién roi rac X dudc goi la cé phan phbi
nhi thiic véi tham sb n,p va ki hiéu X ~ B(n,p), ddén € Nva 0 < p < 1, néu
X(Q)=0,1,...,nvap,=P(X =k)=Crprq"*Fvéi¢g=1—p.

Nhu vay, bang phan phoi xac suat cta dai lugng ngiu nhién phan phoi

theo quy luat nhi thic c6 dang:

X 0 1 2 k .| n
P COp%q™ | Ciptq™™ | C2p*q" 2 | ... | ChpFq™™F | .. | Cip"d”

% Céac tham sb diic trung ctia quy luat nhi thic
Néu X ~ B(n,p) thi ta cé:

E(X) = np, D(X) = npq,

O(x) = /1pq

np —q < mod(X) < np+p.

Vi du 2.37. Xac suat d& mot nguoi bén tring bia 14 0,8. Goi X 14 sb vién dan
trung bia khi nguoi d6 ban 6 phat dan. Héi X ¢6 phan phdi gi? Trung binh
¢6 may vién dan tring bia? S6 vién dan c6 kha ning tring bia nhiéu nhét

la bao nhiéu?

Giai. Bai toan thoa man lude do Bernoulli, do dé X c¢6 phan phéi nhi thic
v6i tham sén =6, p = 0,8.

S6 vién dan tring bia trung binh chinh 1a ky vong ca X.

Suy ra E(X) = np = 6.0,8 = 4,8. S6 vién dan c6 kha ning tring bia nhiéu

nhat chinh la gié tri mode. Ta c6
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np—q < mod(X)<np+pn=6p=08q¢g=1-08=02=6.0,8-0,2<
mod(X) < 6.0,840,8.
Do d6 4,6 < mod(X) < 5,6.

Vay s0 vién dan c6 kha nang trung bia nhiéu nhat 1a 5 vién.

Vi du 2.38. Ty 1é phé pham trong 16 san pham la 3%. Lay ngiu nhién 100
san pham dé kiém tra. Tim xac suat dé trong dé:

- C6 3 phé pham

- C6 khong qua 3 phé pham

Giai. Ta thay moéi lan kiém tra mot san pham la thuc hién mét phép tht.
Do d6 ta c6 n = 100 phép thit Goi A 14 bién c6 san pham 1y ra 1a phé pham
trong méi phép thit.

Ta c6 p = p(A) = 0,03. Goi X 12 téng s6 phé phdm trong 100 san pham thi
X ~ B(100;0,03).

P(X =3) = (%,(0,03)%.(0,97)°" = 0, 2274,

PO<X<3)=Py+P +P+Ps= ZCmO (0,03)°(0,97)"° ™" = 0, 647.

Chui y: Khi n kha 16n viée st dung cac cong thic trén gap nhiéu khé khan,
xac suat p khéng qué gan 0 va 1. Khi d6 ta c6 thé ap dung cong thiic xap xi

sau:
1
)P, =Cip°" " ~ Uu). 2.3
\/n_pqso( ) (2.3)
trong do
T —np 1 .2
u= ; o(u)=——=e" 2
vV 1pq v V2r

Cong thuc (2.3) goi la cong thic dia phuong Laplace.
Trong do:

T —np x+hnp

ju
Jipg C 2 /mpq

E\H
3

/‘2dt
0
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(Ham Laplace)

2.5.3. Phan phbi Poisson - P())
Gia st X 1a dai lugng ngiu nhién c6 phan phéi nhi thitc véi tham sbé (n,p)
va A = np trong d6 n kha 16n va p kha bé. Do n kha 16n va p kha bé nén

A" —1)...(n— g
<1——) %e_)‘; nin=1..(n k—'—l)%l; <1—é) ~ 1.

n nk n

k

Dodé: P (X =k)~ e‘A%.

Vay tit cong thiic Bernoulli ta ¢é cong thic xap xi

k
P,=P(X =k)=Chprg" " ~ %e"\.

Khi d6 ta c6 thé thay cong thitc Bernoulli béi cong thiic Poisson
)\k
P,=PX=k)= Fe_’\.
DPinh nghia 2.39. Dai lugng ngdu nhién roi rac X cé phan phoi Poisson vdi

tham sb A\ va ki hiéu X ~ Poisson(\) néu X (Q) = {0, 1,2,..}va P(X = k) =
k

A SN 7s o ap A p
e’AF véi A la moét so duong cho trudc.

Chu y: Phan phdi Poat — x6ng xuat hién trong lude d6 Becnuli khi s6

phép thit rat 16n va xac suat p rat nhd, véi np = X khéng doi.

Vi du 2.40. Mot may dét c6 1000 ng sdi, x4ac suat dé mét gisc may hoat dong
¢6 1 dng soi bi dit 14 0,002. Tim xac suat dé trong mot gio may hoat dong cé

khong qua 2 6ng sdi bi diit.

Giai. Viéc quan sat mét 6ng sdi bi diit hay khong 1a mot phép thit. May dét
¢6 1000 6ng soi nén ta c6 n=1000 phép thit doc 1ap.

Goi A 1a bién cb 6ng sdi bi dit va X 1a s6 6ng soi bi dit trong mot gis may
hoat déng thi p = P(A) = 0,002 va X ~ B(1000;0,002).
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Vi n = 1000 kha 16n va np = 2 khong d6i nén ta c6 thé xem X € P(2) Do d6

xéc suat dé c6 khong qua 2 ong soi bi dit trong mot gio 1a

PO<X<2) =P +P+P

_220 —221 —222

Do dé P(0 < X <2)=5.¢e2=0,6808.

% Cac tham sb dic trung

Néu X € P\ thi E(X) =D(X)=Ava\l—1<modX <\

* I’J'ng dung Mot vai dai luong ngau nhién c6 phan phdi Poisson:

- S6 16i in sai trong mét trang (hoéc mot sb trang ) cia mot cudn sach.
- S6 ngudi trong mét cong dong sdng cho t6i 100 tudi.

- S6 cudc dién thoai goi sai trong mot ngay.

- S6 khach hang vao buu dién trong mot ngay.

Vi du 2.41. X4c suat trong khi van chuyén mdi chai rugu bi v 1a 0,001.
Ngudi ta tién hanh van chuyén 2000 chai dén cta hang. Tim s6 chai vd ¢6
kha ning nhiéu nhat khi van chuyén. Trung binh ¢6 may chai vd khi van
chuyén.

Giai. - S6 chai vd ¢6 kha niang xay ra nhiéu nhéat 1a gia tri mot z,. Bai toan
thoa méan lude d6 Becnuli; vi n = 2000 rat 16n va p = 0,001 kha bé; tich
np = 2000.0,001 = 2 khong d6i, do d6 néu goi X 1a sb chai rugu bi vé khi van
chuyén thi X 1a dai luong ngiu nhién phan phéi theo quy luat Poat — x6ng.
Vinp=2e Z Giatrimoét zo = \=2vazs=A—1=2"1=1.

Vay s6 chai v6 ¢6 kha nang xay ra nhiéu nhat 1a 1 va 2.

- 86 chai vd trung binh chinh 14 ky vong toan cia X. Tacé F(X) = A =np = 2

chai.

2.5.4. Phan phéi chuin

Pinh nghia 2.42. (Phan phéi chuén tac) PLNN Z dugc goi la moét PLNN
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c6 phan phbi chudn tac néu ham mat do ciia né cé dang

Hinh 2.2 D6 thi cia ham mat d6 phan phdi chuén tac

D6 1a mot duong cong ddi xiing qua truc tung, c6 diém cuc dai tai = = 0.

Céc diém uon ctia do thi la T = +1. Ham phan phéi ctia Z ki hiéu béi @ (z),

14 @ (z /f t)dt = \/_/ e 12 dt.

Tuy nhién ham  (z) khong biéu dién dudc thong qua cac ham so cap da
biét. Nguoi ta lap bang tinh sin cdc gia tri cta @ (z).
Céc dic trung cia PLNN Z 14 EZ = 0,DZ = 1. Khi d6 Z ~ N (0,1). Néu
Z ~ N (0,1) thi

P(Z < a) = ®(a)

P(Z>a)=1—-P(Z<a)=1—®(a)

Pla < Z <b)=®(b) — P(a)

Dinh nghia 2.43. (Phén phédi chuén) DLNN X dugc goi la mét PLNN c6

A A2 4. A N A X - A
phéan phoi chudn véi tham sb p va o* (o > 0) néu DPLNN 7 = a phdn
‘. . R o, , 1 _(e=p)?
phoi chuan tac. Haom mdt do cia X co dang fx (x) = e 2t

oV2rm
Ham phan phéi ctia X ki hiéu béi & (z) 1a

(t u)2
t)dt =
/ fX oV 27r
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4 B3]

o L —a [ i + o X

Hinh 2.3 D6 thi cia ham méat dé phan phdi chuin
Ta c6lién hé Oy () = @ [ =L ) . Cac dic trung cia X 1a EX = p1, DX = o
g
Khi d6 ki hiéu X ~ N (s, 02). Khi d6
P(X <a)=P(Z <2y =24
g g

P(X>a)=1-P(X <a)=1-9(

a—u)

P(a<X<b):c1>(b;“)—c1>(a;“)

Vi du 2.44. Kich thudc ctia cac chi tiét do mot may san xuat ra l1a dai lugng
ngau nhién phan phdi chuén véi kich thudc trung binh 1 = 5 cm va do lénh
tiéu chudn ¢ = 0,9c¢m. Tim xac suat dé 1y ngau nhién 1 chi tiét c6 kich

thudéc nam trong khoang tit 4 cm dén 7 cm.

Giai. Goi X 1a kich thudc chi tiét dudc lay ra. Theo gia thiét X phan phoéi
chuén N (i, 0%) = N(5;(0,9)%). Do d6

P(4§X§7):®<%> —@(40’_—95) = (2,22) — ®(—1,11).

Tra bang ta ¢6 ® (2,22) = 0,4868, ® (1, 11) = 0, 3665.
Vay p(4 < X < 7) = 0,4868 + 0, 3665 = 0, 8533.
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Vi du 2.45. Trong lugng ctia mot loai san ph4m la dai ludng ngau nhién c6
phan phdi chuin véi trong luong trung binh = 5kg va do léch tiéu chuédn

o =0, 1. Tinh ty 1é nhiing san pham c6 trong ludng tit 4,9kg dén 5,2kg.

Giai. Goi X 12 trong lugng ctia san pham thi X ~ N(5;0,01).
Ty 1é san pham c6 trong luong tir 4,9kg dén 5,2kg 1a
52-5 4,9-5
< < _ ) . )
=¢(2) —¢(—1)=0,9773 - 0,1587 = 0,8186.

2.5.5. Phan phéi Student

DPinh nghia 2.46. Gid stz U la dai luong ngdu nhién cé phan phéi chudn
héa va V la dai luong ngdu nhién déc lap véi U cé phdn phdi x*vdi n bdc tu
Uy/n

do. Khi dé dai luong ngdu nhién T = W dudc goi la c6 phdn phdi Student
vGi n bdc tu do. Ky hiéu T € T'(n).

Nhan xét: Ham mat d6 ctia dai lugng ngiu nhién c6 phan phéi Student

v6i n bac tu do c6 dang

+oo
trong d6 I (7) = / t* e tdt.

% Phan vi Stud?ent

Phan vi Student miic o, ky hiéu t, 1a gia tri caa dai ludng ngiu nhién T €
T(n) théa man P(T < t,) = .

Taco: t, = —t1_q.

Chu y: Phan phéi Student c6 cung dang va tinh déi xing nhu phan phéi
chudn nhung né phan anh tinh bién d6i ctia phan phdi sau sac hon. Cac
bién cb vé gia va thoi gian thudng giéi han mét cach nghiém ngat kich thudc

ctia mau. Chinh vi thé phan phéi chuan khéng thé dung dé xap xi phan
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phoi khi méu c6 kich thude nhé. Trong trusng hdp nay ta dung phan phéi

Student.

Khi bac tu do n tang lén (n >30) thi phan phdi Student tién nhanh vé phan
phdi chuédn. Do d6 khi n >30 ta c6 thé dung phan phéi chuén thay cho phan

phdi Student.

Phan phoi Ki hicu Ham mat 4o fiz) E(X) |Var(X)

. 1 1

Mi Ae= (x = 0) = -

A A2
1 a+b (b-a)*
Pén ——(a<r<h —_— || —

b—a — ~ 2 12

3 s 1 (r—pt) .

Chuan N(o=, u) exp |- s [t a

TV 27 ! yr?
s , e e T p1 .
Khi binh phuidng | *(n) e (r>0n>0 n 2n
2T.1(3)
R [+ 57 n
Student T'(n) = I m>00{0 (n>1)

[l FV/nm n-2

o @) Ae=M(Ap)a=! a a

Jamma o, A T — - —

' ['a) A A2

2.6.

2.6.1.

Pai luong ngiu nhién hai chiéu la dai luong ngiu nhién ma cac gia tri

¢6 thé cta né duge xac dinh bang hai s6. Ky hiéu (X,Y) (X, Y dudc goi 1a cac

Hinh 2.4 Bang tong két cac ham phan phéi lién tuc

Mot so kiéen thdc vé bién ngau nhién

nhieu chieu

DPinh nghia va phan loai

thanh phan cta dai luong ngiu nhién hai chiéu).

Pai luong ngau nhién hai chiéu dude goi 1a roi rac (lién tuc) néu cac thanh

phan ctia né 1a cac dai ludng ngau nhién rvi rac (lién tuc).
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Vi du 2.47. Mot may san xuat mot loai san pham. Néu kich thuéc ctia san
pham dudc do bang chiéu dai X va chiéu rong Y thi ta cé dai luong ngiu

nhién hai chiéu, néu tinh thém ca chiéu cao Z nita thi ta c6 dai luong ngau

nhién 3 chieu.

2.6.2. Bang phan phdi xac suat

X\Y Y1 Yo Y; Ym
T P(z1,y1) | P(z1,92) P(x1,v5) P(x1,Ym)
T P(z2,91) | P(x2,92) P(xa,y5) P(x, ym)
T; P(l’i,yl) P(Imyz) P(xi,yj) P(xivym)
T P(zp,y1) | Pz, y2) P(xy,y)) P(zpn, Ym)
Trong do:
z;(i=1,2,...,n)1a cac gia tri c6 thé ctia thanh phan X;

y;(j =1,2,...,m) la c4c gid tri c6 thé ctia thanh phanY;

P(z;,y;) = P((X,Y) = (z5,y;)) = P(X =2,,Y =y;),i=1,n,7=1,m.

2.6.3. Ham phan phéi xac suat

Ham phan phdi x4c suit ctia dai lugng ngau nhién hai chiéu (X,Y), ky

hiéu F(z,y) la ham dugc xac dinh nhu sau:

m

ZZP(%,%’) = 1.

i=1 j=1

F(z,y) = P(X <z,Y <y).
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Nhan xét:

z oy
Ta co F(:E,y):P(X<:E,Y<y):/(/f(a:,y)dy)d:pnén

-0 —00

OPF(x,y)
T@y = f(z,y).
2.6.4. Ham mit d6 phan phoi xac suat

Ham khong am, lién tuc f(z,y) dudc goi 1a ham mat d6 xac suat cia dai

lugng ngiu nhién hai chiéu (X,Y) néu né théa man
P(X € A)Y € B) :/dx/f(x,y)dy
A 0B
Véi A, B 1a tap so6 thue.

2.6.5. Cac dic trung sé cua dai lwong ngiu nhién 2
chiéu

* Ky vong va phuong sai ciia cac thanh phan

e Truong hdp (X, Y) roi rac

E(X) =) a:P(ziy), BE(Y)=> > y;P(x:,y;)

i=1 j=1 i=1 j=1

D(X) =Y aiP(zi,y;) — [BX)],

i=1 j=1

DY) =YY y;P(ziy) — [E(Y)].
i=1 j=1
e Truong hdp (X, Y) lién tuc
+00 400 +00 +00

) = [ [ ofaagie 80 = [ [ urtedyds,
D(X) = 7701:21”(%1/)611/05!6 — [B(X)P?,

D(Y) = / / V2 (. y)dydz — [E(Y)P,

—0o0 —O0
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* Ky vong cta cac dai lusng ngiu nhién hai chiéu
- Ky vong ctia dai ludng ngau nhién hai chiéu 13 mot vecto gom 2 thanh phan

dudng xac dinh nhu sau:
E(X)Y) = (E(X), E(Y)),

trong d6 E(X), E(Y) la ky vong ctia cac thanh phan XY tudng tng.

* Hiép phuong sai (Covariance) ctia dai luong ngau nhién hai chiéu
- Cho dai lugng ngau nhién hai chiéu (X,Y), hiép phuong sai ctia dai luong
ngau nhién dudc ky hiéu 1a Cov(X,Y) va dudc xac dinh béi cong thic:

Cov(X,Y) = E[X — E(X)][Y — E(Y)] = E(X.Y) — E(X).E(Y).
Trong do:

rn
Z z;.y5. Pz, y;) néu (X, Y) roi rac,
i=1

E(X,Y) =4 footoc
/ / z.y.f(z,y)dedy néu (X, Y) lién tuc.

\—00 —0OO

va E(X), E(Y) 1a ky vong ctia c4c thanh phan.

* Hé s6 tuong quan (Corelation) ctia dai lwong ngiu nhién hai
chiéu

- Hé sb tuong quan cta dai luong ngau nhién hai chiéu (X,Y) dudc x4c dinh
béi:

p=pX,Y)= BX.Y) - E(X))'E(Y) _ Cov(X,Y)

o(X).oY - o(X).o(Y)

- Hé s6 tuong quan cho biét moi lién hé giita hai thanh phan X va'Y
Tinh chat:

i, |p(| < 1.

ii, p > 0 ta néi X va Y c¢6 mdi tuong quan dudng (tuong quan dong bién).

iii, p < 0 ta néi X va Y c¢6 mdi tuong quan am (tuong quan nghich bién).
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iv, p = 0 ta noi X va Y khong tudng quan véi nhau.

v, Mbi tuong quan giita X va Y ty 1é thuan véi gia tri |p(| DPac biét: Khi
Ip(| = 1, ta néi X va Y c6 mbi tuong quan tuyén tinh. (Cé thé biéu dién mbi
quan hé gitta X va Y bang phuong trinh dudng thang Y = AX + B hodc X =
AY + B).

Vi du 2.48. Cho dai lugng ngau nhién 2 chiéu rdi rac (X,Y) c6 bang phan

phoi xac suat dong thoi:

X\Y 1|2 3
1 0102|015
2 0,15 0,1| 0,3

a. Xac dinh phan phdi xac suit cho ting thanh phan.
b. Tinh ky vong, hiép phuong sai va hé sb tuong quan caa (X,Y).

Giai. a. - Phan phdi xac suat cho thanh phan X:

Céc gia tri ma X nhén 1a 1, 2. Véi cac xac sut tuong ing bang:
P(X=1)=0,140,240,15=0,45

P(X =2)=0,15+0,1+0,3=0,55

Bang phan phbi xac suat cta X la:

i 0.45 | 0.55

- Phan phdi x4c suét cho thanh phan Y:

Céc gia tri ma Y nhan 1a 1,2, 3. Véi cac xac suat tuong tng bang:
P(Y =1)=0,1+0,15= 0,25,

P(Y=2)=0,2+0,1=0,3,

P(Y =3)=0,15+0,3=0,45.

Bang phan phbi xac suat caa Y la:

q; 0,25 0,3 | 0,45
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b. Ky vong:
E(X,)Y)=(FE(X),E(Y)).

Véi B(X) = 1.0,45 + 2.0, 55 = 1.55;
E(Y) = 10,25+ 2.0,3 + 3.0,45 = 2, 2.
Suy ra E(X,Y) = (1.55,2.2).

- Hiép phuong sai

Cov(X,Y) = E(X.Y) - E(X).E(Y),

Vvéi E(X.Y) =1.1.0,1+1.2.0,24 1.3.0,15+2.1.0, 15+ 2.2.0, 1 + 2.3.0, 3 =
3.45.
Vay: Cov(X,Y) = 3,45 — 1,55.2,2 = 0, 04.

- Hé s6 tuong quan:
Cov(X,Y)

PXY) = R o)

trong do:
D(X) = E(X?) —[E(X))* =2,65 — (1,55)* = 0,2475 = o(X) = 0, 4975.

D(Y)=E(Y?) —[E(Y)]*=5,5—(2,2)?=0,66 = o(Y) = 0,8124.

0,04
ay: p(X,Y) = ! — 0,09897.
Vay: p(X.Y) = Gme o 8101~

Thiy rang mdi tuong quan gitta X va Y 1a rat yéu (Gan nhu khong tuong

quan v6i nhau)

2.7. Luat s6 16n

2.7.1. Bt dang thitc Markov

DPinh li 2.49. : Néu X la dai luong ngdu nhién nhan gid tri khong am thi

Ve > 0ta co
E(X)

a

P(X >a) <
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Chuing minh: Trong trudng hop X la dai luong ngiu nhién lién tuc cé

ham mat do f(x)

E(X) = 7030 f(a)de = / o f(z)dz+ 7035 f(z)dz
> 70:5 f(x)dz > 70@ f(x)dz=a 70 f(x)dz = aP(X > a).

2.7.2. Bt dang thitc Tchebyshev

DPinh li 2.50. Néu X la dai luong ngdu nhién cé ky vong i va phuong sai o>

D(X
hitu han thi Ve > 0 bé tuy y ta c6: P(|X —pu| > ¢) < Q-

D(X)
e)>1-— o
Chiing minh:

Ta thay (X — M)Q 14 dai luong ngau nhién nhan gia tri khong am.

Ap dung bét déng thitc Tchebyshev véi a = £* ta dude

E[(X-n] D)

PI(X =2 < =t =

Vi (X — p1)? > € khi va chi khi |[X — p| > e nén P(|X — p| > ¢) >
Chu y: Bat dang thitc Markov va Tchebysev gitp ta phuong tién thay dudc

giéi han cta xac sut khi ky vong va phuong sai cia phan phdi xac suat

chua biét.

Vi du 2.51. Gia sit s6 san pham dudc san xuat ctia mét nha may trong mot

tuan 1a mét dai lugng ngau nhién véi ky vong 1 = 50. a. C6 thé néi gi ve xac

suat san pham cta tuan nay vudt qua 75.

b. Néu phuong sai ctia sdn pham trong tuan nay la ¢ = 25 thi néi gi ve xac

suat san pham tuan nay sé 6 giita 40 va 60.

” . P , FE(X
Giai. a) Theo bat dang thic Markov P(X > 75) > %
ag

b) Theo bt déng thiic Tchebysev P(|X — 50| > 10) < —

3

1
DodéP(4O<X<6O):P(\X—50\<1O)>1—Z:—.

4

hay P(|X — p| <
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2.7.3. Dinh ly Tchebyshev

Dinh li 2.52. Néu cdc dai luong ngdu nhién X,, X, ..., X, doc ldp ting doi,

c6 ky vong hitu han va cde phuong sai déu bi chdn trén béi sb6 C thi Ve > 0 bé

1 1
tity ¥ ta cé: lim P(‘—ZXi——ZE(Xi) <e) =1
n n-

n—oo

Dac biét, khi E(X,) = a; (i = 1,2, ... ,n) thi

Chiing minh:
Ta chiing minh trong truong hgp dac b1et E(X i) = p, D(X1i) =
2
o Z 2
1 T E(- EX EX ) = —. Theo bat dang thu
(i = 1,n). Ta c6 - eo bat dang c

ZX

Y nghia:Mac du tUng dai lugng ngau nhién doc 1ap c6 thé nhan gia tri sai

2

Tchebysev P(

n€

khac nhiéu so véi ky vong caa ching, nhung trung binh s6 hoc cia mét sb
16n dai luong ngiu nhién lai nhén gia tri gan bang trung binh s6 hoc cia
cac ky vong ctia ching. Piéu nay cho phép ta du doan gia tri trung binh s6

hoc ctia cac dai luong ngau nhién.

2.7.4. Pinh ly Bernoulli

DPinh 1i 2.53. Néu f, la tan sudt xudt hién bién cb A trong n phép thit déc
lap va p la xde sudt xudt hién bién cb A trong méi phép thit thi véi moi € > 0

bé tuy y ta co lim P (|f, —p| <e) =1.
n—oo

Y nghia: Tan suat xuat hién bién cb trong n phép thit doc 1ap dan vé xac

suat xuat hién bién c6 trong moi phép thit khi s6 phép thit ting lén vo han.
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2.8. Bai tap chuong 2

Bai 2.1. Gieo dong thoi 2 con xtc xac can d6i dong chat. Goi X 1a tong sb

cham 6 mat trén cta 2 con xuc xac.
a. Lap bang phan phoi xac suat caa X.
b. Lap ham phan phoi xac suat cia X

Bai 2.2. Mot thiét bi gom 3 bd phan hoat dong ddc 1ap véi nhau, xac suét
trong khoang thdi gian t cac bé phan héng tusng tng bang 0,2 ; 0,3 ; 0,25.
Goi X 1a s6 bo phan bi héng trong khoang t.

a. Lap bang phan phdi xac suat caa X.
b. Viét biéu thiic ham phan phdi xac suat ctia X

c. Tinh P(0 < X < 4) bang cach tinh truc tiép va bang cach thong qua
ham phan phéi.

Bai 2.3. Mot ctta hang ¢6 10 béng den trong d6 c¢6 8 béng t6t va 2 béng xau.

Nam mua ngau nhién 2 béng. Goi X 1a s6 béng t6t ma Nam mua dudc.
a. Lap bang phan phdi xac suat caa X.
b. Tinh ky vong E(X) va phudng sai D(X).

Bai 2.4. Cho PLNN roi rac X c¢6 bang phan phéi xac suét

X 0[1/2|3|4| 5 |6]| 7
P 0 k|k|k|k|2k]|K |2k

a. Xac dinh k va tinh EX.

b. Tinh xéc suat P(X > 5) va P(X < 3).
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Bai 2.5. Trong mét hop kin ¢6 3 qua téo va 27 qua 1é. LAy ngau nhién lién
tiép ti trong hop ra ting qua cho dén khi 1y dudc qua 1é thi dung. Goi X 1a

s6 qua tao da lay ra. Lap bang phan phéi xac suit cta X trong truong hop:
a. Lay khong hoan lai
b. Lay c6 hoan lai

Bai 2.6. Mot hop kin dung 5 qua cau xanh, 4 qua cau dd, 3 qua cau vang (
Céc qua cau d6i mot khac nhau va méi qua chi mang moét mau ). Ly ngau

nhién dong thoi 4 qua trong hop. Goi X 1a s6 qua cau vang lay dudc.
a. Lap bang phan phdi xac suat cia X.
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.7. Mot nhém hoc sinh gom 12 em trong d6 ¢6 5 em 16p 10A, 4 hoc sinh
16p 10B va 3 hoc sinh 16p 10C. Chon ngiu nhién dong thoi 4 em trong nhém.
Goi X 14 s6 em 16p 10C dudc chon.

a. Lap bang phan phdi xac suat caa X.
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.8. M6t 16 hang c6 8 chinh phdm va 4 phé pham. Lay ngiu nhién lién
tiép khong hoan lai 3 san phdm. Goi X 1a s6 phé pham lay dudc.

a. Lap bang phan phdi xac suit cia X.
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.9. Mot 16 hang c6 6 chinh pham va 4 phé phdm. Ly ngau nhién lién

tiép c6 hoan lai 3 san pham. Goi X 1a s6 phé pham lay dudc.

a. Lap bang phan phdi xac suat caa X.
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b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.10. Mot xa thi dem 5 vién dan dé ban kiém tra trudc ngay thi ban.
Xa tha ban tung vién vao bia véi xac suit trung vong 10 1a 0,8. Néu ban
dudc 3 vién lién tiép tring vong 10 thi théi khong bén nita. Goi X 1 s6 vién

dan da ban.
a. Lap bang phan phéi xac suat cia X.
b. Lap ham phan phéi xac suét cta X. Tinh E(X) va D(X).

Bai 2.11. Ba van déng vién ném béng ré, moéi ngudi ném mot qua véi xac
suat ném trung ré ca tiung ngusi 1 0.7, 0.9, 0.8 tudng tdng. Goi X 1a s6 qua

ném tring ro.
a. Lap bang phan phéi xac suat cua X.
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.12. . Mot phan xudéng c6 3 may san xuat. Xac suat dé trong thoi gian
T céc may hoat dong tot 12 0.9, 0.7, 0.6. Goi X 1a s6 may khong hoat dong tot
trong khoang thoi gian T.

a. Lap bang phan phéi xac suat cia X.
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.13. Trong mot 16 hang linh kién may tinh cung loai véi ty 1é khong
dat tiéu chuén 1a 10%. LAy ngau nhién c6 hoan lai tit trong 16 ra 5 linh kién.

Goi X 1a s6 linh kién dat tiéu chuén dudc lay ra.
a. X tuan theo luat phan phéi gi ? Lap bang phan phéi xac suat cho X.

b. Tinh ky vong, phuong sai va Mod cho X.
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Bai 2.14. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:

Kcosz khi z € [i, Z],
— 474
f(z) = " o
0 1T ¢ [T,Z]

a. Xac dinh hé s6 K.
b. Tinh ky vong E(X), phuong sai D(X).
c. Tinh x4c sudt P(—oco < X <0).

Bai 2.15. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:

Ccosx khi z € [0, g],
f(:(]) = . T
0 khi x ¢ [0, 5]

a. Xac dinh hé s6 C va xay dung ham phan phéi F(X).
b. Tinh ky vong E(X), phuong sai D(X).

Bai 2.16. Cho dai ludng ngiu nhién lién tuc X c6 ham mat do:

Vi—o
0 khiz ¢ (~2,2).

C .
fa) = { khi z € (—2,2),

a. Xacdinhhésb6 C.
b. Tinh P{-1 < X < 1}
c. Tim ham phan phéi F(x).

Bai 2.17. Cho bién ngau nhién X ¢6 ham mat dé xac dinh béi

{k(x —z%) khi (0,1),
0 khi z ¢ (0,1).

flx) =

a. Tim hing s6 k va xac dinh ham phan phéi xac suat F(z).
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b. Tinh P(X > 0,5).

Bai 2.18. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:
1+2z khi-1<2z<0,
flzy=¢1—2 khi0o<z<1,
0 khiz < —1,2 > 1.
a. Xay dung ham F(x)
b. Tinh ky vong, phuong sai cho X
<X <

c. Tinh xéc suit P(—

).

N —
N | —

Bai 2.19. Cho dai ludng ngiu nhién lién tuc X c6 ham mat do:
kx*e™ Kkhix >0,
f(z) =
0 khi z < 0.
a. Xac dinh hé s6 k.

b. Tinh ky vong va phuong sai cho X.

Bai 2.20. Cho bién ngiu nhién lién tuc X véi ham mat d6 nhu sau

kz*(4 —x) khix € [0,4],
- {170
0 khi z ¢ [0, 4].

a. Tim hing s6 k va xac dinh ham phan phéi xac suat F(z).
b. Tinh ky vong E(X) va phuong sai D(X).

Bai 2.21. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:

Asinz  khi x € [0, 7],
o [
0 khi z ¢ [0, 7].

a. X4c dinh hé s6 A va xay dung ham phan phéi F(X)

b. Tinh ky vong E(X), phuong sai D(X).
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Bai 2.22. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:

f(z) = Ve e R

1+ 22

a. Xac dinh hé s6C.

b. Xay dung ham phan phéi F(x)
c. Tinh xéc suat dé trong 4 lan thuc hién phép thi doc lap c6 2 1an X
nhan gia tri trong khoang (-1,1).
Bai 2.23. Cho dai ludng ngau nhién lién tuc X c6 ham phan phéi

_ . S
F(x){l e khi z > 0,
0 khi z < 0.

o 1a hang sb
a. Tim ham méat d6 xac suat f(x)
b. Tinh P(0 < X < o).

Bai 2.24. Cho dai lugng ngiu nhién lién tuc X c6 ham mat do:
0 khiz <0,z > 2,
f(z) =< az® khi0 <z <1,
a(2—1)> khil<z<2.

a. Tim a dé f(x) 12 ham mat do
b. Tim ham phan phéi xéc suat tuong tng
c. Tinh cac gia tri E(X) va D(X).

Bai 2.25. Cho PLNN lién tuc X ¢6 ham mat do

2a(x — 1) khizx € [1,3],
0 khiz ¢ [1,3].
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a. Tim hang sb a.
b. Xay dung ham phan phéi x4c suat F(z).
c. Tinh xéc suat P(0 < X < 2).

Bai 2.26. Cho DLNN lién tuc X c¢6 ham mat do

K —2% khi |z| <1,
flz) =
0 khi x| > 1.

a. Tim hang s6 K.

b. Tinh cac gia tri E(X), D(X).

c. Tim ham phan phéi F(x) va vé d6 thi tusng tdng.
d. Tinh P(-2 < X < -1/2).

Bai 2.27. Tuéi tho X ctia mét loai thiét bi dién t& 12 1 PLNN ¢6 ham mat d6

nhu sau:

Czez Kkhixz >0,
flx) =
0 khi z < 0.

a. Tim hang s6 C.
b. Tinh P{X >4} va P{X >4/X >2}.
c. Tim ky vong va phudng sai caa X.
Bai 2.28. DLNN X ¢6 ham mét d6 nhu sau:
f(x) = Kelol
a. Tim hing s6 K va tinh P {X < 0}.

b. Tim ham phan phdi xac suat cta X.
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c. Tim ky vong va phuong sai caa X.

Bai 2.29. Cho PLNN lién tuc X ¢6 ham méat d6 nhu sau:

Cz*e™®® khiz >0,
flx) =
0 khi z < 0.

a. Tim hang s6 C.
b. Tim ky vong EX.
c. Tim ham phan phéi xac suat F(x) cia PLNN X.

Bai 2.30. Cho PLNN lién tuc X ¢6 ham méat d6 nhu sau:

2
T

.
0 khi |o| > 3

Alsinx| khi |z < I,
fla) =

a. Tim hang s A.
b. Tim ham phan phéi xac suat ctia X .
Bai 2.31. Cho dai ludng ngiu nhién lién tuc X c6 ham mat do:
K(sinz + cosx) khi x € [i, g],
flx) = _
hi .
0 khi z ¢ | 1 4]
a. Xacdinhhés6 K.
b. Xay dung phan phdi xac suat F(x) ctia X

c. Tinh ky vong E(X), phuong sai D(X).

Bai 2.32. Cho dai luong ngiu nhién lién tuc X c6 ham mat dé:

C :
f(x){ﬁ khi z € [2,4],
0 khi = ¢ [2,4].
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a. Xacdinhhésé6 C.
b. Tim ham phan phéi F(x).
c. Tinh ky vong E(X), phuong sai D(X).

Bai 2.33. Cho PLNN lién tuc X c6 ham phan phéi xéc suat

0 khi z < —2,
1 1 . T )
F(r) =4 -+ —arcsin= khi -2 <z <2,
2 7 2
1 khi z > 2.

a. Tim ham mat do.
b. Tinh P(—1 <z <1) va EX, DX

c. Tinh xac suat dé trong 5 lan thuc hién phép thi thi c6 2 lan X nhan
gia tri trong khoang (-1,1).

Bai 2.34. Cho X 1a I¢gi nhuan doanh nghiép trong nam ctia mét doanh nghiép
(don vi: ti) c6 ham mat do nhu sau:
0 khi z < —1,
fl) =< k(zr+1)* khi—-1<z<3,
0 khi z > 3.

a. Tim k. Tim 1¢i nhuan trung binh nam cta doanh nghiép
b. Do léch chuin cta lgi nhuan bao nhiéu?
c. Xac suat doanh nghiép lam #n c6 1ai bao nhiéu?

Bai 2.35. Cho DLNN lién tuc X ¢6 ham mat do nhu sau:

0 T < b,
A

3

a. Tim K? Tinh tuéi tho trung binh ctia san pham?
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b. Néu du dinh ty 16 san ph4m sé phai bao hanh 1a 20%, vay phai quy

dinh thoi han bao hanh 1a bao nhiéu?

Bai 2.36. Cho DLNN lién tuc X ¢6 ham méat d6 nhu sau:

alz| khiz e [-2,2],
f@ :{ _
0 khi z ¢ [—2,2].

a. Tim a d€ f(x) 12 ham mat d6 xac suit

b. Tinh E(X) va D(X).



Chuong 3
LY THUYET MAU VA UGC LUONG

Thong ké toan 1a b moén toan hoc nghién citu cac quy luat ctia hién
tuong ngau nhién cé tinh chét s6 16n trén co sé thu thap va xi 1y sb liéu
théng ké cac két qua quan sat vé hién tuong ngau nhién nay. Néu ta thu
thap dudce cac sb liéu lién quan dén tat ca cac ddi tuong can nghién ciu thi
ta c6 thé biét ducdc d6i tuong nay. Tuy nhién trong thuc té diéu dé khong
thé thuc hién dude vi quy mé caa cac doi tuong can nghién cttu qua 16n hosc
trong qué trinh nghién ctu dbi tusng nghién ciu bi pha hiy. Ly thuyét
mau cung cap phuong phap nghién ciu tong thé thong qua mau. Dua trén
mau cung véi Iy thuyét uée lugng ching ta cé thé dua ra nhitng danh gia vé
cac tham s6 ma ta quan tam trong tong thé.

Chuong nay trinh bay vé phuong phéap 1ay mau ngiu nhién, xit Iy mau

s6 liéu va uéc luong cho cac tham so.

3.1. Téng quan vé ly thuyét mau

3.1.1. Tong thé va mau

% Tong thé

Khi nghién cttu vé mét van dé ngudi ta thuong khao sat trén mot dau
hiéu nao dé, cac dau hiéu nay thé hién trén nhiéu phan t&. Tap hop cac
phan t& mang dau hiéu dudc goi 1a téng thé hay dam dong (population).

e Ky hiéu N la s6 phan ti ctia tong thé con goi 1a kich thudc ctia tong thé.
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e X*: DAu hiéu khao sat.
o z; (i = 1,2,...,k): Gia tri ca dau hiéu X* do dudc trén phan t& clia tong
thé (z; 1a thong tin ta quan tam, cic phan ti cia tong thé 1a vat mang thong
tin).
e N;(i=1,2,....,k): Tan sb ca z; (s6 phan ti c6 chung gia tri ;).
Ni Tan suat cia
oD, = —. ZTi.
p N )

Bang cd cau cua tong the

Su tudng Ung gitta cac gia tri z; va tan suit p; dude biéu dién béi bang

cd cau tong thé theo dau hiéu X* nhu sau:

Giatricaa X* | xy |29 | ... | 21

Tﬁn Suét Di P1 | P2|---| Pk

Trong d6,0 <p; < 1v6imoip; vap; +ps+ ...+ pp = 1.

Vé mit hinh thic, bang co ciu cta tong thé tuong tu nhu bang phan
phdi xéac suit ctia dai luong ngau nhién roi rac.
Cac tham s6 dic trung cua tdng thé

Cac tham sb dic trung ctia tong thé biéu dién cac thong tin tong hop
phan 4nh nhiing khia canh quan trong nhat ctia tong thé.

k
(i) Trung binh cta téng thé: p = Z z;p;. Néu xem dau hiéu nghién citu

=1

nhu dai lugng ngau nhién X thi trung binh téng thé chinh 14 ky vong
ctia dau hiéu d6, né chinh 14 trung binh s6 hoc cia céc gia tri cia dau
hiéu X* trong tong thé.

K

(ii) Phuong sai ciia tong thé: o = Z (z; — 11)°p;. Phuong sai cia tong thé
=1

chinh 14 phuong sai cia dau hiéu nghién ciu trong tong thé dé. N6

phan anh mic do phan tan cua cac gia tri caa dau hiéu X* xung quanh

gia tri trung binh tong thé.

Vi du 3.1. Mot trai chan nu6i c6 1000 con ga. Ngudi ta tién hanh khao sat
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chat lugng chin nubi ga.

e Tong thé: Tat ca cac con ga cta trai chén nudi.
e Kich thuéc cia tong thé: N = 1000.

e D4u hiéu nghién citu X*: Trong ludng caa ga.

e Ta c6 bang theo doi trong ludng cia ga nhu sau:

Trong luong(kg) | 1 2 3 4
Sé con ga (n;)) | 100 | 400 | 300 | 200

Bang co ciu cua tong thé

X1 3
I 3

Di 0

SN )
O] — O

—

0

—

* Mau

Muc dich cia chuong nay 1a nghién ciu tong thé thong qua mau. Néu
nghién ciu tong thé cé nghia 1a ta nghién ctu moét hodc mot sb6 dic trung
nao d6, khi dé khoéng thé dem tat ca cac phan t& trong ddm déng nghién
citu vi s6 luong 16n va cac phan t& bi héng nén vira khong dat muc dich viza
khong kinh té. Vi vay, ta chi 1ay mot s6 phan t& trong ddm déng ra nghién
citu va lam sao qua viéc nghién citu nay c6 thé két luan dude vé mot hoac

mot s6 dic trung cta tong thé ma ta quan tam lic dau.

Vi du 3.2. Mot nha may san xuét 10.000 hop sita. D& kiém tra chat luong
nhitng hop stta d6 c6 dat tiéu chudn qui dinh khong, ta khong thé kiém tra
tat ca ma chi 1y ngau nhién 50 hop kiém tra va qua d6 két luan dudc vé

chat lugng ctia 10.000 hop sita dé.

Trong vi du nay 10.000 hop sita dudc goi 1a tong thé, 50 hop sita lay ra
goi 12 mau.
Dinh nghia 3.3. Tap hop cdc phan ti ldy ra tic mét tong thé dudc goi la

méu. Sé luong cdc phan tit cia mau goi la ¢6 mbu (kich thude méu).
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% Mau ngau nhién

Vi ¢6 thé mo hinh héa dau hiéu X* bang mét dai lugng ngdu nhién X
v6i mét quy luat phan phdi xac suat nao dé nén viéc chon mau kich thuée n
theo nguyén tic trén c6 thé xem nhu tién hanh n phép thit doc 1ap dbi véi X
va cac gia tri X; cia dau hiéu c6 thé xem nhu cac dai lugng ngau nhién thu

dude qua viée tién hanh n phép thit doc 1ap déi véi dai luong ngau nhién X.

Dinh nghia 3.4. Mdu ngdu nhién kich thudc n la tdp hop cia n dai luong
ngdu nhién doéc lap X1, Xs, ..., X,, dudc thanh lap ti dai luong ngdu nhién X

va ¢o cung quy ludt phdn phéi xdc sudt véi X.

Ki hiéu mau ngau nhién la W = (X1, X5, ..., X,,).

Thuc hién mét phép thi d6i véi mau ngau nhién W, tic 1a thuc hién mot
phép thit d6i v6i mdbi thanh phan X; cia mau, gia st X; nhan gia tri 1, X,
nhan gia tri z,,...,X,, nhan gia tri z, tap hop n gia tri =1, zs, ...z, tao thanh

mot gid tri ciia mAu ngau nhién (hay mau cu thé) : w = (21, 29, ..., 2,,).

Vi du 3.5. Goi X la “so cham xuat hién khi gieo mot con xuc xac ”, X la dai

luong ngau nhién c6 bang phan phdi xac suit nhu sau:

X\ 1/2|3|4 /5|6
pl LI LEPITE
6l6l6lalela

Giai. Néu gieo con xiic sdc 3 1an. Goi X; 14 “s6 chAm xuét hién trong 1an gieo
thii” (i=1,2,3) thi ta c6 3 dai luong ngau nhién doc 1ap cé cing qui luat phan
phéi xéc suat véi X. Vay ta c6 miu nglu nhién cdn = 3 : W = (X1, X5, X5)
dudce xay dung ti dai luong ngau nhién goc X.

Thuc hién mot phép thit d6i véi mau ngiu nhién nay (tic 1a gieo 3 lan
mot con xiic xac ) gia st 1an 1 xuat hién mét 6; lan 2 xuét hién mat 3; 1an 3

xuat hién mét 1 thi ta ¢6 1 gia tri cia mau ngiu nhién w = (6, 3, 1).
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Chu y:

- Muén cho méiu phan anh tuong d6i chinh xac tong thé, thi mau phai tiéu
biéu titc 14 moi phan ti cta tong thé déu c6 thé dude chon vao mau véi xac
suat nhu nhau.

- C6 hai cach 1y miu ngau nhién: Liy c6 hoan lai va lay khéong hoan lai.

3.1.2. Cac dac trung cia mau ngau nhién

% Ky vong cua mau ngau nhién (Trung binh mau ngau nhién)

Dinh nghia 3.6. Ky vong ctia mdu ngau nhién W = (X, Xs, ..., X,,) la mét
. - 1 1<
thong ké ky hiéu va xdc dinh béi X = —(X; + Xo +..X,,)) = — E X;.
n n
=1

Chu y:
e Vi X1, X5, ...X,, 12 cc dai luong ngiu nhién nén X ciing 14 dai lusng ngau
nhién.
e Néu méu ngiu nhién W = (X, X,,...X,,) ¢6 mau cu thé wy = (1, 22, ...2)
thi X sé nhan gia tri 7 = %zk:n,xz (n; 1a tan s6 xuat hién cac gia tri x;,
i=1,2,...,n.) =
e Néu dai lugng ngiu nhién gbéc X c6 ky vong E(X) = p va phuong sai
D(X) = o? thi théng ké X ¢6 E(X) = pva D(X) = %2 nho6 hon phuong sai
cua dai luong ngdu nhién gbc n 1an, nghia 14 cac gia tri c6 thé ¢6 caa X 6n
dinh quanh ky vong ;. hon céc gia tri c6 thé cé cha X.

% Phuong sai cia mau ngiu nhién
Dinh nghia 3.7. Phuong sai ctia m4u ngau nhién W = (X1, Xs, ..., X,,) la
) : . e I —
mét théng ké, ky hiéu S* va duoc xdc dinh béi S* = —Z (X; — X)2.
n
=1
Chu y:
e Vi X, Xy, ..., X, 12 cac dai luong ngau nhién nén S? ciing 1a dai luong ngau

nhién.
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e Néu mau ngau nhién W = (X, X», ..., X,,) ¢6 mau cu thé w = (v, 19, ..., z,,)

va cac x; xuat hién véi tan s6 n; thi S? sé nhan gia tri

n—1
o°.

Néu E(X) = pu; D(X) = 0° thi E(S?) =

Trong thuc té dé tién cho viéc tinh toan ngudi ta stt dung cong thiic sau:

k
1
st == g nzxf — 7%
n
i=1

Trong théng ké, ngoai phuong sai mau nguvi ta con thuong dung loai
phuong sai sau day:
Phuong sai diéu chinh ctia mau ngiu nhién

Dt §2 = — 5%, 7 = %Z (X; — X)? thi ta ¢6 E(S™) = 0 . Khi d6 5"

n—1 n— 14
=1

dudc goi 1a phuong sai diéu chinh ciia mau ngau nhién .
Véi mau cu thé w = (2, 75, ..., 7,) VA cdc gid tri ; xuat hién véi tan so n; thi

S s& nhan gia tri

k
p_ . n 51 =2
§t=——7s —n_liélnz(xl T)".

% Do léch tiéu chuan va d06 léch tiéu chuan diéu chinh cua mau
ngau nhién

e D0 léch tiéu chuan ciia mau ngau nhién ky hiéu va xac dinh béi

S=VE— |13 (x,- X)?

i=1

e Do léch tiéu chudn diéu chinh ctia mau ngiu nhién ky hiéu va xac dinh

béi
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% TAn suit cia mau ngiu nhién

Trudng hop dic biét, trong téng thé ta nghién ciu chi ¢6 hai d6i tuong
Ava A . Ty lée d6i tusng A 1la p chua biét. Cho mau ngau nhién W =
(X1, X,,..., X,,) trong d6 X; 1a s6 lan xuat hién A é lan lay thii(i = 1,2, ...,n).
Néu A xuét hién thi X; nhan gia tri 1. Goi m 1a s6 lan xuét hién A trong
mau ngiu nhién, khi d6 tan suat mau la moét thong ké ky hiéu va xac dinh

béi f = 2.
n

3.1.3. Thdng ké va phan phéi xac suit cua cac thong ké

P& nghién ctu dai luong ngiu nhién gbe X, néu chi rat ra mét mau
ngiu nhién W = (X, X, ..., X,,) thi r6 rang chua giai quyét dudc van dé gi,
béi cac dai lugng ngau nhién X; c6 cung qui luat phan phéi xac suat véi X
ma ta chua biét dudc hoan toan. Vi vay, ta phai lién két hay tong hop cac dai
luong X, X, ..., X,, 1ai sao cho dai luong ngau nhién méi thu dudc c6 nhiing
tinh chat méi, c6 thé dap tng dudc yéu cau giai nhitng bai toan khac nhau

vé dai luong ngau nhién X.

Dinh nghia 3.8. Viéc tong hop médu W = (X1, Xs, ..., X,,) dudc thuc hién
dudi dang mét ham nao dé ciia cde dai luong ngdu nhién X1, Xs, ..., X,, dudc
goi la mot thong ké, ky hiéu la G. Nhu vay G = (X1, Xs, ..., X,,). Néu mdu
nglu nhién cé gid tri w = (v, Ty, ..., 1,), thi g = f(x1, 19, ...,1,) la gid tri ciia

théng ké G (hay con goi la g quan sdt ).

Sau day ta xét mot s6 thong ké thong dung nhét.
%* Quy luat phan phéi xac suit caa X

Pinh li 3.9. Néu X, X,, ..., X,, duoc lay ti dai luong ngdu nhién X cé quy
ludt phan phéi chudn N(u,o?) thi:

2
a. X c6 phdan phbi chudn N(y, U—).
n
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X —

b. U= M\/ﬁ c6 phdn phoi chudn N(0,1).

Chu y:
e Véi kich thuée mau 16n (n > 30). Gia s tong thé ma dau hiéu X* dudc md
hinh hoa béi dai Iugng ngiu nhién X c¢6 E(X) = uva D(X) = o2, lay mot
mau ¢d n > 30, ngudi ta chitng minh dude rang X 1a dai ludng théng ké cé
phan phéi gan ding phan phéi chuin véi E(X) = p, D(X) = %2.
e Khi nghién cu quy luat ctia trung binh mau X , néu khong biét phuong
sai ctia tong thé va mau ¢d n tuong d6i nhé (n < 30) thi ta phai st dung

phan phoi Student.

X —a

S/

Nguoi ta da chiing minh dude rang dai luong T = v/n ¢6 phan phéi
Student v6i n — 1 béac tu do.

(Phén phéi Student c6 bang tinh san é phan phu luc).

Phan phoi Student dan dén phan phdi chuan khi n — co. Thuec té khi n > 30
ta c6 thé coi T c6 phan phéi chuén.

%* Quy luat phan phdi cta tin suit miu

Trong truong hop n di 16n ngudi ta xay dung théng ké

__f-r
U_\/f(l—f)\/_

Khi d6 U ciing c6 phan phéi xap xi N(0,1).
Trong trudng hop tir hai téng thé riut ra hai mau ngau nhién doc 1ap W, kich
thuée n, va W, c6 kich thude 1a ny,. Tu d6 xac dinh dude cac tan suat mau

tuong tng 1a f, va fo. Xét thoéng ké
U — fi—fo trongdé?:n1f1+n2f2.

— _ ny + ng
\/f(l “D(a+a)

C6 thé chitng minh dudc rang théng ké U sé ¢6 phan phdi xap xi N (0, 1) khi

ni va No kha 16n.

% Quy luat phan phéi ctia xac suét caa 52
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Néu mau ngiu nhién dugdc xay dung tu dai lugng ngdu nhién chuén véi
. - : S S?
E(X) =ava D(X) = ¢* thi ngudi ta da ching minh dugc rang: x> = n—2 =
ag
i (Xz — 7)2 . “ e [N A 2 P
E ————— ¢0 phan phoi x (khi binh phuong), n — 1 bac tu do x;,_;. Con
g

i=1

n 2
A A2 (Xl — (l)

thong ké x° = 'E_l e

(Phén phbi “khi binh phuong” cé bdng tinh san & phan phu luc).

c6 phan phoi “khi binh phuong” n bac tu do \2

3.1.4. Sap xép s6 liéu

Qua trinh nghién citu théng ké thudng trai qua 2 khau: thu thap cac sé
liéu lién quan dén viéc nghién ctu va xt 1y s6 liéu. DE viée xtt 1y dude thuin
l6i ta can phai sap xép lai s liéu.
a.Truong hop mau cé kich thuée nhé

Gia st mau c6 kich thuée n va dai luong ngiu nhién géc X nhan cac
gia tri c6 thé z,(i = 1,2,...,k) v6i s6 lan lap lai (tan s6) n;(i = 1,2,..., k). Ta

thuong lap bang nhu sau,

Ti | 1| Lo | «oo | Tk

TG; | 1 | Mo | oo | Nk

trong d6 ny +no + ... + N = n.
b. Truong hop miu cé kich thuéc 16n

Ta chia mau thanh cac khoang (16p), trong méi khoang ta chon mot gia
tri dai dién cho khoang d6 (thuong chia thanh cic khoang déu nhau), sau
d6 chon cac gia tri dai dién cho khoang (thuong chon gia tri dai dién la gia
tri trung tam ctia khoang).
Qui udc: Pau mit bén phai cia méi khoang thudc khoang dé ma khong

thuoc khoang tiép theo khi tinh tan sb ciia méi khoang.

Vi du 3.10. Phong Cong tac HSSV tién hanh diéu tra sb gio choi Game
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trong mét thang cta 336 sinh vién dudc két qua nhu sau:

Thoi gian | S6 Sv | Thoi gian | S6 Sv
4-12 143 44-52
12-20 75 52-60
20-28 53 60-68
28-36 27 68-76
36-44 14 76-80

W W ||| ©

V6i cac s6 liéu ctia mAau néi trén cho phép ta cé thé xac dinh dude cac thong
ké dac trung ctia mau nhu trung binh mau (S6 gio chsi Game trung binh),

phuong sai mau.

Giai. Dé tién cho viéc tinh toan ngudi ta thudng 1ap bang tinh nhu sau:

. 2
Khoang | n; | x; | nx; n;x;

4-12 143 | 8 | 1144 | 9152
12-20 75 | 16 | 1200 | 19200
20-28 | 53 | 24 | 1272 | 30528
28-36 | 27 | 32 | 864 | 27648
36-44 14 | 40 | 560 | 22400

44-52 9 |48 | 432 | 20736
52-60 5 | 56| 280 | 15680
60-68 4 | 64| 256 | 16384
68-76 3 | 72| 216 | 15552
76-80 3 | 78| 234 | 18252
Tong | 336 6458 | 195532

Trong do:
e Khoang: La khoang thoi gian;

e n; la so sinh vién;
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e 1; la gia tri dai dién cho khoang. ) )
el s A .o 1 . 1 —
Khi d6 ap dung cac cong thiic: T = ~ ; nir; va §2 = - ; ng: — T2 .
Ta c¢6 két qua 7 = 19,92 va s> = 212, 532.
Viéc tinh toan cac s6 liéu trén sé dé dang hon néu ta dung phuong phap déi
bién nhu sau:
Phuong phap ddi bién
bat u; =
hla d6 dai ca khoang. Khi do:

Ty — & , N . Lo LA % 2 2 N
t 0 trong d6 x, 1a gid tri z; tuong ing véi tin sé n; 16n nhat va

k k
1 1
7 . Q2 _ 2 (2
u=— g ngu; S;=— g n;u; — (w)”.
n 4 n -
=1 =1

Tré lai so liéu ban dau ta c6: T = x + h.u; s> = h>.s2.

Ap dung cho vi du 3.10 ta c6 bang sau

Khoang | n;, | ;i | w; nau; nix?
4-12 143 | 8 0 0 0
12-20 75 | 16 1 75 75
20-28 53 | 24| 2 106 212
28-36 27 132 3 81 243
36-44 14 |40 | 4 56 224
44-52 9 |48 5 45 225
52-60 5 |56 | 6 30 180
60-68 4 (64| 7 28 196
68-76 3 |72| 8 24 192
76-80 3 |78 1|8,75 | 26,25 | 229,69
Toéng | 336 471,25 | 1176,69

Ta ciing c6 cac két qua nhu trén.
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3.2. Ly thuyét uwéc luong

3.2.1. Bai toan uéc lugng

Gia st dai luong ngau nhién X c6 tham s6 0 chua biét. Uéc luong
tham s6 6 1a dua vao mau ngau nhién Wy = (X;, X, ..., X,) ta dua ra thong
ké 0 =0 (X, Xs,...,X,) dé uéc lugng (du doan ) § Cé hai phuong phap uéc

luong:
(i) Uéc lugng diém: Chi ra 6 = 6, nao d6 dé uéc luong 6.

(i) Uéc lugng khoang: Chi ra mot khoang (6;,6,) chia 6 sao cho

P (0, <0 < 0y) =1—«cho trude (1 — a goi la do tin cay ctaa ubc lugng).

3.2.2. Cac loai uéc luong diém va tiéu chuan lua chon
ham uéc lugng

Phuong phap udc lugng diém chi truong 1a dung mot gia tri da biét
thay thé cho tham s6 0 chua biét cta tong thé. Thong thuong gia tri dudc
chon 13 mot théng ké G nao d6 ctia mau ngau nhién. Cé nhiéu cach chon
théng ké G khac nhau tao nén nhitng phuong phap udc luong diém khac
nhau.

Gia st can udc luong tham s6 0 cta dai ludng ngiu nhién X, ti tong thé
1ap mau ngau nhién ¢d n: W = (X1, X5, ..., X,). Chon lap thong ké G =
f(Xy, X, ..., X,,). Ta goi G la ham uéc lugng caa 6. Cé vo s6 cach chon ham f,
do d6 c6 vo s6 thong ké G. Vi vay, can dua ra tiéu chi dé danh gia chat luong
cta cac théng ké G, tit d6 lua chon dudce thong ké “xap xi mot cach tot nhat”
tham s6 can udc luong.

e Cac tiéu chuin lua chon ham wéc luong

a. Udc lugng khong chéch

DPinh nghia 3.11. Théng ké G goi la udc lugng khong chéch ciia tham sé 6
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ctia dai luong ngdu nhién X néu E(G) = 6.
Ngudc lai néu E(G) # 0 thi G la udc lugng chéch clia 6.

Y nghia Gia st G 1a uéc luong khong chéch ctia tham sb 6. Ta cé:
E(G—0)=E(G)—E@®)=60-60=0.

Vay udc luong khong chéch 1a udc luong c6 sai s6 trung binh bang 0.
Chu y: G la uéc luong khong chéch cua 6 khong c6 nghia la moi gia tri cua
G déu trung khit véi 0, ma chi c¢6 nghia trung binh cac gia tri ctia G bang 6
. Mot gia tri ctia G ¢6 thé léch rat 16n so véi 6.

Mot s6 két qua

(i) Trung binh cia mau ngau nhién X 14 wéc luong khong chéch caa trung

binh cta tong thé § = E(X) =uvi E(X) =p.

(ii) Phuong sai diéu chinh ctia mau ngau nhién S 1a uéc lugng khong

chéch ctia phuong sai ctia tong thé o® vi E(S?) = o2 .

Vi du 3.12. Chiéu cao trung binh ctia 50 cay lim dudc cho béi:

Khoang chiéu cao (mét) | S6 cay lim | 20 | u; | nju; | ng?
[6,25;6,75) 1 65|-4 4 16
[6,75;7,25) 2 70| -3| -6 18
[7,25;7,75) 5 75 -2 -1 20
[7,75;8,25) 11 80 |-1|-11 | 11
[8,25;8,75) 18 850 0 0
[8,75;9,25) 9 9 |1 9 9
[9,25;9,75) 3 95| 2 6 12
[9,75;10,2) 1 10 | 3 3 9

Téng 50 13 | 95

Goi X la chiéu cao caa cay lim.
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(i) Hay chi ra uéc luong diém cho chiéu cao trung binh cta cac cay lim.

(ii) Hay chi ra uéc ludng diém cho d6 tan mat ctia cac chiéu cao cay lim so

v6i chiéu cao trung binh.
(iii) Goip = P(7,75 < X < 8,75) . Hay chi ra uéc lugng diém cho p.

Giai. Ta lap bang tinh cho 7 va s?

. 2. . A 0_8 '5
Thuc hién phép doi bieén u; = %0—5’ (o =8,5;h =0,5).
—13 ’
Taco=—-=—0,26. Suyra =85+ 0,5.(-0,26) = 8,37
2 2 95 2 2
s*=(0,5) [% —(—0,26)7] = 0,4581 =~ (0,68)
50
? 2 2
= 8% =~ (0,684)".
=51 ~ (0684

Vay:

e Chiéu cao trung binh dudc udc luong 1a 8, 37 mét.

e Do tan mat dude uée lugng la s = 0, 68 mét .

e Trong 50 quan sat da cho c6 11 + 18 = 29 quan sat cho chiéu cao lim thuéc
khoang [7,75; 8, 75]. Vay uéc lugng diém cho p 1a p* = ;—3 =0,58.

b. Uéc luong hiéu qua

Nhan xét. Gia st G 1a udc lugng khong chéch ctia tham sé 4. Theo bat dang

thuc Tchebychev ta co:
D
PG =BG <&)>1— ;G)
Vi E(G) = 0 nén
D
P(IG—0|<e)>1-— E(QG)

Ta thay, néu D(G) cang nhé thi P(|G — 6] < ¢) cang gan 1. Do d6 ta sé
chon G v6i D(G) nhé nhit.



3.2. Ly thuyét udc luong 93

Dinh nghia 3.13. Théng ké G ciia mdu dudc goi la uéc luong hiéu qud ciia
tham sé 6 ciia dai luong ngdu nhién X néu né cé phuong sai nhé nhdt so véi

moi thong ké khdc dudc xGy dung trén cung mdu dé.

Hay uéc lugng khong chéch G dude goi la ude lugng c6 hiéu qua cua
tham s6 6 néu D(G) nhé nhat trong cac uéc lugng ciia 6.
Nhu vay dé xét xem G c¢6 phai 1a udc lugng hiéu qua cta 6 hay khong, van
dé dat ra 1a phai tim dude can dudi cia phuong sai cac ham ude lugng.
Chau y: Nguoi ta ching minh dudc rang néu G 1a uéc ludng hiéu qua cta 0
thi phuong sai ctia né la

D(G) = !

= 5
Oln f(x,0)

Trong d6 f(z,6) 12 ham mat d6 xac suat ctia dai luong ngiu nhién goc.
Moi uéc lugng khong chéch 0 luén cé6 phuong sai 16n hon D(G) trong cong
thuc trén. Ta goi cong thuc trén la giéi han Crame-Rao.

Két qua: Néu dai lugng ngiu nhién gbc X € N (i1,0°) thi trung binh miu
X 1a wéc lugng hiéu qua ctia ky vong E(X) = .
c. Uée lugng virng

Khi xét nhitng mau c6 kich thudc 16n thi nay sinh van dé 1a méu cang

16n thi théng ké G ctia mau phai cang gan tham sb 6 can udc luong. T d6

ta c6 dinh nghia:

DPinh nghia 3.14. Théng ké G = f(X1, Xs, ..., X,)) goi la wdc luong viing clia
tham sb 0 néu Ve > 0 bé tuy y cho trudc ta déu c6 lim P (|G -0 <e) =1,
n—oo

hay néi cich khdc G hoi tu theo xdc sudt dén 6.

Diéu kién du cia uéc luong viing
Néu G 1a uéc luong khong chéch ciia 6 va lim D(G) = 0(n — oo) thi G 1a
uéc luong viing cuaa 6.

Mot sé két quas
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e Trung binh mau X 14 uéc lugng viing ctia tham s6 4 .
e Tan sudt mau f 14 wéc luong vitng ctia xac suat p caa dai luong ngau nhién
goc X.
Mot vai két luén ciia phuwong phdp wic luong diém

Dung nhiing tiéu chuédn néu trén dé danh gia cac théng ké dac trung
mau khac nhau cho phép ta lua chon dudc nhitng thong ké t6t nhat. Tt d6
dua ra mot s6 két luan sau:
e Vi trung binh mau X 1a uéc luong khong chéch , hiéu qua va uéc luong
vitng ctia trung binh tong thé ;, do d6 néu chua biét 11 co thé' dung X dé wdc
luong.
e Vi tan suit mau f 1a udc luong khong chéch, udc lugng hiéu qua va uéc
luong vitng ctia tan suat tong thé p do d6 néu chua biét p cé thé dung f dé
uéc lugng.
e Vi phuong sai diéu chinh mau 5 va phudng sai S? déu la cac uéc ludng
khéng chéch ctia phuong sai tong thé o , do d6 néu chua biét phuong sai o>
c6 thé dung S hodc S? dé udc luong.
e Nguoi ta ciing chiing minh dude rang X la udc luong viing cia F(z) = u
va S%; 5" 1a uéc lugng viing ctia D(z) = o°.
Nhan xét. Cac phuong phap udc lugng di€ém c6 mot nhuge diém co ban 1a
khi kich thuéc mau nhé thi uéc ludng diém tim dudc c6 thé sai léch rat nhiéu
so v6i gia tri cia tham s6 can udc luong tic 14 sai s6 cta ude luong cé thé
rat 16n. Mat khac dung cac phudng phap trén khong thé danh gia duge kha
nang mac sai 1am khi udc luong bang bao nhiéu. Do d6 khi kich thuéc mau

nhé ngudi ta thuong st dung phuong phap uéc lugng bang khoang tin cay.
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3.3. Cac truong hop uéc luong khoang

3.3.1. Mo ta phuong phap

Gia st tong thé c6 tham sb # chua biét. Ta tim khoang (G, G5) chia 6
sao cho P (G; < # < G3) = 1 — « cho trude. Xac suat 1 — a dude goi 1a do tin
cay cua udc lugng, |Go — G| dude goi 1a do dai cua khoang tin céy.

Nhu vay, vin dé cht yéu ctia phuong phap udc ludng bang khoang tin cay 1a

lam thé nao dé xac dinh dugce khoang tin cay (G, G2) thod man
P(G1<9<G2):1—OA

Pé lam diéu dé nguoi ta tién hanh nhu sau:
Tt tong thé 1ap mau ngiu nhién Wy = (X, X5, .., X,,). Chon théng ké G =
f(X1, Xs, .., X,,0) c6 phan phéi xac suit xac dinh du chua biét 6.
Vé6i d6 tin cay 1 — « cho truéc cé thé tim dude cip gid tri oy va ay sao cho
a1+ ay = a va tuong ing véi chung tim dudc cap gia tri ga; va gas (thuong la

cac phan vi ctia G) thod mén diéu kién: P(G < ga;) = oy va P(G > gas) =
Tu doé
Pgay <G <ga)=1—(ag+ay)=1—a 3.1)

Nhu vay, véi d6 tin cay 1 —« ta da xay dung dudc khoang tin cay (gai; gas)
cho G. Bang cac phép bién d6i tuong duong ta c6 thé dua (3.1) vé dang:
PGy <0< Gy)=1-a.

Nhu da néi trén do o kha nhé nén 1 — « kha 16n, thong thuong trong
thuc té thuong yéu cau 1 — a = v > 0,95 dé c6 thé ap dung nguyén ly xéc
suat 16n cho bién cb (G <6 < @Gy).

Goi I = G, — Gy 1a dd dai khoang tin cay ( I c6 thé 1a hing s6, c6 thé 1a

dai luong ngau nhién).
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Do xéc suat 1 — o =  khé 16n nén bién cb (G, < 6 < G3) hau nhu chéc
chan xay ra trong mét phép thi. Thuc hién mot phép thit déi véi mau ngiu
nhién wx = (X1, Xy, .., X,,) thu dudc mau cu thé wyx = (zy,2s,...,7,), do dé
tinh dudc céc gia tri ciia G4 va G, ing véi mau cu thé nay, ky hiéu 1a ¢4, go.
Nhu vay c6 thé két luan 1a véi d6 tin cdy 1 — o = ~,0 nam trong khoang
(91,92) ticla (g1 < 6 < go).

Nhan xét. Phuong phap uéc luong bang khoang tin cay khac phuc dudc
nhiing nhudc diém ctia phuong phéap uéc luong diém. Chang nhiing né lam
tang d6 chinh xac cta udc luong ma con danh gia dudc mic do6 tin cay cua
uéc luong d6. Tuy nhién né cing chia dung kha niang mic sai lam bang a.
Dudi day sé ap dung phuong phéap nay dé udc luong mot vai tham sbé dac
trung co ban ctia dai luong ngau nhién X trong téng thé. Gia st trung binh
clia tong thé E(X) = p chua biét. Ta tim khoang (m;,m,) chia u sao cho
P(my <p<ms)=1—a,vlil—«aladotin cay cho trudc.

a. Trudng hep 1: Biét D(X) = 02 va ¢6 mau n > 30 hoéc (n < 30 nhung
X c6 phan phéi chuin)

Chon lap théng ké: U = @.\/ﬁ .Tac6 U € N(0,1).

Chon cip o; va o, sao cho o +a, = a va tim céc phan vi chuin tuong ing
la u,, va u;_,, théa man cac diéu kién PU < tg,) =01, PU > uj_q,) = s .

Tudo, Pug, <U < Uj_p,) =1— (a1 + ) =1—ar.

Do phan vi chuén c6 tinh chét u,, = —u;_,, nén
P(—uj—o, <U<U_p,) =1—a (3.2)

Thay biéu thic cta U vao (3.2) va giai ra u, ta thu dudc

X — i.ul_w <p< X+ . (3.3)

Jn Jn e

(3.3) méi chi ra mot khoang tin ciy tong quat. V6i dé tin cdy (1 — ) cho trude

c6 thé tim dudc vo so cap gia tri a; va a, théa man diéu kién a; + as = «a, tu
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d6 sé c¢6 vo sb khoang tin cay tuong tng. Trong thuc té ngudi ta thuong chi
st dung mét sb truong hop dic biét sau:
Khoadng tin cay déi xing

DPé duge khoang tin cay dbi xting ta chon oy = ap va dity =1 — % thi

Y—L.u7<u<7—i.u7.

Vn Vn

Tom lai, ta tim dudc khoang tin cay (z — ;7 +¢) , trong do :
(i) 7 1a trung binh ctia mau cu thé.

.. o_.. A " . o C1s aa
(i) e = Uy = v6i ugamma la phan vi chuan mic v = 1— 59¢ dudc goi la do
chinh xac cua uéc lugng. N6 phan anh mic d6 sai l1éch cta trung binh

mau so véi trung binh téng thé véi xac suat (1 — ) cho trudc.

Khoang tin cay bén phai (Udc luong gid tri toi thiéu).
Lay a; = 0,00 = o thi uy_,, = u; = +00 , do d6 khoang tin cay bén phai

cua p la:

(f_i%ukw+m).
Khoang tin cay bén trdi (uvdc luong gid tri tbi da).
Léy a; = a,ap = 0thlu;_,, = u; = 400, do dé khoang tin cay bén trai

cua p la:

(—oo;f + %.ula) .
Nhan xét. Véi cung d6 tin cdy 1 — o hién nhién khoang tin ciy nao ngan hon
sé tot hon. Trong truong hop nay d6 dai khodng tincay I = (T +¢)— (T — ) =
2¢ s& 1a ngan nhéat khi khoang tin cay 1a d6i xing.
Xac dinh cé mau
Xuét phat tit khoang tin cdy déi xing, dé dang thiy dudc méot udc lugng
t6t néu (1 — o) 16n con ¢ kha nhé. Néu yéu cau mot chat lugng uéc luong véi

(1 — a) va e an dinh trudc, bang cach nao c6 thé thoa man yéu cau nay? Giai
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phép duy nhéat 1a lua chon ¢ mau cho phu hop. Trong trusng hep nay ta cé

2

A‘) 0-
thé chon n = u>— .
: Y 52

Vi du 3.15. Khéi lugng san pham la dai luong ngau nhién c6 phan phéi

chuén véi do 1éch tiéu chudn o = 1. Can thit 25 san pham ta thu dudc két

qua sau :

X(Khéi lugng)

18 | 19

20

21

N; ( S6 lugng)

3

5

15

2

(i) Hay uéc luong trung binh khéi luong cia san pham véi db tin cay 95%.

(ii) Néu yéu cau do chinh xac 1a 0,1, gitt nguyén dé tin cay 95% thi c¢d mau

la bao nhiéu thi phu hop ?

Giai.
18 | 3 | 54
19|51 95
20 | 15 | 300
21| 2 | 42
> 125|491

491
TacoT = 29—5 =19, 64kg.

D6 tin cay 1 — a = 0,95 do d6 o = 0, 05. Suyravzl—%:0,975.

Ta tim duge phan vi chuin u., = ug, 975 = 1, 96.

1

1
Do d¢, € = up,975.—— =1,96.— = 0,39

V25 5
21 =T —¢=19,6 0,39 = 19,25,

Ty =7T+e=19,6+0,39 = 20, 03.

Vay khoang tin cay la (19,25 ; 20,03)

Két lugn: Trong luong trung binh ctia loai san pham néi trén tit 19,25kg dén
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20,03kg v6i d6 tin cay 95%.

Dé d6 chinh xac chi 14 0,1, gitt nguyén d6 tin cay 95% thi ¢é mau la
,0°
22

1
=1,96%.—— = 385.

= 0,01

g2
b. Truong hgp 2: Chua biét o> va ¢6 mau n > 30

Trudng hop nay kich thuéec mau 16n (n > 30) c6 thé dung udc luong ctia S™
thay cho ¢ chua biét (vi F(S"?) = o?).

e Khoang tin cay d6i xiing : (7 — ;7 + ¢)

5/

N

va 8’ 1a d6 léch tiéu chuén diéu chinh cia méu cu thé.
5 e A 1A ” e s

e Khoang tin cay bén phai (7 — —.u;_,; +00).

\/ﬁ /

e Khoang tin cay bén trai : (—oco; T + —(—.u1_4).

vn

(d6 chinh x4c ) v6i u., 1a phan vi chuén mic v = 1 — %

trong dé6: ¢ = u,

2
» . ~ x S

e Xac dinh c¢6 mau : n = u}—;.
5

Vi du 3.16. Nguoi ta tién hanh nghién citu 6 mét truong dai hoc xem trong
mot thang trung binh mét sinh vién tiéu hét bao nhiéu tién goi dién thoai.

Lay m6t mau ngau nhién gom 59 sinh vién thu dudc két qua sau:

14| 18 |22 | 30 |36 |28 | 42 |79 |36 | 52 | 15 | 47
95| 16 |27 | 111 | 37 |63 | 127 |23 |31 |70 | 27 | 11
30| 147 | 72| 37 |25 | 7 | 33 |29 | 35|41 |48 | 15
291 73 126 15 |26 |31 | 57 |40 | 18 | 85 | 28 | 32
22| 36 |60 | 41 (35|26 | 20 |58 |33 |23 35

Hay uéc luong khoang tin cay 95% cho sb tién goi dién thoai trung binh

hang thang ctia mot sinh vién.

Giai. T cac s6 liéu da cho ta c6: n = 59,7 = 41,05, s’ = 27, 99.

b6 tincay 1 —a = 0,95 do d6 a = 0, 05. Suyrafyzl—%zo,975. Ta
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27,99
tim dudc phan vi chuén Uy = Uggrs = 1,96. Do d6 ¢ = 1,96.—— ~ 7,13.

V59
T—7,13=233,92,7+ 7,13 = 48, 18.
Vay khoang tin cay udc lugng la (33, 92; 48, 18).
c. Trudng hop 3: Chua biét phuong sai D(X) = o> van < 30 va X ¢6
phan phéi chuin

Chon lap théng ké
X—p
7o | 5 )\/ﬁeT(n—D
, / S/

e Khoang tin cay doi xung ( \/_ R l<pu<z+ \/ﬁ.tfj‘l) , trong do

—1- 2 . Sai s6 ctia wdc lugng ¢ = t"’ls—
Tmi Ty MEE=h

/

e Uéc lugng gia tri toi thiéu ( — 7 é \/_ ) .

e Ubc luong gia tri tbi da ( 00y T + 177} \/_)
Phuong phap mau kép: Xac dinh kich thuée mau tdi thiéu n sao cho véi
d6 tin cay (1 — a) cho trudce, do dai khoang tin cay khong vudgt qua gia tri [,

cho trudéc:

(i) Truéc hét diéu tra mot miu so bd kich thuée m > 2: W, =

(X1, X,,...,X,,) tit d6 tim dudc phuong sai diéu chinh mau ctia mau so
1 & -
b6 dé: %= —— > (X, —X).

m—1
=1

(ii) Sau d6 1ap mAau thd hai kich thuée n —m : Wy = (Xpp1,..., X)) I, =

25’ 45”2
—¢m-} . Tu d6 kich thuéc mau can tim 1a :n > { tmal}

Vn 1— I3 2

Vi du 3.17. Theo déi mitc xéing hao phi (X) cho mét loai 6t6 di tit A dén B

thu dudc bang s6 liéu sau:

Muic xdng hao phi (1) | 19,0-19,5 | 19,5-20,0 | 20,0-20,5 | 20,5-21,0
Sé6 lan di 2 10 8 5
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V6i d6 tin cay 1 — o = 0,95. Hay tinh mtc x&ng hao phi trung binh tbi thiéu
khi di tit A dén B biét X c6 phan phéi chuén.

Giai. Pay 1a bai toan udc luong khoang ctia ky vong (gia tri toi thiéu ), trong
phan phéi chuén truong hop chua biét phuong sai, mau c¢d n = 25 < 30.

Ap dung: (f - t?:i\j—/ﬁ; —I—oo) , trong d6 17~ = 37" = 1,711 (tra bang
Student).

Véi mau cu thé trén, ta 1ap bang tinh toan z va s’: Chon zy = 19,75; h =

0, 5.

X(it) T n; w; | Ny | nu
19,0-19,5 | 19,25 2 -1 -2 2
19,5-20,0 | 19,75 10 0| 0 0
20,0-20,5 | 20,25 8 1] 8 8
20,5-21,0 | 20,75 5 2110 | 20

> n =25 16 | 30
A 0,5
Vay 7 = 19,75+ =16 = 20,07,
S? =(0,5) Lo (L 2 =0,25[1,2 — 0,4096] = 0, 1976
- 9 25 25 - Y% ) 9 - Y% )
12 25 /
S = 57:0,1976 = 0,2058 — 5" = 0, 45.

V6i d6 tin cay (1 — a) = 0,95, qua mau nay mdt gia tri cho muic t6i thiéu
, N 0,45
ctia ;0 1a (20,07 — 1, s +oo) hay (19,92 < p < +00).
n
Két ludn: Mic xang hao phi trung binh t6i thiéu khi di tit A dén B 1a 19,921t

v6i do tin cay 0,95.

Vi du 3.18. D& nghién citu ning suat cia giéng lia A tai mét viung, ngudi

ta gat ngiu nhién tai 100 diém cua vung d6 thu dudc bang s6 liéu sau:

Ning suét(ta/ha) 40- 42 | 42- 44 | 44- 46 | 46- 48 | 48- 50 | 50- 52
S6 diém gat tuong ting | 7 13 25 35 15 5
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Hay uéc lugng ning suit trung binh c@a giong lda d6 trong ving bang
khoang tin cdy d6i xiing véi d6 tin cay (1 — o) = 0,95. Biét nang suat lda

phan phéi chuén.

Giai. Pay 1a bai toan udc luong khoang ctia ky vong(khoang déi xing) trong
phan phoéi chuén, trusng hop chUa biét phuong sai, mau ¢d n = 100 > 30.

)

Trong d6 u;_s = 1,96 (tra bang ham sb Laplace) v6i mau cu thé trén, ta

Ap dung khoang (T —ur-s. \/_ T+ ui—g.

lap bang tinh toan dé tinh 7 va S’

X(ta/ha) | z; n; w; | ngug | ngul
40-42 | 41 7 -3|-21 | 63
42-44 | 43 13 -2 -26 | 52
44-46 | 45 24 -1 -25 | 25
46-48 | 47 35 0| 0 0
48-50 | 49 15 1| 15 | 15

> n = 100 -47 | 175

Chon z¢y = 47;h = 2,
T = AT + ——(—47) = 46, 06;

1
2 =922 11100175 — 0,47 =6, 1164:
5 { 100( y R

100
s = %'6’ 1164 = 6,17818 suy ra s’ ~ 2, 48.

V6i do tin cay 0,95 qua mau cu thé nay, khoang tin cay d6i xing cta u

2,48 2,48
(46, 06 — 1,96.———: 46,06 + 1, 96.—) .
V100 V100

Hay (45,57 < p < 46, 55).
Két lugn: Nang suat trung binh cta giéng lia A trong vung ti 45, 57 — 46, 55
ta/ha véi d6 tin cay 0,95.
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Vi du 3.19. Phéng van 5 gia dinh c6 con hoc dai hoc vé chi phi hang thang
cho nhu cau sinh hoat dudc cac sb liéu sau: 150 ngan, 200 ngan, 250 ngan,
300 ngan. Hoéi phai phéng van bao nhiéu gia dinh dé véi do tin cay 95%
sai sb ctia viéc udéc luong chi phi trung binh hang thang khéng vust qua 30
ngan. Gia thiét chi phi hang thang 1a PLNN phan phéi chuén.

Giai. Goi X: Chi phi sinh hoat hang thang, X € N(u,o?).

Vay chi phi trung binh chinh la gia tri i . Pay la bai toan xac dinh kich
thuée mau t6i thiéu cho viéc uéc luong tham sb p cia phan phéi N(p, 0?))
khi chua biét phuong sai o2 .

Theo phuong phap mau kép, tit mau so bo kich thuée n = 5 ta tim dudc:
T = 216 ngan, s = 3530 ngan, I, = 2.30 ngan = 60 ngan,t; o5 = 2, 776.

4‘3530(2, 776)* = 31 gia dinh.

602

Do do n >

Nhu vay phai phéng van thém 31 - 5 = 26 gia dinh nita.

3.3.2. Uéc luong khoang cho ty 1é (xac suat)

Gia st tong thé dudc chia ra lam hai loai phan ti. Ty 1é phan ti ¢é
tinh chat A 1a p chua biét. Uéc luong ty 1é 1a chi ra khoang (f;, f») chiia p sao
cho P(fi<p< fo)=1—-a.

Dé cho viéc giai bai toan dude don gian, ta chon mau véi kich thuée n
khalén.  Goi X 1a s6 phan tit c6 tinh chat A khi 1y ngdu nhién mot phan
t ti tong thé thi X 1a PLNN c6 phan phdi xac suét.

X 0 1

Pll1—pip

Goi X;, (i = 1,2,..,n) 1a s6 phan ti& c6 tinh chat A trong lan 1y thi i. Ta
¢6 X chinh I tan suét udc lugng diém ctia p = F(X). Mat khac, theo chuong
2 thi n.X c¢6 phan phéi nhi thic B(n, p).

Tir d6 B(X) = pva D(X) = PE=2)
n
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(f —p)v/n

Chon théng ké U =
p(L—p

, trong d6 f 1a ty 1é cac phan t& cia mau
¢6 tinh chat A.

Khi n kha 16n thi U € N(0,1). Giai quyét bai toan tuong tu nhu 6 udc
luong trung binh, thay X béi f, 0% béi f(1 — f), ta dudc:
fa-=1r)

n

PN )
2 n

<p<f-u-g

Tém lai, ta xac dinh dudc khoang tin cay (fi, fo) = (f —&; f +¢) , trong

dé: f 1a ty 1é cac phan ti cia mau c6 tinh chat A.

€=ui-g M(sai s6).
n
Tu cong thuc trén ta co: u;-s = cvn
Nl
e Khodng tin cay déi xiing ( — g f(l f) <p<f-ua [f(1 —f))
f(1 f)

Do chinh xac ctia ude lugng ¢ = u; 2 . b6 dai khoang tin cay

doi xing 1a I = 2.

o Udc luong gia tri téi thiéu: f — u,_ a\/ — f <p < 4oo.
e Uéc luong gia tri toida: —oco <p< f+u_ at/ —f
n

, , z L s . 11—
e Kich thuwdéc mau : Dude xac dinh béi: n = u?;f(—zf) .
£

Vi du 3.20. Diéu tra nhu cau tiéu dung mét loai hang trong 100 gia dinh
thay 60 gia dinh c6 nhu cau loai hang ho4 néi trén. Véi do tin cay 1—a = 0, 95,

hay tim khoang tin cay dbi xiing ctia ty 1é gia dinh c6 nhu cau loai hang dé.

Giai. Pay 1a bai toan udc luong khoang (khoang ddi xiing) cia xac suat, ap

dung khoang trong d6 u;_« = 1,96 (tra bang Laplace).

. X ° A , 60
Tumaucuthétréntacod f = — 100 =0,6,1—f=1-0,6=0,4.
V6i @6 tin cay 0,95 khoang tin cay d6i xting cta p 1a
0,6.0,4 0,6.0,4
(0,6 — 1,964/ ——:0,6 + 1,964/ ————) hay (0,504 < p < 0, 696).

100 7 ’ 100
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Két lugn: Ty 1é gia dinh ¢6 nhu cau loai hang d6 tit 50,4% dén 69,6% véi do
tin cay la 0,95.

Vi du 3.21. Kiém tra 100 san phadm trong 16 hang thiy c6 20 phé pham
(i) Hay uéc luong ty 1é phé pham c6 d6 tin cay 99%.
(ii) Néu do chinh xéc = 0,04 thi do tin cay ctia udc lugng 1a bao nhiéu?

(iii) Néu mudn c6 d6 tin cay 99% va do chinh xac 0,04 thi phai kiém tra bao
nhiéu san pham?

20

Giai. Do tin cay 1 — a = 99% — 1 — % = 0,995:n = 100, f = <o = 0,2.
— p)V100
Xet v — = PVI00 N(0,1),
VP4
) V0,208 0,4
Tacoe = U995~ (= — 2, 58.— = 0, ].,
v/100 10

fi=f—-e=0,2-0,1=0,1fs=f+e=0,240,1=0,3.
Vay khoang tin cay 1a (0, 1;0, 3).
0,04.4/100

(6%
W V1Y 084> 1 — o= 0,68
“1-570,2.0,8 2~ =5

Vay d6 tin cay 1a 68%.

(2,576)%.0,2.0,8
- (0,04)2

= 6,635.100 = 663, 5.

Vay n = 664.

3.4. Bai tap chuong 3

Bai 3.1. Theo d6i mtic hao phi nguyén liéu cho mét don vi san pham tai nha

may A thu dudc sb6 liéu sau:

Miic hao phi nguyén liéu | 19-20 | 20-21 | 21-22 | 22 - 23
S6 san pham 5 15 10 6
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Véi d6 tin cay 95%, hay xac dinh mic hao phi nguyén liéu trung binh t6i da
trén mot don vi san phdm ctia nha may trén biét mic hao phi nguyén liéu

1a dai lugng ngdu nhién tuan theo luat phan phdi chuén.

Bai 3.2. Ning suit ctia mot loai ngdé mdi tai mot vung trong thit nghiém 1a
dai ludng ngau nhién tuan theo luat phan phéi chuén. Kiém tra nang suét

tai 100 thita rudng thu dude két qua sau:

Nang suat (Ta/ha) | S6 tha
30-35 7
35-40 12
40-45 18
45-50 27
50-55 20
55-60 8
60-65 5
65-70 3

a. V6i @6 tin cay 95%, hay udc ludng cho ning sut trung binh t6i thidu cia

loai ng6 mdi tai vung do.

b. Bing khoang tin ciy d6i xiing hay uéc luong cho ty 1é thita ruéng c6 néng
suat trén 50 ta/ha véi d6 tin cay 99%.

Bai 3.3. D¢ xac dinh lugng ca trong mot chiée hd rong ngusi ta bat ngiu
nhién 4000 con, danh d4u roéi tha xudng hd. Sau mot thoi gian ngudi ta bat
ngau nhién 200 con trong ho thay c¢6 75 con dude danh dau. Véi do tin cay

99,5%, hay uéc lugng sb ca toi thiéu cé trong ho.

Bai 3.4. Mot vung c¢6 2000 ho gia dinh. Pé diéu tra nhu cau tiéu dung loai
san phdm A tai vung d6, ngudi ta phéng vAn ngau nhién 100 gia dinh va

thay c6 65 gia dinh ¢6 nhu cau vé loai san pham trén. V6i do tin cay 95% hay
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uéc luong s6 gia dinh c6 nhu cau vé loai san phdm dé bang khoang tin cay

doi xting

Bai 3.5. Theo doi diém thi moén Tin hoc ctia 100 hoc sinh ctia mét trusng

nghé thu dudc sb liéu sau:

Piém 12|34 | 5|6 | 7| 8|9]|10
S6SV 2134121182520 (10|5| 1

Hay xac dinh khoang tin cay dbi xdng véi do tin cay 95% cho diém trung
binh ctia hoc sinh trudng dé. Biét diém thi mén Tin hoc ctia hoc sinh trudng

d6 1a dai luong ngau nhién tuan theo luat phan phéi chuén.

Bai 3.6. Kiém tra ham lugng vitamin C trong mot loai qua thu dude sb liéu

sau:
Ham ludng vitamin C (%) | S6 trai
6-7 5
7-8 10
8-9 20
9-10 35
10-11 25
11-12 5

V6i do tin cay 95%, hay udc luong ham lugng Vitamin C trung binh trong
loai qua trén bing khoang tin ciy d6i xting. Biét ham ludng vitamin C trong

loai qua dé 1a dai lugng ngau nhién c6 phan phéi chuén.

Bai 3.7. Diéu tra ning suit giéng lia méi tai mot khu th nghiém ngudi ta

thu hoach 25 ha va c6 két qua nhu sau:

Nang suat (Ta/ha) | 18 | 20 | 21 | 24 | 27
S6 ha 2/5|6|8]|4
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Véi @6 tin cay 95% , hay udc luong ning suit trung binh cta gidng lua d6
biét réing ning suat gidng lua dé 1a dai luong ngdu nhién tuan theo luit

phan phdi chuén véi d6 1éch tiéu chuédn 1a 2 ta/ha.

Bai 3.8. Theo doi miic xang hao phi cho mét loai 6 t0 trén doan duong tu A

dén B thu dudgc sb liéu sau:

Mtc xang hao phi | 19,0 - 19,5 | 19,5 - 20,0 | 20,0 - 20,5 | 20,5 - 21,0
S6 lugng xe 2 10 8 5

Véi do tin cay 95%, hay xac dinh mic xéng hao phi trung binh tbi thiéu (t6i
da) cta loai xe trén khi di tit A dén B biét miic xéng hao phi 1a dai luong

ngau nhién tuan theo luat phan phéi chuin.

Bai 3.9. Theo doéi trong luong ciia mot may tu dong, ngudsi ta can tha 100

g6i va thu dudc sb liéu

Trong luong (gam) | 10 | 11 | 13 | 15 | 20
S6 géi 25| 5 352015

Hay uéc lugng cho trong lugng trung binh cta loai san phdm trén bing
khoang tin cdy d6i xing véi do tin cay 95% biét trong luong ctia san pham

1a dai lugng ngdu nhién tuan theo luat phan phdi chuén.

Bai 3.10. Trudc khi quyét dinh dau tu cho mot du 4n phat trién phan mém
ctia mot cong ty may tinh, ngudi ta tién hanh tham do ¥ kién cta 1800 ngudi
thi thay c6 1180 ngudi ung ho dau tu cho du an. Véi do tin cay 99%, hoi sé

c6 toi thiéu bao nhiéu phan tram ngudsi ing ho ? va toi da 1a bao nhiéu?

Bai 3.11. biéu tra 200 sinh vién khoa CNTT s dung thoi gian dé choi
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Game online trong mot ngay duge két qua nhu sau:

Thoi gian (phit) | S6 sinh vién
190 - 200 10
200 - 210 26
210 - 220 56
220 - 230 64
230 - 240 30
240 - 250 14

a. Hay uéc luong thoi gian trung binh sinh vién da st dung vao viéc choi

Game online véi do tin cay 95%.

b. Vé6i d@6 tin cay 0,95 hay uéc luong ty 1é sinh vién choi Game online nhiéu

hon 220 phat mot ngay.

Bai 3.12. Can thit 100 qua tring ta cé két qua sau

X;(g)| 150 | 160 | 165 | 170 | 180 | 185
n; 4 16 | 25 | 30 | 15 | 10

a. Tim khoang uéc lugng cho khéi lugng trung binh cta tring véi d6 tin cay
99%.

b. Tring c6 khéi luong nhé hon 165 gam dudc coi 1a tring loai 2. Tim

khoang udc lugng cho ty 1é tring loai 2 véi do tin cay 95%.

Bai 3.13. S6 liéu sau day la chi s6 thong minh IQ cta 28 sinh vién mot

truong dai hoc (gia st chi s6 d6 tuan theo luat phan phéi chuén):

130 | 135 | 121 | 123 | 121 | 117 | 135
117 | 121 | 123 | 117 | 130 | 112 | 112
108 | 121 | 117 | 112 | 117 | 121 | 123
117 | 108 | 121 | 121 | 112 | 123 | 130
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Xay dung khoang tin cay 95% cho ky vong ctia chi sb trén. Cé nhiing cach

nao dé ting d6 chinh xac ctia uéc luong?

Bai 3.14. Két qua do chiéu cao cia 24 tré em 2 tudi cho bdi bang sau (cm):

84,4 | 89,9 | 89,0 | 81,9 | 87,0 | 78,5
84,1 | 86,3 | 80,6 | 80,0 | 81,3 | 86,8
83,4 | 89,4 | 85,4 | 80,6 | 85,0 | 82,5
80,7 | 84,3 | 85,4 | 85,0 | 85,5 | 81,6

Véi do tin cay 99% cho biét khoang tin ciy cia chiéu cao trung binh ciia tré

em 2 tud6i? Gia thiét chiéu cao ctia tré em 2 tudi c6 phan phoi chuén.

Bai 3.15. Diéu tra ty 1é sinh vién khoa CNTT st dung Internet, ngudi ta
phéng van ngau nhién 400 sinh vién thi thiy cé 368 sinh vién st dung
Internet. Hoéi v6i mic y nghia o = 5% c¢6 bao nhiéu phan tram sinh vién

khoa CNTT stt dung Internet.

Bai 3.16. Trudc cudc bau ct tong thong ngudi ta phéng van ngiu nhién
1800 ctt tri thi thay c6 1220 ngudi ing ho mot tng c vién A. Véi do tin cay

95% héi ting ct vién d6 thu dudc bao nhiéu phan tram sé phiéu?

Bai 3.17. Dé xac dinh chat lugng vai ciia mét nha may dét, ngudi ta lay
ra 400mét vai cia cac phan xudng thi thay 280mét vai dat loai 1. X4ac dinh
khoang tin cay khi uéc lugng ty 1€ vai dat loai 1 ctia toan nha may véi do tin
cay 90%.

Bai 3.18. D¢ xac dinh chiéu cao trung binh ctia céc ciy bach dan trong mot
vuon uom, ngudi ta tién hanh do ngau nhién 35 cay. Két qua dudc biéu thi

béi bang sau:

Chiéu cao(cm) | 6,5|7|75| 8 859
S6 cay 2 |4/10(11]| 5 |3
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Gia thiét rang chiéu cao cia céac ciy bach dan c¢6 phan phdi chudn. Hay wéc
luong chiéu cao trung binh ciia cac cay bach dan trong vuon trén véi do tin
cay 95%.

Bai 3.19. Dé xic dinh luong xang trung binh trung binh tiéu phi (1it/100km)
ctia mot loai 0t6 ngudi ta kiém tra 36 chiéc trén doan dusng 100km va tinh
dude ky vong mau 5,38 lit v6i phuong sai mau hiéu chinh 14 0,285. Véi @6
tin cay 95% hay udc lugng mic hao phi trung binh caa loai xe nay.

Bai 3.20. Két qua thi mon xac suat théng ké ctia 16p 30 sinh vién dudc cho

nhu sau:

8 19/7/6/8|5|10(8| 8 | 5
1084|5749 |6| 3 |10
10/9(4/7/6/8| 9 6|10 3
Véi d6 tin cay 90% hay udc lugng cho diém trung binh moén XSTK cta 16p

dat dudc. Biét diém thi c6 phan phéi chuén.

Bai 3.21. Piéu tra doanh s6 hang thang ctia 100 ho kinh doanh mét nganh

nao dé ta thu dudc sb liéu sau (triéu dong):

Doanh s6 X | 10,1 | 10,2 | 10,4 | 10,5 | 10,7 | 10,8 | 10,9 | 11 | 11,3 | 11,4

Séhe | 1 | 3 | 8 | 13 | 25 | 20 | 12 |10| 6 | 2

a. Vi do tin cay 95% thi doanh sb trung binh ctia cac ho kinh doanh tbi
thiéu (t6i da) 12 bao nhiéu? Biét doanh s6 c6 phan phdi chuén véi phuong

sai 0? = 0,01
b. Vé6i @6 tin cay 95% hay uéc ludng cho ty 1é cac ho kinh doanh c¢6 doanh sb
16n hon 10,8 triéu dong?

Bai 3.22. Diéu tra 365 diém trong lia cta mét huyén ta thu dudc sb liéu

sau:

Ning suat X (ta/ha) | 25 (30 |33 | 34 | 35 |36 |37 |39 |40
S6 diém trong 6 |13/38|74/106(85|30|10| 3
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Véi @6 tin cay 95% hay udc ludng cho ning suét trung binh caa huyén d6.

Biét ning suat c6 phan phdi chuén va c6 phuong sai o2 = 4.

Bai 3.23. Trong cudc diéu tra Glucoza trong mau & 100 ngudi ta thu dudc

két qua nhu sau (mg%)

Khoang Glucoza | S6 ngusi | Khoang Glucoza | S6 ngudi
65-70 1 100-105 17
70-75 0 105-110 16
75-80 2 110-115 9
80-85 5 115-120 5
85-90 8 120-125 2
90-95 16 125-130 1
95-100 18

a. V6i do tin cay 95% hay udc lugng cho luong Glucoza trung binh trong

mau ctia mot ngudi. Biét luong Glucoza cé phan phéi chuén véi o = 10.

b. V6i do tin cay 95%, hay udc luong cho ty 1é nguoi c6 ludong Glucoza trung

binh trong méu trong khoang tit 90 dén 115?

Bai 3.24. Mot t6 gom 50 cong nhan xay dung trong mét tuan thuc hién

luong khoan theo san phdm dudc cho nhu sau (don vi: nghin dong)

Khoang | S6 ngudi | Khoang | S6 nguoi
475-525 2 725-775 7
525-575 2 775-825 4
575-625 2 825-875 7
625-675 4 875-925 9
675-725 5 925-975 8

V6i do tin cay 95% hay udc lugng cho thu nhap trung binh ctia cong nhan
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trong t6. Biét thu nhap ctia cong nhan cé phan phdi chuén véi d6 léch tiéu
chuén o = 10.

Bai 3.25. Diéu tra doanh s hang thang cia 100 hé kinh doanh ctia mdot

loai hang, ta c6 bang sb6 liéu sau (triéu dong)

Doanh s6 (Triéu dong) | 11,5 | 11,6 | 11,7 | 11,8 | 11,9 | 12,0
S6 ho tuong tng 10 | 15 | 20 | 30 | 15 | 10

a. V6i d6 tin cay 95% hay udc luong cho doanh s6 trung binh ctia cac ho kinh
doanh.

b. Vé6i d6 tin cay 95% t6i thiéu (t6i da) c6 bao nhiéu phan tram cac ho kinh

doanh c¢6 doanh s6 nhé hon 11,8 triéu?

Bai 3.26. D¢ xac dinh gia trung binh dbi véi mot loai hang héa trén thi
truong, nguoi ta diéu tra ngiu nhién tai 100 ctta hang thu dudc bang sb

liéu:

Gia X (d6ng) | 83 | 85 | 87 [ 89|91 (93|95 |97 |99 | 101
Sécitahang | 6 | 7 |12|15(30|10| 8 | 6 | 4 | 2

a. V6i do tin cay 95% hay udc lugng gia trung binh cta loai hang d6 tai thoi

diém dang xét.

b. V6i d6 tin cay 95% hay uéc luong cho ty 1€ ctrta hang c6 gia 16n hon 90
dong.

Bai 3.27. Cong ty may via chuén bi cho xuat xuéng mét s6 luong lén 4o
jacket. LAy ngdu nhién ra 36 chiéc, kiém tra dém s6 khuyét tat nhé trén cac
a0 nay. Két qua ghi 6 bang sau (mbi sé ciia bang la s6 khuyét tat trén ao

tuong ing).
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Véi d6 tin cay 95% hay udc ludgng cho sb khuyét tat trung binh trén méi 4o.

Bai 3.28. S6 liéu thong ké vé doanh sb (triéu dong/ngay) ban ciia mot siéu

thi trong mét sé ngay nhu sau:

Doanh s6 | 24 | 30 | 36 | 42 | 48 | 54 | 60 | 65 | 70
Séngay | 5 |12 |25(35(24|15|12|10| 6

Hay uéc luong doanh s6 ban trung binh trong 1 ngay cta siéu thi véi do tin
cay 95%.

Bai 3.29. Cho X 1a nang suit lia ¢ mot khu vuc (ta/ha). Diéu tra 6 mot sb

thita rudng ta co:

X 30-35 | 35-40 | 40-45 | 45-50 | 50-55
N (S6 thtta ruong) | 8 18 28 40 16

V6i @6 tin cay 96%, hay udc luong nang suit lda trung binh ctia toan vung?

Bai 3.30. Két qua thi mén xéc suat thong ké ciia 16p 27 sinh vién dudc cho

nhu sau:

9/7/6(8[5|10|8| 8 | 5
814|574, 9 |6 3|10
914|7/6|8]9|6]10| 3

V6i dd tin cay 95% hay udc luong cho diém trung binh moén Xac suat thong
ké. Biét diém thi c6 phan phéi chuén.
Bai 3.31. Nghién cttu trong lugng tré so sinh cia nhém véi me khong hat

thubc 14, ta c6 két qua (kg) nhu sau:

3,99 | 3,79 | 3,60 | 3,21 | 3,60 | 4,08 | 3,61
3,83 | 3,31 | 4,13 | 3,26 | 2,72 | 3,54 | 3,61

Gia st rang trong ludng tré c¢6 phan phéi chuén. Véi d6 tin cay 95%, hay
uéce lugng trong lugng trung binh cta tré so sinh 6 nhém véi me khong hut

thube 14.
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Bai 3.32. Dé kiém tra tu duy Toan hoc ctia sinh vién Khoa CNTT, ngudi ta
tién hanh chon ngiu nhién 16 sinh vién khoa CNTT lam mét bai thi trac

nghiém, dudc két qua diém nhu sau:

400 | 379 | 360 | 373 | 329 | 373 | 320 | 360
385 | 361 | 383 | 325 | 413 | 326 | 354 | 351

Hay uéc luong diém trung binh cta sinh vién khoa CNTT véi mic y nghia
5%. Biét diém thi c6 phan phdi chuén.

Bai 3.33. D¢ thit nghiém hiéu qua ctia mot loai thude trit sAu ngudi ta ap
dung thit loai thubc nay d6i véi 5 thita ruéng dang bi sau pha hoai. S6 ludng

sau bat dudc sau khi dung loai thubc trit sdu néi trén dude cho:

Thua ruéong | 1 2|3 4 5
S6 luong sau | 107 | 72 | 82 | 100 | 92

V6i d6 tin cay 95% hay udc luong sé ludng sdu trung binh sau khi phun

thubc, biét s6 ludng sau c6 phan phéi chuan.

Bai 3.34. Khoa Cong nghé thong tin muén danh gia s6 gio tu hoc ctia sinh
vién trong tuan. Phong Dao tao chon ngau nhién 25 sinh vién va nhan dudc

ket qua sau:

918|767 819
4|17/6/6]4|11
543|788
716|12(2|8| 6

V6i @6 tin cay 95% , hay udc luong sb gio tu hoc trung binh cta sinh vién
trong tuan. Gia thiét sb6 gio tu hoc trong tuan tuan theo qui luat phan phéi

chuén.



Chuong 4
KIEM DINH GIA THIET THONG KE

O chuong 3 ta da nghién cdu cdc tham sb dic trung clia tong thé trén
6 s6 thong tin ca mau bang phudng phap udc luong. Chuong nay tiép tuc
nghién citu diu hiéu caa tong thé bing mét phuong phap khéc 14 kiém dinh
gia thiét thong ké. Pay 1a phuong phap quan trong cho phép ta gidi quyét
nhiéu bai toan trong thuc té. N6i dung ctia phuong phép kiém dinh gia thiét
théng ké 1a dua vao mau cu thé va cac quy téc hay tha tuc quyét dinh dan

dén bac bé hay chip nhan gia thiét cua tong thé.

4.1. Bai toan kiém dinh gia thiét théng ké

4.1.1. Gia thiét théng ké

Chuong nay ta nghién ctiu dai luong ngau nhién trong trudng hgp thong
tin khong day da thé hién 6 nhiéu mét, cu thé la:

- Chua biét chinh xdc tham s6 6 hodc qui luat phan phéi xac suat ctia dai
luong ngiu nhién X, nhung c6 cd s6 nao d6 dé néu lén gia thiét, chéng han:
0 = 6, (A, 12 hing sb da biét), hay X tuan theo qui luat chuén.

- Khi nghién citu hai hay nhiéu dai lugng ngau nhién, mét trong nhiing
van dé can quan tam nhat la: Cac dai ludng nay déc lap véi nhau hay cé su
phu thuéc tuong quan? Hon nita cdc tham sb cia ching c¢6 bang nhau hay
khong? Nhitng cau héi nay thudng chua dudc tra 16i khang dinh ma méi chi

néu lén nhu mot gia thiét.

Dinh nghia 4.1. Bat ky gid thiét nao néi vé tham sb, dang qui ludt phdan

phbi hodc tinh déc lap cia dai luong ngbu nhién, déu goi la gid thiét thong
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ké. Nhiing gid thiét do co thé ding hodc ciing cd thé sai. Viéc xdc dinh tinh

ding sai ciia mét gid thiét duoc goi la kiém dinh gid thiét thong ké.

Trong khuon khé ctia gido trinh ta chi dé cap dén cac gia thiét vé tham
so ctia dai luong ngau nhién.

Gia st can nghién citu tham sb6 0 cta dai luong ngau nhién X, ngudi ta
dua ra gia thiét can kiém dinh: H : 0 = 6, (H: Hypothes). Goi H 1a gia thiét
doi cta H thi H : 0 # 6,.

4.1.2. Mic y nghia, mién bac bo

T mau ngiu nhién Wy = (X;,X,,..X,) ta chon théng ké G =
f (X1, X,,..X,) sao cho néu H ding thi G c6 phan phdi xac suat hoan toan
xac dinh va v6i mau cu thé thi gia tri cta G sé tinh dude. Khi dé G dudce goi
1a tiéu chudn kiém dinh gid thiét H.

V6i o bé tuy y cho trude (thusng a € (0,01;0,05)) ta tim dudc mién W,
sao cho P(G € W,) = . Khi d6 W, dudc goi 1a mién bdc bé, o dude goi la
miic ¥y nghia ctia kiém dinh.

- Thuc hién phép thit déi v6i mau ngau nhién Wy = (X1, X, .. X,)
ta dugc mau cu thé. Tinh gia tri cta G tai wx = (z1,29,..7,) ta dudec
0o = f (21,29, ...x,) , 0y dudc goi la gid tri quan sdt.

- Néu 6, € W, thi bac bd gia thiét H va thita nhan gia thiét d6i H.

- Néu 6, ¢ W, thi chip nhan gia thiét H.

Chu y: Cé truong hop gia thiét kiém dinh va gia thiét d6i dudc néu cu
thé hon. Chang han:

H:0=4¢6,
H:6>6,

Khi d6 ta c6 kiém dinh mét phia.
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4.1.3. Sailam loai 1 va sai lam loai 2

Khi kiém dinh gia thiét thong ké, ta c6 thé mac phai mot trong hai loai
sai lam sau:

- Sai 1am loai 1: La sai 1am mé&c phai khi ta bac bd mét gia thiét H trong
khi H lai ding. Xac suat mac phai sai 1am loai 1 bang P(G € W,) = .

- Sai 1am loai 2: La sai 1am mac phai khi ta thita nhan gia thiét H trong
khi H sai. X4c suat mac phai sai 1am loai 2 bang P(G ¢ W,).

Chui y : Néu ta mudn giam xac suat sai lam loai 1 thi sé lam téng xac
suat sai lam loai 2 va ngudc lai.

Doi véi mot tiéu chuan kiém dinh G va véi miic ¥ nghia o ta c6 thé tim
dudce vo s6 mién bac bé W,,. Thudng ngudi ta an dinh trudc xac suat sai lam
loai 1 (tic cho trude mic y nghia «) chon mién bac bé W, nao dé cé xac suat

sai 1am loai 2 nhé nhét.

4.2. Cac truong hop kiém dinh gia thiét théng
ké

4.2.1. So sanh trung binh miu véi trung binh ly thuyét

Gia st PLNN X c¢6 ky vong chua biét. Cé 3 bai toan kiém dinh:
2.1.1 Truong hop 1: D(X) = o> da biét
Gia thiét : X c6 phan phoi chuén hodc ¢ miu n di 16n (n > 30 ). Chon

théng ke U = (X = po)v/m

ag
thi U € N(0,1).

lam tiéu chuén kiém dinh. Néu gia thiét H ding

a. Bai toan (1): V6i miic y nghia o cho truée, xac dinh phan vi chudn

u;-2. Ta tim duge mién bac bo

W, = {u s ul > ul_%} = (—oo; —ul_%} U [ul_%; +oo) )
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PUeW,)=PU<-u_a)+ PU >u_2)
= P(U < 1].17%) +1- P(U > U1,%>

a a
N S
2+ ( 2) a

A X RN g . . ~ T — 0 2 N
Lay mau cu thé va tinh gia tri quan sat u, = lT’u'\/ﬁ So sanh wu,, va

Ul_a:

[N]})

-Néu [ugs| > Uy« (ugs € W,) thi bac bo gia thiét H va chap nhan H.
Néu |u,| < ur—a (ugs & W) thi chap nhan H.
b. Bai toan (2) : (H : u > o). V6i mic y nghia a cho trude, xdc dinh

phan vi chuén u;_,. Ta tim dudc mién bac bd
Wy ={u:u>u_o} = [u1_qo; +00).

c. Bai todn (3):(H : 1 < ). V6i muc y nghia « cho truée, xac dinh phan

vi chuén u;_,. Ta tim dugc mién béc bd
Wo={u:u< —u_o} = (—00; —ui_q -

Vi du 4.2. Mot tin hiéu dugc gt tir dia diém A va dude nhan 6 dia diém B
¢6 phan phéi chuén véi trung binh ; va d6 1éch tiéu chudn o = 2. Tin réng
gia tri ctia tin hiéu y = 8 dudce g mdi ngay. Nguoi ta tién hanh kiém tra
gia thiét nay bang cach giti 5 tin hiéu mot cach doc 1ap trong ngay thi thay
gia tri trung binh nhan dudc tai dia diém B 1a 7 = 9,5. Véi d6 tin cay 95%,

hay kiém tra gia thiét 1 = 8 ding hay khong?

Giai. Bai toan kidm dinh gia thiét théng ké véi cap gia thibt:

Tacén:S<30,d6tincay1—a:0,95;1—%:0,975.

Phan vi chuan : ugg75 = 1, 96.
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Mién bac b 1a : (—oo; —1,96] U [1, 96; +00).
| — po 8

L , 9,5 —
Gid tri quan sdt u,, = ——+/n = T\/g =1,68.
g

Ta thay ugs ¢ W, nén gia thiét 1 = 8 dudc chip nhan.
2.1.2 Trudng hop 2 : D(X) = o2 chua biét, gia thiét X c6 phan phbi
chuian.

) X — )
Chon thong ké T' = (S—/M)\/ﬁ Neu H dang thi T € T'(n — 1).

a. Bai todn (1): (H : 1 # po). Véi muc y nghia o cho trude, ta xdc dinh
phan vi Student (n-1) bac tu do mic 1 — %.

Khi d6 mién bac bé la:

W, = {t |t > ti’j—%”} = (—oo; —tﬁ?j—%l)} U [tﬁ’j‘%l); —I—oo) :
Lay mAu cu thé va tinh gid tri quan sat : t,, = |f_s—/uol\/ﬁ
So sanh t,, va ti’f’%l):
- Néu |t,.] > tgf_%l) (t4s € W,) thi bac bd gia thiét H va chip nhan H.
- Néu |t,.| < tg’j_%l) (tys ¢ W,) thi chdp nhan H.
b. Bai todn (2):(H : 1 > 119). V6i muc y nghia a cho trude, ta xac dinh
phan vi Student (n-1) bac tu do mic 1 — a.
Khi d6 mién bac bd la: W, = {t : t >t~V = [t +00).

p ~ o o« . . , xr —
Lay mau cu thé va tinh gid tri quan sét : ¢, = //L 0/n.
s

So sanh t,, va t"~ Y

- Néu t,, >t~V (¢, € W,,) thi bac bd gia thiét H va chip nhan 7.

- Néu lgs < t&’:l) (tys ¢ W,) thi chap nhan H.

c. Bai toan (3) : V6i muc y nghia a cho trude, ta xac dinh phan vi
Student (n-1) bac tu do muic 1 — a.

Khi d6 mién bac bd la: W, = {t : t < "D} = (—o0; —t~ V.

@

p ~ ¢~ 4. e, . , T —
Lay mau cu thé va tinh gi4 tri quan sat: ¢,, = /’u 0/n.
s
So sanh t,, va "

- Néu t,, < —t"Y (t,, € W,) thi bac bd gia thiét [ va chip nhan H.
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- Néu lgs > —tE’_‘;l) (tys ¢ W) thi chap nhan H.

Vi du 4.3. Trong lugng ctia cdc bao gao 1a dai lugng ngiu nhién c6 phan
phdi chuén véi trong luong trung binh 1a 50kg. Sau mot khoang thoi gian
hoat dong ngudi ta nghi ngo trong luong ctia cac bao gao c6 su thay déi. Can

25 bao gao thu dudc cac két qua sau:

X (Khobi lugng) | n; (S6 bao)
48-48,5 2
48,5-49 5

49,0 - 49,5 10
49,5 - 50,0
50,0-50,5

V6i @6 tin cay 99%, hay két luan vé diéu nghi ngd néi trén.

Giai. Bai toan kiém dinh gia thiét thong ké véi cap gia thiét:

(Y_Sw € T(24).

Tacél—a=0099=1— % = 0,995 = 240 = 2,797 .
Mién bac bé 1: W, = (—oc: —2, 797] U [2, 797; +00).

T —

1231,75
T = = — 49,27,
v 25 ’
60695, 06
§% = T — (49,27)* = 2427,8 — 2427,53 = 0, 27.
n_ 25 )
§?=220,27=0,2812 = ' = 0,53.
24
o ) 49,27 — 50| v/25
Gia tri quan sat ¢, = | 03 | = 6, 886.

Ta thay t,, ¢ W, , nén gia thiét [T bi bac bé, chap nhan H. Vay diéu nghi
ngo la dung.
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Vi du 4.4. Pé xac dinh trong lugng trung binh ctia cac bao bot mi ta 14y ngau
nhién 17 bao dem can dudc két qua: Trong ludng trung binh 7 = 3,98kg,
s? =0,16. Hay kiém dinh gia thiét: H : y = 40; H : 1 # 40 v6i mic y nghia
a=0,05.

Giai. Pay 1a bai toan kiém dinh gia thiét ctia ky vong trong phan phéi
chuén, truong hop chua biét phuong sai, mau ¢é n = 17 < 30 véi cap gia
thiét

H : p = 40;

H :p # 40.

Lap mau ngau nhién Wx = (X, X, ..., X,,) ¢6 n = 17.

P X — o 1. .
Chon thong ké T' = %\/ﬁ lam tiéu chuan kiém dinh.
Xay dung mién bac bd W,. Vi T c6 phan phéi Student (n — 1) bac tu do
nén véi mic ¥ nghia a = 0,05, tra bang Student ¢6 ¢{"," = %, = 2,12.

Vay W, = (—o0; —2,12] U [2,12; 4+00).

Tinh t,, = (397(5)5—;40)& = —2,06.

Ré rang t,, ¢ W, nén chip nhan gia thiét /. Nghia la trong lugng binh
quan cua nhting bao bot mi la 40kg.
2.1.3 Truong hop 3: D(X) = o chua biét va n > 30.

Trong trudng hdp nay ta van chon théng ké nhu trén trong dé d6 léch

tiéu chuén o dudc udc lugng bang d6 léch tiéu chuén hiéu chinh cia mau
(X — o) v

S’ '
Néu H diang thi U € N(0,1). Ta c6 mién bac bé ctia bai toan 1 1a

ngau nhién S’. Tiéu chuan kiém dinh U =

W, = {u s ul > ul_%} = (—oo; —ul_%) U (ul_%;+oo) )

p ~ e , L. , T —
Lay mau cu thé va ta tinh gia tri quan sat v, = w\/ﬁ
s

So sanh ¢, va Ui-go

- Néu |t | > ti’f‘l) (tys € W,) thi bac bd gia thiét H va chap nhan H.

niR
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- Néu |tgs] < tﬁf%l) (tys & Wy) thi chédp nhan H.

Tudng tu nhu trén ta c6 mién bac bé ctia bai toan 2:
Wo={u:u>u_o} = [u_qo;+00).
Tuong tu nhu trén ta c6 mién bac bé ciia bai toan 3:
Wo={u:u< —u_o} = (—00; —ui_q -

Vi du 4.5. Mot nhém nghién ctru tuyén bd: Trung binh mét ngudi vao siéu
thi X tiéu nhiéu hon 140 ngan dong. Chon mot mau ngau nhién géom 50
ngudi mua hang, tinh dudc s6 tién trung binh ho tiéu 1a 158 ngan dong véi
d6 1éch tiéu chudn diéu chinh cta méu la s = 62. V6i mic y nghia 0,05 hay

kiém dinh xem tuyén bb ctia nhém nghién ctu c¢6 ding hay khéng?
Giai. Bai toan kiém dinh gia thiét thong ké véi cap gia thiét

H : p = 140;
H : p > 140.

Tacon=50>30val—a=0,95 Tacou_,=1up9 = 1,65.

Mién bac bo: W, = [1,65; +00).
o , 7 158 — 140
Gia tri quan sat u,, = [ /'u0| Vn = 5 V50 =1, 59.
S

Ta thay ugs € W, nén bac bé H, chap nhan H. Vay béo cdo cia nhém

nghién cttu la dung.

4.2.2. So sanh ty 1é mau véi ty 1& 1y thuyét

Xét phép thit C va bién cb A lién quan: P(A) = p, trong d6 p 1a tham
s6 chua biét. Thong thuong dua ra 3 bai toan kiém dinh gia thiét sau:
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Thuc hién n phép thit C trong d6 bién c6 A xuat hién m lan. Tinh ty 1é
f= % 1a wdc lugng diém cho tham s p.
Chon théng ké 1am tiéu chuén kiém dinh. Néu H ding thi U € N(0, 1).
Bai toan 1:
H : p =po;
H: p # po.

Véi miic ¥ nghia o cho trude, c6 mién bac bé ctia bai toan 1 1a

Wo={u:|ul> ul,%} = (—o0; —ul,%} U [ul,%; +00) .

Nhu vay:
- LAy mau cu thé va tinh gia tri quan sat u,, = M\/ﬁ

v Po(1 —po)

e Néu |tgs| > ur—a (uys € W,) thi bac bé gia thiét H va chap nhan H.
e Néu |u,.| < ui o (ug ¢ W,) thi chdp nhan H.

2

- So sanh v, va Up-g:

Bai toan 2:
H : p =po;

H: p > po.

Véi miic ¥ nghia o cho trude, c6 mién bac bé ctia bai toan 2 1a

Wo={u:u>u_o}=[u1_qo;+00).
(f — po)

- LAy mau cu thé va tinh gia tri quan sat u,, = ———-—.\/n

VPo(1—po)

e Néu Ugs > Ui—q (ugs € W,) thi bac bo gia thiét H va chap nhan H.
e Néu Ugs < Ur—q (ugs & W) thi chap nhan H.

- So sanh u,s va uy_y:

Bai toan 3:
H : p =po;
H: p < po-

Véi miic ¥ nghia o cho trude, c6 mién bac bo ctia bai toan 3 1a

Wy =A{u:u< —u_o} = (—00; —ui_q]-
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Nhu vay:
- LAy mAu cu thé va tinh gid tri quan sat u,, = M\/ﬁ

v Po(1 —po)

e Néu Ugs < —ui_q (ugs € W,) thi bac bé gia thiét H va chap nhan H.
e Néu Ugs > —Ui—q (ugs € W) thi chap nhan H.

- So sanh u s va u;_,:

Vi du 4.6. Ty 1é phé phdm 6 mot nha may 1a 10%. Sau khi da cai tién ky
thuat, diéu tra 400 san pham thi thiy 32 phé phdm. Véi do tin cay 99% hay

xét xem viéc cai tién k§ thuat c6 1am giam ty 1é phé phdm hay khéong?

Giai. Pay 1a bai toan kiém dinh gia thiét vé ty 1é (hay xac suit), véi mau

¢d n = 400 kha 16n. Goi p 1a ty 1é phé pham cia nha may. Ta kiém dinh gia

oA A A se v .o oA H : p - 07 ]‘;
thiet thong ké véi cap gia thiet {
H:p<0,1.
2 1A A 2 o 2 N 32
Ty 1€ phe pham trong 400 san pham la f = 200 = 0, 08.

Do tincay 1 —a =0,99. Do d6 1 — % = 0,995; ug g95 = 2, 576.

Mién bac bd 1a W, = (—o0; —2,576] U [2, 576; +-00).
Gia tri quan sat 0,08 0, 1] V400
Ugs =

Ha ‘ J/0,1.0,9

Do d6 chap nhan H. Vay viéc cai tién c6 hiéu qua.

=1,333 ¢ W,,.

Vi du 4.7. Mot nha san xuat thudc chéng di ing thuc phadm tuyén b rang
90% nguoi dung thube ¢ tac dung trong vong 8 gio. Kiém tra 200 ngudi bi di
tng thuc phdm thi thiy trong vong 8 gio thudc lam gidm bét di tng d6i véi
160 ngudi. Hay kiém dinh xem 16i tuyén bb trén ctia nha san suat c6 ding

hay khong véi mic y nghia o = 0,01.

Giai. Ta dua ra bai toan kiém dinh gia thiét thong ké

Via=0,01nénl—a=0,99, —u_, = —2,326.
£ =160/200 = 0, 8.
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f — Do 078 - 079
Ugy = Jn = V200 = —4,75.
1 po(l —po) \V 079.07 ].

Ta thay Ugs < —Uuj_, Nén bac bd gia thiét H. Vay 16i tuyén bb ctia nha

san xuat 1a khong ding su that.

4.2.3. So sanh 2 gia tri trung binh

Gia st ta c6 hai mau ngau nhién: Wy = (X, X,,...) dudc rit ra tir
DLNN X va Wy = (Y1,Y5,...) dudc rat ra tit PLNN Y. Bai toan tong quat
dit ra: Ta mudn kiém tra xem hai mau trén c6 phai duge rit ra tit mét phan
phéi hay khong?

Trong bai nay ta xét bai toan don gian hon la so sanh 2 gia tri trung
binh £X va EY.
Ki hiéu: EX = jy ; EY = py; DX = 07 ; DY = 05. C6 thé dua ra 2 bai
toan kiém dinh gia thiét:
H :p=po. _ H < =po;
H:uy # pia- Hipi > pio.

2.3.1 Truong hop 1: Biét o2, o2

X-Y

Gia st gia thiét H dung. Khi d6 U = ——= — N (0, 1).
o1 , 03
P _|_ .
ny %)

Nhu vay: P {|u| > ul_%} =a,P{u>u_o}=a.

Véi miic ¥ nghia o cho trude, mién bac bé ctia bai toan 1 1a
W, = {u s ul > ul_%} = (—oo; —ul_%} U [ul_%; —|—oo) )
Véi miic ¥ nghia o cho trude, c6 mién bac bd ctia bai toan 2 1a
Wo ={u:u>u_o} = [u1-q;+00).

2.3.2 Truong hop 2: Chua biét o7, o2
Trong trudng hop nay ta phai gia thiét X ~ N(u1,02); Y ~ N(ug,02)
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L2 2
trong do6 o} = 03.

Khi d6 cac bude thuc hién nhu sau:
o Tt miu da cho tinh 7 7 S3, S%.

e Tinh T =
n152 + 71252 ni + ng
ny+ng—2 n1.N9

e V6i o da cho tra bang phan phdi Student tim t("1+”2 ? hodc t("1+"2 2),

V6i mitc y nghia o cho trude, mién bac bd cia bai toan 1 1a
W, = { [t] > #7s™ 2} = (—oo; —t’fl_z"fﬂ U [t;”_*;ﬂ; +oo) :
2 2
V6i mitc ¥ nghia o cho trude, c6 mién bac bé ctia bai toan 2 1a

W, = {t it > tgrf(jnzﬂ)} = [t("ﬁnTQ); —i—oo) )

l—«a

Nhan xét: Trong truong hdp o1, 0, chua biét, ta phai gia thiét vé tinh
chuédn ctia hai mau va o, = 0,. Song néu n,, n, da 16n ( n; > 30, ny > 30) thi

méc du cac gia thiét trén khong théa man ta c6 thé xap xi oy béi 57, oy béi

o R Y X-Y
S5. Do d6 ta c6 thé ap dung nhu truong hop da biet U = T
s

Vi du 4.8. Trong lugng san phdm do hai may san xuat ra déu la cac dai
luong ngau nhién tuan theo quy luat phan phéi chuin va cung cé do lénh
tiéu chudn 1a ¢ = 1kg. V6i muc y nghia a = 0,05 c6 thé xem trong luong
trung binh cta san phdm do 2 may san xuit ra la nhu nhau hay khong?
Néu can 25 san pham ctia may I thay trong luong ctia ching la 1250kg, con

20 san pham ctia may II c6 trong luong 1012kg.

Giai. Goi trong luong san xuat ra 6 may I 1a X; d may II11a Y. Theo gia thiét
X,Y c6 phan phéi chudn véi D(X) = D(Y) = 1. Day 1a bai toan kiém dinh
gia thiét vé 2 ky vong trong phan phéi chuén, trusng hop da biét phuong
sai.

Ta kiém tra gia thiét H : E(X) = E(Y)(H : E(X) # E(Y)).
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Tit mAu cu thé dé tinh v, ta phai tinh X, Y.

12 1012
Theo bai ra: T = % =50 (kg); y = (2)—0 = 50,6 (kg).

50 — 50, 6
Véy:uqsz%:2
25 20

V6i muc y nghia o = 0,05 thi u;_a = 1,96.

Ta thay u,, > u;-< nén bac bo gia thiét H, tic 1a trong lugng trung binh

ctia san pham san xuat & hai may 14 khic nhau.

Vi du 4.9. Nguoi ta can tré so sinh 6 hai khu vuc thanh tri va néng thén

thu dudc két qua sau:

Khu vue | 86 tré can | Trong luong trung binh | Phuong sai hiéu chinh
Nong thon 2500 3,0 200
Thanh thi 500 3,1 5

V6i mic y nghia o = 1% c¢6 coi trong ludng trung binh cta tré s sinh 6 2

khu vue nhu nhau khong?

Giai. Goi X la trong ludng tré so sinh & néong thon, Y 1a trong luong tré so
sinh 6 thanh thi.

Pay 1a bai toan kiém dinh gia thiét vé 2 ky vong, trusng hop chua biét
phuong sai, mau cd n = 2500, m = 500 kha 16n.

Ta kiém tra gia thiét I/ : B(X) = BE(Y)(H : E(X) # E(Y)).

V6i muc y nghia o = 0,01 thi Ui-s = U995 = 2,58.

Vay W, = (—o0; —2,58] U [2, 58; +00).

3,0-3,1] 1

Tu mau cu thé tinh v, = = — =0,33.
200 5) 3

2500 © 500 \
VAy u,, ¢ W, chua c6 ¢d s6 bac bd H. Ta c6 thé coi rang trong lugng ctia

tré so sinh ¢ thanh thi va nong thon la nhu nhau.
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4.2.4. So sanh 2 ty 1é

Gia st ta ¢6 hai mau ngiu nhién: (X, Xy, ..., X,,,) va (Y1, Ya, ..., Vo),

trong do
ni
P{X;=1}=p1; P{X;=0}=1—-p1=q; mIZZXi;
i=1

n2
P{Yi=1}=py; P{Yi=0}=1—pr=qo; ma=» Yi.
=1
C6 thé dua ra cac bai toan kiém dinh gia thiét:

H :p1=p» ) H :p1=p»
ﬁipl 7 P2 ﬁ3I>1>I)2

Gia st gia thiét H dung, khi d6 DX; = DY; = 0>. Nhuvay D (X - Y) =

1 1 . . N . = - N .
0?(— + —). D& uéc lugng phuong sai chung ¢ tit hai mau da cho ta gop lai
1 (%)

thanh moét mau cd n; + n.. Ta nhan dudc uéc luong cho o2 :

my1 + me y 1_m1+m2
n1+n2 n1+n2 ’

X-Y
VDX - 7)
PLNN U = L — — N (0,1).

m1+mzx(1_m1+mz> [ny +ngy
N1+ No ni+ny ) n1.M9

Véi mitc ¥ nghia o cho trudc, mién bac bé cia bai toan 1 (d6i thiét H :

V6i ny,n, @ 16n ta xap xi phan phéi béi phan phdi chuin

N(0,1).

miy mo

p #p2)la
Wo={u:u>u_o} = [u1_qo;+00).
V6i mic y nghia « cho trudc, mién béac bé cia bai toan 2 (d6i thiét H :
p1>p2)la
Wo={u:u>u_o}=[u1_qa;+00).
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Vi du 4.10. Kiém tra nhiing san phdm dudc chon ngiu nhién & hai nha may

san xuat cung 1 loai hang ta c6 so liéu

Nha mdy | Sé san phdm dude kiém tra | S6 phé phdm
I ny = 100 20
I ng = 120 36

V6i miic y nghia o = 0,01, c6 thé coi ty 1é phé pham do hai nha may san xuat

ra la nhu nhau khong?

Giai. Goi pi, p» 1an ludt 14 ty 1é phé phdm cta nha may I, II. Pay 1a bai toan
kiém dinh gia thiét vé hai ty 1é, véi mau cd 16n.

Ta kiém tra gia thiét H : p; = po; H : p1 # po.

V6i mic y nghia o = 0,01 thi Uj—g = U995 = 2, 58.

Tt cac s6 liéu da cho ta c6: ny = 100; ny = 120;my = 20; my = 36. Do d6

my Mo
Ugs = n 2
\/M1+m2 y (1_ ml—l—mg).\/m
ny + no ny + N9 Nn1.M9
20 36
= 100120 = —1.695.

56 ” 920
\/% x (1~ m)‘\/100.120

Ta thay |u,,| < u;-s nén chua c6 co s6 bac bo H. Tuc la coi ty 1€ phé pham

do 2 nha may san xuét ra 1a nhu nhau.

4.3. Bai tap chuong 4

Bai 4.1. Két qua thi moén xac suat thong ké ctia 16p 30 sinh vién dude cho

nhu sau:
8 9 76 8 5 10 8 8 5

10 8 4574 9 6 3 10
109 476 8 9 6 10 3
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Véi @6 tin cay 95% c6 thé chip nhan ¥ kién cho ring: Piém trung binh caa
mon XSTK 1a 7,5 diém dude khong? Biét diém thi c6 phan phoi chuén.

Bai 4.2. Diéu tra doanh s6 hang thang ca 100 hd kinh doanh mét nganh

nao d6 ta thu dugc sb liéu sau:

Doanh s (triéu déng)|10,1|10,2/10,4(10,5/10,7/10,8/10,9/11,0(11,3(11,4
Sé ho 2 | 3|8 |13|25/20/12/10| 6| 1

V6i @6 tin cay 95% c6 thé chip nhan ¥ kién cho rang: Doanh thu trung binh
cta cac hd kinh doanh 1a 10,8 triéu déng dudc khong? Biét doanh thu cé

phan phdi chuén va c6 phudng sai o = 0, 04.

Bai 4.3. Diéu tra 365 diém trong lia ctia mot huyén ta thu dude s6 liéu sau:

Ning suét X (ta/ha)|25|30(33(34| 35 [36(37|39|40
S6 diém trong | 6 [14|38(74/106|84(30|10| 3

Véi do tin cdy 95% cé thé chap nhan ¥ kién cho réang: Néing suét trung binh

cta huyén d6 1a 35,5 ta/ha dudc khong? Biét néng suat c6 phan phdi chuén.

Bai 4.4. Trong cuéc diéu tra Glucoza trong mau 6 100 nguvi ta thu dude két

qua nhu sau (mg%)

Khoang Glucoza|S6 ngusi| Khoang Glucoza|S6 ngudi
70-75 1 100-105 18
75-80 2 105-110 16
80-85 6 110-115 8
85-90 7 115-120 5
90-95 18 120-125 2

95-100 16 125-130 1

a.Véi d6 tin cay 95% c6 thé chap nhan y kién cho réng: Luong Glucoza trung

binh trong mau l1a 98 dudc khong néu biét lugng Glucoza cé phan phéi chuin
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véi o = 10.
b. V6i @6 tin cay 95% c6 thé chap nhan ¥ kién cho rang: Luong Glucoza trung
binh trong mau la 98 dudgc khong?

Bai 4.5. Mot t6 gom 50 cong nhan xay dung trong mot tuan thuc hién luong

khoan theo san phdm dude cho nhu sau (don vi: nghin dong)

Khoang |S6 ngudi| Khoang |S6 nguoi
47,5-52,5 2 72,5-77,5 7
52,5-57,5 2 77,5-82,5 4
57,5-62,5 2 82,5-87,5 8
62,5-67,5 5 87,5-92,5 9
67,5-72,5 4 92,5-97,5 7

V6i d6 tin cay 95% c6 thé chip nhan ¥ kién cho rang: thu nhap trung binh

ctia cong nhan 1a 79 nghin dong duge khong?

Bai 4.6. D€ xac dinh gia trung binh d6i v6i mot loai hang héa trén thi
truong, ngudi ta diéu tra ngiu nhién tai 100 ctta hang thu dudc bang sb6

liéu:

83(85
6|7

87
12

89
15

91
30

93195(97(99/10
10/ 8 /6|4 |2

Gia X (dong)

S6 ctta hang

a. Vi do tin cay 95% c6 thé chip nhan ¥ kién cho réng: gia trung binh cta
loai hang héa d6 1a 92 dong dudc hay khong? Biét gia tién c6 phan phéi
chuén.

b. V6i @6 tin cay 95% hay kiém dinh ¥ kién cho réang ty 1é ctta hang cé gia 16n
hon 90 nghin dong 1a 70%.

Bai 4.7. Diéu tra doanh s6 hang thang ctia 100 ho kinh doanh ctia mot loai
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hang, ta c6 bang sb liéu sau (triéu dong)

Doanh sb (triéu dong)|S6 ho tuong ing
11,5 10
11,6 15
11,7 20
11,8 30
11,9 15
12,0 10

a. V6i @6 tin cay 95% c6 thé chap nhan ¥ kién cho rang: Doanh s6 trung binh
ctia cac ho kinh doanh 1a 11,8 triéu dudc hay khong? Biét doanh sb ¢6 phan
phdi chuén.

b. Véi @6 tin cly 95% hay kiém dinh lai ¥ kién cho rang: doanh sb trung binh
ctia cac ho kinh doanh 16n hon 11,8 triéu dong?

c. Véi miic ¥ nghia 5% c6 thé chap nhan y kién cho rang: ty 1é cac ho kinh
doanh c6 doanh s6 thap hon 11,8 triéu 1a 60% dudc hay khong?

Bai 4.8. Tai mét tram phat, trong diéu kién binh thudng trung binh c6 25
tin hiéu dugc phat trong 1 phut. Sau con béo ngudsi ta nghi ngo rang téc do
tin hiéu tai tram phat d6 da thay déi. Kiém tra ngau nhién 30 phut thay
trung binh téc d6 14 23,5 tin hiéu/phit véi d6 1éch tiéu chuédn hiéu chinh caa
mau 12 5. V6i mitc y nghia 5%, hay két luan vé diéu nghi ngd néi trén, biét
s6 tin hiéu dudc phat trong mét phit 1a dai lugng ngau nhién tuan theo luat

phan phéi chuén.

Bai 4.9. Mot hé thong may tinh trong mot cong ty c6 thé xit Iy 1300 hoa don
trong 1 gio. Coéng ty méi thay thé mét sé trang thiét bi ctia hé théng va khi
chay kiém tra trong 40 gio cho thay s6 hoa don xt 1y trung binh trong 1 gio
12 1310 véi do6 1éch tiéu chuan 215. Véi miic y nghia o = 2, 5% hay nhan dinh
xem sau khi thay thé, hé thong may tinh c6 hoat dong t6t hon hay khong?
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Bai 4.10. Ty 1é ctta hang &n khong dat tiéu chuén tai viing A theo béo céo
1a 5%. Mot doan kiém tra kha sat ngiu nhién 400 cita hang thay c6 25 ciia
hang khong dat tiéu chuédn. Poan kiém tra cho rang ty 1é ctta hang &n khong
dat tiéu chuén tai viing A cao hon trong béo cdo. Véi miic ¥ nghia 2.5%, hay

két luan vé nhan dinh ctia doan kiém tra?

Bai 4.11. Nhip mach trung binh ctia mét nguoi 1a 72 lan/phit. Kiém tra 64
ngudi 1am viéc thudng xuyén véi may tinh thay nhip mach trung binh cia
ho 1a 74 1an/phut véi d6 1éch tiéu chuén diéu chinh cta mau la 9 lan/phit.
Véi mic y nghia 5%. hay xét xem lam viéc thuong xuyén véi may tinh co6 lam

tang nhip mach hay khong?

Bai 4.12. Pinh miic thoi gian dé san xuit ra mot loai san phdm 14 1 gio.
Sau cai tién céng nghé ngudi ta san xuat thit 150 san pham thi thay thoi
gian trung binh dé dugc mot san pham 14 50 phut véi do 1éch mau 14 4 phat.
Hoi v6i d6 tin cay 95% c6 thé két luan réng cong nghé méi thue su gitp lam

giam chi phi thoi gian san xuat hay khong?

Bai 4.13. Cong ty may vita chuén bi cho xuat xuéng mét sb6 luong lén san
pham. Lay ngau nhién ra 36 chiéc, kiém tra dém s6 khuyét tat nho trén cac
san pham nay. Két qua ghi 6 bang sau (mdi sb ciia bang 1a s6 khuyét tat trén

san pham tuong tng).
0 4 2 2 3 05 1 2 4 3 3

04550126 013 3
0245 413 3 0 4 4 3

Phong kiém tra chat lugng néu gia thuyét vé s6 khuyét tat trung binh trén
moéi san pham la: Gia thuyét H : u = 2,2 véi d6 tin cay 95%. Héi rang gia
thuyét nay c6 chap nhan dudc hay khong?
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Bai 4.14. Diém thi mon Tin (thang diém 10) ctia 100 thi sinh (chon ngau

nhién) trong ky thi vira qua dudc cho trong bang sau day:

Piém |1/2/3(4|5|6 |7 |89 10
Tan s6|2(3(5/8/13(19/24(14|10| 2

V6i do tin cay 95% héi c6 thé két luan diém trung binh ctia mén Tin trong

ky thi vita qua 1a 6,5 diém dudc hay khong?

Bai 4.15. Giam doc mot cong ty tuyén bb 90% dong co ctia cong ty dat chudn
qudc gia. Mot hang doc 1ap kiém tra 400 dong co cta cong ty thi thay c6 320

dong co dat yéu cau. Vé6i miic o = 0, 05 ta c6 thé két luan gi vé tuyén bb trén?

Bai 4.16. Mot chi trai ga tuyén bo: Lo ga nay c6 trong luong trung binh la
1,8kg. Nghi ngo tuyén bd nay khach hang bén can thi 25 con thi tinh dudc
trong lugng trung binh 1,7 kg véi phuong sai mau 1a 0,01. Biét trong luong
ga tuan theo luat phan phéi chuén. Véi mic y nghia diéu nghi ngo trén cé

diung khong?

Bai 4.17. Két qua thi mon xac suat théng ké ctia 16p 26 sinh vién dude cho

nhu sau:
8 9 76 8 5 10 8 8

10 8 4 5 7 4 9 6 3
10 9 4 76 8 9 6
V6i d6 tin ciy 95% c6 thé chip nhén y kién cho rang: Piém trung binh cta

16p 1a 7 diém dudc khong? Biét diém thi c6 phan phdi chuin.

Bai 4.18. Diéu tra 360 diém trong lda ctia huyén A ta thu dudc sb liéu sau:

Ning suat(ta/ha)|25/30|33|34| 35 [36(37|39|40
S6 diém trong | 6 |14/38(74|100/85(30|10| 3

Véi d6 tin cdy 95% cé thé chap nhan ¥ kién cho rang: Néng suét trung binh
cta huyén dé 1a 35,5 ta/ha dudc khong? Biét nang suat c6 phan phéi chuin

va c6 phuong sai 0% = 25.
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Bai 4.19. D€ xac dinh chiéu cao trung binh cta cac cay bach dan trong mot
Vuon udm, ngudi ta tién hanh do ngiu nhién 35 cay. Két qua dudc biéu thi

béi bang sau:

Chiéu cao (cm)|6,5/7,0|7,5| 8 |8,59,0
S6 cay 2114|1011/ 5| 3

Gia thiét rang chiéu cao cua cac ciy bach dan c6 phan phdi chuidn dang
N(u, o). Nguoi ta du doan chiéu cao trung binh cfia c4c cay bach dan trong

vuon uom d6 1a 8 cm. Hay kiém dinh du doan trén 6 mic y nghia o = 0, 05.

Bai 4.20. Do chi s6 md sita ctia 130 con bo lai ta dudc bang sb liéu sau:

Chi s6 |3,0-3,6/3,6-4,24,2-4,8|4,8-5,4|5,4-6,0|6,0-6,6 | 6,6-7,2
S6 bo 2 8 35 43 22 15 5

Biét rang chi s6 md sita trung binh cta giéng bo thuan chung 1a 4,95. Véi

mtc ¥ nghia 0,05 , hay cho két luan vé hiéu qua cua viéc lai giéng?

Bai 4.21. D€ nghién ciu tudi tho ciia mot loai béng den ngudi ta thap thi

100 béng va thu dudc bang s6 liéu sau:

Tuéi tho (h)|Sé béng
1000-1050 5
1050-1100 25
1100-1150 40
1150-1200 15
1200-1250 10
1250-1300 5

C6 ¥ kién cho rang tudi tho trung binh ctia loai béng dén nay nhé hon 1200
gio. V6i mitc ¥ nghia 0,05, hay két luan ve y kién trén. Biét rang tudi tho cia

béng den dai ludng ngau nhién tuan theo luat phan phéi chuin
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Bai 4.22. Mot cong ty du dinh mé mot siéu thi tai khu dan cu. Dé danh gia
kha niang mua hang ctia dan cu trong khu vue, ngudi ta tién hanh diéu tra

thu nhap ctia 100 h dan trong khu vuc va c6 bang s6 liéu sau

Thu nhép binh quan (nghin/ngusi/tuan))|150/200|250|300|350
S6 ho 8 | 15|38 |22 |17

Theo bo phan tiép thi thi siéu thi chi hoat dong hiéu qua tai khu vuc nay
khi thu nhap binh quan hang thang cta cac ho tdi thiéu 1a vao khoang 250
nghin/ngusi/tuan. Vay theo diéu tra trén, céng ty c6 nén mé siéu thi tai khu

vuc nay khong v6i mic y nghia 5%?

Bai 4.23. Do chiéu cao ctia 100 nit sinh trudng dai hoc Cong nghé théng tin

va truyén thong ta thu dudc bang sau:

Khoang chiéu cao(m)|1,52-1,56|1,56-1,6(1,6-1,64|1,64-1,68|1,68-1,72
S6 nit sinh 20 30 18 7 15

Véi miic ¥ nghia 5%, ¢6 thé két luan chiéu cao trung binh ctia nit sinh trusng

Coéng nghé thong tin va truyén thong 1a 1,62m dugc hay khong?

Bai 4.24. Trong ludng mét loai san phdm ctaa céng ty kinh doanh d6 &n khi
san xuat dudc quy dinh 1a 35g, d6 léch tiéu chudn la 5g. Nghi ngd viéc san
xuat khong dap tng dudc yéu cau dé ra, lay ngau nhién 100 san pham kiém
tra va thu dudc trong luong binh quan la 34,5g. Hay xét xem diéu nghi ngo
trén c6 dung khong? Miic y nghia 0,05. Biét trong ctia méi san phadm tuin

theo quy luat phan phéi chuén.

Bai 4.25. S6 liéu thong ké vé doanh s6 (triéu dong/ngay) ban ciia mot siéu

thi trong mét sé ngay nhu sau:

Doanh s6|24|30/36|42|48|54 (60|65 |70
Sé ngay | 5 |12|25(35(24|15|12|10| 6
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Truéc day doanh sb ban trung binh cta siéu thi 1a 35 triéw/ ngay. Véi mic y

nghia 5% hay cho nhén xét vé phudng thiic ban hang méi.

Bai 4.26. Khoa Cong nghé thong tin muén danh gia s6 gio tu hoc ctia sinh
vién trong tuan. Phong Pao tao chon ngau nhién 25 sinh vién va nhan dudc
két qua sau:

9 8 76 7 89 4

76 6 4 11 4 5 3

78 87 6 2286
Theo két qua diéu tra cit thi s6 gio tu hoc trung binh cta sinh vién trong
tuan 1a 8. V6i mtc ¥ nghia 5%, hay so sanh két qua mdi diéu tra véi két qua

Ccu.

Bai 4.27. Két qua do chiéu cao cia 24 tré em 2 tudi nhu sau sau (cm):

84,4 89,9 89,0 81,9 87,0 78,5
84,1 86,3 80,6 80,0 81,3 86,8
83,4 89,4 85,4 80,6 85,0 82,5
80,7 84,3 85,4 85,0 85,5 81,6

Kiém dinh lai y kién cho rang chiéu cao trung binh cuaa tré 2 tudi 1a 84 cm

v6i mic y nghia 5%. Gia thiét chiéu cao ctia tré em 2 tudi c6 phan phdi chudn

Bai 4.28. Quan sat dinh miic thdi gian hoan thanh ctia moét san phdm (qua
béng) dat tiéu chuédn Quodc té ctia cong ty Pong Luc 1a 14 phiat. Khi san xuét
nghi ngd dinh miic trén chua sat véi thuc té, theo déi thoi gian hoan thanh

mot qua bong cta 25 cong nhan ta dudc

Thoi gian hoan thanh 1 san phdm|11|13|15/17|19
S6 cong nhan 216110/ 43

Hay xét xem diéu nghi ngd trén c6 ding khong, véi mic ¥ nghia 0,05. Biét
thoi gian hoan thanh mot qua béng dude xem tuan theo quy luat phan phéi

chuan.
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Bai 4.29. S6 liéu sau day 1a chi s6 thong minh IQ cua 28 sinh vién mot
truong dai hoc (gia s chi s6 d6 tuan theo luat phan phéi chuén):

130 135 121 123 121 117 135

117 121 123 117 130 112 112

108 121 117 112 117 121 123

117 10 121 121 112 123 130
C6 ¥ kién cho rang chi s6 IQ cta sinh vién trudng d6 cao hon 121. Véi do tin

cay 95%, hay kiém dinh lai y kién trén?

Bai 4.30. Cho X 1a nang suét lia 6 mot khu vuc (ta/ha). Diéu tra 6 mot sb

thira rudong trong khu vuec ta co:

Ning suat (X) |30-35|35-40|40-45|45-50|50-55
S6 thita rudéng| 6 18 | 28 | 40 16

Nhitng thita ruong dat nang suit trén 45 ta/ha 1a nhitng thita ruéng dat
nang suit cao. Ngudi ta nhan dinh ty 1é nhiing thita ruong dat nang suét
cao chiém hon 50%. Nhan dinh d6 c6 ding khong, o = 5%,?

Bai 4.31. C6 gido cho rang c6 dén 30% hoc sinh khong lam bai tap vé nha,
hoc sinh lai cho rang c6 gido qua bi quan. Ngudi ta kiém tra 50 em hoc sinh
ctia truong d6 thi thiay 15 em khoéng lam bai tap vé nha. Véi miic y nghia

a = 5%, hay kiém tra nhan dinh nao ding?

Bai 4.32. Piéu tra nang suit lda trén dién tich 100 ha trong lia ctia mot

vung, ta thu dudc bang sb liéu sau:

Nang suat (ta/ha)|41|44|45|46|48|52|54
S6 ha 10/20(30|15/10(10| 5

Nhitng thita rudéng c6 ning suit tit 48 ta/ha tré lén 1a nhitng thita rudng cé
nang suat cao. Hay kiém dinh ¥ kién cho rang ty 1é dién tich c6 ning suét

cao trong ving chiém hon 20% véi do tin cay 97%.
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Bai 4.33. Giam dbc mot cong ty tuyén bb 85% dong co ciia cong ty dat chudn
quoc gia. Mot hang doc lap kiém tra 200 dong co ctia cong ty thi thay c6 160

dong co dat yéu cau. Véi miic o = 5%, ta c6 thé két luan gi vé tuyén bb trén?

Bai 4.34. Kiém tra nhiing san pham dudc chon ngau nhién 6 hai nha may

san xuat cung mot loai hang ta ¢6 so liéu sau:

Nha mdy |S6 san pham kiém tra|S6 phé pham
I 4000 120
II 800 20

V6i miic ¥ nghia o = 5%, c6 thé coi ty 1é phé phadm do nha may I san xuat

cao hon hay khong?

Bai 4.35. Trong luong san pham do 2 may san xuat la dai luong ngau nhién
tuan theo luat phan phdi chuén véi cung do léch tiéu chuédn la 1.2 kg. Véi
muc ¥ nghia a = 5%, c6 thé néi rang trong luong trung binh ctia san phim
do 2 may san xuat 1a nhu nhau hay khong néu biét khi can 25 san phdm
do may I san xuat thiy tong trong luong 1a 1240, con can 20 san phidm caa

may II thi tong trong luong 1a 1010.

Bai 4.36. Theo dbi s6 tai nan lao dong tai 2 phan xudng, ta cé sb liéu sau:
Phan xuéng I: 20/200 cong nhan bi tai nan.

Phan xudéng II: 120/800 cong nhan bi tai nan.

V6i mitc y nghia o = 0,005 c6 thé néi rang phan xudéng I ¢6 chat ludng bao
ho lao dong t6t hon hay khong?

Bai 4.37. Dé kiém tra tu duy Toan hoc ctia sinh vién Khoa CNTT va sinh
vién khoa KHTN, ngudi ta tién hanh chon ngau nhién 15 sinh vién khoa
CNTT va 14 sinh vién khoa KHTN lam mot bai kiém tra tric nghiém, dudge
két qua diém nhu sau:

V6i miic y nghia a = 5%, hay két luan xem tu duy Toan hoc ciia sinh vién
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Sv (12,34 |56 |7|8|9|10/11| 2 13|14 |15

CNTT |399(378/360|374|321|360|408|361|384|330/413|326 /354350270

KHTN [318|284|290|328|385|352|324 (276 |360|375|360|362|238|234

hai khoa c6 tuong duong véi nhau hay khong? Biét diém thi tuan theo phan

phoi chuin.

Bai 4.38. Nguoi ta can tré so sinh 6 2 khu vuc thanh thi va néong thén, thu

dugc két qua sau:

Khu vuc |S6 tré can|Trong luong trung binh (kg) |Phuong sai hiéu chinh
Nong thon| 2500 3,0 0,09
Thanh thi 500 3,2 0,04

V6i miic y nghia 1%, c6 thé néi trong luong trung binh cta tré so sinh & 2
khu vuc trén la nhu nhau khong?
Bai 4.39. Kiém tra nhiing san pham dudc chon ngau nhién 6 hai nha may

san xuat cung mot loai hang ta ¢6 so liéu sau:

Nha may|S6 san phdm kiém tra|S6 phé phadm
A 1000 20
B 900 30

V6i mitc y nghia a = 5%, c¢6 thé coi ty 1é phé pham do hai nha may trén san

xuét ra c6 nhu nhau hay khong?

Bai 4.40. Nghién cttu trong lugng tré so sinh ctia hai nhém véi me nghién
thubc 14 va khong hut thube 14, ta c6 két qua (kg) nhu sau:

Gia st rang trong luong tré cua ting nhém déu cé phan phéi chudn va cé
cung phuong sai. Véi mic o = 5% c6 thé coi rang tré so sinh cia nhém me
nghién thudc nhe can hon ca nhém me khong nghién thubée khong? Gia

thiét trong luong tré phan phdi chuén.
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Khong hut thubc| 4 |3,8/3,6(3,7|3,2/3,6/4,1/3,6(3,8/3,31/4,1/3,3|3,5/3,5/2,7

Nghién thuéc 14 [3,2(2,8(2,9(3,3|3,9(3,5/3,3|2,8(3,6| 3,7 |3,6/3,7|2,4(2,3

Bai 4.41. P& thit nghiém hiéu qua cia mot loai thude trit sAu ngudi ta ap
dung thi loai thubc nay dbi véi 5 thita ruong dang bi sau phéa hoai. Sé luong
sau bat dudc trude va sau khi dung loai thube trit sdu néi trén dude cho 6

bang sau:

Thtta ruéng 1/2(3/ 4|5
Truée khi phun thude|110(70{90/115]100
Sau khi phun thubc {100(65|80| 95 | 90

Véi d6 tin cay 95% c6 thé két luan sb ludng sau sau khi phun thube da giam
so v6i trudc khi phun thubc hay khong? Gia st s6 luong sau tai méi thita

rudng déu phan phoi chuan.

Bai 4.42. Nghién citu anh hudng ctia ché d6 dinh dudng ctia ba me khi mang
thai d6i v6i su phat trién ctia thai nhi, ngudi ta khao sat trong luong tré so

sinh & hai viing néng thén va thanh phé, ta c6 két qua (kg) nhu sau:

Noéng thon |2,34|2,38/3,63|3,593,60(3,75|2,80(3,23|3,45|2,80(|2,90|3,18

Thanh phé|4,08|3,79/3,60(3,75|3,90|3,21|2,71|3,26|3,31|4,14|3,52|3,54|3,6

Véi @6 tin cay 1a 95% c6 thé két luan tré s sinh & nong thén nhe can hon
tré so sinh 6 thanh ph6? Gia st trong lugng ctia tiing nhém tré déu c6 phan

phoi chuén va c6 cung phuong sai.



Chuong 5

PHAN TiCH TUONG QUAN HOI QUY

Trong nhiéu bai toan, véi mot ddi tuong can nghién ciu, ta khéng chi xét
mot chi tiéu riéng biét ma can két hop nhiéu chi tiéu véi nhau thi méi cé
dudc két qua mong mudn. Cac chi tiéu nay c6 thé mang tinh chat dinh tinh
hodc dinh luong. Vi du: K§ su phan mém mudn du doan dude thoi gian xt ly
dé danh gia nhiét déng luc dudc chay trén may tinh déc biét thi can cé thong
tin vé thoi gian xit Iy, dung luong RAM da dung, tong dau vao, tong dau ra.

Nhu vay, dé giai quyét mét van dé cu thé ngudi ta phai nghién ctu, phan
tich nhiéu chi tiéu 1a cac bién ngiu nhién, ciac nhan t6, ddu hiéu. Ta c6 thé
lam ré ban chat cta hién tuong, su viéc can nghién citu dé tim ra quy luat,
du doan dudc xu thé bién dong cta hién tudng, su viéc dé trong tuong lai
bang phuong phap phan tich mbi quan hé phu thudc gitta cac chi tiéu phan
anh noi dung ctia hién tuong, su viéc can nghién ctu (goi 12 phuong phéap
phan tich tudng quan va hoi quy). D€ don gian ta xét mdi tuong quan giita
2 chi tiéu ctia mot d6i tuong nghién ctu (bién ngiu nhién 2 chiéu).

Su phu thuoc gitta X va Y dudc chia thanh 2 loai:

- Phu thudc ham: Hai bién ngau nhién X va Y dudc goi 1a phu thudc
ham néu ton tai ham f sao cho Y = f(X).

- Phu thudc thong ké: hai bién ngiu nhién X va Y dudc goi 14 phu thudc
théng ké néu méi gia tri = cta bién X tuong dng véi ham phan phéi (hoic

ham mat dd) c6 diéu kién ctia bién Y: F(y/z) hodc f(y/x).
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5.1. Phan tich tuong quan

5.1.1. Hiép phuong sai cua cac bién ngiu nhién

Pinh nghia 5.1. Hiép phuong sai (covariance) gita X va Y ky hiéu la
Cov(X,Y) va la ky vong todn ciia tich cdc sai léch clia cdc bién ngdu nhién
X,Y véi cdc ky vong todn ciia chiing. Cu thé: Cov(X,Y) dudc xdc dinh theo

cong thuc:
Cov(X,Y) = E[(X —EX)) (Y — E(Y))] = E(X.Y) — E(X).E(Y),

trong do:
E(X),E(Y) la ky vong clia titng bién ngdu nhién XY
E(X.Y) dugc tinh theo cong thiic:
-Néu (X,Y) la bién ngdu nhién roi rac, c6 phan phbi xdc sudt dong thoi
P(X =2;,Y =y;) =pijthi E(XY) =Y ) zy;py.
i=1 j=1

-Neu (X,Y) la bien ngau nhién lién tuc, c6 ham mdt dé xdc suat dong
“+o00 400

thoi f(z,y) thi E(X.Y) = / /;Eyf(x,y)dxdy.

—00 —00

Vi du 5.2. Cho s6 liéu

Y 0,5 1 15

1 0,06 0,18 0,16

Tinh Cov(X,Y).

Giai. Ta tinh dudc: E(X) = 0.0,6 + 1.0,4 = 0, 4.
E(Y)=0,5.0,16 + 1.0,48 + 1,5.0,36 = 1, 1.
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i=1 j=1

Tt d6: Cov(X,Y) = 0,45 —0,4.1,1 = 0,01.

5.1.2. Heé s6 tuong quan

DPinh nghia 5.3. Hé sb tuong quan giita 2 bién ngdu nhién X,Y dudc ky
hiéu la p,, la ty s6 gita hiép phuong sai va tich cde do léch chudn ciia cdc
bién ngdu nhién dé p,, = M.

OxX.0y

Hé s6 tuong quan khong cé don vi do va c6 cac tinh chat sau:

L.puy = pya,

2. |payl <1,

3. Néu X va Y doc lap thi p,, = 0,

4. Néu pzy = £1 thi X va Y phu thuéc ham véi nhau.

Hiép phuong sai va hé sb6 tuong quan dudc dung dé danh gia mic do
chat ché cta méi lién hé phu thudc giita cac bién ngau nhién X va Y: Hai
bién ngau nhién goi 14 tuong quan véi nhau néu hiép phuong sai (hay hé sb
tuong quan) khéac khong va ching khéng tuong quan néu hiép phuong sai
hay hé sb tuong quan bang khong.

Chau y: Hai bién ngiu nhién tuong quan thi phu thudc nhau nhung diéu

ngudc lai chua hén da ding.

Vi du 5.4. Véi s6 liéu cho nhu 6 vi du 5.1, xét tinh ddc lap va x4c dinh méi

tuong quan gitta X va Y.

Giai. Ta thay méi tuong quan gitta X va Y dudc thé hién béi:

_ Cou(X,Y)

Pzy
oxX.0y

trong do:
ox = \/02.0, 6+ 12.0,4 — (0,4)> = 1/0,24 = 0, 4899
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oy = \/(0, 5)%.0,16 + 12.0,48 + (1,5)%.0.36 — (1,1)* = 0, 3464.
Thay s6 ta dudc:

_ Cou(X,Y) 0,01

) _ — 0,0599.
Pay ox.Oy 0, 4899.0, 3464

Do pxy kha gan 0 nén X va Y c6 tuong quan song méi tuong quan gitta
ching khéng chat ché (tuong quan yéu).

Vi du 5.5. Cho bién ngiu nhién 2 chiéu lién tuc (X,Y) c6 ham mat dé dong

thoi:
)
1 x2
— khi —+Z-<1
6r g TS
flz,y) = .
22y
0 khi —+=>1
b9ty

\

Xét tinh doc 1ap va xac dinh mdi tuong quan gitta X va Y.

Giai. Ham mat d6 xac suit caa ting thanh phan dudc xéc dinh bang:

oo 2= khi e <3
filz) = / flay)dy = 97

0 khi|x| > 3

+o0 1 \/472 .
—\4—y? khi |zx| <2
filo) = [ Hayiz = 2 |

0 khi|z| > 2
Dé thay f(z,y) # fi(z).f2(y) nén X va Y khong doc 1ap.Dé xét mdi tuong
quan ta can xac dinh Cov(X,Y), ta cé:

—+00 +00

COU(X,Y)://xyf(:c,y)da:dy—E(X).E(Y).

—00 —00
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Do f1(z), f2(y) 1a cadc ham dbi xiing qua cac truc toa do nén E(X) = 0 va

E(Y)=0.Tu d6 ta dugc:

+00 +00 1 3V9-2? 3Vi—a?
Cou(X,Y) = / / xy f(x,y)dzdy =e- / y( / :vdx) dy =0.
7r
00 00 —% 9—a? —3\4—22

Do tich phan trong ngoéc ¢6 ham duéi dau tich phan 1a ham 18, can lay
tich phan d6i xiing qua gbc toa d6. Nhu vay X va Y khéng tuong quan.

Chu y:

-Khi pxy = +1tanéi X va Y c6 méi tuong quan tuyén tinh. Khi dé, bién
ngau nhién X cé thé biéu dién bang mot ham tuyén tinh theo Y va ngudc
lai.

- Néu pxy > 0 thi ta néi X va Y c¢é méi tuong quan dong bién (tuong
quan duong), ngude lai thi X va Y c6 mdi tuong quan nghich bién (tuong

quan am).

5.1.3. Heé s6 tuong quan mau

Dinh nghia 5.6. Gid st (X;,Y;),i = 1,2,...,n la mét mau ngdu nhién ctia
bién ngau nhién 2 chiéu (X,Y) thi hé s6 tuong quan mdu ciia X va Y dudc

xdc dinh boi:

XY -XY
ny:—7
Sx.Sy
trong do:
Y—Ii){ ?—liyxy—l Y X,.Y;
_niZI i —ni:l iy —nz:l 149y

Khi tién hanh nghién ctu, khao sat (thu thap sb liéu), ta thu dudc mau

cu thé (z;,y;),i=1,2,...,n.
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Khi d6 ta c6 hé s6 tusng quan mau dude xac dinh béi cong thic:

TY—T.Y
Toy = ————————
v SX.Sy

véi T, Z,7, Sx, sy la cac dac trung cia mau cu thé va dude tinh theo céc
truong hop:

a. Néu s6 liéu dugc cho duéi dang:

Li|lX1|T2|e s |Tp

YilY1|Y21|.--|Yn

thi cac dic trung ctia mau cu thé dude tinh béi cong thiic:

1L D N
$~y:E;miyﬁxzﬁgxi;y:ﬁ;yﬁ

1 & 1 &
_ 2 (=\2. _ - 2 ()2
Sx = E?lxz (T)% sy = o ;1 Y; @)

Vi du 5.7. Tit s6 liéu duong kinh (X) va trong luong vo khé (Y) ctia 10 cay

qué dudgc cho dudi day:

Duong kinh (cm) 10/12|14|16|18|19|20|22|23 |24

Trong lusng vé kho (kg)|10| 9 |15|15/17|16|15|18(20|17

Hay xac dinh hé s6 tuong quan mau.
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Giai. Lap bang:

10 10 | 100 | 100 | 100
12 9 | 108|144 | 81
14 15210 | 196 | 225
16 15 | 240 | 256 | 225
18 17 | 306 | 324 | 289
19 16 | 304 | 361 | 256
20 15| 300 | 400 | 225
22 18 | 396 | 484 | 324
23 20 | 460 | 529 | 400
24 17 | 408 | 576 | 289
Tong = 178(152|2832(3370|2414

Ty =283,27 = 17,8;7 = 15,2;

sy = V337 — 17.82 = 4,49; sy = V/241.4 — 15.22 = 3, 22.

Thay s6 ta dudc:

 TY-TY  283,2—17,8.15.2

Tuy = =0,874.
Y 5x.5y 4,49.3,22
b. Néu sb liéu dudc cho duéi dang:
Ti| 1| X2|e . | Tk
Yi|Y1|Y2|--- | Yk
;|| Naf... |k

thi cac dac trung ctia mau cu thé dude tinh béi cong thiic:

k
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Vi du 5.8. Nghién ctitu mdi lién hé gita X 1a s6 tién dau tu cho viéc phong
bénh (nghin dong) va Y 1a ty 16 ngusi mac bénh (%) & 50 dia phuong ta c6

so liéu:

¥
2 i) ] 35 4
X
1000 z )
2000 ] 6 2
3000 - 6 3
4000 l 6 4 1
5000 6 3

Tinh hé s6 tudng quan va nhan xét vé su phu thudc gitta X va Y.

Giai. Ta lap bang

1000{3.5|2| 2000 | 7 | 7000 | 2000000 | 24,5
1000| 4 | 3| 3000 | 12 |12000| 3000000 | 48
2000 3 |3|6000 | 9 |18000|12000000| 27
2000(3,5/6 (12000| 21 {42000 |24000000| 73,5
2000 4 |2|4000| 8 |16000| 8000000 | 32
3000|2,5(4 |12000| 10 | 30000 [36000000| 25
3000| 3 [6/18000| 18 | 5400054000000 54
3000(3,5|3 | 9000 (10,5|31500 |27000000|36,75
4000 2 |1|4000| 2 | 8000 |{16000000| 4
4000|2,5| 6 (24000| 15 {60000 |96000000| 37,5
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4000| 3 4 |16000| 12 | 48000 | 64000000 | 36
4000(3,5| 1 4000 | 3,5 | 14000 | 16000000 | 12,25
5000| 2 6 |30000| 12 | 60000 150000000y 24
5000(2,5| 3 | 15000 7,5 | 37500 | 75000000 | 18,75
Tong n = 50/159000(147,5/438000({583000000(453,25

Tu d6 tinh dudc:
T = 8760: T = 3180;7 = 2,95: sx = 1244, 026; sy = 0, 602.

Thay s6 ta dudc:

Ty -1y 8760 — 3180.2,95
T’I = =
Y 5x.5y 1244, 026.0, 602

= —0,83.

Nhan xét: X va Y ¢6 mbi tuong quan tuyén tinh va do hé sb tuong quan am
nén mdi tuong quan gitta X va Y 1a tudng quan nghich bién. Nghia 1a néu
sb tién dau tu cho viéc phong bénh téng 1én thi ty 16 méc bénh sé giam di va
ngudc lai.

c. Néu s6 liéu dugc cho duéi dang:

\\X & mo | omy | omy | Yy,
YJ i 1'11]
(nj.Xi.y;)
0 n ij.yj ij.yf
Xi.ni Znixi
Xlz.ni Zn,xlz ZZ=

thi cac dic trung ctia mau cu thé dude tinh béi cong thiic:

7= %mei;ﬂ = %Zyjmﬁx_-y: %ZZ%%””;
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sx= St @ = S, -

Chu y: Hé sb tuong quan thuc nghiém c6 céc tinh chét cta hé sb tuong quan
chi v6i chi y rang khi |rxy| > 0,7, ta c6 thé coi gifta X va Y ¢6 mbi tuong

quan tuyén tinh chat.

5.2. Phan tich hoi quy

Hoi quy dudc dung dé xem xét moéi lién hé tuyén tinh giita hai bién ngau
nhién X va Y, trong d6 X dudc xem la bién doc lap, Y 1a bién phu thudc.
Muc tiéu ctia phan tich hoi quy 12 mé hinh hoa méi lién hé (xay dung mét
mo hinh toan hoc nham thé hién mét cach t6t nhat méi lién hé giita 2 bién
X va Y). Phan tich hoi quy xac dinh su lién quan dinh ludng gitta X va Y,
két qua cta phan tich hoéi quy dude dung cho du doan, ngudc lai phan tich
tuong quan khao sat khuynh huéng va mic do cta su lién quan, dudc dung
dé do luong tinh bén vitng ctia mdi lién hé giita cac bién dac biét 14 bién dinh

lugng.

5.2.1. Mo hinh héi quy tuyén tinh don gian cta tong thé

Gia st c6 2 bién ngau nhién X va Y, trong d6 Y dudc xem la bién phu
thudc tuyén tinh vao X. V6i mot gid tri 2; nao dé caa bién X, gid tri tuong

dng 7; cta bién Y dudc thé hién bing cong thiic:
Yi = a+ fr; + &,

trong do:

, B1a cac hang s6: « thé hién gia tri wéc luong ctia Y khi gia tri ciia bién
Xbang khong, 3 1a d6 déc cia dudng hoi quy, thé hién miic tang 1én cta YV
khi X tang moét don vi.

¢; la sai s0 ngau nhién thé hién anh hudéng cta cac yeu to khac (cac yeu
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t6 khong dude nghién citu) t6i Y. ¢; dudce xem 1a cac bién ngau nhién doc lap,
¢6 phan phdi chuén véi trung binh béng khéong, phuong sai bang nhau.

Mot cach téng quat mo hinh hoéi quy tuyén tinh don gian caa tong thé
thé hién moéi lién hé tuyén tinh gittaY va X lay = a + Bz +¢.

Trude tién ta xét moi lién hé gitia cac chi tiéu, néu s6 liéu quan sat vé
céc chi tiéu d6 goi ¥ xéc 1ap mot duong thang dé mé ta méi lién hé nay thi ta
xac dinh phuong trinh duong thang. Ngudc lai, ta phai stt dung mét phuong
trinh khac hay phuong phap phan tich khic dé dua sb liéu da c6 vé dang
tuyén tinh (tuyén tinh hoa).

Trong thuc té ta khong thé xac dinh mét cach chinh xac cac hang sb caa
phuong trinh hoéi quy tuyén tinh cta téng thé ma chi ¢6 thé uéc luong ching

tu cac gia tri quan sat.

5.2.2. Phuong trinh héi quy ctia mau theo phuong phap
binh phuong t6i thiéu

Gia st khi quan sat cic bién ngau nhién X va Y ta thu dudc mot méu cd

(z1,01) 5 (T2, y2) 5 (23, U3) 5 o5 (X, Un) -

Ta sé tim cac gia tri a,b dé wéc lugng cho cac hing sé «, 3. Do cac diém
trén do6 thi quan sat khong nim trén mét duong thing nén ta thuc hién
theo cach sau: Ké nhiéu dudng thang xuyén qua cac diém quan sat dudc
va ta chon ra mét dudng thang moé ta tét nhat xu huéng lién hé gitta X va
Y. Phuong phap dung dé xac dinh dudng thang nay la phuong phap binh
phuong tbi thiéu. Phuong phap nay tim ra dudc moét dudng théng lam cuc
tiéu hoa dudc tong cac d6 1éch binh phuong gitta tung do ctia cac diém quan
sat dudce va duong thang. Mot dudng thang dude xem 1a “thich hgp nhat khi

téng phuong gitia cac gia tri thuc té y; véi gia tri 7; 12 nhé nhat. Tic 1a: véi
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duong thang y; = a + bx; + ¢; ta can xac dinh cac hé sb a, b thod man:

n

ZGZZ_Z @)ZZZ(yi—a—b:Bi)zémin.

=1 =1
Tu do, ta tinh dudc:
Z(%—x)( —y) iy —nxy

p— i=1 _ =1 :x_y—x_y Sy

S@-'  Laton@’ % o

i=1

a=71— bx
Puong hoi quy tim dude 1a: § = a + ba.

Vi du 5.9. Khao sat ngau nhién 30 khach hang nit di siéu thi ta thu dugc sb
liéu vé mitc thu nhéap hé trung binh/thang (X-triéu dong) va s6 mén hang

mua ngoai du dinh trong thang (V) nhu sau:

STT)| x; |y;|STT| x; |y;|STT| x; |y;
1 (312|119 |5|21 |45|4
2 3,512 12 | 7 |6| 22 |3,5|2
3 | 5|4 13 |6 (4|23 4|3
4 |43 14 |6 |5 24 455
5 165|515 |2 (2| 25 6,54
6 |3|1|16 |3 |3 26 |7 |4
7 | 6\|3]17|31|2|27 6|5
8 |52 18 |6 |4] 28 |4,2|2
9 210|199 |3,5|3| 29 |4 |2
10 3,5|1| 20 | 4 (2| 30 (4,4|3

a. Xac dinh hé s6 tuong quan mau gitta X va Y.
b. X4ac dinh dusng hoi quy tuyén tinh thuc nghiém cta Y d6i véi X (néu co).
Giai. a. Hé sb tuong quan mau dudng tinh theo cong thiic:

TY—T.9Y
SX.Sy '

Tzy
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Tu s6 liéu da cho ta dé dang tinh dudc:
30

1 1
T = — S s = — 487,5 = 16, 253;
y 302” 30

1 1 30 1
T=—) 4;=5:139,6=4,6535=—) y=-93=31
' iflx 30 Y nlz;y 30

1 /1
=1/ —.728 — 4.563> = 1,6166; sy = {/—.349 — 3,12 = 1, 4224.
Sx \/30 ) ) 3 Sy 30 ) )

Thay s6 ta dudc:

Ty—T.y 16,253 —4,653.3,1
sx.sy  1,6166.1,4224

Tay = =0, 795.

Do hé sb tuong quan bang 0.795> 0.7 nén mbi tuong quan gitta mic thu
nhap ho trung binh/thang va s6 mén hang mua ngoai du dinh trong thang
12 moéi tuong quan tuyén tinh chat.

b. Puong hoi quy tuyén tinh thuc nghiém dudc xac dinh tit cong thic

Yy =a-+ bz,
v6i cac heé sb:
Sy 7, 79
b= — =10,795.—— = 0,6995;
TXYSX ) 8,85 3 )

a=3,1-0,6995.4,653 = —0, 1548.
Vay duong hoi quy tuyén tinh thuc nghiém can tim 1a
7 = —0.1548 + 0.6995z.

Chu y: Hé s6 tuong quan chi do dude mitc d6 lién hé tuyén tinh gitta hai
bién ngiu nhién X va Y. P& do mic d6 phu thuéc ham bat ky gitta ching ta
phai dung dén khai niém ty s6 tuong quan ciia Y theo X 72 /x hodce tuong tu

1a ty s6 tuong quan ciia X theo Y 7%y

5.3. Bai tap chuong 5

Bai 5.1. Quan sat mot méiu cay cong nghiép véi 2 dau hiéu quan sat X :

Puong kinh (cm), Y : Chiéu cao (m). Ta c6 s6 liéu quan sat cho trong bang
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sau:

e ! 20-22 2214 24-26 26-28 28-30
3 2
: 5 3
5 [ 8 |
0 15 17
7 10 b 7
8 12

a. Tinh hé s6 tuong quan gitta X va Y.

b. Lap phuong trinh tuong quan tuyén tinh cta Y theo X.

Bai 5.2. Quan sat mot mau thi thay c6 X (%) cay c6 chiéu cao Y(m)

X

, 23 15 123 175 03
\,

115-125 7

125135 12 8

135145 2 10 2

143-153 19 15 9 3
133-163 6 8 ]

a. Tinh hé sb tuong quan gitta X va Y.

b. Lap phuong trinh tuong quan tuyén tinh cta Y theo X.

Bai 5.3. V6i 10 cap quan sat vé X va Y nhu sau:

X| 80|82 |79 (60[65 92|90 | 81 |70|68

Y|110/111/102|87/92|112|/110(100/81|92
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Trong d6 X la vong bung va Y 1a chiéu dai (ca hai déu do bang cm) do mdot
ctia hang may do da do khach hang dé cat quan.

a. Tim hé s6 tudng quan va lap phuong trinh tuong quan tuyén tinh cta Y
theo X.

b. Mot chiéc quan c6 vong bung 82.5cm thi chiéu dai ¢d bao nhiéu?

Bai 5.4. Do mot chiéu cao Y (cm) va dudng kinh X (cm) cia mot loai cay ta

c6 bang ket qua sau:

X/ 5/6(5/6(10/5|7|8(9]10

Y |28|28(24|30(60|30/32|42{43|49

a. Tim hé s tudng quan va 1ap phuong trinh tuong quan tuyén tinh cta Y
theo X.
b. Cho X = 5, 5¢m. Du doan chiéu cao Y.

Bai 5.5. Do mét chiéu cao Y (cm) va dudng kinh X (cm) cia mét loai cay ta

c6 bang ket qua sau:

X/ 5/6(5/6(10/5|7|8[9]10

Y |28|28|24/30|60(30|32|42|43|49

a. Tim hé sb tuong quan va lap phuong trinh tudng quan tuyén tinh cta X
theo Y.
b. Cho Y = 29 cm. Du doan dudng kinh X.

Bai 5.6. X (don vi: kg) va Y (don vi: cm) 1a hai chi tiéu ciia mot loai san
phdm. Piéu tra mét méu ta c6 bang sb lidu sau:
a. Viét cong thic va tinh hé s6 tuong quan mau ryy.

b. Tim ham hoi quy tuyén tinh mau ca Y theo X.
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§-84

8488

8892

929

96-100

Bai 5.7. Cho bang quan sat vé X va Y nhu sau:

Y|32/29(26|23|20

17/14|11

X| 7

11(15

19|23

27/31(35

a. Tim hé s6 tuong quan gitta X va Y.

b. Tim dudng hoi quy binh phuong trung binh tuyén tinh thuc nghiém cta

Y theo X.

Bai 5.8. Cho bang quan sat vé X va Y nhu sau:

X

13

5|7

9 11/13

15(17

Y

6|11

16|21

26|31(36

41|46

a. Tim hé s6 tuong quan gitta X va Y.

b. Tim dudng hoi quy binh phuong trung binh tuyén tinh thuc nghiém cia

Y theo X.

Bai 5.9. San lugng khai thac than 6 mot cong ty than dude ghi lai qua 9

nam:

Nam X

1988

1989

1990

1991

1992|1993

1994

1995

1996

San ludng Y

60

61

64

65

66

66

69

70

72
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a. Tinh hé sb tuong quan mau gitta X va Y.
b. Tim duong hoéi quy binh phuong trung binh tuyén tinh ctia Y theo X. Hay
du doan s6 than khai thac dude vao nam 2012.

Bai 5.10. Khao sat su tudng quan gitta X va Y ta c6 s6 liéu

X|-5|-3|1| 6 | 8 [12|18
Y| 4|7(9/15/20(26|38

a. Tinh hé s6 tuong quan mau giita X va Y.

b.Tim duong hoi quy binh phuong trung binh tuyén tinh ctia Y theo X.

Bai 5.11. Hai dai ludng ngiu nhién X va Y. ¢6 méi lién hé cho duéi bang
sau:
a. Tinh hé sb tuong quan mau giita X va Y.

b.Tim duong hdi quy binh phuong trung binh tuyén tinh ctia Y theo X.
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Bing 1. GIA TRI PHAN PHOI POISSON P(A) P{I-x}-%g“!
Mo ) 3 4 5 6 7 8 9 10
. 2
0 |03679 | 0.1353 | 00498 | 0.0183 | 0.0067 | 0.0025 | 0.0009 | 0.0003 | 0.0001 | 0.0000
1 | 03679 | 0.2707 | 0.1494 | 0.0733 | 0.0337 | 0.0149 | 0.0064 | 0.0027 | 0.0011 | 0.0003
2 | 01839 | 02707 | 0.2240 | 0.1465 | 0.0842 | 0.0446 | 0.0223 | 0.0107 | 0.0050 [ 0.0023
3 | 00613 | 0.1804 | 0.2240 | 0.1954 | 0.1404 | 0.0892 | 0.0521 | 0.0286 | 0.0150 | 0.0076
4 | 0.0153 | 0.0902 | 0.1680 | 0.1954 | 0.1755 | 0.1339 | 0.0912 | 0.0573 | 0.0337 | 0.0189
5 | 0.0031 | 0.0361 | 0.1008 | 0.1563 | 0.1755 | 0.1606 | 0.1277 | 0.0916 | 0.0607 [ 0.0378
6 | 0.0005 | 0.0120 | 0.0504 | 0.1042 | 0.1462 | 0.1606 | 0.1490 | 0.1221 | 0.0911 | 0.0631
7 | 0.0001 | 0.0034 | 0.0216 | 0.0595 | 0.1044 | 0.1377 | 0.1490 | 0.1396 | 0.1171 | 0.0901
8 | 0.0000 | 0.0009 | 0.0081 | 0.0298 | 0.0653 | 0.1033 | 0.1304 | 0.1396 | 0.1318 | 0.1126
9 0.0002 | 0.0027 | 0.0132 | 0.0363 | 0.0688 | 0.1014 | 01241 | 0.1318 | 0.1251
10 0.0000 | 0.0008 | 0.0053 | 0.0181 | 0.0413 | 0.0710 | 0.0993 | 0.1186 | 0.1251
11 0.0002 | 0.0019 | 0.0082 | 0.0225 | 0.0452 | 0.0722 | 0.0970 | 0.1137
12 0.0001 | 0.0006 | 0.0034 | 0.0113 | 0.0263 | 0.0481 | 0.0728 | 0.0948
13 0.0000 | 0.0002 | 0.0013 | 0.0052 | 0.0142 | 0.0296 | 0.0504 | 0.0720
14 0.0001 | 0.0005 | 0.0022 | 0.0071 | 0.0169 | 0.0324 | 0.0521
15 0.0000 | 0.0002 | 0.0009 | 0.0033 | 0.0090 | 0.0194 | 0.0347
16 0.0000 | 0.0003 | 0.0014 [ 0.0045 | 0.0109 | 0.0217
17 0.0001 | 0.0006 [ 0.0021 | 0.0058 | 0.0128
18 0.0000 | 0.0002 [ 0.0009 | 0.0029 | 0.0071
19 0.0001 | 0.0004 | 0.0014 | 0.0037
20 0.0000 | 0.0002 | 0.0006 | 0.0019
21 0.0001 | 0.0003 | 0.0009
2 0.0000 | 0.0001 | 0.0004
23 0.0000 | 0.0002
24 0.0001
25 0.0000
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Bing 2. GIA TRI HAM MAT PO PHAN PHOI CHUAN HOA (i) = Ji_ exp[—%]
LT A

u 0.00 0.01 0.02 0.03 0.04 0.05 | 0.06 0.07 | o0.08 0.09
0.0 | 03989 | 0.3950 | 0.3910 | 0.3872 | 03833 | 0.3795 | 0.3757 | 0.3720 | 03683 | 0.3646
0.1 | 03610 | 03574 | 0.3538 | 0.3503 | 03468 | 0.3434 | 03400 | 03366 | 03332 | 0.3299

2 | 03266 | 0.3234 | 03202 | 03170 | 03138 | 0.3107 | 03076 | 0.3045 | 0.3015 | 0.2985
0.3 | 02955 | 02926 | 0.2897 | 0.2868 | 02840 | 0.2811 | 02783 | 0.2756 | 0.2728 | 0.2701
0.4 | 02674 | 02648 | 0.2621 | 0.2595 | 02569 | 0.2544 | 02518 | 0.2493 | 0.2469 [ 0.2444
0.5 [ 02420 02396 | 02372 | 0.2348 | 02325 0.2302 | 02279 | 0.2256 | 0.2234 | 0.2211
0.6 | 02189 | 02168 | 0.2146 | 0.2125 | 02104 | 0.2083 | 02062 | 0.2041 | 0.2021 | 0.2001
0.7 | 0.1981 | 0.1961 | 0.1942 | 0.1923 | 0.1903 | 0.1884 | 0.1866 | 0.1847 | 0.1829 | 0.1811
0.8 | 01793 | 0.1775 | 0.1757 | 0.1740 | 0.1722 | 0.1705 | 0.1688 | 0.1671 | 0.1655 | 0.1638
0.9 | 01622 | 0.1606 | 0.1590 | 0.1574 | 0.1558 | 0.1543 | 0.1528 | 0.1512 [ 0.1497 | 0.1482
1.0 [ 01468 [ 01453 [ 01430 | 0.1424 | 01410 | 0.1396 | 0.1382 | 0.1368 | 0.1355 | 0.1341
11 | 01328 | 0.1315 | 0.1302 | 0.1289 | 0.1276 | 0.1263 | 0.1251 | 0.1238 | 0.1226 | 0.1214

2 | 01202 0.1190 | 0.1178 | 0.1166 | 0.1154 | 0.1143 | 0.1132 | 0.1120 | 0.1109 | 0.1098
1.3 | 01087 | 0.1076 | 0.1066 | 0.1055 | 0.1045 | 0.1034 | 0.1024 | 0.1014 | 0.1004 | 0.0994
1.4 | 00984 | 0.0974 | 0.0964 | 0.0955 | 0.0945 | 0.0936 | 0.0926 | 0.0917 | 0.0908 | 0.0899
1.5 | 00890 | 00881 | 0.0873 | 0.0864 | 0.0855 | 0.0847 | 0.0838 | 0.0830 | 0.0822 | 0.0814
1.6 | 0.0805| 0.0797 | 0.0790 | 0.0782 | 0.0774 | 0.0766 | 0.0759 | 0.0751 | 0.0744 | 0.0736
1.7 | 00729 | 0.0722 | 0.0714 | 0.0707 | 0.0700 | 0.0693 | 0.0686 | 0.0630 | 0.0673 | 0.0666
1.8 | 0.0659 | 0.0653 | 0.0646 | 0.0640 | 0.0634 | 0.0627 | 0.0621 | 0.0615 | 0.0609 | 0.0603
1.9 | 00597 | 0.0591 | 0.0585 | 0.0579 | 0.0573 | 0.0568 | 0.0562 | 0.0556 | 0.0551 | 0.0545
2.0 | 00540 | 00535 | 00520 | 0.0524 | 00519 | 0.0514 | 0.0508 | 0.0503 | 0.0498 | 0.0493
21 | 00489 | 0.0484 | 0.0479 | 0.0474 | 0.0469 | 0.0465 | 0.0460 | 0.0456 | 0.0451 | 0.0446
2.2 | 00442 | 0.0438 | 0.0433 | 0.0429 | 00425 | 0.0420 | 0.0416 | 0.0412 | 0.0408 | 0.0404
2.3 | 0.0400 | 0.0396 | 0.0392 | 0.0388 | 0.0384 | 0.0380 | 0.0377 | 0.0373 | 0.0369 | 0.0366
24 | 00362 | 00358 | 00355 | 0.0351 | 00348 | 0.0344 | 00341 | 0.0337 | 0.0334 | 0.0331
25 [ 00327] 00324 | 00321 | 00318 | 00315 | 00312 | 0.0308 | 0.0305 | 0.0302 | 0.0299
2.6 | 0.0206 | 0.0293 | 0.0290 | 0.0288 | 0.0285 | 0.0282 | 0.0279 | 0.0276 | 0.0274 | 0.0271
2.7 | 0.0268 | 0.0265 | 0.0263 | 0.0260 | 0.0258 | 0.0255 | 0.0252 | 0.0250 | 0.0247 | 0.0245
2.8 | 0.0243 | 0.0240 | 0.0238 | 0.0235 | 0.0233 | 0.0231 | 0.0228 | 0.0226 | 0.0224 | 0.0222
2.9 | 0.0220 | 0.0217 | 0.0215 | 0.0213 | 0.0211 | 0.0209 | 0.0207 | 0.0205 | 0.0203 | 0.0201
3.0 | 0.0199 | 0.0197 | 0.0195 | 0.0193 | 0.0191 | 0.0189 | 0.0187 | 0.0185 | 0.0183 | 0.0182
31 | 0.0180| 0.0178 | 0.0176 | 0.0174 | 0.0173 | 0.0171 | 0.0169 | 0.0168 | 0.0166 | 0.0164
3.2 | 0.0163 | 0.0161 | 0.0159 | 0.0158 | 0.0156 | 0.0155 | 0.0153 | 0.0152 | 0.0150 | 0.0149
3.3 [ 00147 | 0.0146 | 0.0144 | 0.0143 | 0.0141 | 0.0140 | 0.0139 | 0.0137 | 0.0136 | 0.0134
3.4 | 00133 | 0.0132| 00131 | 0.0129 | 0.0128 | 0.0127 | 0.0125 | 0.0124 | 0.0123 | 0.0122
3.5 [ 00120 00119 | 00118 | 0.0117 | 0.0116 | 0.0115 | 00113 | 0.0112 | 0.0111 | 0.0110
3.6 | 00109 | 0.0108 | 0.0107 | 0.0106 | 0.0105 | 0.0104 | 0.0103 | 0.0102 | 0.0101 | 0.0100
3.7 | 0.0099 | 0.0098 | 0.0097 | 0.0096 | 0.0095 | 0.0094 | 0.0093 | 0.0092 | 0.0091 [ 0.0090
3.8 | 0.0089 | 0.0088 | 0.0087 | 0.0087 | 0.0086 | 0.0085 | 0.0084 | 0.0083 | 0.0082 | 0.0082
3.9 | 00081 | 0.0080 | 0.0079 | 0.0078 | 0.0078 | 0.0077 | 0.0076 | 0.0075 | 0.0075 [ 0.0074
4.0 [ 00073 | 0.0072 | 0.0072 | 0.0071 | 0.0070 | 0.0070 | 0.0069 | 0.0068 | 0.0067 | 0.0067
4.1 | 0.0066 | 0.0065 | 0.0065 | 0.0064 | 0.0064 | 0.0063 | 0.0062 | 0.0062 | 0.0061 | 0.0060
4.2 | 0.0060 | 0.0059 | 0.0059 | 0.0058 | 0.0057 | 0.0057 | 0.0056 | 0.0056 | 0.0055 | 0.0055
43 | 0.0054 | 0.0054 | 0.0053 | 0.0053 | 0.0052 | 0.0051 | 0.0051 | 0.0050 | 0.0050 | 0.0049
4.4 | 0.0049 | 0.0048 | 0.0048 | 0.0048 | 0.0047 | 0.0047 | 0.0046 | 0.0046 | 0.0045 | 0.0045
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Bing 2. GIA TRIHAM MAT B0 PHAN PHOI CHUAN HOA (tiép)

u 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
45 0.0044 | 0.0044 | 00043 | 0.0043 | 00043 | 00042 | 00042 | 0.0041 | 00041 | 0.0041
4.6 0.0040 | 0.0040 | 0.0039 | 0.0039 | 0.0039 | 0.0038 | 0.0032 | 0.0037 | 0.0037 | 0.0037
4.7 0.0036 | 0.0036 | 0.0035 | 0.0035 | 0.0035 | 0.0035 | 00034 | 0.0034 | 00033 ) 0.0033
4.8 0.0033 | 0.0033 | 0.0032 | 0.0032 | 0.0032 | 0.0031 | 0.0031 | 0.0031 | 0.0030 | 0.0030
4.9 0.0030 | 0.0029 | 0.0029 | 0.0029 | 0.0029 | 0.0028 | 0.0028 | 0.0028 | 0.0027 | 0.0027
5.0 0.0027 | 0.0027 | 0.0026 | 0.0026 | 0.0026 | 0.0026 | 0.0025 | 0.0025 | 0.0025 ] 0.0025
5.1 0.0024 | 0.0024 | 0.0024 | 0.0024 | 0.0023 | 0.0023 | 0.0023 | 0.0023 | 0.0022 | 0.0022
5.1 0.0022 ] 0.0022 | 0.0022 | 0.0021 | 00021 | 00021 | 00021 | 00021 | 00020 | 0.0020
5.3 0.0020 | 0.0020 | 0.0020 | 0.0019 | 0.0019 | 0.0019 | 00019 | 00019 | 00012 | 0.0018
54 0.0018 | 0.0018 | 00018 | 0.0017 | 00017 [ 0.0017 [ 00017 [ 0.0017 | 0.0017 | 0.0016
55 0.0016 | 0.0016 | 0.0016 | 0.0016 | 0.0016 | 0.0016 | 0.0015 | 00015 | 0.0015 ) 0.0015
5.6 0.0015 | 0.0015 | 0.0014 | 0.0014 | 0.0014 | 0.0014 | 0.0014 | 0.0014 | 00014 | 0.0013
3.7 0.0013 | 0.0013 | 0.0013 | 0.0013 | 00013 | 0.0013 | 00013 | 00012 | 00012 ] 0.0012
5.8 0.0012 ] 0.0012 | 0.0012 | 0.0012 | 00012 ) 00011 | 00011 | 00011 | 00011 | 0.0011
5.9 00011 ) 0.0011 | 00011 | 0.0011 | 0.0011 | 0.0010 | 0.0010 | 0.0010 | 0.0010 | 0.0010
6.0 0.0010 | 0.0010 | 0.0010 | 0.0010 | 0.0010 | 0.0009 | 0.0009 | 0.0009 | 00009 | 0.0009
6.1 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.0009 | 0.0002 | 0.0008 | 00002 | 0.0008
6.2 0.0002 | 0.0008 | 00002 | 0.0008 | 00002 | 0.0008 | 00002 | 00008 | 00007 | 0.0007
6.3 0.0007 | 0.0007 | 0.0007 | 0.0007 | 00007 | 0.0007 | 0.0007 | 00007 | 0.0007 | 0.0007
6.4 0.0007 ] 0.0007 | 0.0006 | 0.0006 | 0.0005 | 0.0006 | 0.0006 | 0.0006 | 0.0006 | 0.0006
6.5 0.0006 | 0.0006 | 0.0005 | 0.0006 | 0.0005 | 0.0006 | 0.0006 | 0.0006 | 00006 | 0.0005
6.6 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005
6.7 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 0.0005 | 00005 0.0004
6.8 0.0004 | 0.0004 | 00004 | 0.0004 | 00004 | 00004 | 00004 | 00004 | 00004 | 0.0004
6.9 0.0004 | 0.0004 | 00004 | 0.0004 | 00004 | 00004 | 00004 | 00004 | 0.0004 | 0.0004
7.0 0.0004 | 0.0004 | 00004 | 0.0004 | 00003 | 0.0003 | 0.0003 | 0.0003 | 00003 | 0.0003
7.1 0.0003 | 0.0003 | 0.0003 | 0.0003 | 00003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003
7.1 0.0003 | 0.0003 | 00003 | 0.0003 | 00003 | 0.0003 | 00003 | 0.0003 | 00003 | 0.0003
7.3 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 00002 0.0002
74 0.0002 ] 0.0002 | 00002 | 0.0002 | 00002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002
7.5 0.0002 | 0.0002 | 00002 | 0.0002 | 00002 | 0.0002 | 00002 00002 | 00002 0.0002
1.6 0.0002 | 0.0002 | 0.0002 | 0.0002 | 00002 | 00002 | 0.0002 | 00002 | 0.0002 ] 0.0002
7.7 0.0002 | 0.0002 | 0.0002 | 0.0002 | 00002 | 00002 | 00002 | 00002 | 00002 0.0002
7.8 0.0002 | 0.0002 | 00002 | 0.0002 | 00002 0.0002 | 00002 0.0002 | 00002 0.0001
1.9 0.0001 ] 0.0001 | 00001 | 0.0001 | 0.0001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001
8.0 0.0001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 00001 | 0.0001
8.1 0.0001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001
8.2 0.0001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 00001 | 0.0001
8.3 0.0001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001
84 0.0001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 00001 | 0.0001
8.5 0.0001 ] 0.0001 | 00001 | 0.0001 | 00001 | 0.0001 | 00001 ] 0.0001 | 00001 | 0.0001
8.6 0.0001 | 0.0001 | 00001 | 0.0001 | 0.0001 | 0.0001 | 00001 | 0.0001 | 00001 | 0.0001
8.7 0.0001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 00001 | 0.0001
8.8 0.0001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 00001 | 0.0001
89 0.0001 | 0.0001 | 00001 | 0.0001 | 00001 | 00001 | 00001 | 00001 | 0.0001 | 0.0000
9.0 0.0000 ] 0.0000 | 00000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000
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Biing 3. GIA TRIHAM ®,(u) = [@(2)d: @y (—u) = —Dy (1)
[t}

w | 000 | 001 | 002 | 003 | 004 | 005 | 006 | 007 | 0.08 | 0.09
0.0 | 0.0000 | 0.0040 | 0.0080 | 0.0120 | 0.0160 | 0.0199 | 0.0239 | 0.0279 | 0.0319 | 0.0350
0.1 | 0.0398 | 0.0438 | 0.0478 | 0.0517 | 0.0557 | 0.0596 | 0.0636 | 0.0675 | 0.0714 | 0.0753
0.2 | 00793 | 0.0832 | 0.0871 | 0.0910 | 0.0948 | 0.0987 | 0.1026 | 0.1064 | 0.1103 | 0.1141
0.3 | 01179 | 0.1217 | 0.1255 | 0.1203 | 0.1331 | 0.1368 | 0.1406 | 0.1443 | 0.1480 | 0.1517
0.4 | 01554 | 0.1591 | 0.1628 | 0.1664 | 0.1700 | 0.1736 | 0.1772 | 0.1808 | 0.1844 | 0.1879
0.5 | 01915 | 0.1950 | 0.1985 | 0.2019 | 02054 | 02088 | 02123 | 0.2157 | 02190 | 0.2224
0.6 | 02257 | 02291 | 0.2324 | 0.2357 | 02389 | 0.2422 | 0.2454 | 0.2486 | 02517 | 0.2549
0.7 | 02580 | 0.2611 | 0.2642 | 0.2673 | 02704 | 0.2734 | 02764 | 0.2794 | 02823 | 02852
0.8 | 02881 | 0.2910 | 0.2939 | 0.2967 | 0.2995 | 0.3023 | 0.3051 | 0.3078 | 0.3106 | 0.3133
0.9 | 03159 | 03186 | 03212 | 0.3238 | 03264 | 03289 | 03315 | 0.3340 | 03365 | 03389
1.0 | 03413 | 03438 | 03461 | 0.3485 | 03508 | 0.3531 | 03554 | 0.3577 | 03399 | 0.3621
L1 | 03643 | 03665 | 03686 | 0.3708 | 03720 | 0.3749 | 03770 | 0.3790 | 0.3810 | 0.3830

2 | 03840 | 03869 | 03888 | 03907 | 0.3925 | 0.3044 | 0.3962 | 0.3980 | 0.3997 | 0.4015
L3 | 04032 | 0.4049 | 0.4066 | 0.4082 | 04099 | 0.4115 | 04131 | 0.4147 | 04162 | 0.4177
L4 | 04192 | 04207 | 04222 | 04236 | 04251 | 0.4265 | 04279 | 0.4202 | 0.4306 | 04319
15 | 04332 04345 | 04357 | 04370 | 04382 | 04394 | 04406 | 04418 | 04420 | 0.4441
L6 | 04452 | 04463 | 04474 | 04484 | 04495 | 04505 | 04515 | 0.4525 | 04535 | 04545
L7 | 04554 | 0.4564 | 04573 | 0.4582 | 04591 | 0.4599 | 0.4608 | 0.4616 | 04625 | 04633
L8 | 04641 | 04649 | 04656 | 04664 | 04671 | 0.4678 | 0.4686 | 0.4693 | 04600 | 0.4706
19 | 04713 | 04719 | 04726 | 04732 | 04738 | 0.4744 | 04750 | 0.4756 | 0.4761 | 0.4767
2.0 | 04772 | 04778 | 0.4783 | 04788 | 04793 | 0.4798 | 0.4803 | 0.4308 | 0.4812 | 0.4817
21 | 04821 | 04826 | 0.4830 | 04834 | 04838 | 04842 | 0.4846 | 0.4850 | 0.4854 | 04857
2.2 | 04361 | 0.4364 | 0.4868 | 0.4871 | 0.4875 | 0.4878 | 0.4881 | 0.4384 | 0.4887 | 0.4890
2.3 | 04893 | 0.4896 | 0.4898 | 0.4901 | 0.4904 | 0.4906 | 0.4909 | 0.4911 | 0.4913 | 0.4916
2.4 | 04918 | 04920 | 04922 | 04925 | 04927 | 0.4929 | 0.4931 | 04932 | 0.4934 | 04936
2.5 | 04938 | 04940 | 04941 | 04943 | 04945 | 04946 | 04948 | 04949 | 04951 | 04952
2.6 | 04953 | 04955 | 0.4956 | 04957 | 04959 | 0.4960 | 0.4961 | 0.4962 | 04963 | 04964
2.7 | 04965 | 0.4966 | 0.4967 | 04968 | 04969 | 0.4970 | 0.4971 | 04972 | 04973 | 0.4974
2.8 | 04974 | 04975 | 0.4976 | 0.4977 | 04977 | 0.4978 | 0.4979 | 0.4979 | 0.4980 | 0.4951
2.9 | 04981 | 04982 | 04982 | 04983 | 04984 | 0.4984 | 0.4985 | 0.4985 | 04986 | 0.4986
3.0 | 04987 | 04987 | 04987 | 04988 | 04988 | 04989 | 04989 | 0.4989 | 0.4990 | 0.4990
3.1 | 04990 | 0.4991 | 04991 | 04991 | 04992 | 0.4992 | 04992 | 0.4992 | 04993 | 0.4993

2 | 04993 | 04993 | 04994 | 04994 | 04994 | 04994 | 04994 | 0.4995 | 04995 | 0.4995
3.3 | 04995 | 04995 | 0.4995 | 0.4996 | 04996 | 0.4996 | 0.4996 | 0.4996 | 04996 | 0.4997
3.4 | 04997 | 0.4997 | 04997 | 0.4997 | 04997 | 0.4997 | 0.4997 | 0.4997 | 0.4997 | 0.4998
3.5 | 04998 | 04998 | 04998 | 04998 | 04998 | 04998 | 04998 | 0.4998 | 04098 | 04998
3.6 | 04998 | 04998 | 0.4990 | 04999 | 04999 | 0.4999 | 0.4999 | 0.4999 | 04999 | 0.4999
3.7 | 04999 | 0.4999 | 0.4999 | 04999 | 04999 | 0.4999 | 0.4999 | 0.4999 | 04999 | 0.4999
3.8 | 04999 | 04999 | 0.4990 | 04999 | 04999 | 0.4999 | 0.4999 | 0.4999 | 04999 | 0.4999
3.9 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000
4.0 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000 | 0.5000
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Biing 4. GIA TRIHAM @) =P(U<uw)  ®(u)= [ ¢(2)d:

w | 0.00 | 001 | 002 | 003 | 004 | 005 [ 006 | 007 | 0.08 | 0.09
0.0 | 0.5000 | 0.5040 | 0.5080 | 0.5120 | 0.5160 | 0.5199 | 0.5239 | 0.5279 | 0.5319 | 0.5359
0.1 |0.5398 | 0.5438 | 0.5478 | 0.5517 | 0.5557 | 0.5596 | 0.5636 | 0.5675 | 0.5714 | 0.5753
0.2 | 05793 | 0.5832 | 0.5871 | 0.5910 | 0.5948 | 0.5987 | 0.6026 | 0.6064 | 0.6103 | 0.6141
0.3 | 06179 | 0.6217 | 0.6255 | 0.6293 | 0.6331 | 0.6368 | 0.6406 | 0.6443 | 0.6430 | 0.6517
0.4 | 06554 | 0.6591 | 0.6628 | 0.6664 | 0.6700 | 0.6736 | 0.6772 | 0.6808 | 0.6844 | 0.6879
0.5 [ 06915 [ 0.6950 | 0.6985 | 0.7019 | 0.7054 | 0.7088 | 0.7123 | 0.7157 | 0.7190 | 0.7224
0.6 |0.7257 | 0.7201 | 0.7324 | 0.7357 | 0.7389 | 0.7422 | 0.7454 | 0.7486 | 0.7517 | 0.7549
0.7 | 07580 | 0.7611 | 0.7642 | 0.7673 | 0.7704 | 0.7734 | 0.7764 | 0.7794 | 0.7823 | 0.7852
0.8 | 07881 | 0.7910 | 0.7939 | 0.7967 | 0.7995 | 0.8023 | 0.8051 | 0.8078 | 0.8106 | 0.8133
0.9 | 03159 | 0.8186 | 0.8212 | 0.8238 | 0.8264 | 0.8289 | 0.8315 | 0.8340 | 0.8365 | 0.8389
10 [ 08413 | 0.8438 | 0.8461 | 0.8485 | 0.8508 | 0.8531 | 0.8554 | 0.8577 | 0.8599 | 0.8621
L1 | 08643 | 0.8665 | 0.8686 | 0.8708 | 0.8729 | 0.8749 | 0.8770 | 0.8790 | 0.8810 | 0.8830
1.2 |0.8849 | 0.8869 | 0.8888 | 0.8907 | 0.8925 | 0.8944 | 0.8962 | 0.8980 | 0.8997 | 0.9015
13 | 09032 | 0.9049 | 0.9066 | 0.9082 | 0.9099 | 0.9115 | 0.9131 | 0.9147 | 09162 | 0.9177
14 | 09192 | 09207 | 0.9222 | 0.9236 | 0.9251 | 0.9265 | 0.9279 | 0.9292 | 0.9306 | 0.9319
15 [09332 [ 09345 [ 09357 | 09370 | 0.9382 | 0.9304 | 0.9406 | 0.9418 | 0.9429 | 0.9441
16 | 09452 | 0.9463 | 0.9474 | 0.9484 | 0.9495 | 0.9505 | 0.9515 | 0.9525 | 0.9535 | 0.9545
17 | 09554 | 0.9564 | 0.9573 | 0.9582 | 0.9501 | 0.9599 | 0.9608 | 0.9616 | 0.9625 | 0.9633
18 | 09641 | 0.9649 | 0.9656 | 0.9664 | 0.9671 | 0.9678 | 0.9636 | 0.9693 | 0.9699 | 0.9706
19 [09713 | 09719 | 0.9726 | 0.9732 | 0.9738 | 0.9744 | 0.9750 | 0.9756 | 0.9761 | 0.9767
20 [09772 [ 0.9778 | 09783 | 0.9788 | 0.9793 | 0.9798 | 0.9803 | 0.9808 | 0.9812 | 0.9817
21 |09821 | 0.9826 | 0.9830 | 0.9834 | 0.9838 | 0.9842 | 0.9846 | 0.9850 | 0.9854 | 0.9857
2.2 | 09861 | 0.9864 | 0.9868 | 0.9871 | 0.9875 | 0.9878 | 0.9881 | 0.9884 | 0.9887 | 0.9890
23 | 098903 | 0.9596 | 0.9898 | 0.9901 | 0.9904 | 0.9906 | 0.9009 | 0.9911 | 0.9913 | 0.9916
2.4 | 09918 | 0.9920 | 0.9922 | 0.9925 | 0.9927 | 0.9929 | 0.9931 | 0.9932 | 0.9934 | 0.9936
25 | 09938 | 0.9940 | 0.9941 | 0.9943 | 0.9945 | 0.9946 | 0.9948 | 0.9940 | 0.9951 | 0.9952
2.6 | 09953 | 0.9955 | 0.9956 | 0.9957 | 0.9959 | 0.9960 | 0.9961 | 0.9962 | 0.9963 | 0.9964
2.7 | 09965 | 0.9966 | 0.9967 | 0.9968 | 0.9969 | 0.9970 | 0.9971 | 0.9972 | 0.9973 | 0.9974
28 | 09974 | 0.9975 | 0.9976 | 0.9977 | 0.9977 | 0.9978 | 0.9979 | 0.9979 | 0.9930 | 0.9981
2.9 |09981 | 0.9982 | 0.9982 | 0.9983 | 0.9984 | 0.9984 | 0.9985 | 0.9985 | 0.9986 | 0.9936
3.0 [ 09987 [ 0.9987 | 0.9987 | 0.9985 | 0.9988 | 0.9989 | 0.9989 | 0.9989 | 0.9990 | 0.9990
3.1 | 09990 | 0.9991 | 0.9991 | 0.9991 | 0.9992 | 0.9992 | 0.9992 | 0.9992 | 0.9993 | 0.9993
3.2 | 09993 | 0.9993 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9994 | 0.9995 | 0.9995 | 0.9995
3.3 | 09995 | 0.9995 | 0.9995 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9996 | 0.9997
3.4 | 09997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9997 | 0.9998
3.5 | 09998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9998 | 0.9995 | 0.9998
3.6 | 09998 | 0.9998 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.7 | 09999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.8 | 09999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999 | 0.9999
3.9 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
4.0 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000 | 1.0000
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Bang 5. GIA TRI XAC SUAT P(U = u) ;: GIA TRI TOI HAN CHUAN u,

u 0.00 0.01 0.02 0.03 0.04 0.05 | 0.06 0.07 | 0.08 0.09
0.0 | 0.5000 | 0.4960 | 0.4920 | 0.4880 | 0.4840 | 0.4801 | 0.4761 [ 0.4721 | 0.4681 | 0.4641
0.1 | 04602 | 04562 | 0.4522 | 0.4483 | 0.4443 | 0.4404 | 04364 [ 0.4325 | 04286 | 0.4247
0.2 | 04207 | 0.4168 | 0.4129 | 0.4090 | 0.4052 | 0.4013 | 0.3974 [ 0.3936 | 0.3897 | 0.3859
0.3 | 03821 | 03783 | 0.3745 | 0.3707 | 0.3660 | 0.3632 | 0.3594 [ 0.3557 | 0.3520 | 0.3483
0.4 | 03446 | 03409 | 03372 | 0.3336 | 0.3300 | 0.3264 | 0.3228 [ 0.3192 | 03156 | 0.3121
0.5 | 0.3085| 0.3050 | 0.3015 | 0.2981 | 02946 | 0.2912 | 0.2877 [ 0.2843 | 02810 | 0.2776
0.6 | 02743 | 0.2709 | 02676 | 0.2643 | 02611 | 0.2578 | 0.2546 | 0.2514 | 0.2483 | 0.2451
0.7 | 0.2420 | 0.2389 | 0.2358 | 0.2327 | 0.2206 | 0.2266 | 0.2236 | 0.2206 | 0.2177 | 0.2148
0.8 | 02119 | 0.2090 | 02061 | 0.2033 | 02005 | 0.1977 | 0.1949 [ 0.1922 | 0.1894 | 0.1867
0.9 | 01841 | 0.1814 | 0.1788 | 0.1762 | 0.1736 | 0.1711 | 0.1685 [ 0.1660 | 0.1635 | 0.1611
1.0 | 01587 | 0.1562 | 0.1539 | 0.1515 | 0.1492 | 0.1469 | 0.1446 [ 0.1423 | 0.1401 | 0.1379
L1 | 0.1357| 0.1335 | 0.1314 | 01292 | 0.1271 | 0.1251 | 0.1230 [ 0.1210 | 0.1190 | 0.1170
12 | 01151 | 01131 | 0.1112 | 0.1093 | 0.1075 | 0.1056 | 0.1038 [ 0.1020 | 0.1003 | 0.0985
13 | 00968 | 0.0951 | 0.0934 | 0.0918 | 0.0901 | 0.0885 | 0.0869 [ 0.0853 | 0.0838 | 0.0823
1.4 | 0.0808 | 0.0793 | 0.0778 | 0.0764 | 0.0749 | 0.0735 | 0.0721 | 0.0708 | 0.0694 | 0.0681
1.5 | 00668 | 0.0655 | 0.0643 | 0.0630 | 0.0618 | 0.0606 | 0.0594 [ 0.0582 | 0.0571 | 0.0559
1.6 | 00548 | 0.0537 | 0.0526 | 0.0516 | 0.0505 | 0.0495 | 0.0485 [ 0.0475 | 0.0465 | 0.0455
17 | 0.0446 | 0.0436 | 0.0427 | 0.0418 | 0.0409 | 0.0401 | 0.0392 [ 0.0384 | 0.0375 | 0.0367
1.8 | 0.0359 | 0.0351 | 0.0344 | 0.0336 | 0.0329 | 0.0322 | 0.0314 [ 0.0307 | 0.0301 | 0.0294
1.9 | 0.0287 | 0.0281 | 0.0274 | 0.0268 | 0.0262 | 0.0256 | 0.0250 [ 0.0244 | 0.0239 | 0.0233
2.0 | 0.0228 | 0.0222 | 0.0217 | 0.0212 | 0.0207 | 0.0202 | 0.0197 | 0.0192 | 0.0188 | 0.0183
21 | 00179 | 0.0174 | 0.0170 | 0.0166 | 0.0162 | 0.0158 | 0.0154 [ 0.0150 | 0.0146 | 0.0143
2.2 | 0.0139 | 0.0136 | 0.0132 | 0.0129 | 0.0125 | 0.0122 | 0.0119 [ 0.0116 | 0.0113 | 0.0110
2.3 | 0.0107 | 0.0104 | 0.0102 | 0.0099 | 0.0096 | 0.0094 | 0.0091 [ 0.0089 | 0.0087 | 0.0084
2.4 | 0.0082| 0.0080 | 0.0078 | 0.0075 | 0.0073 | 0.0071 | 0.0069 [ 0.0068 | 0.0066 | 0.0064
2.5 | 0.0062 | 0.0060 | 0.0059 | 0.0057 | 0.0055 | 0.0054 | 0.0052 [ 0.0051 | 0.0049 | 0.0048
2.6 | 0.0047 | 0.0045 | 0.0044 | 0.0043 | 0.0041 | 0.0040 | 0.0039 [ 0.0038 | 0.0037 | 0.0036
2.7 | 0.0035| 0.0034 | 0.0033 | 0.0032 | 0.0031 | 0.0030 | 0.0029 [ 0.0028 | 0.0027 | 0.0026
2.8 | 0.0026 | 0.0025 | 0.0024 | 0.0023 | 0.0023 | 0.0022 | 0.0021 [ 0.0021 | 0.0020 | 0.0019
2.9 | 0.0019 | 0.0018 | 0.0018 | 0.0017 | 0.0016 | 0.0016 | 0.0015 [ 0.0015 | 0.0014 | 0.0014
3.0 | 00013 | 00013 | 0.0013 | 0.0012 | 00012 | 0.0011 | 0.0011 | 0.0011 | 0.0010 | 0.0010
31 | 0.0010 | 0.0009 | 0.0009 | 0.0009 | 0.0008 | 0.0008 | 0.0008 [ 0.0008 | 0.0007 | 0.0007
3.2 | 0.0007 | 0.0007 | 0.0006 | 0.0006 | 0.0006 | 0.0006 | 0.0006 [ 0.0005 | 0.0005 | 0.0005
3.3 | 0.0005| 0.0005 | 0.0005 | 0.0004 | 0.0004 | 0.0004 | 0.0004 [ 0.0004 | 0.0004 | 0.0003
3.4 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 | 0.0003 [ 0.0003 | 0.0003 | 0.0002
3.5 | 0.0002| 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 | 0.0002 [ 0.0002 | 0.0002 | 0.0002
3.6 | 0.0002| 0.0002 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 [ 0.0001 | 0.0001 | 0.0001
3.7 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 [ 0.0001 | 0.0001 | 0.0001
3.8 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 | 0.0001 [ 0.0001 | 0.0001 | 0.0001
3.9 | 0.0000| 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 [ 0.0000 | 0.0000 | 0.0000
4.0 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 [ 0.0000 | 0.0000 | 0.0000
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