Chuong I. PHEP NHAN VA PHEP CHIA CAC PA THUC
Chuyén dé 1. PHEP NHAN CAC PA THUC
A.Kién thirc cAn nhé
1. Mudn nhan mdt don thire véi mot da thie ta nhan don thic voi tung hang tir ctia da thuc roi cong cac tich
v6i nhau.
A(B+C)=AB+ 4AC

2. Mudn nhan mot da thirc véi mot da thie, ta nhan mdi hang tur ciia da thuc nay voi ting hang tir cia da
thire kia roi cong cac tich v6i nhau.

(4+B)(C+D)=AC+ 4D+ BC+BD
B. Mt s6 vi du
Vi du 1: Thyc hién phép tinh :

2x
a)A=—?(15x—6y) b)B =(5x* —3y)(4x" +2y)
Gidi
2x 2x 4 2 2 2
a)A=—?.15x+(—?j(—6y) b)B=20x"+10x"y—-12x"y -6y

A=-10x" +4xy B=20x"-2x"y-6)°

Vi du 2: Tim gi4 tri biéu thuc sau:
a)A = (5x—7)(2x+3)—(7x+2) tai x :%

b)B = (x—2)(y—2x)+(x+2y)(y+2x) tai x=2;y=-2
Gidi

Tim cach giai. Néu thay gid tri cua bién vao biéu thire thi ta duoc s6 rat phuc tap. Khi thuc hién s€ gap kho
khan, dé& dan t6i sai 1am. Do vay ching ta can thuc hién nhan da thirc véi da thire ri thu gon da thuec. Cudi
cing méi thay sé.
Trinh bay loi giai
a) Ta co:
A= (Sx— 7)(2x+3)—(7x+ 2)(x—4)

= (1027 +15x —14x - 21) - (7x* — 28x + 2x - 8)

=10x” +15x—14x—21-7x" +28x —2x +8

=3x" +27x-13

2
Thay x:l vao biéu thirc, ta c6: 4 = 3. 1 +27.l—13:§
2 2 2 4



Vay véi x = % thi gi4 tri biéu thuc A = %
b) Ta co:
B :(x—2y)(y—2x)+(x+2y)(y+2x)
=xy—2x" =2y +4xy +xp +2x° +2y° +4xy
=10xy
Thay x = 2;y =2 vao biéu thirc ta c6: B =10.2.(-2) =40
Vay voi x =2;y =2 thi gia tri biéu thic B = —40
Vi du 3: Tim x, biét:
a)4x(x—5)—(x—l)(4x—3) =23 b)(x—5)(x—4)—(x+1)(x—2) =7
Gidi
Tim céach giai. Dé tim x, trong vé trai c6 thuc hién phép nhan don thirc véi da thire, da thic véi da thic .Vi
vay ta khai trién va rat gon vé trai dy, sau do6 tim x.
Trinh bay loi giai
a)4x(x—5)—(x—l)(4x—3) =23
4x* —20x —4x> +3x+4x -3 =23
—13x-3=23
—13x=23+3
x=-2
b)(x=5)(x—4)—(x+1)(x—-2)=7

X —Ax—5x+20—- x> +2x—x+2=7

—8x+22=7
—8x=-15
15
X=—
8

Vi du 4: Chimg minh gia tri ctia biéu thirc sau khong phu thudc vao x:
a)d=x(2x+1)-x* (x+2)+(x’ —x+5)
b)B = x(3x2 —x+5)—(2x3 +3x—16)—x(x2 —x+2)

Gidi
Tim céach giai. Chimg minh gia tri cta biéu thirc khong phu thudc vao bién x, tirc 1a sau khi rat gon két qua
thi biéu thirc khong chtra bién x. Do vay dé giai bai toan nay, chung ta thuc hién bién d6i nhan don thic véi
don thirc, nhan da thirc voi da thirc va thu gon két qua. Néu két qua khong chira bién x, suy ra diéu phai

chtirng minh.



Trinh bay loi giai

a) Bién doi biéu thic A, ta c6
A=x(2x+1)-x* (x+2)+()c3 —x+5)
A=2X"+x-x =2X"+X —x+5

A=6

Suy ra gia tri cia A khong phu thudc vao x
b) Bién d6i biéu thirc B, ta co :

Bzx(?»c2 —x+5)—(2x3 +3x—16)—x(x2 —x+2)

B=3x"—x>+5x-2x" -3x+16—x" + x> —2x
B=3x-3x +x"—x" +5x-5x+16

B=16

Suy ra gia tri cia B khong phu thude vao x.

Vi du 5: Tinh nhanh

7 1 4 2 1 1
a)A=4 . - 1. + +
5741 3759 3741 5741 3759 3759.5741
b)B =2 1 . 3.1 36516+ 4 6
3150 6547 1050 6517 1050 3150.6517
Gidi

Tim cach gii. Quan sat k¥ biéu thirc, néu thuc hién truc tiép cac phép tinh bai toan dé din dén sai 1am; ta
nhan thdy nhiéu s giéng nhau, do vdy chiing ta nghi téi dit phan giéng nhau béi mot chir. Sau d6 bién doi

biéu thrc chira chir d6. Cach giai nhu vay goi 13 phuong phap dai sé

Trinh bay loi giai
a) bat x = L; y= L khi d6 biéu thirc c6 dang:
5741 3749

A=(4+7x)y—4y(l+2x)+y+xy

A=4y+Txy—4y-8xy+y+xy

A=y
g
3759
b) bat x = ;Y= ! khi d6 biéu thie ¢ dang:
3150 6517

B=(2+x)3y-3x(4-y)+12x—6xy
B=6y+3xy—12x+2xy+12x —6xy
B=6y



1 6

6517 6517

C. Bai tap van dung
1.1. Rut gon cac biéu thirc sau:
a)A :(4x—1)(3x+1)—5x(x—3)—(x—4)(x—3)
b)B = (5)6—2)()c+1)—3x(x2 —x—3)—2x(x—5)(x—4)
Huéng din giai — dap sb

a) Ta co:
A=12x" +4x-3x—1-5x" +15x — x> +3x+ 4x—12

=6x" +23x-13
b) Ta co:
B= (5)6—2)(x+1)—3x(x2 —x—3)—2x(x—5)(x—4)

=5x" +5x—2x—2-3x" +3x” +9x - 2x(x” — 5x —4x+20)

=-3x" +8x” +12x -2 —2x" +18x” —40x

=-5x" +26x° —28x—2
1.2. Viét két qua phép nhan sau duéi dang liiy thira giam dan cta bién x:
a)(x* +x+1)(x-3) b)(x* =3x+1)(2-4x)
c)(x2 +3x—2)(3+x—2x)

Huéng din giai — dap sb

a)(x2 +x+l)(x—3)
=X +x +x-3x"-3x-3=x"-2x"-2x-3
b)(x* =3x+1)(2-4x)
=2x" —6x+2—4x" +12x° —4x =—4x’ +14x> —10x+2
c)(x2 +3x—2)(3+x—2x)
:(x2 +3x—2)(3—x) =3x" +9x—6—x" —3x> +2x
=3x" +9x—6—x" =3x* +2x=—x"+11x-6
1.3. Chimg minh rang gié tri biéu thic sau khong phu thudc vao gia trj ctia bién x:
a)C:(Sx—2)(x+1)—(x—3)(5x+1)—17(x+3)
b)D :(6x—5)(x+8)—(3x—1)(2x+3)—9(4x—3)

Hwéng din giai — dap s6



a) Taco:
C=5x"+5x-2x-2-5x" —x+15x+3-17x-51

= C=-50

Vay biéu thic C = —50 khéng phu thudc vao x.

b)D = 6x* +48x —5x—40—6x" —9x +2x +3—-36x+27

= D=-13

Vay gia tri biéu thitc D = —13 khong phy thudc vao gia trj clia bién x.
1.4. Tim x, biét :
a)5(x=3)(x=7)—(5x+1)(x—-2)

25
b)3(x—7)(x+5)—(x—1)(3x+2) =-13

Hwéng din giai — dap sé

a)5x> —=35x —15x+105-5x" +10x —x +2 =25

—41x+107 =25
—41x =-82
x=2

b)3x* +15x —21x—105-3x" +3x+2 =-13
—-5x-103=-13

—5x =90

x=-18

1.5. Rut gon va tinh gia tri biéu thirc:

a)A = (4—5x)(3x—2)+(3 —2x)(x—2) tai x =2

b)Bsz(x—4y)—4y(y—5x) tai x=—§;y=—%

Hwéng din giai — dap s6
a) Taco:
A=12x-8-15x> +10x +3x —6—2x" + 4x
=-17x* +29x —14
Véi x = -2, thay vao biéu thirc ta ¢ :
A=-17(-2)" +29(-2)-14
=—-68-58-14
=-140
b) Taco :
B=5x(x—4y)—4y(y—5x)



=5x" —20xy —4y* +20xy

=5x" —4y*

1 1 2
Thay x = —g;y = > vao bi€u thirc ta co ;

B= 5(—%)2 + 4.(—%)2 = 5.21—5+ 4% = g
1.6. Tinh gi4 tri biéu thuc:
a)A=x°-2021x" +2021x* —2021x° +2021x> —2021x + 2021 tai x = 2020
b)B =x" +20x° +20x" + ...+ 20x” +20x + 20 v6i x =—19

Huéng din giai — dap sb
a) V6i x = 2020 nén ta thay 2021 = x +1 vao biéu thirc , ta co :
A=x° —(x+l)x5 +(x+1)x4 —(x+1)x3 +(x+1)x2 —(x+1)x+x+l
=x'—x* =X+ +x - -+ - —x+x+1=1
b) V6i x = —19 nén ta thay 20 = —x +1 vio biéu thirc, ta co :
B=x"+(—x+1)x" +(—x+1)x* +..+(—x+1)x> +(—x +1)x +(—x+1)
=x x4+ -+ - X x—x ]
=1
1.7. Tim cac hé s a, b, ¢ biét:
a)2x’ (ax2 +2bx + 4c) =6x* —20x +8x* dliing v&i moi x;
b)(ax+b)(x2 —cx+2) =x’ + x> —2 dling v6i moi x.

Hwéng din giai — dap s6
a)2x’ (ax2 +2bx + 40) =6x* —20x" +8x7
& 2ax* +4bx +8cx” = 6x* —20x° +8x7 (1)

(1) ding v6i moi x

2a =6 a=3
=<4b=-20=<b=-5
8c =8 c=1

b)(ax+b)(x2 —cx+2):x3 +x° =2

S ax +bx* —acxt —bex+2b+2ax=x> +x* =2
< ax’ +(b—ac))c2 +(2a—bc)x+2b=x3 +x° —2(2)

(2) dang v61 moi x



a:l (l=1

=1
2b=-2 b=-1 ¢
= = S<b=-1
b—ac=1 —1-1lec=1
c=-2

2a~bec=0 |2—(~1)c=0

1.8. Chirmg minh rang v&i moi s6 nguyén n thi:

A=(2-n)(n’ =3n+1)+n(n’ +12)+8 chia hét cho 5
Huéng din giai — dap sb

Bién ddi da thirc, ta c6 :

A=(2-n)(n’ =3n+1)=n(n" +12)+8

=2n’—n’—6n+3n" —n+2+n’ +12n+38

=5n" +5n+10:5

1.9. it 2x = a + b + ¢. Chtng minh ring:

(x—a)(x=b)+(x=b)(x—c)+(x—c)(x—a)=ab+bc+ca—x’
Huéng din giai — dap sb

Xét vé trai:

(x—a)(x=b)+(x-b)(x—c)+(x—c)(x—a)

=x" —ax—bx+ab+x’ —bx—cx+bc+x’ —ax—cx+ca

=ab+bc+ca+3x* —2x(a+b+c)

=ab +bc+ca+3x" —2x.2x
=ab+bc+ca—x’
Vé trai bang vé phai suy ra diéu chimg minh.
1.10. Cho a, b, ¢ 14 céc s6 thuc théa man ab +bc +ca = abe va a+b+c =1
Chimg minh rng : (a—1)(b-1)(c—-1)=0
Hwéng din giai — dap sé
Ta co (a—l)(b—l)(c—l):(a—l)(bc—b—c+1)
=abc—ab—-ac+a—-bc+b+c—1
=abc—ab—bc—ca+a+b+c—1

:abc—(ab+bc+ca)+(a+b+c)—l

=abc—abc+1-1=0



Chuong I. PHEP NHAN VA PHEP CHIA CAC PA THUC
Chuyén dé 2. CAC HANG PANG THUC PANG NHO

A. Kién thirc can nhé
o (A+B) =4*+24B+B> (1)
o (A-B)Y =A>-24B+B* (2)
o A -B*=(4+B)(4-B) (3)
o (A+B) = A +34’B+3B° 4+ B =4+ B> +34B(4+B) (4)
o (A-B) =4 -34°B+34B° ~B = £~ B* ~34B(A4- B) (5)
o A+B =(4+B)(4-4B+B*) (6)
o A£-B=(4-B)(4+4B+B*) (7)
B. Mt s6 vi du
Vi du 1: Rat gon biéu thirc :
a)d=(x+2) +4(x+2)(x=2)+(x—4)

b)B=(3x* —2x+1)(3x° + 2x +1)— (32° +1)°

O)C = (2 =5x+2) +2.(5x-2)(x* ~5x+2) +(5x—2)’
Gidi

Tim cach giai. Rt gon biéu thirc 12 bién dbi viét biéu thirc Ay dudi dang don gian hon. Trong mdi biéu thirc
déu an chira hiang dang thic, vi vdy ching ta ding hiang dang thirc dé khai trién va thu gon cac don thirc
ddng dang.
Trinh bay loi giai
a) Ta co:
A=(x+2) +4(x+2)(x=2)+(x—4)’

=x’ +4x+4+4(x2 —4)+x2 —-8x+16

=6x" —4x+4
b) Taco :

B=(3x"~2x+1)(3x% + 2x+ 1)~ (3x° +1)
= (3x% +1) —(2x) (3> +1)
= —(2x)2 = —4x’

c) Taco:



C=(x*—5x+2) +2.(5x-2)(x* ~5x+2)+(5x-2)

= [(x2 —5x+ 2) +(5x— 2)}2

=(x7) =t
Vidu2: Cho x+y=-7 va x’+y° =11. Tinh x’ + *?

Gidi
Tim cach giai. St dung hiang dang thie (1) va gia thiét ta c6 thé tinh dugc tich xy. Mat khac phan tich két
ludn bang hang ding thirc (4), ta chi can biét thém tich xy 1a xong. Tir d6 ta c6 10i gii sau.
Trinh bay loi giai
Tr x+y=-T=x"+2xy+y" =49
Ma x*+y" =11=11+2xp =49 = xy =12
Taco: x* +y° =(x+y) =3w(x+y)=(-7) =3.12(-7)
=x +y =-91
Vi du 3: Tinh gié tri biéu thirc :
a)A=x"+10x+26 tai x =95 b)B=x"—3x"+3x+1 tai x=21
Gidi

Tim cach gifi.Quan sat k§ biéu thirc, ta nhan thiy c6 bong dang cua hing ding thirc. Do vdy ching ta nén
van dung dua vé hang dang thire. Sau d6 thay sb vao dé tinh, bai toan s& don gian hon.
Trinh bay loi giai
a) Taco:
A=x"+10x+26

= +10x+25+1=(x+5)" +1
b) Taco :
B=x’-3x"+3x+1

=x =3x"+3x-1+2

=(x-1)" +2
Voi x=21= B=(21-1) +2=8000+2 = 8002
Vi du 4: Tinh nhanh:

2020° +1 2020° -1

aA)A=———— b)B=—"—"——
2020° —2019 2020° + 2021

Giai



Tim cach giai. Quan sat k§ d& bai, ta nhan thdy mdi phan s déu an chira hing dang thirc. Do vy, viéc ding

hing dang thirc dé phan tich ra thira s 1a suy luan ty nhién.

Trinh bay loi giai
; 2020 +1)(2020° — 2020 +1
a)d=—2220*1 _{ )(2 ) 2001
2020° ~2019 2020° —2020+1
1 (2020-1)(2020° +2020 +1
pyp=—2220 -1 L )(2 ) 2019
2020° +2021 2020° +2020 +1

Vidu5:Cho x—y=2.Tinh gidtrj 4= 2()(3 —y3)—3.()c+y)2
Gidi
Tim céch giai. Dua vao gia thiét va két luan ta nghi t6i hai huéng sau:
e Bién d6i biéu thirc A nham xut hién x — y dé thay bang s 2.
e Tir gia thiét, suy ra x = y + 2 thay vao két luan, ta duoc biéu thirc chi chtra bién y. Sau d6 rat gon biéu
thurc.
Trinh bay loi giai
Cach 1. Taco:

A:2(x3 —y3)—3(x+y)2

2(x—y)(x2 +yi 4+ xy)—3[(x—y)2 + 4xy}

4(x2 +y° = 2xy+ 3xy) -3(x- y)2 —12xy

= 4(x—y)2 —?:()c—y)2 +12xy —12xy = (x—y)2 =4
Cdch 2. Tir gia thiét, suy ra x = y+2 thay vao biéu thirc A ta co :
/1:2(()/+2)3 —)/3)—3(y+2+y)2

=2(y’+6y’ +12y+8-)")=3(2y +2)’

=12y° +24y+16-12y° —12y—-12 =4
Vi du 6: Tim céc s6 thuc x, y thoa man x> +26y° —10xy +14x—76y+58 =0

Gidi

Tim cach gii. Dé tim s6 thuc x, y thoa min da thirc hai bién bac hai bang 0, chung ta dinh huéng bién doi
dua da thtrc d6 thanh tong binh phuong cua hai biéu thirc. Sau d6 ap dung 4 + B> =0 khi va chi khi 4=0
va B=0.Tu d6 tim dugc x, y.
Trinh bay loi giai
Taco:

x> +26y° —10xy +14x—-76y+58=0



& x° —10xy +25y° +14(x—5y)+49+y2 -6y+9=0
& (x=5y) —14(x=5y)+49+(y-3)° =0
& (x=5y-7) +(y-3)" =0

x=5y-7=0 x=22
& &

y=3=0 y=3
Vi du 7: Tim gié tri nhé nhét ciia biéu thie : P=x> +xy + y* —2x -3y +2015

Gidi

Tim cach gidi. Pé tim gia tri nho nhét ctia mot da thire bac hai, chung ta dung hﬁng déng thie (1) va (2) dé
bién d6i da thirc thanh téng cac binh phuong cong véi mot s6. Gia tri nho nhat cua biéu thuc dat dugc khi va
chi khi tong céc binh phuong bang 0.
Trinh bay loi giai

Taco:

2 2
P:(x+%j +3%—2x—3y+2015

2 2
xa 2] o w2 o142 22y 52014
2 2 4

2
B (D y2—§y+Ej+2012g
2 4 379 3

2 2
“(xaZoa] 3 p-2) s20122 520122
2 3 3 3

4
5 X+2-1=0 le
“0nisl 2 ol 3
3 3 _4
Y73 Y73
A i A 2 1 4
Vay gia tri nhd nhat ctua P:2012§ khi va chi khi x:§;y:§
Vi du 8: Cho a, b, ¢ thoa mén dong thoi a+b+c =6 va a* +b* +¢* =12 . Tinh gia tri cta biéu thic :

P _ (a . 3)2020 n (b _ 3)2020 n (C _ 3)2020
Gidi
Tim céch giai. Gia thiét cho hai hang dang thirc ma lai c¢6 ba bién a, b, ¢ ¢6 vai tro nhu nhau. Do vay chung

ta du doan ddu bang xay ra khi a =b =c va tir gia thiét suy ra a =b =c =2 . Pé tim ra duoc két qua nay,
chung ta van dung tong céc binh phuong bang 0. Do d6 nén bat dau tir (a - 2)2 +(b- 2)2 +(c— 2)2 =0 va

bién d6i twong duong dé ra gia thiét. Khi trinh bay thi lai bat dau tir gia thiét.



Trinh bay loi giai
Taco:
a+b+c’=12=a +b+c7-12=0
Sa+b+”-24+12=04d" +b’ +* —4(a+b+c)+12=0
Sa’—4a+4+b" —4b+4+c —de+4=0
o (a-2) +(b-2) +(c-2) =0
Déu bang xayrakhi a=b=c=2
= P = (1) (1) 4 (<1)™ =3
Vi du 9: Cho a® —b* = 4¢*. Ching minh rang:
(5a—3b—8¢)(5a—3b+8¢c) = (3a—>5b)’
Gidgi
Tim cach giai . Quan sat dang thirc cin ching minh, chiing ta nhan thay vé trai co chta ¢, vé phai khong
chtra c. Do vay ching ta can bién d6i vé trai ctia dang thuc, sau d6 khir ¢ bang cach thay 4¢* = a® —b* tir gia
thiét. Bé thuc hién nhanh va chinh xéc, chung ta nhan théy vé trai co dang héng déng thue (3).
Trinh bay loi giai
Bién d6i vé tréi :
(Sa -3bh-— 80)(5a -3bh+ 8c)
=(5a-3b)" —64c’ =(25a° —30ab+9b” ) - 64c”
= (254" ~30ab+9b* ) ~16(a* —b* )(do 4c* =a* —b*)

=94* —30ab +25b* = (3a—5b)’
Vé trai bang vé phai. Suy ra diéu phai ching minh.
Vi du 10: Phan tich s6 27000001 ra thira sb nguyén to.
Tinh tong cac udc sd nguyén td cua no.
Gidi
Tim céch giai . Chung ta c6 thé van dung hang dang thirc dé phan tich mot s6 ra thira sé nguyén to.
Trinh bay loi giai
Ta co:

27000001 = 300" +1=(300+1)(300” =300 +1)

301 (300-+1)" 307 | =301(300+1-30)(300+1+30)

=301.271.331=7.43.271.331

Téng cac udc sd nguyén t6 ciand 1a : 7+43+271+331 =652



Vi du 11: Cho cac s6 x, y théa man dang thie x* +x7y* + y* =4;x° + x*y* + )% =8
hay tinh gia tri biéu thire 4 = x'2 + x*y* + "
Gidi
Tacod:
2
(x4+x2yz+y4)(x4_x2y2+y4):(x4+y4) _x4y4
=x"+xy' 4y =8 = xt —x7yP 4yt =2
Két hop v6i gia thiét suy ra x* + y* =3 va x*y* =1
Taco: A=x"+x*y> +y" =(x4)3 +(y4)3 +x°y°
= 3[(}54 +y4)(x8 —x*yt +y8)] +x°y’
= 3[(x4 +y4)2 —3x4y4}+1
=3[3"-3]+1=19
C. Bai tap van dung
2.1. Tim hé s6 x? cua da thirc sau khi khai trién :
a)A =(x—2)2 +(x+2)2 +(x+3)3 +(3x+1)3
b)B=(2x-1) +(x=2) +(x=3)" +(3x-1)
Huéng din giai — dap sb
ADNA=Xx" —4x+4+ X" +4x+4+x +9x° +27x+27+27x" +27x> +9x +1
=28x" +38x” +36x+36
Vay hé sb ctia x° 1a 38.
D)YB=4x" —4x+1+x" —4x+4+x —9x> +27x-27+27x —=27x" +9x -1
=28x> —31x* +28x—23
Vay hé s6 ciia x* 1a -31.
2.2. Tinh gia trj biéu thirc
a)4=x"+0,2x+0,01 tai x=0,9.
b)B=x"+3x" +3x+2 tai x=19.
c)C=x"—2x +3x" —2x+2 tai x* —x =8
Huéng din giai — dap sb
a)Taco:

A=x*+0,2x+0,01



= x* +0,2x+(0,1)’
=(x+0,1)’
Voi x=0,9= 4=(0,9+0,1)" =1
b) Ta co:
B=x"+3x"+3x+2
=x3+3x2+3x+1+1=(x+1)3+1
Voi x =19 thi B=(19+1)" +1=8000+1=8001
c) Taco:
C=x"-2x"+3x" —2x+2
=x' =2 +x7 +2x7 —2x+2
:(x2 —x)2 +2.(x2 —x)+1+1
) 2
=(x —x+1) +1
Voi X' —x=8=C=(8+1) +1=81+1=82.
2.3. Tinh hop ly :

2 2
a)A= M b)B =253’ +94.253+ 47
256> — 244
¢)C =163> —92.136 + 46’ d)D = (100" +98” + ..+ 27 )= (99* +97° + ..+ 1"

Hwéng din giai — dap sé

356> 1447 (356+144)(356-144) 500212 53

256° -244%  (256+244)(256-244)  500.12 3

a)A

b)B = 253" +94.253+ 47> = 253* +2.47.253 + 47> = (253 +47)" =300% = 90000
)C =136 —92.136 + 467 = 136" —2.46.136 + 46” = (136 - 46)" =907 =8100
d)D = (100" +98” + ..+ 27 )=(99* +97° + ..+ 1"
=(100° =997 )+ (98> = 97° ) +...+ (2 - 1*)
=(100-99)(100 +99) +(98 = 97)(98 +97) +...+(2-1)(2 +1)
=1.(100+99)+1.(98+97) +...+1.(2+1)

=100+99+...+1=(100+1)+(99+2) +...+(51+50)

=101+101+...+101=101.50 = 5050
2.4. Tinh gia trj biéu thirc



|, 2021(2020-2019) 2019° (20207 + 2021)
(2020-1)(2020° +1)° 2020° —1
Huéng din giai — dap sb

20217 (2020* —2019) 2019? (2020 +2021)
(20202 —1)(20203 + 1)' 2020° —1

20217 (20207 ~2020+1) 2019% (2020 +2020+1)
(2020 +1)(2020 - 1)(2020 + 1)(2020” — 2020 +1) (2020 —1)(2020> +2020 +1)

= ;.2019 =1
2019

2.5. Tim gi4 tri nho nhat cta biéu thuc :
a)A=5x> +5y" +8xy+2y —2x+2020
DM =5x" +y* +2° —4x-2xp—z -1
Huéng din giai — dap sb
a) Taco:
A=4x" +8xy+4y" + x> =2x+1+ 1> +2y+1+2018
=4(x+p) +(x=1) +(y+1) +2018> 2018
Vay gia tri nho nhat cia 4 =2018 tai x=1;,y =—1
b) Taco :
B=4x> +4xy+y" +x* =2x+1+y* +4y+4+2015
=(2x+y) +(x—1) +(y+2) +2015>2015
Vay gid tri nho nhét cia B 13 2015 tai x=Ly=-2.

M =x" —2xy+y° +4x" —4x+1+2° —24—%—2l

4
=(x+ )2+(2x—1)2+£z—lj2—21>—2l
4 2 4 2
x—y=0
Dau bang xdy ra khi 2x—l=0:>x=y=z=%
Z—l=0
2

Vay gi trj nho nhat cia M 1a —2% khi x=y==z =%



2.6. Tim x, biét :
a)(x+2)" +(x+3) =2(x-2)(x-3) =19
b)(x+2)(x* —2x+4)-x(x* -5)=15
) (x=1) +(2-x)(4+2x+x>)+3x(x+2) =17
Hwéng din giai — dap s6
a)(x+2)" +(x+3) —2.(x—-2)(x=3)=19
& (x=2) +8x+(x-3) +12x-2(x-2)(x-3) =19
& 20x+[(x—=2)~(x-3)] =19
& 20x+1=19

<:>20)c:18<:>x=2
10

b)(x+2)(x2 —2x+4)—x(x2 —5):15

S X +8-x +5x=15
<:>5x+8:15<:>5x:7<:>x:%

C)(X—1)3 +(2—x)(4—2x+x2)+3x(x+2):17

& (x=1) +8—x* +3x* +6x=17

S =3x " +3x—148—-x* +6x =17

S x+T7=17

<:>9x=10<:>x:130

2.7.Biét xy =11 va x’y +xy’ + x+ y = 2016. Hay tinh gid tri : x* + *
Huéng din giai — dap sb

Tacod: x*y+xp° +x+y=2016

xy(x+y)+x=y=2016

11(x+y)+(x+y)=2016

12(x+y)=2016:x+y=168
Ma x* +y° =(x+y)2—2xy=1682—2.11=28202
2.8. Cho a —b =7. Tinh gi4 tri biéu thirc :
A:a2(a+1)—b2(b—l)—3ab(a—b+1)+ab



Huéng din giai — dap sb
Taco: A=a’ +a’ —b’ +b* —3ab(a—b)—3ab+ab
=a’ —3ab(a—b)—b3 +a’ +b* —2ab
=(a-b) +(a—b) =7 +7* =392
2.9. Ching minh rang v&i moi x ta c6 :
a)x(x—6)+10>0 b)(x—3)(x—5)+3>0
)X’ +x+1>0
Huéng din giai — dap sb
a)x(x—6)+10>0
SxP—6x+9+1>0
& (x—3)2 +1> 0 (luén ding )
b)(x—3)(x—5)+3>0
& x’-8x+18>0
& x°-8x+16+2>0
& (x—4)" +2 > 0(ludn dung)
)X’ +x+1>0
o x’ +x+l+§>0<:>(x+lj2 +3>0(1u6ndung)
4 4 2 4
2.10. Tim x, y biét :
a)x’ =2x+5+y* —4y=0 b)4x* +3* —=20x—-2y+26=0
c)9x* +4y* +4y—12x+5=0
Huéng din giai — dap sb
a)x’ =2x+5+y° -4y =0

<::>()c2 2x+1) (y —4y+4):0

& (x=1) +(y-2) =0

& (x=1) =0;(y=2) =0(vi (x=1)",(y-2) 20)
Sx=Ly=2

b)4x* +y> —20x—-2y+26=0

& (45" —20x+25)+(y* -2y +1)=0



o (2x-5) +(y-1) =0
o (2x-5) =0 va (y-1) =0 (2x=5)",(y-1)" 20)

@x—é' =1
27

c)9x* +4y* +4y-12x+5=0
& (9% —12x+4)+(4y* +4y+1)=0
& (3x-2) +(2y+1) =0

o (3x-2) =0 va (2y+1) =0 (vi (3x-2)",(2y +1)" 20)

Sx=Zy=——
D)

2.11. Chimg minh khéng ton tai x; y thoa mén:
a)x’ +4y* +4x—4y+10=0 b)3x* +y* +10x—2xy +29=0
c)dx> +2y° +2y—4xy+5=0
Hwéng din giai — dap sé
a)x’ +4y* +4x—-4y+10=0
Syt +4x+4+4y° —4y+1+5=0
o (x+2) +(2y-1) +5=0
Ma (x+2)" +(2y-1)" +525>0
Suy ra khong c6 x, y théa man dé bai.
b)3x* +3y* +10x—2xy+29=0
S xt =2xp+ " +2x° +10x+29=0
& (x-y) +2(x+2,5) +16,5=0
Ma (x—p) +2(x+2,5)" +16,5>16,5> 0
Suy ra khong c6 x, y thoa mén dé bai.
c)dx> +2y° +2y—4xy+5=0
<::>(4x2 —4)cy+yz)+(y2 +2y+1)+4:0
o (2x—y) +(y+1) +4=0
Ma (2x—p) +(y+1) +4>4>0

Suy ra khong c6 x, y thoa mén dé bai.



2.12. Tim gia tri lon nhét cta biéu thuc :

a)A=15-8x—x’ b)B=4x—x" +2

)C=x"—y" +4x—-4y+2
Hwéng din giai — dap s6

a)Tacd: A=15-8x—x’ =31—(16+8x+x’)=31-(4+x) <31

Vay gié tri 1on nhit ciia A 1 31 khi x = —4

b)Taco B=6-(4—4x+x’)=6-(2-x) <6

Vay gia tri 16n nhat ciia B 1a 6 khi x =2

) Tacd: C=10—(x" —4x+4)—()* +4y+4)=10—(x-2) —(y+2)’ <10

Vay gié tri 1on nhat ciia C 12 10 khi x =2;y =2

2.13. Cho céc s thuc x; y thoa man didu kién x+ y = 3;x* + y* =17 . Tinh gia tri biéu thuc x°* + y°.
Hwéng din giai — dap sé

Ta co:

(ery)2 =x’+ 1 +2xy=17+2xy=9

@xy:¥:—4

x4y = (x+y)3 —3xy(x+y) = 27—3.(—4).3 =63
2.14.Cho x+y=a+b(l) va X’ + )y’ =a’ +b°(2)
Chung minh rang : x> + y* =a® +b°
Hwéng din giai — dap sé
Ta co h?mg dfmg thirce : (x+y)3 =x 4+ +3xy(x+ y) (1)
(a+b) =a* +b* +3ab(a+b) (2
Két hop voi (1) va (2) suy ra xy = ab (3)
Mat khéac, tir (1) suy ra (ery)2 = (a er)2 SxP+y +2xy=a’> +b”> +2ab
Két hop voi 3) suyra: x* + y* = a* + b*
2.15. Cho a +b+c¢ =2p . Chimg minh rang:
a)2bc+b* +c* —a’ :4p(p—a)
b)(p—a)2 +(p—b)2 +(p—c)2 =a’+b’+c’ - p’

Huéng din giai — dap sb



a) Taco: 2bc+b*> +c* —a’ =(b+c)2 -a’

=(b+c+a)(b+c—a)=2p(2p-a)=4p(p-a)
Vé trai bang vé phai. Diéu phai ching minh
b)Tacod: (p—a) +(p-b) +(p—c)
=p’—2ap+a’ +p’ -2pb+b>+p* —2pc+c’
=3p’ —2p(a+b+c)+a’ +b* +c’

2

=3p’ -2p2p+ad’ +b’ +c* =a’+b*+ —p
Vé trai bang vé phai. Diéu phai ching minh

2.16.Cho A = 99..9 .Hay so sanh tong céc chit sO ctia 4> véi tong cac chir s6 clia A.
2020 chir s6 9

Huéng din giai — dap sb

Taco:

A= 99..9 =10""—-1nén 4* = (102020 _1)2
[

2020 chits6 9

=10"* =210 +1=199...9800...01
H_J

ST T
Tong céc chir s6 ciia 4> 1a: 9%x2019+8+1=18180
Tong céc chir s6 ciia A 1a : 9x 2020 = 18180
Viy tong céc chir sb ciia 4 va téng cac chit s6 ctia A bang nhau.

2.17. Chimg minh rang;
Néu (a—b) +(b=c) +(c—a) =(a+b-2¢) +(b+c—-2a) +(c+a-2b)
(a=b) +(b=c)
thi a=b=c.
Hwéng din giai — dap sé
Tir gia thiét ta 6
a+b-2c) —(a-b) +(b+c-2a) —(b-c) +(c+a—-2b) —(c—a)’ =0(*
( ) —(a=b) +( ) —(b-c) +( ) —(c—a) =0(*
Ap dung hing dang thirc : x* —)* =(x+y)(x—y) taco:
(a+b-2¢) —(a—b) =(2a—2¢)(2b-2¢)=4(a—c)(b—c)
(b+c—2a)2—(b—c)2=(2b—2a)(2c—2a):4(b—a)(c—a)
(c+a—2b) —(c—a) =(2¢—2b)(2a~2b)=4(c~b)(a-b)
Két hop vé6i (*) ta co :
4(a—c)(b—c)+4(b—a)(c—a)+4(c—b)(a—b)=0



< (a—c)(b—c)+(b—a)(c—a)+(c—b)(a—b)=0
& ab—ac—be+c* +bc—ba—ac+a’ +ac—bc—ab+b* =0
sa +b+c* —ab-bc—ac=0
& 2a* +2b° +2¢* —2ab—2bc—2ac =0
< a’ —2ab+b* +b* —2bc+c’ +c* —2ca+a’ =0
o (a=b) +(b—c) +(c—a) =0
a-b=0

b—-c=0<a=b=c

c—a=0
2.18. Cho n 12 s6 tw nhién 16n hon 1. Chimg minh ring n* +4" 1a hop sb
(Thi hoc sinh gioi toan 9, tinh Quang Binh, nam hoc 2012-2013)
Hudéng din giai — dap sb
- Véinlasdchin =n=2k(keN"') thi n*+4" =16k* + 4’ :4 nén n* +4" 1a hop s
- Véinlaséle. Bt n=2k-1(ke N,k >1) thi ta co:
nt+4" =n*+20°2" +4" —n* 2"
= (n2 +2" )2 —-n* 2% = (n2 +2" — 2]{.11)(112 +2" + 2k.n)
Ta co:

w42 =2 n=n' =2 427 42" -2 = (-2 )2 + 2 2k
=(n—-2) 4222 51

ma n® +2" +25n>n* +2" —2°n suyra n* +4" lahop sb

Vay n* +4" 12 hop sb v6i n 12 s6 tu nhién 16n hon 1.

2.19.

a) Cho a+b =2 .Tim gia tri nho nhat cia 4 = a® + b

b) Cho x + 2y = 8.Tim gia tri 16n nhit ciia B = xy
Hwéng din giai — dap sé

a) Ta co: (a+b)2 +(a—b)2 = 2(a2 +b2)

= 4+(a-b) =24

=4<24=> 422

Vay gié tri nho nhat cia Ala2khi a=b=1

b) Th x+2y=8=x=8-2y suyra



B=(8-2y)y=8y—2y’ =8-8+8y—-2)’
B=8-2(2-y) <8
Vay gia tri 1on nhit ctia B 1a 8 khi y =2;x = 4
2.20. Tim gi4 tri nho nhét ciia 4 = 3(x2 +y2) biét x* + > =xy +12
(Tuyén sinh vao 16p 10, THPT chuyén Binh Dwong, ndm hoc 2014-2015)
Hwéng din giai — dap sé
Tir gia thiét, ta co (x+ )" =3xy+12 & 6xy =2(x+y) 24
Taco:
A :3()62 +y2)=3(x+y)2 —6xy=3(x+y)2 —2(x+y)2 +24=(x+y)2 +24

A s 2 A, \ . x=2 x=-2
Vay gia tri nhé nhat cia Ala 24 khi x+y=0< 2;
y=-=

y=2
2.21. Cho cic s6 nguyén a, b, ¢ thoa man: (a—b) +(b—c) +(c—a) =2010.Tinh gia tri cta biéu thic
A :|a—b|+|b—c|+|c—a|
Huéng din giai — dap sb
bat a—b:x;b—c=y;c—a:z:>x+y+z=O:>z=—(x+y)
Taco: ¥’ +y° +2° =210 = x° +)° —(x+y)3 =210 < —3xy(x+y):210
< xyz=70.Dox, y, z 1a s6 nguyén c6 tong bang 0 va xyz =70 = (-2)(-5).7
nén x,y,z € {—2;—5;7} = A= |a—b|+|b—c|+|c—a| =14
2.22. Chiig minh khong t6n tai hai s6 nguyén x, y théa man x* — »* = 2020
Huéng din giai — dap sb
Tt x* — y* = 2020 suy ra x; y cung chan hodc cung 1é
THI1: Néu x; y cung chin. Pat x = 2m; y = 2n
4m® —4n* = 2018 = 2m’ —2n*> =1009
V& trai chin, con vé phai 1&. Vo li
TH2: Xétx; ycung lé. Bat x =2k +1,y=2¢g +1
Taco: (2m+1)" —(2n+1)" = 2018 & 4m® + 4m —4n* —4n = 2018
V& trai chia hét cho 4, vé phai khong chia hét cho 4, v6 li

Vay khong t6n tai s nguyén x; y théa man x* — y* = 2020.



Chuong I. PHEP NHAN VA PHEP CHIA CAC PA THUC
Chuyén dé 3. PHAN TiCH PA THUC THANH NHAN TU
A. Kién thirc cin nhé
1. Phén tich da thtrc thanh nhan tir (hay thira s6) 1a bién d6i da thirc 6 thanh mét tich cta cac da thic khac.
2. Céc phuong phap thuong dung:
- bét nhan tr chung
- Dung hang dang thirc
- Nhom cac hang tr
- Phéi hop nhiéu phuong phap. C6 khi ta phai dung nhitng phuong phap dat biét khac (xem chuyén dé 6)
B. Mt s6 vi du
Vi du 1: Phéan tich c4c da thic sau thanh nhan tur :
a)l2x’y —6x’y +3x*y’ b)5x2y(x—7)—5xy(7—x)
Gidi
Tim céch giai. Quan sat d& bai, chiing ta thiy cac da thirc trén déu c6 nhan tir chung
Bude 1. Chon hé s6 1a UCLN cua céc hé sd.
Buéc 2. Phan bién gdém tit ca cac bién chung, mdi bién 1ay véi s mil nho nhit cia no trong cac hang tir.
Néu trong d6 c¢6 hai nhan ttr d6i nhau, chiing ta d6i ddu mot trong hai nhén tir va dau dung trude nd.
Trinh bay loi giai.
a)2x’y —6x’y +3xy* =3x7y* (4x -2+ y)
b)5x2y(x - 7) - 5xy(7 —x) = 5x2y(x - 7) + 5xy(x— 7) = Sxy(x - 7)(x + 1)
Vi du 2: Phéan tich cac da thic sau thanh nhan tu:
a)100x? —9y° b)9(a+b) —4(a—2b)
c)8x’ +27y° d)125-75x+9x* —x°
Gidi
Tim cach giai. Nhan thiy trong vi du niay mdi da thirc déu c6 dang hing ding thirc. Do vay chiing ta van
dung hing ding thirc dé phan tich da thirc thanh nhén tu.
Trinh bay loi giai
a)100x* =9y* = (10x—3y)(10x +3y)
b)9(a+b) —4(a-2b)
=[3(a+b)-2(a-2b)|[3(a+b)+2(a—2b)]=(a—7b)(5a-b)
c)8x’ +27y° = (2x + 3)/)(4)c2 —6xy+9y° )

d)125-75x +15x* —x* = (5-x)’



Vi du 3: Phan tich cac da thirc sau thanh nhan tu:
a)x(a+b)+a+b b)3a’x—3a’y + abx — aby
c)ax+bx+cx+2a+2b+2c
Gidi
Tim céch giai. Mdi da thic trén khong c6 nhan tir chung, khong xut hién hang dang thirc. Quan sat k¥ nhan
thiy néu nhom cac hang tir thich hop thi xuét hién nhén tr chung.
Trinh bay loi giai
a)x(a+b)+a+b :(a+b)(x+1)
b)3a’x—3a’y + abx — aby = 3a’ (x - y) + ab(x — y) = a(x — y)(3a + b)
cax+bx+cx+2a+2b+2c=x(a+b+c)+2(a+b+c)=(x+2)(a+b+c)

Vi du 4: Phan tich cac da thirc sau thanh nhan t:
a)a’ —b* —4a+4b b)(xy+4)2 —(2x+2y)2
c)(a2 +b* + ab)2 —a’b* -b’c’ -c’a’
Gidi
Tim cach gidi. Nhan thidy mdi da thirc déu an chura trong d6 hang dang thirc.
Vay chiing ta c¢6 thé nhom nham xuat hién hang dang thirc
Trinh bay loi giai
a)(a—b)(a+b)—4(a—b) = (a—b)(a+b—4)
b)(xy+4+2x+2y)(xy+4—2x—2y)
X y+2 +2 y+2))(x(y—2)—2(y—2))
x+2)(r+2)(x-2)(y-2)

(x(
(
(a2 +b* +ab— ab)(a2 +b +ab+ab)—02 (a2 +b2)
(
(

)

)

a’ +b’ ) a+b (a2+b2)

a2+b2)[a+b } (a2+b2)(a+b+c)(a+b—c)

Vi du 5: Cho cac sb thuc a, b, ¢ d6i mot phan biét va théa man
a’(b+c)=b*(c+a)=2012

Tinh gia tri biéu thite M =’ (a+b)

(Tuyén sinh 10, trwong THPT chuyén truong PHSP Ha Néi, ndm hoc 2012-2013)
Gidi



Tim céch giai. Tir gia thiét chung ta khong thé tinh gia tri cu thé ciia a, b, ¢. Do vay bang viéc quan sat va
nghi tdi viéc phén tich da thirc thanh nhan tir && tim moi quan hé giira a, b va c. Tir d6 tim duoc gia tri biéu
thirc M.

Trinh bay loi giai

Taco:

a’ (b+c)=b2 (c+a) S a’b+a’c—-bc—-ba=0

< ab(a —b)+C(Cl2 —bz) =0

= (a—b)(ab+bc+ca) =0

Vi a # b nén:

= ab+bc+ca=0
:>(b—c)(ab+bc+ca):0:>b2a—i-bzc—bc2 —ac’
= b’a+b’c=bc’ +ac’ = ¢’ (a+b):b2 (a+c)
Vay M =2012
C. Bai tap van dung
3.1. Phan tich da thirc sau thanh nhan tu:
a)ab(x—2)—a2 (x—2) b)ax’y* —8x’y’ +12x°y
Huéng din giai — dap sb
a)ab(x—Z)—a2 (x—2) = a(x—2)(a+b)
b)ax’y* —=8x*y’ +12x°y = 4x2y(xy—2y2 +3x)
3.2. Phan tich da thirc sau thanh nhan tu:
a)(nyrl)z—(ery)2 b)(a+b+c)2+(a+b—c)2—4c2
c)(a2 +9)2 —-36a°
Hwéng din giai — dap s6
a)()cy+l)2 —(x+y)2 =(x+1-x-y)(xy+1+x+y)
:[x(y—l)+l—y][x(y+1)+y+1]
:(x—l)(y—l)(x+l)(y+1)

b)(a+b+c)2 +(a+b—c+2c)(a+b—c—2c)

= a+b+c)2 +(a+b+c)(a+b-3c)

(
(

a+b+c)(a+b+c+a+b—3c)



=(a+b+c)(2a+2b-2c)=2(a+b+c)(a+b—c)
c)(a2 —i—9)2 -36a’ =(a2 +9—6a)(a2 +9-|—6a)=(a—3)2 (a+3)2

3.3. Phan tich da thirc sau thanh nhan tu :

a)3a—3b+a* —2ab +b* b)a® +2ab+b* —2a—2b+1
)b’ — (b + ¢t —a*)

Hwéng din giai — dap sé
a)3(a—b)+(a—b) =(a-b)(3+a-b)
b)(a+b) —2(a+b)+1=(a+b-1)

(
c)(2bc+b2 +ct—a )(2bc—b2 -’ +a2)

b+c —az}[az —(b—c)z}
:(b+c+a)(b+c—a)(a+b—c)(a—b+c)
3.4. Phan tich da thirc sau thanh nhan tu :
a)x’ —4xy+4y* - 94’ b)xy(a2 +b2)—ab()c2 +y2)
c)x’ (a —b) — 2xy(a —b) +ay’ —by’ d)8xy’ —x(x —y)3
Hwéng din giai — dap s6
a)x’ —4xy+4y* —9a° = (x—Z)2 —(3a)2 :(x—2—3a)(x—2+3a)

2

byxy(a® +b>)—ab(x* +y*) = xya® + xyb* — abx’ — aby
= (xa’ —abx® )+ (xyb’ —aby®)

= ax(ay - bx) + by (bx — ay) = (ay — bx)(ax - by)

e)x* (a—b)=2xy(a—b)+ay* —by* = x*(a—b)=2xy(a—b)+ y* (a—b)
:(a—b)(x2 —2xy+y2) =(a-b)(x-y)

dBxy’ —x(x-y) =x[(20) ~(x-y)']

= x(2p—x+p)| 497 420 (x =)+ (x =) | = x(3y-x)(+* +357)

3.5. Phan tich da thirc sau thanh nhan tu :

a)A=x"—4x"y* +y* +2xy b)B=x"—)°
c)C=4xy(x2 +)/2)—6()c3 +y’ +x2y+xyz)+9(x2 +y2)

d)D =25-a° +2ab-b*



Huéng din giai — dap sb
a)d=x"+2xy+y* —4x*y* = (x+y) —dx?y’
=(x+y—2xp)(x+y+2xy)
D)B=(x" =y )(x*+ 3" )= (x=p)(x* + 2y + )7 )(x + ¥)(x* —xp +)7)
x’ +y2)—6(x2 +y2)(x+y)+9(x2 +y2)
(4xy—6x—6y+9)

[2x(2y-3)-3(2y-3)]

(
d)D=25—(a’ —2ab+b*)=25—(a—b)’
=(5+a-b)(5-a+b)
3.6. Phan tich da thirc thanh nhan tir :
a)x’ +3x°y —4xy* —12y° b)x’ +4y* =2xy+ x> +8y°
0)3x* (a—b+c)+36xy(a—b+c)+108y* (a—b+c)
dya(x* +1)-x(a* +1)

Huéng din giai — dap sb

a)x’ +3xy —4xy’ —12)°
=x*(x+3y)—4y* (x+3y)
=(x—2y)(x+2y)(x+3y)
b)x’ +8y° +x* —2xy +4y°
=(x+2y)(x* = 2xy +4y” )+ (x* = 2xp +4y”)
=(x+2y+1)(x" —2xp+4)?)
c)3(a—b+c)(x* +12xy+36y°)
=3(a—b+c)(x+6y)2
d)ax’ +a—xa> —x
= ax(x—a)—(x—a)

=(x—a)(ax—1)

3.7. Phan tich da thirc thanh nhan ta :



a)x’ =1+5x> =5+3x-3 bha’+a* +a’ +a* +a+1
c)x’ =3x> +3x-1y° d)5x’ =3x’y —45xy" +27y°

Hwéng din giai — dap s6
a)(x—1)(x" +x+1)+5(x—1)(x+1)+3(x-1)

x’ +x+1+5x+5+3)

bya' (@ +a+1)+(a* +a+1)
:(a2+a+l)(a3+1)
:(a2+a+l)(a+1)(a2—a+l)
&)(x=1) =y = (x=1=p)[ (x=1) +(x=1)y+)" |

(x —2x+1+xy— y+y)
d)x2(5x—3y)—9y2(5x—3y)
=(5x-3y)(x* =9)?)
=(5x-3y)(x-3y)(x+3y)
3.8. Phan tich da thirc thanh nhan ti :
a)x’ —x* —x+1 b)x* —x* +2x -1
4a’t’ —(a® + b7 ~1)

Hwéng din giai — dap sé

a)x* (x—1)—(x=1)=(x=1)(x* = 1)+ (x 1) (x+1)
b)x“—(x—l)z=(x2—x+1)(x2+x—l)

c)(2ab—i—a2 +b —1)(2ab—a2 -b’ +1)

=[(a+b)' ~1][1-(a=b)"]|
=(a+b+1)(a+b-1)(1+a-b)(1-a+b)

3.9. Cho x, y, z 1a 6 dai 3 canh cua 1 tam giac

it A=4x"y* —(x* +»* —2*) .Chimg minh ring 4> 0

Hwéng din giai — dap s6



Dung hang dang thirc dang nhd, phan tich A thanh nhan tir, ta duoc :

Az(2xy+x2 +y? —22)(2xy—x2 -y’ +22)

=[(rry) =2 || F = (r-0) | (v ey ) (xry=2)(zHx =) (v 42— x)
Do x,y, z1a 3 canh cta 1 tam giac, suy ra :

xX+y+z>0x+y—-z>0,z+x-y>0,y+z-2z>0=>4>0

a-3a*+5a-17=0

3.10. Cho céc s6 a, b 1an luot thoa man céc hé thire :
b =3b* +5b+11=0

Tinh a+b

Hwéng din giai — dap s6
Cong vé theo vé cua hai hing dang thirc ta duoc :
a’=3a’+5a—-17+b"-3b> +5b+11=0
o ad’ -3a’ +3a—-1+b" =30 +3b-1+2(a=b-2)=0

3

o (a-1) +(b-1) +2(a-1=b-1)=0

<:>(a+b—2)(a2+a+1+b2+b+1+2)=0

s ensa=(ang] o foe] o3

Via +a+1+b"+b+1+2=|a+—| +|b+—| +3—>0=>a+b=2
2 2 2

3.11. Cho a, b, ¢ théa man a + b + ¢ = abc . Chirng minh rang:

a(b2 —1)(02 —1)+b(a2 —1)(02 —I)Jrc(a2 —1)(1)2 —1) =4abc

Huéng din giai — dap sb

Xét vé trai, ta co :

a(b’ -1)(c =1)+b(a’ =1)(c* =1)+c(a” —1)(b* —1)

=a(P’ -0 - +1)+b(a’c® —a* - +1)+¢(d’D’ —a’ - b +1)

=ab*c* —ab® —ac® +a+a*bc* —a’b—b* +b+a’bc—a‘c—bc+a
=(a+b+c)—(a’b+ab’ —a’b’c)~-(ac® +a*c—a’bc® )~ (be* +b’c —ab’c?)
= abc —ab(a+b—abc)—ac(c+a—abe)—be(c+b—abce)

= abc + abc + abc + abec = 4abc



Chuong I. PHEP NHAN VA PHEP CHIA CAC PA THUC
Chuyén dé 4. HANG PANG THU'C MO RONG
A. Kién thirc cin nhé

1. Binh phwong ciia mét da thirc
(al +a, +..+a, )2 =a’+a, +..+a,’ +2aa, +2a,a, +..+2aa,
+2a,a, +2a,a, +...+2a,a, +...+...+2a, ,a,
Pac biét ta co :
(a+b+c)2 =a’ +b* +c* +2ab+2ac + 2bc
(a+b—c)2 =a’ +b> +c* +2ab—2ac—2bc
(a+b+c+d) =a*+b* +c* +d* +2ab+2ac +2ad + 2bc +2bd +2cd

2. Béing Kkhai trién h¢ s6: (a+b)"

V6éin=0: 1

Véin=1: 1 1

Véin=2: 1 2 1

Véin=3: 1 3 3 1

Véin=4: 1 4 6 4 1
Véin=5: 1 5 10 10 5 1

Mdi dong déu bat dau bang 1 va két thiic bang 1
M&i s6 & mot dong ké tir dong thir hai déu bang sb lién trén cong vé6i sd bén trai cia sb 1ién trén.
Béng trén ddy duoc goi la tam giac Pa-xcan, cho ta biét hé sb khi khai trién (a + b)n . Chang han cho n cac

giatritr 0 dén 5 ta duoc:

=a’ +2ab+b’

=a’ +3a’bh +3ab’ + b’

=a’ +4a’b+6a’b’ +4ab’ +b*

=a’ +5a*b+10a’b’ +10a’h’ + 5ab* + b’

Chi; y: Khi khai trién (a—b)" ta van 1am nhu trén va céc s6 hang chita b véi lily thira 1¢ thi mang dau trir

dang trudce



3. Khai trién nhi thirc 2" —b" va a" —b" (n1&)
a)a’ —-b> = (a —b)(a +b)

a—-b = (a—b)(a2 +ab+b2)

a' —-b" = (a - b)(a"’1 +a"?b+a"”bh’ +...+ab" + b )
b)a’ +b’ =(a+b)(a’ —ab+b’)

a+b = (a+b)(a4 ~a’h+a’b’ —ab’ +b5)

gkt p2kt = (a+b)(02k —ad® a7 — 4 a2 _ gpH! +b2k)
4. Pang thirc bac ba
(a+b+c) =a* +b* + +3(a+b)(b+c)(c+a)
a’+b’ +c’ —3abc :(a :b+c)(a2 +b* +c —ab—bc—ca)
Pac biét:

o Néua+b+c=0thia’+b+c —3abc=0

o Néud'+b +c* —3abc=0thia+b+c=0hoica=b=c
B. Mot s6 vi du
Vidu 1: Cho a+b+c=0va a* +b* +¢* =1.Tinh gié tri biéu thic M =a* +b* +¢*

Gidi

Tim cach giai. Dé tao ra két luan, ta can xuat phat tir @ +b> +c* =1 va binh phuong hai vé. Tuy nhién khi
d6 lai xuat hién a’h® +b*c* +c*a® va can tinh biéu thirc nay. Dé tinh biéu thic d6 ta can tinh duoc
ab+bc+ca. Suy luan ty nhién ta can binh phuong a+b+c¢ = 0. Bang cach phan tich, lap luan nhu trén ta
da tim ra céach giai.
Trinh bay loi giai

Tu a+b+c:0:>(a+b+c)2 =0 a’+b*+c*+2ab+2bc+2ca=0

Ma a* +b* +¢* :1:>ab+bc+ca:—%3(ab+bc+ca)2 :%

= a’b’ +b’c* +c’a’ +2ab*c+2bc’a+2ca’h :%

= a’b* +b’c’ +Pa’ +2abc(a+b+c):%:> a’b’ +b’c’ +c’a’ :i

Th a” +b* + ¢ :1:>(a2 +b +cz)2 =I"=a" +b" +¢* +2(c12b2 +b’c? +cza2)=l

1 1
:>a“+b“+c“+2.Z=1:>a4+b4+c4 =3



Vi du 2: Rat gon biéu thirc:

A=(x+y+z+t) +(xty—z—1) +(x+z-y—1) +(x+1-y-z)
Gidi

Khai trién ta co:

(x+y+z+t)2 =X+ Y 2+ 2xy+2xz 4 2xt + 2yz + 2yt + 2zt

P2 + Y 4+ 28+t +2xy —2xz —2xt — 2yz — 2yt + 2zt

(x+y—z—t
2 2 2 2 2
(x+z—y—t) =X 4z +y +t =2xy+2xz—-2xt—-2yz+ 2yt -2zt
()c+t—y—z)2 =X+ Y 4+ 20+t = 2xy —2xz +2xt + 2yz — 2yt — 2zt
Cong tirng vé lai ta duoc:
(x+y+z+t)2 +(x+y—z—t)2 +(x+z—y—t)2 +(x+t—y—z)2 :4(x2 +y + 7 +t2)
Nhén xét. Ngoai ra, ta c6 thé van dung dang thic (a +b)2 +(a —b)2 = 2(a2 +b2) dé giai. That vay:
(x+y+z+t) +(x+y—z-1) :2[(x+y)2 +(z+t)2}
(x—y+z—t)2 +(x—y—z—t)2 =2[(x—y)2 +(Z—l‘)2:|
Suyra 4 :()c+y+z+z‘)2 +(x+y—z—t)2 +()c+z—y—t)2 +(x+t—y—z)2
2 2 2 2
=2 (xp) + (x=p) +(z40) + (2 1) |
:2[2(x2 +y2)+2(22 +12)] :4(x2 +y+2° +t2)
Vi du 3: Cho a, b, ¢ théa min diéu kién a + b + ¢ = 0. Chimg minh rang:
2((15 +b +cs) = Sabc(a2 +b’ +02)

Gidi
Tim céach gidi. Nhan thdy ¢’ =a’.4®, nén dé xuat hién vé phai ching ta can thay thé 3abc = a® +b° +¢*
vao vé phai, sau d6 khai trién. Khi khai trién xong, chung ta cin bién d6i phan con lai khong phai 1a
a’ +b° + ¢ tré thanh mot phan cia két luan 13 xong.
Trinh bay loi giai
Via+b+c=0=a’+b’ +c’ =3abc
Xét : 3abc(a2 +b° +cz)=(a3 +b’ +c3)(a2 +b’ +c2)
=a+b +c+a’ (b2 +cz)+b3 (6’2 +612)+c3 (a2 +b2)(1)
Xétbh+c=—-a=b>+c’ +2bc=a" < b* +c* =a’ —2bc

Tuong tu ¢ +a”> =b*> —2ac;a’ +b° =c* —2ab



Thay vao (1) suy ra:

3abc(a2 +b° +cz) =a’+b +c +a’ (a2 —2bc)+b3 (b2 —2ac)+c3 (02 —2ab)

:2(a5 +b +c5)—2abc(a2 +b’ +cz)

Hay 2(a5 +b’ +cs) = Sabc(a2 +b° +c2)

Nhin xét. Néu dat a = x— y,b = y—z,¢ = z—x thi ta c6 bai toan sau. Chirng minh rang:

(x=y) +(r=z) +(z=x) (x=p) +(y=2) +(z=x) (v=y) +(y=2) +(z=x)

2 3 5

Vi du 4: Xét céc s6 thuc x, y, z théa mén 2(y” + yz+27 ) +3x” =36
Tim gia tri 16n nhat va nho nhat cta biéu thitc: A=x+y+z
(Thi tuyén sinh I6p 10, truong THPT chuyén Nam Dinh , ndm hoc 2014-2015)
Gidi
Tim cach giai. Gia thiét cho vé trai la da thirc bac hai, ma két luan 1a tim cuc tri da thirc bac nhit. Do vay dé
van dung duogc gia thiét ta can xét 4% ,sau d6 khéo 1éo tach da thic d6 dé van dung tri¢t dé gia thiét.
Trinh bay loi giai
Taco:
A =(x+y+z)2 =x*+y + 27 +2xy +2yz 4+ 2zx
A = Z(y2 +z° +yz)+3x2 —(x2 —2xy+yZ)—(x2 —2xz+22)
A =36—(x—y) —(x—2z)" <36
SuyramaxA=6tai x=y=z=2
mnA4A=-6tai x=y=z=-2
Vidu5: Véia, b, clacac s6 thuc thoa man:
(3Cl+3b+30)3 = 24+(3a+b—c)3 Jr(3b+c—a)3 +(3c+a—b)3
Chimg minh rang: (a+2b)(b+2c)(c+2a)=1
(Tuyén sinh I6p 10, truong THPT chuyén PHKHTN, PHOG Ha Néi, nam hoc 2015-2016)
Gidi
Tim céch giai. Quan sat ki dé bai, ta nhan thy khai trién hai vé roi phan tich thanh nhan tir 1a qua dai, phirc
tap va co thé dan dén sai 1am. Do vai trd nhu nhau cua gia thiét, két luan va giam bot su khai trién ta co thé
doi bién:
x=3a+b—-c,y=3b+c—a,z=3c+a-b
Khi d6 gia thiét c6 dang: (x+y+2) =24 +x* +3° +2°

Vi vé trai cua két luan c6 dang 12 nhan tir nén ta dung déng thire



(x+y+z)3 =x+y +z +3(x+y)(y+z)(z+x).Tl‘Id(’)tac() 101 giai sau :
Trinh bay loi giai
bit x=3a+b-c,y=3b+c—a,z=3c+a—-b

=>x+y+z=3a+3b+3c

Tir gia thiét, ta suy ra : ()c+y+z)3 =24+x +y’ +2°

Theo hing déng thic, ta ¢o : (x+y+z)3 =x’+)  + 2 +3(x+y)(y+2)(z+x).

Suy ra 3(x+y)(y+z)(z+x):24

:>(2a+4b)(2b+4c)(2c+4a):8

:>(a+2b)(b+2c)(c+2a):1

Diéu phai chimg minh

C. Bai tap van dung

4.1. Rut gon (a+b+C)2(G—b+C)2+(a+b—0)2+(b+C—a)2
Hwéng din giai — dap s6

Khai trién ta c6 :

(a+b+c)2=a2+b2+c2+2ab+2bc+2ca

(a—b+c)2=a2+b2+c2—2ab—2bc+20a

(a+b—c)2 =a’+b* +¢” +2ab—2bc—2ac

(b+c—a)2:a2+b2+cz—2ab+2bc—20a.

Cong timg vé ta duoc :

(a+b+c)2+(a—b+c)2+(a+b—c)2+(b+c—a)2 :4(a2+b2+cz)

Nhén xét : Ta co6 thé van dung dang thirc (x+y)2 +(x—y)2 = 2(x2 +y2) dé giai, that vay:

(a+c-|—b)2—i—(a+c—b)2 :2[(a+c)2+b2};

(b+a—c)2+(b—a+c)2 =2[b2+(a—c)2]

Suyra: (a+b+c)2Jr(a—b+c)24—(a+b—c)2+(b+c—a)2

:2[(a+c)2+(a—c)2+2b2}:2[2(a2+c2)+2b2]=4(a2+b2+c2)

4.2. Tim hé s6 x° cua da thie sau khi khai trién :

a)Az(x+3)3 +(x+4)4+(x+5)5



b)B=(x-2) +(x+3)" +(x-4)
Hwéng din giai — dap s6
Ta co:
a)A=x"+9x" +27x+ 27+ x* +16x° +96x” +256x+256 +x° +25x* +250x° +1250x +3125x +3125
=x" +26x* +267x +1355x" +3408x + 3408
Vay hé s6 cia x° 14 267
b)B=x" —6x> +12x—8+x* +12x° + 54x”> +108x
=81+x° —20x" +160x’ —640x” +1280x —1024
=x" —19x* +173x’ —=592x” +1400x — 951
Vay hé s6 cia x° 14 173
4.3. Mot tam giac c6 ba canh 13 a, b, ¢ thoa man diéu kién:
(a+b+c)2 = 3(ab+bc+ca). Hoi tam giac d6 la tam giac gi ?
Huéng din giai — dap sb
Tacod:
(a+b+c)2 :3(ab+bc+ca) & a’ +b* +c¢” +2ab+2bc+2ca :3(ab+bc+ca)
oS a’+b+c’ —ab—bc—ca=0< 2a +2b> +2¢* —2ab—2bc—2ca =0
= (a—b)2 +(b—c)2 +(c—a)2 =0
Dau bang chi xay ra khi a =b = ¢, tic 1a tam giac d6 1a tam giac déu.
4.4.Cho a+b+c=0 va a’ +b>+c* =2. Tinh a* +b* +¢*
Hudéng din giai — dap sb
T a+b+c=0
= (a+b+c) =0 a’ +b* +c* +2ab+2bc +2ca=0
Ma a* +b* +¢? =2:>ab+bc+ca=—1:>(ab+bc+ca)2 =1
= a’b> +b’c’ +ca’ +2ab’c +2bc*a+2ca’h =1
= a’b* +b’c’ +c’a’ +2abc(a+b+c) =1=a’b* +b°c’ +c’a’ =1
Th a’ +b* +c* =2
= (a2 +b° +c2)2 =2 =a*+b*+c* +2(azb2 +b°c? +c2a2):4
=Sa'+bt+ct+21=4=a* +b" +c =2
4.5.Cho x+y+z=0 va xy+ yz+zx=0. Tinh gi4 tri cta biéu thuc :

B=(x=1)"" 4y 4 (z+1)""



Huéng din giai — dap sb
Tu x+y+z=0:>(x+y+z)2 =0
:>x2+y2+22+2(xy+yz+zx)=0
Ma xy+yz+zx=0nén x’+1y°+2z° =0 dodd x=y=2z=0

2017

Vay B=(0-1)"" +1 +(0+1)"" =1

4.6. Cho (a2 +b° +C’2)()c2 +y°+ zz) = (ax+by+cz)2 v6i abe # 0.Chimg minh rang : 32 % :E
Huéng din giai — dap sb

Tur gia thiét ta c6

X’ +a’y +a’ + X+ by + b+ + 7y +

=a’x’ +b*y* +c’z% +2abxy + 2acxz + 2bcyz

& a’y’ —2abxy+b’x’ +a’z’ —2acxz+c’x* +b°z° —2bcyz+c’y’ =0

= (ay—bx)2 +(az—cx)2 +(bz—cy)2 =0

Ding thirc chi xdy ra khi va chi khi

Y
ay-bx=0 [ay=bx a b

X z X Yy z
az-cx=0az=ax i —=—>—="—=—
b _0 by — a ¢ a b c
Z—Cy = Z =y z_y

c b

47.Cho a+b+c=2:a"+h* +c*=4va 2=2L-Z
a b c

Chimg minh rang: xy + yz+zx =0
Hwéng din giai — dap sé
Tu a+b+c:2:>(a+b+c)2 =4=a’+b* +c +2(ab+bc+ca):4

Ma a’> +b*> +¢> =4 nén ab+bc+ca=0

Dafltiz£z£zk:>xzak;y=bk;z:ck
a b z

Xét xy + yz + zx = abk® + bck® + cak® = (ab +bc + ca)k2 =0

Diéu phai chimg minh

4.8. Tim gi4 tri nho nhét cta bicu thirc : F(x)=x"—2x" +3x” —2x+2
Huéng din giai — dap sb

Taco: F(x)=x"—2x" +3x* —2x+2



2 2
=(x2—x+1)2+1: R I P
2 4 16 16

Suy ra F(x)zf—z. Vay min F(x) =% tai x=0,5
4.9. Cho a, b, ¢ théa min diéu kién a+b+c=1 va &’ +b’+c*=1. Tinh gia trj coa biéu thuc
A=a"+Db"+c" v6inla sd tynhién 1é
Hwéng din giai — dap sé
Ap dung hing dang thic : (a+b+c)3 =a’ +b +c’ +3(a+b)(b+c)(c+a)
<:>1=1+3(a+b)(b+c)(c+a)<:>(a+b)(b+c)(c+a)=0
Vay, c6 mot ) béng s6 dbi ciia mot sb khac
Giasta+b=0c=1<4=1

Tuong tu, néub+c=0 hodc c+a=0,ta cling dugc 4 =1

4.10. Chimg minh hing dang thirc sau : x* +y* +(x+ y)4 = 2(x2 +xy+y° )2
Huéng din giai — dap sb

Bién d6i vé tri:

x4yt +(x+y)4 =x"+ )" +xP +a4x’y+6x%)° +4xy’ +

=2(x4 + 9yt +2x°y +3x%y? +2xy3) :2(x4 +yt+x7y? +2x3y+2xy3)

= 2(x2 +y2 ery)2

Vé trai bang vé phai, diéu phai chimg minh

4.11. Cho a, b, ¢ théa man a +b+c =0 . Ching minh rang :

a)a* +b*+¢* = 2(c12b2 +a’c’ +bzc2)

bya* +b* +c* = 2(ab+bc+ca)2
Huéng din giai — dap sb

a)Tur gia thiét a+b+c=0=a* +b* +¢* +2(ab+ac+bc):0

=Sa +b +c’ = —2(ab+ac+bc)

=a'+b" +ct + 2(612b2 +a’c’ +b202) = 4(c12b2 +a’c’ +b’c’ ) + Sabc(a +b+ c)

=a'+b' +ct = 2(c12b2 +a’c +b2c2) (Via+b+c=0)(1)

b) Mat khac 2(ab +ac+ bc)2 = 2(c12b2 +a’c’ +b’c’ ) + 4abc(a +b+ c).

= 2(ab+ac+bc) =2(a’h’ +a’c® +b°C* ) (vi a+b+c=0)(2)



Tir (1) va (2) = a* +b* +¢* =2(ab+ac+bc) .
4.12. Cho x, y, z thoa man x+ y+z =0. Ching minh rang :
a)S(x3 +y3+z3)(x2 +y° +zz)=6(x5 +y° +zs)
bx'+y +z = 7xyz(x2y2 +y°2 +22x2)
c)lO(x7+y7+Z7)=7(x2+y2+22)(x5+y5+25)

Huéng din giai — dap sb
a) Ta c6 xét vé trai: S(x3 +y’° +23)(x2 +y? +22)
=5x"+5)° +52° +5x° (y2 Jrzz)+5y3 (x2 +22)+523 (x2 +y2) (1)
Te x+y+z=0=>x+y=—z=>x" +) +2xp=2"
=x +y =2 -2xp
Tuongtu: y* +z° =x" —2yz;2° +x* = y° —2zx
Thay vao (1) ta co:
5()63 +y’ +Z3)(x2 +y° +Z2)
=5x" +5y° +52° +5x° (x2 —2yz)-|—5y3 <y2 —22x)+523 (22 —2xy)
=10x" +10y° +10z2° —10xyz(x2 +y° +22) (2)

3 3 3
o , n X+ + X
Mit khac: x° + ) +2° =3xyz nén xyz = Ty T

, thay vao (2) taco :
IO(x3 +y’° +z3)(x2 +y° +22)

5(x3+y3+z3)(x2+y2+zz):10(x5+y5+25)_ 3

S15(x°+)7 +27) (22 + )7 +27)=30(x" + )" +2°) - 10(x* + )" + 2 ) (&7 + )7 +2°)
©25(x+y +27) (P +y7 +27)=30(x" +)° +2°)

& 5(x’+y'+2°)(x* +)* +27) =6(x’ + »° +2* ) (diéu phai ching minh).

b)Taco: x* +y* +2* =2(x*y* +)°2 +2°%° ) va X'+’ +2° =3xyz

7()63 +y’ +Z3) (x4 +y4+z4)

Nén 7xyz(xzy2 +y° 2" + 27X ) = 3 . 5 3)
Xét (x3 +y° +z3)(x4 +y* +z4)
=x7+y7+Z7+x3(y4+Z4)+y3(x4+z4)+z3(x4+y4) 4)

T x+y+z=0=>x+y=—2=>x +y +2xy=2"=>x +y> =2" - 2xp



=x"+y'+2x°y’ =zt +4x’y —dxyz’
Suyra x* +y* =z* +2)°2* —4x’yz
Tuongtwtacd: y* +z* =x* +2y°2" —4x’yz;z* +x* = y* +22°x% —4x)°z
Thay vao (4) ta c6:
(x3 +y’ +Z3)(x4 +y* +Z4) =x' +y +z +x° (x4 +2y°2° —4x2yz)
+y° (y4 +22°x%° —4xy22)+ z’ (24 +2x°y° —4xyzz)
2.2_2

=2(x7+y7+z )+2x yz (x+y+z)—4xyz(x4+y4+z4)

=2(x7 vy +z7)—4(x3 +y° +Z3)(x4 +yt +Z4)

<:>3(x3+y3+z3)(x4+y4+z ) 6(x’+y" +z ) 4(x3+y3+z3)(x4+y4+z4)

(
e7(X+y +2)(x"+y +2)=6(x +) +27)
Thay vo (3) tacd : Txyz(x’y* +y’2" +2°x* ) =x7 + 7 + 27
Piéu phai chimng minh
Q) Xét (x* +y” +2)(x* +) +2°)
=x'+y +2 4 (Y 42 )4y ()2 (P +)7) ()
Th x+y+z=0=>x+y=—z2=>x" +2xp+)’ =2’
Suyra x* +y° =z> —2xy;
Tuong tw y* +z> =x" —2yz;x* +2° = y* —2z2x
Thay vao (5) ta ¢6 :
(432 +27)(x*+)° +2°) =2 4y 42T 42" (¥ - 2xp)+ )7 (¥ - 2xz)+ 2 (27 - 2xp)
=2(x" 4y +27) = 2xpz(x" + )" +2)
2(x* + 7 +27)(x* + 't + 2*)

3 (6)

=2(x7+y7+z7)—

6(x7 +y’ +Z7)
7

Theo cu b, ta co: (x3 +y +2 )(x4 +yt+ 24) =
Thay vao (6) ta co:

4()(7 +y’ +z7)
7

(x2+y2+zz)(x5+y5+zs):2(x7+y7+z7)—

<:>77(x2 +y° +22)(x5 +y° +ZS)=10(X7 +y +Z7)



Diéu phai chimg minh.



Chuyén dé 5. PHAN TiCH PA THUC THANH NHAN TU BANG MQT SO PHUONG PHAP KHAC
A. Kién thirc cin nhé
1. Chung ta d3 biét ba phuong phap dé phan tich mot da thic thanh nhén tir 1a dit nhan tir chung, dung hang
dang thtrc, nhém cac hang tir va phdi hop ba phuong phap d6. Tuy nhién c6 nhimng da thirc mic du rat don
gian, néu chi biét dung ba phuong phap d6 thoi thi khong thé phan tich thanh nhan tar dugc. Do d6 trong
chuyén dé nay chiing ta s& xét thém mot sé phuong phap khac dé phan tich da thirc thanh nhan tir.
Phuong phap tach mot hang tir thanh nhiéu hang tur.
Phuong phap thém bot cung mdt hang tu
Phuong phap dbi bién
Phuong phap dong nhat hé sb
Phuong phap xét gia trj riéng cta cac bién.
B. Mt s6 vi du
1. Phwong phap tich mt hang tir thanh nhiéu hang tir
Vi du 1: Phan tich da thic sau thanh nhén t: f(x)=2x" -3x+1.
Gidi
Cdch 1: Téach hang tur thtr hai: —3x=-2x-x
Ta co: f(x)=(2x"—2x)—(x—1)=2x(x—1)—(x-1)=(x-1)(2x~1)
Cdch 2: Tach hang tir thir nhat va hang tir thir hai: 2x* = x* + x7 .
Ta co:

f(x)=(x" —2x+1)+(x* = x) = (x=1)" +x(x=1) = (x=1)[ (x=1)+ x|
=(x-1)(2x-1)
Nhdn xét. D& phan tich tam thirc bac hai f (x)=ax® +bx+c ra nhan tir, ta tach hang tir bx thanh bx +b,x
sao cho bb, =ac va b +b, =b.
Vi dy 2: Phan tich da thitc sau thanh nhan tir: f(x)=x’— x> —4
Giai
Tim céch gidi. Ta lan luot kiém tra véi x = +1;x =+2;x =44, ta thiy f(2)=0.
Pa thire f(x) c6 nghiém x =2, do d6 khi phén tich thanh nhén tir, ' (x) chtra nhén tir x—2.
Trinh bay loi giai
Taco: f(x)=x"—x*—4=(x" =24 )+(x* —2x)+(2x-4)
=x*(x=2)+x(x-2)+2(x-2)

=(x—2)(x2 +x+2)



Nhdn xét. Néu da thuc f (x)=a,x" +a, x"" +..+ax+a, conghiém nguyén 1a x = x, thi x, 1a mot udc
ciia hé s tu do a, khi phan tich f(x) ranhan tir thi f(x) c6 chira nhan tir x—x, . Vi vay déi v6i nhimg da
thire mot bién béc cao, ta nén nhim léy mot nghiém cia nod dé dinh hudng viéc phan tich thanh nhan ta.
2. Phuwong phap thém bét cuing mt hang tir
Vi du 3: Phan tich da thtrc sau thanh nhan tir: x* +324
Gidi
x*+324 =x* +36x> +324-36x°
= (x* +18)" —(6x)" =(x* +18—6x)(x* +186x)
Vi du 4: Phan tich da thtrc sau thanh nhan tir: x° +x* +1
Gidi
FHxtrl=x +x X0 -2 +1
=X (x2 +x+1)—(x—l)(x2 +x+1)
=(x2 —i—x+1)(x3 —x+1)
Nhdén xét. Véi ki thuat trén ching ta phan tich thanh nhan tir duge: x°*% +x"* +1
3. Phwong phap dbi bién
Mot s6 da thire c6 bac cao, nhd dat bién phu dua vé da thirc ¢6 bac thap hon dé thuan tién cho viéc phan tich
thanh nhan tr, sau khi phan tich thanh nhan tir di v6i da thitc méi, thay trd lai bién cii dé dugc da thie voi
bién cil.
Vi du 5: Phan tich da thire sau thanh nhén ti: f(x)=x(x+4)(x+6)(x+10)+128
Gidi
Taco: f(x)=(x"+10x)(x* +10x+24)+128
bat x> +10x+12 = y, da thirc trd thanh:
f(y):(y—12)(y+l2)+128=y2 —16=(y—4)(y+4)
Suyra: f(x)=(x"+10x+8)(x* +10x+16) = (x+2)(x+8)(x* +10x+8)
Vi du 6: Phan tich da thirc sau thanh nhan tu:
(x+l)(x+2)(x+3)(x+4)—15
Gidi
Tim céch gidi. Bai todn c6 dang (x+a)(x+b)(x+c)(x+d)+m véi a+d =b+c. Ta cé thé dit
y=(x+a)(x+d) hogc y=(x+b)(x+c) hofic y=x"+(a+d)x.Khidé ta phan tich véi da thirc bién y.

Trinh bay loi giai



Ta c6: (x+1)(x+4)(x+2)(x+3)-15=(x"+5x+4)(x" +5x+6)-15
Dit y=x>+5x+9.
Khi d6 da thire c6 dang: y(y+2)-15=)"+2y—-15=(y+5)(y-3)
Tir do suy ra: (x+1)(x+2)(x+3)(x+4)-15= (x2 +5x+9)(x2 +5x+1)
Vi du 7: Phan tich da thirc sau thanh nhan tu:
A=(3x+2)(3x=5)(x—1)(9x+10)+24x’
Gidi
Tim céch giai. Néu khai trién ngodc thi bai toan trd 1én kha phirc tap va co thé dan dén sai 1am. Quan sat ki
dé bai chung ta nhén thiy hé s6 cua bon ngodc ¢6 dic diém: 3.3=1.9 va 2.(-5)=(-1).10, do vay chung ta
nghi dén viéc nhom hai ngoac lai va dat bién phu nham dua vé bai toan don gian hon.
Trinh bay loi giai
Ta co:
A :(3x+2)(3x—5)(x—1)(9x+10)+24x2
=(9x" —9x—10)(9x” +x—10)+ 24’
Dit y =9x* —9x—10. Da thirc c¢6 dang:
A :y(y+10)c)+24x2
=" +10xy+24y° = y” +4xy +6xy+24)° =(y+4x)(y+6x)
Tir d6 suy ra: 4=(9x" —3x—10)(9x" —5x-10)
Nhin xét. Cach giai trén c6 thé dung cho cac da thirc ¢6 dang:
P(x) :(a,x+b,)(a2x+b2)(a3x+b3)(a4x+b4)+mx2
trong d6 a,a, = aa,;b, b, =b.b,
Vi du 8: Phan tich da thic sau thanh nhan tir: B =2x" +3x> —9x* —3x+2
Gidi
Tim cach giai. Nhitng bai toan c6 dang: ax* +bx’ +cx* + kax + k*b*> voi k=1 hodc k=—1.
Ta dat y=x* +k, roi bién doi biéu thic vé dang ax® + bxy + my”
Trinh bay loi giai
Pit y = x> —1= y* = x* —2x? +1. Bién d6i biéu thirc, ta cé:
B=2(x'—2x* +1)+3x’ =3x-5x> =2(x* ~1) +3x(x* ~1)-5x°
T d6, biéu thic ¢ dang:

B =2y +3xy—5x> =2y —2xy +5xy—5x° =(y—x)(2y+5x)



Tur d6 suy ra: B = (x2 —x—l)(2x2 +5x—2).
4. Phwong phap dong nhit hé s6
Vi du 9: Phén tich da thirc sau thanh nhan tir: f(x)=x"—6x’ +12x* —14x+3
Gidi
Tim cach gidi. Cac s6 +1;+3 khong phai 1a nghiém cua da thic f (x) nén f(x) khong c6 nghiém nguyén,
/(x) ciing khéng c6 nghiém hiru ty. Nhu vay néu f (x) phéan tich dugc thanh nhan tur thi phai c6 dang:
(x2 +ax+b)(x2 +cx+d), Vol a,b,c,d € 7.

Khai trién dang nay ra, ta dugc da thitc: x* +(a+c)x’ +(ac+b+d)x’ +(ad + bc)x+bd . Dong nhét da thirc

a+c=-6
) L ac+b+d =12
nay voi f(x) ta dugc hé dieu kién: .
ad +bc=-14
bd =3

Xét bd =3,vbi1 b,d eZ,be{il;i3} .

a+c=-6
V&i b=3 thi d =1, hé diéu kién tr& thanh: < ac =8
a+3c=-14
Tir d6 tim dugc: a=-2;¢=—4. Vay f(x)=(x"-2x+3)(x’ —4x+1) .
Trinh bay loi giai
f(x) =x"—6x" +12x" —14x+3

(x4 —4x° +xz)—(2x3 +8x7 —2x)+(3x2 —12x+3)

=27 (7 —4x+1) = 2x(x" —4x+1)+3(x" —4x+1)

=(x2 —4x+1)(x2 —2x+3)

5. Phwong phap xét gia tri riéng ciia cac bién

Vi du 10: Phan tich da thte sau thanh nhan ti: P=x*(y—z)+y’(z—x)+2z*(x—y)
Gidi

Nhén xét. Néu thay x boiythi P=0,nén P chia hét cho x—y.

Hon nita néu thay x boi y, y boi z, z boi x thi P khong thay doi (ta noi da thirc P ¢6 dang hoan vi vong

quanh). Do d6: P chia hét cho x — y thi P ciing chia hét cho y—z,z—x.
T d6: P=a(x—y)(y—z)(z—x); trong d6 a la hiang sb, khong chira bién vi P ¢6 bac 3 ddi voi tap hop cac

bién, con tich (x—y)(y—z)(z—x) ciing ¢ béc 3 dbi véi tap hop céc bién.



Taco: P=x*(y—z)+y* (z—x)+z°(x—y)=a(x—y)(y—z)(z—x) (*) ding v6i moi x,y,z€R nén ta
chon céc gia tri riéng cho x, y, z dé tim hang s6 a 1a xong.

Chu y. Cac gidtricuax, y, zta co thé chon tuy y, chi can chung do6i mdt khac nhau dé tranh P=0 1a duoc.
Ch'fmg han, chon x=2;y=1;z=0 thay vao déng thire (*),ta tim dugc a =—1

Vay: P=x (y—z)+y2 (z—)c)+z2 (x—y)z—(x—y)(y—z)(z—x)

=(x=y)(y-2)(x-2)

Vi du 11: Phan tich da thirc sau thanh nhan tu:

Q=a(b+c—a)2 +b(c+a—b)2 +c(a+b—c)2 +(a+b—c)(b+c—a)(c+a—b)

Gidi

Nhén xét. Vi a =0 thi 0 =0, cho nén a la mot nhan tir ciia Q. Do vai trd binh déng ctia a, b, cnén b va ¢

cling 1 nhén tir ciia Q, ma Q c6 bac 3 ddi vai tap hop cac bién nén Q = k.abc .

Chon a=b=c=1 dugc k=4.Vay Q=4abc.

C. Bai tap van dung

Phuwong phap tach mdt hang tir thanh nhiéu hang tir

5.1. Phan tich da thtrc sau thanh nhan tu:

a) 4x’ —4x-3; b) 2x* —5x-3; c) 3x* —=5x—-2;
Huéng dén giai — dap so

a) 4x° —4x-3=4x"-4x+1-4

=(2x—1)2 —4=(2x—1—2)(2x—1+2)=(2x—3)(2x+1)

b) 2x* —=5x-3=2x>+x—6x-3

:x(2x+l)—3(2x+l) :(2x+1)(x—3)

¢) 3x* =5x-2=3x"+x—-6x-2

=x(3x+1)—2(3x+1) :(3x+1)(x—2)

5.2. Phan tich da thtrc sau thanh nhan tu:

a) X’ +2x-3; b) X’ —7x+6; c) X’ +5x* +8x+4;
Hudéng din giai — dap sb

a) X’ +2x-3=x"—1+2x-2

(x—l)(x2 +x+1)+2(x—1)

(x—l)(x2+x+1+2)
=(x—1)(x2 +x+3)

b) X’ —7x+6=x"-1-Tx+7



x* +x+1)—7(x—1)

x* —2x+3x—6)

C) X’ +5x° +8x+4=x"+x"+4x" +4x+4x+4
:(x+1)(x2+4x+4):(x+1)(x+2)2
5.3. Phan tich da thtrc sau thanh nhan tu:
a) P:(xz—x+2)2+(x—2)2;
b) O =6x" +15x* +20x° +15x* +6x+1;
¢) C=x"-9x’ +28x* —36x+16;
Huéng din giai — dap sb
a) Ta co:
P:(xz—x+2)2+(x—2)2
=x'+xP +4-2x +4x" —dx+x" —4x+4
=x"—2x" +6x* —8x+8
=x"=2x +2x* +4x" —8x+8
=27 (¥ = 2x+2)+4(x" —2x+2) = (" - 2x+2)(x" +4)
b) Ta co: O =6x" +15x* +20x° +15x" +6x+1
= (6" +3x" )+ (12x" +6x° ) + (142 + 77 ) + (827 +4x ) + (2x +1)

2x+1 (3x4+6x3+7x2+4x+1)

(2x+1)
(2x+1)(3x4+3x3+3x2 +3x° +3x7 +3x+x° +x+1)
(2x+1)

2x+1)(x” +x+1) (3% +3x+1)

¢) C=(x"—5x"+4x")—(4x" = 20x +16x)+(4x* —20x+16)
=(x" —5x+4)(x* —4x+4)

=(x—1)(x—4)(x-2)

5.4. Phan tich da thtrc sau thanh nhan tu:

a) A=10x"—27x’y —110x*y* =27xy° +10y*;



b) B=x"—4x*+3x’ +3x* —4x+1

c) C:bc(a+d)(b—c)+ac(b+d)(c—a)+ab(c+d)(a—b)
Hwéng din giai — dap s6

a) A=10x"+20x"y* +10y* - 27xp(x* + y* ) -130x7*

= 10(x2 +y2)2 —27xy()c2 +yz)—130x2y2

= 10(x2 +y2)2 +25xy(x2 +y2)—52xy(x2 +y2)—130x2y2

= 5()62 +)/2)(2)c2 +2y° +5xy)—26xy(2x2 +2y° +5xy)

=(2x*+2y? —i—4)cy-|-2y2)(5x2 —xy—25xy+5y2)

(
(2x2 +xy+4xy+2y2)(5x2 —xy—25xy+5y2)
(

=(2x+y)(x+2y)(x=5y)(5x—y)

b) B=x"—4x*+3x’ +3x* —4x+1

=x" +x* =5x" —5x" +8x” +8x" —5x* —5x+x+1

=(x+1)(x" = 52" +8x* = 5x +1)

=(x+1)(x" =207 + 27 =327 + 637 = 3x+x” —2x+1)

= (x+1)( (" =2x+1)=3x(x* =2x+1) +(x* —2x+1))

=(x+1)(x=1)" (x* = 3x+1)

¢) C=bc(a+d)(b—c)+ac(b+d)(c—b+b—a)+ab(c+d)(a—b)

=bc(a+d)(b-c)—ac(b+d)(b—c)—ac(b+d)(a-b)+ab(c+d)(a—b)

—c¢(b—c)(ab+bd —ab—ad)—a(a—b)(hc+cd —bc—bd)

—c¢(b—c)(bd —ad)-a(a-b)(cd —bd)

=cd(b—c)(b—a)—ad(b—a)(b-c)

=d(b-c)(b-a)(c-a)

5.5. Phan tich da thuc sau thanh nhan tu:

a) 4x(x+y).(x+z).(x+y+z)+ 2", b) 3(x4+x2+1)—(x2+x+1)2.

) x* —2y* =X + X7+ )7 d) 2x* =y +3x%% —x’ +20%.
Huéng din gidi — dap sb

a) 4x(x2 +xy+xz+yz).(x+y+z)+y222



—ax[x (v y) oz (v pz) 40t

=4x* (x+y+z) +dayz(x+y+z)+ iz
=[2x(x+y+z)tyz] +(20° + 20y + 2az +yz)
b) 3(x* +22% 412 )= (x> +x+1)]

=3| (6 +1) =5 |- (5 wx1)

3(xz+x+l)(x2 —x+l)—(x2 +x+1)2

(o +x+1)[3%° =3x+3-x" —x—1]
:(x2 +x+1)(2x2 —4x+2):2(x2 +x+1)(x—1)2
o) x' =2y =)+ x4y =(x" = ') = (¥ + 27+ (7 +)7)
() 0 () ol )
= +)(x* =2y +1)
d) 2x* +4x7y* +2y* =X’y -0’ = x*)°
=2(x2+y2)2—xy(x2 +y7)-xy?
2 2

=2(x2 +yz)2 —2)cy()c2+)/2)—i-)cy(x2 +y2)—x y

2()62 +yz)(x2 +y° —xy)+xy(x2 +y° —xy)

z(x2+y2—xy)(2x2+2y2+xy)
5.6. Phan tich da thtrc sau thanh nhan tu:
a) M=3xyz+x(y2+22)+y(x2+22)+z(x2+y2)
b) x*y* +x*y* +1
) N=x’y+xy° +xX’z+xz2" +y’z+yz° + 2xyz

Huéng din giai — dap sb
a) M =3xyz+xy* +xz° + yx’ + yz° +zx* + z°
z(xyz+xy2+yzz)+(xyz+xzz+Zx2)+(xyz+yzz+zy2)
=xy(z+y+x)+xz(y+z+x)+yz(x+z+y)
:(x+y+z)(xy+xz+yz)

b) x*y* +x*y* +1



:( fyt +1)2 —x*y* :(x4y4 —x%y’ +1)(x4y4 +x7y’° +1)

(x4y4 —-x’y’? +1)[(x2y2 +1)2 —xzyz}

=( 4y4—x2y2+1)(x2y2—xy+1)(x2y2+xy+1)

9) N=(x2y+xy2)+(x22+x22 +xyz)+(y22+y22 +xyz)
=xy(x+y)+xz(x+z+y)+yz(y+z+x)
:xy(x+y)+z(x+y+z)(x+y)=(x+y)[xy+z(x+y+z)]
=(x+y)(xy+xz+yz+zz):(x+y)(y+z)(z+x)

5.7. Cho da thirc P(x)=2x"—7x"-2x" +13x+6

a) Phan tich P(x) thanh nhan t.
b) Ching minh rang P(x) chia hét cho 6 v4i moi sé nguyén x.
Hwéng din giai — dap s6

a) P(x)=2x"+2x"—9x° —=9x* +7x’ + Tx + 6x+6

=2x° (x+1)=9x* (x+1)+ 7x(x+1)+6(x+1)

= (x1).(x=2).(x=3).(2x+1)
b) Vi x 12 s6 nguyén thi x —3;x—2 14 hai s6 nguyén 1én tiép nén
(x-3)(x-2)12= P(x):2

Vi xi3=x-313= P(x)3

V6i xi3 du 1 thi 2x+1:3= P(x):3

V6i xi3 du2 thi x-2:3= P(x):3

V&i moi x 12 s6 nguyén

Vi UCLN (2:3=1) nén P(x):6

5.8. Phan tich da thtrc sau thanh nhan tur:

a) 2x° —5x> +8x-3

b) a(b—c)2 +b(c—a)2+c(a—b)2 —a’—b’ -’ +4abc



¢) (x* ~3x—1) ~12x> +36x+39;
d) a* +b* +c* —2a°b* —2b°c* - 2a°c”.
Huéng din giai — dap sb
a) 2x° —5x* +8x-3
=2x" —x* —4x + 2x+ 6x-3=(2x 1) (x* - 2x+3)
b) a(b—c)2 er(c—a)2 Jrc(a—b)2 —a’—b’ -’ +4abc
=ab’ —2abc +ac® +bc* —2abc +ba® +ca’ —2abc+ch’ —a’ —b’ — ¢’ +4abc

=ab*+ac* +bc* +a*b+d*c+b*c—a’ —b* - —2abc

=(-a’-a’b+a’c)+(2a°b+2ab’ —2abc) +(-ab® - b’ +b’c)+(ac® +bc’ - )
=—a’(a+b—c)+2ab(a+b—c)-b*(a+b—c)+c’(a+b—c)
:(a+b—c)(—a2 +2ab-b’ +c2)

~(a+b=c)| ¢ ~(a=b)" |=(a+b-c)(b+c—a)(c+a-b)

¢) (x* ~3x—1) ~12x> +36x+39

~(« —3x—1)2 ~12(x* =3x-1)+27

(¥ =3x-1-3)(x" =3x—-1-9) = (x* —3x—4)(x" - 3x-10)

(x+1)(x—4)(x+2)(x—5)

d) a* +2a’h* +b* +c* —=2b*c* —4a’h’

=(a® +0%) +& 262 (a* +07)—4a’t? =(a® +b* + ) —4a’D’
=(a*+b* —* +2ab)(a’ +b* —c* - 2ab)
= (a+b) = |[(a-b) -]
=(a+b+c)(a+b-c)(a-b+c)(a-b-c)

Phwong phap thém bot cung mot hang tw
5.9. Phan tich da thtrc sau thanh nhan tu:

a) a(b+c)(b2 —cz)—i-b(a—i-c)(c2 —l72)+c(a+17)(a2 —bz);
b) ab(a—b)+bc(b—c)+ca(c—a);

c) a(b2 —cz)—b(az—cz)wtc(a2 —bz);



d) a*(b—c)+b* (c—a)+c*(a—b).

Huéng din gidi — dap sb
a) a(b+c)(b’—c*)+b(a+c)(’ —b"+b* —a’)+c(a+b)(a’ -c*)
=a(b+c)(b*-c*)-b(a+c)(b’ -’ )-b(a+c)(a* b )+c(a+b)(a* -b7)
(5 =) a(b+c)-b(a+c)]-(a’ =b*)[b(a+c)-c(a+Db)]
(p* =c*)(ac—bc)—(a® —b*)(ab—ac)
=c(b+c)(b—c)(a-b)-a(a+b)(a—b)(b—c)

:(a—b)(b—c)[c(b+c)—a(a+b)]

(a—b)(b—c)(bc+c2 —-a’ —ab)

(a—b)(b—c)(bc—i—c2 —a’ —ab)

(a—b)(b—c)[(c—a)(c+a)+b(c—a)]
:(a—b)(b—c)(c—a)(a+b+c)

b) ab(a—b)+bc(b—a+a—c)+ca(c—a)

— ab(a—b)-bc(a-b)—bc(c—a)+ca(c—a)
—b(a-b)(a-c)-c(a—c)(b-a)
—b(a-b)(a-c)-a(a—c)(ab)
=(a-b)(a=c)(b-c)

c) a(b2 —cz)—b(b2 -’ +a’ —b2)+c(a2 —bz)

Il
{
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b’ — ) b(az—b2)+c(a2—b2)
=(p* - 02 a b (az—bz)(b—c)

(
=(b+c)(b—c)(a—b)—(a+b)(a—b)(b—c)

(

(

d) a3(b—c)+b3(c—b+b—a)+c3(a—b)
=a3(b—c)—b3 (b—c)—b3(a—b)+c3(a—b)

=(b—c)(a3 —b3)—(a—b)(b3 —03)



~b)(
(a2 +ab+b2—b2—bc—cz)
(

(a—c)(a+c)+b(a—c))

a) (a—b)3+(b—c)3+(c—a)3
b) (x+y+z) —x* -y -2
Huéng din giai — dap sb
a) (a— b) +(b—c) - (a—c)3
“(b—e) ~[(a=b)+(b=c)]
=(a=b)" +(b=c) ~(a=b) ~3(a=b)"(b-c)-3(a=b)(b=c) ~(b=c)
=-3(a-b)(b-c)(a—b+b—c)
=3(a=b)(b=c)(c-a)
b) (x+y)3+3(x+y)2z+3(x+y)zz+Z3—x3—y3—z3
=+ +3xy (x4 y)+3(x+p) z43(x+p) 2 —x -y
:3(x+y)(xy+xz+yz+22)
=3(x+y)(x+z)(y+2)
5.11. Phan tich da thtrc sau thanh nhan tu:
a) x +x>+1; b) x*+x+1; c) x* +x" +1; d) X’ +x+1;
Huéng din giai — dap sb
a) x7+x2+1=x7—x+x+1=x(x6—l)+(x2+x+l)
=x(x3+1)(x—l)(x2+x+l)+(x2+x+l)
= (& +x+ 1) [ x(x+ 1) (x=1)+1]
=(x2+x+1)(x5—x4+x2—x+l)
b) X +x+l=x"—x*+x+1
=2 (x°=1)+(x" +x+1)

=x’ (x3+1)(x—1)<x2 +x+1)+(x2 +x+1)



:(x2 +x+1)[x2 (x3+1)(x—1)+1}
=(x2 +x+1)(x6—x5 +x°—x° +1)

o) X*+x7 +1=x"+x" +x° —x° +1

(x2 +x+l)(x6 —(x3 +1 (x—l))

6
X

6
X

x’ Jr)cﬁtl)—(x3 +1)(x3 —l)
(

X +x+1)—(x3+1) x—l)(x2+x+1)

=(x2 +x+1)(x6 —x'+x —x+1)

d) x* +x+1

=x" —x’ +(x2 +x+1) =x’ (x—l)(x2 +x+1)—i—(x2 +x+1)
:(x3 -x° +1)(x2 +x+1)

Phwong phdp doi bién

5.12. Phan tich da thirc sau thanh nhan tu:

a) M =(4x+1)(12x-1)(3x+2)(x+1)—4;

b) N=(x+2)(x+3) (x+4)-12;
Huéng din giai — dap sb
Ta co:

M =(4x+1)(12x=1)(3x+2)(x+1)— 4

= (120" +11x+2) (122 +11x 1) - 4

Dit 12x” +11x—1= y, da thirc c¢6 dang:
M=(y+3)y—4=)"+3y—-4=y"—y+4y-4=(y-1)(y+4)
Tir d6 suy ra M =(12x" +11x—2)(12x" +11x+3)

b) Tacod N =(x+3) (x+2)(x+4)-12

= (" +6x+9)(x* +6x+8)-12

Dit x* +6x+8 =y, da thirc c6 dang:
N=(y+1)y-12=y"+y-12=3"-3y+4y-12=(y-3)(y+4)
Tir d6 suy ra N =(x* +6x+5)(x" +6x+12)

N=(x2+x+5x+9)(x2 +6x+12)



=(x+1)(x+5)(x* +6x+12)
5.13. Phan tich da thirc sau thanh nhan tu:
a) A=(48x"+8x—1)(3x" +5x+2)—4;
b) B=4(x"+11x+30)(4x” +22x+120)-23x’.

Hwéng din giai — dap sé
a) Ta co: A =(48x"+12x—4x—1)(3x" +3x+2x+2)—4
=(4x+1)(12x-1)(3x+2)(x+1)-4

4
e g < K

Dén day, giai gidng bai 5.12a

b) B=(4x" +44x+120)(4x* +22x+120)-23x°

bat 4x* +44x+120=y, suyra: B=(y+11x)(y—11x)-23x

B=y"—121x> —23x" = y* —144x’

:(y—12x)(y+12x)

Tir d6 suy ra B =(4x" +11x+120)(4x” +45x +120)

5.14. Phan tich da thirc sau thanh nhan ti:

a) M =(7-x) (5-x) -2; b) N=(x-3)"+(9x-1)" ~16;
c) P=x"-3x"—6x" +3x+1; d) O=x"—x"-10x" +2x +4.

Hwéng din giai — dap sé

a) bat y =6—x, khi d6 da thuc c6 dang:

M =(1+y) +(y-1) —2=2y" +12y° = M =2y ()" +6)
Tir do suy ra: M =2(6-x)" (x* ~12x+42)

b) Bt y = x—2, khi do da thirc c6 dang:
N=(y-1)" +(y+1)' =16 =2y* +12y* - 14
=2(y*+6)°=7)=2(y"+7)(»* -1)=2(»* +7)(y-1)(y+1)
Tir d6 suy ra: N =2(x* —4x+11)(x-3)(x-1)

¢)Pit y=x"—-1= y* =x* —2x* +1. Bién dbi biéu thuc, ta co:
P=(x" 22" +1)=3x +3x—4a® = (1) ~3x(x* ~1)-4x’
T d6, biéu thic ¢ dang:

P=y"-3xy—4x’ =y’ +xy —4dxy —4x’ :(y+x)(y—4x)



Tur d6 suy ra: P = (x2 +x—1)(x2 —4x—1)

d) Pat y =x* -2 = y* = x* —4x* + 4. Bién d6i biéu thuc, ta cé:
Q:(x4 — 4y’ +4)—x3 +2x—6x" :(x2 —2)2 —x(x2 —1)—6)c2
Tt d6, biéu thic ¢ dang:

0=y —xy—6x" =y +2xy—3xy - 6x> = (y+2x)(y—3x)

Tir 46 suy ra: Q =(x* +2x-2)(x* —3x-2)

5.15. Phan tich da thirc sau thanh nhan tu:

a) A=x(x+4)(x+6)(x+10)+128; b) (x—y) +(y—2) +(z-x)".

c) P=2x"-3x"-7x* +6x+8; d) (x+a)(x+2a)(x+3a)(x+4x)+a".
Hwéng din giai — dap sé

a) Ta co: A =(x"+10x)(x* +10x+24)+128

Dit y =x* +10x+12, da thirc c6 dang:

A=(y-12)(y+12)+128 = y* ~144 +128

=y —16=(y+4)(y—4)

Tir 46 suy ra: 4=(x"+10x+16)(x* +10x+8) = (x+2)(x+8)(x* +10x+8)

b) Dit x— y=a;y—z =b. Pa thitc ¢6 dang:

@’ +b° —(a+b) =d’ +b° —a’ ~5a'b~10a’b* ~10a*h* - 5ab* —b*

=—Sab(a’ +2a’b+2ab’ +b")

=—Sab(a’ +a’b+a’b+ab’ +ab’ +b’)

=—5ab(a+b)(a’ +ab+b")

Tt d6 suy ra

=5(x=2)(y=2)| (x=2) +(x=)(y=2)+(y=2) |

=5(x=y)(y=2)(z=x)(x* + 1 42 —xp—xz—yz)

¢) P=(2x"-8x* +8)—(3x* —6x)+x’

=2(x* —4x’ +4)-3x(x" —2)+x°

=2(x* 2} 3x(x* =2)+x°

bit x* —2 =a, da thirc c6 dang:



P=2a"-3ax+x* =2a’ - 2ax—ax+x* =(a—x)(2a-x)
Tir d6 suy ra

P=(x"—2-x)(2x" —4—x)=(x" +x-2x-2)(2x* - x—4)
=(x+1)(x-2)(2¢" —x—4)

d) (x+a)(x+4a)(x+3a)(x+2a)+a’

:(x2 +5a)c+4c12)()c2 +5a)c+6az)+a4

Dit x* +5ax+5a” = y da thire c¢6 dang
(y—az)(y+a2)+a4=y2—a4+a4=y2
Tur d6 suy ra: (x2 +5ax+5a’ )2
5.16. Phan tich da thuc sau thanh nhan tu:
a) M=(a+b+c)3—(a+b—c)3—(b+c—a)3—(c+a—b)3.
b) N=(a2+b2)3+(cz—a2)3—(b2+cz)3.
c) P=(x—2y+3z)3—x3+8y3—2723.
Hwéng din giai — dap sé
a)ybat a+b—-c=x;b+c—a=y,c+a-b=z

3 3
4

Pa thirc c6 dang: M=(x+y+z)3—x3_y
M:(x+y)3+3()c+y)2z+3(x+y)zz+z3—x3'—y3—z3

2

=x + 3 43y (x+y)+3(x+y) z+3(x+y) 2 —xP -y

:3(x+y)(xy+xz+yz+22):3(x+y)(x+z)(y+z)
= M =3.2c.2a.2b =24abc

b)Pit a> +b’ =x;¢° —a’ =y =>b>+cP =x+y

Pa thic co dang:

3

N=x'+y —(x+y) =x'+3’ —x' = 3* = 3xp(x+y) =3y (x+ )
= N=-3(a’+b")(’ —a’)(b* +¢?)

hay N =3(a’+b*)(a’ —c*)(b” +¢?)

¢) Pt x =a;-2y =b;3z = ¢. Pa thuc c6 dang:

P:(a+b+c)3 —a’-b -¢’ :3(a+b)(b+c)(c+a)



= P=3(x-2y)(3z-2y)(x+3z)
5.17. Phan tich da thirc sau thanh nhén tur:
a) A=2x"—xy+3x*y* —xp° +2)°.
b) B=(x—18)(x—7)(x+35)(x+90)-67x".
¢) C=(4x—2)(10x+4)(5x+7)(2x+1)+17.
Huéng din giai — dap sb
a) A=2x"+4x>y* + 2y —xp(x” +y*) - x*y’
=2(x2+y2)2—xy(x2+y2)—x2y2
Dit x>+ y* =a;xy =b da thire ¢6 dang:
A=2a"—ab-b* =2a” -2ab+ab—b* =(a—-b)(2a+b)
:>A:(x2+y2—xy)(2x2+2y2+xy)
b) B=(x—18)(x+35)(x—7)(x+90)—67x"
= (" ~17x-630)(x* ~83x—630) - 67’
bit x> —50x—630 = y . Da thtc c6 dang:
B=(y+33x)(y—33x)-67x
= 12 ~1089x% — 67x
=y’ —1156x" = (y—34)(y+34)
= B =(x" —50x—630—34x)(x* —50x— 630+ 34x)
B =(x" —84x—630)(x* ~16x-630)
¢) C=(4x—2)(5x+7)(10x+4)(2x+1)+17
=(20x” +18x~14)(20x" +18x+4)+17
Dit 20x”> +18x—5=y . Pa thirc c6 dang:
C=(y-9)(y+9)+17=1"-81+17=p* —64=(p-8)(y+8)
= B =(20x +18x—5-8)(20x +18x—5+8)
= B =(20x" +18x—13)(20x” +18x+3)

Phwong phdp dong nhit hé sé
5.18. Phan tich da thirc sau thanh nhan tu:

a) O=x"-8x" —x+12



b) R=x*+x"+x"+x+12
c) S=x*-8x+63
d) F=x>+2xy—8y" +2x+14y-3
Hwéng din giai — dap sé
a) O=x"-8x"—x+12
Céc sO +1;+3,+4;+6;+12 khong phai 1a nghiém cua da thic R nén R khong c6 nghiém nguyén, R ciing
khong c6 nghiém hitu ty. Nhu vay néu R phan tich dugc thanh nhan tir thi phai c6 dang:

(x2 +ax+b)(x2 +cx+d), Vo1 a,b,c,d € 7.
Khai trién dang nay ra, ta duge da thire: x* +(a+c)x’ +(ac+b+d)x* +(ad +bc)x +bd . Dong nhat da thire

ndy véi f(x) ta duge hé diu kién:

a+c=0 a=-1

ac+b+d=-8 b=-4
=

ad +bc =-1 c=1

bd =12 d=-3

Taco: Q= (x2 —x—4)(x2 +x—3)

b) Céc sé +1;43,+4;+6;+12 khong phai 12 nghiém cta da thic R nén R khong c6 nghiém nguyén, R ciing
khong c6 nghiém hitu ty. Nhu vay néu R phan tich dugc thanh nhan tir thi phai c¢6 dang:

(x2 +ax+b)(x2 +cx+d), voi a,b,c,d € 7.

Khai trién dang nay ra, ta duge da thire: x* +(a+c)x’ +(ac+b+d)x* +(ad +bc)x +bd . Dong nhat da thire
nay véi f(x) ta duge hé diéu kién:

a+c=1 a=-2
ac+b+d =1 b=3
=
ad+bc=1 c=3
bd =12 d=4

Vay: R=(x"—2x+3)(x" +3x+4)

¢) Cac sd +1;+3,+7;49;+21;+63 khong phai 12 nghiém cua da thic S nén S khong c6 nghiém nguyén, S
cling khong c6 nghiém hitu ty. Nhu vay néu S phan tich duoc thanh nhan tir thi phai c6 dang:

(x2 +ax+b)(x2 +cx+d), voi a,b,c,d € Z..

Khai trién dang nay ra, ta dugc da thire: x* +(a+c)x’ +(ac+b+d)x* +(ad +bc)x +bd . Dong nhat da thire

nay véi f(x) ta duge hé diéu kién:



a+c=0 a=-4

ac+b+d=0 b=17
=

ad +bc=-8 c=4

bd =63 d=9

Taco: §=(x" —4x+7)(x* +4x+9)

d) Taco: F=x>+2xy—8y* +2x+14y—3=(x+4y)(x—2y)+2x+14y-3
Gia sir:

F=(x+4y)(x-2y)+2x+14y-3=(x+4y+a)(x—2y+b) v6imoix, y
< a(x—2y)+b(x+4y)+ab=2x+14y—3 ding véi moi x, y

a+b=2
a=-1
S<4b-2a=14 <
b=3
ab=-3

F:(x+4y—1)(x—2y+3)

Phwong phap xét gia tri riéng ciia bién

5.19. Phan tich da thirc sau thanh nhan tu:

a) A=(x+y+z)5—xs—ys—z5

b) B :x(y—z)3 +y(z—x)3 +z(x—y)3
¢) C=(b+c)(a—b)(a—c)+(c+a)(b—c)(b—a)+(a+b)(c—a)(c—b)+8abc
Huéng din giai — dap sb
a) Sir dung phuong phap xét gia tri riéng, ta nhan duoc da thirc ¢6 nhan tr1a x+ y, y+z,z+x. Do vay khi
phan tich ta dinh hudng c6 nhan tur trén.
A:(x+y+z)5—x5—y5—25

5 5
—Zz

(x+y)5+5(x+y)4z+10(x+y)322+10(X+y)223+5(x+y)z4+25—25—y

(x+y)5 +5(x+y)4z+10(x+y)3 z° +10(x+y)2 z +5(x+y)z4—

(x+y)()c4 - X’y+x’y? —xy3+y4)

= (x+y)[(x+y)4 +5(x+ ) z+10(x+ y)’ 2 +10(x + y)z° +5z* = x* + X’y —x*y* + x° = »*]

(x+y)x* +4x°y +6x7y* +4xy° + »* +5(x+y)32+10(x+y)2 z* +
10(x+y)z3 +5z2 - x' + Xy —x"y  +x° — ']

:(x+y)[5x3y+5x2y2 +5xy° —|—5(x+y)3z—i—lO(x—i—y)2 z* +10(x+y)z3 +524}



=5(x+ )X y+ 2"y + 7 + X2+ 3%z + 30’2+ y 2+ 25727 + Ay’ +

2y°2° +2xz° +2yz° + 2]
= 5(x+y)[(x3y+x3z)+(x2y2 +x2yz)+(2x2yz+ 2x222)+(xy3z+xy22)+
(2xy22+ 2xyzz)+(2xyzz +2xz3)+(y3z+y222)+(y222 +yz3)+(yz3 +z4)
=5(x+y)(y+z)[x3 XY+ 2X° 24+ Xy + 2xyz + 2x2 + Yz + y2 +z3]
= 5(x+y)(y+z)[(x3 +xzz)+(xzz+2xzz +Z3)+(x2y+2xyz+yzz)+(xy2 +yzz)]
:5(x+y)(y+z)(x+z)(x2 +y'+2° +xy+yz+zx)

b) Nhdn xét. V61 x =y thi B=0, chonén x— y la mdt nhan tir cua B. Do vai tro binh d'fmg cua x, y, Z nén
y—z va z—x ciing 12 nhan tir ciia B, ma B ¢6 bac 4 dbi véi tap hop cac bién nén

B= k.(x—y)(y—z)(z—x)(x+y+z).

Chon x=0,y=1,z=2 dugc k=1.Vay B=(x—y)(y—z)(z—x)(x+y+z).

¢) Nhdan xét. Vo1 a=—-b thi ¢ =0, chonén a+5b 1a mot nhan tir ctia C. Do vai tro binh drfmg cua a, b, ¢ nén
b+c va c+a ciing la nhan tir cia C, ma C c6 bac 3 doi voi tap hop cac biénnén C=k(a+b)(b+c)(c+a)

Chon a=b=c=1duoc k=1.Vay C=(a+b)(b+c)(c+a).



Chuyén dé 6. SO CHINH PHUONG

A. Kién thirc cin nhé

1. Khai niém S6 chinh phuong 14 binh phwong ctia mét s tu nhién.

2. Tinh chat.

S6 chinh phuong chi c6 thé tan cung béng 0, 1,4,5, 6,9 khong thé tan cung bﬁng 2,3,7,8.

Khi phan tich ra thira s nguyén td, sé chinh phuong chi chira cac thira sb nguyén t6 voi mii chén, khong
chtra thira s6 nguyén t6 v6i s6 mii 16

Hé qua. S6 chinh phuong chia hét cho sb nguyén t P thi phai chia hét cho P?

Mot sb chinh phuong khi va chi khi sé u6c ciia no 1a sb 1é.

3. Mot s6 kién thirc khi sir dung

H¢ thap phan

99..9=10"-1=11..... 1=10 —1
a(10" =1)

ad..... aqa=—-

%/K_J 9

Céc hang dang thic.

Néu a =b.c ma a 12 s§ chinh phuong; (b; ¢) =1 thi b va ¢ déu 1a s6 chinh phuong.
B. Mot s6 vi du

Vidu1l: Cho A=11....1; B=11.....1; C =66..... 6;Véin1ésétunhiénldnhonl.
e e S e

2n 56 1 n+1s6 1 ns66
Chung minh rang A+ B+ C +8 1a s chinh phuong.
Giai
Tim céch giai. Dé ching minh 4+ B+ C +8 14 s6 chinh phuong, chiing ta can bién doi thanh binh phuong

mot s ty nhién. Suy luan rat ty nhién 1a dung hé thap phan, dé dwa ching vé lily thira ctia 10 bang cong thiic

10" -1 a(lO"—l) . 1a 3 2 , A 1 , n, K
11..... =——— va aa.....a =——= sau d6 dung hang dang thuc dua vé binh phuong cua mdt so tu
nhién.
Trinh bay loi giai
wm il 6(10" =1
Tacc')Azlo 1;leo l;C: ( )
9 9 9

Xét A+B+C+8=

101 10" -1 6.10"~6.1 10" +16.10" +64 _(10"+8 :
9 9 9 9 3



Ma 10" +8=100..08:3= A+ B+C +8 13 s chinh phuong.
—

nel
Vi du 2: Tim s6 ty nhién n dé n+18 va n—41 1a cc s6 chinh phuong.

(Thi hoc sinh gioi Toan 9, Quang Ngai, nam hoc 2012 - 2013)

Gidi

Tim cach giai. Pé tim s tu nhién n thoa man diéu kién trén, chung ta dé)ng nhét hai diéu kién dé béng cach
dat n+18=a’;n—41=b"(a;b € N;a > b). Sau d6 khir n bang phép trir vé cho vé, khi d6 ta s& tim duge s
tu nhién a, b bang con duong udc sd.
Trinh bay 101 giai
bat n+18=a’;n—41=b(a;b eN;a > b)

Suyra a’ —b’ =59 < (a—b)(a+b)=59=1.59

< n=_882.

a—-b=1 a=30
Do do =
a+b=59 b=29

Vi du 3: Chiing minh rang véi moi ne N thi n° +n+1 khong 1a s6 chinh phuong,

Gidi
Tim cach giai. Dé ching to mot sé khong phai 1a s6 chinh phuong, chung ta thudng o hai cach: hodc st
dung chir s6 tan cting hodc chimg minh sé d6 nam giira hai s6 chinh phuong lién tiép. Trong vi du nay ching
ta van dung cach hai.
Trinh bay loi giai
Véi moi neN ta co: n® <n’ +n+1<(n+1)2 ma n° va (n+l)2 1a hai s6 chinh phuong lién tiép. Vay
n” +n+1 khong phai sé chinh phwong,
Vi du 4: Chimg minh rang néu m.n e Z thoa min dang thicc: 3m* +m=4n*>+n thi m—n va 4m+4n+1
déu 1a s6 chinh phuong.

Gidi
Tim céch gidi. Néu m—n va 4m+4n+1 déu la s chinh phuong thi (m—n)(4m+4n+1) ciing 1a s6 chinh
phuong. Khi khai trién dang thirc nay cho chung ta bong dang cua gia thiét. Do vay véi suy nghi y chung ta
can:
- Tir gié thiét bién d6i (m—n)(4m+4n+1) thanh s6 chinh phuong.
- Chimg minh rang m—n va 4m+4n+1 1 hai s6 nguyén t cing nhau.
Trinh bay loi giai
Tu 3m* +m=4n"+n tacé m>n va

<::>4(m2—112)+n1—n=m2



< (m—n)(4m+4n+1)=m* (*)
bat (m—n;4m+4n+1)=d
= (m—n)id;(4m+4n+1)id va m'd
= {4m+4n+1+4(m—n)}id = (8m+1)id ma md
= 1:d hay d =1
Vay m—n va 4m+4n+1 nguyén t6 cung nhau, két hop voi (*¥) ta co: m—n va 4m+4n+1 déu 1a s6 chinh
phuong.
Vi du 5: Cho x, y 1a nhitng s6 nguyén 16n hon 1 sao cho 4x*y* —7x+7y 1a s chinh phuong. Chimg minh
ring x=y.
Gidi
N . e2e NTA \ 2.2 2.2 18 A 1. 2 2.2 2
Tim cach gidi. Néu x =y thi 4x’y* —=7x+7y =4x"y* 1a 50 chinh phuong. Do (2xy—1);4x’y*;(2xy +1)
13 ba s chinh phuong lién tiép nén dé co:
4x*y* —7Tx+7y=4x"y" ta chi can chimg minh (2xy —1)2 <4x’y? =Tx+7y<(2xy+ 1)2 1a du.
Trinh bay loi giai
Do x, y la cac s6 nguyén 16n hon 1 nén x;y >2
= A4xy+1<-Tx+7y<4xy+1
= 4x°y* —dxy+1<4x’y’ —Tx+Ty <4x’y* +4dxy +1
= (2xy—1)2 <4x’y* -Tx+Ty< (2xy+1)2
Suy ra 4x’y* —7x+7y 1a 56 chinh phuwong. Ta cé x;y>2 nén
1<2xy—1<2xy+1.Do d6: 4x*y* —Tx+7y :(2xy)2 Sx=y
Vi du 6: Gia str a 1a s6 nguyén duong va d 13 mot uwéce s6 nguyén duong cua 24°. Chimg minh rang: o’ +d
khong thé 1a sé chinh phuong.
Gidi
Gidast 2.a° =kd va a*>+d =b"> v6i a,b,k,d € 7" .

2
Tv a* +d =b* < a° +%:b2 & kb =a’* (K +2k)
& (kb) =a’ (k> +2k) < k> +2k 1asb chinh phuong.
Ma k? <k* +2k < (k+1)° = k> +2k khong thé 1a s6 chinh phuong

Vay a® +d khong thé 1a sb chinh phuong.



Vi du 7: Chimg minh riang véi x, y 12 hai s ty nhién thoa man x*+2y la sb chinh phuong thi x*+2y la
tong cta hai s6 chinh phuong
Gidi
Vi x,yeN nén x* +2y > x*>. Do x* +2y la sb chinh phuong ta cé:
x’ +2y=(x+z‘)2 voi teN
S2y=t+2x=>1t=2K,KeZ
<2y =4K"+4Kx
& y=2K"+2Kx
ox’+y=K+(x+ K)2 diéu phai chig minh.
, PO S NSRSV B (RN R T T S
Vi du 8: Cho x,y,ze N" nguyén td0 cung nhau va théa man —+—=—. Hé1 x+y c6 phai la s6 chinh
X y z
phuong khong?
Gidi
1 1

1
—t—=—(x+y)z=xy S xz+yz—zy=0
x y z

Hay xy—xz+z° —yz=2" & (x-z)(y-z)=2"
Néu (x-z);(y-z)=d#1=2*id* (voli) = (x—z;y—-z)=1
Hay x—z va y—z la cac s6 chinh phuong
=>x-z=K’
y—z=m> (vé6i K,meN') =22 =K*m> = z=Km
Vay x+y=x—z+y—z+2z
=K>+m’ +2Km
x+y:(K+m)2
Vay x+y la sd chinh phuong
C.Bai tap van dung
6.1. Ching minh rang s6 A =22499.....9100.....09 1 s6 chinh phuong (7> 2)
=255 9 750
Huéng din gidi — dap sb
Ta co:

A=22499....900....0+10"" +9
—

n-2 n+2

A=22499....9x10"* +10"" +9
%/_/

n-2



A= [225 00..... 0—1]><10"+2 +10""+9
—_——

n-2

A=(225.10"7 =1).10"2 +10"" +9

A=225.10" 10" +10"" +9

A=225.10""-90.10"+9

A= (15,10” —3)2 s6 chinh phuong

6.2. Cho sb nguyén duong n. Pat A = w, B= M

Ching minh ring A+ 2.B+4 14 s6 chinh phuong

Hwéng din giai — dap sé

, 10" -1
Taco: A=44....4=4.11..... 1=4.
2n 2n
10" -1

B=88....8=8..11....1=38.
— —

4(102" —1) 2.8(10” —1)
+

Xét A+2B+4= 5 +4
410" —4.16.10" ~16+36
B 9
4(10" 410" +4) [2(107+2)7T
4 )=[ ( )} =(66...68)’
? 3 —

Ta c6 diéu phai chirg minh.

6.3.Cho a=11....1; b=44....4 . Chirng minh rang a+b+1 1a s6 chinh phuong.
s e

Huéng din giai — dap sb

1071 4(10"-1)

Taco: a= b=
9 9
- 4(x-1
ST [T el WA Canl)
9 9
X —1+4x-4+9 (x+2Y
a+b+1= 9 — 3

Ma x+2=10...02:3= a+b+1 la sd chinh phuong.

6.4. Tim tat ca cac s ty nhién n sao cho n® —14n—256 1a sé chinh phuong.

Huéng din giai — dap sb



bit n* —14n-256 =k* véi ke N
=(n-7) =305=k*=(n—7) —k*=305= (n—k-7)(n+k—7)=305
:>n—k—7;n+k—7eU(305):{il;iS;i6l;iSOS}

Ma n—-k—-7<n+k—7 néntaco:

n—k-17 -305 —61 5 1

n+k—"7 -1 -5 61 305
Suy ra

n 40 160

k 28 152

Vay véi n e {40;160} thin® —14n—256 1a s chinh phuong.
6.5. Chtng minh rang khong ton tai s tw nhién n thoa man n® +2018 14 sé chinh phuong.
Hwéng din giai — dap sé
Gid sir tOn tai sb tw nhién n théa man dé bai. Pat n”> +2018 =m’ (neN) = (m—n)(m+n)=2018 (*)
Khi dé:
+Néu m va n khac tinh chin 1¢ thi (m—n)(m+n) 1é, mau thuin véi (*).
+ Néu m va n cung tinh chén 16 thi (m — n)(m + n) chia hét cho 4, mau thun véi (*).
Vay khong tdn tai sb tu nhién n thoa man n* +2018 1a sb chinh phuong.
6.6. Chung minh rang c6 thé biéu dién 1ap phuong ctia mot s6 nguyén duong bat ki dudi dang hiéu cua hai
s6 chinh phuong.
Huéng din giai — dap sb
Dit a 1a s6 nguyén duong bat ki.
Xét a chin. Dt a=2n (neZ")

Taco: @ =80 =n’[ (2n+1) - (2n-1) |

= (20 +n) —(20 =n)" (1)

Xétale. Dt a=2n+1 (nel)

Tacs: @’ =(2n+1) = (2n+1)’ [ (n+1) =’ |
=(2n* +3n+1) —(2n* +n) ()

Tir (1) va (2) suy ra diéu phai chirng minh.

6.7.Cho a, b, ¢, d 1a cac sb nguyén thoaman a <b<c<d vaa+d=b+c.

Chtrng minh rang a’ +b* +¢* +d* 1a tong cua ba sé chinh phuong.



Huéng din giai — dap sb

Via<b<c<d néntacothédit a=b—k vaa=c+h (vi hkeZ)

Khidé a+d=b+c=b-—k+c+h=b+c=>h=k

Vay a=b—-k vad=c+k

Do dé: a* +b* +c* +d’ =(b—k)2+b2+cz+(c+k)2

=2b% +2c” +2k* = 2bk + 2ck

=b>+2bc+c’ +b* +c + k> —2bc—2bk +2ck + k*

=(b+c) +(b—c—k) +k*

D6 1a tong ctia ba sd chinh phuong.

6.8. Cho ham s6 f'(x)=(x+2)(x+3)(x+4)(x+5)+1.

Chimg minh rang f (x) ludn co gia tri 1a s6 chinh phwong véi moi gia tri nguyén cia x.

(Thi hoc sinh gidi Todn 9, Lam Pong, nam hoc 2012 - 2013)

Huéng din giai — dap so

Ta co:

F(x)=(x+2)(x+5)(x+3)(x+4)+1

(2% +7x+10)(x* + 7x+12)+1

(x> +7x+10) +2(x* +7x+10)+1

= (¥ +7x+10+1) = (2% + 7x+11)

V6i x 14 s6 nguyén thi x* +7x+11 13 s6 nguyén.

Vay f(x) ludn c6 gia tri 1a s6 chinh phuong.

6.9. Ching minh rang:

a) V&i moi s6 tw nhién n>1 thi n® —n* + 25’ + 25 khong phai sé chinh phuong.

b) Céc s6 a va b déu 1a tong 2 s6 chinh phwong thi tich ab ciing 1a tong ctia 2 s6 chinh phuong.
(Thi hoc sinh gioi Toan lop 9, tinh Nghé An, nam hoc 2006 - 2007)
Hwéng din giai — dap s6

a) Gia sir A 1a s6 chinh phuong. Pt A4 = k? voi k 1a s6 nguyén.

Tacé: A=n' (n—l)(n+1)+2n2 (n+l)

:(n+1)n2(n3—n+2):(n+1)n2[n3+n2—2n2+2J

=(n+l)n2 [(n+l)(n2—2n+2)]=(n+l)2 n’ [(”_1)2 +1}



Suyra (n+ 1)2 n’ [(n —1)2 + 1} =k* nén (n —1)2 +1 1a sb chinh phuong.

Ma (n —1)2 +1<n’=(n —1)2 +1 khong phai s6 chinh phuong.
Viy A khong phai s6 chinh phuong.
b)Giastt a=m’ +n’;b=p°+q° (m,n,p,q € Z) , khi do:
ab :(m2 +112)(p2 +q2) =m’p*+m’q’ +n’p> +n’q’
=m’p’ —2mnpq+n°q’ +m’q’> +2mnpq +n’q’
ab = (mp + nq)2 + (mq — np)2 , ta c6 diéu phai chimg minh.
6.10. Tim s6 tw nhién n d& n+5 va n+30 1a cac s6 chinh phuong.
(Tuyén sinh I6p 10, Truong THPT Chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2015 - 2016)
Huéng din giai — dap sb
bit n+5=a*;n+30=5b> (v6i a,beN)=a<bh

= b -d’ :25<:>(b—a)(b+a)=25:1.25 vib—a<b+a

< n=139

< e . |b—a=1 a=12
Tur do6 ta co hé:

b+a=25 @ b=13
6.11. Cho hai s ty nhién a va b. Chtrng minh ring néu tich a.b 1a s6 chén thi luon luén tim duoc s nguyén ¢
sao cho a® +b° +¢* 1a s6 chinh phuong.
Hwéng din giai — dap sé
Ta ¢ a.b 1a sé chin, xdy ra hai truong hop.
- Truong hop 1. Néu hai s6 cing chan thi o +b°:4 .
bat o’ +b° =4k (keN).Khido, chon c=k-1.

Taco a* +b* +c* =4k +(k—1) = (k+1)’.
- Truong hop 2. Néumot s chin, mot s6 1¢ thi ta ddt @’ +b° =2k +1 (ke N).Khi do, chon c=k>.
Taco a® +b*+c* =(k+1).

Vay luon chon duge s6 ¢ sao cho a® +b*> +¢” 1a s6 chinh phuong.

6.12.

a) Tim s6 ty nhién sao cho x* +21 1a s6 chinh phuong.

b) Chitng minh rang néu m, n 1a 2 sb chinh phuong 1é lién tiép thi (m—1)(n—1) chia hét cho 192.
Hwéng din giai — dap sé

a) Bt x*+21=k" (keZ) = (k—x)(k+x)=21=k-x;k+xeU(21)



Ma U'(21)={+1;+3;£7; 421}
Ban doc tu gidi dugc x=2 va x=10.
b) Dat m=(2k+1) ;n=(2k+3) (keZ)

:>(m—1)(n—1)=[(2k+1)2 —1}[(21“3)2 —1} =16k (k+1)" (k+2) Taco 16 chia hét cho 16.

-Néuk & thi (k+1) chia hét cho 4.
- Néuk chén thi k(k+2) chia hét cho 4.
k.k + 1,k + 2 labasd lién tiép nén k(k + 1)(k + 2) chia hét cho 3.
16k (k+ 1) (k + 2):192. Ta c6 diéu phai chimg minh,
6.13. Tim x€Q d& x* +x+6 1a mot sd chinh phuong.

Huéng din giai — dap sb
*Voi x e {0; 1;—1} = khong thdéa man.

*Voi x ¢ {0; 1;—1} = . Trudc hét ta ching minh néu x* + x+6 1a mot s6 chinh phuong thi x € Z .

Giasu x =— voi m,neZ;n>0;(m,n):1
n

2 2
., m- m m +mn
Taco: x tx=—+—= >

n n n

eZ < m’ +mnn’

=m>+mn:n=m’n.Do (m;n)zl:nzl:er
Dt x* +x+6=k° (k€ Z) = 4x* +4x+24 = 41" & (2x+1) +23

2k+2x+1
<:>4k2—(2x+1)2:23c>(2k+2x+1)(2k—2x—1)=23:> !
2k-2x-1
U (23)={+1;+23}
Ban doc tu gidi dugc x=x—-6 va x=5
6.14. Tim s nguyén duong n dé tong n* +n* +n® +n+1 1a s6 chinh phuong.
Hwéng din giai — dap sé
bit n* +n’ +n> +n+1=k> (1) v6i k nguyén duong, ta co:

(1)@4;14 +4n° +4n* +4n+1= 4k

& (202 4n) 202+ (n+2) =(24)’ )



Cdch 1. Tix 2) = (2k) > (20 +n) = (2k)" 2(2n> +n+1)

Do k, n nguyén duong

= dn +4n’ +4n> +dn+4> (202 +n+1)

& (n+1)(n-3)<0=n<3=ne{l;2;3}

Thay vao (1) thir lai, ta duoc két qua duy nhit n =3 théa man diéu kién dé bai.

Cdch 2. Xéthigu A=(2n* +n+2) —(2k) =51>>0

:(2n2+n+2)2>(2k)2 3)

Tir (2) vi (3) suy ra: = (20° +n+2) > (2k)" > (20> +n)

= (2k) =(2n* +n+1) dok, n nguyén duong

& (n+1)(n-3)=0=n-3=0<n=3

Khido n* +n*+n* +n+1=121=11°

6.15.Néu a,beZ" théa man 2a° +a=3b>+b thi a—b va 2a+2b+1 1a nhitng s6 chinh phuong.
Huéng din giai — dap sb

Tw 24’ +a=3b"+b tacd a>b va

e2(a*-b)+a-b=b"

& (a-b)(2a+2b+1)=b> (¥)

Pt (a—b;2a+2b+1)=d = (a—b)id;(2a+2b+1)id va bid

={2a+2b+1-2(a—b)}id = (4b+1)id mi bid=1id hay d=1

Vay a—b va 2a+2b+1 nguyén t6 cing nhau, két hop véi (*) ta co:

a—b va 4a+4b+1 déu 1a sb chinh phuong.



Chuyén dé 7. CHIA PA THUC CHO PA THUC

A. Kién thirc cin nhé

1. Chia don thirc A cho don thirc B

Chia hé s6 cia A cho hé sb cua B;

Chia liiy thira ciia timg bién trong A cho lily thira ctia ciing bién d6 trong B;

Nhan cac két qua véi nhau.

2. Chia da thirc cho don thirc

(A+B):C=4:C+B:C

3. Chia da thirc A cho da thirc B

Cho A va B 14 hai da thirc tuy ¥ ciia cung mét bién ( B # 0) khi d6 ton tai duy nhat mét cip da thic Q va R
sao cho 4=B.0+ R, trong d6 R =0 hodc bac ciia R nho hon bac cua B.

Q goi la da thuc thuong va R goi 1a du trong phép chia A cho B.

Néu R =0 thi phép chia A cho B 1a phép chia hét.

4. Dinh ly Bézout.

Bézout 1a nha toan hoc Phap. Ong sinh nam 1730, mat nim 1783. Bézout quan tim dén viéc giai cac hé
phuong trinh tuyén tinh; nhdam muc dich 4y 6ng hé thong héa cic phép tinh vé dinh thirc. Ong ciing nghién
ctru vé phép khir, nghia 1a tim diéu kién di v6i cac hé s6 cua hai da thirc dé ching c6 mot nghiém chung.
Ong cho xuit ban Gido trinh Todn hoc duoc tai ban nhiéu lan & Phap cling nhu ¢ nudc ngoai. Trong d6 co
mot dinh 1y ndi tiéng mang tén éng:

Dinh ly. S6 du trong phép chia da thirc f(x) cho (x—a) ding bang f(a).

5. H¢ quad ciia dinh ly Bézout.

Néu a 1a nghiém ciia da thirc f(x) thi f(x) chia hét cho (x—a).

Ngudi ta cling chimg minh duoc ring: Néu da thic f (x) nhan n sé nguyén khac nhau a,;a,;....;a, lam
nghiém thi f(x) chia hétcho (x—a,).(x-a,)...(x-a,) .

6. Phwong phdp ngi suy Newton

Newton la nha Toan hoc, Vat 1y hoc nguoi Anh. C)ng sinh ndm 1642, mit nam 1727. Trong Toan hoc 6ng la
nha sang 1ap va phat minh ra phép tinh vi phan va tich phan. Ngoai ra 6ng c6 rat nhidu cong trinh vé Toan
hoc. Song ngudi doi sau khi nhic dén Newton, thuong ca ngoi nhiing phat minh cua 6ng vé vat 1y hoc. Sau
day 1a phuong phap nodi suy, mot trong nhitng phat hién vé toan cta ong:

Dé tim da thire P(x) bac khong qué n khi biét gid tri tai (n+1) diém: C;;C,;...;C,,, ta c6 thé bicu dién

P(x) duéi dang:

P(x)=by+b(x—C)+b,(x—C))(x=C,)+ce.4#b, (x=C) (x = C,)....(x = C,).



Br:ing cach thay thé x 1an luot bﬁng cac giatri C;C,;....;C,,, vao biéu thire P(x) ta lan luot tinh dugc cac hé

sO by;by;....;b,

7. Lwoc do Horner.

Horner 12 nha toan hoc Anh. Ong sinh nam 1787, mat nim 1837. Ong khéng c6 nhiéu cong trinh nhung ndi

tiéng vi mot phuong phap tinh gan dung mot s6 phwong trinh va bay gid ldy tén 6ng dat cho phuwong phép

ay. Thuc ra thudt toan di dwgc ngudi Trung Hoa biét dén tir trude, nhung Horner dd phat minh ra né mot

cach doc lap. Sau day la lugc dd Horner:

Dé tim thuong va du trong phép chia f(x)=a,x" +ax"" +..+a, x™ (a,#0) cho g(x)=x—a.Talap

bang:

f a, a, a,

x=a b, =a, b =ab, +a, b, =ab, ,+a,

b, =ab,  +a,

Véi f(x)=(x—a)q(x)+ f(x);f(x)=b,=ab,  +a,

n—=2

q(x)=bx"" +bx" +..+b, ,x+b,_,
B. Mt s6 vi du
Vi du 1: Thyuc hi¢n phép chia 4: B trong cac trudong hop sau:

a) A=12x"y"; B=-3x"y.

10 1
b) A=——x%y"z%; B==xyz.
) 37 g%

1 n n+ n— n
c) A:(—Exy 2):(3x y ) (neN,nZ2).

Gidi
a) A:B=12x"y" :(—3x2y) =—4x)’;
b) 4:B= [—Qx(’yszzj : (lxzyz] =-30x"y"z;
3 9
c) A:B= —lx"y"+2 :(3x”_2y")=lx2y2.
2 6
Vi du 2: Chimg minh ring:
a) X*+xt+1ix" +x+1 b) ¥ +x* +1ix* +x+1
Gidi

Tim céch gidi. Khi ching minh da thire f(x)ig(x) ta cé thé:

- Cdch 1. Phan tich da thie f(x) thanh nhén tir c6 chira nhan tir g(x).

- Cdch 2. Bién di da thire £ (x) thanh tong cac da thirc chia hét cho da thirc g(x).




Trinh bay loi giai

a) Cach 1. Ta co:

X xt =Xt 2xt -t =(x4 +xz)2 —x*
4

x4+1—x2) X +1+x2)

(
()c4+2x2 +l—x2)
[

z(x4 —x>+1 (x2 +1—x)(x2 +1+x)§(x2 +x+1)

=x+xt+ 17 +x+1

Cach 2.

Hxtrl=x -+ xt —x P x+l

=x’ (x6 —1)+x(x3 —1)+(x2 +x+1)

=’ (x3 +1)(x—1)(x2 +x+l)+x(x2 —1)(x2 +x+l)+()c2 +x+l)3x2 +x+1

b) X +x*+1=x"+x"+x —x +1 :)c3(x2 +x+l)—(x—1)(x2 +x+l)

:(x2 +)c+1)(x3 —x+1)§(x2 +x+1) :

Vi du 3: Tim céc sd thuc a, b, sao cho da thirc 4x* —11x° —2ax? +5bx—6 chia hét cho da thirc x* —2x—3.
(Thi hoc sinh gioi l6p 9, TP Ha Ngi, nam hoc 2012 - 2013)

Giai

Tim c4ch gidi. Khi tim hé s6 a, b sao cho da thire f(x) chia hét cho da thirc g(x), chung ta c6 hai huéng

suy nghi:

Dit phép chia f(x) cho g(x) dén khi dugc phan du ¢6 bac nhé hon béc cua da thirc g(x). DE phép chia

hét ta dong nhat phan du d6 véi da thic 0.

Con néu da thitc g(x) phan tich duge thanh nhén tir v6i cdc nhan tir bic nhat, ta viét f(x) thanh tich cac

nhan tir 46 nhan véi da thirc thuong. Roi ding dong nhit thic sao cho vé phai bang 0.

Trinh bay loi giai

Cach 1. Thuc hién phép chia ta duoc:

4x* —11x’ —2ax* +5bx -6 x*—2x-3

4x* —-8x° —12x7 4x* =3x+(6-a)

—3x° —(2a—12)x2 +5bx -6

+9x




(6—2cz)x2 +(5b—9)x -6

(6—2cz)x2 —(12—4a)x —(18—6a)

(5b—4a+3)x+(12—6a)

P 7 .. |5b—4a+3=0 a=2
bé phép chia hét thi

12-6a=0 < b=1
Céch 2. Taco: x* —2x—3=x"—2x+1-4=(x—1) —4

=(x—-1-1)(x=1+2) = (x=3)(x+1)
bat thuong 1a ¢(x) ta co: 4x* —11x° —2ax” +5bx—6=(x—3)(x+1)g(x)
Chon x=3 tacé: 43" -11.3’ -2a.3° +553-6=0
= 15b—18a=-21=>5h—6a=—7 (1)
Chon x=-1 taco: 4.(-1)' —11.(=1)’ =2a.(-1)" +55.(-1)-6=0
= 5h+2a=9 (2)
Tau(l)va(2)suyra: 8a=16=>a=2
Thay vao (2) = 5bh+4=9=h=1.
Vi du 4: Tim da thie £ (x) biét:
7 (x) chia cho x+3 du 1 ;
f(x) chiacho x—4 du 8;
f(x) chia cho (x+3)(x—4) thi dugc 3x va con du.

Giai

Tim céch gidi. Ta c6 (x+3)(x—4) la tam thie bac hai, do d6 phan du khi chia f(x) chia cho
(x+3)(x—4) c6 dang tong quét 1a ax+b. Tlr d6 suy ra dugc: f(x)=(x+3)(x—4)3x+ax+b. Mit khéc ta
6 f(-3)=11(4)=8.Do vy détim f(x) ching ta can x4c dinh a. b bang cach chon x =-3;x=4 d¢
d6ng nhét hai vé.
Trinh bay loi giai
Theo dinh Iy Bézout tacé f(3)=1, f(4)=8
batdu f(x) chiacho (x+3)(x—4) 1a ax+b
Suyra f(x)=(x+3)(x—4)+ax+b.
V6i x=-3 tacé: =(-3+3)(-3-4)3(-3)+a(-3)+b=b-3a=1 (1)

Vi x=4 taco: 8=(4+3)(4-4)(3.4)+ad+b=b+4a=8 (2)



Tu (1)va(2)suyra: 7a=7= a =1 thay vao (2) ta dugc b=4.

Tur do ta dugc: f(x)=(x+3)(x—4)3x+x+4

Hay f(x)=3x"-3x’-35x+4

Vi du 5: Tim mot da thirc bac ba, biét P(x) chia cho (x—1), (x—2), (x—3) déu dugc du 6 va P(-1)=-18.
Gidai

Tim céch gidi. Tir dé bai theo dinh 1i Bézout ta c6 P(1)=6,P(2)=6,P(3)=6,P(-1)=-18. Nhu vy da

thire P(x) bac ba ma biét gid tri tai bon diém 1; 2; 3; - 1 nén ta c6 thé str dung phwong phap ndi suy Newton.

Trinh bay loi giai

Theo dinh 1y Bézout ta co: P(1)=P(2),P(3)=6.

Do d6 tadat P(x)=d +c(x—1)+b(x—1)(x-2)+a(x—-1)(x-2)(x-3)

Cho x=1 tadugc P(1)=d,suyra d=6

P(x)=6+c(x—1)+b(x—1)(x—2)+a(x—-1)(x—2)(x-3)

Cho x=2 tadugc P(2)=6+c,suyra c=0

P(x)=6+0(x—-1)+b(x-1)(x-2)+a(x—1)(x-2)(x-3)

Cho x=3 taduoc P(3)=6+2b,suyra b=0

P(x)=6+0(x—-1)+0(x-1)(x-2)+a(x—1)(x-2)(x-3)

Do d6 P(x)=6+a(x—1)(x-2)(x-3).

Cho x=-1 tadugc P(—1)=6-24a,dod6o —-18=6-24a suyra a=1.

Vay P(x)=6+1.(x—1)(x=2)(x-3)

Rut gon ta duge: P(x)=x"—6x" +11x.

Vi dy 6: Chimg minh ring da thire f(x)= (x—3)200 + (x—Z)100 —1 chia hét cho da thirc g(x)=x"-5x+6
Giai

Tim cach giai. Da thie g(x) bac n c6 n nghiém phén biét. Néu moi nghiém cua da thirc g (x) ciing la

nghiém ctia da thire f(x) thi da thitc f'(x) chia hét cho da thitc g(x). Nhan thay trong bai g(x) c6 hai

nghiém 1& x =2;x =3, nén ching ta chi can kiém tra xem x=2;x =3 ¢6 la nghiém cua f(x) khong?

Trinh bay loi giai

200

Taco: £(2)=(2-3)" +(2-2)" =1 nén f(x)i(x~2)

100

£(3)=(3-3)" +(3-2)" ~1 nén f(x)i(x-3)



Nén f(x) chiahétcho (x—2)(x-3)=x>-5x+6
Vidu 7: Cho f(x) =2x" —70x" +4x” —x+1
Tim thuong va du cua phép chia f(x) cho x—6
Gidi
Tim cach giai. Ngoai cach chia thong thudng, vi da thic chia ¢6 dang x—a nén ta c6 thé dung lugce do
Homer.
Trinh bay loi giai

Ta c6 so d6 Horner

f 2 0 ~70 4 1 1

a=6 2 12 2 16 95 571

Suyra f(x)=(x—6)g(x)+f(6)=(x-6)(2x* +12x" +2x* +16x+95)+571
Vay thuong 13 g (x)=2x"+12x" +2x* +16x+95 vadu la r = f(6) =571

Vi du 8: Tim céc gia tri nguyén ciia x dé gia tri cia da thirc 4 = x* +2x> +15 chia hét cho gia tri ctia da thirc

B=x+3.

Gidi
bat phép chia ta co:
¥ +2x 415 x+3
¥ 43x xP—x-3
—x’ +15
-x° =3x
3x +15
3x +9
6

Mubn cho gia tri ciia A chia hét cho gia tri ctia B thi ta phai c6 x+3x+3 € U'(6) = {+1' +2;43; +6} .

— by =Ly =y —

x+3 1 -1 2 -2 3 -3 6 -6

X -2 —4 -1 -5 0 -6 3 -9

Vay voi x e {—2;—4; -1;-5;0; —6;3;—9} thi gid tri cua biéu thuc A chia hét cho gia tri cua biéu thuc B.
Vi du 9: Tinh gié tri biéu thirc P =28x° —2x* —2013x° +14606x —3447 khi x* -3x+1=0
Gidi
Tim cach gidi. V&i x* —3x+1=0 thi tim x, ta duoc x khong phai 1a s6 nguyén, nén thay vao biéu thic P dé

tinh s& gap nhiéu kho khin va co thé dan dén sai 1am. Do vy chung ta sir dung P chia cho x> —3x+1 dugc




Q(x) va phan du R(x) khi do, ta viét: P(x)= (x2 —3x+ 1).Q(x) +R(x) . Sau d6 thay x* —3x+1=0 vao bicu

thire, ta tinh dugc P(x) don gian hon.

Trinh bay loi giai

Ta co:

28x° —2x* —1013x° +14606x  —3447 ~x2—3x+1

28x° —84x" +28x° \ 28x° +82x* —1795x — 5467

82x* —2041x°

82x* —246x° +82x°

—1795x° —82x” +14606x

—1795x> +5385x* —1795x

—5467x* +16401x —3347

—5467x* +16401x — 5467
2020

Tirdé taco P=(x"—3x+1)(28x° +82x" —1795x—5467)+2020 ma x* —3x+1=0= P=2020

C. Bai tap van dung

7.1. Xac dinh a, b sao cho 2x’ +ax—b chia cho x+1 thi du —6, chia cho x—2 du 21.
Huéng din giai — dap sb

Theo dinh Iy Bézout ta co: f(—1)=-6; /(2)=21

=2(-1) +a(-1)-b=-6=a+b=4 (1)

=22 +a2-b=21=2a-b=5 (2)

Tr(l)va(2)suyra 3a=9=a=3;b=1

7.2. Tim mot da thirc bac ba, biét P(x) chia cho x,(x—1),(x—2),(x—3) duoc du lan luot 1a 10; 12; 4; 1.
Hwéng din giai — dap sé

Theo dinh ly Bézout ta co6:

P(0)=10;P(1)=12;P(2)=4,P(3) =1

Dung phuong phép ndi suy Newton.

Ta dat: P(x) =d +cx+bx(x—1)+ax(x—l)(x—2)

Cho x=0 tadugc P(0)=d ,suyra d=10.

P(x):10+cx+bx(x—1)+ax(x—l)(x—2)



Cho x=1 tadugc P(1)=10+c,suyra c=2.
P(x)=10+2x+bx(x—1)+ax(x—1)(x-2)
Cho x=2 tadugc P(2)=10+4+2b,suyra b=-5.

P(x):10+2x—5x(x—1)+ax(x—l)(x—2)

Cho x=3 taduoc P(3)=10+6-30+6a,suyra —14+6a=1:>a=§.

Vay P(x):10+2x—5x(x—1)+§x(x—1)(x—2)

2
Rut gon ta duge: P(x) :§x3 —75x2 +12x+10

73.Diat x’ —z=a;y* —zx=b,z" —xy=c.
Chung minh rang: ax+by+czia+b+c
Hwéng din giai — dap sé
Xeét ax+by+cz=(x2—yz)x+(y2—zx)y+(zz—xy)z
=X —Xyz+Y —Xyz+2z —XxyZ

=x +3x°y+3xy° +y° =3x’y-3xy° —3xyz

(x+y)3 +2° =3xy(x+y+z)

(v y+2)| (x4 ) (x4 p)z 42 |-3n2

=(x+y+z)(¥ +)’ +2' —xy—xz-yz)

=(x+y+z)(a+b+c)

Suy ra ax+by +cz chia hétcho a+b+c

7.4. Tim s6 du ctia phép chia biéu thire (x+1)(x+3)(x+5)(x+7)+2020 cho da thirc x* +8x+12
Huéng din giai — dap sb

Cdch 1. Taco: f(x)=(x+1)(x+3)(x+5)(x+7)+2020

= (" +8x+7)(x* +8x+15)+2020

bat x* +8x+12=y= f(y)=(y-5)(y+3)+2020

f(¥)=»"=2y+2005= f(»):y du2005

= f(x) chiacho x* +8x+12 du 2005

Cach 2. g(x) =x" +8x+12



Taco: g(x)=x"+8x+12=(x+2)(x+6)

Goi da thirc thuong 1 ¢(x) da thitc du 13 ax+b, thi:
f(x)=g(x)g(x)+ax+b

Xét x=x-2,tacé: f(-2)=0-2a+b=—2a+b=2005 (1)
Xét x=-6,tacod: f(—6)=0-6a+b=>—6a+b=2005 (2)

a=0

Tu (1) va (2
u:()va()suyra{bzzoos

Vay da thirc du 1a 2005.

7.5. Cho x, y, z d6i mot khac nhau. Chtrng minh ring:

A=3x"(z-y)+3y" (x-z)+32" (y-x) chia hét cho B=(x-y) +(y-z) +(z-x)" voi n la sé nguyén

16n hon 1.
Hwéng din giai — dap s6

Tacé B=3(x-y)(y-z)(z-x)

Xét x=y=>A=0= Ai(x—y)

Xét y=z=>A=0=A}(y-z)

Xét x=z=A=0= Ai(z—x)= 4i(x—y)(y-z)(z—x) ma 43

= A:3(x—y)(y—z)(z—x) hay 4:B.

7.6. Tim c4c sO nguyén a va b dé da thire A(x)=x*—3x’ +ax+b chia hét cho da thirc B(x)=x"-3x+4
Huéng din giai — dap sb

bat phép chia, ta co:

xt-3x° +ax +b x> —=3x+4
x* =3x7 +4x° ¥ —4
—4x* +ax +b
—4x* +12x -16

(a—12)x+(b+l6)

, . a-12=0 a=12
bé A(x):B(x)@{ {:}{
b+16 b=-16

7.7. Timavabdé f(x)=x*—ax’+b chia hétcho x*+3x+2
Hwéng din giai — dap s6

Taco: x*+3x+2=(x+1)(x+2)



bat thuong 13 ¢(x), taco: x* —ax® +b=(x+1)(x+2)¢(x)
-Chon x=-1 taco:
(1) —a(=1) +b=(-1+1)(-1+2)g(-1) = a+b=—1 (1)
- Chon x=-2 taco:
(-2)" —a(=2) +b=(-2+1)(-2+2)g(-2) = b—4a=-16 (2)
Tr(l)va(2)suyra: 3a=15=a=5=>b=4
7.8. Cho da thitc P(x)=ax’+bx+c. Biét P(x) chia cho x+1 du 3, P(x) chia cho x du 1 va P(x) chia cho
x—1du5. Timcaché sd a, b, c.
(Tuyén sinh I6p 10, Triong THPT Chuyén, tinh Nam inh, nam hoc 2015 - 2016)

Huéng din giai — dap sb
Cdch 1. P(x) chia cho x thi du 1 = ¢ =1=> P(x)=ax’ + bx +1
Theo dinh Iy Bézout: P(—1)=3;P(1)=5
=a(-1) +b(-1)+1=3=a-b=2 (1)
=al’+bl+1=5=a+b=4 (2)
Tr(l)va(2)tacd a=3;b=1
Két luan vy a=3;b=1;c =1
Cdch 2. Viét da thire P(x) dudi dang: P(x)=a(x+1)x+mx+n
Chon x=0, tadugec P(0)=n=n=1
Do do P(x)za(x+l)x+mx+1
Chon x=-1, tadugc P(-1)=-m+1=>-m+1=3=>m=-2
Do dé P(x)=a(x+1)x—2x+1
Chon x =1, ta duoc P(1)=2a—1:2a—1=5:>a:3
Két luan vay a=3;b=1;c=1
7.9.Cho x* —4x+1=0.
Tinh gia tri biéu thirc B = x° —3x* —3x” + 6x? —20x + 2025

Hwéng din giai — dap s6

X =3x" =3x° +6x° —20x + 2025 X’ —4x+1

X —4xt+x* X +x*+5

x'—4x + 6x?

xt =4 + x*



x? =20x+2025

x> =20x+5
2020

Tird6 tacd B =(x*—4x+1)(x" +x* +5)+2020
V6i gia thiét x* —4x+1=0 suyra B=2020
7.10. Cho da thie P(x)=ax’+bx+c.
Tim a, b, ¢ biét rang P(0)=26;P(1)=3;P(2)=2020
Hwéng din giai — dap s6
Vi P(O)=26:>c=26 suyra P=ax’ +bx+26
Taco: P(1)=3=>a+b+26=3=a+b=-23 (1)
Ta c6: P(2)=2020=> 4a+2b+26=2020 = 4a+2b=1994

=2a+b=997 (2)
Tu (1) va (2) suyra: a=1020;b =-1043
Vay a=1020;b =-1043;c =26.
7.11. Tim phan du trong phép chia sau:

1945

)
x)=100x" —99x” +98x™ +...+-2x* —x+1 chia cho g(x)=x+1;
)=x"+x"+x""* =3 chia cho x* +x+1

Hwéng din giai — dap s6
a) Theo dinh 1y Bézout, f(x):g(x) c6 phandula f(1)
=r=f(1)=1"+1"+1"+_.+1+1=101
b) Pat f(x) chia cho g(x) dugc thuongla g(x) va phan du la ax+b. Ta co:
f(x)=g(x)-q(x)+ax+b=(x-1)(x+1)g(x)+ax+b
Chon x =1 taduge f(1)=(1-1)(1+1)g(1)+a.1+b=101=a+b (1)
Chon x =—1 taduge f(-1)=(-1-1)(-1+1)g(-1)+a(-1)+b=1=-a+b (2)
Tir (1) va (2) ta duge b=51 va a=50
Vay phan du khi chia f(x) chia cho g(x) 1a 50x+51



¢) Theo dinh 1y Bézout f(x) chia cho g(x) c6 phan du 13 f(—l) suy ra:

r=f(~1)=100(~1)" ~99(~1)1” +98(~1)" +..+2(~1) ~(~1)+1
=100+99+98+...+2+1+1=5051

d) tacod f(x)=x2+x+1+x9—1+x1945—x—3

ma x” +x+1 chia hét cho x* +x+1.

x° —1 chia hét cho x* —1 va x* —1 chia hét cho x* +x+1.

— x° —1 chia hét cho x*> +x+1.

648 . .
X' —xzx(x1944 —l)zx[(f) —1})(3—1:>x1945 —xixt+x+1

Do d6 f(x) chia cho x* +x+1 c6 phan du 1a -3,

7.12.

a) Xac dinh hé sb a, b dé f(x) = x> +2x” +ax+b chia hét cho g(x) =x’+x+1.

b) Tim da thuc du trong phép chia P(x) =x'"+x" +x" +x* + x+2020 cho da thirc Q(x) =x"+1.
Huéng din giai — dap sb

a) Thuc hién phép chia ta c6:

X +2x°  +ax  +b x*+x+1

X +x? +Xx x+1

x° +(a—1)x +b
x° +x +1

(a—2)x+(b-1)

, L a-2=0 a=2
beé f(x) chia hét cho g(x) thi { {

b-1=0 i b=1

b) Ta co P(x):x”’l—x-i-x”—x+x13—x+x5—x+5x+2020
Taco X' —x=x(x'"-1)ix* =1 ma x* ~1ix’ +1 nén x'*' —1ix" +1
x37—x:x(x36—1)5x4—1 ma x* —1:x> +1 nén x*" —1:x> +1

x —x=x(x'~1)ix* =1 ma x* —1ix" +1 nén x*—1ix’ +1

161 37 13 5 e .2
Suyra x7 —x+x" —x+x —x+x —x:x +1

Suy ra P(x) chia cho x* +1 du 5x +2020.



7.13. Tim phan du cia da thire f(x) chia cho da thirc g(x)=x"—2x-3 biét rang f(x) chia cho (x+1)
va (x—3) c6 6 dulanluotla —45 va —165.
Huéng din giai — dap sb
bat da thtrc thuong 1a q(x) vaphan du 13 ax+b. Suyra
f(x):g(x).q(x)+ax+b:>f(x):(x—l)(x—3)q(x)+ax+b
Theo dinh Iy Bézout ta c6: f(—1)=45; f(3)=-165
Taco: f(-1)=(-1-1)(-1-3)g(~1)+a(-1)+b=—a+b=>—a+b=—45 (1)
Taco: f(3)=(3+1)(3-3)q(3)+a3+b=3a+b=>3a+b=-165 (2)
Tur (1) va (2) suy ra 4a =—120 = a =-30
Thay vao (2) ta c6: 3(30)+b=-165=b=-75
Vay phén du f(x): g(x) 1a —=30x-75.
7.14. Tim cac gia tri nguyén ciia x dé gia tri ciia da thic C = x* —3x? —=3x—1 chia hét cho gia tri cua da thirc
D=x>+x+1
Huéng din giai — dap sb
bat phép chia ta co:

x=3x*=3x -1 X +x+1

X o+xt+x x—4

—4x* —4x-1
—4x* —4x—4
3

Mubn cho gié tri ciia C chia hét cho gia tri cia D thi ta phai c6 x> +x+1e U(3) = {il; i3}

X +x+1 1 ! 3 -3

X 0;-1 %) ;-2 %)

Vay véi x €{0;-1;1;—2} thi gid tri cta biéu thire C chia hét cho gid tri bieu thirc D.

7.15. Xéc dinh a, b sao cho f(x)=6x*—7x" +ax’ +3x+2 chia hét cho g(x)=x"—x+b.
Huéng din giai — dap sb

bat phép chia ta co:

6x' —7x° +ax’ +3x +2 x> —x+b

6x' —6x° + 6bx? x2—x+(a—6b—1)




—x Jr(a—6b))c2 +3x +2
- +x? —bx

(a—6b—1)x2 +(3+b)x +2

(a—6b—1)x2—(a—6b—1)x+b(a—6b—l)

(a—5b+2)x+(2—ab+6b> +b)
Dé f(x) chia hétcho g(x) thi

{a—5b+2:0 {a:Sb—Z(l)
=

2—ab+6b*+b=0  |2-(56-2)b+6b"+b=0(2)
Giai (2) ta c6: 2—(5b—2)b+6b> +b=0
S b +3b+2=0b"+b+2b+2=0<(b+1)(b+2)=0
- Truong hop 1. V6i b+1=0=b=-1=a=5(-1)-2=-7
- Truong hop 2. Véi b+2=0=b=-2=a=5(-2)-2=-12
Vay v6i (a;b) e {(~7;-1),(~12;-2)} thi f(x) chia hét cho g(x)
7.16. Cho da thirc f(x)=2x"—-x'—x"—x+2 vadathtc g(x)=x"+1.Tim xeZ dé f(x) chia hét cho

g(x).

Hwéng din giai — dap sé
Ta co:
f(x)=2x"-x"=x —x+2=2x"+2x" =X’ —x-2x* +2
=207 (&7 +1)—x(x* +1)=3(x* +1)+5 = (x> +1)(2x° = x=3)+5
f(x)ig(x)es5ix’+1ox’ +1e {15} o x* €{0;4} © x € {0;-2;2}
7.17. Tim da thirc f(x) biétrang f(x) chiacho x—2 thidu2, f(x) chiacho x—3 thidu7va f(x) chia
cho x* —5x—6 thi dugc thuong 1a 1—x* va con du.

Hudéng din giai — dap sb
f(x) chiacho x*—5x—6 dugc thuongla 1—x* va con du = f(x) co bac 4.
bat f(x)=ax' +bx’ +cx’ +dx+e
Theo dinh Iy Bézout: f(x) chia cho x—2 thidu2= f(2)=2
=16a+8b+4c+2d+e=2
f(x) chiacho x-3 thidu7= f(3)=7=8la+27b+9c+3d +e="7



Gia st f(x) chia cho x* —5x—6 dugc thuongla 1—x* va con du ¢(x)

:>q(x)zmx+n:>f(x):(l—xz)(x2 —5x+6)+q(x)

f(x):—x4+5x3—5x2+6+q(x):> b=5 :>{

c=-5

2d +e=-2 d=0
=
3d+e=-2 e=-2

= f(x) =—x"+5x =5x* =2

Ngoai ra chung ta c6 thé giai bang phuong phap ndi suy Newton.

7.18. Cho da thuc f(x)=x’+ax’ +bx—a—1. Xacdinha,bdé f(x)ix—2 va f(x)ix—1
Huéng din giai — dap sb

Theo dinh 1y Bézout: f(x)ix—2= f(2)=0, /(2)ix—-1= f(1)=0

= 3

b=0

8+4a+2b-—a-1=0 a:_—7
l+a+b—a-1=0

7.19. Tim thuong va du cua phép chia f'(x)=2x" —3x> +4x-5 cho x+2.
Huéng din giai — dap sb

Ta c6 so d6 Horner

S 2 0 -3 4

a=-2 2 4 5 6

Vay thuong 1a g(x)=2x"—4x’ +5x—6 vasd dula 7.

Nhdn xét. Ngoai ra chiing ta con c6 thé giai bang cach chia thong thudng (dat phép chia).

7.20. Tim céc sO a, b, ¢ biét rang da thire P(x)=x"+ax’ +bx’ +cx+1 chia hét cho (x—l)3
Hwéng din giai — dap sé

bat phép chia, ta co:

4

X +ax® +bx* +cx +1 X =3x*+3x-1

x* —3x° +3x2 -X

x+(a+3)

(cz+3))63+(b—3)x2 +(c+1)x +1

(a—i—3)x3 —3(a+3)x2 +3(a+3)x —(a+3)

(b+3a+6)x2+(c—3a—8)x+(a+4)

b+3a+6=0 a=-4
Dé phép chia hét thi: {¢-3a-8=0 < {bh=6
a+4=0 c=-4




Nhdn xét. Ngoai ra, quan sat h¢ s6 cao nhét va hé sb tu do cua da thirc bi chia va da thuc chia. Dé phép chia

hét thi da thirc thuong phai la x—1. Do vay ta c6:

xt+ax’ +bx +ex+1= (x3 —3x’ +3x—1)(x—1)

=x*—4x’ +6x* —4x+1

Déng nhét thte hai vé ta duoc: a =—4;b=6;¢=—4.

7.21. Xéc dinh cac hé s6 a va b dé da thic 4 = x* —2x° +3x> +ax+b 1a binh phuong cua mot da thirc.
Hwéng din giai — dap sé

Ta c6 A 1a binh phuong cia mot da thic thi:

A z(x2 +cx+a’)2 =x'+2cx° +(02 +2a’)x2 +2cdx+d*

Ma A=x*-2x*+3x*+ax+b

ZC:_Z a=—2
c*+2d=3 b=1
Suy ra = =a=-2;b=1
2cd =a c=-1
d2=b d=1

Vay A=x"-2x" +3x* —2x+1.



Chuyén dé 8. PHEP CHIA HET TREN TAP HQP SO NGUYEN

A. Kién thirc cin nhé

1. Khai niém: Cho a, b 13 hai s6 nguyén va b khac 0. Ta néi a chia hét cho b néu ton tai sb nguyén q sao cho
a=bq.

Khi a chia hét cho b thi ta n6i b 1a udc ctia a hay b chia hét a; a 1a bdi ctia b.

Luwu y: Khi a chia hét cho b thi a ciing chia hét cho —b.

2. Mot s6 tinh chét thwong ding

a) Néu a chia hét cho b, b chia hét cho c thi a chia hét cho c.

b) Néu a, b chia hét cho m thi ax + by ciing chia hét cho m (x, y 1a s6 nguyén)

¢) Néu a chia hét cho tich m.n thi a chia hét cho m, a chia hét cho n. (diéu nguoc lai khong dung)

d) Néu a chia hét cho m, n véi (m, n) =1 thi a chia hét cho tich mn.
e) Néu tich a.b chia hét cho m ma (b,m)=1 thi a chia hét cho m.

£) Cho p 13 s6 nguyén t6. Khi d6, néu tich ab chia hét cho p thi a chia hét cho p hodc b chia hét cho p.
g) Khi chia n + 1 s6 nguyén duong lién tiép cho n (# > 0) luén nhan dwoc hai sé du bang nhau.

h) Tich ctia n s6 nguyén lién tiép ludn chia hét chon (n>0).

i) Trong n s6 nguyén lién tiép (n > 0) ludn c6 duy nhat mot sb chia hét cho n.

4. Cho a,b 1a hai s6 nguyén va b khéc 0. Khi d6, ton tai duy nhét cip s nguyén (g,7) sao cho a=bg+r va
0<r<|p|-1.

Cho b>0 vaatuyy.
Khi d6, néu chia a cho b thi s6 du chi c6 thé 1a 0, 1, 2,..., b - 1.
B. Mt s6 vi du
I. PHUONG PHAP XET SO DU
Vi du 1: Chimg minh ring:
a) ab(a+b) chia hét cho 2 véi a,beZ
b) 4= n(n2 +1)(n2 +4) chia hét cho 5 véi neZ

Gidi
Tim cach gii. Dé chimg minh A(n) chia hét cho k, ta c6 thé xét moi trudng hop vé sé du khi chia n cho k.
Ching han:
Céu a. Chung ta xét cac trudng hop sb du khi chia a; b cho 2.
Cau b. Chung ta xét cac trudng hop sé du khi chia n cho 5.
Trinh bay loi giai
a) Xét cac truong hop vé s du khi chia cho 2, ta co:

Néu it nhit a hodc b chia hét cho 2 thi ab chia hét cho 2.



Néu a va b cung khong chia hét cho 2 thi chung ctng 1é suyra a+5 chin do d6 a+b chia hét cho 2.
Véy ab(a+b) chiahét cho2 véi a',beZ.
b) Xét cac truong hop vé sé du khi chia cho 5, ta co:
Néu n=5k (keZ) thi A chia hét cho 5.
Néu n=5k+1thi n° =5m+1 (meZ) nén n’ +4=5m+5 chia hét cho 5 suy ra A chia hét cho 5.
Néu n=5k+2 thi n* =5m+4 (meZ) nén n* +1=5m+5 chia hét cho 5 suy ra A chia hét cho 5.
Vay A=n(n*+1)(n* +4) chia hét cho 5 véi neZ.
Vidu 2: Cho x, y, z 1a cdc s6 nguyén sao cho (x—y)(y—z)(z—x)=x+y+z
Chtng minh ring x+ y+z chia hét cho 27.

(Thi hoc sinh gidi Toan 9, Thanh phé Ho Chi Minh, vong 2 - nam hoc 1995- 1996)

Gidi
Tim céch gidi. Nhan thdy x+y+z chia hét cho 27 tc 1a (x—y)(y—z)(z—x) chia hét cho 27. Vi vay
chung ta can xét sb du khi chia x, y, z cho 3. Tuy nhién néu xét riéng thi nhiéu trudng hop qua, do tinh hoan
vi chung ta c6 thé xét cac trudng hop cung sb du, khac s du.
Trinh bay loi giai
Xét cac truong hop vé sd du khi chia cho 3, ta co:
Néu x, y, z chia cho 3 c6 céc s6 du khac nhau thi: x— v,y —z,z—x cung khong chia hét cho 3, con x+ y+z
chia hét cho 3 do d6 (x - y)(y - z)(z -X) = x + y + z khong xay ra.
Néu x, y, z chi ¢ hai s6 chia cho 3 ¢6 cung s6 du thi x— v,y —2z,z—x chi c6 mot hi¢u chia hét cho 3 con
x+y+z khong chia hét cho 3 do d6 (x—y)(y—z)(z—x)=x+y+z khong xay ra.
Do d6 x, y, z chia cho 3 ¢6 cing s6 du suy ra x—y, y—z,z—x chia hét cho 3. Vay
x+y+z=(x-y)(y—z)(z—x) chia hét cho 27.
II. PHUONG PHAP PHAN TiCH TiCH
Vi du 3: Chiing minh ring P = a’h—ab’ chia hét cho 30 v6i a, b 12 hai s6 nguyén bét ky.
(Thi hoc sinh gidi Todn 9, Toan quoc, nam hoc 1985 - 1986)
Gidi

Tim cach giai. Nhan thay ring néu ding phuong phap xét s6 du cho 30 thi nhiéu trudng hop qua nén khong
kha thi. Ta sir dung phuong phap phan tich thanh tich: dé ching minh A(n) chia hét cho k, ta phan tich k ra
thira s6 & = p.g, néu (p,q)=1, ta chimg minh A(n) chia hét cho p va A(n) chia hét cho g.
Mat khac 30=2.3.5 ma (2;3)=(3;5)=(5;2)=1 nén ta chi can chimg minh P chia hét cho 2; 3; 5. Mdi

truong hop ching ta dung k§ thuat xét s6 du.



Trinh bay loi giai
Tacod: P= ab(a2 +b2)(a2 —bz)
Vi 30=2.3.5 ma (2;3)=(3;5)=(5;2) =1 nén ta chimg minh P chia hét cho 2; 3; 5
Chtrng minh P chia hét cho 2.
Néu it nhit a hodc b chin thi ab chia hét cho 2.
Néuavab cung1é thi a—b chia hét cho 2.
Chimg minh P chia hét cho 3.
- Néu it nhét a hodc b chia hét cho 3 thi ab chia hét cho 3.
- Néu a, b cung khong chia hét cho 3 thi chiing ¢6 dang 3k +1 suy ra a*,b> c6 dang 3m+1 nén a* —b* chia
hét cho 3.
Chtrng minh P chia hét cho 5.
- Néu it nhat a hodc b chia hét cho 5 thi ab chia hét cho 5.
- Néu a, b cting khong chia hét cho 5.
Néu a, b c6 mot trong cic dang 5k +1 hodc 5k+2 thi a*,b* c6 cung dang 5m+1 hodc 5m+4 nén a® — b
chia hét cho 5.
Néu a, b c6 mot sb c¢6 dang 5k+1 con mot sd c6 dang 5k+2 thi a* va b* cb6 mot s6 co dang 5m+1 con
mot s6 ¢6 dang 5m+4 nén a® +b* chia hét cho 5.
Vay P chia hét cho 30.
Vi du 4: Chtng minh rang mét s6 ¢6 dang: P = n* —4n® —4n* +16n (v6in 1a s6 chén 16n hon 4) thi chia hét
cho 384.
(Thi hoc sinh gidi Todn 9, Todn quéc, nam hoc 1970 - 1971)
Gidi
Tim cach gii. Ta nhan thiy biéu thtrc c6 thé phan tich thanh nhan tir duoc:
n*—4n’ —4n’ +16n=n(n—-4)(n-2)(n+2). Vin chin 16n hon 4 nén n=2k+2 (keN’). thay vio biéu
thic P ta duge: P =(2k +2)(2k +2-4)(2k +2-2)(2k+2+2) =16k (k—1)(k+1)(k +2) . Mat khac ta c6
384 =16.24 do vy ching ta chi can chimg minh & (k—1)(k+1)(k +2) chia hét cho 24.
Trinh bay loi giai
Taco n* —4n’ —4n* +16n=n(n-4)(n-2)(n+2)
Vin chan 16n hon 4 nén n =2k +2 (k € N*) thay vao biéu thirc P ta duoc:
(2k+2)(2k+2-4)(2k+2-2)(2k+2+2) =16k (k—1)(k+1)(k +2).

k,k+1,k+2 co mot s6 chia hét cho 3.



k—1,k,k+1,k+2 c6 haisb chin lién tiép, nén mot sb chia hét cho 2, mot s chia hét cho 4 suy ra
k(k—1)(k+1)(k+2) chia hét cho 8.
Do d6 k(k—1)(k+1)(k+2) chiahét cho 24 vi (3;8)=1 hay 16k (k—1)(k+1)(k+2) chia hét cho 16.24 tirc
12 n* —4n® —4n* +16n chia hét cho 384.
I11. PHUONG PHAP TACH TONG
Vi du 5: Chiing minh riang véi moi s6 nguyén a ta déu co (a3 + Sa) 1a s6 nguyén chia hét cho 6.
(Thi hoc sinh gidi Todn 9, Thanh phé Ha Néi, nam hoc 2008 - 2009)
Gidi

Tim céch giai. Nhan thdy vi du nay c6 thé giai duoc bang k¥ thuat xét s6 du. Song ching ta c6 thé giai bang
phuong phép tach tong: Dé ching minh A(n) chia hét cho k, ta c6 thé bién ddi A(n) thanh tong cta nhiéu
hang tir va chimg minh mdi hang tir chia hét cho k. Do d6 ta chi can tach @’ +5a = @® —a + 64, sau d6 ching
t6 a’ —a va 6a cung chia hét cho 6.
Trinh bay loi giai
Tacod a’+5a=a’—a+6a.
Ma @’ —a=(a-1)a(a+1) chia hét cho 6 vi 1a tich clia ba s6 nguyén lién tiép va 6a chia hét cho 6 v&i moi
sd nguyén a.
Vay (a3 + Sa) 1a s6 nguyén chia hét cho 6.
IV. PHUONG PHAP SU DUNG HANG PANG THUC
Vi dy 6: Chimg minh ring v6i moi s6 nguyén duong n, s6 A4(n)=5" (5” + 1) -6" (3" + 2") chia hét cho 91.

(Tuyén sinh 16p 10, Truong THPT chuyén DHSP Ha Néi, Vong I - ndm hoc 1997 - 1998)

Gidi

Tim cach giai. Nhitng bai toan chirng minh chia hét ma biéu thtrc c6 s6 mil n hodc qué 16n ching ta c6 thé
sir dung két qua cua cac hang ding thirc mé rong:
a"—b" chiahétcho a—b (a#b) véinbatky.
a"—b" chiahétcho a+b (a=-b) véin chén.
a"+b" chiahétcho a+b (a=-b) véinlé.
Trong vi du ndy, ta c6 91="7.13 va (7;13)=1. Dé chimg minh A(n) chia hét cho 91, ta chimg minh A(n)
chia hét cho 7 va 13. Vay chiing ta chi can nhom cac hang tir mot cach thich hop.
Trinh bay loi giai
Tacd: 91=7.13 va (7;13) =1. Pé chimg minh A(n) chia hét cho 91, ta chimg minh A(n) chia hét cho 7 va

13.Tacod A(n)=25"+5"-18"-12".



Ap dung tinh chat (a" —b”)f(a —b) véimoia, b,nla s6 nguyén duong va a # b, 25" —18" chia hét cho
25-18 tirc la 25" —18" chia hét cho 7.
12" —5" chia hét cho 12—5 tirc 1a 12" —5" chia hét cho 7.
Vay A(n)=25"-18"—(12"-5") chia hét cho 7.
25" —12" chia hét cho 25—12 tirc 1a 25" —12" chia hét cho 13.
18" —5" chia hét cho 185 tirc 1a 18" —5" chia hét cho 13.
Vay A4(n)=25"-12"—(18"~5") chia hét cho 13.
Suyrasd A(n)=5" (5" +1)—6” (3" +2") chia hét cho 91.
Vi du 7: Ching minh ring néu n 13 s6 nguyén dwong thi 25" +7" —4" (3” + 5”) chia hét cho 65
(Tuyén sinh I6p 10, Truong THPT chuyén Ha NGi, nam hoc 2014 - 2015)
Gidi
Ta co: 65=13.5 va (5; 13) = 1. Bé chirng minh biéu thirc chia hét cho 65, ta chirng minh biéu thirc chia hét
cho 13 vas.
Taco: 25" +7" —4"(3"+5")=25"+7"-12" - 20"
Ap dung tinh chat (a” —b”)f(a —b) v6imoi a, b, n 1a s6 nguyén duong va a #b
25" —12" chia hét cho 25—12 tirc 1a 25" —12" chia hét cho 13.
20" —7" chia hét cho 207 tic 1a 20" —7" chia hét cho 13.
25" +7" —4" (3" +5") chia hét cho 13
25" —20" chia hét cho 25-20 tirc 1a 25" —20" chia hét cho 5.
12" —7" chia hét cho 127 tirc 1a 12" —7" chia hét cho 5.
25" +7"—4"(3"+5") chia hét cho 5
A=(25"-20")—(12"-7"):5 ma UCLN (5;13)=1 nén 4:65.
V. PHUONG PHAP DUNG NGUYEN LY PIRICHLET
Phwong phap giai
Néu nhdt n+1 tho vao n céi 16ng thi chic chan c6 mot 1ong chira it nhét hai tho.
- Trong n s6 nguyén lién tiép thi co mot s6 chia hét chon (n>1)
- Trong n+1 s6 nglyén bat ky thi c6 it nhat hai s6 ¢6 cung s6 du khi chia chon (n>1).
Vi du 8: Ching minh ring ton tai s6 tu nhién n khac 0 thoa man (13579” - 1) chia hét cho 37

(Thi hoc sinh gidi Todn 9, Thanh phé Ha Néi, nam hoc 2005 - 2006)

Giai



Xét 357 s sau: 13579; 13579%; 13579°;.....; 13579'*7 dem chia cho 3'**” ta nhan duoc 3" sb du.

Ma 13579 khong chia hét cho 3 nén trong céac sb trén khong c6 s6 nao chia hét cho 3 do d6 chiing nhan cac

. 13579
53

s0 du trong cac so: 1; 2; 3;.. —1 nén ton tai hai s6 ¢6 cung so du.

Gia sir d6 1a hai sb 13579;13579/ (i>j)=13579'-13579’ chia hét cho 3" =13579' (13579’” —1)
chia hét cho 3" ma (13579;3)=1 nén (13579"/ 1) chia hét cho 3" véi n=i- ;. Tir d6 suy ra diéu
phai chimg minh.
Nhin xét. Chung ta c6 thé giai duoc bai toan tong quat sau: Vi a va p 1a hai sb nguyén t6 cing nhau. Vi
s6 tu nhién k ching minh rr:ing ton tai s6 tu nhién n khac 0 thoa mén (a” - 1) chia hét cho pr.
Vi du 9: Chiing minh rang trong 5 s6 nguyén bat ky bao gio ciing tim duge 3 s6 c6 tong chia hét cho 3.
(Thi hoc sinh gioi Toan 9, Thanh phé Ha Noi, nam hoc 2000 — 2001)
Gidi
Pat5sddolaa, b, c,d, e.
Pem 5 s6 chia cho 3 chung chi nhan céac s6dulao; ;2.
Néu ton tai 3 s6 ¢6 cling sb du thi tong ba sd d6 chia hét cho 3.
Néu khong t6n tai 3 s6 ¢6 cung sd du thi nhiéu nhét chi ¢6 2 sb ¢6 cing sé du khi chia cho 3, suy ra phai c6
3 56 ¢6 s6 du khac nhau khi chia cho 3. Téng 3 s6 nay chia hét cho 3.
VI. PHUONG PHAP DUNG QUY NAP TOAN HQC
Phwong phap giai
Trong toan hoc, khi dung quy nap dé chtirng minh A(n) chia hét cho k v6i n > n, ta thuc hién:
Buwdc 1. Ching minh A(n) chia hét cho k v6i n=n,.
Buée 2. Chimg minh véi moi m > n, gid sir néu A(m) chia hét cho k dung, ta phai chimg minh A(m+1)
chia hét cho k.
Burée 3. Két luan.
Vi du 10: Véi moi n nguyén duong, chimg minh ring: 4(n)=7"+3n-1 chia hét cho 9.
Gidi
Véi n=1 thi 4(1)=7+3-1=9 chia hét cho 9.
Gid sir bai toan ding voi n=k(k21), tc la A(k)="7"+3k—1 chia hét cho 9. Ta can chimg minh ménh dé
ding voi n =k +1. That vay:

Taco: A(k+1)=7"+3(k+1)-1=7.7" +3k+2
= A(k+1)=7.(7"+3k—-1)-18k+9. Vi 7° +3k -1 chia hét cho 9 va 18k; 9 chia hét cho 9 = A(k+1)

chia hét cho 9. Nhu vay bai toan dung véi n =k +1. Do d6 bai toan dung v6i moi n 1a s6 nguyén duong.



Vi du 11: Chimg minh rang véi mdi s6 nguyén duong n thi 12*""' +11"*> chia hét cho 133.
Giai
Vé6i n=1, téng 12° +11° =2926 = 22.133 chia hét cho 133.

22k+l 1k+2

Gid sir ménh dé dung véi n=k(k21), tacla 1 +11%*% chia hét cho 133. Ta can ching minh ding véi
n=k+1.

Taco: 1277 +11°7 =144.12%" +11.117? =133.12*" +1 1.(122"+1 +1 1"*2). M3di s6 hang ciia tong chia hét

cho 133 nén 12*7 +11*** chia hét cho 133.

Nhu vay bai todn ding véi n=k +1

Do d6 bai toan ding v6i moi n 1a sé nguyén duong.

VIL. PHUONG PHAP DUNG DONG DU THUC

Phwong phap giai

Hai s6 nguyén a va b chia cho s6 nguyén m (m # 0) ¢ cung sd du ta néi a déng du véi b theo modun m, ki

hiéu a =b(modm).
Véi a,b,c,d €7 va meN’ ta co:

a=b(modm);b=c(modm)= a=c(modm)

a=b(modm);c=d(modm)= a+c=b+d(modm)

a—-c=b—d(modm);a.c=bd(modm)

a=b(modm)=>a"=b"(modm) v6i ne N’

a=b(modm);ce N = ac=bc(modm) véi ceZ.

Vidu 12: Cho 4=27309" +27309'" +27309' +...+27309""" . Tim s du trong phép chia A cho 7.
(Thi hoc sinh gioi Toan 9, Thanh phé Ha Noi, nam hoc 2008 - 2009)
Gidi
Tim céch gidi. Nhan thdy 27309 =2(mod7), mit khéc 2° =8=1(mod 7) = 2% =1(mod 7) nén ta can tim
ddng du cta sé mil véi 3.
Trinh bay loi giai
Tacé 10" =1(mod7) v6i ne N=10" =3k +1 (v6i ke N) (1)
Tacé 27309 =2(mod7) = 27309 =2%*' =2.8* =2(mod7)  (2)
Tur (1), 2)tacd A=2+2+..+2(mod7)
A=20= 6(mod7)

Viy sb du trong phép chia A cho 7 13 6.



Vi du 13: Vi mdi s6 ty nhién n, dat a, =3n”> +6n+13. Chimg minh rang néu hai sb a;,a; khong chia hét
cho 5 va c6 s6 du khac nhau khi chia cho 5 thi a, +a , chia hét cho 5.
Gidi

Taco a, =3(n+1)"+10.
Ta thiy néu a, khong chia hét cho 5 thi n+1 khong chia hét cho 5 suy ra:
(n+1)" =1 hogc 4(mod5)=>a, =3 hoic 2(mod5). Do d6, néu a,a, déu khong chia hét cho 5 va ¢6 s
du khac nhau thi @, +a, =3+2=0(mod5) nén a, +a, chia hét cho 5.
VIIL. PHUONG PHAP AP DUNG TiNH CHAN LE
Phwong phap giai
Mot sb bai toan chia hét ta co thé giai nhanh bang nhan xét sau:
Trong hai s6 nguyén lién tiép thi c6 mot sé chin va mot sb 1é.
Téng hodc hiéu ciia mot sé chan va mot sb 1¢ 1a mot sd 1é.
Téng hodc hiéu cta hai s chin 1a mot s6 chén.
Tich cua cac s6 1¢ 1a s 1¢.
Trong tich chira it nhat mot s6 chin thi két qua 1a s6 chan.
Vidu 14: Cho q,;a,;a;;.....,a, 1a cac sb nguyén va b;b,;b;;.....,b, cling la sb nguyén do, nhung léy theo thir
tw khac. Chimg minh rang (a, —b,)(a, —b,)...(a, —b,) 1a s6 chén.

(Thi Hoc sinh gioi Anh, nam 1968)

Gidi

Tim céch giai. Phan tich tir két luan, chiing ta chimg to phai c6 mot nhan tir 1a sb chin. Mdi nhan tir 1a mot
hiéu, tong 7 hiéu nay bang 0 (s6 chin), nén cac hiéu nay khong thé toan 1a s6 1& dugc, ma phai c6 it nhit mot
s6 chan. Tur d6 ta c6 diéu phai ching minh.
Trinh bay loi giai
bit ¢,=a,—-b v6i1=1,2,3,...,7. Taco:
¢ +0+.te, =(a,—b)+(a,=b,)+..+(a, —b,)
=(a,+a,+a,+..+a;)—(b+b,+b,+..+b,)=0
Vicosb1é ¢, , tong mot s s6 12 0 thi phai co it nhat mot sé chdn = c,.c,...c, chia hét cho 2, suy ra diéu phai
chung minh.
Vidy 15: Cho P=(a+b)(b+c)(c+a)—abc véia, b, cla cac s nguyén.
Chtrng minh rang néu a +b+c¢ chia hét cho 4 thi P chia hét cho 4.

(Tuyén sinh 16p 10, Truong THPT chuyén Chu Vin An, Amsterdam, Vong 2, ndm hoc 2005 - 2006)

Giai



Tim cach giai.
Ta co P=(a+b)(b+c)(c+a)—abcz(a+b)(bc+ab+ac+cz)—abc
:(a+b)ab+abc+(a+b)c(a+b+c)—2abc

:(a+b+c)(ab+bc+ca)—2abc

Do a+b+c chia hét cho 4 nén trong 3 sb a, b, ¢ co it nhat mot sb chin.

Suy ra 2abc chia hét cho 4.

Ma (a +b+ c)(ab +bc+ ca) chia hét cho 4 suy ra P chia hét cho 4.

C. Bai tap van dung

8.1. C6 thé tim duoc s6 ty nhién n dé n* +n+1 chia hét cho 2025 hay khong?
Huéng dén giai — dap so

Xét chit s6 tan cung n ta co:

n 0 1 2 3 4 5 6 7 8

n+n+1 |1 3 7 3 1 1 3 7 3

= n” +n+1 khong chia hét cho 5 = n® + n+1 khong chia hét cho 2025.

8.2. a) Chung minh ring n° —n+2 khéng chia hét cho 6 v6i moi sb tu nhién n.

b) Ching minh rang »* —n chia hét cho 24 v&i moi s6 ty nhién n 1¢.
Hwéng din giai — dap sé

a)Taco: n’ —n=n(n-1)(n+1)

n—1;n 13 hai s6 nguyén lién tiép nén n* —n'2

n—1;n;n+1 13 ba s6 nguyén lién tiép nén n* —n'3

= n’ —n'6= n’ —n+2 khong chia hét cho 6.

b) Taco: n’ —n=n(n-1)(n+1)

Véinlasd 1€, dit n =2k +1, biéu thirc ¢o dang:

(2k+1)2k(2k+2) =4k (2k+1)(k+1)

Tacok va k+1 1a hai s nguyén lién tiép

= k(k+1):2=4(2k+1)k(k+1):8

V6i ki3 thi 4(2k+1)k(k+1):3

Voi ki3 dulthi (2k+1):3=4(2k+1)k(k+1):3

Voi ki3 du2thi (2k+1):3=4(2k+1)k(k+1):3

Vay 4(2k +1)k(k+1):3 vé6ik 1a s6 tu nhién




Ma UCLN(3;8) =1 nén n’ —ni24.

8.3. Cho a va b 1a cac sb nguyén sao cho a® +b* chia hét cho 13. Chimg minh rang ton tai it nhat mot trong

hai s& 2a+3b;2b+3a chia hét cho 13.
Huéng din giai — dap sb
Ta c6 (2a+3b)(2b+3a)=6(a’ +b)+13ab
Ma a’ +b’113 va 13abi13 nén 6(a’ +b°)+13abi13
= (2a+3b)(2b+3a)i13
Vay ton tai it nhat mot trong hai s6 2a+3b;2b+3a chia hét cho 13.
8.4. Cho a, b, ¢ 1a céc sb nguyén, chimg minh ring (&' +b’ +c’) chia hét cho 3 khi va chi khi (a+b+c)
chia hét cho 3.
Huéng din giai — dap sb
Xét (a3 +b’ +c3)—(a+b+c) = (a3 —a)+(b3 —b)-i—(c3 —c)
Ma a’—ai3;b’-bi3;c’—¢ci3=> (a3 +b’ +c3)—(a+b+c)§3
Suy ra (a3 +b’ +c3)33 khi va chi khi (a+b+c):3
8.5. Cho s6 M =1993"7 +1997"%
a) Chtng minh rang M chia hét cho 15.
b) H6i M tén cing bang chit s6 nao?
(Thi Hoc sinh gidi Todn 9, Thanh phé Ho Chi Minh, Vong 1, nam hoc 1992 —1993)
Hwéng din giai — dap s6
a) Vi 15=3.5 ma (3,5)=1 nén ta chimg minh M chia hét cho 3 va 5.
Ap dung hing dang thirc ta co:
19937 —1=1993"" —1"" chia hét cho 19931, ma 19931 chia hét cho 3 nén (1993 ~1) chia hét cho
3,
1997 +1=1997"" +1"” chia hét cho 1997+1, ma 1997+1 chia hét cho 3 nén (1997 +1) chia hét cho
3,
Do d6 19937 +1997"” =(1993""7 —1)+ (1997 +1) chia hét cho 3.

1997 _ 2)7% .1 £ 2 \ 2 . 1A n
19937 1993 =1993 (1993 ) —1{ chia hét cho 1993% +1, ma 19932 +1 chia hét cho 5 nén

19937 —1993 chia hét cho 5



1993 _ 21992 . 1 Z 2 \ 2 .1 A
19977°° —1997 =1997 (1997 ) —1| chia hét cho 19977 +1, ma 1997 +1 chia hét cho 5 nén

1997 ~1997 chia hét cho 5
Do d6 19937 —1993+1997"* —1997 chia hét cho 5
=1993"7 +1997"* —3990 chia hét cho 5
=1993"7 +1997"" chia hét cho 5
Suy ra M chia hét cho 15.
b) Ta c6 1993"7 +1997"* chia hét cho 5 nén M c¢6 tan cung 13 0 hodc 5.
Mit khac 1993"°7 +1997"" 1a chan nén M c6 tan cung 1a 0.
8.6. Ching minh rang A4 =2903" —803" — 464" + 261" chia hét cho 1897.
(Thi vo dich toan Hunggary, nam 1978)
Huéng din giai — dap sb
Ap dung cong thirc a" —b" a—b véia, b, nlasd tynhién a #b
2903" —803" 12903 —803 = 2903" —803":2100
464" —261"1464—261= 464" —261":203
Ma 2100:7;203:7 = 2903" 803" — (464" ~261"):7 hay A:7

2903" — 464" 12903 — 464 = 2903" — 464" :2439
803" —261":803—261=> 803" —261":542
Ma 2439:271;542:271 = A =2903" — 464" —(803” —261")5271 = A4:271

Ma UCLN(7;271) =1= A:7.271 hay A:1897

8.7. Cho X 1a mét tap hop gdm 700 s nguyén duong d6i mot khac nhau, mdi s6 khong 16n hon 2006.

Chtng minh rang trong tap hop X ludn tim dugc hai phéan tir x, y sao cho x—y thudc tap hop E = {3; 6;9}
(Tuyén sinh I6p 10, Truong THPT chuyén DHSP Ha Néi, Vong 2, ndm hoc 2006 - 2007)

Hwéng din giai — dap s6

Cdch 1. Chia diy cac s6 nguyén duong tir 1 ¢én 2006 thanh 201 doan: [1;10], [11;20], [21;30].....,

[199 I; 2000] , [2001;2006] . Vi X ¢6 700 s6 nguyén dwong khac nhau nén theo nguyén 1i Di-rich 18, ton tai it

nhét 4 sd trong 700 s6 trén thude cung mot doan. Mét khéc, voi 4 s6 bat ki, ludn ton tai it nhat 2 sb khi chia

cho 3 ¢6 cung sb du, hiéu cia hai sb d6 chia hét cho 3, suy ra hiéu hai s6 nay thudc tap hop E = {3;6;9} .

Cdch 2.

Chia X thanh 3 tap hgp nhu sau:

A={x/x=3k+1,keN};



Bz{x/x:3k+2,keN};
C:{x/x=3k+3,keN};

C6 700 s6 duoc chia thanh 3 tap hop, theo nguyén 1i Di-rich 18, ton tai mot tap hop c6 it nhat 234 phan ta.
Trong tap hop nay ludn ton tai hai s6 cach nhau 3 hodc 6 don vi. That vay néu cac sb trong tp hop chi cac
nhau it nhat 9 don vi thi s6 16n nhét trong tip hop khéng nhé hon 9.233 = 2097 > 2006, mau thuan véi gia

thiét. Suy ra trong X ludn ton tai hai sé cach nhau 3 hodc 6. Vay trong tap hop X ludn tim duoc hai phan tir

X, y sao cho x—y thudc tap hop E ={3;6;9}.
8.8. Chtng minh rang néu m chia hét cho 2 thi (m3 + 20m) chia hét cho 48, v6i m 1a mot s6 nguyén.

(Thi hoc sinh gioi Toan 9, Binh Phudc, nam hoc 2012 - 2013)
Hwéng din giai — dap s6

bat m=2k (kel)
Ta c6 m’ +20m =8k* +40k =8k (k* +5)
Xétk chin = 8ki16 = 8k (k* +5)16
Xétk1e = k> +5:2=8(k* +5):16 = 8k (k” +5):16
Xét ki3=8k(k”+5)3
Xét k khong chia hét cho 3: k =3m+1= k> =9m* +6m+1
= k> +5=9m’ £6m+6:3= 8k (k’ +5):3
Ma UCLN (3;16) =1 nén 8k (k’ +5):48 hay (m’+20m) chia hét cho 48.
8.9 Véi a, b 1a cac sb6 nguyén. Chimg minh rang néu 44’ +3ab—11b* chia hét cho 5 thi a* —b* chia hét cho
5.
(Thi hoc sinh gioi Toan 9, Hai Dwong, nam hoc 2012 - 2013)
Hwéng din giai — dap s6
Ta c6 4a” +3ab—11b* =4a* +3ab—b* —10b* :(4a—b)(a+b)—10b2
4a’ +3ab-11b:5 < (4a—b)(a+b)i5 (vi 106%i5)
- Truong hop 1. 4a—bi5< 5a—(a+b):5< a+bi5
Mi a*-b* =(a’ +b*)(a+b)(a-b) nén a*-b*:5
- Truong hop 2. a+b:5 ma a* —b* =(a2+b2)(a+b)(a—b) nén a* -bh*:5
Vay 4a’ +3ab—11b" chia hét cho 5 thi a* —b* chia hét cho 5.

8.10. Ching minh rang néu tong hai sb nguyén chia hét cho 3 thi tong 1ap phwong ctia chung chia hét cho 9.



(Thi hoc sinh gioi Toan 9, tinh Vinh Long, nam hoc 2012 - 2013)
Huéng din giai — dap sb
Dit hai s6 nguyén d6 laa vab thi a+5:3

Xét a® +b° =(a+b)(a2—ab+b2)=(a+b)[(a+b)2—3ab}f3
:>(a+b)[(a+b)2 —3ab}9 suyra a’ +b°:9

8.11. Cho A =n""+n*" +1. Tim tit ca cac s6 ty nhién n & A nhan gia tri 1 mot s6 nguyén to.
(Thi hoc sinh gioi Toan 9, tinh Nghé An, nam hoc 2011 - 2012)
Hwéng din giai — dap s6
Xét n=0 thi 4=1,khong phai s6 nguyén to.
Xét voi n=1 thi 4=3 lasd nguyén td.
Xétn=>2.

2012 2011

Taco A=n"""—n*+n""" —n+n*+n+1
=n’ (nwo —1)—1—11(113670—1)+(n2 +n+1)

670 3670

Ma n3670—1=(n3) 10— -1 +n+1= 8 U 4 n+1= A +n+n> +n+1>1 va

n® +n+1< A nghia la A khong phai 1a s6 nguyén t6 véi n>2. Vay chi co n=1 théa man.
8.12. Cho da thitc bac ba f(x) voi hé s6 clia x° 1a mot s6 nguyén duong va biét f(5)- f(3)=2020.
Chimg minh rang f(7)- £ (1) 1a hop sé.
Hwéng din giai — dap sé
Theo dé bai f(x) c6 dang f(x)=ax’ +bx’ +ex+d (aeZ’)
Ta c6: 2020= £ (5)- f(3)=(5"-3")a+(5" -3")b+(5-3)c=98a+16b+2c
= 16b+2c=(2020-984)
Taco: f(7)-f(1)=(7-1)a+(7"=1*)b+(7-1)c
=342a+48b +6¢ =342a+3(16b+2c)
=342a+3(2020-98a) = 6060+ 48a:3
Vay f(7)- £ (1) 1a hop sé.
8.13. Cho s nguyén k.
a) Chimg minh (k”+3k +5) chia hét cho 11 khi va chi khi k =11¢+4 v&i t la s6 nguyén.

b) Ching minh (k2 +3k + 5) khong chia hét cho 121.



(Tuyén sinh 16p 10, chuyén todn, Triecong Phé Thong Nang Khiéu, PH OG TP Hé Chi Minh, nam hoc 1996 -
1997)
Hwéng din giai — dap s6

a) Taco k> +3k+5=(k—4) +11(k—1). Suvra k> +3k+5 chia hét cho 11 khi
va chi khi (k—4)" chia hét cho 11. Do 11 12 s6 nguyén t6 nén diéu nay chi xay ra khi k —4 chia hét cho 11
hay & =11¢+4 véi t 1a s6 nguyén.
b) Gi sir c6 k nguyén sao cho (k* +3k +5) chia hét cho 121. Khi d6 (k*+3k +5) chia hét cho 11. Theo
cau a) thi £k =11¢+4, thay vao ta co:
k? +3k+5=(k—4)" +11(k—1)=121¢* +121¢ +33 khong chia hét cho 121 (vi 33 khong chia hét cho 121).
Mau thuan.

Vay (k” +3k+5) khong chia hét cho 121.

8.14. Cho ab, ¢ khac 0 thoa min diéu kién: (ab+bc+ca)2 =a’h? +b’c* +c*a®. Chung minh ring

@’ +b’ +c’ chia hét cho 3.
Hwéng din giai — dap sé

Tur gia thiét ta co:

a’b® +b*c* +c*a’ +2ab’c +2bc*a+2bca’ = a’b’ +b’c’ +c’a’

:>2abc(a+b+c):0:>a+b+c:0 vi abc # 0

Tacé: @’ +b’ +c’ =a’ +b° —(a+b)3 =a’+b’ —a’ -3a’b—3ab’> - b’

=—3ab(a+b)=3abc3

8.15. Cho A(n)=n’ (n4 —1). Chtng minh rang A(n) chia hét cho 60 v&i moi s tu nhién n.
Hwéng din giai — dap sé

Ta co:

A(n) =n’ (n2 —1)(112 +1) =n’ (n—l)(n+1)(n2 +1)

Néun chén = n’id4= 4i4 .

Néunlé = (n-1)(n+1)id= 4i4.

-Tacd n—1l;nn+1 1a basd nguyén lién ti€p nén (n—1)n(n+1)3= 433

-Néu n:5 thi 435

Néu ni5 du 1 hodc 4 thi (n—1)n(n+1):5= 4i5

Néu n:5 du2hodc3 = n°i5 dud = n” +1:5= 435,

Ma 3; 4; 5 nguyén t6 cing nhau timg d6i mot nén A4:3.5.4 hay 4:60.



8.16. Cho P=(a +b)(b+c)(c+ a)+abc

a) Phan tich P thanh nhan t.

b) Ching minh rang néu a, b, ¢ 1a cac s6 nguyén ma a+b+c chia hét 6 thi P—3abc ciing chia hét cho 6.
Huéng din giai — dap sb

a) Ta c6: Pz(a+b)(bc+ac+c2 +ac)+abc

a+b)|:c(a+b+c)+ab:|+abc

(
(a+b)c(a+b+c)+(a+b)ab+abc
(a+b)c(a+b+c)+ab(a+b+c)
=(a+b+c)(ab+bc+ca)
b) Tk a+b+c:6= P:6
a+b+ci6=a+b+c:2= a,b,c it nhat tdn tai mot s6 chén
= abc:2 = 3abc:6 = P—3abc:6.
8.17. Cho a, b, ¢ 1a cac sé nguyén thoa méan a° +b° :4(c5 +d5) .
Chtrng minh rang: a+b+c+d chia hét cho 5.
(Thi hoc sinh gioi toan 9, tinh Quang Binh, nam hoc 2010 - 2011)
Huéng din giai — dap sb
Taco a’+b° +c* =5(c*+d’):5
Xét a5+b5+c5+d5—(a+b+c+d)=(a5—a)+(b5—b)+(c5—c)+(d5—d)
Ma a5—a=a(a4—l)=a(a2—l)(a2+l)
-Néu a'5=d’-a'5
-Néu a=5k+1 thi > -1:5=a’—ai5
-Néu a=5k+2 thi a*>+1:5=a’—a'5
Vay voi a la sb nguyén thi a° —a'5.
Tuong tutacd b’ —b:5; ¢’ —ci5; d’ —d'5
=>a+b ++d’ —(a+b+c+d):S
Ma @’ +b’+c’+d’:5=a+b+c+d:5
8.18. Cho 4= ;—; +%i +% v6i a 1a s6 ty nhién chan. Hay chimg minh A ¢6 gia tri nguyén.
Huéng din giai — dap sb

a’+3a*+2a a(a+1)(a+2)
24 B 24

Taco: A=




a;a+1l;a+2 1 cée sé nguyén lién tiép = a(a+1)(a+2)i3 (1)
Vi a 12 s6 chin nén ta ddt a =2k (keN).

. 4k (k+1)(2k+1)  k(k+1)(2k+1)

24 6

k;k +1 1a céc s6 nguyeén lién tiép = k(k+1):2=a(a+1)(a+2)i4 (2)
Te(1)vaQR) => AeZ
8.19. Cho a, =2"""' +2*" +1 va b =2""" -2 1+ 1. Ching minh rang véi moi s6 tu nhién n, c6 mot va
chi mot trong 2 s6 a, hodc b, chia hét cho 5.
Huéng din giai — dap sb
Tac a, +b, =227 +2=(2*)" +2=4""42.
Vi n 14 sb tu nhién thi 4" chi c6 thé tan cling 1a 4 hodc 6 = a, +b, chi c6 thé tan cing 14 6 hodc 8
= a, +b, khong chia hét cho 5 = a, va b, khong cung chia hét cho 5.(1)

Xét a, b, =(27"" +2°" +1)(2 -2 +1)

= (2274 1) —(271) =4 4222 412 = 42015 (vi 2] 1)

A,.b,:5 (2)

Tir (1) va (2) suy ra 6 mot va chi mot trong 2 s6 a, hodc b, chia hét cho 5.

8.20. Chirng minh rang néu p 1a sb nguyén t 16n hon 3 thi p? —1:24
Huéng din giai — dap sb

Ta c6 p 1a s6 nguyén t6 16n hon 3 nén p?* chia 3 du 1

=p -1:3 (1)

Mit khac p 1a s6 nguyén t6 16n hon 3 nén p—1; p+1 1a hai sé chén lién tiép.

= (p-1)(p+1)i8=p*-1:8 (2)

* Ma (3;8)=1, tir (1) va (2) suy ra diéu phai chimg minh.



Chuwong 11

PHAN THU'C PAI SO

Chuyén dé 9. PHAN THU'C PAI SO. TINH CHAT PHAN THU'C PAI SO
A. Kién thicc cin nhé

1. Phén thirc dai s6
e Mot phan thirc dai s6 ( hay noi gon 1a phan thirc ) 1a biéu thirc co dang% , trong d6 A, B 1a nhitng da

thic va B khac da thic 0. A duoc goi 1a tir thire ( hay tir), B dugc goi 1a mau thirc ( hay mau).
e MbJi da thirc cling dugc goi 1a mot phéan thirc c6 miu thirc bang 1.

e MBJi sb thyc a bat ky ciing 1a mot phén thirc.

e Haiphan thl'IC% Vé% goi 1a bang nhau néu 4.D = B.C.

2. Tinh chat co' ban ctiia phan thire
& Tinh chat co ban.
- Néu nhan ca tor va mau cia mot phan thire véi cung mdt da thirc khac 0 thi dugc mot phan thirc méi
bang phan thirc di cho:

A_AM 113 da thire khéc da thic 0).
B BM

- Neéu chia ca tr va mau cta mot phan thirc cho mot nhan tir chung cua chung thi duwgc mdt phan thirc maéi

bang phan thirc da cho:
4 = A:—N( N 14 nhéan t&r chung 0).
B B:N

¢ Quy tdc doi ddu.
A A+ 1A 5 L \ X 5 A A , \ A A ’ M A ’ ~ A -
Neéu doi dau ca tr va mau cua mot phan thire thi duge mdt phan thirc bang phan thirc da cho: —=—.

B. Mt s6 vi du

4x’-16 _ 4

2

Vi du 1: Tim da thirc A, biét rang: =
X +2x x

Giai

Tim cach giai.
2 .3 , , A C o
b¢ tim da thac A, ching ta dungE = D khi va chi khi: 4.D = B.C.

Trinh bay loi giai



4x’-16 A
Tu—; =—.suyra
X +2x  x

e x(4x*-16) x[(2x)2 —42} _x(2x-4)(2044) _ x2(x-2)2(x+2)

X2 +2x x> +2x x(x+2) x(x+2)
=4(x-2)=4x-8
Vidu 2: Cho0 < x <y va2x*+2y* = 5xy. Tinh gid tri cia P = 201?“?””.
x=2y

Gidai
Tim cach gidi. Quan sat, chung ta nhan théy gia thiét chtra da thire bac hai ddi voi bién x, y, con két luan la
phan thirc ma tr va mau 1a da thirc bac nhat ddi véi bién x, y. Do vay chung ta tim mdi quan hé giira x va y
tir gia thiét dé biéu dién x theo y hodc nguoc lai. Vi suy nghi 4y, ching ta phan tich da thirc thanh nhan tir
tir diéu kién thir hai.
Trinh bay cach giai
T 2x> +2y° =5xy < 2x> =5xy+2)y° =0
2% —dxy—xy+2y’ =0 (2x—y)(x—2y) =0
Tacoy>x>0=2y>x=>x-2y<0=>2x-y=0=y=2x

Tur do ta c6: p= 2010X+2017.2x (oo
3x—2.2x

Vi du 3: Cho x, y théa man x* +2y” +2xy —6x—2y+13=0.

x*—Txy+52
x-y

Tinh gia tri cta biéu thirc H =
Gidi
Tir gia thiét suy rax® +2xy+ y* +y> —6x—2y+13=0.

& (x+y) —6(x+y)+9+y* +4y+4=0
<:>(x+y—3)2+(y+2)2 =0

x+y-3=0 x=5
= =
y+2=0 y=-2
25-7.5.(-2)+52
5+2 -

TrddtacoH = 21.

Vi du 4: Cho biéu thttc x> —x—1=0. Tinh gia tri

B x®=3x° +3x* —x*>+2020
x0 = x> =3x2 =3x+2020

Giai



Tim céch giai. Ta khong thé tim x dé rdi thay vao biéu thirc duoc, boi két qua x khong phai sé ty nhién,
thay vao Q tinh rat phirc tap. Do vay ta c6 hai dinh hudng:

e Hudng suy nghi thir nhat, viét tir thirc va mau thirc dudi dang (x2 —x— 1) .q(x) +1(x) xem phan phép chia
da thuc, tir d6 ta tim duoc Q.

e Hudng suy nghi thi hai, ching ta quan sat thiy c6 dang hang dang thirc, bién d6i gia thiét khéo 1éo dé
xuat hién thanh tir thirc va mau thie.

Trinh bay loi giai

Cdch 1.

e Tacé:

x0 =32 +3x* = x* 42020 = (x* —x—1)(x* = 25" + 227 —x +1)+2021
e Taco:

X0 =’ =3x7 =3x+2020 = (x* —x—1)(x" +x* +2x> + 2x +1)+2021

Vi x2—x—1=0thi tar s6 12 2011; mau sb 1a 2021.

2021

Vayo=207 =1

Cach 2.
e Tacox’—x—-1=0=>x"=x+1=x° :(x+1)3

= x = +3x7 +3x+1=>x* —x* —3x -3x=1

Suy ra mau sd bang: 1 +2020 = 2021.
° Tac()zxz—x—I:O:Mcz—x:1<:>(xz—)c)3 =1

= x-3x" +3x*'—x’ =1
Suy ra tir s6 bang: 1+ 2020 = 2021.

2021

yQ_2021

2
Vidu 5: ChoP="
n+5

v6i n 13 sb ty nhién. Hay tim tat ca cac sd tu nhién n trong khoang tir 1 dén 2020
sao cho gié tri ciia P chua tdi gian.
Gidi
2
n +4
=n-5+
n+5 n+5

Tacod: P= vOine N.

Dé phan s6 P chua t6i gian thi UCLN (29;n+5)=d(d #1)

Khi dén+5:d va29:d =>d =29 =>n+5:29



Hayn+5=29% (ke N")=n=29k-5
Ma 1<n<2020=1<29%-5<2020 < 29k <2025
:>£<k<692—4:>ke{1,2,3....,69}

29 29

Vay cac s6 tu nhién n can tim ¢6 dang n=29k—-5véi k e {1,2,3...., 69}

Vi du 6. Vi gia tri nao cua x thi:

a) Gid tri cua phan thuc 4 = 109 duong;
x f—
p e A -10
b) Gia tri cua phan thuc B = am;
x+21
o A s x-=21
¢) Gia tri cua phan thue C = 0 duong.
x —

Giai
Tim céch giai. Khi giai nhitng dang toan nay ching ta can st dung kién thirc sau:

e  Phan thuc % c6 gia tri dwong khi va chi khi A va B ciing déu.

Ao A L
e  Phan thuc 3 c6 gia tri am khi va chi khi A va B trai dau.

Trinh bay loi giai
a) >0 x-9>0< x>09.
x_
-10
b) <0 x+21<0< x<-21.
x+21
c)x_lé >0< x—21va x—10 cung déu; max—10>x-21nénx—21>0 hodcx-10<0< x> 21 hoic
x_
x <10.

C. Bai tap van dung
9.1.

A _x2+3x+2

a) Tim da thtrc A, cho biét 5
x=2 x -4

M _x2+3x+2

b) Tim da thirc M, cho biét
x—1 x+1

Hwéng din giai — dap s6

Dung dinh nghia, ta co:



a) A=(x+1). b)M =x*+x-2.
Nhin xét. Ban c6 thé dung tinh chit co ban ciia phan thirc dé giai bai nay.
9.2. Cho a va b 1a cic sb thoamina >b >0 vaa’ —a’b+ab® —6b° =0 . Tinh gié tri caa biéu

a* —4b*

thtc B=———.
b —4a*



Huéng din giai — dap sb
Te & —a’b+ab®> —6b> =0
= a’ =2a’b+a’b-2ab* +3ab* —6b> =0
<:>(a—2b)(a2+ab+3b2)=0
Via>b>0=a’+ab+3b* >0 dodda-2b=0=a=2b

iy g 4 4B 166 -abt 12b* -4
Y T b _eab® 63 21

9.3. Cho a, b théa man10a* —3h* + 5ab =0 va9a® # b*

2a—b+5b—a
3a—-b 3a+b

Tinh gia tri ctia biéu thirc P =

Hwéng din giai — dap s6

(2a—b)(3a+b)+(5b—a)(3a—b)

Taco P =
e (3a—b)(3a+b)

P 6a’ +2ab—3ab—b* +15ab—5b* + ab 3 3a® —6b* +15ab
9a’ —b* 9a’ —b*

Tur gia thiét 10a® —3b* +5ab = 0= 5ab = 3b> —104°.

2 2 2 2 2 2
Tir d6 suy ra P = 3a” —6b 2+9b2 30a _ 27c2 +32b _ 3
9a-b 9a”—-b

2020-2015 . 20207 —2015°
abB

9.4.S6ndo lon hon: A= == vap=""__"—_°_
2020+2015 2020% +2015

Hwéng din giai — dap s6

, 2020-2015 2020° —2015> 2020 -2015?
Taco A= = 7 < 2 2
(2020+2015) (2020+2015)° 2020 +2015

= A< B

9.5. Vi gia tri nao cua x thi:

a ) Gia tri cua phén thirc 4 = duong;

x—2

-3 .

b) Gié tri cia phan thiic B = 3 am;

=

x—1

¢) Gia tri cia phan thuc C = duong.

9]

=

Huéng din giai — dap sb

a)Ad= >0 x-2>0x>2.

x—2



b)B:_—33<0<:>x—3<0<:>x<3.
x—

x—1

c)C= >0 x—1vax-5 cfmgdéu; max—-1>x-5nénx—-5>0 hodcx-1<0< x>5 hodcx<1.

x—5

9.6. Chirng minh v&i moi sé nguyén dwong n thi:

3

a) Sn——l 1a phén s6 khong tdi gian.
n +n+l
1 LA
b) bn+ 1a phan so to1 gian.
8n+1
Huéng din giai — dap sb
(n—l)(n2+n+1) (n—l)(n2+n+1)
a) Taco——F—— =—7 5
nw-n+n+n+l n (n —1)+(n +n+1)
(n_l)(n2+n+1) s re A A .2 A n -1 \ A A -
( — > vi v6i s0 nguyén duong n thin” +7n+1>1 nén——— 1a phan s6 khong toi
n —n +1)(n +n+1) n+n+l
gian.

b) Pat UCLN(6n+1;8n+1)=d v6id e N’

=6n+l:d =24n+4:d
8n+l:d =24n+3:d
= (24n+4)-(24n+3)id < lid=>d =1.

= UCLN(6n+1;8n+1)=1= Phén sé toi gian.

9.7. Tim gi4 tri 1on nhét cua phan thirc sau:

3 5
= 4 B=-r 1.
X" +2x+4 4x° —4x+3

Huéng din giai — dap sb
3

a) Tacod=———
(x+1) +3

2o
3

— Gid tri 16n nhit cia A 1a 1 khi x=—1.

b) TacoB=————<>

(2x-1)" +2
1, £, ) . 1
Gia tri 16n nhat cuaBlaE khi sz.

2x” —3xy

2

9.8. Cho2x+y=11z;3x—y =4z Tinh gid triQ = =
x +3y



Huéng din giai — dap sb
Tu2x+y=11z va3x—y =4z suyraSx=15z=x=3z
Tu2x+y=11z vax=3z suyray=>5z.

2x% —3xy B 182> —452° _ 9

Thay vao biéu thirc: O = = -
Y Q x> +3y* 922 +752% 28

9.9. Cho a, b thda man5a* +2b* =11ab vaa>2b>0.

, ., ., .2 , 4612 - sz
Tinh gia tri cta bi€u thirc 4 = ————.

a +2ab
Huoéng din giai — dap sb

Tir gid thiét: 5a> +2b> = 11ab < (5a—b)(a—2b) =0 < {5“ =b(thda man)

a=2b (loai)
2 2
Thay5a =b vao A ta duogc: 4 =% =—11.
a” +10a
9.10. Cho4a’ +b* =5ab va2a>b>0. Tinh gia tri P = 42a—bb2
a’—

Hwéng din giai — dap sé

Tur gia thiét: 4a* + b* = 5ab
< 4a’ +b* -5ab=0<4a* —4ab—ab+b* =0
4a = b(loai)

& (4a—b)(a—b) =0 {a = b(thda man)

2
Suyraa=b.ThayvéoPtaduoc:P=a—2=l.
3a 3
4 3
9.11. Cho x thoa min——— = Tinh gid trj biéu thie p= > 2> +187~1
x —x+1 2 x =2x"+7x+1

Huéng din giai — dap sb
1

N .y X X
Tu glathlet:z—:—suyraxz—x+1:2x<:>x2—3x+1:O
x —x+1

Ta c6: x* =3x” +18x—1=(x’ —3x+1)(x2 —1)+15x.
X =2x? +7x+1:(x2 —3x+1)(x+1)+9x

(x2 —3x+1)(x2 —1)+15x _15x

Véix* —3x+1=0tacOP= > =
(x —3x+1)(x+1)+9x Ox

_2
:

3x’y -1

9.12. Cho x,y théa man x> —2xy +2y> —2x+6y +5 = 0. Tinh gia trj cia biéu thirc N = Z
Xy




Huéng din giai — dap sb

Ta co:

X' =2xy+2y" =2x+6y+5=0x" - 2xp+ ¥ +1* —2x+2y+4y+5=0
<:>(x—y—l)2+(y+2)2 =0

Dau bang xdy rakhix—y—1=0 vay+2=0 hay y=-2;x=—1.

2
TirdosuyraN = 3(_1) (_2)_1 :—Z

4-1)(-2) 8

9.13. Cho a, b 1a hai s6 nguyén duong khac nhau, thoa man 2a* + a = 3b* +b.

Chtrng minh rﬁnga—_b 1a phén s6 tdi gian.
2a+2b+1

( Thi hoc sinh gioi Toan lop 9, tinh Quang Ngai, nam hoc 2013-2014)
Huéng din giai — dap sb
Tu 2a° +a=3b"+b << 2a* 20" +a—b=b> < (a—b)(2a+2b+1)=b*(1)
bit UCLN (a—b;2a+2b+1)=d = a—b:d;2a+2b+1:dvab:d

=[2a+2b+1-2(a—b)]:d = 4b+1id mabid hayd =1

= a—b va 2a+2b+1 nguyén t6 cing nhau suy raa—_b 1a phan sb téi gian.
2a+2b+1



Chuwong 11

PHAN THU'C PAI SO

Chuyén dé 10. RUT GON PHAN THU'C

A. Kién thirc cin nhé
Muén rit gon phdn thirc ta c6 thé:
Phén tich tir v mAu thanh nhén tir ( néu can) dé tim nhan tir chung;
Chia ca ttr va mau cho nhan tir chung.
Chii y: C6 khi can d6i ddu & tir hodc miu dé nhan ra nhan tir chung cua tor va mau (luu ¥ t6i tinh
chat A =—(-A)).

B. Mot s6 vi du

Vi du 1. Ruat gon phan thic sau:

X +2x-8 a*-54a° +4
A== b)B = :
2 X +x-127 ) a'—a’+4a-4"
) C = X +x—4x—4
X +8x* +17x+10
Giai
a) Ta co:
P +2x+1-9  (x+1)=9  (x+1-3)(x+1+3)
X +4x-3x-12 x(x+4)-3(x+4)  (x+4)(x-3)
_(x=2)(x+4) _x-2
(x+4)(x=3) x-3
PRy 2(a*=1)-4(a* -1
b) Taco: B=2 "¢ 4a +4_a(a ) (a )

at—(a*-4a+4) a4—(a—2)2

b (@)@ 4)  (an)(ar)(e-2)(ar2)

(az—a+2)(a2+a—2) (az—a+2)(a—l)(a+2)

B:(a+1)(a—2).
a’—a+2

X (x+1)-4(x+1) (x+1)(x" -4)

c) Taco:C= =
) X+ x” +767 +7x+10x+10 (x+1)(x” +7x+10)

Co (x+l)(x—2)(x+2) _ x—2.
(x+1)(x+2)(x+5) x+5

Vi du 2. Cho a, b, ¢ d61 mot khac nhau thoa man ab = bc + ca =1. Rut gon biéu thuc sau:

e (a+b)2 (b+c)2 (cha)2

(1+a2)(1+b2)(1+c2)'




Giai
Tim cach gii. Nhan thiy mau thirc ¢ thé phan tich thanh nhan tir bing cach sir dung gia thiét. Do vy nén
thay | = ab+bc+ca vao miu va phan tich da thire thanh nhan tir. Nhing bai toan rat gon c6 diéu kién, ching
ta nén van dung va bién ddi khéo 1éo diéu kién.
Trinh bay loi giai
Thay 1=ab+bc+ca, tadugcl+a’ =a’ +ab+bc+ca
l=a’ :(a+b)(a+c)
Tuong ty:1+5” =(b+c)(c+a)
1+¢? =(c+a)(c+b)

sy axb)(bre)(era)
Vay 4 (a+b)(a+c)(b+a)(b+c)(c+a)(c+b) 1.

a’—-4a’ —a+4
a’—7a’ +14a -8

Vi du 3. Cho biéu thic P =

a) Rut gon biéu thirc P.
b) Tim gid tri nguyén cta a dé P nhan gia tri nguyén.
Giai
Tim céch giai. Khi rat gon biéu thirc, ching ta can phén tich tir thirc va mau thirc thanh nhan ti.
Dé tim gid tri nguyén cua a, ching ta can tach phan nguyén va cho phan thirc c6 gia tri nguyén. Chang

a+l1

thi ta viét P =1+ , vi 1 1 s6 nguyén nén dé P 1a sb nguyén thi

han P =
a-2 a-—2 a-—

5 cO gia tri nguyén.

Do vaya—2 phai la udc so cua 3.

Trinh bay loi giai
a) Taco:
po a’—4a* —a+4 B a2(a—4)—(a—4)

& -7d° +14a-8 &’ -24° -5a>+10a+4a—8
(az—l)(a—4) _(a+1)(a—1)(a—4)_a+1

- a’ (a—2)—5a(a—2)+4(a—2) (a—l)(a—4)(a—2) a—?2

3

b) Taco:P=1+
a-2

(a+#2)

ViyPeZ < eZ o a-2e{tl+3} o ae{-11;35}

a—

Xt —x?=2x-2

xr2x - xt —4x -2

Vi du 4. Cho phén thirc F(x) =

Xac dinh x dé phén thirc F(x) 6 gia tri nho nhat.
Giai



Tim cach gidi. Trong phan thirc F(x) thi bac cua tir thirc va mau thirc 1a 4, kha 16n. Do d6 viéc tim gi tri
nho nhét gip nhidu kho khan, vay can rat gon biéu thirc F(x). Khi F(x) viét duoc dudi dang phan thirc ma
tir thirc va mau thirc 12 bac hai, ta tim cuc tri bang cach 14y biéu thirc F(x)—m, sao cho két qua tir thirc viét

dugc dudi dang hang dang thirc (a + b)°.

Trinh bay loi giai
Fx)= x4’ —x"-2x-2 B XXt -2x7-2x-2
428 -t —4x-2 X2 +xT-2x7 —4x-2
xz(x2+x+1)—2(x2+x+l) (x2+x+1)(x2—2)
xz(x2+2x+1)—2(x2+2x+l)_(x2+2x+1)(x2—2)
X +x+l
X’ +2x+1
2 2 a2 _ +12
XetF(r)—3 = 2xHl 3 Adwderd 30 -6x-3 (o))
4 x +2x+1 4 4x" +8x+4 4(x+1)

Suy ra F(x) > % Dau bang xay ra khi x =1

Vay gié tri nho nhét ciia F(x) = % khix=1

xt—x —x+1

Vi du 5. Cho biéu thic B = . Chtng minh ring biéu thire B khong am véi moi gia tri

XX +3x° +2(x+1)

cua X.
Giai
Tim cach gidi. Chung minh biéu thirc khong am véi moi gié tri cia x, ta can phai rat gon bi€u thue. Sau do

chimg to tir thitc khong 4m va mau thie duong.

Trinh bay loi giai
p Plm)=(xm) (=) (Frarl)  (x-1)]
xz(x2+x+1)+2(x2+x+1) (x2+2)(x2+x+1) x> +2
2
B:(xz_l) > 0.
X +2

Vay B khong am véi moi gia tri cia x.

(19862 +1992)(19862 +3972—3).1987
1983.1985.1988.1989 '
(Thi Hoc sinh gioi NewYork (My) — nam hoc 1986-1987 )
Giai

Vidu 6. Tinh P=



Tim cach giai. Bai toan nay chira s6 kha 1on. Nhiéu sd gan voi 1986, do d6 rat ty nhién dat1986 = x, roi
biéu dién cac sd gﬁn véi 1986 theo x, ta duge biéu thic P bién x. Sau d6 rat gon biéu thirc P.
Trinh bay loi giai
bat 1986 =x.
Ta co:
x —x—6)(x2 +2x+3)(x+1)
(x—3)(x—1)(x+2)(x+3)
~ (x2 —3x+2x—6)(x2 —x+3x—3)(x+1)
(x=3)(x—1)(x+2)(x+3)
(x=3)(x+2)(x—1)(x+3)(x+1)
(x=3)(x—1)(x+2)(x+3)

P=x+1hay P=1996+1=1997

ol

Nhin xét. Phuong phéap giai bai trén 13 dai s6 héa bang cach datx =1986, sau d6 rat gon phan thirc dai so.
Nhiéu biéu thirc s6 ta c6 thé giai bang dai s6 nhu trén.

C.Bai tap van dung

10.1 Ruat gon biéu thic:

2x° = 7x" =12x+45 (a=1)"=11(a~1)" +30

2 3x’ =19x% +33x -9 b)N:3(a_1)4_18(a2_2a)_3

Huoéng din giai — dap sb
2x* —7x* —12x+45 B 2x* —6x* —x* +3x—15x+45
30 —19x2 +33x—-9  3x°—9x* —10x* +30x+3x-9

~ (x—3)(2x2—X—15) _(2x+5)(x=3)  2x+5
(x=3)(3x7 -10x+3)  (Bx—1)(x=3) 3x-I

a)

- (a—1)44—11(a—1)2+30 :[(a—l)z;ﬂ[(“—l)j—ﬂ
3(a-1) -18(a’ —2a)-3  3(a—1)'-18(a-1) -15

(a2 —2a—4)(a2 —2a—5) _a’-2a-5

3[(a-1)=5][(a-1)'-1] 3@ 6

10.2. Rat gon biéu thuc:

n+2n -1
A=— 2 ,
n+2n°+2n+l1
M=x5—2x4+2x3—4x2—3x+6.

b

x*+2x-8



xy? erz(y2 —x)+l
2yt e+ 2]

Huéng din giai — dap sb

n'+2n’ -1 n+nt+n’ -1

A== 2 =3, 2, 2
nw+2n +2n+l w+n +n +n+n+l
~ nz(n+1)+(n—1)(n+l) _ni+n-1
_n2(n+l)+n(n+1)+n+l_n2+n+l
M:x5—2x4+2x3—4x2—3x+6:x4(x—2)+2x2(x—2)—3(x—2)
x*+2x—8 (x=2)(x+4)

(x2 —1)(x2 +3)

- x+4

2492yt —x)+1 4
v Prex)+l o

yt+2yt+x’ 42 _(x2+2)(y4+1) )

abc+a+b+c—(ab+bc+ca+l)

10.3. Rut gon biéu thirc: P =
& a2b+l—(a2+b)

Huéng dén giai — dap so
_abc—bct+a-1-ab+b—ac+c _ (a—1)(bc+1-b-c)
a’b—a’ —b+1 (b-1)(a’-1)

(a—l)(b—l)(c—l) _c-1

(b-1)(a+1)(a=1) a+1

P

(20032.2013 +21.2004 - 1) (2003.2008+4)
2004.2005.2006.2007.2008
( Tuyén sinh 10, Trwong THPT chuyén DPHSP Ha Ngi, nam 2003 — 2004 )

10.4. Tinh gia tri ctia biéu thirc sau: P =

Hwéng din giai — dap sé
Pat x=2003. Ta co:
[ (x+10)+31(x+1)=1 ][ x(x+5)+4]
(x+1)(x+2)(x+3)(x+4)(x+5)

(x3 +10x> +31x+30)(x2 +5x+4)

(x+1)(x+2)(x+3)(x+4)(x+5)

Phan tich tir thirc thanh nhan ttr, ta duoc:



B (x+2)(x+3)(x+5)(x+1)(x+4) _1

(x+1)(x+2)(x+3)(x+4)(x+5)

10.5. Cho a, b, ¢ d61 mot khac nhau thoa man ab + bc+ ca =1. Rut gon biéu thirc sau:
(a2 + 2bc—1)(b2 +2ca —1)(02+2ab —1)

(a=b) (b=c) (c-a)

Hwéng din giai — dap s6
Thay 1=ab+bc + ca, ta dugc:
a’+2bc—1=a’+bc—ab-ca=a(a—b)—c(a-b)=(a—c)(a—b)
Tuong ty:b* +2ca—1=(b—c)(b—a);c’ +2ab—1=(c—a)(c—b)
Vay

(a—b)(a—c)(b—a)(b—c)(c—a)(c—b) —(a—b)2 (b—c)2 (c—a)2 _q

(a=b) (b=c) (c-a) (a=b) (b=c) (c-a)

X +x+1

X=X +2xt —x+1

10.6. Cho 4 =

a) Rut gon biéu thirc A.
b) Chimg minh rang, A khong 4m v&i moi gia tri cta x.

Huéng din giai — dap sb

X +x+1 x(x3+1)+x3+1
a)d=——>73 2 =
x'=xT+2x" —x+1 xz(xz—x+l)+x2—x+1
(x+1)2(x2—x+1) (x+l)2
_(x2+1)(x2—x+1)_ x*+1
(x+1)2 o ) o
b) A=-— > 0. Vay biéu thirc A khong am Vx

x +1

3x2 +3

10.7. Cho phén thirc M = —; 3 > .
X +2x+7x +2x+6

a) Rut gon biéu thire M.
b) Tinh gia tri 1on nhat cia biéu thirc M.
Huéng din giai — dap sb
3x*+3 3x*+3

X2+ T 42x+6 XX 42X +2x+6x7 +6

aA)M =

3x7+3 B 3
(x2 +1)(x2+2x+6) X2 42x+6




b)x2+2x+625:>2;£§.Déubéngxéyra S x=-1
X +2x+6 5

Vay gia tri 1on nhit ctia phan thirc M = % la khix=-1

10.8. Rut gon phan thuc:

A_X5_2x4+2x3_4x2—3x+6 _1+x4+)€8+,”+x2020
= X2—X—2 _1+x2+x4+,,,+x2022
Huémg din giai - dap sb
Tacc'):A:x4(x_2)+2x2(X—2)—3(x—2):(x—2)(x4+2x2_3)
(+1)(x-2) e 07
(x2 +3)(x—1)(x+1)
ST R S G
Yt 2020
Taco: Q= IT+x* +x" +..+x

(1+x4 + 8 +...+x2020)+(x2 + x84+ x" +...+x2022)

T+x* + x84+ + x5 1

(1+x2)(1+x4-|rxx +...+x2020) 1+x°

2 2 2
10.9. ChoZ =2 =2 Rut gon biéu thire: P= =2 T2
a b ¢ (ax+by+cz)

Huoéng din giai — dap sb
Dét£=l=£=k suy ra: x = ak;y = bk;z = ck.
a b c

PR PR vk K (d b )

ToedoétacOoP= 5 5
(a2k2 +bK> +c2k2) K (a2 +b +c2)

1
SuyraP=—+——
Y a’+b’+c’

10.10. Cho a + b + ¢ = abc. Ching minh rang:
a(b2 +C'2)+l)(a2 +C'2)+c(cz2 +b2)

ab+bc+ca-3

=abc.

Hwéng din giai — dap s6

Xét tir thire ta co:



ab® +ac® +a’b+bc’ +a’c+b’c
= (ab2 +a” +abc)+(ac2 +azc+abc)+(bc2 +bc? +abc)—3abc
:ab(a+b+c)+ac(a+b+c)+bc(a+b+c)—3abc
:(a+b+c)(ab+ac+bc)—3abc

= abc(ab+ac+bc—3)

a(b2 +c2)+b(a2 +cz)+c(a2 +b2)

ab+bc+ca-3

=abc.

Vay suy ra:

Diéu phai chimg minh.
(x2 +cz)(1+cz)+612)c2 +1

khong phu thudc vao gia tri cua x.
(x2 —a)(l—a)+c12x2 +1

10.11. Chimg minh rang gia tri biéu thic P =

Hwéng din giai — dap sé

2.2
(x +a) l+a)+a’x +l ¥ rax’ va+ad’ +a’x’ +1

(
Taco: P= =
40 (x —a)(l a)+a2x2+1 X —ax*—a+a* +a’x* +1

(1+)62)+(1+x2)a+(l+x2)a2 _(1+x2)(1+a+a2) B l+a+a?
)-

(1+x2 (1+x2)a+(1+x2)a2 _(1+x2)(1—a+a2) l-a+d’

Vay gia tri biéu thirc P khong phu thudc vao gia tri cia x.

3
10.12. Tinh gia tri bidu thirc P = T v6ix=-499;y =999,

(l—Hcy)2 —(x+y)

Hwéng din giai — dap sé

x()c2 —1)

TacoP=
40 (I+xy+x+y)(1+xy—x—y)

_ x(x—1)(x+1) _ x
(+D)(+)(x=1)(y-1) (y+1)(y-1)

Diéu kién x # +1; y # +1.

Voix =-499,y =999 thay vao ta dugc
3 —499 =499 -1
(999+1)(999-1) 1000.998 2000

x(x+5)+y(y+5)+2(xy—3)
x(x+6)+y(y+6)+2xy

10.13. Tinh gia tri biéu thirc: 4 = V6i x+ y =2020.

Hwéng din giai — dap s6

Taco g2 X+ y(r+5)+2(0=3) _x'+5x+y"+5y+2xp-6
| x(x+6)+y(y+6)+2xy X’ +6x+y" +6y+2xy




=(x+y)2+5(x+y)—6 C(x+y+6)(x+y-1) x+y-1

(x+y)2+6(x+y) (x+y+6)(x+y) X+y

:(x+y)2+5(x+y) (x+y+6)( +y—1):x+y—1
(x+y)2+6(x+y) (x+y+6)(x+y) X+y

biéu kiénx = —y; x+ y # —0.

2019
2020

10.14. Cho ax + by + ¢z = 0. Ching minh rang;

Vé&ix+ y=2020 thi gia trj biéu thirc A =

ax’ +by* +cz’ _ 1
bc(y—z)2+ca(z—x)2 +ab(x—y)2 a+b+c

Huéng din giai — dap sb
Xétbc(y—z)2 +ca(z—x)2 +ab(x—y)2
=bcy® —2bcyz + bez’ + caz® —2cazx + cax® + abx® —2abxy + aby’
= (azx2 +aby” + aczz)+(abx2 +b°y’ +bczz)+(acx2 +bey’ +c222)—

(a2x2 +b°y* + 2 +2abxy + 2bcyz +2cazx)

:(a+b+c)(a)c2 +by’? +czz)—(ax+by+cz)2
=(a+b+c)(ax2 +by’ +sz) (Vi ax+by+cz=0)
Tir d6 suy ra, vé trai

ax’ + by’ +cz’ ax’ +by’ +cz’ 1

be(y-z) +ca(z—x) +ab(x—y)’ - (a—i—b-i—c)(ax2 +by’ +sz) Ca+b+c




Chuwong 11
PHAN THU'C PAI SO
Chuyén dé 11. PHEP CONG VA PHEP TRU CAC PHAN THUC PAI SO
A. Kién thirc cin nhé
1. Cong hai phan thirc cing miu thire
Quy tdc. Mudn cong hai phan thirc cing miu thirc, ta cong cac tir thirc véi nhau va giit nguyén miu
thtrc.
2. Cong hai phan thirc c6 miu s6 khac nhau
- Quy tdc. Mubn cong hai phan thirc ¢c6 mau thirc khac nhau, ta quy ddng miu thirc roi cong cac phan
thirc c6 cing mau thire vira tim duoc.
- Chii ¥. Phép cong cac phan thirc ¢ cac tinh chat sau:

+ Giao hoz’m:£+£=£+ 4
B D

D B
+ Két hop: A CLEA(CLE)
B D F B D F
1. Phéan thic dbi

- Hai phan thire dugc goi 1a d6i nhau néu tong cua chung bang 0.
N . aRe . N , A U |
- Phan thuc doi cua phan thirc 2 duoc ki hiéu bai 3

A -4 -4 A
Nhuvldy——=— va——=—.
B B B B

2. Phép trir

, . A A . ‘.
Quy tdc: Mudn trir phan thl:TCE cho phan thlﬁ:c%, ta cOng 3 v61 phan thire doi cua %:

4. ¢ 4. (_C
B D B D)

B. Mt s6 vi du
Vi du 1. Thyc hién phép tinh:

A o(ml) R0 R ey

a)A=
) (x2+1)2—x2 xz(x+l)2—1 x4—(x+1)2

Giai
Tim céch giai. Quan sat ki cic phan thic, nhan thire tir thirc ctia mdi phan thirc déu phan tich da thirc thanh
nhén tir duoc, do vay ta nén phan tich thanh nhan tir ca tir thitc va mau thirc va riat gon phan thic trude khi
thuc hién phép cong.
Trinh bay loi giai.



Ta co:

e (x2 —)chl)(x2 +x—l)+(x+x2 —1)(x—xz+l)+(x2 —x—l)(x2 —x+1)
(x2+l—x)(x2+l+x) (x2+x—1)(x2+x+l) (xz—x—l)(x2+x+l)

_x2+x—1 _x—x2+1+x2—x+l

=4 2 -2 2
x+x+1 x"+x+1 x"+x+1
2
x +x+1
x +x+1

Nhan xét. Trong khi thuc hién phép cong, trir cac phan thuc dai sb, néu phan thirc nao rut gon duogc, ban
nén rut gon trude khi thuc hi¢n.
Vi du 2. Cho a, b, ¢ théa manabc =1. Tinh gia tri

a b c

= + +
ab+a+1 bc+b+1 ac+c+1

Giai

Thay 1=abc vao biéu thuc, ta co:

B a N abc.b N c
ab+a+1 bc+abeb+abc ac+c+abe
M- a N ab N 1
ab+a+1 l1+ab+a a+1+ab
_ab+a+l 1
ab+a+1
Nhan xét.

e Loi giai trén tinh té khi giit nguyén mot phén thic va thay s6 1 vao vi tri hop li dé rit gon phan thic,
dua cac phan thirc vé ciing mau.

e St dung ki thuat trén ban c6 thé giai dugc bai toan sau: Cho a, b, ¢, d thoa man abed =1. Tinh gia tri cua

biéu thirc:
~ 1 . 2
1+2a+3ab+4abc 2+3b+4bc+bed

3 4

+ + .

3+4c+cd+2cda 4+d+2da+3dab

3 7
Vi du 3. Rat gon biéu thire: B=—— 41424, 4@ | Ba
a-b a+b a +b° a+b" a +b

Giai

Tim cach giai. Quan sat cac phan thic, chung ta nhan thiy khong c6 mau ciia hang tir ndo phén tich dugc
thanh nhan tir nén viéc quy dong mau thirc tit ca cic hang tir 1a khong kha thi. Nhan thiy mau cta hai phan
thirc ddu c¢6 dang a — b va a + b, thuc hién trudce téng cua hai phan thire ndy cho ta két qua gon.Véi suy luan
ay, chung ta tiép tuc cong két qua iy vai phan thic tiép theo.

Trinh bay loi giai



2a 2a 4q° 8a’

Tacod: B= + + +
a-b a+b* a'+bt S+
4q° 4q° 8a’ 8a’ 8a’ 164"
= B= + + = B= + =>B=—
a'-b* a*+b* a*+b° at-b*  a*+b’ a'®—b'

Vidy 4. Cho(a+b+c)” =a® +b +c. Rut gon bidu thirc:

2 2 2
a b c

= 3 +— .
a - +2bc b +2ac ¢ +2ab

Giai
Tim cach giai. Nhan thdy néu quy dong mau truc tiép 1a khong kha thi boi cac miu hién tai khong phén tich
thanh nhan tir dugc va néu quy dong thi biéu thirc rat phirc tap, mit khac chua khai thac duoc gia thiét. Phan
tich gia thiét ta duoc ab +be +ca = 0, khai thac yéu td ndy vao miu thirc ta dugc:
a’ +2bc = a® +2bc —ab —bc — ca va phan tich thanh nhan tir duoc. Do vay ta c6 16i giai sau:
Trinh bay loi giai
TI‘J:(a+b+c)2 =a’+b*+c’. tacodia’ +b° +¢’ +2(ab+bc+ca) =a’+b*+c¢’ nénab+bc+ca=0
Xét a* +2bc=a’ +2bc—ab—bc—ca=a’ —ab—ca+bc:(a—b)(a—c).
Tuong ty ta c6:b° +2ac =(b—a)(b—c);c* +2ab=(c—a)(c—b).
a’ b’ c’
Do dotaco: P= + +
(a—b)(a—c) (b—a)(b—c) (c—a)(c—b)
a’ (b—c)er2 (c—a)+c2 (a—b)
(a—b)(b—c)(c—a)
o (a=b)(b=c)(
Phan tich tir thirc thanh nhan ttr, ta c6: P =—
(a—b)(b—c)

3x2 +3x+3 A B 1
. = ~+ +
x =3x+2 (x—l) x—1 x+2

=>P=-

—_
9}
|
Q
SN

Vidu 5. Tim A, B thoa man:

Giai
Tim céch giai. Dé tim hé sd A va B, chiing ta bién ddi vé phai. Sau d6 dong nhét hé s6 hai vé.
Trinh bay loi giai
Taco:x’ —3x+2=x"-2x—x+2=x(x+1)(x—1)-2(x-1)
:()c—l)(x2 +x—2)
(x=1)*(x+2)

Tir d6 suy ra:



3x° +3x+3 A B 1

(=1) (x+2) (1) x—1 x+2

3 A(x+2)+B()c—l)(x+2)+(x—l)2
(x—l)z(x+2)

=3x’ +3x+3=(B+1)x’ +(A4+B-2)x+(24-2B+1)

B+1+3 {3
Pong nhat hé sdtaco:{ A+B—-2=3 3{8:2
24-2B+1=3 B
Vi du 6. Thyc hién phép tinh:
Y= X’ —yz N VY —xz 2’ —xy
(x+y)(x+z) (y+z)(y+x) (x+2)(y+2)

Giai
Tim cach gidi. Suy nghi trude bai nay, ta cd hai hudng phan tich:
Huréng thir nhdt. Quy ddng mau, thuc hién phép cong nhu thuong 1é.
Huréng thir hai. Tach mdi phan thtc thanh hiéu cta hai phan thirc, ri khir lién tiép. Trong bai ndy, cach nay

khong ngan, song thé hién duoc nét dep va sang tao.

Trinh bay loi giai
x> —yz V' —xz z°—xy
(x+y)(x+z2) (y+2)(y+x) (x+2)(y+2)

Cach 1. Taco: A=

(x2 —yz)(y+z)+(y2 —xz)(x+z)+(z2 —xy)(x+y)

A:
(x+y)(x+z)(y+2)

A_xZJ"HCzZ—yzz—yZZ+xy2+y22—x2z+xzz+y22—x2y—xy2_O
) (x+2)(x+2)(y+2) N
Cdch 2. Ta co:

x*—yz :x2+xy—xy—yz:X(x+y)—y(x+z): XY
(x+y)(x+z) (x+y)(x+2) (x+y)(x+2) X+z x+y
Tuong tu

yz—xz _y z (2)

+z)(y+x) x+ +z
(y+z)(y+x) x+y y

z—xy oz X 3)

(z+x)(z+y) T Ytz x+z

Tix (1), (2) va (3) cong vé véi vé ta duge 4 =0.



3k* +3k+1

(2 )3 voimoi k >1
k™+k

Vidu 7. Choa,,a,...a, dugc xac dinh bdi cong thic: g, =

Hay tinh gia tri ctia tong: 1+ ata,+..+a.
( Tuyén sinh 16p 10, Trwong THPT chuyén PHKHTN, PHOG Ha Néi, ndm hoc 1999 — 2000)
Giai
Tim cach giai. Bai toan c6 tinh quy luat, thay sd vao tinh 14 khong kha thi. Do vdy chiing ta nghi dén viéc
tich mdi phan thic thanh higu ctia hai phan thirc, rdi khir lién tiép. Nhan thdy 3k% + 3k +1=(k+1)' —k*, nén
chung ta c6 101 giai sau:
Trinh bay loi giai
32 +3k+1 (k+1) -k 1 1
(k*+k) TRk K (k+1)

Taco:a, =

Do do:

S=1l+a,+a,+..+a,

1 1 1
=1+(1—?j+(?—3—3j+

Vi du 8. Rut gon biéu thirc:
1 1 1 1

1 1 1 1999
e e =2 T ST
9" 10 10° 1000

-2 T3 T3 T
x=5x+6 x —-T7x+12 x"-9x+20 x"—-11x+30
Giai
Taco:M = > I +— ! +— ! +— !
x =5x+6 x"-Tx+12 x*"-9x+20 x"-11x+30
1 1 1 1

(x—2)(x—3) (x—3)(x—4) (x—4)(x—5) (x—S)(x—6)
1 1 1 1 1 1 1 1
_x—2_x—3+x—3_x—4+x—4_x—5+x—5_x—6
1 1 —4

_x—2_x—6_(x—2)(x—6)'

C. Bai tap van dung

11.1. Xac dinh cac sd a, b biét: S+l | a b

(x+1) (x+1) (x+1)

Huéng din giai — dap sb
Ta co:

3x+1 a b 3x+1 a bx+b

(x+1) (x+1) (x+1)  (x+1)  (x+1)  (x+1)




3x+1 bx+a+b
= 3 3
(x+1) (x+1)

11.2. Rt gon biéu thuc:

b=3 {bz?:

S3x+l=bx+a+b s
a+b=1 a=-2

20X +120x+180 5S¢ -125  (2w+3) —x

+ .
(3x+5) —4x*  9x*—(2x+5)" 3(x*+8x+15)

Hwéng din giai — dap sé
Ta co:

20(x+3)"  5(x=35)(x+5) (x+3).3.(x+1)

(x45)5(x+1) S(x+1)(x=5) 3(x+3)(x+5)

4(x+3)’ JXES x+l 4(x+3) +(x+5) —(x+1)

:(x+5)(x+1) x+1 x+5 (x+1)(x+5)
_ 4x* +24x+36+ x> +10x+25—-x* —2x—1
(x+1)(x+5)

CAxX7+32x+60  4(x+3)(x+5)  4(x+3)

- (x+5)(x+1)  (x+5)(x+1) x+1

at—a 3a2—2a+a2—4

11.3. Cho P =

a’+a+1 a a-2
a) Rut gon biéu thirc P;
b) Tim gié tri nho nhat ca biéu thic P.
Hwéng din giai — dap sé

a'—a 3a2—2a+a2—4

a) Taco: P=—;
a +a+l a a-—2
_ale=N)(@rarl) | (a-2)(a+2)
(a2+a+l) a-—2

=a’*-a-3a+2+a+2=a*-3a+4.

Piéu kiéna # 2.

14

b) P=a*-3a+2,25+1,75 =1,75+(a—1,5)2 >1,75.Dau" =" xdyra<>a =1,5.
Vay gié tri nho nhét cia P 1a 1,25 dat dwoc khi a =1,5.

4 2
11.4. Cho biéu thire: 0 = - % 42X 3%+l

x*—x+1 x+1

a) Rut gon biéu thirc Q;
b) Tim gi4 tri nho nhét cia Q.

Hwéng din giai — dap sé



4 2
2) Ta cé: 0 = 2x +x +1_2x +3x+1
x —x+1 x+1

(PK:x #-1)

_ )c()c+1)(x2 —x+1)+1_(2x+1)(x+1)
B xP—x+1 x+1

=x’+x+1-2x=x>—x.
b) Q=x2 —x+0,25—0,25:(x—0,5)2 -0,25>-0,25.

Vay gia tri nhé nhit cua Q 13 -0,25 dat duoc < x =0, 5.

. +1 a’-1 a*-a +a-1
11.5. Thyc hi¢n phép tinh: M = 4 + a2 + a —a 3a
a a —da a—da
Huéng din giai — dap sb

Ta co:

2 3 4 3
a+l a-1 a-a+a-1
M = + +

a a’—a a-a’
:a2+1+(a—1)(a2+a+1)_a4—a3+a—l
a a(a—l) a(az—l)
_a2+1+a2+a+l_(az—1)(‘12"'1)_“(“2_1)
a a a(az—l)
:a2+1+a2+a+1_a2+1—a:a2+2a+1
a a a
2 2 2 2
1.6 pat 22X XY _,

xz_yz x2+y2

x8+y8 xs_ys
5 8T 5. 8"
X =Yy X +y

Tinh gia tri cta biéu thirc: M =

Huéng din giai — dap sb

(¢ +0) +( ")
(7 =7) (> +37)

2(x4+y4) x*+yt a

Tur gia thiét= a =

=a= X —y :>x4_y4:5
.. a 2_x4+y4 x4—y4_(x4+y4)2+(x4—y4)2
Taco.—+;—x4_y4 +x4+y4 = (x4—y4)(x4+y4)



a 2 2(x8+)’8) *+y' a1 a+4
P S I T R
2 a X -y x -y 4 a 4a
a+4  4a a*+24a” +16
=>M= +—= = 5
4a a +4 4a(a +4)

11.7. Tim gia tri nguyén cua x dé biéu thirc sau nhan gié tri nguyén

A 2x° +x2 +2x+5

2x+1
Huoéng din giai — dap sb

2

x“+1)(2x+1)+4
Tacc’):A:( )( ) =x’+1+

2x+1 2x+1

bé Ae Z thi eZ<:>2x+le{il}<:>xe{O;—l}.

2x+1

3 v 20(x-y)

11.8. Chox+y =1 vaxy = 0. Rat gon biéu thirc: 4 = —— -
y -1 x -1 xy +3

Hwéng din giai — dap s6

— 4_ _ 4 —
Bién dbi ————2 +25x2 y)_ oxoy +y+2gx2 )
y—-1 x -1 xy +3 (y3—1)(x3—1) Xy +3

(=) -(x=y)  2(x-y)

= dox+y=1=>y-l=—xvax—-1l=-
xy(y2+y+1)(x2+x+l) x*y*+3 ( 4 4 »)

(=) )X +07)=(x=y)  2(x-p)
xy(xzyz +yix+y° +yx2+xy+y+x2+x+l) x*y*+3

(x—y)(x2+y2—1) +2()c—y)

B xy[xzy2 +xy(x+y)+x*+ ) +xy+2] x’y*+3

()@ mx ety —y) 2(x-y) (x=y)[x(x=D+r(y-1)] 2(x-»)

xy[x2y2+(x+y)2+2} x2y2+3_ xy(x2y2+3) x’y* +3
_G)x ) ()] 20-y) (- p)(20) | 2(x-y)
xy[x2y2+3] x*y*+3 xy(x2y2+3) Xy’ +3

2(x-y) 2(x-y)
= =0.
X’y +3 i X’y +3

11.9. Cho 3 sé thuc x, y, z théaman x+ y+z =0 vaxyz = 0.

2 2 2
; X z
Tinh P= ————t+— y2 >+
yio+zi—=x" z+x -y

( Tuyén sinh 16p 10 THPT chuyén TP. Ho Chi Minh, ndm hoc 2014 — 2015)

x2+y2—22'



Huéng din giai — dap sb
Tux+y+z=0=x"+)’+2z° =3xz.
Tur gia thiét, taco y+z=—x < y* +2° —x* = 2xp.

Lam tuong tu, thay vao P, ta dugc:

_ x’ N y2 N z _)c3+y3+z3 _ 3xyz _—_3
—2yz 2xz -2xy —2xyz —2xyz 2
p==
2
11.10. Cho ba sb thuc x, y, z d61 mdt khac nhau thoa man diéu kién l+ l + l =0
x y z
Tinh gid trj bidu thitc 4 = —2— + — = Xy

+
X’ +2yz Y 4+2zx P +2xy
(Tuyén sinh I6p 10, Truong THPT chuyén TP Ho6 Chi Minh, niam hoc 2013 — 2014)

Hwéng din giai — dap s6

Tacé:l+l+l:0<:>xy+yz+zx:0<:>yz=—xy—zx.
xX y z

Yz Yz Yz

X’ +2yz - X' —xy—zx+yz - (x—y)(x—z)

zx zX xy Xy

T tu: = ; =
uonguy2+2zx (y—z)(y—x)’zz+2xy (Z—x)(z—y)

4 vz N zx N xy

(x=y)(x=2) (y=2)(r=x) (z-%)(z-»)
yz(z—y)+xy(y—x)+zx(x—z) 3

(=) (p-2)(z-x)

11.11. Choax+by =c;by+cz =a;cz+ax=b va a+b+c#0. Tinh gia tri cia biéu thirc:

P:1+1+1.
x+1 y+1 z+1

Huéng din giai — dap sb
Tir gia thiét suy ra:
a+b+c:2(ax+by+cz):> a+b+c:2(c+cz):2c(1+z)

Nén: ! = 2¢
z+1 a+b+c

1 2a 1 2b
Tuong tu: = ; = .
x+1 a+b+c y+z a+b+c




1 1 2a+2b+2c
+ = =

+ = 2
x+1 y+1 z+1 a+b+c

Suyra: P=

11.12. Cho a, b thoa man 4a” +2b> —7ab=0 va 4a* -b* %0

3a-b 5b-3a
+

Tinh gié tri ciia biéu thirc: 4 = .
2a—b 2a+b

Hwéng din giai — dap sé

o 6a’ +ab—b*>+10ab—6a’ +3ab _14ab—6b’ _5

Tac = =
4q* - b* Tab —3b*

FP+1P 420 743 101° +50°

11.13. Tinh gia tri cta biéu thic: 4 = + + o+
st 217 3¥-2 4-3 51°-50°

Hwéng din giai — dap sé

Xét phan thire tong quat:

(2041 400 (n1)[ (2n+1) =n(2n+1)+n’ |

(n+1)3—n3 - 3n° +3n+1
3n+1)(3n* +3n+1
:( n+ )2( n’ +3n+ ):3n+1
3n"+3n+1

Do d6: A=(3.1+1)+(3.2+1)+(3.3+1)+...+(3.5+1)

=3(1+2+3+..450)+50 =3875.

1 1
—2:6.

. & , a3 A 1 1
11.14. Cho céc s6 thuc x, y, z théa man diéu kién: x* + y* + z° t—+—+
Xy oz

TinhP:x2020 +y2020 +22020.
Huwéng din giai — dap so

Tur gia thiét chuyén vé, ta co:

x2—2+L2+y2—2+L2+22—2+L2=0
X y z
1
xX=—
1Y : 1\ )1c =1 [ =1
(A ] et
X y z y ZZ=1 22020=1
1
z=—
zZ
= P=1+1+1=3.
3 5 2n+1

11.15. Rt gon biéu thirc: B =

(1.2) " (23)’ e [n(n+1))]

Huéng din giai — dap sb



Ta tach timg phan thirc thanh hiéu cua hai phan thic rdi ding phuong phap khir lién tiép, ta duoc:

2k+1 (k+1Y =K 11

K (k+1) K (k+1) K (k+1)

+2
Podop—t-Ll L 1, 1 1 1 nn+2)
223 n (n+1) (n+1)  (n+10%)
11.16. Cho biéu thire A= 22" 4 27% (ygi x2+1)
3x—1 3x+l 3

Tinh gia tri biéu thirc A biét rang 10x* +5x = 3.
Hwéng din giai — dap sé
(2x—1)(3x+1)+(5—x)(3x—1)

Taco: A=
1 (x—1)(3x+1)

_6x7+2x—3x—-1+415x-5-3x" +x

9x? -1
_3x2+15x—6_3(x2_5x_2)(1)
o9 -1 9x?—1

Tir didu kién10x? +5x+3 = 5x =3—10x" thay vao (1) ta co:

3(x2+3—10x2—2) 3(1—9x2)

9x* —1 T
2x+3y 6—xy _x2+9

11.17. Rat gon biéu thire: 4 = - —.
xy+2x-3y-6 xy+2x+3y+6 x -9

Huéng din giai — dap sb

, 2x+3y 6—xy x> +9
T A= - -
T 04 2)3(r+2) x(p+2)+3(y+2) (x-3)(x+3)
2x+3y 6—xy x*+9

(y+2)(x—3) (y+2)(x+3) (x—3)(x+3)
(2x+3y)(x+3)—(6—xy)(x—3)—(x2+9)(y+2)
(x=3)(x+3)(y+2)
B 2x% +6x+3xy+9y —6x+18+x"y —3xy—x’y—2x> -2y 18
- (x=3)(x+3)(y+2)

_ 0
(x=3)(x+3)(y+2)

11.18. Cho a, b, ¢ 1a ba s6 d6i mot khac nhau, tinh.

ab bc ac

(b-c)(c—a) (c—a)(a—b) (a—b)(b-c)

S =




Huéng din giai — dap sb
ab ac
(b-c)(c-a) (- )(a 0) (a-b)(b-c)
=ab(a b)+bc( c)+ac( )

(a=b)(b=c)(c~a)

Taco: S =

Xét tir thire, ta co:
ab(a—b)+bc(b—c)+ac(c—a)

(a b)+bzc bc® +ac’ —a’c
=a ( ) c(a+b)(a—b)+c (a—b)
=(a b)(ab—ac—bc+c2)
(a=b)(b=c)(a-c)==(a=b)(b=c)(c-a)
5 =—(a—b)(b—c)(c—a)=_
VS ) (b-o)(e—a)
11.19. Rut gon

1 1 1 1

a)Ad= + + + ;
X 49x+20 X +11x+30 x*+13x+42 x*+15x+56
b)B=— 2 +— 4 +— 3
x +4x+3 x"+10x+21 x"+17x+70.
Huéng din giai — dap sb
1 1 1 1
Tacd 4=
Y T ) 5s)  (re)(xr6) (xe6)(x+7)  (x27)(x48)
1 N 11 N 11 N 11
_(x+4) (x+5) (x+5) (x+6) (x+6) (x+7) (x+7) (x+8)
R T 4
_(x+4) (x+5)_(x+4)(x+8)
b) Tacod B= 2 4 3

(ct)(x+3) (x43)(x+7)  (x+7)(x+10)

B 11 N 11 N 1
(x+1) (x+3) (x+3) (x+7) (x+7) (x+10)
1 1 9

x+1 x+10  (x+1)(x+10)’

B=




Chuyén dé 12. PHEP NHAN VA PHEP CHIA CAC PHAN THUC PAI SO
A. Kién thirc cAn nhé

A A.
Quy tidc: Mudn nhan hai phan thirc, ta nhan céc tir thirc véi nhau, cac mau thirc v6i nhau: E% = m lC)

Phép nhén cdc phén thire cé cdc tinh chit:

e (Giao hoan: —£:£é
B'D DB’
B DIF BI|\DF
e Phan phdi d6i v6i phép cong: 4 £+£ :é£+é£
B\D F B D BF

1. Phan thirc nghich dio. Hai phan thirc duoc goi 1a nghich dao ctia nhau néu tich cua chung bang 1.
2 ooz A , . A B LA . . A 4. B
Tong quat, néu — la phan thuc khac 0 thi —.— =1, do d6 — 1a phan thirc nghich ddo cia phan thirc —
B B A B A
2. Phép chia

Quy tac. Mudn chia phan thirc % cho phéan thtc % khac 0, ta nhan % v6i phan thire nghich ddo cua % .

A AD ,.C
— i —=—.— vOo1 —=0.
B B C D

wlle)

B. Mt s6 vi du
Vi du 1: Thyc hién cac phép tinh sau:

12x+5 4x4+3 +12x+5 6—3x
Xx+9 360x+150 x+9 360x+150

a) P=

x+3y 4x—2y x+3y x—3y
3x+y x—y 3x4y x—y

b) P=

Gidi
Tim cach giai. Nhan thiy trong cac biéu thirc déu c6 phan thirc chung. Do d6 nén van dung tinh chét phan

phdi ctia phép nhan nham dua bai toan vé dang don gian hon.

Trinh bay loi giai
a) Dung tinh chat phan phdi, ta co:
12x+5( 4x+3 n 6-3x |_I12x+5 x+9 1
x+9 (360x+150 360x+150 x+9 30(12x—|—5) 30

b) Dung tinh chit phan phéi, ta co:

P=

x+3y [4x—2y x—3y|_x+3y 3x+y x+3y
3x+y | x—y X—y 3x+y x—y xX—y

Vi du 2: Rat gon biéu thirc:



3a* —2ab—b* 3a* —4ab+b*
R= :
2a° +ab—b* 3a*+2ab—b*
(Tuyén sinh 10, Truong PTNK, PHOGTP.H6 Chi Minh, nam hoc 2004 - 2005)
Gidi
_(a—b)(3a+b) (a—b)(3a—b) (a—b)(3a+b) (3a—b)(a+b)

R 2a—b)(a+b) (3a—b)(a+h) (2a—b)(a+b) (a—b)(3a—b)

R_ 3a+b
2a—b

Vi du 3: Cho x + y+ z = 1. Ching minh rang gia tri biéu thirc sau khong phu thudc vao gi tri ciia bién sb:

(r+y) (+2) (z44)°
xy+z ' yz+x ' ZX+y

P=
Giai

Tim cach giai. Khai thac diéu kién bai toan, nhan thiy véi diéu kién nay chung ta c6 thé can bang bac & miu

va phén tich thanh nhan tir duoc xy+z=xy+z(x+y+z)=(z+x)(z+y). Do vy ching ta c6 16i giai sau:

Trinh bay loi giai

Thay 1= x+ y+z vao mau sb, ta dugc:

xy+Z:xy—i—z<x—|—y—|—z) :(z—l—x)<z—|—y)

va tuong tu ta co:

yz—i—xz(x—i—y)(x—i—z)

zx+y=(x+y)(y+2)

(x+y) 42 (z+x)

B s s e s s ey

=P=1

Vi du 4: Choa+ b+ ¢ =0. Ching minh ring tich sau khong phu thudc vao bién sé:
4bc —a* 4ca—b* dab—c’

bc+2a* ca+2b* ab+2c*

S T T

a) M=

C a

Gidi
a) Ta co:
4bc—a2_ 4bc—(b+c>2 _—(b2—2b6‘+€2>_ —(b—c)2
bc+2a? B bc+a’ —a(b—l—c) B bc+a* —ab—ac B (a—b)(a—c)

(1)



4dea—b* —(c —a)2

T oK =
uong i fa co ca+2b* (b—a)(b—c)

2)

4ab—c* —(a—b)2
ab+202_(c—a)<c—b) ®)

Tu (1) va (2), (3) ta co:

M= 4bc —a* 4ca—b* 4ab—c? B —(a—b)z(b—C)z(C—a)z B
 be42d" ca+2b ab+2¢ —(a—bY (b—c) (c—a)

Vay gia tri biéu thirc M khong phu thudc vao gia tri ciia bién.
b) Ta co:

1+3]. 1+2
b

C

N = =1

1+§]: a—i—b.c—i—b.a—l—c _ (—C)(—Cl)(—b)

b c a abc
Vay gia tri biéu thirc N khong phu thudc vao gia tri cta bién.

Vi du 5: Cho x 12 s6 thuc 4m théa man x* +% =23. Tinh gia tri biéu thic A = x* +%

Gidi
Tim cach giai. Do két luan c6 dang hing dang thirca® + b*, nén dé tinh gia tri biéu thuc, ching ta can tinh
duge x +%. V6i suy nghi 4y, chiing ta khai thac diéu kién dé im x + % Tir d6 chiing ta c6 10i giai sau:
Trinh bay loi giai

2
x+l] =25

Tir gid thiét x2+12:23:x2+2+i2:23;»
X X

X

Vi x <0 nén x+l:—5
X

3
—3xit =(~5)" =3.(-5)=~110.
X

Ta co: Az)f—l—%:{x—i—l
X X

Vi du 6: Rut gon biéu thic véi n 13 sb nguyén duong:
A=l 2 =i+ 2]
1.4 2.5 3.6

Tim cach gidi. V6i phép nhan cac biéu thirc theo quy luét, chung ta thudng xét phan thirc ¢6 dang téng quat.

2
n(n+3)

1+

Giai

Sau d6 phan tich thanh nhén tir ca tir va mau dang tong quat iy. Cudi cling thay cac gia tri tir 1 dén n vao
biéu thtrc va rut gon.

Trinh bay loi giai



2
Xet 14— 2 _k +3k+2  (k+1)(k+2)

k(k+3)  k(k+3)  k(k+3)

Thay k=1; 2; 3;...;n ta duogc:

4233445 (n+1)(n+2) 234..(n+1) 345..(n+2) 3(n+1)
14725367 n(n+3)  123.n 456..(n+3)  n+3
Vidu 7. Cho a, b, ¢c d61 mot khac nhau théa man a + b + ¢ =0. Tinh gia tri cua biéu thuc:
b—c c¢c—a a-—b>b
a b c
+ +

(b=c) (c—a) (a=b)
Gidi
Tim cach giai. Quan sat phan gia thiét va két luan cta bai toan, ching ta nhan thdy c6 nhiéu diém giéng

nhau. Do vdy, dé khong phirc tap chung ta van dung gia thiét va tao ra timg hang tir ctia phan két luan. Sau

do6 cong lai.

Trinh bay loi giai
Ta co: a + b + ¢ =0
b—c c¢c—a a—b>b
a b c ac—a* +b* —bc c
& + =

b—c c—a:b—a@ (b—c)(c—a) " b—a

2 2
a —b " +bc—ca c

b—cc—a)la—b) (a—b)

b —d+ab—bc
B P i sy s M
a b*—c* +ca—ab
— 3
b—cF (@aB)b-c—a O
a b c

Cong timg vé cta (1); (2) va (3) =

(b~ (c—af (a—b)

Nhin xét. Tir két qua ta thay a. b, ¢ khong thé ciing diu dugc do vy ban c6 thé giai dugc bai toan sau: Cho

N . . a - , L . N
a, b, ¢ d61 mot khac nhau thoa man 5 + + = 0. Chirng minh rang trong ba s0 sau a, b, ¢ ton
tai mot s khéng am va mot sé khong dwong.

C. Bai tap van dung

x X’ =3 Tx+10|  x+7

12.1. Rat gon biéu thic: A = —— —— '
x—2 x +2x+4 x -8 ] x +2x+4

12.2. Ching minh rﬁng voi x = 0;x = +1 thi biéu thire sau co gia tri khong phu thudc vao bién.



Xt —xt—x
' x—+1

_ x2+x+1_x2—x+1

A
x2+x Xt —x

2 2 2 2 2
12.3. Rit gon biéu thitc: A:[ y XAV Ay 2];4)6 taxyt+y —4

x_

2y—x 2y 4xy—x X Fy+xy+x
(x—1)2 _1—2x2—i—4x+ 1

3x+(x—1)2 x’—1 x—1

2x

12.4. Cho biéu thtc: P = 3
X +x

a) Rat gon biéu thirc P.
b) So sanh P v&i % .

3 3

x =1 x+1
2 +2

X —x x +x

.2(x2—2x+1)

12.5.Cho P =

X —x
a) Rat gon biéu thirc P.

b) Tim x nguyén dé P nhan gia tri nguyén.

2
126.Cho A=| X~ F=r ) v 1 X
Yxy X)) (X -xn” xty) Ty

a) Rut gon A
b) Timx,ydé A>1va y<0

12.7. Cho x 1a s6 thuc duong thoa man diéu kién x* + iz =17
X

Tinh gia trj biéu thirc A:x3+i3 va B:xs%—i5
X X
12.8. Thuc hi¢n phép tinh:
144 50 4+4 9T 44 1T+ 4
344 T 411 +419 +4°

1 1 1
- 3 4+= 54— 29% 4+~
4 4 4

= = o :
2P+ 4o 6t 304
4 4 4 4

12.9. Cho hai s6 thuc a, b thoa diéu kién ab =1,a+ b= 0. Tinh gia tri cta biéu thic:

1 L] 3 40 [l+l]
a b)) (a+b) (a+b)la b
2

a) A

1
b) B=

b
(a + b)3

11
&

P=

b2+C2—a2. B a2—(b—c)

12.10. Cho x = : i
2bc (b+c) —d’

Tinh gia tri biéu thirc P =xy+x+y



12.11. Cho a, b, ¢ 12 nhitng s6 nguyén thoa méan: [l -1—%-1—l
a c

Chimg minh rang a® +b° +¢* chia hét cho 3

12.12. Rt gon biéu thire véi n 1a sé ty nhién:

a) B=|1——| |1 | 1| fi-—L | véi n>s
6.12 7.13 8.14 n(n+6)
2 2 2 2
b) C=[1+ 2| |1+ 2| |14 |1+ —=—|, véi n>0
L5 2.6 3.7 n(n+4)

Hwéng din giai — dap s6

12.1. Ta co:

Aol X =3 CIx+10) x+7

lx=2 42x+4 -8 x*+2x+4

_x(x2+2x—|—4>—(x2—3)(x—2)—(7x+10). x+7

B (x—2)(x2—|—2x—|—4) "X 42x+4

:x3+2x2~|—4x—x3—|—2x2—|—3x—6—7x—10_ x—+7
(x—2)(x2—|—2x+4) X2 42x+4

4x* —16 X*+2x+4

B (x—2)<x2+2x+4). x+7

_ Ax-2)(x42) P 4+2x44 4(x+2)
(x—2)(x2—|—2x—|—4)' x+7 x+7

12.2. Ta co:

(x—l)(x2+x—|—1)—(x—|—1)(x2—x+1) x(x3—|—x2—x—1)

A=

x(x+l)(x—1) ' x+1
_x3_1_x3_1(x2—1)(x+1)_ ) (xz—l)(x+1)__
_(x—l—l)(x—l) x+1 _(x—H)(x—l) x+1

Viy biéu thtc A = —2 khong phu thudc vao bién.
12.3. Ta cod

(xmy | eayiey—2) (20 4y) -4

A= 2y—x  (x4+y)2y—x)] x(x+y)+(x+y)

oy gy y—2 (20 +y-2)(20° +y+2)
(x+y)(2y—x) ' (x+y)(x+1)




_ 2x* 4+ y—2 (x—l—y)(x—i—l) B x+1
(x+y)(2y—x) <2x2+y—2>(2x2—|—y+2> N (2y—x>(2x2+y+2>

12.4.
2
-1 _n2
a) Tacod: P= (x ) 2—1 2? +4x+ ! : 32x (PK: x£+1;0)
3x+(x—1) x —1 x—1 x’+x
3 2 2
p— (X—l) B 1—2x"+4x x +x+1 . 2
(x—1)<x2~|—x—i—1> (x—1)<x2+x+l) (x—l)(x2+x+1).x2+l
_ X =3x 43 x—1—142x" +4x+ x>+ x+1 2
(x—l)(x2+x—|—1) Txr41
_ x*—1 x2+1_x2+1
(x—l)(xz—i-x-l—l) 2 2
X411
b) P= >—
2
dau bang khong xay ra. Vay P > %
12.5.
3_ 3 2(x*—2x+1
a)Tacc'):P:[X2 1+X2+1 : < > >
X —x x +4+x X —X
- x2+x+1+x2—x+1 .2(x—1>
X X ' X
(2 42) 2(x=1) 41 x X741
X ' X x  x—1 x—1
PK: x=0,x =1
2
b)TacéP:x+1:x+1+ 2 vixeZ=x+leZ s ez
x—1 x—1 x—1

& x—1€U(2) suy ra:
x—1 1 2 -1 -2
X 2 3 0 -1

Két hop véi tap xac dinh x € {0;1;— 1} thi x € {2;3} tadugc P Z.

12.6.

2
— 1
a)Taco: A= 2x —f Y|, 3y -+ X
Yy t+xy x +xy) |lx—xy X+y) y




2 2
X _

Xy—Y
y(x+y) xy(x+y)

2 2

Y

A= x(x—l—y)(x—y)

x(r—y)(x+y) .

X —wytyt Xty x
xy(x-l—y) y X

xy(x+y) Tx(x—y)(x+y)

R
y
bK: xy=0,x=+y

D) A>1e 250 x>0
X

2
12.7. Tu x2+i2:7<:>x2—|—2—|—i2:9<:>[x—|—l] :9:>x—|—l:3 (vi x>0)
X X X X

Ta co

g
X+—
X

x2+i2]:3.74:>x3—|—L3+x+l:21:>x3+i3+3:21
X X X X

= A=18

Ta co: [x2 +i2][x3 +i3]:7.18<:>x5+%+x+l: 126:>x5+i5+3:126
X X X X X

= B=123
12.8.

a) Xét k' +4= (K +2) —4k> = (k* +2—2k)(k* + 2k +2)
= [(k=1)" 1| (k1) 1]
Ap dung két qua trén véi k=1,3,5,...,19. Ta c6:

(07 +1)(2* +1)(4” +1)(6> +1)(8" +1)(10° +1) ) (16* +1)(18> +1)

(2 +1)(4 +1)(67 +1)(8 +1)(10° +1)(12° +1) (187 +1)(20° +1)

B S O
20°+1 401

b) Tuong tu cau a, &p dung cong thurc:

2
e-3] +3l[k+3
2

2 2
L . 1
Ta dugc két qua B=——
1241

12.9. V61 ab=1,a+b =0, ta co:

2

Ko
4

1
_|__
2

__a+h | 3(@+p)  6(atd)
(a+b)3(ab)3 (a+b)4(ab)2 (a+b)5(ab)




@ M +P) olatt) _@rro1 Ha b)) s
(a+b)  (a+b) (a b (a+b)  (a+b)  (a+b)
:(a2+b2 1)( (a+b) +3(a+b7)+6

(a+b)

(a2 +b —1)(a2 + B —|—2)—|—3(a2 +b2)+6
B (a+b)'

<a2 +bz>2 +4(a2 +b2)+4 B (a2 + b +2)2
(a+b)'  (a+b)

_ (a2 +b*+ 2ab)2 [(d + b)zr

@ie)  (ath)

Vay P=1,véi ab=1,a+b=0.

12,10, Xét x 41 22t —d _(bte) = _(b+c—a)(b+c+a)

2bc 2bc 2bc
Xét +1:b2+2bc+c2—b2+2bc—c2: 4bc
Y (b+c—a)(b+c+a) (b+c—a)(b+c+a)

Vay P=xy+x+y=(x+1)(y+1)—-1=2-1=1

2
12.11. Ta c6: [1+l+l L
a b c a b ¢

11 1Y 1 1 1 2 2 2
—t ot | =Sttt
a b ¢ ab bc ca

1 1 1 2la+b+c
:—+—2+—2+¥ (2)
a b c abc

2(a+b+c)

aoc

Tir (1) va (2) = =0=a+b+c=0

Taco: @* +b° +¢* =(a+b) —3ab(a+b)+c =(a+b+c) —3abec(a+b+c)—3ab(—c)=3abci3
12.12.

7 K46k—7 (k=1)(k+7)
k(k+6)  k(k+6)  k(k+6)

a) Xét 1—

thay k= 6;7;8;...;n ta dugc:
5136.147.15 (n—1)(n+7) 5.6.7..(n—1)13.14.15..(n+7)

T 6127138147 n(n+6) 6.7.8.n  12.13.14..(n+6)




B 6(n—|—7)
 12n

2 2 2 2
b) Xeét 1+ 28 K A4k+2 :(k+2)
k(k+4) k(k+4) k(k—+4)

thay k =1;2;3;...;n ta duogc:

o 3 45 (nt2) 34(n+2) 6(nt1)(n+2)
152637 "n(n+4) 12.(n+4)  (n+3)(n+4)




Chuyén dé 13. BIEN POI CAC PHAN THU'C HU'U Ti

A. Kién thirc can nhé

e MOt biéu thirc 1a mot phan thuc hoac biéu thj mot day phép toan cong, trir, nhan, chia trén nhiing phan
thirc goi 1a biéu thirc hiru ti.

e Nho céc quy tic cta cac phép toan cong, trir, nhan, chia cac phan thirc ta c6 thé bién d6i biéu thuc hitu ti
thanh mot phan thuec.

e Diéu kién cua bién dé gia tri twong tmg ctia mau thire khac 0 13 diéu kién dé gia tri ctia phan thic dugc
xac dinh.

B. Mt s6 vi du

[1_6—x l X 3+x
Vi du 1. Rat gon biéu thirc: A= x—3+ 3)2 2 24
Gidi

Tim cach giai. D6i v6i nhitng biéu thirc phirc tap, nhiéu tang 16p phan thirc, ching ta nén bién ddi dan dan &

tir thire cta ting phén thire trude. Sau d6 duge biéu thire don gian hon, rdi rat gon tiép.

Trinh bay loi giai
b_6_x}1 X 3+x
Tacoé: A=x—3+ 3 )2 2 4
2 2

3—6+x

343 2x—3—x
4 8

-3 -3 I 1 23x—69
—xo3p 2 2 :(x—S) 1+——— e

12 8 12 8 24
Vi du 2. Cho biéu thirc
A_|3_ x4_x4-|—1 X —x(4x—1)—4| x> +29x+78

2 X1 X462 —x—6 | 3x°+12x—36

a) Rutt gon biéu thirc A.
b) Tim tt ca cac gia tri nguyén cta x sao cho A ¢6 gié tri nguyén.

Gidai
Tim cach giai. Nhiing biéu thirc ¢6 nhiéu ngodc, chung ta thuc hién trong ngoac tron trudc, sau do thuc hién
dén ngodc vuong. Khi thuc hién ching ta nén rat gon biéu thirc néu c6 thé nham dua vé nhitng phan thirc
don gian hon.
Trinh bay loi giai

a) Ta co



3_x6—|—x4—x4—1 X —4x*+x—4
2 Al (x46)(x0—1)

(x+3)(x+26)
3(xt6)(x-2)

3 1 (x—4)(x2+1)

2 X1 (x46)(x°—1)

3(x+6)(x—2)
(x43)(x+26)

3(x-46)(x2

3 x—4 )
2 (x+3)(x+26)

2 x+6|

_ 3x4+18-2x+48 3(x+6)(x—2)
B 2(x+6) (x+3)(x+26)

_ x426 3(x+6)(x—2) 3x—6
2(x+6) (x+3)(x+26) 2x+6

b) Tap xéc dinh x ¢ {1;2;—3;—6;—26}

Acz=2a=0"12 760 5 D g
2x+6 x+3 x+3
Suy ra cac truong hop sau:
x+3 1 -1 3 -3 5 -5 15 -15
X -2 -4 0 -6 2 -8 12 -18

So sanh v6i tap xac dinh va thu lai thi x € {—2;—4;0,—8;12;—18} thi AcZ

2 2 2
Vi dy 3. Cho biéu thic M = [“j" 2 (“”2) @ 3 (nen’)
" —3a" 4a” —4 a —a
a) Rut gon M.
b) V6i a > 2. Chimg minh rang: 0 < M <1
Giai
a)Tacé:M:(a_l)(a+2), dat4 3
a”(a—B) 4(a—|—1)(a—1) a(a—l)
_(a=D(a+2)| 4a 12
B a"(a—?)) 4a(a—1) 4a(a—1)
_(a—1)(a+2) | a=3 | a+2
a"(a—3) 'a(a—l)_a'“rl
b)Taco: M=2T2 9t i ooy s m< 2i’1_3<3<1
al’l n al’l 2’1

mit khac: a+2>0a""' >0=M>0

Tir d6 ta c6 diéu phai chimg minh.




2
1 1
Vi du 4. Rut gon biéu thic P = y2 x2 )
XY XY
X y X
Gidi

, Xy Xy
Taco: P=
x2 y2 xZ +y2
IETL)
y X Xy

eyt (r—y) ey ()

xy : xzyz : x2y2
Pyt (ry) eyt oxly—yi
xy : x2y2 : x2y2
_ ety (o) Xy’
Xy : xzyz '(x_y)(xa_y3>
_ Xty (o) 'y’ _ L
Ty . xzyz .(x—y>2 (x2 +xy+y2) Xy

Vidu 5. Gid st x, y, z 1a cac s6 thue khac khong, théa man hé déng thire:

1 1 1 1 1 1
xX|—+—|+y|l—F+—|F+z|—F+—|=-2
y z z X Xy
eyt =1
.~ e a2 , 1 1 1
Hay tinh gi tri cua biéu thuc: P=—+—+—
Xy z

(Tuyén sinh 16p 10, Truong THPT chuyén PHKHTN, PHOG Ha Néi,
nam hoc 2001 — 2002)
Gidi
Tim cach gidi. Bai toan nay thudc dang tinh gia tri biét diéu kién cua bién sb. Quan sat, nhan théy bai toan
c6 hai diéu kién nhung c6 ba bién s (s6 bién nhiéu hon s diéu kién). Do diéu kién hai don gian, khong
phan tich tiép duoc. Véi diéu kién thir nhat, ching ta bién ddi va nhan thdy phan tich thanh nhan tir duoc,
tim duoc mdi quan hé gitra hai trong ba bién. Tir 46 tim dugc cach giai sau.

Trinh bay loi giai.

Tur dang thirc: x l+1]+y[l+l
y

zZ z X

+z[l+l]:—2
Xy

Tacod: 2xyz+ xX’z4+ X"y +yz+27y+2°x =0



& (xyz + xzz) + (xyz + yzz) + (xzy + yzx) + (sz + zzy) =0

x+y=0
<:><x+y)(y—|—z)<z+x):0<:> y+z=0
z+x=0
Khong mat tong quat, gia st x+y=0=x"+y"=0
T X’ +y +2=1thi 22 =1=z=1
I 1 x+y 1

1
Viy P=—+—4—= +-=0+1=1
X 'y z Xy 1

C. Bai tap van dung

13.1. Rut gon
2 a—8 2
=|a+ : + 3
0,5a+1) a+2 2a—a

13.2. Rt gon biéu thuc:

a
2 A=|14 e =a hie Pre—(b=oJ
2bc . a a+b-+c
b+c
2,2
2 2 2 L
D)) J P s s S B JUND - S (S S
X y+z 1 11 1 1
|t —
y z)xy yz xz
2
13.3.ChoA=[l+ = ]: S
3 x"=3x)(27-3x" x+43

a) Rut gon A
b) Timx dé A<—1

(x+2)2—x2 3

4x* —4 X —x

X H2xP—x=2

13.4. Cho biéu thirc M = —; 5
x —2x"—3x

Rt gon biéu thirc M va tinh gia tri ciia x khi M =3

2
13.5. Cho biéu thie: A=|—*— 12 4 L ||, o 10—
x'—4 2—x x+2 xX+2

a) Rat gon biéu thuc A.
b) Tinh gié tri cua A. Biét |x| = %

¢) Tim gia trj ciax dé A<0

d) Tim cac gi tri nguyén ciia x d& A c6 gia tri nguyén.



12x—45 _x+5+2x+3

13.6. Cho O = >
x —T7x+12 x—4 3—x

a) Rat gon biéu thic Q.
b) Tinh gia trj Q tai |x| =3
¢) Tim gi4 tri nguyén cua x dé Q nhan gia tri nguyén.

13.7. Cho x, y 12 hai s6 thay d6i luon thoa man diéu kién: x>0,y <0 va x+y=1.

2 2 2
a)Rﬁthnbiéuthﬁ:c:A:y iy I A 2Xy + al >

Xy (x_y)z (xz _y2)2 yz x

b) Chirng minh réng: A=—4
2o I 1 1 .
13.8. Chox, y,zthbaman x+y+z=—+—+—=0 va xyz=1
X y z
6 6 6
Tinh gia tri M :%
X +y +z

13.9.Cho ag {0:1—1) va x, =L, 4L 6ol

a+2""? x 177 x, 41

geee

Tim a néu x,,, =3
6
] )
13.10.Cho M =~—>. =%
1 1
x+] +x'
X X

a) Rut gon M.
b) Cho x >0, tim gia tri nho nhat ctia M.

el

13.11. Cho biéu thirc A= /
I+x I+x
Chumng t6 rang biéu thic A duong v6i moi x = +1

2 2 2
1312.Cho P=| .~ 2 2L Tr 1
X +2xy+y" xy (x y)|[x—y
Va 0= 1 2xy 3

+ +
x+y (x2—y2)<x+y) x:—2x+2
Vi gia tri nao cua x; y thi P — Q dat gié tri nho nhét.

yrx 2
Xy Z

13.13. Rt gon A=2[2—%
Xy

2
+ +y+_x_|__ trong d6 x> 5 va

Xy z




x*—25 x* =25

y= 2=
100425777 T5x+25

X x—5

Huéng din giai — dap sb

—(a=+2;0)

: +
a+2 2a—a

3_
130 Taco: Am|ar 2 | &=8, 2
0,5a+1

A:[a2+2a 4 ].(0—2)(612—#261—1—4) 2

a+?2 a+2 a-+?2 _a(a—2)

:a2+2a—|—4'(0—2)<az+2&+4)_ 2

a+2 a+?2 ala—2)
2 a2 1
a2 a(a—Z)_a(a—z)_a
13.2.
a)A—<b+c)2—azb+c+a192~|—c2—b2+2l9c—c2
N 2bc btc—a a+b+c
:(b—l—c—a)(b+c—|—a).b+c+a 2bc Catbic
2bc b+c—aa+b+c
2(x+y)
2 2 2 -
y —yz+z X 3yZ vz 5
b) B= 3
) . +y+z i M+(x+y+z)
xyz
+z)(y —yz+27 )+ =3xy2
:<y )Y —yz+2)+x° =3y x(x+y>+(x+y—|—z)2
x(y+z) X+y+z
3 3 3
_ Yyt Hx 3xyz 2 —|—(x—|—y—|—z)2
1 X+y+z
+y4z)(xf 2 —xy -y —ax).2
:<x y z)(x y Az —xy—yz Zx) +(x+y+z)2

(x+y+:z)
=2x7 42y 4227 —2xy—2yz —2zx + X* + Y + 27 +2xy +2yz +2zx
=3x"43y" 437’

13.3.

2
X

27-3x"

a)Taco A= 1 23 ; - (x = 0;43)
3 x"—3x x+3




x*=3x+9]| —x° 3x-9
3x(x—3) '3(x—3)(x+3)+3(x—3)(x+3)

x°=3x+9| | —x*+3x—-9 | —x-3

3x(x=3) |"|3(x—=3)(x+3)

X

_x_3+1<0<:)_—3<0<:>x>0
X X

b) A<—-1A+1<0&

vay x>0;x=3 thi A<—1

13.4.
2 — —
Taco: M= 2 =F2) | X3 |y x = {01 -1}
X (x+1)—3x<x+1) x(x—l)
(=D )(x+2)] x—3 | x42
B x(x—3)(x—|—1) x(x—l)_ X
) x = 1(loai)
M= 3o —x 126 (Br+2)(x—1)=0s| o
X x:T(thoa man)
13.5.

2
a)Tacé:Az[ 2x + 2 + ! ]:[x—2+10_x ](xzj:2)
x*—4 2—x x+2 x+2

X 2(x+2) x—2 =4 10—x°
A= — + :
(x=2)(x+2) (x=2)(x+2) (x+2)(x=2)] | x+2  x+2
X+x—2-2x—4| [x*—4+10—x7
A: .
(x—2)(x—|—2) x+2
Ao —6 6 1
_(x—2)(x—|—2)'x+2_2—x
L., ~
x = —(thoa man)
1
b) f|l==«
2 x = ——(théa man)
2
Vi x=+ thi A= =2
2 L5 3
Vi x= > thi A= =2
2,5 5

) A<0&E2—x<0&sx>2
Vay véi x>2 thi A<O



d) AcZe1i(2—x)e{tl} e xe{31}
Vay voi x e {3;1} thi AcZ

13.6.

a) TXD: x=3;x=4

12x—45 _x+5_2x+3
(x—3)(x—4) x—4 x-3

Tacod: Q=

B 12x—45—(x+5)(x—3)—(2x+3)(x—4)
N (x—3)<x—4)
_ 12x—45— x> +3x—5x+15—2x> +8x—3x+12

(x—3)(x—4)

=37 +15x—18  —3(x—2)(x-3) —-3(x—2)

B (x—3>(x—4) B (x—3)(x—4)  x—4
=3

=3

) =3=|"
X

x =3 (loai)

Vc')’ix:—3thiQ:_Tls

_—3x—|—6__3_ 6
B (x—4) B x—4

) Q

Oe’Z &

64€Z:x—4€U(6)

X —

Ma U(6)={1;2;3;6;— 1;—2;—3;,—6}

x—4 1 2 3 6 -1 -2

X 5 6 7 10 3 2

Két hop voi tap xac dinh, ta co:

x €{=2;1;2;5,6;7;10} thi Q nhén gi4 tri nguyén.

13.7.

a)Do x+y=1suyra (xz—yz)z :(x—y)2 va y> —x :—(x—y)

2 2
y 2x7y X
- Tt 2

suy ra: A=2"%. >
(x—y) (xz—yz) y =X

XY

y2 — 2x2y —x? (x — y)
(x—»)

_JY—x.
xy

y—x_y2—2x2y—x3+x2y
prm— . 2
xy (x=)




_y—x Yo —xy y—x y ¥ (x+y)
v ()™ ()

_y—x y¥-x _y-x(x—y) _ (x—y)

: - =
o (x—y) w y—x xy

(rty) —dwy _(x4y) 1 L
= —4=——4<—4 vitheo gid thiet x>0,y <0

Ay Ay Ay

b) Taco: A=

13.8.Taco: x+y+z=0x"+y +2°=3xyz=3
xy+yz+zx=0& x'y + 2 +2°x° =3xy.yzzx =3

2y 20 = (4 y ) — 20y —2y'7 — 22 =0-23=3

Vay M =1
139. Taco: v, = —L__ =3 . _—2a-4 —a-2
x1+1 2a+1 2a—2 a—1
—a—2—a+1 2a+1 a—1
X4: — ;x5:
-3 3 a+?2

Vay X, =Xy = Xipg = o

2a+1
xz()20:x4:3<:> =3
Vay a=4
13.10.
a) Ta co:
] et
x+x] —[X +x3J X x3 X X3
M = 3 = 3
1 3 1 1 3 1
X+—| F| X +— X+ —| +|X +—
X X X

3

3
:[x+l] —[x3+i3]:x3+i3—[x3+i3 +3[x+l]:3x+—
X X

X X
b) M:3x+2221/3x.§:6
X X

du bang xay ra < x =1. VAy gi4 tri nho nhat cia M 12 6 khi x =1.
13.11. Ta co

(1= x)(1+x+x7)

1—x

(14 x)(1—x +x7)
1+ x

1+ x°

A= +x —x||:




(2]

:<1+x+x2+x)(1—x+x2—x)

14 x°
2 2
(1) (=) e e
i )
Vi x*>0dodd A=1+x>0 véimoi x ==+l
13.12.
2
Taco: P= —(x—y)(x—zl-y)_i_l:(x—i—);) . !
(x+y) xy X'y | x—y
2.2
P:x—y_i_i.xy2 1 :x—y+ 2xy2. 1
Xty oy (x4y) |x=y | Xty (x4y) | Xy
x—y 1 2xy 1 1 2xy
P= . + . = +
X4y x—y (x+y)2 x—y x+y (xz—yz)(x+y)
Suyra P—Q =— 3 -3 >-3

X —2x+2 (x—l)z—i-l -
Vy gid tri nh6 nhat cia P—Q 1a -3 khi x=1;y tuy y khac {1;0;—1}

, x=5)(x+5) x(x—=5)(x+5) x(x—5
13.13. Ta c6 y:<m): ((x+)(5)2+ )_ (Ec+5>)

X

(x—5)(x+5) _ (x—5)2(x+5) B (x—5)2

7 =

C X Sx415x425 (x4 5) x+5
x—35

X (x—S)

Tw 36 suy ra: =
Y v xX+5

X% —5x x*—5x—x*—5x —10x
y_x: — X = —
x+5 x+35 x+5

y—x —10x XZ(X—S) —10x x+5 ~10
= = : = . =
xy  x+5 x+5 x+5 K (x=5) x(x-9)

X =5x XS4 xi45c 20
x+5 x+5 x+5

:>y+x 2x° 'x2<x—5)_ 2x2 x+5 2

xy  x+5 x+5  x+5a%(x—=5) x5

10 | [ 2 23] 2 2(+s)
e R




10 [2(r=5)-2(x+5) 2(x-5)+2(x+5)

:Zx(x—S) | (x—5)2 | (x—5>2

20 | 20|, ax 20 20 4x
+

- x(x—5)+|(x—5)2|+(x—5)2 = X(x—5)+<x—5)2 (x—5)2

_20(x—5)+20x+4x" _ 4x* +40x—100
x(x—5)2 x(x—S)2




Chuyén dé 14. CHUNG MINH PANG THU'C PAI SO

A. Mt s6 vi du
Chtrng minh dang thic dai sé 1a bang phép bién d6i dai sd, chung ta ching minh hai vé bang nhau trén tap
x4c dinh ctia chiing. Trong cic chuyén dé trudc ching ta di gip va giai mot sb bai tap lién quan téi ching
minh dang thirc dai s6. Trong chuyén d& nay, chiing ta khic sdu mot sd k¥ thuat bién doi ching minh ding
thire dai sb.
I. BIEN DOI VE NAY THANH VE KIA
Vi du 1. Véi n nguyén duong. Chimg minh rang:

L P et N
441 443 4+(2n—1)" 4n’+1

(Tuyén sinh 16p 10, Truong THPT chuyén PHKHTN, PHOG Ha Néi,
nam hoc 2009 - 2010)
Gidi

Tim cach giai. Quan sat ding thirc, ching ta nhan thay vé trai 1a tong nhitng phén thirc viét theo quy luat va
vé trai dai, phirc tap hon vé phai. Nhiing bai toan c6 mot vé phirc tap va mot vé don gian, chiing ta bién doi
vé phtrc tap thanh vé don gian. Do d6 chung ta dinh huéng bién d6i vé trai thanh vé phai.
Nhén thay néu vé trai 1a tong nhimg phan thirc viét theo quy ludt, thi ching ta tich mdi phan thirc thanh hiéu
hai phan thirc dé khir lién tiép.
Trinh bay loi giai
Taco: 4-+m' = (m* +4m* +4)—4m* = (m* +2) —(2m)’
= (m? +2m+2)(m* = 2m+2) =|(m+1)" +1][(m~ 1) +1]
Thay m =2k +1 ta co:

= 42k —1)" =|(20)" +1]|(2k = 2)" +1

Nén 11 (R I-(2k-2) -1 4(2k-1)
(2k—2) +1 (2k)"+1 4+(2k—1)" 4+(2k—1)"
2%-1 1 1 1
v T 2 o 2
4+(2k—1)"  4|(2k—2) +1 (2k) +1

Cho £=1,2,3,...n ta duoc:

1

4

1 1 1 1 1 1

- - ot
0°+1 2241 2°+1 441 (2n—2)+1 (2n)" +1

_11_ 1 - n’
4 4n*+1] 144n°



Suy ra VT = VP. Diéu phai chimg minh.
II. BIEN POI CA HAI VE CUNG BANG BIEU THUC THU BA
Vi du 2. Ching minh dang thtc:

a’*+3ab 24> —5ab—3b’ - a’+ab+ac+be
a’—9b*  6ab—a* —9b* 3bc —a* —ac+3ab

Gidi
Tim cach giai. Pang thic nay nhan thay vé phai co c, vé trai khong c6 c. Tuc 1a co thé bién doi rat gon
nham triét tiéu c. V& trai 1 tong hai phan thirc, vé phai 1a mot phan thirc, do vay ta co thé bién doi vé trai
thanh mdt phan thuc va rat gon.
Nhimng bai toan hai vé déu phirc tap, chung ta c6 thé bién ddi ca hai vé, va chimg to cting bang biéu thirc thir
ba.
Trinh bay loi giai
e Bién ddi vé phai.
<a+b)(a+c) B <a+b)(a+c) _a+b

vP= 3b(c+a)—a(a+c) B (a+c)(3b—a) " 3b—a

(1)

e Bién doi vé trai.
a(a+3b) (a—3b)(2a+b)

= e =3b)(at3) —(a—3b)

_a _2a+b_—a—b_a+b
a-3b a-3b a-3b 3b—a

)

Tir (1) va (2) ta c6 vé trai bang vé phai, suy ra diéu phai chimg minh.
IILI. TU PIEU KIEN TAO RA THANH PHAN MOQT VE

a b c

Vi du 3. Cho + + = 1. Chung minh rang:
b+c c¢+a a+c
2 b2 2
T 42+ -0
b+c c+a a+c

Giai
Tim cach gii. Quan sat ki phan gia thiét va phan két luan. Chiing ta thdy c6 phan gidng nhau va phan khac
nhau. Tir gia thiét chung ta c6 thé tao ra vé trai cta dang thirc. Do vAy tir gia thiét chung ta cin nhéan véi bo
phan thich hop dé tao ra vé trai cla d'fmg thure, sau d6 bién d6i phﬁn con lai triét tiéu.
Trinh bay loi giai
Tir gia thiét, nhan hai vé véia+b +c.
a b c
b+c+c+a+a+b

.(a—i—b—l—c):a—i—b—i—c



a’ b? c*
= +a+ +b+c+
b+c c+a a+b

=a+b+c

2 2 2
a b C

= + + =
b+c c+a a—+b

Diéu phai chimg minh.
Nhin xét. Quan sat mau thirc: b + ¢; ¢ + a; a + b ta thiy chiing khong thé cing déu dugc. Nén ta co thé thay
két luan br?mg két luan: trong ba sb a, b, ¢ co it nhat mot sb Am, it nhat mot sd duong.
IV. PHUONG PHAP BIEN DOI TUONG DUONG
Vidu4.Véia,b,clacac s6 thuc khéac 0 thoa man déng thirc
(a + b) (b + c) (c + a) = 8abc. Chimg minh ring:
a b ¢ 3 ab bc ca

atb bic cta 4 (atd)bic) (brlcta) (cta)atd)

(Tuyén sinh I6p 10, Truong THPT chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2013 - 2014)
Giai
Tim cach giai. Bai toan nay la chirg minh dang thic ¢ diéu kién. Bai toan ndy c6 thé van dung diéu kién
va bién ddi ca hai vé ciing bang biéu thirc thir ba.
Tuy nhién, trong vi du nay chung ta st dung phuong phap bién déi tuong duong. Phuong phap bién doi
tuong duwong 12 mudn ching minh A = B, 1a chiing ta ching minhA=B< C=D=...X=Y .Néu X =Y

hién nhién dung hodc 14 gia thiét, thi chungta két luan A= B .

Trinh bay loi giai
Bién dbi trong duong:

a 4 b + c :é_i_ ab n bc n ca
a+b b+4+c c+a 4 (a+b)(b+c) (b+c)(c+a) (c+a)(a+b)

a [ b ] b [ c ] c [ a ] 3

& 1— + I- + 1— =—

a+b b+c) b+c c+a) c+a a+b) 4
ac ba cb 3

Clarb)boro) (brcra) (crajats) 4

& ac(a+c)+balb+a)+cb(c+b) =(a+b)(b+c)(c+a)
& ac(a+c)+ba(b+a)+ch(c+b)=6abc
ac(a+c)+bla+b+c)(a=c)=8abc

& (a+c)(ac+ab+b* + be) =8abe

& (a -l-c)(b-l—c)(b-i—a) =8abc



Ding thirc nay ding nén diéu phai chimg minh 1a dung,

V. PHUONG PHAP DOI BIEN

ViduS5.Véia, b, clacac s6 thuc khac 0 théa mén d'fmg thure
(a+b)(b+c)(c+a)=8abc . Ching minh rang:

a b c 3 ab bc ca

atb bic cta 4 (atd)bic) (brlcta) (cta)atd)

(Tuyén sinh I6p 10, Truong THPT chuyén PHKHTN, PHOG Ha Ngi,
nam hoc 2013 - 2014)

Gidi
Tim cach gidi. Vi du nay, trong phan trudc ching ta da chimg minh bang phwong phap bién d6i tuong
duong. Trong phan nay, ching ta st dung phuong phap ddi bién dé giai. Quan sat phan két luan, ching ta
nhan thiy hai vé cua dang thirc ¢6 phan giéng nhau: vé trai 1a tong ba phan thirc, phan bién vé phai 1a tich

cia ting cdp hai phan thic trong ba phan thic dy, do d6 ching ta nghi t6i dat bién phu: Dat

X = a ., _b A ¢ va chi c¢in chirmg minh x + —1—2—34— +vyz4+zx. Do vay ta co 101 giai
a+b’y bic: ta g y 1 Xy -+ . ay g
dep sau:
Trinh bay loi giai
ey X 1
bat x= a 3y = b Z= ¢ . Tt gia thiét, suy ra xyz =—
a+b b+c c+a 8
Ta co:
| x—1— a_ _ b qoy—1— b __c qo—1_ c __a :
at+b a+b b+c bi+c ct+a c+a

Tur d6 suy ra: xyz:(l—x)(l—y)(l—z)
<:)2xyZ:1—(x—|—y+Z>+(xy+yz+zx)
<:>x—|—y—|—Z:%+xy+yz+zx

Vi a b + c §+ ab n bc " ca
i (btc)(cta) (cta)ath)

+ =

a+b b+c c+a 4 (a+b)(b+c>
Diéu phai chimg minh.

Vi du 6. Cho a, b, ¢ 13 ba s thuc phéan biét. Chimg minh rang:

(2a+b)(2b+c) (2b+c)(2c+a) (2c4a)(2a+b) 2a+b 2b+c 2c+a

T ah)o-)  (b-cc—a) | (c-ala—b) a—b  b-c ' c-a

Gidi
Tim cach gidi. Quan sat phan két luan, chiing ta nhan thay hai vé cua dang thirc c6 phan giéng nhau: vé phai

13 tong ba phan thtrc, phan bién vé trai 1a tich cua tirng cap hai phan thirc trong ba phan thirc iy. Do d6 ciing



nhu vi du trude ching ta nghi téi dat bién phu: bat x = 2a +bb S 2bb—|—c 2= 2cta va chi can chung
a— —c c—a

minh 34 xy+ yz+4zx = x+ y+z. Do vay ta co6 101 gidi dep sau:

Trinh bay loi giai
. 2a+b 2b+c 2c+a
bat x= S 1z =
a—>b b—c c—a
Khidé x+1=—% 1y t1= 30 41
a—?2 b—c c—a
Vax—2=—0 .y g 3¢, %
a—>b b—c c—a

Tudosuyra (x+1)(y+1)(z+1)=(x-2)(y-2)(z—-2)
Khai trién va rat gon ta duoc:

9—|—3<xy—|—yz—|—zx):3(x—|—y+z)<:>3—i—xy—i—yz—|—zx:x—|—y—|—z

Suv ra 3+(2a+b)(2b+c) (2b+c)(2c+a) (2c+a><2a+b):2a+b+2b+c+2c+a
v (a—b)(b—c) (b—c)(c—a) (c—a)(a—b) a—b b—c c—a
Diéu phai chimg minh
VI. PHAN TiCH PI LEN TU KET LUAN
Vidu 7. Cho ba sb a, b, ¢ khac 0 théa man hé thuc:

2 2 2 2 2 2 2 2 2
b"+c"—a +a+c—b+a+b—c:

2bc 2ca 2ab

1

Chung minh rang:
a) Trong ba s6 a, b, ¢ ton tai mot s6 béng téng hai s6 con lai.
b) Trong ba phén thic trén, tn tai hai phan thtrc bang 1, mot phan thirc bang -1.

Gidi
Tim cich gidi. Poc ky phan két luan cdu a, ching ta nhan thdy phan chimg minh twong dwong voi:
a=b+c hoac b=c+a hoac c=a+bsb+c—a=0 hoac ct+a—b=0 hoac
a+b—c=0% (b+c—a)(c+a—b)(a+b—c)=0. Véi suy nghi ay, ching ta bién doi gia thiét va dinh

0.

huéng bién doi phan tich da thire thanh nhan tir dé dua vé (b+c—a)(c+a—b)(a+b—c)

Trinh bay loi giai

a+b—c? +bz—kcz—a2 Jrcz%—az—b2 _
2ab 2bc 2ac

a) T gia thiét: 1

2 2 2 2 2 2 2 2 2
(:)a +b c_1+b +c a_H_c +a —b L1—0
2ab 2bc 2ac



0

(a—b)z—c2 (l)—c)2—012 (a+c)2—b2_
b e 2ae

=

=0

(a—b—c)(a—b-l—c)+(b—c—a)(b—c+a)+(a+c—b)(a+c+b)

=
2ab 2bc 2ac

<:)c(a—b—c)(a—b-l—c)+a(b—c—a)(b—c-l—a)+b(a+c—b)(a+c+b):0

(ac—bc—cz—a(b—c+a>+ab+b2+bc):O
a—b+c (ac+ab—|—b2—c2—a(b—c—|—a)>20
(

a—b+c a—f—b—c)(b—i—c—a)zo

a—b+c=0 atc=>b
Slat+b—c=0&at+b=c
b+c—a=0 bt+c=a

Vay trong ba sb a, b, ¢ c6 mot s6 bﬁng téng hai s6 con lai.
b) Khong giam tinh tong quat, gia st a = b+

4= (b+e) +b' = 2be+2b

- Xét

2ab 2(b+c)b 2bc+2b’
222 it (p 2
_Xét b"+c" —a _ +c ( —{—c) _ 2bc:_1;
2bc 2bc 2bc

CHd b _EA(bre) —b 2 42be

- Xét == —
2ac 2(b+c>.c 2¢”+2bc

Viy trong ba phan thirc ¢6 mot phan thirc bang -1; hai phan thirc con lai bang 1.
VIII. PHUONG PHAP TACH
Vi du 8. Biét a = —b,b = —c,c = —a . Ching minh rang:

b* —c’ —ad a—-b  b—c c—a a-—b

(atb)atc) (brobrc) (cta)ctb) bic cta atb

Gidi
Tim céch giai. Quan sat dang thirc nay, ching ta c6 thé c6 ba cach giai:
Cdch 1. Bién doi ca hai vé ciing bang biéu thirc thir ba. Cach nay tuy dai nhung cho ching ta két qua 1a biéu
thire thir ba rat dep.
Cdch 2. Sir dung phuong phap doi bién. Nhan thay hai vé c6 phan mau c6 thé dit bién phu duoc,
bata+b=z;a+c=y;, b+c=x,saudd bién ddi tir thirc theo x, v, z. Ta c6 101 giai hay.



Cdch 3. Nhan thiy rang, vé trai ctua ding thic c¢6 thé tach tir thirc dé dwa mdi phén thirc thanh tong cia hai
phan thirc ¢6 miu thic tring v6i hai trong ba mau thirc ciia vé phai. Véi cach suy ludn nhu vay chung ta c6
101 giai hay.
Trinh bay loi giai
Cadch 1. Xét vé tréi:

p:_c? P a>— b

(atb)ate) (bre)(bra) (cta)etb)

<b2 —cz)(b—i—c)—i—(c2 —az)(c—i—a)—i—(az —bz)(a—i—b)
(a+b)(a+c)(b+c)

_ b +bc—bc* -+ +act—alc—a’ +a +atb—ab® - b’
(a+b)(a+c)(b+c)

_ b*c —bc* +ac* —a*c + a*b— ab?
(a+b)(a+c)(b+c)

_ bc(b—c)—a<b+c)(b—c)+a2(b—c)
(a+b)(a+c)(b+c)

(b—c‘)(bc‘—ab—ac‘+a2> _ (b—c)(c—a)(b—a)
(a+b)(a+c)(b+c) (a+b)(a—|—c)(b—|—c)

Xét vé phai:
b—c c—a a—b_(b—c)(c+a)+(c—a)(b+c)+a—b
b+c c4+a a+b (b—f—c)(c—i—a) a+b
_bc+ab—cz—ac+bc+cz—ab—ac a—>b
B (b+c)(c—|—a) a+b
_ 2bc—2ac a—b_2c(b—a)(a+b)+(a—b)(b+c)(c+a)
_(b—l—c)(c—i—a) a+b (a—f—b)(b—l—c)(c—i—a)
:(b—a)[2c(a—|—b)—(b—i—c)(c+a)]

(a+b)(b+c)(c+a)
B (b—a)(Zac+2bc—bc—ab—c2 —ac> _ (b—a)(ac*—ab+bc‘—C'2>
T @iibrdlera  @rbbralera)
_(b=a)(c=a)(b=¢)
“larb)bro)iera) O

Tur (1) va (2) suy ra:

b —c? cF—d a’ —b* _b—c c¢c—a a-b

(a—l—b)(a+c)+<b—|—c)(b+c)+(c+a)(c+b) B b+c+c+a+a—|—b




(b—a)(c—a)(b—c)

(a+b)(b+c)(c+a)

Vé trai bang vé phai diéu phai chimg minh.
Cach2.Pat a+b=z;a+c=y;b+c=x
Ping thirc duoc chimg minh tuong duong véi:

x(z—y)+y(x—z)+z(y—x) _ x—z+y—x+z—y
yz Xz Xy y z X

Bién doi vé trai ta co:

Xz —Xxy xy—yz+yz—xz

+
yz Xz Xy
X XY Y, I Z_iZy X—i y-:
y z z X X Yy X y X

Vé trai bang vé phai diéu phai chimg minh.
Cach 3. Ta co:

b* —¢? B b —a’ + a* —c? _b—a+a—c (3)
(a+b)(a+c) B (a+b)(a+c) (a+b)(a+c) B atc a-+b

Tuong tu, ta co:

2 2
¢ —a _¢c—b b-a

(b+c)(b+a) b+a b+c )

a’ —b? _a—c+c—b
<c+a)(c—|—b) B c+b c+a

©)

Tir (3) (4) va (5) cong vé véi vé, ta c6 diéu phai chirng minh.
C. Bai tap van dung
14.1. Bit a+ b+ ¢ =2p . Ching minh rang;

1 1 1 abc

p—a+p—b+p—c: p(p—a)(p—b)(p—c)

14.2.Cho a+b+c=La*+b*+c* =1 va ﬁ:%ZE
a C

Chung minh rang: xy+ yz+zx =0
14.3. Cho a, b, ¢ khac 0 théaméan a+b+c¢ =0
11 1 (11 1Y
Ching minh rang: —+—+—=|—+—+—
8 ga2 b [abc]

14.4. Cho a, b, ¢ khac 0 va théa min a + b+ ¢ = 0. Ching minh ring:



2 2 2 2 2 2 3 3 3
b b b

a + I +c +c +a :a n +c

a-+b b+c c+a bc ca ab

2 2
14.5. Cho X —3y S 3x véi x;yzO;x;yx%;xzy

x(1—3y) y(1—3x)

Chung minh rang: l—f—l: x—i—y—|—§
X oy 3

14.6. Cho @’ +b* +¢* = (a +b+ C)2 . Chirng minh rang:

2 2 2
a b c

2 + 2 + 2 =
a +2bc b +2ac ¢ +2ab

a)

bc ca ab
2 +3 +3 =1
a +2bc b +2ac ¢ +2ab

b)
14.7. Chobasd a, b, c thbaman b= c:a+b=c va a* +b* :(cH—b—c)2

a2+(a—c>2 a—c

Chirng minh dang thic ~=
b + (b - c) b—c

14.8. Ching minh rang néu ba sd x, y, z théa min x+ y+z=2020 va l—l—l—{—l = leo thi it nhat mot
Xy z

trong ba s x, y, z phai bang 2020.
14.9. Cho céc s6 thuc a, b, ¢ khac nhau timg d6i mot va thoa man diéu kién a> —b = b> —c = ¢* —a. Ching
minh ring: (a+b-+1)(b+c+1)(c+a+1)=—1

(Thi hoc sinh gioi Toan, Nam Binh, nam hoc 2011 - 2012)

14.10. Cho x, y, z khac khong, khac nhau ting d61 mét va zx = 1;yz = 1 thoa man diéu kién:

X —yz - v —xz
x(l—yz) B y(l—xz)

s 1 1 1
Chimg minh rang x+y+z=—+—+—
Xy z

14.11. Cho x, y 1a hai s6 thuc khac 0 sao cho x+l;y +l la cac s6 nguyén. Ching minh ring
X y

Xy’ + — E€Z
Xy

14.12. Gia st x, y, z la cac s6 thuc duong thoa mén diéu kién x + y+ z = xyz . Chiing minh rang:

X 2y 3z xyz(5x+4y+3z)
2+ 2+ 2
1+x° 14y 1+z (x—i—y)(y+z)(z+x)

(Tuyén sinh 16p 10 chuyén PHKHTN, PHQOG Ha Ngi,
nam hoc 2012 - 2013)



14.13. Vi moi n nguyén duong, chimg minh rang;

3 7 13 +n2+n+1_n2+2n
12 23 34 n(n+l)  n+l

14.14. Gia str x, y 14 nhing sb thuc duong phan biét thoa man

2y° 4y* 8y* s
Y 4 2y —t 4y -+ Sy —=4. Ching minh rang: 5y = 4x
X+y x +Yy X +Yy X =y

(Tuyén sinh 16p 10 chuyén PHKHTN, PHQOG Ha Nji
nam hoc 2014 - 2015)

4 4

14.15. Cho a, b, x, y thoa man “— 4+ 2 —— L va > 442 =1
a b a+b
. 2n y2n ,
Chung minh rang — + v6in 12 s0 nguyén duong.

@b (atb)

14.16. Cho a, b, ¢ d61 mot khac nhau va cac da thirc:

p(r)malEBNE=) | (ra)r=c) | (x=a)(x—b)

a—o) l—a)b—c) “(c—a)(c_b)

14.17. Cho x, y, z 14 3 s6 thuc khac 0 thoa méin 14— ! —1—1_0 Chimng minh ring: + —|—£_ 3

Xy y
(Thi hoc sinh gioi toan 9, tinh Tra Vinh, nam hoc 2008 - 2009)
X y z

14.18. Cho + + — 2. Chtrng minh ring:
y+z z+x x+Yy

X2 y2 ZZ
+ +
y+z z+x x+Yy

=X+y+z

14.19. Cho a, b, ¢ d61 mdt khac nhau va khac 0 théaman a+b+c¢ =0

L 3
Chung minh rang: a+b. a b—l—b C—I—C a :1+2C
a—b \a+b b+c c+a abc

Hwéng din giai — dap sé

14.1. Xét vé trai:

1 1 1 b+ p—
n T _p=bip—a

p—a p—b p—c (p—a)(p—b)

p—p+c
p(p—c)

+



¢ ¢ _clp(p—c)+(p—a)(p-b)
p(p=c)  p(p—a)(p—b)(p—c)

:c[2p2—p(a+b+c)+ab]: abe
p(p=a)(p=b)(p—c)  p(p—a)(p—b)(p—c

Vé trai bang vé phai, suy ra diéu phai chtrng minh.

14.2.Tit a+b+c=1=(a+b+c) =1=a’ +b +c* +2(ab+be+ca) =1
Ma a* =b"+c*=1nén ab+bc+ca=0

bat Y Iy suy ra x = ak;y = bk;z =ck
a

b ¢
Xét xy + yz + zx = abk® + bck® + cak’ :kz(ab—l—bc—i—ca):kz.O:O

11y 1 1 1 2 2 2
C

14.3. That vay, ta co6: [l—i——-|—— ==+ +S5+—+—+—
a b a c

1,1 1 2a+b+e)

=— 4+ — via+b+c=0
a b ab+bc+ca( )
1 1 1
Arar

Ta c6 diéu phai chimg minh.

x DT T N R P C A 1 . \ s
Nhan xét. Néu a, b, ¢ l1a cac so hiru ti thi —+;+— l1a s6 hiru ti nén ban c6 thé chung minh dugc bai toan
a C

. ) 1 I 1
sau: Cho a, b, ¢ 1a cac s6 htru ti khac 0 thoa man a+ b+ ¢ =0. Ching minh: _2+F+_2 la binh phuong
a ¢
cua mot s6 hitu ti.
Néu dat a=x—y;b=y—z;c = z— x thi ta dugc bai toan hay va kho sau:
1

(y—2)

14.4. Tu a+b:—c:a2 :b2—|—2ab:C2 $a2+b2 —c?—2ab

1 1 A Al
=+ > la binh phuong cua mot s6 hiru ti.

Chirng minh rang ! =+ ( )
z—X

(x=)

2 2 2
Suy ra @ +b _C 2ab:_c+@
a+b —c c
2 .2 L2 2
Tuong ty ta co: b tc :_a+&;c ta _ _, 2%
b+c a c+a b

Tur d6 suy ra ve trai la:

2ab 2bc  2ca 2(02b2+b26‘2+6202)
TN

VI =—a—b—c+
c a b ach

(1)

Mt khac ta ¢o: (a+b+c) =0=a* +b* +c* = —2(ab+bc + ca)



Binh phwong hai vé ta duoc:

a* +b*+ct + 2(a2b2 +bc” + czaz) =4a’b’ +4b°c* +4c*a® +8abc(a+b+c)
=a' +b'+c’ = 2(02b2 +b°c* + czaz) @)

Tir (1) va (2) suy ra diéu phai chimg minh.

14.5. Tir gia thiét suy ra (x> —3y)(y —3xy) = (y* = 3x)(x - 3xy)

& Xy —=3x"y—3y* +9xy> = xy° —3xy’ +9x7y

& 8xy> —8x*y +3xy’ —3x’y—3y* +3x* =0

& (y—x)(8xy+3xy)(y+x)—=3(x+y)=0

Do x =y nén 8xy—|—3xy(y—|—x)—3(y—i—x)20

= 3(y+x)=3xy(y+x)+8xy

Chia ca hai vé cho 3x; y khéc 0, ta dugc: l%—l: x—i—y+§
X oy

Diéu phai chimg minh.
14.6. T a’ + b +¢’ :<a+b—|—c)2 =a +b +c=a +b +cz+2(ab—|—bc—|—ca)
Suyra ab+bc+ca=0
Xét a2—|—2bc:a2+2bc—ab—bc—ca:a2—ab—ca+bc:(a—b)(a—c>
Tuong tu ta c6 b* +2ac =(b—c)(b—a);c* +2ab=(c—a)(c—b)
a) Xét vé trai ta co:

a’ b’ ¢ a’ b’ ¢

a2+2bc+b2+2ac+c2+2ab: (a—b)(a—c)+(b—c)(b—a)+(c—a)(c—b)

:a(b—c)+b2(c a)—i—cz( )_ (b c)—l—b2 —ab® +ac® —bc?
(a=b)(a=c)(b—c) (a=b)(a=c)(b—c)

a*(b—c)+bc(b—c)—a(b+c)(b—c) (b—c)(az—kbc—ab—ac>

(a=b)(a—c)(b—c) ~ (a=b)(a=c)(b—0)
:(b—c)(a—b)(a—c):
(a—b)(a—c)(b—c)

b) Xét vé trai, ta co:

bc n ca n ab bc n ca n ab
a’+2bc  b*+2ac cz+2ab_(a—b)(a—c> (b—c)(b—a) (c—a)(c—b)

bc(b—c)+ac(c—a)+ab(a—b) B be(b—c)+ac* —a’c+a’b—ab’

(a—b)(a—c)(b—c) B (a—b)(a—c)(b—c)




_be(b—c)+a’(b—c)—a(b—c)(b+c) _(b—c)(be+a’—ab—ac)

(a—b)(a—c)(b—c) B (a—b)(a—c)(b—c)

_ (a—b)(a—c)(b—c) _q
(a—b)(a—c)(b—c)

14.7. Tu a2+b2:(a+b—c)2 =a’ :(a—H9—c)2—192;b2 :(a+b—c)2—a2

Suy ra

VT — a2+(a—c)2 B <a—|—b—c>2—b2—l—(a—c)2 B (a—|—2b—c)(a—c)—|—(a—c)2

B 4(b—cf (a+b—c) - +(b—c) (b+2a—c)(b—c)+(b—c)

B (a—c)(2a+2b—20) _a—c
B (b—c)(2a+2b—20) Cb—c

VP

14.8. Tir gid thiét ta c6: 4+ L— 1

X y z x+y+z

<:)(y2+xz+xy)(x+y+z):xyz



S xyz+yz+y? + X7z xyz+x2 X7y +xy’ + xyz = xyz
S xyz+yz+yr +x°z+xyz+xz 37y +ay° =0

& yz(x+y)+2 (x+y)+xz(x+y)+xy(x+y)=0
(x+y)(yz+ 2 +xz+ ) =0 (x+y)(y+2)(z +x)=0

x+y=0
Suyra |y+z=0

x+z=0
Néu x+y=0 thi tr x+ y+z=2020= z=2020
Néu y+2z=0 thitr x+ y+z=2020= x=2020
Néu x+z=0 thitlr x+ y+z=2020= z=2020
Suy ra diéu phai ching minh.

149.Thv &’ —b=b"—c=a"—b*=b—c=(a=b)(a—b)=b—c

satb=""C s arp1=92C
a—>b a—
\ 2 2 b—C
Tuong tu, tvr a” —b=c"—a=a+c+1= 2)
a—c

P—c=c"—a=b+c+1=

3)

—c
Tir (1), (2) va (3) nhan timg vé ta dugc: (a+b+1)(b+c+1)(c+a+1)=—1
14.10. Tir gia thiét, 4p dung tinh chat diy ti s6 bang nhau ta co:

xz—yz_)ﬂ—xz_/ﬁ—qz—y2+xz_(x—yﬂx+y+¢)
X—Xyz Y—Xyz X—Xyz—YyY-+Xxyz X—y

=x+y+z (1)

X—yz Y —xz Xy—yz xy'—xz Xy—yz—xy'+x’z
X—Xyz Y—XyZz Xy—Xy'Z Xy—X'yz Xy—Xxy’z—xy+x’yz

o) (¢ =) (o) taz )

x’yz —xy’z (x——y)xyz
I 1 1
_wdeedyr 1 11
Xyz X 'y z
. \ I 1 1
Te(l)va(2)suyra x+y+z=—+—+—
Xy z

1
€ELE&xy+—cl

14.11. Tur gia thiét, suy ra [x+l][y 41
y X Xy




2
, 1 1 1 1 1
oo sl 2
Xy Xy XY XYy Xy
Suy ra x°y’ +—— € Z, diéu phai chimg minh.
X y
14.12. Taco: ——=—2"__— b __ o (1)
1+x*  yz+xyz  yz4x(x+y+z) (x+y)(x+2)
2 2
Tuong tu: y2 = i 2)
1+y* (y+z)(y+x)
3z 3xyz

7ty O

Tir (1), (2) va (3); cong vé vai vé, ta co:

X 2y 3z xXyz 2xyz 3xyz

T2 1ty 142 i)t bra)yta) )ty

Cozlytz+2(z4x)+3(x+y)|  xpz(Sx+dy+32)

(x+y)(y+2)(z+x) (x+y)(y+2)(z+x)
N e ’ A r A eas 1 ¥ ’ - 1 1 1 <\ s o A r <
Ngoai cach trén, ban co6 thé giai bang cach dat a =—;b=—;c = —, tur gia thiét, ta c6 ab = bc+ca =1, dang
X y z
thirc can ching minh twong duong véi: a + 2b + ¢ __ Sbeddcat3ab

+a® 146 14+ (a—l—b)(b—l—c)(c—i—a)
Thay 1= ab = bc+ ca vio cac mau & vé trai, roi bién doi vé trai ta dugc diéu phai chimg minh.

2
1413, Taco: APk U 1 1
k(k+1) k(k+1) ko k+1

Thay lan luot £k =1,2,3,...,n ta duoc:

VT:[1+1—%]Jr[lJrl—l]+[l+l—1]+...+[1+l— ! ]

2 3 3 4 n n+l
2
ol 1 _n +2n
n+1 n+1

K+k+1 1 &k

Nhian xét. Ta ciing c6 thé bién ddi bai toan nhu sau: ——— — = — + ——
k(k+1)  k k+1

Thay lan luot k=1,2,3,...,n ta dugc:
1) (1 2) (1 3

vr=[ig)+[ 342342

n _n2+2n
n+1 n+1

1 n
+...+[—+ ]=n+
n n—+l

oy 2y’ 4y2(x4—y4>—|—8}’8
14.14. Taco: 4 = x—l—y+x2+y2 + <x4+y4)(x4—y4)



2 2 2 4
DD > S M R (=) 4y
X4+ 2 2 4 4 o 2 2 2 2
y x4y xt-y xy (P =)+
gy 2y y(x—y)+2y
= 4= + 2 2 2 2
X+y x —Yy X" —y
S 4= J S4x—4y=y&4x =35y

X=)y

4
14.15. Tir gia thiét ta c6 — + 2

y4
a b

(x2+y2)2
a+b

& bla+b)x* +ala+b)y’ :<x2 ~|—y2)2ab

& abx* +b’x* +a’y* +aby* = abx* +2abx’y’ + aby*

& b’x* —2abx’y’ +a’y* =0

(:(bxz—ayz)z:O(:)bxz—ayz:O(:) =

Xy
a b
x2 y2
@ b
2n 2

|
Q
—
=
|
S
SN~—~
—
=
|
)
SN~—~
—
o
|
S
~—
+
S
—
=
|
Q
~—
—
=
|
)
—
N
|
9
S—
—+
)
—
=
|
N
~
—
-
|
S
~—
—
S
|
<
SN~—

—
=
|
(@}
S——
—
(@
|
S
S——
Q
—
=
|
S
S——
|
S
—~
=
|
Q
-~
|
|
Q
S—
|
Q
S———
S
—
=
|
@}
SN—
|
(@}
—
=
|
S
—

P(x):(

x—c)(c—b)(ax—bx)—x(x—a)(b—a)(b—c)

P(x):

(a—b)(a—

c)(c—b)

x(a—b)(c—b)[(x—c)—(x—a)] ~ x(a—b)(c—b)(a—c)

* Xét Q(x) =

(a—b)(a—c)(e—b)

a’ (x—b)(x—c)

b’ (x—a)(x—c)

B (a—b)(a—c)(c—b)

=X

¢ (x—a)(x—b)

(a—b)(a—c)

TT—a)(b—o)

(C—a)(c—b)



a2(x—b)(x—c)(c—b)+b2(x—a)(x—c)(a—c>+62(x—a)(x—c)(b—a)

0lx)= [a—b)(a—c)(c—b)

Xét tir s6:

@ (x—b)(x—c)(c—b)+b*(x—a)(x—c)(a—c)+* (x—a)(x—c)(b—a)

— &’ (x—b)(x—c)(c—b)—b*(x—a)(x—c)(c—b)—b* (x—a)(x—c)(b—a)+* (x—a)(x—b)(b—a)
@ (x0) =1 (x—a)| (v~ a)(b— )" (x~)~* (v~ )
a—b)(ax+bx—ab)—(x—a)(b—a)(b—c)(bx+cx—bc)

(x=c)(c—b)

(x=c)(c=b)(
=(a—b)(c—b)|(x—c)(ax+bc—ab)—(x—a)(bc+cx—bc)|

(a=b)(c—b)|

(a=b)(c—b)|

Vay suyra P*(x)=0(x)
14.17. T gia thiét, suy ra xy+ yz+zx =0. Dat xy = a;yz = b;zx = ¢, khi do:
Dé dang chtimg minh @’ + b’ +¢* = 3abc

3 3, 3
L R atb+e =3, di¢u phai chung minh.

zm X"y abc
NPT X y
14.18. Tur gia thiét suy ra + + Ax+y+z)=2(x+y+z
P —— )=2( )
2 2 2

PR +x+ J +y+ z +z=2x4+2y+2z

y+z Z+x X+Yy

x2 y2 2 .
& + = X+ y+z. Diéu phai chimg minh.

y+z z4+x x4y
14.19. Bién dbi vé trai:

a+b a—b+a+b b—c+c—a
a—b a+b a—blb+c c+a

. . A . N 2
. C [c b+a c]:H_ C [bc b"+a ac]
b—al a b b—a ab
R .(a_b)(a+b—c):1+ —c .(a—b)(—c—c):1+2c2:H_203
b—a ab a—>b ab ab abc

V& trai bang vé phai, ta c6 diéu phai chirng minh.



Chuong 111
PHUONG TRINH BAC NHAT MQT AN
Chuyén dé 15. PHUONG TRINH. PHUONG TRINH BAC NHAT MQT AN
A. Kién thirc cin nhé
1. Phwong trinh:
* Mot phuong trinh mot an x c6 dang A(x) = B(x), trong d6 vé trai A(x) va vé phai B(x) la hai biéu
thire ctia ciing mot bién x
* Nghiém cta phuong trinh: Gia trj ctia bién thoa man (hay nghiém dung) phwong trinh di cho
* (i1l phuong trinh: Tim tap nghiém cua phuong trinh.
* Hai phuong trinh twong duong: c6 cung mot tap nghiém.
2. Hai quy tic bién déi phwong trinh:
a) Quy tic chuyén vé: Trong mot phuong trinh ta c6 thé chuyén mot hang tir tir vé nay sang vé kia va d6i
dau hang tur do.
b) Quy tic nhan voi mot sé: Trong mot phuong trinh ta c¢6 thé nhan (hodc chia) ca hai vé vdi (cho) cung
mét sb khac 0.
* Tl mot phuong trinh, ding quy tic chuyén vé hay nhan, ta ludn nhan dugc mot phwong trinh méi twong
duong v6i phuong trinh da cho.
3. Phwong trinh bac nhit mjt an:

* Phuong trinh c6 dang ax+b =0 véi a, b 14 hai s6 d4 cho va a = 0

* Phuong trinh ax+b =0 (a #0) ludn c6 nghiém duy nhat: X:-é
a

B. Mt s6 vi du
Vi du 1: Cho cac phuong trinh
5x*=3y+4=3x-8y; 2,5x—10=0 va 4x> —6x =5x+108
Trong cac phuong trinh trén:
a) Phuong trinh nao 1a phwong trinh mot 4n?
b) Phuong trinh nao 14 phuong trinh bac nhit mot 4n?
¢) S6 nao trong tap S = {—4;0;4} 1a nghiém ciia phuong trinh mot an?
Gidi
a) Cac phuong trinh 2,5x—10=0 va 4x*> —6x =5x+108 1a phwong trinh mot 4n.
b) Phuong trinh 2,5x—10=0 la phuong trinh bac nhét mot an.
¢) Lan luot thay cac gia tri x =—4;0;4 vio timg phuong trinh mot an ta co:
* Vo1 x=4 thi 2,54-10=0

nén x =4 la nghiém cia phuong trinh 2,5x-10=0



* V6i x =4 thi 4x° —6x = 4.(-4)’ —6.(-4) = 64+ 24 =88
Va 5x+108 =5.(-4) +108 = 88

Vay x =—4 la nghiém cua phuong trinh 4x”> —6x = 5x +108

Nhdn xét: Mudn xem mot sb c6 phai 12 nghiém ctia phuong trinh ta xét xem gia tri 6 cta an thoa man
(hay nghiém dung) phuong trinh di cho bang cach thay vao timg vé ctia phuong trinh. Néu hai vé c6
clng gia tri thi s6 d6 1a nghiém ctia phuong trinh.

Vi du 2: Cho bén phuong trinh:

2x—6=0 (1)
x*=2x-3=0 (2)
(x=1)(x+5)—2x> =15x—47 (3)
(5x-15)(x*+1)=0 (4)

a) Chung to rang x =3 1a nghiém chung cta ca bén phuong trinh.

b) Chimg to rang x = —1 1a nghiém cua phuong trinh (2) nhung khéng 14 nghiém ctia phuong trinh (1) va

A3).
¢) Hai phuong trinh (1) va (2) c¢6 twong duong khong. Tai sao?
Gidi
a) Voi x=3

- Thay vao phuong trinh (1) tacoé 2.3-6=6-6=0
- Thay vao phuong trinh (2) taco 3°-2.3-3=9-6-3=0
- Thay vao phuong trinh (3) ta co:
Vétrai 3-1)(3+5)-2.32=2.8-29=16-18=-2
Véphai 15.3-47=45-47=-2
- Thay vao phuong trinh (4) ta c6 (5.3-15)(3° +1)=(15-15).10=0.10=0
x =3 nghiém dting ca bon phwong trinh nén 1 nghiém chung ctia bén phwong trinh.
b) Véi x=-1
- Thay vao phuong trinh (1) taco 2.(-1)-6=-2-6=-8=0
- Thay vao phuong trinh (2) ta c6: (1) -2.(-1)-3=1+2-3=0
- Thay vao phuong trinh (3): (x—1)(x+5)—2x> =15x—47 ta co:
Vé trai (—1-1)(-1+5)—2.(-1)* =(-2).4-2=-10
Vé phai 15.(-1)-47 =-15-47 =-62
Viay x =-1 nghi¢m dung phuong trinh (2) nhung khong nghiém diung phuong trinh (1) va (3) nén la
nghiém cua phuong trinh (2) nhung khong 1a nghiém cua phuong trinh (1) va (3).
¢) Hai phuong trinh (1) va (2) khong twong duong vi khong cung tap nghi¢m.



Nhan xét: Ta thay céc s0 da cho vao tirng vé cia phuong trinh dé xét xem cac s6 d6 co6 phai la cac

nghiém cua phuong trinh. Tur d6 x&c dinh tap nghiém cua cac phuong trinh.

b) x=-1 la nghiém cia phuong trinh (2) vi thay vao lam 2 vé ciing c6 gia tri 0.
Nhung khong 12 nghiém cua phuong trinh (1) va (3) vi khi thay vao 2 phuong trinh 1am hai vé c6 gia tri
khéc nhau.
¢) Tuong tu cach 1.
Vi du 3: Cho phuong trinh véi a 13 tham sb: (a* +3a—10)x> =a -2 (1)
Chumng minh rang:
a) V&1 a =2 phuong trinh (1) nghiém dung véi moi gia tri cia x.
b) V&1 a = -5 phuong trinh (1) vo nghi¢m.
¢) V61 a = -5 phuong trinh (1) twong duong véi phuong trinh
(a+5)x+2016=0 (2)
* Tim cach giai: V61 moi gia tri cia n x:
- Néu hai vé ctua phuong trinh ludn c6 gid tri bang nhau thi phuong trinh nghiém dung v6i moi gia trj cia
x(Vx). Tap nghiém la R.
- Néu hai vé ctia phuong trinh ludn c6 gia tri khac nhau thi phuong trinh v6 nghiém. Tap nghiém 1a &.
- Hai phuong trinh cuing v6 nghiém dugc coi la hai phuong trinh twong duong.
Gidi
a) Vé6i a =2 phuong trinh (1) c6 dang (2> +3.2-10)x> =2 -2
hay 0x* = 0. Phuong trinh (1) nghiém diing Vx.
b) Véi a =-5 phuong trinh (1) c6 dang (25-15-10)x" =-5-2
hay 0x” =-7. Phuong trinh v6 nghiém vi hai vé ctia phuong trinh luén ¢ gia tri khac nhau Vx. Téap
nghiém cua phuong trinh l1a & .
¢) Vi a =-5 phuong trinh (2) tr¢ thanh

(=5+5)x+2016=0 hay Ox+2016=0. Phuong trinh niy ciing vé nghiém vi vé trai khac 0, Vx. Téap
nghiém ctia phuong trinh 14 & cung tdp nghiém véi phuong trinh 0x* =-7. Do d6 hai phuong trinh

0x+2016=0 va 0x*> =-7 tuong duong.

Vi du 4: Bing quy tic chuyén vé va quy tic nhan hiy giai cac phuong trinh:

*

a) (x+2)+(2x+4)+(Bx+6)+...+(50x+100) =-2550 (1)

b) [2x—6|=4+3x )

Tim cach giai:

Cau a) luu ¥ str dung cong thirc tinh tong cc sd hang cua diy sb cong (tir s6 thir hai, cac s6 déu bang sd

lién trudc cdng voi cung mot s0):



Tong = 5 (s0 hang dau + s6 hang cudi) x SO so hang.

R , . o ., ot Aneu A>0
Cau b) su dung dinh nghia vé gia tri tuyét doi: néu |A| = .
—A neu A<0
Sau khi giai xong can kiém tra dé xac dinh két qua tim duoc c6 thoa mén diéu kién hay khong.
Gidai
a) (e (x+2x+3x+...+50x)+(2+4+6+...+100) = -2550
< (14+243+...+50)x+(24+4+6+...+100) =-2550

- (1+520).50 ., (2+100).50

< 1275x =-2550-2550 < 1275x =-5100 < x =-5100:1275

=-2550 < 1275x +2550 =-2550

S x=—4.
b) [2x—6]=4+3x
* Néu x23 thi 2x-620=[2x—6|=2x-6
Phuong trinh trd thanh 2x —6 = 4+ 3x < 2x —3x=4+6 < x=—10 .(loai vi khong thoa man diéu kién)
* Néu x<3 thi 2x—6<0=[2x—6|=-2x+6
Phuong trinh tr¢ thanh —2x+6=4+3x < -2x-3x=4-6
& -Sx=-2<x=0,4.
Vay phuong trinh c6 mot nghiém la x=0,4.
Vi du 5: Xét xem céac cdp phuong trinh sau c¢6 twong duong khong? Giai thich.
a) Sx+5=2x-7 va -7x+12=0;
b) 9x—15=12x+27 va3x—-5=4x+9;
c) (5x—15)(x*+1)=0 va 3x-20=-11;
d) 5x-9=11 va a(5x—9)=11a véiala mot so.
*  Tim cdch gidgi: Dé xét cac cap phuong trinh c6 tuong duong hay khéng, ngoai so sanh cac tip nghiém ta
con st dung hai quy tic bién d6i phuong trinh.
Gidi
a) —5x+5=2x-7< —7x+12=0 vi theo quy tic chuyén vé
—Sx+5=2x-7T< -S5x+5-2x+7=0< -7Tx+12=0.
b) 9x—15=12x+27 < 3x—5=4x+9 vi theo quy tic nhan.

9x—15=12x+27<:)(9x—15)%=(12x+27)%<:>3x—5=4x+9.

¢) Phuong trinh (5x—15)(x* +1)=0 c6 x> +1#0 Vx



d)

nén (5x-15)(x*+1)=0<5x-15=0< x=3.
Phuong trinh 3x-20=-11<3x=-11+20=3x=9< x =3
Tap nghiém cta phuong trinh (5x—15)(x> +1)=0 1a S ={3}
Tap nghiém ctua phuong trinh 1a 3x-20=-111a S = {3}
Hai phuong trinh c6 cung tap nghi¢ém nén
Bx—-15)(x*+1)=0<=3x-20=—11.
Néu a#0 thi 5x—9=11< a(5x-9)=11a theo quy tic nhan.
Néu a =0 thi a(5x—9)=11a trd thanh 0x—0=0 phuong trinh nay nghiém ding véi moi x nén khong
tuong duong v6i phuong trinh 5x—9 =11 ¢6 mot nghiém duy nhét 1a x=4.
* Nhan xét:

b) B¢ y rang nhan hai vé voi 3 nghia Ia chia ca hai vé cho 3.

¢) Khi 4p dung quy tic nhan phai luu ¥ s6 nhan (hay chia) phai khac 0.

Vi du 6. Cho phuong trinh (m* —9)x* +2(m —3)x+49 =0 v6i m 1a s di cho.

b)

a) Tim gi4 trj ciia m dé phuong trinh tré thanh phuong trinh bac nhit c6 mot an sd va giai phuong trinh
bac nhét 4n vira tim duoc;
b) Tim gié tri cia m dé phuong trinh c6 nghiém 1a x=2.
Tim cdch gidi: a) Phuong trinh bac nhat mot an c¢6 dang ax +b =0, (a # 0) . Dé phuong trinh di cho trd
thanh phuong trinh bac nhéat mot 4n thi hé sd cua x> 1a m>—9=0 vahéséciax1a m—3=0.
b) x = x, 1a nghiém cua phuong trinh A(x) = B(x) néu A(x,y) = B(x,)

Gidi

=3
(m*=9=0 [((m-3Hm+3)=0 ||
Ta c6 & S<m=-3m=-13

m—-3#0 m#3
m#3

Véi m = -3 phuong trinh tr¢ thanh (9 —9)x” +2(-3-3)x+49 =0 hay 0x* —12x+49 =0 hay

—12x+49 =0 1a phuong trinh bac nhat c6 mot an sb.

49 1
Nghiém ctua phuong trinh 1a x=———=4—.
ghnig p g 1> D
Dé phuong trinh c¢6 nghiém 13 x =2 ta phai c6:
(m*=9).2> +2(m—3)2+49=0

SAm? -36+4m—12+49=0<4m’* +4m+1=0

<:>(2m+1)2:0c>2m+1:0<:>m:—%.



Vi du 7. Giai phuong trinh:
(x=-D+(x-2)+(x=3)+...+(x—-2015)=0.

*  Tim cdch giai: V& trai cua phuong trinh 13 tong ctia 2015 cac hang tir, mdi hang tir 1a mot hiéu giira x va
mot sb tr nhién tur 1 dén 2015. Vay ta c6 2015x con téng dai s6 —1-2-3—...—2015 ta viét thanh

—(142+3+...4+2015) va sir dung cong thirc tinh tong ctia n s tu nhién khac 0 dau tién S = (+mn

tinh.

Gidi
Taco: (x—D)+(x—-2)+(x=3)+...+(x—2015)=0
< 2015x—(1+2+3+...4+42015)=0

(1+2015).2015

< 2015x - =0<2015x-1008.2015=0

< 2015x=1008.2015 < x =1008..
Vi du 8. Giai phuong trinh:

x—-1 x-2 x-3 x-4
+ + + =
99 98 97 96

4. (1)

*  Tim cach gidi: O phuong trinh (1), néu ta quy ddng mau s ¢ hai vé thi mau sb chung rat 16n:
99.98.97.96. Pé y rang néu mdi hang tir (phan thic) & vé trai dugc bot di 1 (thém vap -1) rdi quy dong
ting cap thi xudt hién (x—100)¢ tir. Vi vy ta chuyén 4 tir vé phai sang thanh —4 roi tach
—4=-1-1-1-1 va ghép mdi s6 —1 v6i mot hang tir. (Ciing c¢6 thé coi cong vao hai vé cing mot sd
—4).

Giai

) e X on e[ 222 ) 222 )4 222 )20
99 98 97 96
x=100 x-100 x—100 x—100
= + + + =

99 98 97 96

< (x—-100) L+L+L+L =0;
99 98 97 96

0

D0L+L+L+L¢O.Nén x—=100=0< x=100.
99 98 97 96

C. Bai tap van dung
1. Phwong trinh mjt in
15.1. Ching t6 rang phuong trinh 8¢ —x—3=ax—11 ludn nhan x =8 13 nghiém du a ldy bat ky gia tri ndo.
Huéng din giai — dap sb
(Vé trai viét tit 1a VT; vé phai viét tit [a VP)



Véi x=8 taduoc: VT =8a—-8-3=8a—-11;VP=8a—-11
Nhu vay VT =VP,Va . Vay phuong trinh luén nhan x =8 1a nghiém du a lay bat ky gia tri no.

15.2. Chirng minh rang mdi phuong trinh sau déu nghiém dang véi moi gia tri cia an:

a) 6(x—1)=6x—6; b) (y-3)"-3y=9-9y+y’;
3 2
0 z 102 5z +22=Z_5.
z°+2
Huéng din giai — dap sb
a) Hai vé déu bang 6x—6; b) Hai vé déu bang 9-9y + y*;
2 2
0 VT=Z(Z 5)+2(z 5)=(z +2)(z 5):2—5:VP

z7+2 z7+2
15.3. Chiing minh rang phuong trinh 2016x — |2016x| =0 nghiém dung Vx>0.
Hudéng din giai — dap sb
Vx> 0thi [2016x| =2016x. Khi d6 2016x—[2016x| =0

< 2016x—-2016x =0 < 0x =0 nghiém ding Vx>0.

15.4. Chirng minh rang mdi phwong trinh sau v6 nghiém:

a) 5(x+4)=5x+15; b) (2y-3)* =—/5-7;
2

¢) 2z-5=22 772715, d) > -10=3r-2].
z+5

Hwéng din giai — dap s6
a) Vx VT luon l6n hon VP 5 don ci;
b) Vy VT >20;JP<0
¢) Khi z=-5 vé phai khong c6 nghia.
Khi z# -5

B 2z2° +7z-15 B 22°+10z-3z-15 _(2z-3)(z+5)
z+5 z+5 z+5

4

2z-3=(2z-5)+2;

V& phai ludn 16n hon vé trai 2 don vi.
d) V¢ thi VT <0 con VP>0.
15.5. Cho phuong trinh (m* —9m +20)x* = m—4 chimg minh rang;
a) V61 m =4 phuong trinh nghiém dung Vx;
b) V&1 m =5 phuong trinh vo nghiém;
¢) V61 m =0 phuong trinh v6 nghiém;
d) V&1 m =6 phuong trinh ¢6 hai nghiémla x=1 va x=-1.

Huéng din giai — dap sb



a) Vi m =4 phuong trinh c6 dang 0x* =0 nghiém diing Vx.
b) Véi m =5 phuong trinh c6 dang 0x> =1 vo nghiém.
¢) Véi m =0 phuong trinh c6 dang 20x” =4 vo nghiém vi 20x” >0, Vx
d) Véi m =6 phuong trinh ¢6 dang 2x* =2 < x* =1 & x = +1.
2. Phuong trinh twong duwong
15.6. Céc cdp phuong trinh nao sau day tuong duong. Tai sao?
a) 2x—-5=0va x=2,5; b) x—6=0 va (x—6)(x+6)=0;
¢) (x—=1)’+4=0 va 3(x+5)=3x-2.
Hwéng din giai — dap s6
a) Tuong duong vi cung tap nghiém S ={2,5}
b) Phuong trinh (x —6)(x+6) =0 ngoai nghiém x = 6 con c6 nghiém x =—6 nén hai phuong trinh khong
twong duong vi khong cung tap nghiém.
¢) Tuong duong vi cung vo nghiém .
15.7. Cac cdp phuong trinh sau day c6 tuong duong khong. Tai sao?
a) X’ +3x=(x+1)> va x=-2; b) y+5=0 va |y|=5;
¢) z2-9=0 va |z|=3.
Huéng din giai — dap sb
a) Khong twong duong vi x = -2 khong phdi 1a nghiém ctia phuong trinh x° +3x = (x +1)°
b) Khong tuong duong vi y =5 la nghiém |y| =5 nhung khong l1a nghi¢m cua y+5=0.
¢) Tuong duong vi chiing cung tap nghiém S ={-3,3}.
15.8. Cho ba phuong trinh: 3x-9=6 (1); (x=5)3x+1)=0 (2) va 2x>—10x=0 (3).
a) Chung to rang ca ba phuong trinh ¢6 mot nghiém chung 1a x=5.
b) Cac cdp phuong trinh (1) va (2); (1) va (3); (2) va (3) c6 tuong duong khong.
Hwéng din giai — dap sé
a) Thay x =5 vao ca ba phuong trinh déu nghiém dung.
b) Cac cdp phuong trinh (1) va (2); (1) va (3); (2) va (3) déu khong twong duong vi déu khong cung tap
nghi¢m.
3. Phuwrong trinh bac nhit c6 mdt 4n sb
15.9. Cho ba phuong trinh:
12,6-3x =0 (1); 3x+2=7x-10(2) va 5—kx =8 (3). Biét mdi phwong trinh nhan mét trong ba gia tri
la x=-2;x=3 va x=4,2 lam nghi¢m. Tim k.

Huéng din giai — dap sb



Taco: 12,6-3x=0<= 3x=-12,6 © x=-12,6:(-3) <= x=4,2 va
3x+2=7x-10=3x-7x=-10-2< 4x=-12<x=3
Nhu vay x =4,2 1a nghiém cua phuong trinh (1); x =3 1a nghiém ctia phuong trinh (2). Vay nghiém
phuong trinh (3) 1a x=-2.
Dod6 5-k(2)=8<2k=8-5<k=3:2<k=15;
15.10. Cho phuong trinh (m>—9).2x+3=m trong d6 m 1a mot s6. Giai phuong trinh trén trong mdi truong
hop sau:
a) m=3; b) m=-3; c)m=5; d) m=0.
Hwéng din giai — dap sé
a) Voi m=3tacod 0x+3 =3 nghiém dung Vx;

b) V6i m=-3 tacd 0x+3=-3< 0x=—6 vO nghi¢m;

¢) Vi m=5 taco 32x+3:5<:>x:%'

2

d) Véi m=0 ta co —18x+3:0<:>x:%=

15.11. Cho phuong trinh 5x+2n—8=2x—7 véin 1a mot sd.

AN~

a) Biét x = -3 1a nghiém cuia phuong trinh. Tim n;
b) Giai phuong trinh trén khi »=-2017.
Huéng din giai — dap sb
a) x =-3 la nghiém cia phuong trinh nén
—15+2n-8=-6-7<=2n=15+8-6-7<=2n=10=n=>5.
b) Khi n=-2017 ta c6 phuong trinh 5x—-4034-8=2x-7.
< 5x-2x=-7+4034+8 < 3x=4035 < x =1345.
15.12. Giai cac phuong trinh:
(x+D)+2x+3)+Bx+5)+...+(50x+99) =5050.
Hwéng din giai — dap sé
Vé trai 1a téng cua 50 hang tir, mdi hang tir chtra trong dau () la mot téng 2 sb hang, mdt ) hang chua x
va hé s6 cua x 1an luogt 14 thir ty clia cac hang tir, s6 hang kia lan luot 1a cac s6 16 tir 1 dén 99. S6 céc sb 1¢
cling 1a 50 sb.
Dodd (x+1)+(2x+3)+(Bx+5)+...4+(50x+99) =5050
S x+2x+3x+..+50x +1+34+5+...499 =5050.

S x(1+2+3+...+50)+(1+3+5+...4+99) =5050

o (1450150  (1+ 929)'50 — 5050 <> 1275x+2500 = 5050

2
< 1275x =5050-2500 < 1275x =2550 > x=2.



15.13. Cho phuong trinh (x+1)+(2x+4)+Bx+7)+...+ (nx+61) =420.
a) Tinh n; b) Giai phuong trinh.
Hwéng din giai — dap s6
Ta biét day sb cong (tir sb thir hai, cac sé déu bang sb lién trude cong véi cing mot sd; s6 duoc cong vao
ta goi 1a khoang cach) c6 cach tinh s sb hang 1a: [|sé cudi-sé dau|:khoang cach]+1
V& trai ctia phuong trinh s& ¢6 1+4+7+...+61 13 tong cac sb hang cta diy sd cong co khoang cach (hay
cong sai) 1a 3. Do d6 sb s6 hang ciia tong s& 1a (61-1):3+1=21.
Tacod: (x+1)+2x+4)+Bx+7)+...+(nx+61) =420
S (x+2x+3x+...+mx)+(1+4+7+...+61) =420

a) n chinh 1a s6 s6 hang cua tong 1+4+7+...+61;n:%+1:21.

b) Phuong trinh tr¢ thanh:
(I+2+3+...+2D)x+(1+4+7+...+61) =420

- (1+221).21x+(1+61).21

& 231x=-231x=-1.

=420 < 231x+651=420

15.14. Giai cac phuong trinh:

2x+1 2x+2 2x+3 2x+8 2x+9
+ + +ot + +

a) 9=0;
9 8 7 2 1
b) x—1 + x-2 + x-3 +...+x_2014+x=4030.
2015 2014 2013 2

Hwéng din giai — dap sé

a) Taco 9=1+1+..+1 va ghép mbi s6 1 v6i mot sd hang con lai dyoc:
9so0l
SO

(2x+1+1j+(x+2+1j+(x+3+1j+...+(x+9+1]=0
9 8 7 1

2x+10 2x+10 2x+10 2x+10
+ + +..+ =

0
9 8 7 1
<:>(2x+10)(l+l+l+...+l+l =0
9 8 7 2
Do l+l+l+...+l+1;«t0
9 8 7 2
Nén 2x+10=0<2x=-10< x=-5.
b) Bién déi thanh X 4 X2 x=2014 222015 hh15-0

+...+
2015 2014 2



0

x-1 x-2 x-2014 x—2015
N ~1 |+ S (PSP (et A ) [k L |
2015 2014 2 1

x—-2016 x-2016 x—2016 x-2016
& + +ot + =

0
2015 2015 2 1

& (x—2016)[L+;+...+l+1 =0;
2015 2014 2

1 1

0 —+—+...+l+1¢0. Nén x-2016=0< x=2016.
2015 2014 2

4. Bai tip van dung tong hop
15.15. Cho phuong trinh mx(x —5) — (x—4)(x+1) = 22 véi m 1a mot so.
a) Tim gia tri cia m dé phuong trinh tré thanh phuong trinh bac nhat mot an.
Giai phuong trinh bac nhét do;
b) Chung minh rang phwong trinh v nghiém khi m=0;
¢) Timxkhi m=2.
Hwéng din giai — dap sé
Sau khi khai trién va rat gon phuong trinh d cho ta duoc phuong trinh c¢6 dang ax® +bx +c¢ = 0. Mudn
tré thanh phuong trinh bac nhat mot an ta phai c6 a =0 va b=0.
Taco: mx(x—5)—(x—4)(x+1)=22
S mx’ =5Smx—x"—x+4x+4-22=0= (m-1)x’—(5m-3)x—18=0
a) D& phuong trinh tro thanh phuong trinh bac nhat c6 mot 4n thi ta phai co:

3eom=1

m—1=0 m=1
o
Sm—-3#0 m;tg

Khi m =1 phuong trinh tr¢ thanh (1-1)x* —(5-3)x-18=0
o 2x-18=0= 2x=18<=x=-9.

b) Khi m =0 phuong trinh tré thanh: (0—1)x* —(0-3)x—18=0

2 ) 3V 63
&S —x +3x-18=0&=x"-3x+18=0<= X_E +7=0

2
Do (x —%j +67r3 >0 Vx nén phuong trinh v6 nghiém.

¢) Khi m =2 phuong trinh trg thanh (2—1)x* —(10-3)x—18=0
Sx-Tx-18=0x" - 9x+2x-18=0= x(x-9)+2(x—9) =0
S (x-9)(x+2)=0=x=9 hoac x=-2.

15.16. Cho phuong trinh véi x 12 4n s6 va m 12 mot s6 (tham s)



(m* =25)x> +10(m+5)x+5025=1+5+9+13+...+197.
a) Tim gia tri cia m dé phuong trinh tré thanh phuong trinh bac nhat c6 mot 4n sb va giai phuong trinh
bac nhat mot 4n vira tim duoc;
b) Tim nghi¢ém ctia phuong trinh khi m =10;
¢) Chirng minh phuong trinh v6 nghiém khi m =-5;
d) Ching minh x =1 khong phai la nghiém cta phuong trinh véi moi gia tri ciia m.
Huéng din giai — dap sb
a) Phuong trinh bac nhit mot an c6 dang ax+b =0 . Bé phuong trinh da cho tré thanh phwong trinh bac
nhat mot an thi hé s6 ciia x* 1a m> —25=0 vah¢ sdcliax1a m+5#0.Tacd 1+5+9+13+...+197
1a tong cac s6 hang cua diy sb cong c6 khoang cach (hay cong sai) 13 4.
Ta c6 s6 s6 hang ctia tong & vé phai s& 1a (197-1):4+1=50
val+5+9+13+..+197=(1+197).50:2 =4950
Khi 4y phuong trinh tré thanh (m? —25)x +10(m + 5)x + 5025 = 4950
< (m? =25)x" +10(m+5)x+75=0

. |m*=25=0 (m=5)(m+5)=0
Ta co: = Sm=5
m+5#0 m#—5

Véi m =5 phuong trinh tré thanh < (25-25)x> +10(5+5)x+75=0
hay 0x® +100x+75=0 hay 100x+75=0 1a phuong trinh bac nhat c6 mot an sd. Nghiém cia

phuong trinh 1a x = b —-0,75.
100

b) x =n 13 nghiém ctia phuong trinh A(x) = B(x) néu A(n) = B(n)
Do d6 khi m=10 tacod (10° —25)x* +10(10+5)x+75=0
& 75x +150x+75=0< 75(x* +2x+1)=0
ST5(x+1)Y =0 x+1=0 x=-1
¢) Khi m =5 phuong trinh trg thanh 0x” +0x+75=0. V6 nghiém vi Vx gid tri VT 1a 75 con VP 1a 0.
d)Khi x=1 tacod (m*—25).1> +10(m+5).1+75=0
VT =m* =25+10m+50+75=m"> +10m+25+75=(m+5)>+75>0. Vm. VT #VP nén x =1 khong
la nghiém cua phuong trinh Vm
15.17. Giai phwong trinh |x—1|=2x+3.
(Thi hoc sinh gioi Toan lop 9 huyén Thuwong Tin, Ha Tdy, nam hoc 2002 — 2003)
Huéng din giai — dap sb

V61 x > 1 phuong trinh thanh x—1=2x-3 < x =2 (thod man DK)



V6i x <1 phuong trinh thanh 1-x=2x-3 < x :g (loai).
Nghiém ctia phuong trinh [a x=2.
x+1 x+2 x+3+x+4

15.18. Giai phuong trinh + .
99 98 97 96

(Pé thi tuyén sinh vao I6p 10 chuyén tinh Vinh Phiic, ndm hoc 2013 — 2014)

Huéng din giai — dap sb

x+1 x+2 x+3 x+4 x+1 x+2 x+3 x+4
n = + = +1+ +1= +1+ +1
99 98 97 96 99 98 97 96
< (x+100) LJri—i—i =0< x=100 do L+L_L_L #0
99 98 97 96 99 98 97 96
1—x X

15.19. Gidi phuong trinh ~—% — ] = - .
2013 2014 2015

(Thi kiém tra chdt lwong hoc sinh gidi 16p 8 huyén Thuong Tin — Ha Néi, nam hoc 2014 -2015)

Hwéng din giai — dap s6

2—x 1-x X 2—x 1-x X
—1= - = +1= +1- -1
2013 2014 2015 2013 2014 2015

111
2013 2014 2015

<:>(2015—x)( j=0<:>x=2015



Chuong 111

PHUONG TRINH BAC NHAT MQT AN
Chuyén dé 16. PHUONG TRINH PUA PUQC VE DANG
ax+b =0 (hay ax=-b)
A. Kién thirc cin nhé
a) Phuwong trinh khong chira miu s6
- Thyc hién phép tinh dé bo diu ngoic.
- Chuyén cac hang tir chira an sang mot vé, cac hang sb sang vé kia.
- Thu gon va giai phuong trinh nhan duoc.
b) Phwong trinh chira miu s bang s6
Trude hét phai quy ddng mau s6 rdi nhan hai vé véi mau chung dé khir mau sb rdi thyc hién nhu a)
Chii y: Khong nhit thiét phai thuc hién theo cic budc nhu trén. Tuy theo phuong trinh ma van dung linh
hoat cac budc do.

B. Mt s6 vi du

Vidu 1:
2
2) X +2+3(2x 1)_6=(2x+3)(x 2)_5+8x (1)
3 4 6 12
x+5_£ 4 _5—2x
2 4 3
b) 3x— = —2x+1 2
) S 2 (2)

Gidi
a) (1) © 4(x* +2)+9(2x-1)-72 =2(2x* —x—6)—5—8x
& 4x” +8+18x-9-72=4x> —2x—12-5-8x
S 18x+8x+2x=-12-5-8+9+72
S 28x=56<=x=2.
Nhdn xét:
- O céu a) ta ¢ thé bo qua bude quy déng mau hai vé ma viét thang (1)
S 4(x* +2)+9(Q2x —1)—72 =2(2x* — x—6)—5—8x vi thuc chit nhin hai vé ciia phuong trinh (3) v6i 12
duoc ngay két qua nay.
- Sau khi khai trién hai vé c6 chtra hai hang tir bang nhau 4x?, ta c6 thé bo di (thuc chat khi chuyén vé
dugc hai hang tir d6i nhau nén tong bang 0).

_2x+10—x _12x-5+2x
24 12

< T2x-2x-10+x=24x-10+4x—-48x+24

b) (2) < 3x

—2x+1



<:>72x—2x+x—24x—4x+48x:24<:>91x:24<:>ng.

Nhdn xét: Cau b) sau khi nhan hai vé véi 24, hai vé xuit hién hai s6 bang nhau 1a —10 ta c6 thé bo di (vi
khi chuyén vé —10+10=0).
Vi du 2: Tim céc gia tri cta y sao cho biéu thirc A va B sau day c6 gia tri bang nhau:

A:y—2_9—5y_2—y+3(5y—9)_ B:45—25y+2—y_5y—9'

2 8 6 4 8 3 2

Tim cach giai: D€ tim cac gia tri cua y sao cho hai biéu thirc A va B ¢6 gia tri bang nhau ta quy vé viéc

giai phuong trinh 4=B.
Gidi
Dé 4 =B ta phai co:
y—2_9—5y_2—y+3(5y—9) _45—25y+2—y_5y—9
2 8 6 4 8 3 2
o y—2+y—2+y—2 :5(9—5y)+9—5y+9—5y+3(9—5y)
2 6 3 8 2 8 4

1 1 1 51 1 3
S| =+=+=|=00-5y)| =+ =+=—+—
o )(2 6 3] ( y)(S 2 8 4)

3 1 2 541 6
S-2)|=+=—+=[=00-5y)| =+=—+=+—
v )(6 6 6] ( y)(S 8 8 8}

& (y—-2).1=(09-5y).2
< y-2=18-10y

<:>11y:20<:>y:%.

Nhdén xét: Ta khong quy ddong méu cac phan thirc ma bién doi bai toan mot cach linh hoat, vira d6i dau
phan thirc sau d6 chuyén vé dé xuit hién cac nhan tir chung 1a (y—2) va (9-5y).
Vi du 3: Giai phuong trinh sau véi m 1a hang s6 (tham s6):
m(mx—2)=x(Bm+4)+2 (1)
Gidi
(1) < m’x —2m =3mx +4x +2
S m’x—=3mx—4x=2m+2 < x(m* =3m—4)=2(m+1)

< x(m+1)(m—4)=2(m+1).
& ; . 2
- Néeum=#=-lvam#4 thi x=——;
m_
- Néu m =4 phuong trinh c6 dang Ox =10 . V6 nghiém;

- Néu m = -1 phuong trinh c6 dang 0x = 0. Phuong trinh nghiém dung véi moi gia tri cua x.



Vi du 4: Giai phuong trinh sau v6i b 1a tham sb:
x—2+b+x—b _ —4b—x
b+3 b-3 9-b

(1)

Giai

biéu kién b = +3

Phuong trinh (1) bién d6i thanh (x—2+b)(b—3)+(x—b)(b+3) =x+4b

< xb-3x-2b+6+b*-3b+xb+3x—b>-3b=x+4b

< 2xb—x=12b-6< (2b—1)x=6(2b—1).
* Néub#0,5vab=43 thi x=6;

* Néu b=0,5 thi phuong trinh trg thanh 0x =0 . Phuong trinh nghiém dting Vx.

Vi du 5: Giai phuong trinh:
4029x+2014+2.2015 4037x-2.2019-3.2018
2014.2015 2018.2019

Tim cdch gigi: O phuong trinh trén néu quy ddng mau thic hai vé thi mau thirc chung qué 16n. Ta nhan

X6t 4029x = 2014x +2015x;4037x = 2018x +2019x do d6 ta bién d6i va giai phuong trinh nhu sau:

Gidi
4029x+2014+2.2015 2014x+2014+2015x+2.2015
2015.2014 2015.2014
_ 2014(x+1)+2015(x+2) _ x+1 N x+2
2014.2015 2015 2014
4037x-2.2019-3.2018 _ 2019x—-2.2019+2018x—-3.2018
2018.2019 2018.2019
_ 2019(x—2)+2018(x—3) _x-2 N x-3
2018.2019 2018 2019
Phuong trinh tré thanh

x+l+x+2_x—2+x—3
2015 2014 2018 2019

x+2016 N x+2016 x+2016 N x+2016 _0
2015 2014 2018 2019

< (x+2016) ! + L =0
2015 2014 2018 2019
Do ! + ! - ! - ! #0
2015 2014 2018 2019
Do d6 x+2016=0
Vay x=-2016

Vi du 6: Tim gié tri ctia a dé:

x+1 x+2
= +1 |+ +
(2015 ) (2014

x=2
1= +
)G

1j+ x-3 +1
2019



a) Phuong trinh (2x —3)(1+3a)—5(x +6) = 25(x +3)(2—x) + 5(a—2) +50 . (1) c6 nghiém x =-3;

b) Phuong trinh (x—a)(x+5)—4ax+17 =(x+a)(x—6)—3x (2) ¢6 nghiém gip nim nghiém cua
phuong trinh:
3x(x=5)—-4(x—4)=3(x—-1)(x+3) (3)

Tim cach gidi: a) Dé X, la nghiém cua phuong trinh A(x) = B(x) ta phai co A(x,)= B(x,). Do d6 thay
x =3 vao hai vé cia phuong trinh (1) ta dugc mot phuong trinh méi voi an 12 a.
b) Trudc hét giai phwong trinh (3) tim nghiém X, . Nghiém cua phuong trinh (2) s& bang 5x, .
Gidi
a) DPé x =—3 nghiém cua phuong trinh (1) ta phai c6:
(-6-3)(1+3a)-5(-3+6)=25(-3+3)(2+3)+5(a—-2)+50
< -9(1+3a)-15=5(a-2)+50 = -9-27a-15=5a-10+50
< -27a-5a=-10+50+9+15< -32a=64=>a=-2.
b) Giai phuong trinh (3): 3x(x—5)—4(x—4)=3(x—-1)(x+3)
& 3x" —15x—4x+16=3x>+9x—-3x-9
& —15x—4x-9x+3x=-9-16 = 25x =25 x=1
Nghiém ciia phuong trinh (2) gip 5 nghiém ciia phuong trinh (3) nghia 1a phuong trinh (2) c6 nghiém la
5. Thay x =5 vao hai vé phuong trinh (2) ta co:
5—a)(5+5)-20a+17=(5+a)5-6)—15
< 50-10a-20a+17=-5-a-15
< -10a-20a+a=-5-15-50-17< -29a=-87 <= a=3
Vi du 7: Giai cac phuong trinh:

1 1 1 1
a) 1—?j@—3—2)(1—?j...(1—9—2)(18x—45):2(x—1)+97. (1)
b) L-I-L+...-i- ! J.2017)€=—2016+—2016+...+—2016+—2016. (2)
12 34 199.200 101 102 199 200
10 10 10
0) | —+—+..t—— |.2,2x—[0,8.(7,5-2,5x)]:0,25 =12. 3
"N13%3s 9.11} (0.8 ) @

Tim cdch gidgi: Cac phuong trinh trong vi du 7 xudt hién cac diy tong hodc tich cac phan sb hoic cac

biéu thirc chira phan s6 c¢6 quy luat. Trudce hét ta tinh toan dé rat gon cac day do, roi thay két qua vao

\ R o oA A \ < . A A m e \ g A
phuong trinh d€ giai ti€p. Trong cau b) va c) ta gdp cac phan s6 dang (—) voi a; mla cac sé va
a(a+m

a+*—m.

Ta phai bién d6i nhu sau:



m _(cH—m)—a= (@a+m) a1 1

a.(a+m)_ ala+m) a(a+m) a(a+m)_a a+m’

(phuong phap bién ddi trén thuong goi 1a: Sai phéan hiru

Giai

han)

-1 9°-1

: 1 1 1 1) 2°-13-1
a’) TaCO 1_? (1_3_2j[1_4_2j...(1—9—2j= 22 . 32

1.3 2435 810 123..8 345...10 10 5

22733 4. 99 234..9 234.9 18 9
Do d6 phuong trinh tr¢ thanh:

@%(18x—45)=2(x—1)+97<:>10x—25:2x—2+97
& 10x—2x=-2+97+25< 8x=120 = x =15

b)XétL+L+ 1 1 1 1 1 1 1
1.2

42

et =
3.4 199200 1 2 3 4 199 200

I 1 1 1 1 1 I 1 1
=—t—t—F—Fot—t+— =2 =+ —+..+—
1 2 3 4 199 200 2 4 200

I 1 1 1 1 1 1 1 1 1 1
=—+—4+—F+—+.+—+t——| I+ —+. . +— |=—+—
1 2 3 4 199 200 2 3 100/) 101 102
Vay phuong trinh tré thanh
L+L+...+L+L 2017x =2016. L+ ! +...+ ! + !
101 102 199 200 101 102 199 200
<:>2017x=2016<:>x=%.
2017
c¢) Ta co: £+£+...+£:5. i+i+...+i
1.3 35 9.11 1.3 3.5 9.11

=5. 1—l+l—l+...+l—i =5. 1—L :ﬂ.
3 35 9 11 11) 11

Khi 4y phuong trinh trd thanh %.2, 2x-[0,8.(7,5-2,5)]:0,25=12

S 10x—-(6-2x)4=12<10x-24+8x =12
< 18x =36

S x=2.

Vidu8: Véizlaan;m,n,placicsova m#—n;n#—p,p#—-m.

Giai phuong trinh ZTmn L, Zhp L 2T pm

=m+n+p.
m+n n+p p+m

J

1
199

1

200



Tim cach giai: Néu chuyén vé va ghép —m;—n va —p v6i cac phan thirc ma mau khong chira céc s6 do6

va quy dong timg cip mot s& xuat hién nhan tir chung (z —mn —mp —np). Tir 6 cach giai nhu sau:

Gidi
PT M 27 27PN 0
m+n n+p p+m
Z—mn—pm-—pn z-np-mn—mp z—pm-np—nm _ .
m+n n+p p+m
1 1 1
@(z—mn—mp—np)( + + j:O
m+n n+p p+m
Do do:
£ 1 1 1 .
+ Néu + + #0 thi z=mn+mp+np
m+n n+p p+m
£ 1 1 1 . . r s A, o
+ Néu + + =0 thi phuong trinh tré thanh 0z =0 nghiém dung v6i moi z.

m+n n+p p+m
C. Bai tap van dung
16.1. Giai cac phuong trinh:

2) 3—x+2x:4x+3_2(x—1);
3 5
— 2 p—
b) 0,5(x+2) (x—1)—Lx(x? —2) = L (x 12y} - X2 Hx=2(x+2) .
6 3 4
x_x—l 5—3x+x

0 3+x 3 __ 5 +x—3;

3 2 2 5

; 2x3_4—2(3x+5_1) 245x_ 0%

d T+ = ~3x

6 4 3

Hwéng din giai — dap s6
Céc phuong trinh déu chira cac mau sd. Do d6 ta thuc hién viéc quy ddng mau sb cac phan s rdi khir
mau sd (thuc chét 13 ta nhan hai vé ctia phuong trinh voi ciing mau sb chung). Riéng c) va d) ta phai quy

dong riéng cac phan thirc trén cac tir roi dua vé thanh mot phén thirc sau d6 méi quy dong mau hai vé. O
A . 1
caub) Taco: 0,5 1a 5;

Trong qué trinh giai c6 thé rit gon cac hang tir dong dang timg vé sau d6 méi chuyén vé, va bo nhitng

hang tir giéng nhau & hai vé néu co.
. 1
*Pap so:a) x=1; b) x=-1; c)x:2§; d) x=—4

16.2. Tim y néu:



1 1 _1)15 1

o2l 3l b s\ _La g 7L

)( 27 s 6] 67 =208

b 8,54+o,46—4é5:0,25+Z:(1_1}0’5+3;
2,68+ 4 4
25

o -2y f305 st oL g) 4220232 0540054 L0 L]
6 6 3 31 8 16 32

Hwéng din giai — dap sé
Céc phuong trinh déu chira cac biéu thirc vé phan sb va sd thap phan. Trude hét ta rat gon cac biéu thirc
d6, tuy theo cac biéu thirc ta bién ddi thanh phan s6 hay s6 thap phéan thuan tién cho viéc tinh.

1 1 lj 15 70-105+126-155 15 _ -64 15 _

a) Taco 21—3—+4——5—
372 5 "6)16 30 16 30 16

Do d6 phuong trinh tré thanh -2y = %(3 -8y)+ 7%. Giai dugc y =4,5.

4 .z 8.45+0,46-4,5:0,25 8,54+0,46—-4,5:0,25 9-18
b) Bién doi g = = =3
2.68+-> 2,68+0,32 3

Phuong trinh thanh 342222 .1—1-3
4 2 4)2

hodc —3+0,25y =(0,5-0,25y)0,5+3 . Giai dugc x =48.
1.1 13 31 7 39-62-28+36 15

c) 3,25-5—-2—+3=—-"———+3= -
6 3 4 6 3 12 12

Va 0,540,254 4 L 1 1 1 1 1 31

8 16 32 2 4 8 16 32 32
5 32 31
Do d6 phuong trinh tré thanh —— 4 =900-2Z2y—
ptons y( 2) 031732

Giai dugc y =8.
16.3. Cho phuong trinh v6i z 13 4n, m 14 mét s (tham s)
(z=2) = (z+5m—=2)+(z+3)* =2(Z —m+1)+8(m —5)z + 28
a) Tim gia trj ciia m dé phuong trinh c6 nghiém 13 z=3;
b) Giai phwong trinh theo tham sé m.
Huéng din giai — dap sb
a) Dé phuong trinh c6 nghiém 1a z =3 phai co:
(3-2) -B+5m—2)+(3+3) =2(3* —m+1)+8(m—5).3+28
Giai phuong trinh tim dugc m=4.

b) (z-2)Y —(z+5m—-2)+(z+3)* =2(z" —~m+1)+8(m—5)z+28



Khai trién rat gon, chuyén vé ta dugc phuong trinh (41-8m)z =3m+15

3m+15

41-8m

. 41 .
Néu m # 3 thi phuong trinh c6 nghi¢m z =

253

Néu m:%tacé: Oz:3.%+15 v6 nghiém vi 3%+15: #0.

16.4. Tim gié tri ciia m dé phuong trinh

x2—2m_3x+5(x+m):x3—6x2+31

c6 nghiém bang % nghiém cua phuong trinh (x—2)(x+3)=x(x—1)+10.

Huéng din giai — dap sb
Giai phuong trinh (x —2)(x+3) = x(x—1)+10 dugc nghiém x =8§.

2m—3x

Vay phuong trinh x* — +5(x+m)=x"—6x"+31 c6 nghiém x =2

32

Nghia 1a 2 —2m++5(2+m)=23 —6.2° +31. Giai tim dugc m =—%.

16.5. Giai cac phuong trinh:

1 1 6 5 3x—294 3x-295
a) 3x + - + = + ;
(294 295) (294 295) 6 5

9

b)x[l 1 1j+ 74 75 76 122(77+x)+123(78+x) |

+ + 5+ + + =
126 125 124 126 125 124 122.123

99x 5049 -51.50 25(x—52)+48(x~175) _
50.49 48.25

4x—350 .\ 4x—100 . 4x-95 110.55+145.45—400x
15 25 35 45.55 '

c) 0;

d)

Hwéng din giai — dap sé
a) Ta bién doi phuong trinh d3 cho thanh phuong trinh
3x-5 3x-6 3x-294 3x-295
+ = +

295 294 6 5
11 11 :

& (3x-300)| —+—————|=0. Tim duoc x=100.
295 294 5 6

74+x 75+x 7T6+x T7+x 7T8+x
+ - + + +
125 124 123 122

74+ x 75+ x 76 +x 77 +x 78+ x
= +1 |+ +1 |+ +1 |+ + +1|=0
126 125 124 123 122
1 1 1 1 1

< (200 + x) + + + + =0. Tim dugc x =-200.
126 125 124 123 122

5=0

b) Bién d6i thanh:




¢) Bién dbi phuong trinh thanh: x=50 + x—51 + x—=52 " x—175 ~0
50 49 48 25

O vé trai ciia phuong trinh, néu ta thém (—1) vao mdi phén thirc trong ba phan thirc dau va thém (+3)
vao phan thire thir tu roi quy ddng mau ting cip ta 1am xuét hién 4 phan thire déu co tir 1a x—100.

Viéc thém vao khong 1am thay doi gia trj ciia vé trai vi —1-1-1+3=0.

Taco | 220 g |4 [ X220 q )y (2222 4, (X210 5]
50 49 48 25

< (x—100)| — 1 —+— 1 € =0. Tim dugc x=100.
0 49 48 25
d) Bién déi thanh: 4x—350+4x—100+4x—95+4x—110+4x—145:0
15 25 35 45 55

O vé trai ciia phuong trinh, phan thic thir nhat néu ta thém 10, phan tir thir hai thém —4; phan thic
thir ba thém -3 ; phan thirc thir tw thém —2; phan thirc thir nim thém —1 thi gia tri vé trai khong doi
vi 10-4-3-2-1=0; ta quy ddong mAiu ting cp 1am xuét hién 4 phan thirc déu co tir 1a 4x—200.

Tur do, ta co:
4x—350+10 N 4)(—100_4 N 4x—95_3 N 4)6—110_2 N 4x—145_1 0
15 25 35 45 55
1 1 1 1
<& @x-200) —+—+—+— =0. Tim dugc x=50.
15 25 35 45 55

Nhdn xét: O cac bai toan thudc dang trén cac phuong trinh sau khi bién d6i ta khong quy dong tat ca
cac mau sd, huéng giai 1a 1am xudt hién cac tir thirc gibng nhau bang cach thém, bot vao mdi phan
thirc cac sb thich hop thanh mét cip, sao cho gia tri cac vé ctia phuong trinh khong thay doi. Bing
cach quy dong miu timg cip ta s& lam xuat hién céc tir thirc gidng nhau. Khi dit thanh cong tir
chung, nhan tir con lai s€ 1a téng, hi€u cac phan s6 ma tinh khac khong cta né 1a diéu d& nhan ra. Tu
do ta tim dugc nghiém cta phuong trinh.

16.6. Giai cac phuong trin:

x—-m x—2 4m

a + = v6i m 1a hang s6 (tham sd);
)m+2 m-2 4-m’ gs0 :
b) Xom xon x"p_2,2,2

np pm mn m n p

v6im, n, p 12 cac hang s6 va mn.p #0.

Huéng din giai — dap sb
Day la cac phuong trinh chira tham s6. Can dic biét luu ¥ diéu kién xac dinh cta cac phuong trinh va sau
khi bién d6i vé dang ax+b =0 hodc ax=—b,(a #0), phai bién luin cac gia tri cua a dé xéc dinh nghiém

ctua phuong trinh.



a) DKXD: m =+2. Bién dbi phuong trinh thanh
(x—m)(m—2)+(x—2)(m+2)=—4m < 2mx = (m—2)’

(m—2)°

m

Néu m=0 va m#+2 thi x=

Néu m =0 thi phuong trinh tré thanh Ox = 4, phwong trinh vo nghiém.
b) Do mn.p#0 nén m#0;n-0;p#0.
Nhan hai vé ctia phuong véi mnp # 0 ta duge phuong trinh twong dwong:
m(x—m)+n(x—n)+ p(x—p)=2mn+2np+2pm
< x(m+n+p)—(m°+n° + p’ +2mn+2mp +2np) =0
S x(m+n+p)—(m+n+p) =0 (m+n+ p)x—(m+n+p)=0
* Néu m+n+ p#0 thi nghiém ctia phuong trinh 1 x=m+n+p
* Néu m+n+p=0 thi phuong trinh thanh 0(x—0) =0, vo s nghiém.
16.7. Giai cac phuong trinh v6i y 1a an s6; m, n, p 1a hang s6 va m.n.p # 0

2) y-m_ y-n_,_ y+3 :
n-3 m-3 m+n

b) 3y—n—p+3y—p—m+3y—m—n 3

m n V%
Huéng din giai — dap sb
a) Ta nhan thay 4 _’: =2 —3n 3 . Lam tuong tu nhu vay véi cac phan thirc con lai cling lam
n— n—

xudt hién tir thie (y—m—n+3).

Do d6 ta chuyén vé roi viét —3=—-1-1—1 va ghép mdi sé v6i mot phén thirc.

DKXD m#3;n#3,m=#-n

Bién ddi phuong trinh thanh (M—lj+(u—lj+( y+3 —lj:O
n-3 m-—3 m+n

y—m—n+3+y—n—m+3+y+3—m—m _

0
n-3 m—3 m+n
<:>(y—m—n+3)( ! + ! + ! j:O
n-3 m-3 m+n
1 1 1 . ) : ‘A
Néu + + # 0 thi phuong trinh c6 nghiém y=m+n-3.
n-3 m-3 m+n
1 1 1 . r T
Néu + + =0 phuong trinh tré thanh 0(y —m —n+2) =0 théa man véi moi y.

n-3 m-3 m+n
Phuong trinh v6 s0 nghiém véi m #3;n#3;m # —n.

b) Tuong tu a). Bién dbi phwong trinh vé dang:



(M_IHM_IHM_I}O
n p

m

<:>[3y—(m+n+n)][i+%+%j20

Néu i+ ! +l¢0:>y—l(m+n+p)

m n p

. 11 1 ; . .
Néu —+—+— = 0= phuong trinh tré thanh 0y =0 c6 v0 sO nghiém v&i m.n.p #0;
m n p

16.8. Giai phuong trinh :
1 1 1 X
a) | ——-1||=—-1[..] ——-1].200x-18070=] ——1 [(1+2+3+...4200) ;
2 100 100

3
2_ —
b) (x+3)" -(x 5)(x+5):(Z+1J(l+1j(l+1)_,(l+ )—(x+2)
> 9 20" 33 105 ) 7256
Oﬁ+3—3];_21 111 1
©) 92x = — 570 T 20 :(12+E+1_5]2016x )
5101020 4,
7 11 3

Hwéng din giai — dap s6
Céc phuong trinh déu chira nhirng biéu thirc vé sd, phan sd, s6 thap phén, diy sb, phan sb. Ta can rat gon

chung r6i thay vao phuong trinh dé giai. Khi rit gon can luu y cic quy ludt ciia chung.

1 1 1 1 1Y 2) 3 99 1
a) |——1||==1||==1].| —-1|=|—=|| -2 ||-2|.| = |=—

2 )3 )4 100 2)U 3 4 100) 100
VA 14243 +...+199+200 = 17200200 _ 5,4

Phuong trinh tr¢ thanh —L.ZOOx ~18070 =| —~——1.20100
100 100

Giai phuong trinh tim dugc x=10.
112 2.8 39 410 8.14

7 7 7 7 16 27 40
b) | =1 —+1 || =+1].] —+1|==2 222 St AL
o Jl20 {33 105 9°20°33777105 1.9°2.10 3.11 77 7.15

23.4..8 89.10....14 64  Phurong trinh tré thanh:

:1.2.3.....7'9.10.11 ..... 15 15

2_ —_
(x+3) —(x=5)(x+5) _64 15 ——(x+2). Giai dugc x=-6
2 157256

0,6+§—i E—21 3 O,2+1—i 14 l—1,5
11 . 3 7 11 3 3 7
©) 107 10 20 . 11 1 - -
24— 230 10{0242- 1] 20[L-ps5] 1010
7 11 3 7 11 3




I 1 1 1 1+2+3-6
—+—F———=—""""—=0

12 6 4 2 12
Phuong trinh tr¢ thanh 92x —1=—-8(x—3). Gidi dugc x=0,25.
16.9. Tim z néu:

9 9 9 . 9 j 183 6z+5 5z-6

+ + +... +3(z-1) = + ;
1.10 10.19 19.28 82.91

a
) 91 4 5

b)

+6060+6060+ 6060j(_) 20152016+2017
1212 2020 9090 20162017 — 2015

o | Lyl
L1l 212 100.110

0 1.101 2.102 7 10.110°

2017 2017 2017 j z 2018 2018 2018
+ot = +

Hwéng din giai — dap s6

Day 1a mot bai kho, hay, doi hoi linh hoat v sang tao. Trong ca ba ciu ta gip cac phan sé dang

véi a; m 1a cac sb va a # —m . Ta bién doi L=l— dé rat gon cac biéu thir.
a.(a+m) a(a+m) a a+m
)y 2 9 9 > .t r r 11 1r 1.1
1.10 10.19 1928 =~ 8291 10 10 19 19 28 ~ 82 91
1= =20 Dodotacs 20418 5318215, 3226
91 91 91 91 4 5

Giai phuong trinh tim dugc z=0,1

b Tacor 108060, 8000, 60 o1 11 1)

1212 2020 9090 6 12 20 90

=60 l—l+l—l+l—l+...+l—i :60.(1—Lj:24
2 3 3 4 45 9 10 2 10

20152016+2017 2015.2016+2017 ~ 2015.2016+2017
20162017 2015 2016(2015+2) 2015 2016.2015+2017

Phuong trinh tr¢ thanh 24(z—-1)=76—-z. Tim dugc z=4.

3 2017 2017 2017 2017( 10 10 10
c) bat A= + +...+ + +...+
111 212 100.100 10 \1.11 2.12 100.1000
2017 11_1+12_2+ +110—100 2017 1—i 11 11
10 \1.11 2,12 7 100.110 10 11 2 12 7 100 110

2017 1 1 I 1 1
=1+t t— || —+—+..+—
10 2 100 11 12 110

xét M= 1424 | [LiLly L
27 100) W11 120 T 0



1 1 1 1 1 1 1 1 1 1 1
=ll+—+.+— |- | —F+—+..+— |+ —+— +— |- —+— +—
2 10 101 102 110 11 12 100 11 12 100
= 1+l+ +L (L L+...+L nén A=ﬂ.M
2 10 101 102 110 10
, 2018 2018 2018 2018(101-1 102-2 110-10
Xét B=—+—+...+ = + +..+
1.101 2.102 10.110 100 \ 1.101 2.102 10.110
_ 2018, 1 1 1 1 1
100 101 2 102 10 110
2018 1 1Y (1 1 1)) _208
100 2 10 101 102 110 100
Do d6 ta co: 2017.M.i=%.M
10 10 100

__2018 2017 _2018 100 _ 2018

100

100 100 2017 2017

16.10. Giai phuong trinh véi ant;a,b,clacacsd; a#0;b#0 va c#0

A A A A A r 1 /.
Ta thay néu chuyén vé roi ghép —— voi

1

a C

J

Huéng din giai — dap sb

t—a 1

( j duoc
b b

C c

_t—a-c-b

5 . Twong tu ta c6 cach giai: Chuyén vé va viét phuong trinh di cho thanh
c

1
a

H

t—a-c—-b t-b-a-c t—c-b-a
+ + =
1 1

bc ab
—+—+Lj =0
bc ca ab

ca

@(t—a—b—c)(

11 1 .
Néu —+—+—# 0 phuong trinh c6 nghiém t=a+b+c
bc ca a

11 1 . .
Néu — +—+— =0 phuong trinh nghiém diung v&i moi t.
bc ca ab

16.11. Giai phuong trinh 12 -3(x —2)* = (x +2)(1-3x) + 2x.

(Dé thi chon hoc sinh giéi 16p 9 huyén Thuwong Tin — Ha Tay,
nam hoc 1996 — 1997)

Huéng din giai — dap sb



12-3(x—2)> = (x+2)(1-3x)+2x
<:>12—3(x2—4x+4)=(—3x2—5x+2)+2x<:>15x:2<:>x=1£

16.12. Cho169(157 —77x)? +100(201—100x)* = 26(77x —157)(1000x — 2010).

Tinh gia tri cta x.

(Dé thi Olympic Todn Singapore (SMO) nam 2010)
Huéng din giai — dap sb
Bién d6i phuong trinh thanh:

(2041-1001x)* +(2010-1000x)> = 2(1001x — 2041)(1000x — 2010)

& (1001x —2041)* +(1000x —2010)* —2(1001x —2041)(1000x —2010) = 0

bat 1001x—2041=a va 1000x—-2010=>5, ta co:

a’*=2ab+b* =0 (a-b)Y’ =0=a=b

Hay 1001x—-2041=1000x—-2010 < x =31.

16.13. Tim ba s6 ty nhién lién tiép biét tong 3 tich cua timg cip s6 khac nhau cta chung 1a 1727.
(Dé thi tuyén sinh vao 16p 10 THPT néng khiéu PHOG TP. Ho Chi Minh, ndm hoc
2012—-2013)

Huéng din giai — dap sb
Goi s ty nhién nho nhét 1a x. Ta giai phuong trinh:
x(X+D)+x(x+2)+(x+D)(x+2)=1727 < x* +2x =575
& (x+1)Y’ =576 < x=23

Vay 3 s6 tu nhién can tim 1a 23;24;25.



Chuyén dé 17. PHUONG TRINH TICH
A. Kién thirc cin nhé
Phwong trinh tich

— Phuong trinh c6 dang: A(x) .B(x) =0; trong d6 A(x), B(x) la cac da thirc cua bién x.

—  Phuong phép chung: Mudn giai phuong trinh A( x).B(x) = ( ta giai hai phuong trinh A(x) =0 va

B(x) = 0, rdi lay tat ca cac nghiém thu duoc.

A(x). B(x) =0 A(x) = 0 hoiic B(x) = 0.

A(x)=0

Mo rong: A(x). B(x)...M(x) =0 < B(x)=0

M(x)=0

B. Mt s6 vi du

Vi du 1: Giai cac phuong trinh:

a) (5,5—11x)[2(2);3) —4XS]_0 (1)

4

b) (x2 —4)(x2 +3)(9—4x) = (x“ e —12)(2x+3) (2)

¢) (2x-1)(x+7)-x=(x+4)(x-4)+(2x-3) (3)

Tim cach giai:

a) Phuong trinh c6 dang: A(x).B(x) 0
b) Tathdy x*—x*—-12= (x2 -~ 4)(x2 + 3) Hai vé c6 nhén tir chung. Chuyén vé, dit nhén ttr chung s&

dua vé dugc vé dang phuong trinh tich
a) Chuyén vé va bién d6i phuong trinh da cho thanh phwong trinh tich.

Giai

a) (1) 5,5-11x=0 hoic {2(22_3)4“5]—0

4

V61 5,5-11x=0-11x=-5,5x=0,5

Vi 2(2);_3)_4"‘5

=0 8(2x—3)-5(4x—5)=0




S 16x-24-20x+25=0 —4x=—1< x=0,25
Tép nghi¢m cta phuong trinh 1a: § ={0,25;0,5}

b) Taco: x4—x2—12:x2—4x2+3x2—12:x2<x2—4)+3(x2—4)
:(x2—4)(x2+3

Do do (2) <

<:>(x2—4)
(

¥ —4)(x* +3)(9-4x)—(x* —4)(x +3)(2x+3) =0

(x2+3)(9—4x—2x—3)=0

x—2=0 x=2
S| x4+2=0 <|x=-2(dox*+3>0Vx) (do x*+3>0Vx )
6-6x=0 x=1

Tap nghiém ctua phuong trinh la: § = {—2; 1;2}
) (3)e (2x-1)(x+7)—x—(x+4)(x-4)-(2x-3) =0
S22 +14x—x-T—x—x"+16-4x" +12x-9=0

& -3x"+24x =0 x(24-3x)=0

x=0 x=0 X
= = =
24-3x=0 -3x=-24 X

Tap nghiém ctua phuong trinh la: § = {0; 8} .

0

Vi du 2. Giai phuong trinh: x* —5x* +11x-15=0 (1)

Tim cdch gidi: Ta phai phan tich da thirc & vé trai thanh nhén tir. Théng thudng véi da thirc bac cao (> 2)

ta str dung hé qua cua dinh Iy Bézout (Bézout (1730 - 1783) nha toan hoc Phéap): Pa thirc f(x) chia hét cho
(x - a) khi va chi khi fa) = 0. Noi cach khac: Néu f{a) = 0 thi f(x) phdi chira nhdn tir (x - a). O vi du nay ta

thay x bang mot trong cac uwdc sd cia 15 ta thfiy:f(B):33—5.32+11.3—15:O. Nhu vay

x*=5x +11x~15 chira mot nhan tir 1 (x —3).Tir d6 c6 cach giai sau:
Gidi
(1) x* =3x" 24" +6x+5x~15=0

e x*(x-3)-2x(x-3)+5(x-3)=0



x—-3=0
o (x=-3)(x*-2x+5)=0<=
( )( ) Lz—2x+5=0
Néux—-3=0 thi x=3.Phuong trinh x> —2x+5=0 v6 nghiém vi x2—2x+5=(x—1)2+4>0,Vx.

Vay tap nghiém cua phuong trinh 1a § = {3} .

*  Nhdn xét: Thuc chat phuong phap lam trén 1a nhdm nghiém dé tim ra mot nhén tir chung, tir 46 phan

tich duogc ve trai thanh nhan tr dé giai phuong trinh tich.
Vi dy 3. Giai phuong trinh: y? (y4 —29y% + 244) =576 (1)
*  Tim cdch gigi: Chuyén vé rdi thay y> = 4 ta thdy vé trai nhan gia tri 0. Do d6 vé trai nhan ( V- 4) 1a
nhan tu chung. Tur d6 ta c6 cach giai sau:
Gidi
(1)< y° —29y* +244y* -576 =0
< y®—4y* —25y* +100y° +144y* =576 =0
oy (' —4)-25y (" —4)+144(y* —4) =0
(37 —4)(y* -25y" +144) =0 = (y* —4) (' —9y* ~16)" +144) =0
o (y? —4)[)}2 (y*-9)-16(»? —9)} =0 (37 -4)(y*-9)(3*-16)=0
< (y=4)(y-3)(r-2)(y+2)(y+3)(y+4)=0
Vay phuong trinh (1) c6 6 nghiém la: y=+42;y=43;y =14
Tap nghiém cua phuong trinh 1a § = {—4; -3;-2; 2;3;4}
*  Nhdn xét. Sau khi phan tich vé trai (VT) thanh ( V- 4)( yt =25y + 144) ta dung phuong, phap tach
va thém bét, hodc dung phuwong phap nhdm nghiém nhu trén dé phan tich
y* =25y +144 =(y" -9)(y* - 16).
- 3 3
Vi dy 4. Gidi phuong trinh (z+3) —(z+1) =98 (1)
Gidi
(1) 2’ +927 +272+27-2 =377 =37 -1=98
& 677 +247-T2=0=7"+47-12=0

<:>z2+6z—2z—12:O<:>(z+6)(z—2):0



z+6=0 z7=-6
= Ll
z7—-2=0 z7=2

Tap nghiém ctua phuong trinh (1) 1a §= {—6; 2} .

*  Nhan xét ‘Ta co cach giai khéc:
Do z + 2 1a trung binh cong ciia z + 1 va z + 3 nén ta dat z + 2 = y phuong trinh tré thanh
(y+1) —(y-1) =98.
Sy +3y" +3y+1-y +3y" =3y +1=98 < 6y =96
=4 +2=4 =2
oy =16 Y ot ot
y=—4 72+2=-4 7=-0
Nghiém ctia phuong trinh 1a z=-6;z=2.

Vi du 5. Tim nam s6 ty nhién lién tiép, biét rang tong cac 1ap phuong cua bon sé dau hon lap phuong cua sd
thir nam 1a 8.

*  Tim cdch gidi: Hai s6 tu nhién lién tiép hon kém nhau 1 don vi.
Néu goi s6 nho nhét 13 a thi cac so tiép theo 13 (a + 1); (a + 2); (a + 3); (a + 4) phén tich .
Dua theo ddu bai ta 1ap phuong trinh
Gidi
Goi 5 sétunhiénliéntiépd(') laaa+1;a+2;a+3;a+4;a+5.
Tacé: a’ +(a+1)3 +(a+2)3 +(a+3)3 —(a+4)3 =8
Sa+a +3a’ +3a+1+a’ +6a> +12a+8+a’ +9a° +27a+27—a’ —12a° —48a—64 =8
& 3a’ +6a” -6a-36=0
& 3a’ —6a’ +12a* —24a+18a—36=0

<:>3a2(a—2)+12a(a—2)+18(a—2)=O
@(a—2)(3a2 +12a+18)=0<:>3(a—2)(a2 +4a+6):O

Do * +4a+6=(a+2) +2>0Vanén a~2=0 hay a=2.
Vay nam s6 tu nhién lién tiép can tim 14 2; 3; 4; 5: 6.
Vi dy 6. Gidi phuong trinh: (2x” + x —6)+3(2x2 +x—3)—9 =0.
% Tim cach gidi: Ta thdy 2x> +x—6 va 2x*+x—3 c6 cac hang tir chira 4n giéng nhau. Phan sb khac
nhau. Ta dat 4n phu.
Giai

Dit 2x* +x—6 =y thi 2x* + x —3 = y +3 phuong trinh tré thanh



y=0 2x°+x-6=0
f
y+3=0 2x°+x-3=0

y2+3(y+3)—9=0<:>y(y+3)20c>{

=

(2x—3)(x+2)=0 (*)
(2x+3)(x-1)=0 (**)
Tﬁ(*):le,S;xz—Z
T&(**):x:—l,S;x:l.

Tap nghiém cua phuong trinh 1a < S = {—2;—1,5; 1;1,5} .

Vi du 7. Giai phuong trinh:
(x=2)(x=3)(x=5)(x-6)= 31(x2 —8x+12)+128 (1)
* Tim cdch gidi: Xét vé trai néu nhan nhan tir thir nhat v6i nhan tir thi tu va nhan tir thir hai nhan nhan tir

thtr 3 ta ¢6 (x2 —8x+ 12)(x2 —8x+ 15) . M&i nhén tir 1a mot da thirc ¢6 cung hé sb ctia x? va ciia x.

Phuong trinh trér thanh (x” —8x+ 12)(x2 —8x+ 15) = 31(x2 —8x+12)+ 128

Do d6 ta ding phuong phap dit an phu.

Gidi
(x—2)(x—3)(x—5)(x—6):31(x2—8x+12)+128
<:>(x2—8x+12)(x2—8x+15)=31(x2—8x+12)+128 (2)
Dit x> —8x+12=y thi x> -8x+15=y+3
Khi 4y phuong trinh (2) tré thanh y(y+3)=31y+128
&y +3y-31y-128=0<=y* +4y—-32y—128=0

y+4=0

<:>y(y+4)—32(y+4):O<:>(y+4)(y—32)=0<:>L_32:0

Voi y+4=0 2> —8x+16=0 o (x—4) =0 x=4

V6i y-32=0< x"-8x-20=0< x> —10x+2x-20=0



<:>(x—10)(x+2)=0<:>x=10 hoic x=-2

Vay tap nghiém cua phuong trinh 1a § = {—2;4;10}
Vi du 8. Giai cac phuong trinh:

a) 3y =7y"-7y+3=0 (1)

b) 2y" -9y’ +14y° —9y+2=0 (2)

* Tim cdch giai: Khi giai phuong trinh ta c6 thé gip phuong trinh c6 hé sb cua cac hang tir d6i xtmg nhau.
Ta goi cac phuong trinh 4y 14 phuong trinh d6i xtmg. Néu phuong trinh d6i xtmg bac 1¢ thi bao gio ciing
c6 mot nghiém 1a —1 . Néu phuong trinh d6i xing bac chin thi ta giai bing cach chia hai vé cho binh

phuong ciia an (;t 0) va dit sau d6 dat an phu.

Giai

a) (1)< 3y’ +3y"-10y* =10y +3y+3=0
& 3y* (y+1)-10y(y+1)+3(y+1)=0

<:>(y+1)(3y2 —10y+3)=O<:>(y+l)(3y—l)(y—3)=0

y+1=0 y=-1
<|3y-1=0= y=% .Viy tap nghiém cua (8) la S:{—l;%g}
y—3=0 y=3

b) Voiy=0tr(2)tacd VI =2 =0 nény =0 khong 1a nghiém cuia (2)

Do y = 0 khong phai 1a nghiém ciia phuong trinh = y # 0. Do d6 chia hai vé ctia phwong trinh cho y* ta

co (2)@2[y2+izj—9[y+l]+14=0
y

y

bat t:y+l thi t2—2:y2+%.D0 do ta co 2(t2—2)—9t+14:0
y Yy

&2 =91+10=0<> 21 =5t —41+10=0<> (1 -2)(2:-5)=0

=1
t-2=0 ¥y =2y+1=0 (y—1)2:0 4 o)
<~ f— p—
{2t—5:0 {2y2+2—5y=0 (y—2)(2y—1):0 1
2



Vay tap nghiém cua phuong trinh (2) 1a S = {%, K 2}

*  Nhdn xét: Trong phuong trinh d6i xtng, néu a 1 nghiém thi 1 cling 1a nghiém,
a

Vi dy 9. Giai phuong trinh (4x+7)(4x+5)(x+1)(2x+1)=9.

* Tim cdch gidi: Ta thiy néu vé trai nhan 4 vao nhan tir tht ba, nhan 2 vao nhan tir thir tu thi c4 bon nhan tir
déu 1a cac da thirc ma hé sd ctia X déu 1a 4. Vé phai nhan véi 8 dé duoc phuong trinh méi twong dwong. Sau

d6 néu nhan (4x + 7) voi (4x + 2);(4x + 5) voi (4x + 4) ta thiy két qua xuat hién cac hang tir giéng nhau

16x” +36xnén c6 thé dat an phu dé giai.

Gidi
Ta co: (4x+7)(4x+5)(x+1)(2x+1) =9
=N (4x+7)(4x+5)(4x+4)(4x+2) =72

N (16x2 +36x+14)(16x2 +36x +20) =72

Dit 16x> +36x+17 =y, ta co:
(y=3)(y+3)=T2y -9=T2 ) =8l y=19
Véi 16x° +36x+17=9<=4x* +9x+2=0=4x> +8x+x+2=0

<:>4x2+8x+x+2:O<:>4x(x+2)+(x+2):0

x+2=0 [xz—Z
f

@(x+z)(4x+1):o@{4x+1:0 T

V6i 16x> +36x+17 = -9 < 16x” +36x +26 =0 vO nghiém vi
9) 23
16x2+36x+26:(4x+5j +T>O,‘v’x

Vay tap nghiém cta phuong trinh 1a S = {—2; —0,25}

C. Bai tap van dung

17.1. Giai cac phuong trinh:

a) (8x+3)(2x—1)=(2x-1)



(x2 — 4)(5x + 2)

3 = (¥ —4)[2x+%)

¢) (x=5) ~36=0

b)

2

d) (4x-3) —4(x+3) =0
Hwéng din giai — dap s6

a) X=——,x =

N | —

b) Chuyén vé, dit (x2 —4) lam nhan tir chung. Tap nghiém: § = {-2:-0,25;2]

c) x=—-lx=11
d) x=-0,5,x=4,5
17.2. Giai cac phuong trinh (véi y 14 an sd):
a) y°=3y-2=0
b) y’ +2y* —4y-8=0
c) ¥’ +2y*+2020=2011
d) (y-1) (29+3)-(y-1) (y+3)=5y+16
Hwéng din giai — dap s6

a) Y —3y-2=0cy —2y2 42y’ —4y+y-2=0
<:>y2(y—2)+2y(y—2)+(y—2):0<:>(y2+2y+1)(y—2):0
o(+1) (y-2)=0oy=2y=-1

b) ¥ +2y> ~4y-8=0(y+2) (y-2)=0 o y=12

¢) ¥ +2y” +2020 =201 1 < y* +2)> +9 =0

<:>y3+3y2—y2—3y+3y+9=0©yz(y+3)—y(y+3)+3(y+3):0

<:>(y+3)(y2—y+3)20

2



d) (y-1) (29+3)=(y-1) (y+3)=5y+16
<:>(y—1)2y—5y—16=0<:>y3—2y2+y—5y—16=0
&y —4y* +2y° -8y +4y—-16=0
&) (y-4)+2y(y-4)+4(y-4)=0 (y-4)(y" +2y+4)=0
Do y*+2y+4=(y+1) +3>0,7y nén y=4
17.3. Giai cac phuong trinh (z 14 an sd):

a) 7'+ -7 —7+6=0

b) 2 —12z* +23z2+36=0

c) 247’ —207” +47=67" —5z+1

Hwéng din giai — dap sé

DAy la cac phuong trinh, bac cao. Ta phai sir dung hé qua cta dinh 1y Bézout (xem vi du 2) dé xac dinh

nhan tir chung va phan tich thanh nhan tir bang phuong phap tach, thém bét.
a) 7'+7-77-7+6=0 (z+3)(z—2)(z+l)(z—l)=0
Tap nghiém cua phuong trinh 1a § = {—3; —1;1;2}
b) 2 -12z+2327+36 =0 (2’ +1)(z+3)(z—3)(z+2)(z—2) -0
Tap nghiém cua phuong trinh 1a § = {—3; —2;2;3}
c) 247 —207° +47=67"-5z+1247 —262°+9z-1=0
© 242122 —142° +72+27-1=0 & (22-1)(12 = Tz+1) =0

N (2z—1)(12z2 —3z—4z+1):o@(2z—1)[3z(4z—1)—(4z—1)] =0

}

* Nhén xét: Cau c) con c6 cach giai khac. Néu phan tich ngay hai vé thanh nhan tir trude ta thdy

& (22-1)(3z-1)(4z-1)=0

N | =

Ta tim dugc tap nghiém cua phuong trinh 1a S = {%;%;
62" —5z+1=62"—3z-2z+1=(2z—1)(3z—1) va c6 247" —202° +4z=4z(3z—1)(2z-1) vi thé
phuong trinh trg thanh 4z(2z-1)(3z-1)—(2z-1)(3z—1)=0< (2z-1)(3z-1)(4z-1)=0

17.4. Giai cac phuong trinh:



a) (£ - ) 2r+1) =13+8¢

b) t2+t+1)t =10—1— (t+2)(l2+t)

¢) t2+t) (t +t)+1 S(t +t) 9

d) (t2 —3t+2)(t2 —7t+12) =24
Hwéng din giai — dap s6
Cac phuong trinh nay khi khai trién déu la phuong trinh bac cao vi thé phuong phap chung la chuyén Vé,
khai trién, rat gon dua vé dang A(t) = 0 sau do phan tich vé trai thanh nhan tu. Tuy nhién néu xuit hién
céc da thire chira 4n ¢6 phén hé sb cua cac an cung bac giéng nhau, ta c6 thé dat in phu dé giai.
a) Chuyén vé, khai trién, rat gon, sau d6 phan tich vé trai thanh nhan tir bang tach, thém bét cac
hang tir ta dugc phuong trinh:
=20 +58 —4t-12=0 = (t—2)(t+1)(t2 —t+6) =0
Suy ra nghiém cta phuong trinh 14 r =-1;1=2.
Nhdn xét: Con cach giai khac, dung phwong phap dat an phu:
2 2
(7 -1) +(2041) =13+81 (7 -1) +4(r-1)-12=0
Pt 1* —1=u ta c6 phuong trinh u” +4u-12=0< (u+6)(u-2)=0

Véi u+6=0=1"—t+6=0 vo nghiém vi t2—t+6:(t—%] +?>0,Vr

V6i u-2=0=1—t-2=0<(r-2)(t+1)=0 nén r=2;r=-1.
b) Cdch 1: Chuyén vé, khai trién, rit gon sau d6 phén tich thanh nhan tir dwa vé dang:
(1=1)(r+2)( +1+5)=0.
Céch 2: Ta bién ddi bai toan nhu sau (¢ +1+1)1 =10—1—(1+2)(* +1)
(2 +1+1) =12—(+2)~(1+2) (£ +1)
S (P +t+1) =12—(1+2)(F +1+1) & (F +1+1)( +1+2)-12=0
it £ +1+1=u. Phuong trinh tré thanh u(u+1)-12=0

S u'+u-12=0& (u-3)(u+4)=0. Hay (t2+t—2)<t2+t+5)20



Véi 1 +t—220<:>(t—1)(t—2)20<:>t:1 hodc t=-2

Vi 2 +1+5=0 vo nghiém vi t2+t+5=[t+lJ2+£>O,‘v’t
Vay tap nghiém ciia phuong trinh § = {-2;1}

o) (£ +1) ~2(+1)+1=5(r +1)-9
Dit ¢’ +t = z phuong trinh tré thanh z° —2z+1=5z-9
&7 -7z+10=0<(2-2)(z-5)=0
Tirdo o ©* +1-2=0<(1—1)(1+2)=0< =1 hofic 1=-2
£ +1-5=0<(t-4)(t+5)=0< =4 hojfic t=-5
Véy tap nghiém ctia phuong trinh § = {-5;-2;1;4}

d) (t2—3t+2)(t2—7t+12):24
o (1-1)(r-2)(r-3)(1-4) =24 = (£ =5t +4)(~ -5t +6)-24=0
Pjt 1> —5¢+4 =y phuong trinh tr¢' thanh y(y+2)-24=0
&y +2y-24=0<(y+6)(y-4)=0< y=—6 hoic y=4.

*Véi y+6=0 tacd t* —5t+10=0 v6 nghiém vi
5 15

?=5t+10=|t—-=| +—=>0,Vr
2] 4

*Voi y—4=0taco * =5t=0<1(t-5)=0<1=0 hogc 1=5
Phuong trinh ¢6 hai nghiém la t=0;¢=5.
Nhdn xét. Ta c6 thé dat > —5t+5 = u thi phuong trinh tré thanh
(u=1)(u+1)-24=0< (u—5)(u+5)=0
Hay <t2 —5t)(t2 —5t+ 10) =0. Giai ta ciing dugc két qua trén.
17.5. Giai cac phuong trinh:
a) (4x+3) —(2x-5) =(2x+8)

3

b) (3x+2016) +(3x~2019) =(6x-3)



¢) (2x-7) +(9-2x) =152
Hwéng din giai — dap sé
Trong céc bai todn xuét hién cac dang (a+b) :(a—b) va o’ £b°
Lwu§: (atb) =a’ b +3ab(axb) va @’ +b' =(atb)(a’ Fab+Db’)
a) Dit y=4x+3;z=2x—5 thi y—z=2x+8. Tacé:

y' -7 =(y—z)3 oy -7=y-7 —3yz(y—z)<:>3yz(y—z)=0

y=0 4x+3=0 x=-0,75
<1z=0 hay | 2x-5=0<|x=2,5
y—2z=0 2x+8=0 x=—4

Téap nghiém cta phuong trinh 13 § = {—4;—0, 75;2; 5}
b) bat u=3x+2016;v =3x—-2019 thi u+v=6x-3.
Phuong trinh trén tré thanh 0 +1° —(u + v)3 =0 hay

u3+v3—:u3+v3+3uv(u+v)]:0<:>—3uv(u+v):0

u=0 3x+2016=0 x=-672
S|lv=0 < |3x-2019=0<|x=673
u+v=0 6x-3=0 x=0,5

Tap nghiém cua phuong trinh 1a § = {—672; 0,5;673}

3

¢) (2x-7) +(9-2x) =152.
bat 2x—-8=y thi 2x-7=y+1,9-2x=1-y.
Do d6 phuong trinh tr thanh (y+1) +(1-y)’ =152
Khai trién, rat gon (hodc dung hang dang thic @’ +b°, ta duoc
6y* +2=152 < 6y* —150=0<>6(y+5)(y—5)=0
— V61 y+5=0thi 2x-8+5=0<x=1,5
— V6i y-5=0thi 2x-8-5=0<x=6,5
Tap nghiém cua phuong trinh 1a § = {1,5; 6,5}

17.6. Cho phuong trinh



a) (2x-5) +(2x-3) =16
b) (4x-19)" +(4x-20) =(39-8x)'

¢) (5x+2,5) —(5x-1,5) =80

Huoéng din giai — dap sb
Luuydang a'—b* va (a+b) =a' £4a’b+6a°b* £4ab’ + b’
4 4
a) bat 2x—4 =y phuong trinh tr¢ thanh (y—l) +(y+1) =16
Sy -4y’ +6y° —dy+1+yt +4y’ +6y° +4y+1=16

<:>2y4+12y2—14=O<:>y4+6y2—7:0<:>(y2—1)(y2+7):0

2 A 2 _ 2 —
Do y*+7>0,¥y nén y* —1=0<(2x—4) —1=0

2x-5=0 x=2,5
b=
2x-3=0 x=15

<:>(2x—5)(2x—3)20<:>{
Téap nghiém cta phuong trinh 13 § = {1,5; 2,5} .
Chit y: C6 thé dit 2x—5=y va 2x-3=z tacd y' —z* =(y—z)  (ban doc tu giai).
b) Pt 4x—19=y;4x—20=z thi y+z=8x-39 taco y*+z* ~(y+z) =0
<:>y4+z4—y4—4y3z—6y2z2—4yz3—z4:0

6
& —4y'z-6y’7 -4y =0 4yz[y2 +Zyz+z2) =0

3 ) 7, y=0 [4x-19=0 [x=4,75
Sdyz||y+—z| +—72 |=0 = &
4 16 z=0 4x-20=0 x=5
Téap nghiém cta phuong trinh 1a § = {4,75; 5}
¢) (5x+2,5) ~(4x-1,5) =80
4 4
bat 5x+0,5=y phuong trinh tré thanh (y+2) —(y—Z) =80
Ta dung khai trién cta (y + 2)4 =y"+8y’ +24y* +32y+16

(y-2) =y" ~8y* +24y* ~32y +16



Thay vao, chuyén vé, rat gon duoc phwong trinh y* +4y—-5=0

0

<:>y3—1+4y—4:0<:>(y—1)(y2+y+1)+4(y—1)

2
<:>(y—1)(y2+y+5)20<:>y=1 vi y2+y+5=(y+%J +%>O,‘v’y

Do d6 5x+0,5=1< x=0,1

(v+2) = (v-2) = [(y +2) —(y—z)z}.[(yu)z +(y _2)2} ~8y.(27 +8)
Phuong trinh tro thanh 16y° +64y-80=0< y’ +4y-5=0
17.7. Cho phuong trinh x° —3ax® +2,5ax +6a =0
a) Giai phuong trinh voi a =2;
b) Tim a dé phuong trinh c6 nghiém 14 nghiém cta phuong trinh x* —x-6=0
Hwéng din giai — dap sé
a) V6i a=2 phuong trinh trg thanh x° —6x> +5x+12=0

<:>(x+1)(x—3)(x—4)=0.8uyra x=-1x=3,x=4.
b) x3—x—6:0©(x—2)(x2+2x+3)=0<:>x:2

N 2 2
vi x +2x+3=(x+1) +2>0,Vx.

DPé x =2 1a nghiém ta phai c6: 8—12a+a+6a=0<a=8 .
3

17.8. Cho phuong trinh (x—2)" = (m’ =2m+7)(x-2) —3(m2 ~2m— 2) =0
a) Tim cac gia tri cia m dé mot trong cac nghiém cua phuong trinh 1a 3;
b) Giai phuong trinh vo1 cac gia tri d6 ciia m.
Huéng din giai — dap sb
a) Thay x=3 taco —4m° +8m=0 tacla m*-2m=0 nén m =0 hodic m=2.

b) Thay m*~2m=0 taco: (x~2) ~7(x~2)+6=0

Pit x—2=y tacd y' ~Ty+6=0<(y-1)(y-2)(y+3)=0
y=Ly=2;vay=-3
Taco x—2=1x=3x-2=2&x=4,x-2=-3<=x=-1.

Vay phuong trinh c6 ba nghiém: x=—-1;x =3;x =4



17.9. Giai cac phuong trinh sau v6i tham sb m:
a) 9mx’ —18x" —mx+2=0
b) 4m’x’ +45 = x(36+5m’x )
Hwéng din giai — dap sé
a) 9mx’ —18x’ —mx+2=0<::>(mx—2)(9x2 —1)20
& (mx—2)(3x-1)(3x+1)=0

mx—2=0 2 1
. Tim dugc x=—;x =+—

* Newm=0 thi {(3x+1)(3x—1)=0 m 3

* Néu m=0 thi x=i§

b) dm’x’+45= x(36 + 5m2x) & (mx—3)(mx+3)(4x-5)=0

mx—-3=0 ;
* Néu m=0 thi | mx+3=0.Tim duoc m=+—:x=1,25
4x-5=0 "

* Néum=0 thi x=1,25

17.10. Giai cac phuong trinh:
a) (4x-5) (2x-3)(x-1)=15
b) (2x+7)(x+3) (2x+5)=18
0) (x2—3x+2)(2x—3)(2x—5)=30

Huéng din giai — dap sb

a)  Nhén 2 vao nhan tir thir hai, nhan 4 vao nhan tir tht ba & vé trai va nhan 8 vao vé phai ta co:
(4x-5) (2x-3)(x~1)=15 = (4x-5) (4x-6)(4x-4)=12
Pat 4x—5=1.Tact: £*(t+1)(t—-1)=12 1 = =12=0
(7 -4)(7+3)=0
# Voi P-4=0ticla (4x-5) ~4=0& (4x-5-2)(4x-5+2)=0
& x=1,75 hojc x=0,75

* Véi £ +3=0 vonghiém vi £* +3 > OVt.

Tap nghiém ctua phuong trinh 1a S= {0,75;1,75}



b) (2x+7)(x+3) (2x+5)=18
Nhén hai vé ctia phuong trinh véi 4 ta dugc
(2x + 7)(2x + 6)2 (2x + 5) =72 .DPat 2x+6 =y phuong trinh tr¢ thanh

(y+1)y* (y-1)=72y*=»*=72=0

<:>(y2—9)(y2+8):O<:>(y—3)(y+3)(y2+8):0.Do Y +8>0,Yy
Tirdo ¢ x =—1,5 hodc x=—4,5
Tép nghiém cua phuong trinh 1 § ={-4,5;-1,5}.
¢) (x*=3x+2)(2x-3)(2x-5)=6 < (x—1)(x-2)(2x-3)(2x-5)=6
<:>(2x—2)(2x—4)(2x—3)(2x—5)=24
& (4x° ~14x+10)(4x* ~14x+12) =24
Pit 4x” —14x+11=y phuong trinh trg thanh (y—1)(y+1)=24
ey -1=24<(y-5)(y+5)=0
— V6i y-5=0taco 4x’ —14x+6=0<(x-3)(4x-2)=0
< x=3 hoic x=0,5
— Véi y+5=0tacod 4x’ —14x+16=0 vd nghi¢m vi

2
4x* —14x+16 :(Zx—%J +%> 0,Vx

Vay tap nghi¢m 1a § ={0,5;3}
17.11. Giai cac phuong trinh:
a) 27 -37°-3z+2=0
b) 3z* =132 +167°-13z+3=0
¢) 27+ -62+z+2=0
Huéng din giai — dap sb
a) Phuong trinh trong cau a) 12 phuong trinh d6i ximg bac 1¢ (bac 3) nén c6 mot trong cac nghiém 1a - 1.
Phén tich vé trai thanh nhan tir (lvu ¥ chic chin c6 mot nhan tir chung 1a (z+1) vi mot trong cac
nghi¢m la - 1)
Taco 2z’ —37° —3z+2=0<(z+1)(z—2)(22-1)=0



Tap nghiém ctua phuong trinh 1a § = {—1;%;2}

b) Phuong trinh trong cdu b) 1a cac phuong trinh dbi xtmg bac chén (bac 4). Ta nhan thiy z = 0 déu

khong phai 13 nghiém nén z # 0. Ta chia hai vé cta phuong trinh cho z? va dung phuong phap dit an
phu dé giai tiép. Ta nhéan thay z = 0 khong phai 14 nghiém cta phuong trinh nén z # 0. Ta chia hai vé
ctia phuong trinh cho z> # 0 dugc phuong trinh twong duong:

37° —13z+16—£+%=0©3(z2+izj—13[z+lj+16=0
Z Z < <

1 1 .z
biat z+—=1 thi 2’ +— =+*-2. Khi ay phuong trinh tr¢ thanh:
z z

3(t2 —1)—13t+16:0©3t2 ~13t+10=0 & (r—1)(3r-10)=0

V61 t-1=0 tac la z+l—1:0<:>z2—z+1=0
Z

2
Vo6 nghiém vi zz—z+1=(z—%] +%>O,‘v’z
V61 3r—10=0 tuc la 3z+§—lO:O<:>3z2—10z+3=()
Z

=37 —9z—z+3:0<:>3z(z—3)—(z—3):0<:>(z—3)(3z—1):0

=3=0 |77 1
= BRR=Y 1 - Vay tap nghiém cta phuong trinh [a §=<—;3
3z-1=0 7=— 3
3
¢) Giai twong tw cau b), chia hai vé ciia phwong trinh cho z*> #0 dugc phwong trinh twong dwong:
2(z2 +i2j+[z+lj—6 =0
Z b4
- 1 1 2 1 2 - A \ 9 \
bat z+—=u thi z° +— =u" —2. Khi &y phuong trinh tr¢ thanh:
Z b4
2(0 -2)+u=6=020" +u—10=0 < (u—2)(2u+5)=0
Twr d6 ta tim dugc tdp nghiém cia phuong trinh 1a S = {—2;—0,5;1}

17.12. Tim bdn s6 ty nhién lién tiép sao cho 1ap phuong ctia mot sb bang téng cac 1ap phuong cia ba sb kia.
(Thi hoc sinh gidi I6p 9 TP. H6 Chi Minh, ndm hoc 1995 - 1996)

Huéng din giai — dap sb



Goi sb tu nhién nho nhat 1a x thi x> + (x + 1)3 +(x + 2)3 = (x —i—3)3

<:>2x3—12x—18:0<:>x3—6x—9:0<:>(x—3)(x2+3x+3):0

2
<x=3 Vix2+3x+3:(x+%j +%>0,Vx

17.13. Giai phuong trinh (x+9)(x+10)(x+11)-8x=0

(Tuyén sinh 16p 10 khoi THPTchuyén Todn - Tin PHSP Vinh, nam hoc 2002 - 2003)

Huéng din giai — dap sb

Pit y=x+15,taco: (y—6)(y—5)(y—4)-8(y—15)=0

2
1
<:>y(y2 —15y+66):0. Do y* —15y+66=[y_75J +?>0;‘v’y

= y=0= x=-15. (Cach khac: Pat x+10=y. Ban doc tu giai)

17.14. Giai phuong trinh x* —4x* —19x*> +106x—-120=0 .

(Thi vao 16p 10 THPT chuyén Tran Pai Nghia TP. Ho Chi Minh, ndm hoc 2003 - 2004)
Huéng din giai — dap sb

Bién d6i phuong trinh thanh (x—2)(x—-3)(x—4)(x+5)=0

Tap nghiém § = {—5; 2; 3;4}

17.15. Giai phuong trinh (x2 +3x+ 2)(x2 +7x+12)=24.

(Dé thi tuyén vao I6p 10 chuyén PHSPNN Ha Néi, nam hoc 2004 - 2005)

Huéng din giai — dap sb
Bién d6i phuong trinh thanh (x+1)(x+2)(x+3)(x+4)=24
& (x* +5x+4)(x" +5x+6)=24.
Pit x° +5x+5=1 taco: (1—1)(1+1)=24 < =25 1=45.

Xétvol t=5 va t=-5, ta tim dugc hai nghiémla x=0 va x=-5.

17.16. Giai phuong trinh 6x° —29x* +27x” +27x* —=29x+6 =0
(Thi hoc sinh gioi lop 9 tinh Thanh Hoa, nam hoc 2005 - 2006)

Huoéng din giai — dap sb
Bién doi thanh (x+ 1)(6x4 —35x° +62x% —35x + 6) -0.

Ta tim duge x =—1 12 1 nghiém. Véi 6x* —35x° +62x> =35x+6=0, do x =0 khong 1a nghiém nén



chia hai vé cho x° ta dugc:

X X

6(x2+%J—35(x+lJ+62:O.Dét x+l:y thi x2+i2:y2—2
X X
Phuong trinh trér thanh 6 y? —2)—35y+62:0<:>(2y—5)(3y—10)=0

Thay y:x+l vao 2y—5=0 gidira ta tim dugc x =2 hoac x:%
X

Thay y=x+l vao 3y—10=0 gidira ta tim dugc x =3 hodc x =%
X
A A N 11
Tap nghiém ctia phuong trinh 1a S = {—1;5;5;2;3}

17.17. Giai phuong trinh (3x +4)(x+1)(6x+7) =6.

(Tuyén sinh 16p 10 THPTchuyén DPHSP Ha Ngi, nam hoc 2006 - 2007)
Hwéng din giai — dap s6

Nhan (3x+4) v6i 2; (x+1) v6i 6 va vé phai v6i 12 ta dugc .
(6x—i—8)(6x+6)(6x+7)2 =72.Pat 6x+ 7=y phuong trinh tré thanh
(y+1)(y-1)y’ =72y =y’ =72=0(y*-9)(y* +8) =0 y =3

(do y* +8>0,Vy). Giai tiép ta im duoc nghiém x = —% Va x = —g

2
17.18. Giéi phuong trinh (x2 = 2x) +3x7—6x=-2.

(Thi hoc sinh gioi l6p 9 huyén Thwong Tin - Ha Tay, nam hoc 2006 - 2007)

Hwéng din giai — dap s6
(¢ ~2x) 430> ~6x= -2 & (& ~2x) +3(x* ~2x)+2=0
Pit x’ —2x=y taco: ' +3y+2=0<(y+1)(y+2)=0< y=—1 hogc y=-2. Véi
¥ -2x=-1&(x-1) =0 x=1
Véi x* ~2x=-2 & (x—1) +1=0 vo nghiém

17.19. Giai phuong trinh (4x+3)2 (2x+1)(x+1)=810.

(Tuyén sinh I6p 10 chuyén Tin Quoc hoc Hué, nam hoc 2019 - 2010)

Hwéng din giai — dap sé



(4x+3)2(2x+1)(x+1):81O<:>[8(2x2 +3x)+9}(2x2 +3x+1)=810

Dbiat 2x* +3x =y phuong trinh tré thanh
(8y+9)(y+1)-810=0<>8y +17y-801=0<>(y—9)(8y+89)=0
# y-9=0 tiicla 2x° +3x-9=0< (x+3)(2x-3)=0
< x=-3 hoac x=1,5.
x  8y+89=0 tirc1a 16x>+24x+89 =0 vd nghiém
Vi 16x° +24x+89 = (4x+3) +80> 0,Vx.
Vay phuong trinh c6 hai nghiém x=-3 va x=1,5.
Céch khic: Bién dbi phuong trinh thanh (4x+3)" (4x +2)(4x +4) = 6480.

e e

17.20. Giai phuong trinh x” +3x-140=0.
Pé thi tuyén vao 16p 10 THPTchuyén Lam Son, Thanh Héa, ndam hoc 2010 - 2011)
Hwéng din giai — dap s6

X 43x-140=0 x> —=5x> +5x> —25x +28x—-140=0

2
<:>(x—5)(x2+5x+28)=0<:>x=5 do x2+5x+28=(x+§J +%>O,Vx

17.21. Gidi phuong trinh (x> ~2x) +3(x~1)=x(2x1)
(Dé thi tuyén vao I6p 10 THPT chuyén Quang Trung, Binh Phuée, ndm hoc 2010 - 2011)
Hwéng din giai — dap sé
(* —2x) +3(x—1)=x(2x-1) & (x* ~2x) ~2(a* ~2x)-3=0
Dit x* —2x =y phuong trinh thanh y* —2y—3:0<:>(y—3)(y+1)20
Thay y = x> —2x vao ta co tdp nghiém ctia phuong trinh 1a S = {—1; 1;3}
17.22. Gidi phuong trinh (2% —x) +2x* ~x~12=0,

( Thi tuyén sinh 16p 10 chuyén TP Hé Chi Minh, nam hoc 2010 - 2011)

Huéng din giai — dap sb

bit 2x* — x = u phuong trinh tré thanh:



u2+u—12:O<:>(u—3)(u+4)=0<:>u—3=0 hodc u+4=0.

* u—3=0tacod 2x2—x—3:O©(x+1)(2x—3):0<:>x:—1 hodc x=1,5.

2
* u+4=0 tacod 2x* —x+4=0 vonghiém vi 2x2—x+4:2(x—ij +%>O,Vx.

Vay phuong trinh c6 hai nghiém x=-1va x=1,5.
17.23. Giai phuong trinh (x2 —4x+1 1)(x4 —8x% + 21) =35.

(Dé thi vao I6p 10 truong THPT chuyén Nguyén Trdi, Hai Dwong, ndm hoc 2012 - 2013)

Huéng din giai — dap sb

(a4 11)(x* - 827 +21):35©[(x—2)2 +7}[(x2 -4) +5}=35

2 ,
(x—2)2 > o,vx(x2 —4) >0,Vx nén vé trai khong nhé hon 35.

2
x=2) =0

Ta suy ra E ))2 < x =2. Vay tap nghiém cta phuong trinh [a x =2
x’—4



Chuyén dé 18. PHUONG TRiINH CHUA AN O MAU THUC

A. Kién thirc cin nhé
Bude 1: Tim diéu kién xac dinh cua phuong trinh, (tic 1a tim gia tri ca 4n 1am tat ca cac mau thire cua

phuong trinh khac 0). Viét tit: DPKXD.
Buée 2: Quy ddng mau hai vé cta phuong trinh roi khir mau.
Budce 3: Giai phuong trinh vira nhan dugc.
Buée 4: (Két luan). Trong cac gid tri tim dugc & budc 3, cdc gid tri théa man diéu kién xdc dinh chinh 1a

nghi¢ém cua phuong trinh da cho.

* Chiy. Néu A(x)=0 tai x=x, hodc x=x, thi
A(x)=0 khi x=x, va x=x,
B. Mt s6 vi du
Vi du 1. Giai cac phuong trinh:
1 1 3 1

x—1 ' x—2 2x—6 2v—4

25+4x 4 B 6
25x* =1 5x+1 1-5x

a) (1)

b) (2)

*  Tim cdch giai.
a)Do 2x—6= 2(x—3);2x—4: 2(x—2) nén DPKXDPla x—1=0;x—2=0 va x—3=0. Thuc hién cac
budce giai.
b) Ta tim PKXD tirc 13 tim gid tri ctia 4n 1am tat ca cac mau thirc 25x> —1;5x 4 1;5x —1 clia phuong trinh
khac 0. Ma 25x* —1=(5x+1)(5x—1) nén PKXP 1a 5x+1-=0 va 5x—1=0.
Thuc hién day da cac bude giai phuong trinh c6 4n ¢ mau.
Gidi
a) PDKXDP: x=1x=2 va x=3.
Hai gid tri x=1,5 va x =5 thoa man DPKXD nén la nghiém phuong trinh (1).
b) DKXD: x = +£0,2
(2)=254+4x=4(5x—1)+6(5x+1)
& 254+4x=20x—4+30x+6
& —46x=-23<x=0,5
Gia tri nay théa man DPKXD. Vay phuong trinh c6 nghiém la x =0,5.

(1)

2x—5 x*—5x—41 ~ 3x—38
x+1 x*—3x—4 x—4

Giai

Vi du 2. Giai phuong trinh




2x—5  x*—5x—41 _ 3x—38

x+1 +(x+1)(x—4) x—4
PKXP: x=4 va x=—1.

Taco (1)<

Quy ddng mau s hai vé va khir mau ta c6 phuong trinh:
(2)(—5)()6—4)—}-)62 —5x—41:(3x—8)<x+1)

& 2x2 —13x+20+ x> —5x—41=3x"—5x—38

&S 13 x=13x=-1

Gié tr1 nay khong thoa man BDKXD. Vay phuong trinh (1) vé nghiém.

2 _x—6)(x=5 P—x—6)(x—4
Vidu 3. Cho A(x)= (xx (xf+ zi(i 2 ) va B(x)= (x3x3 i6xz) <j6x )

a) Tim x dé gia trj cta hai biéu thirc A(x) va B(x) bang nhau;

. A
b) Timx dé AC) s
B(x)
* Tim cdch gidi: Bai toan tim X dé gia tri cua hai biéu thirc A(x) va B(x) bang nhau quy vé tim nghiém
cua phuong trinh A(x) = B(x).

=5 dgc biét luu y A(x); B(x) 6 nghia va B(x)=0

Giai
a) pé A(x) = B(x) thi (x2 —x—6)(x—5) _ (xz —X—6>(x—4)
x<x2+2x+2) 3x(x2+2x+2)

PKXD: x(x” +2x+2)0 va 3x" +6x” +2x 5= 0 hay 3x(x’ +2x+2)=0
Do x* 4+ 2x+2=(x+1)" +1>0,Vx nén PKXP la x=0.

Tir phuong trinh trén suy ra: 3(x* —x—6)(x—5)=(x’ —x—6)(x—4)
(¥ —x—6)(3x—15)—(x’ —x—6)(x—4)=0

& (¥ —x—6)(3x—15-x+4)=0

x—3=0 x=3
& (x=3)(x+2)(2x—11)=0&|x+2=0 < |x=-2
2x—11=0 |[x=5,5
Ca ba gia tri nay déu thoa man DPKXD
Vay voi x =—-2;x=3;x=15,5 thi A(x) =B(x).



_ 5 nghia 4 (x —Xx— 6)<x—5):(x2—x—6>(x—4):5
<x +2x+2) 3x° +6x° + 6x

A(x)
B(x

)
(x —X— 6) 3x(x2—|—2x+2) B
(x —|—2x—|—2> (xz—x—6>(x—4)_

(*)

Hay la

Do x2+2x+2:(x+1)2+1¢0,Vx, nén ta c6

3x(x* =x=6)(+=5) _ 3e(x+2)(x—3)(x—5) _
A —x0)(r—4)  x(x12)(x3) (x4

(*)
PDKXD: x=0;x=—-2;x=3;x=4

Tir DPKXP va phuong trinh trén suy ra 3(x—5)—5(x—4)=0
< 3x—15-5x+20=0<2x=5< x=2,5 thoa man BKXD.

3x(x+2)(x—3)(x—5)

Nha 5t: Tt
e T ) (x —3) (- 4)

=5suyra 3(x—5)—5(x—4)=0

Ta c6 thé hiéu nhu sau: Do x = 0;x = 2;x = 3; nén x(x—2)(x—3)=0. Do d6 chia cd tir va mau cho so

, . 3(x—5) o ‘
khéac 0 ta co Z =5 va v6i x =4 ta dugc phuong trinh twong dwong 3(x—5)—5(x—4)=0

Hoac c6 thé hiéu nhu sau:

Ti 3x(x+2)(x—3)(x—5)

x(x+2)(x—3)(x—4) =5v0i x 7= 0;x = —2;x = 3;x =4 taco:

3x(x—|—2)(x—3)(x—5):5x(x—i—2)(x—3)(x—4)
& x(x+2)(x=3)[3(x—5)—5(x—4)]=0
<:)3<x—5)—5(x—4)20 do x(x+2)(x—3):¢0

Vi du 4. Cho phuong trinh 4n x:

x—|—2m_1_ x+5

+1 (voi m 12 hing sb).
x—5 2m—x

a) Giai phuong trinh véi m = 5;
b) Tim m dé phuong trinh ¢6 nghiém x =10;
¢) Giai phuong trinh véi tham sé m.
* Tim cdch gidi: Day 1a phuong trinh tham s6. Khi giai can luu ¥ bién luan theo céc gia trj ciia tham sb m.
Gidi
x+2m x+5 x+2m  x+5

x—5 2m—x x—95 x—2m




x—|—10+x+5 5 (1)
x—5 x-—10
Véi DKXD x =5 va x =10 thi

a) Khim =15 taco:

tur (1) = x> —1004 x> —25=2x" —30x +100
& 30x =225 < x=17,5 (théa man BDKXD)

104+2m 15 _5
10—2m

b) Néu x=10 tacé ( (2)
V6iDKXD m=5 (2)=100 —4m* +75=100—20m
& 4m* —20m—75=0

& (2m—15)2m+5)=0<

2m—15=0 |m=17,5
<~
2m+5=0 m=-2,5
) Diéu kién cua nghiém néucdla x=5va x=2m
Bién dbi phuong trinh x+2m + x4+ =2 thanh

x—35 xX—2m

<x+2m)(x—2m)+(x—|—5)(x—5):2(x—5)(x—2m)

& x'—4m’ +x° —25=2x" —4mx—10x+20m
& 4mx +10x = 4m* +20m +25 & 2x(2m+5) = (2m+5)  (¥)

m+5

‘ 2 e s A , X £
Néu m=—2,5 thi x= . Gi4 tri nay la nghiém cua phuong trinh néu

2m—+5

=2m=2m+5=4dm<sm=2,5

. 2m+5
va

=5=2m+5=10=m=2,5

+ Néu m=-2,5 thi (*) c6 dang Ox = 0. Phuong trinh nghiém dting Vx = +5

. . ) . 2
Keét lun: Néu m = £2,5 phuong trinh c6 nghiém duy nhat 1a x = mts

Néu m = 2,5 phuong trinh v6 nghiém;
Néu m = —2,5 phuong trinh nghiém dung Vx = +5
Nhdan xét: Cau b) c6 cach giai khac nhu sau:

10+2m 15
5 10—2m

=2=100—4m* +75=100—20m



<100 = 4m* —20m + 25

2m—-5=10

100 =2m—-5) & &
2m—5=—10

2m=15 m="17,5
=
2m=-5 |m=-2,5
Vi du 5. Giai phuong trinh:
1 1 1

1 1 1
2 2 2 +— +— =Tz
yo+y y +3y+2 y +5y+6 y +T7y+12 y +9y+4+20 15

* Tim cdch gidi: Cac phan thirc vé trai sau khi phan tich mau thanh nhan tir c6 dang

. Ta cé:
a(a—H) aco
1 (a+l)—a a4l a 1 1
a(a+1)_ a(cH—l) _a(a—H) a<a+1)_a a—+1
Gidi

DKXD: y=0;y=—-Ly=-2;y=-3;y=—4,y=-5.
Bién d6i phuong trinh vé dang:
1 1 1 1

1 1
Yo+ AN +2) 420 +3) 3 rtd)

(y+4)(y+5) 30
11 1

1 1 1 1 1 1 1 1
& —— + — + — + - + — =—
y y+1 y+1 y+2 y+2 y+3 y+3 y+4 y+4 y+5 30
. r _1
y y+5 30

=30(y+5)-30y=y"+5y

&y’ 4+5y-150=0

y—10=0 |y=10
—10 15)=0
el Jy+15) (:)ly—I—IS:O@l

Tap nghiém 1a S ={-15;10}
Vi du 6. Giai phuong trinh (v6i z 13 an; m, n 13 tham s6):

m(zz+1> n 1 mz
2 - + = .
z°—1 z+1 z—-1 z-1

* Tim cdch gidi. Phuong trinh ¢6 an & mau chira tham s, can luu y DPKXD va bién luan theo cac tham s6 m
van.



Giai
DKXD: z = #£1.

. m(z> +1 —
Khi ay phuong trinh (PT) tr¢ thanh <2 ) 1y 1—mz =
z-—1 z+1  z-1

- m(zz+1)—n(z—l)—|—(l—mz)(z+l):O
27 —1

mz>+m—nz+n+z+1—mz* —mz B

z2—1

0

<:>(m—|—n+1)2—(1711—|—n—1)z:0
2

:>(m—i—n—i—l)—(m—|—n—l)Z: 0
+ Néu n+n—1=0 phuong trinh tré thanh 2—0z=0< 0z =2
Phuong trinh nay vo nghiém. Do d6 PT vo nghiém.

+ Néu S m+n—1=0 thi Z:L’H—l
m+n—1

Déi chiéu voi PKXD ta thay:

m+n+1
=

=1 ludn dugc thoa man
m+n—1

vinduz=1this€suyral=-1,voli

z:wz—l duoc thoa man néu m—+n =0
m+n—1
. 1
Vinéu z=—1 thi %:—1 thi m+n+1=-—m—n+1 suyra 2(m+n)=0 hay m+n=0.
m+n—

Két luan:
+ Néu m+n=1 hoic m+n=0 thi PT v6 nghiém.

© Néum-+n=1va m+n=0 thi PT c6 nghiém la z = 7" +!
m+n—1
C. Bai tap van dung
18.1. Giai cac phuong trinh:

3 x-5 2x°
X+ . b . b

a = 5
) x—3 x+4 x*4+x-—12

2 3 3
b) + = ;
x—2 x—-3 x—4




c) - l=— ;
x+2 x-—1 x +x-—2
0 (A : 3. 1
x—4 x —5x+4 x-—1
Huéng din giai — dap sb
a) DPKXD: x=3;x=—4.Luuy: x* +x—12=(x—-3)(x+4)
Dap s6: x=27.

b) PKXD: x = 2;x = 3;x = 4. Bién dbi thanh 2x* —17x+30=0
bap s6: x=2,5x=6.
¢) PKXP: x=Lx=—-2.Luuy: x’+x—2=(x—1)(x+2). Papsd x=—0,8.
d) DPKXD:x=Lx=4. Luuy: x’ —5x+4=(x—1)(x—4)
Pap s6: x=2;x=—5.
18.2. Giai cac phuong trinh:

3+x_3x—1_ 35
3—x  x+3 x*-9

a) 3+ ;
x—=3 2x*=21 5
+ J—

b -
)2—x x —8 X +2x+4

x* —3x 25 5—2x 2x* 461
c) +— =
x +3x 2x"+3x—9 2x-3 <2x—3)(x+3)

Huéng din giai — dap sb
a) DKXD: x=3;x=-3.Luuy: x’ —9=(x—3)(x+3)
Bién d6i thanh —x* +4x—4=0.Papsd: x=2.
b) Taco x’ —8=(x—2)(x"+2x+4) ma x’+2x+4=(x+1) +3>0
Vx nén PKXD: x =2 . Bién ddi thanh —<x3 —3x° —|—3x—1):0 Pap sd: x =1
¢) DKXD: x=15x=-3.Luuy: 2x* +3x—9=(2x—3)(x+3)
Bién doi thanh x> —4x—21=0< (x+3)(x—7)=0< x=—3 hodc x=7.

Nghiém la x =7 (loai x =—3 vi khong thoa man BPKXD).

18.3. Giai cac phuong trinh:



y+1 y _2(+5)
(y+17 41 (y=1)+1 ' +4

y(y+2) y(y=2) 36—y’

V12(y+2) v -2(y—2) y 44y 116

9 57 1 1 B 3 L2
yy=D+1 y(r+)+1] (Y4 +1)y Y -y+l

Huwéng din giai — dap so
Céc phan thirc & cac phuong trinh trong bai xuat hién da thirc bac bon & mau s6, viéc phan tich cidc mau

thanh nhan tir doi hdi viéc thém, bdt cac hang tr mét cach hop 1y, sang tao.

a) Nhanxét: (y+1) +1=1*+2y+2>0,Vy
(y=1) +1= =2y +2>0,Vy
Y ra=(y+2) -4y =y +2y+2)(» —29+2)> 0, Wy
Do d¢6 PKXP 1a Vy € R. Quy dong, khir mau, chuyén vé va thu gon duoc phuong trinh
y2+2y—8:0(:)(y+4)(y—2):0<:)y:—4 hodc y =2 . Ca hai gia tri déu thoa man DPKXD.
Phuong trinh ¢6 hai nghiémla y=—4 va y=2.

b) Taco y* +2(y+2)=p* +2y+4=(y+1) +3>0,¥y

va y2—2(y—2):y2—2y—|—4:(y—1)2+3>0,Vy

Y4y £16= ' 18y +16—4)° = (37 +4) —4)

=(y"+2y+4)(y" —2y+4)>0,vy

Do d6 PKXDP 1a Vy € R. Quy ddng, khir mau, chuyén vé va thu gon duoc:

¥ +16y—36=0< (y+18)(y—2)=0<« y=—18 hodc y=2.

Ca hai gia tri déu thoa mén DKXD.

Vay phuong trinh c6 hai nghiémla y=—18 va y=2.

0 y2 1 _ 1
y(y—l)—H y(y—l—l)—l—l

3 2y-2
_(y4+y2+1)y v —y+1

1 3
Ta co: y(y—l)—i-l:yz—y—i-l:[y—a] +Z>O,Vy;



2
y(y+1)+1:y2+y+1=[y+%] +%>O,Vy
B i e S :(y2+1>2—y2
:(y2+y+1)(y2—y+l)>O,Vy

VaybKXbla y=0.

Thuce hién cac budc giai ta duge nghiém cua phuong trinh la y =1,5

18.4. Giai cac phuong trinh:

1[ l] 1 l]
a) —|z+—|=—|z+—
z z 2 2

b) 3[1+1]:22 1+1][1—1+i2];
4 Z zZ 4

10

C) Zz—6z—i—13:2—
z°—6z+10

2
d) [z +2z+4

2
z—2

Hwéng din giai — dap sé
a) bKXDb: z=0.
Bién ddi thanh 22’ — 32" —4 =0 (x—2)(22° +2+2)=0

[ 1]2 15
Z+—| +—
4] 16

sz=2do 27 +z+2=2 >0,Vz

z =2 théa man BDKXD nén 1a nghi€ém cta phuong trinh.

b) PKXD: z=0.Taco: 22° 32> —3z+2=0
& (z41)(z—2)(2z—1)=0< z=—1;z=2 hodc z=%

Ca ba gia tri nay déu thoa mén DKXD nén 1 nghiém cua phuong trinh..

¢) Do z*—6z+10=(z—3) +1>0,¥z nén PKXD: VzcR.
2 , 10 )
bat 22 —6z4+10=1>0 taco (t+3)—7:O<:>t +3t—10=0

& (t45)(t-2)=0<1=2(dot>0)< 2> —6z+10=2



& (z-2)(z-4)=0s|

Zz =

z=2;z =4 déu théa man DKXD nén 1a nghiém ctia phuong trinh.

d) BKXD: z=2

Ly 2 —8=(z—2)(z’ +2z+4)

2
Détﬂ:t
z—=2
e t=—1
Bién d6i phuong trinh thanh & +8+7=0<(14+1)(1+7)=0& g
2
¥ Voir=—1 thi LZ;“:_UEM+3z+2:0<:>(z+1)(z+2):0.
Z_
&|”7 " _ . Théa man DKXD.
z=-2
2
b Voir=-7thi 22N g 0 10=0 (z-1)(z +10)=0
Z_
z=1
& . Thoa man BKXD.
z=-—10

Vay tap nghiém ctia phuong trinh 1a § = {-10;—2;—1;1}

18.5. Giai cac phuong trinh:

2 (t=2) ~P—443 1
£—4+5  (1—2) 90

b)t2+2t—|—2 £+2u+3 17
2 4+2t+3 £ 42+4 12

3t 2t

) 5 +- =
r43t4+2 4142

1

Hwéng din giai — dap sé
Trong cic ciu a); b) ta thiy xuét hién cac hang tir chira 4n cing bic trong cac da thic co hé s6 gidng nhau
nén sir dung phuong phap dit an phy dé giai. Cau c) sau khi chia ca tir va mau cho méi xuat hién an phu.
a) DKXD: t=-2.Diat > —4t=u vai u=—4va u=-5.

utd uts :L.Bié’ndéidu’qc W +9%u—70=0

Phuong trinh tr¢ thanh —
u+5 u+4 90




u—5=0

—5)(u+14)=0
Sl=S)ur)=0e) 14y

r.: 2 t:5
+ Voiu—5=0&1¢ —4t—5:0<:>(t—5)(t+1)=0<:)t .
+ Véiut14=0< 1 —4t+14=0 vonghiém vi > —4r+14=(r—2) +10>0 Vt.

Phuong trinh ¢6 hai nghiémla t=—1va r=5.

b) DKXD: VxeR do 2 +2t+3=(r+1) +2>0 Wt

242 +4=(t+1) +3>0 Wt

u—1 u 17
+ J—

bit t* 4+ 2¢ 4+ 3 = u phuong trinh tré thanh =
u u+1 12

Bién d6i phwong trinh thanh 7u® —17u—12=0
& (u—3)(7u+4):0(:)u :3(d0 u>0)

t=0

Hay ' +214+3=31+2=0&1(1+2)=0%& —
Nghiém cta phuong trinh 1a t =—-2 va t=0.

¢) BKXD: ¢* +3r+2=(r+1)(t+2)=0 khi r=—1 va r=-2.

2
Vi ¢ +t+2:[t+%] +%>O,Vr . Do ¢t =0 khong phai la nghiém = ¢ =0

Chia ca tir va mu cua hai phan thirc ¢ vé trai cho t ta duoc phwong trinh:

3 2 3 2 . 2 R .
— + =l + :1V0’1t+7:uvau¢—lvau¢—3

t+3+3 z+f+1 utd utl

Giai phuong trinh véi an u ta duge u’ —u—6=0< (u—3)(u+2)=0

< u =23 hoac u =—2 thoa man BKXD.

y L, 2 2
Véiu=3taco 1+—=3¢&1 —3t+2=0&(t—1)(t—2)=0
< t=1 hodc t=2

) 2 )
Véiu=-2tacd 2+==-2%t>+2t+2=0vdnghiém vi
t

£ 4+2t+2=(t+1) +1> 0,V



Vay nghiém cua phuong trinh 1a r =1 va t =2

18.6. Giai cac phuong trinh:

a) (2x* +9x—4) 3x_2+1]:<x2+11x+20> X724
8—9x 8—9x
X 2x+2 5 x+7

b)

2x2—5x+3_2x2—9x—|—7 - 2x2—5x—|—3_2x2—9x+7
Huéng din giai — dap sb

a) Hai vé c6 nhan tir chung. Ta chuyén vé roi dua vé dang A(x).B(x)=0

PKXD: x> Bién déi phuong trinh thanh <x2—2x—24> 3’C_2+1]:0
9 8x+9
. x=-—4
+ Véi x> —2x—24=0& (x+4)(x—6)=0< .
X =

+ Véi +1=03x-248-9x=0&x=1

—9x
Ca ba gi4 tri trén x déu théa man DKXD nén tap nghiém cta phuong trinh 1a S ={—4;1;6}

b)  Cac mau sb kha phirc tap nén khong dé tim DKXD. Néu ta chuyén vé rdi cong, trir cac phan thic

cling mau ta thiy xuat hién nhan tr chung 1a (x — 5)

Tir d6 c6 cach giai sau: Bién doi phuong trinh vé dang:

x—5 B x—35 B
2x* —5x+3 2x2—9x—|—7_
—5)(4—4
<:>(x_5)[ 2 1 T A2 1 ]ZO@ 2 (x 5>< 2x> =0
2x* —5x+3 2x*—9x+7 (2x —5x+3)(2x —9x+7)

Xéttirsd (x—5)(4—4x)=0< x=1 hodc x=5.
+ Véi x=1 thi 2x> —9x + 7 = 0 = phuong trinh khong x4c dinh.
+ Vi x=5 thi (20" —5x+3)(2x" —9x+7)=28.12=0.

Vay nghiém duy nhit cua phuong trinh 1a x=5.

— voéi a la hang so.

18.7. Cho phuong trinh x =
P 8 4(x2—a2) xX—a

+

1 ]_5a(a+3x) x
x+a x—a

: . . 2 -2
a) Tim a dé phuong trinh trén c6 nghiém la nghiém cta phuong trinh S _ = 2 >
x—5 x+5 25—x

2

b) Giai phuong trinh vdi a = 6.



Huéng din giai — dap sb
DKXD: x = +a
V6i PKXD trén ta bién ddi phuong trinh thanh:

2
X 2x _ i‘E 2+15c21)>c . Quy ddng va khir mau dwugc phuong trinh
X —da

x+a x—a
4x(x—a)—|—8x(x—|—a):5a2 —15ax
& 12x* —1lax—5a° = 0 12x° +4ax—15ax —5a° =0 < (3x+a)(4x—5a) =0

2 -29

a) Giai phuong trinh — —
) P & x—5 x+45 25—x*

voi x = £5 ta cd nghiém x =4

Vi x=4 taco: (124a)(16-5a)=0e|* 7
01 X = a CoO. — =
X a a a—3.2
. x=-2
b) Khi a=6 thi (3x+6)(4x~30)= 0|~ _"_ thoa man DKXP.
x=1,

aom+nt o mat (1 1 2mn ) : .
18.8. Tim x biét +—|—+—|=-— —(m+n) voim; nlahang s6 m=0,n=0;
X x> \m n X
Hwéng din giai — dap sé

PKXD: x=0

Chuyén vé ta co

2 2 2 2_2 1 1
m +n + mn+m;1 1.1 +(m+n):0
X x> \m n

(m+n>2 mn(m+n)
= + > +(m+n):O
X X

Quy ddng va khir mau dugc phuong trinh
(m+n)x® +(m+n)2x+mn(m—|—n):O<:>(m~|—n)[x2 +(m+n)x—l—mn]=0
+ Néu m+n=0 thi phuong trinh théa man Vx =0

+ Néum-+n=0 thi x2+(m—|—n)x—|—mn:O

X=-—m
(:(x—f—m)(x—{—n):O(:) thoa man PK x=0
X=-—n

18.9. Giai cac phuong trinh:

3 4 5 14
a) — T2 — 2 + 3 2
x —=5x+6 x"—Tx+12 x"—6x+8 x —9x"+26x—24




1 1 1 19

. +— Fot— =—

x*4+3x+2 x"+5x+6 x“+39x+380 42
2 2 2 5
—— Fot— =
x*—2x x"—6x+8 x —18x+80 12

c)

Hwéng din giai — dap s6
a) PKXD: x == 2;x = 3;x=4.Phan tich caic mau thanh nhan i ta co:

3 4 5 14

(x—2)<x—3) (x—3)(x—4) (x—2)(x—4) * (x—2)(x—3)(x—4)
Quy ddng va khir mau duoc phuong trinh

3(x—4)—4(x—2)=5(x—3)+14

& 3x—12—4x+8=5x—15+14 < x=—0,5 thoa man DPKXD.
b) PKXD: x & {—1;—2;—3;...;—19;—20}.
Nhan xét: véi ne€ N thi

1 (x+n+1)—(x+n) 1 1

(x+n)(x+n+l) (x+n)(x+n+1) :x+n_x+n+1

Bién d6i phuong trinh d3 cho thanh:

1 1 1 19
(x+1)(x+2) * (x+2)(x+3)+""+(x+19)(x+20) 8

1 1 1 1 1 1 19
— + — ot — =—
x+1 x+2 x+2 x-+3 x+19 x+20 42

1 1 19

— —— . Quy ddng va khtr mau duoc phuong trinh
il xr20 ap Quydone Ye phuong

=

5 x=1 , N
X +21x—22:0(:)(x—1)(x—|—22):0<:> _ thoa man BKXD

c) DKXD: x ¢ {0;2;4;6;8;10}
Nhan xét: véi n€ N tacd

2 (x+n)—(x+n—2) 1 1

(x+n)<x+n—2)_ (x+n)(x—|—n—2) Cx+n—2 x+n
Bién d6i phuong trinh da cho thanh:

2 + 2 + —l—; el
x(x=2) (x=2)(x—4) (x—8)(x—10) 12

I R T 11 5 1 1 5
& ————1t +

..... — = —
x—2 x x—4 x-2 x—10 x—8 12 x—10 x 12



Quy ddng va khir mau dugc phuong trinh: x*> —10x—24 =0

& (x—12)(x+2)=0«|" " thoa man DKXD.
x=-—
2 2 2
18.10. Giéi céc phuong trinh; * 2510, X 26xH12_ 5 5 24
x°—5x+6

x—2 x—3
Hwéng din giai — dap sé
Ta c6 thé van dung cac budc dé giai. Néu quy déng miu ngay s& xuit hién cac da thirc bac ba, viéc thuc
hién s& dai. Tuy nhién c6 phuong phéap kh sang tao va ngan gon nhu sau:
* DKXD: x = 2;x = 3. Bién doi phuong trinh thanh:

2_ ?—6x+9)+3 2 _
¥ —4xt6 (' —6v+9) I
x—2 x—3 (x—2)(x—3)

2 3 x*—24
@(x—Z)—}—x_z+(x—3)+E:(2x—5)—m

2 3 x’ —24
+

< x—2 x—3+<x—2)(x—3):0

Quy ddng va khir mau dugc phuwong trinh x> +5x—36=0
& (x+9)(x—4)=0« x=—9 hodc x=4 théa man PKXD.

2x 13x
2 +-3 =06
2x°—5x+3 2x"+x+3

18.11. Giai cac phuong trinh:
(Thi vao 16p 10 chuyén Quéc hoc Hué, nam hoc 1996 - 1997)
Hwéng din giai — dap sé

DKXD: 2x* —5x+3=(x—1)(2x—3)=0 khi x=1 va x=1,5

2
2x2+x+3:2[x—|—%] —|—§>0,Vx . Do x =0 khong 1a nghiém ctia phuong, dit 2x+i:t
X
2 1
PT & + & :6<:>L+£:
3 =5 t+1

2x—5+E 2x+1+—
X X

PKXD =5 var=—1
t=1

& 618 —391+33=0t & (1—1)(6:—33)=0< s



3

t—=1 o _x43=0 (1)
Ta co: 3 11@ s
2x+—:? 4x—1lx+6=0 (2)
X

2
(1) v6 nghiém vi 2x2—x+3:2[x—%] +§>O,Vx
(2) & (x—2)(4x—3)=0« x =2 hodc x:% thoa mén DPKXD

Vay phuong trinh c¢6 hai nghiém la x =2;x = %

3 2
18.12. Giai phuong trinh x* +—— 4 3 50
(x—1)°  x—1

(Dé thi vao I6p 10 THPT chuyén PHSP Ha Ni, nam hoc 2000 - 2001)
Hwéng din giai — dap s6
Tu (a —H))3 =a’ +b +3ab(a—|—b) =a +b = (a+b)3 —3ab(a +b)

Ap dung dé giai phuong trinh. Ta c6 PKXD: x =1

3 2
PT(:)[)H— X ] —3x. X [x+ al ]+ 3x —-2=0
xX— x—1

@[ v ]3_3

x—1

2
X

+3

2 2
T |-1-1=0. Pit y=—— taco
x—1 1

x—1

V=3 43y—1-1=0s(y-1) =1 y=2

2
X =2=x'=2x-2<x*—2x+2=0

Hay la
x—1

Phuong trinh di cho v6 nghiém vi x* —2x+2 = (x — 1)2 +1>0 Vx

18.13. Giai phuong trinh 2; —x*+4x—1=0
x —4x+5

(Dé thi tuyén sinh vdo 16p 10 Quoc hoc Hué, nam hoc 2002 - 2003)

Hwéng din giai — dap s6
PKXD: xeR do x* —dx+5=(x—2) +1=0;Vx

Pit x> —4x+5=y thi y>1 va —x’ +4x—1=—y+4. Phuong trinh thanh



2—y+4:0<:>5—y2+4y=0<:>(y—5)(y4r1)=0@
y

y=3>
y= —l(loai)

*  x'—4x+5=5%&x(x—4)=0< x=0hodc x =4. Tap nghiém S = {0;4}
18.14. Giai phuong trinh

1 1 1 1 1
2 + 2 + 2 + 2 o
x —5x+6 x —7x+12 x"—9x+20 x"—11x+30 &

(Khao sdt chat heong hoc sinh gidi Todn 8 huyén Thuong Tin - Ha Néi, nam hoc2012 - 2013).
Huéng din giai — dap sb
DKXD: x€{2;3;4;5,6}

PT & ! + : 1 : =

1
G-2)(x-3) (34 (x4 (x-3) (x_35)(x_6) 8

1 1 1 1 1 1 1 1
— + — + — + —
x—3 x-2 x—-4 x-3 x-5 x—-4 x—6 x-5

=

1
8
1 11

=—=x"—8x—20=0¢ (x+2)(x—10)=0
x—6 x—-2 8

<~
< x =—2 hodac x=10 . Tap nghi¢m S:{—2;10}

x(x* —56
18.15. Gidi phuong trinh < ) _ 2b3c +22 _,
4—7Tx x +2

(Dé thi tuyén sinh vao I6p 10 THPT chuyén DPHSP Ha Ngi, nam hoc 2014 - 2015)

Hwéng din giai — dap sé

PKXD: x¢§ va x° = -2

x<x2—56) 21x+22_4<:>m 5 1_M—O

— = +
4—"Tx X +2 4—7Tx X +2

X —56x—20+35x x*+2-—21x—22 —0
4—7Tx x 42

<:>(x3—21x—20>

1 1 ]
+ 3
4—-Tx x +2
* Xét X’ —21x—20=04 (x+1)(x—5)(x+4)=0 tatim dugc: x=—4;x=—1;x=>5 thoa man

DKXD.

1 1 A ez
*  Xét +— =0 bién d6i thanh x* —7x+6=0
4—Tx x +2




& (x—l)(x—2)(x+3) =0 tatim dugc x =—3;x =1;x =2 théa man DKXD.
Vay tap nghiém cua phuong trinh 1a § = {—4; -3;—L12 5}

2 2
18.16. Gii phuong trinh —— — % — 2%
x—1 x+1 x -1

(Dé thi chon doi tuyén Todn 9 huyén Thuwong Tin - Ha Ngi, nam hoc 2014 - 2015)
Huéng din giai — dap sb
DKXDP: x=+1 .

2 2
X X 2x

2

— = :>x2(x—|—1)—x2(x—l):2x<:>2x2—2x:0
x—1 x+1 x"—1

& 2x(x—1)=04 x=0 hodc x=1.Loai x=1

Tap nghiém §={0}...

18.17. Giai phuong trinh %4— S 2 >=2
X2 x+l o (x+1)
(Dé thi chon doi tuyén Todn 9 qudn Go vap TP Hé Chi Minh, ndm hoc 2014 - 2015)
Hwéng din giai — dap sé

PKXD: x=0 va x = —1.

L R B U E P S A

x* x+1 (x_|_1)2 x? x+1 (x—{—l)2
1—x*  x*—x (1—x)[(1+x)3+x3]

& = VAN =0

2

X (x—l—l)2 x’ (x+1)2

s I-x=0
Vi x =0 va x =1 thi (1-x)|(14x) +2'| =0

(l—l—x)3+x3 =0
* V&l x—1=0<%« x =1 théa man DKXD.

+ Vi (14x°)+x° =0& (1+x) =—x° <:>1+x=—x<i)x:—% théa man DKXD.
N 1
Tap nghiémla § = {—5;1}

2 2
18.18. Gidi phuong trinh = — 2> F1 | ¥ —2x+2 7
x°—=2x+2 x"—2x+3 6

(Khao sat chat lwong hoc sinh gioi Toan 8 huyén Thuong Tin - Ha Noi, nam hoc 2014 - 2015).
Hwéng din giai — dap s6

DbKXD: VxeR



Dit: x* —2x+4 2 =1¢>0. Phuong trinh tré thanh t—_l+ﬁ:%
t t

=57 -7t—6=0%(t—2)(5t+3)=0<1t=2 (do t>0)
Hay x2—2x+2:2(:)x2—2x:0<:)x(x—2)20(:)x:0 hodc x=2.

Téap nghiém la S ={0;2}



Chuyén dé 19. GIAI TOAN BANG CACH LAP PHUONG TRINH
A. Kién thirc cAn nhé
Buorce 1: Lap phuong trinh:
—  Chon 4n sb va dat diéu kién thich hop cho an sd;
— Biéu dién céc dai lugng chua biét theo 4n va céc dai luong da biét;
— Lap phuong trinh biéu thi mdi quan hé giira cac dai luong.
Buoc 2: Giai phuong trinh.
Bude 3: Tra 10i: Kiém tra xem trong cac nghiém cuia phuong trinh, nghiém nao thoa mén diéu kién cua an,
nghiém nao khéng, roi két luan.
B. Mot s6 vi du
Vi du 1. Quing duong AD gdm ba doan AB; BC va CD. Luc 7 gio sang mot nguoi di 6 t6 tir A véi van tde
60km/h dén B ltic 7gio 30phut, sau d6 di tiép trén doan duong BC véan toc 50km/h. Cing luc 7 gid sang
mot ngudi di xe may di tir C voi van toe 35km/h dé dén D. Biét thoi gian nguoi di xe may dén D nhiéu
hon thoi gian ngudi di 6 to tir B dén ¢ 1 1 gid 24 phuit va quing dudng BC ngén hon quing dudng CD 1a
40km. Tinh quang duong AD.
* Tim cach gidi: Day 1a bai toan chuyén dong déu. C6 ba dai lugng: Quding dwong (s), vin téc (v) va thoi
gian (t). Quan hé giira cdac dai lwong nhw sau: s =vit,v=s:t;t=s:v.
Doan duong AD gdm ba doan. Poan AB di biét d dai (do biét van téc di 60km/h va thoi gian di 14 0,5
gi®) nén chi can tinh doan BD. Do d6 ta chon an sb x (km) 1a d6 dai doan BD.
Do quing dudng BC ngin hon quing duong CD 1a 40km ma tong hai doan dudng 13 x km nén do dai

x+40 x—40

doan CD la km va BC la km

X
Ta phai tim thoi gian di ciia xe may trén doan dudng CD va thoi gian 6 t6 di trén doan duong BC dé lap
phuong trinh.
Gidi
Thoi gian xe di hét quing duong AB 1a 7 gio 30 phit - 7 gio = 30 phat = 0,5 h. Ta c6 quing dudong AB
dai 1a 60. 0,5 = 30(km).

Goi quing dudng BD 1a x(km); x > 40. Do doan CD dai hon BC 1a 40km; téng hai doan dudng 13 x (km)
1

nén:
— DPoan duong BC dai x— 40 (km); doan duong CD dai al —;40 (km)
e e A UA aren . x—40
— Thoi gian 6 t6 di trén doan BC 1a :50 (h).
X
x+40

— Thoi gian 6 t6 di trén doan CD la

135 (h).



1 gior 24 phit = 1,4 gioy

Theo bai ra ta c6 phuong trinh: > 140 _x—40_ L4 (1)
70 100

— Giai phuong trinh:
(1) < 10x 4400 — 7x + 280 = 980 <> 3x = 300

< x =100

Gia tri nay phu hop voi diéu kién cia an vay:

Quang duong BD dai 100 km va quang duong AD dai 100 + 30 = 130 (km).

Chii y: Cach khac: Goi thoi gian xe may di tir C dén D 1a x (gid) thi thoi gian 6 t6 di tr B d&én C 1a
x—1,4(gi®). Quang duong CD dai 35x (km), quing dudng BC dai (x—1,4).50. Ta c6 phuong trinh
(x—1,4).50 =35x—-40

Giai phuong trinh dugc x =2 (ban doc tinh tiép).

Vi du 2. Trén quing song AB dai 48km, mot ca nd xudi tir A dén B rdi quay trd lai va dd tai mot dia diém C
& chinh gifia A va B. Thoi gian ca nd ca xudi va nguge dong hét tat ca 3 gid 30 phit. Tinh van tdc riong
ctia ca nd biét ring mot bé nira tha troi trén song d6 15 phut tréi dwoc 1 km.

* Tim cdch gidi: - Day 1a bai toan chuyén dong déu lién quan dén chuyén dong xudi, ngugce dong nude (hoic
xubi gid, nguoc gid). Néu goi van téc khi xudi 1a vy van toc khi nguwoc la v, ; van téc riéng ciia dong
co'la v, va la vdn toc ciia dong nwdéc (hodc gié) thi v, =v, +v,;v, =v, —v, vav —v, =2v, .

— Quing song ca nd xudi 1a 48km va nguoc 1a 48: 2 = 24km. Van tdc bé nira trdi chinh 13 van tdc dong
nudc.
— Chon 4n s6 x 14 van tdc riéng cua ca no, ta tim thoi gian xudi va nguoc dé 1ap phuong trinh.
Gidi
15 phut = 0,25 gio; 3 gio 30 phat = 3,5 gio.
Van tbc beé nira trdi 1a 1: 0,25 = 4 (km/h) chinh 13 vén téc dong nuéc.
Goi van tdc riéng cta ca nd 1a x (km/h); x > 4. Thi van tdc ca nd khi xudi dong 1a x + 4 (km/h), van toc ca

nd khi nguoc dong 1a x - 4 (km/h).

Thoi gian ca n6 xuodi dong la 48 (h) va nguoc dong la 24 (h).,
x+4 x—4
Theo bai ra ta c6 phuong trinh: 48 + 24 =35 (1)
x+4 x—4

*  Giai phuong trinh (1): bién doi thanh 48x —192+24x 496 =3,5x* —56

&3,5x —72x+40=0 < 7x* —144x+80=0



x=20
<:)7x2—14x—4x+80zoﬁ(x—2)(7x—4):04:) 4

77
Trong hai gié tri trén x = 20 thoa man diéu kién dau bai.
Vay van tbc riéng ciia ca nd 1a 20km/h.

Vi du 3. Hai xuong san xut cing lam mot san pham, s6 san phiam xuong thir nhit 1am trong 5 ngay nhiéu
hon s san phdm xudng tht hai 1am trong 6 ngdy 1a 140 san pham. Biét ring ning suit lao dong cua
xuong thir nhit hon xuéng thi hai 1a 65 san phadm/ngay. Tinh ning suit lao dong ctia mdi xudng.

* Tim cdch gidi: Bai toan thudc loai toan Niang suit lao dong. C6 ba dai lugng:
—  Khéi lwong céng viéc: (K)
— Thoi gian hoan thanh cong viéc (1)
—  Ndng sudt lao dpng: (Iwong cong viéc hoan thanh trong mét don vi thoi gian) (N).
Quan hé giira cdc dai lwgng nhw sau:
K=Nt;t=K:NvaN=K:t
Trong bai ning suat lao dong mdi xudng 1a sé san phim mdi xuwdng lam trong mot ngdy, ta chon an X tir
mot trong hai ning suat lao dong nay. Khdi lugng cong viéc ctia mdi xudng chinh 1a sb san pham xudong
thir nhat 1am trong 5 ngdy, xuong thir hai lam trong 6 ngay. Lap phuong trinh tir viéc so sanh hai khoi

luong cong viéc.
Gidi
Goi ning suit lao dong ciia xuwdng thir nhit 14 x (san pham /ngay); (x € N ; x > 65) thi ning suit lao dong
cta xuong thu hai la (x — 65) (san pham/ngay). Trong nim ngay xudng thir nhat lam dwoc 5x (san pham),
trong sau ngdy xudng thir hai lam dugc 6(x—65) (san pham).
Theo bai ra ta ¢6 phuong trinh: x — 6(x — 65) =140. (1)
Giai phuong trinh: (1) < 5x—6x+390 =140
& x =250 (théa man diéu kién).
Viy: Nang suit lao dong ctia xudng thir nhét 1a 250 san pham /ngay
Ning suat lao dong ctia xuong thir hai 1a 250 - 65 = 185 (san pham /agay).

Vi du 4. Hai voi nu6c cung chdy vao mot cai bé can trong thoi gian 4 gio 48 phut thi bé ddy. Néu voi thir
A 5 A 3 [ A \ e ’ . 5 < A A 3 .3 ~ v A 17 A T
nhat chdy mdt minh trong 3 gio, roi voi thtr hai chay tiép mdt minh trong 4 gid nira thi day duoc o bé. Hoi

néu mdi voi chay mot minh thi sau bao lau bé s& day?
*  Tim cdch gidi. - Day 1a bai toan vé cong viéc dong thoi (1am chung, 1am riéng mot cong viée) - 1a

mot dang dic biét cua toan nang suit lao dong. Khdi lugng cong viée ¢ day khong duoc cho dudi dang sb

lwong cu thé 13 bao nhiéu. Bai vay ta co thé quy udc cong viéc can hoan thanh 1a 1. Tuy ndi dung bai toan cu



thé ma ta quy wdc mot dai lwong nao d6 lam don vi (1 bé nudce, 1 con muong, 1 canh dong, 1 con duong, ...).
Pon vi clia ning suét lao dong s& 14 1 cong viéc / 1 don vi thoi gian. Ning suat lao dong chung bang tong
nang suit lao dong riéng cua timg ca thé.

- O bai toan trén, cong viéc cu thé 1a 1 bé nude (lwong nude lam day 1 bé). Néu mot voi chay mot minh sau

a gio day bé thi ning suit (lwong nudc chay trong 1 gid) 1a lbé/ gio. Néu mot voi khac chay mot minh sau
a
[ A A v~ A \ 1 YIRS - A \ 1 1 YIRS
b gid day bé thi nang suat la 3 bé&/gid. Nang suat chung la |— +Z (bé/gi0).
a
Gidi
. \ e 5 [ , 24 I3 A A A [ . e 5 5 A r
Hai voi chdy chung trong 4 gio 48 phut = 5 gio day bé vay 1 gio hai voi chay chung duogc o bé nudc.

Goi thoi gian voi thir hai chay mot minh day bé 1a x gid

x> 25—4] , thi 1 gio voi thir hai chay duoc LW

X
nudc
Voi thir nhét chay mot minh 1 gio dwoc |— ——|bé nudc.
X
Ta c6 phuong trinh 3 > 1 —|—i _7 (1)
24 x) x 24

Gidi phuong trinh: (1) & 15x—-72496=17x & 2x =24 < x=12.
Gia trji nay phu hop véi diéu kién cua an.
Vay thoi gian voi thi hai chay mot minh day bé 1a 12 gio.

1

Thoi gian voi thir nhat chay mot minh day bé 1a 1: [% — E] =1: % =8 (gio).

Vi du 5. Nam ngoai s6 kg thoc thu hoach ciia thira rudng thir nhét bang % s6 kg théc thu hoach cua thira thir

hai. Nam nay nho cai tién k¥ thuét thira thir nhat thu hoach ting 20%; thira thir hai thu hoach tang 30% do d6
cd hai thtra thu hoach dugc 1320kg. Tim s6 ta thoc mdi thira thu hoach trong ndm nay.

*  Tim cach gidi: Pay 1a dang toan lién quan dén ty sd va ty 564%. Thu hoach tang a% ttrc 1a da thu
hoach duoc (100 + a)%. Ta phai tim s6 thoc mdi thira thu hoach trong nim nay. An s6 ta nén chon 1a
s6 thoc thu hoach ctia mét trong hai thira nim trude vi cac dai lugng quan hé: ty sb giira s6 thoc thu
hoach ctia hai thira rudng 13 cia ndm trude va ty s6 % tang 1a so v6i nam trude.

Gidi

Goi sb thoc thu hoach ndm ngodi cta thira thir hai 13 x (kg) (x > 0)



S thoc thu hoach nam ngoai ctia thira thir nhat 1a %x (kg)

S6 thoc thu hoach nim nay ca thira thir hai 1a 130% x (kg)

S6 thoc thu hoach nam nay ctia thira thir nhat 120%%x (kg)

Theo bai ra ta ¢6 phuong trinh: 120%%x +130%x =1320 (1)

Giai phuong trinh: (1) < 1205, +mx =1320
100 4 100

< 9x+13x=13200 & 22x =13200 < x =600

Gia tri nay cua x théoa man diéu kién cta an. Vay sb thoc thira thir hai thu hoach trong nim nay 1a
130%.600 = 780 (kg) = 7,8 (ta), sd thoc thira thir nhat thu hoach trong ndm nay 1a 1320 - 780 = 540 (kg) =
5,4(ta).

Chii y: Ta c6 thé chon x 14 s thoc thu hoach ndm nay cua thira thir nhat. Khi d6 ta c6 phuong trinh:

x.100

(1320—x).100
130

3
120 4
Giai dugc x = 540 (ban doc tu giai).
Vi du 6. Mot s6 c6 bdn chit sb 6 chir s6 hang don vi 1a 5. Nén chuyén chit sé 5 1én dau va giit nguyén ba
chit s6 con lai thi dugc s6 mai 16n hon sb ban dau 1a 3222 don vi. Tim sb ¢ 4 chit s6 do.

*  Tim cdch gidi: Bai toan lién quan dén cau tao so.

S6 ¢6 4 chit s6  abed(a,bc,d €N;0<a<9;0<b,c,d<9)cé  khai trién

abcd =1000a 4+100b+10c +d =1000a +bcd = abc.10+d . Chuyén d 1én  dau duge  sb
dabc =1000d + abc . Trong bai do cac chit s6 abc khong thay ddi thir tr sdp xép nén ta c6 thé chon lam
an sd x. 5

Gidi

Goi s6 ¢6 ba chit sd trude chit s6 hang don vi lax (x € N;100 < x <1000)

S6 can tim 1a x5 . Chuyén chir s6 5 1én dau ta dugc s6 5x .

Ta c6 phuong trinh S5x—x5=3222 . (1)
Giai phuong trinh: (1) < 5000+ x —10x —5 =3222
&S 9x=17713 x=197



Gi4 tri ndy thoa mén diéu kién cia an. Vay sb phai tim 1a 1975,

Vi du 7. Khéi 8 cia mot trudng THCS c6 ba 16p 8A; 8B va 8C. Tdng sb hoc sinh ba 16p 13 120 em. Néu
chuyén 3 em tir 16p 8A sang 16p 8B thi sé hoc sinh ctia hai 16p bang nhau, sé hoc sinh 8C bang trung binh
cong s6 hoc sinh hai 16p 8A va 8B. Tim sb hoc sinh ban dau ctiia mdi 16p.

* Tim cach giai: Chuyén 3 em tir 16p 8A sang 16p 8B thi s6 hoc sinh ciia hai 16p bang nhau nghia 14 s6 hoc

sinh 16p 8A hon s6 hoc sinh 16p 8B 14 6.

Gidi
Goi 56 hoc sinh ban dau ctia 8A 1a x (x € N*,x < 80) suy ra sb hoc sinh 16p 8B 1a x—6 va sb hoc sinh 16p

X+x—6

8C la x—=3

Theo bai ra ta ¢6 phuong trinh: x+x—6+x—-3=120 (1)
Giai phuong trinh: (1) < 3x =129 < x=43

Gié tri nay cua X thoa man diéu kién cua an. Vay:

S6 hoc sinh 16p 8A 1a 43; sb hoc sinh 16p 8B 14 43 - 6 = 37;
Sb hoc sinh 16p 8C 14 43 - 3 = 40.

Vi du 8. Nguoi ta dy dinh td chirc mot hoi nghi gém 300 dai biéu, s6 chd ngéi duoc Xép thanh cac hang co
s6 ghé mdi hang bang nhau. Do hdi nghi ¢6 thém 23 dai biéu nén phai sip xép lai, mdi hang thém 4 ghe,
nhung lai b6t di 3 hang. Tinh s hang va s6 ghé mdi hang theo dy dinh xép ban dau.

*  Tim cdch gidi: Bai toan c6 ba dai luong: Tong s6 chd ngdi (sb ghé); sé hang ghé va sb ghé mdi hang.

Quan h¢ cua chung la
Téng sb chd ngdi (s6 ghé) = sé hang ghé x s6 ghé mdi hang.
S6 hang ghé = Téng sb chd ngdi (s6 ghé): s ghé mdi hang.
S6 ghé mdi hang = Tdng s6 chd ngdi (s6 ghé): s6 hang ghé.
Di biét s dai biéu (tirc 1a s ghé can sap xép), ta chon mot trong hai dai lugng s6 hang ghé va sé ghé mdi
hang 1am 4n va dua vao quan hé giira ba dai luong lic dau va sau nay dé 1ap phuong trinh.
Giai

Goi s6 hang ghé du dinh xép ban dau 1a x (x € N,x >3), thi s ddy ghé sau khi xép lai la x—3

S6 ghé mdi hang ban dau 1a 300 (chiéc) 6
X
S6 ghé mdi hang sau khi xép lai 1a M(chiéc)
Theo bai ra ta c6 phuong trinh: 300 +4= 300 +323 (1)
X X —

Giai phuong trinh: (1) = 300x —900 +4x”> —12x —323x =0

& 4x* —35x—900=0 < (x—20)(x+45)=0



x=20
s
4

x—20=0
~ ~
4x+45=0 |x=

Ta théy x = 20 thoa man diéu kién cua én, vay:
S6 hang ghé ban dau 13 20; s6 ghé mdi hang ban dau 1a 300: 20 = 15.
Vi du 9. Biét 445g ddng c6 thé tich 50cm?; 175g k&m c6 thé tich 25cm®. Mot hop kim dong va kém ning
1,4kg c6 thé tich 181 cm®. Tinh khdi lvong dong va kém trong hop kim.
*  Tim cdch gidi: Bai toan c6 ndi dung Vat 1y. C6 ba dai lugng: Khéi luong (m); khdi lugng riéng (D)
va thé tich (V). Khéi lugng riéng 12 khéi lugng cia mot don vi thé tich. Quan hé giira ba dai luong 1a:
D=m:V;m=D.V; V=m:D
Bai toan yéu cau tim khéi luong dong, khéi lwong kém co6 trong hop kim. Khéi luong hop kim 14 tong
khéi luong dong va kém. Thé tich hop kim 13 tong thé tich cua khdi dong va kém. Ta chon mét trong hai
khéi lugng dong hodc k&m 1am an.
Giai
Khéi luong riéng cia dong 1a: 445: 50 = 8,9 (g/cm’);
Khéi luong riéng ctia kém la: 175: 25 =7 (g/em’); 1,4kg = 1400g.
Goi khdi luong dong trong hop kim 14 x g (x < 1400) thi khéi luong kém trong hop kim 1a (1400 — x) g

Thé tich cua dong 1a % (cm®); Thé tich cta kém 1a @(cmﬁ;

9

Theo bai ra ta c6 phuong trinh: %—kmo# =181 (1)

Giai phuong trinh: (1) < 7x+12460 —8,9x =11276,3.
& —1,9x=—1183,7 < x = 623
— Gi4 tri nay cua x théa méan diéu kién cua an.
Vay khéi luong dong 1a 623 g va kém 1a 1400 - 623 = 777 (g).
Vi du 10. Khdi 8 mot trudng THCS c6 sb 16p nhiéu hon 2, t6 chire trong cay:

Ly 1 .

L6p thir nhat trong 5 cay va 3 sO cay con lai.
r ’ . A <K A \ 1 A A \ .
Lép thir hai trong tiép 10 cay va 3 sO cay con lai.

o | .
Lop thtr ba trong tiép 15 cay va 3 sO cay con lai.

Cu trong nhu vay dén 16p cuoi cung thi vira hét s6 cay va so cay moi 16p trong dugc 1a bang nhau. Tinh



sO cay ma khoi 8 trong va so 16p 8 cta khoi tham gia trong cay.

Tim cdch gidai. Day 1a mot bai toan hay va kho. Cach phan bd cay trong:

Lopthir nhét trong 5 cay va % sO cay con lai. Lop tht hai trong tiép 5.2 cay va %céy con lai. Lop tht ba

A <K \ 1 A A \ A A \ . 1z A <\ 3 <\ A A A \ o A A A
trong tiép 5.3 va — s cdy va sO cay con lai... Ta luu y 16p cudi cung thi vira hét so6 cdy va dac biét s cay

mdi 16p trong duoc 14 bang nhau. Vi vay ta chon 4n x 13 toan bo s6 ciy ma khdi 8 trong va chi can tim s6 cay
16p thir nhat trong, s6 cay 16p thir hai trong 1& c¢6 phuong trinh.

Giai
Goi tong s6 cdy khoi 8 trong 1a: x cy; (x € N*)

S6 cay 10p thir nhat trong 1a: 5 +%(x—5) = §x+ 4 (cay)

S6 cay con lai sau khi 16p thtr nhat trong : x — [%x + 4] = %x —4 (cay)

Lop thi hai trong 1a: 0413 a_10|= 2,438
505 25

Do s6 cdy mdi 10p trong bang nhau nén ta c6 phuong trinh:

lx+4:ix+ﬁ (1)
5 25 5

Giai phuong trinh (1) < 25 = ? & x=80

Gia tri nay thoa mén diéu kién cta an. Vay so cay khéi 8 trong 13 80 cay.

Madi 16p trong: %.80 +4 =20 (cay)

= S6 16p 8 tham gia trong cay: 80: 20 = 4 (16p)
*  Nhan xét: Ta con cach gidi khac don gian hon:
Goi s 16p 8 tham gia trong cay la y (v € N;y > 2). Do 16p cudi cﬁ%g trong hét s6 cay nén 16p cudi cing
trong dugc Sy + 0 (cdy). Do s6 cdy mdi 16p trong nhu nhau nén mdi 16p déu trong Sy cay va y 16p trong
tat ca cdy.
2

S cay 16p thir nhit trdng 13 5+ Sys__5 4

Ta c6 phuong trinh y* 4+4 =5y < y* =5y +4=0



s(y-4)(ry-1)=0<
Trong hai gia tri co y = 4 thoa méan diéu kién cta an. Vay s6 16p 8 tham gia trong cdy 13 4 va s6 cay khdi 8
trong 14 5. 4%= 80 (cdy).

C. Bai tap van dung
Dang todn chuyén dpng déu
19.1. Luac 7 gio sang mot nguoi di xe may khoi hanh tir A dé dén B. Lic 7 gio' 10 phut mét 6 t6 khoi
hanh tir A véi van tdc 16n hon vén tdc ctia xe may 1a 10km/h. Trén duong 6 t6 phai dimg & gitra duong 14
phat nhung vain dén B ciing lac v6i xe may. Tinh van toc ciia mdi xe biét ring ciing trén quing duong AB

mot xe taxi di véi van tdc 60km/h hét 1 gio 20 phut.
Huéng din giai — dap sb

Xe taxi di 1 gio 20 phut (bang g gi®) voi van tdc 60km/h. Ta tinh dugc quing duong AB. Xe 6 t6 khoi
hanh sau 10 phit, nghi giira duong 14 phat cing dén B mot lic voi xe may. Nhu vay xe may di cham hon 6
to 10+14 =24 (phut) = % gi0. So sanh thoi gian cua 6 t6 va xe may di ta 1ap dugc phuong trinh. Ta co
cach giai:

N . s 4
Quang duong AB dai la 60.5 =80 (km)
Goi van toc xe may 1a x km/h (x > 0), thi van toc 6 t6 1a (x + 10) km/h.

Thoi gian xe may di hét quang duong AB la 80 (h); thoi gian 6 t6 di trén quang
X

duong AB (khong tinh thoi gian nghi) 1a 80 (h).
x+10
Ta c6 phuong trinh: 80__80 = 2 Giai phuong trinh dugc x = 40.
x x+10 5

Vian tdc xe may 1a 40 km/h va 6 t6 1a 50km/h
19.2. Lic 7 gio sang mot 6 t6 va mdt xe may cung khoi hanh tir A déB. O t6 di 1 gio 30 phut duoc 75km.

Van tdc xe may kém van tdc 6 t6 12 10 km/h. O 6 di dén B nghi 6 phut sau d6 quay tré lai A va gip xe may
& dia diém C cach B mot khoang bang % AB. Tinh doan duong AB va thoi diém hai xe gip nhau.
Hwéng din giai — dap sé

Thoi gian xe may di trén doan duong AC bang thoi gian 6 to di hét doan duong AB cong vdi thoi gian

nghi va thoi gian di trén doan BC. Tir d6 ¢6 cach giai sau: Van toc xe 6 to 1a 75: 1,5 = 50 (km/h); Vén toc



xe may 1a 40 km/h; 6 phut = % gi0. Goi do dai quang duong AB la x km (x > 0) thi d dai doan AC 1a

ix (km). Ta c6 phuong trinh: i+L+i:9—x
10 50 10 500 400

Giai phuong trinh dugc x = 200 thoa man diéu kién cta an.

Tra 101: Quang duong AB dai 200km;

Thoi diém gip nhau 1a 7 +% =7+4,5=11,5 (gio) =11 gio 30 phut.
19.3. Tir bén A trén mot dong song, luc 8 gid mot chiée thuyén xudi dong véi van téc 10km/h. Lic 9 gid
mot ca nd xudi dong véi van tde 25 km/h. Luc 10 gid mot tau thiy xudi dong véi van tbe 30km/h. Hoi lac

mAy gid thi tau thity cach déu ca nd va thuyén?

Huwéng dan giai — dap )
Lic tau thuy cach déu ca nd va thuyén 1 thi d6 dai doan song tau thuy di duogc trir di do dai doan song
thuyén di dugc bang voi do dai song ca nd di duoc trir di d6 dai doan song ma tau thiry di dwoc. Tir d6 c6
cach giai sau:
Goi thoi gian tau thiy di tir A dén khi cach déu ca nd va thuyén 1a x gid (x > 0).

Dén 10 gio khi tau thiy khoi hanh thuyén di di dugc 20km va ca nd di di dugc 25km.

Ta c6 phuong trinh: 30x — (20 4 10x) = (25 +25x) — 30x
9 a9 N ,
Giai dugc x = 3 thoa man dicu kién cua an. ( 3 gio =1 gio 48 phut)
Tra 1oi: Lac 11 gid 48 phit thi tau thuy cach déu ca nd va thuyén

19.4.
Quiéng dudong AE gdm bdn doan, hai doan dudng bang AB va DE. Néu di tir A thi BC 1a doan 1én dbc, CD

la doan xuéng dbc. Biét AB=2DE:BC = %DE;DE =2CD . Van tdc 6 to di trén duong béng la 40km/h, 1én

dbc 1a 30km/h va xudng dbc 13 60km/h. Thoi gian di tir A d&én E 10i trd vé& A 1a 7 gio 45 phut. Tinh quing
duong AE.
Huéng din giai — dap sb

Néu tir E tr¢ vé thi DC 1a doan 1én ddc, CB 1a doan xudng dbc. Van tdc 1én dbc ciing 1a 30km/h va xudng



ddc ciing 1a 60km/h. Tong thoi gian ca di 1an vé 1a 7 gio 45 phut. Tir d6 ¢6 cach giai:
Goi quang duong DE dai x km (x > 0) thi doan duong AB la 2x km; doan duong CB dai la %x km; doan
CD =0,5x.
. 31 . .
Thoi gian ca di va ve 1a 7 gio 45 phut = vy gi0. Ta c6 phuong trinh:

3x 3 x 3x x 3r 3l

40 240 120 40 60 480 4
Giai phuong trinh tim dwgc x = 40 thoa man diéu kién cua an
Twr d6 tim dugc quang duong AE dai 155km.
19.5. Mot ca nd xudi mot dong song tir A dén B hét 3 gio. Sau d6 ca nd quay tré lai nguoc tir B dén bén C
nam cach A mot khoang bang EAB hét 2 gio 24 phut. Tinh do dai cua doan song tir A dén B biét rang mot
khém beo troi trén doan song d6 12 phat duge 400m.
Huéng din giai — dap sb

Van tdc béo troi 1a van tde dong nude. Néu tinh duge van tdc riéng cua ca nd ta tinh dugc do dai quang song
A A A ’ [ < A A 2 ~ A A I3 , ’ e
AB, nén ta chon an mot cach gian tiép. Ca né nguoc 3 quang song AB hét 2 gio 24 phut, ta tinh duogc thoi

gian ca nd ngugc hét quing séng BA. Quing song AB ciing chinh 14 BA, ta dwa vao d6 dé 1ap phuong trinh
va c6 cach giai sau:
Van tdc béo trdi chinh 13 van toc dong nude. Ta co 12 phit = 0,2 gid; 400 m = 0,4km. Vay van tdc dong

nudée 13 0,4: 0,2 = 2(km/h). Goi van tbc riéng ctia ca nd 1a x km/h ( x > 2). Van tdc cia ca nd khi xubi 1a

(x+2) km/h va khi ngugc 14 (x —2) km/h.

Ca n6 nguogc % quing song AB hét 2 gio 24 phit = 2,4 gio vy néu cung van tc nguoc ca nd di hét quing
song AB hét (2,4: 2). 3 = 3,6 (gid).

Theo bai ra ta c6 phuong trinh: 3 (x + 2) =3,6 (x — 2)

Giai phuong trinh dugc x = 22 thoa man diéu kién cia an.

Vay quang song AB dai 1a 3.(22 + 2) =72 (km).
* Chii y: Cach khac: Ta biét v.—v =2v  nén goi quing song AB dai x km thi van téc ca nd xudi la %

(km/h), van tdc ca nd nguoc 1a %x : % = f—g ta c6 phuong trinh %—f—; =4. Giai dugc x = 72..



19.6. Mot 6 t6 di trén % doan duong MN véi van tdc 60km/h. %doan duong MN con lai di véi van tde

40km/h. Tinh van tc trung binh ciia 6 t6 trén ca doan duong.

Hwéng din giai — dap sé
Vin tdc trung binh cta 6 t6 trén ca doan dudng bang d6 dai doan duong chia cho thoi gian 6 t6 di hét doan
duong. Thoi gian 6 t6 di hét doan duong bang tong thoi gian 6 t6 di timg phan doan duong. Ta co cach giai

sau:
Ta dat % doan duong MN 1a a thi doan dudng con lai 1a 2a.

Poan dudng MN 1a 3a. Goi vén tdc trung binh cua 6 t6 trén ca doan dudng 1a x km/h (40 < x < 60) thi thoi

gian 6 t6 di hét doan duong 1a 3a (gi0)
X
Thoi gian 6 t6 di % doan duong MN du 1 % (gid).

Thoi gian 6 t6 di doan dudng con lai la 421_8 (gio).

, . a 2a 3a 1 1 3
Ta ¢6 phuong trinh: —+ —=— —+—=—
60 40 «x 60 20 «x

Giai phuong trinh ta tim dugc x = 45 thoa man diéu kién cta an.
Viy vén tdc trung binh ctia 6 t6 trén ca doan dudng 1a 45 km/h
Dang todn nding suit lao dong.
19.7. Ba to san xuit dugc giao 1am mot s6 san pham, s6 san pham cua t6 II duge giao gip doi to 1, sb san
pham ciia t6 III dugc giao gip doi t6 II. Do cai tién k¥ thut nén t6 I san xuat vuot mic 30% ké hoach, t6 11
san xuat vuot muc 20% ké hoach, t6 III san xuét vuot mic 10% ké hoach. Do d6 s san phém vuot mure ké
hoach ctia ca ba t6 1a 220 san pham. Tinh sb san pham mdi t6 dugc giao theo ké hoach.
Huwéng din giai — dap sb

Ta c6: S6 san phém vuot muie = S& % vuot mire x sd san phém theo E(é' hoach.

Tir d6: Goi s6 san phdm duogc giao cua t6 I1a x san phdm (x > 0) thi s6 san pham duoc giao cua to II 1a 2x

san pham, cua to I1I 13 4x san pham.

— S4 san pham vuot muc cua to 113 30%. x, cta to 11 1a 20%. 2x, cta to 11 1a 10%. 4x. Theo bai ra ta
c6 phuong trinh: 30%x + 40% x + 40% x = 220
Giai phuong trinh dugc x = 200 thoa man diéu kién cta an.
Vay: S6 san pham duoc giao:

T4 I: 200 san pham; T4 II: 400 san pham; T6 I1I: 800 san pham.



19.8. Mot xi nghiép co khi dugc giao san xuat 500 may bom nudc trong mot thoi gian nhét dinh. Do cai tién
k¥ thuat ting ning suat lao dong, mdi ngay xi nghiép san xuit thém 5 may bom nén chang nhing xi nghiép
hoan thanh cong viéc sém hon 1 ngdy ma con san xuit thém dugc 70 may bom nira. Hoi s6 may bom du
dinh san xuét trong mot ngay va s ngay du dinh theo ké hoach ban dau.
Hwéng din giai — dap s6
S6 may bom san xuit = S6 may bom san xuat 1 ngay x S6 ngdy san xuét.

Tir d6: Goi s6 may bom du dinh san xuét trong 1 ngay 13 x chiéc (x eEN *) thi s6 ngay du dinh lam 1a

ﬂ(chiéc), s6 may bom thyc lam duoc 14 500 + 70 = 570 (chiéc). S may bom thuc san xuét trong 1
X

570 500 570
ngay). Ta c6 phuong trinh: — = +1
x+5 (ngay) P S X x+5

ngay 1a x + 5 (chiéc), sé ngay thuc lam 1a

x=25

Giai phuong trinh: x* +75x—2500 =0 < (x—25)(x +100) 100
x=—

Ta c6 x =25 thoa man diéu kién cua an.

Viy S6 may bom duy dinh san xuit trong 1 ngay 1a 25 chiéc.
S6 ngay du dinh lam 13 % =20 (ngay)

19.9. Hai d6i cong nhéan dy kién 1am mot con duong sau 20 ngay thi xong. Hai d6i lam chung trong 4 ngay
o1 doi [ chuyén sang lam viéc khac. Doi 11 tiép tuc lam 10 ngay ntra thi duogc diéu dong di lam viéc khac.
Doi 1 tro lai tiép tuc lam trong 28 ngay nita thi xong con dudng. Hoi néu lam mot minh thi mdi d6i lam
trong bao nhiéu ngay s€ xong con dudng.

Huéng din giai — dap sb
Day 14 loai toan niang suat lao dong, khdi luong cong viéc 1a 1 con duong.
Ta biét: Khéi lwong cong viéc (K) = Thoi gian hoan thanh céng viéc (t) x Nang sudt lao dong (N)
Poan dudng hai doi 1am chung 4 ngay cong doan dudng doi II lam 10 ngay tiép va doan duong doi I tro lai

1am 28 ngay chinh 1a con duong can lam. Ta c6 cach giai sau.

Hai d6i lam chung 1 ngay dugc % con duong. Goi thoi gian doi 111am mot minh xong con duong la X

ngay (x > 20). Thi 1 ngay doi II [am duoc 1 con duong; doi I lam dugc

X X

1 l] con duong.
Ta c6 phuong trinh: i—|—£+28 1.1 =1

20 x 20 x
Giai phuong trinh tim dugc x = 30 thoa man diéu kién.

Vay thoi gian 1am mdt minh xong con duong cua doi II 1a 30 ngay. Tt do tim duoc thoi gian lam mdt minh



xong con dudng cua doi I 1a 60 ngay.

19.10. Hai voi nudc néu ciing chiy vao mot cai bé can sau 4 gio bé s& day. Nhung sau khi voi thir nhit chay
mot minh 2 gio, voi thtr hai chay minh tiép theo 1 gio thi ca hai voi ciing chay va sau 2 gid 20 phit nita bé
méi day.

Hoi néu moi voi chay mot minh thi sau bao lau bé s€ day?

Hwéng din giai — dap s6

Khoi lugng cong viéc cu thé 1a 1 bé nudc (lwong nude day 1 be). Hai voi cung chay 1 gio duoc 1 bé nudec.

A . 5 A 3 I3 A A \ r 5 SR B 1 A r r e
Néu mot voi chdy mot minh sau x gid day bé thi luong nudc chay trong 1 gido la — bé. Ta c6 luong nudc voi
X

1 chay trong 2 gio + lugng nudc voi Il chdy trong 1 gio + luong nudce 2 voi cung chay trong 2 gio 20 phat =

1 (bé). Ta c6 cach giai sau:

*  Giai. 2 gio 20 phat = % gid. Mot gid hai voi cung chay dugc %bé.

. N \ e 5 A 3 A A 1x I3 A I3 e 5 A \ 1 A A
Goi thoi gian voi I chady mot minh day bé 1a x gio (x > 4), mot gio voi [ chdy mot minh dugc — bé; mot
X

. . 1 1., ;
gi0 voi II chdy mot minh dugc ——— bé;
X

Ta c6 phuong trinh z—i— L +Z.l:1
x 4 x) 34

Giai phuong trinh tim dwgc x = 6 thoa man diéu kién.

Dép sb: Thoi gian chay mot minh day bé cua voi [ 1a 6 gid, voi I11a 12 gio.
A A r r . \ e r 5 \ \ A \ e 5 5 1 A1 A 4N , N\ 5 \ A 3
19.11. Mot be nudce co hai voi nude chdy vao va mot voi chdy ra & 3 bé ké tir day.Voi I chdy vao mdt minh

sau 4 gio bé s& day. Voi III chay ra mdi gio mat % lwong nudc trong bé. Lic diu bé can, md ca ba voi thi
sau 2 gid 48 phut bé s& day. Hoi néu voi thtr hai chay vao mot minh thi sau bao 1au bé day?

Hwéng din giai — dap sé k
Voi Ill & % bé nudc (tir day) nén lac dau hai voi I va II cing chay dé day % bé nudc. Sau d6 3 voi cung
chay day % bé con lai va lugng nudc trong bé duge thém sé& bang tong lwong nudc hai voi chay vao trir di

lwong nude chay ra. Thoi gian hai voi chay ddy % bé nudc va thoi gian ba voi chay day % bé nude chinh 1a



2 gid 48 phat = % gi0. Ta c6 cach gidi sau.
Goi thoi gian voi thir hai chay vao mot minh ddy bé 1a x gid (x > 0)

. . . | . . 1,
Suy ra 1 gio voi thir hai chdy — bé. Mot gio voi I chdy mot minh duoc 7 bé.
X

. C 1 1. .
Mot gid hai voi cung chay dugc 7 +— be.
X

o r Al . : 11 1
Ba voi cung chdy moét gio luong nudc trong bé con 7 +———=

1.1
x 1206 x

Ta c6 phuong trinh : l: l-|—l +%; l_,_l
314 x) 3

Gidi phuong trinh ta s& c6: 19x” —30x —504 = 0 < (x—6)(19x +84) =0

Tim duoc x = 6 thoa mén diéu kién.
Vay thoi gian chay mot minh diy bé ciia voi 1113 6 gio.
Dang todn cé néi dung sé hoc - Todn cé

19.12.M0t s6 ¢6 hai chit s6, chir s6 hang chuc 16n hon chir s6 hangdon vi 1 3 don vi. Néu dbi chd hai chit sb
duogc s6 méi 16n hon % sb ban dau 1a 37 don vi.Tim sb di cho.
Huéng din giai — dap sb

Bai toan lién quan dén cau tao s6. SO c¢6 hai chit s6 la ab=10a+ b ; D61 chd dugc s6 ba =10b+ avéi

a,beN;0<a<9,0<b<9). Tacod cach giai:

Goi chir sd hang chuc la x (x eN3<x< 9) thi chir sb hang don vi 1a (x - 3) .

S6 da cho: x(x —3)=10x+(x—3); Di chd cdc chit sd: (x—3)x=10(x—3)+x

10x +(x—3)

Ta c6 phuong trinh 10<x —3) +x— =37

Giai phuong trinh duge x = 9 phu hop diéu kién cta an. SO can tim 13 96
19.13. Mot s6 ¢o bdn chir s6 co chit s6 hang don vi 13 6. Néu chuyén 6 1én dau duoc sb ¢ 4 chir s6 méi.
Tong cua hai s6 c¢6 4 chit s6 nay 1a 8217. Tim sb da cho.

Hwéng din giai — dap s6

Bai toan lién quan dén cau tao so6. SO ¢ bon chir s6 ma chir s6 hang don vi 1a 6 1a abc6 =10.abc+6 .

Chuyén 6 1&n du duoc s6 6abe = 6000+ abe véi a,b,c € N;0<a <9;0 < b,c <9). Tir d6 c6 cach giai: Goi

s6 ¢6 ba chir sb dang trude sb 61ax (xeN;99<x<1000) thi sé da cho 1a E:10x+6 )



Chuyén 6 1én dau duoc sé 6x = 6000 + x
Ta c6 phuong trinh 10x + 6 46000 + x = 8217
Giai phuong trinh dugc x = 201 phu hop diéu kién cia an
S6 cén tim 1a 2016.
19.14. Tong 4 s6 1a 720. Néu 14y s6 thir nhat cong 5, s6 thir hai trir 5, s thi ba nhan 5 va sb thir tu chia 5 thi
ca 4 két qua bang nhau. Tim 4 s6 do.
Huéng din giai — dap so
Goi két qua sau khi bién ddi ciia bon s6 1a x (x € R) thi: S5 thirnhat 1a x—5.
S6 thtr hai lax + 5. Sd tharbalax : 5. S thir tw la x. 5

Ta c6 phuong trinh (x—5)+(x+5>+x :54x.5=1720

Giai phuong trinh duoc x = 100 thoa man diéu kién cta an.
Vay sb thir nhat 13 95; s6 thir hai 1a 105; sb tha ba 1a 20; sb thi tu 1a 500
19.15. Bai toan c:

Mot dan em nhé dig bén song

To nhé ban nhau chuyén chia bong

Mbi nguoi nim qua thira nim qua

Moi ngudi sau qua mot ngudi khong

Hoi nguoi ban tré dang dung bude

C6 may em tho, may qua bong.

Huéng din giai — dap sb
S6 em duoc chia & cach chia thir hai it hon s6 em duoc chia & cach chia thir nhét 1a 1 em. Tir d6 c6 cach

giai:

: N A 5 \ . A ., , ’ e . X—
Goi x la s6 qua bong dem chia, s0 em dugc chia & cach thir nhat 1a

cm.

s6 em duoc chia & cach thir hai la % Ta c6 phuong trinh x?—S — % =1
k
Giai phuong trinh dugc x = 60 (qua bong) va sdtré a1l em.
Dang todn coé ni dung Hinh hoc, Ly, Hoa
19.16. Chu vi mét thira ruong hinh chir nhat 13 200m. Néu giam chiéu dai 10m va tang chiéu rong 4m thi
dién tich giam di 200m?. Tinh kich thudc cta thira rudng do.

Huéng din giai — dap sb

Vi hinh chir nhat: Chu vi = (dai + rong) x 2;



Dién tich = dai x rong. Dién tich cii - dién tich méi = 200 m2. Ta c6 cach giai:

Nira chu vi 1a 100m. Goi chiéu di thira ruong 1a x (m); (0 < x < 100) thi chiéu rong la (100—x) (m).
Chiéu dai sau khi giam 1a (x—10) (m), chiéu rong sau khi ting 1a 100 —x+4 =104 —x (m).

Ta c6 phuong trinh: x.(100— x)—(x—10).(104 — x) = 200

Giai phuong trinh dugc x = 60 thoa man diéu kién cua an.
Viy thira rudng c6 chiéu dai 1a 60m, chiéu rong 1a 40m.
19.17. Sau khi kéo dai ban kinh ciia mot duong tron thém 5cm thi dwoc mot duong tron méi. Toéng chu vi
dudng tron méi va dudng tron ban dau bang chu vi cia mot dudng tron c6 dudng kinh 90cm. Tim ban kinh
dudng tron ban dau.
Hwéng din giai — dap s6
V6i duong tron: Chu vi = Puong kinh x 7 ; Goi ban kinh dudng tron ban du 13 x cm (x > 0), thi ban kinh

sau khi kéo dai 1a (x+5) (cm). Chu vi dudng tron ban dau 1a 7.2x (m); Chu vi dudng tron sau la
7z.2(x-|—5) (m); Ta c6 phuong trinh: 7z.2x-|—7z.2<x+5>:7z.90(:>2x+2<x+5):90

Giai phuong trinh tim duoc x = 20 thoa man diéu kién cta an.
Viy ban kinh dudng tron ban dau 13 20 cm.
19.18. Hoa mot khdi luong dung dich NaCl loai I co néng d6 30% véi mot khoi luong dung dich NaCl loai
IT c6 ndng d6 25% duge mot 1000g hdn hop dung dich NaCI c6 ndng d6 27%. Tinh khdi lwong dung dich
NaCl mbi loai.

Hwéng din giai — dap s6

Nong d6 phan traim (C%) cua mot dung dich 13 so gam chét tan chira trong 100 gam dung dich

m
C% =—".100%

mdd

Khéi lwong NaCl trong dung dich loai 1 + Khéi lwong NaCl trong dung dich loai IT = Khéi luong NaCl trong
1000 gam dung dich ndng d6 27%. Ta c6 cach giai: Goi khdi lugng dung dich NaCl loai I 1a x gam (0 < x <
1000) thi Goi khéi lwong dung dich NaCl logi IT1a (1000 —x) (gam). )

Ta c6 phuong trinh: 30%x +25% (1000 — x) = 27%.1000

Giai phuong trinh tim dwgc x = 400 thoa man diéu kién cta an.
Vay khdi lugng dung dich NaCl loai I 1a 400g; loai II 1a 600g.
19.19. Pha 10kg nudc nong & nhiét d6 90°C véi 5kg nude & 24°C . Tim nhiét do cudi cung cia nude (bo

qua su mét nhiét)

Huéng din giai — dap sb



Bai toan lién quan dén viéc tim nhiét lwong toa ra, thu vao cua nude theo cong thie O, = C.m(t2 — tl) va
0, =C.m(t,—t,)v6i C 1a nhiét dung riéng cta nude, m la khdi luong cia nude. Nhiét luong toa ra cla
10kg nudc ¢ 90°C béng nhiét lugng thu vao cia 5kg nude & 24°C . Ta c6 cach giai: Goi t (d0 C) la nhiét do
cui ciing ciia nudce sau khi pha (24 <t < 90). Nhiét lugng tda ra cia 10kg nuée & 90°C 1a C.10(90—¢) (J)
va nhiét luong thu vao cua 5kg nude & 24°Cla C.5(r—24) ()

Ta ¢6 phuong trinh C.10(90—¢) = C.5(t—24) < 10(90—¢)=5(r —24)

Giai phuong trinh duogc t = 68 thoa mén diéu kién cia an.
Vay nhiét d6 cudi ciing sau khi hoa cta nuée 1a 68°C
Dang todn téng hop, todn néng cao
19.20. 100 ga, vit, thd, cho
Vira da 290 chan
S6 vit bang s6 tho
S6 tho bang nira s6 cho.
Hoi miy vit, miy ga
Va miy ch6, miy tho?
Hwéng din giai — dap s6
Mot dai luong bai toan khong cho nhung coi nhu da biét, d6 1a ga va vit déu co
2 chan; ché va thé déu c6 4 chan.
S6 vit + s6 ga + sb tho + sb chd =290
S6 chan vit + s6 chan ga + sb chan tho + s6 chan cho = 290. Ta c¢6 cach giai:
Goi s6 vit 1a x con (0 < x < 100) thi s6 tho 13 x con, s6 ché 13 2x con, s6 ga 13 100 — 4x (con). Ta cd
phuong trinh:

2x+4x+8x+2(100—4x) =290

Giai phuong trinh dugc x = 15 thoa man diéu kién cua an.
Vay s6 vit 1a 15 con; sb ga l1a 40 con; s6 tho 1a 15 con; s6 cho 1a 30 con.
19.21. Cha hon con 30 tudi. Trudc ddy 4 nim tudi cha gip 4 tudi con. *
a) Tim tudi cha va tudi con hién nay?
b) Céch day (trude hodc sau) miy nam tudi cha gap 2,5 1an tudi con?
Hwéng din giai — dap sé
Trong bai toan tinh tudi, khi cha thém 1 tudi thi con ciing thém mot tudi nén hiéu gitra tudi cha va con
luén khong ddi. Ta cé cach giai:
a) Goi tudi con hién nay la x (tuéi; x > 0) thi tudi cha hién nay la x + 30.

Trudc day 4 nim tudi con 1a va tudi cha 1a x+30—4=x+26.



Ta c6 phuong trinh: x4 26 =4(x—4)

Giai phuong trinh duge x = 14 thoa man diéu kién cia an.
Vay tudi con hién nay 1a 14 va tudi cha 1a 44.
b) Goi y 1a tudi con lc tudi cha gip 2.5 tudi con (y > 0), do cha luén hon con 30 tudi nén tudi cha lac 4y
lay + 30.
Ta c6 phuong trinh: y + 30 = 2,5y
Giai phuong trinh tim dugc y =20 thoa man diéu kién cta an.
Vay sau ddy 20 - 14 = 6 nam nira thi tudi cha gép 2,5 1an tudi con.
*  Ghi chii: a) C6 thé chon an gian tiép 13 tudi cha (hodc con) khi tudi cha gép 4 1an tudi con. (ban doc
tu giai).
b) Néu chon z 14 s6 nam tir nay dén khi tudi cha gip 2,5 1an tudi con (z > 0 1a sau ddy z ndm, con z< 0 1a
trudc ddy z ndm). Ta c6 phuong trinh 2,5( 14 + z) =44 + z ta tim dugc z =6

19.22. Mot ngudi trong quyt, sau khi thu hoach dé lai nha 10 qua con lai dem ra cho ban. Lan thi nhit ban 6

1 X . A . « X 1 /4 . N X
qua va s sO qua quyt con lai. Lan tha hai ban ti€p 12 qua va s sO qua quyt con lai. Lan thtr ba ban tiép 18

5 \ 1 A 5 ’ \ . ’ , A A A A+ N 3 \ A A ’ A ’ X+ 17z A
qua va P s0 qua quyt con lai. Clr ban nhu vay dén lan cuoi cung thi vira hét s6 quyt va so6 quyt moi 16p trong
duogc la bang nhau. Tinh quyt ma ngudi do thu hoach, s6 quyt mdi l1an ban va so lan ban.

Huéng din giai — dap sb
Tuong ty vi du 10. Dap s6: sb quyt dem ban: 150 qua, sé 1an ban 1a 5 1an.
S6 quyt thu hoach: 160 qua
19.23. M6t tAm ton hinh chit nhat c6 chu vi bang 114cm. Nguoi ta cit bo bdn hinh vudng c6 canh 1a Secm &
bdn goc roi gap 1én thanh mot hinh hop chit nhat (khéng co ndp).Tinh céc kich thude cta tim ton di cho.
Biét rang thé tich hinh hop bang 1500cm>
(Thi hoc sinh gioi l6p 9 tinh Quang Nam, nam hoc 2008 - 2009)
Hwéng din giai — dap s6
Nira chu vi tdm ton 1a 57cm. Goi kich thugc thi nhit cua tim ton 1a X (cm);
(10 <x < 57). Thi kich thudc thtr hai la 57 —x (cm).
Sau khi gép thanh hinh hop chit nhat, ba kich thudc cua no 1a
x—10(cm); 47— x (cm); Scm.

Ta c6 phuong trinh (x—10)(47—x).5=1500 < x* —57x+770 =0
& (x—35)(x—22)=0< x=35 va x=22. Ca hai gié tri déu théa man.

Vay kich thudc ctia tam ton 1a 35cm va 22 cm.



19.24. M6t khu vuon hinh chit nhat c6 dién tich 900m? va chu vi 122m. Tim chiéu dai va chiéu rong cta khu
vuon.
(Thi hoc sinh giéi I6p 9 TP Pa Nang, nam hoc 2008 - 2009)
Hwéng din giai — dap s6
Nira chu vi 12 61m. Goi mot chiéu 1 x (m) (0 < x < 61) thi chiéu kia I 61— x (m). Ta c6 phuwong trinh

x(61—x)=900 < x* —61x+900 =0
& (x—25)(x—36)=0< x =25hodc x=36 . C4 hai gid tri déu thda man.

Vay chiéu dai va chiéu rong cua khu vuon 1a 36m va 25m.
19.25. Thang thir nhét hai t6 san xuat dugc 900 chi tiét may. Thang thir hai t6 I vuot muc 15% va to IT vuot
mirc 10% so véi thang thir nhat vi vay hai t6 da san xuat duoc 1010 chi tiét may. Hoi thang thir nhat mdi t6
san xut dugc bao nhiéu chi tiét may?

(Dé thi vao I6p 10 truong THrT Chu Van An va Ha Ngi - Amsterdam nam hoc 2008-2009).
Hwéng din giai — dap s6
Goi s6 chi tiét may thang thir nhat t6 I san xuat 1a x (chi tiét may, 0 < x < 900) thi t6 II san xudt 1a
900 — x (chi tiét may). Ta c6 phuong trinh:

115x  110(900—x)

115%x +110%(900 —x) =1010 hay T T

Giai phuong trinh tim dugc x = 400. Vay thang thir nhét t6 1 san xuét 1a 400 chi tiét may va thi t6 I san
xut 13 500 chi tiét may.
19.26. Mot may bay truc thing bay tir A dén B cach nhau 960km vé&i van toc 280 km/h. Khi bay tir A dén B
do bi gi6 can nén thoi gian bay phai nhiéu hon 1 gid so voi thoi gian bay tir B dén A (do duoc gié ddy). Tim
van toc cia gio.
(Dé thi vao 16p 10 chuyén Todn triecong THPT chuyén Quang Trung, Binh Phudéc nam hoc 2009 - 2010).

Hwéng din giai — dap s6

Goi van toc ctia gio 13 x (km/h), 0 < x < 280. Thoi gian bay tir A dén B 1a 5 9060 (h). Thoi gian bay tir B
— X
dén A 1a —20 (h). Ta c6 phuong trinh: 00 _ 960 +1 bign d6i thanh x> +1920x — 78400 =0.
280+ x 280—x 280+x

0

& (x—40)(x+1960)
Nghiém x = 40 thoa man diéu kién dau bai.
Vay vén tdc cua gio 1a 40km/h.
19.27. Hai nguoi cong nhan cling 1am mot cong viée trong 18 gid thi xong. Néu nguoi thir nhat 1am 6 gio va
ngudi thir hai 1am 12 gid thi chi hoan thanh dugc 50% cong viéc. Hoi néu 1am riéng thi méi ngudi hoan

thanh cong viéc do trong bao 1au?



(Pé thi vao 16p 10 triecong THPT chuyén PHSP Ha Néi, ndm hoc 2009 - 2010)
Huéng din giai — dap sb
Goi thoi gian 1am mot minh xong céng viée ctia nguoi thir nhat 14 x gio (x > 0) thi mot gio ngudi d6 lam

1 . n
dugc — cong viéc.
X

1 A . , \
] cong viéc. Theo bai ra ta cd phuong trinh:
X

Mot gio nguoi thd hai lam  duogc

1

L1 =—<x=36

18 «x

Ngudi thir nhat 1am mot minh trong 36 gid xong cong viéc.

1

Nguoi thir hai lam mdt minh trong 1: [%—g] =36 (gid) xong cong viéc.

19.28. M6t nhém cong nhan dit ké hoach san xuét 200 san pham. Trong 4 ngay dau ho thyc hién ding mirc
dé ra, nhitng ngay con lai ho di lam vuot mirc mdi ngay 10 san phdm nén da hoan thanh ké hoach sém 2
ngdy. Hoi theo ké hoach mdi ngdy nhom cong nhéan cin san xuét bao nhiéu san phim?

(Dé thi vao I6p 10 truong THPT chuyén DPHSP Ha Néi, ndm hoc 2011 - 2012)

Hwéng din giai — dap s6
s - A K \ 5 A \ oo \ \ A \ 2 0 \
Goi nang suat du kién 1a x (san pham/ngay) (x eEN *) .Thoi gian hoan thanh theo ké hoach la — (ngay).
X

Bén ngay dau ho 1am duoc 4x san pham. Nhitng ngdy sau ning suat 1a (x + 10) san phdm/ngay. s6 ngay

hoan thanh s san pham con lai 1a 20(1—_13)6 . Theo bai ra ta c6 phuong trinh:
X
200 2= 200~ 4x +4 Bién do6i phuong trinh thanh
X x+10

x> +30x—1000 =0 < (x—20)(x+50) =04 x=20 do xe N *.

Viy ning suat du kién 12 20 san pham/ngay.
19.29. Mot ngudi di xe dap tir A dén B cach nhau 36 km. Khi di tir B tré vé A ngudi d6 ting van toc thém
3km/h, vi vy thoi gian vé it hon thoi gian di 1a 36 phat. Tinh van toc ngudi di xe dap khi di tir A dén B.
(Dé thi tuyén sinh lop 10 THPT chuyén tinh Bdc Ninh, nam hoc 2013 - 2014)
Hwéng din giai — dap sé
36 36 36

Goi van toc ngudi di xe dap khi di tir A d&n B 1a x (km/h), x > 0. Ta c6 phuong trinh 3= 0
X X

Bién d6i thanh x* +3x—180=0
& (x—12)(x+15)=0. Nghiém x = 12 théa man diéu kién.

Viy van toc nguoi di xe dap khi di tir A dén B 1a 12 km/h.



19.30. Cho quing duong AB dai 120km. Lic 7 gio sang mot xe may di tir A d¢én B. Di duoc % quang dudng
xe bi hong phai dimg lai sira mat 10 phut rdi di tiép dén B vi van téc nho hon van toc lac dau 1a 10km/h.

A 4 . . /4 3 1
Biét xe may dén B luc 11gi¢ 40 phut trua cung ngay. Gia su van toc xe may trén 2 quang duong ban dau

Re N A A 5 r A 1 ~ \ \ s~ A A I r . 5
khong thay doi va van toc cua xe may trenZ quang dudng con lai cling khong thay doi. Hoi xe may bi hong

lac may gio?
(Dé thi tuyén sinh 16p 10 THPT chuyén PHSP Ha Néi, ndm hoc 2014 - 2015)
Huéng din giai — dap sb
Néu C 1a vi tri xe may bi hong thi AC = 90km; CB = 30km.
Goi van tc (km/h) cua xe may khi di tir A dén C 1a x, x > 10 thi vén tdc ciia xe may khi di tir C dén B 1a

30
x—10

(x—10) (km/h). Xe may di quang dudng AC hét 20 (h) va CB hét (h).
X

Thoi gian stra xe may 10 phut = %h. Thoi gian xe di hét quiang duong AB (ké ca sta xe) 1a 4 gio 40 phut

=%h. Bién ddi thanh 3x*> —110x + 600 =0

& (x—30)(3x—20)=0. Nghiém x =30 théa man diéu kién.
Thoi gian di tir A dén C 13 90:30=3(h). Thoi diém bi hong xe luc 10 gio sing cung ngay.

19.31. Mot xe tai di tir A dén B v6i van tbc 40km/h. Sau khi xe tai xuat phat mot thoi gian thi mot xe khach
cling xuat phat tir A voi van tbe 50km/h va néu khong co gi thay doi thi s& dudi kip xe tai tai B. Nhung sau
khi di dugc mot nira quang duong AB xe khach tang van toc 1én 60km/h nén dén B som hon xe tai 16 phut.
Tinh quang duong AB.

(Dé thi tuyén vao 16p 10 chuyén DHSP TP Hé Chi Minh, ndm hoc 2015-2016)

Hwéng din giai — dap sé

Goi quing duong AB dai 1a x km, x > 0. Thoi gian xe tai di hét quing &J:(‘mg AB la 4—); (h). Thot gian du
kién ctia xe khach tir A dén B 1a % (h). Thoi gian xuat phat sau ciia xe khach so véi xe tai la %0—% . Thoi

gian xe khach thyc t& i 14 ~. 2+ L X (4); 16 phit= = h,
2750 15

2 60
Ta c6 phuong trinh X r X —|—i 4+l 22 e x=160 théaman didu kién. Vay quang duong
40 100 120 15 |40 50

AB dai 160 km.






Chuong

Chuyén dé 20. PHUONG TRINH NGHIEM NGUYEN

A. Kién thirc cin nhé

1. Phuong trinh nghiém nguyén 1a phuong trinh c6 nhiéu an s, tit ca cac hé s cua phuong trinh déu 1a s6
nguyén. Cac nghiém can tim ciing 1a s6 nguyén. (Phuong trinh nghiém nguyén con goi l1a phuong trinh
Diophantus - mang tén nha toan hoc ¢c6 Hy Lap vao thé ky thir II).

2. Phuong trinh nghiém nguyén khong c6 cong thirc giai tong quat, chi cé cach giai cuia mot sé dang. Trong
chuyén dé nay duoc gidi thi€u qua mot s6 vi du va bai tap cu thé.

3. Cach giai phuong trinh nghiém nguyén rat da dang, doi hoi hoc sinh phan tich, du doan, d6i chiéu va tu
duy sang tao, 16gic dé tim nghiém.

B. Mt s6 vi du

1. Dang phwong trinh bac nhét 2 4n ax+ by =c¢ (a,b,c € Z ; a, b khong ddng thoi bang 0).

Ta c6 dinh 1y sau: Diéu kién can va du dé phuong trinh ax+by=c (a,b,c € Z;a,b#0) c6 nghiém nguyén

14 wéc s6 chung 16n nhat ctia a va b 1a wéc cta c. (tic 1a (a, b)| c).

Vi du 1: Tim nghiém nguyén cua cac phuong trinh:
a) x-3y=5.(1); b) 2x-5y=20. (2);
c) Ix—7y=24.(3); d) 20x—-11y=—49. (4).
* Tim cdch gidi: Cau a) hé s6 cta an x 13 1, ta ¢ thé tinh ngay an x theo y. Khi d6 y ldy cac gia tri nguyén
thi chic chin x nguyén. Cau b); ¢) vé gi tri tuyét ddi thi hé sb cia x nho hon hé s cua y. Do d6 ta tinh x
theo y. Ta tach phan nguyén, dit phan phan s6 bang 4n sé méi va dua vé phuong trinh méi c6 cac hé sé nho
hon hé sé cta phuong trinh ban dau. Tiép tuc cach giai nhu trén cho dén khi c6 mot 4n sd c6 hé sb bang 1 va
duoc tinh theo 4n s6 kia c6 hé sb nguyén. Sau d6 tinh x, y theo an sé méi cudi cling bang cach tinh nguogc tir
dudi 1én.
d) Vé gid tri tuyét ddi thi hé s6 cua y nho hon hé s6 cta x. Do d6 ta tinh y theo x. Tiép tuc 1am nhu b).

Gidi
a) T (1)tacd: x=5+3y.Néu y=re Z thi xe Z.
x=5+3t (

- teZ)

Viy phuong trinh (1) ¢6 nghiém nguyén tong quat 1a {

(Muén tim cac nghiém nguyén bang s6 cu thé thi ta chi viéc cho t cac gia tri nguyén cu thé:

Thiduvéit=2thi (x=11;y=2);voit=-3thi(x=-9;y=-3),...)

b) Tir (2) ta ¢6 2x=5y+20<:>x=10+2y+§

Dé xe Zthi ye Zva %eZ.Dod()dét §=t(teZ) tasgco y=21 va x=10+2.(21)+1=10+51



. =10+ 5t
Vay phuong trinh (2) c6 nghi¢m nguyén tong quat la {x 5 (t A )
y=2

c¢) Cach 1: Tuong tu b)
Céch 2: Nhan xét: UCLN(3;24) =3 nén dat y =3t(1e Z)
Tacod 3x-7y=243x-2lt=24 = x-7t=8x=8+7t

. =8+7t
Do do6 phuong trinh (3) c6 nghiém tong quat la {x 3 (t eZ )

y=st
d) 20x—11y=—49@11y=20x+49@y=20x]—7”9
Tach phan nguyén ta co: y=x+4+ ox+I
Dé yeZthi xe Zva 9x+5eZ.Dét gxljjzt(teZ)
Ta cé 9x+5=]]t<:>x=”t_5=t+2t9_5.Dét 2t9_5:u,(ueZ)
Taco 2t-5=9us 1= gy 202 py 2y (e 2)
Tacou+l=2veou=2v-1
Tathdy ve Z;ueZ viteZ .Tudd xe Zva ye Z.
Tinh nguoc tr dudi 1én ta duoc t:4(2v—])+2+v=9v—2 .
x=t+u=(9v-2)+(2v-1)=1Iv-3
y=x+4+1=(11v=3)+4+(9v—2)=20v-1 .
, =1lv-3
Vay nghiém nguyén tong quat cua phuong trinh la * Y (v A )
y=20v-1

Chii y: Qua bdn thi duy trén ta c6 thé rat ra phuong phap giai sau:

Budc 1. Tinh an c6 gié tri tuyét doi cua h¢ s6 nhoé hon theo an kia.

Budc 2. Ta tach phan nguyén, dat phan phan s6 bang an s6 mdéi va dua vé phuong trinh mai c6 cac hé s6 nho

hon h¢ s6 cua phuong trinh ban dau. Tiép tuc cach gidi nhu trén cho dén khi c6 mot an so c6 hé s6 bang 1 va

dugc tinh theo an s kia co hé s6 nguyén. (Viéc tach phan nguyén can linh hoat sao cho gia tri tuyét dbi cua

h¢ sO cua an trong phan phan s6 nhd nhat)

Budc 3. Sau do tinh x, y theo an s6 méi cuoi cung bang cach tinh nguoc tur dudi 1€n.

(Néu mot trong hai hé sb va hé $6 tw do c6 USCLN =k > 1; ke Z thitacod thé dat mot an bﬁng 4n moi

kt (t eZ ) - (xem vi du lc) dé rat ngan cac budc giai phuong trinh.)



Vi du 2. Tim nghiém nguyén duong cua cac phuong trinh:
a) 7x+3y=65 .(1); b) Sx+4y=12 .(2); c) 3Ix—-8y=13 . (3).
* Tim cach giai: Trudc hét ta im nghiém nguyén tong quat ciia cac phuong trinh. Sau dé dua vao biéu thuc
nghiém, 1y luan, giai tim ra gia tri nguyén ctia an s6 moi cudi cing dé x >0 va y > 0.
Gidi
65—-7x

a)(1)<>3y=65-7x hay y= 3

Tach phan nguyén y:21—2x+2%x . Dbat 2%x:t,(teZ)

Tacod x=2-3t va y=21-2(2-3t)+1=17+7t

: =2-3t
Do d6 phuong trinh (1) c6 nghiém nguyén tong quat la * ,(t eZ )
y=17+7t
. 2-3t>0
Pé x>0 vi y>0 ta phai ¢ 70 o 17 2
17+7t>0 7 3

Tudo cot=0;-1; - 2 ta cd cac nghiém nguyén duong ctia phuong trinh (1) la:

x=2 . x=95 ) x=8

y=17"|y=10"|y=3

b) Do UCLN(4; 12) = 4. Do d6 ta dat x=4t,(t€ Z)
Tacd 20i+4y=12< 5t+y=3< y=3-5t

x =4t

y=3—5t’(tEZ)

Do d6 phuong trinh (3) ¢6 nghiém nguyén téng quét 1a {

. . 4t >0 o
bé x>0 vay>0 taphaico {3 5150 S 0<t <§ khong c6 gia tri nguyén nao cua t thdoa man.
—Jt>

Vay phuong trinh (2) khong c6 nghi¢ém nguyén duong.

c¢) Ta co: 3x—8y:]3<:>3x:8y+[3<:>x:8y+]3

3
I-y
3

Tach phan nguyén duoc x:3y+4+]_?y . bat =t,(teZ)

Taco y=1-3t va x=3(1-31)+4+1=7-8t.

x:7—8t’(

y=1-3t EZ)

Nghiém nguyén tong quat ctia phuong trinh 1a {
7—=8t>0

Pé x >0 va y> 0 ta phai c6:
1-3t>0



Vi 7—8t>0<:>t<§ va 1—3t>0<:>t<§

Két hop duoc t<§(*). Lan lugt cho t 14y cac gid tri nguyén 0; - 1; - 2; - 3... théa mén (*) ta tim duoc cac

gia tri twong Umg clia x va y 1a nghiém cua phuong trinh (3). Vay phuong trinh (3) ¢6 vo sd nghiém nguyén
duong.

2. Dagng phwong trinh bdc nhat nhiéu dn ax,+ax,+..+ax =c (a;a,;..;a;cC€Z;

a;a,;..;a khong dong thoi bang 0).

15

Ta c6 dinh ly sau: Diéu kién can va du dé phuwong trinh ax,+a,x,+..+ax =c(a,a,;..;a;,ceZ;
n""n 1 2 n

a;a,;..;a #0) c6 nghiém nguyén la wéc sO chung 16n nhat cua ai; az;...; an 1a wdc cua c. (Tuc la

c).

(Cll, a,,..., Cln)

Vi du 3. Giai phuong trinh trén tap sb nguyén:
I9x+13y+5z=6 . (1)

Gidi
(1)<:>x+5(y+z)+8(x+y)=6
bat u=y+z;, v=x+y khido (1)<:>x+5u+8v=6
Sx=6-5u—-8v;, y=v—-x=v-6+5u+8v=5u+9v—-6

Vaz=u-y=u-5u—-9v+6=6—-4u—9v

x=6-35u—-8v
Vay nghiém tong quat cua (1) 1a 1y :—6+5u+9v,(ueZ;veZ)
7z=6—4u-9v

3. Dang phwong trinh bdc cao mét én

Vi du 4. Tim nghiém nguyén cta cac phuong trinh:

a) 2x7+x-21=0.(1); b) x’—5x=2(x-3). Q2);

o) x'+2x°—x"=8x=12 .(3).

* Tim cach giai: Ta chuyén vé dua vé dang A(x) = () sau do phan tich A (x) thanh nhan tu.
Gidi

) 2x° +x-21=02x" —6x+7x-21=02x(x=3)+7(x=3)=0= (x=3)(2x+7)=0

2x+7=0 x=-3,5(loai)
= =
x—3=0 x=3

Nghiém nguyén ctua (1) lax =3



b) X’ —Sx=2(x-3) = x’'-7x+6=0
o X’ (x—1)+x(x—1)—6(x—])=0
@(xz+x—6)(x—]):0<:>(x+3)(x—2)(x—1)=0

x+3=0 x=-3
S|lx-2=0|x=2
x—1=0 x=1

Tap nghiém nguyén cta (2)1a S = {—3; ];2}

o) x +2x7 —x"=8x=12

& x' =47+ 26" =8x+ 357 = 12=0 & (x=2) (x+2) (¥ + 2x+3) =0

Do x’ +2x+3= (x + 1)2 + 2 > 0, Vx nén nghiém nguyén cua phuong trinh (3) 1a x =+£2 .

Vi du 5. Tim nghiém nguyén ctia phuong trinh:

X +4x+4 X +4x+5 7
a + =

(1)

X +4x+5 X +4x+6 6
b) (x+3)3 +(x+4)3 +(x+5)3 :(x+6)3 . (2
* Tim cach giai: a) Ta thdy tir vd mau cac phan thic déu co x’ +4x giéng nhau, ta dat an phu dé giai. Hon
nita x” +4x+5=(x+2) +1 va x’ +4x+6=(x+2) +2 déu duong v6i moi x nén PKXD la x e R .
b) Dung khai trién (a+b)3 =a’ +3a’b+3ab’ +b’
Gidi
Dit x* +4x+5= y(e Z) ta dugc phuong trinh

y=1 oy 7 =Ny’ 7

y y+l 6 y(y+1) 6
:6(y2—]+y2):7(y2+y)
&5y =7y-6=0<(5y+3)(y-2)=0

Ta tim dugc yz—% (loai)va y=2€e 7.

x=-1

R 2 _ 2 — =
Vay 2’ +4x+5=2e x’ +4x+3=0e (x+1)(x+3) 09L=—3

Nghiém nguyén ctia phuong trinh [ax =-1vax=-3.

b) Taco (x+3) =x’ +9x° +27x+27;



(x+4) =x" +12x +48x+64
(x+5) =2+ 15 +75x+125; (x+6) =x" +18x° +108x+216

Dodd (x+3) +(x+4) +(x+5) =(x+6) = 22" +18x° +42x=0
, , 9Y 3
S 2x(x"+9x+21)=0x=0do x"+9x+21= x+3 +Z>0,‘v’x

Nghiém nguyén ctia phuong trinh 1a x = 0.
4. Dang phwong trinh bdc cao nhiéu in
Vi du 6. a) Tim nghiém nguyén duong ctia phuong trinh 5 (x + y) =Xy ;
b) Tim nghiém nguyén cua phuong trinh 2 (x +y+ 9) =3xy.
* Tim cdch gigi: Céc bai thudc dang nay thuong dung phuong phap phan tich, tirc 1a bién d6i mot vé thanh
mot tich, con vé kia 1a mot s6. Viét sb thanh tich cac thira s6 va cho tuong Uing véi céac thira sb cua tich kia ta
s& tim dugc cac gia tri nguyén ciia an.
Gidi
a) Taco 5(x+y)=xy e xy—5x—5y+25=25
e x(y-5)-5(y-5)=25(x-5)(y-5)=25
Vix;y>0=>x-5>-5vay-5>-5nén 25=55=125=25.1

Giai cc cdp ta tim dugc cac nghiém nguyén duong sau:
x=5=5 [x=10 [x-5=1 x=6 [x-5=25 [x=30

{y—5=5Q{y=10;{y—5=25©{y=30;{y—5=1 Q{y=6

b) 2(x+y+9)=3xy < 3xy—2x-2y-18=0

S 9xy—6x—6y=>54 = 9xy—6x—6y+4=54+4

© 3x(3y-2)-2(3y-2)=58<(3x-2)(3y-2)=58

Ta biét 58 = 1.58 = 58.1=2.29=29.2=(~1).(-58) =(-58).(—1) =(-2).(-29) = (-29).(-2)

Do d6 gidi timg cp ta c6 nghiém nguyén cua phuong trinh trén 1a: (x;y)=(1;20);(20;1);(0;-9); (- 9:0)

Vi du 7. Tim nghiém nguyén dwong ciia cac phuong trinh:

a) 2(x+y+z)+9=3xyz.(1)

b) 2(t+x+y+z)+7=3txyz.(2)



* Tim cach gidi: a) Ta cd 2x+2y+2z+9 = 3xyz . Pay la phuong trinh ma vai trd cac an nhu nhau, ta ding
phuong phép cuc han. Ta gid sir /< x <y <z va chia hai vé ciia phuong trinh vira lap cho xyz rdi lap luan so
sanh dé tim nghiém.
b) Tuong tu dung phuong phap cuc han.

Gidi
a) Do vai tro clia X, y, z nhu nhau nén khéng mat tong quét ta gia st /<x<y<z.

Chia hai vé ctia (1) cho sé duong xyz ta c¢6 i+i+i+i:3.
yZ Xz Xy Xyz

Do /I<x<y<zmnén x’ <xy<xz<yz<xyz

Do dé ta co: 3:i+i+i+i£]—§:>x2 <S5=x=1;2
yZ Xz Xy Xy X

Vo6ix =1: Thay x =1 vao (1) ta co:
2y+2z+11=3yz (1 a) < 3yz—2y—2z=11< 9yz—6y—62=33

©3y(32-2)-2(32-2)=37 < (3y-2)(32-2)=37=137
3y-2=1 =1 ,

= Y = y . Ta c6 nghiém (x,y,z):(];];]3)
3z-2=37 z=13

Véix =2: Thay x =2 vao (1) ta c6:

4+2y+27+9=6yz6yz—2y—27=1336yz—12y—-127=78

©6y(62-2)-2(62-2)=82<(6y-2)(62-2)=82=182=241

6y-2=1 6y-2=2 _, o
{ Y 2‘1[ Y deu khong c6 gia tri nguyén duong

62-2=82  |67-2=41
Vay: Do vai tro cla x, y, z nhu nhau nén phuong trinh c¢6 3 nghiém nguyén duong la (x, y,z) = (1; 1;13 ) va
céc hoén vi ciand 1a (1;13;1); (13;1:1).
Chii y: Khi giai phuong trinh 2y +2z+11=3yz ta giai bang phuong phap phén tich. Ta co thé tiép tuc giai

bang phuong phép cuc han ciing duoc:

Do I<y<znéntux 2y+2z+11=3yz33=£+£+££1—5:>3y£]5

.y yz Yy
= y=1;2;3;4;5. Lan luot thay vao phuong trinh (2) ta nhan duogc khi y =1 thi z= 13 con voi y=2; 3; 4; 5
ta khong tim duoc sé nguyén duong z.

b) 2(t+x+y+z)+7:3txyz. (2)

Do vai trd ciia X, y, z, t nhu nhau nén khong mét tong quat ta gid sir /<r<x<y<z



Tl‘l’ (2) :)3:i+i+i+i+igl_f
xXyz xzt xyt yzt xyit ot

—Sr<5=r=1.

Vit =1 thi 2(x+y+z)+9 =3xyz . Pay chinh la phuong trinh trong céu a). Ta tim dugc nghiém la

(x.3.2)=(L:1:13).

Vay nghi¢ém nguyén duong ctuia phuong trinh (2) 1a
(tx,3.2)=(1:1:1;13);(1:1:13;: 1) (1:13:1:0); (13, 1 1)

Vi du 8. a)Tim nghiém nguyén ctia phuong trinh x° —700 = y(6x — 13y)
b) Tim nghi¢m nguyén duong ctia phuong trinh:

1421430+ +x!=y

* Tim loi gidi: Ta dung phuong phap loai trir dé giai cac bai toan dang nay.

Cau a) bién doi phuong trinh duge (x—3y)’ =2%(25-y?).

Véi x,yeZ thi (x- 3y)2 1a s6 chinh phuong. Do d6 (25 - yz) > (0 va 1a s6 chinh phuong. Ly luan 4y dung

dé loai trir dan céc gia tri cia y va tim x.
Caub) tabibt x/=123....x
Gidi
a) x’ =100 =y(6x—13y) < x* —6xy+ 9y’ =100— 4y’
& (x-3y) =22(25-")20=|y|<5va 25-y7 la s chinh phrong.
+Voiy=0thi x== 10
+Voéiy==1thi 25—y’ = 24 khong chinh phuong.
+ Véiy==+2thi 25—y’ = 21 khong chinh phuong.
+Véiy=+3thi 25—y’ =25-9=16 1a s6 chinh phuong,
Khi dy (x—3y) =416 =64=8" . Do d6 x - 3y = 8 hodic x - 3y = -8.

Voiy=-3thix=-17 hoac x = -1
Véiy=3thix=17hodcx = 1.

+ Tuong tu voi y =+ 4 ta co:
Véiy=-4thix=-6hodacx=-18
V6iy =4 thi x =18 hoac x = 6.

+ Tuong tu véi y ==+ 5 ta co:

Voiy=-5thix=-15; Véiy=5thix = 15.



Vay nghiém nguyén cua phuong trinh trén la:
(x,)=(10;0);(=10;0);(=17;-3);(~1;-3);(17: 3):(1; 3):(—6:—4);
(—18;—4);(18:4):(6:4):(—15;-5);(15;5)
b) VGi x> 5 thi x/:10
nén y’> =1/+2/+3/+4/+5/+...+x!=33+5/+...+x! cb tan cing 1a 3, ma khong c6 sé chinh phuong nao
c6 tan cung la 3. Vay x <5.
Voix=1thi I/=y"=y=1.
Voix=2thi [/+2!=y’ = 3=y khong co gia tri nguyén duong ctia y.
Véix=3thi [/4+21+3/=y"=9=y"=y=3.
Véix=4thi 1/+2/+3/+4!=y" = 33=y" cling khdng c6 c6 gia tri nguyén duong ctia y théa man.
Vay nghiém cia phuong trinh 1a (x,y) = (1; 1); (3; 3) .
Vi du 9. Tim nghiém nguyén ctia phuong trinh x° —5y* -257° =0 .
*Tim cdch gidi: Ta st dung tinh chat chia hét va phuong phap xudng thang dé giai.
Gidi
Gia stir (x{) SYys z()) la nghiém nguyén cia phuong trinh tuc 1a
x, =5y, =25z"=0 (2), khi d6 x,75 . Pat x,=5x, . Thay vao phuong trinh (2) ta duoc
125x] =5y, =25z =0 hayla 25x -y’ -5z =0 (3).
Chimg t6 y, 5. Pat y, =35y,. Thay vao (3) ta lai c6 5x,’ —25y, =z, =0 (4)

Chimg t0 z,:5. Dat z, = 5z,. Thay vao (4) talai co x, -5y, - 25z =0 (5)

Nhu vay (xl N z]) = [%%%’j cling 1a nghiém cia phuong trinh

X0 . Yo ‘Z—OJEZ,VkEZ-DOdé x():y():Zo:O

Ctr tiép tuc mii ta co [? e

Vay phuong trinh (1) ¢6 nghiém nguyén duy nhét 1a (0; 0; 0)

Vi du 10. Tim sb E v6i a £ 0 théa man E+ ach =ccc .

* Tim cdch gidi: Ta st dung cdu tao sb va tinh chét chia hét dé giai.
Gidi

abe +ach =ccc < 100a+10b+c+100a+10c+b=111 ¢

& 200a+11b=100c <> 100(c—2a)=11b: 100

Mablachitsd, be N;0<bhb<9 nénb=0.Khidoc=2a



Nhuvaya=1;2;3;4vac=2;4;6;8.

Ta c6 céc sb sau thoa mén 102; 204; 306; 408
C. Bai tap van dung

Dang phwong trinh hic nhit 2 én: ax+by=c

1.1. Tim nghiém nguyén cta cac phuong trinh:

a) Sx—y=15; b) Sx+12y=33;
c)l4x—-9y=21; d) 29x+15y=20.
Hwéng din giai — dap s6
A A o2 \ oz JX=1
a/ H¢ so cia an y la -1. Bap s6 teZ
y=8t-15
b/ V& gia tri tuyét ddi thi hé s6 cua x nho hon hé s ciia y. Do d6 ta tinh x theo y. Sau d6 tach phan nguyén.
. =12u+9
bép so: * . UezZ
y=5u+1

¢/ Ta co: (14;21) =7 nén y:7 .Pit y=7r ta co phuong trinh 2x—9¢r =3 . Tiép tuc lam nhu cau b) ta tim
duoc X =9u=3 uez

y=14u—-7
d) Cach 1: Phuong trinh d3 cho (viét tit 1a PT):

_20-29x 15-30x+5+x S+x

29x+15y=20<y I-2x+
15 15

Stx :u,(ueZ)tacé x=15u-5
5

Dit

. =15u-5
Nghiém nguyén tong quat cua PT la * !
y=11-29%
Céach2: Taco (15;20)=5 nén x5
bat x =5t ta c6 phuong trinh 29t + 3y =4

. =15u-35
Ti€p tuc lam nhu b) ta tim duoc o " JueZ
y=11-29u

1.2. Chimg minh rang néu udc chung 16n nhat cua a va b khong chia hét ¢ (tirc 1a ¢ / (a, b)) thi phuong trinh
ax+by = c(a; b # 0) khong c6 nghiém nguyén.

Hwéng din giai — dap sé

Ta ching minh bang phan chimg:



Gia stt phuong trinh ax+by =c (a;b#0) c6 nghiém nguyén Ia (x,,y,) tic1a ax,+by, =c. Goi (a;b)=d

thi a=dm; b=dn (m,neZ).

Ta c6: dmx, +dny, =c = mx, +ny, :2

Do ¢/ dnén geZ: mx, +ny, ¢ Z didunay vo 1y Vi m;n; x,;y, € Z

= dpcm.

1.3. Tim nghiém nguyén duong ctia cac phuong trinh:

a) 4x+5y=19 ; b) 3(x+y+1)=4(12-y);

c 2?)6—%):%; d)(5—x)(5+x):y(2x+y).

Huéng din giai — dap sb

x=5t+1

a/ Nghiém nguyén tong quat 1a
y=3-4t

;te Z . Nghiém nguyén duong la (x;y) = (1;3)

b/ Bién doi phuong trinh thanh 3x+7y =45 . Do (3;45)=3 nén y. 3

x:]5—7t(

_— teZ)

Phuong trinh c6 nghiém nguyén téng quat 1a {

Pé x >0 vay>0 ta phai c6 0<t<175 Vay t = 1; 2. Phuong trinh ¢6 2 nghiém nguyén duong la
(x:y)=(8:3):(1:6)
¢) Bién d6i phwong trinh thanh 8x -9y = 30

: =9t+6
Nghiém téng quat1a 4" steZvat=0;,1;2;3; ...
y=8t+2

Phuong trinh ¢6 vo s6 nghiém nguyén duong (x;y) = (6;2);(15;]0);(24;18);...
d) Bién d6i phuong trinh thanh x” + 2xy+y’ =25 < (x + y)z =5’
hay |x + y| =5.
Dox>0vay>0nén x+y=2J5 vaphuong trinh c6 4 nghiém (x;y) = (1;4);(2;3);(3;2);(4;1).
Dang phwong trinh bac nhét nhiéu 4n ax, +a,x,+.+ax, =b
1.4. Giai phuong trinh trén tip s6 nguyén: —4x+3y+8z=29
Hwéng din giai — dap s6

Taco: — 4x+3y+8z=9 < x+8(y+z)-5(x+y)=9



bat u=y+z,v=x+y

x=9-8u+5v

Nghiém nguyén tong quét ciia phuong trinh 1a { y = -9+ 8u— 4v(u eZ;ve Z)
72=9-7u+4v

Dang phwong trinh béc cao 1 4n

1.5. Tim nghiém nguyén cta cac phuong trinh:

a) 3x’ —I14x=5 ; b) x(2x2+9x+7)=6;

¢) x' +2x° —19x* +8x+60=0 ;
d) (x4 —13x" +36)(x” + 2x) = 65x° = 5x" ~ 180 .
Huéng din giai — dap sb
Ta chuyén vé dua vé dang A(x)=0 sau d6 phan tich A(x) thanh nhan ti bing tach va thém bét céc hang
tir.
a) 3x’ —14x=5 3 +x—15x-5=0< (x—-5)(3x+1)=0
Nghiém nguyén ciia phwong trinh 14 x = 5
b) x(2x2 +9x+7):6<:> 25+ 9 +7x-6=0
& (x+3)(x+2)(2x-1)=0
Tap nghiém 1a S ={-3;-2]
¢) x*+2x" = 19x" +8x+60 =0 < (x—2)(x+2)(x+3)(x-5)=0
Tap nghiém S ={-3;-2;2; 5]
d) (x4 —13x7 +36)(x2 +2x) =65x" —5x"—180
& (x' 1357 +36)(x" + 2x+5) =0 = (¥ —4)(x" = 9) (" + 2x+5) =0
& (x=2)(x+2)(x+3)(x=3)(x" +2x+5)=0
Do x*+2x+5=(x+ 17)2 +4>0,Vxnén nghiém nguvén cua phuong trinh phuong trinh 1a x =+2; x =+3

1.6. Tim nghiém nguyén ctia phuong trinh:

2 1 11
(x+1)(x+3) (x+2)2 12
(x+2)2 +(x+2)2+1 ]

2 ZE



c) (x+])3 +(x+2)3 +(x+3)3 :(x+5)3 —(x+4)3.
Hwéng din giai — dap s6

a) DKXD: x#—-1; x#-2; x#-3

Phuong trinh bién di thanh ——— L _ L
X +4x+3 x +4x+4 12
5p 2 . p s 1 1 1
bat x° +4x+ 3 =y phuong trinh tr¢ thanh ————=— suyra
y y+1 12

Y Ay—12=0=(y-3)(y+4)=0
* x2+4x+3—3=0<:>x(x+4)=0<:>x=()hoéc x=4

2 2 ~  n A .
* x +4x+3+4:0<:>(x+2) + 3 =0v0 nghiém vi vé trai >0Vx
Vay phuong trinh c¢6 2 nghiém 1a 0 va — 4.
b) Cac méiu déu duong nén PKXD 1a x € R . Bién doi phuong trinh thanh

x2+4x+4+x2+4x+5_i
X Adx+5 X +4dx+6 2

Pt x’+4x+5=y taco 2242 =L quyra 3y’ ~y-2=0(y-1)(3y+2)=0
y y+1 2

Tur day tim dugc nghiém cua phuong trinh 1a x =-2

¢) Ap dung hing ding thic (a+b) =a’ +3a’b+ 3ab’ + b’

Taco (x+1) +(x+2) +(x+3) +(x+4) ~(x+5) =0 32" +15x° +15x =25

Vé trai chia hét cho 3; vé phai khong chia hét cho 3. Phuong trinh khéng ¢6 nghiém nguyén.
Chii y: Cu c) ¢6 thé ddt x+3=y(e Z) Phuong trinh tr¢ thanh

(y=2)"+(y=1) +y +(y+1) —(y+2) =0 rat gon thanh 3y’ ~ 12y’ +6y =16

Dang phwong trinh bic cao nhiéu én

1.7. a) Tim nghiém nguyén cua phuong trinh 6 (x + y) =xy+33;
b) Tim nghiém tu nhién cta phuong trinh 3 (x + y) =2xy.

Hwéng din giai — dap sé

a) 6(x+y)=xy+33(x—6)(y—6)=3
Vi 3=13=31=(-1)(-3)=(-3)(-1)

Giai cac cdp ta tim dugc cac nghiém nguyén sau: (x;y) = (7;9);(9;7);(5;3);(3;5).



b) 3(x+y)=2xy < 4xy—6x-6y=0<(2x-3)(2y-3)=9
Tabiét 9=19=9.1=(-1)(- 9)=(-9)(- 1)=33=(-3)(-3

)
Gidi tirng cap ta c6 nghiém tu nhién cua phuong trinh trén la: (x, y) ( ) (6 2) (3 3 ) (0 0)
1.8. a) Tim ba s6 nguyén duong sao cho tong bang tich;
b) Tim nghiém nguyén duong cua phuong trinh: 5 (x +y+2z+ t) +4=06xyzt .
Huéng din giai — dap sb
a) Goi ba sd nguyén duong 13 x; y; z. Theo dau bai x+y+z=xyz . Do vai trd X, y, z nhu nhau nén gia sir

I1<x<y<z. Ch1a2vecuaphu0ngtrmhch0 xyz ta cod ]—i+i+i<i hayx <3=>x=1

yz oz oxy x°
Thay x = 1 vao phuong trinh ta c6 l+y+z:yz<:>yz—y—z:]@(y—l)(z—])zZz].Z Tur d6 tim dugc
y=2;z=3

Nghiém nguyén duong ctia phuong trinh 1a: (x;y;2)=(1;2;3):(1:3;2):(2:3;1):(2:1;3):(3: 2:1):(3: 1 2)
b) Gia st x>y>z>r>1, chia 2 vé cia phuong trinh cho xyzt ta co

6=i+i+i+i+is@:>t3£4:>t=1
xyz xzt  xyt yzt xyzt t

Thay t = 1 vao phuong trinh ta c6 5(x+y+z)+9 =6xyz

Ta cling co 6:i+i+i+i<2—jz>z <4=z7=1;2
yZ Xz Xy Xyz 2

+V6iz=1thi 5(x+y)+14=6xy < 6xy—5x—5v=14
© 36xy—30x—-30y+25=109 < (6x-5)(6y—5)=109.1

6x—5=109 x=19
& <
6x—-5=1 y=1

+ Véi z = 2 giai tuong tu, khong ¢6 nghiém nguyén duong.
Vay nghiém nguyén duong cua phuong trinh la (x; v, 2y t) = (] 9:1;1;1 ) va cac hoan vi
(£:1;1;19);(1:1;19:1);(1:19;1;:1)
1.9. a) Tim nghiém nguyén cuia phuong trinh x’ (y2 —~ 3) -2y’ (x —~ 1) +6x=7;
b) Tim nghiém nguyén duwong ctia phuong trinh: xy’ +2xy—27y+x=0 .
Huéng din giai — dap sb

a) PT < x° (y2 —3)—2))2x+2y2 +6x=7



o (v =3)-2x(y =3)+2(y' -3) =1 o (¥ = 3)(x* - 2x+2) =1

Do x,yeZ nén y’ -3 Z;x’=2x+2e Z Vi thé

=2
y2—3=] y =4 {y_ 5
Wo2x+221 (x=1) =0 Y=
x=1
P-3=-1 y =2 .
va ¥ = P (khong c6 nghiém nguyén)
X=2x+2=-1 |(x-1) +2=0

Vay nghiém nguyén ctia phuong trinh la (x;y) (] 2) (1 2)
b) xy° +2)cy—27y+x:0c>x(y2 +2y+l):27y

27y

+1) =27 =
<:>x(y ) y=> X (y+1)2

Ta biét hai s nguyén duong y va y + 1 nguyén t6 cing nhau nén y/ (er])2 vi thé
27:(y+1) = (y+1) =1 hoic (y+1) =9
Twr d6 tim dugc nghiém cua phuong trinh la (x; y) = (6 ; 2)

1.10. Tim nghi¢m nguyén cua cac phuong trinh
a)x”+5y’ +1=2y(2x-1) ;
b) X’ +2y° +2xy+2x-2y+5=0 ;
c) 2x°+2y° +7° —6x+9=2y(x+z) ;
d) X’ +3y° +47 +2xy—4yz—12y+36=0 .
Huéng din giai — dap sb
Chaynéu A+ B’ +C?=0thi A=0;B=0 va C=0
a) Bién dbi PT thanh (x—2y)" +(y+1) =0 . Nghiém (x;y)=(-2;~1)
b) Bién dbi PT thanh (x+y+1) +(y—2) =0 . Nghiém (x;y)=(-3;2)
¢) Bién déi PT thanh (x—y) +(y-z) +(x~3) =0 . Nghiém (x;y:2)=(3;3:3)
d) Bién dbi PT thanh (x+y) +(y—2z) +(y—6) =0 . Nghiém (x;y;z)=(~6;6;3)
1.11. Tim nghiém nguyén cta phuong trinh x + x° + x° = (y —])(yz +y+ ])

Hwéng din giai — dap s6



Bién d6i vé dang [+ x+x’ +x° =y’ . Ta xét cac trudng hop:
)x=0thiy=1 2)x=-1thiy=0
3yx=1thi yg Z

Vi x>0 (14x) =143x+3° +x° > T4+ +x" =y’ > o

Vay (1+x)’ >y’ >x’ hay I+ x> y>x diéu nay khong thé xay ra ddi v6i sd nguyén duong
5)Voi x<—1.DPat t=—1—x thi t>0 va x=—1—-t. Thay vao phuong trinh ta c6
l+(—]—t)+(t2 +2t+1)—(t3 +31° +3t+1):y3

Hay—(t3+2t2 +2t):y3 = y<0hay #’ +2t2+2t=(—y)3

Dit —y=ztacd £ +2+2t=2 voi >0

Taco (z+1)3 =P 430 43+ 1>+ 20 +2t=7" >

Hay (t+])3 > > =t+1>z>1 didunay vo ly

Vay phuong trinh chi ¢6 2 nghiém (x; y) = (0; 1 ); (—]; 0)

1.12. Tim nghiém nguyén cua phuong trinh (x + I)(x+2)(x+8)(x+9) =y’ .

Hwéng din giai — dap sé

*Voiy=0thi x=—1;-2;-8-9

*Véi y#0 tacod (x2+10x+9)(x2+10x+]6)=y2

Pat x* +10x+9=z€Z do xeZ.Tacd z(z+7)=y" hay 7’ +7z=y’

Néu z>9 thi 2 +62+9<2+7z=y" <7 +8z+16

Hay (z+3) <22 +7z=y" <(z+4) vo1§. Vay z<9

X +10x+9<9 < x(x+10)<0 < —-10<x<0 . Lan lugt thay céc gid trj clia x ta c6 nghiém:
(x:y)=(~1:0);(=2:0);(=8;0):(=9;0);(=5;=12);(=5:12); (~10;=12);(~10;12)

1.13. Tim nghiém nguyén ctia phuong trinh x’ =2y’ -4z’ =0.
Hwéng din giai — dap s6
Ta sir dung tinh chét chia hét va phuong phap xudng thang dé giai.

Gia st (x,; y,7 z,) 1a nghiém nguyén cia phuong trinh tirc 1a x; —2y; —4z) =0 (2) khi d6 x2 . Dt

x,=2x, ta lai co 4x]3—y;—2z03:0; bat y, =2y, ta lai co 2x]3—4y]3—zg=0; bat z,=2z, ta lai co



x! =2y 47 =0; nhuvay (xl;yl; Z/) = (%,y?",%"] cling 13 nghiém cua phuong trinh . Cir tiép tuc mai ta
X Z ,
0o (j,'ﬁ—i,'z—i]eZ,VkeZdo d6 x,=y,=z2,=0

Vay phuong trinh (1) ¢6 nghiém nguyén duy nhét 1a (0; 0, 0)
1.14. Tim sb c6 hai chit s6 ma s6 ay 12 boi cta tich hai chit sé do.
Huéng din gidi — dap sb
Goi $6 6 hai chit sb d6 1a x_y(x,y eN;0<x,y< 9)
Ta co E:]0x+y =kxy(k eN*):y :x(ky—IO)."x do d6 y=mx
= mx = x(kmx—]O):> m=kmx—-10= IOzm(kx—l):> m=1;2;5
Voim=1thi kx=1l=>x=y=1
Véim=2thi kx=6=x=1;2;3 tuong ng v61 y=2,;4;6
Véim=5thi kx=3=x=1 tuonglngcod y=35
Sé cAn tim 14 xy = 11;12;24;36;15
1.15. Tim tit ca cc hinh chir nhat v6i do dai cac canh 1a s6 nguyén duong c6 thé cat thanh 11 hinh vudng
bang nhau sao cho mdi canh hinh vuéng 13 mét sé nguyén duong khong 16n hon 3.
Huéng din gidi — dap sb

Goi chiéu dai, chiéu rong hinh chitr nhat lan luot 1a x va y. Canh hinh vuong can citra la z.
Tacod x;y;,z€eZ" x>2y;z<y va z<3
Tacd xy=11z" (1).Ti (1) = x hodc y chia hét cho 11. Vai trd ciia x va y trong phuong trinh nhu nhau nén
tagiasu x. /7 thcla x=11d
= I1dy=117> = dy = 7°. Ta xét cic truong hop c6 thé cia z:
Véiz=1chicotht d=1;y=1=x=1I
Véiz=2chicothb d=1;y=4=>x=11

d=2;y=2=x=22

d=4;y=1=>x=44
Véiz=3chicoth d=1;y=9=x=11

d=3;y=3=>x=33

d=9;y=1=x=99
Trong 7 nghi€ém cua phuong trinh vira tim chi ¢6 3 nghiém thdéa man bai toan do6 la

(x:y)=(11:1);(22:2):(33:3)



1.16. a) Tim nghiém nguyén duong cuia phuong trinh AR . ;
3z 3x 3y

b) Tim ba s6 nguyén duong sao cho tong cac nghich dao ciia chung bang % .

Hwéng din giai — dap sé

a) Vai tr0 x; y; z nhu nhau. Tagidsut x>y>z>1

Véi x,y >0 thi (x—y)220<:>x2+y2 zzxyc>£+122
y X

Dodo 1=y (X X152 2y
3z 3\x y) 3 3

Vay (x;y:2)=(11;1)

b) Goi ba s6 nguyén duong can tim 13 x; y; z. Ta c6 i+i i:£
x y z 12
Vai tro x; y; znhu nhau. Tagid st x>y>z>1 .Taco iZi+i+i=£:>z£ﬁ:z=2;3
z x y z 12 11

V6i z =2 thay vao va Iy luan tuong ty ta tim duoc (y=3;x=12);(y=4,x=6)
V61 z =3 ta tim dugc (y =3 x= 4)
Nghiém théa man bai toan la (x;y; z) = (12; 3;2);(6; 4;2);(4;3;3) cung céc hoan vi cia chung.
1.17. Chimg minh phuong trinh 2x° — 9y’ = 11 khong c6 nghiém nguyén.
Huéng din giai — dap sb
Gia sir phuong trinh ¢6 nghiém nguyén la (x,;y,) ta co
2x; =9y, =11=y, lethcla y, =2k +1(k e N *).
Taco 2x, =9(2k+1)’ =11=>x* —18k(k+1)=10=> x, chin tic 1a x, = 2m(me N") . Tic la
4m’ — 18k (k+1)=10=>2m’ = 9k(k+1)=5 vO 1y vi k(k+1I) 1a tich hai s nguyén lién tiép nén chin. V¢
trai chin, vé phai 1é
Do d6 phuong trinh 2x° — 9y° = 11 khong c6 nghiém nguyén.

1.18. Ching minh phuong trinh i+i+i =
x y z 2016

c6 mot s6 hitu han nghiém nguyén duong.

Hwéng din giai — dap s6



=x>2016

. o 1
Vaitro x; y; znhunhautagid st 0<x<y<z.Tacd) —<
X

Ta c6 ! :i+
2016 «x

= 2016 <x<32016

1,13
y z X
Viy ¢6 hitu han s6 nguyén duong x. Ung v6i mdi gia tri ctia x ta co:

1 1_1.1_2_  _22006x _22016x

= y< < <22016°
2016 x y z vy x—2016 1

Vay y hiru han = z hitu han. Do d6 phwong trinh ¢6 mét sb hiru han nghiém nguyén duong.
1.19. Tim nghiém nguyén ctia phuong trinh: 8x°y” + x° +y° = 10xy
(Pé thi tuyén sinh THPT khoi chuyén Todn va chuyén Tin PHOG Ha Ngi, nam 2006)
Huéng din gidi — dap sb

Taco 8x°y’ +x7 +y’ =]0)cyc:>8)cy()cy—])+(x—y)2 =0 (*)

Do (x —y)2 > () nén néu x, y 1a nghiém nguyén ctia phuong trinh thi xy(xy - ]) <0=0<xy<l
Do x, y nguyén nén chi c¢6 hai kha nang:
-Néuxy=0thit(*)taco x=y=0
-Néuxy=1thitir(*)taco x=y==+] .
Phuong trinh ¢6 3 nghiém nguyén (x;y) 1a (0;0);(1;1);(~1;-1)
1.20. Tim s6 ty nhién nho nhét biét rang khi chia sé d6 cho 2005 thi dwoc du 1a 23 con khi chia sé d6 cho
2007 thi duoc du 32.
(Dé thi vao 16p 10 chuyén DPHSP TP Hé Chi Minh, ndm hoc 2007 - 2008)
Hwéng din giai — dap sé
Goi sb tu nhién can tim 1a n. Ta c6
n=2005x+23=2007y+32=2005y+2y+32 (x;y € N)

= 2y+9=2005(x—y)= 2005k (kd%/*):wﬂzk_g
n nho nhit khi y nho nhit, y nho nhat 1a 998 khi k = 1.
Vav s6 tu nhicn nho nhat can tim 13 n = 2007.998 + 32 = 2003018
1.21. M6t doan hoc sinh di cdm trai bang 6 t6. Néu mdi 6 t6 chd 22 ngudi thi thira 1 nguoi. Néu bot di 1 6 t6
thi c6 thé phan phéi déu tt ca céc hoc sinh 1én cac 6 t6 con lai. Hoi ¢6 bao nhiéu hoc sinh di cim trai va co
bao nhiéu 6 t6? Biét ring mdi 6 t6 chi ché khong qua 30 ngudi.

(Thi hoc sinh gidi I6p 9 Thira Thién - Hué, nam hoc 2008 - 2009)

Hwéng din giai — dap sé

Goisootolucdaulax (xe N va x>2 ), sOhocsinhdicamtraiséla 22x+1 .



Theo gia thiét néu s6 xe 1a x—/ thi sb hoc sinh phan phéi déu cho tat ca cac xe.

Khi d6 mdi xe ché y hoc sinh (ye N va 30>y >0),tacod

22x+1:22+ 23

(x—l)y:22x+]<:>y: 7 7

Vi x,ye N nén x—1 phaila udc sb cia 23, 23 nguyén t6 nén:
* x—]=1<x=2 suyra y=22+23=45 (trai gia thiét)
*x—1=23<x=24 suyra y=22+1=23<30.
Vay 6 t6 14 24 va s6 hoc sinh 1a 22.24+1=1529 .
1.22. Tim cap s6 tu nhién (m; n) théa man hé thitc m’ +n’ =m+n+8 .
(Dé thi tuyén sinh vdo 16p 10 THPT chuyén Lé Quy Bén, Binh Pinh, ndm hoc 2011 - 2012)
Huwéng dan giai — dap 50

Do m,ne N nén m’ +n’ :m+n+8c>4(m2+n2):4(m+]]+8)

S (4m’ —dm+1)+(4n’ —an+1)=34 < (2m—1) +(2n-1) =37 +5° (*)

. 2m—1=3 m=2 _ |2n-1=3 n=2
T (*) = < va <
2n—-1=95 n=3 2m—1=5 m=23

C6 hai cip s6 (m;n) 1a (2;3) va (3;2)
1.23. Tim céc cip s6 nguyén (x;y) thda mdn 5x° +8y° = 20412 .
(Dé thi tuyén sinh vdo 16p 10 THPT chuyén KHTN- PHOG Ha Ngi, nam hoc 2013 - 2014)

Huéng din giai — dap sb

Nhan xét: Véi a, b 1 cac sb nguyén thoa man a’ + b3 thi a3 va b:3.

Tacod 5x° +8y° = 20412 < (6x2 +9y’ ) —(x2 +y’)=289’

Suyra x’+y’/3< x/3 va y:3.Dat x=3x,;y=3y, (xl;yl € Z)

Thay vao phuong trinh ta duge 5x,° +8y,” = 28.9°

Tuong ty ta c6 x, =3x,;y, =3y, (xz;y2 S Z) ta dugc 5x,” +8y,” =289

Twong tw ta co x, =3x,,y, :3y3(x3;y3 € Z)ta duoc 5x.” +8y,” =28
S 2 28 2 A 2 _ ~ 2 _
uy ra y, S?<2 nén y; =0 hoac y; =1
. 2 .
*V6i y; =0 thi x] =?8(loal)

*Voiy =1 thi XX =22 =x2=92%) =917 =922%y) =9 = x* =927y =9



Vay c6 4 cip s6 nguyén (x;y)théa man 1a (54;27);(54;-27); (=54 27);(—54:-27)
1.24. Tim céc cip s6 nguyén (x;y) thoa man diéu kién 6x° + 5y’ =74.
(Dé thi tuyén sinh vao I6p 10 THPT chuyén Lé Quy Pén, Binh Pinh, nam hoc 2014 - 2015)
Huéng din giai — dap sb
Tir diéu kién dd cho 6x° +5y° =74 =y chdnva x=0;y =0
Néu cip sb (x(} ; yo) la mot cip sO nguyén thoa man didu kién thi cac cdp s
(xo ; —yo);(—xo ; yo);(—xO ; —yo)cﬁng thda man diéu kién, do d6 chi can xét x >0,y >0 . Tl diéu kién suy ra
5y’ <74=y'<15=>0<y<4=y=2 (viychin) = x=3
Vay céc cap $b nguyén (x;y) thoa man diéu kién la (3;2);(3; —2);(—3;2);(—3; —2).
1.25. Tim céc s6 nguyén duong (x;y) thoa man phuong trinh (x + y)5 =120y+3 .

(Dé thi tuyén sinh vao I6p 10 chuyén trwong DPHSP TP H6 Chi Minh , nam hoc 2013 - 2014)

Hwéng din giai — dap sé
Do x;ye N * néntaco (x+y)5 =]20y+3<120(x+y):>(x+y)4 <120<4" = x+y<H4
Cingdo x;ye N*nén 2<x+y<4 ma [20y+3 1as61¢ = x+y lasd1é
Dodd x+y=3.Viviy 3’ =120y+3 < y=2=x=1
Nghiém nguyén duong ctia phuong trinh 1a (x; y) = (1;2)
1.26. Tim tat ca cac sd nguyén duong (x;y) saocho 3" -2 =1 .
(Dé thi tuyén sinh vao 16p 10 chuyén truong PHSP TP Hé Chi Minh, nam hoc 2014 - 2015)
Hwéng din giai — dap s6
Tacd 3 -2 =13 -1=2" (1)
* Néu x chén tirc 1a x =2k (ke N *) . Tir (1) ta c6 (3" +1)(3" —1)=2y
3¢

F+1=2°
Dodé{ btrongd()a,beNVéa>b
]=2
Xét 24— 2" =(3"+1)—(3" —1)=2:>2”(2“-b—1)=2 nén
207 =1 207 =2 a-b=1 a=2
= = =
L b=1 b=1 b=1

F41=2? ,
Dodé{k ]<:>2.3":6<:>3":3<:>k:1kh1dc’)x:2
F_1=2



Te(1)co 2°=3"-1=8=2"=y=3
*Néuxléticla x=2k+1(keN)
Xét 3" —1=3(3" = 1)+2=3(9" ~ 1)+ 2 chia cho 8 du 2
Vi (9" -1)/(9-1)= 2" chiacho 8 dw2 =2 =2= y =1
Tacd 3 —1=2"=>x=1
Vay tat ca cac cap sd nguyén duong (x;y) la (2;3)Vé(1;1)
1.27. Tim céc cidp sd nguyén (x,'y)théa man x’y+xy—2x" —3x+4=0 .
( Dé thi tuyén sinh vao 16p 10 THPT chuyén TP Ha Néi, nam hoc 2014 - 2015)
Hwéng din giai — dap s6
4= x(2x+3—y—xy) =>4 x=>x¢€ {—4;—2;—1;1;2;4} *)
Tu phuong trinh = xy(x+]) =2x"+3x—4 =(x+] )(2x+1)—5
= (x+1)(—xy+2x+1) =5= 5:'(x+1) =>xe {—6;—2;0;4} (**)
Tl (%) va (**) = x e {-2;4]
Véix=-2thiy=-1
Véix=4thiy=2
Vay c¢6 hai cap (x,'y)théa man la (—2;—1) va (4;2)
1.28. Tim nghiém nguyén ctia phuong trinh: 3x” -2y’ = Sxy+x—2y-7=0 .
(Dé thi vao 16p 10 chuyén truong PHSP TP Ho Chi Minh, nam hoc 2015-2016)
Hwéng din giai — dap s6
3x°=2y" =5xy +x-2y-7=03x" —6xy+xy-2y° +x-2y=7
<:>3x(x—2y)+y(x—2y)+(x—2y):7©(x—2y)(3x+y+1)=7
Taco 7=71=17=(-7).(-1)=(~1).(-7)
Do d6 ta xét truong hop sau: x—2y=7 (¥*)va 3x+y+1=1 (**)
T x—2y=7<> x=7+2y thay vao (**) ta c6 3(7+2y)+y+1=1<>21+7y=0<> y=-3 thay y=-3

vao (*)taco x+6=7<>x=1.
Tuong tu véi cac truong hop khac ta khong tim duoc x; y nguyén.

Vay nghiém nguyén ctia phuong trinh da cho la (x; y) = (1; -3 )



Chuwong IV. BAT PHUONG TRiINH BAC NHAT MQT AN
Chuyén dé 21. BAT PANG THUC
A. Kién thicc cin nhé
1. Dinh nghia
* Hé thirc dang a > b (hay a <b; a>b; a <b) goi la bat dang thic.
*a>boa-b>0,a<bsa-b<0.

2. Tinh chit

a) a>b<ob<a d) Tinh chit nhan:

b) Tinh chét béc cau: * g>b<< ac>be néu c>0
a>b;b>csa>c a>b< ac<be néu c<0
a<b,b<cea<c a>b< ac=bc néu c=0

¢) Tinh chét cong: * g<b< ac<be néuc>0
a>b=a+c>b+c a<b< ac>be néu c<0
a<b=a+c<b+c a<b< ac=bc néu c=0

e) Cong vé v6i vé cua hai bat dang thirc ciing chiéu dugc mot bt dang thirc cung chiéu.
f) Trir timg vé cua hai bat dang thirc ngugc chiéu ta dugec mot bat dang thire cung chidu véi bat dang thirc
thir nhat. (Khong duoc trir vé v6i vé clia hai bat dang thire ciing chiéu)

g) a>b>0:>a">b”(neN);
|a|>|b|:>a2” > b
a>b:a2n+l >b2n+l.

h) Véi m>n>0 néu a>1=da" >a";

n

a=1=a" =a";

O<a<l=a"<a".

i) Néu ab >0 va a>b thi 1.1
a

3. Cac phuwong phap ching minh 4> B; (A< B tuong ty):

1) Dung dinh nghia chimg minh 4 — B >0 (Xét hiéu hai vé).

2) Bién doi twong dwong: A>B <> A >B < A4,>B, & .. A4 >B,;
Néu 4, > B, dung thi 4> B dung.

3) Phdn chirng: Gia st A< B dan téi mot diéu vo 1y. Vay 4> B.

4) Chitng minh bang quy nap todn hoc:

+ Bude 1: Chimg minh bat ding thire dung v6i n = M.



+ Budce 2: Gia st bat déng thirc ding voi n=k (k > no) , ta ching minh bAt déng thirc dang voi
n=k+1.

Tur d6 két luan bat d'fmg thure ding véi moi s6 tu nhién n > n, -

(Phuong phap quy nap toan hoc thuong dwoc st dung khi trong bét ding thirc ¢6 sy tham gia ciia n voi
vai tro ctia mot s6 nguyén duong tiy ¥ hodc sé nguyén dwong ldy moi gia tri bat du tir n, nao do).
5) Phuwong phdp tong hop:

+ Str dung tinh chét va cac hang bat ding thc.

+ Str dung tinh chét bac cau (lam trdi) A>C; C>B= A>B.
4. Mot s6 hang bat ding thic
a) a*>0 Va.Dau “="xdyra < a=0;
b) |a|2a Va.Diu “="xayra < a>0;
c) Bat ddng thuc gia tri tuyét doi:

* |a +b| < |a| +|b| (Dau “="xayra < ab>0).

* |a —b| > |a|—|b| (Dau “="xayra < ab>0 va |a| > |b|).
d) Bit dang thirc tam giac: voi a; b; ¢ 1a 3 canh tam giac:

a+b>c;a-b<c

e) Bat dang thirc Cauchy (Augustin Louis Cauchy [1789 — 1857 nha todn hoc Phdp]: Vi n sb khong am
a,,a,,....a,(neN¥) ta co:

a+a,+..+a, )
2 aa,..aq,.
n

Dau“="xayra < a,=a,=...=a

n°*

* Chii y: Vai dang bat dang thic cu thé hay gip c6 thé sir dung nhu bo dé:

2
(“;bj > ab hay (a+b)’ > 4ab; a* +b* > 2ab.
f) Bét ding thire Bunyakovsky [Victor Yakovievich Bunyakovsky (1804 — 1889) nha todn hoc Nga].
Véi moi bd 7 50 (a,;a,5...5a, );(b3b,5...5b,), ta co:

(ab, +a,b, +...+ab,) < (al2 +a; +...+a,f)(bf +b; +...+bnz)

n-n

A 9 L3 A . A \ A 99 > a a an
Dau “="xay ra < Jr dé al:tbi(z:l,n).Neu b, #0 thidau “="xdyra < L =—"2=.=—"1.
b b b
2

* Chii y: Dang cu thé hay gip (a2 +b2)(x2 +y2) > (ax+by)

B. Mt s6 vi du



Vi du 1: Cho a va b 14 hai sb bat ky ching minh rang

ab<(a+b)2 < a’ +b*

2 2
* Tim cach gidi: Bai toan nay thuc chat gom hai bai toan: Chtmg minh

n [a+bj sa2+b2 0): 2 abﬁ(a;bj (2).

2 2

Tir (1) va (2) ta suy ra két qua.
Véi mdi cau 1) hodc 2) ta déu co thé dung 4 cach: Bién ddi twong duong; Xét hiéu hai vé; phan ching va
téng hop.
Gidi
Ta ching minh

2 2 2
1) [a;b} <4 erb bang ca 4 cach:

Cdch 1: Bién doi twong dwong:

a+bY a*+b? a’+2ab+b*  a*+b’
< = <
2 2 4 2

& a’+2ab+b* <2a° +2b* & —a’ +2ab—-b* <0
& —(a2 —2ab+b2)£ 0= —(a—b)2 <0 (hién nhién dung).
Dau “=" xdyra < a=b.

Cach 2: Xeét hiéu

2
<0

a+b) a’+b’ da’+2ab+b’ 24’ =20 —(a-b)
2 2 4 4

2 2 2
Vay [a;bj <4 erb .Dau“="xdyra < a=5.

Cdach 3: Phan chung

Y a+b 2 a2+b2 2 2 2 2
Gié su 5 > 5 <a +2ab+b” >2a” +2b
©-a’+2ab-b" >0 —(a’ —2ab+b*) >0 —(a-b) >0 vo ly.

2 2 2
Vay [a+b] Sa +b '

2 2
Dau “=" xdyra < a=b.
Cdch 4: Tong hop:
Tacé: (a—b) 20 —(a’ —2ab+b’) <0< —a’ +2ab—b* <0



2 2 2 2
o at+2ab+ b <2a* +2b* <2 +2Zb+b <4 erb

2 2 2
Hay (a;b] <4 ;—b (1). Ddu“="xdyra < a=b.

a+b

2
2) Chimg minh: ab < ( ) (2) < 4ab<a® +2ab+b’

& 0<a’~2ab+b* < 0<(a—b)" hién nhién dung.

.Dau“="x4dyra < a=>.

2 2 2
Tir (1) va (2) suy ra abﬁ(a+b] AL

2
* Nhdn xét: (a_;—bj >ab < (a —i—b)2 >4ab;

at+b*
2

4
R A +b
T bai toan a) ta co thé suy ra (az js

hai vé bat dang thic déu duong nén binh phwong hai vé ta co

2 2 2
That vay do (“;bj LD

4 2 2 2 2 2 2 4 4
(‘”bj g(“ +h J (1); ciing c6 bai todn a) ta lai c6 [“ +h J <o) T (1) va ) ta e

2 2 2 2
(a+bj4 < at+b* '
2 2

Vi du 2: a) Chirng minh rang (a—9)(a-8)(a—7)(a—-6)2-1Va

b) Chirng minh (a2 +b2)(x2 +y2) > (ax+by)2 Va,b va x,y.
Ap dung chiing minh (2x+3y—3z)2 < 13(x2 +y* +2° —2yz).
* Tim cdch giai: a) Hoan vi nhan tir (a—6) & vé tréi va thuc hién phép nhan (a—6)(a—9) va
(a—8)(a—7) ta thay xuat hién o’ —15a & hai két qua, ta nghi dén viéc dat an phy. Ta xét hiéu hai vé dé
chung minh.
b) Xét hiéu hai vé va bién doi.

Gidi

a) Xét hi¢u (a —9)(a - 6)(a —8)(a — 7) —(—1)
=(a* ~15a+54)(a’ —15a+56)+1
Dit @’ —15a+55=h thi biéu thirc trén bang (b—1)(b+1)+1=5" 20

Vay (a—9)(a—8)(a—7)(a—6)2—1.



b) Xét hidu (a* +5°)(x* +y* )~ (ax+by)’

= a’x* +a’y? + b5 + b2y —a’x® —2axby — by’

=a*y? —2aybx +b*x* = (ay —bx)’ 20

Vay (a’+b”)(x*+y*) 2 (ax+by)" Va,b va x,y. Diu“="xdyra < ax=by.

Ap dung: Ta viét bat dang thirc (2x+3z-3¢)" <13(x” +2° +£* - 2zt)

Duéi dang [2x+3(z—t):|2 < (22 +32)[x2 +(z2 —2zt+12)}

Hay [2x+3(z=1)] <(22+3)| ¥+ (z 1) |

Pt z—¢=y thi (2°+3%)(x*+)”) 2 (2x+3y)" diing theo bat dang thirc vira chimg minh & trén.
Vi du 3:

a) Chung minh tong cac binh phuong cta hai sé bat ky khong nhé hon hai 1an tich hai s6 do.

b) Chimg minh véi x>0 thi x +l >2 (tong mot sd duong voi nghich dao ciia né khong nho hon 2).
X

¢) Chimg minh v6i a,b,c,d 1a cac sb duong va thoa man abed =1 thi ab+cd >2 va a> +b*+c* +d* > 4.
* Tim cdch gidi: a) Luu § (a—b)" >0
b) Khir mau, chuyén vé xuét hién hiang bat dang thuc.
¢) Luuydo abed =1 nén cd = é, sir dung két qua b) dé ching minh.
Gidi
a) Goi hai s6 a va b. Hién nhién (a—b)’ >0 < a* —2ab+b*>0
& a’+b>>2ab

b) Véi x > 0; x+122®x2—2x+120<:>(x—1)2 >0 dung.
X

Dau “="xayra < x=1.

c)bat ab=x.Do a,b,c,d >0 va abcd =1 nén cd :Lb
a

:ab+cd:ab+i:x+lz2
ab X

* Ta ludn ¢6 a’ +b* >2ab va ¢* +d* >2cd
Nén o’ +b* +c* +d? 22(ab+cd)24.
Diu “="xayra <a=b=c=d =1.

Vidu 4:



a) Chimg minh a” +b* +¢* > ab+bc +ca, Ya;b;c

b) Chirng minh a’ +b° +¢* <2(ab+bc+ca) voi a;b;c 14 3 canh mot tam gidc.

* Tim cach giai:

a) Bat dang thic co o’ +b” ta nghi t6i sir dung bat dang thirc a® +b* > 2ab ...

b) Vi a, b, ¢ 12 ba canh ctia tam gidc phai str dung bat dang thirc tam giac.
Gidi

a) Tacod a’ +b*> >2ab; b* +c* >2bc; ¢* +a’ >2ac.

Cong vé véi vé ba bat dang thirc cing chiéu trén ta co

2(a2 +b° +cz)22(ab—i—bc+ca):>a2 +b*+c* >ab+bc+ca.

Dau “="xayra < a=b=c.

b) Ap dung bat dang thirc vé ba canh trong mdt tam gic:

|b—c| <a <::>(b—c)2 <a’

|c—a|<b <::>(c—a)2 <b’

|a—b|<c<::>(a—b)2 <c’

Do d6 (b—c)2 +(c—a)2 +(a—b)2 <a’+b*+c’

&b’ -2bc+c’ +c” —2ca+a’ +a’ —2ab+b* <a’ +b +c’

Sa+b+ct< 2(ab+bc+ca).

* Chii y: a) Ta con cach rat hay sir dung: bién dbi twong duong:

a’*+b’> +c* >ab+bc+ca < 2a’ +2b* +2c¢” > 2ab+2bc +2ca

& a’=2ab+b* +b* =2bc+c* +c* —2ac+c* >0

& (a—b) +(b-c)" +(c—a)’ 20 hién nhién dung.

Déu “="xdyra < a=b=c.

ViduS:

a) Chimg minh ring v6i ba sé a,b,c tuy y ta ludn co:

(a+b+c)2
~ 2 >ab+bc+ca

b) Chimg minh (3a)’ +(3b)" +(3¢)’ 23 v6i a+b+c=1.
* Tim cach giai:
a) Taco (a+b+ 0)2 =a’ +b> +c* +2ab+2ac+2bc . Do d6 co thé bién d6i twong duong bang cach nhéan hai

ve voi 3 roi xét hiéu hai ve.



b) Kho chig minh truc tiép. Ta dbi bién dé chimg minh.
Gidi

(a—i-b+c)2 2
—2ab+bc+ca<:>(a+b+c) >3ab+3bc+3ca

a)
Xét hiéu
(a+b+c)2 —3ab—3bc—-3ca=a*+b*+c* +2ab+2ac+2bc—3ab-3ac—3bc

=a*+b’ +¢? —ab—czc—l)c=%(2a2 +2b% +2¢2 —2ab—2ac—2bc)
:%(a2 —2ab+b*+b* -2bc+c* + —2ac+a2)

1 a+b+c)2

ZE[(a—b)2+(b—c)2 +(c—a)2JZO. Chimg t6 ( > ab+be+ca.
Dau “="xayra < a=b=c.
* Chii y: a) C6 thé bién doi twong duong tiép tir (a+b+c)’ 2 3ab+3bc+3ca

S at+br+cf +2(ab+ac+bc)23(ab+ac+bc)

& a’ +b* +¢* > ab+ac+be bit dang thire d3 dugce chimg minh & vi du 4.
Ta c6 thé dung cac cach khac (phan chimg, tong hop déu duoc).
b) Cach I: Pat 3a=1+3x; 3b=1+3y; 3c=1+3z.

Do a+b+c=1ma 3(a+b+c)=3+3(x+y+z).Suyra x+y+z=0.
Taco: (3a)’ +(3b)" +(3¢)” =(1+3x)" +(1+3y)" +(1+32)°
=1+6x+x2+1+6y+y2+1+6z+22=3+6(x+y+z)+(x2+y2+zz)
=3+(x2+y2+22)23 (do x+y+z=0)

Vay (3a)’ +(3b) +(3¢)” >3. Ddu “="xayra < a=b :c:%.

Cdch 2: Str dung bat dang thirc Bunyakovsky ta co:
(3°+3°+3°)(a’ +b* +¢*) 2 (3a+3b+3c)’ =9(a+b+c) =9
=27(a’ +b* +¢*)29=9a’ +9b* +9¢* 23

Hay (3a)’ +(3b)" +(3¢)’ >3. Ddu“="xdyra < a=b=c= %

Vi du 6: Chimg minh néu a > —1 thi véi moi sé nguyén duong n, ta déu co

(1 + a)" >1+na (Bdt dang thirc Becnuli)



* Tim cdch giai: Bat dang thirc ¢6 sy xuat hién ctia n voi vai tro 1a mot s nguyén duong tiry y. Ta st dung
phuong phép quy nap toan hoc dé chimg minh.
Gidi
Véi n=1tacéd (1+a)=1+a hién nhién dung.
Gid sir bai toan ding véi sé nguyén duong n =k tircla (1+ a)k >1+ka.
Nhan hai vé véi s6 duong (1+a) ta co (1+a)k+1 >(1+ka)(1+a). Taco
(1+ka)(1+a)=1+a+ka+ka’ =1+(k+1)a+ka’ 21+ (k+1)a
vay (1+a)" 21+ (k+1)a
Bai toan dung v6i moi s6 nguyén duong n = (k + 1) . Theo nguyén 1y quy nap bai toan dang voi moi sb
nguyén duong .
Vi du 7: V6i a,b,c 1a cic s6 duong chimg minh rang:

a) (a+b)(l+%JZ4; b) (a+b+c)(l+l+l)z9.

a a b c
* Tim cdch giai: Cac bat dang thirc khi bién d6i vé trai déu xuat hién cac s6 dwong nghich dao. Do d6 ta sir
dung két qua cua vi du 3b): mot s6 dwong cong véi nghich ddo cta né khong nho hon 2 khi chimg minh.
Gidi

a) (a+Db) LIS P A I SRS
a b b a b a b a

(theo vidu 3 ta co 2 va b 1a hai s6 duong nghich dao ctia nhau).
a

Dau “="xayra < a=>.

b) (a+b+c)(l+%+lj:1+£+£+2+1+2+£+£+1
a C c a c a

=3+(£+2j+[3+£)+(£+2j23+2+2+2=9
b a c a b c

Diu “="xayra <a=b=c.
* Nhén xét: Tr hai bat dang thirc trén ta c6 thé suy ra nhimg bai toan twong tu:
Cho a,b,c,d,e>0 chung minh

(a+b+c+d)[l+l+l+lj216
a b c d

(a+b+c+d+e)(1+%+l+§+lj225
a c e

Tong quat cho a;;a,;a;;...;a, >0 taco



(al+a2+a3+...+an)[i+L+i+...+ijan, (n>2;neN)
a a, a a

n

Chtrng minh:

, I 1 1 1
Taco: (a,+a,+a,+..+a,)| —+—+—+..+—
al a2 a3 an

a 4, a, | 4 a  4a, a, & a, 4a, a,, , 4,
= 2 | 2 | e | 2 | R | ey

a, q a; 4q a, 4q a, a, a, 4a, a, 4a,,
>n+2(n-1)+2(n-2)+2(n-3)+..+22+2=

n+2[1+2+...+(n—1)]:n+2><@=n+nz—n:n2

Diu“="xayra < a,=a,=a,=...=a,.
Vidu 8: Cho x;y;z>0. Ching minh rang:

X p Yz 53
y+z z+x x+y 2

* Tim cach giai: Ta thay néu cong 1 vao mdi hang tir & vé trai, sau khi quy dong mau ta thay xuat hién nhan

tir chung (x+ v+ z) . Vi thé ta bién ddi vé trai bang cach thém bdt cung sé 3 dua vé cac dang toan da ching

minh.
Gidi

Bién doi vé trai ta co:

A A :( al +1]+( 4 +1j+( z +1J—3
y+z z+x x+y y+z Z+Xx x+y

:(x+y+z+x+y+z+x+y+2]_3:(x+y+z)( 1 N 1 N 1 ]_3
y+z zZ+x X+y y+z z+x Xx+Yy

1 1 1 1 9 3
_5[(x+y)+(y+z)(z+x)](y+z+Z+x+x+yj—325—3—5

[Ap dung két qua vi du 7b vé6i (x+y)=a;(y+z)=b;(z+x)=c].
Vi du 9: Cho a,b,c >0 chimg minh ring:

a) (a+b)(b+c)(c+a)28abc

2
b) 3[L+L+L 24( 1 + ! + ! j
ab bc ca a+b b+c c+a

* Tim cach giai: Dé ¢6 (a+b)(b+c)(c+a) thir xét (a+b)2 (b+c)2 (c+a)2 vi ta ¢6 ()c+y)2 > 4xy (bat

dang thirc Cauchy).
Gidi



a) Ta co (a +b)2 > 4ab . Tuong ty (b +c)2 >4bc; (c+ a)2 > 4ca .

Do a,b,c>0 nén 2 vé ctia ca ba bat dang thirc déu duong nén ta nhan vé véi vé dugc:
(a+b) (b+c) (c+a) 264a’b’c* = [(a+b)(b+c)(c+a)] 2[8abe]

< (a+b)(b+c)(c+a)=8abe do cac biu thuc trong ngodc [ ] déu duong,

Dau “="xayra < a=b=c.

8(a+b+
ab bc ca abc 8abc

T cau a) da chimg minh (a+b)(b+c)(c+a)>8abc ta co:

1 1 1 8(a+b+c)
—_—t—t—2
ab bc ca (a+b)(b+c)(c+a)

o1 L>4(a+b)+4(b+c)+4(c+a)
ab bc ca (a+b)(b+c)(c+a)

1 1 1 S 8 N 8 N 8
C32[25+ZE+EZ]_(b+C)c+a) s a(an) @ W

L
ab” (a+b)

Miit khac (a+ b)2 > 4ab < tuong tu ta co:

2

1>4-1>4:>L+L+L>4+4+4 (2)

bc_(b+c)2’E_(c+a)2 ab  bc ca_(a+b)2 (b+c)2 (c+a)2

Cong vé voi vé cua (1) va (2) ap dung hing ding thirc ¢ vé phai:
1 1

. 1 .
x2+y24—22+2xy+2xz+2yz:(x+y+Z)2 Vo1 x = s V= s 2= ta co:
a+b b+c c+a

1 1 1 1 1 1Y
3(E+b_+_j24( +—t aj (3) (dpcm)

c ca a+b b+c c+

Dau “="xayra < a=b=c.

1 1 1
9.13 1317 +"'+(4n+1)(4n+5)

Vidu 10: Cho 4=—+ va ne N*,

1
59
, . 1

Ching minh 4<—.
20

* Tim cdch giai: Bai toan c6 sb tong quat n véi n e N*. Ta c6 thé ching minh bang quy nap toan hoc. Tuy

nhién timg hang tir ctia 4 c6 quy luat c6 thé phan tich sau d6 rut gon nén ta sir dung phuong phap téng hop.

Gidi

Nhan xét: voi ke N*



(4k+1)(4k+5) 4 T4\ dk+1 4k+5

(4k +1)(4k+5) | 4
Do do: A:l l—lJrl—LjL,_,Jr 1 - 1 :l l_ ! <L
415 9 9 13 dn+1 4n-5) 4\5 4n+5) 20

Vi du 11: Chimg minh rang VxeR:
|x+1012|+|x—1004| > 2016

1 :1{(4k+5)—(4k+1)}_1( 1 1 j

Gidi
Ap dung bét dang thirc |a +b| < |a|+|b|
|x+1012|+|x —1004| =|x+1012|+[1004 — x| > |x +1012+1004 — x| = 2016 .

Dau “="xayra < —1012 < x <1004.
C. Bai tap van dung
21.1.

a) Cho A=%+2.Chfmgminh A>2 néu ab>0 vi A<-2 néu ab<0;
a

b) Chung minh Va,b,c thi

a’+b*+c’ >(a+b+c]2_
> 3 ;

a +b

IN

3
¢) Chung minh (a;rbj Va,b>0.

Hwéng din giai — dap sé
a) Voi ab>0.Taco (a—b) >0 a* +b* >2ab
Chia hai vé cta bét ding thirc cho ab > 0ta c6
a’*+b> _2ab

2—<:>£+222.Déu“=”xéyra <a=h.
ab ab b a

Vi ab<0.Taco (a+b)’ >0 a* +b* > —2ab . Chia hai vé cua bit ding thic cho ab <0 ta co

2 2
a +b S—2ab
ab ab

<:>£+2£—2.

a
Diu “="xayra < a=-b.
b) Chimg minh: Tir (a—b) +(b—c)’ +(c—a)’ 20
:>2(a2 +b? +cz)22ab+2ac+2bc
:3(a2+b2+02)2a2+b2+02+2ab+2ac+2bc
:3(a2+b2+cz)2(a+b+c)2

Chia 2 vé ctia bat dang thic nay cho 9 ta c6 dpem.



Dau“="xdyra < a=b=c.

c) Xét higu (“erf _a+b  a’+3d’b+3ab’ +b —4a’ —4b°
. - 8

“3a>(a—b)+3b*(a—b) —3(a—b)(a’-b")

8 8

=_3(a_b)2(a+b)SO voi a,b>0
8 o

Dau “=" xdyra < a=b.
21.2. Ching minh rang:
a) a2+b2+cz+322(a+b+c), Ya,b,c;
b) &’ +b° +c*+d* 2a(b+c+d), Ya,b,c,d .
c) a’+b*+c* +d’ +é 2a(b+c+d+e), Ya,b,c,d,e
d) a*+b*+c*+d* +ab+cd >6, Va,b,c,d >0 va abed =1.
Hwéng din giai — dap s6
a) Ta ¢6 néu nhan, chuyén vé, tach 3 =1+1+1 thi xuit hién a* —2a+1=(a—1).... Do d6: ta co
a’+b*+c*+322(a+b+c)
Sa’-2a+1+b*=2b+1+c*—2c+120
& (a—1) +(b=1) +(c—1)" 20 ding.
Dau “="xdyra < a=b=c=1.
b) V& phai c6 ab+ac+ad . Néu nhan 4 vao hai vé, chuyén vé va tach 4a” =a’ +a*+a” +a” két hop véi
cac hang tir khac s& xut hién hing dang thirc.
Do d6 Nhan hai vé véi 4 ta dugc 4a” +4b” +4c” +4d” > 4ab + dac + 4ad
o (a-2b) +(a-2¢) +(a—2d) +a*>0 ding.

Dau“="xayra < a=b=c=d =0.

2 2 2 2
A . a a . L AL o \ a a 2 . e
¢) Nhan xét: ab=2.5.b; ac=2.5.c; ... do d6 ta nghi t6i viéc tach @ thanh — +—+-—+— dé ghép véi
b*,c*,d*,e*. Tacod

a+b*+c’+d*2a(b+c+d+e)

2 2 2 2
| Lcab+b |+ Lacte [+| L —ad+d? |+] L —ge+e® |20
4 4 4 4
a 2 a 2 a 2 2
@(——b} J{——cj +(——d) +(£—e) > (0 dang.
2 2 2 2

* Chii y: Cach khac: Néu nhan hai vé v6i 4 ta bién d6i twong duong thanh



(a —Zb)2 +(a —20)2 +(a —2d)2 +(a —26)2 >( dung.
d) V6i a,b,c,d >0, ap dung bit ding thirc Cauchy:
a’ +b*>2ab; ¢* +d* >2cd do do

a2+b2+02+d2+ab+cd23(ab+cd)

Do abcd=1:>ab+cd=ab+ib22.Tacé dpcm.
a

21.3.

3_b3+b3_c3 PR
ab* bc? ca’
b c

b) Cho a,b,c > 0. Ching minh a4 + >1.
a+b b+c cH+a

a) Cho a.b.c # 0. Ching minh a >0;

Huéng din giai — dap sb

a3—b3 Cl2 b r 1 AL 32 , - A 2. 1+
=———... Do d6 bat dang thtrc bién do6i thanh

a) Nhan xét

ab® b a
2 2 2 2 2 2
a_2+b_2+c_222+£+3©2(£j +2(2j +2(£j 22.é+2.£+2.g
b ¢ a a c b c a a b c

2 2
Ap dung bat dang thic x* + y* > 2xy ¢6 (gj +(éj 22.£.é=2.£.
b c b c c

Xét twong tu roi cong vé voi vé cac bat dang thirc cung chiéu ta duge dpem.
b) Vi a,b,c >0 nén a+b+c>a+b>0.Dung phuong phdp lam trdi

a a b b \ c c A A __se A A, 3l , \
= < . Tuong tu < va < . Cong ve vabi vé ba bat dang thirc cung
a+b+c a+b a+b+c b+c a+b+c c+a

chiéu ta duoc

a b c a+b+c
+ + > =1.
a+b b+c c+a a+b+c
21.4.
, . . 1 1
a) Chung minh Vx,y >0, tacod <—+—;
x+y 4x 4y

b) Tt d6 chung minh Va,b,c >0, ta co:

4 4 4 1

1 1
+ - <—+-—
2a+b+c 2b+c+a 2c+a+b a b ¢

Hwéng din giai — dap s6
a) Bién doi twong duong: Vx,y >0

1 SL+L 1 Sx+y

x+y 4x 4y x+y 4xy

= (ery)2 > 4xy



<:>x2+2xy+y224xy<:>x2—2xy+y220<:>(x—y)220dl'mg.
Dau “="xdyra < x=y.
b) Ap dung bat dang thirc vira chimg minh ta c6:

1 1 1 1 1 1 1 1
— <———=—t———<—+—+— (1)
2a+b+c 8a 4(b+c) 8a 4b+4c 8a 16b 16¢

Tu:orngtu;SLwLLJrL (2)
2b+c+a 8b 16¢ 16a

1 1 1 1
L
2c+a+b 8¢ 16a 16b

Cong vé véi vé cna ba bat dang thuc cung chiéu (1); (2); (3) ta duoc:
1 1 1 1 1 1
+ + <—+—+— hay
2a+b+c 2b+c+a 2c+a+b 4a 4b 4c

4 N 4 N 4 l l
2a+b+c 2b+c+a 2c+a+b a b

1
+_

c
Dau “="xayra < a=b=c.

21.5. Chtirng minh:

a) @’ +b’+abc>ab(a+b+c) v6i a,b,c>0;

b) @’ +b* +¢* =3abc v6i a;b;c>0;

¢) 8(a3+b3+c3)2(a+b)3+(b+c)3+(c+a)3 v6i a,b,c>0.
Huéng din giai — dap sb

a) Xét higu a* +b* +abc—ab(a+b+c)=(a+b)(a-b) 20

b) Xét higu a’ +b’ + ¢ —3abc =(a+b+c)(a* +b” +¢* —ab—ac—bc)

(a—b)2 +(b—C)2 +(c—a)2
2

=(a+b+c). >0

¢) Bién dbi thanh

4(a3 +b3)—(a+b)3 +4(b3 +c3)—(b+c)3 +4(c3 +a3)—(c+a)3 >0

Xeét 4(a +b°)~(a+b) =(a+b) 4(a” —ab+b7)~(a+b)’ |
=3(a+b)(a-b) 20.

Tuong tu véi 4(b° +¢*)—(b+c) va 4(c*+a’)—(c+a) tasuy radpem.

21.6. Cho a,b,c 1a d6 dai céc canh ciia mot tam gidc. Chimg minh

a) az(b+c—a)+bz(c+a—b)+c2 (a+b—c)£3abc;



a b c

b) + + <2.
b+c c+a a+b

Huéng din giai — dap sb
a) Vai tro a,b, ¢ nhu nhau, khong mat tong quét gia sit a >b > ¢ > 0. Bién d6i bat dang thirc di cho duoc bat
dang thirc twong duong:
a3+b3+03+3abc—a2(b+c)—b2(c+a)—cz(a+b)20
Sa+b + +3abe-atb-a*c—-be-b*a-cta-c’h>0
<:>az(a—b)+b2(b—a)+c(2ab—a2—b2)+c(02—bc+ab—ac)20
<:>(a—b)(a2—bz)—c(a—b)z+c(c—a)(c—b)20
<:>(a—b)z(a+b—c)+c(a—c)(b—c)20.

Hién nhién diang vi a >b; a+b>c; a>c; b>c>0.

, A , . o s A X \ x+k
b) Trudc hét ta ching minh vé1 x,y,k 1a cac s6 duong va —<1 thi —<

X . That vy xét hiéu
y y y+k

X _x+k _ k(x-y)
v y+k y(y+k)

<0 do y(y+k)>0 va x—y<0 (do gia thiét x< ).

Do a<b+c; b<c+a; c<a+b nén ta co:

a a+ta b b+b c c+ce
< ; < ; <
b+c b+c+a c+a c+a+b a+b a+b+c

Cong ve véi vé ba bat dang thuc cung chiéu ta dugc:

a_ b L_¢ <2(a+b+c)_2

b+c c+a a+b a+b+c

21.7.
a) Chimg minh (2x-3)(2x-6)(2x-7)(2x-10)+36 > 0. Diu “=" xdy ra khi nao?

b) M =x"""—x*" +x* —x+1>0 Vx.
Hwéng din giai — dap s6
a) Nhan xét: néu nhan (2x-3) véi (2x—10) va (2x—6) voi (2x—7) s& cung xuat hién 4x° —26x. Do d6
c6 thé dat bién phu. Bién dbi vé trai
(2x—3)(2x-6)(2x=7)(2x~10)+36 = (4x* = 26x +30)(4x* — 26x +42)+36
bit 4x’ +26x+36=y taco: (y—6)(y+6)+36=y"-36+36=)">0.
Dau “="xdyra < y=0< 4x* —26x+36=0< 2x* —13x+18=0

<:>(x—2)(2x—9):O<:>x:2;x:4,5.



b) Tacé M =x"(x*=1)+x(x’=1)+1

*V6oi x>1nén x*>1=x" ~1>0; x** >1dodo M>0 (1).

*V6i x<ltaco M =x"+x"(1-x"")+(1-x)

Do 1>x nén 1>x™ hay 1-x" >0; 1-x>0; x°>0; x* >0 nén M >0

T (1) va (2) = dpem.
21.8. Cho a,b,c >0 ching minh ring

a b c a+b b+c c+a_ 15
+ + + + + >,
b+c c+a a+b c a b 2

Huéng din giai — dap sb
Ta co:

a+b+b+c+0+a=(£+2j+(ﬁ+£j+(é+£)22+2+2=6 (1)
c a b b a c a c b

Theo chung minh ¢ vi du 8 thi:

a+b+czi (2)
a+b 2

Tir (1) va (2) suy ra dpcm. Dau

b+c c+a

[

xayrakhi a=b=c.

Céch giai khac:
Pt A= a N b N c +a+b_|_b+c+c+a!
b+c c+a a+b c a b
Ta cd 24— 2a N 2b N 2c 42 a+b+b+c+c+a
b+c c+a a+b c a b

2a 2b 2¢ 1 3\ a+b b+c c+a
= + + | =+= + +
b+c c+a a+b \2 2 c a b

2a  b+c 2b  c+a 2¢c a+b) 3(a b a ¢ b c
= + + + + + o ===
b+c 2a c+a 2b at+b 2c 2\ b b

Ap dung bai toan: voi x >0 thi x+—2>2 ta co:
X

2A22+2+2+%(2+2+2)=6+9=15:>Az%.

Dau “="xayra < a=b=c.

* Can tranh sai lam sau day khi giai bai toan nay:

A= +
b+c c+a a+b c a b

a b+c b c+a c b+c
= + + + + +
(b+c a j (c+a b j (a+b a j

a b c a+b b+c c+a
+ + + +




1 7. A A 5 . 1A 5 X A r [N <\ - 3 ,
Do x+—2>2 véi x>0 nén 4>2+2+2=6 két qua sai. Sai lam ¢ cho néu xét riéng tung cdp thi dung
X

nhung xét ddng thoi ca ba cap s6 thi ddu ding thic khong thé xay ra vi khi ay
a=b+c;b=c+a;c=a+b:a+b+c=2(a+b+c)v61}'/.

21.9. Cho x; y;z la cac sé duong. Ching minh rang:

[ 1 1 1 j 9
2 + + > .
xX+y y+z z+x X+y+x

Huéng din giai — dap sb

Biéndéithénh[(x+y)+(y+z)+(z+x)]( ! + ! + ! j29
X+y y+z z+Xx

bat x+y=a; y+z=>b; z+x=c tadugc

(a+b+c)(l+%+lj >9. (Ban doc tu lam tuong tu vi du 7).
a c

21.10.

a) Chung minh 2016+2016+2016+ 2016 1008 ;

ot ——/———<
13 35 57 2015.2017
b) Biét n!=1.23.....(n—1)n (ne N*). Chimg minh G <1 véi

1 2 3 2015
G=—+—4—+..+——;
21 31 41 2016!

, . L . % - , 5
¢) Chirng minh véi moi s6 ty nhién n>1tacod H < 2

- 1 1 1 1 1
VO1 H:—2+—2+—2+—2+...+—2.
1 3 5 7 (2l’l—l)

Huoéng din giai — dap sb
a) bat B:L+L+L+...+;
13 3.5 5. 2015.2017
111 1 1

thi 2B=1-—+———+...+ - =1- <1= dpcm
3 35 2015 2017 2017

b) Nhan xét voi k € N*; k£ >1 ta co:

k=1_ k=1 k& 1 _ 1

k! (k—l)!k (k—l)!k (k—l)!k (k—l)! k!

DodéG=1- L1 L L L 1 _, |

et — =1- <I.
2t 2t 31 2015! 2016! 2016!

¢) Ta 1am troi bang cach tir hang thir hai ctia H ta bot mdi mau s 1 don vi.



+.+t—
24 4.6 (2n —2).2n

(1 1 1 1 1 1 (1 1 5
=l+—| ———+———+..+ —— =l <=
2\2 4 4 6 2n-2 2n 2\2 2n) 4

21.11. Ching minh:

! < 12 + 12 + 12 +...+ 21 < ! .
2016 2015 +1 2015°+2 2015°+3 20157 +2015 2015

Huéng din giai — dap sb

Nhan xét: 2015 +2015= 2015(2015+1) =2015.2016

, 1 1 1
Ta co: < —< =
2015.2016 2015 +1 2015

1 - 1 - 1 :
20152016 2015*+2 2015°

1 y 1 § 1;
2015.2016 2015*+3 2015°

1 1 1
= < .
2015.2016 2015°+2015 2015°

Cong vé véi vé cac bat dang thic trén ta co:
2015 <S< 20152 hay 1 <S< 1 .
2015.2016 2015 2016 2015

S N 1 :
2015* +1 2015*+2 2015°+3 2015 +2015

Voi S =

21.12. Tim céc sd nguyén x, y,z,¢ thoa min bét dang thirc:
XY+ 4+ +13<xy+3y+22+6¢.
Hwéng din giai — dap s6
Do x,y,z,t € Z nén ta co:
XY+ 4+ +13-xy-3y-2z-6t<0
& (¥ —xp+0,25y*)+(0,75y* =3y +3)+(2* = 2z+1)+(£ =6t +9) <0

& (x-0,5y)" +3(0,59-1)" +(z-1)" +(¢=3)" <0
= (x,,2,t)=(1;2;1;3).

21.13. Chting minh rﬁng véi moi s6 tu nhién n>2



S =1+ ! + ! + ! +...+L>3—7

" n+l n+2 n+3 2n 24

Huéng din giai — dap sb
Ta ching minh bang phuong phap quy nap toan hoc:
-Vé1 n=2 thi §, =1+l+l=£>£ dung.
3 12 24
A P . L . .1 37
- Gia su bat dang thirc dung véi n=k (keN,k>2) tacla S, > EYR

Ta chimg minh bét dang thirc ding véi n=k+1,tacla S, > z—z :

1 1 1 1 37
+ + +ot—>—
k+1 k+2 k+3 2k 24

1 1 1 1
S, =1+ + + +.t
k+2 k+3 k+4 2k+2

1 1 1 1
= + - = >0
2k+1 2k+2 k+1 2(k+1)(2k+1)

That vay: S, =1+

Dodé S, —S,

Suyra S, > S, > % . Vay bt dang thic ding Vn>2.

21.14. Chimg minh ring néu |x|<2; [y|<2 thi [2(x+y)|<[4+xy].
Huéng din giai — dap sb

Do |x|<2;

y|<2 nén x* <4; )’ <4

Nghia la (4-x7)>0 va (4-y")>0.

Taco: (4-x7)(4-»")>0.

Ma (4-x7)(4-)")=16+x"y" —4(x* +7)

= (16+8xy+x7y* )= 4(x + 20y + ) = (4+ ) ~[2(x+»)] >0.
Do do: (4+xv)" >[2(x+y)] . Hay [2(x+ )| <[4+x].

21.15. Ching minh rang néu a,b,c 1a ba s6 thoa man diéu kién:

abc >0 (1)
a+b+c>0 (2)
ab+bc+ca>0 (3)

thi a,b,c 1a ba sé duong.
Hwéng din giai — dap s6

* Ta su dung phuong phéap phan ching:



Gia su trai lai, trong ba s6 a,b,c co it nhat mot sb khong duong. Do vai tro cua a,b,c nhu nhau nén khong
mat tong quat ta coi a < 0. Nhung theo (1) @ phai khac 0 vy a <0 vataco be<0.

Theo (3) ab+bc+ca=a(b+c)+bc>0 nén a(b+c)>—bc>0

Ma a<0 nén b+c<0 suyra a+b+c <0 trai voi (2)

Vay a,b,c phai la ba s6 duong.

21.16. Chiig minh rang véi moi s6 tu nhién > 2 ta co:

Hwéng din giai — dap sé
Bai toan c6 thé giai bang phuong phap quy nap toan hoc (ban doc tu ching minh). Cach khéc 14 ta sir dung

1
2" -1

s A < A \ A1t A ’ - \ , 5 + R /. - 1 1
tinh chat bac cau, 1am trdi biéu thirc hoac tirng nhém cuia bieu thue: Pat A =1+—+—+...+

a) Ching minh 4 <n

, I 1 1 1 1 1 1 1
Taco: A=1+| —+—|+| s+t |+ S+t |+t 5+t
2 3 2 7 2 15 2" 2" -1

Ta lam troi ¢ timg nhom bang cach thay cac phan sb trong nhom bang phan s 16n nhat ctia nhom, ta co:

A<1+l.2+iz.4+L3.8+...+L_1.2”‘1 =1+1+1+...+1=n.
2 2 2 2"

b) Chung minh 4 >n:2. Ta co:

I (1 1 1 1 1 1 1 1 1
A=l+—+| -+ [+| -+t |+ttt || o+t |
2 \3 2 5 2 9 2 2" +1 2" ) 2"

Thay mdi phan s trong tirng nhom bang phan sé nhé nhat trong nhém ta cé:

A>1+1+L2.2+L3.22+...+L.2’H—L:1+£—L>2
2 2 2 2" 2" 2 2" 2

Vayg<A<n.

21.17. Vi bon s thuc a,b,c,d hiy ching minh:
(1+ ab)2 +(1+ca?)2 +(ac)2 +(bd)2 >1
(Dé thi Olympic Todn hoc Thanh phé Léningrat, nam 1985)
Hwéng din giai — dap sé
(1+ ab)2 +(l+cd)2 +(ac)2 +(ba’)2
=142ab+a*h* +1+2cd +c*d* +2(ac).(bd) +(ac)’ —2abed +(bd )’
:1+(1+ab+ca’)2 +(ac—bd)2 >1.
21.18.



3 3

a) Cho 4= * 2 trong d6 x, y 1a cac sd duong théa xy =1.
I+y 1+x

Chtrng minh rang A4 >1.
(Dé thi chon hoc sinh giéi Todn 9 qudn 9, TP Ho Chi Minh, nam 2011 — 2012)
b) Cho ba s6 duong a,b,c chirng minh
(3a+b)(20+a+b) < (2a+b+c)2.

(Dé thi chon hoc sinh giéi Todn 9 qudn 9, TP Hé Chi Minh, nam 2012 — 2013)
Huéng din giai — dap sb

a) Do xy =1 nén

3

X deytedey (P) 228 () (o)
_1+y l+x (1+x)(1+y) - I+xy+x+y

2 ) 2 2 2
) -
:(x +y ) +(x+y)(x xy+y )_Tacc') x2+y222xy:2
I+1+x+y

4—2+(x+y)(2—1): 2+x+y
2+x+y 2+x+y

Do d6 4>

=1 (dpcm).

b) Ap dung bat dang thic 4xy < (x+y)2 ta co:
4(3a+b)(2c+a+b)S(3a+b+20+a+b)2 =4(2a+b+c)2

= (3a+b)(2c+a+b)<(2a+b+c)’ (dpem)

21.19. Cho x, y 14 hai sb thyc dwong. Chimg minh ring:
(1+x2)(1+y2)2(x+y)(1+xy).

(Dé thi tuyén sinh vdo 16p 10 chuyén triecong DPHSP TP Hé Chi Minh, nam 2012 — 2013)
Hwéng din giai — dap s6

a’ +b?

Ap dung bét dang thirc ab < ta co

(x+y)(1+xy) < (x+y)2 ;(1+xy)2 _ (1+x2)(1+2y2)+2x.2y

W) (e

21.20. Chimg minh o’ +5° > a’b* +a*b’ biétring a+b>0.
(Pé thi tuyén sinh vao I6p 10 chuyén tinh Pong Nai, nam 2012 — 2013)
Huéng din giai — dap sb

Xéthidu o’ +b° —a’b* —a’b’ =a’ (a2 —bz)—b3 (a2 —bz)



=(a*-b*)(a*=b")=(a=b) (a+b)(a’—ab+b*) =0

2 N 2 2 b ? 3b2
do a+b>0; (a—b) 20 va a’—ab+b’ = a—E +TZO.

21.21. Cho ba s6 duong a,b,c théa man abc = 1. Chimg minh rang;
1 1 1 1
2 2 T3 2 T 2 S5
a +2b"+3 b +2c°+3 ¢ +2a +3 2

(Dé thi chon hoc sinh giéi mén Todn 9 tinh Bdc Giang, nam 2012 — 2013)

Huéng din giai — dap sb
Ta co: a2+2b2+3:(a2+b2)+(b2+1)+222ab+2b+2.
Tuong tu: b* +2¢” +3>2bc+2c+2

A +2a*+3>2ca+2a+2.

Do do6

1 1 1 1 1 1 1
2 2 T3 2 T 2 <5 + +
a +2b°+3 b +2¢°+3 c¢"+2a°+3 2\ab+b+1 bc+c+l ca+a+l
Véi abe =1 thi

1 1 1 1 ab b
+ + = + +
ab+b+1 bc+c+1 ca+a+1 ab+b+1 b+1+ab 1+ab+b

=1= dpcm.

21.22. Cho céc s6 duong x, y théaméin x—y = x>+’
Ching minh rang x* + y* <1.
(Dé thi tuyén sinh vao 16p 10 THPT chuyén tinh Bdc Ninh, nam 2013 — 2014)
Huéng din giai — dap s6
Trgiathiét > x—y>0=>x—y=x"+y">x*-)° :(x—y)(x2 +xy+y2).
Vay x—y>(x—y)(x2 +x)/+)/2):>)c2 +xy+y’ <1= x>+’ <1 (dpcm).

21.23. Cho ba s6 dwong x, y,z. Ching minh rang:

X h% z 3
+ + <=.
2x+y+z x+2y+z x+y+2z 4

(Dé thi tuyén sinh vao I6p 10 chuyén truong PHSP TP H6 Chi Minh, ndm 2013 — 2014)

Hwéng din giai — dap s6

Tir 4ab < (a+bY < — s1(1+lj v&i a>0;h>0
a+b 4\a b

, X x x( 1 1
Ta co = < +
2x+y+z (x+y)+(x+z) 4(x+y x+z]




. N z
Tuong ty vl J va

xX+2y+z xX+y+2z

X y z x( 1 1 vy 1 1 z( 1 1
+ + <= + += + += +
2x+y+z x+2y+z x+y+2z 4\x+y x+z) 4\y+x y+z) 4\ z+y z+x

:l(x+y+x+z+y+zJ:%: (dpcm).

4\x+y x+z y+z

21.24.

s . 1 1
a) Chung minh raing néu x> y >1 thi x+—2> y+—;
X y

b) Cho 1< a,b,c <2 chimg minh ring (a+b+c)(l+%+lj£10.
a c

(Dé thi tuyén sinh vao 16p 10 THPT chuyén Tran Phii, Hai Phong, nam 2013 — 2014)
Hudéng din giai — dap sb
x— y) (xy — 1)

1 1 11 (
Q) x+—2y+—ox—y+——20&
X y Xy Xy

>0 dungvi x>y >1.
b) Do vai trd a,b,c nhu nhau, gid st 1<a<b<c<2;

bat xzé;yzgvéi I1<x;y<2; xy£2:>y££.
a b X

Xét hiéu hai vé va ap dung két qua cau a) ta co:

(a+b+c)(l+l+lj—10:(x+lJ+(y+lj+(xy+i]—7
a b c X y Xy

S[x+l)+(g+gj+(2+%]—7:3—x+i—g—w£0

x) \x 2 x 2 2x
Dau “="xdy ra <> x =1 hodc x =2 dong thoi xy =2
< (a,b,¢)=(1;1;2);(1;2;2) va cac hoan vi.
21.25. Cho hai s6 thuc @ va b thoa min a +b =2 . Chimg minh rang:
a’+b*<a*+b*.
(Dé thi vao I6p 10 chuyén Todn trwong PHSP TP H6 Chi Minh, ndm 2014 — 2015)
Huwéng dan giai — dap so
Ta co (a+b)2 S(a+b)2 +(a—b)2 =2(a2 +b2)
Tuong tur (a2 +bz)2 < Z(a4 +b4) = (a+b)’ (a2 +b2)2 < 4(a2 +b2)(a4 +b4)
Ma (a+b)’ :4:>(a2 +b2)2 S(a2 +l)2)(a4 +b4):>a2 +b* <a*+b*.

21.26. Cho a,b,c >0 théa min abc =1. Ching minh rang:



1 1 1 3
<=

+ + <=.
ab+a+2 bc+b+2 ca+c+2 4

(Pé thi hoc sinh giéi I6p 9 truong PTTH Tran Pai Nghia, TP Ho Chi Minh, nam hoc 2014 — 2015).
Huéng din giai — dap sb

1

1 1 . co A
S—[—+—] vo1 x> 0; y >0 va st dung gia thiét abc =1 ta co:

Ap dung bt dang thirc
x+y 4{x y

1 1 1( 1 1 ) 1( abc 1 j
= <— + =— + hay
ab+a+?2 (ab+1)+(a+l) 4\ ab+1 a+1 4\ ab+abc a+1

Loe v ) o) Tuongty — - <24 1 L) ey,
ab+a+2 4\c+1 a+l bc+b+2 4\a+1 b+1
ca+c+2 4Lb+1 c+1

1 1l ( b 4 1 ) (***). Cong vé v6i vé cuia ba bat dang thirc cing chiéu (¥), (**) va (***) ta

co: ! + ! + ! Sé.
ab+a+2 bc+b+2 ca+c+2 4




Chuwong IV. BAT PHUONG TRiINH BAC NHAT MQT AN

Chuyén dé 22. BAT PHUONG TRINH BAC NHAT MQT AN
A. Kién thirc cin nhé
1. Bat phuong trinh 4n x: ¢6 dang A(x)> B(x) (hodc A(x)<B(x); A(x)2B(x); 4(x)< B(x)), trong d6
A(x) va B(x) la hai biéu thirc chira bién x.
2. Bét phuong trinh bac nhat mot an: c6 dang ax+b >0 (hoic ax+b<0; ax+b>0; ax+b<0) trong d6 a
va b 14 hai s6 da cho, a #0.
3. Nghiém cua bat phuong trinh 13 gia tri ciia an, khi thay vao bat phuong trinh dwoc mot khang dinh dung.
Tap hop tat ca cac nghiém ctua mot bat phuong trinh 13 tip nghiém ctia nd. Giai mot bat phuong trinh 1a tim
tap nghiém cta bat phuong trinh do.
4. Hai bét phuong trinh twong dwong: C6 cung tdp nghiém.
5. Quy tic bién ddi bat phwong trinh:
a) Quy tic chuyén vé: Khi chuyén vé mot hang tir ciia bat phwong trinh phai doi dau hang tir do.
b) Quy tic nhan v&i mot sb: Khi nhan hai vé ctia bat phuong trinh véi mot sb khac khong ta phai: Giir

nguyén chiéu bit phuong trinh néu sé d6 duong, ddi chidu bat phuong trinh néu sé d6 am.

6. Bat phuong trinh dang (hodc dua vé dang): ax+b > O(a #0) c6 nghiém x> b néu a>0; x< b néu
a a

a<0

Cac bat phuong trinh ax+b<0; ax+b>0; ax+b<0 (a#0) gii tuong tu.

B. Mt s6 vi du

Vi du 1: Trong cic bat phuong trinh sau, bit phuong trinh nao 14 bat phuong trinh bac nhat mot an. Kiém tra
xem gia tri x =4 1a nghiém cia bt phuong trinh nao trong cac bat phuong trinh bac nhat mot an.

a) 2x+3y>6y+7; b) -5x+4<2-3x;

) —5y+8y+4<3-2,5y (any);

d) 8x-3>1-6x+15x; e) X’ —6x+5<0.

* Tim cdch giai: - Dua vao dinh nghia, bat phuong trinh nao dwa dugc vé dang ax+b>0 (hoic
ax+b<0; ax+b>0; ax+b<0) trong d6 a va b 1a hai sb di cho, a # 0. C6 thé chi can can ctr bac cao nhat
clia an trong bat phuong trinh 14 bac 1.

- Nghiém cua bat phuong trinh 14 gia tri ctia an, khi thay vao bat phwong trinh dwgc mot khiang dinh dung.
Do d6 xét bat phuong trinh f'(x)> g(x) (1). Thay x=x, vao (1). Néu f(x,)> g(x,) thi x=x, la nghiém
cua (1).

Néu f(x,)<g(x,) thi x=x, khong la nghiém cua (1).

(xét trong tu vi cac bt phuong trinh khéc).



Gidi
Céc bat phuong trinh
b) —5x+4<2-3x (Anx);
) —5y+8y+4<3-2,5y (dny);
d) 8x—3>1-6x+15x (anx);
1a cac bt phuong trinh bac nhét mot an.
Do x =4 nén chi xét cac bat phuong trinh an x
bat f(x)=-5x+4; g(x)=2-3x
h(x) =8x-3; p(x) =1-6x+15x.
Taco: * f(4) =-54+4=-16; g(4) =2-34=-10.
f(4)<g(4) nén x =4 1a nghiém cua bat phuong trinh —5x+4<2-3x.
* h(4) =8.4-3=29, p(4) =1-6.4+154=37.
h(4)< p(4) nén x =4 khong la nghiém cua bat phuong trinh 8x—3>1-6x+15x.
Vi du 2: Giai cac bat phuong trinh bac nhat mot 4n & vi du 1 trén va biéu dién nghiém trén truc $6.
* Tim cdch gidi: Ta dung cic quy tic bién d6i bat phuong trinh dé giai.
Gidi
* Giai bt phuong trinh: —5x+4 <2 —3x
& Sx+3x<2-4< 2x< -2

ox>-2:1(2)ex>1.

Y A N

* Giai bat phuong trinh: 8y —5y+4 <3+2,5y
& 8y—-5y-2,5y<3-4<0,5y<-1
< y<(-1):0,5 y<-2.

= _
Vo446 I,

* Giai bt phuong trinh: 8x—3>1—6x+15x
S 8x+6x—-15x>21+3 = —x2>4

<:>x£4:(—l)<:>x£—4.

- .
—}G%WH%A%Q’//HW;‘KK/H&‘}//H///&

Vi du 3: Giai cac bat phuong trinh:



a) 5x—7>3(x—2)+2x;
b) 4(1,5x+2,5) <(x+3)" +(5-x)(x+5);

x_4—x+2£ x+3 xg2.

3(1-3x)

¢)

b

d) 4x(x-1,25)+ >(2x-3)".

* Tim cdch gidi: St dung cac quy tic bién d6i bat phuong trinh dua cac bat phuong trinh vé dang ax+5>0.
Gidi

a) Sx—7 >3(x—2)+2x<:>5x—7 >3x—-6+2x

&S 5x—-3x-2x>-6+7< 0x>1.

Bét phuong trinh v6 nghiém.

b) 4(1,5x+2,5)<(x+3)2 +(5-x)(x+5)

S 6x+10<x” +6x+9+25—x" < 6x—6x<25+9-10

< 0x <24 nghiém ding Vx.

Nghiém cua bt phuong trinh 13 xe R .

x—4_x+2£x+3 xg2

&12(x—4)—60x+120 <15(x+3)~20(x~2)

c)

< 12x-48-60x+120<15x+45-20x+40
& 12x-60x+20x-15x<45-120+40+48

<:>—43x£13c>x2—£.
43

3(1-3x)

d) 4x(x-1,25)+ >(2x-3)’

& 8x(x—1,25)+3(1-3x) 2 2(4x* —12x+9)

< 8x* —10+3-9x>8x" —24x+18

<:>24x—9x218+10—3<:>15x225c>x2§.

Vi du 4: Tim x sao cho: 2(3x—4)<8x-10<7x-2.

* Tim cdch gidgi: Giai bat phuong trinh kép nay thuc chit 1a giai dong thoi hai bat phwong trinh
2(3x—4)<8x—10 va 8x—10<7x-2.

Gi4 tri ctia x thoa man dong thoi ca hai bat phuong trinh 1a nghiém.

Giai



2(3x—4)<8x-10<7x-2 < o
8qx—-10<7x-2 8x—Tx<10-2

2x<-2  [x>-2:(-2)
= = 1< x<8.
x<8 x <&

6x—8<8x—10 {6x—8x<8—10

Vi du 5: Cho hai bat phuong trinh:

x—3+11+x>3x—5 (1) Va5_|_x—4<x_2x—9+3x+2 (2)
5 4 2 5 2 3

a) Tim gi4 trj ctia x thoa man hai bat phuong trinh.
b) Tim gié tri nguyén cta x thoa man hai bat phuong trinh.
* Tim cdch giai: Yéu cau ctia bai toan 1a tim nghiém va nghiém nguyén chung cta hai bat phuong trinh. Ta
phai giai hai bat phuong trinh rdi tim cac gia tri nguyén ciia nghiém trong khoang nghiém chung ciia hai bat
phuong trinh.

Gidi

Giai bat phuong trinh (1): x;3 + ! l;rx > 3x2—5

<:>4(x—3)+5(11+x)>10(3x—5)
S4x—-12+55+5x>30x-50 < 9x—30x > -50-55+12

<:>—21x>—93c>x<§
21

Giai bt phuong trinh (2): 5+ x—4 <x-— 2x2—9 + 3x3+ 2
<:>150+6(x—4)<30x—15(2x—9)+10(3x+2)

< 150+6x—24<30x—-30x+135+30x+20

< 6x-30x<-150+24+135+20

<:>—24x<29<:>x>—§.
24

a) Gia tri ciia x thoa man hai bat phuong trinh 1a —% <x< %

b) Gia tri nguyén cua x thoa man hai bat phuong trinh 1a:
xe{-1;0;1;2;3;4}.

X +6x+9 —x'+3x* +9x-27
427 x*—6x+9

Vidu 6: Cho 4=

Rt gon biéu thirc 4 rdi tim gia tri ciax dé 4 <0.
* Tim cdch giai: Bai toan yéu cau tir két qua rat gon 4 giai bt phuong trinh 4 < 0. Luu ¥ DPKXD cua 4 va

cac hang dang thirc.



Giai

PKXD: x #+3
o (xH3) (x-3 -1
_(x+3)(x2—3x+9).(x2—9)(3—x)_x2—3x+9
2
Do x2—3x+9=(x2—2.x.3+2)+£=(x—2j +£>O,Vx.
2 4 4 2 4

Dodé 4<0 voi x #£3.
Vi du 7: Giai bat phuong trinh sau v6i a, b 1a cac hang s6 duong.
a-a’x>b-b’x
* Tim cdch gidi: Bat phuong trinh bac nhét c6 hé sb bang chir. Khi giai luu ¥ bién luan cho hé sb cua an.
Gidi
a) < cz—c12)c>l9—192)c<:>(192 —az)x>b—a

<:>(b—a)(b+a)x>b—a (1)

Néu b >a thi b—a > 0. Nghiém cta bat phuong trinh 1a x >

b

b+a

Néu b <a thi b—a <0. Nghiém cta bat phuong trinh 13 a < 5 ! ;
+a

Néu b =a thi (1) tré thanh 0x >0 bét phuong trinh v6 nghiém.

Vi du 8: Tim gié tri cia m dé phuong trinh sau ¢6 nghiém duong

2(x—m)_x—2=x+2_x+m (m=2) (1)
2—m 2+4m 2-m 2+ m B

* Tim cdch gidi: Ta giai phuong trinh c6 hé sé bang chir lai ndm ¢ mau, do d6 dic biét luu ¥ PKXD va sau
khi tim nghiém 1ap luan dé c6 nghiém duong.
Gidi
(1) bién d6i thanh 2(x—m)(2+ m)—(2—m)(x—2) = (x+ 2)(2+m)—(x+ m)(Z—m)
S Ax+2mx—4m=2m* =2x+mx+4-2m=2x+mx+4+2m—2x+mx—2m+m’

<:>2x+mx=3m2+6m<:>x(m+2)=3m(m+2)

Véi m#—-2 thi m+2#0 tacd) x=3m

Pé x>0 thi 3m >0 hay m>0.

Vay véi m >0 va m # -2 thi phuong trinh c6 nghiém duong.
Vi du 9: Giai cac bat phuong trinh:

2x—-1016 2x-1000 2x-16 2x-1
+ < + (1)
1000 1016 2000 2015

a)



5x—-100 5x-200 _5x-500
+ <

b 2
) 900 800 250 ( )

* Tim cach giai: a) Thém (—1) vao mdi hang tir & hai vé r0i quy ddng mau tirng cip ta thiy xuit hién nhan
tir chung 2x—2016.b) Thém (-1) vao mdi hang tir & vé trai, thém (-2) vao vé phai rdi quy dong miu timg
cap ta thdy xuét hién nhan tr chung 5x —1000. Ta c6 cach giai sau:

Gidi

9 (1) 2221016 20-1000 \ 2v-16 , 2v-]

1000 1016 2000 2015
2x-2016 2x-2016 2x-2016 2x—2016
= + < +
1000 1016 2000 2015

c>@x—ﬂn6m RS . j<0

+ J— —
1000 1016 2000 2015

N N S U
1000 1016 2000 2015

>0 nén 2x-2016<0 < 2x <2016

& x<1008.
by (2) e X100 5¥=200_, 5x-600_,
900 800 200
Cj5x—um0+5x—umo_5x—umoSOCjﬁx_me( N 1]£0
900 800 200 900 800 200
11 19

Do + - =— <0
900 800 200 7200

Nén 5x—-1000>0 < x> 200.

C. Bai tap van dung

e - 1 x-2
22.1. Tim céc gi tri nguyén cia x dé biéu thie 4=>_ 2

c6 gid tri 1on hon 4 nhung nho hon 5.

Hwéng din giai — dap s6
Cdch 1: Ta giai bat phuong trinh kép

x—1 x-2

4
x—1 x-2 > 3 {x>23
=
5

x—1 x-2 x<29

2 3
Céc gia tri nguyén cua x thoa man 23<x<29 1a xe {24; 25;26; 27;28}

Okh2:4<f§1—x_2

<5< 24<3(x-1)-2(x-2)<30

< 24<x+1<30< 23 <x<29 vacing co két qua trén.

22.2. Giai cac bét phuong trinh:



a) 3x—2>5(x-2)+2(3-x);
b) 5(x+2)" <(2x+3)(2x-3)+(x—5)" +30x;
0) 4(2,5 +1)29(x+3)(x=3)+(2-x) +1;
d) x* <2x+56.
Hwéng din giai — dap sé
St dung cac quy tic bién ddi bt phuong trinh dua cac bit phuong trinh vé dang ax+5>0.
a) 3x—2>5(x—2)+2(3-x) < 0x>-2 nghiém ding Vx.
Nghiém ciia bat phuong trinh 1a x e R.
b) 5(x+2)" <(2x+3)(2x—3)+(x~5)" +30x = Ox <4
Bét phuong trinh v6 nghiém.
¢) 4(2,5x" +1)29(x+3)(x=3)+(2-x) +1 < 4x = -80
<= x2>2-20
d) Thém vao hai vé —64 lam xuat hién dang x* —4° & vé tri va 2(x—4) & vé phai.
Tacod x* <2x+56 < x° —64 <2x+56—64
& (x—4)(¥ +4x+16)-2(x-4) <0 (x—4)(x* +4x+14)<0
Do x* +4x+14=(x+2) +10>0, Vx néntacé x—4<0 hay x<4.

22.3. Giai bat phuong trinh:

x+1 x+2 x+3 x+4
+ > +
2 3 4 5

Hwéng din giai — dap sé
x+1 x+2 x+3 x+4
+ > +
2 3 4 5
& 30(x+1)+20(x+2)>15(x+3)+12(x+4)

& 23x>23< x>1.
* Chu y: d) Nhan xét: Néu thém (—1) vao mdi hang tir ¢ hai vé rdi quy dong timg cdp ta thdy xuét hién nhan
tir chung I (x—1). Do d6 con cach sau:

x+1 x+2 x+3 x+4
+ > +
2 3 4 5

x+1 x+2 x+3 x+4
S| —-1 |+ -1|> -1+ -1
() (2 5




<:>(x—1)(1+l—l—lj>0<:>x>l do (l+l—l—1j>0.

22.4. Tim gi4 tri ctia x thoa man bat phuong trinh:

— 2 _ — 2
92 5 2000 gy X 23 ) )
3 4 36 2
2x—1 2(x+1) 1

. %g S (3) va 2x(x—5)+x(x-2)>3(x+4)(x-4)-12  (4).

Hwéng din giai — dap sé
a) Giai bat phuong trinh (1) ta c6 x > 4,6. Giai bat phwong trinh (2) ta ¢6 x > % Gia tri x> 4,6 thoa man

ca hai bat phuong trinh.

b) Giai bat phuong trinh (3) ta c6 x > —1. Giai bat phuong trinh (4) ta c6 x<5. Gia tri —1<x <5 thoa min
ca hai bat phuong trinh.

22.5. Tim s nguyén x thoa mén c4 hai bat phuong trinh:

2(x-1) _x+1 1

2) 3(2x-5)>2(6-Tx) () va =<t v (2)
b) x;1—1s2x4_3 (3) va 4(x=1)(x* +x+1)> (42> +3)x =16  (4).

Hwéng din giai — dap s6
a) Giai bt phuong trinh (1) ta c6 x > %(7) Giai bat phuong trinh (2) ta ¢c6 x<2. Gia tri x=2 théa man ca
hai bat phwong trinh.
b) Giai bit phuong trinh (3) ta c¢6 x>-3,5. Giai bat phuong trinh (4) ta c6 x<4. Vay
xe{-3;-2;-1,0;1,2;3;4} .

3x—11 2+5x
< p—
5 4

22.6. Tim gi tri nguyén ctiax dé 3(x—1)-4< 2.

Hwéng din giai — dap s6
Giai timg bat phuong trinh ta co:

3x—-11

3(x-1)-4< S15x-15-20<3x-1112x<24 < x <2

3x—-11 2+5x
. <

—2<:>12x—44<10+25x—40<:>—13x<14<:>x>—%

14 L
Do d6 —3 <*< 2. Céc gia tri nguyén cta x thoa man 1a x € {-1;0;1}.

2
22.7. Cho bidu thitc 4 = [ﬁ L0 j [ 4 ., 1
5 2x-5)(125-206*  2x+5



a) Rat gon biéu thuc 4;
b) Timx dé 4<-2;
¢) Tim x dé A4 > ax v6i a 1a mot hang sb.
Hwéng din giai — dap sé
Sau khi rat gon biéu thirc 4 ta giai bat phuong trinh 4 < -2 va phuong trinh chtra tham sb A4 > ax. Ta dic
biét lvu y DPKXD cua A4 va bién luan khi giai bat phuong trinh chira tham sb.
a) bPKXD: x# 12,5

_4x” —10x+25 5(2x+5)(5-2x)
©5(2x-5) T 4xt—10x+25

= —(2x+5)

b)Dé A<-2 tacd: —(2x+5)< 2 2x+522¢ 25> -3
&S x>-1,5.

c) A>ax ticla —2x—5>ax<:>ax+2x<—5<:>(a+2)x<—5

:Néu a<-2 thi x>
a+?2 a+?2

Néu a>-2 thi x<

2

Néu a=-2 tacd Ox<—5 vo ly.

2
a —4 =2+a 1a s6 duong nhung nhoé hon 2.

22.8. Tim gi4 tri ctia a dé nghiém cua phuong trinh .
x —

Hwéng din giai — dap sé

a’—4

DPKXD: x#2,5 tacd =2+a

2x-5
<:>(a—2)(a+2)—(2+a)(2x—5)=0c>(a+2)(a—2x+3)=0

Néu g # -2 thi a—2x+3=0<:>x=a+3

x>0thi a+3>0<=a>-3

a+3

x <2 thi <2< a+3<4<sax<ll.

Viy dé nghiém cua bat phuong trinh sau 1a s6 dwong nhung nhé hon 2: —3<a<1 va a# 2.
(Néu a =-2 thitacé Ox=0 phuong trinh c6 v6 s6 nghiém do d6 c6 vo sd nghiém dwong trir x =2,5).
22.9. Gidi céc bét phuong trinh véi a,b 14 cac hing sé (a #0).

b+(a+b+1)x>2—b.
a a

ax —

a) a(x—a)>5(x-5); b)
Huéng din giai — dap sb
a) a(x—a)>5(x—5)<::>ax—a2 >5x—-25

<:>(a—5)x>(a—5)(a+5)



Néu a >5 thi nghiém cta bat phuong trinh 1a x> a +5

Néu a <5 thi nghiém cua bat phuong trinh 1a x <a+5

Néu a =5 thi bt phuong trinh trd thanh Ox >0, v6 nghiém.
b) Bién d6i bat phuong trinh ta co:

+(a+b+1)x>é+%<:>(a+b+2)x>&
a a a
£ . 3b
*Néu a+b+2>0thi x>—F——
a(a+b+2)
*Néu a1+b+2<0 thi x<— 2
a(a+b+2)

*Néu a+b+2=0 thi Ox>& khi 4y:
a

Néu ab>0: V6 nghiém. Néu ab <0 : V6 s nghiém.
22.10. Giai bat phuong trinh:

5x+1015+5x+1000+5x+1>5x—l+5x—2+5x—10
1000 1015 2014 2016 2017 2025

Huéng din giai — dap sb
Thém 1 vao mdi hang tir & hai vé roi quy dong mau timg cip ta thay xuat hién nhan tir chung 2x+2015. Ta
co cach giai:
5x+1015 5x+1000 5x+1_ 5x—-1 5x-2 5x-10
+ + > + +
1000 1015 2014 2016 2017 2025

5x+1015 5x+1000 Sx+1 S5x-1 S5x-2 5x-10
+1+ +1+ +1> +1+ +1+ +
1000 1015 2014 2016 2017 2025

<:>(5x+2015)( ! + ! + b+ 1 )>0
1000 1015 2014 2016 2017 2025

1 1 1 1 1 1
0 + + - - - >0
1000 1015 2014 2016 2017 2025
Nén 5x+2015>0< 5x>-2015< x>-403.
1 1

22.11. Cho A—L L —+...+
3 35 57 9.11

AU Gernaten G

Tim s6 nguyén x thoa min 24 < % <B.

Huéng din giai — dap sb

2 2. 2 2 1.1 1.1 1. 1 110

1.3 35 57 911 335 5 7 79 11 11



( 1}( 1) ( 1 j( 1 ] 22 32 9> 10> 20
B=|1l+— || 1+— || 1+— || 1+— |==— — ... . ==
1.3 2.4 8.10 9.11) 1324777810 9.11 11

2A<%<B tic la E<%<%@10<2x<20@5<x<10

11
Do d6 x €{6;7;8;9} .
22.12. M6t doi bong da tham gia mot giai dau. Poi ddu 20 tran va dugc 41 diém. Theo quy dinh cua giai,
mdi trin théng duoc 3 diém, mdi tran hoa dugc 1 diém, mdi tran thua 0 diém. Goi sb tran théng cua doi do la
x, sO tran hoa la yva s6 tran thua la z, tim x, V,Z. Biét rr:ing s6 tran théng ctia d6i d6 1a mot s chin.

Hwéng din giai — dap s6

Ta lap cac phuong trinh biéu thi téng sb tran va téng s6 diém, xét xem x bi chin boi hai gia tri nao. Tu do
tim ra cac gia tri cua x va y, z.

* Goi sO tran thang cua doi d6 la x, sO tran hoa la y va sO trdn thua la z (x, y,zeN). Ta c¢o

x+y+z=20 (1); dong thdi 3x+1.y+0.z=41(2).
. . 41 .2
T (2)tacod 3x+y=41 suyra 3x£41<:>x£?:13§

T (1) va (2) :>2x—z:21:>2x221<:>x2%:105

Nhu vay IO%SxSB%Do xeN=x=11;12;13.
Doxlasdchinnén x=12. T d6c6 3.12+ y=41= y=5 va z=3.

22.13. Ky hi¢u [a] (phan nguyén cua a) 1a s6 nguyén 16n nhat khong vuot qua a.

Tim x € Z biét ring [SXT} =2x+1.

Hwéng din giai — dap sé

Do [a] 1a s6 nguyén 16n nhat khong vuot qua a nén néu [a] =n thinlasdnguyénva 0<a—n<l.

8x-3
, — 0< —(2x+1)<1
Vithé[gx 3}=2x+1@ (24+1)
(2x+1)eZ
, 8x-3
Xét 0< —(2x+1)<1<:>0£8x—3—10x—5<5

S 0<-2x-8<5<8<2x<13 < —-8>2x>-13
S -T722x+1>-12
Do 2x+1eZ va 2x+1 1asdlénén 2x+1=-7 < x=—4.

2x+1=-9= x=-5; 2x+1=-11< x=-6.



Vay x e {—4;-5;-6}

x+1 x+4 x+5 x+7
-2> + + .
2002 1999 1998 1996

(Pé thi chon hoc sinh gidi I6p 8 huyén Thuong Tin — Ha Tady (cii) nam hoc 2002 — 2003)

22.14. Giai bat phuong trinh

Huoéng din giai — dap sb

x+1 x+4 x+5 x+7
-2> + +
2002 1999 1998 1996

x+1 x+4 x+5 x+7
= +1> +1 |+ +1 [+ +1
2002 (1999 J (1998 j (1996 j
x+2003>x+2003+x+2003+x+2003
2002 1999 1998 1996

<:>(x+2003)[ L S S J>O
2002 1999 1998 1996

1 1 1 1
Do - - -
2002 1999 1998 1996

<0 nén x+2003<0< x<-2003.

22.15. Giai bat phuong trinh x+|x—1/> 5.
(Thi vao I6p 10 Quéc hoc Hué, nam 2003 — 2004)
Hwéng din giai — dap sé
* V6i x 21 thi |x—1|=x—1. Bat phuong trinh tré thanh x+x-1>5 < 2x>6 < x >3 (thoa man).
* V6i x <1 thi |x—1|=1-x. Bt phuong trinh tr¢ thanh x+1-x>5 <> 0x >4 v0 nghiém.

Viy nghiém cta bat phwong trinh 13 x > 3.



Chuwong IV. BAT PHUONG TRiINH BAC NHAT MQT AN
Chuyén dé 23. BAT PHUONG TRINH DANG TiCH, THUONG
A. Kién thirc can nhé

1. Bat phuong trinh dang tich: 4(x).B(x)>0;

(hoac A(x).B(x)<0; A(x).B(x)>0; A(x).B(x)<0);

'

(). o

(x)

(hodic A) o, A, A(x)<0).

B(x) ~ B(x)  B(x)

3. Dinh Iy vé d4u cua nhi thire bac nhat ax+b(a=0):

2. Bat phuong trinh dang thuong:

oo

o 1A £, A . . b
Nhi thtre bac nhat cung dau voi a khi x > ——
a

PRI K ere 1A o . b
Nhi thirc bac nhat trai dau véi a khi x < ——
a

Do —2 la nghiém cua nhi thic ax+5 nén dinh 1y dugc phat biéu:
a

Nhi thire ax+b(a * 0) cung déu véi a véi cée gia tri cua x lon hon nghiém cua nhj thirc, trai déau véi a véi
cdc gia tri cua x nho hon nghiém cua nhi thiec.
4. Phuong phap giai cac bat phuong trinh dang tich, thwong: Phan tich thanh nhan tir chita céc nhi thiic bac

nhét. Lap bang xét dau cua nhi thirc bac nhit ax+b

ax+b trai dau voi a 0 cung dau véi a

B. Mt s6 vi du
Vi du 1: Gidi bat phuong trinh (2x—9)(1945+x)> 0.

* Tim cdach gidi: V6i tich A.B>0 xay rakhi 4 va B cing ddu. Dodé 4>0 va B>0 hodc 4<0 va B<0.
Ta c6 céach giai:
Gidi
Cdch I: Bt phuong trinh d3 cho twrong duong vai:
2x-9>0 2x>9 x>4,5
{1945+x>0 {x>—1945 {x>—1945 {x>4,5

= =
2x-9<0 2x<9 x<4,5 x <—1945
1945+x <0 x <—1945 x<—1945



Vay nghiém cua bat phuong trinh 13 x > 4,5; x < —1945.

* Chii y: Bang viéc 1ap bang xét ddu cia ting thira s6 cta tich 1a nhi thirc bac nhat ta co cach 2: Lap bang xét

dau:
x ~1945 4,5
2x-9 — 0 - | +
1945+ x - | + 0 +
(2x—-9)(1945+x) + 0 - 0 +

Vay nghiém cua bat phuong trinh: x > 4,5 hodc x <—1945.
Vi dy 2: Giai bat phuong trinh (x—6)(x+10)<—x" +x+30.
* Tim cdch giai: Ta phan tich vé phai thanh nhan t&r, xuat hién nhan tir chung va chuyén vé dé dua vé
phuong trinh tich.
Gidi
a) Ta co: —x” +x+30=—x"+6x—5x+30=—(x—6)(x+5)
Do d6 bt phuong trinh thanh (x—6)(x+10)+(x-6)(x+5)<0

< (x—6)(2x+15)<0. Lap bang xét dau:

x 7,5 6
x—6 - | - 0 +
2x+15 - 0 + | +
(x=6)(2x+15) + 0 - 0 +

Nghiém cutia bat phwong trinh 1a: —=7,5<x<6.

Vi du 3: Giai bat phuong trinh x* +36 >13x? sau d6 biéu dién nghiém trén truc sb.

* Tim cdch gidi: Chuyén tat ca vé mot vé rodi phan tich vé d6 thanh nhan tir va giai bt phuong trinh tich.
Gidi

Tacod x*+36>13x" < x* —13x* +36 20

< xt -9y’ —4x2+3620<:>(x2 —9)(x2 ~4)20

& (x=2)(x+2)(x=3)(x+3)20. Lap bang xét dau:

X -3 -2 2 3
x=2 - | — | - 0 + | +
x+2 - | — 0 + | + | +
x-3 - | - | - | -0
x+3 - 0 + | + | + | +




Vé trai + 0 - 0 + 0 — 0 +

x<-3
Nghiém ctia bat phuong trinh 13: | -2 < x <2. Biéu dién nghiém:
x>3

2

= 0 2 3
A e o

Vi du 4: Giai bat phuong trinh: 2016=6x <0.
X (x + 8)

* Tim cdch gidi: Day 1a bt phuong trinh dang thuong cua (2016—6x) chia cho x(x—8). Ta c6

2016-6x=0<x=336; x+8=0< x=-8.

Gidi
DKXD: x#0 va x#-8.Dat 4= M Lap bang xét diu:
x(x+8)
X -8 0 336
2016 —6x + | + | + 0 -
X - | - 0 + | +
x+8 - 0 + | + | +
4 t | - | + 0 -
.| —8<x<0
A <0 khi
x>336
2
Vi du 5: Giai bit phuong trinh 7285 5 (1)
x +2x-15

Va biéu dién nghiém trén truc sd.
* Tim cdch giai: Néu chuyén vé, rat gon vé trai ta duoc bt phuong trinh dang thuong. Phén tich cac tir, mau

thanh nhén tr r6i lap bang xét dau.

Gidi
DKXD: x#3; x#-5
2 2
(1)@%+220@;;2—’&20@%20
Lap bang xét diu ta co:
X -5 -1 2 3
x+1 - | - 0 + | + | +
x=2 - | - | - 0 + | +
x-3 - | - | - | -0+




x+5 - 0 + | + | + | +

Vé trai + I - 0 + 0 - I +

x<-5
Nghiém ciia bat phuong trinh 14 | —1< x < 2. Biéu dién nghiém:
x>3

5 w TR & 2 X
7 S M. 77 S

Vi du 6: Cho biéu thirc 4=|—> —5’“_15.(2’2‘_9—2”9) d=x
x+3 2x-9 \{x -9 1+x

Timx dé 4<0
* Tim cach giai: Khi rat gon biéu thirc va khi tim x d¢ 4 <0 can luu ¥ PKXD. Do sau khi chia 1—x ciing
thanh mau sb nén x # £1.
Gidi
Rut gon 4: PKXD: x#£3; x #+1; x#4,5. Ta co:

A{ 5 5(x-3) (2x—9)(1—x2+9)] l4x

x+3 (2x=9)" (x=3)(x+3) [1-x

{ 5 5(1x2+9)]1+x S(x-3)(x+3) 1+x _5(x=3)(1+x)

x+3 x+3 1—x x+3 1-x 1—x
Lap bang xét dau:
X -1 1 3
x-3 - | - | - 0 +
I+x - 0 + | + | +
1-x + | + 0 - | -
4 + I - | + | -
, -1<x<l1
Vay dé 4<0 thi .
x>3;x#4,5

Vidu 7: Giai bat phuong trinh:
1 1 1 1
5 +— +— ot — <0
xX*—x x —=-3x+2 x —5x+6 x~—39x+380

* Tim cdch gidi: Bat phuong trinh ¢6 4n & mau nén luu ¥ DPKXP.

Tacod x’ —x=x(x—1); x* =3x+2=(x—1)(x—2);... c6 dang tong quat A.(4-1).



1 A-(4-1) 1

Ma = —i. Ta phan tich cic phan thirc & vé trai roi rat gon, s& duoc mot phan
A(A—l) A(A—l) A-1

thirc dang thuong.

Gidi
DKXD: x ¢ {0;1;2;3;....;19; 20} .
Bién dbi bat dang thirc thanh:

! + ! + ! ..+ ! <0
x(x=1) (x=1)(x-2) (x=2)(x=3) = (x—19)(x-20)

& —— — + -
x—1 x x-2 x-1 x—20 x-19
! ——<0 20 <0.
x—20 x x(x—20)
. 20 N T
bat 4= . Lap bang xét dau
x(x—2 )
X 0 20
X — 0 + | +
x—-20 — | — 0 +
A + I - I +

A<0 khi x¢{1;2;3;...;19} va 0<x<20.

m-—>5

Vi du 8: Giai bat phuong trinh >3 véi m 1a tham sb.

[
* Tim cdch gidi: Bat phuong trinh ¢6 4n & mAu 13 c6 tham s6 nén phai luu ¥ DPKXD va bién luan tham sé m
khi giai bat phuong trinh.

Gidi
DKXD: x#2

— - +1)-3
m 5>3<:>m 5—3>O<:>M>
x—2 x—2 x—2

0

m+1

Tathdy m+1-3x=0& x =

+1)-3
Ta ¢6 m3+1>2@m>5 va m3+1<2<:>m<5.D€1t B=(m%.
x_

Lap bang xét dau: khi m > 5




m+1-3x + | + 0 _

x=2 - 0 + | +

B - [ + 0 -

) p N , X \ \ m+1
Véi m>5 ta cd nghiém cua bat phuong trinh 1a: 2 < x <

Lap bang xét dau: khi m <5

m+1 2
x —
3
m+1-3x + 0 - | -
x=2 - | - 0 +
B - 0 + I -

<x<2

/e , Ca , X . . m+ 1
Véi m <5 ta cd nghiém cua bat phuong trinh la:

Vi du 9: Tim gié tri ciia m dé nghiém ctia phwong trinh sau 16n hon 3:

m-3
x—3

=3+m.

* Tim cdch giai: Bai toan giai phuong trinh véi tham sd, tim nghiém sau d6 coi tham s6 m 14 4n dé nghiém
16n hon 3 thuc chét 1a giai bat phuong trinh an m.

Gidi
a) Voi x#3 taco m—3 =(x—3)(3+m) & x(m+3) =4m+6

* Vo1 m = -3 phuong trinh tré thanh Ox =—6 v6 nghiém.

* Voi m¢—3<:>x=4m+6
m+3

Dé x >3 ta phai co: LU IR L S IR B
m+3 m+3 m+3

bat C= m=3 . Lap bang xét dau

m+3
m -3 3
m+3 - 0 + | +
m—3 - | - 0 +
C + I - 0 +

Dé x >3 thi m>3 hodc m<-3.
C. Bai tap van dung

23.1. Giai bat phuong trinh x> +3x—1<2x+5 va biéu dién nghiém trén truc sb.



Huéng din giai — dap sb
Bién d6i thanh x> +x+6 <0< (x—2)(x+3)<0
Céch 1: Ly luan x—2<0 va x+3>0 (do x+3>x—-2, Vx)
Cach 2: Lap bang xét dau.
Ta déucokét qua —-3<x<2.

Bi€u dién nghiém trén truc so:

T

3
= x
e i e

23.2. Giai cac bat phuong trinh sau:
a) (19x+8)(2-9x)(3x-2)(30-4x) > 0;
b) (10— x)(5x—2001)+3x* —=25x 50 <100 —x’ .
Hwéng din giai — dap sé

a) Lap bang xét dau. Nghiém 1a x < —%; 5 <x <§ hodc x > ?

b) Nhan xét: 3x” —25x—50 = (3x+5)(x~10)=—(10-x)(3x+5).
Mit khac 100—x” = (10—x)(10+x). Do d6 ta bién d6i

BPT < (10— x)(5x-2001)~(10-x)(3x+5) - (10-x)(10+x) <0
< (10-x)(x-2016) <0

x<10
x>2016

Giai bat phuong trinh dugc {
23.3. Giai cac bat phuong trinh va biéu dién nghiém trén tryc sb.
a) x* —9x* +26x-24<0;
b) x' —7x* +22x+36 2 4(x" +3).

Huéng din giai — dap sb
Day la cac bat phuong trinh bac ba va bén. Ta chuyén vé roi sir dung hé qua dinh 1y Bézout (nham nghiém)
dé phan tich vé trai thanh nhan tu.

a) BPT<:>(x—2)(x—3)(x—4)<O

A1z T - 3<x<4
Lap bang xét dau tim dugc nghiém: 5
x <

4] 2 3

= - ":‘ e
S e s

b) Chuyén vé va bién d6i BPT < (x+1)(x+2)(x—3)(x-4)=0



x<-=2
Lap bang xét ddu tim dwoc nghiém: | —1< x <3 . Biéu dién nghiém:
x4

<] () 3 4 .
Yrrrrrd X
\gaccce | :

L_i"T'IIJ

ot e
23.4. Giai cac bat phuong trinh sau va biéu dién nghiém trén truc sd.
a) (2x+1)(4x+3)(8x+5)" <9;
b) (2x—1)(2x—2)(4x—5)(4x—7)>18;
o) (= 3x+2)(2x-3)(2x-5) > 30.
Hwéng din giai — dap s6
a) Nhan 4 vao nhan tir thi nhat, nhan 2 vao nhén tir thtr hai va nhan 8 vao vé phai ta duoc:
BPT < (8x+4)(8x+6)(8x+5)" <72
biat 8x+5=y taco: (y—1)(y+1)y* <72
e (1 -1)y" =720yt -y’ -72<0
e (»*-9)(»*+8)<0
Do y*+8=(8x+5) +8>0, Vx nén y*-9<0

Hay (y—3)(y+3)<0.Thay y=8x+5 vaotacd: (8x+2)(8x+8)<0

Giai dugc —1<x < —% (Ban doc tu biéu dién nghiém trén truc sd)

b) Nhén 2 vao nhan tir thir nhat, nhan 2 vao nhan tir thir hai va nhan 4 vao vé phai ta duoc:
BPT < (4x—2)(4x—4)(4x-5)(4x-7) 272

o [(4x-2)(4x-7) ][ (4x-4)(4x-5) ]2 72

& (16x” —36x+14)(16x" —36x+20) > 72

bat 16x* —36x+17=y tacd: (y—3)(y+3)-7220

<y -8120 (y-9)(y+9)20

Do y+9=16x" —36x+26:(4x)2 —2.4x%+%+?

2
:[4x—%j +?>O,Vx trdotaco y—92=0

Hay l6x2—36x+820<:>4x2—9x+220<:>(4x—1)(x—2)20.



. <— . ~
Giai bat phuong trinh nay dugc * 4 . (Ban doc ty biéu dién nghiém).
x=2

¢) BPT & (x—1)(x-2)(2x-3)(2x-5)>30

< (2x-2)(2x-4)(2x-3)(2x-5)>120

& (457 —14x+10)(4x* —14x+12) 120> 0

Dit 4x> —l4x+11=y taco (y—1)(y+1)-120>0
Sy -1 >0 (y-11)(y+11)>0

Do y+11=4x* —14x+22 = (2x)’ —22x% 9,9

4 4
2
= 2x—Z +£>O Vx
2 4
Do d6 y—11>0 hay 4x2—14x>0<:>2x(2x—7)>0.

. >3,5 2 x .
Giai bat phuong trinh duogc {x 0 (Ban doc tu bi€u dién nghiém).
x<

23.5. Giai cac bt phuong trinh:

Q) (" +2)(x* -2)(x"-8) <9
b) x* +4226(x +2x+2)+3x +6x° +6x;
o) x(x* =27)(x+1)>6(x’ -27).
Hwéng din giai — dap s6
a) BPT < (x' —4)(x" -8)<96
o x*—12x" +32-96< 0 = x* +4x* —16x* —64<0
e (x'-16)(x*+4)<0
Do x*+4>0, Vx nén x*-16 <0< (x+2)(x-2)(x +4)<0
Do x> +4>0, Vx nén (x+2)(x-2)<0& -2<x<2.
* Chu y: Céu a) c6 thé dung phuong phép dat bién phu: Pat x* —6 =y ta co
(y+2)(y-2)<96 <y’ —4-96<0
< »?-100<0 < (y-10)(y+10)<0
Do y+10=x*-6+10=x*+4>0, Vx nén y-10<0

e 9.

hay x*—16 <0 roi giai nhu trén ta dugc 2<x<2.



b) Pé ¥ ring x' +4=x" +4x> +4—4x =(x* +2) —(2x)’
= (" +2x+2)(x" —2x+2)

Do d6 c6 (x* +4)—(x" +2x+2)(3x+26)>0

e (o +2x+2)(x" —2x+2)—(x* +2x+2)(3x+26) 2 0

o (7 +2x+2)(x —5x-24) 2 0 = (& +2x+2)(x—8)(x+3) 20

Do x*+2x+2=(x+1)" +1>0, Vx nén ta chi xét

(x—8)(x+3)20©{m—3

x>8
¢) BPT < (x*-27)(x* +x-6)>0

& (x=3)(x* +3x+9)(x—2)(x+3) >0

2
Ta co x2+3x+9=(x+%J +27r7>0, Vx. Vay (x—3)(x+3)(x—2)>0

ey X ) -3<x<2
Giai bat phuong trinh ta c6 nghi¢m: 3 .
x>

-2x+9

23.6. Giai bt phuong trinh ———— >
1945+ 70x

Huoéng din giai — dap sb
DbKXD x # —% . Lap bang xét dau:

Nghiém ciia bat phuong trinh 1a: —% <x< %

23.7. Giai cac bét phuong trinh:

2) 1+5x22’ b) 3x <1 2x—1;
x—4 x—2 x+2
) — < 2 : d)i_L>1_
x—8 x-6 x-3 x-1
Huéng din giai — dap sb
a) DKXD x #4
>4
BPT<:>1+5x—220<:>9+3x20<:> o
x—4 xX— x<-3
b) DKXD x#42: BPT & — 572 g

(x+2)(x-2)



x<=2
Lap bang xét dau ta tim duoc 2

—Z<x<2
11

¢) DKXD x#8 va x#6

_ 6<x<8
BPT e X +10 0@{ e

(—8)(x—6) |x>10

d) PKXD x#3 v x#1. BPT = (x+3)(x-2)

(e-1)(x-3)

x<-=3

>0

Lap bang xét dau, nghiém 1a | 1< x <2

x>3
. 2 x+3
23.8. Timx dé 3< <5.
x—5
Hwéng din giai — dap s6
X+3 3 (5<x<9
3<x+3<5<:> x=3 Sx>7 ©7<x<9.
x—95 x+3
<5 x<5
x—5
(x—2016)(x_i+x+;]
23.9. Cho A= Xl o X-

(x—3_x+1j
x+1 x-3
Rit gon 4 sau d6 tim gia tri ciax dé 4<0.
Hwéng din giai — dap sé
BbKXD x#3; x=#+1.Rat gon:
(x—2016)(2x* —4x+10) (x—2016)(x* —2x+5)

8—8x 4(1—x)

x—-2016 <0

Do x*—2x+5=(x—1) +4>0, Vx nén 4<0 < <
4(1-x)
» x>2016
Giai duoc va x#=—1.
x<l1

3_ 2_
23.10.ChoB=( X X 27 x 3x+9j 9

x+3 xX¥*+27 x*-9 xXr4+x-6

Tim x dé B >2015.

Huéng din giai — dap sb



DKXD: x #+3; x # 2. Rit gon dugc p=2=*

x+3
B2 2015 275 590150 27X 50155 0 —2016x-6043
x+3 x+3 x+3
Giai bat phuong trinh nay dugc: -3 < x < ——23?2 )

23.11. Tim gia tri ctia m dé phuong trinh c6 nghiém khong 4m

Huéng din giai — dap sb
Vi x#2 taco: 3=(5-m)(x-2) < x(m—-5)=2m-13

* Vo1 m =5 phuong trinh tr¢ thanh Ox = -3 v6 nghiém.

V6 m=5 thi < x= 20713
m-—>5
, - >6,5
bé x>0 taphaicod 2m 1320<1::> "
m-—>5 m<5

23.12. Giai bat phuong trinh sau:

(o

Hwéng din giai — dap s6

o b )
G

4 -10 -18 28 —40 -54 14 25 3.6 47 58 69 3

2
Do d6 bit phuong trinh tré thanh %x > x7—4 o x?—3x-28<0
< (x-7)(x+4)<0

Giai bat phuong trinh nay ta dugc: -4 <x<7.

23.13. Giai bat phuong trinh sau:

2 2 2 X% +x+1945 1 1 1 1
—+—F..+ . >1975| —+—+...+—+—|.
1.2 34 99.100 2 51 52 99 100

Hwéng din giai — dap sé

I 1 1 1 1 11

1 1
Xét —+—+...+ =
1.2 34 99.100 1 2 3 4 99 100




1 1 1 1 1 1 1 1 1
=—t—F—t+—F. At —F—=-2| =t =+
4 100

51 52 7799 100

1 1 1 1 1 1 1 1 1 1 1 1 1
+ +.t I+—+—+.. =
2 3 50

Vay x2+x+1945>1975©x2+x—30>0<:>(x—5)(x+6)>0.

oo q K . x<—6
Gidi bat phuong trinh dugc {
x>5
23.14. Giai bat phuong trinh sau:

2

X 1 x—1 2a(1—x)—a
2 - < + 3 :
a—-—a+l a+1 a —a+1 1+a

Hwéng din giai — dap s6
Vo6i a#—1 thi

2
BPT & — X B 1 < X - 1 +2a 2ax3 a
a—-a+l a+1 a —-a+1 a —-a+l 1+a

1 1 —a* -2ax+2a

- - 0
a—a+l a+l (a+l)(a2—a+l) )

<

a+l—-a’*+a-1+a*+2ax-2a 2ax
<0 <0

(a+1)(a2—a+l) (a+1)(a2—a+l)

2
Do ¢’ —a+1= a—l) +§>0,Va nén ta chi xét 2ﬂ<0
2 a+1

T , a . A o . a Cn \
Xét dau cia —— c6: Néu a < -1 hodac a >0 thi —— >0 nghiém la x<0.
a+l a+l

Néu —1<a<0 thiil<o c6 nghiém 1a x>0
a—+

Néu a =0 thi bat phuong trinh tr¢ thanh 0x <0 vo nghiém.

s S 1 )
445

Timxdé B<X"2< 4.
30

Hwéng din giai — dap s6

Ta c6 A:(iﬂj[iﬂj(iﬂj...( 6 +1J
1.8 29 3.10 13.20




14 24 36 266 2.7 3.8 49 14.19

1.8°29°3.107771320 1.8°2.9
~2.34...13.14 7809....18.19

12.3..12.13 '8.9.10.....19.20 1
3 8 15 99 132435 9ll

T 2233447771010 2233447771010

_ 1.23...89 345...10.11 11
234...9.10 234...9.10 20

I _x=2 49 33 2x-4 294 3 )y 4<204
20 30 10 60 60 60

& 37<2x<298 < 18,5<x <149

3.10  13.20
49

23.16. Giai bt phuong trinh ’; _i <3.
(Thi tuyén sinh 16p 10 THPT Thira Thién —Hué, nam hoc 2001 — 2002)
Huéng din giai — dap sb
IRE IS DINE S N Y DN At S DU 1 DI
x—1 x—1 x—1 x—1 x—1
Lap bang xét dau:
X 0 1
2x - 0 + | +
x—1 - | - 0 +
VT + | - | +

Vay x> 1; x <0 la nghiém cia bat phuong trinh.

2
23.17. Giéi bit phuong trinh 3+ 2> T, 9
X +6 x+1 x +3 x +5

(Khdo sdt chdt heong hoc sinh gidi I6p 8 huyén Thuong Tin — Ha Ngi, nam hoc 2010 -2011)

Huéng din giai — dap sb
x*-4 5 7 9
3+ 5 —— <— +—
x+6 x+1 x+3 x°+5

2
<:>x2 4+ 1- 25 +|1- 27 +|1- 29 <0
X +6 x +1 x“+3 x“+5
x’—4 x*-4 x*-4 x*-4
+ - -

X+6 x*+1 x*+3 x*+5

1 1 1 1
o (x4 + + + j<0
( ) ¥+6 xX*+1 x*+3 x*+5

<0




& (x-2)(x+2)<0e= -2<x<2 do ! + ! + ! + ! >0.

X+6 xX*+1 xX*+3 x*+5




Chuyén dé 24.

PHUONG TRINH. BAT PHUONG TRINH CHUA DAU GIA TRI TUYET DPOI

A. Kién thire cin nhé

AnéuA=>0

1. Binh nghia vé gia trj tuyét doi: |A| = )
—-AnéuA <0
2. Bat phuong trinh chtra 4n trong déu gia tri tuyét di:

a)Dangl:*|f(x)|<oc<:>—oc<f(x)<a (a.>0)
* 0] < g(v) & —g(xn) < f(x) < g(x)

b) Dang 2: *|f(x)|>a<:>[f(x)>a (> 0)

fx)<-a

F(x)>g(x)

£0f> g0) e {f(x) <—g(v)

2 2
¢) Dang 3: |£(x)|>|s(0)] < [f(0)] >[s(0)]
3. Mot sb bat ding thirc quan trong vé gié tri tuyét doi:
|a| +|b| > |a + b| xay ra ddu déng thirc: ab >0
va |a| —|b| < |a —b| xay ra dau dang thirc: ab>0 va |a| > |b|
B. Mt s6 vi du
Vi du 1: Giai cac phuong trinh:
a) [2x—9|=2015. b) [2x—3|=3x—4.
¢) (x—3)* +[2x—5|-(x +4)(x—4)=0.
* Tim cdch gidi: Cac phuong trinh chira ddu gia tri tuyét déi dang don (c6 mot du |
nghia vé gié tri tuyét ddi dé giai.

Gidi

a) Cdch 1:
* Néu 2x—920<:>x2% thi |2x—9|=2x—9
Tacd 2x—9=2015 < 2x =2024 < x =1012 (Thoa mian)

*Néu 2x-9<0< x <§ thi [2x—9|=9-2x.
Taco 9-2x=2015< —2x =2006 < x =—1003 (théa man)
Nghiém cua phuong trinh la: x =—-1003;x =1012.

, 2x-9=2015 _ [x=1012
Céch 2: [2x—-9|=2015<

=
2x-9=-2015 x=-1003

[). Ta st dung dinh



b) * Voi x 21,5 thi [2x—3|=2x-3

Phuong trinh thanh 2x-3=3x-4< x =1 loai vi x > 1,5

*V6i x<1,5 thi [2x—3=3-2x

Phuong trinh tr¢ thanh 3—-2x =3x-4 < —5x =-7 < x =1,4 thoa man.
Vay nghiém duy nhét ciia phuong trinh 1a x =1,4 .

, o p 4 Y 2x-3=3x-4 x=1
Chu y: Tranh mac sai lam |2x—3| =3x-4<

=
2x—-3=4-3x x=14

ROi két luan ludn nghiém cua phuong trinh 1a x=1 va x=1,4
c 1A 5 X A /e A A A A 4 r A so. < A \ \ 5 . 5 .
Sai lam & cho vé trai luén khong &m nén 3x-4>0< x Zg. Do d6 néu giai kiéu nay thi phai thu lai

nghiém trude khi két luan.

¢) PT & x* —6x+9+[2x—5|— x> +16 =0 < |2x - 5| = 6. - 25.

*Vb61i x=>22,5tacd 2x—5=6x-25< x=5.

*Voi x<2,5tacd 5-2x=6x—-25< x=3,75 (loai).

Phuong trinh ¢6 nghiém duy nhit x = 5.

Vi du 2: Giai cac phuong trinh:

a) x* —3x|=18. b [x* —4x—1|=31.

c) |x2 —2x+4| =8x—x" 8.

* Tim cdch gidi: St dung dinh nghia vé gi4 tri tuyét doi.
Gidi

a) V6i x>0 thi |x|=x;x* —3|x| =18 < x* —3x-18 =0

@(x+3)(x—6)=0<:>{x . Loai x=-3.
X

Vé6i x <0 thi [x|=—x; x* =3|x| =18 < x* +3x-18 =0

<:>(x+6)(x—3)=0<:>[x - Loai x=3
X

Nghiém ctia phuong trinh 1a x = £6.

) x*—4x-1=31 x*—4x-32=0
b) |x —4x—1|:31<:> N
1

X’ —4x-1=-3 x> —4x+30=0

=8

Phuong trinh x> —4x-32=0< (x-8)(x+4)=0 < {x 4
X =—

Phuong trinh x*> —4x+30=0 vo nghiém



Vi x> —4x+30=(x—2)" +26>0,Vx
Vay nghiém cua phuong trinh [a x =8 va x =—4.
c)Do x> —2x+4=(x—1)"+3>0,Vx nén

|x2—2x+4|=x2—2x+4. Do d6 PT <> x*> —2x+4=8x—x>—8

<:>x2—5x+6:0<:>(x—3)(x—2)=0c>{

Vi du 3:

a) Giai phuong trinh: [2x-5|-7|+9 =21.

b) Giai phuong trinh: |||2x ~1]-4| +8| ~10=15.

* Tim cdch gidgi: Cac phuong trinh trén c6 nhiéu diu gia tri tuyét dbi 16ng vao nhau (Dang long):
||ax+b|+c|+d = ¢ hoic |||ax+b|+c|+d|+e =h

Ta str dung phuong phép bo dan cac diu gid tri tuyét dbi tir ngoai vao trong.

Giai

a) PT < [2x-5]-7+9=21<
2x-5]-7=12 2x-5/=19

2x—-5=-19 x=-7
= =
2x-5=19 x=12

b) PT<:>|||2x—l|—4|+8|—25<:{

2x-5]-7=-12 sz —5|=-5 (loai)

l2x—1|-4]+8=-25
l2x—1|-4]+8=25

px—1|-4[=-33 (oai) [|2x-1]-4=-17
<~

[2x-1]-4]=17 2x—1|-4=17

2x—1]=-13 (loai) |:2x—1:—21 {x=—10
- -

2x-1]=21 2x-1=21 " |x=11

Vi du 4: Giai cac phuong trinh:
a) |x—3|+[3x—6|—|5—2x|=8.

b) |x2 —9|+|x2 —25| =26.

©) [x+1|+[x+2|+[2x + 5| =10x

* Tim cdch gigi: Cac phuong trinh ¢ nhiéu dau gia tri tuyét d6i nhung roi nhau (dang roi)

|ax+b|+|cx+d|+...+|px+q|:m



Ta lap bang xét cac gia tri tuyét ddi rdi giai phuong trinh. Cau ¢) ta nhan xét vé trai khong am nén suy ra
ngay x 2>0.
Giai

a) Lap bang xét gia tri tuyét dbi (hay bang pha dau GTTD):

X 2 2,5 3
|x =3 3-x | 3-x | 3-x 0 x-3
|3x—6| 6 —3x 0 3x -6 | 3x -6 | 3x -6
|5—2x| 2x -5 | 2x -5 0 5-2x | 5-2x
Vé trai 14 — 6x | 0x +2 | 4x — 8 | 6x—14

Vay: +Véi x<2 thi 14-6x=8<> x=1 (théa man).
+Véi 2<x<2,5 thi Ox+2=8 Vo6 nghiém.
+V6i 2<x<3 thi 4x—8=8< x=4 (loai)

+ Vo1 x >3 thi 6x—14:8<:>x:% (théa man).

Nghiém cua phuong trinh: x=1va x = 3%

b) Lap bang xét GTTD:
X 9 2,5
x> -9 9-x* 0 X2-9 | X2-9
x> —25) 25— x° | 25— 7 0 x> -25
Vé trai 34-2x% | 0x> —16 | 2x*-34

Véi x°<9; 34-2x" =26 = x* =4 < x =12.

Voi 9 < x” <25; 0x* =16 =26 (V6 nghiém).

Véi x% 225, 2x% =34 =26 < x* =30 < x = ++/30.

Vay nghiém cia phuong trinh la x =42 va x = +4/30.

¢) Phuong trinh |x +1|+|2x +5|+[3x +2| = 10x ¢6 vé trai khong &m nén 10x>0=> x>0 do do:

X+1+2x+5+3x+2=10x = x=2



Vi du 5: Gidi phuong trinh [3x 4| 5||x+2|=1.

* Tim cdch gidi: Phuong trinh chia ddu gia tri tuyét d6i c6 dang hdn hop (vira

||ax+b|+c|+|dx+e|+...+|mx+n|=p

Ta phdi hop linh hoat céc cach giai & cac vi du trén:

Giai

() < |Bx—4|-5|=1+]x+2|

Bx—4]-5=1+|x+2] 3x—4]—|x+2|=6
|3x—4|—5=—1—|x+2|<:> Bx—4]+|x+2|=4

a) V6i [3x —4|—|x+2|=6 talap bang xét gia tri tuyét ddi:

long vura ro1):

X 5 i
3
[3x—4] 4-3x | 4-3x 0 3x—4
|lx+2| —2—x 0 x+2 | x+2
Vé trai 6-2x | —4x+2 | 2x—6
Véi x<-2; 6-2x =6 < x =0 (thdéa man)
Vi —2<x<§; —4x+2=6 < x=-1 (thdéa man)
. 4 o
Vi ng; 2x—6=6< x =6 (thda man)
b) V6i [3x—4|+|x+2|=4 1ap bang xét gié tri tuyt doi:
X 5 i
3
[3x -4 4-3x | 4-3x 0 3x—4
|x+2| —2-x 0 x+2 | xX+2
Vé trai 2—4x | 2x+6 | 4x -2

Véi x<-2; 2—4x =6 < x =—-1 (khong théa man).

Voi —2<x<§; —2x+6=4< x =1 (théa man).

Vi ng; 4x—2:4<:>x:% (théa man).



Vay tap nghiém cua phuong trinh 1a S = {—1; 0; L %; 6}

Vi du 6: Giai cac bat phuong trinh:
a) [4x—5<25. b) [2x—6|<x+2
Tim 101 gidi: Cac bat phwong trinh c6 dang | f (x)| <o va | f (x)| < g(x). Do d6 ta st dung dinh nghia vé gia
tri tuyét dbi dé giai hodc giai theo cach giai sau.
*|f(r)|<ae —a< f(x)<a (a>0)
* | (0] < g(0) & —g(x) < f(x) < g(x) (g(x) > 0)
Sau khi giai xong luu ¥ khi tap hop nghiém: nghiém bit phuong trinh
| f (x)| <o phai théa man dong thoi ca hai bat phuong trinh f(x)<a va f(x)>—o; nghiém bat phuong
trinh | f (x)| < g(x) phai théa man dong thoi ca hai bat phuong trinh f(x) < g(x) va f(x)>—g(x)
Gidi
a) [4x—5/ <25 —25+5<4x<25+5
& -20<4x <30 -5<x<7,5
b) Cdch 1: Ta ¢ [2x—6|=2x—6 néu x >3
|2x—6| =6-2x néu x<3
Vi thé:

*Néu x>3 thi [2x—6|<x+2<2x-6<x+2< x<8=>3<x<8.

*Néu x <3 thi |2x—6|<x+2<:>6—2x<x+2<:>—3x<—4<:>x>%:>%<x<3.

Két hop ta duoc nghiém ciia bat phuong trinh 13 %<x<8.
Cach 2: Tacovoi x>-2 thi x+2>0

Taco: 2x—6|<x+2< —x—2<2x—6<x+2

x<8

2x—-6<x+2 x<8
S & 4
2x—6>—-x-2 3x>4 x>§

Nghiém ciia bat phuong trinh 1a % <x<8.

Vi du 7: Giai cac bat phuong trinh va biéu dién nghiém trén truc sd:

2x+3

x—1

a) [2x-7|>15. b) >1 (v6i x#1)




¢) |x2 —3| >5-2x
* Tim loi giai: Cac bat phuong trinh dang |f(x)| >0 va |f(x)| > g(x)

Do d6 ta st dung dinh nghia vé gia trj tuyét di dé giai hodc giai theo cach giai sau:

N f)>a
|f(0)]>a < LC(X) -y (a.>0)

f(x)>g(x)
*|fo]> g0 & {

fx) <—g(x)
Sau khi giai xong luu ¥ khi tap hop nghiém: nghiém bt phuong trinh | f (x)| > o chi cAn théa mén mot trong
hai bat phuong trinh f(x)> o hodc f(x) < —a ; nghiém bat phuwong trinh | f (x)| > g(x) chi can thoa man mot

trong hai bat phuong trinh f(x) > g(x) hodc f(x)<-g(x).

Gidi
2x-7>15 2x>22 x>11
a) 2x-7|>15< = =
2x-T7<-15 2x < -8 x <-4
-4 11
\/ L LL P / X
j P raeaeyd 7777 7 ///\
e 2x+3>1 2x+3_l>0 x+4>0(*)
b) - 1 >1 2x_13 < 2x_13 < ;_ 2
. eSS T e S Y T e WES S
x—1 x—1 X—

x<—4
x <
Giai (*) co . Giai (**) co —% < x <1.Hop nghiém 2
x>1 3 x>

2 N x<—4
-}4 3 0 El X xr>1

0 X
A%%%%%%éé%%é%%%é(—i»—}é{éw **—%<x<1
3

X////////////// PP aF P J‘.( i -.._
}'/////f///f//l'l ,/,’I/X T

) x<—-4
-4 0 X

3

Nghiém cua bat phuong trinh d3 cho 1a 2
x>-—=

5 x*—-3>5-2x X +2x-8>0(%)
o) | -3>5r-2 N

P =3<2x-5 | xX*=2x+2<0(F*)



>2
Giai (*): x2+2x—8>0c>(x+4)(x—2)>0<:>{x )
X< -

Giai (**): Do x> —2x+2=(x—1)’ +1>0,Vx nén (**) v nghiém.

Bi€u dién nghiém:

Vi du 8: Giai cac bat phuong trinh:
a) |x—4|>

b) |x|—|x—1|+|2x—5|<3x—6

* Tim cdch gidi: Cac bat phuong trinh di cho (viét tit BPT) déu c6 nhiéu biéu thirc trong dau gia tri tuyét doi

nhung roi nhau. Ta lap bang xét gia tri tuyét ddi cta cac biéu thic dé giai bat phuong trinh.

Gidi
a) Cdch I: Lap bang xét gia trj tuyét di:
X -3 4
| X— 4| 4—x | 4—x 0 x—4
[3x+9| 3x-9 0 3x+9 | 3x+9

*Voi x<-3thi (1) 4-x>-3x-9< x>-6,5

*V6i -3<x<4 thi BPT & 4-x>3x+9< x<-1,25

*Voi x>4 thi BPT & x—-4>3x+9 < x<-6,5 (loai)

Hop hai khoang nghiém: —6,5 < x < -3 va -3 <x < —1,25 ta duoc nghiém ciia bat phuong trinh 13
-6,5<x<-1,25

Chu y: Ta con céach giai khac don gian hon dua vao:

@[> |g@)]| & [f@] >[e@)]

Cdch 2: Binh phuong hai vé ta cé:

BPT & x* —8x+16>9x” +54x+81 <> 8x* +62x+65<0

< (4x+5)(2x+13) <0< -6,5<x<-1,25

b) Lap bang xét gia tri tuyét doi:

X -1 0 2,5

| x| —X | —Xx 0 X | X




|x+1] -x-1 0 x+1 | x+1 | x+1

|2x—5| 5-2x | 5-2x | 5-2x 0 2x-5

*Voi1 x<-1.BPT < —x+x+1+5-2x<3x-6
& Sx<-12< x>2,4 (loai)

*Voi1 —1<x<0.BPT & —x—x—-1+5-2x<3x-6
2 )
<:>—7x<—2<:>x>7 (loai)

*Voi 0<x<2,5.BPT < x—x—-1+5-2x<3x-6
& Sx<-10x>2

*Vb&1 x22,5.BPT <& —x—x—1+2x-5<3x-6
& —3x <0 (dang véi moi x )

Vay nghiém cta bat phuong trinh lax > 2.

C. Bai tap van dung

24.1. Giai cac phuong trinh:

ﬁ_é‘:x_ﬁ by v 25+l o Prod]

a) .
25 5 5 2

Hwéng din giai — dap s6
a) Bién d6i PT < [5x—12|=10x-32
Taco vi [5x—12/>0 nén 10x-3220< x>3,2
Khi 4y |5x—12|=5x-12. Phuong trinh tr& thanh 5x—12=10x-32 ta tim dugc x=4 (théa man); Vay
nghiém cua phuong trinh 1a x =4.
b) Bién dbi PT < 5[3x—4/=22-6x
Xét voi xZ% ta tim dugc x =2 . Xét voi x<§ ta tim duoc xz—%
24.2. Giai cac phuong trinh:
a) [2x-3-1=1. b) x| -2|=2x-6.
Hwéng din giai — dap s6

|2x| =5 [x =125

a) PT < |2x-3[=2 <
2x]=1  [x=2%0,5

b) * V6i [ > 2 thi |[x]-2|=|x]-2

Phuong trinh tr¢ thanh < |x| -2=2x-6< |x| =2x—-4



Véi x20,tacod x=2x—4< x=4 (théa man)
Vo6i x<0, tacod —x:2x—4<:>x:§ (loai)

*Voi x| <2 thi |x]-2| =2

Phuong trinh tré thanh < 2—|x|=2x-6 < |x| =8 -2x
Véi x>0, ta co: x:8—2x<:>x=§ (logi vi [x| < 2)

V61 x<0, tacod: —x=8—-2x < x =8 (loai)
Phuong trinh ¢6 nghiém duy nhét 1a x =4
24.3. Giai cac phuong trinh:
a) [4x+5|+]4x -5/ =10. b) [2x —6|+|x —5|-|x +2| = 5.
c) |x+4|+2|1—2x|—3|x| =5-4x.
Huéng din giai — dap sb
Lap bang xét gia tri tuyét di rdi giai cac phwong trinh.

a) Tap nghiém la —% <x< %

b) Bang xét gia tri tuyét ddi:

X 2 3 5
|2x—6| 6—2x | 6-—2x 0 2x—6 | 2x—6
|x 5] 5-x | 5-x | 5—x 0 x-5
|x+2| -x-2 0 x+2 | x+2 | x+2
Vé trai —2x+13 | —4x+9 | 0x—3 | 2x-13

*Voéi x<-2 PT < -2x+13=5< x=4 (loai)

*¥V6o1 2<x<3 PT & 4x+9=5 4x<4ox=1
*V613<x<5 PT & 0x-3=5< 0x=28 (v0 nghiém)

*Véi x>22,5 PT ©2x-13=52x=18<x=9

Tap nghiém 1a S = {1;9}

c) Lap bang xét GTTD. Nghiém la x =-0,25;x=0,5

24.4. Giai phuong trinh:

a) |x2—2x—1|:2. b) |x2—6|=x.

c) 4x—x’ :|x—1|+|x—5|. d) |x2 —25|—|x2 —9|=x2 —2x+17.




Huéng din giai — dap sb
X =2x-1=2 (x=3)(x+1)=0
2 At 2
x =2x-1=-2 (x-1)"=0

a) PT {
Tap nghiém: S = {-1;3;1}.

b) Luu y: x> 0. Tép nghiém: S ={2;3}

c) Vétrai dx—x’=4—(4—4x+x")=4-(2-x)" <4

V& phai: 4p dung bat dang thirc |a| + |b| > |a + b| ta co

VE trdi: |x—1|+[x=5|=|x—1|+|5— x| 2 [x-1+5-x| =4

Suy ra vé phai bang vé trai bing 4 = x =2.

d) Ap dung bt dang thuc: |a| —|b| < |a —b| ta co:

Vé tréi [x* —25|—|x* -9 <|x’ —25-x* +9|=16

Mit khac vé phai x> —2x+17=(x—1)*+16>16

Suy ra vé phai bang vé trai va bang 16 = x =1

24.5. Cho phuong trinh |x - 2| + |x - 5| =m (v6i m 1a tham sb). Hay cho biét v6i gi tri nao ciia m thi phuong

trinh c6 hai nghiém, v6 s6 nghiém, v6 nghi¢m?
Hwéng din giai — dap s6

Lap bang xét gia tri tuyét di:

X 2 5
|x—2| 2—x 0 x—2 | x=2
|x—5| 5-x | 5-x 0 x=5
Vé trai 7-2x | 0x+3 | 2x -7
VoI x<2 thi (1)< 7—2x=m < x =" Ia nghiém néu - <2 <> m >3

*Voi 2<x <5 thi (1) < 0x =m—3 vo sb nghiém néu m =3

VoI x> 5 thi(1) @ 2x—7=m < x =7 langhiem néu 7L 550 m >3,

T-m m+7
va x =
2

Vaynéu m >3 thi (1) c6 hai nghiém I3 x =

Néu m =3 thi (1) c6 vo s6 nghiém 2 < x <5.
Néu m < 3thi (1) v nghiém.
24.6. Giai phuong trinh [2[x|-5|=|x—3+4

Hwéng din giai — dap s6



2|x|-5=|x-3+4  |2]x|-|x-3=9
PT< =
2x|-5=-4—|x-3 | 2[x+|x-3|=1

Lép bang xét gid trj tuyét doi tim dugc thp nghiém la S ={-12;6}
24.7. Giai phuong trinh [2|x—5|-9|+[2|x - 5|-11] = 12.

Huéng din giai — dap sb
Dit [x—5|=1(t>0) . Phuong trinh tré thanh |27 — 9|+ |27 —11| =12
Lap bang xét gia tri tuyét d6i tim duge r=2 va r=8

(x=7

Véit=2&|x-5=2<
| x=3

[x=13

| x=-3

Véi 1=8 < |x-5|=8<

24.8. Giai cac bat phuong trinh:

a) |’ —4x+2| <14, b) [x—3[<x” +2x+3.
) |2x—5|£2x3+5.

Huéng din giai — dap sb
x*—4x-12<0

a) BPT & —14<x’ —4x+2<14 &
x*—4x+16>0

* P —4x+16=(x-2)"+12>0 Vx
* P —4x—-12=(x-6)(x+2)<0<= 2<x<6
Nghiém ciia bat phuong trinh 14 -2 < x <6

X +3x>0

b) [x-3|<x’+2x+3 & -1’ —2x-3<x-3<x’ +2x+3 &
X 4+x+6>0

2
* x2+x+6:(x+%] +%>0, Vx>0

5 x>0
*x +3x=x(x+3)>0& 3
x<-—

N \ X . x> 0
Nghiém cua bat phuong trinh 1a { 3
xX<-

6x—15<2x+5
¢) BPT < & 1,25<x <5
6x—-15>-2x-5

24.9. Giai cac bt phuong trinh:



a) 2[5x—1|>5x+1. b) +1)>3.
x_
2x 2 2
¢) ~1>2. d) [-x* ~2x-2016| > x> +2018.
x+3
Huéng din giai — dap sb
25x-1)>5x+1  [5x>3 | ¥>00
a) BPT < = Rt 1
2(5x—-1)<-5x—-1 15x <1 xX<—
15
x>0,6
Nghiém bat phuong trinh 1a 1
X<—
15

b) V6i x #2 bat phuong trinh da cho tuong duong véi:

5-2x 5

+1>3 -2>0 >0 2<x<—
x-=2 PN x-=2 - :—27 PN ) 2

+1<-3 +4<0 0 |Z<x<2
x—=2 x—=2 x=2 7

Hop nghiém duoc %<x<§ trir x =2

x—3
x+3

>2

¢) Vi x # -3 . Tuong tu (b) hodc bién d6i BPT <

Tim dugc -9<x<—1 trr x =-3

d) Ta c6 [-x" =2x=2016|= x* +2x+2016 (do —x* ~2x~2016 < 0; Vx)

va x> +2018 > 0,Vx nén BPT <> x* +2x+2016 > x* +2018
S2x22& x2>1.
24.10. Giai cac bat phuong trinh:

|2x—3| 1

> b) 2—x <|x* —4].
2+5+8+...+489 91

c) |4x+5|>x2—2x+5. d) —2|3x—5|>x2—x+1.
Hwéng din giai — dap sé

(2+89).30

a) 2+5+8+...+89= =91.15

, 2x-3215 x29
Do d6 BPT < [2x-3[>15<

f—
2x-3<-15 x<-6

b) BPT < |x* —4[=2-x



>2
P—422-x  [(x=2)(x+3)20 {x
& & S| x<-3
P od<x_2 | (x=2)(x+1)<0

Téng hop nghiém: {x -
x <

A4x+5>x*-2x+5 X’ —6x<0
¢) BPT < =

Ax+5<—(x>=2x+5) X +2x+10<0
(Ic) ©@x(x-6)<0=0<x<6

(2) V6 nghi¢m

Nghiém ctia bat phuong trinh 1a 0 < x < 6.

(lc)
(20)

2
d) Taco —2.[3x—5/<0; Vx va x° —x+1=(x—%] +%>O;Vx

Nén bat phuong trinh v6 nghiém.

24.11. Giai cac bat phuong trinh:

a) |x+5|<|x—3|. b) |x—5|+|x—6|>3x—11.

Hwéng din giai — dap s6

a) Binh phuong hai vé. Hodc 1ap bang xét gia tri tuyét doi.

Nghiém cua (1) 1a x <—1.
b) Lap bang xét gia tri tuyét doi:

X 5
|x—5| 5—-x 0 x=5 x=5
|x—6| 6—x | 6—x x—06
Vé trai 11-2x | Ox+1 2x—11

*Voi x<5thi(2Q) ©11-2x>3x-11x<4,4

*Véi 5<x<6 thi(2) < 0x+1>3x—11< x<4 (loai)

*Voi x>6 thi (2) < 2x—-11>3x-11< x<0 (loai)
Vay nghiém cua (2) 1a x <4,4
24.12. Giai cac bat phuong trinh:

a) [x—4|-6|]-8>2. b) [2x—3/-11[+5<6.

Hwéng din giai — dap s6

a) BPT < |lx—4]-6/>10 <
x—4|-6<-10

[x—4]-6>10 lx—4|>16
|x —4| < —4 (loai)




{x—4>16 {x>20

-
x—4<-16 x<-12
b) BPT < [2x-3|-11|<1 e —1<|2x-3|-11<1

—-12<2x-3<12 —4,5<x<17,5

2x-3|<12
e o 10<:> 2x-2>10 S x>6
[2x-2]> 2x—2<-10 x<—4
n n , L1 6<x<7,5
Hop nghiém ta dugc nghiém cua BPT la
—4,5<x<—4

“Mpt 56 dé thi:
24.13. Giai phuong trinh [x|+ |x +1]+[x+2|=7.

(Dé thi vao I6p 10 chuyén, Quéc hoc Hué, nam hoc 1994-1995)

Hwéng din giai — dap s6

Lap bang xét GTTD rdi xét cac khoang
*Néu x<—2 thi PTe —x—x-1-x-2=7< x:—?
*Néu 2<x<-1thi PT < —-x—x-1+x+2=7 < x=-6 (loai)
*Néu —1<x<0 thi PT < —x+x+1+x+2=7< x=4 (loai)

* Néu x>0 thi PT©x+x+1+x+2:7©x:§

Phuong trinh ¢6 hai nghiém la x = —? va x = %

24.14. Giai phuong trinh |x* 1|+ |x* —4|=3.

(Thi hoc sinh gidi I6p 9 TP. H6 Chi Minh, ndm hoc 1994-1995)
Hwéng din giai — dap sé
b 1+ =4 = [ =]+ 4= 2 2 144 x =3

Déu “="xdyra < (X’ ~1)(4-x") 20 1<x’ <4 o 1<[x]<2

-2<x<L2
1<x<L2
<l x2>1 =
2<x<-1
x<-1

Nghiém phuong trinh 1a 1<x<2; -2<x< -1
24.15. Giai phuong trinh |x|—|x-2|=2.

(Thi vao 16p 10 chuyén Lé Hong Phong TP. Ho Chi Minh, ndm hoc 1995-1996)

Hwéng din giai — dap s6



Lap bang xét GTTD rdi xét cac khoang:
* Vo1 x <0 phuong trinh thanh —x-2+x =2 < 0x =4 v0 nghiém.
* V61 0 < x <2 phuong trinh thanh x—2+x=2 < x =2 (nhan).
* Vi x >2 phuong trinh thanh x —x+2=2 < 0x+2 =2 vo s nghiém.
Vay nghiém cua phuong trinh 1a x>2.
24.16. Giai phuong trinh (x—1)* +2|x—1/-8=0
(Thi hoc sinh gidi I6p 9 TP. H6 Chi Minh, ndm hoc 2001-2002)
Hwéng din giai — dap s6

bat y = |x - 1| thi y > 0. Phuong trinh tré thanh:

YV +2y-8=0(y-2)(y+4)=0< y =2 hoic y=—4 (loai)

x—-1=2 x=3
V@yy=2<:>|x—l|=2<:>{ 2@[

x—1=- x=-1
Nghiém ctia phuong trinh 1a x=3 va x=-1
24.17. Giai phuong trinh [2x +5 = x* +3x -1
(Thi vao 16p 10 néing khiéu PHOG TP.H6 Chi Minh, nam hoc 2003-2004)
Huwéng din giai — dap )
*Néu x>2,5 thi [2x+5|=2x+5 khidy 2x+5=x"+3x-1
SxX+x-6=0 (x+3)(x—2)=0< x=-3 hodc x=2. Loai x=-3
*Néu x<-2,5 thi [2x+5|=-2x—5 khidy -2x-5=x"+3x-1
S +5x+4=0 (x+4)(x+1)=0 <> x =—4 hoic x=-1.Loai x=-1.
Nghiém cta phuong trinh 1a x=2 va x=—4
24.18.Gidi phuong trinh [x+ 1|+ [x~1| = 1+|x* -
(Dé thi tuyén sinh THPT chuyén DPHOG Ha Néi, nam 2004)
Huéng din giai — dap sb
Tac6 |ab| = [a].[p| nén |x+1]+|x 1| =1+[x* —1| =[x +1|.}x =1 =[x +1]~[x 1] +1=0
& (Jx+1-1).(]x-1-1)=0e Hij{_i;g ((12))

*(1)<:>x+1:i1<:>{ : (2)<:>x—1:i1<:>{x

Tap nghiém ctua phuong trinh 1a S = {—2; 0; 2}

2006 2006

24.19. Giai phuong trinh |x—2003 " +|x—2006| =1



(Dé thi hoc sinh giéi I6p 9 tinh Thanh Héa, ndm hoc 2004-2005)
Huéng din giai — dap sb
* Khi x =2005;x =2006 thi vé trai va vé phai déu cing s6 tri 1a 1. Do d6 x =2005 va x =2006 1a nghiém
cua phuong trinh.
* V6i x <2005 thi [x—2005>0 va |x—2006|>1

2006 006

Do d6 |x—2005|

+ |x - 2006|2 >1= phuong trinh v6 nghiém.

* V6i x> 2006 thi [x—2005|>1 va [x—2006| >0

2006 2006

Do d6 |x—2005|

+ |x - 2006| >1= phuong trinh vd nghi¢m.

* V61 2005 < x <2006 thi 0<x—-2005<1 va -1<x—-2006<0

2006 2006

= |x=2005]"" <|x—2005| = x—2005 va |x—2006] " <|x—2006|=2006-x

2006 2006

= |x=2005"" +]x—2006]"" < x—2005+ 2006 —x =1=> phuong trinh vd nghié¢m.

Vay nghi¢ém cua phuong trinh 1a x =2005 va x =2006



Chuyén dé 25.
GIA TRI NHO NHAT VA GIA TRI LON NHAT CUA BIEU THUC
A. Kién thirc cin nhé
1. Xét trong tap xac dinh (D):
a) Hang sd a 1a gia tri 16n nhat cia A(x) v6i x = X, néu:
Vx, A(x) < A(x,)=a . Ky hiéu: max A(x)=a < x=x,
b) Hang sb b 1a gia tri nho nhét ciia B(x) véi x = X, néu:
Vx,B(x)>B(x,)=b . Ky hiéu: minB(x)=b < x=x,
¢) Hang sd a 1a gia tri 16n nhat ciia A(X, y,... ) v6i x = X5V=V,5..
néu Vx, y,... A(x,y,...)< A(x,,p,,...)=a
Ky hi¢u: max A(x,y,..)=a & x=x;y=,;...
d) Hang s b 1a gia tri nho nhat cia B(x, y,...) voi x = X5V=Y,5
néu vx,y,.B(x,y,.)2B(x,;y,,.)=b
Ky hiéu: min B(x,y,..)=bx=x;y=y,;...
2. Pinh 1y vé cuc tri:
a) Néu tong hai sé dwong khéng doi thi tich cia ching 16n nhdt khi va chi khi hai sé d6 bang nhau.
b) Néu tich cia hai sé diong khéng doi thi tong ciia chiing nhé nhat khi va chi khi hai s6 @6 bang nhau.
3. Mot sb bat ding thirc hay ding: (di néu trong chuyén dé 21)
a. Bat dang thtc Cauchy.
b. Bét ding thirc Bunhiacopxki.
c. Bét dang thirc vé& gid tri tuyét doi.
d. Bat dang thirc tam giac.
B. Mt s6 vi du
1. Dang tam thirc bic hai va dwa vé tam thirc bic hai
Vidu 1:
a) Tim gia tri 16n nhét ciia A(x) =2015+2x—x
b) Tim gia tri nh6 nhat cia B(x) = 2x* —2(x —5).
¢) Tim gi tri nho nhit cia C(y) = (y+2)* +(y—5)°
*Tim loi giai:
Dé tim gi4 tri 16n nhit ctia A(x) ta phan tich A(x) thanh mét s6 a trir di binh phuwong mot tong (hodc hiéu).
T d6 tim x, dé Vx A(x)< A(x,) = a.

Khi iy max A(x)=a < x=x,



Pé tim gi4 tri nho nhat ciia B(x) ta phén tich B(x) thanh binh phuong mot tong (hodc hiéu) trir di mot sd b.
Tur d6 tim x, dé Vx B(x)> B(x,) =b.
Khi 4y min B(x)=b < x=x,.
Gidi
a) A(x)=2015+2x—x>=2016—(x* —2x+1)=2016—(x—1)°
Do (x—1)*>>0,Vx nén 2016—(x—1)* <2016, Vx
Do d6 max A(x)=2016 <= x—-1=0< x=1

2
b) B(x)=2x2—2x+10:2(x2—x+5):2 E NN NP L
2 4 4 2 2
2 2
Do Z(x—lj >0,Vx. Nén 2()6—1) +£2£‘v’x
2 2 2

Do do minB(x)=Q<:>x=l
2 2
) CON=(r+2) +(y=5>=y"+4y+4+)y"—10y+25
=2y’ —6y+29:2(y2 —3y+%)
2
=2[y2 —2y%+%+%)z2(y—%) +%2%,Vy
Do d6 minC(y)=24,5< y=1,5.
2. Dang da thivc mét bién bic lén hon hai
Vi du 2:
a) Tim gia trj nho nhét cia C = x* —6x° +12x* —18x +15
b) Tim gia tri 16n nhét cia D = =-2)(y-5)(—-6)9-y)
* Tim cach giai:
a) Str dung tach hodc thém bét dé bién d6i biéu thire lam xuat hién cac binh phwong mét nhi thuc.
b) Hoan vi va nhén ting cap 1am xuat hién cac biéu thirc c¢6 phan giéng nhau y*> —11y roi dat an phu dé giai.
Gidi
a) C=x"—6x"+9x* +3x* —18x+27-12
=x"(x=3)+3(x-3)" -12=(x-3)’(x* +3)-12
Do x> +3>0 Vx;(x—3)>20,Vx = (x-3)*(x* +3)-12>-12,Vx.
Nén minC =—-12 < x =3.
b) D=[(y-2O-N][(y-5)»-6)]=—(y" ~11y+18)(y* ~11y+30)

Dit y* —11y+24=z tacd: D=—(z—6)(z+6)=36—2"<36 Vz.



Vay maxD =36 <z=0< y° —11y+24=(y-3)(y—8)=0
&S y=3y=8
3. Dang da thirc nhiéu bién béc hai
Vidu 3:
a) Tim gi4 tri nho nhat cia A(x;y) = x> +2x+9y* =6y +2018
b) Tim x, y, z dé da thic B(x,y,z) 6 gia tri 16n nhat.
B(x,,2)=1-Q2x" +2y* +2° +2xy - 2xz - 2yz - 2x —4y)
* Tim cach gidi:
a) Bién d6i biéu thuc thanh téng cac binh phuwong cac nhj thirc véi mot hang s6
b) Dung tach, thém bdt cac hang tir 1am xuét hién binh phuong cac biéu thirc. Str dung hang dang thirc:
a’+b’ +c* +2ab+2ac+2bc=(a+b+c)
Gidi
a) A(x,y)=x>+2x+1+9y> =6y +1+2016=(x+1)* + 3y —1)> +2016
Do (x+1)*>>0,Vx va 3y—1)>=>0,Vy

Nén (x+1)> +(3y—1)>+2016 > 2016, Vx; y
Do dé min A(x,y)=2016 < (x=—1;y=%)
b) B(x,y,z) =1—|:(X2 —2x+1)+(y2 —4y+4)+(x2 +y* 4+ 2 +2xy—2xz—2yz)—5]

=6—[(x—1)2 +(y—2)2 +(x+y—z)2}ﬁ6,‘v’x,y,z

x—-1=0 x=1
Do d6 max B(x,y,z)=6<={y-2=0 <<y=2
x+y—z=0 z=3

4. Dang phén thirc

Vidu 4:
NP A, o 1R 16
a) Tim gia tri I16n nhat cua bi€u thitc 4=————.
x —=2x+19
. : x*=9
b) Tim gia tri nho nhat cua bi€u thirc B =—; .
x 43
2
¢) Tim gié tri 16n nhat cua biéu thirc C = 1;2#
X —2x+2

Giai

a)Do x> —2x+19=(x-1)" +18>18,Vx



1 <1 16 <16 8

- — <
(x—1>+18 18

T =17 +18 18 9

b 3

Vay maxA:§<:>x:1

2
by =212 12 p5 353w nen <4=1-—"—>-3Vx
x +3 X +3 x +3 X +3
Vay minB=-3< x=0.
l42v—x 3—(x'-2x+2) 3
C) C: > = 2 = 3 _1
X" =2x+2 X —=2x+2 X =2x+2
Do x*—2x+2=(x-1)>+1>1 Vx nén —2£1:;2S
(x=1D"+1 (x—=1)"+1
:%—ISLVL Viy maxC=2< x=1.
(x—-1)"+1

5. Dang chieng minh gid tri I6n nhét (nhé nhat) ciia biéu thirc

ViduS:
T —x*+x—1 O3
a) Chirmg minh gia tri 16n nhat cia 4=—————(x#1) la —— khi va chi khi x=-1.
x°—=2x+1 4
2
b) Chimg minh gia tri nho nhit cua B =L2x+2(x #0) la % khi va chi khi x =2.
X

* Tim cach giai:

+ Phuong phap ching minh max A(x) =a (a la hang sb).

Chimg minh A(x)<a,Vx vacé (x,) sao cho A(x,)=a

+ Phuong phap ching minh min B(x) =5 (b 1a hang sd).

Chimg minh B(x)>b,Vx vaco (x,) saocho B(x,)=b
Gidi

—x*+x-1 3

a) Ta chung minh 4 = < _va #1. That vy Vx #1

xt=2x+1
2 2 2 2
—X4x-l 3 oxdx-l 3 g v -2x-l o D
¥ =2x+1 4  x-2x+1 4 x'—2x+1 (x—1)?

69

Hién nhién dung. Dau xdyra < (x+1)° =0 x=-1

P2x+2 1

#zav”o. That vy Vx # 0.
X

b) Ta chtirng minh B =

2 2 2 2
X 2x+2>1©x 2x+2_120<:>x 4x+420<:>(x 2)

2 =5 2 2 2 20
X 2 X 2 2x 2x

C__9%

Hién nhién diing. Dau “="xayra < (x—2)’ =0 < x =2.



6. Dang ciing tim gid tri I6n nhit va nhé nhit ciia mgt biéu thirc

Vi du 6: Tim gié tri 16n nhat va nho nhét ctia biéu thie M = 10(2x—+52)
X+
Tim cdch gidi: Bién doi biéu thie M dé c6 a <M <b,Vx (a, b 1a cac hing so).
Gidi
(¥ +10x+25)=(x*+5)  (x45)
M = = —_

5 5 1>-1,Vx
X +5 x +5

Dodd minM =-1<x=-5

2 2 ’
5(x"+5)—=5(x 2x+1)=5_ug5,w

* N =
x*+5 x*+5

Do d6 maxM =5 x =1

7. Dang bdi tdp dp dung dinh Iy, tinh chét vé cwc tri

Vi du 7: Ching minh dinh 1y:

1) Néu tong hai so dwong khong doi thi tich ciia ching I6n nhdt khi va chi khi hai sé dé bang nhau.

2) Néu tich ciia hai sé dwong khéng doi thi tong ciia chiing nhé nhat khi va chi khi hai s6 @6 bang nhau.
Ap dung:

a) Tim gi4 tri nho nhat cta 7T =

X L.
+—, vO1 x>2
x-2 4

b) Cho 7a+9b =42 véi a,b>0 . Tim gia tri 1on nhit cia tich P = ab
Gidi
Goi 2 s6 duonglaavab
Taco (a—b) 20 a* —2ab+b* >0 < (a+b)* > 4ab
2

1) Néu a+b =k >0 khong ddi thi 4ab£k2©ab£%

kK’ k
Vay max(ab)=— < a=b=—
ay (ab) 4 2

2) Néu ab=h>0 khong ddi ta co (a+b)* >4h
— a+b>2vh. Do d6 min(a+b)=2Vh < a=b=h

Ap dung:

16 X 16 x—2
+o= +
x—2 4 x-=-2 4
16 x-2

Ta ¢6 v6i x>2 thi : I3 2 sé duong c6 tich —0_ *=2
x—2 4 x—=2

R 16 x—2
nhat < =
x=2 4

a) T =

2
+_
4

=4 khong d6i nén tong cua chiing nho




& (x—2)* = 64. Phuong trinh ¢6 2 nghiém x =10 va x = —6.

Nghiém x =10 théa min diéu kién ctia bai. Viy min 4 =4,5 < x = 2.

b) Xét 63P =7a.9b trong &0 7a+9b =42 khong d6i nén tich cta ching 16n nhat khi va chi khi hai s6 d6
béng nhau.

7a=9b=21. Vay maxP:7<:>a:3;b:%

Vi du 8: Chiing minh tdng mét s6 dwong véi nghich déo ciia n6 c6 gia tri nho nhat 1a 2.

Ap dung:

a) Voi a,b >0 tim gia tri nho nhit cia 4= (a + b)(l+ %j
a

b) Véi a,b,c >0 tim gia tri 16n nhét cua B:I—(a+b+c)(l+%+lj
a c

Giai

. 7 14 . 1
Goi s0 duong 1a x . Thi so nghich ddo cuané la —
X

1 . : 1 Ty . 1
Ta co6 tich x.— =1 khong do6i nén tong x +— nho nhat khi va chi khi x=—< x =1
X X X

Vay min(x+lj:2©x:1.
RS

a) A= (a + b) l+l = ﬁ—i-é—i- 2=2.Do < va b 1a hai s6 dwong nghich d4o nhau. Theo chimg minh trén
a b) b a b a

A>2+2=4.
Vay mind=4<a=5>b

b) Ta c6 C=(a+b+c)(l+%+lj:3+(%+2j+(2+%j+[£+3]
a C a C a C

Theo chung minh tréntac6 C>3+2+2+2=9
Nén B=1-C<1-9.Viy minB=-8< x=y=z.
8. Dang bdi tdp cdc bién bi rang budc béi cdc hé thirc
Vidu 9: Cho x+y+z=6.
a) Tim gia tri nho nhat cta biéu thic 4 = x> + y* + 2°.
b) Tim gia tri 16n nhat cta biéu thic B = xy + yz + zx.
¢) Tim gia tri nho nhat cta biéu thic 4—2B.
Giai

a)Cach I: x+y+z=6=>(x+y+z) =x"+y" +2°+2(xy+ yz +2x) =36



Mit khac x* +y* > 2xy;y* +2° > 2yz; 2° +x° > 2zx

Do d6 cong vé v6i vé cuia ba bt ding thire cung chiéu nay ta dugc:

2()62 +y° +22)2 2(xy—i—yz+zx):>x2 +y*+7° +2()c2 +y° +22)Z36

:>3(x2 +y2+22)236

Vay mind=12< x=y=z=2

Cach 2:Ap dung bat déng thirc Bunhiac6pxki cho bg 3 s61,1,1vax, y, z ta cod



(x.1+ y.1+z.1) 3(12+12 +12)()C2 +y° +zz)
Hay (x+y+z)2 <3P+t +2z%)

(x+y+z) _ 36

Tuwdo 4> ?:12,‘v’x,y,z

Vay mind=12<x=y=2z=2.

b) Theo a)tacd A+2B =36 va A>B=3B<A+2B=36 nén B<12
>maxB=12x=y=2z=2.

c)Taco A+2B =36 ma B<12 nén:

A-2B=A+2B-4B>36-48=min(4-2B)=-12 & x=y=2z=2.

9. Dang bai chira diu gid tri tuyét doi

Vi du 10:

I P S 1945 —[2x 9|
a) Tim gié tri 16n nhat cua biéu thtc 4 =———
2015
b) Tim gi4 trj nho nhat cua bicu thie B =|2x—5|+|2x—11].
¢) Tim gi tri 16n nhét cta biéu thic C =4/5x—8|—16—(5x—8)".
Gidi

1945—[2x-9] _ 1945

a) Ta ludn co: Vx,

2x—-9>0 do d6 1945—|2x—-9| <1945 va A= <——.
2015 2015

Dau “="xdyra < 2x-9=0< x=4,5

1945 389

Do d6 max A= =
2015 403

x=4,5
b) Cdch 1: St dung |a|+|b|>|a +b|. Dau “=" xayra <> ab>0

Ta co: B =|2x—5|+|2x—11|=[2x =5+ [11-2x|>|(2x-5) + (11-2x)|=6

Vay B>6 . Diu “="xayra < (2x—5)(11-2x)>0

Lap bang xét dau:
X 2,5 5,5
2x-5 - 0 + | +
11-2x + | + 0 -
V& trai - 0 - 0 -

2x=511-2x)>20<=2,5<x<5,5
Dod6 minB=6<2,5<x<5,5

Cdach 2: Lap bang xét gia tri tuyét ddi:



X 2,5 5,5
2x 3| 5-2x 0 2x-5 | 2x-5
px—11] | 11-2x | 11-2x 0 2x-11
*Véi x<2,5 taco B=16—4x>6 0
*Véi 2,5<x<5,5 thi B=6 )
*Véi x>5,5 taco B=4x—16>6 3)

Tu (1), (2),3)taco minB=6<2,5<x<5,5
c) bat |Sx—8|=y thi
C=4[5x—8~16—(5x~8)’ = 4|5x—8|-16—[5x -8
=—()’—4y+4)-12=—(y-2)°-12<-12
Viy maxC=-12& y=2<5x-§ =2 x=2x=12.
C. Bai tap van dung
Dang tam thirc bic hai va dwa vé tam thirc bic hai
25.1. Tim gia tri nho nhat cta cac biéu thic:
a) A(x)=4x>+8x+15.
b) AW =+’ +(y=2)" +(y=3)" = (y+4)".
c) A(z)=(z+2) —(z-2)(Z°+2z+4).
Hwéng din giai — dap sé

a) A(x):4(x+1)2+11211,Vx. Vay min A(x) =11 x=-1
b) A(y)=2y"-16y—2=2(y—-4)*-34>-34,Vy. Viy min A(y)=-34 < y=4.
C) A(z)=6z"+12z+16=6(z+1)> +10>10,Vz. Vay min A(z) =10 < z =—1.
25.2. Tim gi4 tri 16n nhat cta cac biéu thuc:
a) B(x)=15+6x—x".
b) B(»)=(»"=2)" +2(y =1’ +(2-»")(2+)")

112° =222 +33

e

Hwéng din giai — dap sé

¢) B(z)=

a) B(x)=24—(x’ —6x+9)=24—(x—3)* <24,Vx.

Viy max B(x) =24 < x =3.



b) B(y)=-2y"—4y+10=12-2(y+1)* <12,Vy.

Viay max B(y)=12< y=-1

1 1 1 1 11
coRatgon | ——-1|| —-1|| =-1]...] ——1|=-— ('ban doc tu rat gon
i (22 j(e» j(4 j (102 ] g Ve dee it eon)

1 1.3 1 2.4 1 9.11

Ly -l=—;5-l=-——"—;..;—F5-1l=——7—
i 223 337 10° 10.10

Do d6 B(z) =-20(z* —2z+3)=—-40-20(z—1)* <40, Vz.

Viy max B(z) =-40 < z=1.

Dang da thirc mét bién bic l6n hon hai

25.3.

a) Tim gi4 tri nho nhét ciia biéu thie C = (x—3)(x—5)(x> —8x+17)

b) Tim gia tri 1én nhat cta biéu thic D = (1-x)(x* —11x* +41x —55).

¢) Tim gi4 tri nho nhat cta biéu thic E = (x* +9x +18)(x* +x—2) +1.

d) Tim gid trj Ion nhét ciia biéu thie F =2018—| (x—2014)" +(x—2016)" |.
Hwéng din giai — dap sé

a) C=(x" —8x+15)(x* —8x+17)

bat x* —8x+16=y taco C=(y-1)(y+1)=y>-12-1Vy.

Viy minC=-1&y=0= (x-4) =0 x=4.

b) D=(1-x)(x=5)(x* —6x+11)=—(x" —6x+5)(x* —6x+11)

bat x* —6x+8=y taco D=—(y-3)(y+3)=9-»"<9, vy

Vay maxD=9<:>y=O<:>x2—6x+8=0<:>(x—2)(x—4)=0<:>{x
X

c) E=(x+6)(x+3)(x+2)x-1)+1=x"+5x—6)(x*> +5x+6)+1
Dit X’ +5x=y tacd E=(y—6)(y+6)+1=y"-36+1>-35Vy
Viy minE=-35<y=0 x> +5x=(x+5)x=0< x=0;x=-5.

d) Dit x—2015= y thi F:2018—[(y+1)4+(y—1)4}

Ap dung hing dang thic (a+b)' =a* +4a’h+6a’h* +4ab® +b" ta co
F=2018-2(y* +6)* +1)=2016—2(y* + 6*) <2016, Vy
Vay max F =2016 < y=0< x=2015.

Dang da thivc nhiéu bién bic hai



254.

a) Tim x, y dé biéu thirc sau dat gia tri nho nhét va tim gia tri do:

M(x,y)=x>=2xy+4y> +12y+22.

b) Tim x, y dé biéu thirc sau dat gia tri 16n nhat va tim gia tri do:

N(x,y)=2006—x>-3y> —2xy—2x+6y

¢) Tim x, y,zdé biéu thirc sau dat gia tri 16n nhat va tim gia tri do:

P(x,y,2)=1-x"—y* =2 +2x+4y+ 62

d) Tim x, y, z,¢ dé biéu thirc sau dat gia tri nho nhét va tim gia tri do:

O, y,z,t)=(x+y+2) +xX" + >+ 26> + 2xt -4y —6¢t +113.
Hwéng din giai — dap s6

a) M(x,y)=(x—y) +3(y+2) +10>10,Vx, .

Do d6 minM(x,y)=10< (x =-2;y= —2).

b) N(x,»)=2015—(x+y+1)" =2(y—2) <2015,Vx, y.

Do d6 max N(x,y)=2015< (x=-3;y=2).

¢) P(x,y,2)=15—(x~1) —(y-2) —(2-3)" <15,Vx, ,z

Do d6 max P(x,y,z)=15< (x =Ly=2z= 3).

d) 0(x,y,2,0) = (x+y+z) +(x+1) +(y—2) +(£=3)" +100 2100, Vx,y,7t.

Do d6 minQ(x, y,z,1)=100 < (x=-3;y =2;z=1;t =3).

25.5.

a) Tim gi4 tri nho nhat ca biéu thic:

R=x+X+X 4+t xp —4(x, + X, + X, +... 4+ X,

b) Véi ne N va n>1 . Tim gi4 tri nho nhét cia:

S=x+2°2 +3°x] +...+n’x0 +2(x, +2x, +3x, +...+nx,) +2n

¢) Véi ne N va n>1. Tim gia tri 16n nhét ctia biéu thirc:

T=2(50+x+2x,+3x, +.ctnx,)— (P +2° +3 +..+n°) = (&) +x] +X] +..+x)
Hwéng din giai — dap s6

2

a) R=(x—2)" +(ox, —2) +(x,=2)" +...4(x,,—2)" =40 > —40,Vx,(i = 1;2;...;10)
minR =40 < (x, =x, =...=x, =2)

b) Taco i°x —2ix, +1=(ix,~1)’



Do do S =(x —1) +(2x, = 1)’ +(3x, 1) .ot (mx, —1)* +12 0, Vx, (i = 1;2;....;)

Do @6 minS=n < x, =1x, =l;x3 =—;.5X, :l.

2 3 n
¢) Tacod x7 —2ix, +i* =(x, —z')2 (i=1;2;3;...;n). Do do:
T=100—(x, 1) = (x, ~2) = (x,=3)" —..—(x, —n)" £100,Vx,

Do d6 max7T =100 < (x, =Lx, =2;x, =3;..5x, =n)

Dang phan thirc
25.6.
NP TP S 200
a) Tim gia tri 16n nhat cua bi€u thtc 4=——F———.
16x" —8x+21
T N S =50
b) Tim gia tri nho nhat cta bi€u thire B = ————.
x —4x+6

2015

¢) Tim gié tri 16n nhat cua biéu thirc £ = — .
X +y —=2(x+y)+2018

Huoéng din giai — dap sb

a) A= 20(2) < 200:10,Vx.Véy max 4=10< x=0,25
(4x-1)"+20 20
b) B=—; 50 = _5(2) >0 s Vx.Viy min B=-25< x=2.
(x"—4x+4H)+2 (x-2)"+2 2
=1
c) E= 5 2015 5 SZOIS Vx,y.Vay maXE=&c> *
(x-D"+(y-1)"+2016 2016 2016 y=1
25.7.
2
a) Tim gia tri nho nhat cta biéu thic D = w
X +2
2
b) Tim gi4 tri 1on nhit cta bidu thic E =% 20
X +5
2
¢) Tim gi4 tri nho nhat cua biéu thic F = w
x +4
2
d) Tim gid trj 16n nhit cia biéu thite G = - F10x+38
x +4x+8

Hwéng din giai — dap s6

2 2 2
4(x"+2)+(x 2x+1):4_'_(x2 1)

a) D=
) x> +2 x +2

>4, Vx.Vay minD=4< x=1.

2
S5(x"+5)+1 5. 1

x*+5 x*+5

b) E =



Do Vx taco x*+525< — Losy 21 <2 vy maxE=52o x=0.
x+5 5 x +5
2
0 F=2+23"D 5 vr Viy minF=2 x=2.
x +4
6 6
d) 0=4+—>—<4+— Vx> maxQ =55 x=-2,
(x+2)" +4 4
25.8.
\ ey X , <A , 3x
a) Tim gia tri l6n nhét cta biu thuc f(x) = —5——.
X +2x+1

3x> —12x+13-2(x—-2)

> Vo1 x # 2.
x —4x+4

b) Tim gi4 tri nho nhat cua biéu thic g(x) =

Huéng din giai — dap sb

3(x+1)-3 3 3 . 1
= at y=——

a) Voi x=—1; f(x)= = — . Pé
) S0 (x+1)° x+1 (x+1)° x+1

1 1 1 1Y 3 3
Tacd f(x)=3y-3y"=-3| 1> -2y—4———|=-3| y—=| +=<=,¥V
f(x)=3y-3y (y Y5+ 4j (y j 2 y

Vay maxf(x):%<:>y:% hay x=1.

1 +3=1" =2y +1+2=(y—1)’+2>2 Vy Véi y=

0 =TT, X2

ming(x)=2< y=1 hay x=3.

Dang chieng minh gid tri I6n nhét (nhé nhét) ciia biéu thirc

25.9.

a) Chirng minh gi tri nho nhit cia biéu thire 4 = x* —6x+15 1a 6 khi va chi khi x =3.

2
b) Chimg minh gia tri 16n nhét cia bidu thie B = %’”54 A8 < x=2.
X —4x+

¢) Cho C=;+2J; chimg minh ring: maxC=1< y=1va minC =-0,5< y=-2.

+y
Huéng din giai — dap sb
a) Ta chung minh A4 > 6, Vx. That vay
X —6x+1526x"—6x+9>0< (x—3)° >0 dung V.
Dau “=" xdy ra < x =3.
b) Ta chiing minh B <8,Vx. That vay: Vx, ta co:

2 2 2 2
x2 +4x+4£8® X +4x+24 8(x 4x+5)£0<:> 9(x 22) <0
x —4x+5 x —4x+5 (x=2)"+1

va vOol x#2.

Vay



i€ ién dung. Dau “=’ x4 x=2.
Hién nhién dung. Dau “=’ xay ra < 2

142 1+2y-2—3" —(y-1) :
0) Xét C—l==¥ | TEVZ2TY 0 2) <0,Vy. Nhu vy C<1,Vy, déu “=” xdy ra < y=1
2+y 2+y 2+y

nghiala maxC=1< y=1.

2 +2
et C+l= 1+2)2/+l: 2+4y+22+y :(y

)2
~20,Vy. Nhu vy C=>-0,5Vy, dau “=” xay ra

< y=-2 nghiala minC=-0,5<y=-2.

25.10. Ching minh ring v6i x € Z, céac biéu thirc:

a) A= 430 c6 gia tri 16n nhat [a 30 < x =3.

b) B=2"2% ¢4 gid trj I6n nhét 14 24 <> x = 2.
x_

c) C= 19715_x c6 gi tri nho nhat 1a —31 < x =1944.
x_

Huéng din giai — dap sb
a) Voi x>4 thi 4<0. Véi xeZ.
Xét x <4 thi miu 4 — x 1a s6 nguyén duong. Phan sd A c6 tir va mau déu duong, tir bing 30 khong ddi nén
A 16n nhit < mau (4 — x) 1a s6 nguyén duong nho nhat.
Dod6 4—x=1<x=3 Khiddé 4=30.Vay max 4=30< x=3,
b) V&i x #3 thi

B:x—26:(x—3)—23:1_ 23 1. 23
x-=3 x-=3 x-=3 3—x
B 16n nhat khi 16n nhét. Néu x >3 thi = <0
3—x 3—x
A 3 A 23 r A 5 A
Néu x <3 thi >0 nén —— 16n nhat < (3—x) nho nhat
3—x 3—x
3—x>0
3—x nho nhit = 3-x=1 hay x=2.
B-x)eZz

Khi @0 maxB=24 < x=2

1975-x _30-(x-1945) _ 30
x-1945 x-1945  x—1945

) V6i x #1945 thi C =

bat E = Ta ¢6: C nho nhit <> E nho nhit

x—1945

* V61 x>1945 thi £>0



* Véi x <1945 thi £ <0 nén C nho nhat < sb dbi cua E 16n nhit < 16n nhat. Do 1945—x >0

45—x
R 30 , £ y 1k
nén 16n nhat < (1945 —x) nho nhat
1945 —x
1945-x>0
(1945—x) nho nhat =1945—-x=1. Khi d6 C =-31.
1945-x€Z
Vay minC =-31< x =1944.
Dang ciing fim gid ti lon nhét va nhé nhit ciia mét biéu thirc
25.11. Tim gié tri 16n nhat va nho nhét cta cac biéu thirc:
2
a) D=$. b) Ezw_
Ox”+2 X +2x+3
2
c)G=2xz+—2x+2Véix20. d) K=x+y véi x* +y* =50.
X +2x+1
Hudéng din giai — dap sb
2 2 2
a)D:(9x +2) £9x 6x+1):1_(3x2 1) <1
9x” +2 Ox”+2
Do do maxD=1<:>x=%
_ 12042 OF +12044)-092°+2) _ Gx+2)’ 1 1
2(9x% +2) 2(9x% +2) 209x*+2) 2 2 7
Do do minD:—l(:)x:—%.
2 3
2 2 2
b)E=2(x —2|-2x+3) X =2—2x—s2,‘7x
X +2x+3 X +2x+3
Doddo max F=2<x=0
_2x"+8x+12 _(x2+2x+3)+(X2+6x+9)_l+ (x+3) 1 x
2(x* +2x+3) 2(x% +2x+3) 2 2(x*+2x+3) 2’
Do do minE=%<:>x=—3
2
O G=2HxH) 2 5 vex0
(" +x+D+x X
2
x +x+1
Viy maxG=2<x=0
2
#Xétvoi x>0 thi G= 22 TAH2AY_, X, 2
x +2x+1 x +2x+1 1
X+24+—

X



Do x+lz2 nén 2—#2%,Vx>0. Viy minG=1,5< x=1.

X xX+—+2
X

d)Taco 2xy<x’+3> = (x+y)’ <2(x* +y*) =100

=[x+ <10=>-10<x+y <10

Viy maxK =10 x=y=5minK=-10x=y=-5

Dang bai tdp dp dung dinh Iy, tinh chit vé cuec tri

25.12.

a) Chirng minh trong cac hinh chir nhat c6 ciing chu vi, hinh vuéng c¢é dién tich 16n nhét.

b) Chung minh trong cac hinh chit nhat c¢6 cung di¢n tich, hinh vudng c6 chu vi nhé nhét.
Hwéng din giai — dap s6

Ap dung truc tiép dinh ly vé cuec tri.

25.13.
a) Tim gi4 tri nho nhat cua biéu thic B = (x+8)2x+9) voi x>0
X
\ A U VR BRI , ¥ +3 .
b) Tim gié tri nho nhat cta biéu thic C = " vol x>0
X+

¢) Tim gié tri 16n nhat cta biéu thirc D = (x* —5x—20)(28 — x* + 5x)
Huéng din giai — dap sb

2
=w:2x+7_2+25

X X

a) B

. 2 . 4 Q 2. 2 r .
Ta c6 vo1 x>0 thi 2x va 72 1a hai s6 duong co tich bang 144 khong doi nén tong ctia chung nho nhat khi
X

va chi khi hai s6 d6 bang nhau tirc 1a:
2x = 72 < x? =36. Nghiém x =6 théoa min diéu kién cua bai.
X
Vay minB=49 < x=6
(> +2x+D)+4-2(x+1)
x+1

b) C= (1) 42
x+1

. ‘ 4 . ;.
Taco voi x>0, 2 s0 duong x+1 va 1 c6 tich bang 4 khong doi.
X+

Nén C nho nhit < x+1= il & (x+1)* =4. Nghiém x =1 théa man diéu kién diu bai.
X+

Vay minC=2& x=1



c) Tong (x2 —5x—20)+(28—x2 + Sx) =8 khong doi nén tich ciia chung 16n nhat khi hai s6 d6 bang nhau
X' —5x-20=28-x"+5x <= x* —5x—24=0
S (x+3)(x-8)=0=x=-3;x=8

x==-3

Vay maxD:4.4:16<:>{
X =

25.14.

a) Voi a,b,c >0 tim gia tri lon nhét cia biéu thire G = 2020 —(% + 2+£j.
c a

b) Véi a,b,c,d >0 tim gia tri nho nhat cta biéu thae H :(a+b+c+d)(l+%+l+%j+4
a C

Huéng din giai — dap sb
~ 1.t A 1 , a b
a) Tadabiét x+—>2,Vx>0. Dodo —+—=>2 (1)
X b a
Do vai tro cua a, b, ¢ la nhu nhaunénta gid st a >b>c > 0.

Tacd a—c>0 va b(a—c)>c(a—c)= ab—bc+c’ 2ac:>é—2+£21 (2)
c a a

Tir (1) va (2) :>£+2+£23:>G:2020—(£+2+£j£2017
b ¢ a b ¢ a

VaymaxG=2017<a=b=c va a,b,c>0

b) H=4+[£+éj+(£+£j+(£+ij+(2+£j+(£+ij+(£+ij+428+2.6=20
b a c a d a c b d b d c

Vay minH=20<a=b=c=d va a,b,c,d >0

25.15. V6i x, y,z > 0. Tim gia tri nho nhét ciia cac biéu thirc:

1 1 1 1 1 1
a) K=x| —+ +y|—+ +z|—+ .
y y+tz zZ zZ+X X x+y

x2+(y+z)2 Jry2 +(z+x)2 Jrzz(x+y)2
x(y+2) y(z+x) z(x+y) .

b) L=

Huéng din giai — dap sb

a>1<:(1+1+£]+( L j
y z X y+z z+x x+y

Tacot+2+2>3 (xembaitap 25.14)va —— 42 % >

3
y z X y+z z+x x+y 2

(xem vi dy 8 chuyén & 20):>1<z3+%:3

Vay minK =4,5< x=y=z va x,y,z>0



z +Zz zZ+x Xx+
+ 225 + 212

b)Biéndéi L=—+-2 1
y+z z+x x+y x y z

-y Lz +(£+Z]+(£+£j+(l+£J2§+2+2+2
y+z z+x x+y \y x zZ X z y) 2

VayminL=7,5&x=y=z va x,y,z>0

Dang bai tdp cdc bién bi rang budc béi cdc hé thirc
25.16. Tim gia tri nho nhit cua cac biéu thirc sau:
a) D=a’>+b’ v6i a;b>0 va a+b=4.
b) E=a’+b*+c* v6i a,b,c>0 va a+b+c=3.
¢) F=d’+b*+2ab bibt a+b=2.
Hwéng din giai — dap sé
a) a+b=4=16=a"+b>+2ab=2(a’ +b*)—(a—b)’
=16<2(a’ +b*)=a’ +b*>8. VAy minD =8 a=b=2
b) Tacod 3(a’ +b* +¢*) > (a+b+c)” (xem bai tap 21.1)
Do d6 3E>(a+b+c)’=9. Viy minE=3<a=b=c=1.
¢) F=a’+b’ +2ab=(a+b)a’ —ab+b*)+2ab
Do a+b=2 nén F =2(a*—ab+b*)+2ab=2a" +2b> =2a’ +2(2—-a)’
=4a’ -8a+8=4(a-1)°+4>4,Va. Vay F=4 < a=b=1.
25.17.
a) Tim gié tri 16n nhét cia biéu thie G = 2ab voi a+2b=2;

! + ! +
a+l b+1 c+1

b) Tim gia tri 16n nhat cta biéu thic H=1—( j véi a,b,c>0 va a+b+c<3.

Hudéng din giai — dap sb

a) a+2b=2=>a=2-2b=> G=2ab=4(1-b)b=—4b"—b)

2
=—4(b—%j +1<1L,Vbh. Vay maXG=1<:>b=% va a=1.

\Y%
N|—

b)bat a+1=x;b+1=y;c+1=z thi x+y+z=a+b+c+3<6 nén ——
X+y+z

Ta co (x+y+z)(l+l+lJ29 (xem vi du 7 chuyén dé 21)
X y z



1
maxH:—EQx:y:z:2<:>a:b=c:l.
Dang bai tip chira diu gid tri tuyét doi
25.18. Tim gi tri nho nhit cua cac biéu thirc sau:

2

a) L=[5x—2010|+|5x—2020

b) M =|x—2015|+|x—2016|+|x—2017|+|x-2018

¢) N =(19x-8)" ~10[19x - §[+1970.
Huéng din giai — dap sb
a) Sir dung bét dang thirc |a| + |b| > |a +b|. Dau “="xay ra <> ab >0
L =[5x—-2010|+|5x—2020|
=[5x—2010|+|2020 - 5x| > |5x = 2010+ 2020 — 5x| = 10
Véy L>10. Déu “=" xdy ra < (2020 —5x)(5x—2010) >0
< 402 < x <404. Do d6 min L =10 < 402 < x <404
(c6 thé 1ap bang xét gi tri tuyét ddi dé giai).
b) Dt M, =|x—2015|+|x—2018

s M, =|x—2016|+|x—2017|
Gidi tuong ty a) ta c6: minM, =3 > 2015<x <2018
minM, =1<2016<x<2017

Viay minM =4 < 2016 < x <2017
c) Pat [19x—8|=y thi N =" -10y+25+1945=(y—5)’ +1945>1945

V@yminN:1945<:>y:5<:>|19x—8|=5<:>x:E;X:i.
197 19
25.19. Tim gia tri 16n nhat cta cac biéu thirc sau:
|6+2] 2014 1954

a) P=8- b) 0=

7y-5]+60 60
c) T=|x+5|—|x+2|.
Huéng din giai — dap sb

a) maxP=8<y=-3

b) Vy taco: |7y—5|20@|7y—5|+60260@;si
|7y-5]+60 " 60
2014 _2014 2014 1954 2014 1954

- hS - - hS
[7y=5/+60 " 60 " [7y-5|+60 60 ~ 60 60



5
Vay maxQ:1<:>y:7

) VoI x<-5thi T=—x-5+x+2=-3
Vo1 S5<x<-2thi T=x+5+x+2=2x+7
Do 5<x<-2nén -10<2x<-4=-3<T<3
Voi x>2-2thi T=x+5-x-2=3
Vay max7 =3 < x> -2.
25.20. Tim gia tri nho nhit cua biéu thirc:
S =|z—1+|z=2|+|z =3|+...+]z=99|+|z - 100
Huéng din giai — dap sb

bit S, =|z—1|+|z-100

;3 S, =|z—2|+|z—99

AN :|z—3|+|z—98

TR\ YN :|z—50|+|z—51|.
Tuong ty bai 24.18 a)
Ta c6: minS, =99 < 1<z<100

minS, =97 < 2<2z<99
minS, =95 3<2z<98

minS,, =3<>49<2z<52

minS,, =1 50<z<51
Taco 1+3+5+...+97+99=(1+99).50:2 =2500
Vay minS = minS,+ minS, +minS;+...+ minS,,,+ minS,; = 2500
& 50<z<51
25.21. Tim tat ca cac gia tri cia x dé ham s6 y = |x2 +x+ 16| + |)c2 +x— 6| dat gia tri nho nhét va tinh gia tri
nho nhit do.
(Thi vao lop 10 THPT Chu Van An & Ha Noi Amsterdam, nam hoc 2000-2001)
Huéng din giai — dap s6

Ap dung bét dang thirc |a| + |b| > |a +b|, ddu“="xayra < ab>0

Ta co6 y:|x2 +)c+16|+|6—x2 —)c|2|x2 +x+16+6—x"—x[=22

2
Déu “="xayra < (x> +x+16)(6—x> —x)>0< 6—x—x>0 do x2+x+16=(x+%j +Q>O,Vx

Hayla X’ +x-6<0& (x+3)(x—2)<0& -3<x<2
Vay miny =22« -3<x<2.

25.22. Cho biéu thitc A=—x>—y* +xy+2x+2y



Hay tim cap sb (x, y) dé biéu thirc A dat gia tri 16n nhét va tim gia tri do.
(Thi vao lop 10 THPT Chu Van An & Ha Noi Amsterdam, nam hoc 2001-2002)
Hwéng din giai — dap sé
Taco: 24 =8 (x* = 2xy+ ") (x* —4x+4)+ ()’ —4y +4) |
=8 (x—y) +(x-2) +(y-2)" |<8
>maxd=4x=y=2.

(F+ ) - (" + %)
(x=D(y-1)
(Thi vao lop 10 THPT chuyén DPHQOG Ha Ngi, nam 2004)

25.23. Tim gi4 tri nho nhét cta biéu thirc P = trong d6 x, y 1 nhimng s6 thuc 16n hon 1.

Hwéng din giai — dap sé
()= +) Reoneyre-)_ F LY
(x=D(y-1 (x=D(y-D y=1 x-1

Pit x—1=a va y—1=b, do x>1 va y>1nén a>0 va b>0 dong thdi x=a+1 va y=b+1. Khi 4y

P=(a+1)2 +(b+1)2
b a

Ap dung bat dang thire (x+ y)2 >4xy va x +% >2 (v6i x >0) ta co:
(a+1)° = 4a; (b+1)° > 4b; NénP2%+%=4(%+§j >8
Vay minP=2<a=b=1 hay x=y=2.
25.24. Tim gia tri nho nhét ciia P =5x> +9y% —12xy +24x— 48y +82
(Thi vao 16p 10 THPT chuyén Lé Hong Phong, TP. Ho Chi Minh, ndm hoc 2004-2005)
Hwéng din giai — dap s6

Tacod P=(4x> +9)° +64—12xy +32x —48y) + (x> = 8x +16) +2 = (2x — 3y +8)’ + (x—4)> +2>2

x:4 x:4
B , 2x-3y+8=0 R .
Dau “=" xay ra < 16 - Vay minP =2 < 16
x—4=0 y=— y=—
3 3
25.25. Chox >0 . Tim gia tri cua x d¢€ biéu thuc N =;2 dat gia tri 16n nhat.
(x+2010)

(Thi vao 16p 10 chuyén Todn THPT Lé Khiét — Quang Ngdi, nam hoc 2009-2010)
Hwéng din giai — dap s6

St dung bét dang thic (a +b)* > 4ab



X < 1
(x+2010)2 ~ 8040

Ta cé: (x+2010)° >4.2010.x = N =

Vay max N = L, dat dugc khi x =2010.
8040

2
25.26. Tim gi4 tri 16n nhit ciia bidu thire B = > 010
X +2x+3
(Thi chon hoc sinh nang khiéu I6p 8 huyén Lam Thao — Phit Tho, nam hoc 2009-2010)
Huwéng din giai — dap $0
1 3 1

B=3+— =3+
X +2x+3 (x+1)"+2

> maxB=35<x=-1.
25.27. Tim gi tri nho nhit cia biéu thic P =x* +xy+ y* —2x—3y+2010 khi cac sb thuc x, y thay doi. Gia
tri nhé nhat d6 dat dugc tai cac giatrinaocua x va y.
(Dé thi tuyén sinh vao 16p 10 THPT chuyén Quoc hoc Hué, nam hoc 2010-2011)
Huéng din gidi — dap sb

Xét 4P =(4x”> +y* +4+4xy—8x—4y)+3)y* -8y +8036

2
=(2x+y-2) +3(y2_§y+%j=(2x+y_2)z+3(y_ﬂj +24092 S 24092
3 3 3 3 3
:min(4p)=¥:mmp=%©y=§;x:%

25.28. Cho s6 ty nhién n ¢6 hai chir s, chir s6 hang chuc 1a x, chit s6 hang don vi la y (nghiala x#0 va

n

n=10x+y). Goi M =
X+y

a) Timn dé M = 2.

b) Tim n dé M nho nhit,
(Dé thi tuyén sinh 16p 10 phé théng nang khiéu PHOG TP. Ho Chi Minh, ndm hoc 2010 — 2011)

Huéng din giai — dap sb

10x+y

A M=2< =2 10x+y=2x+2y < y=8x

xX+y
Vi x, ylacacchitsdnén 1<x<9; 0<y<9=x=1Ly=8n=18

X+y+9x 1 9% 10 % Mnhonhét < 2 16n nhit.

x+y x+y 1+X X
X

b) M =

< y 16n nhit va x nho nhit = y=9;x=1 va n:19:>MinM:%



25.29.Cho a, b, ¢ 1a cac s thuc thoa mdn 0<a<4;0<h<4;0<c<4; va a+b+c=6 . Tim gia tri lon
nhat cia biéu thirc:
P=a>+b>+c’ +ab+bc+ca
(Dé thi hoc sinh gioi lop 9 TP.Ha Noi, nam hoc 2013-2014)
Huéng din giai — dap sb
Do vai trd a, b, ¢ nhu nhau. Gia st @ =max {a,b,c} khi d6 2<a<4 .Tacd

_a+b++(a+b+e)  a+b +7+36
2 2

P

. Mat khac vi bc >0 nén

a+b’+c’=a’+(b+c)’ -2bc<a’ +(6—a)’ =2a>—12a+36
a>bya>c;bc=0

:2[(a—2)(a—4)+10]S2O:>max(a2 +b*+c)=20=1:(a-2)a-4)=0
a+b+c=6

< (a;b5¢) = (4;2;0) hodc (4;0;2)

Khi d6 max P =28 < (a;b;c) =(4;2;0) va cac hoan vi ctia no.



Chuyén dé 26. PONG DU THUC

A. Kién thirc cin nhé
I. Pinh nghia: Cho s6 nguyén m >0. Néu hai s6 nguyén a va b khi chia cho m ¢6 cung s6 du thi ta ndi a
dong du v6i b theo médun m va ky hiéu: a=5b (mod m).
Chii y: a) a=b (mod m) 1a mot dong du thirc véi a 1a vé trai, b 1a vé phai.

b) a=b (modm) < a—b:m< Jtez saocho a=b+mt

¢) Néu a va b khong dong du v6i nhau theo médun m ta ky hiéu: a % b (mod m).
IL.Tinh chat:
1. Tinh chat phan xa: a=a (mod m)
2. Tinh chét dbi xtmg: a=b (modm) = b=a (mod m)
3. Tinh chét bac cau: a=b (mod m); b=c¢ (mod m)= a=c¢ (mod m).
4. Cong hay trir timg vé cta déng du thirc ¢6 cing modun:
a=b (modm); c=d (modm)=a+c=b+td (mod m)
Tong quat: @, =b, (mod m), i =1;2;...;k = a, +a, +...*a, =b +b, +...+b,_(mod m)
5. a) Nhan hai vé ciia dong du thirc voi mot sé nguyén:
a=b (modm)= ka=kb (modm) véi ke Z.
b) Nhan hai vé va modun cua dong du thirc v6i mot s6 nguyén duong:
a=b (modm) = ka=kb (modm) véi ke N"
6. Nhan timg vé cia nhiéu dong du thirc ¢6 ciing moédun:
a=b (modm); c=d (mod m) = ac = bd (mod m)
Tong quét @, = b, (mod m), i =1;2;..;k = a, a,...a, = b, b, ...b, (mod m)
7. Nang hai vé ciia mot dong du thire 1én cting mét lity thira:
a=b (modm) =a" =b" (modm) (keN")
8. Néu hai sé dong du véi nhau theo nhidu modun thi ching dong du voi nhau theo médun 1a BCNN cua cac
modun Ay:
a=b (modmi) i=1;2;..;k=a=b (mod [mi; my;...;mg])
bic biét néu (mi;m)=1({;j=1;2;...;k)thi a=b (mod mj) = a=>b (mod mi; mo;...;my)
9. Néu a=b (mod m) thi tap hop cic udc chung ctia a va m bang tap hop cic udc chung ctia b va m.
bac biét: a=b (mod m) = (a,m) =(b,m)

10. Chia hai vé va mddun ctia mot déng du cho mot wdc duong chung cia chung:

a=b (mod m), keUC(a,b,m),k>0:>%E%(mod%j

bac biét: ac =bc (mod m)= a =b| mod n
(c,m)



III. Mt s6 dinh 1y (ta thira nhan khong chimg minh)

1. Pinh Iy Fermat bé. Cho a 1a sb nguyén duong va p 13 s6 nguyén t6. Khi d6 ta ludn ¢6 a” = a(mod p).
Dic biét néu (a, p)=1 thi a”' =1(mod p)

2. Pinh Iy Wilson. V&i moi s6 nguyén t6 p thi (p—1)!=—1(mod p)

3. Pinh 1y Euler. Cho m 14 sé nguyén duong va a 1 sd nguyén té cing nhau véi m; @(m) 1a sd cac sb
nguyén duong nhé hon m va nguyén té cting nhau véi m.

Khi d6 ¢®™ =1(mod m)

Chii y: Néu s nguyén duong m c6 dang phan tich thanh thira sé nguyén to:

m=p/".py"....p;* thi cp(m)zm(l—ij(l—i]..{l—ij
pl pz pk

B. Mt s6 vi du
1. Dang todn tim sé dw trong phép chia cé dw
* Tim cach gidgi: V6i hai sb nguyén a va m, m > 0 luén c6 duy nhét cip sé nguyén g, r sao cho

a =r(modm)

a=mq+r,0<r<m. Pétim sd du r trong phép chia a cho m ta can tim r sao cho {0 -
Sr<m

Vi du 1: a) Tim s6 du trong phép chia 1532° —1 cho 9.
b) Tim s6 du trong phép chia 2016™"® +2 cho 5.
Gidi
a) Ta co 1532=9.170+2 =2(mod9) do d6 1532° =2° (mod 9)
=1532° —1=2"-1(mod9). Vi 2° —1=31=4(mod9)
Do d6 1532° —1=4(mod9). Vay s du can tim 14 4.
b) Ta c6 2016 =1(mod5) do d6 2016™" =1*"'* (mod 5)
=2016"" +2=1"" +2(mod 5). Vi 1+2=3=3 (mod 5).
Do d6 2016™" +2 =3(mod 5). Vay sb du can tim 1a 3.
Vi dy 2: Chimg minh (2013™'° +2014*° ~2015™')" 1106
Gidi
Ta phai tim s ty nhién r sao cho
0=r=(2013""° +2014>""* =2015*'"*)"* (mod 106)
Tac6é 2013 =106.19—-1=>2013 =—1(mod 106) = 2013*'° =1(mod 106)
2014=106.19 = 2014 =0(mod106) = 2014™"° = 0(mod 106)

2015=106.19+1=> 2015 =1(mod 106) = 2015""° = 1(mod 106)



Do do (2013 +2014™'° ~2015™"¢ )10 = 0(mod 106)

Vi du 3: a) Hay tim chit sb tan cung cta 9°

b) Hay tim hai chir s6 tan cung caa 3'".
Gidi
a) Tim chir s6 tdn cing ctia mot s6 13 tim du trong phép chia sb d6 cho 10.
Vi 9" =9.81" =9(mod 10).
Do 9" 1a sé nén sé 9°" 6 chit sb tan cung 13 9.
b) Tim hai chit sb tin cung ctia mot sé 1a tim du trong phép chia s6 d6 cho 100.
Ta c6 3" =81=-19(mod100) = 3* = (—19)’ (mod 100)
Ma (-19)° =361 =61(mod100) Vay 3* =61(mod100)
3" =61.9 = 549 = 49 (mod 100)
3% =49° =01(mod 100) (do 49> =2401=24.100+1)
Do d6 3" =01(mod100) nghia 14 hai chit sé sau cung cua 3 1a 01.
2. Dang todn chirng minh sw chia hét:
Khi s6 du trong phép chia a cho m bang 0 thi a'm. Nhu vdy dé ching to a‘m ta chimg minh
a=0(mod m).
Vi du 4: Chimg minh 4*** -7:9
Gidi
Tacé 4’ =64 =1(mod9) = 4" = (4°)"*> =1(mod 9)
Mat khac 4% =16 =7(mod 9) = 4™"* =4"°.4’> =1.7(mod 9)
Vay 4" —7=0(mod9) hay 4** -7:9
Vi du 5: Ching minh rang 12*""' +11"2:133(n e N)
Gidi
Cach 1: Tacod 12° =144 =11(mod 133); 11> =121 =-12(mod 133)
Do d6 12> =12.(12%)" =12.11" (mod 133)
11" =11211" =-12.11"(mod 133)
Do d6 12°""' +11"* =12.11"—12.11" =0(mod 133)
Vay véi ne N thi 12> +11"2:133
Cach 2: Tacd 12° =144=11(mod133) = 12°" =11"(mod133) (1)

Ma 12=-11%(mod133) (2) Nhan v& véi vé ctia (1) va (2) ta co:



12*".12=11".(~11%)(mod 133) = 12*"" = -11"" (mod 133)
127" +11"* =0(mod 133) hay 12*""' +11""*:133
3. Dang todn xdc dinh diu hiéu chia hét
Vidu 6: Chosb a=a,a,_..aa, 1<a,<9;, 0<a,<9;i=0;1;..;n-1)
Hay xac dinh d4u hiéu chia hét:
a) Cho 3. b) Cho 4.
Gidi
Taco a=aa,,..aa,=a,10"+a, 107" +. . +a .10+q,
a) Taco 10=1(mod3) do do ailOi =qg,(mod3),i =1;2;3;...;n
Do d6 a,10" +a, 10" +..+a,10+a, =(a, +a, , +...+a, +a,) (mod3)
Vaya:3<a,+a, +..+a, +a, =0(mod3)
<a,+a,  +.+a+a,:3
b) Taco 10* =100 =0(mod 4) = al.10' =0(mod4),i =2;3;...;n
=a, 10" +aHlO"’l +..+a,10+a, =(a,10+a,)(mod4)
Vay a}4 < a10+a, =0(mod4) < a,a, ‘4
4. Dang todan sw dung cdc dinh ly:

Vi du 7: Chiing minh rang véi moi s6 tu nhién n thi:
27" +3%" £2007 chia hét cho 22
Gidi
Theo dinh 1y Fermat bé ta ¢c6 2'° =1(mod 11);3'" =1(mod 11)
Tacod 3* =81 =1(mod10) = 3***' =3.(3*)" =3(mod 10)
= 3" =10k +3,(k e N)
Mit khac 2* =16 =1(mod 5) = 2*" =1(mod 5)
= 2% =2(2*)" =2(mod 10) = 2*"*' =10t +2,(t € N)
Do do 2% +3*"" 42007 =2'% +3'%* 41 2002+ 5
=232 +32(3") +22.91+5=2° +3* +0+5=0(mod 11)
Ma 2% +37" +2007:2 (vi 27" 1asd chin, 37" 1a s 1¢, 2007 1a sb 1¢)
Do (2;11)=1 nén 2" +3*"" +2007:22
Vi du 8: Cho a;a,;..;a,,, 1a 2016 sb nguyén duong. Chiémg minh ring diéu kién can va du dé

5 5 5 5 . \ :
a +a,+a; +...+ay,:30 1a a, +a, +a, +...+a,,, :30.



Gidi
Theo dinh Iy Fermat bé, do 2; 3; 5 1a cac sb nguyén tb va a la s6 nguyén duong bt ky ta co:
a’=a(mod2)=a* =(a’)’ =a’ =a(mod2) = @’ = a(mod 2)
@ =a(mod3)=d’ =a’.a’ =a.a’ =a’ =a(mod?3)
a’ = a(mod5)
Theo tinh chat néu hai sb ddng du v6i nhau theo nhiéu modun thi chung déng du véi nhau theo modun 1a

BCNN cua cac modun Ay.

Do d6 @’ = a(mod 2.3.5) hay @’ = a(mod30) = a’ —a = 0(mod 30)

Nghia la (af Y@+ @+ Ay ) - (al +a, + ...+ dy s ) = 0(mod 30)

VAy a,+a, +...+ay, 30 & @ + @ +a +...+ a5, 30

Vi du 9: Ching minh ring trong cac s6 tu nhién thé nao ciing c6 s6 k sao cho 1983 —1 chia hét cho 10°

(Dé thi hoc sinh giéi todn cdp 2 toan quoc nam 1983).

Gidi

Vi 1983 khong chia hét cho 2 va khong chia hét cho 5 ma 10° =2°.5° nén (1983;10°) =1. Ap dung dinh ly

Euler ta co:

1983°1” =1(mod 10%)

Ta co (p(lOS)=105(1—%)(1—%j=4.104. Nghia 1a 1983*'" —1:10°

Vay k=4.10",

5. Dang toan khac

Vi du 10: Chimg minh rang 1* +2* +3* 4+ 4* khong chia hét cho 5.
Gidi

Do 5 13 s6 nguyén t6 nén theo Pinh 1y Fermat bé ta co: voia = 1; 2; 3; 4 ta co:

a’ = a(mod5) < a* =1(mod 5) < a** =1(mod 5).

Do do 1" +2* +3" +4%* =14+1+1+1=4(mod5)

Chitng t6 1% +2% +3* +4% /5

Vi du 11: Chimg minh rang v6i mbi s6 nguyén t6 p ton tai vo s6 s6 ¢6 dang 2" —n(n e N) chia hét cho p.

(Thi vo dich Canada nam 1983).

Gidi

*Néu p=2 thi 2" —ni2,Vn=2k(keN)

* Néu p =2 do (2;p)=1 nén theo dinh Iy Fermat bé ta co:

27" = I(mod p) = 2" =1 =0(mod p) = 2" —1=0(mod p)



Hayla 27" —1ip (ke N;k =2)

Mit khac (p—1)* = (=1)* = I(mod p)

=20~ (p- =207 1| [(p-1* -1]ip
%/—/

%V—J
p P

Viy ton tai vo s6 s tu nhién n ¢6 dang n=(p—1)*,(Vk e N;k >2) sao cho 2" —n'p

C. Bai tap van dung

Dang todn tim sé dw trong phép chia cé duw

26.1. Tim s du trong phép chia

a) 8!-1 cho 11. b) 2014™" +2016*" +2018 cho 5.

c) 2 +41% cho 7. d) P+3+5 +..4+97° +99° cho 4.
Huéng din giai — dap sb

Vi nhitng bai toan dang nay, phuong phap chung 1a tinh toan dé di dén a = b(mod m) v&i b 1a s ¢6 tri tuyét

d6i nho nhat co thé dugc (t6t nhat 1a b =+1) tir d6 tinh duoc thuan loi " = b" (mod m)

a) 8!=1.2.3.4.5.6.7.8

Tacod 3.4=12=1(mod11); 2.6 =12 =1(mod 11); 7.8 =1(mod 11)

Vay 8!=5(mod 11) = 8!-1=4(mod 11)

S6 du trong phép chia 8!-1 cho 11 1a 4.

b) 2014 = —1(mod 5) = 2014*" = —1(mod 5)

2016 =1(mod 5) = 2016™"" =1(mod 5); 2018 = 3(mod 5)

2014%" +2016*" +2018 = 3(mod 5)

¢) 2° =1(mod7) = 2" =(2°)"°.4 = 4(mod 7)

41=-1(mod7) = 41° =(-1)* =—1(mod 7)

2 +41° =4—-1=3(mod 7)

d) 1° =1(mod 4); 3° = —1(mod 4); 5° = I(mod 4);..;97° = 1(mod 4);99° = —1(mod 4). Pap s6 : Du 0.

26.2. Tim s du trong phép chia:

a) 1532° —4 cho 9. b) 2% cho 25.

52016

c) 2014*""" cho 13.

Hwéng din giai — dap sé
a) 1532 =2(mod9) => 1532’ =2’ = 5(mod 9)
=1532° —4 =1(mod 9)

b) 2° =32=7(mod25) = 2" =(2°)’ =7* = -1(mod 25)



22000 — (210)200 = (_1)200 = l(mod 25)
¢) 2014 =155.13—1 nén 2014 = —1(mod 13); 2015*"° =2k +1(k € N)

= 20145 = (=1)*"' = —1(mod 13). Dap s6 : du 12
26.3. Tim s du trong phép chia:
a) A=35"-35 +35"-35°+35'° 435 cho 425.
b) B=10"+10"" +10" +..+10""" cho 7.
Huwéng dan giai — dap 50
a) Ta c6 35% =1225=425.3—50 = —50(mod 425)
35° =35%.35=-50.35 = 1750 = —50(mod 425)
35* = (35%)” =(=50)* = 2500 = —50(mod 425)
Tuong tu véi 35%;35'%;357. Tur d6 c6 A = —100(mod 425)
Hay sb du trong phép chia A cho 425 13 325
b) Ta co 10° =7.14285+5=5(mod 7); 10° = 5.10 = 1(mod 7)

10" =4=99...96 =0(mod2) va 99...96 =0(mod3) = 10" —4 =0(mod 6)
e e

n—1s69 n—1s69

= 10" =4(mod 6) va 10" =6k +4(k,ne N")
Do d6 10" =10%** = (10°)*.10* =10*(mod 7)
Vay B=10*+10* +10* +...+10* =10.10* =10’ = 5(mod 7)

26.4. a) Tim chit s tan cing cta 4%
b) Tim hai chir sb tan cung cia 3
¢) Tim ba chit s6 tan cung cta sd 2°"

Huéng din giai — dap sb
a) Ta tim du trong phép chia s6 d6 chol0.
Vi 4> = 6(mod 10) nén 4% = 4° = (4*)* 4= 6.4 = 4mod 10) = chit s6 tan cing 13 4
b) Ta tim du trong phép chia s6 d6 cho 100. Theo vi du 3 chuyén dé 26 ta di c6 3'°” = 01(mod100) nghia 1a
hai chit sb sau cung cua 3'° 13 01. S53"” 14 bdi s6 ctia 3 nén chir sé hang traim cta no khi chia cho 3 phai
¢6 s6 dur 14 2 dé chia tiép thi 201 chia hét cho 3 (néu sb du 13 0 hay 1 thi 001; 101 déu khong chia hét cho 3).
Vay s6 3™ =3'":3 ¢6 hai chir s6 tan cung bang 201 : 3 =67.
¢) Ta tim du trong phép chia d6 cho 1000. Do 1000 = 125.8 trudc hét ta tim s6 du ciia 2°' cho 125. Tir hing
dang thuc:

(a +b)5 =a’ +5a*b+10a’b* +10a’h” +5ab* +b’ ta c6 nhan xét néu a:25 thi (a +b)5 =b’(mod125)



Vi 2'° =1024 = —1(mod 25) nén 2" =25k —1(k € N).

Tir nhan xét trén ta c6 2*° = (2')° = (25k —1)° =—1(mod 125)
Vivay 2°7% =(2%)°.2" = (-1)"*.2"* = 2" (mod 125)

Do 2" =2"2* =1024.4 = 24.4 = 96(mod 125)

Vay 2°"% =96(mod 125)

Hay 2°"° =125m+96, me N

Do 2°%:8,96:8 nén m:8=>m=8n(ne N)

2°12 =125.81+96 =1000n +96. Vay ba chit s6 tan cung cua s6 2°'? 14 096.
Dang todn chitng minh sw chia hét

26.5. Chung minh:

a) 41°° -6:7, b) 2 ~2:15 (ne N).

c) 30 -270:13, d) 20" —1:341.
Hwéng din giai — dap s6

Pé chimg to a’m ta ching minh a = 0(mod m)

a) 41=42—1=-1(mod 7). Do d6 41°°" = (=1)**"> =—1(mod 7)

hay 41*"" = 6(mod 7) = 41°°"” —6 = 0(mod 7)

b) Taco 2* =16 =1(mod15) = 2*" =1(mod15) = 2*" —1 = 0(mod 15)

Do @6 2*"*' =2 =2(2* —1) = 0(mod15)

¢) Taco 3° =27 =1(mod13); 37° = (3°)*.3 =3(mod 13)

Ta cé 2* =3(mod13) = 2° =12 =—1(mod13)

27 =(2%)"*.2* =3(mod13)

Do d6 37° -2 =0(mod13) hay 37°—-27°:13

d) 341=11.31

*TacH 2°=32= —1(mod11);20=22—-2=—-2(mod11)

Do d6 20" =(-2)"° =—(2°)’ =1(mod11)

* 207 =(2°)’.(5°)’ =1(mod31) do 2° =1(mod31) va 5’ =1(mod31)

Do d6 20" =1(mod11.31) hay 20" =1(mod341) = 20" —1:341

26.6. Ching minh 1890” +1945%" +2017°"'%:7.
Hwéng din giai — dap sé
1890 = 0(mod 7); 1945 = —1(mod 7); 2017 =1(mod 7)



1890” = 0(mod 7); 1945*" = —1(mod 7); 2017°°"* =1(mod 7)= dpcm.
26.7. a) Ching minh 5555%% +2222%% 41555417
b) Cho M =220"" +119°" +692°" +(220+119+69)'*

Chung minh M:102.
Huéng din giai — dap sb
a) Tacod 5555=793.7+4=4(mod7); 2222 =318.7—4=-4(mod7)

— 55552222 + 22225555 = 42222 + (_4)5555 = _42222 (43333 —1)(m0d 7)
Do 4% _1 = [(43 ) —1}; 4 = 64=1(mod7) nén (4°)"" =1(mod7)

Hay 4% —1=0(mod 7). Do d6 55557* +2222%* = 0(mod 7)
va 15554 = (2.7777)"" = 2" 7777""" = 0(mod 7) = dpem
b) Tacé 102=2.3.17. Tacod (220+119+69)'” = 0(mod102)
* 220 =0(mod 2); 119 = —1(mod 2); 69 = 1(mod 2) = M = 0(mod 2)
* 220 =1(mod 3); 119 = —1(mod 3); 69 = 0(mod 3) = M = 0(mod 3)
*220=-1(mod17); 119 =0(mod17); 69 =1(mod17) = M =0(mod17)
Dé ¥ 119° va 69 1a cac s6 1¢); = M =0(mod 2.3.17). Hay M :102
26.8. Ching minh rang 522" +2*"7'3"":38 (ne N")
Huéng din giai — dap sb
Dit 4=5""2""+2*"3"" Tacd 4:2,VneN';
Tacd A=2"(5""2+2""3"")=2"(25""10+6""9)
Do 25=6(mod19) = 4=2"(6""10+6""9)=2"6""19 = 0(mod 19)
Hay 4:19. Ma (2;9)=1=> 4:19.2= 4338
Dang todn xdc dinh diu hig¢u chia hét
26.9.Chosd a=aa, ,..aa (1<a,<9; 0<a <9, i=0;l;..;n—1)
Hay xé4c dinh dau hiéu chia hét:
a) Cho 9. b) Cho 25. c¢) Cho 11.
Huoéng din giai — dap sb
Tacé:a=aa, ,..aa, =a,ll" +an410"’1 +...+a10 +a,
a) Ta ¢6 10=1(mod9) do d6 @,10" =a,(mod9),i=1;2;3;...;n
dodo a=(a,+a, +..+a +a,)(mod9). Vay

a9<a,+a, +..+a,+a,=0mod9) < a, +a, +..+a +a, :9

d) Cho 8.



b) Ta c6 10* =100 = 0(mod 25) = a,10" = 0(mod 25),i=2;3;...;n

= a=(a,10+a,)(mod 25)

Viy ai25< ¢,10+a, =0(mod 25) < a,a, 125

¢) Do 10 =—-1(mod11) = .10 = a,(~1)' (mod11)

a=(a,+a,+a,+..)—(a,+a,+as+...)(mod11)

Do d6 a:ll < (a,+a,+a,+...)—(a,+a,+a;+..)=0(mod11)

Tt 12 hiéu cta téng cac chir s6 ¢ vi tri 1é va tong cac chit s6 & vi tri chin bang 0.

d) Ta c6 10° =1000 = 0(mod 8) — ¢,10" = 0(mod8),i = 3;4;...;n

=a= (ale2 +a,10+a,)(mod?8)

Viy a8 < a,10° +4,10+a, = 0(mod8) < a,a,a, ‘8

Dang toan sw dung cdac dinh Iy co ban

26.10. Cho A=2>""+19 v6i ne N". Ching minh ring A 1a mot hop sé.
Hwéng din giai — dap sé

Theo dinh 1y Fermat bé, do 11 13 s6 nguyén t6 nén ta c6

2'° =1(mod11) = 2'*" = 1(mod11)

— 2191 =221 = 2(mod 22) = 2'"*! =22k + 2(k € N)

Do 23 1a s6 nguyén t6 ta ciing co

22 =1(mod23) = 2>"" =222 =422 = 4(mod23) = 2> +19=4+19 = 0(mod 23)

Tacla 4:23. Ma 4>23,Yn>1 nén A 1a hop sd.

26.11. Cho B =(12!)" +2016™". Chung minh rang B chia hét cho 13.
Huéng din giai — dap sb

Theo dinh Iy Wilson: Vi moi s6 nguyén t p thi (p—1)!=—1(mod p)

Do 13 nguyén té nén 12!=—1(mod13) = (12!)" = (-1)"* = —1(mod 13)

Tacod 2016=13.155+1=1(mod13) = 2016™" =1(mod13)

Do d6 B =(12!)"+2016™" = 0(mod13). Hay B:13

26.12. Ching minh rang v6i ne N :

a) 27" +3.217. b) 22" +2.12%" +5.10%" 1.
Huéng din giai — dap sb

a) Theo dinh 1y Fermat bé, do 7 1a s6 nguyén t6 nén 2° = 1(mod7)

Taco 4=1(mod3)= 4" =1(mod3) = 2.4" = 2(mod 6).



Nghia la 2°"*" =2(2%)" =2.4" = 2(mod 6) = 2°"*' = 6k +2,(k € N)

Mit khac 2% =(2°)" =8" =1(mod 7) = 3.2*" =3(mod 7)

Do d6 2% +3.2 =252 4+ 3=2>(2%)* +3=2%1+3=0(mod 7)

b) Do 11 14 s6 nguyén t6 nén 2'° =1(mod11)

Taco 16 =1(mod5) = 16" =1(mod5) = 2.16" =2(mod10)

Nghia 1a 2**' =2(2*)" =2.16" =2(mod10) = 2*""' =10k + 2, (k € N)

Mit khac 12 =1(mod11) = 12°"*" =1(mod11)

= 2.12°"" =2(mod11)

Do 10> =1(mod11) = 10> =1(mod11) = 5.10*" = 5(mod11)

Vithé 22" +2.127 +5.10* =2'%2 4+ 245=22+7=0(mod 11)

Dang todn khdac

26.13. a) Vi gié tri ndo cua s6 tu nhién n thi 3" +63 chia hét cho 72.

b) Cho A=20"+16" —3" —1. Tim gia tri ty nhi€n cua n dé A:323
Hudéng din giai — dap sb

a)Tacd 72=8.9 va (8;9)=1

* 63 =0(mod9); khi n=2 thi 3" =0(mod9) do dé 3" + 63 =0(mod9)

* Mit khac, voi n=2k(ke N') thi 3" —1=3* -1=9" —1=1" -1 = 0(mod )

Do d6 3" +63=3" —1+64 = 0(mod )

Vay v6i n=2k(keN’) thi 3" +63:72

b) Taco 323=17.19 va (17;19) =1

* 4=(20"-1)+(16"-3")=P+Q

Taco 20" =1(mod19) = P =0(mod19)

Néu n=2k(keN") thi Q=16* —3* =(=3)* —3* =3 _3% = ((mod19)

= A=P+Q=0(mod19)

* 4=(20"-3")+(16"-1)=P'+Q"

20" =3"(mod17). Do d6 P'=20"—-3" =0(mod17)

Néu n=2k(keN") thi 0'=16"* —1=(-1)* =1=1-1=0(mod17)

= A=P'+Q'=0(mod17). Do (17;19)=1 nén 4= 0(mod17.19)

Vay v6i n=2k(keN") thi 4=20"+16"-3"—-1:323

26.14. Tim céc sd nguyén t6 p thoa man 27 +1: p.



Huéng din giai — dap sb
Theo dinh Iy Fermat bé ta c6 2” = 2(mod p) nén néu 27 =—1(mod p) thita cd 3=0(mod p)= p =3
Mit khac khi p =3 thi 2° +1=9=0(mod3). Viy p =3 la s6 can tim.
26.15. Tim tit ca cac s6 nguyén td p sao cho p* +20 1 s6 nguyén 0.
Hwéng din giai — dap sé
Vé6i p=3 thi p>+20=29 la sd nguyén td.
Véi p#3 thi p® =1(mod3) nén p° +20=21=0(mod3)
Vay p?+20:3 mit khic p*+20>3 nén p®+20 1a hop sb. Vay chi c6 1 s6 nguyén té can tim [a p =3.
26.16. Cho p 1a s6 nguyén t6. Chimg minh rang s ab” —ba”’ p v6i moi s6 nguyén duong a, b.
Hwéng din giai — dap s6
Vé6i a,be N° . Néu ab’p thisd ab” —ba”’p
Néu ab/p thi (a, p)=(b, p)=1.
Do d6 a””' =b”" =1(modp) = a”'=b""' =0(mod p) = ab(a”'=b""") = 0(mod p)
= ab” —ba’ =0(mod p) hay ab” —ba”:p,Ya,be N".
26.17. a) Ching minh rang tong cac binh phuong ctia ba s nguyén trong phép chia cho 8 khong thé co du la
7.
b) Chttng minh phuong trinh 4x* + y* +9z° = 2015 khong c6 nghiém nguyén.
Hwéng din giai — dap s6
a) Gia st a,b,ce Z ma a’ +b> +¢* =7(mod8)
Ta cé a=0;%1;+2;+3;4 (mod8) = a’ = 0;1;4 (mod8)
— b* +¢* =7;6;3(mod8). Pidu nay vo Iy vi b* = 0;1;4(mod 8)
Va ¢’ =0;1;4(mod8) = b* +¢* =0;1;2;4;5(mod 8)
Vaya® +b° +c* £7(mod8)
b) Ap dung cdu a) ta c6 v6i x, y,ze Z
4x’ +y° +922 =(2x)* +y* + (32)27:[7(m0d 8)
Ma 2015=8.251+7 =7(mod8)
Vay phuong trinh da cho khong c6 nghiém nguyén.

26.18. Tim hai chit s6 tan ciing cia 2011

(Pé thi Olympic Todn Singapore nam 2010)
Hwéng din giai — dap s6

Tacé 2011=11(mod100); 11* = 21(mod100); 11° = 31(mod100); 11° =21.31=51(mod 100)



= 11" =51° =1(mod 100)
Ta c6 2010*” =0(mod10) = 2010°*” =10k(k € Z)
— 20112 =2011'% =11"% = (11°)* =1(mod 100) . Do d6 hai chit sé tan cung 12 s 01.
26.19. Cho biéu thuc A= (azm +b" +c2°12)—(az°°8 +b7 +c2°°8) v6i a, b, ¢ 1a cic sd nguyén duong.
Chimg minh ring A chia hét cho 30.
(Dé thi chon hoc sinh giéi mén todn 16p 9 TP. Ha Ngi, nam hoc 2011-2012)
Hwéng din giai — dap s6
Bai toan c6 nhiéu cach giai. Sau day 1a cach giai theo dong du thirc:
*Tacd Vne N thi n’° —n=0(mod30) (vidu 8 chuyén dé 26 da chimg minh)

A= (@ — @™ 4 (B2 %) 4 (212 - 2%

A=a" (@’ —a)+ b (b’ —b)+ ™™ (¢’ —¢)
Tacod a’ —a=0(mod30)= a*(a’ —a) = 0(mod 30)
Tuong tu 6> (b° —b) = 0(mod 30);c** (¢’ —¢) = 0(mod 30)
Véay A=0(mod30). Hay 4:30
26.20. Chig minh rang khong ton tai cic bo ba s6 nguyén (s; y; z) thoa man dang thirc x* + y* =7z* +5.
(Dé thi vao I6p 10 truong THPT chuyén KHTN, PHKHTN, PHOG Ha Ngi, ndm hoc 2011-2012)
Huéng din giai — dap sb
Gia sir ton tai bo ba s6 nguyén (x; y; z) théa man x* + y* =7z* +5
sxtvyt+zt=8"+5 ()
Xét v6i mot s6 nguyén a bat ky thi néu a chin thi a =2k(k € Z) = a* =16k* = 0(mod);
Néualé thi a* =(2k +1)* =1(mod8)
Do d6 x*+y* +z* =0;1;2;3(mod8). Trong khi d6 8z* +5 = 5(mod8) mau thuin véi (1). Vay khong ton tai
céc bo ba sd nguyén (s; y; z) thoa méan dang thirc x* + y* =7z* +5
26.21. Tim hai chit s6 cudi cung cua sé A =41 + 572,
(Dé thi vao I6p 10 truong THPT chuyén KHTN, PHOG Ha Néi, ndm hoc 2012-2013)
Hwéng din giai — dap s6
Ta cé 41° =(40+1)* =40 +80+1=81(mod 100)
41° =81> =6561=61(mod100) = 41’ = 61.41 = 1(mod 100)
= 41" =41.(41°)*' =41 (mod 100)
Mit khic 57* =10556001 = 1(mod100) = 57*°"* = (57*)*” =1(mod 100)
Vithé 4=41+1(mod100)



Do d6 hai chit s6 cudi cung ciia s6 4 = 41" +57% 13 42.
26.22. Cho a, b 14 hai s6 nguyén duong thoéa min a+20 va b+13 cung chia hét cho 21. Tim s du trong
phép chia A=4°+9"+a+b cho 21.
(Pé thi tuyén sinh I6p 10 THPT chuyén Tran Phii — Hdi Phong, ndm hoc 2013-2014)
Hwéng din giai — dap s6
Do a+20:21= a=1(mod3)va a=1(mod7)
b+13:21= b=2(mod3) va b=2(mod7)
Suyra A=4“+9"+a+b=1+0+1+2=1(mod3) = A =10(mod 3)
Xét a=3k+1;b=3g+2v6i k,ge Ntacod 4° =4*" =4.64" =4(mod7)
9" =92 =2%* =487 = 4(mod 7)
Dodd A=4°+9"+a+b=4+4+1+1=10(mod7) = A=10(mod 7)
A=10(mod3)vaA=10(mod7)ma (3;7)=1nén A=10(mod3.7)
Hay A =10(mod21). Vay s du trong phép chia A cho 21 1a 10.

26.23. Cho n 1a mot s6 nguyén duong chimg minh A =2*"*' +2*' 41 1a hop sd.
(Dé thi hoc sinh giéi 16p 9 TP. Ha Ngi, ndm hoc 2014-2015)
Hwéng din giai — dap sé
2° =1(mod7) = (2°)" =1(mod 7) = 2*"*' = 2.(2°)" =2(mod 7)
va 2> =2%(2°)"" = 4(mod 7)
nén 4=2+4+1=0(mod7) nghiala 4:7 .Mavéi ne N* thi A>7.
Vay A 13 hop sb.
26.24. Chimg minh A =2012*"+2013* +2014*" +2015*" khong phai 1a sd chinh phuong véi moi sb
nguyén duong n.
(Dé thi tuyén sinh vao 16p 10 chuyén truong PHSP TP Hé Chi Minh, nam hoc 2015-2016)
Hwéng din giai — dap s6
Vne N* tacod 2012* =0(mod2); 2013* =1(mod2);
2014* =0(mod2);2015* =1(mod2). Do d6 A=2=0(mod?2)
* Ta lai c6 2012 = 0(mod 4) = 2012* = 0(mod 4);
2014 =2(mod 4) = 2014 =2° = 0(mod 4) = 2014*" = (2014%)*" = 0(mod 4)
Do 2013 =1(mod4) = 2013* =1(mod 4);

Do 2015 =—1(mod4) = 2015 = (=1)* =1(mod 4)



Vay A=2(mod4) nghia 1a A chia cho 4 du 2. Ta c6 4:2; 472%;2 1a s6 nguyén td. Vay A khong 13 s6 chinh

phuong Vne N.



	CHUYÊN ĐỀ 1. PHÉP NHÂN CÁC ĐA THỨC
	CHUYÊN ĐỀ 2. CÁC HẰNG ĐẲNG THỨC ĐÁNG NHỚ
	CHUYÊN ĐỀ 3. PHÂN TÍCH ĐA THỨC THÀNH NHÂN TỬ
	CHUYÊN ĐỀ 4. HẰNG ĐẲNG THỨC MỞ RỘNG
	CHUYÊN ĐỀ 5. PHÂN TÍCH ĐA THỨC THÀNH NHÂN
	CHUYÊN ĐỀ 6. SỐ CHÍNH PHƯƠNG
	CHUYÊN ĐỀ 7. CHIA ĐA THỨC CHO ĐA THỨC
	CHUYÊN ĐỀ 8. PHÉP CHIA HẾT TRÊN TẬP HỢP SỐ NGUYÊN
	CHUYÊN ĐỀ 9. PHÂN THỨC ĐẠI SỐ. TÍNH CHẤT PHÂN THỨC ĐẠI SỐ
	CHUYÊN ĐỀ 10. RÚT GỌN PHÂN THỨC
	CHUYÊN ĐỀ 11. PHÉP CỘNG VÀ PHÉP TRỪ CÁC PHÂN THỨC ĐẠI SỐ
	CHUYÊN ĐỀ 12. PHÉP NHÂN VÀ PHÉP CHIA CÁC PHÂN THỨC ĐẠI SỐ
	CHUYÊN ĐỀ 13. BIẾN ĐỔI CÁC PHÂN THỨC HỮU TỈ
	CHUYÊN ĐỀ 14. CHỨNG MINH ĐẲNG THỨC ĐẠI SỐ
	CHUYÊN ĐỀ 15. PHƯƠNG TRÌNH. PHƯƠNG TRÌNH BẬC NHẤT MỘT ẨN
	CHUYÊN ĐỀ 16. PHƯƠNG TRÌNH ĐƯA ĐƯỢC VỀ DẠNG AX + B = 0 (HAY AX = -B)
	CHUYÊN ĐỀ 17. PHƯƠNG TRÌNH TÍCH
	Chuyên đề 17. PHƯƠNG TRÌNH TÍCH
	A(x). B(x) = 0  A(x) = 0 hoặc B(x) = 0.


	CHUYÊN ĐỀ 18. PHƯƠNG TRÌNH CHỨA ẨN Ở MẪU THỨC
	Chuyên đề 18. PHƯƠNG TRÌNH CHỨA ẨN Ở MẪU THỨC
	C. Bài tập vận dụng


	CHUYÊN ĐỀ 19. GIẢI TOÁN BẰNG CÁCH LẬP PHƯƠNG TRÌNH
	Chuyên đề 19. GIẢI TOÁN BẰNG CÁCH LẬP PHƯƠNG TRÌNH
	C. Bài tập vận đụng
	19.4.


	CHUYÊN ĐỀ 20. PHƯƠNG TRÌNH NGHIỆM NGUYÊN
	CHUYÊN ĐỀ 21. BẤT ĐẲNG THỨC
	CHUYÊN ĐỀ 22. BẤT PHƯƠNG TRÌNH BẬC NHẤT MỘT ẨN
	CHUYÊN ĐỀ 23. BẤT PHƯƠNG TRÌNH DẠNG TÍCH, THƯƠNG
	CHUYÊN ĐỀ 24. PHƯƠNG TRÌNH. BẤT PHƯƠNG TRÌNH CHỨA DẤU GIÁ TRỊ TUYỆT ĐỐI
	CHUYÊN ĐỀ 25. GIÁ TRỊ NHỎ NHẤT VÀ GIÁ TRỊ LỚN NHẤT CỦA BIỂU THỨC
	CHUYÊN ĐỀ 26. ĐỒNG DƯ THỨC

