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Chuyén dé 5. BAT PANG THUC CO-SI
A. Kién thitrc cin nho
Trong cac bai toan vé bat dang thikc va cuc tri thi bat dang thitc Co-si duoc vi nhw vién kim cuong
béi tinh wu viét trong viéc chiing minh cdc bat dang thitc khac cling nhw tim cyec tri. Trong chuong
trinh THCS cht yéu la van dung bat dang thiic Cd-si cho hai s6 khong am. Do vay trong chuyén
dé nay sé chi néu ting dung trong viéc giai cdc bai toan bang viéc van dung bat dang thic Co-si
cho hai s6 khong am.

e B4t dang thitc Co-si: cho hai s8 x, y khong am, ta co:

X’Lyz\/ﬁ hoac \/Esx+y

2 2

D&u bang chi xay ra khi x=y.
Bat dang thitc Co-si con duegc goi la bat dang thitc vé trung binh cong va trung binh nhan (AM-
GM).
B. Mot s6 vi du
Vi du 1: Chttng minh rang véi moi s& dwong a, b, ¢, ta co:
4a+3b+5c> 2(@+2JE+3JE)
Déng thtic xay ra khi nao?
(Thi hoc sinh gioi Todn 9, tinh Gia Lai)
Gidi
Tim cach giai. Nhan thiy v& phai xuét hién /ab + 2+/bc +3vca, do vay rat ty nhién ching ta nghi
t6i viéc dung bat déng thirc Co-si. Van dé con lai la tach v€ trai thanh nhitng hang t& thich hop
nham khi van dung bat déng thitc Co-si thi [an lwot xuat hién cac hang tir v€ phai.
Trinh bay 1oi giai
Ap dung bat dang thikc Co-si, ta co:
a+b>2yab (1)
2b +2c > 4boc (2)
3a+3c>6+ca (3)
Twe (1), (2) va (3) cong vé vdi vé ta duoc:

4a+3b+5c22(\/£+2\/E+3\/§)

Déng thitc xay rakhi a=b =c.



Vidu 2: Cho S =+/1.2019 ++/3.2017 +/5.2015 +...++/2019.1. So sanh S véi 10102

Giai
Tim cach giai. Nhan thdy cic hang t trong tong S, thi 1+ 2019 =3+2017 =...= 2019 +1 va bing
2.1010. Nham xudt hién téng gidng nhau d6 va ciing lién quan téi s6 1010, chting ta nghi téi viée

X+Yy
2

van dung bat dang thitc Co-si dang \[xy <

Trinh bay 10i giai
X+Yy

Ap dung bat déng thitc Co-si ta cé: \[xy < 5

1+2019 3+2017 5+2015 2019 +1
+ + ..+

Suyra S <
y 2 2 2

< $<1010+1010+1010+...+1010 < S <1010°

a’ b? c?

+ + >12
b-1 ¢c-1 a-1

Vi du 3: Cho 4, b, c la cac s6 16n hon 1. Chiing minh:

Giai
Tim cach giai. Quan st bat dang thitc can chitng minh ta thdy vé phai la tdng ba hang tt dwong
c6 chira mau s8, con vé trai la mot sd thuc. Do vay ching ta can chon mot hang ti thich hop dé khi
van dung bat dang thitc Co-si khtr mau cac hang ttr vé& tréi, chang han:
2 2

a a
b-1)>2.
1+a( ) .

a(b-1) — 4aa, va

chon a =4
Trinh bay 16i giai
Ap dung bat dang thtic co-si; ta co:

2 2

a a
4(b-1)>2. 4(b-1)=4a(l
2rap-yz2,[Ea(o-1)-4a()
b? b’
4(c-1)>2. 4(c—-1) =4b(2
2 4(c-1)2 2, 4(c-1) =4b(2)
2 2
4(a-1)= 2. A(a-1)=4c(3
S a(a-1)z 2, a(a-) - 4e(3)

Tw (1), (2) va (3) cOng v€ voi ve ta dugc:

a’ b? c?
+ -
b-1 ¢c-1 a-1

a? b’ c
=N + +
b-1 c¢c-1 a-1

+4(a+b+c-3)>4(a+b+c)

2

>12

biéu phai chitng minh



aZ

=4(b-1

o401
2

Déng thtic xay ra khi =4(c-1) >a=b=2

C_
CZ

—4(a-1

-4

Vi du 4: Cho 4, b la s6 thuc khong am thoa man a’ +b? <2, hay tim gia tri 16n nhét cua biéu thic

M =a,[3b(a+2b)+b,f3a(b+2a).

Giai

Tim cach giai. Gia thiét la diéu kién lién quan cac bién véi s6 mi 2, con biéu thirc M phan bién c6
chtra can. Nham bién doi tir biéu thirc chira can téi biéu thic khong cé can va c6 s6 ma 2, chung ta
2 + yZ
2

X+y

can ap dung bat dang thitc Co-si dang /xy < va xy < X

Trinh bay 1oi giai
Ap dung bat dang thiec Co-si ta co:
3b+a+2b a+5b

3b(a+2b) < 1
(av20) s === =22
Jra(brza) < Btbr2a_sath o)

2 2
T (1) va (2) suy ra: M < a("°‘;r5b)+b(5a2+b)

a?+b?+10ab @&’ +b’+5(a’+b’)
< <

=M <
2 2

=3(a2 +b2)
=M <3(a’+b’)<32=M <6.

Déng thitc xay ra khi a=b=1.

Vay gia tri 16n nhat cua biéu thiee M 1a 6 khi a=b=1.

Vi du 5: Cho hai s6 thuc duong x, y théa man: 4.2523 Tim gia tri nho nhéat cua biéu thic
Xy

B=8x+§+18y+Z
X y

Giai



Tim cach giai. Quan sat ca gia thiét va két luan, hién nhién chung ta can tach phan biéu thic B c6
xuat hién bg phan cua gia thiét d€ khai thac. Phan con lai ¢t cung bién ta nhom véi nhau dé van
dung bat dang thitc Co-si.

Trinh bay 10i giai

Taco: B =£8x+gj+(l8y+gj+(i+§j
X y Xy

Ap dung bat dang thitc Co-si ta duoc:

8x+222 8x.g:8(1)
x \x
18y+322 ,18y.E =12(2)
y y

Mit khac tir gia thiét ta o~ + > > 23 (3)
X'y

T (1), (2) va (3) cOng vé vdi vé ta duogc:

B>8+12+23=43

8x:E
X
2 P . 2 1 1
Dang thttc xay ra khi {18y = — @X:E;yzg
i+—=23
N , Ny o \ . 1 1
Vay gia tri nhé nhat ctia B 1a 43 khi X=E;y=§

Vi du 6: Chttng minh rang: 21(a+%j+3(b +£j >80 voi a>3;b>3.
a
Déng thitc xay ra khi nao?
Gidi
Tim cach giai. Thoang nhin qua, ching ta nghi ngay téi viéc dung bat dang thitc Co-si. Tuy nhién

sé la sai [am néu chung ta nhom va dung bat dang thirc Co-si nhu sau:

21a+ 2 a2 2010+ 3 ][ E 3 22\/21a.§+\/2—1.3b=12ﬁ
b a a b a b

Sai [am thit nhat 1a 12/7 <80, sai [am tht hai 1a khong ding véi diéu kiéna > 3;b > 3.
Do vay chung ta can tach va chon cac hang tt thich hop. Trudc hét du doan dau béng xay ra trong

bat dang thirc khi a =3 va b =3. Sau d6 chon diém roi &€ khit mau 6 vé trai nhu sau:



3 3 7 . M e \ \ 7 7
°* ma+—2 ,/ma.—:Z«/ISm, xac dinh m bang cach cho ma:E va a=3 suyra mzé. Tt doé ta co
a a a

cach tach 2la = 62Ta + a

o nb+%22 /nb.%:ZJZln, xac dinhnb??mg cach cho nbz% va b=3 suyra n:%, Tur d6 ta cd
cach tach 3b=@+ﬁ
3 3
Trinh bay 1oi giai
Ta co v€ trai (Zb+2j+(i+§j+gb+ga
3 b 3 a 3 3

Ap dung bat dang thic C6 -si, ta co:

The2lsg |Tp 2t 1y

3 b 3 b

3 a 3b

Ma a=>3;b>3 nén 21(a+%j+3(b+1]214+2+§.3+%.3=80
a

D&u bang xay ra khi a=b=3

Vi du 7: Cho x; y; z 1a cac s6 duwong

Chtrngminhréng\/ X +\/ y +\/ L 2
y+z

z+x \x+y
Giai
1 2
>
X(y+z) x+y+z

Ap dung bat dang thitc Co-si: x+y+2>2/x(y+2) =

X 2X

\

=

(2)

Y+Z X+Yy+12

Tuong tu ta c6: ,| y 2y (2)
X+Z X+Yy+1Z

z_ 21 (3)
\fx+y X+y+1

Tir (1), (2) va (3) cong v€ theo v&, ta duoc \/ X +\/ Yy 4 \/ £ 5o
y+1z z+x \x+y




X=Yy+12
Déng thiic xay rakhi {y=z+x conglaitacd x+y+z=0

Z=X+Yy
biéu nay khong xay ra vi x,y,z>0

Vi du 8: Cho céc s6 thuce x; y; z thda man:

X\/l— 2+ y1-2° + 241- X =g

Chting minh rang: x* +y? + 2% = g

(Thi hoc sinh gioi Todn I6p 9, tinh Ha Tinh, ndam hoc 2005 — 2006)

Giai

Tim cach giai. Bai toan khong c6 bong dang ctia bat dang thitc hay cuec tri dai s6. Tuy nhién quan
sat ky phan két luan (cac phéan bién c6 mi 2), phan gia thiét c6 can bac hai va chi can 4p dung bat
dang thitc Co-si mot Ian cho moi hang tir ciing xuat hién phan bién mii 2. Véi suy luan tw nhién
nhu vay bat dang thitc Co-si cho 16i giai dep.

Trinh bay 10i giai

Ap dung bat dang thiic Co-si, ta cé:

2 2
X4/l— y2 S%(l)

2 2
Y- -2 < %(2)

2 2
71— X2 — ﬂ(3)

2
Tt (1) va (2), (3) cOng v€ vdi vé ta duoc: x\/l— V2 +yN1-22 +231-% < %
x*=1-y*(4)
Dang thitc xay ra khi { y* =1-2°(5)
2°=1-x°(6)

T (4), (5) va (6) cong vé voi vé ta duoc: X2 +y2 422 =3-x2 =22~ X% < x>+ y2 + 22 =g

Diéu phai chitng minh

Vi du 9: Cho x; y; z 1a nhitng s6 duong thoa man: 1.1y
X y z

Chting minh ring: X+ yz + [y + 2x +Jz+xy > xyz +/x + [y +z



Giai
Tim cach giai. Quan sat diéu kién cua bién x, y, z rat ty nhién chung ta thdy can d6i bién bang

c= 1 =a+b+c=1. Khi d6 Dbat déng thiec 6 dang

cach  dat azl;bzi
X y z

Joc+a++/ac+b ++/ab+c >1++/oc ++/ac ++/ab. Nhan thay vai trd ctia g, b, ¢ trong bat ding thirc 1a
nhu nhau. Mat khac bc+a la léch bac, do vay sit dung dung diéu kién a+b+c=1 d€ duwa vo cung
bac (goi la can bang bac). Sau d6 dung bat dang thirc Co-si dé danh gia duwa vé hang dang thuic.
Trinh bay cach giai

Chia hai v& ctia bat dang thitc cho +/xyz, khi d6 bat dang thiic tuong duong véi:

11 \/1 1 \/ / [ /
—t—+ |[—+—+ [—+— >1+ —+
yz X Xz 'y yz xz

1
—;c:—:>a+b+c 1.
y Z

Khi d6 bat dang thitc ¢6 dang:
Joc +a ++/ac+b ++/ab+c >1++/oc ++/ac ++/ab.

Ap dung bat dang thiic Co-si, ta cd:

bc+a=bc+a(a+b+c)=bc+ab+ac+a’
> be +2a/bc + a?

hay bc+a2(\/R+a)2 = Jbc+a>+bc+a (1)
Tuong tw ta co:

Jac+b >+fac +b (2)
vba+c >+/ba+c (3)

T (1); (2) va (3) cong v€ vdi ve ta co:
Jbe+a ++/ac+b ++/ab+c >1++/bc ++/ac + Vab.
Hay /X +yz +Jy+2x +4/2+xy > /xyz x4y +4z

Dé&ubang khi x=y=2=3

C. Bai tap van dung

5.1. Cho a; b; ¢; d 1a cic s6 khong am. Chtrng minh rang:
a®+b°+2c’ +4d* = 8abcd
Hudéng dan giai — dap s6

Ap dung bat dang thikc Co-si, ta co:



a®+b° >2a'h* (1)

2a’b* +2c* > 4a’h’c?(2)

4a’b’c* +4d* = 8abcd (3)

Ttr cac bat dang thic (1), (2) va (3) cdng vé véi vé, ta duoc:
a® +b® +2c* +4d? > 8abcd

D&u bang khi a’ =b’ =c=d

5.2. Cho a; b 1a cac s6 khong am. Chiing minh rang:

b, 2a+/b +2ba

(a+b)? + 25

(Thi hoc sinh gidi Todn, 16p 9, tinh Quang Ngai, nam hoc 2011- 2012)
Hudng dan giai — dap s6
Ap dung bat dang thirc Co-si, ta co:

a+b22\/£

a+b+%=a+%+b+%2\/g+\/5
Suyra(a+b)(a+b+ j>2\/_(\/_ \/_)

Hay (a+b)" + b22a\/6+2b\/5

D4u bang khi a=b =%

a+b
Ja(3a+b)+b(3b+a)

Huwéng dan giai - dap s6

: 1 ’
5.3. Chttng minh rang: >— vbia, blacacsd duong.

Ap dung bat dang thirc Co-si, ta co:
(1)
\/7 4b+3b+a 3b + a (2)

Tt (1), (2) cOng v€ voi v, ta duoc:

4a( ) 4a+3a+b

\/4a(3a+b) +\/4b(3b+ a) <4a-+4b

= \/a(3a+b)+\/b(3b+a) <2a+2b

a+b a+b 1
Suy ra > =5

\/a(3a+b) +\/b(3b+a) 2a+2b




D&u bang khi a=b
1 1 1 1

5.4.Cho S = + +ot ot
V12019 22018  [k(2019-k+1)  ~2019.1
Hay so sanh S va 2.@
2020

Hudng dan giai — dap s6
Ap dung bat dang thitc Co-si voi x;y >0 ta co:

2
X+Yy

1
X+y22xy =>—F—=
VXY

! + L +..+ ! +..+ L
1+2019 2+2018 k+2019-k +1 2019+1

Tt dosuyra S >

Hay S > 2.%. biéu phai chitng minh
2020

5.5. Cho g, b, ¢, d dwong. Chitng minh réng:

Jorera erda Narams Vare
+ + + > 2
b+c+d c+d+a d+a+b a+b+c

Hudng dan giai - dap s6

Ap dung bat dang thirc Co-si, ta co:

a+b+c+d>2/a(b+c+d)

1 2 a 2a
> = > (1)
\/a(b+c+d) a+b+c+d b+c+d a+b+c+d

Tuwong tuy ta co:
2
2

U

/ b 5 b (a
c+d+a a+b+c+d
[ c S c (@
d+a+b a+b+c+d
/ d S 2d (4)
a+b+c a+b+c+d

Ttr cac bat dang thic (1), (2), (3) va (4) cdng vé véi vé, ta duoc diéu phai chiing minh

a=b+c+d
o1 d . . |b=a+c+d ) ,
Dau bang xay ra khi cong laitaco a+b+c+d=0
c=a+b+d
d=a+b+c

biéu nay khong xay ra vi a,b,c,d >0



