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LOI GIOI THIEU

Toan cao cAp c6 mdt vai tro rat quan trong trong cong tac dao tao &
cac truong dai hoc, cao ding, trung hoc va day nghé. Tuy vy, voi mot
lwong kién thirc d6 s6 nham phuc vu cho nhiéu nganh khoa hoc va ki thuat
khac nhau, viéc bién soan gido trinh cho tirng nganh dao tao 1a rat can thiét.
Dé phu hop véi luong kién thirc va thoi gian dao tao ki su cong nghé thong
tin, chung toi bién soan giao trinh nay nhim dap ng cac nhu ciu sau:

Luong kién thirc ddy da dé phuc vu cho cac chuyén nganh Cong nghé
thong tin, Dién tir vién thong, Diéu khién ty dong va Hé théng thong tin
kinh té.

Luong kién thirc gon nhe khong qua phuc tap, lugng bai tap vira phai
dé cho hoc sinh, sinh vién nim duoc cac kién thirc co ban clia mdn toan
cao cip.

Tao cho sinh vién khé ning ty hoc va lam bai tap ngoai gio 1én 16p.

Cac kién thirc co ban trong gido trinh nay dugc phan thanh chuong
muc va dugc trinh bay theo thir tu tir thép dén cao, tir cac khai niém co ban
vé tip hop, 4nh xa, sau ddy 1a phin dai s& tuyén tinh va gidi tich. Dy la
gi4o trinh toan cao cp cho cic nganh khoa hoc k§ thuit nén nhiéu bé de,
dinh 1y chi dugc gidi thiéu ma khong co phan chimg minh. Myc dich cia
gi4o trinh 1a gitip sinh vién nfm viing cac kién thic co ban, cac két qua ot
yéu ciia mén toan dé ung dung cho cic chuyén nganh khac. Cudi mdi
chuong c6 phén bai tap ty giai, giup sinh vién tu kiém tra cac két qua da linh
hdi dugc cla bai giang. Phan hudng dan giai bai tap ching toi s& bién soan

thanh giao trinh riéng sau nay.



Do qué trinh thyc hanh gi4o trinh nay con it (chi yéu day cho sinh
vién Truong dai hoc Cong nghé thong tin va truyén thong - Pai hoc Thai
Nguyén mot vai nim trd lai ddy) nén khong thé tranh khéi sai sot trong soan
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Chuwong 1
KHAI NTEM VE TAP HQP VA ANH XA

§1. TAP HQP

1.1. Céc khai niém vé tap hep

Trong ngdn ngit hang ngay, ta thudng dung dén khai niém rdp hop,
nhu tip hop cic sinh vién c6 mit trong mot 1op hoc, tip hop cac cau hoi
on thi.... O dy ta khdng dinh nghfa tp hgp ma chi md ta n6 bing mot
dau hiéu hay mot tinh chat ndo d6 cho phép ta nhén biét duoc tap hop do
va phéin biét né vdi cac tdp hop khac. Ta coi tdp hop la mot khdi niém
nguyén thuy, ciing giéng nhu khai niém diém, duong thing, mit phéng
trong hinh hoc.

Cac d6i tuong 1ap nén tap hop duoc g0i 14 cdc phdn tir ctia tap hop.
Néu a 1a mot phan tir cla tip hop A4 thi ky hidu 1a a e A. Néu a khong
phai 12 mét phan i cia tap hop A thi kyhidulaae 4.

Vidu 1.1. Néu A 14 tap hop cac sb nguyén chin thi 2€ 4,10 4,
nhung 15¢ 4.

Mot tap hop duoc goi 1a hiru han néu n6 gébm mot sé nhit dinh
phan tir.

Vidy 1.2. Tap hop cac sinh vién clia mot 16p hoc 1a hitu han, sb phén
tir & ddy la s6 sinh vién cia 1p do.

Tap hop cic nghiém ctia phuong trinh x* —3x+2 =0 1a hitu han, no
g0m hai phan tr 13 1 va 2.

Co nhitng tdp hop chi c6 dung mét phan tir, ching han tip hop cac
nghiém duong nho hon 2 cta phuong trinh sinx=1/2 chi c6 mét phan tir
laz/6-



Pé dugc thuén tién, ngudi ta ciing dua vao loai tap hop khong chua
mét phén i nao va duoc goi 12 tdp hop réng, ky hiéu 1a &.

Vi du 1.3. Tap hop cac nghiém thuc cta phuong trinh x*+1=0 1a
rdng, vi khong ton tai sd thirc nao ma binh phuong lai bang —1.

Tap hop gom vo sd phan tir goi 1a tdp hop vé han. Ta phan biét tap
hop v6 han dém duoc 13 tap hop c6 sb lugng phin tir 13 vo han song ta co
thé danh s6 thir tw cac phan tir cia nd (tirc 1a c6 thé biét duoc phéan tir dimg
lién trudc va ding lién sau clia mot phan tir bat ky).

Vidu 1.4. Tap hop cac nghiém cua phuong trinh sinx =1 1a vd han
dém duoc, vi cac phﬁn tir ciia no6 co dang

X, =%+2kﬂ', k=0,+1,+2 £3,....

chung dugc danh sb theo sd nguyén k .
Tap hop v6 han khéng dém duwoc 13 tap hop c6 vo s6 phan tir va khong
¢6 cach nao danh sb thir tu cac phﬁn tr cua no.

Vidu 1.5. Téap hop céc diém trén doan thing [0,1].

Tap hgp con: Cho hai tdp hop A va
B. Néu bdt ky phdn tir ndo ciia tdp hop A
ciing la phdn tir ciia tdp hop B thi ta néi A
la tdp hop con cua B va ky hiéu A c B (doc
A bao ham trong B hay A la tap con cua B).

Viy, ta ¢c6 Ac B khi va chi khi véi moi

xeAthixeB. Hinh 1. AC B

Vi du 1.6. Goi A la tdp hop cac nghiém cia phuong trinh
x*—3x+2=0, B la tap hop cac s6 nguyén duong thi A< B vi 1 va 2
cling 1a cac so nguyén duong.

Quan hé bao ham giita cac tap hop co tinh chdt bdc cau, nghia la néu
AcBvaBcC thi AcC.



Tap hop bing nhau: Néu Ac B dong thoi B c A thi ta néi hai
tdp hop A, B la bang nhau, ky hiéula A=B. Viay A= B khi va chi khi

AcB,
Bc A

Quy udc: Tdp hop rong & la tdp hop con ciia bdt ky tdp hop nao.
Thét vay, néu A c B thi bét ky phan tir nao khéng thudéc B ciing khong
thudc 4 va nhu vy & < B vi khong c6 phan tir nao thude tap hop rong.

Pé tién loi cho viéc xét cac tap hop, ta thuong coi tdp cdc tdp hop
dwoc khao sat la cdac tdp hop con cua mot tdp hop E “du lon” nao do,
chfmg han trong chuong trinh toan hoc & Trung hoc khi xét tdp hgp cac
nghiém cua phuong trinh, ta déu coi chung la tip hop con cua tip hop
s6 thyc.

1.2. Cach cho mét tip hgp

Nguoi ta thuong cho tap hop bang cach:

(i) Liét ké cdc phdn tie ciia né

Vidy 1.7. Bang danh sach c4c thi sinh tring tuyén vao mot truong dai hoc.

Néu sb cac phan tir ctia tap hop it, ta co thé viét tén cac phin tir cia

tap hop gitra hai dau {}, ching han A={1,2,3 4}, thi 4 1atip c6 4 phén tir
121,2,3,4.

(i) Cho quy tdc dé nhdn biét cdc phdn ;u' ctia no

Taviét A={x:P(x)} va hiéu 4 la tdp hop gém cac phan tir x sao

cho tinh chat P dung véi x.

Vidu 1.8. Xéttap hop A ={x eR:x*-3x+2= 0} , dugc hiéu A4 1a
tap hop cac s6 thyc x 1a nghiém ctia phuong trinh

x*-3x+2=0,
ticla A={1,2}.

1.3 Cac phép toan trén tap hop
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Gia st A4, B,Cla cac tip hop con ctia mét tdp hop E nao d6. Ta
c6 thé xay dung céc tip hop mdi dya trén cac tap hop do bang cac phép
toan sau:

(i) Phép hop: Hop ciia hai tdp hop A va B la mét tdp hop chira cdc
phdn tie thudc it nhdt mét trong hai tdp hop A hodc B.

Hinh 2. AUB

Ta ciling néi hop cia A4,B, 1a tép

hgp chira cac phﬁn tr hodc thudc 4 hoidc

thudc B. Ky hiéu hop cua hai tap hop 4
va B la AUB. Vay xe AUB khi va
khi xe 4 hoiac xeB.

Vidy 1.9. Néu A 1a thp hop cac s6 thuc nhd hon 1, B 1a tap hop cac
sb thuc 16n hon 2 thi tip hop cic nghiém thuc cta bat phuong trinh
x?-3x+2>01a AUB,.

(ii) Phép giao: Giao cua hai tdp hop A va B la mgt tdp hop chira
cdc phdn tie thugc cé A ldn ca B. Ky hiéu giao cia hai tip hop 4 va B la
AN B. Vay,

xeANnB&sxeAvaxeB. B

Vidu 1.10. A la tap hop cac s6

thuc nhé hon 2, B 1a tdp hgp cac sb

thuc 16n hon 1 thi tip hgp cac nghiém

cia phuong trinh x°—-3x+2<0 Ia Hinh 3. AUB
ANB.

Néu AN B = thi tanéi cic tp hop A va B khong giao nhau hay roi

nhau.

Vidy 1.11. Xét A 1a tap hop cac diém trén duong thing y=x+1,
B la tap hop céc diém trén Parabol y=—x thi ANB= (hai dudng
khong giao nhau.).
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(iii) Phép trx: Hiéu cia hai tdp hop A
va B la mét tdp hop chita cdc phdn tir thudc A B
ma khong thuéc B. Ky hiéu hiéu cia hai tip
hop Ava B la A\B.

Vidy 1.12. Xét R 1a tap hop s6 thuc, B

14 tap hop gdm hai sb thuc 1 va 2 thi tap hop Hinh 4. A |B
xac dinh ciia phan thirc — ItX 3 R\B.
x“—3x+2

Dic biét, néu AcE thi hidu E\ A4 duoc goi 14 phan bu (hay bd sung)
cia A trong E, ky hiéu la C,.4, hay néu tap E da biét thi c6 thé ky hiéu
don gianla 4.

Cdc tinh chdt ciia cdc phép todn trén:

Gia st 4,B,Cla cac tap con cua mot tdp hop E . Céac phép toan hop,
giao, phan bu ¢6 cac tinh chét sau:

1. A=A,
2. AVA=A4  AnA=A.
3. AUA=E : AnA=D.
4. AVE=E; AnE=A.
5. AvD=A4;, AnD=0.
6. AB=BUA; AnNB=BnNA.

7. (AuB)uC=AU(BUC); (ANB)YNC=AN(BNC).
8.(ANB)LC=(BUC)N(AUC); (AuB)YNC =(ANC)U(BNC).

9, A_uB=;1m§; AnB=AUB.

Tinh chat 9 con duogc goi 1a quy tic Do mooc-gdng. Khi 13y phén bu
cta hop hay giao hai tdp hop, thi mdi tdp hop dugc thay bang phan bu cia
no, phép hop dugc thay bang phép giao, phép giao thay bang phép hop.

Viéc chitng minh cac tinh chit trén dua vao viéc ching minh su béng

nhau cua hai t4p hop. Ta chimg minh tinh chat 9: Pit 7=AUB va
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P =A~B. Diu tién ching minh 7 < P. Thét vy, 14y bat ky xe T, tirc la

xe AUB. Theo hinh 2, x thudc phén bi cia 4UB tuc 14 x phai khong

thudc A va khong thudc B, hay x¢ 4, x¢ B. Nhung x ¢ A4, tic la xed.

Ciing nhu vay, tic 1a xeB. Viy xeAd va xeB hay xeAnB. Ta da
chimg minh néu xe AU B thi xe A~B. Tix d6 suy ra

AUBc ANB. ™

Bay gid ta ching minh P <7 . Liy yeP; tic 13, ye?lmf?. Theo

dinh nghia phép giao ta c6 ye;l va yel_3 hayye A va ye B.Khido6 y

phai thudc phéan bu cia AU B taclatacé ye AUB . Nhu vay

A~Bc AUB. (**)
Tu (*) va (**), suyra AUB =ANB.
Phuong phéap chimg minh céc tinh chét khac ciing twong tur.

§2. ANH XA
2.1. Khdi niém vé anh xa
Cho hai tdp hop 4 va B. Ta
noi rang c6 mot dnh xq f tr A vao

B néu voi moi phan tw xe A ¢o

twong ting theo mot quy tic nao do
mét phdn tir duy mhdit ye B. Ky
hiéu: f:4A—> B (f la anh xa th 4

Hinh 5

vao B) A la tdp nguon, B la tdp
dich.
Phin tit y e B tuong Ung v6i phan tir x € 4 bdi 4nh xa f, duoc goi

la anh cua x qua f va dugc ky hiéula f(x).
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Néu véi bat ky phan tir x nido cia A, 4nh f(x) cia né duge xac
dinh thi A con duoc goi la tdp xdc dinh cua dnh xa f . Néu 4 1a tap xac
dinh cua anh xa f thi dnh cua tdp hop A bdi anh xa f duoc dinh nghia
bdi f(A)={yeB:Ixe 4,y=f(x)}, trong d6 ky hi€u “3” dugc doc l1a
“ton tai”.

Vidu 1.13. Xétanhxa f tir tp hop s6 thyc R vio chinh no xac dinh
bdi f(x)= Lz thi tdp xac dinh cia n6 [a R\ {O} , con tap hgp anh cua no la
X

tap hop moi sb thyre duong R*.

Anh xa bing nhau: Cho anh xa f:A—>B via g:A—> B. Néu véi
moi xe A tacé f(x)=g(x) thi ta ndi hai anh xa f la bang nhau, ta viét
f=g

Vidu 1.14. Cho tap hop A={-1,0,1} va cac anh xa f:4—> R xac
dinh béi f(x)=x+1, g:A—> R xac dinh bdi g(x)=-x’+2x+1. Ta cb
f=g (néuxétcacanhxa f va g tit R vaoRthi f#g).

2.2. Cacloai anh xa

Cho anh xa f tir 4 vao B.Khi @6

() Anh xa f dwoc goi la don dnh néu dnh cia cdc phdn tir khdc

nhau la khac nhau; tiec la, voi moi x,,x, € A, néu x, # x, thi

Fx)= f(x,).
(ii) Anh xa f awoc goi la toan
dnh néu f(A)y=B; tirc la, voi bat ky f

y thugc B, 16n tai phdn twe x thugc
A saocho f(x)=1y.
(iii) Anh xa f duwoc goi la song ;
dnh néu né vira la toan énh via la A f B
don anh. Hinh 6
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Néu f la song anh tir 4 vao B thi do tinh chat toan anh nén véi mdi
yeB cotuong imgmédt xe A & f (x) =y, va do tinh chat don anh nén
phan tr x d6 phai duy nhit (néu trai lai, gia sir phan t y € B twong ung
véi hai phén tir khac nhau x, #x, ma f(x)=f(x,)=y, tri tinh chat
don anh).

Nhu vay, néu f la song anh ti A vao B thi ta lgi c6 mét anh xq tw
B vao A, dnh xa nay dwoc goi la dnh xa ngugc cia anh xa f, no ciing la
song dnh. Anh xa nguoc cta anh xa f ky hiéu 13 f~'. Véi song anh
f:A— B xac dinh bsi y=f(x) thi anh xa ngugc cha no la
f:B— A xacdinhbdi x= ().

Vi du 1.15. Anh xa f:R— R xac dinh bdi f(x)=d", vdi
a>0,a#1,1adon anh, vivéi x, #x, tacé a” #a™.

Anhxa g: R —[—1,1] xac dinh bsi g(x)=sinx la toan anh, vi véi
s6 thyc p bat ky thudc khoang [ —1,1] ta ludn ludn tim duoc s6 thuc x sao
cho sinx=p.

Anh xa h: R — R xéc dinh béi A(x) = x> 14 song anh, vi n6 vira la
don anh vira 1a toan éanh.

2.3. Anh xa hop

Gia sit f va g 1a hai anh xa sao cho tip hop xac dinh ciia g trung
véi tap hop anh cua f, tic la ddy lién tiép cac 4anh xa
f:A—>B;g:B—>C. Khi d6 ta co6 thé xac dinh mdt anh xa moi
h:A—C b6i h(x)=g[f(x)], trong & f(x)€ B la anh ciia x € 4 béi
anhxa f; g[f(x)]eC laanhcia f(x)e B boianhxa g.

Anh xa h xac dinh nhu trén dugc goi 1a 4nh xa hop cia anh xa f va

tnhxa g, kyhidula go f. Vay h(x)=(go f)(x)= gL/ (x)].

15



Vidu 1.16. Cho cac anh xa f : R — R xacdinhboi f(x)=2x+1 va
g: R — R xac dinh boi g(x)=x.Khi d6

(go f)x)=glf =L/ () =[2x+1] =4x* +4x+1.
Chit y. Khi anh xa hgp go f duoc xac dinh thi chua chéc anh xa
f o g da xac dinh. Ngay ca trong truong hop f o g xac dinh thi n6i chung
taco go f # f og. Chang han trong vi du 1.16 ta co

(f o g)x) = flg(x)]=2g(x) +1=2x" +1.

§3. TAP HQP SO THUC
3.1. Pinh nghia truwdmg
Cho mét tap hop £ . Ta coi dd xac dinh duoc mét phép todn hai ngéi
trong E hay mot ludt hop thanh trong E néu v6i mdi cap phén tir (a,b) cia
E cho tuong {mg véi mot phan tir ¢ cling cia E. Ky hiéu phép toan do boi

dau * vaviét a*b=c, véi a,b,c € E. Néu phép toan 1a phép cong ta dung

4
A

dau “+” nhu thuong 16, néu 1a phép nhén ta dung du “x” hay diu «”.

Phép toan * dugc goi 1a cé tinh chdt két hop néu véi a,b,c € E ta c6
(a*b)*c=a*(b*c).

Phép toan * duoc goi 1a co tinh chdt giao hodn néu véi a, b € E ta co
a*b=b*a.

Phin tt e € E duoc goi 1a phdn tie trung hoa d6i v6i phép toan * néu
véi moi ae E, taco a*e=e*a=a. Véi phép cong phan tir trung hoa
duoc ky hiéula 0, voi phép nhan d61a sb 1.

Phan tir @' € E sao cho v6i ae £ taco a*a' =a'*a=e voi e 1a
phan tit trung hoa ctia phép toan *, dugc goi 1a phdn tir nguwoc cia a dbi véi
phép toan *. Ta ky hiéu phan tir nguoc cia phant a 1a a™

Tap hop E duoc goi 1a co cdu triic trwomg, hay 12 mot trwomg néu
véi moi a,b,c € E xéac dinh hai phép toan:

16



- Phép toan thu nhit duoc goi 1a phép cpng, théa man cac tinh
chat sau:

(i) Phép cong c6 tinh chit giao hoan: a+b=b+a.

(ii) Phép cong c6 tinh chat két hop: (a+b)+c=a+(b+c).

(iii) Phép cong c6 phan tir trung hoa trong E , ky hiéula 0.

(iv) Moi phén tir trong E déu c6 phén tir nguoc ky hiéu la —a:

a+ (—a) =0.

- Phép toan thir hai dugc goi 1a phép nhéan, thoa man cac tinh chét sau:

(v) Phép nhén c6 tinh chét giao hoan: ab=ba.

(vi) Phép nhén c6 tinh chat két hop: (ab).c=a.(b.c).

(vii) Phép nhan c6 phan tir trung hoa (hay phn tir don vi), ky hiéu la
eckE: ea=ae=a.

(viii) Moi phan tr ae E,a=0 déu co phan it nguoc dbi v6i phép
nhéan 1a phﬁn tir nghich dao é cling thuc E .

- Giita phép cong va phép nhan c6 tinh chét:

(ix) Phép nhan c6 tinh chat phan phdi dbi véi phép cong:

a(b+c)=ab+ac.

Vi du 1.17. Tap hop cac s6 hiru ty, tirc 13 tdp cac sd co dang
g,( P,q) =1, ¢6 cu triic truong; Thét vy, cong hai s hitu ty, nhan hai sb hiru
ty ta duoc mdt s6 hitu ty, ca hai phép toan d6 déu thoa man 8 tinh chét trén.

Tap hop cac sd nguyén khong c6 cdu tric trudng vi nghich dao cua

mdt s6 nguyén khac khong khong phai 13 mét sé nguyén.
Chui y. Trong truong ta c6 thé dinh nghia phép chia cho mét sb khac

khong néu b =0 thi a:b=a.(%).
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3.2. Céc tinh chit co ban ciia trudng so thyc

Tép hop s6 thyc R véi hai phép toan cong va nhan c6 cau tric truong,
nghia 1a cong hai sé thuc ta dugc mét s6 thuc, nhan hai s6 thuc ta dugc mot
s thuc. Phép cong va phép nhan c6 cAc tinh chét giao hoan, két hop; phép
nhén ¢c6 tinh chét phan phdi d6i v6i phép cong; phan tir trung hoa clia phép
cong 1a s6 0, ciia phép nhén 12 sb 1; phan tir nguoc ddi véi phép cong cua
s& a 1asb d6i —a, dbi v6i phép nhan cta s6 a # 0 1a s6 nghich déo 1/a.

Trong tip hop s6 thyc R ta xét mét tap hop con ky hidu la R* vata
dinh nghia R~ 1a tdp hop nhitng s6 ddi clia x néu x € R™ (ticla —x € R7)
sao cho:

DR "R =Q.

2)R" VR U{0}=R.

3)Va,be R :a+beR",abeR".

Cac s6 thyc thude R* dugc goi 1a cic s6 thuc duwong, cac sb thuc
thudc R~ duoc goi 1a cac s6 thuc dm.

Ta xac dinh trén R mot quan hé thir i ky hiéu < (doc l1a bé hon) nhu
sau: Véi hai s6 thuc a,b ta co6 a < b khi va chi khi b—a 1a s6 thyc duong
(thc 12 b+(—a) € R*). Quan hé < co tinh chét bac cau, nghia lanéu a <b
vab<cthia<ec.

Chit y. Néu ta co6 y' thi ngudi ta con viét b>a (doc b 16n hon a).
Néu a la sb thuc am thi ta viét a < 0, néu a 1a sb thuc duong thi ta viét
a>0.

Trudng sb thuc con 1a truong co thir tw Acsimet; that vy, véi hai s6
thuc tuy v a,b,a>0, bao gio cling tim duoc mot s6 tu nhién n sao cho
na>b.

Tinh chét trén cho phép nguoi ta c6 thé xdp xi tuy y mot sd thuc béi
mdt s6 thap phan (gin dung thiéu hoic gan ding thira), va nhu vay trong
thuc hanh ngudi ta c6 thé thyc hién dugc cac phép tinh trén cac s6 thuc.
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3.3. Gi4 tri tuyét ddi cia mdt sb thue
Véi moi sb thuc x ta dinh nghia gid tri tuyét doi cia x , ky hiéu |x| nhu sau:

x khi x>0,
|x|: —x khi x <0.

Cac tinh cht:

a) |x|=0, khi va chi khi x=0.

b) || =|-x].

¢) [y =x{|.

d) |x+y| <[ +y].

e) [x—y[z[x-]y.

Ta ching minh mdt trong cac tinh chét, ching han tinh chat d). That
vdy, tir dinh nghia ta c6

—|x| < x <|x|,
M=y
Tu do
(x| + [y <x+y <|x|+]y],
hay

|x+y| S|x|+|y|.
3.4. Tap hop s6 thwc suy rong
Ta thém vao tap sb thyc R hai phan tit khac nhau, ky hiéu 13 +o0 va
—oo (doc 1a duong vd cung va dm vo cung), khong thuéc R va vdi moi s6
thuc x, dat
—00 < X < +00.
x+(+00) = (+00) +x = +o0.

x+(=0) = (=) + x = 0.
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Véi x>0,taco
X.(+00) = (+00).x = +0.
x.(—o0) = (~00).x = —.
(+00) + (+00) = +o,
(—0) +(—00) =—c.

(+00).(+00) = +oo.
(—o0).(—00) = +o.
Tap hop s6 thuc R cing véi hai phdn tr —oo,+o0 ¢6 cac tinh chét trén
g0i 14 tdp hop s6 thuc suy rong.
C6 the biéu dién hinh hoc tap hop sé thuc nho truc sé: D6 1a duong
thdng x'Ox, diém géc O ung véi s6 khong, cac sé thyc duong thudc nira
dudng thing Ox, cac s thuc 4m thudc nira dudng thing Ox', mdi sb thuc

a (mg véi mot diém A trén duong thing sao cho d6 dai OA4 = |a'.

§4. TAP HQP SO PHUC

Ta da biét ring néu chi han ché trong truong sb thyc thi ¢c6 nhitng
phuong trinh v6 nghiém, ching han phuong trinh bac hai x*>+1=0.

Trong phan ndy ta s& tim cach m& rong truong s thuc sang mat tap
hop s6 mdi sao cho tap hop sb thyc 1a tap con clia tap sd mdi nay va trong
tap s méi d6 moi phuong trinh bac hai déu c6 nghiém.

4.1. Dinh nghia va cac phép toin

Xét tap hop C ma cac phan tir ze C 1a cac cip sb thuc (a,b); tucla
C= {z =(a,b),acRbe R}, trong d6 phan tir z € C duoc goi 1a s6 phirc.

Cho hai s6 phirc z=(a,b),z'=(a',b"), ta c6 cac phép toan sau:
- Hai s6 phitc bang nhau: z=z' khiva chikhi a=a';b=5'.

- Phép cong hai s6 phitc: z+2' =(a+d',b+b").
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- Phép nhén hai s6 phitc: z.z' = (a.d' —bb,ab' +b.d').

DEé kiém tra cac phép toan cong va nhén trén c6 cac tinh chét giao
hoén, két hop, phép nhan c6 tinh chét phan phdi ddi vdi phép cong, phan tir
trung hoa cua phép cong la sé phirc (0,0), cia phép nhéan 1a sb phuc (1,0);
phin tr nguoc cia sb phitc z =(a,b) d6i véi phép cong la (—a,~b), dbi
v6i phép nhén (voi didu kién a = 0,5 # 0) 14 s6 phirc

1 a —b

z a+b* a*+b?

Nhu vy, tdp hop s6 phirc co cdu truc mot truong va duoc goi 1a
trwong s6 phirc C.
4.2. Cacchay
1. Co thé ddng nhat sb phirc (a,0) v6i sb thuc a . That viy, ta co
(a,0)+(a’,0)=(a+d',0) lasdthuc a+da',
(a,0).(d,0)=(a.d,0) lasdthuc a.d’.
Vay c6 thé coi tap hop s thuc 14 tip con cia tap s6 phitc R = C . Sau
nay ta s& viét a thay cho (a,0).
2. Co thé viét s6 phic (a,b) dudi dang tong:
(a,b) =(a,0)+(,0).(0,1).
bit i =(0,1) thi > =(0,1).(0,1) =(-1,0) = -1 dugc goi 1a don vi ao.
Vay, s6 phirc (a,b) dugc viét dudi dang z =(a,b)=a+bi , trong d6 a
duoc goi 13 phan thuc, b dugc goi la phan 4o clia s6 phirc z. Trong thyc té
nguoi ta thuong viét s6 phic dudi dang a + bi .
3. Khi viét s6 phirc dudi dang a+ bi thi ta c6 thé thuc hién cac phép
tinh theo cac quy tic thong thuong ctia sb thuc véi i* = 1.
(a+bi)+(ad' +bi)=(a+a)+(b+b)i,
(a+bi).(d +bi)=ad +ab'i+ba'i+bb'i* =(aa' —bb')+(ab' +ba')i.
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Pé tim s6 phirc nghich d4o ctia s6 phitc z = a + bi ta 1am nhu sau:

l 1 a—bi a—bi a bi

z a+bi (a+biYa—b) a@+b @ +b a2 +b°’

vi viy, phép chia s phirc z cho s6 phirc z' =0 dugc thyuc hién theo

. 1
quy tac z.—.
z

Sé phuc z=a—ib dugc goi la sb phic lién hop cua sé phic
z=a+ib.

4. Tim nghiém cta phuong trinh x*+1=0 trong truong sb phirc.
That vay, ta co xt=-1=4% suyra x =i

Trong truong s6 phirc moi phuong trinh bac hai véi hé sb thuc déu co

nghiém. That vay, ta co

2_
ax2+bx+c=a(x+%)2—(%)=o. (*)

Pt A =b*—4ac, khi d6

—b+A

2

-Néu A >0 thi phuong trinh bac hai c¢6 nghiém thyc x = >
a

—b

g2
-Néu A<0 dit o =— ,82=4a—c~b—

5 17— thi (%)t thanh
a a

a[(x—oc)2+B2J:O, suyra x=c*.

Vi du 1.18. Xét phuong trinh x* —2x+4=0. Ta co A=-12=12;>
tir d6 phuong trinh c6 hai nghiém phtrc lax =1+ i~/3 .

4.3. Dang lwong gidc ciia s6 phire

Cho s6 phiic z = x+ yi. C6 thé bidu dién hinh hoc sé phirc d6 trén
mit phing phirc; d6 12 mit phing trén d6 c6 hai truc x’Ox va 'Oy vuéng

gbc véi nhau. Ta cho tuong Umg sb phitc z=x+ yi v6i diém M c6 toa do
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(x,y) trén mit phing do (hay véi véc to OM ); Cac diém trén truc x'Ox
twong ung véi cac sd (x,0), do 1 cac s6 thuc x; Cac diém trén truc y'Oy

twong tmg vdi cac s6 (0,), d6 1a cac s6 phuc c6 dang iy.

P6 dai r cua véc to OM dugc goi 1a m6 dun cua s6 phuc z, ky
hiéula r :|z| :«/xz +y2 .

Goc @ giita véc to OM va Ox duogc goi 1a argumen cua sd phirc z,
ky hiéula ¢= Arg(z) :

Goéc @ duoc xac dinh chinh xac dén 2k7, ngudi ta thuong chon gia
tri chinh cua no trong khoéng [—7; 7]. Ta c6

X=rcos@,y=rsing hay r =\/x2 +y%.tang —,
x
Khi d6 ta co thé viét s6 phitc z = x + yi dudi dang lugng giac
z=r.(cos@+ising).
Vidy 1.19. Viét cac s6 phirc (1,0),i,1+7 dudi dang luong giac.

-Véisbd (1,0) taco x=1; y=0nén r=1, tanp=0,suyra =0,

(1,0) =cos0+7sin0.

s A ) % A
-Véisoitaco x=0,y=1, r=1, tan¢)=oo,¢=5,nen
. T ..
i=cos—+isin—.
2 2

Ly T ..
- Tuong tu, tacod 1+i= ﬁ[coszﬂsmzj :
Khi viét sé phirc dudi dang lugng giac thi cac phép tinh nhén, chia,
lu§ thira cac sé phirc duoc tién hanh thuén loi. Ta c6 cac quy tic sau :
Néu z, =7 (cosqy +ising ), z, =1, (cos g, +ising, ) thi
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a) z,.z, =K1, [cos (o, +0,)+isin(g, + o, ):|

%

b) [cos(gol—¢2)+isin(¢l—¢2)],22;tO .

n o n

c) z,'=#" [cos (np,)+isin (ng/)l)] .

Chitng minh tinh chét a). That véy, ta c6

2.2, = .1y | cos(@, +¢, ) +isin (o, +9,)].

Tinh chét (b) va (c) duoc suy ra tir (a) bang quy nap.

Dung két qua trén c6 thé chimg té duoc ring: 77 rong truong s phirc
cin bdc n cua don vj [s6 phirc (1,0)] ¢ n gid tri khdc nhau. That vay, sd
phuc (1,0) c6 dang luong giac 1a (1, O) =cos0+7sin0.

Goi canbacncua (1,0) 1a z= r.(cosq0+isin (0) ;e 13, 2" =(1,0).
Khi d6

Z"=r" [cos (n@)+isin(ng) | =cos0+isin0.

Tir d6 suy ra
r' =1,
cosne =cos 0,
sinne =sin 0,
ta duoc

r=1,
o=knm,k=0,1,....,n-1.
A - A 7 A (2 - 7 .y . ’ . ’ i
Vay cén béc n cuia so phirc don vi ¢6 n gia tri khac nhau, goi cac cin

baicnddla g, £=0,1,..n—1. Taco

k .2
g, =cos2 % tisin kﬂ.,k:O L...
n n
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BAI TAP CHUONG 1

1.1 Ta ky hiéu cac khoang dong, nira khoang dong, nira dong (hoic
nira m&), mé trén tap hop sb thuc R nhu sau:
[a,b]={xeRa<x<b},
[a.b)={xeRa<x<b},
(a,b]={xeR,a<x<b},
(a,b)={xeR,a<x<b}.

Tim AUB,ANB,A\ B, B\ A trong cac trudng hop sau:
i) A=[3,5],B=[2,4].
i) A=[3,5),B=(2,4).
iii)A=(3,5),B=[2,4).
1.2 Cho A={xeR,|x[25};B={xeR—6<x<0}. Xac dinh cac
tap hop AUB,A~B,A\B,B\ A, A vabibu dién ching trén truc sb.
1.3 Chung minh cac ding thirc tip hop sau:
a. AU(BNC)=(4UB)n(4UC).
b. An(BUC)=(4nB)u(ANC).
c. AA(BNC)=(A4\B)(4\C).
d. A\(BUC)=(A4\B)u(4\C).

1.4 Trong 100 sinh vién c6 28 ngudi hoc tiéng Anh, 30 ngudi hoc
tiéng Durc, 42 ngudi hoc tiéng Phap, 8 nguoi hoc ca tiéng Anh va tiéng Pic,
10 ngudi hoc ca tiéng Anh va tiéng Phap, 5 ngudi hoc ca tiéng Pirc va tiéng
Phap, 3 ngudi hoc ca 3 thir tiéng. Hdi ¢ bao nhidu ngudi khéng hoc ngoai
ngit nao? C6 bao nhiéu nguoi chi hoc mot ngoai ngir?
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1.5 Cho A,B la cactip hop, f 1a anh xa. Ching minh ring:

a. f(AUB)=f(4)uf(B).

b. f(AnB)c f(A)nf(B).

c. Néu f 1a don anh thi f(A mB) =f(A)mf(B).

1.6 Chung minh rﬁng cac anh xa sau la song anh va xac dinh anh xa
ngugc cua ching.

a. f:R— R xac dinh boi f(x)=2x-1.

b. g:[0.1]—[0,1] x4c dinh béi g(x)=~1-x*.
1.7 Cho cac anh xa:

fiA>R f(x)=2x*-1,g:A—> R;g(x)=1-3x;
Timtaphop A dé f=g.

1.8 S4 hitu ty 1a s6 c6 dang P trong d6 p va g la hai s6 nguyén t6
q
cung nhau. Dung dinh nghia d6 hiy ching minh s6 \/5 khong phai 13 s6
hitu ty (chimg minh bang phan chimg).
1.9 Céc sé a,b,a’,b’ 1a hitu tj, e khong phai 1a hiru tj. Chimg
minh ing néu a+b\c=a'+b'\Jc thi a=a,b=>". Dung két qua 4y

héy tim cac sO x va y sao cho

x+yx/5=\fl7+12\/§.

Nguyén Iy quy nap: Nhiéu ménh dé todn hoc dwoc chimg minh bang
nguyén by quy nap sau: Néu P la mot tinh chdt nao dé dwoc xdc dinh trén
tdp hop cdc s6 tw nhién N sao cho:

a, Tinh chdt P ding véi s6 tw nhién 1.

b, Néu tinh chdt P dé ding cho s tw nhién n thi né ciing diing cho so6
tw nhién n+1. Khi do tinh chdt P sé aung cho moi SO tw nhién n.

So db chimg minh theo quy nap nhu sau:
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Déu tién ta chung t6 tinh chat P ding cho n=1.

Sau do ta gia sir tinh chat P ding cho 7 va tim cach chiing minh né
cling dung cho n+1.

Ta két ludn tinh chat P ding cho moi 7.

: n(n+1
Vi dy 1.20. Ching minh tong: P, =l+2+...+n=—(5—) voin la

s6 ty nhién bang phuong phap quy nap.
1(1 + 1)

Voi n=1tacod A= =1 cong thirc dling.

. Tu d6 ta sé

. L o n(n+1)
Ta gia st cong thirc dung cho n, tirc 1a: P, = T

chiing minh cdng thirc dting cho »n+1 tirc 1a phéi ching minh

p _(r+0(r+2)
2

Ta cod

O R

Vay cong thirc ding cho moi s6 ty nhién n.

1.10 Dung nguyén ly quy nap hédy chirng minh:

a. (1+a)" =1+na,a>-1.

b. (1+2+---+n)2 =P+2%+--41,

c. Néu mét tap hiru han c6 n phén tir thi s6 tit ca cac tap hop con cua
nola 2".

1.11 Tinh
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1.12 Viét cac s phirc i, -8, 1~i dudi dang lugng giac, tu d6 hay .
tinh 2/1-', %/rg, 2/171
1.13 Tim mién chira diém phirc z néu
a. |z|>5; b.|z+2i|22.
1.14 Gidi cac phuong trinh sau.
1 28 ~2°(1+7)+i=0. 2. 25(1-i) =1++3i.

3. z4+6(1+l')22+5+6i=0. 4. 2 +iz? +i—1=0.

5 x3+\/§—i=0.
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Chuong 2
MA TRAN VA PINH THU'C

§1. PHEP TINH MA TRAN
1.1. Mt s6 khai niém vé ma trin
Cho m, n la hai s6 nguyén duong. Mdt ma trdn loai mxn 13 mot
bang hinh chit nhit g6m m.n sb thyc dugc trinh bay theo m hang va n cot:

al] a12 aln
a a . a

A — 21 22 2n I (2.1)
a, 4., .. 4.

Céc sb ay; 1<i<m,1<j<n duogc goi la cac phdn tie cha ma tran
A (phﬁn tr ndm & hang 7 va ¢t j clia ma tran).

Ma tran loai 1x# 1a ma trin hang; tirc 12 ma tran chi c6 mot hang.

Ma trin loai m x1 1a ma tran c6t, tirc 1a ma tran chi ¢6 mot ct.

Gia sir ta ¢ ma trin A. Bay gio ta 1ap m§t ma trdn mdi, né c6 cac
hang 1a cac cot ciia ma tran A4 con cac ¢t 1a cac hang cia ma trin A4 (vin
gilt nguyén tht tu cac hang va cac cdt). Ma tran mdi ndy duoc goi 1a ma
trin chuyén vi cta matran A, ta ky hidu n6 1a A’. Nhu véy, néu 4 1a ma
trdn cho bai (2.1) thi

all a21 s aml
At . a12 a22 m2
qQ, 4,, .. a,.

Néu A lama trdn logi mxn thi A' la ma trdn logi nxm.
Ma trdn logi nxn la ma trgn vuéng cdp n; tuc la ma tran c6 n hang

va n cot.
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Cac phén tir cia ma trdn vudng c6 chi s6 hang bing chi s6 cot

a,;,0y,...,a,, lacac phan ttr ndm trén dueong chéo chinh.

Ma trdn vuéng dwoc goi la ma trign doi xung néu cdc phd‘n tw o vi tri
doi xumg qua duong chéo chinh la bing nhau. Vi ma trin d6i xing ta
coa;=a,,i#j.

Ma trdn vuéng dwoc goi I ma trin chéo néu moi phdn tir ndm ngodi
duong chéo chinh déu bang khong.

Ma trin khong la ma trdn c6 moi phan tie déu bing khong.

Hai ma trdn la bang nhau néu ching ciing logi va c6 cdc phdn tie 6

cimg vi tri tuong vmg bdng nhau.

Vidy 2.1.
1 2 3
1) Cho A= :
0 5 4
khi @6 ma tran chuyén vila
1 0
A=[2 5]
3 4
5 -1 0
2) Matranvuéngla B={3 8 2|
0 6 4
1 0 0
3) Matranchéo C=|0 4 O
0 0 2
1 05
4) Ma tran d6i ximg D=0 3 7.
57 2

1.2. Cac phép toan trén ma tran

(i) Phép cong hai ma trdn
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Cho hai ma trin A= (a,.j );B = (BU) cung loai mxn. Téng hai ma tran

A va B,kyhiéula C =A+B,1a ma trin cung loai véi A va B, c6 cdc phdn
tr
¢, =a,+b,
(hang i, cot j) la tong cdc phdn tie & Vi tri tuong vmg cia A va B.
(ii) Phép nhdn mot ma trdn voi mot 50 thure
Tich cia mdt ma tran A voi mot sd thuc o 1a mot ma tran cung loai

Vi A co phdn tir & vi tri (i, j) la tich cia o voi phan tir a, cuamatrdn A.

Taviét ad = (oca,.j )

1 2 3 2 0 4
Vidu 2.2. Cho A= 4 B= .
0 5 4 3 -5 2

3 2 -1 2 4 6
Taco A+B= ; 24= :
3 0 6 0 10 8

(iii) Phép nhdn hai ma trdn
a) Phép nhdn mdt ma trdn hang voi mot ma trdgn cot
Cho

Vi

v
u=(u, wu, .. u)v=| "],
v

u 1a ma trin hang loai (1xm), v 1a ma trAn cdt loai (nx1). Tich cua

u , v dugc xac dinh bdi cong thirc
uv=(uy, +u,, +..+uy,).

b) Phép nhdn hai ma trdn
Didu kién ciia phép nhin: Muon nhdn ma trén A véi ma trdn B thi

A A » A > 3 O Ay » ~
s0 cft ciia ma trgn A phdi bang so hang cia ma trign B.
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Tich clia ma trdn 4 loai (mx p) va matrdn B loai (pxn) 1a mot ma
tran C loai (mxn) c6 phan tr & vj tri (7, /) bing tich cua hang i cha ma

trdn A4 voi clt j cua ma trdn B dugc tinh boi cdng thic

¢ =ayb, +a,b, +..+ab, .

Ky hiéu C=A4B.
Vidu 2.3.

3 1 4
Chocacmatrin: A= g B
2 0 5

Il
O =
S = W
—_— O O
—_— O O

Tim ma tran tich C = AB.

Taco C la ma tran loai (2x4) véi

¢, =3x1+1x1+4x0=4, ¢, =3x3+1x1+4x0=10,
¢, =3x0+1x0+4x1=4, €, =3x0+1x0+4x1=4,

€y =2x1+0x1+5x0=2, ¢, =2x3+0x1+5x0=6,
€ =2x0+0x0+5x1=5, ¢, =2x0+0x0+5x1=5.

Vay
4 10 4 4
C= .
2 6 55

Ta c6 thé nghiém lai rﬁng néu cic ma tran A,B,C thoa min diéu kién
nhén; tirc 14 4 1a ma trén loai (mx p), B la ma trin loai (pxq), C lama
tran loai (gxn) thi tich 4.BC c6 tinh két hop hay A(B.C)=(4B)C.
Nhung phép nhén hai ma tran khéng c6 tinh chit giao hoan. Néu ma tran A
nhan dugc véi ma trin B thi chwa chic B d4 nhan dugce véi 4 (khong théa
mén diéu kién nhan). Ngay ca khi tich B.4 tdn tai thi chwa chéc ta co
AB=BA.

1 1 1 0
Vidu2.4. Cho A= . B= :
00 1 0

Khi d6
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20
AB =

0 O

11
BA= ;

11

Néu A va B théa mén diéu kién nhéan thi B’ va A’ ciing thoa man

con

diéu kién nhan va ta co
(ABY =B'A
Chuyén vi cixa ma trdn tich bdng tich cdc ma trdn chuyén vi nhung ldy
theo thw tw nguwoc lgi.
Ta ciing can chi ¥ rang trong phép nhan ma trin thi hé thiac AB=0
chua chéc d3 kéo theo hoic 4=0 hoic B=0. Chéng han, cho

00 0 1
A= , B= :
(0 1] (0 0)

00
AB= .

Bay gid ta xét ma trdn vudng cdp n la ma trdn chéo co cdc phdn tir

nhung

ném trén duong chéo chinh bang 1. Ta ky hiéu ma tran d6 12 . Khi d6, véi
moi ma tran vudng A cép n, ta ludén co
Al =I4=4.

Ma trdgn I dwoc goi la ma trdn don vi cd'p n.

§2. PINH THUC
2.1. Hodn vi va nghich thé
Cho tap hop hitu han E ={1,2,...,n}. Xét mot hoan vi ciia c4c phan tr

cua E (d61a mdt song anh P tr E vao chinh no)
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[ 1 2 .. nJ
P ‘
o, o, .. o,

véi 0,,0,,...,0, € E. Liy hai sb a,, 0, trong mot hoan vi cia E . Néu
o, >0, véii> j thitandicac ) a,, 0, 1ap thanh mét nghich thé.

Vidy 2.5. Trong hoan vi 3214 cua 4 s6 1234 thi c6 3 cap tao
thanh nghich thé, d6 1a (3,2),(3,1),(2,1).

Dé o, 0, lap thanh mot nghich thé thi

(o, —a, ) (i-j) <O0.
Ky hiéu
I(oy,0,....0,)

a tong s6 tat ca cac nghich thé ctia hoan vi (o, 0, ..., o, ). Trong vi

du25tacd
1(3,2,1,4)=3.

Pinh nghia 2.1 Mot hodn vi cia E dwoc goi la hodn vi chén néu
tong so6 cac nghich thé ciia né la chén hodc bang khong, hodn vi la 1é néu
t6ng s6 cdc nghich thé ciia né la Ié.

Xét mot hoan vi (o, a,,...,0t, ). Néu ta ddi chd hai phan tir o0, cho
nhau con cac phan tir khac van giit nguyén thi ta ndi d3 thuc hién mot phép
chuyén vi. Phép chuyén vi lam thay déi tinh chén Ié cia hoan vi.

Vi dy 2.6. Xét hoan vi 3,2,1,4cla bén s6 1,2,34. Ta cb
1(3,2,1,4) =3. Néu ta dbi chd 2 va 1 cho nhau (thyc hién mot phép chuyén
vi), khi do 1(3,1,2,4)=2.

Bay gid ta xét thém mot vi du dé minh hoa mét tinh chit khac cia
hoanvi. Cho E'={1,2,3,4,5} vaxét mdt hoan vi ciia £ 1a 5,3,4,2,1.

1 2 3 45
P.ESE P( j

53 421
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N6 ¢6 9 nghich thé (hoan vi 18). Ta sdp xép lai cac cot cia ma trén
trén dé dua hang 2 vé thir tu tw nhién bing cach thyc hién phép ddi chd cac
cOt canh nhau. D&i chd cot 5 cho cot 4 1di cho ¢ot 3, cot 2 rdi cudi cung
cot 1, tirc 1a thuc hién 4 phép chuyén vi

512 3 4
P .
1 53 42
Tiép tuc dua cdt 5 ciia ma trdn méi dén vi tri ¢t 2, tuc 1a thyc hién
3 phép chuyén vi

541 2 3
c5—>cd—>c3—>c2, .
1 25 3 4

Péi chd cot 4 cho cot 3, thuc hién mot phép chuyén vi
5 4 2 1 3
1 2 3 5 4)
Cubi ciing ddi chd cot 5 cho cot 4, thuc hién mét phép chuyén vi
5 4 2 31
1 2 3 45/

Nhu vay dé dua hang 2 v& thu ty tu nhién ta d2 bién dbi ma tran xuét
phat bing dting 9 phép chuyén vi hai c6t canh nhau (bing sé nghich thé &
hang 2 cia ma trén xuét phat). Sau mdi phép chuyén vi d6 hang 1 thém mot
nghich thé, hang 2 bdt di mot nghich thé. Nhu vdy hang 1 cuia ma tran cubdi
ciing c6 cung s6 nghich thé voi hoan vi P Cé thé coi hang d6 nhu mot hodn
vi ngwoc cia P, ta biéu dién n6 bing P

Phuong phap trinh bay nhu trén ¢6 thé ap dung cho bét ky hoan vi nao
cua tip hop E={1,2,...,n}. Taco két qua tong quat sau:

Pinh 1y 2.2 Néu mét hodn vi tiy y P:E—>E c6 k nghich thé thi
hodn vi nguwoc P ciing c6 k nghich thé.

Ma tran
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duoc dua vé dang
By B, - B,
1 2 ... n
bang k phép dbi ché hai ¢t canh nhau.

2.2. Dinh thirc

a

11 a

Cho ma trdn A =[ 12} vudng cdp 2. Goi dinh thirc cua ma

a

21 a

22
tran A 14 dinh thirc cAp 2, ky hiéu det(4), 12 mét s6 xac dinh nhu sau
det(4) = a,ay, —a,a, .

a, 4y

Ta ciing ky hiéu dinh thirc cap hai bsi . Gia tri ciia det(4) 1a

an dyp
tich ciia phan tir nim trén duong chéo chinh trir di tich cac phén tir nim trén
duong chéo con lai. Néi cach khac, d6 1a hiéu cuia hai s6 hang, m&i s6 hang
1a tich cia hai phan r, mdi phan tr ndm trén ding mot hang va dung mot
cdt. Chi s6 thir nhat chi hang chi sb tht hai chi cot, d6 1a hai hoan vi ctia hai
s0 1 va2,1a (1,2) va (2,1). Hoan vi sau c¢6 mdt nghich thé, né 13 18 va sb
hang ting v6i phan tir d6 c6 diu trir.

Xét ma trin vudng cip 3

a, &, 0a;
A= a4, 4, ay
a4, 4y, 4

Dinh thirc ciia ma trin 4 1a dinh thic cép 3, d6 1a sb duoc tinh nhu

sau :

al]

det(A)=|a, a,, a,|=

a31 a32 a33

=0y Ay sy + 01,0005, + 030,05, — Q130,05 — 01, 03y — A A0y (2.2)
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M3i s6 hang cua dinh thirc cip 3 gdm tich ciia 3 phan tir, m&i phan tir
nam trong ding mot cot va ding mot hang. Cac thira s6 trong mdi s6 hang
duoc viét theo quy téc sau; Dau tién 14 phan tir & hang mot rdi dén hang hai,
hang ba. Chi sd cac cot cua cac thira s6 do 1ap thanh m¢t hoan vi cua ba )
1,2,3. S& c4c hoan vi ciia ba s6 1a 3!=6 vira bang s cac sb hang viét trong
(2.2). Trong 6 hoan vi cia 1,2,3 thi cac hoan vi 1,2,3; 2,3,1; 3,1,2 la
chin, ching tmg véi cac s6 hang mang ddu + & biéu thirc cta dinh thirc viét
trong (2.2), con cac hoan vi 3,2,1; 2,1,3; 1,3,2 lalé, chiing g véi cac s6

hang mang déu — & (2.2). Vay ta co thé viét

det(A) =D (1) *a, a,, a

Toy 20, 30y "
Téng dugc lay theo moi hoan vi cia 1,2,3.
Dua vao nhén xét trén ta c6 dinh nghia dinh thic cép n.

Pinh nghia 2.3 Xét ma trdn vuong A cdp n. Dinh thiec ctia ma trdn

A lamot s6, ky hiéu la det(A), s6 do dwoc xdc dinh bing
_ o, 0,..., »)
det(A4) = Z(—l) R T e N (23)
trong d6 Q,,Q,,...,a, la mot hodn vi ciia n s6 1,2,...,n,
I(a,,0,,...,0,)

la t(fng cdc nghich thé ciia hodn vi do, t(57ng Z dwoc ld'y theo moi
hodn vi cia n s6 1,2,..,n (cé tdt ca n! hodn vi nén 16ng do chira n! s6
hang).

Ta ciing ky hiéu dinh thirc cdp n clamatrin A la

a, 4, .. a,
a a a
21 22 i 2
det(A4) = gl !
anl an2 ann
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2.3. Cic tinh chit ciia dinh thirc
Xét mét dinh thirc cdp n. Pé thuin tién cho viéc phat bidu cac tinh

chét ctia dinh thuc ta ky hidu 4, 4,,..., 4 1a cic cot cia dinh thic va viét

D(4, 4. 4).

Tinh chét 1. Néu mot dinh thirc c6 mot ¢t duwgce phdn tich thanh t(fng
ctia hai cot, chiing han

A =4 +4,
thi ta c6 thé phdn tich dinh thirc thanh tong ciia hai dinh thirc

D(4,4,,... 4 +A,..4)=
D(A4, 4y, A, ... 4,)+D(A, 4y, A, 4,)

That vy, trong biéu thirc ciia dinh thic & (2.3), mbi sb hailg trong
tong déu c6 chira mot phan tir nim & ot thur J, ta thay phan tr d6 bang tong
a, +aj, sau d6 tach tong toan bé thanh hai tong, mdt ting véi cac s6 hang
c6 chira a,fj , mdt ung voi cac sb hang c6 chira aj.

Tinh chét 2. C6 thé duwa thira s6 chung ciia mét ¢dt ra ngodi ddu dinh
thuee:

D(4,...kA,,..A,)=kD(4,...4,,...4,).
Moi s6 hang déu chira k do d6 ta chi viéc dua k ra ngoai déu téng.l ,
Tinh chit 3. Péi chd hai cot thi dinh thirc doi déu. |

D(4ys sy A,)==D (4. A, A, 4,).

!

Viéc d6i chd lam thay ddi tinh chin 1& cua hoan vi, do d6 trong bidu
thirc (2.3) cac s6 hang mang ddu + s& chuyén thanh — va cac sb hang mang
ddu — s& chuyén thanh +.

Hé qua 2.4 Dinh thirc co hai cot giong nhau thi bing khong.

That vay, d6i chd hai cot giéng nhau thi dinh thirc khong thay di
nhung theo tinh chat 3 thi dinh thic dbi du, suy ra D=—D. Vay D=0.

38



Tinh chit 4. Néu mot cot ciia dinh thiec Ia t6 hop tuyén tinh cia cdc
cot khdc thi dinh thiec bang khong.

Ap dung tinh chat 1 dé phan tich dinh thic thanh tbng nhiéu dinh
thuc, sau d6 ap dung tich chit 2 ta s& dua vé cac dinh thirc c6 hai cot giong
nhau, chiing déu bing khong.

H¢ qua 2.5 Néu thém vao mot cot ciia mét dinh thitc mot 16 hop tuyén

tinh cdc cét khdc thi dinh thirc khong thay doi

D(4,,...4, +ZotLA,,...,A")=D(A1,...,Aj,...,An).
Tinh chit 5. Pinh thiec ciia ma trdn chuyén vi ctia ma trdn A bang
dinh thirc ciia ma tran A; tirc Ia det(4') = det(4).
Noi cach khac, gid tri cia dinh thirc khong thay doi khi ta chuyén
hang thanh cét, chuyén cét thanh hang, vén giik nguyén thik ty.

Goi cac phan tir cia ma tran 4 la a,,ta co

det(4) =3 (1) ™ 4y, a4, -, 2.4)

Goi cac phan tir cua ma tran chuyén vi A" 1a b, tc la b,=a, ta co:

det(4) =3 (= b b by =3 (M aya .,
2.5)
MB&i tich trong (2.5), chua ké déu, ciing 1a mét tich trong (2.3) vi tich
d6 chira cac phan tir thudc dung mét hang va dung mot cdt, ddu cla chung
cling nhu nhau vi hai hoan vi nén

1 2 e ), B, B, .. B,
o o, .. o) 1 2 .. n)
¢6 cimg s6 nghich thé. Tix d6 ta co det(4')=det(4).

Tinh chét 5 cho ta mot két qua quan trong sau: Trong mot dinh thirc
vai tro ciia c¢gt va hang la nhw nhau, cac tinh chit d3 dang cho cot thi cling
dung cho hang. Trong cac phat bidu cua cac tinh chét 1, 2, 3, 4, ta chi viéc
thay tu cot bang tir hang.
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2.4. Khai trién mét dinh thirc

Cong viéc tinh dinh thirc cAp hai rit don gian. Vi véy ta tim cach dua
cac dinh thuc cép cao vé cac dinh thic cép hai.

(i) Pinh thirc con, phin bi dai s6

Cho ma tran vudng A cap n. Goi dinh thitc con cia phan tir a, cua
ma trdn A la dinh thuc D, nhdn dwoc ti ma trgn A bc‘i’vng cach xoa di
hang i cot j. Nhu vy D, 1a dinh thuc cép n—1.

Xét dinh thic cip 3 ctia ma tran A4

all a12 a13
det(A)=|a,, a,, a,|=

a3l a32 a33

= 01190053 + Ay 0y0y, +a,30,,0y, — 30,0, — 0,050, —a,,0,,a,,
Nhom céc sb hang c¢6 chira a,, lai ta duoc a,, (a22a33 —a23a32) =a,D,,
véi D, 1a dinh thic con cta phan tit a,,. Vay tdng cdc s6 hang chira a,,
ciia dinh thirc bang tich cia a,, Voi djnh thiec con D,; cuia no.

Tinh chat trén cling dung véi dinh thic cép n.
B6 dé 2.6 Trong dinh thirc ciia ma trdn vuong A cdp n c6 chira
(n—1)! $6 hang chira a,, lam thira s6. Tong cia (n—1)! s6 hang do bang

tich a,D,, véi D), la dinh thicc con ciia phdn tir a,.

Ta co

det (A):Z(—I)I(O‘"m2 """ ) A N (2.6)

Tong duoc ldy theo moi hoan vi cia 7 s6 (1,2,..., n). Mot s6 hang tuy

y chita a,; lam thira s6 khi va chi khi o, =1, con lai (ocz,...,an) la mot
hoan vi ciia n—1 s6 va nhu vy c6 (n—1)! hoan vi, tirc 14 co (n=1)! s6

hang chita a;;. Vi s6 nghich thé ctia (,...,01,) ciing bing sb nghich thé

cia (1,0,,..,0,). Khi cho a, =1 trong (2.3) ta c6
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41112:(—1)1(1’m2 """ o"‘)czzlxz._.cznm" :auZ(—l)I(m2 """ u”)azaz...amn =a,D,,

tdng sau cung theo dinh nghfa chinh 1a dinh thirc D,.

Ta c6 mot két qua tdng quat hon sau: Trong dinh thirc ciia ma trdn
vuong A cd’p nco (n—1)! 50 hang chua phdn t a, lam thia 56. T 5ng
cia (n-1)! s6 hang do bing (-1)" a,D, véi D, la dinh thirc con ciia
phdn tie a,.

That vay, xét mot phén tr a; nao do. Ta 1an luot chuyén hang i cua
dinh thirc 1én hang mét bang i —1 phép ddi chd hai hang lién tiép, dinh thic
nhan dugc c6 phan tir @, ndm & goc trai trén cing. Bay gio ta lai chuyén cdt
J (co chira phan tir a, ) 1énvi tri cft 1 bang j—1 phép d6i chd hai cot lién
tiép. Nhu vy trong dinh thirc cudi cing nay, ta goi n6 1a det (A’), phan tir
a, s& nim & goc trai trén cung (vi tri 1.1). Dinh thic cudi cing det(A4'),
dugc suy tr dinh thic xuat phat, det(4), bang i+ j—1 lan doi chd, mdi lan
ddi chd dinh thirc d6i ddu mot 1an, do do

det(4)=(-1)""det(4')=(~1)" det(4).
Theo bd dé trén, cac s6 hang chira a, s€ bang a; nhan véi dinh thue

con nhan duogc tr A’ bﬁng cach bo di hang 1 va c6t 1, dinh thic con do
ciing chinh 1a dinh thirc con cia phan tir a, trong A. Vay tdng cac sd hang
chira a trong det(A) la
(—l)”j a;D, .
Pinh nghia 2.7 Phdn bit dai s6 cia phan tir a, trong ma trdn A la
tD,, ldy ddu cong khi 16ng chi s6 hang va cét ciia a, la chéin, ddu trie néu

10ng do Ié. Ky hi¢u phan bu dai s0 cua a; 1a 4; ta cd
Ay =(-1)" D;.
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(ii) Pinh Iy khai trién

Dinh Vy 2.8 Vi ma trdnvuéng A cdp n ta cé
det(A)=a,4,+a,A4,+..+a,4,, i=12,..n,

(khai trién dinh thirc theo hang i).
det(A)=a,, 4, +a, 4, +..+a,A; j=12,..n,

(khai trién dinh thirc theo cot j).

Pinh Iy 2.8 12 két qua ctia bd dé 2.6 khi ta nhom cac s6 hang c6 chira

a,.a,,...,a, (hoic ag,,,a, ,...,a,) trong biéu thirc cua dinh thic.

Vidy 2.7. 1) Tinh dinh thirc bang cach dung dinh 1y khai trién

3 135
D=(-1 2 1.
-2 4 3
Ta khai trién theo hang mot
2 4 -1 1 -1 2
D=3 - +5 =3(6—4)—(—3+2)+5(—4+4)=7
1 3 [-2 31 [-2 4

Dung céc tinh chét cta dinh thuec ta co thé bién ddi sao cho trong dinh
thirc c6 chira mot hang hodc mét cot gdm nhiéu s6 khong, sau d6 ta chi viéc
khai trién theo hang hodc cft do.

2) Tinh lai dinh thiac D trong vi du 2.7

Léay hang mot cong v6i 3 1an hang hai rdi 14y hang ba trir di hai lan
hang hai ta duoc

0 7 8
D=[-1 2 1 ={ . 2‘ =7 (khai trién theo hang ba).
0 01
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2 -4 0 6
) . 4 . 4 -5 6 7
3) Tinh dinh thitc cap 4 cua D = :
3 0 1 2
-2 2 8 0
Pem cdt mot trir di ba 1an cot ba, sau d6 dem cot bén trir di hai lan
cOt ba
2 4 0 6
2 4 6 2 0
-14 -5 6 -5 -33 37
D= =1|-14 -5 -5|=-14 =33 37|=2 =-392,
0 0 1 =50 62
26 2 -16 |-26 -50 62
26 2 8 -16

trong dinh thirc cdp ba ta 14y cot hai cOng hai 14n cdt mot va cot ba trr ba
14n c6t mét.

(iii) Pinh thirc ciia ma tran tich

Cho cac ma trin vudng cap hai

A - (all alZJ B= [bll ble
a21 a22 ’ b21 b22

Tinh tich A.B.

That vay, ta c6

det (AB) — allbll + a12b21 a11b12 + aleZZ

ayb, +ayb,  ayb,+ayb,,

Ta c6 thé tach dinh thtc trén thanh b6n dinh thac sau:

a, a
Pinhthac 1= " "|p,b,=0;
ay 9y
Bi , 9 G . .
inh thirc 2 = b,,b,, = det(A4)b,b,,;
ay Gy
. , |G 9, .
Pinh thie 3 = byb, =—det(A4)b,b,;
Ay dn
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a. a
Dinhthac4=|? “|p,b, =0.

a

22 a22

Cudi cung ta dugc
det(A4B)=det(4)(b,b,, —b,b,,) = det(4)det(B).

Két qua trén ciing dung cho trudong hop A, B 1a cac ma tran vudng cip

n. Vay dinh thitrc ciia ma trdn tich bang tich cdc dinh thirc cia teng ma trgn.

§3. MA TRAN NGHICH PAO
3.1. Dinh nghia
Xét cac ma tran vudng cip 7.

Dinh nghia 2.9 Ma trdn vuéng A la kha nghich néu tén tai ma trén
B cing cdp sao cho

AB=BA=1I, 2.7
trong dé 1 la ma trdn don vi cing cdp v6i A va B duwoc goi la ma
tran nghich ddio ciia ma trdn A, ky hiéu né bang A.
Ta co
AA ' =A"A=1
Ta s& xét xem vdi diéu kién nao ciia 4 thi n6 1a kha nghich?
3.2. Diéu kién ton tai va cich tim ma tran nghich dao
Dinh ly 2.10 Ma trdn vuong A kha nghich khi va chi khi det A#0.
Chitng minh. Diéu kién cdn. Gia st A kha nghich, khi d6 tdn tai ma
tran 4™ 3 A.A™ =1 . Theo dinh 1y v& dinh thirc ciia tich hai ma tran ta co
det(A4.47")=det(4).det(4™)=det(Z)=1=0,
suy ra det(4)#0.
Diéu kién di. Gia sir det(4) 0. Ta phai di tim mdt ma train B thda

~ . | I A 9 5 A \ \ A \ s A 9
mén (2.7). Goi a; la cac phan tir cia ma tran 4 va A, la phan bu dai s6 cua
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phﬁn o a, trong ma tran A4 . Chuyén vi ma tran A ta dugc matran 4. Khi
d6, néu A =(a,.j) thi A’ =(aﬁ). Trong ma trin A’ thay cac phan tir a, boi
phﬁn bu dai s Aﬁ cua chung, ta dugc m¢t ma tran mdi, goi ma tran do la

ma tran phy hop cia ma trin 4 va ky hiéu la A.Nhuvay A= (Aj,.) :

Xét tich 44 va AA. Lay hang i trong ma trin 4 nhan véi cdt k
trong ma trin A ta dugc phén tir ¢, & vi tri i,k trong ma tran tich. Cac
phén tir trong hang i cua ma tran A4 13 a,,qa,,...,q,,, cac phén tir trong cdt
k coamatran 4 1a A4,,4,,...,A,, khi d6

-Néu k=i thi cac phan tir ¢, s& 1a cac phan tir ndm trén dudng chéo
chinh cta ma tran tich va

¢, =a,A,+a,A4,+..+a,A, =det(4) (khai trién theo hang i).

-Néu k #i,xét matrin A’ 1a ma trén nhan dugc tir 4 bang cach thay
hang k bdi hang i, cac hang khac khong thay ddi. Nhu vdy ma tran 4’ c6
hang k laa,,a,,...,a,, con cac hang khac gidng nhu cac hang tuong ung cla
ma trin A . Vi vy khi ta gach hang &k c{t j cia ma tran A’ thi cac phén tir
con lai cia ma trdn A’ cling giéng nhu cac phén tr con lai cua ma trdn 4 khi
ta gach hang k cdt j. Tir d6 suy ra cac phén bu dai sb clia cac phan it ndm
trén hang & cOt j cua 4 va A’ la nhu nhau, hay 4, = 4. Khi d6

¢, =a, 4, +a, A, +..+a, A, ik

Do 1a cong thic khai trién cia det(4") theo hang k. Do det(A4') c6 hai
hang giéng nhau (cac phan tir cia hang k va hang i cung la a,;a,,....q,,)
néndet(4')=0, tirc 1a ¢, =0 véi i# k. Viy, cac phan tit ¢, cia ma trén

tich AA 1a
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det(A4) khi i=k
C, = .
* o khi izk

Ma trin A.A khi d6 12 ma trdn chéo c6 cac phan tir nim trén duong

chéo chinh bang det(A), suy ra
AA=det(A)I.

1~
A{det(A)AJ:I

Tuong tur ta cling chirng minh duoc

1 -~
{det(A)AJA:I‘

Vay ma tran nghich ddo cda ma trdin A4 la

Vi det(4)# 0 nén

-1 1 ~
=——A4.
det (A)

Tom lai, dé tim ma tran nghich ddo ciia ma trdn A ta thyc hién cac
budc sau:
(i) Tinh det(4). Néu det(4) =0 ma trin 4 khong khé nghich (khong

c6 ma trin nghich dao), con néu det(4)= 0, ma trin 4 kha nghich.

(ii) Chuyén vi ma tran A rdi thay cac phén tir cia A’ bing cac phin
bu dai s6 clia ching ta dugc ma tran phy hop A.
(iii) Cubi cung ta c6
-1 — 1 2
det(A)

Vidy 2.8. 1) Chimg té ring ma trin A4 dudi ddy 1a kha nghich va tim

ma tran nghich dao ciia nd
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1 2 -l
A=|3 0 2
4 -2 5
Ta cé
1 2 -1
det(4)=3 0 2|=—4.
4 2 5

Suy ra A 1a kha nghich. Chuyén vi ma tran 4 ta duoc

1 3 4
A=2 0 2|
-1 2 5

Thay céc phdn tir cia A" bang cic phén bu dai s6 cia ching ta duoc

ma tran phy hop
4 -8 4
A=|-7 9 -5,
-6 10 -6

Viy ma tran nghich dao ciia ma trén A 1a

4 -8 4
i) 6 10 -6
1 1 1
2)Matran 4={1 2 —1]| c6 det(4)=0 nén khéng c6 ma trén
1 0 3

nghich dao.
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§4. HANG CUA MA TRAN

4.1. Dinh nghia

Cho A 1a ma tran loai mxn. Néu ta 1y ra k hang va k cot thi cac
phén tir nim trén giao diém cta cic hang va cac cot 1iy ra d6 1ap thanh mét
ma tran vubng cip k .

Dinh thirc ciia ma trdn vudng d6 duoc goi la dinh thirc con cd'p k trich
tir ma trén A. M6t ma tran loai mx#n c6 rat nhiéu dinh thitc con cac cép
khac nhau, m&i phan tir ciia 4 12 mot dinh thirc con cAp mét, cip 16n nhét
cha dinh thirc con trich tir 4 13 s6 nho nhét trong hai s6 m,n.

Pinh nghia 2.11 Hang ciia ma trén A la cdp cao nhdt cia cdc dinh
thikc con khac khong cua A.

Hang cia ma tran A ky hiéu la »(A4) hay rank(4).

1 2 7
Vidu 2.9. 1) Tim hang cia cac ma trdn A = [2 2 1] .

Hang cia 4 16n nhat1a 2. Vi dinh thic con

1 7
=-15=0,
2 -1
Suy ra r(4)=2.
2) Xét ma tran
1 2 =3
_—1 -2 3
14 8 -12f
0 O 0

Hang ciia B 16n nhét bing 3. Dinh thic

I 2 =3
-1 -2 3 (=0
4 8 -12

48



vi ¢ hai hang ty 1€. Cac dinh thic cap ba khac cung bang khong vi
chira mot hang gdm toan phén i khéng. Moi dinh thirc cap hai ciing déu
bang khong do c6 hai hang ty 1&. Vay

r (B) =1.

4.2. Céc phép bién déi so cip trén ma trin

Céc phép bién ddi so cp trén ma tran 1a cac phép bién ddi sau:

1. Phép chuyén vi ma tran.

2. Phép d6i chd cac hang hoic cac cot.

3. Bo khéi ma trin mot hang hoic mdt cot gdm toan phan tir khong.

4. Bo6 khoi ma tran mot hang hodc mot ¢t 1a td hop tuyén tinh cua
cac hang hodc cot khac.

5. Nhan mot hang hoac mdt cot voir mot s6 khac khong.

6. Cong vao mot hang hodc mdt cot mot t6 hop tuyén tinh ciia cac
hang hodc cdt khac.

Dung c4c tinh chéat d biét cta dinh thirc ta co thé chimg to dugc:
Thure hién cdc phép bién doi so cdp trén ma trdn khong lam thay doi hang
ciia ma trén. Vi vy ta c6 thé dung cac phép bién dbi so cap dé tim hang cia

ma tran.

Vidy 2.10. Tim hang ciia ma tran

1 3 5 4
A=|2 -1 3 1
8 3 19 11

Thyc hién cac phép bién dbi so ce‘ip lan lugt nhu sau : Pem hang hai

trir hai 14n hang mdt, hang ba trir tam 14n hang mét, khi d6 ta viét
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1 3 5 4 1 3 5 4
A=[2 -1 3 1 |—&2Ayl0 -7 -7 7

hy—4h,
8 3 19 11 o 7 7 17
1 3 5 4
_h,:hz_) 0o -7 -7 -7
0O 0 0 o
bing 1. Vay hang ctia ma trin A bing 2.
BAI TAP CHUONG 2

2.1 Cho cac ma trdn
1 2 3 -1 5 -2
A B VZ‘I B = .
-1 0 2 1 1 -1
Tim A+B,3B,A+2B,A',B".

2.2 Cho cac ma tran

3 4

215 1 3
A= B=|-1 2|C= .
13 2 1 =] =]

2

Tim A.B;B.C . Ching té ring (4.B).C = A(BC)

2.3 Cho cac ma tran

el )

Hay nghiém lai ring (4.B) =B’ 4.



2.4 Cho cac ma tran
3 10 010
A=|0 3 0,J=[0 O O].
0 0 3 0 00

1) Chimg minh ring A=31+J v6i I la ma tran don vi cip ba.
2) Tinh J? va bing phuong phép quy nap hiy chimg minh ring
A" =3"T+aJ voi a, 1a mdt sb co thé xac dinh duoc. Viét ma tran A",

2.5 Cho ma tran

1) Tinh A4? va A*. Nghiém lai réng ta co
AL —-A-A+1=0

v6i I 12 ma trdn don vi cép ba.

2) Ching t6 ring ma tran A 1a kha nghich. Hay suy ra A" tir hé thic
trén.

2.6 Cho ma trin A4 la ma trin vudng cip ba ma moi phan t thude
dudng chéo chinh bing khong, cac phan tir khac béng 1.

1) I 1a ma tran don vi c?ip ba. Xac dinh cac sb thuc a,b sao cho ma
trin P =ad+bl thda min hé thic P> =1.

2) Tim ma tran P .

2.7 Xét cac ma tran vudng cap n. Ching minh ring néu A kha nghich
thi hé thitc A.B=0 kéotheo B=0 va néu B kha nghich thi tir hé thirc do ta
suy ra A=0. Tir d6 suy ra ring néu AB=0 thi hoic 4=0 hodc B=0 hodc
c& hai khong kha nghich. Tim ma trén kha nghich 4 saocho 4* = 4.

51



2.8 Tinh cac dinh thirc sau:

x 1 11 4
3 01 ] 11 1 a a
X
D1 2 5 2) . 3 b Y.
11 x 1 )
-1 4 2 1 ¢ ¢
1 1 1 x

2.9 Dung céc tinh chit cia dinh thic ching to rang;

84 35 62 2 3 1
DI8 3 6(=0, 2))2 7 8| chiahétcho 15.
4 5 2 550

2.10 Ching t6 ring c4c ma trin sau day 1a kha nghich va tim ma tran
nghich ddo cua ching

1l —a 0 O
1 1 1
0 1 a 0
DA=|1 2 4|, 2)B=
0 0 1 -a
1 3 9
0 0 0 1
2.11 Tim hang cia cac ma tran sau:
| 3 =2 1
2 5 2 1 1 2 -5 -8
DA= ;. 2)B=|-1 1 1 5
| | 6 13
I 2 11 4
-2 -6 8 10
2.12 Tinh céac dinh thac sau:
- b d
a+b ab a’+b* ba 2
Db+c be B+ 2) “ C
. c d —-a b
c+a ca c*+a
d ¢ b -a

2.13 Cho ma tran
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coso. —sino
A=| . .
sino.  cosol

1) Tinh tich 4.4'. Suy ra ring A 13 kha nghich va tim A™".
2) Tinh 4* vé6i k 1a s6 nguyén bat ky.
3) Suy ra cong thirc cia cos3otheocosa.

2.14 Cho ma tran

-m 3 S5m
A= 0 1 2
1 0 m

a, Tim m dé A kha nghich
b, Tim ma tran nghich ddo 4" khim = 0.
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Chuong 3
HE PHUONG TRINH TUYEN TiNH

§1. HE CRAMER

1.1. Dinh nghia
Xét mot hé n phuong trinh tuyén tinh n dn:

ax, +a,x, +..+a,x, =b

1n""n
a, X, +a,x, +..+a, x, =b,

hay AX =B. 3.1
a.x +a,x,+.+a,x=>=

, \ ¢ A 14 A
Cac sb thye x,x,,.,x, la cdc dn cic sb6 thyc

a,i=12,...,nj=12..,n

\ ’ A A 2 A J A . < ’ A \
1a cdc hé so cua dn, cacso b, j=1,2,...,n 1a cdc s6 hang tw do va

11 a12 1n
a a
21 22 2 \ A / A A o A
A= " | 1a ma trin cac hé s0 cia an,
anl an2 ann
xl bl
X, R A B \ AL s 1A A
X=| | lananso, B= 1a ma trén cac hé so tu do.

X, b

n

Nghiém ctia hé (3.1) la mot b6 n s6 thuc X, X,y,..., X, thod mdn moi
phuong trinh ciia hé.

Hé (3.1) dugc goi 1a hé Cramer néu dinh thirc cac hé sb cta 4n
khac khong
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a, a, .. 4

n

det(A)=| 0.

a

nl

a, .. 4a

1.2. Quy tic Cramer
Pinh ly 3.1 Hé phwong trinh tuyén tinh (3.1) la hé Cramer néu
|4|#0. Kni do6 hé c6 nghiém duy nhdt dwoc tinh bdng cong thirc

X =A"'B; ticla

ﬂdet(Aj)

me A o192 n 3.2
X det(A]’] 3240310 (3.2)

trong dé A la ma trdn cdc hé s6 ciia dn, A; la ma trdn nhdn dwoc tir
A béng cdch thay cét thir j béng cgt hé s6 tw do B ndm & vé phdi ciia (3.1)
Chiing minh. Vi det(A4)# 0 nén A kha nghich, suy ra
1 ct

Al= .
det(A4)

Thay X = A™'B vao hé phuong trinh 4X =B ta co
A(4'B)=(44")B=B.

Vay X = A7'B la nghiém cia hé.

i ) _
Thay A = ———C" vao biduthuc X = A'B,suyra
det A
¢ €y G bl
X =A'B= 1 Cp Cn " Cp b‘z
det(4)| -+
cln c2n cnn bn
tirc la

55



e b + r:2j.b{3 A+ anbn B det A]

151

-l det A " det 4

Pé chung minh tinh duy nhét ctia nghiém, ta gia sir hé c6 hai nghiém
XvayY;tucla AX=DB,AY = B. Bang cach trr hai vé ta duoc
AX—AY =0 hay A(X-Y)=0. Nhan 2 vé ciia phuong trinh cho A~ ta
duoc X —Y =0 hay X =Y . Vay hé ¢ duy nhit mot nghiém.

Vidu 3.1. Giai hé phuong trinh

X +x,+x, =

2%, =X, +x, =

X —X,+2x, =
Taco

I© 11
det(4)=2 -1 1|=-5,
1 -1 2

suy ra hé di cho 14 hé Crame c6 nghiém duy nhit Tinh cac

|A,,z'=1,2,3.Tac()
6 1 1 1 6 1 1 1 6
|A1|=3 -1 1|=-5; A2|:2 3 1:—10;|A3|:2 1 3|=_15.
5 -1 2 15 2 1 -1 5
Vay nghiém cua hé 1a
XIZM:]; xzzgi(Az_):z; xazdet(Afl):?’.
det () det(A) det(4)

Chir y. Néu xét hé (3.1) & dang ma trin AX =B. Do hé Cramer
codet(4) #0 nén ma trdn A 1a kha nghich, ton tai ma tran nghich ddo 47",
nhén 2 vé cia hé cho 4, ta duoc nghiém cia hé 1a X =4 'B. Vay, ta co
thé tim nghiém cua hé Cramer bing cach tim ma tran nghich ddo 4™ cia

ma tran A4 r6i tinh tich cia hai ma trin 4™ va B.
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§2. HE PHUONG TRINH TUYEN TINH TONG QUAT
2.1. Piéu kién twong thich
Xét hé phuong trinh tuyén tinh tdng quat m phuong trinh # 4n
ayx +a,x, +---+a,x, =b

non

a,x, +a,x,+--+a, x, =b,

hay AX =Y. (3.3)

a,x +a x,+-+a x =b

trong do
a, 4, - 4,
a, da, -+ a
21 22 2 3 n ; A _A » A
A= " | 12 ma tran cac hé sO cua an,
aml am2 T amn
x] bl
2 \ A A b2 <\ A ’ A A
X=| .| lananso, B=| ” |lama trdn cac hé so tu do.
X, b

m

Nghiém cua hé la mot b6 n so thuc (x,,x,,...,x,) thod mdn moi

phwong trinh cua hé.

Hé (3.3) duoc goi 1a tuong thich néu né co6 it nhit mot nghiém. Ta s&

tim xem véi diéu kién nao thi hé (3.3) la tuong thich? Thay vay, goi A la
ma tran nhan dugc to 4 béng cach thém cot cac sb hang tu do vao cét cuéi,
ta goi nod la ma tran mé rong cia A

a, aq, - a4, bl
—_ a a roa. |b
A_(A|B)_ 21 22 2n| Y2
aml am2 amn bm
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Dinh ly 3.2 (Kronecker - Capelli) Hé (3.3), tuc hé Ax=B co6 nghiém

(twong thich) khi va chi khi r( ) r(4).

Chimg minh. Bing cach sir dung cac phép bién dbi so cp theo hang

va danh s6 lai cac n, tirc 12 dbi chd cac cot ta dua ma trdn A vé dang bac

thang sau:

(a . ' v A
all a12 a]r a1r+1 a]n bl
Ay = 4y Ay, 0 4y, b2
?
arr arr+1 i am br
O O br+l
\ 0 b, )

trong 6 » <min{m,n}. Khi d6 ta c6

- Néu r(A)=r(4)=n thi h¢ c6 nghiém duy nht.

- Néu 7(4)=r(4)=r<n thi hé 6 v6 s6 nghiém, voi n—r énty do.
- Néu r( ):tr(A)( ( )>r(A)) thi hé v6 nghiém

Vay hé c6 nghiém khi va chi khi r( ) r(4).

Chit y. Dé giai hé phuong trinh tuyén tinh tdng quéat ta cdn tim

r(4).r(4). i do
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- Néu r( )¢ r(A)( ( ) > r(A)) thi hé v6 nghiém.
-Néu r( ) r(A)=n thi hé c6 nghiém duy nhat.

- Néu r( ) r(A)=r<n thi hé c6 v6 s6 nghiém, véi n—r an ty do.

Vidy 3.2. 1) Xét hé phuong trinh



x+y+z = 1

x+2y—z = -1
X+ 3z = 3
2x+y+4z =

Ma tran cac hé sd A va ma trin mé rong A déu co hang 2 va do dinh
thirc cAp hai & goc trai khac khong, nén ta giir lai hai phwong trinh dau véi
; R \ ;R ) \ A \ \ 7 A
cac an x,y lam cac an co s, con an z la tuy y. Ta c6 hé Crame

{x+y=l—z {x:3—3z .
suy ra ztuy y.

x+2y=-1+z’ y=—2+2z
2) Xét hé
x+2y-z =1
2x+y+2z = 2.
x—4y+7z = 3

Ta c6 det(A4) =0 va dinh thirc cip hai & goc trai

1 2
2 1

#0

nén hang ma trdn 4 bﬁng 2. Ma tran mé rong 1_4 chira dinh thic cép 3

p—

2
7

—_— N =

1
2|=8.
3

nén hang ma tran A =3. Vay hé da cho khdng tuong thich.

2.2. H¢ phuong trinh tuyén tinh thuin nhat

(i) Pinh nghia 3.3 Néu ct s6 hang tw do & vé phdi cia (3.3) bang
khong, tuec la

thi ta ¢6 hé thudn nhat.

Nhu vay, mgt hé phwong trinh tuyén tinh thudn nhdt c6 dang
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D ax,=0,i=12,...,m hay AX =0. (3.4)
i=1

yJ

Do ma trdn m¢ rong chira mot cot g6m toan phﬁn tir khong nén hang
ciia n6 ludn biang hang ciia ma tran A. Vay hé (3.4) la twong thich va hé

luén c6 nghiém la
x=0,x,=0,.,x =0,

duoc goi 1a nghiém tdm thuong.

(i) Pidu kién d& hé thuin nhit c6 nghiém khic nghiém tAm
thwong

Xét hé phuong trinh tuyén tinh thuén nhit c6 s phuong trinh bang

sb an tirc 1a m=n. Khi d6, néu det(A) # O thi hé 1a hé Cramer va nghiém
duy nhét cia hé 1a nghiém tim thuong. Nhu vy, dé hé thudn nhét co
nghi¢m khéc tim thuong thi det(4)=0. Khi d6 rank(4)=r<n va ta s&
gi4i hé theo 7 an co sO nhu d3 trinh bay ¢ trén.

Vidy 3.3. Tim nghiém khac khong ciia hé thuin nhét

[2x+y—z =0

x+2y+z = 0.
13x+y—2z =0
Ta co
det(A4)=0 s 3
e — A o
1 2

nén A c6 hang 2. Chon x va y lam 4n co s& va cho z=aq tuy y, ta
duoc nghiém ciia hé 1a

X=o,y=—-0,z=0,0 tuy Y.
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§3. GIAI HE PHUONG TRINH TUYEN TINH
BANG PHUONG PHAP GAUSS

Xét hé m phuong trinh » 4n c6 dang

a. X +a,x,+.+a,x, = b
a,x, +ayx, +..+a,x, = b,

(3.5)
a,x+a,x,+..+a,x, = b,

Gia str hé s6 a,, #0 (néu khong ta thuc hién viéc d6i chd cac phuong
trinh trong hé dé duoc @, #0). Dung phuong trinh dau dé khir 4n x, tir
m—1 phuong trinh sau. Khi d6 ta dugc m¢t hé m—1 phuong trinh véi n—1

an (khong c6 an x,).

Tiép d6 lai dung phuong trinh d4u cua hé méi nhan duge dé khir 4n
x, 0 cac phuong trinh ding sau (gia thiét hé sb ctia an x, clia phuong trinh
d6 1a khac khong), ta s& dugc mdt hé m—2 phuong trinh voi n—2 4n

(khong c6 4n x,, x, ).

Tiép tuc qua trinh nay dé khir ddn dan cac 4n cho dén khi chi con mot
phuong trinh. Ta dung phuong trinh nay dé tim an (c6 thé 1a mét hodc nhiéu
4n), sau d6 tim cac 4n con lai tir cac phuong trinh dung trén. Trong qua trinh
khir 4n c6 thé xay ra cac tinh hudng sau:

a) Moi hé s6 ciia 4n déu bing khong, vé phai ciing bang khong. Khi d6
ta bé phuong trinh d6 di vi n6 1a hé qua cha cac phuong trinh khac (do
chinh 12 bé mét hang chira toan phan tir khéng clia ma trin).

b) Moi hé s6 ciia 4n déu bang khong, vé phai khac khéng. Khi d6 hé
da cho 1a khong tuong thich vi né chira mot phuong trinh khong dugce thoa
mén v6i bit ky gia tri nao ctia 4n (d6 1a truong hop hang ma tran cac hé sd

khac hang ma tran mé rong .

61



Cach khir lién tiép cac in dugc tién hanh nhu sau:

Xét hé phuong trinh (3.5). Gia st a,, # 0 (néu khéng chi viéc d6i chd
cac phuong trinh réi danh s lai).

Butc 1: Chia ca hai vé ciia phuong trinh dau cho a,,. Liy phuong
trinh thir hai trir di phuong trinh diu méi, sau khi d nhan né véi a,,, liy
phuong trinh thir ba trir di phuong trinh ddu méi, sau khi d4 nhan né véi

a,,, ta duogc hé

_ ’

X +byx,+..+b,x, = b

- 14

b,x,+.+b,x, = b

. 4

b,x,+..+b,x, = b,

trong do
by=2L b=B b —a—ah b=b-abi=23,..m =23
i = s O T L0 =4y — 4,0y, 0, =0, —ay0,1 = 2,5,..,M, ] = 2,5,...,h
all all

Butc 2: Ta lai gia thiét b, #0 va lai 4p dung thuét toan trén dé khir

an x, tir m—2 phuong trinh sau, ta dugc hé méi

( ’
X +b,x, +b,x,+...+b x = b
s "
Xy +CpXy +...tCyx, = b,
_ "

4 CpXy +...tc,x, = b
- "
CaXy .. tC, X, = b

Lip lai thut toan d6 cho cac budc tiép theo cudi cung sé& di tdi ma
tran cac hé sb co dang hinh thang hodc hinh tam giac trén. Vi ta chi thuc
hién cac phép bién ddi trén cac hé sb nén khi trinh bay cac budc lién tiép ta

chi can viét cac hé so cua an.
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Vidu 3.4. Cho hé phuong trinh

X - X - X - 3x, + x =1

x + x - 5 - x, + Tx; = 2
-x + 2x, + 2x, + 2x, + X, = 0
=2x, + 5x, — 4x, + 9%, + Ux;, = a

Viét lai bang cac hé s6 ciia 4n va c6t s6 ty do nhu sau:
1 -1 -1 -3 11
1 1 -5 -1 7|2
-1 2 2 2 10
-2 5 -4 9 Ta

Buvc 1: Gitt nguyén hang dau (vi a,, di bing 1), dem hang hai trir

hang d4u, dem hang ba cong hang dAu, dem hang tu cong 2 l1an hang dau, ta

dugc
1 -1 -1 -3 1]1
0 2 4 2 61
0 1 1 -1 21
0 3 -6 3 9a+2

Budc 2: Pem hang hai chia cho 2 rdi dem hang ba trir di hang hai méi
nhan dugc va hang tu trur di 3 lan hang hai n6i trén, ta co
-1 -1 3 11
1 -2 1 3]1/2
0 3 -2 -11/2
0 0 0 Oa+1/2

O O O -

Tir dong cudi cung, suy ra O=a +% . Khi do
£ 1 T, 0
-Néu a# ——2- hé &4 cho v6 nghiém.
-Néu a=1/2 tabo dong cudi cing. Dong thir ba 13
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3x,—2x,+x,=1/2.
\ N LA N 5 LA 2 s
Chon x, va x; lacacantuyy, va x,,x, , x, la cac an co s@, ta c6

1 2 1
X3 =g+§x4 +§x5.

Tur dong thir hai ta ¢6 x, —2x; +x, +3x, =1/2.Thay gia tri cia x, viua
tinh duoc & trén va rit ra x,, ta dugc x, :-2—+lx4—%x5. Dong dau cb
nghia la

X, —x,—x,—3x,+x,=1.

Thay gi4 tri cia x, va x, vira tinh duoc rdi rit ra x, ta co
x, =2+4x, -3x,.

Vay, voi a#1/2 hé da cho v6 nghiém, voi a=1/2 hé d3 cho c6
nghiém la

X, =2+4x, - 3x,,

x2:§+lx4_zx5: X, X5 tuy y
6 3 3
eliZelly
6 3 3

Chi: y. Khi giai hé phuong trinh tuyén tinh Cramer bing phwong phép
Gauss ta dd dua phuong trinh ma trin AX =B vé phuong tiinh A'X =B’
trong d6 A’ 1a ma trin tam giac trén. Sau khi tim dwoc 4n x, ta lai phai
dling cac phép bién d6i dé tim din cac 4n dimg trén. Diéu d6 c6 nghia 14 ta
da dung cac phép bién dbi dé dwa ma tran A4’ vé& ma tran don vi.

Cdc phép bién ddi do chinh la cdc phép bién déi so cdp trén cdc hang
ctia ma trdgn A'. Pua ma trin A4 vé ma trin I cb nghia 1a da nhan bén trai
clia A v4i ma tran nghich ddo 4. Ta duoc

A'AX = A'Bhay X = A"B

Nhu vay phép bién d6i noi trén d dwa ma trin B vé ma tran nghiém.
Ta thyc hién cac phép bién ddi d6 theo trinh tr sau:
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Déu tién ta viét ma trdn A cac hé s6 va ma trén B cdt s6 tw do A|B.
Bing phuong phap Gauss ta bién ddi ca hai ma trin sao cho ma tran 4 tré
thanh ma trn tam giac trén A’. Sau d6 ta ldy hang n—1 ctia A’ trir di hang
n cla nd duoc nhan véi mot s thich hop sao cho phﬁn to thir » clda hang
d6 bang khong. Ta lai 1y hang n—2 trir di mét t6 hop tuyén tinh cia cac
hang n—1 va n d& lam cho moi phan tir trén hang n—2, trir phan t nim
trén duong chéo chinh, déu bang khong va cir thé tiép tuc cho cic hang &
trén dén khi ta dua dugc A’ vé ma tran don vi. Ta c6 thé ap dung phuong
phap trén dé tim ma tran don vi. Mudn viy ta s& viét trén cing mot hang 3
ma trin A, 1, B rdi bing cac phép bién ddi so cip ta dua vé 3 ma trin
1A X . Tacé sé db sau:

A|I|B.
A 447 1|47B.
1l47|x.

Vidy 3.5. Giai hé phuong trinh c6 két hop tim ma tran nghich ddo cua

ma tran cac hé s0 4

X +x,+x, = 6
2x, —-x,+x, = 3,
X —Xx,+2x;, = 3.

Ta viét 3 matrin 4,1, B cua hé nhu sau:

1 1 1] 100]| 6
2 11| 0o10] 3
1 -1 2] 001 |

Pem hang hai trir hai 14n hang mdt, hang ba trir hang mét, ta duoc

1 1 1] 1 oo0] 6
0 3 -1] =21-] -9
02 1] -101]| -1
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Pem hang hai chia cho 3, hang ba cong hai 14n hang hai méi, suy ra

15 ol il e BN Se05s.=0ns] 56
01 1/3 | 2/3 -1/3 0| 3
005/3 | 1/3 2/13 1] 5

Nhén hang ba vai % ,taco

I ..t ] 1 o0 o |
011/3 | 2/3 -1/3 0 | 3
00 1 | 1/5 -2/53/5| 3

Dén day ta d3 dua ma tran A4 vé dang tam giac trén A', tiép tuc bién
dbi dé dua ma trin 4’ vé ma tran don vi / nhu sau:
LAy hang hai trir 3 1an hiang mét, hang mot trir hang ba
1 10| 4/5 2/5 -3/5| 3
01 0] 3/5 -1/5 -1/5] 2
001 | 1/5 -2/5 3/5 | 3
Pem hang mét trir hang hai, khi 36 ma trdn A4’ tré thanh ma tran don
vil
100 | 1/5 3/5 =2/5 | 1
010 | 3/5-1/5 -1/5| 2
001 ]| 1/5 -2/5 3/5 | 3
Vay nghiém cua hé 1a x, =1,x, =2;x, =3. Ma trin nghich diao A

ciama trin A cac hé sd ciia phuong trinh 1a

1 3 2
A:l 3 =1 1|,
1 -2 3
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BAI TAP CHUONG 3
3.1 Giéi cac hé phuong trinh tuyén tinh sau:

. 2x—y-z—-t = -1
3x+2y+4z =
X=2y+z+t = -2
a.§ 2x—y+z = 0
x+y-2z+t = 4
x+2y+3z = 1
xX+y+z-2t = -8
[ 2x—y+3z = 1
—4x+2y+z = 3
c.
ﬁ—23(-4—);%4:/: =
10x-5y—6z = -10

3.2 Giai va bién luan theo tham s6 m cac hé phuong trinh sau:

(2x, +x, +x,+x, =1 (2x, —x, +x,—2x, +3x, =3
. ﬁx1+2x2—x3+4x4:2 b 4x1+x2—x3—x4+x5:1
X +7x,—4x, +11x, =m 3x,+x,+x,—3x, +4x,=6
| 4x, +8x, —4x; +16x, =m+1 5%, +2x,—5x,+7x, =9—m
(mx, +x, +x, =1 (mx, +x, +x, +x, =1
C. X +mx,+x, =1 d.qx +mx, +x,+x,=1
X +x,+mx, =1 X +x, +mx; +x, =1
(X, +x, +x, +mx, =1 x+y+(1-m)z = m+2
X +x,+mx; +x, =1 fs+m)x—y+2z = O
€.
X +mx,+x,+x,=1 2x—my+3z = m+2
mx, +x, + X% +x, =1
3.3 Giai hé phuong trinh sau bang phuong phap Gauss
2x —x,+2x,—-6x;, = X, +x,=3x,+2x; =

X, 4%, —3x,+2x;, = 2x, —x, +2x, —6X,

16x, —3x,+7x, —10x, = | 6x,—3x, +7x,-10x;, =

S O O O

2x +x,+x, +12x, = 2x, 4+ x, +x, +12X;
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3.4 Bing cac phép bién dbi so cip hdy tim ma tran nghich dao cia cac
ma tran:

1 31 1 1 -2
A=|-1 4 0|, B=|1 -2 1
2 11 2 1 1

3.5 Giai va bién ludn cic hé phuong trinh sau theo cic tham sb
a,a, B,y

ax+y+z+t = 1 ax+y+z = a
asXtay+z+t = a b yx+ay+z =
x+y+az+t = & x+y+az = y

3.6 Cho phuong trinh ma tran:

1 1 -2 0
2 -1 1 |X=| 2
4 1 A A+5

a. Tim X khi A=-2.
b. Phuong trinh c6 bao gi¢ v nghiém khong? Tai sao?
3.7 Cho phuong trinh ma tran

1 2 A -1
2 7 2A+1(X=|2
3 9 4 1

a. Giai phuong trinh khi A =0.
b.Tim A dé phuong trinh trén c6 vo sé nghiém.

3.8 Tim A dé tdn tai ma trdn X sao cho

2 1 -3 -6
1 0 5| |6
3 2 117 | a
0 1 3 2

Tim X véi A vira tim duoc.
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Chuong 4
KHONG GIAN VEC TO

Trong chuong trinh toan hoc phé théng Trung hoc, ta da hoc cic véc
to trong mit phing va trong khong gian. Ta da biéu dién cac véc to d6 theo
toa dd va da biét cach cong cac véc to va nhan mdt véc to véi mot s6 theo
cac toa d6 ciia chung. Trong chuong nay ta s€ md rong khai niém véc to
hinh hoc sang véc to tng quat, né cé lién quan dén nhiéu vin dé trong toan
hoc va trong thyc té.

§1. KHONG GIAN VEC TO
1.1. Dinh nghia
Pinh nghia 4.1 Tdp V khdc réng duoc goi la khong gian véc 1o trén
truomg so thuc R néu trong V xdc dinh hai phép todn:
Phép cdng hai véc to: Néu x va y Ia hai phdn tir cia V' thi tong
ciia ching, ky hiéu la x+ Y, ciing la phdn tir ciia V.
Phép nhin mét véc to véi mdt s6: Néu x la mét phdn tie ciia V va
a 1a mot s thuc thi tich ciia ching, ky hidu la ac.x, ciing la phdn tir cia V.
Théa mén 8 tién de:
(i) Phép cong co tinh giao hodn: Vx,y eV : x+y=y+x.
(i) Phép cong co tinh két hop: Vx,y,zeV :(x+y)+z=x+(y+2z).
(iii) 76n tai phdn tie khong: 30V :VxeV,x+0=x.
(iv) Tn tai phan tir d6i: ¥V xeV,3-xeV :x+(-x)=0.
(v) Phép nhdn véi mét s6 cé tinh chdt két hop:
VYo,Be R VxeV a(Bx)=(a.p)x.
(vi) Tinh chat ctia 56 thuc 1: VxeV :1x=x.
(vii) Phép nhdn voi mot 6 ¢6 tinh chdt phdn phoi doi voi phép cong
Véc to

Vx,yeV,VaeR . a(x+y)=ox+oy.
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(viii) Phép nhdn co tinh chdt phdn phéi doi voi phép cong sé thuc:
VxeV,Va,peR:(a+p)x=ox+px.

MG6i phdn tir thuéc V duwoc goi la mét véc to.

Tir cac tién d& trén suy ra:

a. Phan tr khong ctia ¥ 1a duy nhat. Thét vay, gia sir trong ¥ ¢6 hai
phén tir khéng 14 0, ; 0,. Theo (iii), véi 0, 1a phan tir khéng: 0,+0,=0,;
véi 0, 1a phén tir khong; 0,+0,=0,. Dung (i) suyra 0, =0, .

b. Phéan tir d6i cia x €V 1a duy nhét. That vay, gid sir trong V' ¢6 hai
phan tir d6i cia x 1a —x;;—x, . Tir cac tién d8 (iii), (iv), (ii), ta c6

=X, ==X, +0=—x, +x+(=x) = (=%, + X)+(—x,) = 0+ (—x) =—x, .

1.2. Cac vidu

1) Khéng gian véc to R"

Xét tap hop R” ma mdi phan tir ciia né dugc xac dinh bing mot bd
s6 thyrc sép thir tu x = (x;,%,,...,x,). Ta dinh nghia phép cdng va nhan nhu
sau;

VX = (%, %,00%,) Y = (V5 Vaoeoi Vo) s
suy ra
X+y=(+Y, %+ V50X, +Y,).

Phép nhan mdt s& thuc véi mot phén tir trong R" dugc xac dinh bing;
V x =(x,%,,...,X,),d € R, tacd ax=(ax,ax,,..,ax,). Ding tinh chit
ciia tap hop s6 thuc co thé chimg t6 ring tip hop R" thod man ca 8 tién dé
cua mét khong gian véc to. Phan tir khong trong R” 13 (0,0,...,0), phan tix
d6i cia phén tr x 1a phan t¢ —x= (—=x,,=x,,...,—x,). Vay tdp hop R" lap
thanh mot khong gian véc to trén truong s6 thuc.

2) Khéng gian cdc da thirc

Xét tap hop cac da thirc véi hé sb thuc c6 bac khéng vuot qua »

P[x]=ax"+ax"" +. . +a, x+a,.

Tdng hai da thirc c6 bac khong vuot qua 7 ciing 14 mét da thirc cé bic

khéng vuot qua n, tich mét da thirc c6 bac khoéng vuot qua » véi mot s6
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thuc ciing 12 mdt da thic co bac khong vuot qua n. DE kiem tra tip P, [x]
théa man 8 tién dé trong dinh nghia 4.1, véi da thirc khong 1a da thirc c6 moi
hé sb bang khong. Vay tip hop cac da thirc co bac khong vurot qua n 1ép
thanh mét khong gian véc to trén truong s6 thyc.

3) Khong gian cdac ham

Xét tap hop cac ham s6 thue f(x) lién tuc trén mdt khoang (a,b) nao
d6. Ta co téng cac ham lién tuc 12 ham lién tuc, tich m§t ham lién tuc véi mot
s thuc 14 ham lién tuc. Ham khong 14 ham ddng nhit bang khong véi moi gia
td ciia x . Him dbi coa ham 7 (x) 12 ham —f(x). D& kiém tra tap hop trén
thoa man 8 tién dé trong dinh nghia 4.1. Vay tap hop cac ham s lién tyc trén
mot khoang 1ap thanh mét khong gian véc to trén truong sd thyre.

4) Khong gian cdc 56 phiec

Xét tap hop C cac s6 phirc

z=a+bi, voi a,beR,

i 1a don vi 40 théa man i> =—1. Ta d3 biét phép cong hai s6 phir,
phép nhan mét s6 phirc véi mot sb thuc. Ta c6 thé nghiém lai 8 tién & cla
mot khong gian véc to cho tap hop sO phurc. Vay tap hop s6 phuc 13 mot
khong gian véc to trén truong s thuc.

§2. CO SO CUA MOT KHONG GIAN VEC TO

Theo dinh nghia cia mét khong gian véc to, néu v,,v,,...,v, 1a cac
véc to thudc khong gian vécto V' va a,,a,,...,a, 1a cac s6 thi
ay, + oy, +..+a,y,
cling 14 mot véc to thude V.
2.1 Sw dgc lap tuyén tinh, phy thugc tuyén tinh ciia mét hé véc to
Pinh nghia 4.2 Biéu thirc
oV, +o,v, ..oy,

dwoc goi la 16 hop tuyén tinh cua cdc véc to' v,,v,,...,v, VOi cdc hé s

Oy, 0ly,..y Oy
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Pinh nghia 4.3 Cdc véc to v,,v,,...,v, cia khdng gian véc to V
dwoc goi la djc 1gp tuyén tinh néu moi t6 hop tuyén tinh cia chung la véc
10 khong khi va chi khi moi hé s6 ciia 16 hop do bdng khong

oy +tov+. . +ay, =0 o, =a,=...=a, =0,
Trong trudng hop trai lai, néu cé it nhdt mot o #0,i=12...n th
cdc véc to v, v,,...,v, dwoc goi la phu thudc tuyén tinh.
Néu cdc véc to V,V,,...,V, phu thudc tuyén tinh thi mot véc to trong
chiing s& 1a t6 hop tuyén tinh ciia cdc véc to con lai.
That vay, tir
oV, +ao,y, +..+ay, =0

va gid sir o, #0 ta suy ra

Vidy 4.1. Xét cac véc to hinh hoc tu do trong khong gian R*. Khi d6
hai véc to dong phuong, ba véc to dong phing 1a phu thude tuyén tinh.

That viy, tir v, = kv, ta suy ra v,—kv, =0 v6i hé s6 ctia v, 1a 120.
Tir ba véc to dong phéng thi v, =kv, +1v,, suy ra v, —kv, —Iv, =0 véi hé s6
cia v, 1a 1#0. Hai véc to khong ddng phuong, ba véc to khong ddng phing
thi doc 14p tuyén tinh. Gia stt kv, +/v, =0 tasuy ra k=/=0_ That vay, néu

3 ’ l 4 Y A s .q A A
k#0 thitaco v, = —zvz tirc 1a v, v, dong phuong, trai gia thiét. Néu / #0

C k. . A ek
thitaco v, = —7v1 tirc 1a v,,v, dong phuong, trai gia thiét.

2.2, Co s& ciia khong gian véc to

Dinh nghia 4.4 Mot hé cdc véc to v,,v,,...,v, cua khdng gian véc to
V' duwoc goi la mét co sé cia V' néu

(i) Chung déc ldp tuyén tinh.

(ii) Moi véc to cia V déu dwoc biéu dién bang mot 16 hop tuyén tinh

cua cdc véc to co S6 v, v,,...,V

n*
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Hé cac véc to v,,V,,...,v, sao cho, véimoi ve 'V ta cd

v=ouy, oLy, . toy,

dugc goi 1a hé cdac phdn tir sinh hay goi tat1a hé sinh cua V .

Nhu vay, mot co s¢ cia khong gian véc to V' la mot hé sinh gom cdc
véc to doc ldp tuyén tinh cua V .

Cadc vi du.

1) Hai véc to khéng ddng phuong 1ap thinh mét co s& trong mit
phing. Ba véc to khong dong phing lap thinh mét co s trong khong
gian R’.

2) Trong khéng gian cac da thirc c6 bac khong vuot qua 2 cac da thirc
1,¢,¢* 1ap thanh mdt co sé. That vay, cac da thire 1,¢, t* 1a doc lap tuyén tinh
o 1+ B +7v.£* =0 (da thic khong) khi va chi khi aa=B=y=0.

Moi da thirc c6 bac khong vuot qua 2 déu duoc biéu dién tuyén tinh

qua 1,2,£* hay P(t)=a+bt+ct’.

3) Trong khong gian véc to R" n vécto e,e,,...,e,, VOl
e =(1,0,0,...,0),e, =(0,1,0,...,0),...,e, =(0,0,...,0,1)
1ap thanh mot co sé.
Ta ching to cac véc to ee,,...,e, doc lap tuyén tinh. Xét t6 hop
tuyén tinh
o +o,e, +..+ae, =(,0,,..,0,)=0=a =a,=...=a,=0.
Hon nira
YwelV,v=(a,a,,..,a,)=ae+ae,+..+ae,.
Co s& gdm cac véc to

e, =(1,0,0,..,0),e,=(0,1,0,...,0),...e, =(0,0,..,0,1)

duoc goi 14 co s& chinh tic ciia khong gian R”.
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Chit y. Néu V,V,,....,V, la mot co s& cia khong gian véc to V' thi moi
véc to clia V' dugc biéu dién mot cach duy nhét bing mot t6 hop tuyén tinh
cua v,V,,...,V,.

That vay, gid sit c6 hai cach biéu dién cua veV theo co s&

V,Vy,.,V, 12

v=oW +o,v, + oy v=Bv By, +. By,

Tu d6

O=v—v=(o, =B +(at, =B, )v, +... + (o, =B, )v,,
do v, v,,...,v, doc lap tuyén tinh ta suy ra
o,-p=a,-B,=..=a,-B,=0,

tirc 1a o, =B,;a, =B,;...;0, =P, hai cach biéu dién d6 tring nhau.

Pinh nghia 4.5 Néu Vi, Vy,..., V, la mot co s¢ cua khdng gian véc to V
va veV,v=oy +o,v,+..+o v, . Khi débé nsé ((xl,az,...,ocn) awoc goi
la cdc toa do cua véc to v theo co s6 v, v,,...,V,.

2.3. SO chiéu ciia khdng gian véc to

.o e A A A . ’ ’ A ) A r

Ta chud y rang néu mot khong gian véc to V' c6 mét co s& gom 7 véc
to thi 7 1a s6 16n nhét cic véc to doc 1ap tuyén tinh c6 trong ¥ . Ta c6 dinh
ly sau:

Dinh ly 4.6 Gid sir v,,v,,...,v, la mot hé sinh cua khong gian véc to
V vav,v,.v;,r<nla $6 I6n nhdt cdc véc to doc lap tuyén tinh cua hé.
Khi do hé cac véc to v,,v,,...,v. Idp thanh m¢t co sé cua V .

Chung minh. Ta chi con phéi ching minh v,,v,,...,v, 1a mdt hé sinh
cia V.

That vay, do » 1a s6 16n nhét cac véc to ddc 14p tuyén tinh cua hé nén

néu thém mét véc to v,,7>r vao hé thi cac véc to v,,v,,...,v.,v, s& phu

2 Vpo

thudc tuyén tinh
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oy +oL,y, +. oy, +oy, =0, 0, #0,
suy ra

o o, o,
L7 =—V +—V2 +...+——Vr .
—QL. —OL. Ol.

; ; ;
Do cac véc to v, v,,...,v, 1a mot hé sinh cla khong gian véc to V nén
véimoi vel taco
v=By +Bv,+...+B,v,.
Ta thay cac v,,i>r theo biu thirc trén vao v rdi st nhap cac hé s6
clia V,V,,...v, vio v6i nhau thi s& bidu dién dugc moi véc to ciia V' bang

A A ’ J ’
t0 hop tuyén tinh cac véc to v, v,,...,v,.

Do w,v,,...,v, 1a hé sinh cia V' va ching ddc lap tuyén tinh nén
chang 13p thanh m§t co sG cua V' .

Nhu vy, mdt co s cua khong gian véc to V' 1a mot hé gbm sb 1on
nhét cac véc to doc 1ap tuyén tinh c6 trong V.

Pinh nghia 4.7 S6 lén nhdt cdc véc to doc ldp tuyén tinh cia khéng
gian véc to 'V dwoc goi la s6 chiéu ciia khong gian V.

Nhu vay s6 chidu cia khong gian ¥ chinh 12 s6 véc to trong co s& cia
V . Néu sb chiéu cua khong gian ¥ 1a n thi ta viét dim}” =n. Ta cling néi
¥V 1a khong gian n chiéu.

Néu ¥ 1a khéng gian n chiéu thi moi co s& clia né déu phai chua n
véc to doc 1ap tuyén tinh. Cac toa dd cua cing mdt véc to trong cic co s&
khac nhau 1a khac nhau.

Vidu 4.2. Xét khong gian cac da thirc c6 bac khong vuot qua hai.

Thét vy, néu chon co s& B ={1,£,¢°} thi da thitc P(t)=a+bt+ct® co
toa d6 1a (a,b,c). Néu chon co s& B ={Lr—1#(r-1)} thi P(r) s& duoc
biéu dién bang

a+bt+ct® = 1+B( -1 +yt(t =)= (o —B)+(B-7)t+yt’.

75



Suyra ao—B=a;,B—y=>b,y=c, nén
a=a+b+c,B=b+cy=c.

Vay toa dd cua P(¢f) trong co s¢ B’ 1a (a+b+c,b+c,c).

Ta c6 thé viét

Pt)y=a+b+c+(b+c)t-1)+ct(t-1).

§3. KHONG GIAN VEC TO CON

3.1. Dinh nghia
Dinh nghia 4.8 Cho V la m¢t khéng gian véc to véi hai phép todn

cong véc to va nhdn véc to véi mot s6, V' la mot tdp con ciia V. Néu vdi hai
phép todn trén, V' ciing la mot khong gian véc to thi V' dwoc goi la mét
khong gian con cua V.

Nhu vdy dé chimg minh V"’ 1a khong gian con cua V ta phdi ching
minh V"’ vo1 hai phép toan cdng véc to va nhin véc to d3 dugc xac dinh
trong ¥, thoa man 8 tién dé clia khong gian véc to. Dé gitp cho viéc chung
minh V"’ 1a khéng gian con cua V ta xét dinh 1y sau :

Pinh Iy 4.9 Tdp con V' khdc réng ciia khong gian véc to V la khong
gian con khi va chi khi théa mdn ca hai tinh chdt sau:

(a) Voimoi x,yeV', tacé x+yel .
(b) Véimoi xeV' aaeR, tacé axeVl'.
Chiimg minh. Néu V"’ 1a khdng gian con ciia ¥, thi V’ ciing la khong

gian véc to, theo dinh nghia khéng gian véc to suy ra V'’ thdéa man cac diéu
kién (a), (b).

Nguoc lai, tdp ¥ khac rdng, thda man cac diéu kién (a), (b), ta s&
chitng minh 7’ théa mén 8 tién dé con lai ciia khong gian véc to. Do V' théa
man céac diéu kién (a), (b), nén cac tién dé (i), (ii), (v), (vi), (vii), (viii) duoc
thda man, ta can ching minh tién dé (iii) va (iv) ciing duoc théa mén.
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Gia st xe V', theo gia thiét (b), axeV' véi moi e R. Cho =0

ta co Ox=0eV’, vi 0+0x=0x=(0+0)x=0x+0x, suy ra 0=0x. Cho
a=-1taco (-1)x=-xeV". Khi do trong V'’ ta c6 x+0=0+x=x, vi
(=x)+x=x+(=x)=(1+(-1))x=0.

Vay V' 1a mét khong gian véc to.

Dinh ly 4.10 7dp con E khdc réng ciia khong gian vécto V dwoc goi
la khong gian con khi va chi khi

ax+pByeE,voimoi x,ye E, voimoi o, feR.

Chimg minh . Gia su E la khong gian con cia khong gian vécto V,
theo dinh nghia ta c6 axeE,Bye E, véimoi x,ye E, voimoi o, BeR,

suy ra
ax+ pyekE .

Nguoc lai, gia st ax+ByeE,véimoi x,ye E,véimoi o, e R.

Chon a=pf=1,tacd x+yeE,véimoi x,ye L. ™

Chon a=1,8=0,tacé axeE,véimoi xe E,cxeR. (**)

Tuir (*) va (**) suy ra E la khong gian con ctia V.

3.2. Cacvidu

1. Xét khong gian hinh hoc R®. Tap hop moi véc to nim trong mat
phéng di qua gbc toa do 1ap thanh mot khong gian véc to con clia R*. Tép
hop moi véc to nim trén dudng thing di qua gdc toa do cling 14 mot khong
gian con cia R’

2. Xét khong gianvécto V. Gid sit v,v,,...,v, €V , a,,,...,0, la
cac s8. Tap hop V' 1a tap hop tht ca cac td hop tuyén tinh

av,+a,v, +..+a,v,

clia cac véc to trén 1ap thanh mot khong gian con cua V.
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That vay, tong hai td hop tuyén tinh cia cic véc to Vi, V,,...,V, cling
latd hop tuyén tinh ctia cac véc to do, tich mdt sb thyuc voi mdt td hop tuyén
tinh clia cac véc to do ciing 12 mot t6 hop tuyén tinh cia ching

oy +ay, ++ayv, €V, By + By, +-+ Py, eV,
suy ra
(+B)v+(ey + B)v, ++(a, + B)v, eV
Véi mdi 6 thit £, ta c6
k(o +a,v, +..+o,v,)=koy +ka,v, +..+ko v, eV’
Vay V' 1a mot khong gian con cia V.
3. Trong R’ cho tap F={(Jcl,)c2x3)eR3 LX) X, + X, =O}. Ching t6 F
12 khong gian con cia R’, tim co s& va s6 chiéu cia F.

Thét véy, tac6 (0,0,0)e F,suyra F #®.

Vx,y e R, x=(%,%,%),y=(3.3),. Vo, Be R, ta cb

oo +By = (%, %, %, ) +B(31, 1y, 35 ) = (o, + By, o0x, + By, ox, + By,
Do

oo, +By; +oux, + By, +oo, + By, = (X +x,+x,)+B (3 +1,+3,) =0,
suy ra ox+pyeF .

Vay F 1a khéng gian con cia R®.

Mit khac ta ¢d

VxeF,x=(x,x,%):%+x,+x,=0,

suy ra X, =—x, —X, va

X = (=%, =%, %, %) = (=%,,%,,0)+(-x,,0,%,) =x, (-1,1,0) +x, (~1,0,1)
do @6 E={(-11,0);(~10,1)} 12 hé sinh cia F. D& thiy E doc lap

tuyén tinh. Vay E 1 co sé ciia F va dimF=2.
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3.3. Khong gian con sinh bé&i hé véc to

Dinh nghia 4.11 Khong gian con V' cdc 16 hop tuyén tinh cia
V,,V,,...,V, con dwoc goi la khéng gian véc to sinh boi cdc véc to
V., V,,..,V,, ky hiéu la span{vl,vz,...,vn} hay (vl,vz,...,vn> :

Ta thira nhén ring néu khéng gian 7 c6 s6 chiéu 1a n thi moi khéng

gian con ciia ¥ ¢6 s6 chidula n' véi n' <n.

Vidy 4.3. Trong P,[x] cho F =<x +x+1,2x* +3x—1,x* +2x-2>.
Tim co s& va s6 chiéu ciia khong gian con F.

That vay, ta co

X +x+1=(111),2%* +3x-1=(2,3,-1),x* +2x -2 = (1L,2,-2),

suy ra

L e L 11 1 11 1
hy—2

2 3 —1|——|0 1 -3|———0 1 -3

1 2 -2 01 -3 00 0

Vay co s¢ ciaF la {x2+x+1,2x2+3x—1} va dimF=2.

BAI TAP CHUONG 4
4.1 Chung t6 ring v6i moi véc to v trong khdng gian véc to V' va voi
sé thuc k tay ¥ néu kv =0 thi hoic k=0 hoic v=0.
4.2 Chirng minh hai tinh chat sau cia khong gian véc to V
a.Voi uvyweV thith u+w=v+w tasuyra u=v.
b. V&i u,veV va k 1a s6 thyc khac khong thi tit ku =kv ta suy ra
u=v,
4.3 Cho a,b,c 12 ba sb thuc tuy y. Xét tdp ¥ moi bd c6 thu tur ba sb
thuc (x,y,z) sao cho

ax+by+cz=0.
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Chimg té ring V' 14 mot khéng gian véc to trén trudmg sb thuc.

4.4 Tap hop moi da thirc bac n co6 lap thanh mot khong gian véc to
khong? Giai thich tai sao?

4.5 Tim x & céc véc to (x,a,a),(a,x,b),(h,b,x) thudc khong gian
R? 1a phy thudc tuyén tinh.

4.6 Ching minh ring cac véc to:

1=(0,1,2,3),V,=(1,2,3,4),V, =(2,3,4,0), V,=(3,4,0,1)
thudc khong gian R* 1a doc 1ap tuyén tinh.

4.7 Cho cac véc to v, =(1,1) va v, =(=3,2). Ching té ring chung
doc 1ap tuyén tinh va 1ap thanh mét co s cia R*. Tim toa do cia véc to
v =(1,0) theo co s¢ do.

4.8 Ching minh ring trong khong gian R*:

a. Cac vécto v, =(2,1,1),v, =(1,3,1),v, =(-2,1,3) ddc lap tuyén tinh.

b. Cac véc to v, =(1,0,3),v, =(0,1,2),v, =(2,-3,0) phu thudc tuyén
tinh.

4.9 Ching minh rang cac véc to:

v =(0,1,1,1),v, =(1,0,1,1),v, =(1,1,0,1), v, =(1,1,1,0)

13p thanh mét co so cia khong gian R*. Tim cac toa d6 cua véc to
v=(1,1,1,1) theo co s& do.

4.10 Trong khdng gian P cac da thirc c¢6 bac khong vuot qua 4 ta
xét cac da thic c6 nghiém 1a x=a,x=5b véi a#b. Chiung to ring tap
hop d6 12 mot khong gian con ciia khong gian P . Tim mdt co s& cia
khong gian do.

4.11 Trong khéng gian F cac ham s6 mdt bién s6 thyc ¢ hay ching
t6 ring cac ham sd #,sint, e’ 13 ddc 1ap tuyén tinh. Chimg to ring moi ham
sd co dang f(f)=at+bsint+ce' ,a,b,ce R 1ap thanh m&t khéng gian con

cua khong gian F .

80



4.12 Chimg minh rang hai sé phitc a+bi , c+di tao thanh mot co s&
ctia khong gian véc to C cac s phirc khi va chi khi ad #bc.

4.13 Ching minh ring tip hop M cic ma tran vubng cip hai véi cac
. . a c
phan tr 1a so thuc (b dj la mét khong gian con cua khong gian cac ma

tran vudng cap hai. Tim mot co s& va sd chiéu ciia khong gian con dob.
4.14 Trong R’ chotip F = {(xl,xz,x3) eR’:x +2x,—x, = O}
1. Ching t6 F 1a khong gian con ctia R®.
2. Tim co s& va sb chiéu ciia F.
4.15 Cho tap F ={p(x) € B,[x]: p() =0, p(2) =0}
1. Ching t6 F 1a khong gian con cia P, [x] .

2. Tim co s& va sO chiéu cua F.

1 =1
4.16 Cho tap F:{AGMZ[R]:A[z 2}:0}

1. Chung t6 F 1a khong gian con M, [R].

2. Tim co so va sO chiéu cua F.

a+b a-2b
4.17 Cho tap F' = ca,beR;.
b 2a

1. Chung t6 F la khéng gian con M, [R].

2. Tim co s6 va sb chiéu cua F.
4.18  a. Hiy xac dinh tap hop cac vécto sau day ddc lap tuyén tinh
hay phu thudc tuyén tinh trong M, [R]

1 1Y(2 1 3 4 1 3
M: 2 2 2 .
1 0){1 -1){0 1;\{-1 2
b. Trong P,[x] cho F =<x®+x+1,2x* +3x—1,x* +2x-2>.

3 9 v A s A o A .
Tim co s& va so chiéu cua khong gian con F.
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4.19 a. Hiy xac dinh tdp hop cac
M ={x* +x+1,2x* +3x+2,2x+1}

doc 1ap tuyén tinh hay phu thuc tuyén tinh trong P, [x].
b. Trong R’ cho F =<(1;1;1),(2;1;1),(3;1;1) >.

Tim co s& va s0 chiéu cua khong gian con F.

vécto

4.20 a. Chimg minh ring cac véc to ¢ =1;e, = (1—x);e, =(1—x)* 1ap

thanh mét co s& cua P, [x].

b. Trong M, [R] cho

e 0G0 00 )

Tim co s& va so chiéu cia khong gian con F.

4.21 a. Trong R*cho x =(1;-2;3) va M ={(1;1;1),(2;1,0),(3;-1,3)}.

Hoi x ¢6 thude khong gian con sinh bédi M?

b. Chitng minh hé véc to
E={e1 =le,=x+1¢, =(x+1)2}

1ap thanh mét co s cta B, [x].

4.22 Trong R* cho tap

F :{(xl,xz,x3,x4) eR

X =X —X, = 0}
X, =X, +x,=0
a. Ching t6 F 1a khong gian con ctia R*.

b. Tim co s& va sO chiéu cua F.

4.23 Cho khong gian véc to E;, F ; G la hai khong gian con cia E .

Tagoi H latip hopcac ze F saocho z=x+y véi xe F,yeG.

1) Chirng minh H 1a mét khong gian véc to con cua E'.
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2) Ching minh ring ¢ F ~G ={0} thi can va du la z duoc bibu
dién mot cach duy nhat boi z=x+y, xeF,yeG. Tu d6 suy ra ring moi
ham s& mot bién sd thyc xac dinh trén [—a,a] c6 thé duoc phéan tich mot
cach duy nhit thanh t6ng hai ham, mo6t ham chin va méot ham 1€,

4.24 Xét khong gian E cac diy sb thuec.

1) Ching minh ring cac ddy s {u,} théa min hé thic truy hdi
u,=u, +2u, , lap thanh mot khong gian con F' cia khong gian E .

2) Ching minh ring cac ddy sb c6 tir tong quat a, = (=1)",b, =2" lap
thanh mot co sd cuia F .

3) Tim day s6 {u,} théa man hé thirc truy hoi trén va u, =u, =1.
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Chuong 5
ANH XA TUYEN TINH - DANG TOAN PHUONG

§1. ANH XA TUYEN TiNH
1.1. Pinh nghia
Pinh ngia 5.1 Cho E ,F la hai khong gian véc to trén cung mot
truong K. Mot dnh xa [ te E vao I dwoc goi la tuyén tinh néu né thoda
man hai diéu kién sau:
() Voimoi u,ve E tacé f(u+v)=f(u)+f(v) .
(i) Voimoi a € K, véimgi ue E taco f(au)=caf(u).
Tu () tasuyra, voi 0 € E tacd f(0)=0, (O F). That viy,
f(u)=f(u+0)=f(u)+f(0), suyra f(0)=0.
Gop hai diéu kién (i), (ii) ta co diéu kién trong duong véi dinh nghia
5.1 nhu sau: Anhxa f: E — F la tuyén tinh khi va chi khi
floy +o,v,)= o, f(m)+ o, f(v,),
voi moi v, v, eV, ,a, €K.

Tong qudt hon, ta co, voimoi v, eV,a, € K,i=1,2,....n, taco

f(gaiv,.j:alf(vl)+a2f(v2)+-~-+anf(vn) .

Diéu kién trén ndi 1én ring anh xa tuyén tinh bdo toan 16 hop tuyén

tinh cua cdc véc to.
Vidu5.1. 1) Choanhxa f:R*> — R xac dinh boi
f(x,y)=3x-2y, V(x,y) e R*.
Ching t6 ring anh xa f 1a tuyén tinh. That vay, véi moi
u=(a,b)eR’,v=(c,d)eR*,a€R,
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ta co
f(u+v)=f(a+cb+d)=3(a+c)-2(b+d)=f(u)+f(v),
f(ou)= f(aa,ab)=3ca-2ab=af (u)+f(v).

Ca hai didu kién (i), (ii) déu thoa man, viy anh xa f 1a tuyén tinh.

2) Xét khong gian P cac da thirc co bac khong vuot qua 7. Cho anh
xa f:P— P xéac dinh boi f(v)=v (dao ham cia v), v6i ve P. Ta thiy
ring anh xa f la tuyén tinh. That vy, voi moi w,ve P,a e R, taco

Fu+v)=(u+v) =u'+v'=f(u)+ f(v),
fou)=(au)' =au'=af(u).

C4 hai diéu kién (i), (ii) déu thoa man.

1.2. Nhén va anh ciia 4nh xa tuyén tinh

Cho E va F la hai khong gian véc to trén mét truong K, f 1a mot
anh xa tuyén tinh td £ vao F .

Pinh nghia 5.2 Ta goi nhdn cia anh xa f la tdp hop cdc véc to v
cua E sao cho f(v)=0. Ky hiéu nhdn cua f la ker f. Vay

ker f ={veE: f(v)=0}.

Tap hop ker £ 1a m{t khong gian con ciia E . That vay, tdp ker f
khac rdng vi it nhit n6 ciing chira phan tir khéng £(0)=0, hon nita ta c6
néu u,veker £, thi f(u)=0, f(v)=0, ma f latuyén tinh nén

fu+v)=f)+f(v)=0,

tir d6 suy ra u+v eker £ . Mit khac ta lai co

f(au)=af(u)=0,
nén aueker f .

Vidu 5.2. Xét khong gian V' cac véc to hinh hoc. Cho trudc mét véce
to uelV, véi mdi mot véc to vel , xét anh xa f:V — R xac dinh béi
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F(v)=uv (tich vd huéng clia hai véc to u va v). Ching t6 rang f 1a anh xa
tuyén tinh va tim ker f.
Theo tinh chét cia tich vo hudng ta c6
SO +v)=u@ +v,) =uy +uv, = f(v)+ f(v,),
flav)=u(av)=a@v)=af(),

nén f 1a 4nh xa tuyén tinh. Bay gio ta di tim nhan ca anh xa 1. Ta
c6 f(v)=0 hay uv =0 cac véc to phai vudng goc vdi véc to u da cho.
Vay ker f 1a tdp hop moi véc to vudng goc voi véc to u da cho.

Pinh 1y 5.3 Anh xa tuyén tinh f la don énh khi va chi khi nhdn ciia
f chi chira phdn tix khong. f dom dnh khi va chi khi ker f = {0} :

Chung minh. Vo1 v#0, ta ¢6 f(v)# f(0) nhung f(0)=0; tuc la,
v6i moi phén tir v#0 thi f()=0, suy ra veker f, ker f chi chira phin
tir khong.

Dao lai, gia st ker f ={0}. Goi u va v 1a cac phan tir cia E sao
cho f(u)=f(v). Ta phai ching minh f la don anh, tirc l1a ching minh
u=v. That vdy, do anh xa f 14 tuyén tinh nén

Jfu—v)=f@)-f(»)=0.

Suy ra u—veker f. Vi ker f ={0}, nén u—v=0 hay u=v.

Véy f 14 don 4nh.

Pinh Iy 5.4 Gid stc f la mot dnh xa tuyén tinh tir E vao F , nhdn cia
f chi chua phdn tir khong. Khi do, néu Y, V,,...,V, la cdc véc to doc ldp
tuyén tinh cia E thi f(v), f(W,),..., f(v,) cling doc ldp tuyén tinh trong F .

. . c2 9 P A
Chung minh. Gid su o,,0.,,...,0, 1a cac so sao cho

0"1f(v1)"'Oczf(vz)"'~-~"'Otnf(vy,)=O-

Ta phai ching minh o, =a, =...=a, =0. Do tinh tuyén tinh cia f

nén f(o,v,+..+a,v,)=0. Tu dinh nghia nhdn cua f suy ra
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oV, +..+o,v, eker f. Theo gia thiét ker f ={0} nén ay +..+a,v, =0.
Vi v,v,,...,v, doclap tuyén tinh nén tir hé thic trén ta suy ra
a=a,=..=a,=0.

Vay f(»), f(¥,),..., f(¥,) ddclap tuyén tinh trong F .

Pinh nghia 5.5 Anh ciia mét dnh xg tuyén tinh f la tdp hop cdc véc
to we F sao cho tén tai phdn tir ve E dé f(v)=w. Ky hiéu anh cla f 1a
Im f va

Imf={w,weF:IvekE, f(v)=w}.

Ta c6 tip Im f la m¢t khong gian con cia F . That vay, tip Im f
khong rdng, n6 chira phan tir khong (£(0)=0). Néu w,,w, e Im f thi ton
tai v,,v, eker f saocho f(v)=w,, f(v,)=w, ma

F+v)=f()+f () =w +w,,

nén w, +w, elm f.Néu welm f thicoé veE, f(v)=w. Suyra

f(oav)=oaof (v)=ow.

Vay oweIm f .

Pinh Iy 5.6 (nhan - anh) Gid sir f la dnh xa tuyén tinh tir khong gian
véc to E vao khong gian véc to F . Néu s6 chiéu cia E la n, so chiéu cia
nhdn f la g va s6 chiéu cia énh f la s thi ta cé: n=q+s. Noi cach khdc

dim E =dimker f +dimIm f.

Chimg minh. Gia sa w,,w,,....,w, la mdt co s cia Im f . Khi do ton
tai cac véc to w,v,,...v,€E sao cho f(v)=w,i=12,..s. Goi
u,u,,.,u, la mét co so cua kerf. Ta s& chimg t6 hé véc to:
ViaVys .o Vo Uy, Uy, 4, 18p thanh mot co so cua I

Vé6i veE thi f(v)elmf va biéu dién f(v) theo co s&

w,W,,...,w, cua Im f la
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SO =xw +x,w,+. +xw, =xf(V)+x,f(,)+..+x, f(v,)
= f(xy, +x,v, +...+x.V,).

do f(v—xy,—x,v,—...—x,v,)=0, suy ra:
V=XV —X,V, —..—xy, eker f.
Ta biéu dién phéan tir d6 ciia ker £ theo co s& Uy, u,,...,u, cia ker f
V=XV —XyV, ==XV, = Yt + Yoty o+ YU,
hay
V=XV XV, R XY, Wl + Yyl e YU
HE cac véc to v, v,,...,V,,4,14,,...,u, 1a mdt hé cac phan tir sinh ciia £,

Pé chirng minh ching 13p thanh mot co s clia E ta chi con phai
chirg minh ching dc Iap tuyén tinh. Xét t6 hop tuyén tinh

Vv, +ouv, +. oy + By +Bu, +. +Bu, =0.
*
Tac dong anh xa f vao (*) va do tinh tuyén tinh ciia 7 nén
oclf(vl)+oc2f(v2)+...+0Lsf(vs)+Blf(u1)+Bzf(u2)+...+[3qf(uq)=O.
Vi u,u,,.,u eker f,suyra f(u)=f(u,)=..=f(u,)=0,taco

o, f(v)+..+a, f(v)=0.
Thay w, = f(v,) vao hé thuc trén ta dugc aw, +..+ow,=0. Vi
W, W,,....,w, 1a co s& nén chung dgc lap tuyén tinh, do dé suy ra
o,=0,=.=0o,=0. (**)
Thay vao (*) ta dugc
By +Bu, +..+Bu, =0.
Vi uy,u,,...,u, 12 co s& nén ching doc 1ap tuyén tinh, tir hé thirc trén

suy ra
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B=pB=.=8,=0. (***)

Tu (*%), (**%) , (*) ching té cac véc tO V;,V,,...,V,, Uy, Uy,..., U, 18p
thanh mét co s& cia E . Piéu d6 chimg to
dim E =s+q=dimker f +dimIm /.
binh 1y da dugc chimg minh.
1.3. Ma trin ciia 4nh xa tuyén tinh

Cho ma trAn A4 loai (mxn) c6 dang

all a12 aln
a a. L. a

A — 21 22 2n . (41)
aml am2 amn

Xét cac khong gian véc to R” , R™. Ta biéu dién cac véc to cta khong

gian do bﬁng cac véc to cot. Voi moi ve R" xac dinh anh xa
f:R">R" f(v)=Av

(khi nhdn mdt ma trén loai (mxn) voi ma trén cot loai (nx1) (d6la
mot phén tir ciia R"), ta duoc mot ma trén cot loai (mx1) (d6 1a mét phan
tr cia R™)).

Bing phép tinh ma tran ta thiy ring anh xa f 1 tuyén tinh: Thét vdy,
voi u,ve R",taco

f@+v)=Au+v)=Au+Av=f@)+ f(v).
Véi s6 o ta co
f (o) = A(om) = adu = of (u).

Goi x,,X,,...,x, 1a cac toa d0 cia véc to v trong R" va ¥, ¥,,..s ¥,

1a toa dd cua véc to f(v) trong R™ theo cac co s6 da chon trude trong céac

khéng gian d6 ta co thé viét biu thirc f(v) = Av dudi dang ma trén

89



N 4, G, .. 4, X

Yo | | 9n G o Gy, %5

ym aml am2 e a x

n "

Nhu vay, cho mdt ma trdn A4 loai (mxn) ta c6 thé xac dinh duoc
mdt anh xa tuyén tinh tir mot khong gian m— chiéu vao mdt khong gian
n— chiéu, anh xa d6 duoc xac dinh boi f(v)=Av, véi v 1a véc to cot
thuéc R”. Ma trdn A duoc goi 14 ma trén ciia dnh xa tuyén tinh f trong
cdc co s¢ dd chon cia R" va R™.

Nguoc lai, cho mdt anh xa tuyén tinh f:R" — R"” thi ta co thé tim
dugc ma trén cua anh xa d6 trong cac co s& dd chon cia R” va R™. That
viy, gid st (e,¢€,,...,e,) 1a mdt co s6 cia R" va (f, f5,..., f,) 1a mot co
sdcua R". Véi ve R" tacod

v=xe +xe+.+xe, .

Do f la 4nh xa tuyén tinh nén
FO)= e+, ..+ x,6) =5 f @)+ X,/ () +..+x,£(e,)  (*)

Vi f(e), f(e,),...,f(e,) 1a cac véc to thudec R™ nén ta c6 thé biéu
dién chung theo co s& (f;, f;,-.., f,,):

fle)=a,f +a,f, ot S,
f(e,) =a,f +ayf, +..4+a,, 1,

Sfle)=a,fi+a,f,+. +a,f,.
Thay céc gi tri vira nhan dugc vao vé phai cia (*) ta duoc:

JO) =(ax +a,x, +... +a,x,) fi +(a,x +a,x, +.. +a, x,)f,+
+..t(@x tax,+.+a,x)f,.

(**)
Mit khacvi f(v) € R™ nén
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FO =i+ fotot Vol (***)
Do f(v) duoc bidu dién mot cach duy nhat qua co 6 (f], £+ S,
nén tr (**), (***) tasuy ra
Y =A%+ anX, ot x,,

Y, =0,% +auX, +..+a, X

2n""n>

Y, =a,X +a,,%,+..+a,x,.

Co thé viét két qua trén dudi dang ma tran sau:

N a; Gy .. Gy X
Ya Ay Gy o 4 X

= " x hay Y =A.X.
ym aml am2 amn xn

Ta d3 xac dinh dugc ma trin cta anh xa do.

Nhu vay, néu f 14 4nh xa tuyén tinh trt R” vao R” va (e,,€,,...,¢,),
(S Soreeos S o) 14an luot 1a cac co s& dd cho cua R" va R” thi ma trén cua
anh xa f 12 m6t ma trén loai (mxn) c6 cac phdn tir ndm trén cot the j la
cac toa 46 cua véc to f(e;) tinh theo co s& dd cho cua R".

Vidu 5.3. Goi P, la khong gian cac da thirc c6 béc khong vuot qua
n.Xétanhxa f tir P, vao P, xac dinhbsi f(v)=V' véi ve P, va V' la
dao ham cua v.

Nhu ta d3 biét anh xa d6 1a tuyén tinh. Ta tim ma tran cia no trong cac
co s x°,x%,x,1 clia P, vacosé x*,x,1 cla P,. Tacod

f(¥)=(x") =3x"=(3,0,0),
f(x))=(x") =2x=(0,2,0),

f(x)=(x)=1=(0,0,D),
FO=1'=(0,0,0).

Vay ma tran cia anh xa nay 1a
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3
A=|0
0

(=T O B
—_— 0 O
o O O

1.4 Ma trin chuyén co sé

Gia st B={el,...,en} va B'={e|,...,e,} la hai co s& trong cung

sy

mot khong gian véc to £ ¢6 s chiéu la n.
Ta bi€u dién cac véc to €,...,e/ theo cac véc to ciia co s B

r_
e =a.e+a,e, +.+a.e

nln>

g
€, =a,6 +aye, +..+a, e, (4 2)

’ —_—
e, =a.e+a,e +.+a,e,.

Dinh nghia 5.7 Ma trdn

a4, 4, ... 4,
a a, . a
21 22 oY 2.
2= s
anl an2 b ann

ma cot thir j la cdc tog do ciia véc to e} theo co s¢ B duwoc goi la ma
trdn chuyén co sé tir co' s¢ B sang co s¢ B'.

Giast ve E. Goi x,,x,,...,x, 1a cac toa d6 clia véc to v theo co s&
B vi x,x;,...,, 14 cac toa dd clia n6 theo co sé B'. Ta cin tim cong thirc

lién hé giira hai toa d6 d6.

n n n n n
v=) Xe = Z xae = a,xe, . (4.3)
j=1 j=1 =1 i=1 j=1
Mit khac, biéu dién v theo co s& B ta ¢
n
v= Zx,ex ; 4.4)
=1
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So sanh (4.3) va (4.4) ta duge x, = > a x'; i=12,..

UM s s
j=1
bat
)
xl xl
!
X X
2 ’ 2
X = X =
!
xn xn
va P 13 ma trdn chuyén & trén ta c6
X=PX'. 4.5)

Chu ¥ ring & trén ta ¢4 chuyén tir co s¢ B sang co s¢ B'. Khi d6 ma
tran chuyén 1a P va ta c¢6 cong thirc (4.4). Ta ciing c6 thé chuyén tir co s&
B’ sang co s6 B. Nhu viy ma trdn P phai 1a ma trdn kha nghich va ta co:
X' =P'X. Vay ma tran chuyén tir co s& B’ sang co s& B la ma tran
nghich dao P,

Vidy 5.4. 1) Xét hé toa d6 tryc chudn Oxy trong mit phing. Quay hé
truc ndy mot goc & ta dugc hé truc Ox'y’. Lap cong thirc chuyén toa do tir
hé Oxy sang hé Ox'y'.

Goi e,,e, la cac véc to don vi trén cac truc s6 Ox,0y; ¢,¢€, 1a cac
véc to don vi trén cac truc 6 Ox',0y', ta c6

e, =e cosa+e,sina

, V1 . T .
e,=¢ COS(E +a)+te, sm(E +a)=—e cosa +e,sIq.

Vay ma trin chuyén tir hé Oxy sang Ox’y' 1a

cosa -—sino
Pe=f ,
sin@  cosc

Tu X =PX' véi
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suy ra
x=x'cosa ~)'sina;
y=x'sina+) cosa.

2) Cho khong gian R* véi co s chinh tic

e, =(1,0,0,0),e, =(0,1,0,0),e, =(0,0,1,0),e, =(0,0,0,1).
Xét mot co s mot
e, =(0,1,11),e; =(1,0,1,1),¢; =(1,1,0,1),¢, =(1,1,1,0).

Lap cong thuc chuyén tir cac toa d6 chinh tic X, X,,%;,X, cua mot véc to

veR* sang cc toa d6 x|,x},x],x, clia véc to d6 theo co s& méi. Ma trin

chuyén co s 12 ma trén c6 cac cdt 1a cac toa d6 cia cac véc to e,e. e, e,

theo co s& chinh tic. Ta co

X 01 1 1Y x
X |1 01 1| x
X, 1 10 1| x
X, 1 1 1 0)\x]
Tu do6 suy ra
X=X 42X+ X,
X, =X +x+Xx,,

1.5 Ma trin ciia 4nh xa tuyén tinh khi chuyén co s&
Cho 4nh xa tuyén tinh S E—>E, Alamatrin cia anh xa f dbi

v6i co s0 B cia E. P 1a ma tran chuyén tir co s¢ B= {el,...,en} sang co
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s¢ B'={e|,...,e,}. Khi d6 ma trdn cia 4nh xa f trong co s& B sela A
Ta tim md&i lién hé gitta A , A'.

Dang ma trin clia &nh xa f d6i vdicoso B la: ¥ = AX déi  véi

cosd B’ 1a
Y =AX'. (4.6)
Vi P 1a ma trén chuyén tir co s¢ B sang co s& B’ nén
X=PXY=PY'.
T do6 ta co
PY'=Y =AX = APX',
suy ra

Y'=P'PY'=P'APX’.
So sanh voi (4.6) ta dugce

A =P'AP.

Ta c6 két qué sau:
Pinh 1y 5.8 Néu A va A’ la hai ma trdn ciia mét anh xq tuyén tinh f tir
khéng gian E vao chinh né déi voi hai co s¢ B va B', va néu P la ma
trén chuyén tir co s6 B sang co sé B' thi A'= P AP.
Dinh nghia 5.9 Hai ma trén A va A’ sao cho co mét ma trdn kha nghich
P thod mén hé thirc A' = P AP dwoc goi la hai ma trin dong dang.

Nhu viy, cac ma tran cua cung mot 4nh xa tuyén tinh f tr E vao
chinh no trong cac co s& khac nhau thi ddng dang véi nhau.

Vidu 5.5. Xét anh xa tuyén tinh tt R® vao chinh n6é duoc cho boi

ma tran
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A=

QO =
f—t O
— = O

d6i v6i co s chinh tic trong R® 1a ¢ =(1,0,0),
e, =(0,1,0), ¢, =(0,0,1) . Phép chuyén sang co sé méi B’ duoc cho bai
e =¢+2e, +e,

e, =2e +e, +3e,;
e;=e+e,+e,.
Tim ma trin A’ cla anh xa theo co s& mdi va cho biéu didn cua anh
xa d6 theo toa d6 trong B’ Ma tran chuyén tir co s& chinh tic sang co s@
B 1a

1 21 -2 1 1
P={2 1 1|,suyraP’'=|-1 0 1
1 31 5 -1 -3
Vay
1 3 0
A=P'4P=|0 1 0.
4 2 2

Biéu thuc clia 4nh xa tuyén tinh trong co s& B’ 1a Y’ = AX" hay
Y =x+3x,
Y2 =%
¥, =4x —2x; +2x;.
Chii Y. Anh xa tuyén tinh tir khong gian véc to E vio chinh né con
duoc goi 12 phép bién di tuyén tinh. Mot s6 phép bién hinh ma chung ta da
duoc hoc & chuong trinh trung hoc nhu phép quay mét diém xung quanh

goc O mét géc a, phép vi tu tam O ty sé k , phép ddi xitng qua mét truc
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toa do,...déu la cac phép bién doi tuyen tinh. Chang han, cac ma tran cta

phép quay mdt diém xung quang géc O mdt goc « va cua phép dbi ximg

cosc —sina‘ -1 0
sing  cosa ) 0 1)

§2. GIA TRI RIENG VA VEC TO RIENG

qua truc Oy lan luot 1a

2.1. Dinh nghia

Gia sit £ 1a m6t anh xa tuyén tinh tir khong gian véc to £ vao chinh
n6 (phép bién ddi tuyén tinh). Tim cdc véc to v € E sao cho f(v) ty Ié véi
v, ticlatim v sao chocodsé A dé

fv)=Av.

Do f 1a mét anh xa tuyén tinh nén £ (v) = 0, vi viy ta chi di tim cac
véc to khéac khong.

Pinh nghia 5.10 Mot véc to khdac khéng ve E dwoc goi la véc to
riéng ciia anh xa f tir khong gian E vao chinh né néu ton tai s6 A (thuc
hodc phuec) sao cho

f(v)=Av.
86 A dwoc goi la gid tri riéng lién két véi véc to riéng v .
Vi du 5.6. Xét phép bién dbi tuyén tinh trong R* xac dinh boi
S(x,x,)=(x,,x,).

Taco f(L1)=(1,1)=1(1,1) nén s6 1 14 gi4 tri riéng (mg vdi véc to
riéng v, =(1,1). Mit khac f(1,—-1)=(~1,1)=—1(1,—1) nén s6 -1 1a mot
gia tri riéng ing voi véc to riéng v, =(1,-1).

Chi ¥ ring phép bién d6i tuyén tinh f(x,,x,)=(x,,x,) néi trén

chinh 14 phép d6i xing qua duong phan giac y = x. Nhiing véc to nim trén
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truc d6i xting s& ¢6 anh 1a chinh né, cac véc to vudng goc véi truc dbi xung
s& c6 anh 1a cac véc to d6i cua né.

Nhdn xét:

(i) Gid tri riéng A vmg voi véc to riéng v la duy nhdt. That viy, néu
véc to riéng v co hai gia tri riéng la A, np thi f(v)=Av,f(v)=mnv,suy
ra Av=nv hay (A-n)v=0,dov#0 nén A=1$.

(ii) Trdi lai, mot gia tri riéng cé thé lién két véi nhiéu véc to riéng.
Thét vy, néu A 12 mot gia tri riéng lién két v6i véc to v thi f(v)=Av. Gia
st k 12 mot s6 khac khong, do anh xa f 1 tuyén tinh ta co

Jkv) = kf (v) = k(Av) = Mkv),

diéu d6 chimg t6 kv ciing 12 véc to riéng ing vdi gia tri riéng A

2.2. Da thirc dac trung

Cho phép bién dbi tuyén tinh f:E — E. Gia sit A 1a ma trin cla
phép bién dbi d6 theo co sO e, e,,...,e, . Ta ky hiéu véc to riéng v € E dudi
dang ma trin cot X thi dang ma tran cta biéu thuc f(v) = Av séla:

AX =AX hay (A-A1)X =0, (4.6)

trong d6 / 1a ma tran don vi cung cép vOi ma tran 4. Ta dugc mot hé
n phuong trinh tuyén tinh thuin nhét. Theo quy tic Cramer, néu

det(A—AI)#0

thi hé co nghiém tdm thuong duy nhit X =0. Vay dé hé (12) co
nghiém khac khong thi can va du la

det(A-Al)=0.
Cac gia tri riéng A clla ma trin 4 hay cia anh xa f la cac nghiém
cia phuong trinh

det(A—AI)=0. @7
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Pinh nghia 5.11 Dijnk thic det(A— Al) la mot da thiec bdc n doi
voi A . Ta goi nd la da thirc dic trung ctia ma trgn A,; phuong trinh (4.7)
la phwong trinh ddc trueng cia A (hay cia dnhxg f ).

Vidu 5.7. 1) Cho anh xa tuyén tinh 1 : R> — R? c6 ma trin

)

Hay tim cac gia tri riéng va véc to riéng cuia no.
Ta c6 phuong trinh dic trung
6-14 2

2 3-A
Giai phuong trinh bac hai d6i véi 4 tadugc 4, =2,4, =7.

det(A—AT) = =(6-)3=-A)—4=2"-94+14=0

Dé tim véc to riéng lién két voi gia tri riéng A =2 ta giai hé thuan
nhét (4.6), ta duoc
4x,+2x, =0
, suy ra x, = —2x,,
2x,+x, =
chon x, =1 khi d6 x, =—2. Véc to riéng ung véi gia tri riéng 4 =2
la v, =(1,-2).
Dé tim véc to riéng ing véi tri riéng A, =7 , tuong tu nhu trén ta giai
hé phuong trinh
-x,+2x, =0
, suy ra x, = 2x,,
2x, —4x, =
chox, =1suyrax, =2. Véctoriénging véi 4, =7 la v, =(2,1).

2) Tim cac gia tri riéng va véc to riéng clia ma tran

Phuong trinh déc trung
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-/ R
det(A-AD)=| -1 2-4 -1 |=@1-)[2-4-1]=(1-2)’3-2)=0
0 0 1-4
c6 nghiém kép 4, =1 va nghiém don 4, =3.

Xét phuong trinh (A—A1)X =0:

X —x,+x,=0

hay x, =x, +x,, suy ra

-Véi 4, =1 tacc’){

—x,+x,—x,=0

X =(x,%,%) = (%, % +x,%) =(x,%,0)+(0,x,%) =x (1,1,0)+x, (0,1,1),

cac vécto riéng ung véi 4, =1 la v, =(1,1,0),v, =(0,1,1).
- Véi 4, =3 tacod

—X =X, +x, = 0

-x~x,~x%;, = 0 hay {
X, 0

X ==X,

x, =0,

]

chon x, =1, suy ra x,=-1. Véc to riéng ung véi A4 =3 la
v, =(1,-1,0).

2.3. Pua ma trin vudng vé dang chéo

Ta xét anh xa f tir £ vao chinh né. Gia sir ma trdn A cua anh xa
¢6 n tri riéng thyc khac nhau. Ta s€ ching té trong truong hop d6 n véc to
riéng (g voi n tri riéng s& 13p thanh mét co so cua £ .

Pinh Iy 5.12 Gid stz f la mot dnh xq tir khéng gian n chiéu E vao
chinh né. Néu cdc tri riéng A, A,,...,A, cia f déi mét khdc nhau thi cdc
véc to riéng twong umg cia chung v,,v,,...,V, ldp thanh mét co so cia E .

Chitng minh: Do s6 chiéu ciia E 14 n nén ta chi can phai chitng minh

n véc to v,,v,,...,v, ddc lap tuyén tinh.
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Gia st hang ctia hé véc to v,,v,,...,v, 1a 7 véi r <n (tic 1a s6 véc
to doc 14p tuyén tinh 16n nhat cha hé 1a r ). Khong mat tinh téng quat ta c6
thé gia thit d6 1a » véc to ddu v,,v,,...,v,. Khi d6 cac véc to con lai s& la
t6 hop tuyén tinh clia 7 véc to d6

= *
va=avtay,+..+ayv,. *)

Do f 14 4nh xa tuyén tinh nén

JOD=afM)+onf()++a f(,).
Cac v, lacacvéctoriéngnén f(v,) = Av,, tacod
AV, =AY, HO,A, + -+ Ay,
Thay v,,, béi (*), suy ra
Aoy, +a,v, +..+ay)=oAv, +a,Lv, ++aAv,.
Tir d6
(A =AW+ (A — AV, +ooo o, (A4 =4, =0.
Vi chc véc to V,,V,,...,v, doc lap tuyén tinh va cac 4, d6i mdt khac
nhau nén
og=0,=.=a, =0.
Thay vao (4*) ta dugc v, = 0. Diéu niy mau thuin véi gia thiét v,,,

12 véc to riéng. Mau thudn d6 xuit phat tir chd ta gia thiét » <n. Vay phai
cOr=n.

Mai n véc 10 V,,V,,...,v, doc 1ap tuyén tinh cua khong gian » chiéu
E 1ap thanh mét co s¢ cta khong gian d6. Dinh ly dd duoc chirng minh.
By gio ta tim ma trdn cla anh xa tuyén tinh f theo co s¢
Vi, V,,...,V, 12 n véc to riéng cua khong gian do.

Jo) =4y =(4,0,..,0),
0 f(Vz):/lzvz :(07/12""90)’

-f(vu) = /1"1’" = (O’ O’ "t /‘lu)i'

D
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nén ma tran cua anh xa 1a ma tran chéo

A 0 .. 0
0 .. 0
D= &
0 0 .. 4,
Trong truong hop nay ta ndi ma trdn cia dnh xa tuyén tinh A da
dwoc chéo hod. Nhu viy mudn chéo hod mot ma trén A ta phai ldy mét co
$0 ciia khong gian E gom n véc to doc ldp tuyén tinh clia ma trdn do.

A b A Al 2 a2
Néu P 12 ma trén chuyén tir co s& €,,6,,...,€, sang co s¢ v,,v,,...,V

n
ctia khong gian E thi theo Muc 1.4taco D=P'4P.

Nhu vy, moi ma trdn vuéng cdp n A cé n gid tri riéng khdc nhau
timg doi thi dong dang v6i ma trén chéo D cé cdc phdn tir ndm trén duong
chéo chinh la cac gia trj riéng cia A.

Vidy 5.8. Hédy chéo hoa ma trdn A va tim ma tran chuyén P, biét

1 1 4
A=l 2 0 -4/
-1 1 5
Da thire dac trung
1-4 1 4
det(A-AD=| 2 -4 —4|=(01-1)A-2)(1-3)=0.
-1 1 5-24

Matrdn A c6 3 gia tri riéng phén biét
A=LA=24=3.

Khi d6 ma tran chéo phai tim la

S O =
oS N O
w o o
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Pé tim ma tran chuyén ta phai tim cic véc to riéng Gng véi cac gia tri

riéng do.
-Véi A, =1tacod
x, +4x, = 0
2x,—x,—4x, = 0
-x +x,+4x, = 0

hay x, =0,x, =—4x,, x, thy y, chon x; =1, suy ra x, =—4. Véc to
riéng tmg v6i 4, =11a v, =(0,—4,1).

-Véi A, =2 tacod
-x+x,+4x, = 0
2x,—2x,-4x, = 0
-x+x,+3x, = 0
suy ra

x,=0,x =x, =1,

nén véc to riéng tmg véi A, =2 la v, =(1,1,0).

-Vé6i A, =3tacod
2x,+x,+4x, = 0
2x,—3x,-4x, = 0,
—x+x,+2x; = 0
suy ra

x, =0,x =2x,,

chon x, =1 tasuyra x, =2, véc to riéng ung v6i 4, = 31a
v, =(2,0,1).

A A x A A I4 I4 A Y ~ L] J 4 ’
Véy ma trin chuyén P la ma tran co cac cot 1a toa d6 cua cac véc to

riéng v,,v,,v; 1a
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0o 1 2
P=14 1 0.
-1 0 1
Néu tinh ma tran nghich do cia P ta cé
[ . B
1 -1,
2 2
Pi=|l2 -1 4
11,
2 2 J

C6 thé nghiém lai ring D= P AP.

Chit y. Diéu kién da thirc dic trung bic # c6 n nghiém phan biét chi
14 mot diéu kién du dé chéo hoa mot ma trdn. Trong truong hop da thirc dic
trung c6 nghiém bdi ngudi ta da chitng minh dugc ring néu van tim duoc n
véc to riéng doc 1ap tuyén tinh thi ta vAn c6 thé chéo hoa dugc ma trin 4.

2.4. Chéo héa truc giao
1. Khong gian vdi tich vé hudng

Trong khéng gian R" cho hai véc to

u=(x,%,...,%,);, v= (V15 Varers V)

Dinh nghia 5.13 Tich v6 huong ciia hai véc to u va v, ky hiéu la
u.v la mot sé thue

Uv=x),+xy,+.+x.y, .
D¢ dai hay chudn clia mot véc tou 1a: ||u” =\uu .
Hai véc to u,v 1a truc giao néu uv=0.

Hai véc to u,v 1a truc chuan neéu ching truc giao va c6 d6 dai bang
don vi

uv= O,”u" = ||v|| =1.

104



Vidu 5.9. Céac véc to cia co so chinh tic trong R’
¢, =(1,0,0),e, =(0,1,0),e, =(0,0,1)
1a cac véc to tryc chuan.

Tap chc véc to truc chudn trong R” 1a doc lap tuyén tinh. That vay,

gia st v,,v,,...,v, la cac véc to truc chuan. Ta co
n
Zaivi =0
=1

hay

[Zn:a,v,).vj =0
i=1

hay
Za,.v,.v vy, = 0. (**)
#j
Do cac véc to v, truc giao nén vy, =0 voi i# j. Do cac vec to v,
truc chuin nén vy, =1voii=j. Tu(**)tasuyra «;.1=0 hay o, =0.
Léan luot cho j cac gia tri 1,2,...,n ta s& c6 moi a,=0. Piéu d6
chirng t6 cac véc to v,,v,,...,v, doclap tuyén tinh.
2. Chéo hod truc giao

Dinh nghia 5.14 Néu ma trgn A c6 n véc to riéng truc chuan thi

viéc chéo hod ma trégn A dwoc goi la chéo hod trwce giao.
Trong truong hop d6 ma tran chuyén tu co so {el,ez,...,en} sang co
s& {V,,V;,-..,V,,} s& thoa mén diéu kién

{0 khi i# j,
Ivf =

48
1 khi i=]. 48
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Ta c6 thé coi cOt v, ciia ma trin chuyén P 1 hang thtr i clia ma trin
chuyén vi P' nén tich v6 hudng v,v; chinh 13 phéan t & vi tri (7, j) ciia ma

tran tich P'P. Do (4.8) ta thiy ring ma trin tich c6 cic ph4n tr ndm trén
duong chéo chinh bing 1 con cac phén tir khac bang khong, d6 1a ma tran
donvi. Vay P'P=1 . Mitkhactaco P"'P=1,suyra P' =P

Pinh nghia 5.15 Ma trdn P c6 tinh chdt: chuyén vi né ta dwoc ma
trdn nghich dao, dwoc goi la ma trdn truc giao.

Vidu 5.10. Ma tran
cosa -sing
P=|
sin@ cosa

P _( cosa sinaJ _p

1a tryc giao, vi

—sin@ cosQ
Gia sir A 1a ma tran chéo hoa truc giao dugc. Khi d6 tdn tai ma tran
truc giao P dé D= P 'AP  tir d6 suy ra
A=PDP™ = PDP".
Theo tinh chét chuyén vl cia ma trén tich ta c6
A' =(PDP") =(P"YD'P'=PDP' = 4.
Piéu do6 c6 nghia 1a ma tran A4 phai la ma trin d6i xing.
Nhu véy, néu ma trdn A c6 thé chéo hod truc giao duwoc thi né phdi
la ma trgn dci xung. Ta thira nhin rﬁng, nguoc lai néu ma trin A4 13 ma trin
d6i xing thi n6 chéo hoa truc giao dugc.

Pé minh hoa diéu d6 ta xét ma trin

7 2 0
A=[-2 6 -2]|.
0 -2 5

Phuong trinh dic trung
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T-4 2 0
det(A-AD)=| 2 6-1 -2 |=2-181>+994-162=0.
0 -2 5-2
c6 3 tri riéng
A=3,1,=614=9.
Céc véc to riéng (rng vdi cac tri riéng do 1a
v, =(1,2,2),v, =(2,1,-2),v; =(-2,2,-1).
Ta co
VW, =V,v, =v,y, =0,
cac véc to do tryc giao. Bay gio ta chudn hoa chiing (tirc 12 dua cac
véc to d6 vé cac véc to don vi).
L T (l 2 E) = Y2
1 2 2 2
[l 37373 [
Ma tran chuyén tir co s& chinh tic sang co so gdm cac véc to truc
chuan V,,V,.V, 1a

22yg AN P2t —L
ELeC YRR

2
5 ).

1
'3

-~

~
I
WIN WIN W]

-2

3
2

3

|
w|Nw|»—aw|t\)

il
3)

e

D@ dang kiém chimg ring
PP=1.

Ma trén chéo hoa cua A la

D=

o O W
S &N O
v o o
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§3. DANG TOAN PHUONG

3.1. Dang song tuyén tinh
Tép hop céac sd thue R duoc coi 1a mot khong gian véc to trén chinh no.
Pinh nghia 5.16 Mot dnh xa tuyén tinh f tir khong gian véc to X
vao R dwoc goi la mot dang tuyén tinh doi voi x € X .
Xét tich Dé cac X x X, dolatap caccip (x,y) voi xe X ye X
Dinh nghia 5.17 Mot dnh xa f . X x X — R dwoc goi la mét dang
song tuyén tinh néu né la mot dang tuyén tinh déi véi x (coi y la khong
doi) va la dang tuyén tinh déi véi y (coi x nhu khong doi).
Noi cach khac, anh xa f: X x X — R 1a dang song tuyén tinh néu,
voi mol X,X,,X,,Y,Y,,V, €X,voéimoi ,a, €R, tacod
flax +ayx,,y) = f (%, ¥) + . f(%,, ),
Joy +ayy) = f(x, )+, f(%,3,).

Vidy 5.11. Xét tich vo huong ciia hai véc to trong R’. Tir cac tinh
chat d4 biét cia tich v hudng ta c6

(au, +o,u,) v =a,(u,v)+a,(u,v),
u(ay, +av,)=a,(uv)+a,(uv,).

Vay tich v6 hudng trong R* 13 mét dang song tuyén tinh.

Dinh nghia 5.18 Mot dang song tuyén tinh Il doi ximg néu va chi néu

S =, x)Vx,yeX.

Mot dang song tuyén tinh [ la xdc dinh dwong néu va chi néu
JS(x,x)20 va f(x,x)=0khi x=0.

Tich vd hudng néi trén 1a mot dang song tuyén tinh ddi xtng va xac

dinh duong.
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Xét dang song tuyén tinh f: X* — R. Gid sit X 14 khong gian c6 s6
chiéu hitu han 14 7 va

U={ul,u2,...,un}

laméotcosdcua X . Tacod

n n
x= D XUy =D Vi
i=1 7=l

Khi d6
f(xy)= f(Zx,u,,Zyjuj) szf(u,,u )Y, -
i=1 =1 j=1
bit a; = f(u,,u,) vacoindla phin t & vi tri (i, /) cia mt ma trin

A thi hé thirc trén cé thé duoc coi 1a tich cia 3 ma tran

a; G, ... G, |[Nh
a a e a y
21 2 2n 2
f(x,y)=(x,%,,....,%,)
anl an2 ann yn

Ma tran A =(a,) duoc goi la ma trdn cia dang song tuyén tinh f .

Ta thira nhan réng mot dang song tuyén tinh la doi ximg khi va chi khi
ma trdn cia né la doi ximg.

3.2. Dang toan phwong

Xét dang song tuyén tinh d6i ximng

f(x,y)= ZZavx,xj,vm a; =a,

i=l j=1
Khi thay x boi y ta s& duoc dang toan phuong.

(i) Pinh nghia 5.19 Mot dang tocn phwong trong R" la biéu thikc ¢ dang

f(x,x)= ZZay xx;, x=(%,%,...%,)ER" ,a;=a,.

i=1 j=1
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Ta ky hiéu dang toan phuong cia bién x 13 O(x).
Vidy 5.12. Dang toan phuong trong R? 1a
Q(x) = a,x* +2a,xx, +a,x,”.
Dang toan phuong trong R’ 1a
O(x) = @, %% + ayx,” +ayx,” +2a,x,%, +2a,%,%, +2a,%,X, .

Dang ma tran ctia dang toan phuong la

all a12 mE aln xl

a, a, .. a,|x
00x) = (%, %p500%,)| I

a, a, .. a,\x

vOi matrin A 1a ma tran d6i Xung.
(ii) Dang chinh tic ciia dang toan phuong
Néu ma trdn A cia dang toan phuong la ma trdn chéo, tirc Ia a,=0

V6i i # J thi ta c6 dang chinh tdc cia dang toon phuong
2 2 2
an X +ayx, +..+a,x°”.

N6 chi chira cac s6 hang binh phuong ma khéng chira cac sb hang chir

nhat xx, ,1# j.

Rut gon mot dang toan phuong tirc 1a dua nd vé dang chinh téc, diéu
d6 c6 nghia phai dua ma trén ctia dang toan phuong vé dang chéo.

Do ma trdn A cla dang toan phuong la ma tran ddi xng nén néu nod
cO n tri riéng thuc phén biét thi 7 véc to riéng trong tng cia ching sé& 1ap
thanh mot co sO truc giao va ta co thé dua co s& d6 vé co sé truc chuén.
Nhu véy ma trdn A cua dang toan phuong sé chéo hod truc giao duoc.

Ta s& xét xem khi thuc hién phép chuyén co sé ctia dang toan phuong
d3 cho vé co sd tric chudn 1ap bdi cac véc to riéng thi ma trdn A4 cua dang
toan phuong sé& thay ddi nhu thé nao?
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Ta c6 dang toan phuong xudt phat v6i ma trin d6i ximg
AQ(x)=X'AX , trong d6 X 1 ma tran c6t. Chuyén sang co s& méi lap
thanh tir cac véc to riéng thi ma tran chuyén co s& P 1a ma tran truc giao.

X=PX'=> X' =(PX") =(X")YP' =(X")P"

Tu do

O(x)=(X")P'APX'.

Nhung P'AP chinh 13 ma trén chéo c6 cac phin tir nam trén duong
chéo chinh 14 cac gia tri riéng A, .

Ta dugc dang chinh tic ciia dang toan phuong 1a

n
X"DX = Ax? = Ax + Axy+ .+ A%
i=1

Nhu vay mudn dua mot dang toan phuong vé dang chinh tic ta phai
chuyén co s& da cho cua dang toan phuong vé co s& gdm cac véc to riéng
truc chuén; khi d6 cac hé s6 trong dang chinh tic s& la cac gi tri riéng.

Vi du 5.13. Pua dang toan phuong sau diy vé dang chinh tic va tim
ma trann chuyén ctia né

O(x) =5x +8x,x, +5x,.

Ma trin A cia dang toan phuong

g

|=0 hay (5- 1)’ —-16=0,suyra 4 =1,4,=9.

Phuong trinh dic trung
5-4 4
4 5-4

- Véi tri riéng A =1 ta c6 véc to rigng (1,—1), chudn hoa n6 ta duoc
W2 2)
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- Véitririéng A, =9 ta c6 véc to riéng chuén hoa

()

Ma trén chuyén co s& 1a

1 I
V2 2
Dang chinh tic cta dang toan phuong la
O=x"+9".

C6 thé nghiém lai rdng phép chuyén co so néi trén chinh 1a phép
bién d6i

X, = %’ﬁ’ +%x;;x2 = _T;xl' +%le :

Thay x,,x, vio dang toan phuong d cho ta s& dua duoc né vé dang
chinh tic nhu trén.

Vé mit hinh hoc, phép bién dbi d6i v6i ma tran P & trén 1a phép quay
trong m3t phing xung quanh géc O mét goc % . Nhu vay néu trong mit
phéng ta c6 duong cong cho béi phuong trinh

5x* +8xy+5y*-9=0

thi phép quay noi trén s& dwa phuong trinh d6 vé dang

x?+9y?-9=0

hay
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Ta dugc phuong trinh chinh tic cia duong elip trong hé truc toa do
-
Ox'y" nhan dugc do quay hé truc toa 46 Oxy mot goc T
Vi dy 5.14. Tim phép bién d6i ¢é dua dang toan phuong sau vé dang
chinh téc
O(x) =Tx2 +6x,” +5x,* —4x,x, — 4x,x,.

Ta viét ma trin A cia dang toin phuong va da thirc dic trung
det(4—Al)

7 2 0
A=|-2 6 =-2],
0 -2 5
suy ra
7-4 2 0

det(4-AD)=| -2 6-4 =2 |=0.
0 -2 5-4

Céc gia tri riéng la
A =3,4=614=9.

Céc véc to riéng chuin hoa tuong mg 13

122 21 2 22 1)
V1= PN ;V2= AN A A ;V3= T oA Al
333 33 3 3’37 3

Ma tran chuyén

(1 2 -2)
3 3 3
po|2 1 2]
3 3 3
2 -1 -1
3 3 3

Phép bién ddi
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X lx; +—x2' —gx;,
3 3 3

X, gxl'+1x2 +2x3',
3 3 3

o2y 20 L
3 3 3

Dang chinh tic ctia dang toan phwong di cho 1a
Q=3x"*+6x,7 +9x,%.

Chit y. Dang chinh tic cia mot dang toan phuong khong phai duy
nhét. Ngoai viéc chéo hoa tryc giao ma tran A nhu d3 mé ta & trén ngudi ta
con c6 thé dung cac phuong phap khac dé dua mot dang toan phuong vé
dang chinh tic. Ta tré lai dang toan phwong d xét trong vi du 5.14 trén

Q(x) = 5x* +8x.x, +5x,° .

Ta c6 thé bién doi

16

Q=5(x] +§3ch2 +%x22)+5x22 —?x; =5(x, +%x2)2 +%x22.

4 9
pit & =x, +§x2;§2 =x,,taco Q=5&" +g§22.

Ta dugc mdt dang chinh tic khac ciia dang toan phuong da cho.

3.3. Dang toan phwong xac dinh dwong

Dinh nghia 5.20 Mot dang toan phwong dwoc goi la xdc dinh dwong
néu véi moi x #0 thuéc E ta cé

O(x)>0.

Trong truong hgp nay ma trdn A cua dang toan phwong ciing dwoc
goi la ma trén xdc dinh dwong.

Bing cach thay X boi cac véc to thudc co s chinh tic cia E ta s&
suy ra rang : Néu Q la dang toan phwong xdc dinh dwong thi a, > 0 véi moi

i=12,...n.
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Trong truong hop ma trdan A4 cia dang toan phuong c6 » tri riéng
phén biét 1a s6 duong, dang chinh tic ctia n6
n
Z/’i,.xfz,/l,. >0,
i=1
dang toan phuong la xac dinh duong.
Bay gio ta s€ phat biéu mot diéu kién can va di dé mét dang toan
phuong la xac dinh duong. Gia st ma tran cua dang toan phuong la 4. Tu

dinh thirc cia ma trin A ta trich ra cac dinh thic con cép k

a, 4, . G
a, a a
21 22 2k
A, =
Gy Gy Qe

Cac dinh thirc A, duogc goi 1a cac dinh thirc con chinh cd'p k cua ma
trdn A.

Ta cong nhan két qua sau:

Néu moi dinh thirc con chinh ctia ma trdn A déu duong thi dang toan
phuong véi ma trdn A la xac dinh dwong.

Vi du 5.15. Dang toan phuong da xét trong vi du 5.14 1a xac dinh
dwong vi n6 co6 ba gia tri riéng duong. Néu xét cac dinh thirc con chinh ciia
A thi

S~ 74 =21 0
A=T, A= =38;A, =12 6 2|=162.
1 2 _2 6 3
0 2 -5

Ca ba dinh thic con chinh déu duong nén dang toan phwong la xac
dinh duong.

Vidy 5.16. Dang toan phuong

3%, +x,° +5x.7 +4x,x, —8x,x, — 4x,x,
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khong xac dinh duong vi ma trdn 4 cta néd c6 chira mét dinh thirc
con chinh

3 2

A, =
2‘21

‘:—1<0.

Mbt dang toan phwong Q 14 xdc dinh dm néu dang toan phuong —Q
la xac dinh duong.

Néu ma tran ciia O 1a A thi ma trin cia —Q 12 —A4. Khi tinh cic
dinh thirc con chinh cip k thi bing cach dua ddu — ra ngoai dinh thuc ta
thay rang néu k 1a s6 chin thi dinh thirc con chinh cap k ciia 4 va —A s&
nhu nhau, con néu k 13 s6 1é thi dinh thitc con chinh cép 1& ciia 4 va —A4
13 trai d4u nhau.

Tir d6 ta co két qua: Mot dang toan phieong la xdc dinh dm khi va chi
khi moi dinh thirc con chinh cd'p lé déu am, moi dinh thirc con chinh cdp
chén déu dwong.

BAI TAP CHUONG 5
5.1 Trong cic 4anh xa f : R® — R sau déy, 4nh xa nao 13 tuyén tinh?

a)f(x,y,z)=3x+2y-5z.

b) f(x,y,2)=5x-3y.
¢)f(x,y,z)=10x+4y -3z +1.

5.2 Xét tap hop F cac ham sb lién tuc trén [a,b]. Véi mbi ham
b
veF taxétdnhxa [:F—R;I(v)=[v(x)dx. Ching minh ring I la
anh xa tuyén tinh.
5.3 C 1a khong gian véc to cac sd phirc. Xét anh xa f:C — C xac

dinh bdi v6i z=x+iyeC, f(z)=(a+bi)z,a,beR. Chingtd ring f

1a anh xa tuyén tinh va tim ma tran ciia anh xa do.
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5.4 Trong khong gian véc to R® cho co s& A={(—1,1),(1,—1)}.
Trong khong gian véc to R’ cho co s¢ B= {(0,1,1), (1,0,1,(1,1, O)} Hiay
tim ma trin cua anh xa tuyén tinh f: R? — R® x4c dinh nhu sau:

a) f(x,y) =(x,y,x+y).
b)f(x,y)=(0,x+y,x~y).
5.5 V6i mdi da thitc p(x) c6 bac khong vuot qua 3 ta cho twong Ung
da thuc g(x)=Q2x+1)p(x)—(x*-1p'(x), véi p'(x) 1a dao ham cua
p(x).

a. Ching minh ring anh xa
f:Blx]—> B [x], véi B[x].B[x]

14n luot 1a cac khong gian cac da thirc khong vuot qua 3 va 4, xac dinh
nhu trén 1a moét anh xa tuyén tinh.

b. Chimg minh rang f 14 don anh.
c. Cac khéng gian B [x] va P,[x] duoc quy vé cac co 56
Lx,x*,x° va Lx,x*, x>, x*,

hdy xac dinh ma tran cia dnh xa f .

5.6 Choanhxa f:B[x]—> B[x] , véi f(p(x))=xp'(x)+ p(x),
p'(x) 1a dao ham cip 1 cta p(x).

a. Ching minh rang f 14 4nh xa tuyén tinh .

b. Tim ma trén cia f trong cip co s E, F, biét

E={Lx,x*},F ={1,1—x,(1—x)2}

5.7 Choanhxa f:R> > R’ véi

f(x;y)=(2x—y; 4x -2y, 6x—3y+m)
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a. Xac dinh m d £ 1a 4nh xa tuyén tinh va tim ma trin A cia f
theo cac co so chinh tic cia R? va R’.

b. Tim co s va s6 chiéu cia Ker /|, Im f véi m tim dugc.

5.8 Cho anhxa f: R’ - R?,

voi f(x;y;z2)=(x—-y—z;x+y+z+3m),

m 13 tham s6.

a. Tim m dé f laanhxa tuyén tinh, sau d6 tim co s& va sb chiéu cua
Ker f.

b. V6i m tim dugc, tim ma trin cia anh xa f trong cip co so ciia R’
la  =(110), u, =(1,0,1), uy =(0;1;1)

vicosdclia R* lav, =(10),v,=(2;1).

5.9 Trong R’ cho co s& chinh tic e, =(1,0,0); e, =(0,1,0);
e, =(0,0,1).

Xét phép bién ddi tuyén tinh 7 : R* > R® coma trin

0 1 1
A=(1 0 1
1 10

a. Tinh cac thanh phan x',3’,z' cia f(v) theo cac thanh phén x,y,z
cha v.
b. Chimng t6 ring f la song anh va tinh x,y,z theo x',y',z". Tir 46 suy
ra ma tran nghich dao 47"
5.10 Trong khéng gian cac da thirc c6 bac khong vuot qua 3 quy vé co
s& 1,x,x%,x°, taxét da thirc P(x)=1+x+x>+x".
a. Chiing minh rang cac da thirc P, P’,P", P"" 13p nén mét co s& méi

ctia khong gian dang xét.
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b. Lip ma trén chuyén H tr co s& 1, x,x*,x° sang co s&
PP P P".

c. O(x) 1a mot da thirc bat ky. Dat

O(x)=a, +ax+ax* +ax’ =b P +bP +b,P"+bP" .

Tinh a,,a,,a,,a, theo b,,b,,b,,b, va nguoc lai. Suy rama tran H~".

5.11 Ta xét mét anh xa f: R* > R? cho tuong ung mdi phﬁn to
(x,v,z,1) cia R* voi phin tit (x+y,y—2z,z+x) cia R’. Chung t6 ring
£ 1a anh xa tuyén tinh. Tim mot co s¢ cua Kerf vacia Im f .

5.12 Cho 4nh xa tuyéntinh f: R?® - R® x4c dinh boi

FEGLD=121), f1;12)=(ZL-D, fL2ZD) =(5:4-1)
a. Tim co sO va s6 chiéu cia Ker f .
b. Tim co s& va sd chiéu cia Im f .

513 Cho f:R®-— R® la 4nh xa tuyén tinh, biét ma trén cta f trong

co SO

E={(131),(10;1),(LL,0)} 1a 4, =

_— N =
N W=

a Tim f(23;-1).
b. Tim co s& va sb chiéu ciia Ker f .

514Cho f:R’ > R’ laanhxa tuyén tinh, biét ma trin ciia f trong

CO SO

E={(1131),(50),(1,0;0)} la 4, =

—_ N =
—_— = (O
W o=
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a. Tinh f(4;3;5).
b. Tim co s& va s6 chiéu cia Im 1.

5.15 Tim céc tri riéng va cac véc to riéng cla cic ma trin sau:

1 1 4 1 13

1 =2
: 2 0 4 1 51

1 4
-1 1 5 311

5.16 Tim céc tri riéng va cac véc to riéng clia phép bién dbi tuyén tinh
trong R? duoc cho béi:

x'=5x+4y,
y' =8x+9y.

5.17 Tim tri riéng va véc to riéng ciia phép quay trong khong gian

V4
xung quanh truc Oz mét goc s

’ A A , 34y A A
3.18 Dua cac ma tran sau vé dang chéo va tim ma tran chuyén:

2 2 2 1 -1 -1 1 3 3 2 4 3
A= 2 4 22|;B=|-1 1 -1|,c=|-3 -5 3| D=|-4 -6 -3|
2 22 1 -1 -1 1 3 3 1 3 3 1

5.19 Chung t6 ring ta khong chéo hoa duoc ma tran

2 1 0
0 1 1|
0 -2 4

5.20 Ching t6 ring cac ma trdn dong dang co cung phuong trinh dic
trung.

5.21 C6 thé chéo hoa truc giao cac ma tran sau duoc khong? Néu
dugc hdy tim ma trin chuyén trong ung;
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7 2 0 1 21 1 0
A=|-2 6 -2|[B=(2 4 2| C= 20
0 -2 5 1 21 1 1

5.22 Cho X la khong gian cac ham lién tuc trén [a,b]. Xét anh xa
b
f:X* >R xbc dinh boi f(u,v)=[u()W(t)dt , Vu,ve X . Chimg t

ring f 1a dang song tuyén tinh. N6 c6 ddi ximg, c6 x4c dinh duong khong?

5.23 Cho X la khong gian thyc R’. Xét anh xa f: X — R xéc
dinh badi

SOV =X+ 20,9, = %,y5 5 X = (X, %, %), Y = (31,12, V3).

Chung t6 ring f 1a dang song tuyén tinh va tim ma trin A4 cta no

trong co s0:
B={(0,1,1),(1,0,1),(1,1,0)} ciia R*.

5.24 Pua cic dang toan phuong sau vé dang chinh tic va chi ra phép
bién ddi tuong Ung.

a O(x)=x2—x"+2xx,\3

b. O(x)=2x2 +4x.7 +x,2 + 4x.x, - 242x.%, + 42x,%,

c. O(x)=6x"+3x,> +3x,> +4x,x, —8x,x,

5.25 Tim dang cta duong c6 phuong trinh

x =32 4 2By —2(1+3)x—2(1-B)y +2.
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Chuong 6
HAM SO VA GIOI HAN

§1. HAM SO MOT BIEN SO

Cac dai lugng ma ta gip trong thuc té thuong 1a cac dai hugng bién
thién, nghia 1a chiing nhéan cac gia tri thay ddi trong qua trinh khao sat. Co
thé xay ra truong hop mot dai lugng tuy bién thién nhung gi4 tri cua né lai
phu thudc vao mét dai luong bién thién khac. Thi du mot chiée xe 6 t6 chay
trén duong véi van tdc khong dbi. Quing dudng xe chay duoc (dai luong
bién thién s) phu thudc vao thoi gian chay xe (dai luong bién thién ). Néu
tbc d6 cna xe 1a v thi quing dudong s duoc xac dinh theo thoi gian ¢ béi
cong thirc s =vr. Néu biét ¢ thi ta xac dinh duoc gia tri cia § mot cach
duy nhat.

Quan h¢ phu thudc gitta s va ¢ nhu trén dugc goi 1a quan hé phu
thudc ham sd.

1.1. Pinh nghia ham s6 mgt bién s6

Pinh nghia 6.1 Cho tdp hop s6 thuc R. Mot anhxa f tir R vao R
dwoc goi la mgt ham S0 thuee ctia mot bién so thuc, hay mét ham sé cia mét
bién s6. Noi cach khdc, véi mbi mot bién s6 thuc x ta cho twong ung voi
mot s6 thuc duy nhdt theo mét quy tdc f nao do thi ta noi la ta da xac dinh

mét ham s6 f .
Phan tir x dugc goi la bién s6 doc 1ap. Phin tr y tuwong tng voi x
dugc goi la gia tri clia ham s6 tai x, ta thuong ky hidula f(x) va viét
y=rf(x).
Tap hop tat ca cic sd thuc x ma ta c6 thé xac dinh duoc y theo quy

< ~ [ s A , . o \ A
tac f da cho dugc goi 1a mién xac dinh cia ham so f.
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Néu tap hop 4 = R 12 mién x4c dinh ctia ham s6 thi tip hop tt ca cac
s6 thuc y sao cho y= f(x),V x € 4 duoc goi la mién gi4 tri ciia ham sb (d6
chinh la tdp anh cha f) hay {f(x):xe 4} 1a mién gia tri ctia ham s6.

Vidu 6.1. Cho ham s& y=+/9—x? thi mién xac dinh 4 ctia ham sé 1
tap hop tht ca cac s6 thuc x sao cho

9—x*>0 hay -3<x<3.

Mién gi tri coa ham s6 1a tAp hop moi s6 thuc y sao cho 0<y <3.

1.2. Db thi ciia ham s6

P& c6 mot hinh anh hinh hoc vé mot ham sb, ngudi ta tim cach biéu
dién no trén mit phing toa do, trc 1a mot mit phing trén d6 c6 xac dinh hé

truc toa d6 Ox, Oy (thuong la vudng goc).

Véi mbi mdt x thudc mién xéac dinh A cia ham s6 ta cho tuong ing
v6i mét diém c6 toa dd (x, ), véi y = f(x), thudc mit phang Oxy .

Tap hop tht ca cac diém (x,y) voi moi xe A duoc goi la 6 thi coa
ham sé y = f(x).

Vidu 6.2. Trong bidu dién db thi ctia ham s6 f: A— R xac dinh boi

f(x)=—x"+2x+1

trong hai truong hop sau:

a) A={-1,0,1} .

b) A=R (A latap hop cac sb thyc).

Trong trudng hop thir nhit mién gia tri cia ham ciing chi gdm 3 diém

n=fE)=0y,=f0)=Ly=f1)=2.
Do d6 db thi ciia ham s6 f chi c6 3 diém.

Trong trudng hop thir hai, mién gia tri ciia ham 1 R, dd thi cua ham

s6 1a mdt duong cong lién tuc (d6 1a duong parabol bac 3 — hinh 7).
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1.3. Ham sb ngwoc va do thi ham s6 ngugc

Xét ham sb f: A— B, tic 1a véi

i . AT frerien.
moi x€A tuong Ung voi mdt y duy pl |
nhét thugc B. Néu f 14 song anh, tic 13 l ¥ /fj.)iﬁ

X , ’ A ]' il .-'"
véi moi ye B c¢6 tuong ng duy nhat — ~—f’j N o R x
AR Sl VAN I

mét xe A, thi f s& c6 mdt anh xa ’/-2—/
nguocla f':B— A. Khi d6 ta néi f A §

z -4-_H
la ham s0 nguoc cia ham f . Vay

fA>Bva f B> A. Hinh 8

Khi d6 trén mit phing toa 46 Oxy, néu diém M co toa 46 (x, y) véi
y = f(x) thudc d6 thi ham thuan £ thi didm M’ c6 toa d6 (y,x) s& thudc dd
thi ham sb nguoc f. Néu cac don vi chon trén cac truc la nhu nhau thi cac
diém M va M’ s& d6i xtmg vdi nhau qua duong phan giac y = x.

Do thi ctia ham f va ham nguoc [ la doi ximg nhau qua duong
thing y=x (hinh 8).

Chi y. Khi viét ham nguoc ciia ham y = f(x) du6i dang x= £ '(y)
thi y 1a bién s6 doc 1ap. D& thuan tién cho viéc trinh bay trén ciing mot hé
truc toa dd ta ludn coi bién x 14 bién doc lap (ing véi truc hoanh) con bién
y 1a bién phy thudc (Ung vdi truc tung). Khi do ta sé ky hi€éu ham nguoc

ciaham y = f(x) laham y= f"'(x).
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Vidy 6.3. Him y=2x+1 c6 ham ngugc la x=(y—1)/2, nhung ta
ky hiéu lai 1a y = (x—1)/2. Ta viét
f:R—>R, f(x)=2x+],
fU:R>R, f‘l(x):xT_l.

1.4. C4c ham so cap
1.4.1. Ham da thuc
Ham f:R— R xac dinh

boi

fx)=ax"+ax"'+..+a

v6i n 14 mdt s6 nguyén
duong, a,,...,a, 1a cac héng s6
thye, duge goi 1a mgt ham da
thirc. Ham da thic xac dinh
v6i moi 86 thuc x va lay gia tri Hinh 9
thyc.

Sau day la dang dd thi cua mot sb ham da thire:

1.4.2. Ham phadn thirc hitu ty

Ham f: R — R xac dinh boi
P(x)
Q(x)

1a cac ham da thirc, duoc goi 13 ham phan thire hitu ty. Néu N, 1a tap

fx)= . P(x),0(x)
cac khong diém cua Q(x), tirc 1a
N,={xeR.Q(x)=0}
thi ham phan thirc hitu ty 7(x) c6 mién xac dinh 14 tap hop R\ N,.
Trong chuong trinh trung hoc ta da xét dd thi ctia cac ham phén thirc

hiru ty:
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a _ ax+b _ax*+bx+c

> y_ > y
b3 cx+d px+q

y:

1.4.3. Ham 56 mi
Hom s6 mii co s a voi a>0, a0 1a ham f:R— R xac dinh boi
f(x)=a".

Ham s6 mii xac dinh véi moi s6 thuc x va chi l4y gia tr riéng,

- Néu co s6 a>1 thi ham mii ting, nghia 1a vdi x, <x, ta co
a' <a®.

- Néu co sb a<1 thi ham mii ting, nghia 1a véi x <x, ta co
a*>a”.

-Néu co s6 a=e (e 1a co sb v ty va co gia tri gin dung 14 2,71828)

thi ham mii co s6 e duoc goi 1a ham exponent, ky hiéu 1a exp(x). Vay

exp(x)=e”.

Hinh 10. D6 thi ham mii y =a* va ham y=log, x

Trong viéc nghién ciru sy phat trién ciia mot quin thé sinh vat khi thoi
gian ting theo cap s6 cong ma s lwong quin thé ting theo cip sé nhan, tirc
1a & thoi diém ban dau (lic £=0) sb luong quan thé 1a m,, lac =1 sb

lwong quan thé 1a m,q (g 1a mot hing sb nao d6, céng boi cua cip sb nhan),
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lac ¢ =2 thi sb luong 1a mq?,..., & lac ¢ thi s6 lugng quén thé 14 m,q'. Dt
g =e®,a 1a mdt hing s6 nao do thi s6 luong quan thé m & thoi diém ¢ s&
duoc xac dinh nho ham mi
m(1) =mye* =myexp(ou).

Mot hién twong phat trién nhu trén dugc goi la phat trién theo luat mil.
Ta thuong gédp hién tuong do khi xét cac quﬁn thé doc 13p va nhiing diéu
kién hét sirc rong rai (khong bi han ché boi nguén thirc an, vé dia ly cu
tra,..).

1.4.4. Ham logarit

Nhin trén @6 thi ham mii ta thay: véi mdi sb thyc x c6 tuong ung véi
mdt sb thuc duong y duy nhét va nguoc lai v6i mdi sb thuc y co tuong
{ing voi mot sb thue x duy nhat. Diéu d6 c¢6 nghia 12 ham mii 1a song anh,
do d6 n6 ¢6 ham nguoc.

Ta goi ham nguoc ciia ham mii la ham logarit co s6 a, ky hiéu 1a
log, x, ham nay xac dinh trén tp cac s6 thuc duong va liy moi gia tri thyc.

f:R" >R, f(x)=log, x.
Nhu vy céc biéu thirc sau 14 tuong duong
y=log_ x hay x=a’,xeR",yeR.
Logarit co s& 10 duoc goi 1a logarit thdp phdn, ky hiéu 13
lgx =log,, x.

Logarit voi co sb e dugc goi 1a logarit népe hay logarit tw nhién, n6

dugc ky hiéu la
Inx =log, x
Dung céc tinh chét cia logarit ta c6 cong thirc 61 co s6 trong logarit

sau
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Chéng han muén chuyén tir logarit thip phén sang logarit népe ta
dung cong thuc

18X i lge~0,4343 hay —— ~2,3026.
lge Ige

Inx=

Logarit ¢6 rat nhiéu ing dung. Trong viéc tinh toan, khi ta chuyén cac
s0 sang logarit ctia ching thi phép tinh nhan dugc thay thé bing phép tinh
cong, phép tinh chia dugc thay bing phép tinh trir, nhor vy rit ngén dugc
thoi gian tinh toan.

Khi v& d0 thi ham s6 nguoi ta thuong dung gidy ké 6 vuong. Gidy ké 6
ban logarit 14 loai gidy ké 6 ma trén d6 thang ding trén truc Ox (truc
hoanh) 1a thang don vi d0 dai thong thuong, con thang truc tung Oy duoc
ghi theo logarit ctia don vi d6 dai, ching han & chd ghi s6 2 ta phai hidu d6
la lg2. Khi biéu dién d5 thi ham miiy =e™ ta bién d6i n6 thanh
lgy=(alge)x va dung gidy ké 6 ban logarit thi ta s& dugc dd thi 1a mot
duong thing. Nhu vay dé kiém tra xem gitta hai dai luong bién thién x va
y ¢6 sy phu thudc theo quy luat mii khong ta biéu dién cac diém (x,1gy)
trén gidy ké 6 ban logarit, néu cac diém nhan dwoc x4p xi thing hang thi ta
c6 thé chdp nhan quy luat mil giita x va y.

1.4.5. Ham luy thia

Ham f:R—> R duoc xac dinh
boi f(x)=x", o 1a hang sb thuc, duoc
goi 13 ham lup thira tuy thudc vao sb
thuc o.

Vé6i a=n, n la sb nguyén
duong, thi ham y=x" 1a ham lu§ thira

nguyén va xac dinh trén R.

V6i o=-n, n la s& nguyén
duong, thi ham y=x"" la ham lu§y thira Hinh 11: Ham liy thira
thap phén va n6 xac dinh trén R\{0}.
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Véi ao=1/n, n 1a s6 nguyén duong, thi ham y=x"" 12 ham cin
thirc, n6 xac dinh trén R* néu n chin vatrén tdp R néu n 1é.

Chu y. Khi nghién ctru sy phu thude gitta hai dai lugng bién thién x
va y, néu giita ching c6 hé thirc y=bx* thi bing phép bién ddi logarit ta
dugc:

lgy=Igb+klgx.
Néu dit
Y=gy, X=1gx,B=1gb

thi ta c6 ¥ =kX +B day lai 1a mot duong thing trong hé toa d6 néu
cé hai truc c6 thang logarit.

1.4.6. Cdc ham lwong gidc

Trong chuong trinh trung hoc ta dd dinh nghia cac ham lugng giac.
Cac ham

y=s8Inx,y=cosx

xéc dinh trén tap sb thuc R va ldy gia tri trong [-1,1]. Him y=tgx
xac dinh v4i moi gia ti x=(2k+1)n/2. Him y=cotx xac dinh voi moi
giatri x # km, chung 14y cac gia tri thuc.

Cac ham

y=sInx,y=Ccosx
14 cac ham tuan hoan véi chu ky 27, nghia la
sin(2km+ x) = sinx, cos(2kn+x)=cosx, Vke Z,Vx.
Cacham y=tanx, y=cotx 12 ham tun hoan véi chu ky =

tan(x +km) =tanx, cot(x+km)=cotx.
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Hinh 12. Do thi cdc ham s6 lwong gidc
1.4.7. Cac ham lwong gidc nguoc
Ham y=sinx xét trén R khong 1a don anh (do n6 tuan hoan), do d6

n6 khong 1a song anh. Tuy nhién, néu ta han ché mién xac dinh cia n6 trén
d n n b [ 4 hY 7 r I 4 b h) — . h)
khoang [_5’5] thi n6 1a song anh, n6 c6 ham nguoc 1a £, ta goi ham
ngugc cia no 1la ham arcsinx (hinh 7). Vay
5 T T, . :
f ! :[_1> 1] _)[_—7_]5 f l(x) =arcsinx,
2°2
va y=arcsinx c6 ham sd nguoc 1a x=siny véi

-1<x<I;, —

>

<y<

Na
Noa

Tuong ty, ham
f:10,n]>[-1,1], f(x)=cosx
1a song anh, ham nguoc cia n6 1a
f1:[-1,1]=[0,x], f'(x)=arccosx (hinh 8).
Vay y=arccosx,suyra x=cosy,—1<x<[;0<y<m.
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y y=arccosx B

I

____1-71-/2--_. y=arcsin :
|

nfe |

|

|

1

Hinh 13. Do thi ham s6 arcsinx, arccosx

- "

o |

- M

'
|
|
I
f
|
|
|

Ham f: (—g,g) — R, f(x)=tanx ciing la song anh, n6 c6 ham
nguoc la
-1 T T -1 s
fT:R—> (_E’E)’ S (x)=arctan x (hinh 9).
Ham song anh f:(0,7) > R, f(x)=cotx c6 anh xa nguoc la
f:R—(0,x), f(x)=arccotx (hinh 10).

Viy, tacd y=arctan x, suy ra

V4 V4
x=tany,—oo<x<+oo,—5<y<5

va y=arccotx,suyra x=coty,—o<x<+w0, 0<y<r.

F S e

y ¥

y=arctanx
"
X y=arccotx
5
2 & \

-nf2 O S

nj2

Hinh 14. D6 thi ham sé arctanx, arccotx

Cac ham s6 lu§ thira, ham mii, ham logarit, cac ham lugng gidc va cac
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ham nguoc cua chiing dugc goi la cac ham so cd'p co ban. Ham sb duoc tao
tir cac ham sb so cAp co ban nhd cac phép tinh dai s6 va phép hop ham duoc
goi 12 ham s6 so cdp.

Vidu 6.4. Cac ham da thirc, cac ham hiru ty 1a cac ham so cép

Asin(ax + B),e” sinx,e* * cos(ax +b),...

ciing 1a cac ham so cép.

1.5. Ham cho bing tham s6

Khi nghién ctru sy phu thudc ham s6 gilra hai dai luong x va y ta

cing hay gip truong hop ca x va y déu phu thudc vao mét bién thi ba ¢.

x =), y=w() ™*

Khi d6 véi mdi ¢ ta xac dinh dugc mét diém (x, y) thudc mit phing,
khi ¢ thay ddi (trong mién xac dinh ciia cac ham @, y) thi diém (x, y) vach
nén mdt duong L nao d6. Cap phuong trinh (*) dugc goi la phuong trinh
tham sb cta duong L.

Vidu 6.5. Cap phuong trinh x =acost, y =bsint,0<t <2xn biéu dién
duong elip. That vy, khi khir tham s6 ¢ ta duoc

2 2

+2—=cos’t+sin’t =1

QN| =
%/

Biy gid ta xét xem cip phuong trinh (*) khi nao biéu dién ham
y=f(x).

Gi4 str cac ham ¢,y xéc dinh trong mién G . Khi d6 mién xac dinh
cua ham f(x) la tdp hop moi gia tri cla ham x=¢(¢),eG , suy ra
D =@(G). Néu ham y 14 song anh thi voi m&i xe D ta tim duoc duy nht
mét teG, t=¢ '(x), va véi ¢t 36 ta xac dinh dugc mot y duy nhiét theo
ham y=y(?).

Nhu vay, néu ham ¢,y x4c dinh trong mién G va ¢ 1a song anh trén
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G thi
x=¢),y=w),teG
bidu dién madt ham s6. Ta goi ham s6 d6 cho bﬁng tham s6.
Phuong trinh duong elip ndi trén
x=acost,y=bsint
biéu dién hai ham.
Véi 0<t <z, ham x =acost la mft song anh. Ta c6 ham
y= S\fa’_—? .

Véi m<t<2n ta c6 ham

y:—éxla2 -x*,

a

§2. GIO1 HAN CUA DAY SO

2.1. Dinh nghia diy s6

Mot ham f: N — R xdc dinh trong tdp hop cac s tw nhién N duwoc
goi la mét day S0.

Ta dat

u=fQ),u,=f(2),...u,=f(n),.. . u,

duoc goi 12 s hang tong quat cia day sb. Ta ky hiéu day so 1a {u,}.
C6 thé x4c dinh diy sb bang cach:

a) Cho cong thikc tong qudt u, = f(n).

Vi du 6.6. Cho ddy s6 u, =agq"", véi a va q la cac hing sb. P6
chinh 13 mot day s6 nhan

a,aq,aq’,....aq’,....
b) Cho cong thikc truy chimg, ching han u, =a,u, = f(u, ).
Vidu 6.7. 1) Cho diy sb
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u =x/§,u =,/2+u_ )
1 n n-1

Do l1a day
R R e N e
2) Cho day s6 Fibonasi
u=u,=Lu =u,_ +u, ,.

boladay1,1,2,3,5,8,13,....
2.2. Giéi han cia day s6
Vidyu 6.8. Xét s6 thuc a=1/3. Ta c6 thé biéu dién gin ding thiéu sb
a bing diy s6
u,=0,3;u4,=0,33;,.;u =0,3.3 (n sb 3),
hoic biéu dién gin dung thira bang diy sb

"3 =0,4,v,=0,34,..;v,=0,3..34 (n-1s63).

Ta c6 hiéu u,—a hoic v, —a vé tri tuyét dbi khéng vuot qua 107",
Bing cach ting n ta c6 thé lam cho hiéu d6 nhé di bao nhiéu ciing duoc.
Diéu d6 c6 nghia 1a néu € 1a mot s6 duong cho trudc, bé tiy ¥, thi ta c6 thé
tim duoc s6 nguyén N sao cho v6i moi n> N ta ludn co |u, —a|<e. Khi

d6 s6 a duoc goi 14 gi6i han cta day s {u,}.

Pinh nghia 6.2 Ddy s6 {u,} dwoc goi la c6 gici han la a néu voi moi
£>0 nho tiy y cho trucc, ton tai s6 N >0 sao cho véi moi n> N ta ludn
c6 |u,—al<e. Ky hiéu la

limu,=a hay wu,—>a khi n—>+o.

Néu day {u,} c6 gidi han1a a thi ta ciing n6i day {u,} hditutéi a.

Vidu 6.9. Xét day s6 chobdi u, =71

n
Ta thay ring day s6 d6 hoi tu i 1 vi

|un—1;=”—+1—1‘=1.
n n
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e . = = |
Véi moi € >0 cho trudc, mudn c6 |u, —1|< € thi chi viéclay n>— la
g
duoc. Nhu vay ta chon N la s6 nguyén 16n nhét co gia tri nho hon hodc

bﬁng N ) Chﬁng han néu cho £ =0,003 thi
€

l:333,3.
€

Ta chi viéc 14y N =333 thi v6i moi n>333 (tic la ké tir s6 hang thu
334 tré di) ta c6 |u, —1]< 0,003

2.3. Céc phép tinh vé diy hoi tu

Pinh Iy 6.3 Néu ddy {u,} hoi tut6i a, day {v,} hoi tu t6i b thi
1) Day tong {u, +v,} hji tutéi a+b;

2) Day tich {u,v,} hoi ty téi ab;

3) Day nghich dao {1/v,} hoi tu t6i 1/ b voi diéu kign b#0,
4) Day thwong {u, /v,} hoi tu t6i alb véi diéu kién b#0.

Ta sé& ching minh cho tinh chét (1), cac tinh chét con lai dugc chimg
minh tuong tu.

Vi u, — a nén theo dinh nghia cla gidi han, cho trudc sb /2 ta tim
dugc sb N, sao cho véi moi n> N, tacod |u, —al<e/2.
Véi v, > b nén voi sb €/2 néi trén ta tim dugc s6 N, sao cho vdi
moi n> N, tacod |v,—al<e/2.
Goi N =max(N,,N,) thi véi moi n >N, taco
|u,—al<e/2 va|v,—al<e/2.

Khi d6 véi moi s6 £>0 cho trude ta da tim duge s6 N sao cho voi

moi n> N tacod
|, +v,)—(a+b) | (u,—a)+(v,—b)Id un—a|+|vn—b)|38/2+ﬁs/2=s

diéu d6 chungté (u,+v,) > (a+b).
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2.4. Hai tiéu chuin di dé diy héi tu
Khong phai ddy sb nio ciing hdi tu, ching han diy u, =(-1)" ma cac
gia tri ciia nd lan luotla-1va 1 khong tién toi mot gidi han nao ca.
Duéi déy ta s& phat biéu hai tiéu chudn ma nho d6 ta c6 thé bidt duoc
mét day da cho 1a hoi tu.
Tiéu chuén 1. Cho ba day {u,},{v,}, {w,} sao cho
v, <u, <w,. (6.1)
Khi d6 néu cdc day {v,} va {w,} cing hoi tu t6i a thiday {u} ciing
hoi tu toi a.
Chimg minh. Do v, — a nénvéi € >0 tatim dugc N, d& Vr> N, taco
v, —al<e. 6.2)
Do w, —a nén véi €>0 tatim dugc N, dé Vr> N, ta co
w, —al<e. (6.3)
Goi N =max(N,,N,) thi khi n>N céac bit ding thirc (6.2) va (6.3)
cung x4y ra. Két hop véi (6.1) ta co
—€<V,—asu,—as<w, —a<e.
Nhu vy, véi €>0 cho trude ta tim dugc s& N sao cho véi moi
n>N taco |u,—al<e. Diéu d6 ching to day {u,} hoitutéi a. »
Trudc khi phat biéu tiéu chudn thi hai, ta xét thém mot vai khai niém
sau:
Day {u,} dwoc goi la don diéu ting néu véi moi nym ,n<m thi

u,<u,.

n
Day {u,} dwoc goi la don diéu giam néu véi moi nym ,n<m thi

u >u

Day {u,} dwoc goi la bj chiin trén néu moi sé hang trong day, ké tir
mét s6 hang nao do tré di, khong vt qud mot hing sé A nao do.
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Day {u,} dwoc goi la bi chdn dwdi néu moi sé hang trong ddy, ké tir
mét s6 hang nao do tré di, khong nhé hon mot hing s6 B nao do.

Tiéu chuin 2. Moi ddy ting va bi chén trén thi héi tu. Moi ddy giam
va bi chdn duwdoi thi hoi tu.

Ta khong chimg minh tiéu chuan nay.

Vidy 6.10. Xét ddy sb cho boi

un:[l+lj i
n

Ta s& chimg minh ring ddy {u,} ting va bi chin trén. Thét viy, ta

khai trién u, theo nhi thirc Newton

un :1+21+M%++M_1_
Il'n 21 nm l e

e S ) I

Thay n boi n+1 thi

un=2+l(1—Lj+...+ ! [1— 1 ](1— - }[1—L]
2! n+l (n+1)! n+l n+l n+1

Do 1—l<1—ﬁ voi moi k=1,2,... ta suy ra u, <u,,,, tic la ddy
+
{u,} ting.
Mit khac
1 Y 1
l1-—<1,voimoi k,nén u, <2+—+—+...+—.
k 21 3! n!
Hon nita
LR SRS e L T
k! 23.k 22.2 2
Do d6
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1 1 1 1 1 1
U <2+—+—+...+

<24+—+—+..+ +...
n 2 22 2n—1 2 22 2n—1
Tong
2+l+i2+...+L_l+...=2+1/—2:3
2 2 2" 1-1/2 .

vi 1a tbng ctia mot cAp sb nhén lui vo han. Vay u, <3. Tom lai day

{u } ting va bi chin trén bdi 3 nén theo tiéu chuin 2 thi né hai tu.

DPinh nghia 6.4 Gidi han ciaddy u, = (1 + lj duwoc goi la so e va
n

lim (1+1]n =e.
nriol  p
Nguoi ta chirng minh dugc ring s6 e 13 s6 vo ty. Gia tri gin ding cia
né voi 5 chit s6 thap phan 13 2,71828. S6 e duoc dung lam co s6 cho mot hé
logarit (logarit népe). R4t nhiéu cong thirc toan hoc ciing nhu k¥ thuét dugc
biéu dién nho b e.
2.5. Giéi han vo cung cua diy
Khi xét day {u,} hoitutdi a, a 1a hitu han (—oo <a <+w0). C6 nhitng
diy ma ké tir mét s6 hang nao d6 tré di, moi sb hang trong diy déu lén hon
hodc nho hon mét s6 bat ky cho trudc co tri tuyét d6i lon tuy y. Khi dé ta
ndi la day co6 gidi han vo cung.
Pinh nghia 6.5 Day {u,} c6 gici han +oo néu véi moi s6 M >0 cho
trude, ta cé thé tim dwge s6 N >0 sao cho véi moi n> N ta cé u,>M . Ta

viét u, —> +o0.

Day {u,} c6 gi6i han —o néu véi moi s6 M >0 cho trudc, ta cé thé
tim dwoc s6 N>0 sao cho véi moi n>N ta ¢é u,<-M. Ta viét

u, —> —0.

Vidy 6.11. Diy s6 cho bdi u, =n* c6 gi6i han 1a +o.
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Ta chirng minh dugc cac két qua sau:

Néu u, = +00,v, = +00 thi u, +V, —>+o0; U, v, —> +0.
Néu u, - —0,v, &> —o0 thi u,+v, = —o0; u, v, —>+0.
Néu u, — +0,v, >—o0 thi u, v, >—o.

Néu u, = a>0,v, >+ thi u,.v, —>+o0.

;o A \ u A TOY
Chit y. Neéu u, —>+o0,v, = +o thi (u,-v,), v—" dugc goi la céc

dang vo dinh. Néu u, — 0,v, > oo thi u,., cling 1a dang v6 dinh.
Trong viéc tinh gidi han, khi gip cac dang vd dinh ta phai tim cach
khir ching di (xem §3).

§3. GIGI HAN CUA HAM SO

3.1. Pinh nghia giéi han khix —a

2 Ju—
Vidu 6.12. Xétham sb f(x) = 3(11—1) |
x f—

Ham sb khong xac dinh tai x =1. Tuy nhién véi céc gia tri cia x kha
gin 1 ta thdy cac gia tri cua f(x) twong (ng khac 4 rat it va ta c6 thé tim
duoc nhitng khoang dG nho chira 1 sao cho voi moi x thudc khoang do6 thi
hiéu | f(x)—4| nho bao nhiéu ciing dugc. Khi d6 ta néi ham f(x) co gioi
han 14 4 khi x dan toi 1.

Dinh nghia 6.6 Ham f(x) co6 gioi han la h khi x ddn t6i a néu véi
moi €>0, nhé tuy y cho truoc, 16n tai mot s6 &>0 phu thudc vao €, sao

cho véi moi x thoamén |x—a|<8 thi | f(x)—h|<e, ky hiéu lim f(x)=h.
Tré lai vi du 6.12, ta chimg minh rang

2
lim __Z(x D =
x—>1 X — 1

4.
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That vay, cho truéc €>0 bét ky (ching han £=0, 001) ta cén xéc
dinh sb & >0 sao cho khi

0<4x-1<d =

M_4|<8

2*-1)
x—1

Do x#1 nén

4‘:|2(x+1)—4|:2|x—1|<28,

néu chon 8=¢/2 thitacod

2(x* 1)
x-—1

—-4|<20=¢.

Vay, véi moi £ >0, ton tai s6 §=¢/2>0 sao cho véi moi x théa mén
O0<x-1|<d thi | f(x)-4|<e.

3.2. Cic tinh chit ciia giéi han
Pinh 1y 6.7 Néu ham f(x)=0 trong mot ldn cdn cia diém a va

lim f(x)=h thi h=0.

Thay vay, tir dinh nghia cha gidi han ta c6

| f(x)—hl<xe=>h—-e< f(x)<h+g

néu A <0 thi ta c6 thé chon € sao choh+e<0 = f(x) <0, trai gid
thiét.

Dinh Iy 6.8 Néu khi x — a, f(x) c6 gi6i han h va g(x) co gidi han
la k thi f(x)+g(x) co gidi han h+k; m.f(x) co gidi hanla hm (m la
J(x)
g(x)

hang s6); f(x).g(x) c6 gidi han la hk; ¢0 gidi han la £l (m+0).
m

Cach ching minh dinh 1y nay ciing gidng nhu cach chimg minh gidi
han ctia day s6.

Chir y. Cac dinh nghia gidi han cla ham f khi x— 4o hojc
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x ——o ciling tuong ty nhu dinh nghia giéi han cua diy. Ching han,
ham f(x) co gidi han la h khi x —>—0 néu Ve>O0 ta tim dwgc so
M >0 sao cho
Vx <-M,|f(x)-H <e.

3.3. Lwong Vo cung bé (VCB)

Néu f(x) co gi6i han biang O khi x —>a thi ham f(x) dwoc goi la
lwong vo ciing bé ¢ ldn cdn cia a.

Vidu 6.13. Khi x—>0 = sinx—>0 (do ta ludén c6 |sinx|<|x}).
Viy sinx la dai luong v6 cing bé (VCB) & 14n can cua 0.

So sdanh cac VCB: gia st f(x),g(x) la cac VCB khi x—a.
S

- Néu lim—a =0 thitanéirdng f la VCB cdp cao hon g.
x—>a g x
i o f(x) - \ R \ 5 . 4 v
- Néu llm—( ) =k #0 thi ta néi rang f va g la VCB cung cdp, dac
x—>a g x

biét, néu k=1 thi f va g la hai VCB tuong dwong, taky hiéu f~g. -

sin x

Vi du 6.14. O chuong trinh Trung hoc ta d3 biét lirr(} =1. Nhu
x—> X
vay trong 1an cn ciia O thi ta c6 sinx~x Taco

.2 X L2 X
2sin* = 2sin® =

l-cosx . : . X

lim—22% — lim 2 ~lim 2 sin==0.
x>0 X x>0 X x>0 X 2

Viy l-cosx 1a VCB cz?ip cao hon x.

.9 X X . X
2sin’ = 2sin= sin—
I-cosx .. . 2 2 1
lim — = lim —==Iim . =—
x>0 X x—0 X x>0 X X 2

Viy 1—cosx 1a VCB cuing cdp véi x°, ta cling n6i 1—cosx 1a VCB
cap hai d6i véi x.
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Chii y. Ty s6 cta hai VCB ! (x > a, o) la dang v6 dinh % Dinh
g
ly sau cho ta mot phuong phap dé khik dang vé dinh.
DPinh ly 6.9 Giad sie f,(x), f,(x), g,(x), g,(x) la cac VCB (khi x —>a
hodc ). Khi do néu f,(x)~ f,(x), g (x)~ g, (x) thi

PG T AC))
e g

Chimg minh. Ta c6 thé viét

L_h L&
g 5H & &
Do
lim?L =1, lim&2 =
2 &
nén ta co
llmf —llmf2
& &>
Vidi6.15. 1) Tim lim222%.
x>0 §in 3x

Khi x = 0thi sin5x ~ 5x,sin3x ~3x . Theo dinh ly trén ta co:

. sin5x 5x 5
lim — =lim
x>0 gin3x x>0 3x 3

sin 5x

2) Tim lim
> gin2x

Khi x> = sin5x —>0, sin5x la mét VCB. Tuy nhién, ta khong
thé viét sin5x ~5x vi 5x — 51 khong phai 13 mot VCB. Dé giai quyét vén
dé nay ta lam nhu sau:

bat t=n—x. Khix>7n = t—>0,

sin5x = sin(51t — 5¢) = sin(w—5¢) = sin 5¢
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va
sin 2x = sin(27t — 2¢) = sin(—2¢) = —sin 2¢ .
Khi d6 néu sin 5t ~ 5t,sin2t ~ 2t . Vay

sin5x .. sin5¢ .5t 5
lim— = lim — e P S
x-rgin2x 0 —sin2¢ 0 2t 2

Mot s6 VCB twong dwong thuong gap:

Khi x = 0 thi
a)sinx ~ x. d)In(1+x) ~ x.
bytgx ~ x. e)e* —1~ux.
c)l—cosx~%x2. g2) \/ 1+x—1~%x‘
Ta chiing minh
limM=l, limf—_—lzl.
x—>0 X x>0 ¥

1
Trudc hét ta ching minh cong thirc lirr(}(1+x)§ =e. That viy, trong
x—>

lim(l + lj =e.
n—»oo n

Véi sb thuc z bat ky bao gio ta ciing tim dugc sd n sao cho
n<z<n+l.

muc 2.4 ta da dinh nghia

Tu d6 ta co
1 1 1
—<—<—,
n+l z n
do do
l+—1—s1+lsl+—1—,
n+1 z n
suy ra
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n z n+l
(1+—1 j s[1+1j s[1+lj .
n+1 4 n
n+l -1 z n
1+Lj (1+Lj s(1+l) s(1+lj (1+1j.
n+l n+l z n n

Khi z — 400 thi n— 40 vatacod

1 n+l
[1+—) —>e.
n+l1

[ 1)”
1+— | >e
n
-1
[1+Lj -1, (1+lj—>1.
n+l n

Theo tiéu chuén 1 ciia gidi han (ap dung ddi v6i ham) ta co

lim[l + lj =e,
Z—>0 Z

. . A A - 1 . By n
véi z 1a mot sO thye. Pat x=—, khi z—>+oothi x —>0. Viy
z

Vay

Con

1
!glg (1+x)= =e.
Str dung két qua trén, ta c6

(i I+ )
x—0 X

1 ) 1
=£1£r(}ln(l+x)x =ln£1_r)r(}(1+x)x =lne=1.

bit y=e"-1 = x=In(i+y), khix—>0 = y—>0.Khi d6
lim& L =lim—2 =1,
=0 x  »0In(1+y)

3.4. Lwgng Vo cung lén (VCL)
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Ham f co gioi han +o0 khi x > a néu véi moi M >0 ta tim dwoc sé
0 >0 sao cho khi O<|x—a|<6 thi f(x)>M .

Ham f ¢6 gidi han —o khi x = a néu véi moi M >0 ta tim dugc s6
8>0 sao cho khi 0<|x—a| <8 thi f(x)<-M.

Ban doc hdy tu dinh nghia giéi han v6 cung (400, —o0) cia ham f
khi x — 400, hoic x —>—o0. Néu ham f c6 gidi han la vé cing thi né
awoc goi la lwong vo cung lon.

DA thay, néu f(x) 1a VCB khac 0 thi 1/ f(x) 1a mét VCL va nguoc
lai, néu £(x) 1a VCL khac 0 thi 1/ f(x) 1a VCB.

Néu f,g lacac VCLvaty sd f/g ciingla VCL thi f 1a VCL ¢co
cép cao hon g. Vi vy, trong viéc tinh giéi han cia ty s6 f/g (dang vo
dinh /) ta chi giik lgi 6 tir 6 va mdu s6 cac VCL ¢ cdp cao nhdt va
ngdit b6 cac VCL cdp thdp hon di.

Vidy 6.16. Tinh lim 2% —3%
x>+ R = X AE

St dung cac VCL, ta co

L 2xXP#5x*-3x .. 2x° 1
lim —————=lm —=-.
xrim 4x) —Tx+6 x—>+0 4 2

§4. HAM SO LIEN TUC

Trong §3 ta da xét gidi han ciia ham sd £(x) khi x — a ma khong doi
hoi ham £ phai xac dinh tai a. Trong muc nay ta s&€ xét mét 16p ham déc
biét, hay gip trong thuc té: ham f xac dinh tai @, ham f c6 gi6i han khi
x —>a va gia tri giéi han d6 bang gia tri ctia ham tai a. Do 1a 16p cac ham
s6 lién tuc.

4.1. Dinh nghia

Pinh nghia 6.10 Ham s y = f(x) dwoc goi la lién tuc tai x=a néu:
no xdc dinh tai a va
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lig}f(x) =f(a).
Vidy 6.17. Him f(x)=x* lién tuc tai moi diém x. That vay, lay
x = a bat ky thi
fl@)=a*, limx* =a?,
diéu ndy c6 nghia 1a ham f lién tuc tai a. Nhung a duoc chon bat ky
nén ham f lién tuc tai moi diém.
Dung cac dinh 1y vé giéi han ta chimg minh dugc:

Pinh 1y 6.11 Néu cdac ham f(x),g(x) lién tuc tai x=a thi cdc ham

S(x)
g(x)

F()+g(x), k.f(x) voi k la hing s6, f(x).g(x), voi g(a)#0 ciing

lién tuc tai a.
Béy gio ta xem xét tinh lién tuc cia ham hop: Trudc tién ta xem lai
khai niém ham hop. Gia st ¢6 hai ham
u:A— B, u(x)=y,
f:B-oC, f(y)=z
Nhu vy ta c6 ham hop
fou:A—C, (fcu)(x)=f(u(x)).
Dinh ly 6.12 Néu ham u lién tuc tai x=a, ham f lién tuc tai diém
u, =u(a) thi ham hop fou ciing lién tuc tai x=a.
Chumg minh. Do f lién tuc tai #, nén véi moi € >0 cho trudc, ta tim
duoc sb >0 sao cho
|u—u, |<n=|fw)-fu)l<s. *)
Do ham u lién tuc tai @ nén véi 17>0 tim dugc & trén ta tim dugc
8 >0 sao cho
|x—a|<d=|u(x)-u(a)| =u-u|<n. (**)

Két hop (*) va (**) ta co
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|x—al<d= |u—u,| <n= | fu)-f(u,)| <t

hay | flu(x)]- f[u(a)]| <€. Diéu d6 ching to lim flu(x)] = flu(a)].
Thaclaham hgp fou liéntuctai x=a.

Ta thira nhan ring: Cdc ham so cdp co ban lién tuc tai moi diém trong
mién xdc dinh ctia chiing.

Dung dinh 1y 6.11 va dinh 1y 6.12 ta c6 thé phat biéu: Cdc ham so cdp
déu lién tuc trong mién xdc dinh ciia chiing.

4.2 Ham lién tuc trong m¢t khoang kin

4.2.1. Lién tuc mét phia

Trong dinh nghia gidi han, khi ta viét x —a ta cin hiéu la x dan téi
a theo nhitng gia tri nhé hon a (x déin téi a theo phia trai, ky hiéu
x—>a—0 hoic x—>a ) va x dén tdi a theo nhiing gia tri 16n hon a (x
dén t6i a theo phia phai, ky hiéu x —>a+0 hoic x—a*). Gidi han cia
ham f khi x —a nhu véy 1a giéi han hai phia. Trong nhiéu truong hop, ta
chi can xét gidi han ctia ham khi x —>a—0, ta c6 gidi han trdi, hoic khi
x —>a+0, ta co gidi han phdi.

Vi du 6.18. Véi ham  f(x)=+[x thi khi xét gi6i han cna né khi
x —0 ta chi c6 thé xét gidi han phai, vi néu xét gidi han trai thi v nghia
(vi ham /x chi xac dinh v6i x20).

- Ham f dwoc goi la lién tuc trdi tai a néu né xdc dinh tai a va

lim f(x) = f(@).
-Ham f dwoc goi la lién tuc phdi tai a néu né xdc dinh tai a va

lim f(x) = (@).
-Ham f dwoc goi la lién tuc tai a néu né lién tuc ca phia trdi va cd
phia phdi tai a.
4.2.2. Ham lién tuc trén khodang kin [a,b]

Mot ham f dwoc goi la lién tuc trén khoang kin [a,b) néu
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a) No lién tuc tai moi diém x e (a,b).

b) NG lién tuc phdi tai a va lién tyc trdi tgi b

Khi biéu dién d6 thi ctia mot
ham lién tuc trén mdt khoang thi ta
dwoc mdt duong cong lién nét (vé
dugc bing mot nét bt).

Ta phat biéu khong chung

minh ma chi minh hoa bang hinh

hoc cac tinh chit quan trong cia Hinh 15. D6 thi ham lién tuc
ham lién tuc trén mot khoang kin.

Tinh chét 1. Néu ham f lién tuc trén khoang kin [a,b] thi né dat gia
1ri nhé nhdt m va gid tri lom nhdt M it nhdt mot ldn trén khoang [a,b].

Noi cach khac, ton tai x, € [a,b] va x, €[a,b]sao cho véi moi
x€la,b]tacdo m=f(x)< f(x); M =f(x)2f(x).

Chu y ring diéu kién khoang kin 1a quan trong, ching han néu xét
ham f(x)=x lién tuc trong khoang mé (0,1) thi khong tim duoc diém
trong (0,1) & ham f dat gia tri nho nhét ciing nhu gia tri 16n nht.

Tinh chét 2. Néu ham f lién tuc trong khodng kin [a,b] thi n6 nhdn
moi gid tri trong khodng kin [m,M ], tuc la anh cia doan [a,b] qua f la
[m,M]. Noi cach khac, néu p 1a mét gia tri tuy ¥ thuéc khoang kin

[mMM],mSus<M

thi thé nao ciing tim dugc & €[a,b] & f(&)=p (hinh 15).

H¢ qud 6.13 Néu ham f lién tuc trén khoang kin [a,b), gid tri cia
ham tai a va b trdi ddu nhau, tic la f(a).f(b) <O, thi phuwong trinh
f(x)=0 bao gio ciing c6 nghiém trong khodng (a,b). Hon nita, néu f
don diéu trong khodng [a,b] thi nghiém do la duy nhat.

Ta chi viéc ap dung tinh chét 2 véi m<O,M >0,p=0.

4.3. Ham s gian doan
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Néu ham f khong lién tuc tai x =a thi diém x =a 1a diém gian doan
ctia ham s6. Ta ciing noi ham s6 gian doan tai a. Cac truong hop gian doan
thuong gép la:

(i) Him f khong xéc dinh tai a va f(x) > oo khix —>a. Diém x=a

duoc goi 12 diém gian doan vo clung,
Vidy 6.19. Ham f(x) = L] c6 gian doan vo cung tai x=0.
x

(ii)) Ham f xéac dinh tai x =a, ham c6 céac gidi han trai (hitu han) va
gi6i han phai tai a nhung cc giéi han d6 khong bing nhau. Khi d6 ta noi

ham c6 gian doan loai mot tai diém x=a, va tai x=a ham f co6 budc

nhdy bang
| f(a+0)-f(a—-0)|.
Vidu 6.20. Ham s6 Ty
f(x)_{—l khi x <0, T
1 khi x>0. X ' »

0 gian doan loai mét tai x = 0 (hinh 16).
Budc nhay tai x=0 la

| f(+0)— f(-0)| = [1-(-D)|=2.
(iii) Him 7 khéng xac dinh tai x =a nhung c6 gi6i han (hai phia) khi

Hinh 16.Ham gidn dogn

x —>a. Néu ta bd sung cho ham £ gia tri tai a bing gidi han tai a cua né
thi ta sé thu duogc mdt ham mai lién tuc tai a. Khi d6 diém x=a duoc got
1a diém gian doan khir dugc.

Vidu 6.21. Ham

sin x

Jx) =

X

khong xac dinh tai x =0 nhung

149



. sinXx
lim——=1

x>0 X
nén néu ta xét ham

sinx )
—— khi x#0
LD)=1 x

1 khi x=0

thi ham nay lién tuc véi moi x
(hinh 17).
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BAI TAP CHUONG 6

6.1. Tim mién xac dinh cia ham 6 (trén tap 6 thuc) duogc cho béi:

a. y= J|c2—3x+2+—\/;_—2 b. y= sinx +v16—x% .
3+2x—x

c. y=Ilg[l-lg(x* —5x+6)]. d. y =arcsin(x—2).

1-2x

€. y=arccos
6.2. Him f xac dinh trén R duoc goi 1a ham 1& néu f(—x)=—1(x);

la ham chin néu f(-x)= £(x). Cho ham f(x)=log, (x+/x*+1), hay
chirg minh no 1a ham 1¢é va tim ham nguoc cua no.
6.3. Chirng minh céac cdng thirc sau:
a) Néu x >0thi arctgx + arctgl = g , tir 46 suy ra hé thic tuong ung
x

dbi voi x<0.

b) arcsina +arcsind = arcsin(a1—b* +byl1-a*).
6.4. Nguoi ta dinh nghia cac ham Hypebolic nhu sau:
Ham sinhypebolic, ky hiéu sinhx :

f:R—>R, f(x):sinhx:%(e”—e"‘).

Ham coshypebolic, g: R —> R, g(x)=coshx = %(e" +e7").

a) Chung t6 ring ham sinhx 12 ham 13 ham 1é va ham coshx la
ham chan.

b) Xuit phat tir dd thi cia ham sb *,e™* hay vé d0 thi cac ham
sinh x, coshx.

¢) Tim ham ngugc cia ham sinh x . Phai han ché mién xac dinh cia

ham cosh x nhu thé nao dé né c6 ham nguoc? Hay tim ham nguoc do.
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d) Chirmng minh cac cong thirc

cosh? x —sinh® x =1, cosh® x +sinh? x = cosh 2x, 2sinh x.cosh x = sinh 2x
6.5. Cho day s6 x4c dinh boi: u, =Lu,,, = [2+u,

a) Ching minh réng véi moi n ta c6 u,<2.

b) Chirng minh ring diy {u,} ting, tir 46 hdy tim gidi han cia day.

6.6. Tinh cac gidi han:

3 2

. = . 1= 3 - 2
1) llmx; 2. 2 11m1 i 3) hm#ksf—'k—.

=2 x° -4 =1 ]-x *-22x%" +7x° +6x
4) limsin2xcotgx.  5) im—%2 _ 6) lim _2-Vx

x>0 H% SIn X —CoS X >4 3 m
6.7. Tinh cac gidi han:

m I 3

O L NI | S TSR 2 T

=0 sinx 0 gind4x *>-1aresin(x +1)

2y x

Hlimt——2 imE=E i Sl

0 X =l oy—] x> y—g

x 2
DimiA-2x. 8 lim (_xJ . 9 limitN2x +1

X400\ ¥ 4 X——00 X

o 11) lim xarccotgx. 12) lim (x —v/x* + 5x).
% cotg(z —-X) i

X—+00

6.8. Cho ham s6 x4c dinh boi
x+1 khi x<1,
f(x)_{3—ax2 khi x>1.
Tim a déham f lién tuc v&i moi x? V& d thi cia ham £ véi a vira
tim duoc .
6.9. Tim cac diém gian doan va vé dd thi ciia ham sb cho bai:

2|x-1]

xt =

Jx)=
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6.10. Dung tinh chit coa ham lién tuc ¢ ching minh ring;
a) Phuong trinh x* —3x=1 c6 nghiém trong khoéng (1, 2).
b) Phuong trinh x.2* =1 c6 nghiém duwong nhé hon 1.

6.11. Chimng t6 rang ham f xac dinh bdi f(x) = xsinl voi X %0 3
x
£(0)=0 lién tuc v6i moi x.

\ \ A . - X oy ks ; \ A
6.12. Tim va phan loai diém gian doan cuia cac ham so sau:

1/(x-1), x<0,

1. f(x)=1 (x+1)>, 0<x<2, 2. f(x)= |x+§|
1—-x, x>2.
|x 1| 1

3. . JR) = 4 f()=

1
. 5. f(x)=arctan— .
In|x—1| J(x)=arc x’

w
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Chwong 7
PHEP TiNH VI PHAN CUA HAM SO MOT BIEN SO

§1. PAO HAM CUA HAM SO

C6 nhiéu van @ trong thyc té din dén viéc tinh gioi han dang

b SG= ()

=y xX—X,
Vidu 7.1. Mot diém chuyén dong trén mot duong thing theo quy luat
xéc dinh bdi ham s = f(¢), trong d6 s chi vi tri ciia diém & trén duong ung
v6i thoi diém ¢ (tinh theo mét gdc vi tri va gdc thai gian nao d6). Nhu vy
trong khoang thdi gian tir 4, dén £, diém chuyén dong dugc méot quing
duong f(t,)— f(t). Téc @b trung binh cia diém trong khoang thoi gian
[1.5,] 1a
f(tz)_f(tl) )
L=t
Nhung néu muén tinh téc d6 cia diém tai thoi diém ¢, (tbc do tirc
thoi) thi ta phai xét gidi han
po L))
L4 L4
Cac gidi han nhu trén dua ta dén khai niém dao ham.
1.1 Dinh nghia dao ham ctia ham s
Dinh nghia 7.1 Gig si ham y = f(x)la mét ham s6 xdc dinh trong
mot khodng nao do chira diém x,. Khi do ta goi dao ham cia ham so

y = f(x) tai diém x, la gici han (néu co) khi x — x, cia ty s6
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f)=f)

X=X,
Ky hiéu dao ham cha ham s6 y=f(x) tai diém x, Ia
f'(%,) hay y',_, . Nhu vay néu ham y = f(x) c6 dao ham tai diém x, thi

f'(x()) = lim f(x)—f(xo) .

X—>Xp X — xO

Vidy 7.2. 1) Him f(x)=x* c6 dao ham tai x, va f'(x,)=2x.

That vay, ta co

x*—x;
lim & = lim(x+ X,) = 2x,.
ox X — X, XX,

2) Ham f(x)=| x| khong c6 dao ham tai x=0. That vay, xét tj so:

f)-£©0) _| 1_{1 khi x>0,

b x| khi x <0,

khi x — 0" thi gi6i han cia ty s trén bing 1, con béng -1 khi x —> 0.
Do d6 gioi han trai va gidi han phai khac nhau, hay ty s6 d6 khong ton tai
gidi han tai diém 0. Nhu vay ham khong c6 dao ham tai 0.

12Y nghia ciia dao ham

1.2.1. Y nghia
hinh hoc

Nguoi ta dinh
nghia tiép tuyén véi
mot dudng cong tai
diém M, la vi tri gioi
han cua cat tuyén MM,
khi M dan t6i M,. Hé
s6 goc cia cat tuyén
MM la
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X=X,

tan ¢

Khi diém M dan t6i diém Mo, néu duong cong co tiép tuyén, thi
tanp—>tan o 1 hé s6 goc cia tiép tuyén MyT. Tu do ta co dao ham ham
56 y=f(x) tai diém x, cho ta hé sé goc ciia tiép tuyén véi do thi ham sé
tai diém My (hinh 18) tano, = f'(x).

1.2.2. Y nghia co hoc

Gia st mot diém chuyén dong trén mot duodng véi quy luét co6 phuong
trinh s = f(¢#) . Khi d6 dao ham ham f(t) tai t, cho ta téc dé v ciia chuyén
dong o luc t) lav=f'(t,).

1.2.3. Y nghia téng quat

Ham s6 y = f(x) cho ta mdi lién hé giita hai dai lugng bién thién x
va y . Nhu viy daoham f'(x,) cho ta tdc do bién thién ciia ham sb tai diém Xy .

Nhiéu van dé trong vat ly, hoa hoc, sinh hoc nhu téc do truyén nhiét,
mat d6 phan phdi vét chat, tdc d6 phan tng, téc d6 phat tridn,.... déu c6 lién
quan dén khai niém dao ham.

1.3. Mbi lién hé giira lién tuc va dao ham

Ham f c6 dao ham tai x, thi né lién tuc tai do.

That vay, ta co

: . S(x)=F(x)
hm[f(x)— f(x,)] = lim ————-=(x—x,).
x—)xo x—)xo x — IO

do f co6 dao ham tai x, nén

f'(xo) =lim f(x)—f(xo)

xX—>Xy X — xO

va lim(x-x,)=0. Vay lim[f(x) - f(%)]=0 hay

x—>x,

lim /() = /()
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nghia la ham f lién tuc tai x,.

Chu y didu nguoc lai chua chic dung. Chang han ham f(x) =| x| lién
tuc tai diém 0 nhung lai khéng c6 dao ham tai diém do (xem vi du 7.2).

1.4. Cac phép toan déi v&i dao ham

Duya trén cac phép tinh ddi voi gidi han va dinh nghia ciia dao ham ta
co:

1.4.1. Pao ham ciia téng, tich, thwong

Néu cac ham u(x),v(x) c6 dao ham tai x, thi
- Ham tng u(x)+v(x) cling c6 dao ham tai x, va
(u(x)+ v(x)) ey =1'(6) V(%)
- Ham tich u(x)¥v(x) cling c6 dao ham tai x, va
(u(x).v(x)) e =85 V(X) + (0 )V'(%,)

- Ham thuong u(x)/v(x), v6i diéu kién v(x,) # 0, ciing c6 dao ham

tai x, va

v(x) vi(x,)

1.4.2. Pao ham ctia ham s6 hop

Vm}zymmmrmmﬂm

Néu ham u(x) c6 dao ham tai x,, ham f(u) ciing c6 dao ham tai

u=u, =u(x,) thi ham hop f (u(x)) cling c6 dao ham tai x, va

[f () ] ey = W) 2',)
1.4.3. Dao ham ciia ham s6 nguwgc
Gia sit ham y = f(x) c6 ham nguocla x = f~'(y) xéac dinh trong mot
lan cin cua y=y, = f(x,). Khi do néu ham y= f(x) c6 dao ham khac 0

tai x, thi ham x= f7'(y) ciing c6 dao ham tai y, va:
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gy
(F00) =55

1.5 Bang dao ham co ban

Dung dinh nghia cila dao ham va cac phép tinh d6i voi dao ham ta
thanh 1ap dugc bang sau:

Bdng 1. Bdng dao ham co ban

Dao ham Dao ham
TT | Ham f(x) . TT | Him f(x) "
S'(x) JS'(x)
1 C =hing sb 0 8 a* a‘lna
2 x*, aeR ox® ! 9 e* e*
. . 1
3 sIn x COS X 10 arcsin x -
—-X
; -1
4 cosx —sinx 11 arccos x =
l1—x
1 1
5 tan x 5 12 arctan x 5
cos” x 1+x
-1 -1
6 cotx - 13 arccot x =
sin” x 1+x
1 1
7 In|x| - 14 | log,|x|, a>[0
X xlna

Ta chitng minh mdt s6 cong thirc:

Cong thirc 7: Xétham y=Inx véi x>0. Dit x=x,+o tacod

Inx—Inx, _In(x, +0)—-Inx, =lln(l+3].
x—X, a o %o

khi x = x, thi o > 0. Do
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. Inx—=Inx . o 1l o 1
lim————==lim—In|1+— |=lim—.—=—.
x-)xo x — xo x-)xo (x: xo x—)x‘] a xo xO

Vay (Inx)'._, = xi .

0
i

Do x, 1asé duongtuy ynénvéi x>0 thi  (Inx)'=
X

*)
Xét ham y =In(—x) v6i x <0.Pit u=—x thi >0, theo (*) taco
' 1 1
y=lhu=y' =—; u=—xu' =-1.
u

Theo quy tic ham hop thi
1

()], =)', =y, a', == (1) =
U X

**)
C6 thé viét chung (*) va (**) dudi dang cong thirc s6 7.
Chitng minh céng thirc 8. Ham y=a" c¢6 ham nguoc la

leogayzln—y

Ina
Theo quy tic dao ham clia ham nguoc ta co

yx:#:——l =ylna=a*lna.

x', 1

ylna
Cong thirc 2. Ta viét x* = e** . Xét ham hop

u O

y=e"khiu=olnx =>y' =y' u' =e" )

—=ox".
x

Vidu 7.3. Tinh dao ham cip mot clia cac ham )
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x ; 1 1 1 1
1) y=,/tg—, suyra y'= . —= .
2 2\/t" e @ 4cos? Jtg
g 2\'82

x+vx*+a’

3) y= e 3 y'= (—2x)e‘ch =2x¢*

2) y=ln(x+\/x2+a2);y'=—1—(1+~2x—2J=~2]—_
X X

1 1
4) y:arctgzl; y':2.arctgl. i .(——Jz— 2 2arctgl.
X X x 1+x x

T
)C2

5) y=x", x>0, khong thé 4p dung ngay cdng thirc 2 hodc 8. Ta viét
y=x"=e" suyra y'=e"™ (Inx+1)=x"(Inx+1).

Khi d6 c6 thé dung phuong phap dao ham loga nhu sau:

- Lay logarit ca hai vé cia y =x" ta duoc Iny=xInx.

- Léy dao ham theo x hai vé cua biéu thic vira nhén dugc
(Iny)'=(xlnx)'= Y —lnx+1.
Yy

Tu d6 suy ra
y'=y(lnx+1)=x"(Inx+1).
1.6. Pao ham cip cao
Cho ham s6 f(x) xac dinh, lién tuc trén khoang (a,b), gia sit f(x)
kha vi tai moi diém x e (@,b), khi d6 ham dao ham f '(x) ciing c6 thé kha

vi va dao ham cia f '(x) duoc goi 1a dao ham cap hai cia f (x), ky hiéu la

2
f"(x) hay Zx{ , tiép tuc qua trinh nay ta c6 dinh nghia dao ham cp n
nhu sau :

Cho ham s6 f(x) xac dinh trén khodng (a,b). Ham s6 f(x) duoc
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goi 12 kha vi n 14n trén (a,b) néu f(x) kha vi (n—1) lantrén (a,b) va dao
ham cAp (n—l) cia f(x) cling kha vi. Khi d6 dao ham cip n cia ham

f(x) dugc dinh nghia nhu sau :

O =[]

Trong co hoc, néu chuyén dong ciia mot duong thang c6 phuong trinh
s = f(t) thi dao ham cAp mdt f'(f,) cho ta toc dd chuyén dong tai thoi
diém 1= t,, dao ham cap hai f"(z,) cho ta gia toc clia chuyén dong tai
t=1,.

Vidu 7.4.

1) Haim y=x",véi n 1a mdt s6 nguyén duong, c6 dao ham ti moi
cép trén tap hop s6 thue R .

Véi k<n: Yy =nmn-1)..(n—k+1)x"*.

Voi k=n: y*® =nl.

Véi k>n: y'=0.

2) Him y =sinx c6 dao ham t6i moi cdp trén R va

Y =sin(x+nmn/2).

Thit vdy, véi n=1 thi ta c6 cong thuc dung:

y'=cosx =sin(x+7/2). Gia sit cdng thirc d6 ding véi n—1, tuc la
Y =sin[x+(n-1)n/2],
ta s& chirng minh no6 dung cho n.
Y =[] =cos[x+(n—1)r/2] =sin(x+nn/2).
Tuong tir ta cling chirng minh duoc , néu y=cosx thi

)

Yy =cos(x+nn/2).
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§2. VIPHAN CUA HAM SO
2.1. Vi phén 13 phin chinh ciia s6 gia ham s6
Gia st y= f(x) c6 dao ham tai diém x = x,. Khi d6 ta c6
lim [—f(x)—f(xo) —f’(xo)} =0.
x—)xo x -— x()

Piéu d6 ching té lugng

f(x)—f(xo)_f,(xo)

X—X,
1a mgt vo cung bé khi x — x,. Dit

f(x)-f (%)

x—X, ~S'(%) =
vdi o 1a mdt v cung bé khi x — x,. Tur d6, ta co
F(x)=F(%)=r1"(x%)(x-x)+a(x-x,). (7.1)

Dit Ax=x-x,, Af = f(x)— f(x,) thi (7.1) trd thanh

Af = £ (%) Ax +ahx.

Khi x —x, thi Ax 1a mt vd cing bé. Néu f(x,)=0 thi luong
S"(x,)Ax 12 mot vd cing bé cung bac véi Ax, con luong aAr mét vo
cing bé cép cao hon Ax . Khi d6 ta néi lugng f'(x,)Ax 1a phan chinh caa
vo cung bé Af khi x = x,.

Quan sat biéu thirc (2.2) ta thdy s6 gia Af ciia ham s6 f duoc phén
tich thanh hai thanh phén: thanh phan tht nhat la phén chinh cia Af, thanh
phan thir hai 14 mdt v6 ciing bé c6 cip cao hon Af . Ta di téi khai niém vi

phan ciia ham so.
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Dinh nghia 7.2 Vi phdn cia ham s6 y= f(x) tai diém x=x, la
phdn chinh cua sé gia Af(x,); né khdc s6 gia Af (x,)boi mét lugng vé
ciing bé c6 cdp cao hon Ax.

Vi phan cta ham s dugc ki hiéu 1a df(x,) hay néu khéng chu y toi
gi4 tri cu thé cia x,thi ta viét df hay dy. Vay néu him f c6 dao ham tai
x, thi theo cach phén tich trén ta c6

df (x,)=f"(x,) Ax

hay

dy=f"(x)Ax. (7.2)

Néu ham f c6 dao ham tai x = x, thi né ciing cé vi phdn tgi x, va vi

phdn ctia né dwgc cho bdi cong thiec (7.2).

Bay gid ta s& chimg minh ring nguoc lai, néu ham f cé vi phdn tai
X = X, thi no ciing co dao ham tqi x,. That viy, ham f c6 vi phan nén ta ¢
thé phan tich s gia Af clia n6 thanh

Af (x,) = AAx +aAx,

trong d6 4+ 0, oo — 0 khi Ax — 0. Chia ca hai vé cho Ax ta duoc

ﬂM:A+a'
Ax 2
i do
lim-Al:A.
Ax—0 Ax

Gidi han cta ty sb trén ton tai, vay ham f c6 dao ham tai x, va dao
ham d6 bang A, hay ta viét
f(x)=A.
Do két qua trén, sau nay ta cling goi mot ham cé dao ham la ham

kha vi.
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Chii y. Véi him y=x ta c6 dy=dx=1.Ax. Tic 1a néu x 1a bién s
doc 1ap thi s6 gia ciia n6 bing vi phan cia nd dr = Ax, vi viy biéu thuc cua
vi phan ham s6 f con dugc viét dudi dang

df (x,)=f"(x,)dx hay dy=f"(x,)dx.

Tu 36 ta co

df d
f’(xo): .fcijl:) hay yrzay.

Pao ham ham s6 la ty s6 ciia vi phdn ham s6 va vi phdn ciia bién sé
doc ldp.
Vi du 7.5. Tim s gia va tim vi phin cia ham s§ f(x)=x> tai
diém x,
AF (x,) = (% + Ax) —x;7 = 2x,Ax — Ax?,
dar (x,) = f'(x,) Ax = 2x,Ax.
Ta thdy ring vi phan 13 phan chinh ciia sb gia, n6 khac sb gia béi mét
vO cung bé co bac hai so voi Ax .

Quan sat trén hinh ta thdy gia tri ham

Axl

f(x)=x* tai x, la dién tich hinh vuéng co
canh x,; s0 gia Af(x,) 1a phén dién tich ting

thém khi canh hinh vudéng dugc ting thém Ax

AN

con vi phan df(x,) 1a phan dién tich ndi trén

nhung b di hinh vudéng con c6 dién tich Ax>. Hinh 20
Néu |Ax| kha bé ta co thé coi vi phan 1a gia tri x4p xi cia s gia, tir d6
ta c6 cong thirc tinh gia tri gan dung ctia sb gia ham s
A (%) = f (g + Ax) = f(x,) = f" (%) Ax.

Ta suy ra cong thirc tinh gia tri xap xi ciia ham f tai x, +Ax:

f(x0+Ax)5f(x0)+f'(xo)Ax. (73)
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Vidu 7.6. Tinh gin ding 417 .
Xét ham s& f(x) = fx . Ap dung (2.4) ta c6

«/x +Ax = Yx, +

Cho x, =16, Ax=1 taco

1 1
7 =46+ 1= =2,031.
436 4.2}

Ax.
43 AD

Ap dung cong thirc (7.3) cho cac ham sé 4fx, sinx, Inx ta co

a) ,"/xo \/_+n’\’/_ Cho x, =1, Ax=o thitaco

v =1+2 véi |of kha bé.
n
b) sin(x, + Ax) = sin x, +cos x,Ax. Cho x, =0, Ax=a. ta co

sina.= o véi |o| kha bé.

C) ln(x0+Ax)Elnx0+£. Cho x, =1, Ax=a taco
X

0
In(l+a)=a véi |oc| kha bé.
2.2. Céc quy tdc tinh vi phan
Theo dinh nghia, vi phin cila ham sb tai x, 1a dy = y'dx, két hop véi
cac quy téc tinh dao ham ta c6
1). Néu cdc ham s u(x), v(x) kha vi tai x, thi cdc ham tong, tich,
thwong (voi diéu kién v(x,) # 0) ciing kha vi va
du+v)=du+adv,
d(uv) =vdu +udy,

d(—tﬁ) vdu —udy 9(%,)%0.
v v
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2). Néu ham wu=u(x) kha vi tai Xy, ham y=f(u) kha vi tai

Uy =u(,) thi ham hop y = fu(x)] kha vi va

df[u(x)] = [f’(uo)-u'(xo)]dx = 1" (uy ) du(x,).
Vé miit hinh thirc ta van c6 vi phan ciia ham s6 bing dao ham cua ham nhan
v6i vi phén ciia bién s6 khong phan biét bién sb d6 1a doc 1ap hay phu thudc.
2.3. Vi phin cip cao
Gia sir ham s6 y = f(x) kha vi trong mét khoang nao d6. Khi 4y, vi
phan dy = f'(x)dx phy thudc vao x, con dx 1 hing s6 néu x 1a bién sb
doc 1ap; néu ham s6 f'(x)dx kha vi tai x, thi vi phan d[ f'(x)dx Jcia n6
duoc goi 1a vi phan cip hai ciia ham sé xuét phat £, ta ky hiéu vi phan cép
hai la d*f hay d’y. Vay
d*y=d(dy)=d[ f'(x)dx |=[ f'(x,)dx ]'dx = f"(x,)dx®.
Vi phan cap hai ciia ham f(x) tai diém x, bang dao ham cip hai cua
f tai diém x, nhan véi binh phuong ciia vi phan bién s6 doc lap
d’y=f"(x,)dx’.
Ta cling c6 thé viét dao ham cAp hai coa f dudi

dz}’(xﬂ).

dang: 1" (x,) = =

Bing quy nap ta chirng to dugc, néu ham f v6i bién s6 x doc lap co
dao ham t6i cip n tai x,thi n6 cling co vi phan cp n tai x,, ky hiéu
d"y(x,) va

d"y(x,) =1y (x)dx".

Tir dota cod

)y )~ 4 V(%)
f Y (xo) dx" ”
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§3. MOT SO PINH LY VE HAM KHA VI VA UNG DUNG

3.1. Dinh 1y Rolle

Pinh ly 7.3 Néu ham f lién tuc trén khodng kin [a,b]; kha vi trong
khoang (ab); f(a)= f(b) thi trong khoang mo (a,b) co it nhdt mot diém
¢ sao cho f'(c)=0.

Chimg minh. Ham f lién tuc YA
trén [a,b] nén theo tinh chat ham lién
tuc trén khoang kin ham £ dat gia tri
16n nhat M va gia tri nho nhit m
trén [a,b]

O

Néu n6 dat ca hai gia tri do tai
hai ddu mut a, b thi do f(a)= f(b) ta suy
ra M =m, khi 36 ham 1a khong dbi trén [a,b] nén dao ham
f'(x)=0,xe[ab].

Xét trudng hop n6 dat it nhat mot trong hai gia tri M, m tai mét diém

Hinh 21

ndm trong (a,b), ching han n6 dat gia tri 16n nhat M tai ce (a,b). Khi d6

M = f(c) 2 f(x) véi moi xe(a,b).

f(x)-s(e)
x—c

>0 suyra lim MZO ;

x—>c-0 xX—C

610 _,

-Véi x<c thi

-Vai x >c thi; <0 suyra lim

f(x)-7(c)

Do ham f khavitai ¢ nén

f'(e)=1

ton tai gi6i han bén phai va bén trai tai ¢ phai béng nhau. Vi vy, theo

- f (X) f ()
dinh ly 7.3, suy ra
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f'(c)=lim

X—c

F()-£() _,

Y nghia hinh hoc cta dinh 1y trén 1a: Trén cung AB biéu dién ham
f(x) thoa man cdc diéu kién cia dinh Iy, c6 mot diém C tai do tié'p tuyén
song song voi truc Ox .

Tu dinh 1y Rolle ta c6 dinh 1y quan trong sau.

3.2. Dinh ly Lagrange

Pinh Iy 7.4 Néu ham f(x) lién tuc trén khodng kin [a,b], kha vi trén
khodng mo (a,b) thi trong khodng (a,b) c6 it nhdt mét diém ¢ sao cho

f(8)-f(a)=f"(c)(b-a) (7.4).
Chitng minh: Xét ham phy

P)=7()-LOL -0

Do ham f(x) lién tuc va khd vi nén ham F ciing lién tuc trén [a,b],
kha vi trong (a,b). Hon nita F(a)= f (a); F(b)=f(a) ham F théa man
céc dieu kién caa dinh 1y Rolle nén ton tai c e (a,b) 4 F'(c)=0. Taco

b)-f (a)
F'(c)=f'(c)-+ /( .
(b-a)
Tt @6
f(b)_f(a) _ ot
(b=a) - f'(¢).
Ta suy ra cong thurc phéi chitng minh (7.4).

Vé mit hinh hoc, dinh ly Lagrange noi 1én rang: Trén cung AB ¢6 it
nhdt mot diém C tai do tiép tuyén song song voi ddy cung AB.
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Chi y. Néu ta thém diéu kién f(a)= f(b) thi tr (7.4) ta cb
f'(c)=0 tuc la ta lai c6 dinh 1y Rolle. Codng thic (7.4) con duogc goi la
cong thikc s6 gia hiru han.

Pit a=x,,b=x,+Ax, s6 ¢ nim trong khodng (x,,x,+Ax) nén c6
thé viét ¢ =x, +0Ax véi 0<0<1, cdng thirc (7.4) c6 dang

Fx +Ax) = f(x)+ f(x, +OAX) Ax .

Bay gio ta di xét mot ing dung cua dinh ly Lagrange trong viéc khéo
sat tinh don diéu cua mot ham sb.

Pinh nghia 7.5 Ham y = f(x) la don diéu tang trén mot tdp hop E
néu véi x,,x, bat ki thugc E va x, <x, thi f(x)<f(x,).

Ham y= f(x) la don diéu giam trén mét tdp hop E néu véi x,,x,
bdt ki thuéc E va x <x, thi f(x)> f(x,).

Pinh ly 7.6 Giad sir f la mgt ham lién tuc va kha vi trong mot khoang
E nao do.

1). Néu f'(x)=0, véimoi xeE thi ham f khong doi trén E.

2). Néu f'(x)>0, vdimoi xeE thiham f ting trén E.

3). Néu f'(x)<0, véimoi xe E thiham f giam trénE.

Chimg minh. Lay hai diém x,,x, bét ky thudc E roi ap dung dinh ly
Lagrange cho ham f trén [x,,x,] ta tim duoc diém ce(x,,x,) sao cho

f0)=f(x)=1"()(x—x). ™

Néu f'(x)=0,VxeE thi f(c)=0 tasuyra f(x)=f(x,); Gia tr
ctia ham s6 £ tai hai diém bét ky ctia E déu bang nhau nén ham £ c6 gia tri
khong ddi trén E.

Néu f'(x)>0,VxeE thi f'(c)>0.Tur (*) suy ra v6i moi x,,x, ma

x, <x, thi f(x)<f(x,),suyraham f ting
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Néu f'(x)<0,VxeE thi f'(c)<0,tird6 x <x, thi f(x)>f(x,),
suy ra ham f giam.

Vidu 7.7.
1) Ching minh rang Vx e [—1, 1] ta cO arcsin X + arccos x =% .
Xét ham sO f(x) = arcsinx +arccosx. N6 lién tuc trén [—1,1], kha vi
1 1 -
trong (-1,1) va f'(x)=—=—==——====0 tai moi Vxe(-1,1) nén nd
VI-x*  1-x

khéng dbi trong (—1,1). Pé tinh gia tri khong ddi ctia n6 ta c6 thé tinh gia tri
cta ham s6 tai mot diém bat ky thudc khoang (—1,1), ching han tai x=0.

Taco

f(0)=arcsin0+arccos0 = g :
Vay, trong khoang (—1,1) ta c6 arcsin x +arccos x = g .
Mait khac

2

J(=1) = arcsin(—1) +arccos(—1) = —g +T=

N A

S () = arcsin(l) + arccos(l) = g +0= g :
Vay vdi Vx e [—1, 1], Suy ra arcsin X +arccosXx = g :

2) Tim céac khoang don diéu ciia ham s6 f(x) = ¢ . Ham sb xé4c dinh
voi moi x. Ta ¢6 y'= 2x¢* . Do e* >0 véi moi x nén diu cua
y'nguoc voi dau cia x .

Voi x<0thi y'>0 ham fting. Véi x>0 thi y'<0 ham f giam.

Tt dinh 1y Rolle ta cling suy ra:
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Pinh Iy 7.7 (Cauchy) Néu cdc ham f(x), g(x) lién tuc trén [a,b],
kha vi trong (a,b), g'(x)#0,Vxe (a,b) thi co it nhdt mot diém ce(a,b)
sao cho

f()-F(a) _f(c)
g(t)-g(a) &'(c)
Pé chiing minh chi viéc ap dung dinh ly Rolle cho ham phu

f(b)-f(a)
F(x)= NP
(x)=f(x) %(5)—28)

Pinh 1y Lagrange 1a mot trudng hop déc biét cua dinh ly Cauchy voi
g(x)=x.

[g()-g@)].

Quy tic L’Hopital (Lopital). Gid sir cdc ham f(x), g(x) lién tuc va
kha vi trong mot mién nao do, khi x — X, hodc khi x — oo thi cd hai ham
f(x),g(x) cung tién 16i khong (hodic ciing tién 16i v6 cing). Khi do néu gioi

han cua ty sO & 16n tqi thi gi6i han cia ty s0 AC))
g'(x) g(x)
lim RAC)) = lim jﬁl ,
=% g(x) e gi(x)
lim&2 = lim& .
x—>® g(x) x>0 o (x)
Ta chung minh quy tic trén theo truong hop don gién khi
f(x,)=g(x,)=0.Khi d6 theo dinh 1y Cauchy ta c6

JS@) _f(x)=f(x) _S(e)
g g(x)-g(x%) &)
Do ce(x,,x) nénkhi x — x, thi ¢—x,. Tz do

lim i@ =lim L'(c_) .
=% g(x) e g'(c)

ciing ton tai va
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Gidi han vé phai ton tai nén giéi han vé trai ciing t6n tai. Ta cong
nhan céc trudng hop con lai ctia quy tic.

Quy tic Lopital c6 ung dung quan trong trong viéc tinh toan cac gioi

han c6 dang v6 dinh 9; = .
0 o

Cac vi du.

2x x 2x x
. e7—e . 2e7 —e
1.lim— =lm— =1,
x>0 sinXx x>0 cosX

2x 2x 2x
.oeTm=1-2x . 2" =2 . de
2. lim > =lim =lim =il
x—0 2x x—0 dx x>0 4
1
. Inx v . 1
3. lim — = lim xl=llm—=0 (a>0).
x>0y X—>+o0 (an_ X—>+o0 (X,)COL
.oat . a'lna . a*(lna)”
4. lim — = lim 1 :...=11m-—u:oo (a>1).
x40 X" xoteo gyt X—>+00 nl

Cac thi dy 3 va 4 n6i 1én réng khi x —> oo thi cac ham sé a*,x* Inx 1a
cac vo cung lon nhung ham logarit ting chdm hon ham lu§ thira, ham mii
ting nhanh hon ham lu§ thira.

Chii y. Khi gip cac dang v6 dinh 0.00,00—00,17,0”,0° o0° nguoi ta

A 2% P 7 0 As 1 & :
tim cach bién d6i dé dua chiing vé dang 6;2 101 ap dung quy tac Lopital.
o0

1
, . { | Inx | 2 1.
Vi du. 1. llm(x lnx):llm — [=llm—=—=—=1limx* =0.
x—0 x—0 1 x—0 s E 2 x50
X x

1
2. Tim 4 :lin(}(cosx)"2 . N6 ¢6 dang 17. Ta tim giéi han cua logarit
x—>
cua n6. it
Incosx —tanx 1

1
4 =limIn(cosx)+ =lim——— =lim =—=,
x—0 x—0 X x>0  2x 2
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Do 4 =InA tasuyra A=e™? =

%
3.3. Cong thirc Taylor
Trong §2.1 ta dinh nghia vi phan ham s6 14 phan chinh cta s6 gia
ham sb:
S (% +Ax)— f(x) = f"(%,) Ax +aAx véi 0. —0 khi Ax—0.
bat Ax=nh,x,+Ax=x thitaco

S =f(x)+ f'(x)h+ah.
Néu b6 qua lugng ok thi f(x)= f(x,)+f'(x,)h tic 1a ta d3 xap xi
ham s& f(x) bi da thirc bac nhat cia h.
Trong phén nay ta trinh bay cach xap xi ham sb f(x) bdi da thirc bac
ncaa h
f(x)=P(h)=a,+ah ++a,i* +. +ah".
Mubn vy ta gia thiét ham £(x) c6 dao ham t6i clp n va ta viét
F(x)=P.(h)+ 0" v6i o —>0 khi h—>0.

Vin dé dit ra cin chon cac hé s cua da thirc nhu thé nao dé diéu kién
trén dugc thoa man tirc 12 tim da thiuc P,(h) dé

,mf(xl, +h)—P,(h)

li =lima=0.
h—0 h" h—>0
Pé y ring
lim[ f (%, +h)=F,(W) | = f(x,)~a,,
lim| /(% +h) B/ () | =/ 'x) -,
lim[ £ (% +h) =B/ () |= £"()~1 2.
MGt cach téng quat
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lim| £ (x,+h)- RO ) | = 1 (x) K1,
Nhu vdy néu ta chon cic hé s6 cia da thirc P (h) sao cho

(k)
WP ARCYPS

) ,..,n thi cac gi6i han & vé trai bang khong va khi do ta

a,
c0 thé tinh gidi han cia ty so

f (% +1)—F.(#)
I

bang cach ap dung quy tic Lopital lién tuc n l4n.

Nhu vdy, néu ta chon cac hé sb cia da thic P (h) sao cho

_ %)
k!

ham s& f(x) vané chi khac f(x) boi mot v cung bé cép cao hon A"

a, , k=0,1,.,n thi da thirc P (k) s& 12 phan chinh bac n cta

Ta da chirng minh dugc cong thirc Taylor:
Néu ham s6 f(x)c6 dao ham lién tuc 16i cdp n trong mét mién chira
diém x, thi
(n
1 (%)

—w—~-fﬂ£i%)(x—xo)2 +...+T(x—x0)" +R,

I'(%)

11

(x—x,)+

fG)=1f(x)+

v6i o —>0 khi x = x,. Thanh phan R, dwoc goi 1a phdn die thir n cia
cong thic.

Céng thirc Taylor cho phép ta khai trién mdt ham bt ky thanh da thuc
cua (x—x,). Ddc bi¢t khi x, =0 thi ta c6 cong thirc Mac-Laurin

"0y £7(0) ) (0
f(x)zf(O)-i-fl(! )x_+f2(! )x +'"+fT!()

x"+ox”.

N6 cho phép khai trién mot ham bét ki (c6 dao ham lién tuc t&i cip n)
thanh da thirc cua x .

Vidu?7.38.

1) Khai trién Maclaurin ciia ham sé f(x)=¢"

174



Ham sb nay c6 dao ham lién tuc t6i moi cip va f®(x)=¢* nén

f#(0)=1v6i k=0,1,...,n. Do d6

2) Khai trién Maclaurin ciia ham sé f(x)=sinx

Ham s6 nay c6 dao ham lién tuc t6i moi cdp va
SP(x)=sin(x+kn/2).

Tu do:

: W A 1 X
sin x =x—3—!+§—...+(—1) w(erRQH'
3) Khai trién Maclaurin ciia ham sé f(x)=cosx
x2k

(2K)!

Chit y. Néu ham s6 f c6 dao ham téi cap n+1 thi ngudi ta chung

2 4
cosxzx—x—+x——...+(—1)k
21 41

+R,.

minh dugc ring c6 thé viét phan du R, cua cong thire Taylor dudi dang:

R - f(”+"(x,,+9.&x)
" (n+1)!

(x—x,)", 0<0<l.

Céng thirc s6 gia hitu han Lagrange chinh 12 mdt trudng hop dac biét
cua cdng thirc Taylor cAp n=0 véi phan du viét theo dang trén.

Nho cach viét cong thirc Taylor véi phan du ma ngudi ta c6 thé dung
né dé tinh gin ding gia tri ctia ham s6 va danh gia sai s6 méic phai.

Phén du cia khai trién ham s6 f(x)=¢* dudi la

eb‘.\: ) 3x
x™ <
" (n+])! (n+1)!

+1
xn

Néu mubn tinh sd e chinh xac téi 10~ thi can phai xac dinh » sao
cho
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3

3
(n+1)!<10 '

R <

: 3
Ta co %=0,004 >107; o =0,0006 <107,

Vay dé tinh sd e chinh xac dén 107thi ta sir dung cong thirc khai
trién Taylor véi x =1 va khai trién dén cip n=6 ta duoc
e =1+l+l+._.+i =2,7181.
11 2! 6!
Viy,tacod e=2,718.
Phén du cia khai trién sinx 1a

2kl

X
R’Zk—l :(—l)k COSGXW,O<G<1.

l%ﬂ

Ta luén co |cosz| <1 nén: |R,,|< k1)1

Chéng han, dé tinh sin36° chinh xac dén 107 ta cho trong (3.10)

T ,
x=—1taco
5

3 5
L T
(S] -3 (5) -3
T:0,0413>10; ?=0,0008<10 :

3
3
in®-F_L30._ g7,

SIn— = — ——~—f==

5 5 3l

2k+2

Phin du cita khai trién ciia cosx 13 Ry, =(-1)"" cos xx—— .
(2k +2)!
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3.4. Cyec tri cia ham sb

Dinh nghia 7.8 Gid si ham s0 f xdc dinh trong mot khoang mé E dii
nho chira diém x,.

-Ham s6 f c6 cuc dai tgi x, néu véimoi xe E tacod f(x)< f(x,).

-Ham s6 f ¢6 cuec tiéu tai x, néuvéimoi xeE taco f(x)= f(xo).

Piém x, tai d6 ham s6 ¢c6 cuc dai hodc cuc tiéu duoc goi la diém cuc
tri cua ham sd.

Trong ching minh dinh 1y Rolle ta da thdy: Néu ham s6 f(x) kha vi
cO cyc tri tai x, thi tai d6 dao ham cia ham sd bi triét tiéu: f'(x)=0.Ddla
didu kién cAn cta cyc tri. Nhung diéu kién do khéng di. Ching han ham sd
F(x)=x* c6 dao ham triét tieu f'(x)=3x> =0 tai x=0. Véi

x<0 f(x)<f(0)=0,
x>0 f(x)>f(0)=0,

vay, ham s6 khong c6 cuc tri tai O.

Diéu kién dii ciia cuec tri

Pinh Iy 7.9 Gid sir ham s6 f(x) lién tuc trong khodng (a,b) chira
diém x,, kha vi trong khodng do (co thé trie tai x,). Néu dao ham f'(x) dvi
ddu khi x qua x,thi ham cd cuc tri tai x,.

Cuc tri do la cuc dai néu f'(x)d6i ddu tie + qua —.

Cuc tri do la cyec tiéu néu  f'(x) doi ddu tir - qua +.

Ching minh. That vay, néu f'(x) >0 trong (a,x,) thi ham s6 f tang
trong khoang d6 nén f(x)< f(x,). Néu f'(x)<O trong (x,,b) thi ham s&
f giam trong khoang d6 nén f(x)< f (xo). Véi moi x thude lan can cla
X,tacod f(x)< f (xo). Viy tai x, ham s6 c6 cuc dai.

Chirng minh tuong tu cho trudng hop cuc tiéu.
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Chir y. Khong nhét thiét ham s6 phai kha vi tai diém cuc tr x,.
Ching han, ham s6 f(x)=|x| ¢6 cuc tiéu tai x=0 nhung tai d6 ham s
khong kha vi.

Két hop v6i cac két qua trén ta ¢ quy tdc fim cue tri ciia ham sé:

a. Tim cac diém thudc mién xac dinh ctia ham sb ma tai d6 dao ham
ctia ham s6 triét tiéu hoic khong ton tai;

b. Xét ddu cia dao ham tai 1an can cac diém d6, néu dao ham cé déu
khac nhau & hai bén diém d6 thi diém dang xét 12 diém cyc tr.

Vidy 7.9. Ham sb f(x)=e™ co cuc dai tai x=0. That vay,
f(x)=—2xe™  v6i x<0 thi f'(x)>0;v6i x>0 thi f'(x)<0 dao him
¢6 d4u khac nhau & hai bén diém x=0.

Pinh 1y 7.10 Gid sir ham s6 f(x) c6 dao ham lién tuc toi cdp hai ¢
ldn cdn diém x,(ké ca tai ca x,). Néu f'(x,)=0 va f"(x,)#0 thi ham sé
¢o cuc tri tai x,. Cu thé la:

Néu f"(x,)>0 thi ham s6 c6 cuc tiéu tgi x,.

Néu f"(x,)<0 thi ham s6 c6 cuc dai tai x,.

Chumg minh. That vy, tir khai trién ham sb f theo cong thuc Taylor
dén cap hai

f'(%) /" (%) 2 2
S =1(%)+ T (x—x,)+ = (x—%,) +a(x=x,)".
Do f'(x,)=0 nén

7091 (0) =L 0o e s ot Okt x >3,

G 1an can cia x,, ddu cia f(x)—f(x,) la ddu cia f"(x,). Do d6
néu f"(x,)>0 thi f(x)2= f(x,) ham s6 c6 curc tiéu tai x,. Néu 7"(x,) <0
thi f(x)< f(x,) ham s6 co cuc dai tai x,.
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Vi dy 7.10. Xé ham sb f(x)= e ta oo fi(x)=—2xe";
F(x)=0 khi x=0 f'(x)=-2(1-2x*)e™; f7(0)=-2. Ham 86 cb

cuc daitai x=0.

3.5. Ham s6 16i, 16m, diém uén

Pinh nghia 7.11 D6 thi ham s6 f(x) dwoc goi la 16i (chinh xdc hon
lc 1i trén) trén dogn [a,b] néu no ndm phia dwéi moi tiép tuyén v6i do thi
vé trong doan do.

D6 thi ham s6 f(x) duoc goi la Iom (chinh xdc hon la 16i dudi) trén
dogn [a,b] néu né nim phia trén moi tié'p tuyén Vvéi do thi vé trong doan do.

Piém trén duong cong ngin cach phan 16i va phan 16m duoc goi la
diém uon.

Dinh 1y 7.12 Gia sit ham s6 f(x) ¢ dao ham lién tuc t6i cdp hai
trong mot mién chira diém x,.

Néu trong mién do f"(x)>0 thi do thi ham so la Iom.

Néu trong mién do £"(x) <O thi do thi ham s6 Ia I0i.

Chung minh. Ta khai trién ham sb ftai l4n cin x,theo cong thirc
Taylor dén cap hai:
1" (%)

|

F@)=f(x)+——(x—x)+

/(%)
1 21

(x—x0)2+oc(x—x0)2.

Phuong trinh tiép tuyén véi dd thi tai M, (x,,,) 1a
y= f(x0)+f'(x0)(x—x0) )

goi M 1a diém c6 hoanh d x trén duong cong, Pla diém c6 hoanh

@5 x trén tiép tuyén tai M, (x,,¥,), ta co

I"(x)

PM = f(x)—y=" = (x—x0)2+oc(x—x0)2.
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Do o —> 0 khi x — x, nén & l4n can cia x, dau cia PM 1a du cia
S"(%,). T do:

Néu f"(x,)>0 thi PM >0: diém M n3m phia trén diém P, tirc 13
duong cong nam phia trén tiép tuyén: ham s6 16m trong lan cén x,;

Néu f"(x,)<0 thi PM <0: didm M n3m phia duéi diém P, tirc 1a
ham s6 15i trong lan cén x,.

Tir két qua trén ta suy ra ring: Néu tai x, ta c6 f” (%,)=0va f"(x)
d6i dau khi x qua x, thi ham s6 £(x) c6 didm uén tai x, .

Vidu 7.11. Xétham sb f(x)= e taco: fl(x)==2xe™";

[10)=-2(1-2x)e™; f"(x)=0 khi I

2

. 1 ; il 18 , n .
V6 X< vi x> , f'(x)>0 ham 16m trong céc khodng do.

VRN

1 1 .
-Véi ——=<x<—, f'(x)<0 ham 16i trong khoang do.

. | P S
Tai x =+—= ham c6 diém uon.
2

3.6. Khdo sdt sy bién thién ctia ham sé

Dé khio sat sy bién thién va dang ciia mot ham s cho bang biéu thirc
giai tich y = f(x) ta thudng tién hanh theo cac budc sau:

1. Tim mién xdc dinh ciia ham. Néu ham 13 tudn hoan thi chi cin khao
sat nd trong mot khoang c6 dd dai bang chu ky. Néu ham chin hay 1€ thi
chi can khao sat no trén mién img véi x>0

2. Tim cdc khoang don diéu va cdc cuc tri.

3. Tim cac khoang 10i, lom, diém uén néu cdn thiét.
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4. Néu ham c6 nhdnh vé tdn, can xac dinh dang ciia ham do6i voi

nhanh vo tan.

Duong cong biéu didn ham y = f(x) c6 nhanh v6 tan khi it nhat mot
trong 2 toa d6 x hoic y clia mot diém M thudc dudng cong dan téi o

Puodng thing (D) 13 tiém cén cia duong cong (C) néu khoang cach
MH tir mdt diém M trén dudng cong dén duong thing dan tdi 0 khi M ra xa
vO tan.

a) Néu khi x—>a ma f(x)—> o thi duong thing x=a la duong
tiém cdn dieng cia dudng cong y = f(x). Trong nhiéu trudng hop cn phai
phén biét tiém cin ding phia phai (img véi x — a+0; hodc tiém can ding
phia trai (tng voi x ->a-0)).

b) Néu khi x—> ma f(x)—>b thi duong thing y=>b la dwong
ti¢ém cdn ngang cla duong cong y = f(x).

¢) Néu f(x)—> oo khi x — o0 va tOn tai cc giéi han

k =limM; b=lim| f(x)—kx]|

P, e

thi dwong thing y=Ikx+b la tiém c@n xién cia duong cong
y=f (x) .

Trong truong hop nay ta co

lim[ f (x)~(kx+b)]=0.

Trong nhiéu truong hop can phin biét tiém cdn xién phia phdi (véi
X —> +o0) va tiém cdn xién phia trdi (V61 x ——©) .

Cdc thi du vé khdo sat va vé dé thi ciia ham s0

Vidy 7.12. 1)Khao sat va v& db thi cia ham s& f(x)=e™ .

Ham xac dinh voi moi x.
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f'(x)=—2xe"‘z; f'=0 khi x=0; f(0)=1.

I ” I A 5 \ A1 A T A <A * A 5 \ A
Lap bang xét dau ciia dao ham dé biét chiéu bién thién ctia ham so:

X |- 0 +00

F’ + 0 -
F |0 A1 X0

V6i x <0 ham sb ting, v6i x>0 ham sb giam, tai x=0 ham sb co
cuc dai, gia tri cuc dai béng 1.

Xét dao ham cAp hai va 1ap bang xét ddu dao ham cAp hai dé tim cac
khoang 16i, 16m ciia dudng cong

(%) =22x*-)e™; f"=0khi x=1

X —o0 B _1_ L 400
2 2
" + o - 0 +
L3dm _1_ 13i L 16m
Je Je

A . , o g0 R A
D6 thi ¢o6 hai diém uon

LIS IS I
V2 e 2
Khi x — oo thi f(x) >0, duong y =0 la tiém cin ngang.

Db thi cia ham c6 dang hinh chubng. Ham nay c6 nhidu ung dung
trong ly thuyét xac suit.

2) Khéo st va vé dd thi cia ham sé £(x) = (5-x)Ix* .

Ham xac dinh véi moi x.
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5(2-x)
33x

x =2, ngoai ra dao ham khong ton tai khi x=0.

1
Ta c6 f'(x)=—3[x_2+(5—x)§x = suy ra f'(x)=0 khi

Lap bang bién thién
X |- 0 2 + o
£ - I + 0 —

£ 400 N\, 0 ~ 3T N —™

Tai x=0 ham co cuctiéu f(0)=0; tai x=2 ham co6 cuc dai

f@)=34.
Ta cht ¥ ring tai x=0 ham c6 tiép tuyén thing dimg (d2o him v6
cuc); tai x=2 ham c6 tiép tuyén nam ngang (dao ham triét tiéu).
- Ta khong khéo sat tinh 15i, 1dm.
- Ham c6 nhanh v6 tin nhung khong co tiém can 1a duong thing. D6
thj cét truc Ox tai x=35.

BAI TAP CHUONG 7
7.1. Tinh cac dao ham cia ham s6 sau:
1) y=Cx*+5x-1% 2) y =~I5x% —=3x;
3) | N 4) —sinL'
Y 2241’ Y xt’

5) y= IJ_; 6) y=tany1—-4x";
cosvx

7) y =sin® x—tan® 2x; 8) y =sin’[(x—IVx].

7.2. Tinh cac dao ham ciia ham s

1) y=arcsing; 2) y:arccosx;
x x
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3) y=arctan2l; 4) y:arctanx—+1;

x x~1

2

5) y=arctanl—n£; 6) yzic-\/az—x2 +< arcsin X .

3 2 2 a
7.3. Tinh cac dao ham cua:
1) y=In’x; 2) y=Insinx; 3) y=x’log, x;
4) y=In(1-2x); 5) y=2i; 6) y=ae™™;
7) y=e 8) y=Ae ™ sin(cax+).

7.4. V6i gia tri nao clha a thi hai dwong y=ax’ v y=Inx s& tiép
xuc véi nhau?
7.5. Ching minh ring néu ham S (x) c6 dao ham tai x, thi

lim .f(xt) + h)_.f(x[) __h)
h—0 2h

= f,(xo) .

7.6. Tinh dao ham cta ham y = arcsin(2x\/1—7 ) 1di so sanh véi dao
ham ham z =arcsinx. Tlr 6 suy ra mdi lién hé gitta y va z.

7.7. Tinh c4c tong

1) P =142x+3x" +..+mx"".

2) §, =sinx+sin2x+...+sinnx.

3) C, =cosx+2cos2x+...+ncosnx.

7.8. Tim dao ham cap hai cua cac ham:

i 1
) y=xe™; 2)y=1+x2;
3) y=(1+x*)arctanx 4) y=ln(x+\/ﬁx_2).
7.9. Tim dao ham cp n cua cic ham:
1) y=e™; 2) y=sinax+cosax; 3) y=sin*x+cos* x.
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7.10. Cho ham s6 y=x’—x. Tinh Ay va dy tai x=2 khi lan luot
cho Ax cac giatd 1;0,1; 0,01. Tinh cac gia tri twong Umg cia ty sb

Ay—y
Ay

R=

7.11. Tim vi phan cta cac ham s6:
1) y=3x%; 2) y=+1-x7;
x

X
4) y=In|tan= |-=.
)y n[an‘J :

X

3) y= ;
)y =

7.12. Tinh ghn dang: 1) 3f0,95;  2) c0s60°06'; 3) arctan0,98.

7.13. Dung quy tic Lopitan tinh cac giéi han sau:

x

— s 2
1) lim2—50% 2) lim(x* Inx); 3) lim——;
x—>0 X x—0 x>0 X 4 @
4) li e sy 5) lim(sin x)*; 6) lim(1+x)"™
xl};r()l x e -1 > x—0 ’ x—0 ’

7.14. Tim cyc tri ctia ham sd:

4
1 y=-2 2. y=xl-x7. 3. y=1-(x-2)s.

Clnx
7.15. Tim c4c gia tri a va b dé ham: y=alnx+bx* +x cb cuc tri tai
x=Lx,=2.

7.16. Khao sat va v& d6 thi cac ham sb:

3

Dy = z xj 4; 2) y=31-x; 3) y=,3fx.2(x—2).

7.17. Tim dao ham cac cap tuong Ung clia cac ham so sau

1, Tim y™(z), biét y= ;

x* -4

2, Tim y"*(0), biét y =

>

x*+4
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3, Tim y™(x), biét y=sin’x;

4, Tim y*”(1), biét y=(3x* +1)Inx;

5, Tim 4" (z), biét y = (2x + 3) - cos 2;
6, Tim 3°(0);y"°"(0), biét y =arctanx;
7, Tim (), biét y = 2 - sinz;

8, Tim y"(x), biét y = In(2z + 3);

9, Tim y™(z), biét y =In(x* —3x+2).

’ \ A 5 7 3 A
7.18. Tinh dao ham cap n ctia cac ham so sau

1.x1n3+x. 2.zln 2 -3z +2 . 3,(z" +x)cos’z.
-z
4.(3—2x)2e2‘3". 5. y:lnx—+i.
x__

‘ TRy . A A , ’ \ A
7.19. Tim khai triem Maclaurin dén cap n ciia cac ham s sau

2 x .
p 2 Jf" n=3;  2) In2X
e” 3

,h=3;
+2x

3) In(x*+3x+2),n=4,
4) (1-x)In(1+x)-(1+x)In(1-x),n=5;

. S
x*—5x+6

5, f(x)=
7.20. Tim khai trién Taylor tai x, dén cép n cla cac ham s6 sau
1) & -1)e*,x=-1,n=3;

2) In(2x+1),x=1/2,n=3;

x% +3x

3, f(x)=In2+3x),x=1n=3; 4)
x+1

L X=1Ln=3;

b

5) In2+x—x*),x=1,n=3.
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Chwong 8
PHEP TiINH NGUYEN HAM

§1. NGUYEN HAM VA TiCH PHAN BAT DINH
1.1. Nguyén ham ciia ham s6 mt bién
O chuong 7, ta xét bai toan tim ham s6 f(x) 1a dao ham ciia ham 56
F(x)cho truéc. Trong chuong nay ta xét bai toan nguoc lai, tirc 1a, cho ham
s6 f(x), hdly tim mot ham F(x) sao cho n6 c6 dao ham dung bang f(x)
di cho, tirc 13 F'(x) = f(x).
Vidu8.1. Cho f(x)=cosx thi F(x)=sinx, vi
F'(x)=(sinx) =cosx = f(x).
Pinh nghia 8.1 Ham F(x) dugc goi la nguyén ham cia ham f(x)
néu tai moi x thudc mién xdc dinh cua ham ta c6 F'(x) = f(x).

Vi du 8.2. Nguyén ham cta cosx la sinx, nguyén ham cia x" la

n+l

X
n+l’

Ta d biét ring, néu mot ham s6 co dao ham thi dao ham cua né 1a duy
nhit. Nhung néu mét ham s6 dd c6 mot nguyén ham thi n6 ¢6 vo s6 nguyén
ham. That vy, néu F(x) 1a mét nguyén ham cia f(x) thi F(x)+C véi
C 1a mot hing sé tuy ¥ ciing 1a mét nguyén ham cia f(x).

Pinh ly 8.2 Hai nguyén ham ciia ciing mot ham 0 chi sai khdc nhau
mét hang so.

Ching minh. Gia st F(x) va F,(x) cung la nguyén ham cia ham

£(x). Xét ham s§ ®(x) = F(x)—F,(x). Taco
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'(x) = F (x) - F(x) = f(x) - f(x)=0.

Ham ®(x) c6 dao ham bing khong tai moi diém thudc mién xac dinh
clia n6 nén co gia tri khong ddi ®(x) =C hay F,(x)— F, (x)=C.

Nhu vay dé tim moi nguyén ham cta ham f (x) ta chi viéc tim mot
nguyén ham F(x) cia né rdi thém hing s6 C tuy y. Mudn tim mot nguyén
ham thoa man diéu kién nao do ta tim tap hop moi nguyén ham rdi xac dinh
hﬁng s6 C nho diéu kién d3 cho.

Vidy 8.3. Tim nguyén ham ctia ham cosx biét nguyén ham dé bing

0 tai x:zzc-. Tép hop cac nguyén ham ciia cosx 1a sinx+C . Tai ng ta co

sing+C:O hay 1+C=0,C=—1.

Vay nguyén ham cin tim 13 sinx—1.
1.2. Tich phan bit dinh

Dé tim nguyén ham cta ham sb duoc thuan loi, ta dua vao khai niém
tich phdn bdt dinh.

Dinh nghia 8.3 7dp hop moi nguyén ham cia ham f(x) dwoc goi la
tich phan bdt dinh cia ham f (x) va dwoc ky hiéu la [ f(x)dx.

Déu [ la ddu tich phan, ham f(x) la ham sb duéi d4u tich phan, dx
1a vi phan cta x, x chi bién s6 14y ddu tich phan, f(x)dx 1a bidu thirc dudi
d4u tich phan.

Nhu vy, néu F(x)la mot nguyén ham coa f (x) thi

[reax=re+c,

trong d6 C 1a hing sé tuy y. Ta suy ta c4c tinh chat cia tich phan bt
dinh:

(i) Pao ham cia tich phan bat dinh bing ham s6 du6i du tich phan:
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[ f(x)dxj _[F@)+C] = 7).

T d6 dI f(x)dx = f(x)dx. Vi phan cia tich phan bat dinh bang
biéu thirc dudi du tich phan.

(ii) Ta co de(x) = F(x)+C do dF(x)=F'(x)dx = f(x)dkx.

(iii) Tich phén bat dinh cia mot tong cac ham sb bang tong clia cac
tich phan ctia timg ham s6 [[£(x)+ g()x = [ f(x)dx+ [ gxyax.

(iv) C6 thé dua hing sb khong ddi ra ngoai dau tich phén.

Néu k 1a mdt hé s6 khong dbi thi [Af (x)dx =k f(x)dx .

C6 thé kiém ching cac tinh chét 3, 4 bang cach chimg té dao ham clia
vé phai va vé trai bing nhau.

1.3. Bang tich phén bét dinh ciia cic ham s6 mét bién

Bdng 2. Bang nguyén ham co bdn

a+l
1. J-x"‘dx: ad +Cyaz-1; |7 I =tanx+C ;
o+1 cos” X
dx
2. I_:lnleC’ 8. Isinzxz—cotx+C;
g a - O —arcsm +C
3. |a'dx= +C;
‘[ Ina '[J
4. J.e"dxzex+C; IO.I 2dx 2=larctan£+C;
J_ a +x° a a
5. |sinxdx =—cosx+C;
11 &L
6. J'cosxdx:sinx+C; a —x" 2a a—x
12-J. o =In|x+Vx*+a|+C.
Jx*+a

Pé kiém chimg cc cong thirc trén ta chi viéc 1y dao ham vé phai ta

s& duoc ham dudi dau tich phan. Chang han véi cong thuc 12, ta c6

[lnlx+m|+C] =

1

x+x* +a

X 1
1+ = :
( \/x2+aJ Nx*+a




§2. HAI PHUONG PHAP TiNH TiCH PHAN
2.1. Phép dbi bién s6
Gia sit ' 1a mot nguyén ham ciia ham s6 f va gia sit x = @(¢)1a mét
ham kha vi nao d6. Ta xét ham hop F(x)=F(¢(t)). Pao ham cta nd la

!

{Flo®]} =fle®]e’®.
Theo dinh nghia tich phan bat dinh ta co
[ Fe@)o' )t = Fo@)+C = F(x)+C = [ f(x)dx

Tir d6 ta dugc cong thirc ddi bién sb trong tich phan bét dinh:

[ £(0)ax = [ flo@)e'@)at 8.1)

véi x =@(r) 1a ham kha vi.

Dé ddi bién sd trong tich phan ta thay x =q(¢) & ham dudi déu tich
phan, voi @(t) 123 mot ham kha vi, dx=¢@'(f)dt sao cho tich phin nhén
duoc, véi bién sb tich phan 1a ¢, thudc loai tich phan trong bang néu trén.

Vidu8.4. 1) Tim [cos(ax+b)dx .

Diat t=ax+b,tcla xzﬂ,dledt;
a a

jcos(ax+b)dx=ljcostdt=lsint+c=lsin(ax+b)+c.
a

a a
2) Tim j\/az—xzdx.

DPit x =asint,a’ —x* =a’ cos® t,dx = acostdr,

1+ cos2t
_[ a’—x’dx= Iacost.a costdt =azjicos2 tdt = aZJ.—

2 2 2 2
:a—J‘dt+a—J.0052tdt=a—t+a—sin21+C.
2 2 2 4
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A, o1t 1A , 1 . X
PE trd lai bien x tachuyla x=asint, suy ra f =arcsin— va

a
2
. . . : X X X
sin2¢ = 2sinfcost = 2sinfy/1-sin’t =2=[I-= =2=+a> —x*
a a a

Vay
2
.[\!az —x"dx =a—arcsin£+£\/a2 —-x2+C.
2 a 2
Chii y. Thay dbi vai trd cla t va x trong cong thirc (8.1) ta dugc
[ FoGNe'yax = [ ftyar.

Néu ta bién ddi tich phan da cho & vé trai vé tich phan & vé phai thi
khi d6 ta dung phép dbi bién ¢ = p(x).

3) Tim [ tan xdx.

sin xdx

Ta viét Itan xdx :j ; dat t =cosx,dt =—sinxdx ta dugc

COoS X

Itanxdx =—I% =—In|t|+C =-In|cosx|+C.

4) Tim jxexzdx.
Dit ¢ =x*,dt = 2xdx, ta co

J.xe"zdleje’dtzle’ +C=le"2 +C.
2 2 2

5) Tim i . Dat t=lnx,dt:ﬂ,tac6

]

xlnx X
J' & . ﬂ:ln|t|+C=1n|lnx|+C.
xlnx t

Chit y. Dit t= f(x),dt = f'(x)dx, ta co

PAC) f'x) . _
jf(x)dx_1n|f(x)|+c:jmdx_z,/f(xnc
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2x+1

X"+ ZX+

2x+1 __J- 4x+2

Tacd | ——————
IZx +2x+5

—lln(2x2+2x+5)+C,
2x° +2x+5 2

2.2. Phép phén doan (hay tich phin titng phén)
Gia sit # va v 1a hai ham kha vi. Ta c6 (uv) =u'v+uw' .
Léy tich phan hai vé ta duoc

I(u'v+uv’)dx =uv+C, Iu'vdx + Iuv’dx =uv+C.

Do Vidx=dv,u'dx=du  nén Iudv+jvdu=uv+C,

du:ﬂ,v:x, suy ra Ilnxdxlenx—fdx:xlnx—x+C.
X

Vay

Iudv:uv—'[vdu . 8.2)

Ta dé hang s6 C nim trong tich phén, n6 s& xuit hién khi ta tinh

Ivdu.

Cong thuc (2) dugc goi 1 cong thirc tinh tich phdn bing phdn doan

hay ldy tich phdn timg phdn.
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Vidu 8.6. 1) Tim jlnxdx.
bit u=Inx,dv=dx taco du:%dx,v:x,véy
Ilnxdx:xlnx—jdx=xlnx—x+C.
2) Tim sze dx
Dit u=x>,dv=e"dx,tacd du=2xdx,v=e". Suyra
J.xZe"dx =x’e" — J. 2xe”dx

Tiép tuc phan doan cho tich phan sau cing. Dit u = x, dv =e*dx ta cd



du=dx,v=e", suy ra jxe"dx =xe* —Ie"dx =xe* —e* +C . Cubi cling
ta duoc

Ixzexdx =x%e" —2(xe”* —e)+C =(x* -2x+2)e" +C.
3)Tim 7= Ie‘”‘ cosbxdx .
Pit u=e",dv=cosbxdx ,tacd du=ae“dx,v :%sinbx va
w 1 .. ar o -
I=Ie cosbxdx =—e smbx——'[e sin bxdx .
b b

Phéan doan cho tich phén sau cung. it

u=e>,dv=sinbxdx, du =ae“dx,v =—%cosbx,
ta co

Ie“" sin bxdx =—le"" cosbx+g_[e” cos bxdx =—le"" cosbx+gl
b b b b

Izle“’“sinbx—g —le‘“cosbx+gl ;
b b\ b b

e (bsinbx +acosbx)
T —_— :
a +b
Chu y. Cac tich phan c6 dang sau dugc tinh bang phuong phap phin
doan, P(x) la ham da thuec.

(i) Dang 1: |P(x)sinaxdx, [ PGx) cos axd, [ P(xye=dx, dat
u="P(x).

(ii) Dang 2: [ P(x)arcsin xd, [ P(x)arccos xd, [P Inxdx, dat
dv = P(x)dx .
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§3. PHEP TINH NGUYEN HAM MOT SO HAM SO
3.1. Nguyén ham ciia ham hiru ty
P(x)

x)

Ham hitu ty 1a ham c6 dang trong d6 P(x),0(x) la cac ham

da thuc.
Néu bac cia P(x) 16n hon hojc bing bac cia Q(x) thi bang cach
chia da thac ta duoc
il =A(x)+ £(x) .
O(x) O(x)
trong d6 A(x) la da thirc nguyén, con P(x) 1a da thirc c6 bac bé hon
bac cua QJ(x). Tinh nguyén ham cia A(x) khong c6 gi khé khin, chi viéc
dung cong thuc

xn+1

+C.

J.x”dx:’H_l

()

Dé tim nguyén ham cua phan thuc thuc su —) ta phan tich né
X

thanh cdc phan thirc tdi gidn ma ta sé trinh bay mét s truong hop
don gian.
(i) Néu O(x) chi co cac nghiém thuc va don ta viét n6 co dang
Q) =(x—a)x-a,).(x—a,),
A(x)
x

thi phan thuc m dugc phan tich thanh

ht) __4 + 4 +...+—A"—
O(x) x—a x-a, x—a

>

n
ta tinh cdc hé s0 A4, 4,, ..., 4, bang cach quy dong mau s6 & vé phai roi

A A J A A o ’ 9 s A
dong nhat cac hé so cia da thic ¢ hai ve.
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(i) Néu Q(x) c6 chira mdt nghiém thuc b, bdi k, trong phan tich clia

P , B D
O(x) c6 thira s6 (x—b)*. Ung véi thira s6 d6, trong phan tich cia g%x; s€
X

chira k phan thirc dang
B =+ B““k_] P
(x=b)" (x-b) x—b

(iii) Néu khi phan tich Q(x) thanh thira s6, n6 chura thira s6 dang
x* + px+q véi p®>—4q <0 (tam thirc khdng c6 nghiém thuc)
thi thira s6 d6 g véi phan thirc
Ax+B
X+ px+q
P
trong phan tich cuia AL .
Q(x)
Viéc tinh cac hé sb 4, B hoic B,....B, ciing dugc 1am nhu & phan (i).
Trong cac trudng hop néu trén, viéc tinh nguyén ham cua phéan thirc
thuc din t6i viéc tim nguyén ham cta cac phan thic tdi gian co dang cic
dang
A B Ax+B
x—a (x—b) x*+px+q

,p°—4q <0.

Khi do, tich phan ban dau dua toi mot sd dang sau:

D | A= Alnfx—d|+C.
xX—a

= +CLk#1.
(x-b)* 1=k (x—b)*"!

J' B B 1

é(2x+ p)+5’—'—4IE
2 2

3 _[ Ax+B
X+ px+q x*+ px+q
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_ Id(x +px+q) +(B A_p)J- 2
2 X+ px+q JAY) r’
+5) +qg-
R feer
_4p i+ 2
:éln(x2+px+q)+ 22 arctan 22 +C
2 - g2
4 4

Ta c6 x° —x=x(x—1)x+1), nén Q(x) c6 3 nghiém thuc va don nén

ta phan tich vé dang
x-3 _ﬁ+ B N C (A+B+C)x +(B-C)x— A
X-x x x-1 x+1 x—x

Péng nhit cac hé sb turong trng & hai vé, ta co

A+B+C =0,
B-C =1,
A=3,
suy ra
A=3,
=-1,
C=-2
Vay

—_— -3ln|x|—ln|x—1|—21n|x+1|+C .

x?+1

2) Tinh tich phﬁl’l jm

Mau s6 Q(x) c6 mot nghiém thuc, don x =-3 va nghiém thyc x=1
bdi 3 nén ta phén tich
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¥*+1 A N B N C . D
(x—D%(x+3) (-1 (-1 x-1 x+3

o X A
Khir mau so chung

¥ +1 = Ax+3)+B(x-1)(x+3)+C(x—1)*(x +3)+ D(x 1)’
=(C+D)x*+(B-3C-2C -3D)x* +(4+2B+C -2D)x+34-3B+3C-D.

Tacod
C+D=0,
B+C-3D=1,
A+2B+C-D=0,
3A-3B+3C-D=0,
suy ra
a=L
2
B=2,
1 8
=3,
32
D=-2
L 32
Vay
x*+1 l¢ dx 3¢ dx 5p0dx 5 ¢ dx
e [ec e et R S B
(x=1)"(x+3) 29 (x-1° 8 (x-1)° 327x-1 327x+3
= I T & +in—x_1 +C.
4(x-1)" 8(x-1) 32 |x+3
3) Tinh | LA
x(x*+1)

Miu s& O(x) co6 chira thira s6 x* +1 khong c6 nghiém thuc nén

1 _é+Bx+C
x(x>+1) x  x*+1

:1=(A+B)x* +Cx+ A.
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Suyra A=1,C=0, B=-1. Viy
J- dx
x(x* +1)

:J'ﬂzln|x|—lln(x2+1)+C.
X 2

Ta khong xét & ddy truong hop miu s6 Q(x) c6 chua cac thia sb
(x* + px+q)°. Nguoi ta ching minh duoc ring ngay ca trong truong hop
d6 van tim duoc nguyén ham cua ham hitu ty dudi dang cac ham sd so cép.
Nhu vay, cdc ham sé hitu ty déu cé nguyén ham dwoi dang ham so cc’fp.

Khi phi tim nguyén ham cia mot ham f(x), néu ta tim duoc phép
dbi bién thich hop dua [ f(x)dx vé dang [R@ydt véi R(r) 1a mot ham hir

ty d6i vi ¢ thi ta coi nhu tim duoc nguyén ham dudi dang ham so cip.

4) Tinh | o

sinx
Ham du6i dau tich phan khong phai 1a ham hitu ty. Tuy nhién néu

‘ Re 1.t A X ,
dung phép d6i bién ¢ = tan 5> tacod

Sinx:iz,x:2arctant,dx:£tz,
1+¢ 1+t
khi d6
I dx =_[2d”(l_!qr2—) :I£:1n|t|+C:1n tan|+C .
sinx * 20/(1+¢(%) t 2

3.2. Nguyén ham ciia mt s6 ham sb vé ty

Noi chung cac ham v6 ty khong c6 nguyén ham biéu dién duéi dang
ham so cp. O ddy ta chi xét mot s6 truong hop don gidn ma ta co thé dua
vé ham hiru ty duoc, hodc dua vé nhitng tich phan c6 trong bang da 14p.

(1) Dang 1: I R(x,Xax +b)dx, trong 6 R(u,v) chi mdt bidu thirc hiru

ty d6i voi u ,v. Tadit 1" =ax+b.
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Piat £ =x+1,taco x=£—1,de=3"dt. Viy

3 _ 2
[ [EDC g3 e =26 -2 +C
Yx+1 ! > 2

5 2
:E*}S—(x+1)3 —%()Hl)3 +C.

(ii) Dang 2: Tich phan c6 chura ax” +bx+c , bién d6i biéu thirc dudi

ddu cin vé dang ar’ +P.

dx
1-x—x°

Taco
2
J1-x-x* = é—(x+l) .
4 2

dx
2) Tinh | ————.
) Tin j\}x2+2x+5

Taco

Jx? +2x+5 =J(x+1)2+4.

Vay

dx dx
= :1| 14X +2x+5|+C.
‘[\}x2+2x+5 J‘«{(x+1)2+4 R W |+

5x+3
3) Tinh | ————==dkx.
J.sz +4x+10
Ta cod
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§(2x+4)+3—10

S5x+3 _ e
J. 2 N 2
Vx? +4x+10 V¥ +4x+10
5 ¢d(x* +4x+10) d(x+2)
Sji ety
279 x* +4x+10 J(x+2)2+6

=5 f+4x+1o—ﬂnk+z+dﬁ+4x+1q+c.

4) Tinh J. X+ x+1dx.

1 3
X x+lde=|J(x+=) +2dx.
J IV( 2 *a

Dé tinh I = I NI’ +a’dt ta ding phép phan doan nhu sau:

Ta co

Diit u = /12 +a’,dv=dt thi du=

— ;v=t,tacod
“+a’

2 2 2 2
Cradtdi=t|+a* - d =t +a® - ’—M—idt
e AR (A
dt
=W +a* - [P +dPdr + & ,

j [

2l =P +a* +a* lnlt+\/t2 . ‘+C,
2

I:éxltz +a? +%ln.t+\/t2 +d|+C.

Vay

J\Jx"’+x+1 S22t x2+x+1+§ln

4

x+%+ Vx¥*+x+1|+C.

3.3. Nguyén ham ciia cdc ham s6 lwong giac

Ta chi xét mot s6 trudng hop don gian;
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() Dang I: [R(sinx,cosx)dx véi R la biéu thicc hitu 1 ddi voi

sinx va cosx. Ta dua tich phan vé dang tich phan ciia ham sb hitu ty bang
-2 . 2dt
1+27 1+

] o X  as 2t
cach dat t=tan5. Khi d6 sinx :—t;,cosx =
+

Vidu 8.10. Tinh | &

sinx—4cosx+5

. b
bat t:tanz, suy ra

2
: - 1
sinx = 2,cosx—l tz,dx— 2d2.
t +1 1+1¢
Khi do
2dt
J' dx :J- 1+72 :ZI dt e
sinx—4cosx+5 7 2 1-£ 72 +81+8
1+ 1+8
_J‘ d 1 LC= 1 +C
—_ 2—_ I L4
t+2) t+2 tang+2

(i1) Dang 2: _[ sin” xcos” xdx v6i m,n la cdc s6 nguyén duong.
a) It nhdt mot trong hai s6 mn lé: m Ié thé t=cosx; n lé thé
t=sinx
Vidu 8.11. Tinh Isins x cos” xdx .
Dit t=cosx; suyra df =—sinxdx. Vay

Isins x cos’ xdx = —J. sin® x cos® xd(cos x) = —I (1—-1Ht’dt =

3 5
1
:—J‘(t2 —2t* +1%)dt L e o xt2oos x—Loos  x+C.
3 5 7 3 5 7
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b) Cd hai s6 m,n déu chin. Ta ding cong thic ha bac
A 1—-cos2x 2 1+cos2x . 1.
SIn” X =———,C08" X =——;sIn XCos X =—sin 2x.
2 2 2
Vidu 8.12. Tinh Isinz xcos* xdx.
St dung cong thirc ha bac ta dugc

. . 1e.
_[smz x cos* xdx = .[ (sin x cos x)* cos” xdx = 5 I sin” 2x(1 + cos 2x)dx =

:ljsin2 2xcbc+l.|‘sin2 2x cos 2xdx = ljﬂd)wijsinz 2xd sin2x
8 8 8 2 16

1 1 . 1 . 3
=—x——sin4x+—sin’ 2x+C.

16 64

(ii1) Dang 3: I cos mx cos nxdx, I sin mx cos nxdx, Isin mxsinnxdx. Ta
dung cdng thirc lugng giac bién ddi tich thanh tng.
Vidy8.13. Tinh [sinSxsin3xdy.

Ta co
. . 1 1. 1 .
Ism 5x sin 3xdx :—I(COSZX—COSGX)dx =—sin2x——sin8x+C.
2 4 16

Ta da xét mot s6 phuong phap dé tim nguyén ham cia mot ham sb. Ta
thira nhan rang moi ham lién tuc trén mot khodng (a,b)déu co nguyén ham
trong khodng dé. Tuy nhién khéng phai bit cr ham lién tuc nao ciing c6
nguyén ham biéu dién dugc dudi dang ham so cip. Chéng han cac ham

SINX COSX _.2 ;
—_—, e All-ksin?x ...

X X

khdng c6 nguyén ham biéu dién bang ham so cdp. Pé tim nguyén ham
cua chiing ta phai dung cac phuong phap khac.
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BAI TAP CHUONG 8

8.1 Dung céac tinh chit va bang nguyén ham tim nguyén ham cia cac
ham sb sau:

1 (x°+1)°. : ¥ +3x+1 3 2¢* — 3% 4.3%¢".
S
2
5 6. sin?> . . S
¥ +1 2 1+cos2x

8.2 Dung cac phép thé (ddi bién) don gian tinh cac tich phin bat dinh

sau
1. {cos(ax+b)ds. ) J'e-gdx. 3‘J-2dx ‘
—X
4J‘ sin 2x dx 5 J‘ dx G‘Icotxdx.
J1+cos2x “Jdxlnx

7. xx* —1dx . 8. J‘arcsmx

8.3 Tinh bang phép thé:

2.J:Ixmdx.

v

5_J:J‘X2i 6. J= _[

Nat—x

dx
1.J:j\/;+1.

4Jj

e -1 cosx

dx
el

8.4 Tinh bang phép phan doan:

1. J.xarctanxdx. 2 lenxdx. 3.J-arcsinx

dx .
Jx+1
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4, Ixzsinxdx. 5. J‘«/x2+a2dx‘ 6._[ dx

x*+a*)*
85Cho I, = Icos" xdx . Lap cong thuc lién hé gitta I, va I,

8.6 Tim nguyén ham cac ham hitu ty

1. J = jx XAy 2[5t 3= S
x*+3x+2 X +4x+5
x 1
4.J=I3—dx 5 J= J'Lxﬂd GJ‘—idx
x’ -8 x*-81 (xz—zx)
8.7 Chitng minh ring c6 thé tinh I J-———— theo cong thirc
(x*+a*)"
1 x 1 2n-3
I": 2 . 2 2yn-1 +_2- n-l*
2a°(n—1) (x"+a”) a 2n-2
Ap dung tinh I,
88 Tinh J= J'—si
x“+2x+10
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8.9 Tim nguyén ham cac ham vo ty sau:

l.szidx
1

%, Jim
—Jx I\[—H
4. J = [¥ +x+lax, 3. J= j\/=d)x+3
4x* +4x+3

1 1

5 J= dx . 6. J = dx .
IJ2—3x—4x2 IX\/S):Z —2x+1

8.10 Tim nguyén ham cua cac ham luong giac sau:

1. sin’x. 2. sin?xcos’x. 3 1

sin® x cos’ x



sin X —Ccos X
4, e

sin X +cos X

1

" 4sinx+3cosx+5

8.11 Tinh hai tich phan 4 = j

5 1 6. sinxsin3x.

cos* x

. . 3
x X
(sm—x-i-s@. 9. cosxcosacosz.

cos2x

cos xdx B J- sin xdx

= > =
cCosX+sinx COosSX+SsInx

8.12 Tinh céc tich phén sau:

1. Itan3 xdx .
4, Iesx cos4xdx .

arcsin X

jd Iﬁdx

xdx
10. jm

a-+x
13. J,/a_xdx (a>0).

15. [In(1—x +1+x)ax.

2. Ixs(l—xz)gdx. 3. I':icno:;dx‘
dx cos* x

> IxJ1+x2 . g J‘sin3xdx'

J’ dx 9. J‘cotsxdx.

xInxIn(lnx)

11. I(x2—2x+5)e"‘dx 1 I sin’ x

ﬁdx
Ycos® x

dx

14, Aa,b=0) .

J.azsin‘:"x-lw_’;vz cos’ x ( )

16. [ cos(inx)dx . 17 (=L
x* 41
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Chuong 9
TiCH PHAN XAC PINH - TICH PHAN SUY RONG

§1. DIEN TiCH HINH PHANG, PINH NGHIA TiCH PHAN

1.1 Bai todn dién tich hinh thang cong

Viéc tinh dién tich mot hinh phang dva trén nguyén tic sau:

1) Dién tich c6 tinh khong 4m: A 1a m6t hinh phéng thi dién tich cua
A=0.

2) Dién tich c6 tinh cdng duoc: néu A, B 1a hai hinh khong co phin
chung (AN B =¢) thi: Dién tich (4 U B )= Dién tich (4 ) + Dién tich (B)

3) Hinh vudng c6 canh bing 1 thi c6 dién tich bing 1.

Nhu vay dé tinh dién tich mot hinh phéng bét ky, ta c6 thé chia hinh
d6 thanh nhiéu hinh vudng va c4c hinh dic biét 1 cac tam giac cong hodc
hinh thang cong. Vi tam giac cong chi la mét trudng hop dic biét cua hinh
thang cong, nén ta dit van dé tim dién tich hinh thang cong,

Hinh thang cong: N

NN

Trong hé toa 6 vudng goc xOy,
ta xét mot hinh gidi han bdi duong cong
lién tuc y = f(x), truc Ox, cac duong
thing x=a,x=>b (ta gia thiét f(x)>0
trén [a,b]).

RN

Truong hop ddc biét, duong cong
y=f(x) co thé cit truc Ox tai x=a Hinh 22
hoidc x=5b.

M6t hinh nhu vy duoc goi 1a mét hinh thang cong.

Dién tich hinh thang cong:
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Pé tinh dién tich hinh thang cong ta lam nhu sau: chia hinh thang
cong d6 thanh # dai con (hinh 32), coi mdi dai con c6 dién tich xap xi dién
tich m&t hinh chit nhit. Nhu vay téng dién tich cia » dai hinh chit nhat do
s& cho ta mot gia tri gan dung ciia dién tich hinh thang cong.

Cu thé, ta lam nhu sau: chia doan [a,b] thanh »n doan con béng nhau,

b—-a

moi doan c6 do dai Ax = , ta c6 cac diém chia

n
Xo=a, X, =X, +Ax,..., X, =X, +nAx =b
Trong mdi doan con thir i (i=1,2,...,n) ta chon mot diém tuy y &,
Tich f(&).Ax cho ta dién tich hinh chir nhéat c6 cac canh 1a f(£) va Ax,
va ta coi nd xép xi vdi dién tich dai con thir i. Nhu vay téng
FE)Ax+ f(E)Ax+--+ f(E) A=) f(£)Ax.

cia n dién tich hinh chit nhit s& cho ta gia tri gﬁn dung cua dién tich
hinh thang cong. Ta thdy ring néu n kha 16n, tirc 1a Ax kha bé thi két qua
cang chinh xac. Vi viy:

Néu téng trén c6 gidi han khi Ax — 0 thi gidi han d6 dugc goi la dién
tich S cia hinh thang cong da cho

S =lim >/ (E)Ax. o

Ta thira nhan ring, néu ham f lién tuc trén [a,b] thi giéi han trén t6n
tai, tirc 1a hinh thang cong d3 xét c6 dién tich.

Vi du 9.1. Tinh dién tich ctia hinh gidi han béi dudng parabol y =x?,
truc Ox, cac duong x=0,x=1.

Chia doan [0,1] ra lam n doan con bing nhau bdi cac diém chia

x=—,i=ln

1

i
—)
n

,i=Ln.Taco

>

Chon diém chia &, 14 diém mut phai clia mdi doan & =
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. \2
f(f,)—éz:(i) il
L n
Nén
n 12 22 WY1 P42ttt
e
i=1
Ta d4 biét
422 gy = DA D)
= .
Suy ra

gfj});f(é)Axﬂg{g n(n+;)(;‘2n +1) :é'

Vay dién tich hinh phai tim 1a 1/3 don vi dién tich.

1.2. Dinh nghia tich phan xac dinh

Gid st y= f(x) la mt ham xéc dinh trén [a,b]. Ta chia doan [a,b]
ralam n doan con bdi cac diém chia: x, =a<x, <..<x, =b.

Djt Ax, =x, —x_,. Liy trong m&i doan con [x,_,,x,] mot diém & tuy
y va lap tong

IWOIE ©2)

Téong (9.2) dwoc goi 1a tong tich phin cia ham f(x) lay trén doan
[a,b].

Dinh nghia 9.1 Néu dé dai lom nhdt trong cdc Ax, ddn t6i 0 ma tong
tich phdn (9.2) co gidi han khong phu thudc vao cdch chia doan [a,b] thanh

n dogn con ciing nhw cdch chon diém & trong moi doan con thi gici han

do dwoc goi la tich phdn xdc dinh cia ham f(x) Ildy trén doan [a,b].

b
Tich phan xac dinh dugc ky hiéu la: J. Sf(x)dx, voi .[ 1a dau tich
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phan, a 1a can dudi cla tich phan, b 13 cdn trén, f(x) la ham so dudi du
tich phan, f(x)dx 1a biéu thirc dudi dau tich phéan (d6 13 biéu thirc vi phan),
x 1a bién s6 14y tich phan. Nhu vay theo dinh nghia

b n
[f@dx=_lim > f(&)ax, .
5 =1
Theo bai toan tinh dién tich hinh thang cong & trén thi: Néu f(x)>0
b
trén [a,b] thi I f(x)dx cho ta dién tich hinh thang cong gidi han bédi cac

duong y=f(x),y=0,x=a,x=>b. D6 la y nghia hinh hgc cua tich phan
xac dinh.

Ham f(x) ma véi n6 gidi han (1.3) ton tai dugc goi 1a kha tich trén
doan [a,b].

Ta thira nhan dinh ly sau:

Pinh Iy 9.2 Néu ham f(x) lién tuc trén [a,b] thi né kha tich trén do.

Téng qudt hon, néu ham f(x) co trong [a,b] mét sé hitu han diém
gian doan logi mét (ta con goi ham f lién tuc tung khic) thi no kha tich
trén [a,b].

Chuy.

- Khi dinh nghia tich phin xac dinh trén [a,b] ta d3 gia thiét a <b.

b a
Néu a>b ta dinh nghia [ f(x)dx=—{ f(x)dx.
a b
, b
Néu a=bthi [ f(x)dx=0.

b
- Trong tich phan j f(x)dx thi x 12 bién sb tich phan. Tuy nhién ta c6

thé ding mdt chit bat ky nao khac dé ki hiéu bién s6 tich phan ma khéng
anh hudng téi gia tri cia tich phan. Nhu vay ta c6 thé viét
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i f)dx= [ f©dt = f @yau=....

1.3. Céc tinh chat cia tich phin xéic dinh
Duya trén dinh nghia cta tich phan xac dinh va cac phép tinh vé gisi
han, ta c6 thé ching minh dugc:

(i) Néucac ham f(x), g(x) kha tich trén [a,b] thi cic ham
f(x)+g(x).k.f(x)

v6i k 1a hing s6 ciing kha tich trén [a,b] va
b b b
[Lf )+ gldx = [ f(x)dx + [ g(x)ax;

it o =] £y

(ii) Néu ham f kha tich trén cac doan [a,c], [c,b] thi n6 ciing kha

tich trén [a,b] va
[ e = f e+ £y,
(iii)) Néu f(x)=0 trén [a,b], a<b thi
i f(x)dx =0,
(iv) Néu f(x)>g(x) trén [a‘:b] thi
i f(x)dx > ig(x)dx .

(v) Néu m va M 1a gia tri nho nhit va 16n nhét cia ham f(x) trén
[a,b] thi

m(b—a) Sif(x)dx <M(b-a).
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Thit vy, ta c6 m< f(x) <M nén tir tinh chit 4 va 1 suy ra
b b b
mjdxsjf(x)dstjdx,
theo dinh nghia tich phan xac dinh thi
b M
[ax=lim> Ax,=b-a
a i=1

(tdng cac doan con chinh 1a ¢ dai doan [a,b]).

Vé mdit hinh hoc:

Tinh chét (iii) n6i 1én ring dién tich 14 mét s6 khong am.

Tinh chét (iv) noi 1én ring: néu f >g thi dién tich hinh thang cong
gidi han bdi f s& khong bé hon dién tich hinh thang cong gidi han béi g .

Tinh chit (v) ndi ring: dién tich hinh thang cong kep gifta dién tich
hinh chit nhat ndi tiép va hinh chir nhat ngoai tiép (hinh 33a).

) )
n C

=

B
Q

/

>
PN
=
<---%->0
1y
\ \"’ ]

o
o

b

]V
®)
i
Byl
o

Hinh 23
(vi) Pinh ly vé gia tri trung binh:

Néu ham f lién tuc trén [a,b] thi c6 it nhat mot diém ce[a,b]

sao cho
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[f)dx=f(c).(b-a).

Chimg minh. Ham f c6 gi4 tri nho nhdt m va M trén [a,b]. Theo

tinh chit (v), ta co
b
m(b—a) < [ f(x)dx <M (b—a)
hay véi a<b thi
1 b
msm‘!‘f(x)dst.
Dit
1 b
p=——[f(x)dx thi m< <M.
b-a-

Ham f lién tuc trén [a,b] nén n6 nhén moi gia tri gitta m va M .
Nhu véy ton tai ce(a,b) & f(c)= . Tir d6 suy ra cong thic phai ching
minh. Gid tri

]. b
f@=r— j £ (x)dx

duoc goi 1 gia tri trung binh cia ham f trén doan [q,b].

Y nghia hinh hgc. Dién tich hinh thang cong bing dién tich hinh chi
nhét c6 cang day [a,b] véi hinh thang va duong cao bing gia tri trung binh
ctia ham trén doan [a,b], titc 1a f(c) (hinh 33b).
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§2. TICH PHAN XAC PINH VA NGUYEN HAM

Trong chuong 8 ta da dua ra khai niém tich phan bat dinh ciia mét
ham f 1a mét tdp hop moi nguyén ham cia ham s6 f d6. Trong chuong
ndy ta c6 khai niém tich phan xac dinh cia mot ham £ 13 giéi han cia téng
tich phan cua ham f trén doan [a,b], ca hat khai niém déu co chung mot
phin tén goi 1a tich phan va c6 chung ky hiéu | . Trong muc nay ta s& dua ra
mobi lién hé gitra hai khai niém do.

2.1. Pao ham cia tich phan xac dinh theo cin trén
Xeét tich phan [ f(#)d! c6 can trén 14 x. Néu x bién thién trong mot
mién [a,b] thi gi tri cla tich phan trén s& phu thudc vao x . Nhu vy ta co

ham s& x — ®(x) = [ £ (f)dt x4c dinh trén [a,b].

Pinh 1y 9.3 Néu ham f lién tuc trén dogn [a,b] thi

<I>’(x)=Uf(t)dtJ — /).

Noi cach khac, néu ham duwdi ddu tich phdn lién tuc trén dogn ld'y tich
phdn thi dao ham ctia tich phdn xdc dinh theo cdn trén bang ham s6 duti
ddu tich phdn, trong do bién so tich phdn dwoc thay bang cdn trén.

Chitng minh. Ta l3p sb gia A® ciia ham

x+Ax x

AL  =0(x+A0)-D(x)= [ fO)di-|fOar

x+Ax x+4x

~frwar+ [ rwa-Jrwd= | rod
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x+0x
G déy ta da dung tinh chét 2 dé phan tich tich phan [ f($)dr thanh
hai tich phan.
Biy gio ta ap dung dinh 1y vé gia tri trung binh cho tich phan cudi
cung: do ham f lién tuc nén tdn tai ce(x,x+Ax) tic 1a x<c<x+Ax
sao cho

x+Ax

AD(x) = [ f@)dt = f(c)Ax.

T d6 %—i—):f(c); khi Ax >0 thi ¢c—>x, ham f lién tuc nén
fle)— f(x). Vay

lim 52 = £) hay @)= /()

DPinh ly d3 duoc chirng minh.

Chiiy. Do i Fdt = —I f(®dt nén U f(t)dtj =—f(x).

x

2.2. Cong thirc Newton-Leibniz
Pinh Iy 9.4 Néu f(x) la mot ham lién tuc trén [a,b] va F(x) la mot

nguyén ham cuia no thi
b
[ f)ax=F®)-F(a), 9.3)

gid tri cua tich phdn xdc dinh ctia ham f bang hiéu cdc nguyén ham

F cia f ldy tai cdc cdn ciia tich phdn.
Chimg minh. Theo dinh ly 9.3 thi ham ®(x) = I Jf(@®dr ciling la mot

nguyén ham ctia ham f(x) nén theo tinh chit ctia nguyén ham thi hai ham
®(x) va F(x) cla f(x) chi sai khic mot hing s C, tic la
O(x)-F(x)=C.
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Cho x=a thi ®(a)= jf(t)dt =0, nén
C =-F(a), ®(x)-F(x)=-F(a).

Cho x=b thi ®(b)=[f(t)dt, nén [ f@di—F®)=-F(a).

Hay i f()dt = F(b)-F(a).

b
Viét voi bién s6 x thi j f(x)dx = F(b)—F(a). Dinh ly duoc ching

minh.

Cong thirc (9.3) duoc goi la cdng thicc Newton-Leibniz. Cong thirc do
c6 mdt vai tro quan trong trong toan hoc: n6 cho phép ta tinh dugc tich phén
xac dinh nho nguyén ham ma khong cin phéi 14y gi6i han coa tdng tich
phan.

DA tinh tich phan xac dinh cia ham f trén [a,b] ta chi viéc tim mot

nguyén ham F cuand r6i 1ap hiéu cia F tai b vatai a
b
[ f@ax = Ff, = Fo)-F(@).

Vi du 9.2. 1) Tré lai bai toan tinh dién tich hinh phing gidi han
boi dudng cong y=x", truc Ox, cac duong x=0, x=1 dd néu & muc
1.1. Taco

Szszdx=—
0

2) Tim gia tri trung binh cua ham f(x)=snx trén doan [0, z].

Theo dinh 1y vé gia tri trung binh (tinh chét vi, 1.3) thi:

T

flo)= l_7|£sinxdx = l(—cosx)
T

1 2
=——(cos—cos0)=—.
T T V4

0
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§3. HAI PHUONG PHAP TiNH TiCH PHAN XAC PINH

Theo cong thirc Newton-Leibniz, viéc tinh tich phan xac dinh dua dén
viéc tim nguyén ham. Vi viy ta c6 thé sir dung cac phuong phap d3 biét &
chuong 9 dé tim nguyén ham, cu thé 1a cac phuong phap bién d6i bién s6 va
phén doan. O day ta sé& trinh bay cach ap dung cac phuong phap dé vao tich
phén xac dinh.

3.1. Phép dbi bién trong tich phan x4c dijnh
Néu f(x) 1a mot ham lién tuc trén [a,b], x =@(f) 12 m6t ham xéc
dinh va c6 dao ham lién tuc trén [a, B] voi p(a)=a, (L) => thi

b I
[rds = flolo'@yar
That vay, néu F 12 nguyén ham coa f thi

[fax=F®)-F(a).

Theo cong thirc d6i bién trong tich phan bt dinh ta co

[ r@ax=[ flo@lo'@at

g
[ le@l0' ()t = Flp()] - Flp(@)) = F(b) - F(a).

Tir d6 suy ra cong thurc (9.3).

Nhu vdy, khi thuc hién phép dbi bién trong tich phan xac dinh, déng
thoi véi viée bién ddi biéu thirc dudi déu tich phan ta bién déi cac can liy
tich phan theo bién s6 moi, sau khi ap dung cong thitrc Newton-Leibniz ta
duoc ngay gia tri cla tich phan ma khong phai trd vé bién cii nita.

Vidy 9.3. 1) Tinh I = [a® —x?dx
0
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Phép ddi bién, dat x =asinx théa man cac diéu kién clia quy tic doi
cA am A A T ;
bién d3 néu trén doan [05} . Tacd
a*—x* =a*(1-sin’t) =a’ cos’ t, dx = acostdt .
5 R T i
Néu x=0 thi t=0, x=a thi sinz=1, t:E.Do do

% / %
I acostacostdt =a I cos” tdt = — I (1+ cos 2t)dt

a2 1 % 2
= —(t+—sin2t}
2 2

za
Ciing nhu trong tich phan bat dinh, cong thirc (9.3) ciing dugc 4p dung

0

theo chiéu nguoc lai, nghia 1 ta c6 thé dung phép thé ¢ = (x).

ﬂ2 i
2) Tinh 1 = [ —=—dx.
v 1+cos” x

Pit t=cosx thi df =—sinxdx; x=0 thi 1=1; x:% thi 7=0

t—dt 1
I: = = —
-!-1+t2 Il+t = arctantl,

(i) Tich phin ham chin hay 1é trén mgt khoing dbi ximg qua goc
toa do O

Gia sur phai tinh: [ = I f(x)dx, trong 36 ham f(x) 1a ham chén hodc
1é trén [—a,a]
a 0 a
I=[f(de= | fO)ax+ [ fx)ax.
s = 0

Ta d6i bién x =—t trong tich phén giira
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[ fyde=—[ f(=)dt = [ f(~t)at = | f(-x)akx,
(ky hiéu lai bién s6 tich phén & tich phan thir ba bing x).
I={fxax+ [ fx)ax = [Lf(x)+ f(x)ldx.

-Néu ham f(x) 1a ham 1& trén [-a,a] thi f(-x)=—f(x) nén
f(=x)+ f(x)=0.Taco I =0.
-Néu ham f(x) 13 ham chin trén [-a,a] thi f(-x)=f(x) nén

f(=x)+ f(x)=2f(x). Tu do I:2j‘f(x)dx.

Vay j'f(x)dx =0 khi f(x) 1é va jf(x)dx = Zif(x)dx khi f(x)
chin

Vidy 9.4. Tinh j sin xdx =0 vi ham sinx 1a ham lé.

-

w2 /2

_[ cosxdx=2_[ cosxdx =2sinx|2 =2
—nl2 0 Y

(ii) Tich phin ham tuin hoan
Ham f xac dinh trén R 1a ham tuin hoan véi chu ky T néu
f(x+kT)= f(x) véi moi xe R va k nguyén.
a+T
Ta xét tich phan [ = I f(x)dx . Ddi bién x=2z—T trong tich phan
dau & vé phai

a+T

[7@ds= | 7-Tde= | faxde=-] 7.

a+T a+T
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a+T a+T

I=- f(x)dx+}f(x)dx+ | f(x)dx=if(x)dx.

Ta co

a+T

| f(x)dx=}f<x)dx.

Tich phan ciia ham tun hoan 14y trén doan c6 do dai bang chu ky thi
khong phu thudc vao gbc clia doan 14y tich phan.
3.2. Phép phin doan trong tich phin xic dinh

Néu u va v 13 cac ham sb c6 dao ham lién tuc trén [a,b] thi
b b b
| f(x)dx = [udv=uvl; — [ vatu . (9.4)
Thit vay, ta co
b b b b
wv (= [d(wv) = [ vt +udvy = [ vau + [udv.
Tir d6 ta dugc cong thirc (9.4).

2
Vidy 9.5.1) Tinh I = {lnxdx.
1

dx
Dit u=lnx,dv=dx,tacd: du=—,v=x,taco
x

2 2
I =xlnx|1—jdx:2ln2—1.
1

72
2) Lap cong thuc tinh 7, = I sin” xdx;, ne N .

0
Pt u=sin"" x,dv =sinxdx thi

du = (n—1)sin" x.cos xdx, v=—cosXx.

mi2
. 7/2 .
I, =—cosxsin"" x |0 +(n—1)j sin"2 x cos” xdx .
0
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Thanh phin d4u vé phai bing 0 khi thay x béi % va 0, thay
cos’x=1-sin’x
trong tich phan vé phai ta dugc

w2 w2

1, =(n-1) [ sin"” xdx— (n-1) [ sin” xdx
0 0

Tir d6
I, =(n-DI,_,-(n-1I,,
hay
="t
n

Ta dugc cong thirc truy ching cho phép tinh I, néu biét I, ,. Détinh
I, v6imoi n tacantinh I, , I, rdi 4p dung cong thirc trén.

72 T
10=Idx:3
0

w2

I, = J- sinxdx =1.
0

Nhu vay ta sé tinh dugc /, vdi moi n nguyén duong, chéng han

1 T 2 2

I :—I = —_— I :—-1 :—,
2 2 0 4’ 2 3 1 4
=273, 31z
4 4 2 422
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§4. TICH PHAN SUY RONG

Trong §1 ciia chuong ta d3 x8y dung khai niém tich phén xac dinh
trong cac truong hop cac cin 14y tich phan 1a hiru han va ham s6 lay tich
phén 13 bi chin, by gid ta s&€ md rong sang truong hop: cn 14y tich phan la
vd han va truong hop ham s6 1ay tich phan khong bi chin va khi do6 ta co
khai niém tich phan suy rong.

4.1. Tich phén suy rjng loai 1 (Trwong hop cin liy tich phan 1a vo
han)

4.1.1 Dinh nghia

Dinh nghia 9.5 Gid stz ham 58 f (x) xdc dinh trong khodng [a,+o)

(a hitu hgn) va kha tich trong bdt ky khodng hiru han [a,A]. Khi do gidi han .
A=+

lim Tf(x)dx

dwoc goi la tich phdn suy réng ciia ham  f (x) trong khoang [a, +oo)

, ki hiéu la

[ 7(x)ax. ©5)
Vay
ff(x)dx =lim [ f (x)dx. 9.6)

A
- Néu gi6i han l11m _[ S (x)dx ton tai hitu han thi tich phan (9.5) duoc

goi 12 hoi ty.

A4

-)
- Néu gioi han lim [ f(x)dx khong tdn tai thi tich phan (9.5) dugc

goi 1a phdn ky.
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Tuong ty ta cling dinh nghia tich phan cia ham sé f (x) 14y tir —o

A
deén a nhu sau:

[f(ax=1im [f(x) (c<a), (9.7)
va tich phan ctia ham s6 £ (x) lay tir —o dén +<0:
+00 b
[ 7 (x)dx=tim [ £(x) . (9.8)
—00 b+ a

voi gia thiét f(x) 1a ham kha tich trén bét ky khoang hiru han [a,5],

ta ¢ thé viét
[ F@x)ax= [ f(x)axs [ f(x)ax, ©38)

Khi d6 tich phan suy rong & vé trai (9.8) hoi ty khi c4 hai tich phan vé
phai héi ty.

Tur dinh nghfa ta thay tich phén suy rdng la giéi han cia tich phan
xac dinh khi cho can tich phan dan téi v6 cuc, do vy muén tinh tich phan
suy rong ta dung cong thirc Newton-Leibnitz dé tinh tich phan, sau do6 dung
can dén téi vo cung, ta co

b
[f(x)dx=F(b)-F(a).
Néu tich phan (9.5) hi tu thi !Iim F(b) hiru han va ta viét
lim F(b) = F (+).

Khidotaco [ f(x)dx=F(x)

400
a

=F(+oo)—F(a).

Vi cac tich phén (9.7) va (9.8) ta ciing c6 cac két qua tuong tur.

Vidu9.61)Taco |

1 5 dx = lim J-arctanxdx=£.
0 2

o 1+Xx a5k
I r T
2) Tuong tu dx = lim | arctan xdx ==,
2 1+x’ a3 2
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+00 1 ) b
3) Taco dx = lim |arctanxdx =7 .
1+x° ==
—© bt a

4) Xét su hdi tu cia tich phan
+oo1

I=|—dx (a>0,aeR

[Lar (@-0aen)

-Véi a#1 taco

+o0 khi <1

+00 1 xl—tz oo
J‘—adx: = al—a .
" X l-a'a khi o >1
a—1
- Véi =1 taco
J‘Ladx:ln|x| ™ = 4o,
x a

Vay I héi tukhi o >1 va phén ky khi o <1.
4.1.2 Tiéu chudn héi tu

(i) Trudmg hgp f(x)20
Pinh Iy 9.6 (dinh 1y so sanh 1) Gid sir cdc ham s6 f (), g(x) kha
tich trén [a,b] va 0< f(x) < g(x),x2a . Khi do

-Néu [ g(x)dx hoituthi | f(x)dx hoi tu.

- Néu jf(x)dx phdn ky thi _[g(x)dx phan ky.

Vidu 9.7. 1) Xét sy hoi tu cia tich phan | 573—3— .
X" +sin” ax

1

Ta co
1 1 ° dx
x)= < =g(x). Vi | — hdi ty, theo dinh 1y so
1 (x) 2x% +sin’3x  2x° g(x) -!sz Pt bl
' dx
sanh 1tac6 | ———— hdi tu.
J.2x2+sinz3x ke

1
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In? xdx
x+5

2) Xét s hi tu cia tich phan |
1

Ta co

InPx 1 1
o= " s o Vx>5.
f(x) x+5>x+5>2x g(x), e

+o0

+00 3
Vi J'ﬂ phén ky, nén theo dinh ly so sanh 1 suy ra Iln 22
" 2x . X+5

phén ky.
Dinh 1y 9.7 (dinh 1y so sanh 2) Gid sir cdc ham s6 f(x), g(x)khong

dm, kha tich trén [a,b] va lim /()

=k . Khi do
X—>+0 g(l)

- Néu 0 <k <+oo thi cdc tich phdn jf(x)dx va Ig(x)dx ciing
hoi tu hodc cung phdn ky.

-Néu k=0 va J.g(x)dx hoi ty thi If(x)dx hoi tu.
- Néu k =+ va Ig(x)dx phén ky thi If(x)dx phadn k.

. . 4 ) X . .
Chitng minh. Theo gia thiétta c6 lim ﬂ—) =k suyravdi moi £ >0

X—>+00 g(_x)
bé tuy y, véi x kha 16n, ta ludn co
k—g< j(x) <k+e
g(x

hay
(k-£)g(x)< f(x) <(k+£)g(x) (do |[x|>0).

- Vi 0 <k <+oo, theo dinh Iy so sanh 1 ta cd cac tich phan

I S (x)dx va f g(x)dx cung héi tu hodc cing phan ky.
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-V6i k=0 tacd f(x)<eg(x) va .[g(x dx hdi tu , theo dinh ly

so sanh 1 ta co If(x)dx héi tu.

- V61 k =400 dugce chung minh tuong tu.

400 oy
Vidu 9.8. Xét su héi tu cia tich phan I \1/\_6? .
> 1sx

Ta co

\/x_3

1+ x°

lim

X—r+00

=400,

X

OJ]P +°°\/__dx

phan ky, nén theo dinh 1y so sanh 2 suy ra J.

1
phén ky.
(i) Truwomg hep f(x)cé diu tiy ¥

Pinh Iy 9.8 Néu [|f(x)|dx hoi tu thi [ f(x)dx hoi tu. Khi d6 ta
noi J.f(x)dx héi tu tuyét déi. Néu If(x)dx hoi tu nhung 'f|f(x)|abc

phadn ky thi I S (x)dx dwoc goi la béan hoi tu.

Véi cac tich phan (9.7) va (9.8) ciing c6 cac két qua tuong t.
4.2. Tich phin suy rong loai 2 (Ham duwéi diu tich phan khéong bi
chiin hay c6 diém gian doan vd cyc trong khoang liy tich phén)
4.2.1 Dinh nghia
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Pinh nghia 9.9 Xér truong hop ham s6 f (x) khong bi chan trong
khodng dong [a,b], hay f (x) bi chén va kha tich trong khodng dong bt
ky [a,b —8] véi 0<g<b—a nhung khong kha tich trong bdt ky khodng
dong [b—&,b] hay lim f (x)=o0, b la diém bdt thuong ciia ham s6 f(x).
Khi do gioi han

&0

b-&
lim j f(x)dx, (9.9)
duoc goi la tich phdn suy réng cia ham 6 f (x) Idy trén [a,b), ky hiéu

[ f(x)ax. (9.10)

Néu gi6i han (9.9) ton tai hitu han thi tich phan (9.10) duoc goi 1a hoi
tu. Néu gioi han (9.9) khéng ton tai hoic bang v6 cung thi tich phan (9.10)
duoc goi 1a phan ky.

Tuong tu, néu ham s6 f(x) bi chin va kha tich trong khoang dong
bitky [a+y,b] nhung khong kha tich trong bat ky khoang dong [a,a+7]
hay !Ciir:f(x):oo, a la diém bat thudong cia ham s6 f(x). Khi do ta co
dinh nghia

b b
!f(x)dx:lyiggalyf(x)dx. (9.11)

Néu ham s6 f (x) bi chin tai ¢, a <c <b, ta c6 dinh nghia

jf(x)d":jf(x)dﬂif(x)dx. (9.12)

Tich phan suy rong & vé trai cia (9.12) héi tu khi va chi khi ca hai
tich phan suy rong & vé phai hi tu.

dx
N

Pidm x=-1 la diém bat thuong nén

0
Vidy9.9. 1) Tinh tich phan I = |
-1
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0

todx .
I =lim
b 2 &0 1 —x

0N

=lim (arcsin x| Ls) = 151-1’1’(} (— arcsin (—1+ 8)) =

2 £0
1 —X -l4+e

dx RA S <A A \ S
biém x =1 l1a diém bat thuong nén

1
2) Tinh tich phén .
'<[ J1-x?

1 1-¢

-([ l‘ixxz = lgl_r,r(} .! f_—ld—xx2 = 151_{13 (arcsin X :‘5) - 1Ei_r£(arcsin (1- g)) - % _
1

3) Tinh tich phan I dx _
iN1-x?

Cac diém x=1,x=—1 1a diém bat thuong nén

p dx . ) 1-¢
I :hm(arcsmx . )=7r.
-1

1-& dx
=tim [ —
, 2 0 / 2 0 =
1-x* 30-tyN1=x" 335 K

b
4) Xét su hoi tu cta tich phan I:I(b L )adx (a<b,a>0).
2 (b—x

§ day x =b 1a diém bét thuong

-Véi aa#1tacod
b-¢g

b-¢ 1

l—ax
= lim =)

£—0 &'=1

a

I=lim —
£0 i (b_x)
+oo khi ¢ >1

. 1 1 -

:l 1-& b— — . l—er

El‘r’l‘}lia—lg +1—05( ) } . khi a <1
-«

- Véi a=1tacod

b 1 b am
J. adx:j dx=—lim[ln|b—x| ]:—oo.
a(b—X) ab__x £0 a

Vay I hoi tu khi o <1 va phan ky khi a >1.

b
5) Tuong ty ta co I:I( ! )adx (a<b,a>0) hoitukhi a<1
w(x—a

va phan ky khi o 21.
4.2.2 Tiéu chudn héi tu
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(i) Truwdmg hep f(x)=0
Pinh 1y 9.10 (dinh ly so sanh 1) Gid stz cdc ham s6 f (x), g(x) kha
tich trén (a, b] voi x =a la diém bat thuong duy nhdt sao cho

0< f(x)sg(x),Vxe(a,cl;a<c<b . Khido

b b
- Néu J.g(x)dx héi tu thi If(x)dx hoi tu.

b b
- Néu [ f (x)dx phanlky thi [ g(x)dx phan kp.

Pinh Iy 9.11 (dinh 1y so sanh 2) Gid sir cdc ham s6
f (x), g(x) khong dm, kha tich trén (a, b] voi x=a la diém bdt thuongduy
it vt tim 20 .
x—>a g (x)
Khi do

b b
- Néu 0 <k <+ thi cdc tich phdn If(x)dx va Ig(x)dx cting hoi
tu hodc cung phdn ky.

b b
-Néu k=0 va [g(x)dx hoi tuthi [ f(x)dx hoi

b b
-Néu k =+ va Ig(x)dx phinky thi J.f(x)dx phdn ky.
(i) Trudng hgp f(x)cé diu tiy ¥

b b
Binh 1y 9.12 Néu [|f (x)|dx hoi tu thi [ f (x)dx hoi tu. Khi db ta
b

b b
noi If(x)dx héi tu tuyét doi. Néu jf(x)dx hoi tu nhung ﬂf(x)|dx phdn

b
kp thi [ f (x)dx duoe goi L ban hoi tu

Vi cac tich phan (9.11) va (9.12) cling c6 cac két qua tuong tur.
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l -
Vidy 9.10. 1) Xét su hoi tu cia tich phan j &=

0 ‘\Tl-.-\'z

G day x =1 14 diém bét thuong, Ta c6 ——— <—— 0<x <1,
f1-x*  Y-x
nhung
j dx _j dx
0 ih_x 0 (l—x
héi ty, do do6 theo dinh ly so sanh 1 suy ra hdi tu
J.\JI —x
1 ln(1+\/_)
2) Xét su hoi tu cia tich phén [ :j .
: N
Piém x =0 14 diém bat thuong. Ta c6
ln(1+€/x_3) x—0" x% 1
SIS
1 1
Tich phan I ﬂzj ax hoi ty, do d6 1haéi tu.
0 X3 % x 0)/
BAI TAP CHUONG 9
9.1. Tinh céc tich phan sau:
1. Fﬂ—. ﬂx—d 3. [2 e sindxdx.
° 3+5cosx 0 cos® x+sin’ x 0
In2 T 1
4. | Je* —1ldx. 2 6. | xe "dx.
-[ 5. Ixz sin xdx . -([
0
h In(1+ x) h
7._[xarctanxdx. 8. I——d . 9, _[arctan«/;dx.
: 5 1+ x? :
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z 1 1
* xsinx 11. Ie"‘ In(e* +1)dx. 12. Iarccos xdx .
10. | !

dx.

' cos’x 0

e}

xarctan x N Lt

13. % dx t xdx

I Ji+x 14. | - 15. [——.
{ xfl-x 7 8in” x
2 4

9.2. Tich céc tich phan suy rong sau:

1. I= Txe"‘ 2. I=L+wx3e_x2dx_ - 24X+ 2

4. 1=

j 5. I= j g 6. I .3[ dx
/]1 x V4x—x*-3 ' __3 9_x>
9.3. Xét sy hoi tu cha cac tich phéan sau:

N I=.[:w\/;e"‘dx. N I=_L+w ln(1+x2)dx

x
w  dx

e dx
4 xln(lnx). yais J; \/x(x—l)(x—Z) .
5. IzT(l—cos%de. 6 1= I cosmdx (renN)

1 x"dx

0 h_x*l

1. I=

(neN). 8.1= js'“zx
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